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The carrier-induced refractive index in quantum dot 共QD兲 structures due to optical transitions from
QD levels to continuum states is considered. It is shown that, for large photon energies, the
refractive index change is given asymptotically by the Drude formula. Calculations of the linewidth
enhancement factor, ␣, show that ␣ ⬃1 due to this contribution to the total refractive index.
Furthermore, for highly localized QD states, the absorption coefficient at the photon energies
⬃0.8 –1.0 eV due to these transitions can be on the order of 103 m⫺1 . © 2004 American Institute
of Physics. 关DOI: 10.1063/1.1639933兴

have been attributed to the effect of inhomogeneous broadening on the refractive index. In this letter, we consider a
different mechanism, which can also lead to positive ␣ factor
⬃1.
We present model calculations of the refractive index
 dc due the transitions between a discrete QD level and a
continuum of states above the QD 关Fig. 1共b兲兴. This index can
be considered as an analog of the free carrier component
 free in bulk or QW devices. We give a general formula for
 dc , and evaluate it using model carrier wave functions. At
large photon energies, this formula tends asymptotically to
Drude’s formula. At low photon energies, we find significant
deviations from the Drude model, even resulting in positive
index changes. From the Kramers–Kronig dispersion relations we can relate  dc to the absorption coefficient of photons due to these ‘‘ionizing’’ transitions.
We consider the interaction of QD carriers with an electromagnetic wave propagating in the waveguide of a QD
laser or amplifier. The vector potential of the field is A(t)
⫽(⫺iE0 /  )• exp(⫺it)⫹c.c., and the electric field, E0 , is
polarized along the z axis. The carrier-photon interaction
Hamiltonian is V̂⫽⫺eA(t)p̂/m, where p̂⫽⫺iបⵜ, with e as
the charge and m as the mass of the carrier. Using the density

Carrier-induced refractive index changes can strongly influence characteristics of semiconductor laser and amplifiers,
such as spectral linewidth, wavelength chirping, mode competition, and beam filamentation.1–5 In bulk and quantum
well 共QW兲 devices, the index change  includes an anomalous dispersion component  res due to interband resonant
transitions and a ‘‘free carrier’’ component  free , originating
from intraband transitions 关see Fig. 1共a兲兴:

 ⫽  共  ,n 兲 ⫽  res共  ,n 兲 ⫹  free共  ,n 兲 ⬇C 共  兲 •n,

共1兲

where  is the probe frequency and n the carrier density. The
dependence of the refractive index on the carrier density is
often characterized by the linewidth enhancement 共␣-兲 factor

␣ ⫽⫺2

 /n
 C
⫽⫺2
,
c  g/  n
c gn

共2兲

where g n ⫽  g/  n is the differential gain, and C⫽   /  n is
the differential refractive index. In bulk and QW semiconductors, this free carrier component has been studied
experimentally,6 and is well described by Drude’s model for
the refractive index of a free carrier plasma.6
The carrier-induced refractive index in quantum dot
共QD兲 structures and corresponding ␣ factor are presently under intensive experimental study.7–10 Measured values are
usually associated only with the resonant refractive index
calculated by considering ‘‘interband’’ transitions between
the electron and hole QD levels 关dashed line in Fig.
1共b兲兴.11–13 As shown in Ref. 11, these interband transitions in
QDs can lead to the ␣ factor being zero or even negative, in
contrast to the positive ␣ values in bulk and QW devices.
However, a wide range of experiments has reported positive
␣ factors ⬃1–28,12 in QD devices. In Ref. 12, these results
a兲
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FIG. 1. Band structure of bulk 共a兲 and QD 共b兲 semiconductor with interband
共dash兲 and intraband transitions 共solid兲. Intraband transitions are shown only
for electrons.
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(3D)
where N D
is the average three-dimensional 共3D兲 QD density in the waveguide. If the QD laser has l QD layers with
(3D)
⫽lN D /t w where t w is the
sheet density N D , we have N D
effective optical thickness of the waveguide. The factor of 2
in Eq. 共5兲 is due to the spin degeneracy of the ground QD
level 兩0典. Using the relation P 0 ⫽ 0  E 0 between the polarization P 0 along the z axis and the electric field amplitude
E 0 , we have for the susceptibility  dc along the z axis due to
the discrete-continuum transitions

 dc⫽⫺e 2 n/ 共  0 m  2 兲 •S,

共6兲

(3D)
where n⫽  0 •2N D
is the carrier density in state 兩0典 in the
QDs. The factor S is given by

S⫽S 共  兲 ⫽2

兺 z  0共  /  z 兲 0  D  0共  兲 .

共7兲

The corresponding refractive index  dc is expressed through
the real part of the susceptibility

 dc⫽

Re关  dc兴
⫽  DrudeS Re⫽C DrudenS Re⫽C dc•n,
2  bg

共8兲

where  bg is the background refractive index, S Re is the real
part of the factor S, and  Drude⫽⫺e 2 n/(2  bg 0 m  2 )
⫽C Druden is the refractive index given by Drude model of a
free carrier plasma.6 Later we use Eqs. 共6兲–共8兲 to calculate
the differential refractive index C dc⫽C Drude•S Re , and compare it with the differential refractive index C Drude⫽
⫺e 2 /(2  bg 0 m  2 ) predicted by Drude’s formula.
From Eqs. 共6兲–共7兲, the absorption coefficient is ␤
⫽ ␤ (  )⫽Im关dc兴  /(c  bg)⫽  dc•n with the absorption
cross section
FIG. 2. Spectra of the differential refractive index C dc(e) 共solid curves兲 and
the absorption cross-section  e 共dot-dash curves兲 due electron transitions
from QD level to continuum for TE polarization 共thick curves兲 and TM
polarization 共thin curves兲. The refractive index from Drude’s model is
shown by the dotted curve.

matrix approach, the induced polarization due to transitions
between a bound state 兩0典 in a QD and a state 兩典 in the
continuum 关see Fig. 2共b兲兴 is given by
p0  ⫽e 2  0 / 共 m  2 兲 •r0  共 E0 .ⵜ 0 兲 •2D  0 共  兲 •e ⫺i  t ,

共3兲

where
D  0 共  兲 ⫽  /2b 共  ⫺   0 ⫹i ␥ 2 兲 ⫺1 ⫹ 共  ⫹   0 ⫹i ␥ 2 兲 ⫺1 c ;
共4兲

  0 ⫽(E  ⫺E 0 )/ប is the transition frequency; E  and E 0 are
the energies of the states 兩典 and 兩0典, respectively; ␥ 2
⫽1/T 2 , where T 2 is the dephasing time for the transition;
and  0 is the population of the QD level 兩0典. In the derivation
of Eq. 共3兲 we neglect the population of the state 兩典 in comparison with  0 关we assume the energy difference (E 
⫺E 0 ) is much larger than the thermal energy k B T in the
structure兴. In Eq. 共3兲, r0  ⫽ 具 0 兩 r兩  典 and ⵜ 0 ⫽ 具  兩 ⵜ 兩 0 典 . The
induced polarization per unit volume is given by
P⫽P0 e ⫺i  t ⫽2N 共D3D兲 •

兺 p0  ,

共5兲

 dc⫽

e2
•
c  bg 0 m

␥

兺 z  0共  /  z 兲 0 共  ⫺   02兲 2 ⫹ ␥ 22 .

共9兲

Later we calculate the cross section in the limit ␥ 2 →0.
In the numerical calculations, we make the following
approximations. We take into account only the states 兩典 in a
3D continuum in the sum in Eq. 共7兲, i.e., we neglect the
two-dimensional wetting layer states. The 3D states 兩典 are
approximated by plane waves: 兩  典 → 兩 k典 ⫽⍀ ⫺1/2 exp(ikr),
where k is the 3D wave vector, ⍀ is the normalization volume; and E  ⫽ប 2 k 2 /2m. Finally, the wave function of the
ground QD state is approximated as 兩 0 典 ⫽  ⫺3/2a ⫺2 b ⫺1
• exp关⫺(x⬘2⫹y⬘2)/2a 2 ⫺z ⬘ 2 /2b 2 兴 ; 14 the axis z ⬘ is along the
growth direction, and the x ⬘ and y ⬘ axes lie in the plane of
the QD layers. Later, we assume a⫽2b. We consider two
different polarizations of the electric field E: TM polarization, when the z axis of the electric field polarization coincides with the growth direction z ⬘ , and TE polarization,
when the z axis is in the plane of QD layers.
Using the one-band model described here, we have calculated the differential index C dc(e) due to electron transitions 共the electron mass is m e ⫽0.067•m 0 , m 0 is the free
electron mass兲 and the differential index C dc(h) due to hole
transitions 共the hole mass is m h ⫽0.34•m 0 ). This one-band
model should be a good approximation for the electrons, but
is likely to underestimate the hole contribution, C dc(h) , because it ignores intervalence band absorption, which is generally a significant absorption pathway below 0.8 eV in interband lasers.15
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The solid curves in Fig. 2 represent the differential refractive index C dc(e) as a function of the photon energy E
⫽ប  . The thick and thin solid lines correspond to the TE
and TM polarizations, respectively, and the dotted curve
is
the
Drude
differential
index,
C Drude(e) ⫽
⫺e 2 /(2  bg 0 m e  2 ). As photon energy E increases, and the
probe frequency  becomes much larger than the character2
of the QD carriistic oscillation frequency  0 ⬃  2 ប/2mR eff
2 1/3
ers 关 R eff⫽(a b) is the effective ‘‘radius’’ of the wave function兴, the calculated refractive index approaches the value
given by Drude’s formula. For QDs with b⫽1.5, 2 nm,
C dc(e) is already well approximated by Drude’s formula already at photon energies ⬃0.8 –1.0 eV. At low photon energies (  ⬃  0 ), the coefficient C dc(e) deviates from Drude’s
formula, and can be even positive, resulting in a negative ␣
factor 关see Eq. 共2兲兴. For QDs with tightly confined carriers
(b⫽1 nm), deviation from Drude’s formula is clearly observed for E⬃0.8– 1.0 eV. This asymptotic behavior at large
photon energies E corresponds to neglecting   0 and ␥ 2 in
comparison with  in Eq. 共4兲, so that D ␣ 0 (  )⬇1 and S Re
⫽2兺␣ z␣0(/z)0␣ . Since the plane waves 兩k典 form a complete
set, we have the identity S Re⫽2兺kzk0(/z)0k⬅1, the oscillator
strength sum rule of Thomas–Reich–Kuhn.
The differential refractive index C dc(h) due hole transitions has a similar behavior to C dc(e) in the one-band model
we are using, albeit with values of C dc(h) are smaller than
C dc(e) , and approach Drude’s formula at lower frequencies,
since the hole mass is larger than the electron mass. The
electron and hole contributions are added to each other in the
refractive index  dc , so that if populations of electron and
hole QD levels are identical, the refractive index  dc
⫽ 关 C dc(e) ⫹C dc(h) 兴 •n⫽C dc•n. Our one-band calculations
give for the total differential index C dc⬃⫺(5 – 7)
⫻10⫺27 m3 for photon energies ⬃0.8 –1 eV. For comparison, the total differential index 共interband transitions plus
‘‘plasma effect’’兲 in bulk structures is ⫺2⫻10⫺26 m3 . 5 We
expect that a more accurate multiband model, including intervalence band absorption, may significantly increase C dc(h)
共and C dc) both in the QDs studied here, and also in QW and
bulk structures. Further calculations are now in progress to
test this hypothesis. Using the value of C dc , calculated earlier, and assuming that the differential gain g n ⬃1
⫻10⫺19 m2 , 16 we can estimate from Eq. 共2兲 the contribution
␣ dc from the discrete-continuum transitions into the ␣ parameter as ␣ dc⬃1 – 2. Thus, in experimentally observed values of ␣ ⬃2, the contribution ␣ dc can be a substantial part.
Dash-dot curves in Fig. 2 show the cross-section  dc(e)
due to electron transitions. For TE polarization 共thick
curves兲, the cross-section  dc(e) is larger than for TM 共thin
ones兲, because for TE polarization the characteristic dipole

moment of carriers in the dot is given by the size 2a, which
is assumed to be larger than the size 2b, the dipole moment
for TM polarization. The maximum of  dc(e) takes place at
 ⬃  0 , and shifts to low photon energies for larger QDs. In
Figs. 2共b兲 and 2共c兲, the cross section is ⬃10⫺20 m2 at E
⬃0.8– 1.0 eV, Assuming the carrier density n⬃1023 m⫺2 ,
we obtain an estimate for the absorption coefficient of ␤
⬃103 m⫺1 which can be substantial for QD lasers. For
larger QD (a⬎5 nm,b⬎2.5 nm), the absorption at E
⬃0.8– 1 eV becomes negligible 共⬍100 m⫺1兲.
In conclusion, we have shown that optical transitions
from QD levels to continuum states leads to carrier-induced
refractive index changes, and can result in ␣ factors ⬃1. At
high photon energies, the refractive index is given approximately by Drude’s formula, while for tightly confined carriers, the corresponding absorption coefficient due to the ionization processes can be ⬃103 m⫺1 .
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