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ABSTRACT

Adaptive dynamical networks are ubiquitous in real-world systems. This paper aims to explore the synchronization dynamics in networks of
adaptive oscillators based on a paradigmatic system of adaptively coupled phase oscillators. Our numerical observations reveal the emergence
of synchronization cluster bursting, characterized by periodic transitions between cluster synchronization and global synchronization. By
investigating a reduced model, the mechanisms underlying synchronization cluster bursting are clarified. We show that a minimal model
exhibiting this phenomenon can be reduced to a phase oscillator with complex-valued adaptation. Furthermore, the adaptivity of the system
leads to the appearance of additional symmetries, and thus, to the coexistence of stable bursting solutions with very different Kuramoto order
parameters.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0226257

Synchronization within dynamical systems of networks is
frequently encountered in various fields of natural sciences and
engineering technology. Recently, the study of synchronization of
coupled systems has attracted extensive attention, and plenty of
new patterns of network synchronization, such as complete syn-
chronization, cluster synchronization, remote synchronization,
and chimera states, have been reported. In particular, networks
with adaptive couplings have emerged as a focal point of research
due to their ability to model complex interactions more realis-
tically. In this paper, we explore the synchronization dynamics
of an adaptive oscillator network. Our results show that syn-
chronization cluster bursting can be observed numerically in a
paradigmatic system of adaptively coupled phase oscillators. We
investigate the symmetries of the model and reduce the model to
a normal form to reveal the mechanism of synchronization clus-
ter bursting. Based on the dynamical analysis of the normal form

equation, we point out the role of fixed points in synchronization
state transitions and the generation of bursting.

I. INTRODUCTION

The aspect of adaptivity1–5 has introduced a new dimension
to the classic study of coupled oscillator networks. In an adaptive
network, the coupling between oscillators evolves depending on the
state of the system. The main motivation for studying adaptive net-
works stems from their importance in real world systems.4,6 For
instance, in biological networks such as the human brain, synaptic
plasticity allows for the strengthening or weakening of connections
between neurons, facilitating learning and memory.7,8 Similarly,
social networks exhibit adaptability, constantly reshaping connec-
tions to improve collective intelligence and accurate individual and
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collective beliefs.9 Even in ecological networks, species adapt their
behaviors in response to the changes in their habitat or population
dynamics, thus promoting the stability of community dynamics.10,11

It is, therefore, important to understand the basic mechanisms of
emergent collective behaviors and patterns in adaptive oscillator
networks.12–14

In many complex systems of coupled oscillators,15–20 it is possi-
ble to reduce much of the complexity by focusing on the dynamics
of carefully chosen phase variables. The system is thus transformed
into a model of coupled phase oscillators, which allows for a sim-
plified analysis of the fundamental properties of the system. In this
paper, we consider an adaptive version of the Kuramoto phase oscil-
lator model. The classic Kuramoto model is an idealized model
which has been successfully applied to coupled oscillator systems
arising in physics,21–23 chemistry,24,25 electrical engineering,26–29 and
other fields. The Kuramoto model and its many variations and
extensions have been extensively studied in the literature. For exam-
ple, an opinion changing rate model30 was proposed by modifying
the classical Kuramoto model to investigate the opinion synchro-
nization in social networks. The Kuramoto model with phase lag
was applied to the non-linear dynamics on a directed graph of a
sequence of earthquakes.31 A number of recent reviews17,32–35 pro-
vide a detailed survey of the Kuramoto model, its extensions, and its
most significant applications.

Synchronization,36–38 as a collective behavior among popu-
lations of dynamically interacting entities, has been extensively
studied for its significant contributions in various fields, includ-
ing biology,39 ecology,40 and sociology.41 It has been established
that systems of coupled entities can exhibit various synchroniza-
tion patterns.42 For example, recent studies of adaptive networks
have revealed the phenomenon of recurrent synchronization,43 a
macroscopic event characterized by a periodic transition between
synchronous and asynchronous behaviors. The underlying mecha-
nisms of recurrent synchronization are attributed to the recurrent
slow dynamics of hidden variables related to coupling weights, espe-
cially the asymmetry of adaptation rules. A more general chaotic
recurrent clustering has been reported by Sales et al.44 The concept of
cluster synchronization,45–47 where the network is divided into syn-
chronous sub-populations or clusters, is able to provide a framework
for the understanding of dynamical coherence in coupled oscillatory
systems. These clusters can dynamically form, dissolve, and even
exhibit complex behaviors, such as synchronization cluster bursting,
reflecting the rich interactions within the network. Bursting occurs
when a system trajectory undergoes alternations between a rest state
(silent phase) and an active state (repetitive spiking).48–50 In synchro-
nization cluster bursting, different synchronization states appear
and disappear in a burst-like manner, which has been frequently
observed in various non-adaptive models.51–53 However, synchro-
nization cluster bursting in adaptive networks has not yet been
thoroughly investigated.

In this paper, we study the dynamics of an adaptive oscillator
network based on an adaptive phase oscillator model. We conduct
an analysis of the general model of N oscillators to reveal its key
properties and symmetries. In particular, a new order parameter
different from the standard Kuramoto order parameter is pro-
posed which accounts for the symmetries of the model and allows
us to better characterize synchronization. Then, we focus on the

numerical investigation of the model of three adaptive phase oscil-
lators and demonstrate the distinct transitions between cluster syn-
chronization and global synchronization. A useful quantity in this
context is the time-dependent average frequency difference, which
is used to identify the cluster synchronization state as a function
of time. We discover that a quiescent state of the order parameter
corresponds to global frequency synchronization, while oscillatory
behavior indicates partial frequency synchronization. The transition
between these two states gives rise to the effect of synchronization
cluster bursting. Furthermore, we simplified the adaptive system
into a reduced normal form equation. By conducting a systematic
bifurcation and stability analysis of the normal form equation, we
uncover the underlying mechanisms that give rise to synchroniza-
tion cluster bursting.

II. MODEL OF ADAPTIVELY COUPLED OSCILLATORS

In this section, we will give a brief introduction to the adap-
tive phase oscillator model. First, we describe the general adaptive
phase oscillator model with N oscillators in Subsec. II A. Then, we
study symmetries of the general model in Subsec. II B. Finally, in
Subsec. II C, we introduce an order parameter that respects the
symmetries of the model.

A. General adaptive phase oscillator model

We begin this study by introducing a paradigmatic system of
N coupled phase oscillators with adaptive coupling,18,54,55 which is
given by

ϕ̇i = ωi −
1

N

N
∑

j=1

κij sin(ϕi − ϕj),

κ̇ij = −ε[κij + Aij sin(ϕi − ϕj + δij)].

(1)

Here, ϕi ∈ T
1 denotes the phase and ωi is the natural frequency

of oscillator i (i = 1, . . . , N). We use the notation T
N for the

N-dimensional torus. The interactions between the oscillators
are quantified through the adaptive coupling weights, κij, which
represent the connection strength from the jth to the ith oscil-
lator, where i, j = 1, . . . , N, i 6= j. The positive parameter ε is
the rate of adaptation of the coupling weights. The parameters
δij are phase-lags of the adaptation function, and the coupling
parameters Aij > 0 represent an underlying topology. There-
fore, we have an N2-dimensional phase space (ϕ1, . . . , ϕN, κ1,2, . . . ,
κ1,N, . . . , κN,1, . . . , κN,N−1) ∈ T

N × R
N(N−1).

Note that, in this paper, we will choose the parameter ε to be
small (0 < ε � 1), to obtain the case where the adaptation of the
coupling weights is slow compared to the rapid dynamics of the
phase oscillators, and thus, it is a slow–fast dynamical system.56–60

Moreover, the coupling weights remain confined within inter-
vals −Aij ≤ κij ≤ Aij due to the existence of the attracting region
G =

{(

ϕi, κij

)

∈ T
N × R

N(N−1) :
∣

∣κij

∣

∣ ≤ Aij, i, j = 1, . . . , N
}

.18 In the
following, we will study the model in the case of Aij ≤ 1, with ε fixed
at 1.0 × 10−5.
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B. Symmetries of the general model

The model introduced in the previous section allows for the
following non-trivial phase-space symmetries, which are crucial for
the analysis of dynamics and synchronization.

1. Continuous phase shift symmetry

We note from the model equation (1) that only phase differ-
ences appear on the right side of the model equations. Therefore,
the form of these equations will remain unchanged, if we add a con-
stant phase shift to all oscillators. That is, the model has a continuous
phase shift symmetry

γ c
σ : ϕi 7→ ϕi + σ , (2)

for all i = 1, . . . , N and σ ∈ T
1.

2. Discrete phase space symmetry

From Eq. (1), we observe that a phase shift by π in the lth oscil-
lator will change the signs of all sine terms that contain ϕl. This sign
change is compensated, if we also change the signs of all those κij

with i = l or j = l. More precisely, the system possesses the discrete
phase space symmetries γl (l = 1, . . . , N), given by

γ d
l : (ϕl; κ1l, . . . , κNl, κl1, . . . , κlN)

7→ (ϕl + π ; −κ1l, . . . , −κNl, −κl1, . . . , −κlN) . (3)

Note that in (3), we only indicate the 2N − 1 elements which
are changed, and all other (N − 1)2 variables remain unchanged. It
is clear that γ d

l ◦ γ d
l = e, where e is the identical operation, and γ d

l ◦
γ d

m = γ d
m ◦ γ d

l for l 6= m. Therefore, the symmetry group generated
by γl has 2N elements and is isomorphic to (Z2)

N = Z2 × · · · × Z2.
The continuous and discrete symmetries are connected through the
relation γ c

π = γ d
1 ◦ γ d

2 ◦ · · · ◦ γ d
N .

C. Order parameter

The standard Kuramoto order parameter R̃(t) is given by61

R̃(t) = 1

N

∣

∣

∣

∣

∣

∣

N
∑

j=1

eiϕj(t)

∣

∣

∣

∣

∣

∣

, (4)

which is invariant under the symmetry operation γ c
σ . However, it

is not invariant under the discrete phase space symmetry operation
γ d

l since, in this case, one of the terms in Eq. (4) changes its sign.
We, therefore, propose a different order parameter R(t) that respects
both discrete and continuous phase space symmetries, given by

R(t) = 1

N(N − 1)

∣

∣

∣

∣

∣

∣

∣

∣

N
∑

i,j=1
i 6=j

κije
i(ϕi−ϕj)

∣

∣

∣

∣

∣

∣

∣

∣

. (5)

This order parameter obeys the two symmetry relations R(t) ◦ γ c
σ

= R(t) and R(t) ◦ γ d
l = R(t) as desired and also fulfills the con-

straint

0 ≤ R(t) ≤ 1. (6)

R(t) can be interpreted as an averaged “synaptic input” of the system
since it is an average of the real parts of the coupling terms in the
phase dynamics from (1). It should be noted that R(t) determines
the degree of collective synchronization, while other aspects such
as cluster synchronization can be represented by other measures,
which will be introduced in Sec. IV A.

III. THREE ADAPTIVE PHASE OSCILLATORS

To investigate the synchronization cluster bursting in adaptive
oscillator networks, we first focus on the case of three coupled phase
oscillators. As shown in Fig. 1(a), the three oscillators ϕ1, ϕ2, and ϕ3

are connected by the six adaptive coupling weights κij (i, j = 1, 2, 3,
i 6= j). The coupling parameters of the network are illustrated in
Fig. 1(b).

A. System in phase difference variables

It is convenient to reduce the dimensionality of the model by
introducing phase difference variables as illustrated in Fig. 1(c). We
thus define

θ1 = ϕ1 − ϕ2, θ2 = ϕ1 − ϕ3, (7)

and the frequency differences

11 = ω1 − ω2, 12 = ω1 − ω3. (8)

The original three phase oscillator model is transformed into the
phase difference model,

θ̇1 = 11 − [(κ12 + κ21) sin θ1 + κ13 sin θ2 + κ23 sin(θ1 − θ2)]/3,

θ̇2 = 12 − [κ12 sin θ1 + (κ13 + κ31) sin θ2 + κ32 sin(θ2 − θ1)]/3,

κ̇12 = −ε[κ12 + A12 sin(θ1 + δ12)],

κ̇13 = −ε[κ13 + A13 sin(θ2 + δ13)],
(9)

κ̇21 = −ε[κ21 + A21 sin(−θ1 + δ21)],

κ̇23 = −ε[κ23 + A23 sin(θ2 − θ1 + δ23)],

κ̇31 = −ε[κ31 + A31 sin(−θ2 + δ31)],

κ̇32 = −ε[κ32 + A32 sin(θ1 − θ2 + δ32)].

B. Klein group symmetry K4

While the symmetry operation γ c
σ translates into the identity

operation in the phase difference model, the original symmetries γ d
l

translate into non-trivial symmetries γ̃ d
1 as follows:

γ̃ d
1 : (θ1, θ2, κ12, κ13, κ21, κ23, κ31, κ32)

7−→ (θ1 + π , θ2 + π , −κ12, −κ13, −κ21, κ23, −κ31, κ32), (10)

γ̃ d
2 : (θ1, θ2, κ12, κ13, κ21, κ23, κ31, κ32)

7−→ (θ1 + π , θ2, −κ12, κ13, −κ21, −κ23, κ31, −κ32), (11)

γ̃ d
3 : (θ1, θ2, κ12, κ13, κ21, κ23, κ31, κ32)

7−→ (θ1, θ2 + π , κ12, −κ13, κ21, −κ23, −κ31, −κ32). (12)
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FIG. 1. (a) Schematic representation of the three coupled phase oscillators.
(b) The oscillator network. (c) The phase differences.

These three actions together with the identity element e gener-
ate the Klein group of four elements:62 {e, γ̃ d

1 , γ̃ d
2 , γ̃ d

3 }, which is com-
mutative and has the properties γ̃ d

i ◦ γ̃ d
i = e and γ̃ d

1 ◦ γ̃ d
2 ◦ γ̃ d

3 = e.
The Klein-four group can be also represented as the direct product:
K4 = Z2 × Z2.

IV. NUMERICAL OBSERVATION OF

SYNCHRONIZATION CLUSTER BURSTING

In this section, we numerically demonstrate the existence of
synchronization cluster bursting for the case of three adaptively
coupled phase oscillators. We introduce the average frequency dif-
ference as a measure to determine the synchronization state among
different oscillators of the system. Finally, we show how the sym-
metry of the system allows us to infer the existence of a second
synchronization cluster state.

A. Synchronization cluster bursting

Here, we focus on the three oscillator adaptive phase model (9).
In Figs. 2 and 3, we show a numerical scenario for the parameters
given in Appendix A. We have numerically checked that the regime
is robust in an open neighborhood of parameters. It is observed that
the system exhibits periodic changes from fast repetitive spiking to
an episode of steady dynamics, which can be regarded as bursting
oscillations. At a given time t, the level of synchronization is mea-
sured by the order parameter R(t). As shown in Fig. 2(a), the order
parameter transitions between two distinct states: a nearly constant

FIG. 2. Synchronization cluster bursting in the three adaptive phase oscillator
model (9). Time series of order parameter R (a) and coupling weights κij (b).
Phase portraits in the coupling variables (κ12, κ13) (c) and (κ13, κ31) (d). The blue
line, i.e., {1, 2, 3}, represents the three oscillators that are globally synchronized,
while the red line, i.e., {2, 3}, 1, means that oscillators 2 and 3 are synchronized.
All parameters are provided in Table I of Appendix A. The initial values of the vari-
ables were selected randomly. The particular values, which replicate this figure,
are given in Table I.
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FIG. 3. Dynamics of the system in phase differences for three oscillators (9).
Time series of θ1 (a), θ2 (b), and θ2 − θ1 (c).

value, representing the rest state of bursting, and a strongly oscil-
lating order parameter indicating the active state of bursting. From
Fig. 2(b), we see that the various coupling weights act quite dif-
ferently during the transition between the oscillating and the rest
state. While κ23 and κ32 remain approximately constant throughout,
the other κij engage in a low frequency oscillatory behavior around
zero. When R(t) oscillates, the coupling weights κij also exhibit rapid
fluctuations, but at a very small amplitude. In comparison, the oscil-
lations of the phase differences θ1,2 presented in Fig. 3 are large
during the oscillation phase of the order parameter. This indicates
the presence of distinct timescales, with the coupling weights being
the slow variables and the phase differences being the fast variables.

The observed changes of the order parameter over time in
Fig. 2(a) as well as the evolution of the phase differences in Fig. 3
indicate transitions in the system’s synchronization states. We
would, therefore, characterize the time-dependent synchronization
state of the system. Let us define the average frequency �̄i(t) of
oscillator i at time t over some interval from t − 1t/2 to t + 1t/2
as

�̄i(t) =
ϕi

(

t − 1t
2

)

− ϕi

(

t + 1t
2

)

1t
, (13)

where we choose a suitable 1t which is smaller than the timescale
of the adaptive weights, but larger than the typical timescale of the
phase variables. For our case, we choose 1 ≤ 1t ≤ 1

ε
. The frequency

differences are then calculated as follows:

�̄ij(t) =
∣

∣�̄i(t) − �̄j(t)
∣

∣ . (14)

We now stipulate that oscillators i and j are frequency synchronized
at time t if the frequency difference is below some threshold param-
eter η, i.e., �̄ij(t) < η. In this work, we chose η = 1.0 × 10−3. We
then say that a set C = {i1, . . . , ik} forms a synchronization cluster,
if each pair of oscillators in the set are frequency synchronized, i.e.,
if �̄ij(t) < η for all i, j ∈ C. In the case of three oscillators, the nota-
tion {1, 2, 3}, therefore, indicates global frequency synchronization,45

and the notation {i, j}, k indicates partial frequency synchronization
between oscillators i and j, but oscillator k not being part of the
synchronization cluster.

Using the frequency difference �̄ij(t), we segment R(t) into
distinct sections, as shown in Fig. 2(a). Here, the blue line repre-
sents global frequency synchronization denoted by {1, 2, 3}, while
the red line indicates partial frequency synchronization denoted by
{2, 3}, 1. R(t) periodically undergoes transitions between global

FIG. 4. The same as Fig. 2. Another synchronization cluster bursting pattern
obtained through symmetry action γ̃ d

2 . Time series of order parameter R (a) and
coupling weights κij (b).

synchronization and cluster synchronization in a burst-like man-
ner. Such phenomena can be classified as synchronization cluster
bursting. In particular, before global frequency synchronization ter-
minates and partial frequency synchronization begins, R(t) shows
several distinct small oscillations. Moreover, it is observed from
Figs. 3(a) and 3(b) that during global synchronization, the phase
differences remain nearly constant. Conversely, in states of par-
tial synchronization, the phase difference rotates between 0 and
2π . Similarly, small oscillations also occur when synchronization
switches from global synchronization to partial synchronization.
Finally, we like to point out that the phase difference between ϕ2

and ϕ3 is almost constant, i.e., θ2 − θ1 ≈ π [see Fig. 3(c)].

B. Alternative synchronization cluster bursting due to

symmetry

The dynamics shown in Figs. 2 and 3 is not the only stable
attractor of the system, and indeed, with different initial condi-
tions, we find a second stable attractor as shown in Figs. 4 and 5.
A comparison of the dynamics in either case reveals that applying
the symmetry operation γ̃ d

2 provides a way to transition between
the two attractors. This symmetry operation, in particular, flips the

FIG. 5. The same as Fig. 3 for the case in Fig. 4, i.e., time series of θ1 (a), θ2 (b),
and θ2 − θ1 (c).
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signs of the almost constant κ23 and κ32, and thereby create a mani-
festly different dynamical state. It also changes θ1 by π and leaves θ2

invariant, which explain why θ2 − θ1 ≈ 0 in Fig. 5(c).
It is interesting to note that the symmetry operation γ̃ d

1 , which
changes both θ1 and θ2 by π , does not yield a new attractor when
applied to the dynamics of Figs. 2 and 3. Instead, it induces a time
shift by half a period on the same attractor. Similarly, because of
γ̃ d

2 ◦ γ̃ d
1 = γ̃ d

3 , the application of γ̃ d
3 to the attractor in Figs. 2 and 3

yields a time-shifted version of the attractor in Figs. 4 and 5.

V. ANALYTICAL DESCRIPTION OF SYNCHRONIZATION

CLUSTER BURSTING

In the following, we explain the mechanism of synchroniza-
tion cluster bursting observed in the three oscillator adaptive phase
model. By reducing the original model to an almost-invariant man-
ifold, in Subsec. V A, we derive a simplified three-dimensional
model, which is transformed into a normal form in Subsec. V B. The
investigation of fixed points and bifurcations of the normal form
equation enhance our understanding of the origin of the cluster
bursting phenomena.

A. Reduction to an almost-invariant manifold

Based on the numerical observation, that in the cluster bursting
attractors, the phase difference φ2 − φ3 = θ2 − θ1 is either close to π

[see Fig. 3(c)] or close to 0 [Fig. 5(c)]. Let us use the approximation

ϕ2(t) − ϕ3(t) = α, (15)

where α is a positive parameter close to π or 0 (see Fig. 6). Based on
this, we can simplify the original three oscillator model by replacing
the phase variables ϕ1, ϕ2, and ϕ3 with ϕ1 and ϕ2+ϕ3

2 . Then, by intro-
ducing the phase difference variable θ and the frequency difference
parameter 1 via

ϕ1 − ϕ2 + ϕ3

2
= θ , w1 − (w2 + w3)/2 = 1, (16)

we obtain the reduced three-dimensional system

θ̇ = 1 −
[

κ1 sin
(

θ − α

2

)

+ κ2 sin
(

θ + α

2

)

+ β sin(α)

]

/3,

κ̇1 = −ε

[

κ1 + A1 sin
(

θ − α

2
+ δ1

)]

,

κ̇2 = −ε

[

κ2 + A2 sin
(

θ + α

2
+ δ2

)]

.

(17)

FIG. 6. Schematic representation of the phase difference between ϕ2 and ϕ3.
(a) α is close to π ; (b) α is close to 0.

FIG. 7. Dynamics of the reduced three-dimensional system (17) for the case
when α is fixed at 0.05 corresponding to the dynamics in Fig. 4. (a) Time series
of θ . (b) Time series of coupling weights κ1,2. (c) Phase portraits in the coupling
variables (κ1, κ2).

The expressions for the parameters A1,2, δ1,2, and β in this reduced
three-dimensional system (17) and their details can be found in
Appendix B. As shown in the numerical result in Fig. 7, the dynam-
ics of the reduced model retains the interesting bursting features of
the original model, thus validating the effectiveness of the proposed
reduction method.

B. Normal form equation

In order to facilitate the subsequent analysis of the underlying
mechanisms of synchronization cluster bursting, we transform the
model (17) to a normal form with a reduced number of parameters.

Note that

κ1 sin
(

θ − α

2

)

+ κ2 sin
(

θ + α

2

)

= Im
{[

κ1e
i(− α

2 ) + κ2e
i(+ α

2 )
]

eiθ
}

.

(18)

The square bracket in the last equation is a complex number, param-
eterized by κ1 and κ2. We can, therefore, replace the two equations
for κ1 and κ2 in (17) with a single complex dynamical quantity. Then,
by rescaling the equation, we transform system (17) into the normal
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form
θ̇ = 1 − |Q| sin

(

θ − φQ

)

,

Q̇ = −ε̂
[

Q + C1e
iθ + C2e

−iθ
]

,
(19)

where C1, C2 ∈ C, and ε̂ ∈ R are the parameters, θ ∈ T
1 and Q ∈ C

are the dynamical variables, and φQ represents the argument of Q
(see Appendix C for more details).

C. Dynamics of the normal form equation

With the above simplifications and reductions, we obtained a
normal form for synchronization cluster bursting. The underlying
mechanism of this effect is now revealed by analyzing the stability
and bifurcation of the normal form equation (19) (see Appendix D
for more details). First, we observe that the model allows for the
following phase space and parameter symmetries:

(θ , Q) 7→ (θ + π , −Q) , (20)

(θ , Q, C2) 7→
(

θ + σ , Qeiσ , C2e
2iσ

)

, (21)

where σ ∈ T
1 is an arbitrary angle. As a result, we can change the

phase of C2 at the cost of adjusting the angle θ . We can use this
symmetry to always choose C2 ∈ R

+
0 . Thus, we have only four real

parameters, i.e., ε̂, ReC1, ImC1, and C2.
When the condition

|ImC1 − 1| ≤ C2 (22)

is satisfied [see also (D5) in Appendix D], there are, in general, four
fixed points, with θ given by

θ0,1 =
arcsin

(

ImC1−1
C2

)

2
∈

(

−π

4
,
π

4

]

, (23)

FIG. 8. Bifurcation set of the normal form equation (19) on the parameter plane
(ReC1, ImC1). The asterisk marks the place where we study.

FIG. 9. Trajectory of the normal form equation (19) in the complexQ plane (a) and
3D space (ReQ, ImQ, θ ) (b), where C2 is assumed to be a positive real number by
taking the modulus of the original complex number C2. The blue lines represent
trajectories located outside the unit circle or cylinder, while red lines indicate tra-
jectories within it. The pink arrows indicate the direction of motion of the trajectory,
which is clockwise. The star markers represent unstable saddle-focus type fixed
points.

θ0,2 = π

2
− θ0,1 ∈

[π

4
, 3

π

4

)

, (24)

θ0,3 = θ0,1 + π ∈
(

3
π

4
, 5

π

4

]

, (25)

θ0,4 = 3
π

2
− θ0,1 ∈

[

5
π

4
, 7

π

4

)

, (26)
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and the corresponding Q0 given by

Q0,1 = −C1e
iθ0,1 − C2e

−iθ0,1 , (27)

Q0,2 = −iC1e
−iθ0,1 + iC2e

iθ0,1 , (28)

Q0,3 = −Q0,1, (29)

Q0,4 = −Q0,2. (30)

Based on this, we next present the results of the stability and
bifurcation analyses of the fixed points, with a detailed analysis pro-
vided in Appendix D. The result shows that θ0,1 and θ0,3 are saddle
points with two unstable directions and one stable eigen-direction
λ1 = −ε̂, while the stability of θ0,2 and θ0,4 depends on the sign of

T = ReC1 + C2 cos 2θ − ε̂. (31)

If T < 0, we have a stable node or focus with three stable directions;
if T > 0, we have two unstable directions. The parameter point,
where a saddle-node bifurcation occurs is given by

C2 = |ImC1 − 1| . (32)

At T = 0, we have a Hopf bifurcation, which can be expressed as
∣

∣C1 − (ε̂ + i)
∣

∣ = C2. (33)

This defines a circle in the complex C1 plane with stable fixed points
on the inside and only unstable fixed points on the outside, where
the center of the circle is at (ε, 1) and the radius is C2. Note that
only one half of the circle corresponds to an actual Hopf bifurcation,
while on the other half, the eigenvalues are real and have opposite
signs.

Furthermore, we conducted a bifurcation analysis of the nor-
mal form equation (19) using MatCont software. As shown in Fig. 8,
we plot the bifurcation set on the parameter plan (ReC1, ImC1),
where the Hopf bifurcation curves and the homoclinic bifurcation
curves terminate at a codimension 2 Bogdanov–Takens (BT) point
on the saddle-node bifurcation curves. Additionally, the supercriti-
cal Hopf and subcritical Hopf bifurcations meet at the generalized
Hopf (GH) point.

Note that the parameter combination we studied numerically
in Sec. IV is located outside of the circle of Hopf bifurcation points
(as shown in Fig. 8 marked by the asterisk). Thus, the system only
exhibits unstable fixed points including the two saddle-focus points
θ0,2 and θ0,4. These unstable fixed points have one stable eigen-
direction λ1 = −ε̂, and the (slowly) stable eigen-direction with

FIG. 10. Dynamics of θ in the normal form equation (19).

FIG. 11. The trajectory of the reduced three-dimensional model (17) in the
κ1 − κ2 plane (a), and the θ − κ2 plane (b1) and its local enlargement (b2),
in which the fixed points of the reduced three-dimensional model (17) is also
superimposed.

which the trajectory approaches the fixed point is given by

v =





0
cos θ

sin θ



 . (34)

Figure 9 gives an example when α is fixed at 0.05 correspond-
ing to the synchronization cluster bursting in Figs. 4 and 5 (when
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FIG. 12. The same as Fig. 4(c), in which the fixed points of the original three
oscillator phase model are also superimposed.

α = 3.19 corresponding to the synchronization cluster bursting in
Figs. 2 and 3, the situation is also similar). In this case, the parame-
ter values are fixed at ReC1 = 31.64, ImC1 = 7.61, C2 = 32.12, and
ε̂ = 0.005. It can be seen in Fig. 9(a) that, in the complex Q plane,
outside the unit cycle, the trajectory approaches the saddle-node
fixed point along the eigen-direction (34), which is more clearly
depicted in the three-dimensional representation shown in Fig. 9(b).
This dynamical behavior corresponds to the near-horizontal seg-
ments in the time series θ (see Fig. 10). Because the situation
we consider is close to the Hopf bifurcation, the trajectory spirals
away from the saddle-focus and exhibits a libration, which explains
the small-amplitude oscillations in the time series θ before large-
amplitude oscillations take place as illustrated in Fig. 10. Then, it
engages in a rotational motion ranging from 0 to 2π inside the
cylinder, leading to large oscillations. Subsequently, it is attracted
by another saddle-focus point. Based on this, we can explain the
dynamics of θ as shown in Fig. 10, where small oscillatory motions
without a full round trip (libration) and large oscillations ranging
from 0 to 2π (rotation) can be observed. As a result, one can con-
clude that the saddle-focus fixed points θ0,2 and θ0,4 may play a
crucial role in the generation of the synchronization cluster bursting
in Fig. 4(a).

Note that the normal form (19) is derived from the reduced
three-dimensional (17) through a linear transformation. Conse-
quently, a similar phenomenon is evident in the (κ1, κ2) plane, where
the trajectory also approaches unstable saddle-focus fixed points.
Furthermore, this becomes more apparent in the enlarged view of
the trajectory on the (θ , κ2) plane, as depicted in Fig. 11.

Based on the analysis of the normal form equation, we have
established that the fixed points, and in particular, the saddle points
have a significant relevance for its dynamics. Next, the focus will
shift to examining the fixed points of the original system (9) in

the κ-plane. By numerical fixed points analysis, we find eight fixed
points (Fig. 12). These are categorized into two groups that can be
derived from each other through Klein symmetry, with each group
containing four points. Note that in the development of our three-
dimensional model, the oscillators ϕ2 and ϕ3 are assumed to be
coupled , which results in a loss of one symmetry, thereby reduc-
ing the count to four fixed points [see Fig. 11(a)]. In other words,
saddle-node bifurcations occur among the fixed points across the
two different groups when the model is reduced.

VI. CONCLUSION AND DISCUSSION

Cluster synchronization has been frequently reported in non-
adaptive models. In this paper, we have investigated cluster syn-
chronization even in the adaptive oscillator networks. As a result,
synchronization cluster bursting has been revealed.

We first present a detailed analysis of the general adaptive
phase oscillator model, and in particular, we identify the role of
continuous phase shift symmetry and discrete phase space symme-
try in the dynamics of the system. By introducing a different order
parameter respecting both discrete and continuous phase space
symmetries, we further quantify the synchronization level of the
system.

We focused on the dynamics of the three adaptive phase oscil-
lators and uncovered the influence of the Klein group symmetry K4

on the system’s behavior. Our numerical observations have demon-
strated the emergence of synchronization cluster bursting, offering
new insights into the mechanisms of synchronization in complex
networks. The time-dependent average frequency difference helps
us to understand the synchronization cluster bursting and allows
us to observe the system transitions between global and cluster
synchronization. Then, we derive alternative synchronization clus-
ter bursting from the Klein group symmetry K4, which deepens
our understanding of synchronization cluster bursting in adaptive
oscillator networks.

The reduction to the almost-invariant manifold and the deriva-
tion of the normal form equation for the three adaptive phase
oscillators provided a more streamlined analytical framework for
this complex dynamics. Moreover, we have engaged in a detailed
discussion of the dynamics of the normal form to reveal the under-
lying mechanism of synchronization cluster bursting. The results
show that the saddle-focus fixed points play a key role in the emer-
gence of synchronization cluster bursting, near which the system’s
trajectory undergoes dramatic changes. It first directly approaches
the saddle-node fixed point along the eigen-direction. Then, the tra-
jectory spirals away from the saddle-focus creating libration, and
finally, evolving into rotation. Subsequently, the trajectory is drawn
to another saddle-focus point. Therefore, the presence of saddle-
focus fixed points introduces a mechanism by which the system can
transition from a state of global synchronization to that of partial
synchronization and back.

While, in this paper, we focus on the case of small but finite ε, it
is also interesting to consider the limiting case of ε → 0. In this case,
the theory of slow–fast systems56–60 can be employed, and in43, it was
found that the dynamics of two adaptively coupled oscillators can
be reduced to a non-smooth system in the (κ1, κ2) plane after elim-
inating the fast θ variable. The critical manifold in the case of two
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FIG. 13. Evolution of the trajectory with the decrease of ReC1 near the point marked by the asterisk in Fig. 8. (a) ReC1 = 31.44, θ0,4 is unstable and there exists a stable
limit cycle attractor originated from the supercritical Hopf bifurcation. (b) ReC1 = 31.43, θ0,4 is a stable fixed point.

oscillators corresponds to either a stable fixed point or an oscillating
solution in θ . In the case of three adaptively coupled oscillators, the
critical manifold can be more complex and can include fixed points,
and limit cycle solutions on the (θ1, θ2) torus. This is outside of the
scope of the current paper.

Besides, we would like to point out that the variations in param-
eters induce alterations in the trajectory near the point indicated by
the asterisk in Fig. 8. For example, it can be seen in Fig. 13 that, if the
parameters we consider are extremely close to the Hopf bifurcation,
a stable limit cycle attractor that originated from the supercritical
Hopf bifurcation can be created and the trajectory is attracted by
the stable limit cycle exhibiting libration. While if the parameter is
inside the semicircle formed by the Hopf bifurcation curve in Fig. 8,
two stable fixed points θ0,2 and θ0,4 occur and the trajectory will be
attracted by one of them without libration and rotation.

Finally, it is clear that there are many issues that deserve in-
depth exploration in future. For instance, how to extend our model
to larger-scale networks and how to analyze the mechanism of syn-
chronization cluster bursting therein are key questions for future
works. In this manuscript, we have studied synchronization cluster
bursting in three adaptively coupled systems. This regime is robust
as it occurs for an open set of parameters. Other regimes have also
been reported in Ref. 44. An interesting open question is whether it
is possible to obtain an exhaustive list of regimes in such a system,
but this question is beyond the scope of this work.
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APPENDIX A: INITIAL VALUES AND PARAMETER

VALUES CORRESPONDING TO FIG. 2

To replicate the numerical simulation presented in Fig. 2, the
initial values and parameter settings used are outlined in Table I.
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TABLE I. Initial values and parameter values.

Initial values

ϕ1 = 6.281 21 κ12 = 0.413 73 κ23 = −0.151 08
ϕ2 = 3.744 88 κ13 = −0.333 69 κ31 = 0.081 16
ϕ3 = 3.401 65 κ21 = 0.273 33 κ32 = 0.023 94

Parameter values

δ12 = 0.5π A12 = 0.1 ω1 = 0.012
δ13 = 0.88π A13 = 0.1 ω2 = 0.007
δ21 = 0.5π A21 = 0.2 ω3 = 0.003
δ23 = 0.88π A23 =0.3 ε = 1.0 ×10−5

δ31 = 0.5π A31 = 0.3
δ32 = 1.5π A32 = 0.5

APPENDIX B: EXPRESSIONS FOR PARAMETERS IN

THE REDUCED SYSTEM

Based on the phase difference and frequency difference in (16),
it holds that

θ̇ = 1 − 1

3

[(

κ12 + κ21

2

)

sin
(

θ − α

2

)

,

+
(

κ13 + κ31

2

)

sin
(

θ + α

2

)

+
(κ32

2
− κ23

2

)

sin(α)

]

,

κ̇12 = −ε

[

κ12 + A12 sin
(

θ − α

2
+ δ12

)]

,

κ̇13 = −ε

[

κ13 + A13 sin
(

θ + α

2
+ δ13

)]

,

κ̇21 = −ε

[

κ21 − A21 sin
(

θ − α

2
− δ21

)]

, (B1)

κ̇23 = −ε [κ23 + A23 sin (α + δ23)] ,

κ̇31 = −ε

[

κ31 − A31 sin
(

θ + α

2
− δ31

)]

,

κ̇32 = −ε [κ32 − A32 sin (α − δ32)] .

By letting

κ1 = κ12 + κ21

2
, κ2 = κ13 + κ31

2
, κ3 = −κ23

2
+ κ32

2
, (B2)

to combine κij and κij, the above equation can be further
simplified as

θ̇ = 1 −
[

κ1 sin
(

θ − α

2

)

+ κ2 sin
(

θ + α

2

)

+ κ3 sin(α)

]

/3,

κ̇1 = −ε

[

κ1 + A12 sin
(

θ − α

2
+ δ12

)

− A21

2
sin

(

θ − α

2
− δ21

)

]

,

(B3)

κ̇2 = −ε

[

κ2 + A13 sin
(

θ + α

2
+ δ13

)

− A31

2
sin

(

θ + α

2
− δ31

)

]

,

κ̇3 = −ε

[

κ3 − A23

2
sin(α + δ23) − A32

2
sin(α − δ32)

]

.

Since κ3 is a constant, i.e.,

κ3 = A23

2
sin(α + δ23) + A32

2
sin(α − δ32), (B4)

we can obtain the simplified three-dimensional system

θ̇ = 1 − 1

3

[

κ1 sin
(

θ − α

2

)

+ κ2 sin
(

θ + α

2

)

+
(

A23

2
sin(α + δ23) + A32

2
sin(α − δ32)

)

sin(α)

]

,

κ̇1 = −ε

[

κ1 + A12 sin
(

θ − α

2
+ δ12

)

− A21

2
sin

(

θ − α

2
− δ21

)

]

,

(B5)

κ̇2 = −ε

[

κ2 + A13 sin
(

θ + α

2
+ δ13

)

− A31

2
sin

(

θ + α

2
− δ31

)

]

,

which can further be reformulated into the form of Eq. (17), where

β = [A23 sin(α + δ23) + A32 sin(α − δ32)] /2, (B6)

A1 =
√

(A12 cos(δ12) − 0.5A21 cos(δ21))
2 + (A12 sin(δ12) + 0.5A21 sin(δ21))

2, (B7)

δ1 = arctan

(

A12 sin(δ12) + 0.5A21 sin(δ21)

A12 cos(δ12) − 0.5A21 cos(δ21)

)

, (B8)

A2 =
√

(A13 cos(δ13) − 0.5A31 cos(δ31))
2 + (A13 sin(δ13) + 0.5A31 sin(δ31))

2, (B9)

δ2 = arctan

(

A13 sin(δ13) + 0.5A31 sin(δ31)

A13 cos(δ13) − 0.5A31 cos(δ31)

)

. (B10)
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APPENDIX C: DERIVATION OF NORMAL FORM

EQUATION

We can replace the two kappas in system (17) with a single
complex dynamical quantity

Q̌∗ = κ1e
i(− α

2 ) + κ2e
i(+ α

2 ). (C1)

This means that the equation for θ becomes

θ̇ = 1 − [Im
{

Q̌∗eiθ
}

+ β sin(α)]/3. (C2)

Then, the derive equation for ˙̌Q (Q̌∗is the complex conjugate of Q̌)
can be given by

˙̌Q = κ̇1e
i
(

α
2

)

+ κ̇2e
i
(

− α
2

)

(C3)

= ei
(

α
2

)

{

−ε

[

κ1 + A1 sin
(

θ − α

2
+ δ1

)]}

+ ei
(

− α
2

)

{

−ε

[

κ2 + A2 sin
(

θ + α

2
+ δ2

)]}

(C4)

= −ε

[

κ1e
i
(

α
2

)

+ A1e
i
(

α
2

)

sin
(

θ − α

2
+ δ1

)

+ κ2e
i
(

− α
2

)

+ A2e
i
(

− α
2

)

sin
(

θ + α

2
+ δ2

)

]

(C5)

= −ε

[

Q̌ + A1e
i
(

α
2

)

sin
(

θ − α

2
+ δ1

)

+ A2e
i
(

− α
2

)

sin
(

θ + α

2
+ δ2

)

]

. (C6)

Based on

eix = cos(x) + i sin(x), (C7)

we can get

sin(x) = eix − e−ix

2i
. (C8)

For the first term

A1e
i( α

2 ) sin
(

θ − α

2
+ δ1

)

, (C9)

we can expand it as

A1

2i

[

ei(θ+δ1) − e−i(θ+δ1−α)
]

. (C10)

For the second term

A2e
i(− α

2 ) sin
(

θ + α

2
+ δ2

)

, (C11)

we can expand it as

A2

2i

[

ei(θ+δ2) − e−i(θ+δ2+α)
]

. (C12)

Combining the two terms and extracting coefficients associated with
eiθ and e−iθ , we obtain

A1e
i
(

α
2

)

sin
(

θ − α

2
+ δ1

)

+ A2e
i(− α

2 ) sin
(

θ + α

2
+ δ2

)

= Č1e
iθ + Č2e

−iθ . (C13)

As a result, the derive equation for ˙̌Q is

˙̌Q = −ε

[

Q̌ + Č1e
iθ + Č2e

−iθ
]

, (C14)

where

Č1 = 1

2i

(

A1e
iδ1 + A2e

iδ2
)

= (A1 sin δ1 + A2 sin δ2) /2

− i (A1 cos δ1 + A2 cos δ2) /2,
(C15)

Č2 = − 1

2i

[

A1e
−i(δ1−α) + A2e

−i(δ2+α)
]

= [A1 sin (δ1 − α) + A2 sin (δ2 + α)] /2

+ i [A1 cos (δ1 − α) + A2 cos (δ2 + α)] /2,

are complex constants. Furthermore, if we absorb the β term into
|1|, we can define

1̌ = 1 − 1

3
β sin(α). (C16)

Let us define a new timescale τ such that

dτ =
∣

∣

∣
1̌

∣

∣

∣
dt. (C17)

Then, setting ε̂ = ε

1̌
, C1 = Č1

31̌
, C2 = Č2

31̌
, the rescaled equation in

terms of τ becomes

θ̇ = 1 − |Q| sin
(

θ − φQ

)

,

Q̇ = −ε̂
[

Q + C1e
iθ + C2e

−iθ
]

,
(C18)

where C1, C2 ∈ C, and ε̂ ∈ R are parameters, θ ∈ S1 and Q ∈ C are
the dynamical variables, and φQ represents the argument of Q.

APPENDIX D: DERIVATION OF FIXED POINTS OF THE

NORMAL FORM EQUATION AND THEIR STABILITY

ANALYSIS

1. Fixed points

Let us study the fixed points of the normal form (19) in detail.
If (θ0, Q0) is a fixed point of (19), then

1 = ImQ∗
0eiθ0 , (D1)

−Q0 = C1e
iθ0 + C2e

−iθ0 . (D2)

Plugging the second equation into the first gives

1 = −Im
[(

C1e
iθ0 + C2e

−iθ0
)∗

eiθ0
]

= −Im
[

C∗
1 + C2e

i2θ0
]

= ImC1 − C2 sin 2θ0. (D3)

This yields the condition

sin 2θ0 = ImC1 − 1

C2
, (D4)

which can only be fulfilled if

|ImC1 − 1| ≤ C2. (D5)

As a result, we can obtain four fixed points: (23)–(30).
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2. Saddle-node bifurcation

We can plot the area in which (D5) is fulfilled in a graph with
ImC1 on the x axis and C2 on the y axis. This is an area above the line

C2 = |ImC1 − 1| . (D6)

This line has two parts: one with slope 1 for ImC1 > 1, and one with
slope −1 else. As we approach this line from above, the four fixed
points merge in pairs and vanish as we cross the line. Thus, this
line denotes a saddle-node bifurcation. More precisely, we have for
ImC1 > 1

θ0,1 ↗ π

4
, (D7)

θ0,2 ↘ π

4
, (D8)

θ0,3 ↗ 5
π

4
, (D9)

θ0,4 ↘ 5
π

4
. (D10)

At the point where this saddle-node bifurcation happens, we have

Q0,1 = −C1e
iθ0,1 − C2e

−iθ0,1

= −C1e
i π

4 − (ImC1 − 1) e−i π
4

= −C1 (1 + i) − (ImC1 − 1) (1 − i)√
2

= − (ReC1 + iImC1) (1 + i) − (ImC1 − 1) (1 − i)√
2

= − (ReC1) (1 + i) + (1 − i)√
2

= 1 − ReC1 − i (1 + ReC1)√
2

,

Q0,2 = −iC1e
−iθ0,1 + iC2e

iθ0,1 ,

= −iC1e
−i π

4 + i [ImC1 − 1] ei π
4 = Q0,1,

(D11)
Q0,3 = −Q0,1

Q0,4 = −Q0,2 = Q0,3.

Also note that
∣

∣Q0,1

∣

∣

2 = 1 + (ReC1)
2 (D12)

and similar for all other fixed points. This means that the saddle-
node bifurcation happens outside of the unit circle. It is, therefore,
different from the naïve saddle-node bifurcation in the θ dynamics,
which happens at |Q| = 1.

3. Stability of fixed points

In order to assess the stability of the fixed points, we need
to consider the Jacobian matrix of our system. To do this, let us
introduce ReQ and ImQ,

Q = ReQ + iImQ, (D13)

|Q| =
√

ReQ2 + ImQ2, (D14)

φQ = arctan
ImQ

ReQ
. (D15)

This gives the three-dimensional real system

θ̇ = 1 − (ReQ sin θ − ImQ cos θ) , (D16)

ReQ̇ = −ε̂ [ReQ + (ReC1 + C2) cos θ − ImC1 sin θ] , (D17)

ImQ̇ = −ε̂ [ImQ + ImC1 cos θ + (ReC1 − C2) sin θ] . (D18)

We get the Jacobian matrix

J =







− (ReQ cos θ + ImQ sin θ) − sin θ cos θ

ε̂ [(ReC1 + C2) sin θ + ImC1 cos θ] −ε̂ 0

ε̂ [ImC1 sin θ − (ReC1 − C2) cos θ] 0 −ε̂






.

(D19)

We are particularly interested in the case of evaluating the Jacobian
at a fixed point. At a fixed point we have, using (D17) and (D18),

ReQ cos θ + ImQ sin θ

= − [(ReC1 + C2) cos θ − ImC1 sin θ] cos θ

− [ImC1 cos θ + (ReC1 − C2) sin θ] sin θ

= −ReC1 − C2 cos 2θ , (D20)

and thus,

J =





ReC1 + C2 cos 2θ − sin θ cos θ

ε̂ [(ReC1 + C2) sin θ + ImC1 cos θ] −ε̂ 0
ε̂ [ImC1 sin θ − (ReC1 − C2) cos θ] 0 −ε̂



 .

(D21)

We can calculate the characteristic polynomial as

χ (λ) = [ReC1 + C2 cos 2θ − λ]
(

−ε̂ − λ
)2 − ε̂ [(ReC1 + C2) sin θ + ImC1 cos θ] [− sin θ]

[

−ε̂ − λ
]

− ε̂ [ImC1 sin θ − (ReC1 − C2) cos θ]
[

−ε̂ − λ
]

[cos θ]

= [ReC1 + C2 cos 2θ − λ]
(

ε̂ + λ
)2 + ε̂

[

ε̂ + λ
] [

− (ReC1 + C2) sin2 θ − ImC1 cos θ sin θ + ImC1 sin θ cos θ − (ReC1 − C2) cos2 θ
]
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= [ReC1 + C2 cos 2θ − λ]
(

ε̂ + λ
)2 + ε̂

[

ε̂ + λ
] [

−ReC1 + C2

(

cos2 θ − sin2 θ
)]

=
(

ε̂ + λ
) {

[ReC1 + C2 cos 2θ − λ]
(

ε̂ + λ
)

+ ε̂ [−ReC1 + C2 cos 2θ]
}

=
(

ε̂ + λ
) {

ReC1λ + C2 cos 2θ
(

λ + 2ε̂
)

− λ2 − λε̂
}

= −
(

ε̂ + λ
) {

λ2 − λ
[

ReC1 + C2 cos 2θ − ε̂
]

− 2ε̂C2 cos 2θ
}

. (D22)

This means that one eigenvalue is always λ1 = −ε̂, which corre-
sponds to a stable eigen-direction. In addition, we have two other
eigenvalues, which we get as solutions of the quadratic equation

λ2 − λT + D = 0, (D23)

T = ReC1 + C2 cos 2θ − ε̂, (D24)

D = −2ε̂C2 cos 2θ , (D25)

λ2/3 = T

2
±

√

(

T

2

)2

− D. (D26)

We see that for θ0,1

cos 2θ0,1 ≥ 0, (D27)

D ≤ 0. (D28)

Therefore, θ0,1 is a saddle with two unstable directions and one stable
direction. Similarly, θ0,3 is also a saddle. On the other hand, for θ0,2,
we have

cos 2θ0,2 ≤ 0, (D29)

D ≥ 0. (D30)

The stability, therefore, depends on the sign of T. If T < 0, we have
a stable node or focus with three stable directions; if T > 0, we have
two unstable directions. At T = 0, we have a Hopf bifurcation. Let
us express the condition for the Hopf in the original parameters of
the system. At the fixed point, we have

C2 cos 2θ0 = ±C2

√

1 − sin2 2θ0 = ±
√

C2
2 − (ImC1 − 1)2 (D31)

through (D4). Thus, the Hopf condition is given by

ReC1 − ε̂ = ∓
√

C2
2 − (ImC1 − 1)2, (D32)

or more elegantly,
∣

∣C1 − (ε̂ + i)
∣

∣ = C2. (D33)

4. Eigen-directions of the Jacobian matrix

The Jacobian matrix (D21) is remarkable in that at the fixed
points, it only depends on the dynamical variable θ . We verify that

J





0
cos θ

sin θ



 = −ε





0
cos θ

sin θ



 , (D34)

and therefore, the (slowly) stable eigen-direction with which we
approach the fixed point is given by

v =





0
cos θ

sin θ



 . (D35)
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