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Canard cascading (CC) is observed in dynamical networks with global adaptive coupling. It is a
fast-slow phenomenon characterized by a recurrent sequence of fast transitions between distinct and
slowly evolving quasi-stationary states. In this letter, we uncover the dynamical mechanisms behind
CC, using an illustrative example of globally and adaptively coupled semiconductor lasers, where CC
represents sequential switching on and off the lasers. Firstly, we show that CC is a robust and truly
adaptive network effect that is scalable with network size and does not occur without adaptation.
Secondly, we uncover multiple saddle slow manifolds (unstable quasi-stationary states) linked by
heteroclinic orbits (fast transitions) in the phase space of the system. This allows us to identify CC
with a novel heteroclinic canard orbit that organises different unstable quasi-stationary states into
an intricate fast-slow limit cycle. Although individual quasi-stationary states are unstable (saddles),
the CC cycle as a whole is attractive and robust to parameter changes.

Dynamical networks with dynamic nodes and static
links are famously universal mathematical models used
to describe challenging real-world applications, such as
coupled optoelectronic devices, neural networks or power
grids [1–8]. In addition to the complex network struc-
ture, their nodes are often fast-slow, meaning that they
evolve on multiple timescales [9, 10]. Typical examples
are coupled semiconductor lasers, where the photon life-
time is much shorter than the carrier lifetime [11, 12], or
coupled neurons, where the voltage changes faster than
the gating variables [13].

Adaptive dynamical networks (ADNs) with dynamic
nodes and dynamic links are even more advanced mathe-
matical models, where the links between the nodes evolve
over time depending on the states of the nodes [14–16].
ADNs capture the interaction between the network func-
tion (changing states of the nodes) and network struc-
ture (changing strength and arrangement of the links).
ADNs are essential for different areas of science, for ex-
ample, neural plasticity [4], power grid dynamics [17],
decision-making [18], or epidemic dynamics [19] to name
a few. Furthermore, they exhibit rich and diverse dy-
namical behaviors, such as frequency clusters [20], re-
current synchronization [21], different phase transitions
[22], explosive synchronization [23, 24]. However, analy-
sis of ADNs is more demanding and often requires new
approaches [15].

In this letter, we describe a phenomenon of canard cas-
cading (CC) that emerges from an interplay between bi-
stable dynamics of the network nodes and slowly evolving
global coupling between the nodes. CC manifests itself as
a recurrent sequence of fast transitions between distinct
quasi-stationary states. To the best of our knowledge, a
first numerical and experimental report on a variant of
this phenomenon was given in [25], in the context of the

FIG. 1. Adaptive dynamical network with global coupling.
The nodes ui are globally coupled via two components: the
direct mean-field component X(t) and the slowly-adapting
component ω(t).

resonance between the dispersion of the network nodes
and the noise strength. Here, we show that CC is a gen-
uine ADN phenomenon that does not occur when the
coupling is static. We also show that CC is scalable:
the number of quasi-stationary states in the sequence
increases proportionally to the network size. Crucially,
we uncover the dynamical mechanism underlying CC: a
novel heteroclinic canard orbit that organises different
unstable quasi-stationary states into an intricate fast-
slow limit cycle that is stable and robust to changes in
the system parameters.

To demonstrate and analyse CC in a real-life applica-
tion, we consider a coupled laser model as in [25]. Re-
cently, there has been much interest in networks of adap-
tively coupled optoelectronic devices, owing to their po-
tential for neuromorphic computing [26–38]. Therefore,
comprehending the dynamics of such systems, and iden-
tifying novel dynamical phenomena, is of importance to
future machine learning solutions. The coupling struc-
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ture of our model is shown in Fig. 1, and the dynamical
equations governing the dynamics of the network of N
coupled semiconductor lasers [39, 40] are

dxi/dt = xi(yi − 1),

dyi/dt = γ [δi − yi + k (ω + f(X))− xiyi] , (1)

dω/dt = −ε [ω + f(X)],

where xi(t) is the light intensity and yi(t) is the normal-
ized carrier (electron-hole pair) density in laser i. The
variable ω(t) is the feedback electric current that plays
the role of global nonlinear adaptive coupling. Its evolu-
tion is governed by the signal from the nonlinear amplifier
f(X) = A ln(1+αX) that receives the mean light inten-
sity X(t) = N−1

∑
i xi(t), where A and α are two posi-

tive feedback parameters. Additional parameters include
electric pump currents δi and the photodetector respon-
sitivity k. Our focus will be on a network of non-identical
lasers with different δi. The details of the experimental
setup can be found in [25].

CC in the adaptive laser network manifests itself as
a sequence of fast ‘jumps’ in the mean light intensity X
(double arrows), each followed by damped oscillations to-
wards a ‘plateau’ of slowly changing feedback current ω
with little variation in X (single arrows) in Fig. 2(a)-(b).
We will show that these slow plateaus correspond to slow
motion along an unstable quasi-stationary state (saddle
slow manifold). Such unusual solutions are known in the
literature as canards [41–49]. Hence the name canard cas-
cading (CC). The classical examples of low-dimensional
fast-slow limit cycles have one canard segment and are
not robust [50]. CC is different in that it consists of mul-
tiple canard segments and is robust. For physically mean-
ingful initial conditions and for a wide parameter range,
the system converges to the CC limit cycle. While a
robust non-classical slow-fast cycle with one canard seg-
ment has been identified in [10], CC appears to be the
first example with multiple canard segments.

Most importantly, CC is a genuine adaptive network
phenomenon: it scales with the network sizeN and disap-
pears in the absence of adaptation. When we set ε = 0 in
(1), treat ω as another parameter, a quasi-static sweep in
ω uncovers classical hysteresis in Fig. 2(c). One might ex-
pect that when ε is small but non-zero, the adaptive net-
work will closely trace out this hysteresis. However, that
is not what happens. Instead, an intricate CC emerges
during the transition from the lower to the upper part
of the hysteresis. For N = 7 in Fig. 2(a)-(b), this CC
consists of seven jumps in X and seven slow plateaus.
Numerical results for different N confirm that the phe-
nomenon scales with N and appears to be universal, see
e.g. the case N = 15.

We will now describe the mechanism behind CC and
show that the fast jumps occur along special heteroclinic
orbits connecting different unstable quasi-stationary
states. We begin by identifying quasi-stationary states

FIG. 2. Simulated CC dynamics of system (1) with N = 7
(a-b) and N = 15 (d) coupled lasers. (a,d) Projection of the
solution onto the (ω, X)-plane. (b) Time series of the mean-
field X(t). (c) The non-adaptive case, where ω is a parameter,
and parameter scans are performed. The non-adaptive case
features a standard hysteresis and no CC. Parameter values:
γ = 4 · 10−2, ε = 10−4, δi, i = 1, . . . , N are chosen equidis-
tantly in the interval [1.2, 1.505], k = 0.7, A = k−1, and
α = 2.

and their stability. In the terminology of geometric sin-
gular perturbation theory [51–54], we identify branches
of the critical manifold for system (1).
To obtain all quasi-stationary states, stable and un-

stable, we perform the adiabatic elimination of the fast
laser field xi and carrier density yi by setting ẋi = 0 and
ẏi = 0 in system (1). This gives the following solutions:
the i-th laser is either “off” (xi, yi) = (0, δi+k[ω+f(X)])
or “on” (xi, yi) = (δi − 1 + k[ω + f(X)], 1) for all i. In
other words, there is one branch of the critical manifold
for every combination where some lasers are “on” and the
other lasers are “off”. If the set of all N+ lasers that are
“on” is denoted with I+, then the corresponding branch
of the critical manifold is given by

(xi, yi) =

{
(0, δi + k[ω + f(X)]) for i /∈ I+,

(δi − 1 + k[ω + f(X)], 1) for i ∈ I+,
(2)

where the mean-field satisfies the self-consistency equa-
tion

X =
N+

N

[
δ̄ − 1 + k(ω + f(X))

]
, (3)

with δ̄ = N−1
+

∑
i∈I+

δi being the average pump of all

lasers that are “on”. Since there are 2N different combi-
nations, there are also 2N different branches of the critical
manifold leading to 2N possible quasi-stationary states.
For N = 3 lasers, Fig. 3(a) shows all 2N = 8 branches

of the critical manifold, in projection onto the (X,ω)
plane. Each branch is a one-dimensional curve in the
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FIG. 3. (a) Critical manifold branches of system (1) of three
coupled lasers. Projection onto the (ω, X)-plane. Stable parts
are shown as solid blue lines and unstable parts as dashed red
lines. The labels on the right vertical axis show which lasers
are ”on” (1) or ”off” (0). The numbers on the branches in-
dicate the number of their unstable dimensions. (b) A zoom
of part of (a) with CC solution shown by the solid black line.
Theoretical predictions for the jump points are shown as green
dots. (c) Schematic representation of the network of hetero-
clinic connections with solid lines showing the connections
along the CC solution. Parameters: δ = (1.25, 1.35, 1.45),
k = 0.7, A = k−1, and α = 2.

2N + 1 = 7-dimensional phase space of system (1). The
stable branches are plotted in blue, while (unstable) sad-
dle branches are plotted in red; see [55] for the stability
analysis. We also introduce the notations B000, B001, ...,
B111 for the branches of the critical manifold, where “1”
stands for laser “on” and “0” for laser “off”, with the
lasers ordered in ascending order of their pump currents
δi.

The critical manifold has the following properties.
First, most of the branches are unstable and of saddle
type, meaning that they have both repelling and attract-
ing directions. The exceptions are B111, a part of B000,
and a small part of B001, which are stable. Two different
stable branches co-exist for some interval of ω in Fig. 2(c),
giving rise to bistability and the classical hysteresis upon
quasi-static change in ω. Second, the branches corre-
sponding to the same number N+ of active lasers are
closely grouped. Their separation is proportional to the
mismatch in the pump currents δi.

The CC limit cycle together with all branches of the
critical manifold is shown in Fig. 3(b). The cycle follows
certain branches for significant periods of time, including
those identified as unstable (saddles). In addition, fast

transitions to unstable branches are observed. This un-
usual behaviour raises the following questions. (q1) Why
does the system jump towards unstable branches? (q2)
What is the physical interpretation of such jumps? (q3)
How does the system choose a particular unstable branch
from each family to jump to? (q4) Why does the system
follow these unstable branches for a significant amount
of time? (q5) Can we estimate this time?
Owing to the letter format of this publication, we now

give conceptual answers to these questions, and move the
supporting technical details to [55].
(q1) We begin by answering question (q1). The jumps

between two unstable (saddle) branches of the critical
manifold are enabled by robust paths between these
branches in the phase space, also known as robust het-
eroclinic connecting orbits [56, 57]; see the schematic di-
agram in Fig. 3(c). The main reasons for the appearance
of these heteroclinic orbits are twofold:
Firstly, we observe that branches with more active

lasers branch off branches with less active lasers, e.g.
B001, B010 and B100 branch off B000. The branching
rule is that if a branch Bmnl branches off Bijk, then
(m + n + l) − (i + j + k) = 1 [58]. Such a branching
rule leads to the connectivity graph G in Fig. 3(c) for
sufficiently large ω. For smaller ω, a subgraph of G is
realised. Each branching point corresponds to a tran-
scritical bifurcation of equilibria in the “layer system”
parametrised by ω (i.e. system (1) with ε = 0). There-
fore, for a fixed ω, each arrow in the graph corresponds
to a heteroclinic orbit in the layer system connecting two
branches.
Secondly, the heteroclinic connections are robust. This

robustness is due to the existence of invariant sub-
spaces. For example, for a given ω, the heteroclinic orbit
B000 → B001 lies in the 4-dimensional invariant subspace
x1 = x2 = 0. It connects a saddle, which has one un-
stable direction for the flow restricted to the invariant
subspace, to another saddle, which is an attractor for
the flow restricted to the invariant subspace. The same
is true for every other heteroclinic connection in Fig. 3(c).
In other words, these heteroclinic connections are robust
for the flow restricted to their corresponding invariant
subspaces, similar to [56, 59–61]. Since changes in ω pre-
serve invariant subspaces, these heteroclinic orbits are
robust to changes in ω. This is why they manifest in
the full system with changing ω (i.e. system (1) with
ε > 0). More generally, even in the absence of invariant
subspaces, these heteroclinic connections would be robust
because they are transverse intersections of unstable and
stable invariant manifolds of two saddle branches, as is
also the case in the Olsen model [57], see more details in
[55].
(q2) We have shown that there is a correspondence

between the directed graph G in Fig. 3(c) and the het-
eroclinic connections among the branches of the crit-
ical manifold. These connections have a clear phys-
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FIG. 4. Schematic description of the CC jumps for the
branches B000 and B001 for the case of three lasers. The
solid blue and dashed red lines denote the stable and un-
stable parts of the branches. The black line denotes the CC
trajectory, which undergoes a delayed exchange of stability at
branch B000 (panel (b)) and branch B001 (panel (c)). Panel
(b) shows the dynamics within the leading manifold W l(B000)
(green), and panel (c) shows the dynamics transverse to this
manifold (magenta); see text for details.

ical meaning: each connection BI → BJ with I =
a1 . . . ai . . . aN and J = a1 . . . ai + 1 . . . aN corresponds
to a fast increase of the laser i intensity from 0 to the
value δi − 1 + k[ω + f(X)].
(q3) According to the obtained graph of heteroclinic

connections, the system can potentially evolve along any
directed path in this graph during the time evolution
starting from the off-state. However, CC is realised along
a specific path in the graph, corresponding to the se-
quential activation of the lasers with the highest pump
current δi; see the highlighted path in Fig. 3(c). The
theoretical reason for this path selection is that the high-
lighted path corresponds to the most unstable direction
that the system chooses in the case of several “exit pos-
sibilities”. As a consequence, the CC phenomenon does
not exist for identical coupled lasers, when all N connec-
tions from B0...0 to the branches with a single laser “on”
are equally unstable, and there is no preferred direction
that would define a cascading path. As a result, the sym-
metric system jumps directly to the stable branch B1...1,
avoiding the heteroclinic connections even though they
are present.

(q4) Figure 4 illustrates the geometric mechanism of
CC as the interplay between the branches BI , their stable
and unstable manifolds, and the heteroclinic connections
between them. The figure shows the “leading manifold”
W l(B000) of the branch B000, which is defined by the
most unstable (least stable) direction of B000 [62]. The

manifold W l(B000) contains B001. Since the CC solution
is repelled from B000 along W l(B000), it is attracted to
the branch B001, even though B001 is unstable. Further,
the leading unstable manifold Wu(B001) of B001 is shown
in magenta in Fig. 4. The time the system spends near
B001 depends on the initial distance of the system to
W l(B000) and the rate at which the instability develops
along B001; this will be described in more detail below
when we consider ∆2.
(q5) Now we explain what determines the duration of

the slow motions along the unstable branches, see Fig. 4.
The AB part of the trajectory approaches B000 and drifts
along the stable part of this branch. The duration and
rate of convergence to B000 determines how long the
trajectory remains close to B000 during the BC phase.
The ABC phase is a standard delayed exchange stability
[63, 64] with the additional simplification that the state
B000 does not depend on ω. Thus, the jumping condition
at ω = ωC is given by∫ ωC

ωA

µ000
1 (ω)

ω + f(X000)
dω = 0, (4)

where ωA is the point at which the trajectory drops from
B111 to B000, µ

000
1 is the leading unstable eigenvalue at

B000, X000 = 0 is the corresponding mean-field. The
theoretically predicted jump point at ω = ωC for the
case N = 3 (green dot in Fig. 3(b)) agrees with the actual
jump of the black trajectory.
We will now explain the mechanism behind the other

jump points using the slow motion at the branch B001,
see Fig. 4. The distance ∆2(t) from the leading manifold
W l(B000) (green in the figure) decreases during the phase
ABC along the direction that is transverse to W l(B000)
(determined by the second largest eigenvalue µ000

2 ), and
the repulsion during the phase DE along the most unsta-
ble direction of B001 (determined by the largest eigen-
value µ001

1 ). As a result, the conditions for the second
jump point is∫ ωC

ωA

µ000
2 (ω)

ω + f(X000)
dω +

∫ ωE

ωC

µ001
1 (ω)

ω + f(X001)
dω = 0. (5)

Here we used ωC ≈ ωD as the jump occurs on the fast
timescale. Supplemental material [55] provides more de-
tail.
In summary, we have presented the explanation for the

emergence and the main ingredients of canard cascad-
ing (CC). These ingredients are (i) multiple branches of
low-dimensional critical manifolds. The number of such
branches grows extensively with the size of the network.
(ii) Robust heteroclinic connections, which allow for fast
transitions between unstable branches. (iii) Delayed ex-
change of stability on the critical manifold allows the ap-
pearance of canard solutions following the unstable parts
of the branches.(iv) Finally, the heterogeneity of the indi-
vidual elements is necessary for the switching behaviour.



5

While our study focuses on coupled semiconductor
lasers and is directly related to an experimentally ob-
served effect, CC is expected in a variety of other setups,
such as neural or ecological systems. From a modelling
point of view, the important elements seem to be very
general: coupling to an active low-pass filter [65] or an-
other slow variable, and heterogeneity of interacting ele-
ments.

SY, RB, and JK acknowledge funding by the
“Deutsche Forschungsgemeinschaft” (DFG), Project
411803875.
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[3] M. C. Soriano, J. Garćıa-Ojalvo, C. R. Mirasso, and
I. Fischer, Complex photonics: Dynamics and applica-
tions of delay-coupled semiconductors lasers, Reviews of
Modern Physics 85, 421 (2013).

[4] W. Gerstner, W. M. Kistler, R. Naud, and L. Paninski,
Neuronal Dynamics (Cambridge University Press, Cam-
bridge, 2014).

[5] F. Hellmann, P. Schultz, P. Jaros, R. Levchenko, T. Kap-
itaniak, J. Kurths, and Y. Maistrenko, Network-induced
multistability through lossy coupling and exotic solitary
states, Nature Communications 11, 592 (2020).
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[32] F. Stelzer, A. Röhm, R. Vicente, I. Fischer, and
S. Yanchuk, Deep neural networks using a single neuron:
folded-in-time architecture using feedback-modulated de-
lay loops, Nature Communications 12, 5164 (2021),
arXiv: 2011.10115 Publisher: Nature Publishing Group.

[33] S. Apostel, N. D. Haynes, E. Schöll, O. D’Huys, and
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A.I. STABILITY ANALYSIS OF THE CRITICAL MANIFOLD

In the main part of the paper, we have introduced the critical manifold (see Eqs. (3) and (4) in

the manuscript), which consists of branches BI . In this section, we derive the stability conditions

for BI . For this, we linearize the fast system along these branches and study the linear stability of

the linearizations obtained.

Let us introduce the following notations for the right-hand sides of the fast system

hi,1(xi, yi) := xi(yi − 1),

hi,2(xi, yi, ω) := γ[δi − yi + k(ω + f(X))− xiyi],

where X = 1
N

∑
i xi and f(X) = A ln

(
1 + α

N

∑
i xi
)
. Then the Jacobian of the fast system is

Dx,yh =



∂h1,1

∂x1

∂h1,1

∂y1
· · · ∂h1,1

∂xN

∂h1,1

∂yN
∂h1,2

∂x1

∂h1,2

∂y1
· · · ∂h1,2

∂xN

∂h1,2

∂yN
...

...
. . .

...
...

∂hN,1

∂x1

∂hN,1

∂y1
· · · ∂hN,1

∂xN

∂hN,1

∂yN
∂hN,2

∂x1

∂hN,2

∂y1
· · · ∂hN,2

∂xN

∂hN,2

∂yN


. (1)

The Jacobian contains the following 2× 2-blocks(
∂hi,1

∂xi

∂hi,1

∂yi
∂hi,2

∂xi

∂hi,2

∂yi

)
=

(
yi − 1 xi

γ
[

kAα
N(1+αX) − yi

]
−γ(xi + 1)

)
(2)

along the diagonal, and all the remaining 2× 2 blocks have the form(
∂hi,1

∂xj

∂hi,1

∂yj
∂hi,2

∂xj

∂hi,2

∂yj

)
=

(
0 0

γ kAα
N(1+αX) 0

)
, i ̸= j. (3)

Now consider the branch BI = Ba1...aN , where a1 = 1 if the laser i is on and ai = 0 if the laser i

is off. Then N+ =
∑

i ai is the number of lasers switched on for the solution on this branch. The
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corresponding mean field XI satisfies

XI =
1

N

∑
i

xi =
1

N

∑
i∈I+

(δi − 1 + k[ω + f(XI)]) =
N+

N

[
δ̄I − 1 + k(ω + f(XI))

]
,

which leads to the equation (4) from the main part of the manuscript.

Restricting the Jacobian to the branch BI , we obtain

Jc :=

(
0 0

γ kAα
N(1+αXI)

0

)
for the non-diagonal blocks (3). For the diagonal blocks (2), we obtain the following two cases

depending on whether the laser i is on or off:

Jon,i :=

(
0 δi − 1 + k[ω + f(XI)]

γ
[

kAα
N(1+αXI)

− 1
]

−γ (δi + k[ω + f(XI)])

)
, if ai = 1

and

Joff,i :=

(
δi + k[ω + f(XI)]− 1 0

γ
[

kAα
N(1+αXI)

− δi − k[ω + f(XI)]
]

−γ

)
, if ai = 0.

Without loss of generality, let us assume that the first N+ lasers on the branch BI are on. Then

the Jacobian for BI has the following block structure:

JI := Dx,yh|BI
=

[
ONN+ CN+×N−

CN−×N+ OFFN−

]
∈ R2N×2N , (4)

where

Cp×q =


Jc · · · Jc

...
. . .

...

Jc · · · Jc

 ∈ R2p×2q, (5)

ONN+ =


Jon,1 Jc · · · Jc

Jc Jon,2
. . .

...
...

. . .
. . . Jc

Jc · · · Jc Jon,N+

 ∈ R2N+×2N+ , (6)

OFFN− =


Joff,N++1 Jc · · · Jc

Jc Joff,N++2
. . .

...
...

. . .
. . . Jc

Jc · · · Jc Joff,N

 ∈ R2N−×2N− . (7)

A.I.1. Symmetric case

Here we consider the symmetric case, i.e. all lasers are identical with δ = δi for all i. This case

could equivalently be called “homogeneous”, but we use “symmetric” throughout for consistency.
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Then the corresponding blocks Jon,i = Jon and Joff,i = Joff become identical, where

Jon =

(
0 δ − 1 + k[ω + f(XI)]

γ
[

kAα
N(1+αXI)

− 1
]

−γ (δ + k[ω + f(XI)])

)
, (8)

Joff =

(
δ + k[ω + f(XI)]− 1 0

γ
[

kAα
N(1+αXI)

− δ − k[ω + f(XI)]
]

−γ

)
. (9)

This enables us to find the eigenvalues analytically. To formulate our results in a more structured

way, we formulate the next result as a lemma.

Lemma 1 [Dimension reduction of the eigenvalue problem]. The eigenvalue problem

JIv = λv (10)

can be reduced in the symmetric case and for 1 ≤ N+ < N to the following three eigenvalue

problems

[Jon − Jc]zon = λonzon, (11)

[Joff − Jc]zoff = λoffzoff, (12)

and [
[Jon + (N+ − 1)Jc] N−Jc

N+Jc [Joff + (N− − 1)Jc]

](
a

b

)
= λ

(
a

b

)
. (13)

More specifically, the following are the eigenvector-eigenvalue pairs of (10)

((vk ⊗ zon), λon) , k = 1, · · · , N+ − 1,

((wk ⊗ zoff), λoff) , k = 1, · · · , N− − 1

with

vk = (ωk, ω
2
k, · · · , ω

N+

k , 0, · · · , 0)T ,

wk = (0, · · · , 0, µk, µ
2
k, · · · , µ

N−
k )T

and

ωj
k = exp

(
2πi

N+
jk

)
, µj

k = exp

(
2πi

N−
jk

)
,

if (zon, λon) or (zoff, λoff) are the eigenvector-eigenvalue pairs of (11) or (12) .

Likewise, ((
1N+ ⊗ a

1N− ⊗ b

)
, λ

)
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is the eigenvector-eigenvalue pair of (10) if ((a,b), λ) is the eigenvector-eigenvalue pair of (13). In

this way, we reduce the eigenvalues problem (10) to the low-dimensional problems (11), (12), and

(13).

Proof. We will prove the reduction to (11) with the family of vectors vk. Consider zon ̸= 0 to be

the eigenvector of the reduced problem (11) with the eigenvalue λon. The identity JI(vk ⊗ zon) =

λon(vk ⊗ zon) follows from the following calculations:

JI(vk ⊗ zon) =

[
ONN+ CN+×N−

CN−×N+ OFFN−

]
(ωk, ω

2
k, · · · , ω

N+

k , 0, · · · , 0)T ⊗ zon

=



Jon Jc · · · Jc

Jc Jon
. . .

...
...

. . .
. . . Jc

Jc · · · Jc Jon

CN+×N−

CN−×N+ OFFN−





ωk

ω2
k
...

ω
N+

k

0
...

0


⊗ zon

=



Jonωk +
∑
j ̸=1

ωj
kJc

Jonω
2
k +

∑
j ̸=2

ωj
kJc

...

Jonω
N+

k +
∑

j ̸=N+

ωj
kJc

N+∑
j=1

ωj
kJc

...
N+∑
j=1

ωj
kJc



⊗ zon =



Jonωk − Jcωk + Jc

N+∑
j=1

ωj
k

Jonω
2
k − Jcω

2
k + Jc

N+∑
j=1

ωj
k

...

Jonω
N+

k − Jcω
N+

k + Jc

N+∑
j=1

ωj
k

0
...

0



⊗ zon

=



ωk[Jon − Jc]zon

ω2
k[Jon − Jc]zon

...

ω
N+

k [Jon − Jc]zon

0
...

0


= vk ⊗ [Jon − Jc]zon = vk ⊗ (λonzon) = λon(vk ⊗ zon).

(14)

The proof of JI(wk ⊗ zoff) = λoff(wk ⊗ zoff) can be done analogously.

For the remaining case (13), let us consider

v = (a, · · · ,a︸ ︷︷ ︸
N+

,b, · · · ,b︸ ︷︷ ︸
N−

)T =

(
1N+ ⊗ a

1N− ⊗ b

)
.



5

Direct calculations lead to

JIv =

[
ONN+ CN+×N−

CN−×N+ OFFN−

](
1N+ ⊗ a

1N− ⊗ b

)

=



Jon Jc · · · Jc

Jc Jon
. . .

...
...

. . .
. . . Jc

Jc · · · Jc Jon

Jc · · · · · · Jc

...
. . .

. . .
...

...
. . .

. . .
...

Jc · · · · · · Jc

Jc · · · · · · Jc

...
. . .

. . .
...

...
. . .

. . .
...

Jc · · · · · · Jc

Joff Jc · · · Jc

Jc Joff
. . .

...
...

. . .
. . . Jc

Jc · · · Jc Joff





a
...

a

b
...

b



=



[Jon + (N+ − 1)Jc]a + N−Jcb
...

[Jon + (N+ − 1)Jc]a + N−Jcb

N+Jca + [Joff + (N− − 1)Jc]b
...

N+Jca + [Joff + (N− − 1)Jc]b


(13)
=



λa
...

λa

λb
...

λb


= λv.

Proof is complete.

Note that Lemma 1 does not deal with the cases N+ = 0 and N+ = N . The following lemmas

treat these cases and they are given without proof, since their proof is analogous to Lemma 1.

Lemma 2 [Dimension reduction of the eigenvalue problem (case N+ = 0)]. The

eigenvalue problem (10) in the case N+ = 0 can be reduced to the following two eigenvalue problems

[Joff − Jc]z = λz, (15)

[Joff + (N − 1)Jc]b = λb. (16)

More specifically, the following are the eigenvector-eigenvalue pairs of (10)

((wk ⊗ zoff), λoff) , k = 1, · · · , N − 1

with

wk = (µk, µ
2
k, · · · , µN

k )T

and

µj
k = exp

(
2πi

N
jk

)
,
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if (zoff, λoff) are the eigenvector-eigenvalue pairs of (15). Likewise,

(1N ⊗ b, λ)

is the eigenvector-eigenvalue pair of (10) if (b, λ) is the eigenvector-eigenvalue pair of (16).

Lemma 3 [Dimension reduction of the eigenvalue problem (case N+ = N)]. The

eigenvalue problem (10) in the case N+ = N can be reduced to the following two eigenvalue problems

[Jon − Jc]z = λz, (17)

[Jon + (N − 1)Jc]a = λa. (18)

More specifically, the following are the eigenvector-eigenvalue pairs of (10)

((vk ⊗ zon), λon) , k = 1, · · · , N − 1

with

vk = (ωk, ω
2
k, · · · , ωN

k )T

and

ωj
k = exp

(
2πi

N
jk

)
,

if (zon, λon) are the eigenvector-eigenvalue pairs of (17). Likewise,

(1N ⊗ a, λ)

is the eigenvector-eigenvalue pair of (10) if (a, λ) is the eigenvector-eigenvalue pair of (18). After

reducing the original problem (10) for the stability of the critical manifold into low-dimensional

problems in Lemmas 1-3, we present the eigenvalues of these reduced problems in lemma 4.
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Lemma 4 [Eigenvalues].

1) The solutions of the eigenvalue problem

[Jon − Jc]z = λz

are given by the solutions of

λ2 + γ(xI + 1)λ+ xIγ = 0, where xI := δ − 1 + k[ω + f(XI)].

2) The solutions of the eigenvalue problem

[Joff − Jc]z = λz

are λ1 = −γ and λ2 = xI .

3) The solutions of the eigenvalue problem

[Jon + (N − 1)Jc]a = λa

are given as solutions of

λ2 + γ(xI + 1)λ− xIγ(ξI − 1) = 0, where ξI :=
kAα

1 + αXI
.

4) The eigenvalue problem

[Joff + (N − 1)Jc]b = λb

has the same eigenvalues as 2), i.e. λ1 = −γ and λ2 = xI .

5) The eigenvalue problem[
[Jon + (N+ − 1)Jc] N−Jc

N+Jc [Joff + (N− − 1)Jc]

](
a

b

)
= λ

(
a

b

)

has the eigenvalues λ1 = −γ and λ2 = xI and, additionally, the solutions of

λ2 + γ(xI + 1)λ− xIγ

(
N+

N
ξI − 1

)
= 0.

Proof. We will only give direct calculations of the characteristic polynomial for cases 3–5, as

cases 1 and 2 are even more straightforward.

3) Let us define

A := Jon + (N − 1)Jc ,

ξI :=
kAα

1 + αXI
, and xI := δ − 1 + k(ω + f(XI)).
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Then we obtain the characteristic polynomial χA(λ) as follows:

χA(λ) = det(A− λI)

= det(Jon + (N − 1)Jc − λI)

= det

((
0 xI

γ(N−1ξI − 1) −γ(xI + 1)

)
+

(
0 0

(N − 1)γN−1ξI 0

)
−

(
λ 0

0 λ

))

= det

(
−λ xI

γ(ξI − 1) −γ(xI + 1)− λ

)
= λ2 + γ(xI + 1)λ− xIγ(ξI − 1).

4) Let us define

B := Joff + (N − 1)Jc ,

and let ξI , xI be as in the calculations of χA(λ). Then we obtain the characteristic polynomial

χB(λ) as follows:

χB(λ) = det(B− λI)

= det(Joff + (N − 1)Jc − λI)

= det

((
xI 0

γ(N−1ξI − xI − 1) −γ

)
+

(
0 0

(N − 1)γN−1ξI 0

)
−

(
λ 0

0 λ

))

= det

(
xI − λ 0

γ(ξI − xI − 1) −γ − λ

)
= (λ− xI)(λ− (−γ)).

5) Again, let ξ, xI be as in the calculations of χA(λ). Then the characteristic equation for the

case 5) is

det


−λ xI 0 0

γ(N+N
−1ξI − 1) −γ(xI + 1)− λ γN−N

−1ξI 0

0 0 xI − λ 0

γN+N
−1ξI 0 γ(N−N

−1ξI − xI − 1) −γ − λ


= (−γ − λ) det

 −λ xI 0

γ(N+N
−1ξI − 1) −γ(xI + 1)− λ γN−N

−1ξI

0 0 xI − λ


= (−γ − λ)(xI − λ) det

(
−λ xI

γ(N+N
−1ξI − 1) −γ(xI + 1)− λ

)

= (λ− (−γ))(λ− xI)

(
λ2 + γ(xI + 1)λ− xIγ

(
N+

N
ξI − 1

))
.

Proof is finished.
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Using the obtained results in Lemma 1 and Lemma 4, we can obtain explicit stability conditions

for the critical manifolds.

Lemma 5. [Stability of the critical manifolds in symmetric case] Consider the sym-

metric case with δ1 = · · · = δN . Then the “off” branch B0 of the critical manifold is exponentially

stable if and only if

ω <
1− δ

k
. (19)

The “all on” branch B1 is exponentially stable if and only if

X1 > kA− 1

α
.

All other branches are unstable for all parameter values.

Proof. We consider different cases:

1) N+ = 0: According to Lemmas 2 and 4, the eigenvalues in this case are λ1 = −γ and

λ2 = xI . Since γ > 0, consequently λ1 < 0 always holds true. From λ2 < 0, we obtain the

first criterion for the exponential stability

xI = δ + k(ω + f(XI))− 1 = δ + kω − 1 < 0,

which is equivalent to (19).

2) 1 ≤ N+ < N : According to Lemmas 1 and 4, the eigenvalues in this case are given by

λ2 + γ(xI + 1)λ+ xIγ = 0,

λ2 + γ(xI + 1)λ− xIγ

(
N+

N
ξI − 1

)
= 0, (20)

as well as λ1 = −γ and λ2 = xI . Since

xI =
N

N+
X+, (21)

we have λ2 > 0 and these branches are always unstable.

3) N+ = N : In this case the eigenvalues are given by

λ2 + γ(xI + 1)λ+ xIγ = 0 (22)

and

λ2 + γ(xI + 1)λ− xIγ(ξI − 1) = 0. (23)

For the polynomial (22), we see that its coefficients are positive, hence it can have only

negative solutions. For the polynomial (23), we obtain the following stability criterion

−xIγ(ξI − 1) > 0,

which leads to

XI >
kAα− 1

α
= kA− 1

α
.

Proof is complete.
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A.I.2. Illustration of the spectrum of the critical manifold

To investigate the observed oscillatory motion in the trajectories during the jumping onto a new

branch of the critical manifold as part of the CC phenomenon, we provide Fig. 1 displaying the

eigenvalue spectra of the branches. The figure reveals that, in the region where the CC phenomenon

occurs, i.e. where all branches except for B111 are unstable, each of the shown branches possesses

complex stable eigenvalues explaining the observed oscillations.

A.II. CRITICAL MANIFOLD IN THE SYMMETRIC CASE

Figure 2 shows the structure of the critical manifolds for the case of three identical lasers with

δ1 = δ2 = δ3. This resembles Figs. 3(a,b) in the main manuscript, which depict the non-symmetric

scenario. Stability details for Fig. 2 are provided in Lemma 5. The figure demonstrates that the

CC phenomenon is absent in the symmetric scenario, while also helping to identify the alterations

in the critical manifold’s configuration due to the lasers’ heterogeneity. In particular, it can be

observed that all branches corresponding to the same number of lasers ’on’ are projected onto the

same line and have the same stability. Furthermore, all branches branch out from a single point S.

A.III. HETEROCLINIC CONNECTIONS BETWEEN BRANCHES OF THE CRITICAL

MANIFOLD

A.III.1 Existence of heteroclinic connections

Heteroclinic connections (orbits) for a fixed value of the slow variable ω are the orbits of the

fast subsystem (x(t),y(t)) connecting its different equilibria. Since these equilibria are on different

branches of the critical manifolds BI and BJ , the heteroclinic orbits create connections between

the branches. More precisely, we have

(x(t),y(t)) → BJ as t → +∞ and (x(t),y(t)) → BI as t → −∞.

for a fixed ω and ε = 0 in Eq. (2) of the main manuscript.

For small but non-zero ε, the critical manifolds persist as perturbed slow manifolds, and the

heteroclinic connections persist between the branches of the slow manifolds (see the robustness

discussion in sec. A.III.2). As a result, a one-parameter family of connecting orbits appears,

connecting BI to BJ , parameterised by ω.

The way to represent the heteroclinic connections for a fixed ω is to treat the equilibria of the

fast subsystem as nodes and the heteroclinic connections as directed links of some network. The

result is a directed network of heteroclinic connections. Obviously, the equilibria, i.e. the nodes,

can be equivalently denoted by the corresponding branches BI of the critical manifold. The result

is a network like the one shown in Fig. 3(c) of the main manuscript.

Figure 3 shows how the network of heteroclinic connections changes with ω. Here, we do

not present a rigorous proof, but rather simple numerical simulations: starting from an unstable
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FIG. 1: Eigenvalue spectra of B001 ((a) and (b)), B011 ((c) and (d)), and B111 ((e) and (f) ) of

the critical manifold along ω. Stable eigenvalues are shown in blue and unstable ones in red. The

area highlighted in green corresponds to [ωb, 0], where ωb is the transcritical point of B001 after

which the branch becomes unstable. Parameter values are the same as in Fig. 3 of the main

manuscript.
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FIG. 2: Critical manifolds for the symmetric case. The colors and line styles have the same

meaning as in Figs. 3(a,b) of the main manuscript. In addition, the one branching point S is

shown in magenta. Parameters: δ1 = δ2 = δ3 = 1.35, k = 0.7, A = k−1, and α = 2.

equilibrium, we added a small perturbation of size 10−6 in the direction of its unstable eigenvectors

and obtained the corresponding trajectories from the simulation. The heteroclinic trajectory is

recorded when the solution arrives in a 10−6 neighbourhood of another equilibrium. Note that

another argument for the existence of heteroclinic connections is that, due to the general properties

of local transcritical bifurcation, there exists a connection close to the branching point [1]. As a

result, the heteroclinic network evolves with ω so that it has the form as in Fig. 3(c) of the main

manuscript for ω > 1−δ1
k .

A.III.2 Robustness of heteroclinic connections

In the following we use the following conclusion of the transversality theorem from differential

topology [2]: If two submanifolds X and Z of Rn are transversal, then their intersection X ∩ Z is

a submanifold of Rn and

codim(X ∩ Z) = codimX + codimZ.

In terms of dimensions, in our case this means

dim(X ∩ Z) = (dimX + dimZ)− n.

We will show the following for the heteroclinic connection p → q:

dim(W u
loc(p)) + dim(W s

loc(q)) > n, (24)

where W u
loc is the unstable manifold of equilibrium p and W s

loc(q) is the stable manifold of equi-

librium q. This will imply that if W u
loc(p) and W s

loc(q) intersect transversely, the intersection is a

submanifold of dimension ≥ 1, i.e. there is at least one heteroclinic connection, and this intersec-

tion is robust [2]. We will not give the proof of the transversality here, which remains a missing
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FIG. 3: Transitions of the heteroclinic connections graph of the non-symmetric case starting at

ωb where ωb is the ω-value of the second branching point along the 001 branch where 001 branch

becomes unstable (see (a)). (b) graph before the 101 fold point. (c) graph at the 101 fold point.

(d) graph after the 101 fold point before the 101 branching point. (e) graph after the 101

branching point before the second 000 branching point. (f) graph after the second 000 branching

point before the 110 fold point. (g) graph at the 110 fold point. (h) graph after the 110 fold point

before the 110 branching point. (i) graph after the 110 branching point before the third 000

branching point. (j) graph after the third 000 branching point.



14

ingredient for a rigorous proof of heteroclinic connections. Since such a rigorous proof is not our

main purpose, we leave it as an open problem.

Lemma 6 [Dimensionality of W u
loc]. The dimension of the local unstable manifold W u

loc at

the equilibrium of the fast subsystem in the symmetric case is given for ω ≥ 1−δ
k by

1) N+ = 0:

dim(W u
loc) = N

2) N+ > 0:

dim(W u
loc) =

N−, for XI > N+

N kA− α−1

N− + 1, for XI ≤ N+

N kA− α−1.

Proof. In the case of N+ = 0, we obtain from both reduced eigenvalue problems (16), (15) the

eigenvalues λ1 = −γ and λ2 = xI of which only λ2 is unstable for ω ≥ 1−δ
k . Clearly, since there are

two distinct eigenvalues for each of the reduced system of size 2, each eigenvalue has a geometric

multiplicity of one. Say these eigenvectors of λ2 are b2 and z2 of the reduced eigenvalue problems

(16), (15) respectively, then the eigenvectors of the original eigenvalue problem are (w0⊗b2), (w1⊗
z2), . . . , (wN−−1 ⊗ z2). Therefore,

dim(W u
loc) = N− = N.

For the remaining case 0 < N+ ≤ N , we use the following property of the solutions λ3 and λ4 of

the polynomial (20):

• λ3 < 0 and λ4 < 0 for XI > N+

N kA− 1
α ;

• λ3 > 0 and λ4 < 0 for XI ≤ N+

N kA− 1
α .

Let a3 be the eigenvector of λ3. Then we have

Case 0 < N+ < N and XI ≤ N+

N kA− 1
α :

dim(W u
loc) = dim({(v0 ⊗ a3), (w0 ⊗ b2), (w1 ⊗ z2), . . . , (wN−−1 ⊗ z2)}) = N− + 1

Case 0 < N+ < N and XI > N+

N kA− 1
α :

dim(W u
loc) = dim({(w0 ⊗ b2), (w1 ⊗ z2), . . . , (wN−−1 ⊗ z2)}) = N−

Case N+ = N and XI ≤ N+

N kA− 1
α :

dim(W u
loc) = dim({(v0 ⊗ a3)}) = 1 = N− + 1

Case N+ = N and XI > N+

N kA− 1
α :

dim(W u
loc) = 0
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where, besides the result for N+ = 0, we additionally used that v0 and {wm}m=0,...,N−−1 are

linearly independent.

Proof is complete.

Lemma 6 immediately implies that dim(W u
loc(B000)) + dim(W s

loc(BJ)) = 2N + 1, where J is

one of the branches with a single laser on, provided the parameter ω is sufficiently large (beyond

the branching points). The same holds for the transition between neighboring branches where N−

changes by one, provided XI > N+

N kA − α−1, which means that the branch is considered beyond

the fold point.

The results of Lemma 6 are illustrated in Fig. 4(a) for the case of three lasers. From the

results for the symmetric case, the asymmetric case with weakly inhomogeneous δi can be deduced

using continuation arguments and the fact that hyperbolic equilibria are robust to small parameter

changes, see Fig. 4(b). This means that Lemma 6 can be applied to a weakly non-symmetric case.

FIG. 4: Dimensions of unstable manifolds along the branches of the critical manifold for identical

(a) and non-identical (b) systems. The dimensions correspond to the number of unstable

eigenvalues of the fast subsystem for fixed ω; their number changes at the transcritical and fold

points (black dots). The transcritical points which define the beginning of the examined interval

of heteroclinic connections ω ∈ (ωb, 0] are shown in magenta (see Fig. 5). Parameter values are

the same as in Fig. 2 for (a) and as in Fig. 3 of the main manuscript for (b).

Figure 5 illustrates the graphs of possible heteroclinic connections with the edges annotated by

the minimal value of the sum of the dimensions dim(W u
loc(BI)) + dim(W s

loc(BJ)). Before proceed-

ing, for the non-symmetric case, we need to further specify what is meant by “graph of possible

heteroclinic connections”. For this, one can convince oneself by comparing Figs. 3(b), (c), (e), (f),

(g), (i), (j) and Fig. 5(b) that the graphs for different values of ω (not considering fold and branch-

ing points) are subgraphs of Fig. 5. For the symmetric case there is no need for these considerations

as the graph of possible connections and the actual graph of connections coincide. Consequently

Figure 5(a) shows the case that is given by Lemma 6 for the symmetric system beyond the branch-

ing point ω > ωb = 1−δ
k . Note that in the asymmetric case in Fig. 5(b) the condition (24) is



16

not fulfilled, but the heteroclinic connections do exist due to the existence of invariant subspaces.

Within these invariant subspaces, the corresponding heteroclinic orbit connects a saddle with one

unstable direction to an attractor. For example, the connection B000 → B001 is realized within

a 4-dimensional invariant subspace defined by x1 = x2 = 0. Hence, the condition (24) holds for

N = 4.

FIG. 5: Graph of possible heteroclinic connections. Edges are annotated by the minimal value of

the sum dim(W u
loc(BI)) + dim(W s

loc(BJ)) for the existing connections BI → BJ , see eq. (24) for

ω ∈ (ωb, 0], where ωb =
1−δ
k and all δi are the same for the symmetric case,

ωb =
1−δ2
k −A ln (1 + αX001) for the nonsymmetric case.

A.IV. JUMP POINTS

Let us first consider the jump from the branch B000 in the case of three lasers. The motion

during this jump is illustrated in Fig. 4 of the main manuscript, see the part AC:

• The part AB: convergence to the branch B000 with the rate corresponding to the maximal

(least stable) eigenvalue of the corresponding equilibrium of the fast subsystem; we call it

µ000
1 (ω), where we have explicitly written the dependence of this eigenvalue on ω.

• BC: repulsion from the branch B000. We assume that there the eigenvalues do not change

their order, and this repulsion takes place with the same rate µ000
1 (ω), where µ000

1 (ω) changes

its sign to positive at ωB in point B.

Thus, the small ∆ distance to the B000 branch can be approximated by the linearized dynamics

within the leading manifold W l(B000)

d∆

dt
≃ µ000

1 (ω(t))∆(t). (25)
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As a side note, we have used here that the branch B000 does not change with ω. The latter equation

can be rewritten with respect to ω instead of time:

d∆

dt
=

d∆

dω

dω

dt
=

d∆

dω
[−ε(ω + f(X000))] ,

⇒ d∆

dω
= − 1

ε(ω + f(X000))
µ000
1 (ω)∆(ω), (26)

and the subsequent solution of the differential equation in (26) gives

∆(ωC) = ∆(ωA) exp

[
−1

ε

∫ ωC

ωA

µ000
1 (ω)

ω + f(X000)
dω

]
,

where ωA is the drop point, i.e. the point where the dynamics return to the B000 branch, X000 is

the mean field at the branch B000, and ωC denotes the ω-value of the first jump. Then we assume

that the jump point is given

∆(ωC) ≈ ∆(ωA),

resulting in the final jump point condition∫ ωC

ωA

µ000
1 (ω)

ω + f(X000)
dω = 0. (27)

Following similar reasoning, the second jump from the branch B001 to B011 (see point E in

Fig. 4 of the main manuscript) is described by the whole trajectory part AE:

• AB: Convergence to the leading manifold W l(B000) corresponding to the second least stable

direction along B000. This convergence is governed by the second largest eigenvalue of the

corresponding equilibrium of the fast subsystem; we call it µ000
2 (ω).

• BC: In part BC, the leading manifold is still exponentially stable with the convergence rate

given by µ000
2 (ω).

• CD: At point C, the orbit jumps to the vicinity of the branch B001. This happens on the

fast timescale, so the contribution to the distance to W l(B000) is negligible.

• DE: Starting from the point D, the repulsion from the branch B001 (and from W l(B000))

takes place at the exponential rate governed by the most unstable eigenvalue µ001
1 of the

branch B001.

Summing up the convergence and repulsion processes described above, we obtain the following

condition for the coordinate ωE of the jump point E:∫ ωC

ωA

µ000
2 (ω)

ω + f(X000)
dω +

∫ ωE

ωC

µ001
1 (ω)

ω + f(X001)
dω = 0. (28)

Note that we have neglected the ω dependence of the B001 branch, which will probably lead to

an error even if ε → 0. However, the numerical test in Fig. 3 shows that (28) is already a decent
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approximation, and we decided not to go into more quantitative details, since the qualitative picture

is clear.

Using similar arguments, we obtain an approximation for the third jump point:∫ ωC

ωA

µ000
3 (ω)

ω + f(X000)
dω +

∫ ωE

ωC

µ001
2 (ω)

ω + f(X001)
dω +

∫ ωG

ωE

µ011
1 (ω)

ω + f(X011)
dω = 0. (29)

Numerical results for our example using the obtained approximations (27), (28), (29) are shown in

Fig. 3 of the main manuscript.

A.V. ROBUSTNESS TO VARIATION OF INITIAL CONDITIONS AND PARAMETERS

Our preliminary numerical experiments with different initial conditions show that the observed

CC periodic solution is robust to small parameter changes. Moreover, it appears to be a global

attractor in the system for the parameters as in the main manuscript, i.e. all physically relevant

initial conditions considered converge to the CC solution. These first results are presented in this

section.

Figure 6 illustrates the robustness to initial conditions by considering the results of 16 different

simulations. Each simulation is initialized by setting all lasers to their “off” state, given by (xi, yi) =

(0, δi+kω) for all i, and perturbing the system as follows: the xi values are perturbed with random

values drawn from (0, 0.75], the yi values from [−0.75, 0.75], and ω is selected randomly from the

range [−0.85,−0.7]. All trajectories converge asymptotically to the same CC orbit (shown in

black). Interestingly, the transients exhibit different jump points, which however converge to the

jump points of the CC solution. This phenomenon can be understood from the “delayed exchange”

arguments given in the paper as well as from the robustness of the heteroclinic connections.

FIG. 6: The trajectories of 16 simulated orbits with different initial conditions. They all converge

to the global attractor (black). Parameter values are the same as in Fig. 3 of the main

manuscript.

Next we address robustness with respect to system parameters. Figure 7 shows how changing the

parameter γ affects the dynamics. We observe the robustness across different orders of magnitude
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FIG. 7: CC solution shown in black projected onto the (ω,X)-plane with parameter values being

the same as in Fig. 3 of the main manuscript except for ε = 1e−5 and (a) γ = 4e−3, (b) γ = 7e−3,

(c) γ = 1e−2, (d) γ = 3e−2.

of γ, with the CC dynamics remaining intact. As γ increases, the oscillations of the trajectory when

jumping to another branch become increasingly damped, which is consistent with our expectations

given the role of γ in controlling the rate of attraction to these branches. While these variations

affect some aspects of the trajectories, the overall structure and core features of the phenomenon

persist. This confirms that the dynamics are not confined to a narrow range of parameter values.

A.VI. DETAILS OF NUMERICAL METHODS AND CALCULATIONS OF JUMP

POINTS

Here we give some numerical details of the simulations and the methodology used to determine

the jump points. The simulations were performed using SciPy’s LSODA method for integration

with a maximum time step of ∆t = 0.1. Initial conditions were chosen similarly to the setup in

Fig. 6, where all lasers were initialized in the ”off” state at ω = −0.75, and the xi values were

perturbed by 10−4. The integration time varied depending on the specific system parameters, but
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roughly the interval ∼ 10/ε was sufficient for the trajectory to converge ”sufficiently close” to the

CC orbit for the cases considered.

To describe the method for estimating the jump points, we start with the first jump point

condition (27) ∫ ωC

ωA

µ000
1 (ω)

ω + f(X000)
dω = 0.

Considering that X000 = 0, we obtain f(X000) = 0. The ω-dependent leading (most unstable)

eigenvalue of the Jacobian along B000 can be found explicitly:

µ000
1 (ω) = δ3 + kω − 1. (30)

Inserting (30) and f(X000) = 0 into (27) results in∫ ωC

ωA

δ3 + kω − 1

ω
dω = 0,

which can be solved explicitly

k(ωC − ωA) + (δ3 − 1) ln

(
ωC

ωA

)
= 0. (31)

We take the drop point ωA as the fold of B111 (a possible error is of the order ε2/3 [3]) and notice

that

dω/dt = −ε [ωA + f(X000)] > 0,

then equation (31) can be solved for ωC > ωA numerically using the bisection method.

Now consider the second jump point condition (28)∫ ωC

ωA

µ000
2 (ω)

ω + f(X000)
dω +

∫ ωE

ωC

µ001
1 (ω)

ω + f(X001)
dω = 0,

where ωC is known. For the first integral in (28), the same steps as for (27) can be applied with

µ000
2 (ω) = δ2 + kω − 1 being the second least stable direction along B000, yielding

k(ωC − ωA) + (δ2 − 1) ln

(
ωC

ωA

)
+

∫ ωE

ωC

µ001
1 (ω)

ω + f(X001)
dω = 0. (32)

Again, we notice that

dω/dt = −ε [ωC + f(X001)] > 0,

and thus we can start solving the left hand side of (32) numerically the scalar equation (32) for

ωE > ωC . For fixed parameter values in our case, we computed the function from (32) in an

interval of interest for all ωE with a sufficiently small step size, which is smaller than the error

10−3 we needed to determine the jump point. For the integral we used the trapezoidal rule. By

examining the function obtained, we found the roots ωE corresponding to the jump point.

The procedure for (29) is analogous.
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A. VII. PROJECTIONS OF THE CC TRAJECTORY FOR TWO LASERS.

Here we present two-dimensional projections of the CC trajectory in the case of N = 2 lasers.

We observe three jumps:

I. The first jump where the laser 2 switches on.

II. The second jump where the first laser switches on and the system approaches to B11. One

can see the oscillatory behavior in all projections.

III. The third jump where the orbit jumps from B11 to B00.

FIG. 8: CC solution for a system of two coupled lasers shown in black projected onto (a) the

(x1, x2)-plane, (b) the (x1, y1)-plane and (c) the (x2, y2)-plane. At green points the dynamics

switch into their slow regime. At orange points the dynamics switch into their fast regime.

Furthermore, the orange points are numbered and explained in more detail in the text.

Parameters: δ = (1.25, 1.45), k = 0.7, A = k−1, γ = 4 · 10−2, ε = 10−4, and α = 2.
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