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Abstract—Conventional diamond-structured silicon (Si) and
germanium (Ge) possess indirect fundamental band gaps, limiting their potential for applications in light-emitting devices.
However, Six Ge1−x alloys grown in the lonsdaleite (“hexagonal
diamond”) phase have recently emerged as a promising directgap, Si-compatible material system, with experimental measurements demonstrating strong room temperature photoluminescence. When grown in the lonsdaleite phase, Ge possesses a
narrow (∼ 0.3 eV) “pseudo-direct” fundamental band gap.
Lonsdaleite Si is indirect-gap (∼ 0.8 eV), creating the possibility
to achieve direct-gap lonsdaleite Six Ge1−x alloys across a Gerich composition range. We present a first principles analysis
of the electronic and optical properties of lonsdaleite Six Ge1−x
alloys, elucidate the electronic structure evolution and direct- to
indirect-gap transition, and describe the impact of alloy band
mixing effects on inter-band optical transition strengths.

I.

I NTRODUCTION

The indirect fundamental band gaps of conventional,
diamond-structured Ge and Si make them inefficient light
emitters, limiting their potential for applications in active
photonic devices such as light-emitting diodes and diode lasers.
As a result, realising Si-compatible direct-gap semiconductors
– to provide a suitable platform for the development of efficient
light emitters for Si photonics applications – has attracted
attention for several decades. While significant progress has
been made via monolithic integration of III-V diode lasers
on Si substrates, this approach presents significant challenges
from the perspectives of epitaxy and device thermal management. As such, in recent years there has been a surge of
interest in approaches to achieve direct-gap group-IV semiconductors via band structure engineering. The majority of
these efforts have focused on applying strain to Ge, or on
alloying Ge with tin (Sn) to form the Ge1−x Snx alloy, with
the intention in both cases being to reduce the energy of
the zone-centre Γ7c conduction band (CB) edge states below
that of the L6c CB minimum [1]. Alternatively, advancements
in materials growth now allow Ge and Si nanowires to be
fabricated in the lonsdaleite crystal phase, reproducibly and
with high crystalline quality [2]. Indeed, recent experimental
measurements have demonstrated impressive optical properties
in lonsdaleite Six Ge1−x alloy nanowires [3], distinguishing
group-IV lonsdaleite semiconductors as a promising platform
for the development of Si-compatible photonic devices.
From a theoretical perspective, it has long been known that
lonsdaleite Ge (2H-Ge) and Si (2H-Si) are respectively directand indirect-gap semiconductors. This suggests the possiblity
to achieve efficient radiative recombination and a tunable band
gap, across the (Ge-rich) composition range within which 2HSix Ge1−x possesses a direct band gap. The origin of the direct
fundamental band gap of 2H-Ge via back-folding of the L6c
CB edge states of diamond-structured Ge is well understood,
but accurate prediction of the magnitude of the 2H-Ge and

2H-Si band gaps has only recently become possible with
the advent of sufficiently advanced first principles electronic
structure methods [4]. However, given the “pseudo-direct” [5]
nature of the 2H-Ge fundamental band gap, the origin of the
observed high radiative recombination rates in 2H-Six Ge1−x
alloy nanowires has not yet been quantitatively understood.
Motivated by this question, we present a first principles analysis of the evolution of the electronic and optical properties,
and direct- to indirect-gap transition, in 2H-Six Ge1−x alloys.
II.

T HEORETICAL MODEL

Our analysis of the electronic and optical properties of
lonsdaleite Six Ge1−x alloys is based on density functional
theory (DFT). Structural relaxation is performed using both
Heyd-Scuseria-Ernzerhof hybrid functional [6] (HSEsol) and
local density approximation (LDA) exchange-correlation (XC)
functionals, to determine the lattice parameters a and c, and
internal parameter u, in real 2H-Ge and 2H-Si. Based on
an approach we have used to analyse the indirect- to directgap transition in diamond-structured Ge1−x Snx alloys [7],
we utilise HSEsol and Tran-Blaha modified Becke-Johnson
[8] (TB-mBJ) XC functionals – using, respectively, HSEsoland LDA-calculated structural properties – to compute the
band structure, band edge deformation potentials and optical
matrix elements in 2H-Ge and 2H-Si. Comparison between
HSEsol- and TB-mBJ-calculated electronic and optical properties verifies the reliability of the TB-mBJ XC functional:
due to its lower computational cost, we apply the latter in our
alloy supercell calculations. We investigate the evolution of
the electronic and optical properties of 2H-Six Ge1−x across
the full composition range 0 ≤ x ≤ 1 using a special quasirandom structure (SQS) approach. We apply zone unfolding
to obtain effective alloy band structures, and compute the
supercell zone centre optical matrix elements to quantify the
impact of alloy band mixing effects on the inter-band optical
transition strengths. All DFT calculations were performed
using the projector augmented-wave method, as implemented
in the Vienna Ab-initio Simulation Package [9] (VASP).
III.

R ESULTS

Our electronic structure calculations verify the presence of
a direct band gap in 2H-Ge [4], and an indirect band gap in
2H-Si [10]. Since the lonsdaleite phase is tetragonal, in both
cases the valence band (VB) edge lies at the zone centre. The
CB minimum in 2H-Si lies at the M point in the Brillouin
zone. We calculate a direct fundamental band gap of 0.319
eV for real 2H-Ge. The calculated optical matrix elements
between the Γ9v and Γ8c VB and CB edge states in 2HGe, combined with symmetry analysis of the associated wave
functions, affirms that 2H-Ge admits a pseudo-direct band
gap: despite strong spatial overlap between Γ9v and Γ8c wave

Six Ge1−x SQSs, across the full composition range.
IV.

Fig. 1. Effective (unfolded) alloy band structure of a 108-atom lonsdaleite
Si24 Ge84 (x = 22.22%) alloy SQS, demonstrating a direct fundamental band
gap. Spectral weight (Bloch character) is indicated by colour, which varies
between 0 (white) and 2 (black) for a single, spin-degenerate state.

functions, the optical matrix elements between these states are
strongly suppressed (but not forbidden) by symmetry [4].

C ONCLUSION

We have undertaken a theoretical analysis of the evolution
of the electronic and optical properties with Si composition
x in lonsdaleite-structured Six Ge1−x alloys. Our DFT band
structure calculations confirm the presence of a direct fundamental band gap in 2H-Ge, and DFT-calculated optical matrix
elements affirm that this band gap is pseudo-direct in nature,
having allowed but weak optical transition strength. Effective
(unfolded) band structures calculated for 2H-Six Ge1−x SQSs
reveal the presence of strong band mixing effects, which
primarily impact the band structure close in energy to the
CB edge. The calculated inter-band optical transition strengths
emphasise the important role played by band mixing effects
in determining the alloy optical properties. Overall, our analysis confirms the potential of lonsdaleite Six Ge1−x as a Sicompatible, direct-gap semiconductor material system, which
is promising for applications in active photonic devices. We
conclude that further theoretical analysis is now required to
quantify the nature and impact of band mixing effects on properties of 2H-Six Ge1−x alloys relevant to device applications.
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To analyse the direct- to indirect-gap transition with increasing Si composition x in 2H-Six Ge1−x alloys, we employ
a series of 108-atom (3 × 3 × 3) SQSs. The atomic positions
in each SQS are relaxed via minimisation of the total (free)
lattice energy using the LDA XC functional, and band structure
of the relaxed SQS is then calculated using the TB-mBJ
XC functional. The supercell band structure is then unfolded
onto a Brillouin zone associated with a lonsdaleite primitive
unit cell defined by the relaxed alloy lattice parameters a(x)
and c(x). Figure 1 shows an exemplar alloy effective band
structure computed following this approach, for a 2H-Si24 Ge84
(x = 22.22%) SQS, with x approaching the direct- to indirectgap transition. We note that the spectral weight (Bloch character) in Fig. 1(c) is displayed on a logarithmic scale, to
emphasise the impact of alloy band mixing effects. Indeed,
we find that alloy band mixing effects strongly reduce the
Bloch character associated with individual states. This effect
is most pronounced close in energy to the alloy CB edge,
demonstrating that alloy band mixing most strongly perturbs
the CB structure. We observe comparatively weak perturbation
of the band structure close in energy to the VB edge, reflecting
the lack of states – located at points in the Brillouin zone
away from the zone centre – which lie sufficiently close in
energy to the VB edge to undergo strong band mixing with the
zone-centre VB edge states. Our calculated effective alloy band
structures suggest that the direct- to indirect-gap transition in
2H-Six Ge1−x occurs for x ≈ 30%, with the CB edge located
at the M point in the Brillouin zone for x & 30%.
Given the weak optical transition strength associated with
the fundamental Γ8c -Γ9v band gap in 2H-Ge [4], recent
experimental reports [3] of strong radiative recombination in
2H-Six Ge1−x are surprising. The authors of Ref. [3] have
suggested that this favourable behaviour may originate from
enhancement of the optical transition strength associated with
the fundamental alloy band gap by alloy mixing effects. To
investigate this, we have computed the zone-centre optical
matrix elements for inter-band transitions in the 108-atom 2H-
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G. Signorello, E. Lörtscher, P. A. Khomyakov, S. Karg, D. L.
Dheeraj, B. Gotsmann, H. Weman, and H. Riel, “Inducing a directto-pseudodirect bandgap transition in wurtzite GaAs nanowires with
uniaxial stress,” Nat. Commun., vol. 5, p. 3655, 2014.
L. Schimka, J. Harl, and G. Kresse, “Improved hybrid functional for
solids: The HSEsol functional,” J. Chem. Phys., vol. 134, p. 1, 2011.
E. J. O’Halloran, C. A. Broderick, D. S. P. Tanner, S. Schulz, and
E. P. O’Reilly, “Comparison of first principles and semi-empirical
models of the structural and electronic properties of Ge1−x Snx alloys,”
Opt. Quant. Electron., vol. 51, p. 314, 2019.
F. Tran and P. Blaha, “Accurate band gaps of semiconductors and insulators with a semilocal exchange-correlation potential,” Phys. Rev. Lett.,
vol. 226401, p. 102, 2009.
G. Kresse and D. Joubert, “From ultrasoft pseudopotentials to the
projector augmented-wave method,” Phys. Rev. B, vol. 59, p. 1758,
1999.
A. De and C. E. Pryor, “Electronic structure and optical properties of Si,
Ge and diamond in the lonsdaleite phase,” J. Phys.: Condens. Matter,
vol. 26, p. 145801, 2014.

