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Chirp Spread Spectrum towards the
Nyquist Signaling Rate
— Orthogonality Condition and Applications
Xing Ouyang, Octavia A. Dobre, Yong Liang Guan and Jian Zhao

Abstract—With the proliferation of Internet-of-Things (IoT), the
chirp spread spectrum (CSS) technique is re-emerging for communications. Although the chirps can offer high processing gain,
its poor spectral efficiency and the lack of orthogonality among
different chirps tend to limit its potential. In this paper, we derive
the condition to orthogonally multiplex an arbitrary number of
linear chirps. For the first time in the literature, we show that the
maximum modulation rate of the linear chirps satisfying the orthogonality condition can approach the Nyquist signaling rate, the
same as single-carrier waveforms with Nyquist signaling or orthogonal frequency-division multiplexing signals. The performance of the proposed orthogonal CSS is analyzed in comparison
to the emerging LoRaTM systems for IoT applications with power
constraint, and its capability for high-speed communications is
also demonstrated in the sense of Nyquist signaling.
Index Terms—Chirp spread spectrum (CSS); Nyquist waveform; Fresnel transform; orthogonal chirp-division multiplexing
(OCDM); Internet-of-Things (IoT).

T

I. INTRODUCTION

HE chirp is a special class of frequency-modulated waveforms that is well known for being widely adopted in radar
systems. For communications, the chirp spread spectrum (CSS)
has been considered in the ultra-wideband systems, as specified
in the IEEE 802.15.4a standard [1], and in the emerging Semtech’s LoRaTM systems for low-power wide area network
(LPWAN) [2-4]. In particular, with the proliferation of Internet-of-Things (IoT) and machine-to-machine communications,
the LoRa-CSS scheme provides a unique solution to address the
demand for low-power, long-range and low-cost communications, leading to the re-emergence of the CSS technique, along
with intensive research interest and activities.
The unique properties of the chirped signals, namely spread
spectrum and pulse compression promise reliable communications of low-power consumption over long distance, robustness
against interference and noise in hostile environments, and
insensitivity to time and frequency offsets caused by the imXing Ouyang and Jian Zhao are with the Tyndall National Institute and also
the School of Electrical and Electronic Engineering, University College Cork,
Cork, T12C5CP, Ireland.
Octavia A. Dobre is the Faculty of Engineering and Applied Science, Memorial University, St. John’s, NL A1B 3X5, Canada.
Yong Liang Guan is with the School of Electrical and Electronic Engineering, Nanyang Technological University, Singapore.

perfections of electronics in transceivers or by high mobility
[5-7]. However, the CSS technique exhibits a poor spectral
efficiency, resulting from the loss of orthogonality among
different chirped waveforms. If more than one chirp is used
within the same time period and bandwidth, interference arises
from the non-orthogonality, and thus the modulation rate of the
chirped waveforms is far from the Nyquist rate.
In the literature, there are works on CSS systems that deal
with a balance between the processing gain and data rate, rather
than focusing on the orthogonality itself. For example, in [8],
using frequency-division multiplexing, the processing gain is
sacrificed for higher spectral efficiency and vice versa. In the
LoRa-CSS, frequency-shift keying (FSK) is adopted to improve the spectral efficiency. However, the maximum data rate
is 37.5 kbps with a minimum 25% forward error correction
(FEC) overhead over 500 kHz bandwidth in the 868 MHz ISMband [9]. Moreover, it is proved in [10] that the orthogonality
does not hold among the chirps. Performance degradation thus
occurs compared to the traditional FSK system, and should be
compensated by using a higher processing gain or coding gain.
Notably, by utilizing the discrete Fresnel transform (DFnT),
orthogonal chirp-division multiplexing (OCDM) is proposed in
[11-14] for high-speed communication at the Nyquist rate. It is
proved that orthogonality holds among the chirps in the discrete-time domain. However, in the continuous-time domain,
the orthogonality is destroyed, which agrees with the result in
[10]. In addition, in the discrete-time OCDM system, the processing gain of the chirps equals the time-bandwidth product of
the signal. It means that for a given bandwidth, once the processing gain is fixed, the number of discrete-time chirps is fixed
for information multiplexing. This constraint makes the design
of a CSS system inflexible for various applications.
In this letter, we theoretically prove the orthogonality condition for the CSS system in the analog domain. Based on this
condition, it is shown that the modulation rate of the linear
chirps can approach the Nyquist rate, same as the single-carrier
and orthogonal frequency division multiplexing (OFDM) systems. It is also shown that it is possible to synthesize an arbitrary number of continuous-time chirps, whose processing gain
can be arbitrarily chosen without the constraint in the OCDM
system [11-14]. It means that the design of the orthogonal CSS
in this letter is more flexible to meet the requirements of different applications, while preserving the orthogonality in ana-
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Fig. 1. The PSD functions of chirped-waveforms of period T = 1 s and chirp
rates α = 25 and 100 Hz2, and square waveforms with periods Ts = 0.04 and
0.01 second (25 and 100 Hz), respectively.

log domain. We also show that the orthogonal CSS is able to,
for its capability of Nyquist signaling and spread-spectrum,
fulfill the purposes of power-limited systems, such as LPWAN,
and also high-speed communications by employing modulation
formats such as quadrature amplitude modulation (QAM).
II. CHIRP SPREAD SPECTRUM: PRELIMINARIES
A linearly chirped waveform, with chirp rate α and period T,
has a constant amplitude and linearly modulated frequency, as
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The spectrum of the chirp can be obtained using the Fourier
transform, and with some mathematical manipulations it can be
given in terms of the Fresnel integral [Chapter 7.3, 15] as
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as depicted in Fig. 2 [16]. The orthogonality condition for the
chirped waveform to achieve Nyquist signaling is derived in
analogy to the critical condition of the Talbot effect.
A. Talbot Effect and the Orthogonality Condition
As shown in Fig. 2 (a), the diffraction pattern of a Fresnel
diffraction on the right plane is given by [17]
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where FΨ(x) is the complex Fresnel integral, defined as
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Fig. 2. Illustrations of (a) the Fresnel diffraction whose spatial phase quadratically increases from the origin, and (b) the Talbot effect that is the infinitely extended Fresnel diffraction with period d, and in which at a fractional
Talbot distance ZT / N, there are N duplicate images of the one at the origin.
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Fig. 1 illustrates the power spectral density (PSD) functions
of chirps with period T = 1 s and chirp rates α = 25 and 100 Hz2,
respectively. For comparison, the PSD functions of the square
waveforms with periods of Ts = 0.04 and 0.01s are provided for
comparison. It can be seen that although their PSDs have quite
different shapes, both occupy similar bandwidth if αT ≈ 1 ∕ Ts.
According to the Nyquist-Shannon criterion, within a given
bandwidth B Hz, the maximum degree-of-freedom of a waveform available for modulation is B Baud/s. For instance, using
the squared-waveforms and arranging the sinc-like subcarriers
in the frequency domain, OFDM attains the Nyquist rate if the
number of subcarriers is large enough. Similarly, single-carrier
systems with the sinc-waveforms approach the Nyquist rate in
the time domain. To date, in the CSS systems, chirped waveforms are unable to achieve the Nyquist rate as there is no chirp
which meets the orthogonality condition for Nyquist signaling.
III. ORTHOGONALITY CONDITION FOR CSS
In this section, we first introduce the Talbot effect, an optical
phenomenon from the periodic repetition of Fresnel diffraction,

where f (x) is the transfer function of the aperture with respect
to the x-axis, and a = λz is the spatial coefficient with λ as the
wavelength and z as the distance between the planes. It can be
observed that the phase of the Fresnel diffraction in Fig. 2 (a) is
quadratic along the radius from the origin, and the spatial frequency is linear. Comparing the spatial coefficient a and the
chirp rate α in (1), we have a =1 ∕ α.
The Talbot image in Fig. 2 (b) is obtained by infinitely extending the Fresnel diffraction with periodicity d. It can be seen
that at z = ZT, with ZT being the Talbot distance
ZT  d 2  ,

(5)

the duplicate images are exactly the same as the ones at the
origin z = 0. More importantly, at the fraction of the Talbot
distance and if we choose z = ZT ∕ N, there are N-fold duplicate
images of the original one. The spatial coefficient can be expressed equivalently as

a

d2
d2
 .
ZT z N

(6)

Intuitively, if the spatial coefficient a is substituted by 1 ∕ α,
and the distance d by T, we have

  N T2 .

(7)

In (7), the chirp rate α is thus related to the critical condition of
the Talbot effect where duplicated images are formed. In Fig. 2
(b), the Talbot images at a fraction of the Talbot distance, i.e., z
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Fig. 4. Normalized modulation rate of the orthogonal chirps as a function of
processing gain N for different number of chirps M.

f=0

Fig. 3. Illustration of the spectrogram of a family of M orthogonal chirps with
period T under the orthogonality condition with α = N ∕ T 2 and ∆η = T ∕ N.

= ZT ∕ N, are spaced by d ∕ N. By analogy, a temporal shift can be
defined by replacing d by T, as ∆η = T ∕ N.
With these results, a root chirped waveform is defined as
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and a family of M mutually orthogonal linear chirps, ψk(t), can
be defined by shifting the root chirp at integers of ∆η, as
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where k = 0, 1, …, M − 1. It can be easily proved that for any
ψk(t) and ψm(t), we have
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where δ(k) is the Kronecker delta function.
Thus, we can make the following remarks: Given a period T,
there is a family of M mutually orthogonal chirps as defined in
(9) if the chirp rate α = N / T 2 and the chirps are shifted in frequency at integer multiples of ∆η = 1 / (αT), where N, M  ℤ+.
Fig. 3 illustrates the spectrogram of this family of orthogonal
chirps, with M being a positive integer independent of N.
B. Approaching the Nyquist Rate with the Orthogonal Chirps
It can be seen in Fig. 3 that the root chirp is a down-chirp and
each chirp is linearly shifted at integer multiples of ∆η = T ∕ N in
the same direction. In fact, the sign of α can be altered to obtain
a family of positively chirped waveforms. Regardless of the
sign of α, the M orthogonal chirps occupy the same bandwidth.
For the family of M orthogonal chirps, as defined in (9), the
occupied bandwidth is B = (M + N) / T (Hz), the Baud rate is R =
1 / T (Baud/s), and the processing gain of the chirps is defined in
terms of the time-bandwidth product N = B0 × T (Hz∙s), with B0
as the bandwidth of a single chirp. The normalized modulation
rate of the orthogonal chirps is thus
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In Fig. 4, the normalized modulation rate in (11) is plotted as a
function of M and N. It can be easily deduced that as M goes to
infinity or is sufficiently larger than N,
lim   1 ,

M 

(12)

Fig. 5. Spectral efficiencies of conventional CSS, LoRa-CSS and the proposed orthogonal CSS versus processing gain.

which actually means the Nyquist rate.
In the conventional CSS that encodes information using upand down-chirps, the spectral efficiency is inversely proportional to the processing gain, as βSE-Λ = 1 / N (bit/s/Hz). On the
other hand, modulation formats involving amplitude and phase
modulation are not optimal due to the existence of interference
[10]. Thus, in the LoRa-CSS, FSK is employed to modulate the
quasi-orthogonal chirps to mitigate the interference and also to
improve the spectral efficiency by a factor of log2 N compared
to the conventional CSS. Its spectral efficiency is βSE-LoRa = N −1
log2 N (bit/s/Hz), where N = 2SF is the processing gain, with SF
= 6 to 12 being the spread factor [9].
In our proposed orthogonal CSS, with the orthogonal ψk(t) in
(9), spectrally efficient modulation formats, such as QAM, can
be employed for high-speed communications. As the chirps are
orthogonal, no interference exists among them. For example, if
2κ-QAM with modulation order κ is employed, the spectral
efficiency is βSE-2κ-QAM = κβ.
Fig. 5 compares the spectral efficiencies of the conventional
CSS, LoRa-CSS and the proposed orthogonal CSS. It can be
seen that LoRa-CSS improves spectral efficiency by a factor of
log2N compared to the conventional CSS. Its spectral efficiency
is still limited. In the orthogonal CSS, if modulation formats,
such as BPSK, QPSK and 64-QAM (with κ = 1, 2, 6), are employed, the spectral efficiency approaches that of the Nyquist
signaling by suitably adjusting M and N. Moreover, orthogonal
signaling, such as FSK, can be employed in the proposed CSS
for power-limited system by modulating the index of the chirps,
and then the spectral efficiency will be similar to that of LoRa-CSS. In the next section, we will show that, due to the advantage of orthogonal (Nyquist) signaling, the proposed CSS
exhibits better receiver sensitivity than the LoRa-CSS.
IV. PERFORMANCE ANALYSIS AND DISCUSSIONS
In this section, the performance of the proposed orthogonal
CSS is analyzed considering both power and bandwidth limited
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Fig. 6. Normalized modulation rate of the orthogonal chirps as a function of
processing gain N for different number of chirps M.

Fig. 7. Receiver sensitivities of LoRa-CSS and the proposed orthogonal CSS
with FSK and QAM modulations versus bit rate.

systems for practical applications. On one hand, in the LPWAN
systems with power constraint, bandwidth is traded for better
receiver sensitivity. On the other hand, in the WLAN or cellular
networks, spectrally efficient modulation formats such as QAM
are a preferred choice for supporting a higher data rate within a
given bandwidth.
In the IoT applications, for example, the power is limited to
14 dBm in the 868 MHz ISM-band and the transmission distance should cover several tens of km. Orthogonal signaling,
such as FSK, can be employed for reliability. In the LoRa-CSS,
as the chirps are quasi-orthogonal, although FSK is used, higher
processing gain and coding gain are needed to compensate for
the performance loss [10]. TABLE I lists the required demodulation signal-to-noise ratio (SNR) of LoRaTM system with 50%
cyclic redundancy code overhead. The equivalent Eb ∕ N0 is also
calculated as reference in TABLE I, and it can be seen that 5 dB
is the equivalent demodulation SNR per bit [9].
In Fig. 6, the BER performance of LoRa-CSS under additive
white Gaussian noise (AWGN) is calculated with respect to
Eb/N0 based on the results in [10]. It can be seen that Eb ∕ N0 = 5
dB corresponds to a BER = 10−4. The soft-decision FEC limits
with 6.25% and 20% overhead are shown in Fig. 6 for comparison [18]. The BER performance of the proposed CSS with
FSK is also evaluated against AWGN. At BER = 10−4, the
orthogonal CSS with FSK achieves about 0.5 and 1 dB improvement over LoRa-CSS for κ = 6 and 12, respectively. The
improvement is because the chirps in (9) are orthogonal while
those of LoRa-CSS are not. According to the Shannon’s theory,
the capacity bound of the proposed CSS with FSK is −1.59 dB,
as plotted on the left-most side in Fig. 6 [19]. The loose bound
for LoRa-CSS calculated from (21) in [10] is next to it. In Fig.
6, the BER performance of the proposed CSS with QPSK,
16-QAM, and 64-QAM is also provided. In contrast to FSK, the

performance degrades as κ increases but their spectral efficiency improves significantly.
Based on the performance in Fig. 6, the receiver sensitivities
of LoRa-CSS with different spreading factors to achieve a BER
= 10−4 are shown in Fig. 7, by considering thermal noise with
power density −174 dBm/Hz at 300 K. It should be noted that in
Fig. 7, a 6-dB amplifier noise figure is also taken into account.
In the LoRa-CSS, as the bandwidths are fixed at 62.5, 125, 250,
and 500 kHz, the bit rate is changed by varying the spreading
factor from 6 to 12. The receiver sensitivities of the proposed
orthogonal CSS with 2-FSK (κ = 1), 64-FSK (κ = 6) and
4096-FSK (κ = 12) are provided for comparison. It can be seen
that the proposed CSS with FSK achieves 1-dB sensitivity
improvement over the LoRa-CSS under the same conditions.
In addition, the receiver sensitivities of the proposed CSS
with QPSK, 16-QAM and 64-QAM are provided for comparison. Although the receiver sensitivities degrade with about 2,
6, and 11 dBm, respectively, their spectral efficiencies are 2, 4,
and 6 (bit/s/Hz), which are much greater than that of LoRa-CSS
which are usually less than 0.1. In the LTE system for example,
highly spectrally efficient modulation formats are the inevitable
choice. In theory, the proposed CSS has similar performance as
the OFDM system as orthogonality holds for both of them.
Moreover, as spread spectrum is enabled in the proposed CSS,
potential utilization of multipath diversity is possible by adjusting the processing gain of the chirps, and thus with potential
performance improvement over multipath fading channels.

TABLE I
REQUIRED DEMODULATION SNR IN LORATM
Processing Gain N = 2SF
SF

6

7

8

9

10

11

12

SNR (dB)

−5.0

−7.5

−10.0

−12.5

−15.0

−17.5

−20.0

Eb ∕ N0 (dB)

5.28

5.12

5.05

5.05

5.10

5.20

5.33

Note: The parameters are obtained from the datasheet of the Semtech
LoRaTM SX1276/77/78/79 module.

V. CONCLUSION
In this letter, the orthogonality condition for multiplexing an
arbitrary number of orthogonal chirps is derived and presented
for CSS system to achieve the Nyquist signaling rate. According to this condition, the processing gain of the chirps can be set
independently with respect to the number of orthogonal chirps.
The design of orthogonal CSS is thus more flexible for various
applications. It is also shown that for power-limited applications such as IoT, the proposed orthogonal CSS outperforms
LoRa-CSS by virtue of such orthogonality. Moreover, spectrally efficient modulation formats can be employed with the
proposed CSS to support high data rate communications.
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