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Improved Implementation of Chua's Chaotic Oscillator
Using Current Feedback Op Amp

A. S. Elwakil and M. P. Kennedy

Abstract—An improved implementation of Chua's chaotic oscillator is
proposed. The new realization combines attractive features of the current
feedback op amp (CFOA) operating in both voltage and current modes to
construct the active three-segment voltage-controlled nonlinear resistor.
Several enhancements are achieved: The component count is reduced and
the chaotic spectrum is extended to higher frequencies. In addition, a
buffered and isolated voltage output directly representing a state variable
is made available. Based on a linearized model of Chua's circuit, the useful
tuning range of the major bifurcation parameter ( ) and the expected
frequency of oscillation, are estimated.

Index Terms—Chaos, chaos generators, chaotic oscillators.

I. INTRODUCTION

Chua's chaotic oscillator has served as the primary reference for
studying and generating chaos in electronic systems [1]–[3]. The cir-
cuit exhibits rich dynamics that demonstrate most well-known routes
to chaos and has therefore been studied extensively [4]–[7]. The archi-
tecture of this oscillator is based on coupling a tank resonator (parallel
L-C2 section in Fig. 1(a)) to an active three-segment voltage-controlled
nonlinear resistor (Chua's diode) through a filter section (R-C1 sec-
tion in Fig. 1(a)). A realization of the nonlinear resistor by connecting
two voltage-controlled negative impedance converters in parallel has
been accepted as a standard [8]. This realization uses two conventional
voltage op amps (VOA’s), operating in both their linear and nonlinear
regions of operation, and six resistors. Since the nonlinear resistor is
the only active element in Chua's circuit, it imposes the limit on the op-
erating frequency due to the op amp's nonideal phase characteristics.
Aiming for high-frequency chaotic signals, improved designs of Chua's
diode should be introduced. Recently, proposed chaos based commu-
nication systems have used one of the two op amp outputs as the carrier
signal. It is thus of great advantage to have this output buffered and iso-
lated from the other circuit components. Moreover, if this output can
directly represent one of the system state variables, subsequent anal-
ysis is simplified.

In this work, the attractive combined voltage-current capabilities of
a CFOA are used to synthesize Chua's diode, resulting in a design that
requires two fewer resistors than the standard of [8]. In addition, a
buffered and isolated voltage output that directly represents a state vari-
able is made available while the operating frequency is extended. We
also investigate the possibility of providing a chaotic current output
signal which might be useful in some applications. Based on a lin-
earized model of Chua's circuit, we attempt to estimate the useful range
for tuning the main bifurcation parameter(G = 1=R) and the expected
frequency of oscillation.
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II. THE CURRENT FEEDBACK OP AMP

The four-terminal CFOA is a versatile analog building block that
is recognized for its excellent performance in high-speed and high-
slew–rate analog signal processing [9]. It is a cascade of a second-gen-
eration current conveyor (CCII) [10] and a voltage buffer. The CFOA
describing matrix is given by

V
�

I+
IC
VO

=

0 1 0 0

0 0 0 0

1 0 0 0

0 0 1 0

I
�

V+
VC
IO

(1)

where the inverting and noninverting inputs(�;+) are characterized
by a very low and a very high input impedance, respectively, while
current and voltage outputs are delivered to theC andO terminals
respectively.

By connecting an open circuit across theC terminal, the CFOA
works as a VOA. Doing the same at theO terminal, the CFOA works as
a CCII. The frequency and dynamic range limitations of a CFOA are in-
herited from its core CCII [11]. A comprehensive study of the CFOA's
behavior can be found in [12]and [13]; a large number of application
circuits were introduced in [14]. An excellent review of modern com-
plementary bipolar high-speed op amps, including CFOA’s, is given in
[15].

III. CIRCUITRY AND PSPICE SIMULATION

Our novel realization of Chua's circuit is shown in Fig. 1(a).
The methodology of [8] in which two voltage-controlled negative
impedance converters (VNIC’s) are connected in parallel is followed.
According to the analysis in [8], one of the VNIC’s operates only
in its linear region. Hence, this NIC can be simply realized using
one CCII and one grounded resistor, instead of one VOA and three
resistors. A CFOA is thus connected as a CCII with resistorR4 to
operate as a linear NIC in Fig. 1(a). With this connection, it turns
out that the buffered output terminal(VO) of this CFOA is available
for direct access and is isolated from all other components. Recall
from (1) thatVO is equal toVC which is by connection forced to
V+. However,V+ is just the voltage acrossC1. Hence,VO directly
represents a state variable of the system. ResistorsR1; R2; R3 and the
associated CFOA operate as a nonlinear VNIC, as required by [8]. In
this case, the CFOA works as a VOA under the condition that theC
terminal is an open circuit or, equivalently, the currentI in Fig. 1(a)
is zero. A PSpice simulation of a double scroll attractor is shown in
Fig. 1(b) withL = 180 �H, C2 = 1 nF,R = 1:6 K
, C1 = 100
pF,R1 = R2 = 22 K
, R3 = 3:3 K
, R4 = 2:2 K
 and using
the commercial AD844 CFOA biased with ±9 V. The same values of
R;R1; R2; R3; andR4 as in [8] are used. However, the inductor and
capacitors are scaled down to extend the operating frequency, making
use of the excellent performance of the CFOA at high frequencies.
Instead of wasting the current output(I) of the first CFOA, we
investigated the effect on the chaotic behavior of using it to drive a
load resistor. It was found that the smaller the load (higher driving
capability) the smaller the value ofR3 required to maintain chaos.
The output current(I) and voltage(VO) are shown in Fig. 2 with a
5-k
 load and withR3 = 500 
. Current saturation is obvious since
the operation of the first CFOA is not confined to its linear region.
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Fig. 1(a). The improved Chua's circuit realization. (b). PSpice simulation of the phase space trajectory.

IV. ESTIMATION OF THE TUNING RANGE AND GENERATED

FREQUENCY

The dynamic behavior of Chua's circuit can be adjusted by varying
any of its elements. However, using resistorR (1=G) as a bifurcation
parameter is generally adopted. Thus estimating the possible tuning
range ofR is useful. Furthermore, estimation of the expected oper-
ating frequency of Chua's circuit for specific parameters is also useful.
Chua's circuit equations are given by

C1
_VC1 = G(VC2 � VC1)� f(VC1)

C2
_VC2 = G(VC1 � VC2) + IL

L _IL = VC2

(2a)

and

f(VC1) = m1VC1 +
1

2
(m0 �m1)[jVC1 +Bpj � jVC1 �Bpj] (2b)

wherem1 andm0 are the slopes of the outer and inner segments of
the three-segment piecewise-linear characteristic of Chua's diode and
�Bp are the two break points.

A linearized Chua's circuit model has a characteristic equation given
by

s3 + a2s
2 + a1s+ a0 = 0 (3)

where

a2 =
G

C2

+
G+mi

C1

; a1 =
1

LC2

+
G+mi

C1C2

anda0 =
G+mi

LC1C2

:
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Fig. 2. Voltage and current outputs with a 5-K
 load.

Fig. 3. (a) An experimental trajectory. Horizontal axis: (0.2 V/cm), Vertical axis: (0.2 V/cm). (b) Experimental measurement of the
chaotic spectrum.

The condition for oscillation(a1a2 = a0) and radian frequency of
oscillation(!0 =

p
a1) are thus found to be

G = � C2

1 + LC2m
2

i

Lmi(C1 + C2)
(4a)

!0 =
1p
LC2

1 +
GLmi

C1

(4b)

with the constraintjGLm
C

j < 1. Note that with no coupling(G = 0),
the oscillating frequency is that of the resonant tank, as expected.

A widely used design set isC1 = 1=9; C2 = 1; L = 1=7 and

mi =
�0:8 in the inner segment
�0:5 in the outer segments

. The corresponding range forG

calculated from (4a) is:0:6055 < G < 0:8172. ChoosingG = 0:7,
the range for the frequency of oscillation from (4b) is1:4 < !o <
1:962. Appropriate scaling can then be used to estimate actual values.

V. EXPERIMENTAL RESULTS

The circuit of Fig. 1(a) was constructed takingL = 120 �H, C2 =
470 pF,R = 2 k
 pot.,C1 = 56 pF,R1 = R2 = 22 k
,R3 = 5 k

pot. andR4 = 2:2 k
. The observedVC1 � VC2 trajectory is shown
in Fig. 3(a). It was observed that a wider range for tuning can be ob-
tained by varyingR3, rather thanR. The chaotic frequency spectrum,
shown in Fig. 3(b), is centred approximately around 522 kHz. It is
worth noting that the parasitic capacitances at the CFOAC terminals
have negligible effect, since this terminal is unused for one CFOA while
for the otherC1 has a dominant swamping effect.

Authorized licensed use limited to: UNIVERSITY COLLEGE CORK. Downloaded on April 29,2010 at 08:48:35 UTC from IEEE Xplore.  Restrictions apply. 



IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS, PART 1, VOL. 47, NO. 1, JANUARY 2000 79

VI. CONCLUSION

An improved implementation of Chua's circuit has been introduced.
The circuit provides a higher bandwidth of chaotic signal with buffered
output. Functionality was demonstrated using a commercial CFOA.
However, even higher operating frequencies can be achieved with re-
cently reported CFOA designs, such as that in [16] which has a 3-dB
bandwidth of 110 MHz. By adding a voltage buffer to the CCCII given
in [17], [18], CFOA’s that are suitable for telecommunication applica-
tions can be obtained. We note that another CFOA-based implemen-
tation of Chua's circuit has been reported recently [19]. Our design is
superior in that it provides a buffered output voltage that directly rep-
resents a state variable, in addition to a current output signal. It should
also be noted that other extended frequency chaotic oscillators using
the CFOA have also been introduced recently [20], [21].

ACKNOWLEDGMENT

The AD844 op amps used in this work were supplied by Analog
Devices.

REFERENCES

[1] S. Wu, “Chua's circuit family,”Proc. IEEE, vol. 75, pp. 1022–1032, Aug.
1987.

[2] L. O. Chua and G. N. Lin, “Canonical realization of Chua's circuit
family,” IEEE Trans. Circuits Syst. I, vol. 37, pp. 885–902, July 1990.

[3] M. P. Kennedy, “Experimental chaos from autonomous electric circuits,”
Phil. Trans. R. Soc. Lond. A, vol. 353, pp. 13–32, 1995.

[4] G. Q. Zhong and F. Ayrom, “Periodicity and chaos in Chua's circuit,”
IEEE Trans. Circuits Syst. I, vol. 32, pp. 501–505, May 1985.

[5] M. E. Broucke, “One parameter bifurcation diagram for Chua's circuit,”
IEEE Trans. Circuits Syst. I, vol. 34, pp. 208–209, Feb. 1987.

[6] P. Bartissol and L. O. Chua, “The double hook,”IEEE Trans. Circuits
Syst. I, vol. 35, pp. 1512–1522, Dec. 1998.

[7] L. O. Chua and G. N. Lin, “Intermittency in a piecewise-linear circuit,”
IEEE Trans. Circuits Syst. I, vol. 38, pp. 510–520, May 1991.

[8] M. P. Kennedy, “Robust op amp realization of Chua's circuit,”FRE-
QUENZ, vol. 46, pp. 66–80, Apr. 1992.

[9] S. Franco, “Current feedback amplifiers benefit high speed designs,”
EDN, pp. 161–172, Jan. 1989.

[10] A. S. Sedra and K. C. Smith, “A second generation current conveyor and
its applications,”IEEE Trans. Circuits Syst. I, vol. 17, pp. 132–134, Feb.
1990.

[11] A. Fabre, O. Saaid, and H. Barthelemy, “On the frequency limitations of
the circuits based on second generation current conveyors,”Analog Inte-
grated Circuits and Signal Processing, Special Issue on Analog Current
Processing and Current Mode Circuits, pp. 113–129, Mar. 1995.

[12] C. Toumazou, J. Lidgy, and A. Payne,Emerging Techniques for
High Frequency BJT Amplifier Design: A Current Mode Perspec-
tive. Oxford, NY: Parchment, 1994.

[13] D. F. Bowers, M. Alexander, and J. Buxton, “A comprehensive simu-
lation macromodel for current feedback operational amplifiers,”Proc.
Inst. Elect. Eng., pt. G, vol. 137, pp. 137–145, Apr. 1990.

[14] A. M. Soliman, “Applications of the current feedback operational am-
plifiers,” Analog Integrated Circuits and Signal Processing, vol. 14, pp.
265–302, Nov. 1996.

[15] D. Smith, M. Koen, and A. F. Witulski, “Evolution of high speed opera-
tional amplifier architectures,”IEEE J. Solid-State Circuits, vol. 29, pp.
1166–1179, Oct. 1994.

[16] J. Bales, “A low-power, high speed, current feedback op amp with a
novel class AB high current output stage,”IEEE J. Solid-State Circuits,
vol. 32, pp. 1470–1474, Sept. 1997.

[17] A. Fabre, O. Saaid, F. Wiest, and C. Boucheron, “High frequency appli-
cations based on a new current controlled conveyor,”IEEE Trans. Cir-
cuits Syst. I, vol. 43, pp. 82–91, Jan. 1996.

[18] A. Fabre, O. Saaid, F. Wiest, and C. Boucheron, “High frequency
high- BiCMOS current mode bandpass filter and mobile communi-
cation application,”IEEE J. Solid-State Circuits, vol. 33, pp. 614–625,
Apr. 1998.

[19] R. Senani and S. S. Gupta, “Implementation of Chua's chaotic circuit
using current feedback op amps,”Electron. Lett., vol. 34, pp. 829–830,
Apr. 1998.

[20] A. S. Elwakil and M. P. Kennedy, “High frequency Wien-type chaotic
oscillator,”Electron. Lett., vol. 32, pp. 1161–1162, June 1998.

[21] A. S. Elwakil and M. P. Kennedy, “A family of Colpitts like chaotic
oscillators,”J. Franklin Inst., vol. 336, pp. 687–700, May 1999.

DC-AC Power Inversion Using - Modulation

Alan J. Frazier and Marian K. Kazimierczuk

Abstract—A feasibility study of�-�modulation as a control mechanism
for low-frequency dc-ac power inverters with sinusoidal output voltage is
presented. The sinusoidal dc-ac inverter, composed of a�-� 1-bit A/D con-
verter and a half-bridge inverter, was built and tested. Measured Bode plots
of the closed-loop response are given and the output voltage waveform ob-
served at 50 Hz is shown.

Index Terms—DC-AC inverters, �-� 1-bit A/D modulators.

I. INTRODUCTION

Low-frequency dc-ac power inverters have been the focus of re-
search for the last few decades [1]–[5]. These inverters have many
applications, such as audio power amplifiers, uninterruptible power
supplies, motor drives, and line conditioners. Pulse-width modulation
(PWM) has been the workhorse technique in this field with a large se-
lection of methods [1], [2]. Some of these methods are complex and
sophisticated, ranging from vector PWM [3] and neural networks [4]
to random PWM [5]. Other methods include sliding mode and mul-
tiple-feedback control schemes [8]–[11].

The purpose of this paper is to briefly investigate the feasibility
of �-� modulation [6], [7] as a control strategy for switching-mode
dc-ac low-frequency sinusoidal output voltage inverters. Advantages
of this technique include simplicity of implementation, low-cost,
low-switching noise, and high-quality sinusoidal output voltage.

II. CIRCUIT DESCRIPTION

A buck circuit, from one viewpoint, is merely a high-power, one-bit
digital-to-analog converter. By connecting the one-bit digital output of
a�-� modulator to the one-bit digital input of a buck circuit, an in-
verter can be constructed.

A. �-� Modulator

The�-� modulator contains a summation amplifier, an integrator,
two comparators, and aD flip-flop, as shown in Fig. 1. The circuit was
constructed around three LF347 op amps and one 74C74 flip-flop, as
depicted in Fig. 2. The summation and integration circuits were com-
bined, using 10-k
 resistors and a 0.01-µF capacitor, providing a rea-
sonable approximation of an integrator with dc compensation. The for-
ward-path comparator was made using a 5.1-V Zener diode to clamp
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