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Abstract

There is a high demand for narrow-band gap semiconductor alloys to support the development of

advanced devices such as high-sensitivity photodiodes (PDs) and light sources (lasers and LEDs)

for the application-rich wavelength range from 3 to 5 µm. These applications include environ-

mental and industrial process monitoring, free-space optical communications, and imaging for

aerospace and defence applications. Therefore, there is a need to access the electronic and optical

properties of these alloys. For instance, the suppression of dark current is crucial to achieving

high-sensitivity PDs to improve the detector signal-to-noise ratio. Leakage currents linked to band

to band tunneling (BTBT) plays a substantial role in the dark current in PDs based on narrow-gap

semiconductors. Determining the effectiveness of a device also involves looking into the electron

transport properties of such alloys. Two types of emerging narrow-band gap alloys are investigated

in this thesis, namely (i) highly mismatched dilute nitride and bismide alloys, and (ii) Ge1−xSnx

alloys.

We first theoretically analyse BTBT in highly-mismatched, narrow-gap dilute nitride and bismide

alloys. Replacing As by N (or Bi) introduces localised impurity states into the conduction (valence)

band, whose impact on the band structure can be described by a band-anticrossing (BAC) interac-

tion between the localised impurity states and the host conduction (valence) band. For this class

of semiconductors, the assumptions underpinning the widely-employed Kane model of BTBT in an

applied electric field break down, due to strong band edge nonparabolicity resulting from the BAC

interactions. Via numerical calculations based on the Wentzel-Kramers-Brillouin approximation,

we demonstrate that BAC leads, at a fixed band gap, to a reduced (increased) BTBT current at

low (high) applied electric field compared to that in a conventional InAs1−ySby alloy. Our analysis

reveals that BTBT in InNxAs1−x and InAs1−zBiz is governed by a field-dependent competition

between the impact of N (Bi) incorporation on (i) the dispersion of the evanescent Bloch band

linking the valence and conduction band edges, which dominates at low field strengths, and (ii) the

conduction (valence) band dispersion, which dominates at high field strengths. The implications

of our results for applications in long-wavelength avalanche photodiodes (APDs) and tunneling

field-effect transistors (TFETs) are discussed.

In addition to this study, we investigate the evolution of the electron transport properties of

Ge1−xSnx alloys as a function of increasing Sn content, as the alloy goes from indirect-gap to

direct-gap. Ge1−xSnx has attracted significant interest for applications in electronic and photonic

devices as a (narrow-gap) direct-gap semiconductor compatible with existing CMOS processing.

We use the Boltzmann transport equation to calculate as a function of Sn composition the evolution

of the electron transport properties in an applied electric field. The intra and inter-valley alloy

scattering rates are determined from tight-binding calculations. At extremely low electric field, we

predict an increase of approximately two orders of magnitude in electron mobility in direct-gap

alloys with higher Sn composition. However, our calculations predict that the electron mobility

at these high Sn compositions decreases rapidly with increasing field, as the electrons are quickly

accelerated to higher energy, where they can scatter from the Γ valley with low density of states

viii
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(DOS) to the L valleys, with their much higher DOS. We calculate that the contribution of alloy

scattering causes the mobility to drop below that of Ge for all values of x considered once the field

exceeds 50 V cm−1.
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Chapter 1

Introduction

1.1 Background and motivation

Many environmentally and industrially important gases possess vibrational-rotational spectra which

are characterised by strong absorption in the mid-infrared spectral range, particularly in the first

atmospheric window at wavelengths between 3 and 5 µm. For instance, the vibrational-rotational

spectra of greenhouse gases, such as methane (CH4) and carbon dioxide (CO2), show strong absorp-

tion signatures at wavelengths of 3.3 and 4.2 µm, respectively. As a result, developing photonic

devices with these wavelengths for application in environmental monitoring is quite appealing.

Aside from environmental monitoring, mid-infrared sensing has also a wide range of other ap-

plications, including chemical analysis of industrial processes, detection of biological markers in

non-invasive medical diagnostics, free-space optical communications, and imaging for aerospace

and defence. These applications require the development of highly sensitive mid-infrared pho-

todetectors. In a number of these applications, when the input photon flux is low, gain-based

devices such as avalanche photodiodes (APDs) are desired to amplify such low-intensity light and

enable the requisite photoresponse. However, leakage in the form of dark current places a lower

limit on the strength of a signal which can be unambiguously detected using a photodetector. It

is therefore desirable to minimise the dark current in a given device, in order to maximise the

detector signal-to-noise ratio (SNR). Dark current [1] in a p-i-n diode results from the generation

of electron-hole pairs in the absence of external illumination, and is primarily associated with: (i)

band to band tunneling (BTBT) of electrons from the valence band (VB) to the conduction band

(CB) in the intrinsic region, (ii) thermally driven diffusion of carriers into, or thermal generation

within, the intrinsic region, and (iii) avalanche breakdown (which occurs only in the presence of

extremely large electric fields). The rate associated with each of these processes depends closely

on the details of the band structure of the semiconductor materials constituting the photodetector

suggesting the possibility to engineer the band structure of these materials in order to minimise

dark current and maximise the SNR. There has recently been increasing interest in exploiting

the strong band gap reduction, and modified band dispersion in dilute nitride [2] and bismide

alloys [1] to provide access to mid-infrared wavelengths, which has proven challenging to achieve

1
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using conventional semiconductor alloys. In particular optoelectronic devices such as LASERs [3–

10] and highly-efficient multi-junction solar cells [11–14] based on dilute nitride and bismide alloys

have been proposed and demonstrated. Additional research has also emphasised the potential of

highly-mismatched alloys for applications in long-wavelength intermediate-band solar cells [15, 16],

tunable low-frequency plasmonics [17], photodetectors [18] and APDs [19]. Adams et al. [19] stud-

ied the electron and hole impact ionisation coefficients, which are the essential elements that

characterise the performance index of APDs, and proposed the use of nitride alloys as an improved

low-noise medium for hole multiplication compared to conventional III-V alloys. Tan et al. [20]

conducted an experimental investigation of impact ionisation in a dilute nitride diode. In a recent

study, Liu et al. [21] demonstrated the potential of the valence band engineering of GaAs1−zBiz

for a low noise APD. The narrow band gap nature of these alloys allows the tunneling effect to

occur under a strong electric field with impact ionisation, increasing the dark current and noise

levels and eventually degrading the device’s performance. However, the modified band structure

of these materials due to the inclusion of a dilute amount of N or Bi would also have an impact on

the tunneling mechanism. Despite the possibility of employing these alloys as mid-infrared APDs

and the effect of BTBT generation rate on the dark current, which reduces APD efficiency, this

topic has yet to be thoroughly investigated. We shed more light onto this topic below in Sec. 1.2.

The second topic addressed in this thesis relates to one of the most pressing issues confronting

today’s world: the unprecedented increase in power consumption caused by the use of massive

amounts of data. Global data consumption is increasing at an exponential rate, and this trend

is being pushed by a range of applications, such as social and streaming media, cloud comput-

ing, data storage, artificial intelligence, machine learning, fintech, and an ever-increasing number

of networked devices that compose the ”Internet of Things”. Although these new services and

technologies enable people to connect, interact and benefit on a global scale, the required high

usage of data comes at the expense of massive increases in power consumption. According to a

2022 report [22], the data centres at that time consumed approximately 1.7% of global electric-

ity demand. Other sources [23, 24] claim even higher power consumption. One source of this

tremendous power usage is the use of a staggeringly large number of transistors in a single chip. A

solution to this challenge will demand the development of novel device designs for energy-efficient

transistors, as well as the usage of high-mobility channel materials. Tunneling field effect transis-

tors (TFETs) based on BTBT current are examples of such innovative devices, which outperform

conventional transistors in terms of efficiency [25]. Furthermore, heating of the copper (Cu) inter-

connects, which are the passive components of integrated circuits (ICs), has also been discovered

as a significant power dissipation carrier. An intriguing alternate approach to this problem is the

fabrication of optoelectronic integrated circuits (OEIC), in which optical interconnects will replace

the Cu electrical interconnects, which will simultaneously increase bandwidth and reduce power

consumption. Significant progress has been made in recent years in the fabrication of numerous key

passive components required for photonic integrated circuits, including APDs, modulators [26–28]

and waveguides [29–31]. However, the indirect fundamental band gap of the group-IV semiconduc-

tor silicon (Si), makes it a poor light emitter and absorber. Hence manufacturing active photonic
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components, such as electrically pumped LASERs and light-emitting diodes (LEDs), that employ

silicon as light-emitting material remains problematic. As a result, the ultimate answer to reducing

power consumption is to use a semiconductor material that (i) has a direct band gap to efficiently

emit light for the fabrication of active photonic components for OEICs, (ii) is silicon compatible

to be easily integrated with modern complementary metal-oxide-semiconductor (CMOS) chipsets

and benefit from the existing CMOS fabrication infrastructure, (iii) has higher mobility to be used

as a channel material for transistors, and (iv) provides novel device structures for energy-efficient

computation such as TFETs and fin field effect transistors (FinFETs) [32]. The Group-IV alloy

Ge1−xSnx has a direct band gap and is CMOS compatible and has therefore attracted significant

interest for optoelectronic and novel device applications, as we discuss further below in Sec. 1.3.

1.2 Dilute nitride and bismide alloys (InNxAs1−x, InAs1−zBiz)

The substitution of dilute concentrations of nitrogen (N) or bismuth (Bi) for group-V atoms in

conventional group III-V semiconductor alloys such as InAs to form InNxAs1−x (InAs1−zBiz),

strongly modifies the CB (VB) structure of the host semiconductor. The unusual band structure

evolution in InNxAs1−x (InAs1−zBiz) can be described in terms of a band anti-crossing (BAC)

interaction between the extended states of the host material CB (VB), and highly localised N-

(Bi-) related impurity states [33, 34]. This BAC interaction leads to a strong reduction in band

gap with increasing N (Bi) composition which, unusually, is accompanied by an increase in the CB

(VB) edge effective mass, and hence the associated band edge density of states (DOS). Because of

the strongly modified band gap and electronic band structure, band structure engineering provides

a considerable opportunity to generate characteristics suitable for use in a variety of optoelec-

tronic devices, specifically operating in mid-infrared wavelength region. For instance, the use of

InNxAs1−x has been proposed as an active material for LASERs [35] and LEDs [36]. In this regard,

Zhuang et al. [37] demonstrated room temperature photoluminescence emission at a wavelength of

4.5 µm. Furthermore, experimental investigation on hot electron transport and impact ionisation

in the narrow band gap InNxAs1−x alloy were carried out by Makarovsky et al. [38]. Now coming

to bismide alloys, Sandall et al. [1] have demonstrated the photoresponse and dark current char-

acteristics of InAs1−zBiz photodiodes in the mid-infrared region. From the theoretical perspective

recently Mal et al. [39] investigated the impact of Bi inclusion on optoelectronic and thermoelec-

tric properties of InAs for long-wave infrared applications by employing the valence BAC model

and density functional theory method. The same group [40] has also designed and simulated an

InAs1−zBiz-based p-i-n photodetector and investigated the dark current as a function of applied

bias voltage and temperature for long wavelength infrared applications. Here, we address a topic

that has yet received very little attention: the complex band structure (CBS), which extends the

concept of Bloch states to evanescent states having complex-valued wave vectors, and its impact

on BTBT in terms of the electronic characteristics of dilute nitride and bismide alloys. BTBT
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can be a helpful enabling property or a negative loss mechanism, depending on the device appli-

cation of interest. As already discussed, BTBT can contribute significantly to leakage currents

in long-wavelength APDs [41–43], making suppression of the BTBT generation rate desirable for

the realisation of detectors displaying high SNR. In addition, BTBT is the physical mechanism

enabling the operation of TFETs [25, 44–46], making enhancement of the BTBT generation rate

at fixed band gap and applied electric field desirable for the realisation of high on-state current

to enable high-speed operation [47, 48]. Given the broad scope for applications of TFETs as an

enabling platform for post-complementary metal-oxide semiconductor electronics, and of APDs

for sensing at application-rich near- and mid-infrared wavelengths, it is of both fundamental and

practical interest to investigate novel approaches to engineer BTBT in semiconductors. Chapter. 3

and 4 of this thesis specifically address this issue.

1.3 Group-IV alloys

The integration of III-V photonic devices with contemporary CMOS technology has been impeded

due to integration challenges and high costs. Group-IV alloys compatible with the CMOS flow may

be a superior solution. For Ge, the valence band maximum and the conduction band minimum are

not located at the same wave vector thus making it an indirect band gap semiconductor. The con-

duction band minimum is at the L valley which lies approximately 0.145 eV below the direct band

gap at the Γ valley. This small energy gap can be overcome by applying strain [49–53] or alloying

Ge with other group-IV elements ( tin (Sn) or lead(Pb) [54]) to create a direct band gap group-IV

semiconductor. Theoretical calculations show that for significant biaxial tensile strains [51–53] of

2% or more, the band gap should transit from an indirect to a direct gap. From the experimental

point of view, the direct band gap of Ge has been achieved by high tensile strain, and fabricated

through multi-step lithography [55, 56], but, the application of these materials in practical appli-

cations remains challenging. However, the alloying of Ge has shown more promise. While Sn has

gained the most attention, there is also interest in similar group-IV alloys incorporating Pb [54]

and carbon (C) [57]. Kirwan et al. [58] presented hybrid density functional theory calculations for

ordered Ge1−xCx alloy supercells. O’Halloran et al. [59] have investigated the electronic and optical

properties of both Ge1−xSnx and Ge1−xPbx alloys. For Ge1−xSnx, Jenkins and Dow [60], predicted

a direct band gap for Ge1−xSnx, using a tight-binding model in the virtual crystal approximation

in 1987. The interest in alloying of Ge with Sn was heightened following the experimental demon-

strations of optically and electrically pumped lasing from Ge1−xSnx [61–64], providing proof of

principle for its use as a CMOS-compatible active photonic material. Additional research also

supports the direct band gap nature of Ge1−xSnx from both theoretical and experimental per-

spectives. The introduction of Sn in Ge reduces the Γ valley energy more rapidly than that of L

valley. So, after a particular Sn composition, x . 10% where the energy of the direct CB edge

state shifts below that of the indirect L CB minimum state, Ge1−xSnx becomes a direct gap mate-

rial. There is a discrepancy between studies on the claimed Sn composition for switching from an
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indirect to a direct band gap but it is generally accepted to lie in the Sn composition range x = 6

- 11% [65–68]. The most important aspect, however, is that the direct-band gap can be achieved,

making it potentially valuable for Si-based optoelectronics devices [61, 62, 69–73]. Additionally,

the reduction in band gap brought on by Sn also opens up potential applications in TFETs [74–77].

Recently Dunne [78] presented the current characteristics of Ge1−xSnx -based TFETs, indicat-

ing that otherwise overlooked atomic effects play a significant impact on improvement in BTBT

current, hence influencing the electrical properties in such devices. Ge1−xSnx has been studied by

Gupta et al. [66] as the channel material in n- and p- type FETs. Unlike other group-IV semi-

conductors such as Si, Ge, or SiGe, the Γ valley of the Ge1−xSnx alloy has a low effective mass

and lies at the centre of the Brillouin zone, energetically below the L-valleys. Once the electrons

start to populate conduction band states at the Γ valley, the electron mobility should improve

significantly, potentially making Ge1−xSnx a high-mobility channel material for next-generation

metal-oxide-semiconductor field-effect transistor (MOSFETs). In this regard, Sau et al. [79] have

studied the influence of strain and Sn alloying on carrier mobilities in Ge1−xSnx alloys using a

combination of ab-initio and empirical pseudo potential techniques, and predicted significantly

higher mobility in Ge1−xSnx than in Ge. Mukhapadhay and colleagues [80] computed the electron

mobility in strained and unstrained Ge1−xSnx alloys. They took into account alloy, impurity, and

phonon scattering mechanisms. However, they didn’t study the impact of applied electric fields on

mobility. Liu et al. [81] calculated the electronic band structure by using a non-linear empirical

pseudo potential method and derived the effective mass for the Γ and L valleys of Ge1−xSnx as a

function of Sn composition. They demonstrated zero-field electron mobility and observed just a

two-fold gain in mobility over Ge for increased Sn concentration at ambient temperature since the

Γ valley contains fewer electrons than expected. They also employed a single-temperature model

to illustrate the field-dependent drift velocity for high-range Sn compositions (x = 0.17, 0.20, 0.24).

But we are yet to understand much about the transport properties in the low- and high-field

regimes, and hence the associated potential for device applications. From a device perspective, we

are interested in understanding the velocity vs. field properties of electrons. As such, we must

undertake a quantitative analysis of the field-dependent carrier transport. However, most of the

previous theoretical transport models investigate only the zero-field electron mobility and ignore

the impact of the applied electric field. The previous study [81] only treated field-dependent trans-

port via a simplified model, not taking account of the strong modification of the carrier distribution

functions in response to an applied electric field. The previous zero-field mobility model [80] was

based on band structure models for Ge1−xSnx that are now known to have shortcomings vs. ex-

periments. Whereas, the model presented in this thesis incorporates band structure details coming

from recent atomistic electronic structure calculations, which are in quantitative agreement with

experiment. Given the requirement of the increase in sophistication in semiconductor devices and

decrease in size, to fullfill the demand of modern-day technology, there is still a lack of a precise

and comprehensive theoretical framework to define the composition and electric field-dependent

carrier transport properties of Ge1−xSnx - this thesis addresses this problem.
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1.4 Structure of the thesis and overview of primary results

The remainder of the thesis is structured as follows and principally focuses on the investigation

of (i) band-to-band tunneling current in highly mismatched dilute nitride and bismide alloys,

(Chapter. 2 and 3) and (ii) electron transport properties in Ge1−xSnx alloys (Chapter. 4 and 5).

Chapter. 2 discusses a number of key concepts relevant to the investigation of BTBT generation

rate, beginning with a description of the electronic structure of a conventional III-V direct band-gap

semiconductor, by constructing a 2−band Hamiltonian to describe the band dispersion by using

the k·p method and introducing the concept of CBS in a bulk semiconductor. After that, we detail

the underlying theoretical framework to understand tunneling through a 1-D barrier by the transfer

matrix and the WKB method and find that the latter method provides an approximate but far less

expensive computing solution. Then we use all the relevant concepts to develop the tunneling model

for a bulk semiconductor alloy, where we first compute the CBS from a previously derived 2−band

k · p Hamiltonian matrix and then from this CBS, we compute the field-dependent tunneling

coefficient (T ) and finally the generation rate (G), by employing a numerical implementation of the

WKB approximation and the analytical Kane model. We show how utilising the WKB approach

to explain the band structure of a conventional semiconductor alloy provides the same results as

those obtained using the 2-band Kane model. However 3-band Hamiltonian models are required

for describing the altered band dispersion in highly mismatched alloys such as InNxAs1−x and

InAs1−zBiz alloys. Hence the analytical Kane model cannot be utilised to represent such alloys.

Chapter. 3 investigates the impact of band anti-crossing on band-to-band tunneling current in

highly mismatched dilute nitride and bismide semiconductor alloys. To achieve this, we start with

model k ·p Hamiltonians that incorporate N- or Bi-related BAC interactions and analytically com-

pute the CBS. We then use these perturbed CBSs to numerically calculate the BTBT transmission

coefficient and, consequently, the BTBT generation rate in the WKB approximation. We compare

the outcomes of our calculations for substantially mismatched InNxAs1−x and InAs1−zBiz to sim-

ilar calculations for the traditional III-V alloy InAs1−ySby in order to determine the impact of N-

or Bi-related BAC. Our analysis reveals that BTBT in InNxAs1−x and InAs1−zBiz is governed by

a field-dependent competition between the impact of N (Bi) incorporation on (i) the dispersion of

the evanescent Bloch band linking the valence and conduction band edges, which dominates at low

field strengths, and (ii) the conduction (valence) band edge density of states, which dominates at

high field strengths. The implications of our results for applications in long-wavelength APDs and

TFETs are discussed.

The theoretical framework for the field-dependent electron transport calculations in the case of a

bulk semiconductor alloy is the subject of Chapter. 4, which provides a comprehensive solution to

Boltzmann’s transport equation. In this chapter, we describe the numerical solution of the coupled

multi-valley Boltzmann transport equation in the relaxation time approximation. We begin with

the electron energy distribution function at equilibrium conditions, which we assume to be the

Maxwell-Boltzmann distribution for both sets of valleys. We then apply an external electric force

(F), through which the momentum of electrons is disrupted. The applied force plus the scattering
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of electrons from one state to another, results in a change in the distribution function from the

equilibrium distributions; we obtain two equations for the change in distribution function corre-

sponding to each valley. Each equation represents the rate of change in the distribution function

due to the applied force and scattering mechanisms. We apply explicit time-stepping methods

using a uniform time grid by Euler’s rule to solve these equations and determine the steady-state

distribution functions. We then use these steady-state distribution functions to determine the

corresponding electron transport properties as well as input to calculate the electron transport

characteristics at the next electric field. Using this approach, we establish the electron transport

properties for gallium arsenide (GaAs) at different electric fields. Here we take into account the

scattering mechanisms due to acoustic phonons, inter and intra-valley optical phonons, and polar

optical phonons. We validate our findings by comparing them to those of equivalent computations

made in the literature, which also includes reproducing the well-known Gunn effect showing the

negative differential resistance associated with the field-dependent electron transport in GaAs.

In Chapter. 5, we comprehensively investigate the effects of Sn concentration and applied electric

field on the electron transport characteristics of Ge1−xSnx. We do this work in two steps: first, we

build the electron transport model for Ge by using the BTE approach as discussed in Chapter. 4. In

this model, we take into account the acoustic deformation potential, optical phonon (which includes

intervalley and optical deformation potential) scattering and calculate the field-dependent electron

drift velocity and mobility. We validate our model by demonstrating that our results are consistent

with earlier theoretical and experimental investigations of electron transport in Ge. In the second

step, we then extend our model by incorporating alloy scattering due to the inclusion of Sn atoms,

finding the alloy scattering potential using the tight binding method, and then examining how

Sn content affects the electron transport characteristics. We begin our calculation by identifying

appropriate band structure parameters by analysing different band structure calculations available

in the literature. We use the bowing parameters, which are obtained by Gupta et al. [66] in

fitting the experimental band gap with the band gap calculation carried out using a modified

virtual crystal approximation which takes account of the effects of the alloy compositional and

structural disorder. We then take the effective mass of Γ and L valley by interpolation of Ge and

Sn effective mass, with a bowing parameter of 0.0128 and 0.042 respectively, which we find by

equating mΓ(x) = 0 for x = 29.6% i.e. the composition at which the Γ point band gap is equal to

zero. Finally, we use all these parameters to find the impact of Sn composition on electron transport

properties at both low (0 < F < 0.1 kVcm−1) and high applied electric field (0 < F < 10 kVcm−1).

We find the Gunn effect for direct-gap Ge1−xSnx at a much lower electric field than in GaAs. As

the Sn composition increases, the mobility in Ge1−xSnx increases, but up to a certain electric field;

beyond which the mobility decreases to below that of Ge. With the increase in Sn composition

and applied electric field, the alloy scattering plays a dominating role, making the mobility lower

than Ge. We also analyse the zero-field mobility in a separate section. Our analysis suggests the

use of Ge1−xSnx alloy as a high mobility channel can be beneficial for the fabrication of MOSFETs

and FinFETs, but limited to very low voltage operation.



Finally, Chapter. 6 summarises and concludes the thesis. The final chapter also includes prospective

future work. We review the key findings and conclusions of the research described in this thesis

and provide a preview of prospective future research fields in group-IV and III-V optoelectronics

that could be inspired by the work presented in this thesis.



Chapter 2

Theoretical background: Band to

band tunneling current

2.1 Introduction

We introduce in this chapter several of the key concepts relevant to the investigation of band to

band tunneling (BTBT) in Chapter. 3. We first provide an overview in Sec. 2.2 of the electronic

structure of a conventional direct-gap semiconductor such as InAs [82] or InAsSb [83]. We introduce

Bloch’s theorem, which allows us to associate a real wave vector k with each energy state Enk in

the bulk semiconductor band structure. We describe how the k.p method can be used to describe

the band dispersion for energies in the vicinity of the semiconductor band gap. We then introduce

the concept of evanescent states with complex wave vector, before turning in Sec. 2.3 to introduce

tunneling across the energy gap in semiconductors and some of its applications. We then take

the example in Sec. 2.4 of tunneling through a 1D barrier to introduce two of the main methods

used to calculate the tunneling rate, namely the transfer matrix method, which provides an exact

but computationally expensive solution for the tunneling rate, and the Wentzel-Kramers-Brillouin

(WKB) method, which can provide an approximate and much cheaper computational solution.

We turn in Sec. 2.5 to consider the calculation of the tunneling current generation rate in a

bulk conventional semiconductor alloy, describing a 2−band k.p approximate model for the band

dispersion introduced by Kane, and then describing how to calculate the band dispersion firstly

using the Kane model. In Sec. 2.6, we take InAs as an example to illustrate the impact of the

different tunneling models on the calculated current generation rates. Chapter. 3 will investigate

the impact of band anti-crossing on BTBT current in highly mismatched dilute nitride and bismide

semiconductor alloys. We wait until Chapter. 3 to introduce the models used to describe the band

dispersion in such alloys.

2.2 Electronic band structure

The band structure of a semiconductor material plays a crucial role in defining its electronic

and optoelectronic properties. In the simplest way, band structure defines the relation between

9
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the wave function of an electron and the allowed energy states in a solid. It therefore plays

a decisive role in determining the usefulness of these materials for applications in devices such

as photodetectors, light-emitting diodes, etc. That’s why there is a great amount of interest to

engineer the band structure of the semiconductor materials used in such devices. For a typical

solid, nearly 1023 valence electrons account for the bonding in each cubic centimetre. So, if we look

at the band structure calculation, it seems like a complex many-body problem, as the energy and

wave function of each electron depends on all of the others. However, the inclusion of the following

factors significantly reduces the complexity of the band structure calculation. (i) ”Independent

electron approximation”: this assumes that each electron experiences the same average potential

due to all of the others, so that each electron then sees an identical crystal potential V (r). (ii)

Semiconductor materials are crystalline in nature with a periodic lattice; so, the potential V (r) is

periodic with V (r) = V (r + R); where R can be defined as a vector which joins the same point of

two neighbouring unit cells of atoms. (iii) The use of these two results then allows us to introduce

Bloch’s theorem.

Bloch’s Theorem

According to Bloch’s theorem, the wave function, ψnk (r) of an electron, with Hamiltonian, H =(
− ~2

2m0
∇2 + V (r)

)
, associated with the nth state of wave vector k can be defined as the product

of a plane wave and a function, unk (r) having the lattice periodicity R

ψnk (r) = eik.runk (r) (2.1)

where

unk (r + R) = unk (r) (2.2)

From Eqs. (2.1) and (2.2), we can also write another form of Bloch’s theorem as follows

ψnk (r + R) = eik.Rψnk (r) (2.3)

Using Bloch’s theorem, we can assign a wave vector k to each energy state Enk in the case of a

periodic solid. When atoms are in their free state, discrete energy levels corresponding to each

principal quantum number n are produced. However, when atoms are brought into close proximity,

as in a crystal lattice, regions of allowed and forbidden bands occur as a result of the interaction of

atomic orbitals. The permissible bands are divided into two categories: valence bands (VB), which

are energy levels that an electron occupies, and conduction bands (CB), which are energy levels

that an electron does not occupy. The forbidden bands cause band gaps to form in the material.

The band structure of the solid describes the study of the energy Enk, as a function of wave vector

k. In our calculation, we assume the band to be parabolic in nature, defined by Enk = ~2k2

2m .

Figure 2.1 shows a schematic diagram of the band structure for a direct gap semiconductor in the

vicinity of the energy gap between the filled VB and empty CB. Here, the VBs are divided into
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Figure 2.1: Band structure (Enk) of a direct gap cubic semiconductor solid.

three sub-bands: the highest band is known as the heavy hole (HH), the next is the light-hole (LH)

and the bottom one is the spin-split-off (SO) band. There is an energy difference of ∆ known as

the spin-orbit splitting energy between the HH, (LH) and SO bands at the maximum point. As

the lowest point of the CB and the highest point of the VB lie at the same k point, the electrons

from VB can excite to CB without change in momentum, such semiconductor solids are known

as a direct-band gap semiconductor. The materials in which the CB minimum and VB maximum

don’t lie at the same k point (e.g. Ge) are known as indirect-band gap materials. Such structures

require the participation of an extra particle (e.g. phonon) to conserve both energy and momentum

via process of light absorption or emission. In this thesis, we work with both direct and indirect

band gap semiconductors.

Different methods such as density functional theory [84], the empirical tight-binding method [78],

and empirical pseudopotentials [85] are used to study the electronic band structure of solids. We

will be using a continuum empirical model, namely the k·p method [86], in our calculations, and

therefore now discuss it in further detail.

The k · p method

The k·p method [87], based on perturbation theory, provides a simple and physically transparent

approach to investigate semiconductor band structure. According to this model, if we know the

exact energy value for a number of states at one wave vector (k0) in the Brillouin zone, then we can

use perturbation theory [86] to find the band structure near the k0 point. Once we have different

parameters such as band gap and effective mass from experimental data or any other analysis,

we can implement the k·p theory to derive the Hamiltonian matrix, which will describe the band



Theoretical background-I 12

structure. The time-independent Schrödinger equation for a single electron in a periodic crystal is

H0ψnk (r) = Enkψnk (r) (2.4)

where,

H0 = − ~2

2m0
∇2 + V (r) (2.5)

From Bloch’s theorem (Eq. (2.1)) and Eq. (2.5), we find

H0ψnk (r) =

(
− ~2

2m0
∇2 + V (r)

)
eik.runk (r) = Enk

(
eik.runk (r)

)
(2.6)

The Schrödinger equation at a specific value of k , let’s say at k = k0 can be written as follows:

H0ψnk0 (r) =

(
− ~2

2m0
∇2 + V (r)

)
eik0.runk0 (r) = Enk0

(
eik0.runk0 (r)

)
(2.7)

We can rewrite Eq. (2.6) as:

H0e
i(k−k0).r

(
eik0.runk (r)

)
= Enke

i(k−k0).r
(
eik0.runk (r)

)
(2.8)

If we multiply e−i(k−k0).r from the left side on both sides of Eq. (2.8), we obtain

e−i(k−k0).rH0e
i(k−k0).r

(
eik0.runk (r)

)
=
[
e−i(k−k0).rEnke

i(k−k0).r
] (
eik0.runk (r)

)
(2.9)

Now, we can represent the above equation in terms of a k - dependent Hamiltonian H
k
′ , where

k
′

= k− k0

H
k
′φnk (r) = e−ik

′
.r

(
− ~2

2m0
∇2 + V (r)

)
eik
′
.rφnk (r) (2.10)

where, φnk (r) = eik0.runk (r). If we expand the term ∇2eik
′
.rφnk (r), Eq. (2.10) becomes

H
k
′φnk (r) = e−ik

′
.r

(
− ~2

2m0
∇2 +

~2k
′2

2m0
− ~2

m0
k
′
.i∇+ V (r)

)
eik
′
.rφnk (r) . (2.11)

If we replace the term −i~∇ and − ~2

2m0
∇2+V (r) with the momentum operator P , (as Pψ = −i~ δψδx )

and H0 ( Eq. (2.5) ) respectively, we get

H
k
′φnk (r) =

(
H0 +H

′
)
φnk (r) (2.12)

where,

H
′

=
~2k

′2

2m0
+

~
m0

k
′
.P (2.13)

We can now focus in the vicinity of the Γ point, at k0 = 0 where we already know the energy value

En0. Now we can treat the Hamiltonian H
′

as a perturbation to the Hamiltonian H0 and from
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standard second-order perturbation theory we can estimate Enk as follows

Enk = En0 +
~2k2

2m0
+

~
m0

k.Pnn +
~2

m2
0

∑
l 6=n

∣∣k.pnl∣∣2
En0 − El0

(2.14)

Here n accounts e.g. for the CB state, and all the other states are indexed by l; the matrix elements

Pnl of the momentum operator are given by

Pab ≡ 〈uak0 |P|ubk0〉 = −i~
∫
s
u∗ak0

(r)∇ubk0 (r) dr (2.15)

where uak0 and ubk0 are the cell-periodic parts of the crystal eigenstates at k0 and s denotes

integration over the volume of the unit cell. By symmetry, when n = l, the matrix elements Pnn

is zero. So, if we rewrite the Eq. (2.14) for the CB state, we get

ECB (k) = ECB (0) +
~2k2

2m0
+

~2

m2
0

∑
l 6=n

∣∣k.Pnl

∣∣2
En0 − El0

(2.16)

where ECB (0) is the CB state energy at the Γ point. The effective mass can be defined as follows.

1

m∗
=

1

m0
+

2

m2
0

∑
j 6=n

∣∣Pnj

∣∣2
En0 − Ej0

(2.17)

The dispersion of the lowest CB is determined primarily by its interaction with the LH and SO

bands. If we presume that the spin-orbit splitting energy ∆so = 0, then the CB electron effective

mass is to a good approximation given by

1

mCB
=

1

m0
+

2

m2
0

Pnj .Pjn

(ECB − E0)
(2.18)

Pnl.pln =
m2

0

~2
P 2 (2.19)

1

mCB
=

1

m0
+

2P 2

~2Eg
(2.20)

If we set EP ≡ 2m0P 2

~2 , where P is referred to as interband (Kane) momentum matrix element,

then we have

1

mCB
=

1

m0
+

EP
m0Eg

(2.21)

=⇒ 1

mCB
=

1

m0

(
1 +

EP
Eg

)
(2.22)
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Because of the CB effective mass is determined primarily via the interaction of the CB with the

LH VB , we can introduce a 2− band Hamiltonian to describe the CB and LH dispersion:

H =

(
Eg + ~2k2

2m0
Pk

Pk ~2k2

2m0

)
, (2.23)

where Eg is the zone-centre (k = 0) band gap. We shall employ this Hamiltonian in Sec. 2.5.1 to

analyse BTBT. We exclude the HH bands because we focus on tunneling along the [001] direction,

along which direction the HH VB is electronically decoupled from the CB. As a result, there does

not exist a pathway for direct BTBT from the HH VB to the CB (i.e. in the context of what follows

below, there does not exist a complex band linking the HH VB and CB at Γ). Consequently, no

direct BTBT can occur across the band gap for electrons starting out in the HH VB. Hence a

2-band k·p Hamiltonian, describing the dispersion of the lowest energy CB and the LH VB can

provide the necessary input to calculate the BTBT generation rate.

2.2.1 Complex band structure (CBS)

As a precursor to discussing the theory of BTBT, it is essential to consider the CBS [88]. Sum-

marising the above: in a crystal, the potential energy is periodic, and via Bloch’s theorem we can

assign each energy state Enk to a real wave vector k; which defines the electronic band structure

of the crystal. However, at crystal surface, the periodicity is lost along the direction perpendicular

to the surface. In this situation, the component of the wave vector perpendicular to the surface

is no longer restricted to be real-valued. The CBS is the solution of the Schrödinger equation in

the presence of a wave vector k possessing one or more complex-valued components. Assuming we

have a wave vector whose x and y components are real, but whose z component is complex-valued,

we can write kz = kz + iκ; such that the single-electron wave function becomes

ψnk (r) = ei(kz+iκ)runk (r) = e−κreikzrunk (r) . (2.24)

While describing the wave function of an electron in a real Bloch state, κ = 0 is zero, otherwise,

non-zero κ will introduce an exponential decaying or growth factor to the wave function, and

hence the wave function can not be normalised. But at the surface of the crystal, the assumption

of periodicity fails, so we can have an imaginary component (κ) of wave vector, giving what is

known as an evanescent Bloch state, and for each wave vector (k), the corresponding real energy

Enk can be obtained. Often people use the empirical pseudopotential method and the tight-binding

method for the calculation of the CBS. The states having complex-valued wave vector can have

energies lying within the energy gap (which are forbidden for Bloch states having real wave vector).

We can also compute it in the energy gap of a semiconductor by diagonalising the Hamiltonian

matrix [89] and getting for each energy in the band gap the corresponding imaginary wave vector κ.

The complex wave vector, κ is responsible for the exponential decaying of the wave function of an

electron. complex bands lying within the band gap provide a pathway for BTBT, and this can be
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Figure 2.2: CBS obtained by diagonalising the Hamiltonian matrix (2.23) where complex band
links the CB and LH at the zone centre. Further calculation details are given in Sec. 2.5.1.

understood qualitatively by considering the elementary quantum mechanical problem of tunneling

through a potential energy barrier. Figure 2.2 shows an example CBS obtained by diagonalising

the Hamiltonian matrix (2.23). Here, we see the presence of a complex band, having an imaginary

wave vector, linking the LH VB to the CB and providing a pathway for direct BTBT. The use of

this CBS as the basis to compute the BTBT generation rate G will be described in Sec. 2.5.1.

2.3 Introduction to tunneling

Tunneling [90] is a process where a particle having energy E can penetrate through a narrow-

width, higher energy barrier, V0 (E < V0). But in classical physics, this mechanism is not allowed.

That is why this barrier is known as the classically forbidden barrier. When an electron travels

through such a barrier in a semiconductor, the associated tunneling current is known as leakage

or dark current in a photodiode. In the case of semiconductor devices, when an electron tunnels

through the potential barrier from the VB to the CB, the associated current is known as the BTBT

current. As discussed in Sec. 2.2.1, a tunneling electron possesses a complex-valued wave vector

having imaginary part κ. Both the magnitude of κ and the thickness of the barrier determine

the transmission probability. The first device based on tunneling current was the tunneling diode,

invented by Leo Esaki in 1957 [91] while studying the current-voltage properties of a heavily

doped, narrow-width p-n diode. The I-V characteristic of the diode [92] is shown in Fig. 2.3. At

zero voltage in Fig. 2.3(a) the Fermi level for both regions aligns with each other, and there is no

net current flow at equilibrium condition. With the application of a forward-biased voltage, the

Fermi-level for the n-region moves up in energy and makes free states available for the electrons

of the n-region to tunnel directly into the p-region, as shown in Fig. 2.3(b). This tunneling of

electrons creates a tunneling current. With the increase in applied voltage, the current increases

up to a certain point; after that, it decreases. At a specific point, the current reaches its minimum

value, where the Fermi-level aligns with the energy gap of the p-region, as shown in Fig. 2.3(c).

This current decrease introduces what is referred to as a negative differential resistance (NDR).
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After that, with a further increase in voltage, the current starts to increase again, as shown in

Fig. 2.3(d) due to electrons diffusing over the barrier. Under reverse bias, the Fermi-level for the

n-type region moves down in energy. Therefore, in the CB of the n-region free states are available

for the electrons of the VB of the p-region to tunnel into and create the leakage current. This

leakage or band-to-band tunneling current can decrease a photodiode’s efficiency by reducing the

signal to noise ratio.

The evolution of tunneling-based devices with different semiconductors has continued throughout

the years. Tunneling has been investigated for a wide range of technologies, including the Esaki tun-

neling diode, resonant tunneling diodes (RTDs) [93], Zener tunneling [94], tunneling bipolar transis-

tors [95], resonant hot electron transistors (RHETs) [96], solar cells [97] and many more. All these

devices have applications in different domains: complementary metal-oxide-semiconductor [98],

high-speed digital circuits [99], low power applications [100], and bio-sensing [101]. The NDR as-

sociated with some tunneling structures is of wide value for high-frequency applications [102]. A

recent report [103] says a tunneling based memory selector is very fast, with low cyclic variation

compared to conventional ones. In the early twenty-first century, tunneling field-effect transis-

tors (TFETs) begun to attract attention as a route to produce subthreshold swing below the

minimum ∼ 60 mV dec−1 limit in conventional metal-oxide-semiconductor field-effect transis-

tors (MOSFETs). TFETs offer wide opportunities for applications including, bio-sensing [104],

internet-of-things (IoT), gas-sensing [105], neuro-morphic [106] and low power [107] RF applica-

tions etc. Similarly, avalanche photodiodes (APDs) also contribute extensively to communication

technology [108], 3-D imaging [109], space applications [110], etc. The performance of these widely

used devices, mainly TFETs and photodiodes (PDs), depends directly on the characteristics of the

tunneling current. The BTBT current drives the TFET operation at low voltage. BTBT current

can have a negative impact on PDs, mainly in mid-infrared PDs; as for these devices, the band

gap is very small, so the BTBT-enabled dark current can occur even under low reverse bias. Given

the vast range of applications for these devices and the key role that BTBT plays in determining

their performance, it is vital to investigate BTBT when engineering many semiconductor devices.

2.4 tunneling through a 1D barrier

We begin by considering the simple situation of tunneling through a 1D barrier [111] to examine

the primary characteristics that contribute to the tunneling probability. First, we consider a

rectangular barrier, for which we can determine the transmission coefficient analytically. We then

generalise to a more complex barrier, for which we show that the analytical approach can be

recast as a transfer matrix method, which becomes increasingly more complicated to solve as the

complexity of the barrier increases. We therefore introduce the WKB method [112], which provides

an approximate method to calculate the transmission coefficient. Calculations are undertaken to

compare the results of the WKB and transfer matrix approaches, from which it can be seen that

there are a wide range of problems for which the WKB method can provide a good estimate for

the transmission coefficient.
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Figure 2.3: I-V characteristics for Esaki diode [92] (a) no net current flow at zero applied voltage
(b) forward biased voltage with the peak current- due to tunneling of electrons (c) forward-biased
voltage - minimum current obtained- due to non-availability of free states for tunneling into -
creates NDR (d) at further forward-biased voltage, observation of diffusion current, and (e) at
reverse-biased voltage, observation of tunneling current - due to tunneling of electrons from the
VB of the p-type region to the CB of the n-type region.

2.4.1 Analytic method

Rectangular Barrier:

We outline here how to find the transmission coefficient [111] of the electron wave function for

a 1D rectangular barrier as shown in Fig. 2.4. Because this is a two-boundary problem – with

boundaries at z = a and z = b – we need to solve four equations, i.e. two for each boundary to

obtain the transmission coefficient for a wave incident from one side onto the barrier.

When an electron with energy E tries to penetrate through the barrier (V0 > E), the wave function

of the electron within each of the three regions is given as follows.

In the region z < a, we can write

ψ(z) = A+e
ikz +A−e

−ikz , (2.25)

where A+ and A− are the incident and reflected coefficient of the wave function of the electron,

and where

k =

√
2mE

~2
. (2.26)

For region a < z < b, E is less than V0 and in this case, the wave vector k will be imaginary.

Writing k = iκ the wave function for a < z < b can be written

ψ(z) = B+e
κz +B−e

−κz , (2.27)
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Figure 2.4: Rectangular barrier having potential height, V0 and width (b− a).

with

κ =

√
2m (V0 − E)

~2
. (2.28)

Finally, for the region z > b, ψ(z) is

ψ(z) = C+e
ikz + C−e

−ikz , (2.29)

where we will later set C− = 0 because there is no reflected wave component in travelling in the

direction of decreasing z for z > b.

If we apply the boundary conditions that the wave function and its derivative must be continuous

at z = a and z = b, then we can obtain four linear equations linking the coefficients: two linking

the coefficients A+ and A− with B+ and B− at z = a and two linking B+ and B− with C+ and

C− at z = b. These boundary conditions can be written in matrix form as[
A+

A−

]
=

1

2

[
e−a(κ−ik)

(
1− iκ

k

)
ea(κ+ik)

(
1 + iκ

k

)
e−a(κ+ik)

(
1 + iκ

k

)
ea(κ−ik)

(
1− iκ

k

)] [B+

B−

]
, (2.30)

[
B+

B−

]
=

1

2

[
eb(κ−ik)

(
1 + ik

κ

)
eb(κ+ik)

(
1− ik

κ

)
e−b(κ+ik)

(
1− ik

κ

)
e−b(κ−ik)

(
1 + ik

κ

)] [C+

C−

]
. (2.31)

Hence, from Eqs. (2.30) and (2.31), we can compute A+, A− as follows,[
A+

A−

]
= S

[
C+

C−

]
, (2.32)



Theoretical background-I 19

where S is given by

S =

[
e−ik(a−b) (coshκ (a− b)− i ε2 sinhκ (a− b)

)
−iα2 e

−ik(a+b) sinhκ (a− b)
iα2 e

ik(a+b) sinhκ (a− b) eik(a−b) (coshκ (a− b) + i ε2 sinhκ (a− b)
)] ,

and ε = κ
k −

k
κ , α = κ

k + k
κ .

We can also represent the coefficients C+ and C− in terms of coefficients A+ and A− as follows[
C+

C−

]
= M

[
A+

A−

]
, (2.33)

where the matrix M , known as the transfer matrix, is given by

M =

[
e−ik(b−a)

(
coshκ (b− a)− i ε2 sinhκ (b− a)

)
−iα2 e

−k(b+a) sinhκ(b−a)

iα2 e
−k(b+a) sinhκ(b−a) e−ik(b−a)

(
coshκ (b− a)− i ε2 sinhκ (b− a)

)] .
In region 3, there is no reflection, so coefficient C− is set to be zero. We can compute the transmis-

sion coefficient T (E) – i.e. the probability that an electron having energy E tunnels through the

barrier – as the ratio of the modulus squared of the coefficient C+ and A+ either from Eq. (2.32)

or Eq. (2.33) as follows

T =
|C+|2

|A+|2
=

1

|S11|2
=
det(M)

M22
, (2.34)

where S11 and M22 correspond to the (1, 1) and (2, 2) element of matrix S (Eq. (2.32)) and M

(Eq. (2.33)) respectively, det(M) denotes the determinant of matrix M .

The resulting expression for the transmission coefficient through a 1D rectangular barrier is ob-

tained as

T =
1

cosh2 κ(b− a) + ε2

4 sinh2 κ(b− a)
. (2.35)

For the rectangular barrier having potential height, V0 = 0.05 eV, and barrier width of 10 Å, we

compute the transmission coefficient using Eq. (2.35) and plot it as a function of the electron energy

E – expressed as a fraction of the barrier energy V0 – in Fig. 2.5. As the electron energy increases,

so does the transmission coefficient. However, even at greater electron energies, it is limited to less

than one because there is a finite probability of reflection from the barrier. As a result, even when

the ratio ( EV0
) of electron energy to barrier potential height equals one, the transmission coefficient

remains < 1.

Asymmetrical Barrier:

We now take another example, the asymmetrical type of potential barrier depicted in Fig. 2.6. We

can still calculate T analytically, i.e. by imposing the boundary conditions of continuity of the
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Figure 2.5: Transmission coefficient for rectangular barrier, potential height, V0 = 0.05 eV,
width = 10 Å.

wave function and its derivative at each of the three interfaces. However, in order to do so, we

must solve six different equations, which is laborious. Suppose we have a barrier with even more

number boundaries. The analytical approach will be significantly more complicated. In such cases,

we can re-cast the problem as a matrix multiplication problem, referred to as the transfer matrix

method, which we discuss in the following section.

2.4.2 Transfer matrix method (TMM)

As discussed above, we can obtain the transmission probability for the asymmetrical potential

barrier as shown in Fig. 2.6 by the analytic method, directly solving six linear equations. Instead,

the transfer matrix method [113, 114] provides a structured and readily implemented computational

approach to determine T , extending the matrix approach introduced above for a single barrier.

This method can be implemented for a piece-wise constant potential V (z).

To demonstrate the TMM approach, we consider as an example an asymmetrical potential barrier

as shown in Fig. 2.6. The coefficients of the electron wave function on the left and right side of

the barrier are Aas+ , Aas− and Cas+ , Cas− respectively. In general, with the help of the transfer

matrix, we can express the coefficients Cas+ , Cas− in terms of Aas+ , Aas−[
Cas+

Cas−

]
= Mas

[
Aas+

Aas−

]
, (2.36)

where Mas is the transfer matrix.

This barrier can be divided into two rectangular barriers having amplitude V0 and V0
2 with width

c − a and b − c respectively. Now, for the first region i.e. in interval a to c, we can define the

transfer matrix M1 according to Eq. (2.36), given by[
Bas+

Bas−

]
= M1

[
Aas+

Aas−

]
, (2.37)
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where the coefficient Bas+ , Bas− represent the output coefficient of the wave function of the electron

for the 1st segment within the interval a ≤ z ≤ c. The same coefficients are also input to the so-

called second segment of the barrier having potential V0
2 and width b− c.

So for the second segment of the barrier, we can have

[
Cas+

Cas−

]
= M2

[
Bas+

Bas−

]
. (2.38)

From Eq. (2.38) and (2.37), we can derive the following relation

[
Cas+

Cas−

]
= M2M1

[
Aas+

Aas−

]
. (2.39)

By comparing Eq. (2.39) with Eq. (2.36) , we get

Mas = M2M1 . (2.40)

The product of individual transfer matrices of the barrier from interval b to c and c to a defines

the transfer matrix of the entire potential barrier for the full interval ranging from a to b. For a

rectangular barrier having potential height V0, and width b−a, the transfer matrix M is defined in

Eq. (2.33). So, from Eq. (2.33), we can obtain these transfer matrices M1 and M2 for both segments

of the barrier and can compute Mas. Now, from the transfer matrix Mas, we can compute the

tunneling probability, T by using Eq. (2.35), as T = det(Mas)
Mas22

, where Mas22 and det(Mas) represent

the (2, 2) element and determinant of the matrix Mas respectively.

In general, for any arbitrary barrier, we can find the tunneling probability through the barrier by

dividing it into n different narrow segments, where each segment corresponds to a 1D rectangular

potential problem having width w; where w tends to zero. We can compute numerically the transfer

matrix M as MnMn−1....M2M1, where Mn represents the transfer matrix of the nth segment of

the full barrier and finally we apply Eq. (2.35) on the transfer matrix M to compute the tunneling

probability.

We present the transmission coefficient obtained from both the methods, i.e. analytic and transfer

matrix method, in Fig. 2.7. They perfectly match each other, reflecting that both are exact

solutions of the same set of equations. So, we can directly implement the TMM approach and

get an accurate result. However, for an arbitrary barrier, where the amplitude changes with

position z, e.g. as shown in Fig. 2.8, the TMM approach might be very challenging. As amplitude

changes, we need to divide the barrier into a large number of extremely narrow-width rectangular

barriers. In doing so, the computational load can increase significantly, and the calculation can

become unstable. In such a case, we can consider the WKB approximation/method to decrease

the computation load, which we explore in the next segment. As the name suggests the solution

for the tunneling barrier will not be an exact one but can be very close to the precise answer. We
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Figure 2.6: An asymmetrical barrier of energy V0 and V0

2 within the interval a ≤ z ≤ c and
c ≤ z ≤ b respectively.

Figure 2.7: Transmission coefficient for asymmetrical barrier ( V0 = 0.05 eV, width = 10 Å).

will examine the method’s accuracy for a rectangular barrier as a function both of barrier height

and width.

2.4.3 WKB approximation

Here, we discuss the WKB [111] aproximation, developed by Wentzel, Kramers, and Brillouin,

which provides an approximate solution for the Schrödinger equation. This method recognises

that when the potential V (z) is not constant but varies slowly with position z such that the local

wavelength λ(z)V
′
(z)

V (z) � 1 as shown in Fig. 2.8, then the analytical solution to the Schrödinger

equation becomes very complicated. In such a scenario, an approximation is considered to find the

solution to the equation. This approximation is known as the ”WKB” approximation. Let us first

consider the Schrödinger equation
∂2ψ

∂z2
+ k2 (z)ψ = 0 . (2.41)

if E > V (z),

k(z) =

√
2m (E − V (z))

~2
, (2.42)
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Figure 2.8: Arbitrary potential barrier having initial energy V0.

if E < V (z),

k(z) = i

√
2m (V (z)− E)

~2
= iκ(z) . (2.43)

We can express the solution to the wave function in exponential form as

ψ(z) = A(z)eiφ(z) , (2.44)

where φ(z) is a real function. We can then calculate the first and second derivative of ψ(z) as

ψ
′
(z) = A

′
eiφ(z) + iAφ

′
eiφ(z) , (2.45)

=⇒ ψ
′′
(z) = A

′′
eiφ(z) + iA

′
φ
′
eiφ(z) + iA

′
φ
′
eiφ(z) + iAφ

′′
eiφ(z) −Aφ′φ′eiφ(z) . (2.46)

When we substitute Eq. (2.46) into Eq. (2.41), we get

A
′′

+ 2iA
′
φ
′
+ iAφ

′′ −Aφ′φ′ + k2(z)A = 0], , (2.47)

separating the real and imaginary parts then gives

A
′′

= A(φ
′2 − k2(z)) . (2.48)

Now, by taking the assumption that A(z) varies slowly so that A
′′
(z)� k(z)2A(z)

φ
′2 − k2(z) = 0 , (2.49)

=⇒ φ
′
(z) = ±k(z) , (2.50)

=⇒ φ(z) = ±
∫ z

0
k(z) dz . (2.51)



Theoretical background-I 24

Figure 2.9: Wave function of a tunneling electron through a rectangular barrier with position, z.

Considering now the imaginary part of Eq. (2.47), we have

2A
′
φ
′
+Aφ

′′
= 0 =⇒ ∂A2φ

′

∂z
= 0 =⇒ A =

Const.√
φ′(z)

. (2.52)

In the forbidden region k(z) is imaginary, so is replaced by κ(z) and the wave function inside the

forbidden region can be expressed as

ψ2 (z) =
B+√
κ(z)

exp
∫ z
0 κ(z) dz +

B−√
κ(z)

exp−
∫ z
0 κ(z) dz . (2.53)

If we look at Fig. 2.9, it is not physically possible that the tunneling will increase exponentially

for a high and/or wide barrier. Hence the coefficient B+ is set to zero in Eq. (2.53). Now, the

coefficient for the wave exiting the barrier at b can be approximated as

C+ ≈ A exp

(
−
∫ z

0
κ(z) dz

)
, (2.54)

from which, the probability of tunneling can be estimated as below.

T =
|C+|2

|A|2
, (2.55)

=⇒ T = exp

(
−2

∫ z

0
κ(z) dz

)
. (2.56)



Theoretical background-I 25

(a) (b)

Figure 2.10: Transmission coefficient for rectangular barrier by analytic and WKB approxima-
tion, potential height, V0 = 0.5 eV and width, w (a) 10 Å, and (b) 100 Å.

So, for a barrier defined between a and b, which are the start and end points of tunneling re-

spectively, also known as classical turning points, the transmission probability using the WKB

approximation, can be expressed as

T = exp

(
−2

∫ b

a
κ(z) dz

)
= exp

(
−2

∫ b

a
Im (kz) dz

)
. (2.57)

In Fig. 2.10, we present the transmission coefficient for a rectangular barrier calculated using

the analytic and WKB methods. Here we observe that, for a narrow-width barrier, the WKB

approach is underestimating T compared to the analytic solution. But there is a much closer

agreement between the WKB and exact solution for a wider width barrier. As the WKB tunneling

approximation implicitly assumes a wide-width barrier, therefore, for a narrow-width barrier, it can

give a poor approximation to the exact result. Nevertheless, it is a relatively easy, straightforward

approach to calculating the transmission coefficient for any barrier. We want to study and compare

the relative tunneling impact for both conventional semiconductor alloys and highly mismatched

alloys so, in our analysis, we use the WKB method to find the transmission probability T . The

next section discusses BTBT in a bulk semiconductor. To analyse BTBT, we first establish the

InAs band structure before using the WKB approximation to calculate the transmission coefficient.

We compare the results of these calculations to the well-known analytical model of Kane for the

BTBT transmission coefficient and generation rate in a direct-gap semiconductor, demonstrating

explicitly the close relationship between the two approaches.

2.5 BTBT generation rate in a bulk semiconductor

We outline in this section the different steps involved in the calculation of the BTBT generation

rate (G) in a bulk semiconductor such as InAs. Given the CBS, there are several different ap-

proaches by which to compute the BTBT transmission coefficient and generation rate, including

the semi-classical WKB approximation and quantum kinetic approaches based on non-equilibrium
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Green’s functions [115–117] or Wigner functions [118, 119]. Previous analysis has demonstrated

that an appropriately parametrised k·p Hamiltonian employed in conjunction with the WKB ap-

proximation captures the key qualitative (and, for the most part, quantitative) physics of direct

BTBT compared to full quantum kinetic calculations [112] while providing the benefits of theoret-

ical simplicity and physical transparency.

2.5.1 Model Hamiltonian and CBS

Our description of the InAs band structure is based on the 2-band k·p Hamiltonian due to

Kane [120, 121] which we have derived in Sec. 2.2. This describes the dispersion of the lowest

energy CB and the LH VB in a direct-gap zinc-blende semiconductor as

H =

 Eg + ~2

2m0

(
k2
⊥ + k2

z

)
P
√
k2
⊥ + k2

z

P
√
k2
⊥ + k2

z
~2

2m0

(
k2
⊥ + k2

z

)
 , (2.58)

where Eg is the zone-centre (k = 0) band gap, and P is the interband (Kane) momentum matrix

element. While the band dispersion admitted by Eq. (2.58) is spherical – i.e. it depends only on

the magnitude k =
√
k2
⊥ + k2

z of the wave vector – in order to treat BTBT in the presence of an

electric field applied along the [001] direction we have, for clarity, expressed the wave vector k in

terms of its components parallel (kz) and perpendicular (k⊥) to [001].

The CB and LH dispersion is obtained by computing the roots of the characteristic equation

associated with Eq. (2.58)

E±(k) =
Eg
2

+
~2k2

2m0
±

√(
Eg
2

)2

+ EP
~2k2

2m0
, (2.59)

where the + and − signs respectively describe the CB and LH dispersion, and EP = 2m0P 2

~2 is the

Kane parameter.

To obtain a description of the band structure suitable to compute the BTBT generation rate, it is

critical that the CB and LH band edge effective masses m∗± are appropriately parametrised, so that

the curvature of the complex band linking the VB and CB is accurately described. We therefore

proceed by using Eq. (2.59) to compute the zone-centre CB and LH effective masses

m∗±
m0

=

∣∣∣∣ Eg
Eg ± EP

∣∣∣∣ , (2.60)

from which we note that the band edge effective masses are parametrisable via the choice of Kane

parameter EP . For InAs, we begin with the room temperature band gap Eg = 0.354 eV, [122] and

adjust EP to fit to the InAs CB edge effective mass m∗+ = 0.026m0, [122] yielding EP = 13.261 eV

(P = 7.108 eV Å). Having determined the CB edge effective mass m∗+ in this manner, our choice

of P then fixes the LH effective mass m∗− (cf. Eq. (2.60)). In order to ascertain the suitability
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of this approach, we have used the conventional 6-band Luttinger-Kohn k·p Hamiltonian [123]

in conjunction with the spherical approximation [124] to estimate the LH DOS effective mass for

comparison to our computed values of m∗−. In the spherical approximation, the LH effective mass is

given by m∗LH = (γ1+2γ)−1m0, with γ = 1
5(2γ2+3γ3), and where γ1, γ2 and γ3 are the VB Luttinger

parameters. [123] For InAs γ1 = 20.0, γ2 = 8.5 and γ3 = 9.3, [122] giving m∗LH = 0.0328m0, while

for InSb γ1 = 34.8, γ2 = 15.5 and γ3 = 16.5, [122] giving m∗LH = 0.0149m0. We note that these

values compare reasonably well with the values m∗− = 0.0274m0 and 0.0140m0 computed using

Eq. (2.60) for InAs and InSb respectively – using the values of EP fit to m∗+ above – with Eq. (2.60)

correctly describing that the LH band edge effective mass is greater than that associated with the

CB edge (i.e. m∗− > m∗+).

To compute the CBS associated with Eq. (2.58) we re-cast the characteristic equation as a quartic

equation in kz, which can be solved analytically as a quadratic equation in k2
z to yield the E- and

k⊥-dependent dispersion

k2
z,±(E, k⊥) = κ2

±(E)− k2
⊥ , (2.61)

where the energy-dependent component κ2
±(E) is given by

~2κ2
±

2m0
= E +

EP − Eg
2

±

√(
E +

EP − Eg
2

)2

− (E − Eg)E . (2.62)

At fixed perpendicular wave vector k⊥, the component kz,± of the wave vector parallel to the

tunneling direction described by Eqs. (2.61) and (2.62) is purely real for E ≤ E−(k⊥) and E ≥
E+(k⊥), with kz,− reproducing the band dispersion of Eq. (2.59) in these energy ranges. For

E−(k⊥) < E < E+(k⊥) the band kz,− is purely imaginary. As such, kz,−(E, k⊥) describes the

evanescent Bloch band linking the VB and CB at energies E±(k⊥). We note that kz,+(E, k⊥) is

a spurious solution of Eq. (2.58), describing unphysical states that possess large real wave vectors

and lie energetically within the band gap [125].

2.5.2 BTBT transmission coefficient and generation rate

In this thesis we focus on the impact of perturbing the CBS on the BTBT generation rate in

narrow-gap semiconductors and discuss its consequences for applications in APDs and TFETs.

Direct (ballistic) BTBT proceeds without the absorption or emission of a phonon – i.e. when

electrons near the VB maximum tunnels to the CB minimum without a change in in the real

component of the wave vector k (Fig. 2.11(a)). For direct BTBT, the wave vector k⊥, (kx, ky) in

the plane perpendicular to the applied electric field is conserved, as illustrated schematically in

Fig. 2.11(b), where the dashed line denotes the complex band linking the VB maximum and CB

minimum. The band gap functions as a potential barrier through which the electron can tunnel.
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2.5.2.1 WKB approximation

First, we use the WKB approximation of Eq. (2.57) to obtain the tunneling probability between

the lowest conduction and highest valence state in a semiconductor in the presence of an applied

electric field, F. In the expression (Eq. (2.57)), Im{kz(E)} is a function of position z. If we assume

constant electric field F = |F| directed along the tunneling direction z, the potential associated

with which imparts the electron with energy E = eFz, where e is the electron charge. When

the 2D wave vector k⊥ in the plane perpendicular to the tunneling direction is zero, i.e. k⊥ = 0,

then BTBT consists of the electron starting out a position zi with energy E = 0 and tunneling to

position zf with energy equal to the band gap Eg, such that zf =
Eg

eF . Using these relations, we can

re-express the WKB method of Eq. (2.57) as a function of energy E and the applied electric field

F . We make the change of variables z = E/eF and obtain the transmission coefficient between

the lowest CB and highest VB for k⊥ = 0, as follows

T (k⊥ = 0) =
π2

9
exp

(
− 2

eF

∫ Eg

0
Im{kz(E)}dE

)
, (2.63)

where, for tunneling along [001], Im{kz(E)} is the complex band linking the LH VB and CB at

k⊥ = 0. We introduce the pre-factor π2

9 in Eq. (2.63), which is not present in Eq. (2.57). The origin

of this prefactor is discussed in [90]. To compute the transmission coefficient T (k⊥) at non-zero

perpendicular wavevector k⊥, (kx, ky), we modify the Eq. (2.63) by including the dependence of

the real and imaginary bands on k⊥. The integrand follows from Eq. (2.62), while the limits on

the integral are then determined by the (real) dispersion of the LH VB and CB. The resulting

expression for the k⊥-dependent BTBT transmission coefficient T (k⊥) is

T (k⊥) =
π2

9
exp

(
− 2

eF

∫ ECB(k⊥)

ELH(k⊥)
|Im {kz,−(E, k⊥)}|dE

)
. (2.64)

Generally, the upward (downward) dispersion of the CB (LH VB) leads to an increase of the band

gap at fixed k⊥ = |k⊥|, such that T reduces with increasing k⊥. We note that T does not depend

explicitly on energy in the WKB approximation, unlike in more sophisticated quantum kinetic

approaches. However, energy-averaged values of T (k⊥) obtained from non-equilibrium Green’s

function calculations for bulk InAs have been demonstrated to be in good, quantitative agreement

with Eq. (2.64), validating the application of the WKB approximation [112].

Given the BTBT transmission coefficient, the field-dependent BTBT generation rate (per unit

volume) G is given by [126]

G(F ) =
eF

2π2~

∫
dk⊥

(2π)2
T (k⊥) . (2.65)

Recalling that the band structure admitted by Eq. (2.58) is spherical, we can write dk⊥ = 2πk⊥dk⊥,

so that computation of G requires numerical quadrature in only one dimension. The generation

rate G is linked to the BTBT current density J via eGV = JF [126, 127], where V is the applied
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Figure 2.11: (a) Real-space schematic illustration of BTBT by an electron from the VB maximum
to the CB minimum, in a semiconductor under the influence of an applied electric field, and (b)
Reciprocal-space schematic illustration of the BTBT process of (a), in which the dashed lines
denote the imaginary component of the wave vector describing the evanescent (complex) band
linking the VB maximum and CB minimum. The evanescent band has the same real value of
perpendicular wave vector k⊥ as the states that it is linking, with the energy dependence of its
imaginary component given by Eq. (2.62).

voltage generating the electric field F . Here, we focus solely on G as an intrinsic material property

and simply note that defining a specific tunnel junction geometry and doping fixes the relationship

between an applied voltage V and the resulting (local) electric field F , enabling the J-V relationship

for the junction to be computed straightforwardly once G is known.

2.5.2.2 Kane model

In 1960, Evan O. Kane developed a model to find the tunneling probability of an electron from

the VB to the CB in a uniform electric field F from a simple two-band Hamiltonian model as

described in Eq. (2.66), known as the Kane model. In Kane’s calculation, the field F acts as a

perturbation that initiates the tunneling of electrons from the VB to the CB. We can see the link

between Eqs. (2.64) and (2.65) and the widely employed Kane model for BTBT in a direct-gap

semiconductor [90, 94]. Kane’s use of a semi-classical wave function phase [128] in his analysis of

BTBT, ensures that his approximate result for T (and hence G) is formally equivalent to Eqs. (2.64)

and (2.65) [112]. Indeed, Kane’s analytical result for T can be straightforwardly obtained from

Eq. (2.64) via two simple approximations: (i) that only band states close to k⊥ = 0 contribute

appreciably to BTBT, and (ii) that the dispersion of the CB and LH bands is purely parabolic[126].

The first of these approximations enables the integral of Eq. (2.64) to be computed analytically,

while the second ensures that the growth of the energy gap between the CB and LH bands at fixed

k⊥ 6= 0 can be described straightforwardly in terms of a reduced effective mass m∗r . The resulting

expression for the transmission coefficient is given by [126]

T (k⊥) =
π2

9
exp

−π√m∗rE 3
2
g

2q~F

 exp

(
− π~

2qF

√
Eg
m∗r

k2
⊥

)
, (2.66)
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where (m∗r)
−1 = (m∗+)−1 + (m∗−)−1 is the reduced zone-centre effective mass of the CB (“+”) and

LH (“−”) bands, given in the context of the 2-band Hamiltonian of Eq. (2.58) by m∗r =
Eg

2EP
m0

(cf. Eq. (2.60)).

We note that Eq. (2.66) is comprised of a product of two exponential terms, which respectively

describe field-dependent zone-centre (k⊥ = 0) and off-zone-centre (k⊥ 6= 0) contributions to direct

BTBT. The physical interpretation of these terms is useful to recapitulate, as it describes features

which apply generally to direct BTBT in narrow-gap semiconductors, and will therefore aid in

our interpretation of the impact of BAC on BTBT in Sec. 3.4 below. The first of these terms,

the zone-centre term, describes that T is a strong function of the k⊥ = 0 band gap Eg, increas-

ing exponentially with decreasing Eg and with decreasing m∗r . The second, off-zone-centre term

describes that contributions to T from band states at k⊥ 6= 0 diminish rapidly with increasing

k⊥, due to the quadratic increase with k⊥ of the energy gap between the (assumed parabolic) CB

and LH bands, again encapsulated by the zone-centre band gap Eg and reduced effective mass

m∗r . We further note that the off-zone-centre term in Eq. (2.66) is ∝ −k2
⊥F
−1, indicating that

contributions to T from band states at larger perpendicular wave vector become more important

not only in the presence of small zone centre band gap Eg and large reduced effective mass m∗r , but

also in the presence of high electric field strengths. As such, these two terms respectively encode

the dependence of T , and hence G, on the band gap Eg and the CB and VB edge DOS.

In Kane’s model, the integral of Eq. (2.65) can be computed analytically, yielding the BTBT

generation rate [126]

G(F ) =
e2F 2

18π~2

√
m∗r
Eg

exp

(
−π
√
m∗rE

3/2
g

2e~F

)
, (2.67)

which again displays exponential dependence on the zone centre band gap Eg and reduced effective

mass m∗r . In terms of nomenclature, we note that when we refer to the “Kane model” in the

remainder of this thesis we are referring to the analytical treatment of the BTBT transmission

coefficient and generation rate summarised by Eqs. (2.66) and (2.67), and not to the 2-band k·p
Hamiltonian of Eq. (2.58).

2.6 Result and Discussion

In this section, we benchmark our numerical calculations of the BTBT coefficient T and generation

rateG for InAs in the WKB approximation (Eqs. (2.64) and (2.65)) via comparison to the analytical

Kane model (Eqs. (2.66) and (2.67)). The 2-band Hamiltonian matrix parameters for InAs, Eg,

EP and P are presented in Table. 2.1.

The results of these calculations are summarised in Fig. 2.12. Beginning with the CBS in Fig. 2.12(a),

the left- and right-hand panels respectively show the complex band dispersion Im{kz,−(E, 0)} at

perpendicular wave vector k⊥ = 0, and the real band dispersion in the k⊥ plane. The dashed black

line in Fig. 2.12(a) depicts the simplified CBS employed in the derivation of the Kane model, while
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Eg (eV) EP (eV) P(eV.Å)

0.354 13.261 7.108

Table 2.1: Parameters for the two-band Hamiltonian model for InAs.
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Figure 2.12: (a) CBS of InAs calculated using the 2-band k·p Hamiltonian of Eq. (2.58) (solid
lines), and the simplified parabolic bands employed in the derivation of the Kane model of direct
BTBT (dashed lines). (b) BTBT transmission coefficient T of InAs as a function of perpendicular
wave vector k⊥ calculated numerically using the 2-band complex dispersion of (a) in conjunction
with the WKB approximation (solid lines), and using the analytical Kane model (open circles).
Transmission coefficients are shown for applied electric fields F ranging from 0.1 MV cm−1 (yellow)
to 1 MV cm−1 (black) in steps of 0.1 MV cm−1. Inset: zone-centre (k⊥ = 0) transmission coefficient
T as a function of applied electric field F , calculated numerically using the WKB approximation
(solid line) and analytically using the Kane model (open circles). (c) BTBT generation rate G of
InAs as a function of applied electric field F , calculated numerically using the WKB approximation
(solid line) and analytically using the Kane model (open circles).

the solid black line shows the nonparabolic band structure described by the 2-band k·p Hamilto-

nian of Eq. (2.58) (cf. Eq. (2.62) ). The simplified band structure employed in the derivation of

the Kane model is assumed to be parabolic in k⊥, with the CB and LH bands having respective

effective masses m∗+ and m∗− (cf. Eq. (2.60)). The assumption of parabolic CB and LH dispersion

allows the k⊥-dependent band gap to be described solely in terms of the reduced effective mass

m∗r . For consistency between our numerical WKB and analytical Kane model calculations we

therefore set m∗r =
Eg

2EP
m0 in Eqs. (2.66) and (2.67), using the same values of Eg and EP for InAs

employed in our 2-band k·p calculation of the CBS. This ensures that both the numerical and

analytical calculations have equal band gap Eg and band edge (zone-centre) effective masses m∗±.

We note that the complex band dispersion assumed in the derivation of the Kane model is the

same as that obtained by diagonalising Eq. (2.58) at k⊥ = 0 (cf. Eq. (2.62)). The key difference

between the k·p band structure employed in our numerical WKB calculations and the simplified

band structure employed in the derivation of the Kane model is then the nonparabolicity of the

CB and VB in the former. Differences between the WKB and Kane model calculations of the

BTBT transmission coefficient T and generation rate G are therefore expected to emerge only

when band nonparabolicity is sufficiently pronounced to produce significant differences from the

idealised parabolic band structure in the ranges of k⊥ and E at which states contribute to BTBT.

Given the narrow band gap and associated low band edge effective masses in InAs we expect the
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impact of band nonparabolicity to be minimal. Hence, the results of our numerical WKB calcu-

lations should correspond closely to T and G computed using the Kane model. Figures 2.12(b)

and 2.12(c) demonstrate that this is the case. Open circles in Fig. 2.12(b) show the analytical

Kane model BTBT transmission coefficient T as a function of k⊥ computed using Eq. (2.66), while

solid lines show the corresponding numerical WKB calculations using Eq. (2.64). In Fig. 2.12(b)

the colour denotes the strength F of the applied electric field, varying from 0.1 MV cm−1 (yellow)

to 1 MV cm−1 (black) in steps of 0.1 MV cm−1. The inset to Fig. 2.12(b) shows the dependence

of T at k⊥ = 0 on the applied electric field, demonstrating that the transmission coefficient for

zone-centre BTBT rapidly approaches unity for high fields F & 1 MV cm−1. We note excellent

quantitative agreement between our numerical WKB calculations of T and the Kane model across

the full ranges of k⊥ and F considered.

Finally, Fig. 2.12(c) shows the numerical WKB-calculated BTBT generation rate G as a function

of F (solid line) and the corresponding analytical Kane model calculation (open circles). The line

colouring is as in Fig. 2.12(b). We again note excellent quantitative agreement between the two

calculations. We also note that the calculated G continues to grow exponentially as F approaches

10 MV cm−1. Recalling from the inset of Fig. 2.12(b) that the zone-centre transmission coefficient

T saturates at high electric fields, we emphasise that the continued exponential growth of G at

these high fields reflects that direct BTBT involving states at k⊥ 6= 0 constitutes an increasingly

important contribution to G as F increases. As described in Sec. 2.5.2, this is driven by the strong

growth of T away from k⊥ = 0 with increasing F (cf. Fig. 2.12(b) and Eq. (2.66)). Overall, these

benchmark calculations indicate that band nonparabolicity plays a negligible role in influencing

direct BTBT in InAs, while also verifying the validity of our numerical WKB calculations as a

platform to investigate BTBT in highly mismatched alloys. Therefore all T and G calculations in

Chapter. 3 are performed using the WKB approximation.

2.7 Conclusions

We presented here an overview of the theory of BTBT, which will be used in the next chapter to

examine the BTBT current density in highly mismatched narrow-gap alloys. The use of different

semi-classical models to calculate the tunneling coefficient is discussed and presented. Our objective

is to calculate the BTBT transmission coefficient in such alloys, relevant to application in mid-

infrared photodiodes and tunneling field-effect transistors. In this chapter, we showed how the

WKB method gives results very similar to those obtained when using the 2−band Kane model to

describe the band structure of a conventional semiconductor alloy. However, a 3−band Hamiltonian

model is required for highly mismatched alloys such as InAsN and InBiAs. Hence, due to the change

in band dispersion, the Kane model cannot be applied to such alloys. Therefore, we will use the

WKB approach to examine the BTBT transmission coefficient for both conventional and highly

mismatched semiconductor alloys as a function of external electric field and absorption wavelength.

Because we are interested in quantifying direct BTBT, which is intrinsic to a given material, we

do not consider a specific tunnel junction having defined dimensions. Rather, we instead compute
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the BTBT generation rate G = JF
qV , which describes the rate at which carriers are generated in the

CB, per unit volume, in an applied electric field of strength F .



Chapter 3

Impact of band anti-crossing on band

to band tunneling current in highly

mismatched dilute nitride and

bismide alloys (InNxAs1−x,

InAs1−zBiz)

3.1 Introduction

Over the past two decades, highly-mismatched III-V semiconductor alloys containing nitrogen

(N) and bismuth (Bi) have attracted significant research interest due to their unusual electronic

properties. The impurity-like behaviour of substitutional N or Bi atoms in conventional III-V

semiconductors strongly perturbs the electronic structure, providing significant opportunities for

band structure engineering to obtain properties suitable for applications in a range of devices [34,

129]. Specifically, due to their large band gap reduction and modified band dispersion, near- and

mid-infrared semiconductor lasers [3–10], as well as highly-efficient multi-junction solar cells [11–14]

based on dilute nitride and bismide alloys have been proposed and demonstrated, while additional

work has highlighted the potential of Highly mismatched alloys (HMAs) for applications in long-

wavelength photodetectors [18] and avalanche photodiodes (APDs) [19], in intermediate-band solar

cells [15, 16] and in tunable low-frequency plasmonics [17].

Here, we address an as yet unexplored aspect of the electronic properties of dilute nitride and bis-

mide alloys: the complex band structure and its consequences for band to band tunneling (BTBT).

Dependent on the specific device application of interest, BTBT can be either a desirable enabling

property or a deleterious loss mechanism. For example, BTBT is the physical mechanism enabling

the operation of tunneling field-effect transistors (TFETs) [25, 44–46], making enhancement of the

BTBT generation rate at fixed band gap and applied electric field desirable for the realisation of

high on-state current to enable high-speed operation. However, BTBT can contribute significantly

34
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to leakage currents in long-wavelength APDs [41–43], making suppression of the BTBT generation

rate desirable for the realisation of detectors displaying a high signal-to-noise ratio [47, 48]. Given

the broad scope for applications of TFETs as an enabling platform for post-complementary metal-

oxide semiconductor electronics, and of APDs for sensing at application-rich near- and mid-infrared

wavelengths, it is of both fundamental and practical interest to investigate novel approaches to

engineer BTBT in semiconductors.

Since BTBT is maximised in narrow-gap materials we focus on InNxAs1−x and InAs1−zBiz alloys,

due to strong BTBT in the direct-gap host matrix semiconductor InAs. It is well established that

the main features of the band structure of dilute nitride and bismide alloys can be described via the

band-anticrossing (BAC) model [130–132] in which the extended Bloch states of the host matrix

semiconductor – the conduction band (CB) edge in dilute nitrides [130, 133, 134], and the valence

band (VB) edge in dilute bismides [135–137] – interact with and repel in energy the dispersionless

localised impurity level associated with an isovalent substitutional N or Bi impurity.

Conventional analysis of direct (∆k = 0) BTBT based on, e.g., the analytical Kane model [90, 94]

and several popular modifications thereof [112, 116] implicitly assume parabolic CB and VB edge

dispersion. Such models are therefore ill-suited to analyse BTBT in HMAs. As such, to allow

explicit treatment of the strongly perturbed complex band structure, our analysis employs nu-

merical calculation of the BTBT transmission coefficient and generation rate. To achieve this, we

begin with model k·p Hamiltonians which include N- or Bi-related BAC interactions and which

are parametrised directly via atomistic alloy supercell electronic structure calculations. We calcu-

late analytically the complex band structure admitted by these model Hamiltonians, with these

perturbed complex band structures then used to compute the BTBT transmission coefficient, and

hence BTBT generation rate, numerically in the Wentzel-Kramers-Brillouin (WKB) approxima-

tion. To quantify the impact of N- or Bi- related BAC we compare the results of our calculations

for highly-mismatched InNxAs1−x and InAs1−zBiz to equivalent calculations for the conventional

III-V alloy InAs1−ySby.

In the semi-classical WKB approximation the BTBT transmission coefficient is a strong (exponen-

tial) function of the area bounded by the evanescent Bloch band linking the CB and VB in the

plane defined by a carrier’s energy and the imaginary part of its complex wave vector component

along the tunneling direction. This area, and hence the BTBT transmission coefficient and gen-

eration rate, depends critically on the band gap and the CB and VB edge effective masses, which

respectively determine the extent of this complex band in energy and in wave vector. The strong

modification of these properties in response to N or Bi incorporation suggests significant implica-

tions for BTBT – where a reduction (increase) in band gap (band edge effective mass) is expected

to strongly increase (decrease) the generation rate – and hence the potential to engineer BTBT

for targeted device applications. Our analysis identifies that BAC-induced modification of the CB

structure (in InNxAs1−x) or VB structure (in InAs1−zBiz) impacts the BTBT generation rate. We
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demonstrate that, at fixed band gap, this impact is manifested via a field-dependent competition

originating in the increased band edge effective mass: at low applied electric field F . 1 MV

cm−1 the increase in effective mass increases the area bounded by the complex band, reducing the

generation rate, while at high applied electric field F & 1 MV cm−1 the increased density of states

(DOS) makes more states available to contribute to BTBT in a given energy range, increasing the

generation rate. As such, in InNxAs1−x and InAs1−zBiz we find that BAC leads to reduced BTBT

generation rate at a low applied electric field compared to that in a conventional InAs1−ySby al-

loy having the same band gap, due to the increase in band edge effective mass. Conversely, at

a high applied electric field, we find that BAC leads to an increased BTBT generation rate, due

to contributions to BTBT from states having larger wave vectors in the plane perpendicular to

the tunneling direction. Repeating this analysis as a function of the alloy band gap, we find that

the relative BTBT generation rate in InNxAs1−x (InAs1−zBiz) can be reduced by up to ≈ 20%

(≈ 50%) compared to that in InAs1−ySby at low applied field, while at high applied field it exceeds

that in InAs1−ySby by an amount dependent on the BAC-induced increase in the DOS close in

energy to the N- or Bi-related localised impurity state in InNxAs1−x or InAs1−zBiz respectively.

On this basis, we comment on the implications of our results for applications of narrow-gap HMAs

in TFETs and in long-wavelength APDs.

3.2 Highly mismatched alloys and their electronic band structure

HMAs are those alloys, where the constituent element forming the alloy has significantly different

physical and chemical properties from the host compound. For example, when a small amount x

(z) of N (Bi) replaces arsenic (As) atoms to form InNxAs1−x and InAs1−zBiz alloys respectively,

these N (Bi) atoms are significantly smaller (larger) and more electronegative (electropositive)

than the As atoms. Therefore N (Bi) atoms act as an isovalent impurity resulting in a strong

perturbation in the electronic band structure of the host material (InAs), mainly the CB (VB).

As the concentration of N (Bi) increases, the material properties also change rapidly. Different

experimental and theoretical investigations [129] for GaNxAs1−x and related alloys find that: (i)

with increasing alloy composition, the magnitude of band gap (Eg) decreases rapidly, (ii) a large,

composition-dependent bandgap bowing is observed, as well as (iii) large and strongly composition-

dependent CB effective masses, (iv) significantly reduced pressure deformation potentials, and (v)

a progression of sharp impurity lines in spectroscopic measurements, lying energetically within the

band gap of the host matrix (GaAs or GaP). Based on atomistic tight-binding calculations [33] for

these III-V alloys, the energy of the N-related impurity states (EN ) relative to the VB maximum

energy, are 2.306, 1.706, and 1.386 eV for GaP, GaAs, and InAs respectively. By replacing a small

fraction of the As atoms by N, the band gap in GaAs can be lowered by up to 150 meV [129]

per percent N. When substituted for As in InAs, N produces a resonant impurity state lying

≈ 1 eV above the CB minimum, which couples to the extended (Bloch) CB edge state via a

BAC interaction, driving a N composition-dependent band gap reduction in InNxAs1−x that is

significantly weaker than in GaNxAs1−x. A reduced band gap of 0.12 eV at 6.1% N composition
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was reported by Nai et al. [138]. This translates to a band gap decrease of 240 meV vs. pure InAs,

or ≈ 39 meV per percent N. Photoluminescence measurements performed on InNxAs1−x/InGaAsP

quantum wells [139] demonstrate a redshift of the emission peak with increasing N composition.

At a temperature of 10 K, the photoluminescence peak energy is reduced by ≈ 31 meV with every

1% increase in N composition. When 1% of the As atoms are replaced with N, photoluminescence

measurements on InNxAs1−x alloys grown via molecular beam epitaxy alloys [140] show a 29.6

meV reduction in band gap, again confirming the presence of a N-induced band gap reduction.

Similarly the substitution of a small fraction of Bi atoms for As in III-As group semiconductor alloys

also results in strong composition-dependent band gap bowing. According to different studies (

Ref. [34] and the references there in), in the case of GaAs1−zBiz, (i) the band gap reduction

is associated with a strong increase of the spin-orbit-splitting energy (∆SO) with increasing Bi

composition, and (ii) the inclusion of higher Bi compositions ( z > 10%) in GaAs can lead to a

band structure where the spin-orbit-splitting energy is greater than the band gap.

In the case of conventional semiconductor alloys, for example, GaAs1−ySby or InAs1−ySby, where

Sb atoms replace As atoms, with the increase in Sb composition, the material properties vary

more smoothly. Here the Sb atom does not act as an impurity to the host compound. Hence

for these conventional alloys, one can use the virtual crystal approximation (VCA) to study the

material properties. But VCA fails due to the drastic change in properties in III-V nitride and

bismide alloys. The theoretical modeling of these HMAs is quite complicated, due to their unique

properties. Different atomistic models such as density functional theory (DFT) and empirical

pseudo potential methods are able to demonstrate this band structure, but at the same time they

are quite complex and computationally expensive. Shan et al. [130–132] introduced the idea of a

simplest two-band model known as the BAC model which describes how the extended Bloch states

of the InAs host matrix undergo a strong anticrossing interaction with localized N-impurity related

states that are resonant with the (In)GaAs CB. One can obtain the CB structure by diagonalizing

this BAC Hamiltonian matrix [130–132]. Using a similar approach, the VB structure of bismide

alloys can also be found [34].

3.2.1 Band structure: BAC model

The main features of the band structure of dilute nitride and bismide alloys can be described via

the BAC model [130–132], in which the extended Bloch states of the host matrix semiconductor

– the CB edge in dilute nitrides [130, 133, 134], and the VB edge in dilute bismides [135–137]

– interact with and repel in energy the dispersionless localised impurity level associated with an

isovalent substitutional N or Bi impurity. In this manner, the BAC model describes (i) the strong

reduction and composition-dependent bowing of the band gap due to N or Bi incorporation, and

(ii) the increase in CB (VB) edge effective mass due to hybridisation of an extended band-edge

state with a N- (Bi-) related localised impurity state [33, 133, 141] When we substitute a fraction

of x (z) amount of As atoms by N (Bi) atoms, with As to form InNxAs1−x (InAs1−zBiz), the

resulting BAC Hamiltonian matrix is given by Eq. (3.1) and (3.2) respectively.
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HN (x) =

(
EN β

√
x

β
√
x ECB (k)

)
, (3.1)

HBi (z) =

(
EVB (k) β

√
z

β
√
z EBi

)
, (3.2)

where ECB (k) = ECB (0) + ~2k2

2mCB
, and EVB (k) = EVB (0)− ~2k2

2mVB
describe the dispersion of the CB

and VB of unperturbed InAs respectively. ECB (0), EVB (0), mCB and mVB are the CB, VB edge

energy and electron effective mass of CB (VB) of the (unperturbed) InAs host matrix respectively,

and EN and EBi are the energy of the N (Bi)-related localized states. β is the BAC coupling

parameter, which describes the strength β
√
x ( β

√
z ) of the repulsive interaction between the

ECB (EVB) and EN (EBi) states, with the composition x (z). The CB structure for a dilute nitride

alloy can then be obtained by diagonalizing the Hamiltonian matrix Eq. (3.1), the energy (Ec± (k))

versus k relation is given by

Ec± (k) =
EN + ECB (k)

2
±

√(
EN − ECB (k)

2

)2

+ β2x . (3.3)

Similarly, for dilute bismide alloys, the eigenenergy values for the VB, are given by

Ev± (k) =
EBi + EVB (k)

2
±

√(
EBi − EVB (k)

2

)2

+ β2z . (3.4)

The N- and Bi-related parameters of Eqs. (3.1) and (3.2) have most often been estimated by fit-

ting to experimental band gap data [130, 135, 142, 143]. However, this procedure is undesirable

in general, because it typically relies on fitting two (or more) parameters to a single piece of ex-

perimental data (the band gap at a given N or Bi composition x (z)), requiring assumptions to

be applied regarding unconstrained parameters and thereby introducing systematic uncertainty.

To avoid this, our group have previously developed an approach to directly compute all of the N-

and Bi-related parameters of Eqs. (3.1) and (3.2) via atomistic alloy supercell electronic structure

calculations. Specifically, using the tight-binding method, we have explicitly constructed the lo-

calised states associated with an isolated substitutional N or Bi impurity in a series of ordered

2M -atom InMAsM−1(N, Bi)1 (x = M−1) alloy supercells, which are then used in conjunction with

the InMAsM−1(N, Bi)1 alloy and InMAsM host matrix eigenstates to explicitly evaluate the as-

sociated BAC and virtual crystal matrix elements [33, 133, 134, 137, 144–147]. This removes the

requirement to perform post hoc fitting to alloy experimental data, producing parameter sets that

we have generally found to produce an excellent quantitative agreement with experiment. The N-

and Bi-related parameters computed in this manner are listed in Table. 3.1. We note that the N

and Bi localised state energies EN and EBi are given relative to the InAs host matrix VB edge –

which we maintain as our zero of energy throughout – so that, e.g., the N-related impurity level

in InAs lies 1.032 eV (= EN − Eg) above the CB edge in energy.
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Figure 3.1: Conduction band structure of InN0.05As0.95 due to inclusion of N atoms (x = 5%),
computed using the BAC model (Eq. (3.3)). The BAC model describes that the InAs host matrix
CB (dashed line) goes through a N composition-dependent anticrossing interaction with localized
N-impurity related resonant states at energy EN (dashed - dotted line), splitting the CB into two
bands E±(k)(solid lines). The zero of energy is taken at the InAs CB edge.

Parameter InNxAs1−x InAs1−zBiz
EN 1.386a —–

EBi —– −0.217d

β 1.212a 0.920d

α 1.550b 2.603d

γ 0.000c 1.027d

Table 3.1: Parameters for the 3-band BAC Hamiltonians of InNxAs1−x and InAs1−zBiz,
Eqs. (3.1) and (3.2), including the N- and Bi-related resonant impurity state energies EN and
EBi, the BAC coupling strength β, and the CB and VB edge energy virtual crystal shifts α and
γ (Eqs. (3.6) and (3.7)). EN and EBi are given relative to the zero of energy at the InAs VB
maximum. All parameters are listed in units of eV. (aRef. [33] bRef. [148] cRef. [149] dRef. [150]
)

Using the N-related parameters of Table. 3.1, we have calculated the composition-dependent

InNxAs1−x and InAs1−zBiz alloy band gaps Eg(x) (Eg(z)) at k = 0, shown in Figs. 3.3(b) and 3.3(c)

using solid green and red lines, respectively. Here, our calculations describe that N (Bi) incorpora-

tion in InAs produces a band gap reduction of approximately 29 (69) meV per % N (Bi) replacing

As. Open green circles in Fig. 3.3(b) show the InNxAs1−x band gap determined via room tempera-

ture photoluminescence measurements [140], with which our calculations are in good, quantitative

agreement. Open red circles in Fig. 3.3(c) show the InAs1−zBiz band gap determined via room

temperature optical absorption measurements [151]. While our predicted band gap in Fig. 3.3(c)

underestimates the measured band gap, we note that extrapolating the experimental data back

to y = 0 produces an InAs band gap which is significantly in excess of that expected at room
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Figure 3.2: Valence band structure of InBi0.05As0.95 due to inclusion of Bi atoms (x = 5%),
computed using the BAC model (Eq. (3.4)). The BAC model describes that the InAs host matrix
VB (dashed line) goes through a Bi composition-dependent anticrossing interaction with localized
Bi-impurity related resonant states at energy EBi (dashed-dotted line), splitting the VB into two
bands E±(k)(solid lines). The zero of energy is taken at the InAs VB edge.

temperature (cf. open blue circle at y = 0 in Fig. 3.3(a)) [122]. We note that these measured

InAs0.9915Bi0.0085 band gaps were obtained not by the conventional approach of exploiting the

known energy dependence of the optical absorption edge in a direct-gap semiconductor, but rather

as the energy at which the absorption reached a chosen fixed value (= 1000 cm−1) [151]. This

approach does not account for the strong, Bi composition-dependent spectral broadening observed

in experiment, potentially introducing systematic uncertainty into the extraction of Eg. We em-

phasise that our parametrisation of Eq. (3.2) accurately describes the measured rate at which the

InAs1−zBiz band gap reduces with increasing Bi composition z.

3.3 Theoretical model

We are interested in analysing the impact of BAC on BTBT due to modification of the complex

band structure. It is simplest to employ a combined k·p and WKB approach to do so. While the

WKB approximation has known quantitative shortcomings – e.g. underestimation of the low-field

generation rate for larger band gaps [112] – we focus on the relative impact of BAC on BTBT

by comparing results for highly-mismatched InNxAs1−x and InAs1−zBiz to those for conventional

InAs1−ySby alloys having equal band gap. In this manner, our analysis provides detailed insight

into the impact of BAC on BTBT, with the implications for BTBT identified via this comparative
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Figure 3.3: Calculated composition-dependent band gaps of (a) InAs1−ySby (solid blue line), (b)
InNxAs1−x (solid green line), and (c) InAs1−zBiz (solid red line). Open blue and green circles in (a)
and (b) respectively denote the room temperature photoluminescence measurements of Refs. [152]
and [140]. Open red circles in (c) denote the room temperature optical absorption measurements
of Ref. [151].

analysis expected to hold in more sophisticated formalisms. We therefore began with a 2-band

(Kane) k·p Hamiltonian for the band structure of InAs in Chapter. 2. The goal of the chapter was

to provide a simple theoretical model to find the BTBT generation rate (G) which involved three

main steps (i) To find the complex band structure (CBS) from the Hamiltonian matrix analytically

(ii) then the numeric WKB analysis using the CBS to compute the transmission coefficient (T )

and (iii) finally numerical evaluation of G from T . In that chapter, we also presented that the

numerical WKB calculations produce results indistinguishable from the conventional Kane BTBT

model. Having given a full description of how to calculate the BTBT generation rate from the

Hamiltonian matrix in Chapter. 2, we now focus on the Hamiltonian matrix and the corresponding

CBS for dilute nitride and bismide alloys InNxAs1−x and InAs1−zBiz, for each of which the 2-band

(Kane) k·p Hamiltonian is modified to an appropriate 3-band BAC Hamiltonian. This allows for

the analytical calculation of the CBS associated with the BAC model. For InAs1−ySby alloys, we

retain the 2-band (Kane) model and obtain the interband momentum matrix element P via linear

interpolation of the values determined for InAs and InSb.
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3.3.1 Model Hamiltonians and complex band structure

As InAs1−ySby is a conventional alloy, the Hamiltonian matrix describing its band structure is the

same as that for InAs in Chapter. 2. The only difference is that here the band gap (Eg) and the

interband (Kane) momentum matrix element P are functions of Sb composition y. The 2-band

k·p Hamiltonian matrix due to Kane describes the dispersion of the lowest energy CB and the

light-hole (LH) VB

H (y) =

 Eg (y) + ~2

2m0

(
k2
⊥ + k2

z

)
P (y)

√
k2
⊥ + k2

z

P (y)
√
k2
⊥ + k2

z
~2(k2

⊥+k2
z)

2m0

 , (3.5)

where Eg (y) is the zone-centre (k = 0) band gap, and P (y) is the interband (Kane) momentum

matrix element of InAs1−ySby at a given Sb composition y. As previously discussed, the band

dispersion admitted by Eq. (3.5) is spherical – i.e. it depends only on the magnitude k =
√
k2
⊥ + k2

z

of the wave vector, where in order to treat BTBT in the presence of an electric field applied along

the [001] direction, kz and k⊥ are the components of wave vector parallel (kz) and perpendicular

(k⊥) to the [001] direction.

We recall from Chapter. 2 that the band edge effective masses are parametrisable as
m∗±
m0

=∣∣∣ Eg

Eg±EP

∣∣∣ , via the choice of Kane parameter EP , where EP = 2m0P 2

~2 . For InAs1−ySby alloys

we begin with the InAs room temperature band gap Eg = 0.354 eV, [122] and adjust EP to fit to

the InAs CB edge effective mass m∗+ = 0.026m0 [122], yielding EP = 13.261 eV (P = 7.108 eV

Å). Repeating this procedure for InSb, with Eg = 0.174 eV and m∗+ = 0.0135m0 [122], we obtain

EP = 12.641 eV (P = 6.940 eV Å). For InAs1−ySby alloys, we obtain the interband momentum

matrix element P via linear interpolation of the values determined for InAs and InSb. This choice

of interpolation scheme imposes that the bowing of the Sb composition-dependent electron effective

mass in InAs1−ySby originates entirely from the bowing of the band gap. This is consistent with

recent k·p-based analysis of experimental data [83], where linear interpolation of P was found to

reproduce accurately the measured bowing of the InAs1−ySby electron effective mass. Combined

with our choice of band gap bowing parameter (described below), our linear interpolation of P in

Eq. (3.5) produces a bowing parameter 0.046m0 for the InAs1−ySby electron effective mass, which

is close to the centre of the range 0.030m0 – 0.055m0 identified in Ref. [122].

For the alloy band gap of InAs1−ySby we interpolate the alloy band gap between that of InAs

(= 0.354 eV) and InSb (= 0.174 eV) using a bowing parameter b fit directly to experimental

measurements. For the band gap range of interest in this study, which ranges from that of InAs

down to ≈ 0.2 eV, we have obtained b = 0.62 eV for InAs1−ySby by fitting to the room temperature

photoluminescence measurements of Ref. [152] in the composition range y ≤ 20%. The result of

this parametrisation is shown in Fig. 3.3(a), where we note that a composition-independent bowing

parameter (solid blue line) is sufficient to quantitatively describe the measured alloy band gap (open

blue circles) across the Sb composition range of interest.
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Now from Eq. (3.5), we need to compute the CBS Im {kz,−(E,k⊥)}, using which we can compute

the corresponding transmission coefficient and generation rate for BTBT. The details regarding

all these calculations were explained in Chapter. 2 where, using the 2-band Kane Hamiltonian

matrix for InAs (Eq. (2.58)), we obtained the real CB and LH band dispersions, and the CBS, by

using Eq. (2.59) and Eqs. (2.61) and (2.62) respectively. Finally, we computed the transmission

coefficient and BTBT generation rate by implementing Eq. (2.64) and (2.65) respectively.

Having described the calculation of the CBS for conventional InAs1−ySby alloys, we now turn

our attention to highly-mismatched dilute nitride InNxAs1−x and bismide InAs1−zBiz alloys. As

discussed in the previous section, when substituted in dilute concentrations in InAs to form dilute

nitride InNxAs1−x or bismide InAs1−zBiz alloys, isolated N (Bi) atoms act as isovalent impurities,

introducing N (Bi)-related localised impurity states that are resonant with the CB (VB) of the

InAs host matrix semiconductor. We extend the Kane Hamiltonian of Eq. (3.5) via Eqs. (3.1)

and (3.2) i.e. by inclusion of a N (Bi)-related localised impurity state, and including a N (Bi)

composition-dependent BAC interaction between this state and the extended InAs CB (VB) edge

state. Choosing the zero of energy to lie at the InAs VB edge, the resulting 3-band BAC Hamilto-

nian for InN1−xAsx and InAs1−zBiz at a given N and Bi composition x and z are given respectively

by

H (x) =


EN β

√
x 0

β
√
x Eg − αx+ ~2

2m0

(
k2
⊥ + k2

z

)
P
√
k2
⊥ + k2

z

0 P
√
k2
⊥ + k2

z γ x+ ~2

2m0

(
k2
⊥ + k2

z

)
 , (3.6)

H (z) =


Eg − α z + ~2

2m0

(
k2
⊥ + k2

z

)
P
√
k2
⊥ + k2

z 0

P
√
k2
⊥ + k2

z γ z + ~2

2m0

(
k2
⊥ + k2

z

)
β
√
z

0 β
√
z EBi

 , (3.7)

where m0 is the free electron mass, Eg is the InAs zone-centre (k = 0) band gap, P is the inter-band

(Kane) momentum matrix element, EN and EBi are the energy of the N and Bi -related localised

state relative to the InAs VB edge respectively. β is the BAC coupling parameter describing the

strength β
√
x and β

√
z of the N and Bi composition-dependent BAC interaction between the InAs

extended CB(VB) edge and N (Bi)-related localised states and α and γ are virtual crystal-type

terms respectively describing the N (Bi) -induced energy shifts to the host matrix CB and VB

edge energies as a function of composition x [144, 148]. The parameters Eg and P are assigned

the values given above for the InAs host matrix semiconductor.

The characteristic equations associated with Eqs. (3.6) and (3.7) are cubic in the energy E, with

numerical diagonalisation for real wave vectors k = (k⊥, kz) yielding the (real) band structure.

However, since the N- (Bi-)-related impurity levels are dispersionless, the characteristic equations

associated with Eqs. (3.6) and (3.7) can be cast as quartic equations in kz, which can be factorised
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analytically. It is therefore possible to compute the CBS associated with Eqs. (3.6), (3.7) analyti-

cally, yielding an expression for the CBS of the form of k2
z,±(E, k⊥) = κ2

±(E) − k2
⊥ (Eq. (2.61)) ,

where for the dilute nitride and bismide cases we obtain the respective expressions

~2κ2
±

2m0
= E +

EP − Eg + (α− γ)x

2
+

β2x

2(EN − E)

±

√(
E +

EP − Eg + (α− γ)x

2
+

β2x

2(EN − E)

)2

−
(
E − Eg + αx+

β2x

EN − E

)
(E − γx) , (3.8)

~2κ2
±

2m0
= E +

EP − Eg + (α− γ)z

2
+

β2z

2(EBi − E)

±

√(
E +

EP − Eg + (α− γ)z

2
+

β2z

2(EBi − E)

)2

−
(
E − Eg + αz +

β2z

EBi − E

)
(E − γz) , (3.9)

which reduce to Eq. (2.62) for x = 0 and z = 0.

3.3.2 BTBT transmission coefficient and generation rate

In the previous chapter, we performed benchmark calculations which verified the validity of nu-

merical WKB calculations as a platform to investigate BTBT in HMAs. We recall from Chapter. 2

that in the WKB approximation the transmission coefficient T associated with direct BTBT at

applied electric field F = |F| and the generation rate (per unit volume) G [126] are computed

as [112, 126]

T (k⊥) =
π2

9
exp

(
− 2

eF

∫ ECB(k⊥)

ELH(k⊥)
|Im {kz,−(E,k⊥)}|dE

)
, (3.10)

G(F ) =
eF

π~

∫
dk⊥
(2π)2

T (k⊥) , (3.11)

where, for tunneling along [001] ‖ F, kz,−(E,k⊥) is the complex band linking the LH and CB at

perpendicular wave vector k⊥ (cf. Eq. (2.61)), and the upper and lower limits on the integral are

the energies of the (real) CB and LH bands at k⊥.

3.4 Results

In this section, we present our results based on the theoretical analysis. Analysis presented in

Chapter. 2 showed that the field-dependent transmission coefficient depends on both complex and

real band dispersion. The complex band dispersion dominates T at low field, but the evolution
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Figure 3.4: Calculated complex band structure of (a) InAs1−ySby (y = 7.85%), (b) InNxAs1−x
(x = 2.04%), and (c) InAs1−zBiz (z = 0.85%) alloys having equal band gap Eg = 0.295 eV at
k⊥ = 0. In each case, the left- (right-) hand panel shows the calculated imaginary (real) bands.
The imaginary band |Im {kz,−(E,k⊥)}| is shown for perpendicular wave vectors k⊥ = 0.0, 0.2,
0.4, 0.6, 0.8 and 1.0 nm−1 using solid black, dark purple, purple, red, orange and yellow lines
respectively. Dashed lines and open circles highlight that, for a given perpendicular wave vector
k⊥, the imaginary band |Im {kz,−(E,k⊥)}| links the CB and LH bands at energies E±(k⊥). Note
that the features associated with the N-related localised impurity state in (b) are out of scale, since
EN = 1.386 eV (cf. Table. 3.1).

of T for F & 1 MV cm−1 is primarily governed by an interplay between the real and complex

band dispersion away from k⊥ = 0. The substantial modification of the real and complex band

dispersion in HMAs due to BAC interactions is then expected to modify BTBT compared to that

in a conventional alloy having the same band gap. In the first part of this section, we target

quantifying these effects and hence begin by analysing T and G in highly-mismatched InNxAs1−x

and InAs1−zBiz alloys and in conventional InAs1−ySby alloys at fixed band gap. In all three cases

the alloy composition is chosen to ensure equal band gap Eg = 0.295 eV at k⊥ = 0. This exemplar

band gap corresponds to a wavelength of 4.2 µm, chosen since it coincides with a strong absorption

band of CO2, and is hence a representative wavelength for mid-infrared sensing applications. Here,

since we consider alloys having equal band gap, changes in T and G result solely from differences

in the real and complex band dispersion, allowing to directly interrogate and quantify the impact

of BAC on the BTBT transmission coefficient T and generation rate G. In the second part, we

focus on studying the BTBT current generation rate as a function of zone-centred alloy band-gap

at different electric field strengths.

3.4.1 Fixed band gap (Eg = 0.295 eV, λ = 4.2 µm)

We begin with the complex band structure of (a) InAs1−ySby (y = 7.85%), (b) InNxAs1−x (x =

2.04%), and (c) InAs1−zBiz (z = 0.85%) alloys having Eg = 0.295 eV as shown in Figure 3.4. The

left- and right-hand panels respectively show the complex and real band dispersion, while the line

colour denotes the magnitude k⊥ of the perpendicular wave vector. Solid lines show the computed

band structure calculated using Eq. (2.61) in conjunction with (a) Eq. (2.62), (b) Eq. (3.8), and

κ2
±(E) computed via Eq. (3.7). The complex band dispersion |Im {kz,−(E,k⊥)}| is shown in each

case for perpendicular wave vectors k⊥ = 0 (black) to 1 nm−1 (yellow) in steps of 0.2 nm−1.
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Figure 3.5: Calculated relative BTBT transmission coefficient T at (a) k⊥ = 0, (b) k⊥ =
0.2 nm−1, and (c) k⊥ = 0.4 nm−1 for InAs1−ySby (y = 7.85%; dashed blue lines), InNxAs1−x
(x = 2.04%, dash-dotted green lines), and InAs1−zBiz (z = 0.85%; solid red lines) alloys having
equal band gap Eg = 0.295 eV at k⊥ = 0. (d) Calculated relative BTBT generation rate G for
InAs1−ySby (y = 7.85%; dotted blue lines), InNxAs1−x (x = 2.04%, dash-dotted green lines), and
InAs1−zBiz (z = 0.85%; solid red lines) alloys. Relative values of T and G in (a) – (d) are computed
at each applied electric field F by dividing the calculated value of T or G by that calculated for
InAs1−ySby.

Dashed lines and open circles indicate schematically the intersection between the real and complex

bands at the CB and LH energies E±(k⊥) – i.e. the limits of integration in Eq. (2.64) – obtained

for InAs1−ySby via Eq. (2.59), and for InNxAs1−x and InAs1−zBiz by diagonalising Eqs. (3.6)

and (3.7) respectively. This figure highlights the growth of the area bounded by the complex

band |Im {kz,−(E,k⊥)}| linking the CB and VB with increasing k⊥, which plays a critical role in

determining the magnitude of T at high electric field.

Beginning with InNxAs1−x, we note that the calculated complex band structure of Fig. 3.4(b)

is minimally changed compared to that of InAs1−ySby in Fig. 3.4(a). Recalling the parameters

of Table. 3.1, we note that this is a consequence of InNxAs1−x representing a weakly perturbed,

highly-mismatched alloy: the N-related localised impurity state lies 1.032 eV above the InAs CB

edge in energy, a large energy difference which minimises the impact of N-related BAC on the band

structure close in energy to the CB edge. This can be seen in Eq. (3.8), where the N composition-

dependent terms at energy E are ∝ (EN − E)−1. We compute a minimal increase in CB edge

effective mass for InNxAs1−x, leading to a slight reduction in the band gap at fixed k⊥ compared

to InAs1−ySby. However, considering the complex band structure of dilute bismide InAs1−zBiz in

Fig. 3.4(c), we note extremely strong modification compared to InAs1−ySby. This is a consequence

of the close proximity in energy of the Bi-related localised impurity state in InAs to the VB edge

(cf. Table. 3.1), resulting in a strongly perturbed VB structure. At small k⊥ the BAC-induced

increase in VB edge effective mass increases the area bounded by |Im {kz,−(E,k⊥)}|. However,

at larger k⊥ the growth of this area is strongly limited in the VB by BAC: the dispersion of the

complex band flattens close in energy to the Bi impurity state at EBi = −0.217 eV, at which energy

the real band dispersion admitted by Eq. (3.7) possesses a singularity in the VB DOS.

Based on the complex band structures of Fig. 3.4 we therefore expect that BAC in InNxAs1−x

(InAs1−zBiz), compared to InAs1−ySby, will result in (i) reduced T and hence G at low F , where the
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increase in CB (VB) edge effective mass will act to increase the area bounded by |Im {kz,−(E,k⊥)}|
close to k⊥ = 0, and (ii) increased T and hence G at high F , where BAC will act to limit the

growth of the area bounded by |Im {kz,−(E,k⊥)}| at larger k⊥. The latter effect is expected to be

minimal in InNxAs1−x, since the singularity in the CB DOS at energy EN occurs at large values

of k⊥ – out of scale in Fig. 3.4(b) – at which the band gap is too large for states to contribute

appreciably to BTBT. These expected trends are confirmed in Fig. 3.5, which shows T as a function

of F calculated at (a) k⊥ = 0, (b) k⊥ = 0.2 nm−1, and (c) k⊥ = 0.4 nm−1 for InAs1−ySby (dashed

blue lines), InNxAs1−x (dash-dotted green lines), and InAs1−zBiz (solid red lines). In each case T

is shown relative to that calculated for InAs1−ySby at a given electric field F , allowing to directly

quantify the impact of the aforementioned modifications of the complex band structure on BTBT

at fixed band gap.

At k⊥ = 0, in Fig. 3.5(a), we find that T in both InN0.0204As0.9796 and InAs0.9915Bi0.0085 is reduced

compared to that in InAs0.9215Sb0.0785. For example, at F = 0.1 MV cm−1, T in InN0.0204As0.9796

(InAs0.9915Bi0.0085) is reduced to 91.6% (72.9%) of that in InAs0.9215Sb0.0785, reflecting the stronger

increase in band edge effective mass due to Bi incorporation, while at F = 1 MV cm−1 T in

InN0.0204As0.9796 (InAs0.9915Bi0.0085) is 99.1% (96.9%) of that in InAs0.9215Sb0.0785, reflecting the

saturation of T at high field (cf. Fig. 2.12(b)). At k⊥ = 0.2 nm−1, in Fig. 3.5(b), we note minimal

differences between the values of T calculated for the three alloys. We identify this value of the

perpendicular wave vector as that corresponding to the boundary between “small” and “large”

k⊥, demarcating the crossover between the aforementioned portions of the complex band structure

that govern the behaviour of G at “low” and “high” applied electric fields. Finally, at k⊥ = 0.4

nm−1, in Fig. 3.5(c), we find that T in both InN0.0204As0.9796 and InAs0.9915Bi0.0085 is increased

compared to that in InAs0.9215Sb0.0785, reflecting that BAC limits the growth of the area bounded

by |Im {kz,−(E,k⊥)}| at large k⊥. Again, this effect is most pronounced for InAs0.9915Bi0.0085

due to the strength of the BAC-induced perturbation of the VB structure due to Bi incorporation

(cf. Fig. 3.4(c)). We present the electric field-dependent BTBT transmission coefficient at three dif-

ferent k⊥ (0, 0.2 , and 0.4 nm−1). Finally we show the relative generation rate G in Fig. 3.5(d), for

InAs0.9215Sb0.0785, InN0.0204As0.9796 and InAs0.9915Bi0.0085 using dashed blue, dash-dotted green

and solid red lines, respectively. We present the relative G with respect to InAs0.9215Sb0.0785.

Here, the calculated trends in the relative BTBT transmission coefficients of Figs. 3.5(a) – 3.5(c)

are manifested. For InN0.0204As0.9796 we observe a reduction in G at low field, with the calculated

generation rate at F = 0.1 MV cm−1 being 92.5% of that in InAs0.9215Sb0.0785. By F = 1 MV cm−1

the generation rate in InN0.0204As0.9796 is found to be within 0.1% of that in InAs0.9215Sb0.0785.

At higher fields G in InN0.0204As0.9796 is calculated to exceed that in InAs0.9215Sb0.0785, but only

minimally: at F = 10 MV cm−1 G in InN0.0204As0.9796 exceeds that in InAs0.9215Sb0.0785 by only

1.4%. Turning our attention to InAs0.9915Bi0.0085 we find, in line with the calculated transmission

coefficients, that the impact on G due to Bi incorporation is enhanced compared to that asso-

ciated with N incorporation. At low electric field G is suppressed, being only 75.5% of that in

InAs0.9215Sb0.0785 at F = 0.1 MV cm−1. We again find that G is approximately equal to that in
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InAs0.9215Sb0.0785 for F ≈ 1 MV cm−1, beyond which it is enhanced in the high-field regime, with

G at F = 10 MV cm−1 exceeding that in InAs0.9215Sb0.0785 by 19.6%.

This analysis demonstrates that incorporating N or Bi has the potential to significantly impact

BTBT compared to a conventional semiconductor alloy having the same band gap. Generally, BAC

acts to suppress (enhance) the BTBT generation rate G at low (high) electric field. Our analysis

identifies that this behaviour is governed by a field-dependent competition between various aspects

of the complex band structure. These effects are primarily governed by the strength of the impact

of N- (Bi-) related BAC on the complex band structure close in energy to the CB (VB) edge, and

are most pronounced when the associated N- (Bi-) related localised impurity state lies close in

energy to the CB (VB) edge of the host matrix semiconductor.

3.4.2 Variable band gap: InAs1−ySby vs. InNxAs1−x, InAs1−zBiz alloys

Having investigated the impact of BAC on BTBT at a single fixed band gap, we now turn our

attention to trends as a function of the alloy band gap. The results of these calculations are

summarised in Fig. 3.6, for (a) dilute nitride InNxAs1−x, and (b) dilute bismide InAs1−zBiz. In

each case the BTBT generation rate G is shown relative to that in an InAs1−ySby alloy having

the same band gap. Coloured solid lines in Fig. 3.6 show the variation of the relative G with the

k⊥ = 0 alloy band gap Eg(x), (Eg(z)) for electric fields varying from 50 kV cm−1 (yellow) to 5

MV cm−1 (black). The dashed grey line in each case highlights the relative value G = 1 for the

conventional (reference) InAs1−ySby alloy.

In Fig. 3.6 we see more broadly the trends identified via our fixed band gap calculations above. For

low fields F . 1 MV cm−1 (solid yellow, orange, red and magenta lines) the BTBT generation rate

in InNxAs1−x and InAs1−zBiz is suppressed compared to that in InAs1−ySby. For the lowest electric

field F = 50 kV cm−1 considered, we calculate that the relative G is minimised in InNxAs1−x

(InAs1−zBiz) for an alloy band gap of 0.254 eV (0.257 eV) – corresponding to a N (Bi) composition

x = 3.50% (1.45%) – where it attains a value equal to 82.2% (50.0%) of that in InAs1−ySby. Again,

we note that the reduction of G at low field is significantly more pronounced in InAs1−zBiz than

in InNxAs1−x. The observed dependence of the calculated relative G values on alloy band gap can

be understood in terms of the competing impacts of the BAC-induced band gap narrowing and

increase in CB (VB) edge effective mass in InNxAs1−x (InAs1−zBiz). In conventional InAs1−ySby

the decrease in Eg with increasing Sb composition is associated with a decrease in reduced effective

mass m∗r (∝ Eg), both of which then act to increase G at fixed electric field (cf. Eq. (2.67)) by

reducing the area bounded by |Im {kz,−(E,k⊥)}|. However, in highly-mismatched dilute nitride

(bismide) alloys the reduction in Eg is generally associated with an increase in CB (VB) edge

effective mass, with the former and latter respectively acting to increase and decrease G. Since at

low F contributions to G are dominated by states close to k⊥ = 0, the BAC-induced increase in

band edge effective mass plays the decisive role and leads to an initial reduction in the relative G

with decreasing Eg in InNxAs1−x and InAs1−zBiz. As Eg decreases further, the band gap narrowing

acts to increase G with sufficient strength that it counteracts the tendency of the increased band
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Figure 3.6: Calculated relative BTBT generation rate G as a function of the alloy band gap Eg(x)
for (a) InNxAs1−x, and (b) InAs1−zBiz. Results are shown for applied electric fields F = 50 kV
cm−1 (yellow), 0.1 MV cm−1 (orange), 0.2 MV cm−1 (red), 0.5 MV cm−1 (magenta), 1 MV cm−1

(purple), 2 MV cm−1 (dark purple), and 5 MV cm−1 (black). Relative values of G are computed
at each alloy band gap Eg(x) by dividing the value calculated for InNxAs1−x or InAs1−zBiz by
that calculated for an InAs1−ySby alloy having the same band gap.

edge effective mass to reduce G. This leads to the presence of a minimum in the calculated band

gap dependence of the relative G at low field. However, we note overall that the calculated low-field

values of G for InNxAs1−x and InAs1−zBiz in this Eg . 0.25 eV range remain lower than those

calculated for InAs1−ySby having equal band gap, confirming that the tendency of BAC to decrease

low-field BTBT current holds across the full range of band gaps considered in our analysis.

For high fields F & 1 MV cm−1 (solid dark purple and black lines), we see that the BTBT

generation rate in InNxAs1−x and InAs1−zBiz exceeds that in InAs1−ySby. As described above,

the amount by which G in InNxAs1−x exceeds that in InAs1−ySby is limited by the weak impact

of N-related BAC on the CB structure in the ranges of E and k⊥ that contribute to BTBT. Our

calculations in Fig. 3.6(a) reveal that this behaviour is approximately independent of the band
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gap, so that high-field BTBT currents in InNxAs1−x are expected to be comparable to those in

InAs1−ySby across the range of dilute N compositions relevant to narrow-gap device applications.

Turning to InAs1−zBiz in Fig. 3.6(b), we note here an unusual feature: at high fields F & 1 MV

cm−1 our calculations suggest an abrupt increase in G due to Bi incorporation. We note that this

“jump” inG is a feature of the model employed rather than a true physical effect: it is a consequence

of a well-known unphysical aspect of the BAC model. Specifically, the LH band dispersion described

by Eq. (3.7) approaches the Bi localised impurity state energy EBi asymptotically with increasing

k⊥ (cf. Fig. 3.4(c)). This produces a singularity in the DOS at energy EBi, below which energy

there exists a gap in the DOS. In the context of the present calculations, the origin of the calculated

“jump” in G is the asymptotic dispersion of the LH band: the flattening of this band with increasing

k⊥ produces an artificially large number of states having energy close to EBi that can contribute to

BTBT with increasing F . The magnitude of this “jump” in G is then a consequence of the cut-off

value of k⊥ employed in the numerical evaluation of Eq. (3.11).

These unphysical aspects of the BAC model have been understood via theoretical analysis of

GaNxAs1−x and related dilute nitride alloys. The established approach to circumvent these issues

has been to treat the BAC interaction via a Green’s function solution of the Anderson impurity

model [153, 154]. This approach assigns a complex energy broadening to the localised impurity

state, removing the unphysical singularity and gap in the DOS predicted by the BAC model. Gen-

erally, this broadening has been treated phenomenologically, and assigned a constant value (which

can be estimated using perturbation theory [154, 155]). More rigorous analysis of the Anderson

impurity model has demonstrated that this localised state broadening is energy dependent, man-

dating a self-consistent computation of the Anderson model Green’s function [156]. In a simple

BAC model treating localised states having a single energy – such as the models employed in this

work – this self-consistent Green’s function approach removes the singularity in the DOS at the

impurity energy, but the aforementioned gap in the DOS remains [155]. Rigorous self-consistent

calculations for GaNxAs1−x demonstrate that this gap in the DOS is removed only when a full

distribution of N-related localised (cluster) states is treated explicitly, producing a DOS which is in

agreement with that obtained from large-scale atomistic supercell calculations [157]. To integrate

such an approach into rigorous calculations of the BTBT generation rate is beyond the scope of

this work. Therefore, while there is quantitative uncertainty in our prediction of the degree to

which G in InAs1−zBiz exceeds that in InAs1−ySby, we emphasise that an increase is nonetheless

expected at higher fields. This is because, even in the absence of an unphysical singularity in

the DOS at the impurity state energy, Green’s function solutions of the Anderson impurity model

uniformly predict that the presence of BAC nonetheless produces a significant enhancement of the

DOS close in energy to the impurity state. So, while our simple BAC model likely overestimates

the magnitude of this increase in DOS, the fact that the DOS in InAs1−zBiz is expected to signifi-

cantly exceed that of the InAs host matrix semiconductor close in energy to EBi indicates that our

qualitative conclusions regarding the nature of high-field BTBT should hold.

Overall, our calculations reveal the existence of distinct low-field (F . 1 MV cm−1) and high-field

(F & 1 MV cm−1) regimes for BTBT in ideal HMAs. In the low-field regime, where tunneling
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is dominated by states close to k⊥ = 0, the BAC-induced increase in band edge effective mass

dominates and acts to reduce BTBT current compared to that in a conventional semiconductor

having the same band gap. In the high-field regime, where tunneling is dominated by states at large

k⊥, the BAC-induced modification of the real DOS and complex band dispersion dominates and

acts to increase the BTBT current. Additionally, our analysis highlights that careful theoretical

treatment of BTBT is required in cases where localised impurity states lie close in energy to the

CB or VB edge of the host matrix semiconductor. In this case, the unphysical prediction by the

BAC model of a singular DOS at the impurity energy precludes fully quantitative prediction of

the BTBT current when states close in energy to the impurity contribute to tunneling.

3.5 Implications for practical applications

As described in Sec. 3.1, for narrow-gap highly-mismatched III-V semiconductor alloys BTBT

is most relevant to the operational characteristics of two classes of devices: (i) long-wavelength

APDs, where BTBT contributes to leakage current, and (ii) TFETs, where BTBT provides the

mechanism for current injection into the channel. Having elucidated the impact of BAC in HMAs

on BTBT, we now describe the implications of our results for proposed practical applications in

each of these classes of devices.

3.5.1 Implications for APD applications

Our results in Sec. 3.4.1 highlight that BTBT in HMAs is governed by a field-dependent interplay

between the impact of (i) the BAC-induced increase in CB or VB edge effective mass, which

dominates at field strengths . 1 MV cm−1 and acts to reduce the BTBT generation rate, and

(ii) the BAC-induced increase in DOS close in energy to localised states, which dominates at

field strengths & 1 MV cm−1 and acts to increase the BTBT generation rate. Electric field

strengths corresponding to APD operation are typically in the range of several MV cm−1, where

our calculations suggest that the BTBT generation rate can exceed that in a conventional III-V

material of the same band gap. InAs-based APDs [158] possess a higher impact ionisation coefficient

for electrons than for holes, and demonstrate electron-initiated impact ionisation for applied electric

fields ∼ 50 kV cm−1. Similar III-V alloys, including materials such as In0.53Ga0.47As [159] and

GaAs-based APDs [160], respectively demonstrate electron-initiated for electric field strengths of

300 - 400 kVcm−1 [161]. In this context, our results demonstrate the potential of HMAs for APD

applications. Our calculated BTBT generation rates for these alloys are lower at these field values

than in a conventional alloy with the same band gap, suggesting that ideal HMAs could bring the

advantage of reduced leakage current in long-wavelength APD applications.

However, of primary concern for the development of long-wavelength APDs are the electron and

hole impact ionisation rates α and β. From this perspective, HMAs offer significant and as-yet

little-explored opportunities.



Impact of band anti-crossing on band to band tunneling current in highly mismatched dilute
nitride and bismide semiconductor alloys 52

The potential benefit of employing highly-mismatched III-V alloys to develop long-wavelength

APDs was proposed by Adams in Ref. [19]. The excess noise factor of an APD is, at high mul-

tiplication, directly proportional to the ratio k of α and β, with k = β
α or α

β for electron or hole

multiplication respectively. To achieve low-noise multiplication therefore requires k � 1 – i.e. that

multiplication of one type of carrier via impact ionisation is, at fixed electric field, suppressed

relative to multiplication of the other type of carrier [162]. This is the case, e.g., in Si (Eg ≈ 1.1

eV), where α� β so that photo-generated electrons predominantly initiate electron-hole pair gen-

eration via impact ionisation. However, k ∼ 1 in most conventional III-V semiconductors, limiting

the ability to achieve high signal-to-noise ratio at longer wavelengths.

Adams proposed that this limitation could be overcome by exploiting the impact of N incorporation

on the band structure of dilute nitride In(Ga)NxAs1−x – where N incorporation strongly perturbs

the CB structure, while leaving the VB structure comparatively unchanged – to suppress electron

multiplication. In In(Ga)NxAs1−x, N incorporation results in a reduction of the electron mobility

by approximately an order of magnitude – e.g., from ≈ 8500 cm2 V−1 s−1 at room temperature

in GaAs to . 500 cm2 V−1 s−1 in GaNxAs1−x [163, 164] – due to a combination of (i) the BAC-

induced increase in CB edge effective mass, and (ii) strong alloy scattering by N-related localised

impurity states [154, 165, 166]. This strongly suppresses the electron drift velocity in response

to an applied electric field [166], so that N incorporation hinders electrons in acquiring sufficient

energy to initiate carrier multiplication via impact ionisation. Dilute nitride alloys, therefore,

present the opportunity to suppress α while leaving β unchanged, and hence achieve low-noise

hole multiplication. However, initial experimental investigations suggested limited benefit to this

approach [20], likely as it begins with an In(Ga)As semiconductor in which α > β and subsequently

results, when N is incorporated, in a material which is closer to the unfavourable situation where

α ≈ β (k ≈ 1).

Significantly more appealing is to exploit the same principle in dilute bismide In(Ga)As1−zBiz

alloys, where Bi incorporation primarily impacts the VB structure while leaving the CB structure

comparatively unchanged. Experimental investigations have demonstrated strong reduction in hole

mobility in response to Bi incorporation [167] – with electronic structure calculations supporting

suggestions based on experimental data of the presence of Bi-related localised impurity states that

act as strong alloy scattering centres close in energy to the VB edge [137] – while the electron

mobility remains close to that in GaAs [168]. The dilute bismide case then mirrors the dilute

nitride case: in a dilute bismide alloy one begins with a material in which α > β, and further

suppresses β relative to α via Bi incorporation. This is a more desirable approach since it enables

a reduced k = β
α , with minimal reduction expected in the dominant electron impact ionisation rate,

α. Indeed, new experimental evidence suggests strong suppression of the hole impact ionisation

rate in GaAs1−zBiz alloys, such that β � α with reported k = β
α values as low as 0.01 [21].

Recent experimental work has demonstrated that prototypical telecom-wavelength APDs based

on AlAs1−ySby alloys offer significantly enhanced performance compared to conventional InP or

AlxIn1−xAs devices, with high sensitivity operation demonstrated and impact ionisation rate ratio

k = β
α ≈ 0.005 being significantly reduced compared to that in shorter wavelength Si APDs [47].
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Here, beginning from a conventional AlxIn1−xAs material, replacement of As by large, electropos-

itive Sb atoms – while simultaneously removing In to allow lattice matching to InP – is expected

to have a comparable effect to that suggested above for Bi-containing alloys. On this basis, we

suggest that dilute bismide alloys are a promising material system for the development of low-

noise III-V APDs, with the additional benefit that the large band gap reduction associated with

Bi incorporation allows the operating wavelength to be tuned across a broad range in the near-

and mid-infrared on GaAs [4, 169], InP [9, 170] or InAs [18] substrates.

3.5.2 Implications for TFET applications

The tunneling field-effect transistor is an emerging semiconductor device with significant promise

for low-power logic applications that uses BTBT as a carrier injection mechanism to achieve a

subthermionic subthreshold swing of < 60 mV dec−1. From the perspective of TFET applications,

our results suggest three potential benefits of using narrow-gap HMAs as a channel material.

Firstly, the ability to significantly alter the band gap Eg via N or Bi composition provides a

critical additional degree of freedom in the design of ultra-thin body (UTB) or gate-all-around

(GAA) TFETs, allowing, e.g., to circumvent the reduction in current associated with the increased

band gap induced by quantum confinement effects in conventional nm scale structures. Here, N or

Bi can be incorporated in order to reduce the bulk band gap of InAs (cf. Fig. 3.3), resulting in a

tunable channel band gap in a UTB or GAA structure. Secondly, the suppression (enhancement)

of the BTBT generation rate G at low (high) applied electric field F predicted above – compared

to that in a conventional (non-highly-mismatched) alloy having the same band gap – indicates the

possibility to achieve a higher ratio Ion
Ioff

between the TFET on- and off-state currents Ion and Ioff,

allowing for high-speed operation. Thirdly, the enhanced difference between the low- and high-field

BTBT generation rate in HMAs corresponds to an increased slope dG
dF – i.e. a stronger increase in

generation rate with increasing applied field compared to that in a conventional alloy having the

same band gap. The BTBT generation rate is linked to the associated BTBT current density J via

eGV = JF , where V is the applied voltage producing the effective local electric field F experienced

by carriers in a TFET device structure. The enhanced dG
dF in HMAs can therefore be expected to

lead to enhanced dJ
dV , and hence to increased subthreshold slope (i.e. reduced subthreshold swing),

allowing for low-power operation.

Based on our calculated dependence of G on F at fixed band gap (cf. Fig. 3.5(d)), we note that the

second and third benefits described above are expected to be more pronounced for InAs0.9915Bi0.0085

than for InNxAs1−x. Atomistic quantum kinetic calculations for InAs TFETs suggest that while

both GAA and UTB structures produce comparable Ion
Ioff

as high as 102, the two classes of TFET

structure differ markedly in terms of achievable subthreshold swing [127]. Specifically, GAA struc-

tures offer significantly reduced subthreshold swing compared to single- or double-gate UTB struc-

tures, but achieving < 60 mV dec−1 subthreshold swing is a sensitive function of channel diameter

in GAA nanowire TFETs [127]. Here, incorporation of Bi to form an InAs0.9915Bi0.0085 channel in

a GAA nanowire TFET offers clear benefits: the ability to tune the band gap at fixed nanowire
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diameter relaxes constraints on the nanowire diameter required to achieve a < 60 mV dec−1 sub-

threshold swing, allowing to simultaneously engineer low subthreshold swing and increased Ion
Ioff

ratio, due to the enhanced difference between the low- and high-field BTBT generation rate.

On this basis, our analysis suggests that InAs1−zBiz alloys are a potentially promising material

for the design of low-power, high-speed III-V TFETs. In ideal (defect-free) structures, the perfor-

mance of such devices is expected to be improved compared to the already impressive performance

predicted for devices employing InAs as the channel material. However, it should be noted that

the presence of native defects in HMAs is likely to generate deleterious trap-assisted BTBT, which

has the potential to degrade the Ion
Ioff

ratio and would be challenging to fully suppress in practice.

Experimental investigations are therefore required in order to ascertain the degree to which the

predicted enhanced BTBT characteristics of InAs1−zBiz alloys carry over to real devices, and hence

the degree to which the performance of prototype InAs1−zBiz-based TFETs can be enhanced over

InAs-based TFETs.

3.6 Conclusions

In summary, we have presented a theoretical analysis of BTBT in narrow-gap, highly-mismatched

III-V semiconductor alloys containing N and Bi. Specifically, by employing model BAC Hamil-

tonians derived and parametrised from atomistic alloy supercell electronic structure calculations,

we analysed the impact of substitutional N or Bi impurities on the complex band structure, field-

dependent BTBT transmission coefficient T , and field-dependent BTBT generation rate G. The

impact of the impurity-like behaviour of substitutional N or Bi in InAs was emphasised via com-

parison of our calculations for highly-mismatched InNxAs1−x and InAs1−zBiz to those for the

conventional alloy InAs1−ySby. Given the strong band gap dependence of T and G, the impact of

BAC was firstly quantified by these alloys at fixed band gap, before trends as a function of alloy

band gap were described.

Our analysis reveals that, at fixed band gap, the impact of BAC on BTBT is dominated by a

field-dependent competition between the increased band edge effective mass (at low field), and the

associated increased DOS close in energy to the N- or Bi-related impurity state (at high field).

InNxAs1−x and InAs1−zBiz are alloys in which BAC effects are respectively weak and strong, due

to the separation in energy between the relevant host matrix band edge and localised impurity

state in each case. Correspondingly, Bi incorporation in InAs was observed to more strongly

impact BTBT than N incorporation. At low field F . 1 MV cm−1, the increased CB or VB edge

effective mass increases the area bounded in energy and wave vector by the complex band linking

the VB and CB, reducing G compared to that in InAs1−ySby by ≈ 20% and 50% in InNxAs1−x

and InAs1−zBiz, respectively. At high field F & 1 MV cm−1, the increased DOS close in energy to

localised impurity states limits the growth of this area, reflecting that more states are available to

contribute to BTBT in a given energy range and acting to increase G above that in InAs1−ySby.
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From the perspective of device applications, our calculations indicate that ideal narrow-gap APDs

based on HMAs should display reduced leakage currents compared to those based on conventional

III-V alloys. As described for conventional III-V alloys, impact ionisation occurs at relatively

low electric fields ∼ 50 kV cm−1. At these field strengths, HMAs can provide reduced leakage

current via BAC-induced suppression of BTBT compared to conventional III-V alloys. Addi-

tionally, the expected strong reduction in hole impact ionisation rate in dilute bismide alloys is

highly promising, making dilute bismide alloys of continuing interest for low-noise, long-wavelength

APD applications. Telecom-wavelength APD structures are generally grown on InP substrates,

in which case we can start with lattice-matched In0.53Ga0.47 and obtain a lattice-matched HMA

containing N - i.e. InxGa1−xNyAs1−y, where we increase x > 0.53 to keep the lattice parameter

fixed - or containing Bi - i.e. InxGa1−xAs1−yBiy, where we decrease x < 0.53 to keep the lattice

parameter fixed. Our initial results for Ga-free InNAs and InAsBi provide a crucial first step to-

wards understanding BTBT in wider-gap Ga-containing materials for telecom-wavelength APDs.

In In0.53Ga0.47As-based APDs (band gap ≈ 0.75 eV) [171] the BTBT current becomes significant

at an electric field of ∼ 200 kV cm−1. Here, it is of future interest to examine the impact of

Bi incorporation at a larger band gap than considered in this work, to ascertain the potential

suppression of BTBT-related leakage current in telecom-wavelength APDs.

Our calculations further indicate that HMAs possess greater contrast in low vs. high field BTBT

generation rate compared to conventional alloys. This is promising from the perspective of TFET

applications, suggesting a novel route to engineer the electrical characteristics via the complex

band structure of the source and/or channel, and hence providing an new approach to employ in

the design of TFETs displaying subthermionic subthreshold slope and high on-state current.

Investigations of the impact of BAC in HMAs have to date centred largely on modifications to

the real band structure and their implications for applications in photonic or photovoltaic devices.

Our analysis provides new insight into the properties of this interesting class of semiconductors by

revealing that BAC interactions provide scope to modify the complex band structure and BTBT,

thereby providing new opportunities for device applications. While calculations based on the WKB

approximation provide significant insight into the key band structure features determining the na-

ture of BTBT in HMAs, quantitative analysis for the design of devices in which tunneling currents

are of importance should employ a more rigorous Green’s function-based approach that allows

computing the complex band structure self-consistently close in energy to localised states. Such

models may also need to include contributions due to trap-assisted tunneling via defect states [172],

due to the presence of native defects in HMAs arising from the low growth temperatures required

to promote N and Bi incorporation [173, 174]. Atomistic calculations of the electronic structure of

Bi-containing alloys suggest that Bi-Bi pairs (i.e. two Bi atoms sharing a common group-III near-

est neighbour), and similar larger clusters of Bi atoms, generate bound localised impurity states

that can lie energetically within the band gap. In this case, there is the possibility of trap-assisted

BTBT via Bi-related localised states (in addition to trap-assisted BTBT associated with native
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defects in the material). Probing these effects will require detailed atomistic calculations to cap-

ture the fine details of the InAsBi alloy VB structure in future work that builds upon this initial

analysis.



Chapter 4

Theoretical background - Electron

transport fundamentals

4.1 Introduction

The response of electrons to an applied external field and to scattering mechanisms governs the

operation of a range of semiconductor optoelectronic devices [175]. It is highly essential for a device

engineer to have a clear picture of carrier transport in different semiconductor structures and its

consequences for semiconductor device applications. In this chapter, we outline the theoretical

framework for field-dependent electron transport calculation in the case of a bulk semiconduc-

tor. This framework will be applied in the next chapter to analyse electron transport in Ge

and Ge1−xSnx alloys. We introduce it here however by considering transport in gallium arsenide

(GaAs) [10, 137, 176], a material which has been widely studied previously. GaAs is a III–V

compound semiconductor where the constituents elements Ga and As belong to the third and

fifth groups of the periodic table, respectively. Different experimental and theoretical techniques

demonstrate the direct band gap nature of GaAs. Therefore, GaAs is an efficient light emitter and

are widely employed in manufacturing of the light emitting diodes, lasers [148] etc. There are two

primary reasons for selecting GaAs as a benchmark material for our investigation. Firstly, electron

transport in GaAs has been heavily studied from both theoretical and experimental perspectives,

providing suitable data against which to benchmark our field-dependent transport calculations.

Secondly, our aim is to investigate field-dependent electron transport in direct-gap Ge1−xSnx al-

loys: in the direct-gap regime, Ge1−xSnx admits the same conduction band (CB) valley ordering

as GaAs, with the zone-centre Γ-valley lying below the zone-edge L-valley in energy. In GaAs, this

CB valley ordering gives rise to the well-known phenomenon of negative differential resistance (the

Gunn effect) – driven by Γ → L intervalley scattering at high electric field – which has widespread

practical applications in sensors, with emerging applications in collision avoidance systems in the

automotive and aviation sectors. We wish to establish whether the indirect- to direct-gap transi-

tion in Ge1−xSnx alloys can be exploited to realise the Gunn effect in a group-IV semiconductor

material, thereby requiring that we establish field-dependent transport calculations that accurately

describe the well-known negative differential resistance in GaAs. In Sec. 4.2, we begin by discussing

some of the important features of the CB structure of GaAs related to carrier transport theory.
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After that, in Sec. 4.3 we turn our attention to several of the key concepts concerning the theoret-

ical treatment of electron transport calculations such as Boltzmann’s transport equation (BTE),

distribution functions, and so on. Then we discuss different scattering mechanisms and the cor-

responding scattering rate and collision operators in Sec. 4.4. Having described the important

factors related to transport calculation, in Sec. 4.2, 4.3 and 4.4, we dedicate Sec. 4.5 to outline

the detailed explicit method of solving the BTE which we use to obtain the electron mobility and

drift velocity for GaAs. To benchmark our results and models, we compare both theoretical and

experimental results of equivalent calculations from the existing literature. The model developed

here will then be used in the next chapter to investigate electron mobility in Ge1−xSnx alloys as a

function of composition and applied electric field.

4.2 Conduction band structure

The CB structure is of fundamental importance in determining the qualitative character and

quantitative nature of electron transport. Therefore it is crucial for us to know how the CB

structure is modelled. Due to its widespread practical applications in photonics, the modelling of

GaAs band structure has been undertaken using a range of theoretical techniques such as the tight

binding (TB) approach [177, 178], empirical pseudopotential [179], first principles calculations [180–

182] and the k·p method [183]. In Fig. 4.1, we show the band structure for GaAs, calculated using

a tight-binding Hamiltonian [87]. The CB minimum and valence band maximum lie at the centre

of the Brillouin zone, at the Γ point. In addition to the Γ point, the CB also has further minima

at the L and X points at the edge of the Brillouin zone.

We can define the relation between the energy of an electron, near the bottom of the CB with the

wave vector k as follows:

ECB (k) = E0 +
~2k2

2m∗c
, (4.1)

where the effective mass (m∗c) describes the band dispersion near the CB minimum.

The following equation shows a generalised expression for effective mass [86], which can also be

used for a non-parabolic band
1

m∗
=

1

~2

∂2E

∂k2
. (4.2)

Turning now to the L point, there are four equivalent L valleys, at the Brillouin zone edge along

the (111) and three equivalent directions. The band dispersion is anisotropic at L, with different

effective masses, ml and mt along the longitudinal and transverse directions. The band dispersion

E(k) near each L minimum is then given by

γ (E) = E =
~2

2

(
k2
l

ml
+
k2
t

mt

)
. (4.3)

In the proximity of CB minima, we can assume a parabolic band dispersion, as given by Eq. (4.1).

However, at higher energy, the band structure is usually represented by a non-parabolic [184]
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Figure 4.1: Band structure of a two-atom GaAs primitive unit cell by tight binding approach
(image taken from [87]).

relation, γ (E) which is given as follows

γ (E) = E (1 + αE) =
~2k2

2m∗
, (4.4)

where the value of α at the Γ point is usually taken as α = 1
Eg

(
1− m∗

m0

)2
and where the zero of

energy is assumed at the band minimum.

A description of the full electronic band structure of GaAs can be found in [179, 182].

In our transport calculations, we consider a two-valley parabolic band model, including for both

the low effective mass central Γ valley, and the four degenerate high effective mass L valleys. As

the L valleys lie approximately 0.284 eV above the Γ valley, they are of significant importance

for intervalley scattering, and hence in determining the nature of electron transport at the higher

electric field. For the Γ valley, the electron effective mass is m∗Γ = 0.067m0 where m0 is the mass

of a free electron. The L valley dispersion is ellipsoidal in nature, having different longitudinal

(‖ kl) and transverse (⊥ kt) effective masses of m∗l = 1.66m0 and m∗t = 0.119m0 respectively.

So, for the L valley, we compute the single-valley Density of states (DOS) effective mass as m∗L =

(m∗l (m
∗
t )

2)1/3 = 0.286m0 [166].
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At equilibrium, most of the electrons are in the Γ valley. Under the influence of a high electric

field, the electrons may get excited to scatter into the L valley, where the larger electron-effective

mass results in a decrease in mobility. We calculate electron transport without accounting for the

X-valley. Electrons in the X-valley contribute significantly less to the low-field electron mobility

compared to those in the Γ and L valleys, since the X-valleys lie significantly higher in energy.

Furthermore, in the range of electric fields relevant to our investigation of the Gunn effect, electrons

do not acquire sufficient energy to undergo scattering to the higher-lying X valleys. As we will

demonstrate below, a two-valley model – including Γ- and L-valley states, but neglecting X-valley

states – is sufficient to quantitatively describe experimental field-dependent transport data for

both indirect-gap Ge and direct-gap GaAs, providing an appropriate starting point from which to

analyse the impact on electron transport of the indirect- to direct-gap transition in Ge1−xSnx.

4.2.1 Density of states

The DOS D (E) is defined as the number of available energy state Enk per unit volume at a given

energy, E, which can be expressed as follows [166]:

D(E) =
m∗

3
2

√
2π2~3

γ
1
2 (E)γ′(E) , (4.5)

where γ′(E) is the derivative of γ(E) with respect to energy, E. We are going to use Eq. (4.5) in

various instances when calculating scattering rates, as discussed further in Sec. 4.4. The detailed

derivation of the DOS can be found in [185].

4.3 Boltzmann’s transport equation

We introduce here the BTE, which we then use in this chapter and the following one to investigate

the transport characteristics of bulk semiconductor materials.

4.3.1 Carrier distribution function

Electrons and holes are responsible for the current inside a semiconductor crystal, that’s why they

are known as carriers. At equilibrium condition, the distribution of carriers with the corresponding

energy is arranged according to the Fermi-Dirac function. Here we focus on the electron transport

problem, so we will only concentrate on the electron distribution function. The evaluation of

electron transport properties of interest will be carried out from the electron distribution function,

f(E(k)) which defines the probability of finding an electron at an energy state Ek. We can find

f(E(k)) in a semi-classical approach, by solving the BTE. In the year 1872, the eminent Austrian

physicist and philosopher, Ludwig Eduard Boltzmann proposed this popular transport equation

to study the kinetic theory of ideal gases [186]. It is an integro - differential equation, widely

used for solving different types of transport problems. The BTE for electron transport gives a
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mathematical description of the change in the electron distribution function with time due to all

possible collisions/scattering encountered by the electrons. Under the application of an external

electric force (F), the momentum of electrons will be perturbed and also due to the scattering

of electrons from one state to other will result in a change in the distribution function from the

Fermi-Dirac distribution. The change in distribution function is given by,

(
∂f(E(k))

∂t

)
=

(
∂f(E(k))

∂t

)
F

+

(
∂f(E(k))

∂t

)
S

. (4.6)

In Eq. (4.6), the field - dependent term [166] is defined as

(
∂f(E(k))

∂t

)
F

= −eF
~
.∇kfk , (4.7)

and the second term [175] is given by

(
∂f(E(k))

∂t

)
S

=
∑
k′

[(
S+(k′,k)+S−(k′,k)

)
f(E(k′))−

(
S+(k,k′)+S−(k,k′)

)
f(E(k))

]
, (4.8)

where the first and second terms S+(k′,k) and S−(k′,k) respectively describe scattering from all

final states |k′〉, having occupancy f(E(k′)), into the initial state |k〉, having occupancy f(E(k)),

and where we assume for now that scattering is just via phonon absorption and emission. The

third and fourth terms S+(k,k′) and S−(k,k′) respectively describe scattering out of the initial

state |k〉 into all final states |k′〉 via phonon absorption and emission. Equation (4.8) therefore

describes the rate of change of the electron distribution function f(E(k)) associated with the net

scattering of electrons into state |k〉. The solution of Eq. (4.6) gives the distribution function

which can be evaluated by different approaches [175] such as Rode’s iterative method, orthogonal

polynomial expansion or a path integral solution. Following Conwell and Vassell [176], we expand

the f (E(k)) by a series of Legendre polynomials as follows

f (E(k)) =
∞∑
i=0

fi (E)Pi(cos θ) , (4.9)

where Pi represent the ith Legendre polynomial and θ is the angle between the wave vector k and the

applied electric field F. The solution of Eq. (4.9) will have an infinite number of functions fi. But

considering Conwell and Vassell’s [176] explanation and the maximum anisotropy approximation

of Baraff [187], the function fi can be assumed to be zero, for i > 1. We can therefore shrink

Eq. (4.9) to only its first two terms, given by

f (E(k)) = f0 (E) + kFg (E) , (4.10)

where kF represents the component of wavevector k along the direction of the applied electric field,

F. The rate of change of the distribution due to the electric field can be determined by employing
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Eq. (4.7) and substituting h2k2F
m by its average 2γ

3 , and given by [166]

(
∂f (E(k))

∂t

)
F

= −eF
~

(
g +

2

3

γ

γ′
g
′
+

~2kF
m∗γ′

f
′
0

)
, (4.11)

where primes denote differentiation with respect to energy, E. We assume that the net effect of

the collision processes is to cause g(E) to relax with a time constant τ , within the relaxation time

approximation: (
∂f (E(k))

∂t

)
S

=

(
∂f0 (E)

∂t

)
S

− kF g

τ
. (4.12)

In light of this, it is possible to compute the asymmetric component of the distribution function

from

g = −~eF
m∗

τ

γ′
f
′
0 . (4.13)

As a result, the temporal rate of change of the distribution function’s symmetric part due to the

applied electric field is given by [166]

(
∂f (E(k))

∂t

)
F

=
2e2F 2

3m∗γ′ (E)
√
γ (E)

d

dE

(
γ3/2 (E) f

′
(E)

γ′ (E) τ−1(E)

)
, (4.14)

where τ−1 is known as the total scattering rate which is the sum over all the scattering rates of

interest, as will be discussed in more detail in Sec. 4.4. Equation (4.14) is the central focus in the

electron transport model considering that it is associated to both perturbations i.e. the strength

of applied electric field and the total scattering rate.

4.4 Scattering mechanisms

The motion of carriers can be perturbed due to several factors such as the presence of impurity

atoms, crystal defects, phonons or other carriers etc. So the scattering of electrons plays a crucial

role in finding the electron transport properties.

Below we describe some of the important scattering mechanisms and derive the energy-dependent

scattering rate τ−1(E) and collision operator ∂f(E(k))
∂t associated with scattering of electrons by

optical phonons. Polar-optical phonon scattering (POS) is the dominant scattering mechanism for

CB electrons in III-V materials such as GaAs. This mechanism is, by symmetry, absent in the

centrosymmetric group-IV semiconductors Si and Ge. As a result, we only consider this scattering

mechanism in our transport calculations for GaAs. To achieve this we firstly follow Lundstrom’s

derivation [175] of the scattering rate due to POS, which is based on the integration of the transition

rate S(k,k′) with respect to the phonon wave vector q.

We then extend the same approach to derive the collision operator. This derivation of the collision

operator is distinct from that presented by Conwell and Vassell, who instead performed integration

with respect to the final (scattered) electron wave vector k′ [176]. The approach presented here

produces the same result for ∂f(E(k))
∂t , but avoids the complicated procedure employed by Conwell
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and Vassell which involves a series expansion of |k − k′|−1 in a basis of Legendre polynomials of

the first and second kind. The approach adopted here more closely follows the earlier treatment by

Howarth and Sondheimer [188], although we note that our integration over q follows Lundstrom

insofar as the determination of the limits of integration are exact (under the commonly-employed

assumption of dispersionless optical phonons). Once the derivation of ∂f(E(k))
∂t is verified for POS,

we apply the same general procedure to derive the scattering rate and collision operator associated

with optical deformation potential scattering (ODS). While we only show the derivations for POS

and ODS here, the same approach can be applied to compute τ−1(E) and ∂f(E(k))
∂t for different

scattering mechanisms. Here, we assume throughout that we have a parabolic band with effective

mass m∗, E(k) = ~2k2

2m∗ .

4.4.1 Formalism

In a crystalline material normal (phonon) modes constitute a (periodic) time-dependent perturba-

tion to the structure of the lattice. The transition rate for scattering of an electron from an initial

state |k〉, having wave vector k and energy E(k), to a final state |k′〉, having wave vector k′ and

energy E(k′), by a time-dependent (phonon-related) perturbing potential Ĥ ′±(t) is obtained via

Fermi’s Golden Rule as [175]

S±(k,k′) =
2π

~
|〈k′|Ĥ ′±(t)|k〉|2 δ(E(k′)− E(k)∓ ~ω(q)) δ(k′ − k∓ q) , (4.15)

where q is the phonon wave vector, so that ~ω(q) is the energy of the emitted or absorbed phonon.

The Dirac delta distributions in Eq. (4.15) respectively enforce conservation of energy and crystal

momentum, with the upper (lower) signs in Eq. (4.15) then corresponding to phonon absorption

(emission).

The total scattering rate τ−1 from the initial state having wave vector k to all final states having

wave vectors k′ is computed by summing over all associated transition rates [175]

τ−1(k) = τ−1
+ (k) + τ−1

− (k) =
∑
k′

(
S+(k,k′) + S−(k,k′)

)
. (4.16)

In practice, conservation of crystal momentum produces a fixed relationship k′ = k ± q between

the initial, final and phonon wave vectors. It is then in general more straightforward to write the

transition rate of Eq. (4.15) as S±(k,q) and hence to evaluate Eq. (4.16) by summing over the

phonon wave vector q instead of the final wave vector k′, so that the total scattering rate out of

the initial state |k〉 is then given by [175]

τ−1(k) =
∑
q

(
S+(k,q) + S−(k,q)

)
= Ω

∫
dq

(2π)3

(
S+(k,q) + S−(k,q)

)
, (4.17)
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where the conversion from a sum to an integral reflects the continuous nature of the phonon wave

vector q in the Brillouin zone, and where the leading factor of the crystal volume Ω is inserted in

order to preserve the dimension of the scattering rate.

Eqs. (4.15) and (4.17) summarise the procedure to compute the scattering rate associated with a

given scattering process. Firstly, one determines the lattice perturbation Ĥ ′±(t) associated with the

phonon of interest, which is used to compute the transition rate S±(k,q) via Eq. (4.15). Secondly,

using S±(k,q) one computes the scattering rate following Eq. (4.17), where the relationship E(k) =
~2k2

2m∗ describing the electron band dispersion allows to convert the expression τ−1(k) for the total

scattering rate in terms of the initial wave vector k into the desired energy-dependent expression

τ−1(E).

The computation of the collision operator ∂f
∂t is similar in spirit to that of the scattering rate, and

is defined in terms of the transition rates S±(k,k′) [176] as stated in Eq. (4.8). We choose here to

evaluate ∂f(E(k))
∂t by integrating with respect to the phonon wave vector q as [188]

∂f(E(k))

∂t
= Ω

∫
dq

(2π)3

[(
S+(q,k) + S−(q,k)

)
f(k′)−

(
S+(k,q) + S−(k,q)

)
f(k)

]
, (4.18)

where, as for the scattering rate above, the known band dispersion E(k) can be exploited to obtain

the desired energy-dependent expression ∂f(E)
∂t for the collision operator.

In what follows we compute S±(k,q) for each scattering process of interest, which is then used

to derive expressions for the scattering rate and collision operator, using Eqs. (4.17) and (4.18)

respectively. The resulting energy-dependent scattering rates τ−1(E) and collision operators ∂f(E)
∂t

can then be employed in numerical solution of the BTE in the relaxation time approximation.

4.4.2 Conservation of energy and crystal momentum

The Dirac delta distributions in Eq. (4.15) respectively enforce the conservation of energy and

crystal momentum conditions,

E(k′) = E(k)± ~ω(q) , (4.19)

k′ = k± q , (4.20)

where we recall that the upper (lower) signs correspond to phonon absorption (emission).

For evaluation of integrals with respect to phonon wave vector q in Eqs. (4.17) and (4.18) it is

preferable to combine these two conditions into a single condition which simultaneously represents

conservation of energy and crystal momentum, allowing to replace the two Dirac delta distributions

in Eq. (4.15) by a single Dirac delta distribution which imposes a condition on q rather than k′.

We follow Lundstrom, where, for a parabolic band E(k) = ~2k2

2m∗ , Eq. (4.19) becomes
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~2k′2

2m∗
=

~2k2

2m∗
± ~ω(q) . (4.21)

To remove k′2 we obtain an expression in terms of k and q by taking the dot product of Eq. (4.20)

with itself, giving [175]

k′2 = k′ · k′ = (k± q) · (k± q) ,

= k · k + q · q± 2 k · q ,

= k2 + q2 ± 2 kq cos θ , (4.22)

where θ is the angle between the initial wave vector k and the phonon wave vector q.

Substituting Eq. (4.22) in Eq. (4.21) and rearranging yields

q2 ± 2kq cos θ ∓ 2m∗

~
ω(q) = 0 , (4.23)

or, equivalently,

± cos θ +
q

2k
∓ ω(q)

v(k) q
= 0 , (4.24)

where v(k) = ~−1 ∂E(k)
∂k is the electron group velocity, for our assumed parabolic band having

effective mass m∗, v(k) is given by v(k) = ~k
m∗ . Given ± (∓) signs in Eq. (4.24) describe phonon

absorption (emission).

From Eq. (4.15) we recall that conservation of energy is imposed by the Dirac delta distribution

δ(E(k′)− E(k)∓ ~ω(q)). We can express the argument of this distribution using Eq. (4.22) as

E(k′)− E(k)∓ ~ω(q) =
~2k′2

2m∗
− ~2k2

2m∗
∓ ~ω(q) ,

=
~2q2

2m∗
± ~2

m∗
kq cos θ ∓ ~ω(q) ,

= ~v(k) q

(
± cos θ +

q

2k
∓ ω(q)

v(k) q

)
, (4.25)

allowing us to exploit the property δ(ax) = |a|−1 δ(x) of the Dirac delta distribution to write [175]

δ(E(k′)− E(k)∓ ~ω(q)) =
1

~v(k) q
δ

(
± cos θ +

q

2k
∓ ω(q)

v(k) q

)
. (4.26)

We note from Eq. (4.24) that the argument of Eq. (4.26) vanishes when both energy and crystal

momentum are conserved, so that Eq. (4.26) encapsulates both of Eqs. (4.19) and (4.20), and can
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hence be used to replace both the Dirac and Kronecker delta distributions of Eq. (4.15). Below, we

will generally omit factors of δ(k′ + k ∓ q) when performing computations: since we are dealing

with single-valued energy and phonon dispersions E(k) and ω(q), the Dirac delta function imposing

conservation of energy is tantamount to that enforcing conservation of crystal momentum.

When it comes to computing the integral over q in the calculation of the scattering rate or collision

operator, we will have to evaluate integrals of the form

Ω

∫
dq

(2π)3
S±(k,q) =

Ω

(2π)3

∫ 2π

0
dφ

∫ π

0
dθ sin θ

∫ +∞

0
dq q2 S±(k, q, θ)

=
Ω

(2π)2

∫ +1

−1
d(cos θ)

∫ +∞

0
dq q2 S±(k, q, θ)

∝ Ω

(2π)2

∫ +1

−1
d(cos θ)

∫ +∞

0
dq q δ

(
± cos θ +

q

2k
∓ ω(q)

v(k) q

)
. (4.27)

In order to evaluate this integral we must consider the nature of the “sifting” property of the Dirac

delta distribution. Specifically, we are interested here in an integral of the form

∫ +∞

0
dy

∫ xmax

xmin

dx δ(f(x, y)− x0) . (4.28)

If xmin < x < xmax then the integral with respect to x evaluates to unity, and the two-dimensional

integral yields a non-zero value. Otherwise, if x < xmin or x > xmax, then the integral with respect

to x vanishes and hence the entire two-dimensional integral vanishes. In the context of Eq. (4.27)

x ∼ cos θ and y ∼ q so that the above therefore describes that the argument of the energy- and

crystal momentum-conserving Dirac delta distribution will not achieve a value of zero – as it must

in order to ensure that energy and momentum are conserved (cf. Eq. (4.24)) – if the magnitude q of

the phonon wave vector q is either too large or small. Physically, this describes that absorption or

emission of phonons which do not conserve both energy and crystal momentum do not contribute

to the scattering rate or collision operator. Integration over the Dirac delta distribution with

respect to cos θ in Eq. (4.27) then places lower and upper bounds q±,min and q±,max on the wave

vectors of phonons that can scatter an electron while simultaneously conserving energy and crystal

momentum where, again, the upper (lower) signs in q±,min and q±,max refer to phonon absorption

(emission). As such, performing the integration with respect to cos θ in Eq. (4.27) yields

Ω

(2π)2

∫ q±,max

q±,min

dq q =
Ω

2(2π)2

(
q2
±,max − q2

±,min

)
, (4.29)

where our task is then to compute the minimum and maximum phonon wave vectors q±,min and

q±,max.

To achieve this we recall Eq. (4.23), which encapsulates conservation of energy and crystal mo-

mentum. We assume that optical phonons are dispersionless, so that ω(q) = ω0 is independent

of q, and hence Eq. (4.23) is a quadratic equation in q. We obtain q±,min and q±,max by solving
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Eq. (4.23) for the cases of phonon absorption or emission which, when cos θ assumes it extremum

values of ±1, provides expressions for the maximum and minumum wave vectors q of phonons that

can scatter an electron having a given wave vector k. We find

q±,min = k

(
−1 +

√
1± ~ω0

E

)
, (4.30)

q±,min = k

(
±1±

√
1± ~ω0

E

)
, (4.31)

where we recall that E(k) = ~2k2

2m∗ is the energy of an electron having wave vector k.

4.4.3 Polar optical phonon scattering (POS)

Lundstrom derives the transition rates associated with scattering by polar optical phonons as [175]

S±(k,q) =
πe2ω(q)

ε0Ωq2

(
1

κ∞
− 1

κ0

)(
n(ω(q)) +

1

2
∓ 1

2

)
δ
(
E(k′)− E(k)∓ ~ω(q)

)
,

=
πe2ω(q)

~ε0Ωv(k)q3

(
1

κ∞
− 1

κ0

)(
n(ω(q)) +

1

2
∓ 1

2

)
δ

(
± cos θ +

q

2k
∓ ω0

v(k)q

)
(4.32)

where the second equality follows from Eq. (4.26). Here, ω0 is the (constant) phonon frequency,

v(k) is the electron group velocity, κ0 and κ∞ are respectively the static and high-frequency

dielectric constant, and

n(ω(q)) =
1

exp
(
~ω(q)
kBT

)
− 1

, (4.33)

is the phonon (Bose-Einstein) distribution function at temperature T .

Scattering rate

We compute the scattering rate via Eq. (4.17), where the transition rates S±(k,q) are given by

Eq. (4.32)

τ−1(k) = Ω

∫
dq

(2π)3

(
S+(k,q) + S−(k,q)

)
=

πe2

ε0~v(k)

(
1

κ∞
− 1

κ0

) ∫
dq

(2π)3

ω(q)

q2

[
n(ω(q)) δ

(
E(k′)− E(k)− ~ω(q)

)
+ (n(ω(q)) + 1) δ

(
E(k′)− E(k) + ~ω(q)

) ]
,

(4.34)
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where the first and second terms respectively describe polar optical phonon absorption and emis-

sion. To proceed, we recall that we treat dispersionless optical phonons ω(q) = ω0, so that the

distribution function n(ω(q)) = n(ω0) is independent of q. So, factors of ω(q) and n(ω(q)) can be

taken outside of the integration over q. Next, we substitute the Dirac delta distributions following

Eq. (4.26). The resulting integrand depends only on the magnitude q of the phonon wave vector

q, and the polar angle θ. To proceed, we choose to work in a spherical polar coordinate system,

in which the polar (z) axis is chosen to lie parallel to the initial electron wave vector k, so that

the polar angle θ coincides with the angle θ between k and the phonon wave vector q. We can

then write the volume element dq = q2 sin θ dq dθ dφ. Performing the trivial integration over the

azimuthal angle φ, and changing variables from θ to cos θ for the integration over the polar angle,

we obtain

τ−1(k) =
e2ω0

4πε0~v(k)

(
1

κ∞
− 1

κ0

)[
n(ω0)

∫ +1

−1
d(cos θ)

∫ +∞

0
dq

1

q
δ

(
cos θ +

q

2k
− ω0

v(k) q

)
+ (n(ω0) + 1)

∫ +1

−1
d(cos θ)

∫ +∞

0
dq

1

q
δ

(
− cos θ +

q

2k
+

ω0

v(k) q

)]
.

(4.35)

Recalling the discussion leading to Eqs. (4.30) and (4.31), we integrate with respect to cos θ to

obtain

τ−1(k) =
e2ω0

4πε0~v(k)

(
1

κ∞
− 1

κ0

)[
n(ω0)

∫ q+,max

q+,min

dq

q
+ (n(ω0) + 1)

∫ q−,max

q−,min

dq

q

]

=
e2ω0

4πε0~v(k)

(
1

κ∞
− 1

κ0

)[
n(ω0) ln

(
q+,max

q+,min

)
+ (n(ω0) + 1) ln

(
q−,max

q−,min

)]
,

(4.36)

where q±,min and q±,max are the limiting phonon wave vectors of Eqs. (4.30) and (4.31).

Using Eq. (4.30) we write, for the first (phonon absorption) term,

ln

(
q+,max

q+,min

)
= ln

 1 +
√

1 + ~ω0
E

−1 +
√

1 + ~ω0
E

 = ln


√

E
~ω0

+
√

E
~ω0

+ 1

−
√

E
~ω0

+
√

E
~ω0

+ 1


= ln

(√
x2 + 1 + x√
x2 + 1− x

)
= ln

(√
x2 + 1 + x

)
− ln

(√
x2 + 1− x

)
= 2 sinh−1(x) ,

where x =
√

E
~ω0

, so that
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ln

(
q+,max

q+,min

)
= 2 sinh−1

(√
E

~ω0

)
. (4.37)

Similarly,

ln

(
q−,max

q−,min

)
= 2 sinh−1

(√
E

~ω0
− 1

)
, (4.38)

which is evaluated by defining x =
√

E
~ω0
− 1, so that

√
E
~ω0

=
√
x2 + 1.

Substituting Eqs. (4.37) and (4.38) into Eq. (4.36) we obtain the following expression for the POS

rate

τ−1
POS(k) =

e2ω0

2πε0~v(k)

(
1

κ∞
− 1

κ0

)[
n(ω0) sinh−1

√E(k)

~ω0


+ θ(E(k)− ~ω0) (n(ω0) + 1) sinh−1

√E(k)

~ω0
− 1

] , (4.39)

where the Heaviside step function in the second term accounts for the fact that an electron having

energy E( k ) < ~ω0 cannot undergo scattering via polar optical phonon emission, because there

are no states at energy E < 0 available to scatter into. Finally, we remove any explicit dependence

on k by substituting in the expression for the electron group velocity v(k) = ~k
m∗ =

√
2E
m∗ , to obtain

our desired energy-dependent scattering rate

τ−1
POS(E) =

e2ω0

4πε0~

(
1

κ∞
− 1

κ0

)√
2m∗

E

[
n(ω0) sinh−1

(√
E

~ω0

)

+ θ(E − ~ω0) (n(ω0) + 1) sinh−1

(√
E

~ω0
− 1

)]
, (4.40)

which matches Eq. (2.94) of Ref. [175]. Or, equivalently,

τ−1
POS(E) =

e2ω0

4πε0~

(
1

κ∞
− 1

κ0

)√
2m∗

E

[
n(ω0) coth−1

(√
1 +

~ω0

E

)

+ θ(E − ~ω0) (n(ω0) + 1) tanh−1

(√
1− ~ω0

E

)]
, (4.41)

which corresponds to Eq. (27) of Ref. [166] for a parabolic band.
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Collision operator

We compute the collision operator via Eq. (4.18), where the transition rates S±(k,k′) are given by

Eq. (4.32)

(
∂f(E(k))

∂t

)
POS

=
πe2

(2π)3ε0

(
1

κ∞
− 1

κ0

)∫
dq

ω(q)

q2

[
n(ω(q)) f(E(k′)) δ(E(k)− E(k′)− ~ω(q))

+ (n(ω(q)) + 1) f(E(k′)) δ(E(k)− E(k′) + ~ω(q))

− n(ω(q)) f(E(k)) δ(E(k′)− E(k)− ~ω(q))

− (n(ω(q)) + 1) f(E(k)) δ(E(k′)− E(k) + ~ω(q))

]
. (4.42)

We use δ(−x) = δ(x) to re-write the Dirac delta distributions in the first and second terms, and

then gather terms to obtain

(
∂f(E(k))

∂t

)
POS

=
πe2

(2π)3ε0

(
1

κ∞
− 1

κ0

)∫
dq

ω(q)

q2

[
(
n(ω(q)) + 1) f(E(k′))− n(ω(q)) f(E(k))

)
δ(E(k′)− E(k)− ~ω(q))

+

(
n(ω(q)) f(E(k′))− (n(ω(q)) + 1) f(E(k))

)
δ(E(k′)− E(k) + ~ω(q))

]
.

(4.43)

Next, we use the fact that the optical phonons are assumed to be dispersionless, and Eq. (4.26),

to replace the Dirac delta distributions and obtain

∂f(E(k))

∂t
=

πe2ω0

(2π)3ε0~v(k)

(
1

κ∞
− 1

κ0

)[
(n(ω0) + 1)

∫
dq

f(E(k′))

q3
δ

(
cos θ +

q

2k
− ω0

v(k)q

)
− n(ω0)

∫
dq

f(E(k))

q3
δ

(
cos θ +

q

2k
− ω0

v(k)q

)
+ n(ω0)

∫
dq

f(E(k′))

q3
δ

(
− cos θ +

q

2k
+

ω0

v(k)q

)
− (n(ω0) + 1)

∫
dq

f(E(k))

q3
δ

(
− cos θ +

q

2k
+

ω0

v(k)q

)]
. (4.44)

Recalling that the Dirac delta distributions enforce conservation of both energy and crystal mo-

mentum, and the assumed dispersionless nature of the optical phonons, fixes the (q-independent)

energy arguments of the distribution functions f(E(k)) and f(E(k′)), allowing to take them outside

of the integration over q. Integrating with respect to cos θ, as above, gives
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∂f(E(k))

∂t
=

πe2ω0

(2π)2ε0~v(k)

(
1

κ∞
− 1

κ0

)[(
(n(ω0) + 1) f(E(k) + ~ω0)

− n(ω0) f(E(k))

) ∫ q+,max

q+,min

dq

q

+ θ(E(k)− ~ω0)

(
n(ω0) f(E(k)− ~ω0)− (n(ω0) + 1) f(E(k))

) ∫ q−,max

q−,min

dq

q

]
.

(4.45)

Evaluating the integrals as in the calculation of the scattering rate above, and substituting in the

energy-dependent expression for the electron group velocity, gives the desired energy-dependent

expression for the collision operator describing scattering of electrons by polar optical phonons

(
∂f(E(k))

∂t

)
POS

=
e2ω0

4πε0~

(
1

κ∞
− 1

κ0

)√
2m∗

E

[(
(n(ω0) + 1) f(E + ~ω0)

− n(ω0) f(E)

)
sinh−1

(√
E

~ω0

)
+ θ(E − ~ω0)

(
n(ω0) f(E − ~ω0)

− (n(ω0) + 1) f(E)

)
sinh−1

(√
E

~ω0
− 1

)]
, (4.46)

or, equivalently,

(
∂f(E(k))

∂t

)
POS

=
e2ω0

4πε0~

(
1

κ∞
− 1

κ0

)√
2m∗

E

[(
(n(ω0) + 1) f(E + ~ω0)

− n(ω0) f(E)

)
coth−1

(√
1 +

~ω0

E

))

+ θ(E − ~ω0)

(
n(ω0) f(E − ~ω0)− (n(ω0) + 1) f(E)

)
tanh−1

(√
1− ~ω0

E

)]
,

(4.47)

which is equal to Eq. (26) of Ref. [166] for the case of a parabolic band.

4.4.4 Optical deformation potential scattering

Lundstrom derives the transition rates associated with ODS as [175]
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S±(k,k′) =
πD2

op

ρΩω(q)

(
n(ω(q)) +

1

2
∓ 1

2

)
δ(E(k′)− E(k)∓ ~ω(q))

=
πD2

op

~ρΩv(k)ω(q) q

(
n(ω(q)) +

1

2
∓ 1

2

)
δ

(
± cos θ +

q

2k
∓ ω(q)

v(k) q

)
, (4.48)

where Dop is the optical deformation potential, and ρ is the material’s mass density.

Scattering rate

We compute the scattering rate via Eq. (4.17), where the transition rates S±(k,q) are given by

Eq. (4.48)

τ−1
ODS(k) =

πD2
op

ρ~v(k)

∫
dq

(2π)3

1

ω(q) q

[
n(ω(q)) δ(E(k′)− E(k)− ~ω(q)) δ(k′ + k− q))

+ (n(ω(q)) + 1) δ(E(k′)− E(k) + ~ω(q)) δ(k′ + k + q)

)
. (4.49)

To proceed, we exploit the assumed dispersionless nature of the optical phonons to take factors of

the phonon distribution function n(ω(q)) = n(ω0) outside of integrals over q, and we replace the

Dirac delta distributions according to Eq. (4.26), giving

τ−1
ODS(k) =

πD2
op

(2π)2ρ~v(k)ω0

[
n(ω0)

∫ +1

−1
d(cos θ)

∫ ∞
0

dq q δ

(
cos θ +

q

2k
− ω0

v(k) q

)
+ (n(ω0) + 1)

∫ +1

−1
d(cos θ)

∫ ∞
0

dq q δ

(
− cos θ +

q

2k
+

ω0

v(k) q

)]
, (4.50)

where the trivial integration over the azimuthal angle φ has been performed.

Integrating with respect to cos θ we obtain

τ−1
ODS(k) =

πD2
op

(2π)2ρ~v(k)ω0

[
n(ω0)

∫ q+,max

q+,min

dq q + θ(E(k)− ~ω0) (n(ω0) + 1)

∫ q−,max

q−,min

dq q

]
=

D2
op

8π2ρ~v(k)ω0

[
n(ω0) (q2

+,max − q2
+,min) + θ(E(k)− ~ω0) (n(ω0) + 1) (q2

−,max − q2
−,min)

]
=

D2
op

8π2ρ~v(k)ω0

4k
√

2m∗

~

[
n(ω0)

√
E + ~ω0 + θ(E(k)− ~ω0) (n(ω0) + 1)

√
E − ~ω0

]
.

(4.51)

Finally, we substitute v(k) = ~k
m∗ and k =

√
2m∗E
~2 to obtain the desired energy-dependent expression

for the scattering rate
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τ−1
ODS(E) =

πD2
op

ρω0

(
n(ω0)D(E + ~ω0) + θ(E − ~ω0) (n(ω0) + 1)D(E − ~ω0)

)
, (4.52)

where, D(E) is the DOS per unit volume (Eq. (4.5)) of the (non-degenerate) band E(k) = ~2k2

2m∗ .

Note that Eq. (4.52) appears to differ by a factor of 2 compared to Lundstrom’s Eq. (2.86) [175].

This is due to Lundstrom’s definition of the DOS, which implicitly includes the electron spin

degeneracy and is hence a factor of 2 larger than that employed here. As such, the two expressions

are in direct agreement.

Collision operator

We compute the collision operator via Eq. (4.18), where the transition rates S±(k,k′) are given by

Eq. (4.48)

(
∂f(E(k))

∂t

)
ODS

=
πD2

op

ρ

∫
dq

(2π)3

1

ω(q)

[
n(ω(q)) f(E(k′)) δ(E(k)− E(k′)− ~ω(q))

+ (n(ω(q)) + 1) f(E(k′)) δ(E(k)− E(k′) + ~ω(q))

− n(ω(q)) f(E(k)) δ(E(k′)− E(k)− ~ω(q))

− (n(ω(q)) + 1) f(E(k)) δ(E(k′)− E(k) + ~ω(q))

]
. (4.53)

Again, we apply δ(−x) = δ(x) to the first and second terms, and then gather terms, giving

(
∂f(E(k))

∂t

)
ODS

=
πD2

op

(2π)3ρ

∫
dq

1

ω(q)
×[(

(n(ω(q)) + 1) f(E(k′))− n(ω(q)) f(E(k))

)
δ(E(k′)− E(k)− ~ω(q))

+

(
n(ω(q)) f(E(k′))− (n(ω(q)) + 1) f(E(k))

)
δ(E(k′)− E(k) + ~ω(q))

]
.

(4.54)

Next, we use the assumed dispersionless nature of the optical phonons to take factors of the phonon

distribution function outside of integrals over q, and replace the Dirac delta distributions following

Eq. (4.26)
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(
∂f(E(k))

∂t

)
ODS

=
πD2

op

(2π)3ρ~v(k)ω0

[
(n(ω0) + 1)

∫
dq

f(E(k′))

q
δ

(
cos θ +

q

2k
− ω0

v(k) q

)
− n(ω0)

∫
dq

f(E(k))

q
δ

(
cos θ +

q

2k
− ω0

v(k) q

)
+ n(ω0)

∫
dq

f(E(k′))

q
δ

(
− cos θ +

q

2k
+

ω0

v(k) q

)
− (n(ω0) + 1)

∫
dq

f(E(k))

q
δ

(
− cos θ +

q

2k
+

ω0

v(k) q

)]
. (4.55)

Performing the integration with respect to (i) the azimuthal angle φ, and (ii) cos θ, which utilises

the sifting property of the Dirac delta distributions, we obtain

(
∂f(E(k))

∂t

)
ODS

=
πD2

op

(2π)2ρ~v(k)ω0

[(
(n(ω0) + 1) f(E + ~ω0)− n(ω0) f(E)

) ∫ q+,min

q+,max

dq q

+ θ(E(k)− ~ω0)

(
n(ω0) f(E − ~ω0)− (n(ω0) + 1) f(E)

) ∫ q−,min

q−,max

dq q

]
.

(4.56)

The remainder of the evaluation follows the computation of the scattering rate above, yielding the

following energy-dependent expression for the collision operator associated with ODS

(
∂f(E(k))

∂t

)
ODS

=
πD2

op

ρω0

[(
(n(ω0) + 1) f(E + ~ω0)− n(ω0) f(E)

)
D(E + ~ω0)

+ θ(E − ~ω0)

(
n(ω0) f(E − ~ω0)− (n(ω0) + 1) f(E)

)
D(E − ~ω0)

]
.

(4.57)

4.4.5 Intervalley scattering

There exist constant energy surfaces of the CB structure for different semiconductor alloys, which

consist of different valleys. When a high electric field is applied, electrons can get accelerated from

an initial valley ′i′ to a final valley ′f ′ resulting in a very large change in momentum associated

with phonons. These phonons are known as intervalley phonons. As discussed in Sec. 4.2, for GaAs

CB, the valleys are not energetically equivalent, there is a difference of 0.284 eV between the L

and Γ valley minimum energy. At a higher electric field, when the electrons in the Γ valley acquire

higher energy than this energy separation, the scattering of electrons from Γ to L is possible.

Furthermore, the scattering of electrons within the L valleys (L-L) and from L to Γ (L - Γ) need

to be considered. In the case of the intervalley scattering, optical phonons are involved and the

associated scattering rate and collision operator bear resemblance to that of the optical phonon

scattering as presented in Eqs. (4.52) and (4.57) respectively, but with the difference that the
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DOS in the final valley i.e. the valley to which electrons are scattering, must be considered. The

scattering rate and the associated collision operator due to the intervalley scattering are given by

Eq. (4.58) and (4.59) respectively,

τ−1
if (E) =

πNfD
2
if

ρωif

(
n(ωif )Df (E + ~ωif ) + θ(E − ~ωif ) (n(ωif ) + 1)Df (E − ~ωif )

)
, (4.58)

∂f(E)

∂t
=

πNfD
2
if

ρωif

[(
(n(ωif ) + 1) f(E + ~ωif )− n(ωif ) f(E)

)
Df (E + ~ωif )

+ θ(E − ~ωif )

(
n(ωif ) f(E − ~ωif )− (n(ωif ) + 1) f(E)

)
Df (E − ~ωif )

]
, (4.59)

where Df corresponds to the DOS of the final valley f , and Nf is the number of available final

valleys to which electrons can scatter,and Dif is the deformation potential for intervalley optical

phonon scattering.

4.4.6 Acoustic phonon scattering

When the scattering of electrons is due to longitudinal mode acoustic phonons, then it is known as

acoustic phonon scattering. At a given temperature T , the scattering rate due to acoustic phonons

is given by

τ−1
APS (E) =

(
πD2

ackB

~ρv2
s

)
D (E)T , (4.60)

where Dac refers to the acoustic deformation potential, and ρ and vs represent the mass density and

sound velocity respectively. In our calculations, we consider this scattering as an elastic process.

4.4.7 Alloy scattering

The process of replacing host atoms with equivalent atoms from other materials with the goal of

modifying the host material’s electrical and optical properties is known as semiconductor alloy-

ing. Semiconductor alloys are widely useful in electronic and optoelectronic devices. As a result,

extensive research is carried out to obtain the appropriate band gap, band offset, and lattice pa-

rameter properties for a given application. For example we saw in Chapter. 3 that when a very

small amount (x) of nitrogen (bismuth) is introduced into III-V semiconductor alloys, there is a

drastic change in the band gap properties, impacting their performance as field effect transistors,

(FETs) and solar cells. These types of alloys are known as highly mismatched alloys. When Ge

atoms are replaced with Sn atoms, the energy gap changes from being indirect to direct at a Sn

composition (x) of ∼ 8%. Alloy scattering refers to the carrier scattering caused by the substitu-

tion of these atoms. First-principles calculations [189], tight binding [190] are used to investigate

the composition-dependent scattering rate. In Chapter. 5, we will investigate the field-dependent

electron transport characteristics of Ge1−xSnx, taking into account the alloy scattering caused by
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Parameter Value

Mass density, ρ (g cm−3) 5.36

Lattice constant, a0 (Å) 5.462

Sound velocity, vs (cm s−1) 5.24 ×105

Dielectric constant,
High frequency, κ∞ 10.92
Low frequency, κ0 12.90

Electron effective mass,
Γ valley, mΓ (m0) 0.067
L valley, mL (m0) 0.286

Acoustic Deformation potential,
Γ valley, Dac,Γ (eV) 7.01
L valley, Dac,L (eV) 9.2

Optical deformation potential,
Γ→ L scattering, DΓL (eV m−1) 1 ×1010

L→L scattering, DLL (eV m−1) 1 ×1010

Inter valley phonon energy,
~ωΓL, (meV) 27.8
~ωLL, (meV) 29.0

Optical phonon energy (~ω)(meV) 35.36

Energy separation between Γ and L valley, ∆ EΓL (meV) 284

Table 4.1: Transport parameters for GaAs [166].

the presence of Sn atoms. The model used to determine the alloy scattering rate will be introduced

in Sec. 5.3.2.

4.5 Field dependent transport for bulk GaAs by Boltzmann’s

transport equation

Now that the principles of electron transport and the scattering process have been discussed, we

will implement these ideas to present the field-dependent electron transport model that we use to

compute the electron drift velocity and mobility for GaAs.

Initial setup at zero field (F = 0)

The zero-field calculation is the first step, from which we can proceed to the field-dependent

electron transport calculation. We specify our physical system at this stage, which includes the

inclusion of specific scattering processes, the number of valleys to be considered, the electron

temperature, the energy grid, and many more. For the present calculation, we have used the

transport parameters [166] as listed in Table. 4.1. Based on previous two-valley analyses, which

demonstrate that the key features of field-dependent electron transport in GaAs can be captured

quantitatively using a model that incorporates the lowest energy Γ and L CB valleys, we include

both the Γ and L valley in the CB in our calculation. Following that, we define the energy range

of electrons over which we will do our calculation. To do so, we choose the zero of energy to lie at
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the CB minimum and hence this corresponds, e.g., to the bottom of the Γ valley in GaAs, and to

the bottom of the L valley in Ge. For GaAs, the L valley is taken to be 0.284 eV [166] above the

Γ valley. Therefore the Γ valley energy starts from CB minimum, and the L valley energy begins

beyond 0.284 eV. We then explicitly select the maximum energy Emax and an energy grid step size,

which we take as ∆E = 0.1 ~ω [166], where ~ω is the optical phonon energy. The L valley energy

grid begins beyond 284 meV. This produces an energy grid for each valley with which inelastic

optical phonon scattering events are commensurate, allowing for accurate numerical evaluation of

the associated scattering rates and collision operators. At zero field, we assume that the electron

distribution is the Maxwell-Boltzmann distribution for both the Γ and L valleys, given by

f = exp

(
− E

kBT

)
, (4.61)

where kB is Boltzmann’s constant and T is the temperature of the electron population, which at

zero-field we assume to be equal to the lattice temperature. At equilibrium condition the electron

distribution function for both the valleys are in Boltzmann’s distribution.

We presume that fΓ = fL = 0 for energies greater than a maximum energy Emax, which we set to

be at least one eV above the CB minimum. The scattering mechanisms mentioned in Sec. 4.4 are

now being recalled. In this case, however, we focus on the three most important mechanisms for

determining field-dependent electron transport in intrinsic GaAs: polar optical phonon, acoustic

deformation potential, and inter valley (Γ-L, L-Γ and L-L) optical phonon scattering. Using

Eqs. (4.41), (4.60) and (4.58), we calculate the corresponding energy-dependent scattering rates for

each of these mechanisms as shown in Fig. 4.2 and 4.3 for Γ and L valley respectively. Finally, we

determine the total scattering rate for both Γ and L valley using Mattheisen’s rule, per Eqs. (4.62)

and (4.63) respectively. The total scattering rate associated with each valley is then used to

compute the collision operator describing the acceleration of electrons by an applied electric field

(see Eq. (4.14)).

τ−1
Γ = τ−1

APS + τ−1
POS + τ−1

ΓL . (4.62)

τ−1
L = τ−1

APS + τ−1
LL + τ−1

LΓ . (4.63)

Following the Boltzmann’s transport equation (∂f(E(k))
∂t ) resulting from the applied electric field

and scattering mechanism as stated in Eq. (4.6), the equivalent transport equations for Γ and L

valley are given by Eq. (4.64) and (4.65) respectively.(
∂fΓ

∂t

)
=

(
∂fΓ

∂t

)
Fn

+

(
∂fΓ

∂t

)
POS

+

(
∂fΓ

∂t

)
ΓL

, (4.64)

(
∂fL
∂t

)
=

(
∂fL
∂t

)
Fn

+

(
∂fL
∂t

)
POS

+

(
∂fL
∂t

)
LΓ

+

(
∂fL
∂t

)
LL

, (4.65)

where fΓ and fL represent the symmetric part of the distribution functions in the Γ and L valleys

respectively and the first term in both the expressions stands for the rate of change in distribution



Electron transport fundamentals 78

0.0 0.1 0.2 0.3 0.4 0.5
Energy, eV

10 1

100

101

102

sc
at

te
rin

g 
ra

te
, p

s
1

1
APS

1
POS

1
L

Figure 4.2: Calculated acoustic phonon (dotted line), polar optical phonon (solid line), and Γ
to L inter valley optical phonon (dashed line) scattering rates as a function of band energy E for
parabolic Γ valley in GaAs.
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Figure 4.3: Calculated acoustic phonon (dotted line), equivalent L to L (dash-dot line), and L
to Γ (dashed line) inter valley optical phonon scattering rates as a function of band energy E for
parabolic L valley in GaAs.

function because of the applied electric field, which we calculate by using Eq. (4.14). The com-

putations of the remaining collision operators due to polar optical and inter-valley scattering are

carried out via Eq. (4.47) and (4.59) respectively.

At each electric field strength Fn, where n denotes the nth index of the field strengths on a

discrete grid of applied electric field strengths F , we use the steady state distribution functions

that were obtained from the preceding field, Fn−1 to obtain the corresponding time-dependent

coupled transport equations (Eqs. (4.64) and (4.65)). In order to find the steady state distribution
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functions, fΓn , fLn , we then solve these equations (Eqs. (4.64) and (4.65)) via explicit time-stepping

methods with a uniform time grid ∆t employing Euler’s rule given by,

fΓ(E, t+ ∆t) = fΓ(E, t) +
∂fΓ

∂t
(E, t)×∆t , (4.66)

fL(E, t+ ∆t) = fL(E, t) +
∂fL

∂t
(E, t)×∆t . (4.67)

The above equations represent the relation between the initial and final distribution function within

a very small increment in the time step ∆t. This time step also changes with the variation in the

applied electric field and scattering rate. To pull out the electrons from Boltzmann’s distribution,

we apply the first electric field F1 (F1 = 1 kV cm−1). In order to find the new steady-state distri-

bution function because of this applied electric field, F1, we would first compute all the collision

operators from the Boltzmann’s distribution function (F = 0) by using Eqs. (4.64) and (4.65). The

solution of these equations for the distribution function for both Γ and L valley start by updating

the fΓ and fL by using Eq. (4.66) and (4.67) respectively. We start with a time step ∆t = 0.5 fs and

calculate fΓ(E, t+ ∆t) (fL(E, t+ ∆t)) by substituting the right side of the Eq. (4.66) (Eq. (4.67)),

with the previous distribution function, fΓ(E, t) (fL(E, t)) and the corresponding collision operator
∂fΓ(E,t)

∂t (∂fL(E,t)
∂t ) which is computed by using Eq. (4.64) (Eq. (4.65)). We repeat this procedure

N number of times until we accomplish the steady state condition – i.e. until the change in dis-

tribution function, ∂fΓ
∂t × ∆t (∂fL∂t × ∆t), becomes negligible compared to the magnitude of the

distribution functions at all energies 0 ≤ E ≤ Emax. For the present calculation, we find the

temporal evolution of distribution functions until 5 ps, which means N will be 5000, and find that

the steady state condition is achieved within this time period. Now using the steady-state distribu-

tion function obtained at F1 = 1 kV cm−1, we proceed to determine the steady-state distribution

function at the next electric field (F2 = 2 kV cm−1), and so on. For low electric fields F ≤ 1

kV cm−1 we find that a time step ∆t = 0.5 fs is sufficiently small to allow for stable temporal

evolution of the coupled Γ and L valley BTEs. We note from Eq. (4.14) that the collision operator

describing electron acceleration by the applied electric field is ∝ F 2. This important contribution

to the right-hand sides of Eqs. (4.66) and (4.67) increases strongly with increasing F , such that

the product of the total collision operator and ∆t can grow rapidly and introduce numerical in-

stability. To control this behaviour, for applied electric fields F > 1 kV cm−1 we down sample the

time step as ∆t → ∆t × F−2, where F is the magnitude of the applied electric field in units of

kV cm−1. As a consequence of the time step down sampling, the number of repetitions required

to determine the temporal dynamics of the distribution functions increases as N → N × F 2. The

products of ∆t and the collision operator on the right-hand sides of Eqs. (4.66) and (4.67) then

remain “small”, allowing for stable temporal evolution of the valley electron distribution functions.

Now that the steady state electron distribution functions for the Γ and L valleys at each electric

field have been established, we can utilise them to calculate the corresponding electron transport

properties. The total carrier (ntot) and current densities (Jtot) [166] associated with the electron

distribution function fv are given by
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ntot =
∑
v

gv

∫
fv (E)Dv (E) dE , (4.68)

Jtot = −2

3
e2F

∑
v

gv
m∗v

∫
γv(E)f

′
v (E)Dv (E)

(γ′ (E))
2
τ−1
v (E)

dE , (4.69)

where v indexes the valleys, gv is the valley degeneracy, m∗v is the electron effective mass in valley

v, Dv is the DOS of the single valley v (i.e. without spin or valley degeneracy), and τ−1
v is the

total electron scattering rate in valley v, which can be calculated from Eq. (4.62) and (4.63) for

the Γ and L valleys respectively. The mobility µ and drift velocity vd are computed as follows

µ =
Jtot
eFntot

, (4.70)

vd = µF , (4.71)

where Jtot and ntot are the total current and carrier densities (i.e. summed over all valleys (Γ

and L valleys )) respectively. Substituting the current density (Jtot) and carrier density (ntot) in

Eq. (4.70), we get mobility as follows

µ = −2e

3

∑
v
gv
m∗v

∫ γv(E)f
′
v(E)Dv(E)

(γ′ (E))
2
τ−1
v (E)

dE∑
v gv

∫
fv (E)Dv (E) dE

. (4.72)

4.6 Results and discussion

Having overviewed the BTE and its implementation, we now employ this model to benchmark

our code by calculating the electronic transport properties of GaAs in the presence of an applied

electric field. Figure 4.4 displays the calculated distribution of electrons in the Γ and L valleys at

zero field and for five distinct field strengths (1, 2, 5, 10, 15 kV cm−1). When the first electric

field F = 1 kV cm−1 (Fig. 4.4 (b)) is applied, the electrons are pulled away from equilibrium;

however, the electron distribution in the L valley remains close to the Boltzmann distribution

function (Fig. 4.4 (a)). The electron distribution differs slightly from the preceding field at the

next electric field F = 2 kV cm−1 (Fig. 4.4 (c)). Comparing the Γ valley distribution function

to Boltzmann’s distribution at lower energies, we can see a distinct difference. At field strength

F = 5 kV cm−1 (Fig. 4.4 (d)), the electrons start to populate at higher energy levels. When the

field strength further increases (Fig. 4.4 (e), (f)), the electrons scatter into the higher energy L

valleys, at which point the electron mobility and drift velocity then start to be dominated by the

transport characteristics of that valley.

Figure 4.5 shows the variation of electron drift velocity as a function of applied electric field strength

F , where we also include the experimental measurements from Ruch and Kino [191], Ashida et

al. [192], and Houston et al. [193], as well as theoretical computations using the Monte Carlo

method [194] and from previous work in the Photonics Theory group [166]. The current calculation
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Figure 4.4: Steady state electron distribution functions in Γ and L valley for GaAs at different
electric field strengths (a) F = 0, (b) F = 1 (c) F = 2, (d) F = 5, (e) F = 10, and (f) F = 15 kV
cm−1.

is depicted by a solid magenta line that demonstrates Gunn-effect-like behaviour. We find that the

peak drift velocity is 7500 cm s−1 around an electric field of 3 kV cm−1. The electric field at which

the drift velocity is at its maximum value is known as the threshold electric field and the NDR

region begins from this threshold electric field. This is because beyond the threshold electric field,

the drift velocity decreases as a function of the electric field. So, for the current calculation, NDR

starts around 3 kV cm−1, after which the velocity decreases rapidly until 7-8 kV cm−1 beyond

which it varies very slowly and tends to saturate. The computed threshold electric field is in good

agreement with other calculations and experimental measurements. However, the magnitude of

the peak drift velocity is underestimated in comparison to the experimental observation by Ruch

and Kino [191], which are represented by green open circles in Fig. 4.5. These measurements are

claimed to be the first-ever drift velocity versus field measurement.
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Figure 4.5: Drift velocity in GaAs as a function of applied electric field F, based on code presented
here (magenta line), compared to previous experimental measurements from Ruch and Kino [191]
(green plus symbol), Ashida et al. [192] (black dot symbol) and Houston et al. [193] (maroon square
symbol) and the theoretical calculations [194] (dash-dot maroon line), [166] (dashed blue line).
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Figure 4.6: Benchmarking of electron transport properties for GaAs [166]: (a) mobility, (b) drift
velocity, (c) average energy, and (d) fraction of carriers.
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It can also be seen in Fig. 4.5 how the current result differs from the group’s earlier findings [166],

despite the fact that the transport model and the parameters are identical in both instances.

From detailed testing and comparing all the equations with the reference paper [176] and with the

previous code, we find that these differences are due to a number of minor errors in the previous

code [166]. We observed three errors in the previous code. Firstly, there was improper handling of

effective mass in the collision operator (∂f∂t ) for polar optical scattering in the L valley. Secondly,

an incorrect energy was chosen for the onset of phonon absorption (emission) in the ∂f
∂t term for Γ

to L (L to Γ) inter valley scattering. The phonon absorption (emission) term for this process - i.e.

the first (second) of the two terms in curly brackets in Eq. (30) in Ref. [166] should switch on at

energy E = EL − ~ωΓL (E = EL0) but instead switches on at energy E = EL0 (E = EL + ~ωΓL).

Finally, the L valley contribution to total current density Jtot is underestimated by a factor of

41/3 ∼ 1.59, which means that there are associated errors in the mobility and drift velocity (which

primarily manifest at high electric fields, when L valley states become populated due to inter valley

scattering). For the purposes of benchmarking, we deliberately introduced these three errors into

our code, and verified that this allows to exactly reproduce the relevant results in Ref. [166], as

shown in Fig. 4.6. Following this explicit confirmation and benchmarking, we permanently removed

these errors from our calculations.

Despite these errors, the conclusions of Ref. [166] all remain valid. Ref. [166] was primarily focused

on investigating the electronic structure of the dilute nitride alloy GaNxAs1−x and the impact of

nitrogen (N) incorporation on the alloy’s transport properties. The incorporation of N strongly

modifies the CB structure of GaAs, severely limiting the alloy mobility. The descriptions of all the

relevant scattering mechanisms and collision operators and, most importantly, of the band disper-

sion ( γ (E)) are all correctly incorporated in [166], so that its conclusions on how N incorporation

strongly modify the band dispersion and electron mobility remain unchanged, despite the errors

that were found in the code.

4.7 Conclusion

In this chapter, we presented the BTE as a means to calculate the electron transport properties

of semiconductor materials. We first reviewed some of the key features of the band structure

relevant to electron transport. We then gave an overview of the Boltzmann transport model and

described some of the key scattering mechanisms that limit electron mobility in GaAs and in other

semiconductor materials. Having outlined the method that we use to solve Boltzmann’s equation,

we then applied it to calculate electron mobility as a function of the applied electric field in GaAs.

This calculation served both to illustrate the method and also to validate the code developed here

compared to previous calculations. Having developed and established the code, we shall next apply

it in Chapter. 5 to investigate the evolution of the electron transport properties of Ge1−xSnx alloys

as the alloys evolve from an indirect to a direct gap semiconductor with increasing Sn composition

x.



Chapter 5

Theory of field-dependent electron

transport in Ge1−xSnx alloys

5.1 Introduction

Ge1−xSnx alloys are not only compatible with existing Si-based manufacturing processes, but they

can also exhibit a direct fundamental band gap similar to that in III-V semiconductors such as

GaAs [195, 196]. In addition, they also enable strain engineering and band gap engineering by

regulating Sn composition and substrate lattice constant. Thus they have potential applications in

Si-based optoelectronic devices such as lasers, photodetectors, and light emitting diodes (LEDs).

An earlier publication [79] proposed the possibility of increased mobility in Ge1−xSnx alloys in com-

parison to Ge, which makes Ge1−xSnx an attractive candidate for electronic device applications.

Si-based Ge1−xSnx photo-detectors [70, 197] offer better optical responsivity for mid-infrared imag-

ing applications in comparison to Ge-based photodiodes. Liu et al. [198] have presented a vertical

p-i-n heterojunction configured Ge1−xSnx waveguide photodetector, compatible with complemen-

tary metal-oxide semiconductor technology, which operates around 2 µm wavelength range with

high optical responsivity at 5.28% Sn composition. A recent study [69] has presented the design

of a homojunction Ge1−xSnx photodetector, which could be very useful in electronic-photonic

integrated circuits. Lasing has also been demonstrated from direct-gap Ge1−xSnx structures.

Wirth et al. [61] demonstrated the first optically pumped Ge1−xSnx laser, with a Sn composi-

tion of 12.6% and an operating temperature of up to 90 K. Using a commercial chemical vapor

deposition reactor, Zhou et al. [62] fabricated electrically injected Ge1−xSnx/SiyGe1−x−ySnx het-

erostructure lasers on a Si wafer. They observed a lasing threshold of 598 A/cm2 at 10 K and

a 2300 nm peak wavelength; the maximum lasing temperature recorded was 100 K. A recent

work [199] reports room-temperature optically pumped lasing in a heterostructure Ge0.828Sn0.172

microdisk. Now if we turn our attention to electronic devices, Ge1−xSnx has been proposed to

be a very promising option. Because of its higher carrier mobility than equivalent Ge films, poly-

crystalline Ge1−xSnx (poly-Ge1−xSnx) film [200] was proposed as an ideal channel material for

high-performance thin film transistors. There is evidence of enhanced mobility in Ge1−xSnx-based

n-channel MOSFETs [201] fabricated under different strain conditions. Recently Junk et al. [202]

have demonstrated top-down-fabricated vertical gate-all-around Ge1−xSnx nano wire nMOSFETs.

84
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By using infrared spectroscopic ellipsometry and electrical measurements, Costa et al. [203] have

studied the transport parameters of n- and p-type Ge0.98Sn0.02 alloys. In a recently published

article, Harshvardhan and his colleagues [204] proposed the device structure and presented theo-

retical simulations of Ge1−xSnx-based mid-infrared lateral waveguide-based phototransistors with

improved optical responsiveness on a Si platform and a Sn composition of x = 6%. They have

investigated the Gummel and output properties in both dark and light environments, as well as

the optical gain and responsivity by using finite element method simulation. However, they have

simply employed two composition-dependent linear equations to compute the electron and hole mo-

bility. However, for a device engineer, it is essential to have a quantitative understanding of carrier

transport in different semiconductor structures and their associated consequences for semiconduc-

tor device applications, as the transport characteristics have a direct impact on the efficiency of

all these electronic devices. Therefore, carrier transport in semiconductors is undoubtedly a topic

of interest, both fundamentally and in terms of current and future electronic devices.

We present here the first detailed theoretical analysis of electron transport in Ge1−xSnx alloys as

a function of Sn composition and of the applied electric field. In Sec. 5.2, we outline some of the

key characteristics of the conduction band (CB) structure of Ge and Ge1−xSnx. We also describe

how the band gap energies and effective masses vary with Sn composition, and how this ultimately

affects carrier transport. We then describe in Sec. 5.3, the evolution of alloy scattering and optical

deformation potential with Sn composition. Following the descriptions of the band structure and

scattering rates in Sec. 5.2 and Sec. 5.3 respectively, we move on to Sec. 5.4 to examine how the

carrier transport and mobility change with Sn composition at very low field, while the electrons

are still in the thermal equilibrium – i.e. with their statistics described by a Maxwell-Boltzmann

distribution function. Then, we focus in Sec. 5.5 on solving the Boltzmann transport equation

(BTE) to investigate the carrier transport characteristics of Ge and Ge1−xSnx alloys as a function

of composition and applied electric field. We compare our results with previously reported data,

including both theory and experiment and then summarise and present our conclusions.

5.2 Theoretical model

Figure 5.1 shows the band structure of bulk Ge where the valence band (VB) maximum and the

CB minimum are not located at the same wave vector k, thus making it an indirect band gap

semiconductor. The lowest CB edge is at the four-fold degenerate L point, which is about 0.145

eV below the singly degenerate Γ point. This small offset between the Γ and L bands can be

overcome by either applying tensile hydrostatic or axial strain which decreases the Γ valley energy

relative to the L valley energy or through heavy doping which facilitates the radiative Γ7c-Γ8v

transition. [205, 206]. Interestingly, the band gap of Ge can also be manipulated by incorporating

Sn into Ge. Sn, a group-IV element, exists in two allotropic forms. In this section, we will restrict

our discussion to α-Sn which has a diamond cubic lattice similar to Ge. In the case of α-Sn,

the CB minimum and VB maximum are aligned at the Γ point in k–space, giving a direct band

gap material. α-Sn is a semimetal, exhibiting a “negative” band gap of ≈ 0.4 eV [205], i.e. the
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Figure 5.1: Band structure of bulk Ge (image taken from thesis of O’Halloran [59])

Figure 5.2: Schematic representation of the impact of Sn composition in the conduction band
structure of Ge. The Sn composition where the transition from indirect to direct band gap occurs
is denoted by xc. The overall structure of the VBs remains unchanged within this composition
range.

conduction minimum and VB maximum are overlapped at the Γ– point. Alloying Sn with Ge

can then give a direct band gap semiconductor. With increasing Sn composition, the Γ valley

energy decreases faster than the L valley energy and becomes the lowest CB minimum above a

certain critical Sn composition. A schematic diagram showing the evolution of the band structure

of Ge1−xSnx from indirect- to direct-gap is presented in Fig. 5.2. Several reports [207–209] exist of

theoretical calculations of the Ge1−xSnx alloy electronic structure. However, there are conflicting

reports regarding the critical Sn composition at which the indirect- to direct-gap transition occurs.

According to early tight-binding simulations using the virtual crystal approximation, Ge1−xSnx was

expected to become a direct gap material for Sn compositions > 20% [60]. Calculations with the

supercell mixed-atom approach [68] predicted that the transition occurs at 17% Sn. A few reports

such as first-principles calculations based on density functional theory (DFT) quote substantially

lower Sn values of 8% [210] and 6.3% [211], for this transition. The band gap energies for the Γ



Theory of field-dependent electron transport in Ge1−xSnx alloys 87

and L valley are obtained via a quadratic interpolation of the alloy band structure as presented in

Eqs. (5.1) and (5.2) respectively

EΓ (x) = (1− x)EGeΓ + xESnΓ − bGeSnΓ x (1− x) , (5.1)

EL (x) = (1− x)EGeL + xESnL − bGeSnL x (1− x) , (5.2)

where bGeSnΓ and bGeSnL are the band gap bowing parameters for the Γ and L valley respectively.

The variation in these bowing parameter values reported in different publications contributes to

the deviation in the reported Sn compositions at which the indirect- to direct-gap transition oc-

curs. Figure 5.3 exhibits the variation in these band energies as a function of Sn composition,

as reported in some of the publications which include the bowing parameters, from Gupta et

al. [210], Polak et al. [212], Rainko et al. [63] and the calculated band energy at the Γ and L valley

by Galluccio [85]. Galluccio et al. employed the Synopsys Sentaurus Band Structure (S-Band)

software, which computes the band structure in virtual crystal approximation using the empirical

pseudopotential method (EPM). Polak et al. used DFT calculations to establish the composition

dependence of lattice constants, band gaps, and band offsets in bulk Ge1−xSnx alloys over a wide

range of Sn compositions. By implementing the non-local EPM, Gupta et al. [210] found the bowing

parameters for the Γ and L valley to be 2.1 and 0.91 eV respectively; in good agreement with ex-

perimental data [213]. In our calculation, we choose the bowing parameters from Gupta et al. [210],

since these bowing parameters produce an indirect- to direct-gap transition for x ≈ 8%, which is

in agreement with the results of composition-dependent photoluminescence measurements [213].

Some previous work [80] focusing calculation of electron transport in Ge1−xSnx has also used these

parameters. Furthermore, in their calculation, with the increase in Sn contribution the direct band

gap decreases, and also the effective mass at Γ valley decreases. With these bowing parameters,

the closing of the band gap occurs at Sn composition of x = 29%, a value close to the recent DFT

calculations of O’Donnell et al. [205].

If we now turn our attention to effective mass. Several publications [81, 85, 214–216] have ex-

amined how effective mass varies with Sn composition, despite the fact that effective mass is a

key parameter to examine carrier transport properties. By using the band structure produced

by the non-local EPM calculation, Liu et al. [81] computed the effective masses. Furthermore,

by fitting their extracted composition-dependent effective masses, they reported effective mass-

bowing parameters for electrons and holes. Prior to the publication of this work, Low et al. [214]

researched the effective masses of the electron and the hole and also gave the corresponding bowing

parameters. Their analysis shows that the effective mass of the CB at the Γ and L-point decreases

along the transverse direction with an increase in Sn composition from 0 to 20%. The transverse

direction within the L valley is perpendicular and the longitudinal direction is along the direction

joining the Γ and L points. There are different masses along the longitudinal and the transverse

directions. We use the density of states (DOS) mass in our transport calculations, which is the

geometric average of the mass along the longitudinal and two orthogonal transverse directions.

On the other hand, the composition of Sn has a relatively small impact on the effective mass
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of the CB of the L valley along the longitudinal direction. Song et al. [215] calculated the elec-

tronic band structures for relaxed Ge1−xSnx as a function of Sn compositions and also extracted

the composition-dependent bowing equations to determine the appropriate effective mass using

a 30-band k·p model. Galluccio also computed the effective mass for Ge1−xSnx alloy using the

EPM [85].

However, the behaviour of how the band gap, as well as the band edge effective masses, vary with

Sn composition is of crucial importance from the perspective of carrier transport. With an increase

in Sn contribution, the Γ valley energy decreases, and will eventually equal to zero at some Sn

composition. At this composition, the effective mass of the Γ valley should become zero. Therefore,

instead of considering the quadratic equations, which we discussed above, we build an expression

in which the Γ valley mass begins at 0.037m0, the Γ-point effective mass at x = 0 (i.e. in pure

Ge), which then decreases to zero when the alloy band gap reaches zero, and at x = 1, produces

the Γ7c effective mass of Sn, where we follow the double group notation of Refs. [205, 206]. As a

result, we determine the effective masses for the Γ and L valley in Ge1−xSnx alloy by interpolating

the respective effective masses of Ge and Sn using the following formula

mΓ (x) = (1− x)mGe
Γ + xmSn

Γ − bGeSnmΓ x (1− x) , (5.3)

mL (x) = (1− x)mGe
L + xmSn

L − bGeSnmL x (1− x) , (5.4)

where bGeSnmΓ and bGeSnmL are the bowing parameters for the Γ and L valley effective mass. We obtain

these parameters by equating mΓ(x) = 0 for x = 29.6%, i.e. the composition at which the Γ

point band gap equals zero. In Table. 5.1, we present transport parameters for both Ge and Sn,

which also include these bowing parameters. After finalising the bowing parameters for the Γ- and

L-point band gaps and effective masses, we calculate the variation in the Γ and L valley energies

and effective masses by using Eqs (5.1), (5.2), and Eqs (5.3), (5.4) respectively as a function of Sn

composition. Exemplar values are listed in Table. 5.2.

5.3 Scattering mechanisms

In Chapter. 4, we explored various scattering mechanisms using Fermi’s golden rule and presented

the formalism of the corresponding scattering rates and collision operators. The BTE model for

GaAs included the acoustic phonon (for both Γ and L valley), polar optical (only L valley), and

inter-valley optical phonon (Γ L, L Γ, LL) scattering processes. We also presented these scattering

rates as a function of electron energy. The BTE model of Ge includes two sets of valleys: Γ and L

valleys, and thus we take into account the scattering processes that are associated with these two

valleys, which are primarily driven by optical and acoustic phonons. Acoustic phonon scattering

contributes to intra-valley scattering at both the Γ and L valleys. Optical phonons contribute inter-

valley scattering from Γ to L, from L to Γ, and between equivalent L valleys, similar to GaAs. The

non-polar crystal structure of Ge, in contrast to GaAs, does not allow for the inclusion of polar-

optical scattering. Instead, we incorporate electron scattering by optical phonons in the L valley
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Figure 5.3: Comparison of different theoretical calculations for the band gap energies of the
Γ and L valley (blue and red lines respectively) with Sn composition, x. Data are taken from
Refs. [63, 85, 210, 212].

caused by the optical deformation potential. In addition to the scattering mechanisms present in

Ge, the addition of Sn atoms to Ge contributes another major scattering pathway, namely alloy

scattering, to the Ge1−xSnx electron transport model. This section focuses on how we select the

deformation potential parameters for the dominant scattering mechanisms while building the BTE

model for Ge and Ge1−xSnx. We do not go into detail about these scattering mechanisms again,

with the exception of alloy scattering, which was not covered in our previous chapter. Using the

tight-binding method, which is also described in Appendix A, we determine the alloy scattering

potentials. 1

5.3.1 Selection of parameters

After determining which specific scattering mechanisms must be considered, the first step is to

identify appropriate values of the associated deformation potentials. To do so, we review several

sets of parameters from the literature [219, 222–224] and select the scattering potentials which

produce results that are consistent with the experimental data. For example, from Ref. [222], we

extract that the mean free path for L valley acoustic phonon scattering for Ge (lac) is 1.608×10−5

cm. The mean free path, lac and deformation potential, Dac, are related as follows

lac =
π~4cl

m2
L2D2

ackbT
, (5.5)

1The tight-binding calculations of the alloy scattering deformation potentials were carried out by Co-Supervisor
Dr. Christopher A. Broderick.
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Parameter Ge Sn

Mass density, (g cm−3) 5.340 [217] 5.810 [205, 218]

Lattice constant, (Å) 5.655 [80] 6.473 [205]

Sound velocity, (cm s−1) 5.470× 105 [219] 3.950× 105 [220]

Effective mass (Γ valley), (m0) 0.037 [80] -0.079 [221]

Effective mass (L valley), (m0) 0.220 [80] 0.212 [80]

Acoustic deformation potential (Γ valley), (eV) 5 [80] [219] -6 [80]

Acoustic deformation potential (L valley), (eV) 9.36 [222] -2.14 [80]

Optical deformation potential (L valley), (eV m−1) 3.63×1010 [223] 3.63×1010

Deformation potential for Γ→ L scattering, (eV m−1) 2× 1010 [80, 217] 2× 1010

Deformation potential for L→ L scattering, (eV m−1) 2× 1010 [80] 2× 1010

Inter valley phonon energy ~ωΓL, ~ωLL, (meV) 26.775 [220] 27.60 [220]

Optical phonon energy ~ω(meV) 38.25 [220] 25.02 [220]

EΓ (eV) 0.809 [205] -0.413 [80]

EL (eV) 0.664 [80] 0.092 [80]

Bowing parameter, Γ point band gap (bΓ), (eV) 2.15 [80] -

Bowing parameter, L point band gap(bL), (eV) 0.91 [80] -

Bowing parameter, Γ band effective mass (bmΓ), (m0) 0.0128 -

Bowing parameter, L band effective mass (bmL), (m0) 0.0402 -

Table 5.1: Transport parameters used for Ge & Sn in this thesis.

Sn composition (x) EΓ (x), (eV) EL (x), (eV) ∆E (x), (eV) mΓ (x), (m0) mL (x), (m0)

0 0.8090 0.6640 0.1450 0.037 0.220

0.02 0.7424 0.6347 0.1077 0.0344 0.2191

0.04 0.6776 0.6062 0.0714 0.0319 0.2181

0.06 0.6144 0.5784 0.0361 0.0293 0.2173

0.08 0.5530 0.5513 0.0017 0.0268 0.2164

0.10 0.4933 0.5249 0.0316 0.0242 0.2156

0.12 0.4353 0.4993 0.0639 0.0217 0.2148

0.14 0.3791 0.4744 0.0953 0.0192 0.2140

0.16 0.3245 0.4502 0.1257 0.0167 0.2133

Table 5.2: Γ- and L-point band gaps (eV) and effective masses (m0) for Ge1−xSnx as a function
of Sn composition, x.

where, mL and T denote the effective mass of the electron in L valley and lattice temperature

respectively, and cl = ρv2
s , is the average longitudinal module of crystal, with ρ and vs being the

mass density and sound velocity. At room temperature (T =300 K), when we plug in the value

of all the parameters ρ, vs and the effective mass, mL of L valley from Table. 5.1, we compute

the acoustic deformation potential for the L valley, DacL = 9.36 eV. The Γ valley acoustic phonon

scattering potential parameter and the inter (L- Γ and Γ- L) and intra (L-L) valley scattering rates

are obtained from Jacoboni [219]. We use data from Murphy-Armando et al. [189, 223] to calculate

the optical deformation potential scattering. By symmetry, Γ-valley electrons do not experience

optical deformation potential scattering, hence this scattering rate only applies to the L valley

electrons. All these scattering potentials and other parameters that are required for transport

calculations are listed in Table. 5.1. We can utilise these scattering potentials to calculate the

corresponding scattering rates and collision operators over a pre-selected range of CB energy using
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the formulas presented in Sec. 4.4 of Chapter. 4.

Having described the scattering rates for Ge, we now move on to Ge1−xSnx, where at each Sn

composition, we obtain the associated band gap energy, and effective mass as shown in Table. 5.2.

At each Sn composition x, the transport parameters, such as lattice constant and deformation

potentials estimated via as a linear interpolation of the respective Ge and Sn parameters as Eq (5.6)

DGeSn (x) = (1− x)DGe + xDSn , (5.6)

where DGe and DSn represent a given parameter for Ge and Sn respectively. Using these modified

parameters and the scattering rate calculations provided in Sec. 4.4 of Chapter. 4, we determine

the scattering rate as a function of band energy for each Sn composition.

Figures 5.4, 5.5, and 5.6 show the acoustic, optical deformation potential , and intervalley scattering

rate respectively for pure Ge and four different Sn compositions (x = 4, 8, 12 and 16%). We find

that the acoustic scattering rate in the L valleys dominates over others, which could be in part

ascribed to the higher effective mass of electrons there. As the Γ valley effective mass reduces with

rising Sn composition, the acoustic scattering rate in the Γ valley and the Γ to L valley scattering

both decrease significantly with increasing Sn composition. The scattering rate caused by optical

deformation at L valley and the equivalent intra-valley L-L scattering have only a weak dependence

on Sn composition, x, because of the slow variation in the L effective mass with x. Overall, these

figures imply that as the band gap in Ge1−xSnx shifts from indirect to direct, the scattering rate

of electrons decreases, potentially resulting in increased mobility. However, without investigating

alloy scattering, we cannot draw any definitive conclusions about how the Sn composition influences

total or overall scattering rate and, consequently, electron mobility. The following section discusses

alloy scattering, followed by a discussion of the total scattering rate, which is a critical input to

the electron transport model.

5.3.2 Alloy scattering

In addition to altering the band energy and effective masses, the presence of substitutional Sn atoms

in Ge drives the composition-dependent alloy scattering, which includes inter-valley scattering (Γ→
L, L→ Γ), equivalent L to L scattering as well as intra-valley scattering in both the Γ and L valleys.

We can use Fermi’s golden rule to compute the alloy scattering rate [189]

τ−1
al (E) = Nf

2π

~
x (1− x)

a3
0

8

∑
f

D2
alif

Df (E) , (5.7)

where Df (E) is the DOS of the final valley f , Nf is the number of available final valleys to

which electrons can scatter, and Dalif is the alloy scattering potential, which we calculate by using

atomistic supercell electronic structure calculations. In the case of intra and equivalent L-L scat-

tering, Df (E) and Nf change accordingly. We obtain the alloy scattering deformation potentials

corresponding to intra and inter-valley scattering from tight-binding calculations performed on
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Figure 5.4: Acoustic deformation potential scattering rate of Ge, and of Ge1−xSnx for Sn com-
positions x = 4, 8, 12 and 16%, for the (a) Γ, and (b) L valleys at room temperature (300 K).
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Figure 5.5: (a) Optical deformation potential scattering rate in L valley, (b) and equivalent L-L
scattering in Ge, and Ge1−xSnx for Sn compositions x = 4, 8, 12 and 16% at room temperature
(300 K).

N -atom ordered alloy supercells containing a single substitutional Sn impurity, with N = 16, 64

and 128 atoms (x = 6.25, 1.5625 and 0.78125%, respectively). The calculated alloy scattering



Theory of field-dependent electron transport in Ge1−xSnx alloys 93

0.0 0.1 0.2 0.3 0.4
Energy, eV

10 1

100
sc

at
te

rin
g 

ra
te

, p
s

1

(a)

1
L  

x = 0%
x = 4%
x = 8%
x = 12%
x = 16%

0.0 0.1 0.2 0.3 0.4
Energy, eV

10 4

10 3

10 2

sc
at

te
rin

g 
ra

te
, p

s
1

(b)

1
L  

x = 0%
x = 4%
x = 8%
x = 12%
x = 16%

Figure 5.6: Inter-valley (Γ → L (a), (b) L → Γ) scattering rate in Ge, and Ge1−xSnx for Sn
compositions x = 4, 8, 12 and 16 % at room temperature (300 K).

deformation potentials are listed in Table. 5.3. The detailed calculation is given in Appendix A.

In Refs. [189], [225], and [226] Murphy-Armando and Fahy developed a first principles approach

to analyse carrier scattering in alloys, which they applied to successfully predict the experimen-

tally measured composition-dependent electron mobility in Si1−xGex. Their analysis shows that

the intra-valley alloy scattering deformation potentials for the Γ valley and the Γ to L scattering

potential in Si1−xGex are 1.28 and 0.82 eV, respectively. When comparing our calculated Γ to L

scattering potential for Ge1−xSnx to that calculated by Murphy-Armando and Fahy for Si1−xGex,

our calculation produces a higher value of 2.586 eV. Our calculated Γ to L inter-valley alloy scat-

tering potential for Ge1−xSnx exceeds that in Si1−xGex by a factor of approximately three. When

squared, in the calculation of the corresponding alloy scattering rate (cf. Eq. (5.7), this indi-

cates that Sn incorporation drives Γ to L inter-valley alloy scattering at a rate exceeding that in

Si1−xGex by close to one order of magnitude. Previous analysis of the Ge1−xSnx electronic struc-

ture indicates that this introduces strong Sn-induced hybridisation between the Γ- and L-point

CB minima [221]. In Si1−xGex alloy, the intra-valley scattering potentials for the L valley and

equivalent L to L valley are 0.19 and 0.95 eV, respectively, where the former is equivalent to the

characteristics of Ge1−xSnx alloy, and the latter is relatively lower.

Using Eq. (5.7) and the scattering potential values from Table. 5.3, we compute the energy-

dependent alloy scattering rates for each valley for a given Sn composition x. To obtain more

insight into alloy scattering, we show the individual alloy scattering rates for x = 4 and 16%

Ge1−xSnx in Figs 5.7 and 5.8 respectively, with the band gap switching from indirect to direct as

x increases from 4% to 16%. The calculated difference in Γ and L valley energy at x = 4% is quite
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Alloy scattering process Alloy scattering potential, eV

intra-valley (DalΓ) -1.368

intra-valley (DalL) -0.140

inter-valley, (DalΓL
) 2.586

equivalent-valley, (DalLL
) 1.781

Table 5.3: Alloy scattering potential parameters for Ge1−xSnx.

small, roughly 71 meV. As a result, as electrons exceed this energy, scattering from the L to Γ

and from the Γ to L valley switches on. The scattering rates associated with the intra-valley alloy

scattering potentials DalΓ and DalL are approximately in the range of 10−3 – 10−1 ps−1, whereas

the scattering rate associated with Γ to L valley is in the range of 101 – 102 ps−1. With increasing

Sn composition, the alloy band gap becomes direct, and the difference in energy between the Γ-

and L-valley minima increase to 126 meV in Ge0.84Sn0.16. Above this energy, intervalley scatter-

ing from Γ to L is possible, and the increase in this alloy scattering rate depends mainly on two

factors (i) with the increase in Sn composition within the range (x < 50%), the alloy scattering

rate increases, (ii) the DOS effective mass of the final valley. With those two factors dominating,

the actual ”shape” of the alloy scattering rate vs. energy is just a simple ∝
√
E increase, following

the DOS of the final valley. In both cases, the primary scattering mechanisms are Γ to L, L to

L, and L to Γ. Except for L to Γ scattering, all of these scattering rates are relatively higher for

Ge0.84Sn0.16 than for Ge0.96Sn0.04. We note however that the small change in L to Γ scattering is

probably due to our assumption of a parabolic band dispersion in the calculations. In practice, the

Γ band has a nonparabolic dispersion, which will increase the density of Γ states at higher energy,

and therefore also increase the scattering rate above that which we have calculated. However,

this underestimation of the L-Γ scattering rate will not significantly impact the conclusions of our

analysis.

If we think back to the earlier scattering mechanisms, such as scattering due to an optical or

acoustic phonon (Figs 5.4, 5.5 and 5.6), we can observe that as the Sn’s composition grows, electron

scattering tends to decrease. However, the outcome for alloy scattering is absolutely opposite.

Following the discussion of each individual scattering process, the overall scattering rate for the Γ

and L valleys for Ge and four distinct Sn compositions is shown in Fig. 5.9, which we utilise as

the input to our electron transport model. Our results show that when Sn is added to Ge, the

alloy scattering becomes the dominant scattering mechanism, and hence the total scattering rate

increases for both valleys.

5.4 Low -field electron transport

We start our investigation of the electron transport properties by considering the zero-field mobility,

i.e. the mobility when the field is sufficiently low that the electrons still thermalise into a Maxwell-

Boltzmann
(
f = exp

(
− E
kbT

))
. If we recall Chapter. 4, the expression for the field-dependent
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Figure 5.7: Alloy scattering rate in Ge0.96Sn0.04 due to DalLΓ
, DalLL

and DalL at room temper-
ature (300 K).
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Figure 5.8: Alloy scattering rate in Ge0.84Sn0.16 due to DalLΓ
, DalLL

and DalL at room temper-
ature (300 K).

mobility, µ is as follows

µ = −2e

3

∑
v
gv
m∗v

∫ γv(E)f
′
b(E)Dv(E)

(γ′ (E))
2
τ−1
v (E)

dE∑
v gv

∫
fv (E)Dv (E) dE

, (5.8)
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Figure 5.9: total scattering rate in Ge, and Ge1−xSnx for Sn compositions x = 4, 8, 12 and 16%
for the (a) Γ, and (b) L valleys at room temperature (300 K).

where v indexes the valleys, gv is the valley degeneracy, m∗v is the electron effective mass, Dv is the

DOS (i.e. without spin or valley degeneracy), and τ−1
v is the total electron scattering rate in valley

v, which can be calculated from Eq. (4.62) and (4.63) for the Γ and L valleys respectively. We

compute the integrals in Eq. (5.8) numerically (using a trapezoidal rule) to determine zero-field

mobility. When we substitute into the above expression an individual scattering rate, for example,

acoustic phonon or inter-valley scattering, we can then compute the contribution to the total.

We take electron transport parameters from Jacboni et al. [219], Murphy-Armando et al. [189, 223],

and Sanchez [222] for our analysis of electron transport properties of pure Ge. To determine at room

temperature dependence of the electron mobility on the individual scattering mechanisms in Ge

we compute the zero-field mobility in the following four cases (i) limited only by acoustic phonons

scattering (µAPS), (ii) limited only by intervalley optical phonon scattering (µΓL,LL), (iii) limited

only by intravalley optical deformation potential scattering (µODS), and (iv) the physically realistic

case, in which all of these scattering mechanisms are included in the calculation of the mobility.

The results of this analysis are presented in Table. 5.4. We note that the acoustic scattering of

electrons in the L valley limits the overall mobility. This is mainly due to the large value of the

scattering potential parameter and high DOS in the L valley. The blue solid line in Fig. 5.11

shows the DOS plotted as a function of energy for both valleys in Ge, showing that the DOS of

the L valley is of order ≈ 100 times higher than that of the Γ valley. Finally, after accounting

for all scattering mechanisms, we determine a room-temperature zero-field mobility of 3987 cm2

V−1 s−1, in good agreement with experiment [227–229]. This agreement underpins the selection
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Scattering Process µ0, cm2 V−1 s−1

Inter and intra valley optical phonon scattering (Γ→ L,L→ Γ, L→ L ) 29214

Acoustic phonon scattering (both Γ and L Valley) 5172

Optical deformation potential scattering (L Valley) 71683

All the above scattering mechanisms 3987

Table 5.4: Contributions to zero-field mobility in Ge due to individual scattering mechanism.

of our scattering parameters. We demonstrate in Sec. 5.5 below that the selected parameters also

describe well the field-dependent electron mobility of Ge vs. a range of experimental data.

Following this analysis of mobility in pure Ge, we investigate how the zero-field electron mobility

properties change as the Sn composition in Ge1−xSnx is increased. To evaluate electron mobility as

a function of Sn composition, we first compute the composition-dependent parameters characteris-

ing the band structure and scattering rates for a given composition. Next, we compute the electron

mobility by using Eq. (5.8) for Sn compositions in the range x = 0 – 16% using a composition step

size of 0.5%.

To gain more insight into the expected electron transport properties, we begin our analysis by

calculating the fraction of the thermalised free electron carrier density residing in the Γ and in the

L valley as a function of Sn composition. Figure 5.10 shows the calculated fraction of carriers in the

Γ and the L valleys as a function of Sn composition, based on the assumed composition dependence

of the DOS, as shown for selected compositions in Fig. 5.11. We note from Fig. 5.10 that in the

indirect-gap regime – i.e. for Sn compositions x ≤ 8%, the vast majority of the electrons occupy

L-valley states due to the significantly higher L-valley DOS. As we increase Sn composition, the

electrons start populating the Γ valley, as we transition to the direct-gap regime for x ≥ 8% The

band edge DOS in the Γ valley is ≈ 100 times lower than that in the L valley. As a consequence, it

can be expected that the mobility will be significantly higher than that of pure Ge, when the overall

mobility contribution is mainly due to the Γ valley electrons. As such, we expect that the zero-field

electron mobility in Ge1−xSnx should increase strongly with increasing x ≥ 8%, due to the lower

effective mass and overall scattering rate in the Γ valley. However, as we will demonstrate below,

this mobility can decrease strongly in the presence of an applied electric field: Γ valley electrons

accelerate rapidly in response to the field, gaining sufficient energy to rapidly scattering to the

high effective mass (low mobility) L valleys.

Figure 5.12 shows the calculated zero-field electron mobility of Ge1−xSnx as a function of Sn

composition x. The blue line shows the calculated mobility, including alloy scattering. For lower

Sn compositions x < 8%, below the indirect- to direct-gap transition, the mobility is less than that

of pure Ge. To explain this limited mobility, we note from Fig. 5.10 that for x < 8%, over 90% of

the electrons are in the L valley with its higher DOS. Additionally, Sn incorporation results in alloy

scattering, which acts to reduce the mobility. For x > 8%, in the direct-gap regime, the zero-field

mobility increases with increasing Sn composition. At x = 16%, our calculated mobility is 4.315

×105 cm2 V−1 s−1, which is more than 100 times the mobility of pure Ge, and also significantly

higher than that of GaAs, as computed in the previous chapter.
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Figure 5.10: Fractions of carriers in Γ and L valley as a function of Sn composition at room
temperature (300 K).

Despite using only intra valley alloy scattering , which may boost mobility, Mukhopadhyay et

al. [80] reported an electron mobility of 2 × 105 cm2 V−1 s−1 at x = 20%, which is roughly half

of our calculated mobility at x = 16%. This could be because of higher values of the acoustic and

optical deformation potential scattering parameters were used, as well as the inclusion of impurity

scattering in their calculation. They did not, however, provide a quantitative explanation for the

shift in effective masses and scattering parameters in both valleys as Sn composition rose. To

understand the impact of alloy scattering on the overall mobility in our calculations, we have

also calculated the mobility, with the alloy scattering rates set to zero (orange line in Fig. 5.12).

When alloy scattering is set to zero, the mobility at lower Sn compositions also reaches higher

values than that of Ge – a consequence of the decrease in the Γ and L valley DOS effective masses

with increasing x – at higher Sn compositions, the mobility increases by a factor of order 20. To

summarise, increasing Sn composition in Ge causes a shift from indirect to direct band gap and a

decrease in the Γ valley band edge DOS, with the alloy and Γ to L valley inter-valley optical phonon

scattering being the dominant scattering processes at higher Sn compositions. These scattering

mechanisms set an upper limit on the low-field mobility at higher Sn compositions, but overall we

calculate a strong enhancement of the low-field mobility in direct band gap Ge1−xSnx due to the

significantly lower DOS in the Γ valley.
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Figure 5.11: Density of states in Ge, and Ge1−xSnx for Sn compositions x = 4, 8, 12 and 16%
for the (a) Γ, and (b) L valleys at room temperature (300 K).
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5.5 Field dependent electron transport

We split this section into two parts. The first part discusses the room-temperature electron trans-

port properties of Ge by calculating the electron drift velocity and mobility as a function of applied

electric field, and compares them to experimental data and previous theoretical calculations. We

explain the importance of choosing a suitable maximum cut-off energy and the total simulation

time allow the numerical evolution of the distribution functions – described by the two-valley

BTE model – to reach an accurate steady-state. After validating our results for pure Ge, we then

investigate how Sn incorporation influences the electron transport properties in Ge1−xSnx. For

our calculations, we choose a range of Sn compositions between x = 2 and 16% and calculate

the composition-dependent, steady-state electron distribution functions, average energy, electron

occupancy, electron mobility, and drift velocity as a function of the applied electric field F , up to

a maximum strength of 10 kV cm−1.

5.5.1 Field-dependent electron transport in Ge

To investigate the field-dependent electron transport characteristics of Ge, we employ the BTE

model, which we have discussed in detail in Chapter. 4. However, due to differences in scattering

mechanisms, changes in the relative Γ and L valley energy, and other parameters, the implemen-

tation of the Ge-BTE model differs slightly from that of the prior GaAs-BTE model.

In the BTE approach, we start by defining the energy range over which we will evolve the valley

distribution functions. To do so, we choose the zero of energy to lie at the CB minimum and

explicitly select the maximum energy Emax and an energy grid step size, which we take as ∆E =

0.1 ~ω [2], where ~ω is the longitudinal optical phonon energy. For Ge, the CB minimum is at the

L valley, and the Γ valley is taken to be 0.145 eV [221] above the L valley. Therefore the L valley

energy starts from CB minimum, and the Γ valley energy begins beyond 0.145 eV. For both valleys

we use the same maximum energy Emax. In our Ge-BTE model and as we describe below, we find

that the choice of a sufficiently large Emax is crucial for an accurate description of the transport

properties. After specifying the energy range, we calculate the energy-dependent scattering rates

for each valley included in the model.

We include in our calculations the relevant scattering mechanisms described in Sec. 5.3, and for

our initial calculations set Emax = 60 ~ω (cf. Table. 5.1). We initiate the calculations by assuming

that the electrons are thermalised into a Maxwell-Boltzmann distribution in each valley at zero

field, F = 0. We then need to evaluate how the electron distribution function in both valleys

changes as the field increases. To evaluate the steady state distribution function at field F = Fn,

we need to solve the time-dependent coupled BTEs for the Γ and L valleys,

(
∂fΓ

∂t

)
=

(
∂fΓ

∂t

)
Fn

+

(
∂fΓ

∂t

)
ΓL

, (5.9)
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∂fL
∂t

)
Fn

+

(
∂fL
∂t

)
ODS

+

(
∂fL
∂t

)
LΓ

+

(
∂fL
∂t

)
LL

. (5.10)

These coupled equations are similar to those for GaAs, with the exception that the collision operator

due to polar optical scattering is replaced by the optical deformation potential collision operator

in the L valley. The formulation of all of these collision operators was discussed in Chapter. 4. We

evolve the BTE for each valley using an explicit Euler method on a uniform temporal grid ∆t,

f(E, t+ ∆t) = f(E, t) +
∂f

∂t
(E, t)×∆t , (5.11)

and integrate until we obtain steady-state distribution functions at a given field, F = Fn. The

size of the time step and total integration time required to get a steady state distribution vary

with the strength of the applied electric field, Fn, and the choice of maximum energy, Emax. Once

we have the steady state distributions at field Fn, we use them as the starting distribution when

determining the steady state distribution functions at the next electric field, Fn+1. We begin our

calculations by taking Emax = 60 ~ω (cf. Table. 5.1), and a time-step, ∆t = 0.25 fs at electric field

F = 1 kV cm−1. As we proceed to the higher field, we down-sample the time step, as we did for

GaAs. material parameters employed in our Ge transport calculations are listed Table. 5.1. To

appropriately estimate the steady-state distribution functions, we run the simulations for a total

time period of 200 ps. As the strength of the electric field increases, the number of time steps

increases, and consequently so does the computation time. We determine the room temperature

electron transport properties for Ge for electric field strengths up to 10 kV cm−1. For each electric

field strength, we found that the steady-state Γ- and L-valley distribution functions are attained

after 75 ps. We find for Emax = 60 ~ω (cf. Table. 5.1) that the drift velocity starts to decrease for

fields above about 5 kV cm−1. This is akin to the well-known Gunn (negative differential resistance)

effect in GaAs, but in the case of Ge is unphysical since it is well known from experiment that

the electron drift velocity saturates, but does not decrease, at high field [230, 231]. To test the

origin of this decrease, we repeated the calculations for different upper cut-off energies (Emax =

60, 90, 120, 150 and 180 ~ω) (cf. Table. 5.1). Figure 5.13 shows the calculated drift velocity as a

function of electric field for the different values of Emax. Each of these calculations uses a total

simulation time of 200 ps for each electric field. Our results unequivocally show that the drift

velocity at higher field is reduced when the maximum energy limit is 60 ~ω (≈ 2.29 eV) (blue

diamond line in Fig. 5.13) for electric fields greater than 5 kV cm−1 compared to that calculated

with higher cut-off energies. The drift velocity decreases for electric fields above 6 kV cm−1 for

the next higher cut-off energy 90 ~ω (≈ 3.4 eV) (squared orange line in Fig. 5.13), and so on. We

finally eliminate this artificial high-field reduction of the drift velocity for electric fields up to 10 kV

cm−1 at Emax= 180 ~ω (≈ 6.8 eV) (circled purple line in Fig. 5.13). When we choose a ”low” value

of Emax, once the electric field gets high enough electrons reach the ”top” (Emax) of the bands

in our calculation. The electrons are then prevented from accelerating further because there are

no higher energy states available in the calculations for them to accelerate into. Numerically we

can say the distribution function starts to unphysically ”pile up” at the top of the band, and this

in turn then impacts the evaluation of f
′
(E), which impacts the calculation of collision operators



Theory of field-dependent electron transport in Ge1−xSnx alloys 102

and pollutes the results of the calculation at higher electric field values. Therefore, the choice of

cut-off energy for Ge is important, especially when working with larger electric fields. We note that

this issue is not encountered in the GaAs calculations, because energy loss via strong polar optical

phonon scattering prevents electrons from accelerating to the top of the calculational energy range,

allowing to use smaller values of Emax.

After establishing the convergence of the Ge-BTE model, we now plot in Fig. 5.14 the steady-state

electron distribution functions for various electric field strengths, ranging from zero field to F = 10

kV cm−1, assuming parabolic Γ and L valleys and an upper cut-off energy of 180 ~ω (≈ 6.8 eV).

The solid and dotted lines represent the electron distribution for the Γ and L valley respectively.

We normalise the distribution functions with respect to the value of fL at energy (0.1 ~ω) so that

the L valley electron distribution functions for all electric field values begin at 1. The orange line

represents the Boltzmann distribution function for field F =0. Up to the electric field strength

of 0.1 kV cm−1, the electron distribution function mostly follows the Boltzmann distribution line

signifying that such low electric fields do not significantly pull the electron distribution from its

equilibrium value. When the external electric force increases to 1 kV cm−1, the change from the

equilibrium distribution is noticeable, but at such a low electric field, the electron distribution

remains similar to a higher temperature Boltzmann distribution. As the field increases further,

electrons increasingly start to be accelerated to higher energy states. For the highest electric field

(F = 10 kV cm−1), the electron distribution becomes almost flat. We note however that at higher

electric fields, the actual electron distribution is likely to be different in an actual Ge sample, due

to two differences between our model and the true band structure of Ge. Firstly, at a higher field

scattering of electrons can be expected to the higher energy X-point CB valleys, which we omit

in our calculations, and secondly, at higher energy the Γ (and L) band dispersion quickly become

non-parabolic. Our calculations assume a two-valley parabolic band dispersion model for the Γ and

L valleys and ignore the X valley. While these issues impact the calculated high-field mobility of

Ge, they will not affect our conclusions in the next section regarding carrier transport in Ge1−xSnx.

Knowing the electron distribution function in both the Γ and L valleys for a specific electric field

value F, we can then compute the drift velocity and mobility for that field as vd = JΓ+JL
e(nΓ+nL) and

µ = vd
F respectively, where JΓ, JL and nΓ, nL represent the current and carrier density for the Γ

and L valleys respectively. Equations (4.69) and (4.68) provide the expressions used to determine

the current and carrier density for a valley, v from the carrier distribution function, fv.

The blue circles in Fig. 5.15 and 5.16 show the calculated room-temperature electron drift velocity

and mobility as a function of applied electric field, computed with Emax= 6.8 eV. Figure 5.15 also

includes theoretical results from the Monte Carlo calculations of Jacoboni et al. [219], and Gang et

al. [233], as well as experimental data from Gunn [232], Sze [231], and from Smith et al. [230]. For

the lower electric field strengths, up to 2 kV cm−1, we find good agreement between our calculated

drift velocity and the experimental data of Gunn [232]. Beyond this electric field, we calculate

a higher drift velocity. However, even at the highest field, the difference is less than 20% and,

over the full range of fields, our results match well with the earlier experimental measurement by

Smith et al. [230]. Comparing to previous calculations, our velocity vs field curve lies between the
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results of Gang et al. [233] and Jacboni et al. [219]. There is good agreement between our results

and those of Gang et al. [233] up to an electric field of 2 kV cm−1; at higher fields our calculated

velocity is above their result but below that of Jacboni et al. [219].
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Figure 5.15: Drift velocity in Ge as a function of electric field F, based on the BTE model
presented here (solid blue line), compared to previous experimental measurement by Gunn [232]
(black circle), Sze [231] (red triangle up), and Smith et al. [230] (triangle left and right) and
theoretical calculation by Jacboni et al [219](solid orange line), and by Gang et al. [233](solid
green line).

Figure 5.16 compares the electric field dependence of our calculated mobility with the experimental

data from Gunn, Many and Zucker [195] and the theoretical calculations of Sanchez [222]. We

show very strong agreement between our projected mobility and the experimental data, as well

as a similar decrease in mobility with increasing field strength vs. Sanchez’s calculation. The

absence of L to Γ and equivalent L to L scattering could explain the overestimation of the mobility

vs. experiment in Sanchez’s theoretical model.

The fact that our calculated drift velocity is higher than most other results is consistent with

the absence of X valleys in our calculations, which introduce additional scattering pathways at

higher energy and consequently at higher field values. In addition, our assumption of a purely

parabolic band dispersion will underestimate the electron effective mass and scattering rates at

higher energy, leading to an overestimation of the associated drift velocity. However, even with

these simplifying assumptions, our calculated electron transport properties are in good quantitative

agreement with previous theoretical and experimental analysis. Hence, we conclude that our two-

valley BTE model for Ge provides a suitable foundation for studying the field-dependent electron

transport in Ge1−xSnx alloys.
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Figure 5.16: Electron mobility in Ge as a function of electric field, F based on the BTE model
presented here (solid blue line), compared to previous experimental measurement by Gunn (red
circle) , Many (green star), Zucker (purple square) (data extracted from [195]) and the theoretical
computation by Sanchez [222](dashed orange line). Normalised mobility data are available in all
these references. Absolute mobility are obtained by multiplying our calculated zero field mobility
(3987 cm2 V−1 s−1).

5.5.2 Field-dependent electron transport in Ge1−xSnx alloys

We turn now to investigate the impact of applied electric field on the electron transport properties

of Ge1−xSnx alloys as a function of increasing Sn composition. We use the composition-dependent

band structure parameters of Table. 5.2 as well as scattering potentials, lattice constants, and

phonon energies as presented in Eq. (5.6). The BTE model is then used for each composition to

determine the steady-state distributions as a function of the applied field. We assume that the alloy

scattering is elastic [189], such that there are no non-zero collision operators corresponding to the

alloy scattering rates described above. The transport properties are then derived from the resulting

steady-state distribution functions, as described above. Due to the dependence of the scattering

rates on Sn composition, the time-step in the BTE model changes for each composition. We again

run our computations for a total time of 200 ps (for some electric fields 500 ps), repeating the

procedure at the next higher cut-off energy, to ensure the convergence of the calculation. With the

exception of the Sn composition x = 2%, where steady-state distribution functions are acquired at

the ensuing higher cut-off energy (Emax = 90 ~ω), steady-state distribution functions for all other

compositions are achieved at a cut-off energy of 60 ~ω, reflecting the impact of alloy scattering on

the calculated electron distribution functions.
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5.5.2.1 Carrier distribution function

Ge1−xSnx makes a transition in our calculations from an indirect gap to a direct gap at Sn com-

position x = 8%. We therefore choose here four different Sn compositions, x = 4, 8, 12, and

16%, to investigate the composition dependence of the change in the distribution functions as a

function of applied electric field. We chose these compositions to investigate the evolution of the

field-dependent electron transport properties as the band gap changes from indirect to direct. We

find for direct-gap alloys that we need to use very small electric field steps at low electric field

in order to follow the evolution of the distribution function and carrier transport characteristics.

Figure 5.17 displays the steady state distribution function obtained at various electric field values

upto to 10 kV cm−1 for Sn composition x = 4, and 8%; we normalise the distribution functions in

each case to the value at fL(0.1 ~ω), where ~ω is the phonon energy. The solid and dotted lines

represent the Γ and L valley respectively.

At zero electric field, the steady-state distribution functions are Maxwell-Boltzmann, by construc-

tion. The bottom orange line in both figures represents the Boltzmann distribution. When a

small electric field is applied (0.01 kV cm−1), it is expected that this distribution will be slightly

perturbed. The steady-state distribution functions for electric fields up to 0.1 kV cm−1 are effec-

tively indistinguishable from the Maxwell-Boltzmann distribution for x =4, and 8%. As a result,

we infer that the electron distribution in Ge1−xSnx is minimally perturbed at low electric fields

(F = 0.1 kV cm−1). Even when the electrons are driven out of thermal equilibrium at F = 1

kV cm−1, out-of-equilibrium steady-state distribution functions remain Maxwell-Boltzmann-like,

albeit, with carrier temperature elevated compared to the fixed lattice temperature of 300 K. As

the field increases further, electrons begin to occupy higher energy states for both compositions.

The steady-state distribution functions for the two compositions start to noticeably deviate from

each other by F = 5 kV cm−1, with stronger alloy scattering leading to fewer higher energy states

being occupied in x = 8% alloy. At higher fields (F = 10 kV cm−1), the electron function is

approaching a flat distribution for x = 4%, but more slowly than was observed in pure Ge.

Figure 5.18 shows the calculated distribution functions for the two direct gap alloys, (a) x = 12%,

and (b) x = 16%. We find that even an electric field as low as 0.01 kV cm−1, is sufficient to strongly

perturb the electron distribution from equilibrium. There is already a significant difference between

the Maxwell-Boltzmann distribution and the steady-state distribution for F = 0.01 kV cm−1 for

both compositions. The solid and dotted lines in Fig. 5.18 represent the Γ and L valley respectively.

At the next electric field shown (F = 0.1 kV cm−1 ), there are for both compositions changes in

the electron distribution functions with respect to the previous electric field electron distribution,

with the changes being more pronounced for x = 16%. Up to an electric field of 1 kV cm−1, the

relative electron population decreases in the direct gap DOS, with the electron distributions then

following a Boltzmann distribution above the L valley band edge. As we increase the field strength

further, more electrons start to populate states above the bottom of the L valley.

Understanding the quantitative evolution of electron concentration and average electron energy in

both valleys is important for understanding the electron transport properties. The distribution
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Figure 5.17: Distribution function in both L and Γ valley, for Sn composition x = 0, and 8% at
various electric fields, F . The number in parentheses on each line is the electric field strength F
in kV cm−1.

functions allow us to calculate the fraction of individual electron occupancy, nΓ
nΓ+nL

and nL
nΓ+nL

in

the Γ and L valleys as a function of the applied field. Figures 5.19 (a) and (b) show the calculated

evolution of these ratios as a function of applied electric force for various Sn compositions. We

insert in both cases a zoomed inset to highlight the rapid evolution of the carrier populations at

very low fields. We can see that the electron population in the Γ valley at zero field increases with

increasing Sn composition, as the energy of Γ valley minimum reduces relative to that of the L

valley. However, an applied electric field then has a significant impact on the valley occupancy.

Initially, 40% of the electrons are in the Γ valley at the highest Sn composition Ge0.84Sn0.16 (purple

line). However, the transfer of electrons from the Γ to the L valley begins at a very small electric

field. As shown in Fig. 5.19 (b) representing the fractional electron density for the L valley, the

electron fraction quickly increases towards 90% by a field of order ≈ 0.02 kV cm−1. The L valley

then contains the vast majority of the electrons beyond this field. The zero-field maximum Γ valley

occupancy at x = 14% is only 20% and again decreases rapidly with increasing applied electric

field strength.

Figure 5.20 shows the average energies of electrons in the Γ and L valleys as a function of applied

electric field for Ge1−xSnx, as x increases from zero (pure Ge) to 16%, in steps of 2%. For each

composition, the zero of energy is taken at the CB minimum, which is the L (Γ) valley minimum

for x ≤ 8% (x > 8%). In all cases, the average energy of electrons in the Γ and L valleys increases

with increasing electric field strength. The increase is largest for Ge where it is nearly quadratic.
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Figure 5.18: Distribution function in both L and Γ valley, for Sn composition x = 12, and 16%
at various electric fields, F . The number in parentheses on each line is the electric field strength
F in kV cm−1.

A weaker field dependence is found at a higher field for increasing x, a consequence of the fact

that stronger alloy scattering acts to limit the ability of electrons to accelerate in response to a

given electric field. The variation of average energy in the Γ valley drops as x increases. However,

a strong field dependence is observed at a very low field at higher Sn composition, as the Γ band

edge moves further below the L band edge. The zoomed inset for x = 16% shows a close to linear

increase of the average energy up to an electric field strength of 0.015 kV cm−1, beyond which there

is a much weaker variation in average energy. This trend is also observed for x = 14% and 12%.

This behaviour reflects that electrons can rapidly accelerate to higher energies in the Γ valley, even

in a small electric field until they become degenerate with L valley states, at which point strong

Γ-L intervalley scattering limits the further acceleration of electrons in the Γ valley.

5.5.2.2 Electron drift velocity and mobility

Figures 5.21 and 5.22 depict for Ge1−xSnx the evolution of drift velocity vd, and mobility µ with

applied electric field, F in the range from 0 to 10 kV cm−1, as the Sn composition is increased from

x = 2 to 16%. These results are obtained from the calculated steady-state electron distribution

functions using the same approach as we have already discussed for Ge. If we ignore the very low

electric field regime for the time being, we find that there is a rapid increase in the magnitude

of drift velocity up to an electric field value of ≈ 2 kV cm−1, beyond which the drift velocity

saturates. We also see that the magnitude of the drift velocity decreases with increasing Sn



Theory of field-dependent electron transport in Ge1−xSnx alloys 109

0 2 4 6 8 10
Field, kV cm 1

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

0.40

 
n

n L
+

n

(a)

Ge, x=0
x = 2%
x = 4%
x = 6%
x = 8%
x = 10%
x = 12%
x = 14%
x = 16%

0 2 4 6 8 10
Field, kV cm 1

0.60

0.65

0.70

0.75

0.80

0.85

0.90

0.95

1.00

 
n L

n L
+

n

(b)

Ge, x=0
x = 2%
x = 4%
x = 6%
x = 8%
x = 10%
x = 12%
x = 14%
x = 16%

0.00 0.05
Field, kV cm 1

0.0

0.1

0.2

0.3

0.4

 
n

n L
+

n

0.00 0.05
Field, kV cm 1

0.6

0.7

0.8

0.9

1.0

 
n L

n L
+

n

Figure 5.19: Fraction of electrons in Γ and L valleys, with respect to total electron density
(nL + nΓ) as a function of applied electric field F, in Ge, Ge1−xSnx alloy at x = 2, 4, 6, 8, 10,
12 and 16%, (a) nΓ

nL+nΓ
(b) nL

nL+nΓ
. The inset zoomed images in both the sub-figures show the

corresponding properties within the range of low electric field up to 0.05 kV cm−1.

composition x. Examining the mobility plot in Fig. 5.22, we see that, except close to F = 0 for

higher Sn compositions, the magnitude of the mobility decreases both as the magnitude of the

applied electric field increases and also with increasing Sn composition. Overall, except for the

lowest field values at high Sn composition, we find that the incorporation of Sn significantly reduces

the drift velocity and hence mobility in comparison to pure Ge.

To understand this behaviour at a very low field, we now present more detailed calculations over

a considerably smaller range of electric fields close to F = 0. Figure 5.23 (a) presents the calcu-

lated evolution of electron mobility for electric field values ranging from 0 to 0.1 kV cm−1, while

Fig. 5.23 (b) depicts the calculated variation of electron mobility with alloy scattering set to zero.

The calculated low-field mobility in Ge0.84Sn0.16 has a remarkable behaviour. The mobility de-

creases rapidly from its zero-field value for fields between 0 and 0.01 kV cm−1, i.e. between 0 and

10 V cm−1! At 0.1 kV cm−1, the calculated mobility value has dropped to 10 3 cm2 V−1 s−1,

down by a factor of 400 from the zero-field mobility and already lower than that of Ge. Similar

but less extreme behaviour is observed for all other Sn compositions with x = 10% and above. We

attribute the rapid reduction in mobility within a very small electric field range to the early onset

of scattering of electrons from the Γ to the L valley. The significant decrease in overall mobility

is mostly brought on by alloy scattering, increases in strength with increasing x. The important

role of alloy scattering is confirmed by the results in Fig. 5.23 (b) of the calculated field-dependent

mobility in the absence of alloy scattering, where the peak mobility value for Ge0.84Sn0.16 reaches
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Figure 5.20: average energy of electrons (a) Γ and, (b) L valley as a function of applied electric
field F, Ge, Ge1−xSnx alloy at x = 2, 4, 6, 8, 10, 12 and 16%. The inset zoomed images in both
the sub-figures show the corresponding properties within the range of low electric field up to 0.05
kV cm−1. Results are shown for Ge (royal blue) and various Sn compositions x = 2% (navy), 4%
(blue), 6% (cyan), 8% (orange), 10% (lime), 12% (olive), 14% (green), 16% (purple).
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Figure 5.21: Evolution of drift velocity as a function of electric field F, in Ge, and Ge1−xSnx

alloy at x = 2, 4, 6, 8, 10, 12 and 16%.

107 cm2 V−1 s−1, while the calculated mobility at 0.1 kV cm−1 is 2 × 104 cm2 V−1 s−1, up by

over an order of magnitude compared to the value in Fig. 5.23 (a).
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Figure 5.22: Evolution of mobility as a function of electric field F, Ge, Ge1−xSnx alloy at x = 2,
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Figure 5.23: Comparison of the evolution of mobility in Ge, Ge1−xSnx alloy at x = 2, 4, 6, 8,
10, 12 and 16%, at very low electric field regime, (a) with alloy scattering, and (b) without alloy
scattering.

Figure 5.24 (a) shows for various Sn compositions the calculated variation of electron drift velocity

at low electric field strengths ranging from 0 to 0.1 kV cm−1. The velocity-field curve for the

highest Sn composition, x = 16% (purple line in Fig. 5.24) shows that the drift velocity increases

linearly towards a peak of ≈ 1.4 × 106 cm s−1 at an electric field of 7 × 10−3 kV cm−1, followed

by a region of decreasing velocity until F = 1.5 × 10−2 kV cm−1, resulting in negative differential
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Figure 5.24: Comparison of evolution of drift velocity in Ge, Ge1−xSnx at x = 2, 4, 6, 8, 10,
12 and 16%, at very low electric field regime, (a) with alloy scattering, and (b) without alloy
scattering).

resistance (NDR) – i.e. the Gunn effect – at these very low fields. As the electric field increases

beyond 0.03 kV cm−1, the drift velocity drops below that of Ge. The drift velocity gradually

decreases further until it is only 6.7% of the peak velocity at F=7.4 × 10−2 kV cm−1. Beyond this

value, it then starts to increase with increasing field. For instance, at electric fields of 1 and 10 kV

cm−1, the drift velocities (Fig. 5.21) are ≈ 4.2 × 105 and 1.6 × 106 cm s−1 cm s−1 respectively,

giving roughly a four times increase in drift velocity for a tenfold increase in the electric field. The

results for Sn compositions of x = 14 and 12% follow the same pattern as that of x = 16%. For

x = 14%, our calculations show a relatively lower peak velocity of ≈ 5.4 × 105 cm s−1, at a very

low electric field (6 × 10−3 kV cm−1). Ge0.86Sn0.14 exhibits the NDR effect below a field of ≈
1.8 × 10−2 kV cm−1. The region and scale of NDR in Ge0.88Sn0.12 is extremely small. No NDR

effect is observed for Ge0.90Sn0.10 in our calculations. Ge1−xSnx (x ≤ 8%), has an indirect band

gap. In this range, the electron drift velocity decreases with increasing x, because of the increase

in alloy scattering, but the overall field dependence remains similar to that of Ge. Again, the

important role of alloy scattering is confirmed by comparing the results of Fig. 5.24 (a) with those

of Fig. 5.24 (b), where the alloy scattering rates are set to zero.

Comparing the results for Ge1−xSnx with those for GaAs in the previous chapter, we find that

at low field Ge1−xSnx has significantly higher mobility than GaAs for Sn compositions x > 12%,

but it does not maintain higher mobility with increasing electric field. For example, even at 0.2

× 10−3 kV cm−1, the calculated electron mobility of GaAs is almost 18 times higher than that of

Ge0.84Sn0.16. At F = 1 kV cm−1, the ratio of predicted electron mobility of GaAs vs Ge1−xSnx

is roughly 13%, 6.6%, and 6.6% for Sn compositions of 16%, 14%, and 12%, respectively. For an

electric field of 10 kV cm−1, these ratios are found to be 6.5%, 6.1%, and 5.6% respectively. In
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GaAs, the onset of NDR is observed at approximately 3 kV cm−1, whereas in Ge1−xSnx alloys

(x > 10), we calculate the onset of NDR at a significantly lower electric field (≈ 1.5 × 10−2 kV

cm−1). Several factors play a role in explaining the marked difference between the two material

systems. The presence of polar optical phonon scattering and the increased electron mass in GaAs

both lead to reduced low-field mobility. As such electrons do not accelerate as rapidly in GaAs as

in direct-gap Ge1−xSnx. In addition, the energy separation between the Γ and L valleys is lower

in Ge1−xSnx than in GaAs. All of these factors contribute to explaining the remarkably low field

at which we predict onset of NDR velocity in direct-gap Ge1−xSnx alloys.

Although good quality Ge1−xSnx epitaxial layers have been grown with Sn composition up to

14% [61, 234] and beyond [199], there has, to the best of our knowledge, only been a limited

amount of experimental investigation of electron mobility in Ge1−xSnx alloys. The work to date

includes measurements on bulk [203, 235] and compressively stressed Ge1−xSnx alloy films [234].

D’Costa et al. [203] undertook transport measurements on Ge0.98Sn0.02 alloys with carrier concen-

trations of order 1018 cm−3 and above. The room temperature electron mobility for n = 1019 cm−3

was of order 400 cm2 V−1 s−1, comparable to elemental Ge with an equivalent doping concentra-

tion. While this result is consistent with our calculations, we are more interested in direct-gap

Ge1−xSnx alloys due to their potential to provide a CMOS-compatible group-IV semiconductor for

electronic and photonic device applications.

Schulte-Braucks [235] undertook Hall experiments on n-type Ge0.875Sn0.125 samples. They found

a maximal electron mobility of 4600 cm2 V−1 s−1 at 50 K, a value much greater than bulk Ge at

the comparable carrier concentration of 3 ×1017 cm−3. They reported a 2-fold increase in mobility

in Ge0.875Sn0.125 compared to Ge at 77 K, while the electron mobility of bulk Ge0.875Sn0.125 at

ambient temperature was equivalent to that of pure Ge measured at the same carrier density.

Their experimental results were significantly lower than their calculated mobilities which they

attributed to a number of probable causes, including defect scattering and a high doping level.

Tao et al. [234] investigated compressively stressed Ge1−xSnx alloy sheets, where they found poorer

mobility and electron concentration than Ge at 8% and 14% Sn composition. It should be noted

however that the indirect- to direct-gap transition in compressively strained Ge1−xSnx occurs at

higher Sn composition than in unstrained Ge1−xSnx, so their results for 14% Sn are not directly

comparable to ours at that composition. In summary, all of these results are consistent with our

calculations but indicate that scattering mechanisms that we have omitted also play a part in

determining the mobility, in particular in samples with higher doping levels. At higher doping

levels, the fraction of carriers in the L valley will also increase.

Relatively few theoretical calculations have been undertaken to investigate the electron transport

properties of Ge1−xSnx. Mukhopadhyay et al. [80] showed a calculated increase in zero-field mobil-

ity with increasing x in direct-gap Ge1−xSnx, but presented no analysis of the field dependence of

drift velocity and mobility. Liu et al. [81] employed a simple single-temperature model to calculate

the drift velocity versus electric field for three distinct compositions at room and low temperatures

without solving the BTE. They did not observe NDR at room temperature, even at very high Sn
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compositions. They demonstrated a twofold increase in electron mobility for a Sn composition

of 20% in comparison to Ge. However, there is no mention of the specific scattering mechanisms

considered in their analysis.

In comparison to the previous calculations, our analysis provides a fuller understanding of the

electron transport properties, including detailed insight into scattering rates, distribution functions,

electron occupancy, and the impact of alloy scattering on drift velocity and mobility as a function

of electric field for Sn compositions covering the indirect- and direct-gap regimes.

5.6 Conclusion

The possibility of achieving enhanced electron mobility in direct-gap Ge1−xSnx alloys has been

debated for the past several years. But, the majority of previous computations focused primar-

ily on scattering mechanisms, ignoring the evolution of carrier distribution with applied electric

field. However, understanding the electron transport properties of Ge1−xSnx alloys as a function

of applied electric field not only helps fundamental understanding but also informs potential im-

plementation in electronic devices. To determine the field-dependent electron transport properties,

we first reviewed the fundamental features of the Ge and Ge1−xSnx CB structures, including how

the band gap energies and effective masses change as a function of Sn composition. Following that,

we analysed the evolution of scattering processes vs. electron energy at various Sn compositions,

including the composition dependence of alloy scattering, as well as scattering due to acoustic

phonons, inter- and intra-valley optical deformation potential. We then used these scattering rates

to explore how variations in Sn composition affected the electron mobility while the electrons were

still in the equilibrium Maxwell-Boltzmann distribution.

We calculated the zero-field mobility for Ge to be 3987 cm2 V−1 s−1; in good agreement with exper-

iment. For direct band gap Ge0.84Sn0.16, Ge0.86Sn0.14, and Ge0.88Sn0.12, our calculations predicted

the zero-field electron mobility as 4.3 × 105, 1.6 × 105 and 3.9 × 104 cm2 V−1 s−1 respectively,

showing 100, 50, 10 times greater magnitude than that of pure Ge. Although Ge0.90Sn0.10 has a

direct band gap, we found its calculated zero-field mobility to be comparable to that of pure Ge.

Our analysis demonstrates that the Sn incorporation in Ge introduces two main factors that impact

the zero-field electron mobility of Ge1−xSnx: (i) the increase in alloy scattering, which raises the

total scattering rate and limits the overall mobility; and (ii) the increase in electron population at

the Γ valley, which has a significantly lower DOS than the L valley and thus enhances the overall

mobility. Even if alloy scattering continues to limit the mobility at higher compositions (x > 10%),

it is expected that a significant proportion of the electrons will be in the lower DOS Γ valley at

zero field. Therefore, at higher Sn compositions, the Γ lower DOS triumphs over alloy scattering,

raising the zero-field mobility considerably above that of pure Ge. For lower Sn compositions,

such as Ge0.90Sn0.10, the L valley with the greater DOS is still occupied by a majority of electrons.

Overall mobility is constrained in this case by both alloy scattering and higher DOS.
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Following the zero-field electron mobility calculation, we employed a multi-valley approach to solve

the BTE in order to determine the electron transport properties of Ge and Ge1−xSnx as a function

of the applied electric field. For the velocity-field curve, we calculate that the Gunn effect is

exhibited in direct-gap Ge0.84Sn0.16 at a far lower electric field (≈ 0.015 kV cm−1) than in GaAs

(≈ 3 kV cm−1), while the zero-field mobility of GaAs has a relatively lower value in comparison

to Ge0.84Sn0.16. The origin of the Gunn effect at such a low electric field was due to the rapid

acceleration of electrons in the Γ valley, enabling electron scattering from the Γ to L valley at

very low fields. The very high DOS in the L valley and consequently higher scattering rates then

account for the decreased mobility. The mobility of Ge1−xSnx then increases with increasing Sn

composition in direct-gap Ge1−xSnx alloys, but only up to a very low electric field, beyond which

it drops to levels below that in Ge.



Chapter 6

Summary, conclusions and outlook

This chapter describes the main findings of the thesis, and then presents a discussion of poten-

tial pathways for subsequent research on both group of alloys. Chapters 2 and 3 presented the

theoretical analysis of the band-to-band tunneling (BTBT) current characteristics of group III-

V (InNxAs1−x, InAs1−zBiz) alloys. Chapter 4 focused on building an electron transport model

for GaAs using the Boltzmann transport equation. Chapter. 5 presented an investigation of the

field-dependent electron transport properties of Ge and Ge1−xSnx alloys.

6.1 BTBT in InNxAs1−x and InAs1−zBiz alloys

The goal of Chapter 2 was to introduce the relevant background theory behind our BTBT investiga-

tion of InNxAs1−x and InAs1−zBiz alloys. It began with a description of the electronic structure of

InAs, a typical III-V direct band-gap semiconductor, and then presented a two-band Hamiltonian

using the k.p method to represent the band dispersion. The concept of complex band structure

(CBS) in a bulk semiconductor was then presented. Finally the BTBT generation rate model for

InAs was presented based on these theories. In the BTBT model, first the CBS was constructed

using the previously derived 2 band k.p Hamiltonian matrix. The field-dependent tunneling co-

efficient (T) was calculated using a numerical implementation of the Wentzel–Kramers–Brillouin

(WKB) approximation and the analytical Kane model, and the generation rate was derived from

the tunnelling coefficient. Our analysis found that the WKB approach produces the same results

as the 2-band Kane model. However, 3-band Hamiltonian models are required to represent the

altered band dispersion in highly mismatched alloys such as InNxAs1−x and InAs1−zBiz. As a

result, the analytical Kane model cannot represent such alloys.

Chapter. 3 aimed to present a theoretical analysis based on direct numerical implementation of

the WKB approximation to investigate the impact of the band anti-crossing (BAC) interaction

in narrow-gap, highly-mismatched dilute nitride and bismide alloys on BTBT in the mid-infrared

spectral range, by employing model BAC Hamiltonians derived and parametrised from atomistic

alloy supercell electronic structure calculations. By comparing the results of numerical calculations

for highly mismatched InNxAs1−x and InAs1−zBiz to those with the conventional alloy InAs1−ySby,

116
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we highlighted the impact of substitutional N or Bi atoms in InAs on the complex band structure,

field-dependent BTBT coefficient T , and field-dependent BTBT generation rate G both at a fixed

band gap and as a function of the zone-centre alloy band gap.

Our calculations at a fixed band gap demonstrated that the impact of BAC on BTBT was dom-

inated by a field-dependent rivalry between the increased band edge effective mass (at low field)

and the corresponding enhanced density of state (DOS) (at high field). While the first (second) of

these contributions acts to decrease (increase) T , we found that the relative importance of these

two effects was strongly field dependent.

For low field strengths (F . 1 MV cm−1), our calculations demonstrate the potential to reduce

BTBT by exploiting the impact of N or Bi on the complex band dispersion: the increased CB or

VB edge effective mass increases the area bounded in energy and wave vector by the complex band

linking the VB and CB, hence reducing G compared to that in InAs1−ySby by ≈ 20% and 50%

in InNxAs1−x and InAs1−zBiz, respectively. At high fields (F & 1 MV cm−1), the increased DOS

due to interaction with the localised impurity states limits the growth of this area, reflecting that

more states are available to contribute to BTBT in a given energy range and acting to increase G

above that in InAs1−ySby.

Overall, we conclude that APDs and related devices – based on highly-mismatched alloys and

operating in the mid-infrared spectral range – are unlikely to display significantly reduced leakage

currents compared to equivalent devices based on conventional III-V semiconductor alloys. In prac-

tice, contributions to photodiode dark current associated with carrier leakage via BTBT are, at

fixed wavelength, likely to be broadly comparable to those in devices based on conventional semi-

conductor alloys. Dilute bismide alloys are nevertheless of interest for low-noise, long-wavelength

APD applications due to the projected strong reduction in hole impact ionisation rate.

The strong reduction and composition-dependent bowing of the band gap in InNxAs1−x and related

highly-mismatched alloys provides access to longer wavelengths at fixed lattice mismatch compared

to conventional alloys. It is possible therefore that highly-mismatched alloys can nonetheless play

an important role in enabling the development of mid-infrared photodetectors at wavelengths which

are challenging to access using conventional semiconductors.

The effects of the BAC interaction in highly mismatched alloys have largely been studied in terms

of alterations to the real band structure and their implications for applications in photonic or

photovoltaic devices. Our findings provide new light on the properties of this fascinating class of

semiconductors by demonstrating that BAC interactions have the potential to modify the complex

band structure and BTBT, opening up new avenues for potential device applications.

6.2 Electron transport in Ge and Ge1−xSnx alloys

The purpose of the second half of the thesis was to offer a detailed theoretical analysis of the

electron transport properties of Ge1−xSnx alloys. There have been few theoretical studies of the

electron transport properties of Ge1−xSnx alloys up to now. One previous study used a basic model
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to calculate the drift velocity as a function of applied external field, and all subsequent research has

considered only the zero-field electron mobility. Previous research anticipated that a direct-gap

Ge1−xSnx alloy at higher Sn composition would have higher mobility than GaAs. But does it

outperform GaAs when subjected to an applied electric field? Using the constant relaxation time

approach, our work tried to answer this question and to provide a deeper understanding of the

evolution of the electron transport properties in response to an applied field in Ge1−xSnx. We first

constructed and validated our field-dependent electron transport model for GaAs, as discussed in

Chapter. 4 and then implemented the model to investigate the electron transport properties of Ge

and Ge1−xSnx alloys in Chapter. 5.

The purpose of Chapter. 4 was to develop a field-dependent electron transport model for GaAs by

solving the coupled multi-valley Boltzmann transport equation numerically using the relaxation

time approximation. We began by presenting the relevant theoretical background for electron

transport calculations in the case of a bulk semiconductor alloy, first by reviewing some of the

important band structure characteristics that impact electron transport calculations, and then

by outlining some of the important scattering mechanisms that restrict electron mobility in a

semiconductor material such as GaAs. The electron transport model started at zero-field (in the

equilibrium conditions) with the assumption that the electron energy distribution function followed

a Maxwell-Boltzmann distribution in both sets of valleys (Γ and L). Then, we calculated the

scattering rate due to the acoustic phonon, polar optical, and inter-valley optical phonons, which

together have a significant influence on regulating the electron transport. By using a time-stepping

method, we obtained the steady-state electron distribution functions and from these functions

derived the associated electron transport properties at each electric field strength. Our calculations

agreed well with a previous theoretical study that used the Monte Carlo approach, as well as

showing good agreement with experimental results. This included replication of the well-known

Gunn effect, demonstrating a negative differential resistance regime in the field-dependent electron

transport properties. This computation was used to demonstrate the step-by-step theoretical

framework as well as to validate the code, through comparison with earlier calculations.

Chapter. 5 used the BTE code developed to investigate the evolution of the electron transport

properties in response to an applied electric field in Ge1−xSnx alloys as the alloys evolve from

an indirect to a direct gap semiconductor with increasing Sn composition. Previous zero-field

theoretical computations claimed an enhanced electron mobility in Ge1−xSnx for higher Sn com-

positions, x. However, these computations ignore the impact of the applied electric field, which is

an important parameter when analysing electron transport properties.

For Ge, our predicted zero-field mobility value was 3987 cm2 V−1 s−1; in good agreement with ex-

perimental data. We found acoustic phonon scattering to be the dominant scattering mechanism.

The field-dependent electron transport calculations, i.e. the electron drift velocity and mobility

vs. field, agreed well with previous theoretical and experimental results. Our calculation overesti-

mated the drift velocity and mobility at higher fields. This is likely because the non-parabolicity
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of the electron band energy and the X valleys were omitted from our model. Despite these simpli-

fications, our model computed credible field-dependent electron transport parameters that are in

good agreement with earlier research.

For Ge1−xSnx, we first established from a literature review a model for the variation with Sn

composition of the band gap energies and other relevant parameters for transport calculations.

Then, we investigated the zero-field electron mobility (when the electrons still follow a Boltzmann

distribution) as a function of Sn composition. We found that alloy scattering became the dominant

scattering mechanism with increasing composition x in Ge1−xSnx. Nevertheless, we calculated for

the direct gap compositions x = 16, 14, and 12%, a 100, 50, and 10-fold increase respectively in

electron mobility compared to that of pure Ge. The estimated electron mobility for Sn composition,

(x ≤ 10%) was comparable to that of pure Ge.

Following the zero-field electron mobility calculation, we then employed the BTE model to evaluate

electron transport properties of Ge1−xSnx in an applied electric field. From the velocity-field curve

of Ge0.84Sn0.16, we found a very narrow region of negative differential resistance (NDR) at far

lower electric field (≈ 0.015 kV cm−1) compared to GaAs (≈ 3 kV cm −1). We attributed the

observation of the Gunn effect at such a low electric field to the rapid acceleration of electrons

in the Γ valley, enabling electron scattering from the Γ to L valley at very low fields. The very

high DOS in the L valley and consequently higher scattering rates then account for the decreased

mobility. The mobility of Ge1−xSnx then increases with increasing Sn composition in direct-gap

Ge1−xSnx alloys, but only up to a very low electric field, beyond which it drops to levels below

that in Ge.

Test calculations that set the alloy scattering rate to zero showed an increase in electron mobility

w.r.t the original computation, demonstrating that alloy scattering is the primary reason for the

reduced mobility.

In conclusion, we have presented the first detailed theoretical analysis of electron transport as a

function of applied electric field in Ge1−xSnx alloys as a function of Sn composition (0 ≤ x ≤
16%), over which range Ge1−xSnx evolves from an indirect-gap to direct-gap group-IV alloy. We

conclude that Ge1−xSnx alloys can display very high mobility but only at very low fields, limiting

any mobility advantage for application in devices such as MOSFETs and FinFETs.

6.3 Outlook

For the highly mismatched alloys InNxAs1−x and InAs1−zBiz, our study identifies how BAC in-

teractions modify the complex band structure and BTBT, thereby providing new insight into the

opportunities for device applications. For APDs, we concluded that leakage currents in ideal dilute

nitride and bismide devices are likely comparable to those in devices based on conventional III-V

materials. For TFETs we described that Bi incorporation provides the potential to obtain both

reduced subthreshold swing and increased on-state current, making InAs1−zBiz of interest for the

development of low-power, high-speed devices. This is promising from the perspective of TFET



applications, suggesting a previously unexplored route to engineer the electrical characteristics

via the complex band structure of the source and/or channel, and hence providing an additional

approach to employ in the design of TFETs displaying subthermionic subthreshold slope and a

high on-state current. We can consider this work as a future scope, where we could investigate the

BTBT for nitride and bismide based TFETs structures. The role of BTBT could also form part of

a wider study of impact ionisation in dilute bismide alloys, given the potential of these materials

for use in low noise avalanche photodiodes.

For Ge1−xSnx, our analysis predicts a very high mobility and Gunn effect at very low electric

fields in direct-gap Ge1−xSnx alloys with high Sn composition x = 16%. In practice, this may be

very difficult to demonstrate experimentally given the challenges to grow high-quality Ge1−xSnx

samples with such a high Sn composition. An alternative route to demonstrate the same effect

could be to process structures where Ge is under high tensile strain [56, 236], of sufficient magnitude

that the Ge Γ conduction band minimum drops below the L band minimum, giving a direct-gap

Ge sample. Comparison of the transport characteristics of this structure and an unstrained piece

of Ge from the same wafer would then allow to determine the impact of going from indirect to

direct gap, while all other material parameters are nominally unchanged. A similar comparison

could also be possible by varying the strain in high-quality Ge1−xSnx samples [63, 201, 234] with

lower Sn composition, x. It would also be interesting in further calculations both to investigate

the evolution of the predicted NDR as a function of temperature, and also to analyse how doping

density would impact the results.

Overall, we found that the field-dependent electron mobility is limited by alloy scattering and by

the small offset between the Γ and L valleys, even for Sn composition x as high as 0.16. Therefore

when the electric field goes beyond 0.05 kV cm−1, for all Sn compositions the mobility decreases

and goes below that of pure Ge. Hence Ge1−xSnx will not be considered as a suitable high-

mobility channel material for high voltage application. There has however also been interest in

SiyGe1−x−ySnx [62, 237–239] for CMOS compatible technology, and for photovoltaic technologies.

It would be useful to know the electron transport properties in SiyGe1−x−ySnx. Hence future work

could include an extension of the calculations carried out here to modify our existing BTE model

to investigate the electron transport properties in such Si-Ge-Sn alloys.



Appendix A

Calculation of alloy scattering

potentials

In this appendix, we give a description of the calculation of the alloy scattering parameters using

the tight-binding method. The tight-binding calculations were undertaken by Dr. Christopher A.

Broderick of the Photonics Theory group.

We denote the Hamiltonian of pure Ge by Ĥ(0). Substitutional incorporation of Sn to form

Ge1−xSnx perturbs this Hamiltonian, giving rise to the alloy Hamiltonian Ĥ(x) = Ĥ(0)+ ∆Ĥ(x),

where the impurity potential ∆Ĥ(x) encapsulates the chemical changes and structural relaxation

associated with Sn incorporation. This impurity potential drives alloy scattering, such that to

compute alloy scattering rates via Fermi’s golden rule we must evaluate the matrix elements of

∆Ĥ(x). To describe alloy scattering involving the Γ and L point conduction band (CB) valleys in

Ge1−xSnx we use ordered N atom GeN−1Sn1 atomistic alloy supercells calculations to compute the

Hamiltonian matrix Hmn(x) =
〈
m(0)|Ĥ(x)|n(0)

〉
explicitly, where superscripted ” (0) ” denotes

the unperturbed Γ and L point CB edge eigenstates of Ge - i.e. Ĥ(0)
∣∣n(0)

〉
= E

(0)
n

∣∣n(0)
〉
, so that

Hmn(x) = E
(0)
m δmn +

〈
m(0)|∆Ĥ(x)|n(0)

〉
. We note that non-zero matrix elements ∆Hmn(x) =〈

m(0)|∆Ĥ(x)|n(0)
〉

of the impurity Hamiltonian describe (i) the shift in band energies, for m = n,

or (ii) hybridisation between Ge host matrix eigenstates, for m 6= n. In what follows we neglect

spin-orbit coupling, due to its minimal impact on the electronic structure close in energy to the

CB edge of semiconducting Ge1−xSnx.

We firstly compute the electronic structure of an unperturbed GeN supercell, from which we obtain

the Γ point CB edge eigenstate
∣∣Γ(0)

〉
, and the four degenerate L point states

∣∣∣L(0)
1

〉
,
∣∣∣L(0)

2

〉
,
∣∣∣L(0)

3

〉
and

∣∣∣L(0)
4

〉
. Next, we set up and relax a series of ordered GeN−1Sn1 alloy super cells and, using the

aforementioned Ge eigenstates, explicitly compute the elements of the 5 × 5 Hamiltonian matrix

Hmn(x). Since we are interested here in interrogating only alloy scattering - which depends upon

the eigenenergies of this reduced Hamiltonian, and only the moduli of the in general complex

valued off diagonal matrix elements - we neglect differences in phase between our basis of L point

Ge eigenstates and write
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H(x) =



E
(0)
Γ − αx VΓL VΓL VΓL VΓL

VΓL E
(0)
L + γx VLL VLL VLL

VΓL VLL E
(0)
L + γx VLL VLL

VΓL VLL VLL E
(0)
L + γx VLL

VΓL VLL VLL VLL E
(0)
L + γx



|Γ(0)〉
|L(0)

1 〉
|L(0)

2 〉
|L(0)

3 〉
|L(0)

4 〉

(A.1)

where VΓL = βΓLx and VLL = βLLx respectively describe Sn-induced coupling between Ge Γ and

L point eigenstates, and between distinct L point Ge eigenstates and where E
(0)
Γ and E

(0)
L are the

respective unperturbed Ge Γ and L point CB edge energies.

The eigenvalues of Eq. (A.1) are

E1 =
1

2

[
E

(0)
Γ + E

(0)
L + (γ − α)x+ 3 |VLL| −

{(
E

(0)
Γ − αx

)2
+
(
E

(0)
L + γx

)2

− 2
(
E

(0)
Γ − αx

)(
E

(0)
L + γx− 3 |VLL|

)
+ 3 |VLL|

(
2
(
E

(0)
L + γx

)
+ 3 |VLL|

)
− 16 |VΓL|2

}1/2
]
,

(A.2)

E2 = E
(0)
L + γx− |VLL| , (A.3)

E3 =
1

2

[
E

(0)
Γ + E

(0)
L + (γ − α)x+ 3 |VLL|+

{(
E

(0)
Γ − αx

)2
+
(
E

(0)
L + γx

)2

− 2
(
E

(0)
Γ − αx

)(
E

(0)
L + γx− 3 |VLL|

)
+ 3 |VLL|

(
2
(
E

(0)
L + γx

)
+ 3 |VLL|

)
− 16 |VΓL|2

}1/2
]
,

(A.4)

where E2 is threefold degenerate, describing alloy states corresponding to three orthogonal linear

combinations of Ge L point states that possess purely p-like orbital character at the Sn atomic site,

and which do not undergo hybridisation with
∣∣Γ(0)

〉
. We note that E1(x) and E3(x) are the energies

of a pair of hybridised alloy CB eigenstates of H(x), resulting from Sn-induced coupling between

two Ge eigenstates:
∣∣Γ(0)

〉
and a linear combination

∣∣L(0) (A1)
〉

of the L point states possessing

purely s-like orbital character at the Sn atomic site.

We can use the Hamiltonian in Eq. (A.1) and the eigenvalues in Eqs. (A.2) to (A.4) to extract the

four alloy scattering parameters. We first use the value of the matrix element H11 in Eq. (A.1)

to directly evaluate α. We then calculate γ by adding together the five eigenvalues Eq. (A.1),

whose value equals the sum of the diagonal elements of the Hamiltonian. Knowing α and γ, we

can then calculate VLL from the value of the eigenvalues, E2, given by Eq. (A.4). Finally we use

the difference between E3 and E1 to determine VΓL.
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ĒL(x)− E(0)
L =

E1(x) + 3E2(x)

4
− E(0)

L

− 1

8

[
E

(0)
Γ − E(0)

L + (7γ − α)x− 3 |VLL|

−

{(
E

(0)
Γ − αx

)2
+
(
E

(0)
L + γx

)2

+ 3 |VLL|
(

2
(
E

(0)
L + γx

)
+ 3 |VLL|

)
− 16 |VΓL|2

}1/2]
(A.5)

The parameters α, γ, βΓL, and βLL were obtained from tight-binding calculations performed on

ordered alloy supercells containing a single substitutional Sn impurity in N = 16, 64 and 128 atoms

(x = 6.25, 1.5625 and 0.78125%, respectively), yielding: α= -1.3684 eV, γ=-0.1404 eV, βΓL=2.5856

eV and βLL= 1.7810 eV.

We rename the parameters α, γ, βΓL and βLL as DalΓ , DalL , DalΓL
and DalLL

respectively and use

them in Chapter. 5 to compute the alloy scattering rate as a function of Sn composition.
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