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ABSTRACT
Two-dimensional group IV transition-metal dichalcogenides have encouraging thermoelectric applications since their electronic and lattice
properties can be manipulated with strain. In this paper, we report the thermoelectric parameters such as electrical conductivities, Seebeck
coeﬃcients, electrical relaxation times, and the mode dependent contributions to the lattice thermal conductivity of ZrX2 (X ¼ S, Se, Te)
from ﬁrst-principles methods. Our calculations indicate that due to tensile strain, the power factor increases while simultaneously decreasing
the lattice thermal conductivity, thus enhancing the thermoelectric ﬁgure of merit. Tensile strain widens the bandgap, which corresponds to
a higher power factor. The lattice thermal conductivity decreases due to the stiﬀening of the out-of-plane phonon modes, thus reducing the
anharmonic scattering lifetimes and increasing the thermoelectric ﬁgure-of-merit.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5125191
I. INTRODUCTION
Thermoelectric (TE) conversion can be a very simple and feasible solution to the ever-growing energy crisis, since the waste
energy from the by-products of solid-state devices can be directly
converted into electricity. TE materials therefore have encouraging
applications in power generations and solid-state cooling. Due to
diﬀerent scattering mechanisms in phonons at lower dimensions,
low-dimensional materials have been preferred over their corresponding bulk counterparts for an enhanced TE performance.1–3 For
example, monolayers of MX2 (M ¼ Mo, W; X ¼ S, Se) demonstrate
better thermoelectric performances than their corresponding bulks.4–7
With the advancement in nanotechnology, two-dimensional (2D)
materials have been produced successfully.8,9 Two-dimensional ZrS2
and ZrSe2 have been experimentally synthesized by Zeng et al.10 and
Sargar et al.,11 respectively. Very recently, Tsipas et al.12 have grown
2D ZrTe2 using molecular beam epitaxy on InAs(111)/Si(111) substrates. Development in the synthesis of these low-dimensional
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materials and the fact that their low-dimensional properties have
improved thermoelectric properties have opened up new opportunities in group IV transition-metal dichalcogenides (TMDs) in the
ﬁeld of thermoelectrics.
The conversion eﬃciency of any thermoelectric material is
2
characterized by its ﬁgure-of-merit, ZT ¼ Sκσ T, a dimensionless
parameter that depends on the voltage induced by the temperature
gradient known as the Seebeck coeﬃcient (S), electrical conductivity (σ), absolute temperature (T), and total thermal conductivity
(κ), having contributions from both electrons and lattice vibrations
( phonons). Enhancement of ZT is a challenging endeavor since σ,
S, and κ are unfavorably related to each other, i.e., larger σ would
generally lead to lower S and larger κ, thus lowering ZT.
In recent years, numerous techniques to improve ZT for twodimensional materials have been examined. These techniques involve
defect engineering, n and p-type doping, and inducing strain. For
example, Anno et al.13 have enhanced the ﬁgure of merit of graphene
through defect engineering. Similarly, Tabarraei14 calculated the
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thermal conductivity of hexagonal boron nitride with defects such as
boron monovacancy, nitrogen monovacancy, and Stone-Wales
defects. Fei et al.15,16 have reported a ZT  1 at room temperature
(RT) for 2D-phosphorene. In the case of two-dimensional boron
nitride, we have shown reduction in the lattice thermal conductivity
by stacking.17 We have also recently calculated the enhancement of
ZT of graphene by doping it with dimers of boron nitride, which
simultaneously increases the power factor (S2 σ)18 and decreases the
lattice thermal conductivity.19
There are various methods for doping in 2D materials. For
example, n-type (p-type) doping can be achieved by donating
(extracting) electrons from the 2D material.20,21 n-type (p-type)
doping can also be achieved by replacing the site atom with
another atom having more (less) valence electrons than that of the
site atoms.22 These techniques have been done for MoS2 and hence
can be easily carried out on ZrX2 . Doping can also be achieved
without randomly distributed impurities by electrolyte gating.23,24
Strain can be introduced in 2D materials by lattice mismatch
between the substrates and epitaxial thin ﬁlms.25 By transferring a
2D material onto a substrate, strain can be induced on the 2D
material by bending26 or stretching27 the substrate.
Several 2D materials under the inﬂuence of strain demonstrate
a functional technique to tune the electronic band structure5,15,28,29
and phonon dispersion.29–31 Inducing strain on phosphorene has
been shown to considerably enhance the Seebeck coeﬃcient.31
A solution to the phonon transport Boltzmann equation from
molecular and lattice dynamics was carried out for graphene and
boron nitride to study their nonmonotonic behavior of lattice
thermal conductivity.32 While the lattice thermal conductivity of
graphene does not vary much with small strain,32,33 there have
been various reports on the investigation of the mode contributions
to the lattice thermal conductivity.33–36 Therefore, there is a need
to investigate the mode dependence contribution to the lattice
thermal conductivity, which, to the best of our knowledge, does not
exist in the literature. In this paper, we therefore calculate the contribution to the lattice thermal conductivity of ZrX2 ; X ¼ S, Se, Te.
Moreover, we calculate the ﬁgure of merit by calculating the electron relaxation time and electrical thermoelectric parameters, the
electrical conductivity, and Seebeck coeﬃcients.
Within the framework of density functional theory (DFT) and
density functional perturbation theory (DFPT), we have recently
reported results of the structural parameters, electronic band
structure, and phonon dispersion for unstrained and strained
(tensile and compressive) monolayers of ZrX2 (X ¼ S, Se, Te),29
where the structure of the monolayers with lattice parameters is
also given. Using these electronic and phonon band structure data,
electrical and lattice transport parameters of ZrX2 (X ¼ S, Se, Te)
monolayers are obtained using semiclassical electrical and
phonon Boltzmann transport equations (BTEs), respectively. To
calculate the electrical conductivity and Seebeck coeﬃcients,
the electrical BTE is applied to the band electrons derived from
DFT, in the relaxation time approximation (RTA), as implemented
in the BoltzTraP code.37 Similarly, the lattice thermal conductivity
(κ L ) is calculated by solving the phonon BTE, applied beyond
the RTA, using a real-space supercell approach using the
phonon dispersion derived from DFPT as implemented in the
ShengBTE code.38
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A. Electrical Boltzmann transport equations
The electrical BTE calculates the transport properties along
the two orthogonal principal axes in the xy-plane. The S and σ
values are averaged over these principal directions. The velocities
of the electrons can be determined from the energies (ε) and
wave-vector (k) points derived from DFT. The expression for the
wave-dependent velocity [vα (i, k)] in the ith band is given by
vα (i, k) ¼

1 @εi,k
,
 @kα
h

(1)

where α denotes the velocity’s component. In the RTA, σ and S
tensors are expressed in terms of the electron velocities as37
σ αβ (T, μ) ¼



ð
1
@fμ (T, ϵ)
τ e e2 vα (i, k) vβ (i, k)
dϵ
V
@ϵ

(2)

and
h
i
@fμ (T, ϵ)
v
(i,
k)v
(i,
k)(ϵ

μ)
τ
dϵ
e
α
β
@ϵ
1
h
i
¼
:
Ð
@f
(T,
ϵ)
μ
eT
τ e vα (i, k)vβ (i, k)
dϵ
@ϵ
Ð

Sαβ

(3)

Here, the electron relaxation time, Fermi-Dirac distribution, chemical potential, volume of the unit cell, absolute temperature, and
Boltzmann constant are denoted by τ e , fμ ¼ 1εμ , μ, V, T, and kB ,
1þekB T
respectively.
B. Electrical relaxation time
In order to estimate the electrical relaxation time, we employ
the model39,40 as implemented in the BoltzTrap code, where

τ(E, T) ¼ τ 0

E  EVBM=CBM
kB T

r12  l
T0
:
T

(4)

Here, EVBM(CBM) is the valence band maximum (conduction band
minimum) for the p-type (n-type) conduction. τ 0 is the reference
lifetime, speciﬁed at some reference temperature T0 . The exponent
of energy r, known as the scattering parameter, and the exponent
of the temperature dependence, l, have the following values for
diﬀerent scattering mechanisms: (i) Scattering due to acoustic
phonons in 2D (3D) materials, r ¼ 32 (r ¼ 2) and l ¼ 0, and (ii)
r ¼ 1 and l ¼ 1 for scattering by optical phonons at high temperatures. Moreover, an l value of 3 (4) would implement eﬀects
due to scattering based on phonon isotopes (normal phonon). The
scattering parameter r cannot be negative. However, if the Fermi
energy is so low that scattering angles up to π are allowed, r ¼ 0.
More detailed information about the method has been reported by
Durczewski and Ausloos,40 Okuda et al.,41 and Palmer et al.42
C. Phonon Boltzmann transport equations
The calculations of the lattice thermal conductivity (κ L )
require the second-order (harmonic) and third-order (anharmonic)
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interatomic force constants (IFCs). The harmonic IFCs have been
calculated by us earlier to obtain the phonon dispersion.29 We
therefore have to calculate only the third-order IFCs and thereafter
obtain the lattice thermal conductivity.
Expanding the potential energy (E) around its equilibrium
energy (E0 ), we obtain the nth order IFCs (f), which are the coeﬃcients of the nth order term,
E ¼ E0 þ

1 X αβ α β 1 X αβγ α β γ
f r r þ
f r r r þ :
2 ijαβ ij i j 3! ijkαβγ ijk i j k

(5)

The third-order IFCs can therefore be expressed as

fαβγ
ijk ¼

@3E
@riα @rjβ @rkγ

:

(6)

Using the ﬁnite diﬀerence method, Eq. (6) can be approximately
expressed as

fαβγ
ijk 

1
[  Fkγ (riα ¼ h, rjβ ¼ h) þ Fkγ (riα ¼ h, rjβ ¼ h)
4h2
þ Fkγ (riα ¼ h, rjβ ¼ h)  Fkγ (riα ¼ h, rjβ ¼ h)],

(7)

where h is an arbitrary small displacement from the system’s equilibrium position. Fkγ is the γ component of the force experienced
by the kth atom. We use the “thirdorder.py” python script,
which is part of the ShengBTE package to generate diﬀerent conﬁgurations having displaced atoms. The number of conﬁgurations
created depends on the number of nearest neighbor interactions,
symmetry of the system, size of the supercell mesh, and size of the
unit cell. In all of our calculations, the supercell mesh size was ﬁxed
at 3  3  3. The number of nearest neighbor interactions was
chosen to be four. 300 and 372 conﬁgurations were generated for
each system with and without strain, respectively. Note that the
diﬀerence in the number of conﬁgurations is due to the change in
the symmetry of the system under the inﬂuence of strain.
After obtaining harmonic and anharmonic terms, the lattice
thermal conductivity tensor is then calculated beyond the RTA
using the following expression:
κ αβ
L ¼

X
1
f0 (f0 þ 1)(hωλ )2 vλα τ 0λ (vλβ þ Δβλ ):
kB T 2 VN λ

(8)

Here, N is the total number of sampling wave-vector (q) points
(we use a diﬀerent notation here because the points correspond to
that of phonons). The size of the grid plane mesh along each axis
in the reciprocal space was chosen to be 24  24  1 for all our
calculations. τ 0 represents the relaxation time, λ corresponds to the
acoustic and optical modes and v the phonon group velocity. The
Bose-Einstein distribution is f0 ¼ hω1 , where h and ω are Planck’s
ekB T 1

constant and phonon frequency. It is evident from Eq. (8) that
setting Δ ¼ 0 is identical to solving the phonon BTE in the RTA.
Therefore, Δ is a measure how much the associated heat current of
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a particular phonon mode deviates from the RTA solution of the
phonon BTE. Δ is a function of the three-phonon processes
and the scattering probabilities from isotropic disorders. The
three-phonon scattering amplitudes, which are a function of the
third-order anharmonic term, are then computed from the derivatives of energy obtained from DFT using the QUANTUM
ESPRESSO code.43 Using the ShengBTE code, the relaxation times
are obtained by an iterative method with the initial run as the RTA,
i.e., Δ ¼ 0. Iterations stop when two successive runs for Δ (and
hence τ) have a diﬀerence of 105 Wm1 K1 .
In order to get an estimate of the lattice thermal conductivity
as a function of its sample length, we calculate the cumulative κ L
since the mean-free path (MFP) cannot be larger in size than the
physical sample length of the sheet. The cumulative κL is obtained
by permitting only phonons with a MFP below some certain
threshold value. The cumulative κ L is then ﬁtted to the form38
κ L (L) ¼

κ Lmax
,
1 þ LL0

(9)

where κLmax is the thermodynamic limit of lattice thermal conductivity, i.e., κ L as L ! 1. L0 is a ﬁtting parameter and L is the MFP
(or the sample length of the sheet). Detailed information and
workﬂow have been reported by Li et al.38
II. RESULTS AND DISCUSSIONS
A. Electrical Boltzmann transport
Using the Boltzmann transport equation (BTE) for the
band electrons, we calculate the scaled electrical conductivity
(τσe ; τ e is the electrical relaxation time), Seebeck coeﬃcient, and
power factor (S2 σ). The Seebeck coeﬃcient, from its deﬁnition
[Eq. (3)], can be shown to be independent of its electrical
relaxation time.
In Fig. 1, we present the electronic transport parameters of
ZrX2 as a function of its charge carriers for unstrained (black
curves), 6% biaxial strain (red curves), and 10% biaxial strain (blue
curves). There is a general trend that all n-type doped systems have
a larger power factor in comparison with their corresponding
p-type doping. This behavior can be attributed to the larger
eﬀective mass in n-type doped systems in ZrX2 . Therefore, our
calculations suggest that n-type doping would yield better results
for an enhanced thermoelectric performance.
The most interesting feature is that the maximum of the
power factor for ZrS2 and ZrSe2 is for a tensile strain of 6%, while
that of ZrTe2 is 10%. The reason for this can be understood with
the analogy of doping boron nitride with graphene. Doping boron
nitride with graphene modulates the electronic bandgap44–46 just
like applying strain in ZrX2 . We have shown recently29 that the
bandgap of ZrX2 has a maximum at 6% for X ¼ S, Se, while the
bandgap keeps increasing with tensile strain for X ¼ Te. Since
ZrX2 are either metals or semiconductors, it can be shown that a
Sommerfeld expansion around the Fermi energy yields Mott’s
formula, S / σ1 dσ
dμ . Therefore, from Mott’s formula, it is seen that
the two competing contributions to S are σ 1 and dσ
dμ . If the shape
of the band structure does not change much, the major
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FIG. 2. Power factor of ZrX2 as a function of the charge carrier at ﬁve different
temperatures, T ¼ 300 K, 450 K, 600 K, 750 K, and 900 K.
FIG. 1. Electronic transport parameters as a function of its charge carrier
(number of electrons per unit cell) for ZrX2 ; X ¼ S, Se, Te. The ﬁrst three rows
are the scaled electrical conductivity, Seebeck coefﬁcient, and power factor for
ZrS2 , respectively. Similarly, the next three are for ZrSe2 and the last three are
for ZrTe2. The black curves represent unstrained ZrX2 , while red and blue
curves represent a biaxial strain of 6% and 10%, respectively. The two columns
correspond to n-type (left) and p-type (right) doping.

contribution to S would be from σ 1 . The band structure calculations do show that the shape of the bands is not much aﬀected.
However, the bandgap increases with tensile strain. A large
bandgap implies a lower electrical conductivity, thus producing a
larger S. This explains the maximum power factor in ZrX2 for each
case. Similar results for ZrS2 47 and ZrSe2 48 have been reported and
are in excellent agreement with our calculations. However, they do
not oﬀer an explanation for such behavior. We would like to stress
the fact that, against the popular belief that lower electrical conductivity is detrimental to ZT, Mott’s formula shows that lower conductivity for metals and semiconductors would actually increase
the Seebeck coeﬃcients, thus increasing the power factor, which is
proportional to the square of S.
In Fig. 2, we plot the power factor as a function of its charge
carrier concentration at temperatures T ¼ 300 K, 450 K, 600 K,
750 K, and 900 K. A common trend in the behavior of the ZrX2
power factor is that it increases with the temperature. Moreover,
only near jnj  0, higher the temperature, the peak of the power
factor shifts to a higher value of jnj. This behavior can be ascribed
to the more thermally excited electrons since jnj  0 implies that
the chemical potential is near the Fermi energy. Therefore, the concentration of electrons would increase due to the availability of
energy states above the ground state. Higher temperature would
also imply more thermally excited electrons.
We next consider the eﬀect of tensile strains on the lattice
thermal conductivity of ZrX2 since Seebeck coeﬃcients and the
power factor increase due to strain, thus improving the thermoelectric
ﬁgure of merit.

J. Appl. Phys. 126, 214302 (2019); doi: 10.1063/1.5125191
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B. Effective mass and electron relaxation time
In Sec. II A, we presented the scaled electrical conductivity and
Seebeck coeﬃcients. However, in order to calculate the power factor,
one would require the electrical relaxation time. Previously, we
compared our scaled electrical conductivity with experiments to get
an estimate for the electrical relaxation time, for example, with graphene19 and graphene/boron nitride heterostructures.49 In the case
of ZrX2 , to the best of our knowledge, no experiments have been
reported to compare our scaled electrical conductivity. Therefore, in
this section, we calculate the relaxation time using Eq. (4).
One would require the reference lifetime, scattering parameter,
and temperature dependence to have an accurate estimate of the
electrical relaxation time. The reference lifetime can be estimated
from the fact that the electron scattering rate is given by Fermi’s
golden rule,50
τe ¼


h
,
2πg(E)jh f jH 0 jiij2

(10)

where g(E) is the energy density of state and is proportional to the
directional eﬀective mass. h f jH 0 jii is the matrix element of the perturbation Hamiltonian H 0 between the ﬁnal (h f j) state and initial
state (jii). Thermoelectric materials exhibit directional behavior
mainly from the directional eﬀective masses. The directional
eﬀective mass was calculated by approximating the electronic band
structure around the valence band maximum and conduction band
minimum to be parabolic,
2
h
E¼
2

!
k2y
k2x
þ
:
mx my

(11)

Here, mx and my are the principal directional eﬀective masses. kx
and ky are the components of the wavevector with a magnitude
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qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
expressed as k ¼ k2x þ k2y . We deﬁne a new wavevector, k0 , and
an eﬀective mass, m0 , for the system by the relation
E¼

2 02
02
2 k02 h (kx þ ky )
h
¼
:
0
0
2m
2m

(12)

The relation between the new proposed wavevector and eﬀective
mass with the components of the wavevector and directional
eﬀective masses is thus given by
kx (y) ¼

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mx(y) 0
k :
m0 x(y)

(13)

The inﬁnitesimal surface area element for a two-dimensional material is expressed as
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mx my 0 0
dkx dky
dk ¼ dkx dky ¼
m02
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mx my
2πk0 dk0 :
¼
m02

(14)

The density of states is then calculated by counting the number of
states between k and k þ dk in a two-dimensional space
2 divided by
the smallest area of the wavevector in a crystal, 2π
L . Accounting
for the electron spin, Pauli exclusion principle, the density of states,
g(k)dk, is expressed as
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 0 0
mx my k dk
:
g(k)dk ¼
π
m0
By diﬀerentiating Eq. (12) and by substituting
energy density of states is expressed as
g(E) ¼

(15)
k0 dk0
m0

in Eq. (15), the

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 
mx my
1
:
π
h2

(16)

From Eq. (10), the scattering lifetime is given by
τe ¼

! 
!
π
h
h2
:
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mx m y
2π
jh f jH 0 jiij2

(17)

The calculation of the matrix element in Eq. (17) is beyond the
scope of this paper. However, it is a constant, and its value would
be governed by the deformation potential.
The deformation potential has been shown to be 1 eV for
ZrX2 materials. For example, the deformation potentials for ZrS2
and ZrSe2 are 1.52 eV and 1.25 eV, respectively.51
We thus choose Eq. (17) as the reference lifetime in our calculations with jh f jH 0 jiij2  1 eV.
In Fig. 3, we plot the band structure for the valence band
maximum and conduction band minimum for unstrained and 6%
strain ZrX2 . The black (red) curves refer to that of the unstrained
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FIG. 3. The valence band maximum and conduction band minimum for
unstrained and 6% strain ZrX2 . The circular points refer to that of the parabolic
curve [Eq. (12)].

(strained) systems. The circular points refer to that of the parabolic
curve as shown in Eq. (12), with m0 as the ﬁtting parameter. The
values of m0 are shown in Table I. The parabolic ﬁt represents the
actual band structure well for values around the valence band
maximum and conduction band minimum, implying that the
eﬀective mass at the valence band maximum and conduction band
minimum is extremely accurate.
The scattering parameters were chosen to be r ¼ 32 and p ¼ 0
since these values are a typical trait of deformation potential scattering by alloys of 2D materials as mentioned in Sec. I B.
In Fig. 4, we plot the relaxation time of ZrX2 as a function of
n-type and p-type charge carriers. There have been earlier reports
estimating the relaxation time for ZrX2 (X ¼ S, Se),47,48 which are of
the same order of magnitude with our calculations. However, those
methods use a constant τ e for a given temperature. Our calculated
τ e , being a function of charge carrier (and hence chemical potential),
would demonstrate characteristics observed experimentally.

TABLE I. Effective masses of unstrained ZrX2 and under 6% tensile strain at the
valence band maximum and conduction band minimum for two perpendicular directions along the high symmetric points, ΓM and KM.

0% strain

ZrS2
ZrSe2
ZrTe2

mΓM
mMK
mΓM
mMK
mΓM
mMK

6% strain

e

h

e

h

2.543
0.556
2.247
0.399
2.075
0.350

0.608
2.503
0.455
0.236
0.273
0.176

4.175
0.841
3.250
0.556
2.591
0.443

0.720
1.966
0.658
1.857
0.351
1.742
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FIG. 4. The electron relaxation time as a function of n-type and p-type charge
carriers for unstrained and 6% tensile strain ZrX2 . The straight (dotted) curves
refer to that of the unstrained (6% tensile strain) ZrX2 .

FIG. 5. Lattice thermal conductivity of unstrained (solid lines) and 6% tensile
strain (dashed lines) ZrX2 as a function of temperature.

For example, the relaxation time for 2D graphene has been reported
by Tan et al.52 It can be seen that while the magnitude of the charge
carriers increase, τ e increases, in-line with our calculations. For
semiconductors, the width of the bandgap is small enough for an
electron from the valence band to enter the conduction band.
Therefore, a larger concentration of electrons and holes would imply
larger electrical conductivity and hence higher relaxation times. It
can also be seen that for higher temperature, the relaxation time
decreases. This is due to the increased thermal velocity, which
increases the collision between electrons, thus reducing τ e . Under the
impact of tensile strain, the relaxation time decreases for ZrX2 . This
characteristic can be understood due to the increased eﬀective mass
as seen from Table I.

κ L in comparison with MoS2 .54 Similarly, very recently, Mobaraki
et al.55 showed that WSe2 demonstrates a lower κ L relative to WS2 .
Moreover, ZrTe2 would have an even smaller κL due to the fact
that the optical modes and acoustic modes are coupled29 unlike in
the case of ZrS2 , MoS2 , and WS2 . Even the optical modes and
acoustic modes are separated by a tiny frequency gap in ZrSe2 . In
the small frequency range where the optical modes couple with the
acoustic mode, the scattering rates in phonons would therefore
increase, thus resulting in an even lower κ L .
Figure 6 shows the temperature dependence of the total
thermal conductivity for diﬀerent sample lengths, L ¼ 5 nm,
25 nm, 50 nm, and 100 nm. In all cases, it is observed that, for the
smallest length, L ¼ 5 nm, κ L initially increases but then at higher

C. Lattice thermal Boltzmann transport
The phonon dispersion plays a vital role in investigating the
lattice thermal conductivity. Very recently, we calculated the
phonon dispersion of unstrained and 6% biaxial tensile ZrX2 and
found no imaginary frequencies in either of the systems, thus conﬁrming its thermal stability.29 The temperature dependence of the
lattice thermal conductivity (κ L ) of unstrained and 6% tensile
strain ZrX2 is shown in Fig. 5. For clarity, in the inset of Fig. 5, we
plot κ L in the T ¼ 300–700 K temperature range. It is observed
that the variation of κ L is the maximum in the case of ZrS2 , followed by ZrSe2 and ZrTe2 . This behavior can be explained as
follows. The acoustic modes contribute almost entirely to κ L . As we
move from S to Se to Te, the maximum acoustic frequencies keep
reducing. This results in lower group velocities. Therefore, from
Eq. (8), having reduced ω and v would result in lower κL . By the
deﬁnition of the dynamical matrix, it can be seen that the phonon
frequencies are proportional to the reciprocal of the atomic masses
in the unit cell. It therefore follows that within a particular group,
κ L would reduce if the constituent atoms are positioned comparatively lower in the periodic table. For example, MoSe2 53 has a lower
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FIG. 6. Lattice thermal conductivity of ZrX2 at constant lengths, 5 nm, 25 nm,
50 nm, and 100 nm.
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temperatures, T . 100 K, has a slight or no dependency with temperature (T). The T dependencies increase as the sample length of
the system increases. Around L ¼ 100 nm, the T1 dependence starts
to form. This characteristic can be understood by recalling the scattering rates that contribute to the total phonon relaxation time.
The boundary scattering τ1B is inversely proportional to length and
has no temperature dependence, while the anharmonic scattering
rates have a T1 dependence. Therefore, by Matthiessen’s rule,56 the
total phonon relaxation time is almost entirely dominated by the τ B
for extremely small sample lengths. With increase in the sample
length, the contribution from the boundary scattering therefore
decreases. The dominant scattering is now the anharmonic scattering
rates, and hence, the T1 dependencies of temperature start to form.
In all of our calculations, the biaxial strain reduces the lattice
thermal conductivity. To have a better understanding of the
inﬂuence of strain in κ L , we inspect the mode dependence of
ZrTe2 . In Fig. 7(a), we plot the phonon lifetimes contributed from
boundary scattering ( per mean-free path), isotopic scattering, and
anharmonic scattering of each acoustic mode for unstrained and
6% tensile strain ZrTe2 . The phonon lifetimes are comparatively
larger for smaller wavelengths, indicating that heat is being transferred predominantly by acoustic phonons. Additionally, at smaller
wavelengths, the phonon dispersions do not couple with each
other, and, therefore, the phonon-phonon scattering rates are low.
Our calculations clearly show that the dominant scattering is due

FIG. 7. (a) The phonon lifetime contributions, i.e., boundary scattering ( per unit
length), anharmonic scattering, and isotopic scattering, from each of the acoustic
modes to the total thermal conductivity for ZrTe2. Legends for the unstrained
case are shown to the right of (a), whereas legends with the similar symbols
but of different colors refer to the scattering rates for ZrTe2 with 6% strain. (b)
and (c) Acoustic mode contribution to the total lattice thermal conductivity (b) as
a function of temperature and (c) as a function of sample length at room temperature. The out-of-plane acoustic modes are denoted by black curves, while the
in-plane acoustic modes are denoted by red for the transverse acoustic (TA)
modes and green for the longitudinal acoustic (LA) modes. Solid curves refer to
the unstrained system, while the dotted curves correspond to the 6% strain
strained system.
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to the anharmonic scattering rates. Moreover, except for the anharmonic scattering rates from the ZA modes, the mode dependence
calculation of phonon lifetimes shows very little dependency with
strain, implying that tensile strain decreases the phonon lifetime of
the ZA mode. The decrement of the anharmonic scattering occurring at lower frequencies can be inferred as follows. Tensile strain
on the ZA mode of ZrTe2 transforms the quadratic behavior at
lower frequencies to a more linear phonon dispersion, thus decreasing the phonon density of states19 and therefore decreasing the
phonon lifetimes of the ZA mode. Our calculation of scattering
rates could be veriﬁed using experimental techniques such as
inelastic neutron or X-ray scattering.57
In Fig. 7(b), we plot the acoustic mode contributions to κ L .
The optical modes contribute negligibly to κL since the phonon
scattering rates are large and the group velocities are small in comparison with the acoustic modes. The out-of-plane acoustic ﬂexural
modes (ZA) are shown in black. The transverse (TA) and longitudinal acoustic (LA) modes are shown in red and green, respectively.
The solid and dotted lines refer to that of unstrained and 6%
biaxial tensile strain.
Our calculations demonstrate that the ZA modes contribute
maximally to κ L with little eﬀects from TA and LA modes. The
majority of ZA modes contributing to κ L is in-line with the mode
contributions seen in MoS2 .54 The rotational symmetry of the
out-of-plane mode, which causes the quadratic nature of the ZA
modes near the high symmetric Γ point, corresponds to the large
density of ﬂexural phonons. An applied strain softens the in-plane
(TA and LA) modes, while it stiﬀens the out-of-plane modes. A
biaxial tensile strain gradually changes the quadratic nature of the
ZA mode to a linear nature, thus implying a break in the rotational
symmetry and resulting in a decrease in the contribution from the
ZA mode. For a suﬃciently large strain, the ZA modes becomes
linear and will contribute less in comparison with the LA and TA
mode. Such a trend has been seen in 2H  MoTe2 .58 A tensile
strain would always decrease the thermal conductivity if the system
does not have reﬂection symmetry.58
In Fig. 7(c), we plot the mode contribution to κ L as a function
of length. The maximum increase in κ L is seen at lower lengths. As
mentioned earlier, since τ B dominates for small mean-free paths,
κ L increases linearly at smaller sample lengths. For larger lengths,
the anharmonic scattering rates, which have no length dependence,
dominate. This therefore results in a constant κ L . It is precisely
because of the behavior of κ L as a function of L that nanostructuring and doping result in decreasing κ L . Nanostructuring and
doping further decrease the phonon mean-free path and therefore
must be operated at lengths where the boundary scattering dominates the total scattering rates. It can also be seen from Figs. 7(b)
and 7(c) that summing the contribution from LA and TA would
contribute almost the same amount to κ L as that of those from ZA
modes. A strain larger than 6% would therefore imply that the
dominant contribution to κ L at room temperature would be from
in-plane modes and not from out-of-plane modes.
D. Figure of merit
Having calculated all the thermoelectric parameters required
for the conversion eﬃciency of ZrX2 , we can now compute the
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FIG. 8. The ﬁgure of merit of unstrained and 6% tensile ZrX2 . The black curves
refer to that of the unstrained systems, while the red curves refer to that of the
tensile strain.

τ e ( σ )S2 T

ﬁgure of merit, ZT ¼ τeκ . In Fig. 8, we plot the room temperature ﬁgure of merit of unstrained and 6% tensile strain ZrX2 at the
thermodynamic limit. Our calculations clearly show that ZT of
group IV TMDs are good candidates for 2D thermoelectric materials. As expected, we ﬁnd a large enhancement in ZT when the
system is under a biaxial tensile strain. The enhancement of ZT is
due to the simultaneous increase in the power factor and decrease
in the lattice thermal conductivity. An interesting observation in
our calculations reveal that, for ZrS2 and ZrSe2 , under tensile
strain, the p-type doping results in a superior thermoelectric performance, while the reverse is observed for n-type doping. This is
in-line with another ZrS2 report.47 For the case in ZrTe2 , n-type
doping would result in an enhanced ZT with and without an
impact in tensile strain. The extent in the enhancement of ZT in
ZrS2 in our calculation is smaller than that seen in a recent previous report47 since the eﬀective mass calculated by us is larger, thus
reducing the relaxation times and hence the power factor.
III. CONCLUSION
To summarize, using ﬁrst-principles methods, we have calculated all the thermoelectric parameters required to obtain the ﬁgure
of merit of ZrX2 . Parameters related to electrons, such as electrical
conductivities, Seebeck coeﬃcients, and electron relaxation times
were calculated using the electron Boltzmann equations on band
electrons derived from density functional theory. The parameter
related to phonons, i.e., the lattice thermal conductivity, was calculated using the phonon BTE from the phonon dispersion and
interatomic force constant extracted from density functional perturbation theory. Our calculations demonstrate that tensile strain in
ZrX2 would enhance the ﬁgure of merit by simultaneously increasing the power factor and reducing the lattice thermal conductivity.
Power-factor calculations of unstrained ZrX2 suggest that
n-type doped systems yield better thermoelectric performance than
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their p-type counterpart. Moreover, higher temperature yields a
higher power factor, with the maximum corresponding to larger
charge carriers due to excited electrons. Under the inﬂuence of
tensile strain, the maximum power factor as a function of charge
carriers (or chemical potential) is found to be when the system has
the maximum bandgap. We interpret these results using Mott’s
formula, which shows that the Seebeck coeﬃcient is proportional
to the inverse of electrical conductivity and the derivative of the
electrical conductivity. Since the shape of the bands does not
change much, the Seebeck coeﬃcient is highly dependent on the
inverse electrical conductivity. Therefore, larger bandgap would
imply lower conductivity and, hence, higher Seebeck coeﬃcients
and a higher power factor.
Room temperature lattice thermal conductivity calculations
show that the largest κ L is for ZrS2 and then ZrSe2 and the lowest
for ZrTe2 since the highest acoustic frequencies and velocities keep
reducing as we move from ZrS2 to ZrSe2 to ZrTe2 . Length dependent calculations show that there is little or no temperature dependence for κ L at small sample lengths (L ¼ 5 nm), while it displays a
T 1 temperature dependence at larger sample lengths (L ¼ 100 nm).
This is due to the boundary scattering rates, which dominate at
small sample lengths, while the anharmonic scattering rates dominate at larger sample lengths.
Mode dependent calculations were carried out to understand
the reduction in the lattice thermal conductivity due to tensile
strain. The in-plane longitudinal and transverse acoustic modes
were not aﬀected to a large extent due to tensile strain, while the
out-of-plane modes were greatly reduced. The calculations on
phonon lifetimes also demonstrate that anharmonic scattering rates
of ZA modes were aﬀected the most due to tensile strain, thus lowering the out-of-plane ZA phonon lifetime. Our mode dependent
calculations also suggest that for strains larger than 6%, the dominant modes contributing to the lattice thermal conductivity would
be due to the in-plane acoustic modes due to stiﬀening of the ZA
modes.
The electrical relaxation time was calculated from the eﬀective
mass. The larger the magnitude of the charge carrier masses is, the
larger the relaxation time, consistent with experimental observations. As for the dependence with temperature, the electrical relaxation time reduces with temperature because of its thermal velocity.
Finally, merging all the thermoelectric parameters together, we
obtained the ﬁgure of merit of unstrained and 6% tensile strain
ZrX2 . For (un)strained ZrS2 and ZrSe2 , (n)p-type doping would
yield superior ZT, while for ZrTe2 , n-type doping would yield
better conversion eﬃciency. Our extensive study should provide
useful information on the calculation of the thermoelectric ﬁgure
of merit from atomic positions alone since our calculations are free
of any ﬁtting parameters. Since strain can be induced experimentally in 2D materials25–27 and mode contribution to the lattice
thermal conductivity can be measured,59–61 our calculations should
motivate similar experimental studies in 2D ZrX2 monolayers.
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