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Appendix A Spin Operators - Multi-Mode Case

As well as spin operators for the simple case of two modes we can also de-
fine spin operators in multimode cases involving two sub-systems A and B.
For example, there may be two types of bosonic particle involved, each compo-
nent distinguished from the other by having different hyperfine internal states
|A),|B). Each component may be associated with a complete orthonormal set
of spatial mode functions ¢,,;(r) and ¢p;(r), so there will be two sets of modes
|@ai)s |Ppi)s Where in the |r) representation we have (r|¢,;) = ¢, (r)|A) and
(r|dp;) = Pp;(r) |B). Mode orthogonality between A and B modes arises from
(A|B) = 0 rather from the spatial mode functions being orthogonal.

We can define spin operators for the combined multimode A and B sub-
systems [43] via

\ \
D[ DO =

(193)

2 =

W)
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| =
—
QU
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o~ —+
=
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|
S
Q—
=
)
Q
=
N—

where the field operators satisfy the non-zero commutation rules
[We(r), Wi(r')] = dead(r —1v')  c,d=a,b (194)

It is then easy to show that the standard spin angular momentum commutation
rules are satisfied. [S¢ , S, | = iegunSa.

For convenience we can expand the field operators in terms of an orthonormal
set of spatial mode functions ¢,(r). We can choose the spatial mode functions to
be the same ¢,;(r) = ¢p,;(r) = ¢,;(r) (these might be momentum eigenfunctions)
and then the field annihilation operators for each component are

Vo(r) = Yai 6,(0)  Tylr) = Xy ,(r) (195)
These expansions are consistent with the field operator commutation rules (194
based on the usual non-zero mode operator commutation rules [a;, 6}] = [b,-,?b\]t] =
5ij~

By substituting for the field operators we can then express the spin operators
in terms of mode operators as

~ 1 o~ ~ ~ 1 oN ~ ~ 1 SN
S, = 52(@@—&—63@) Sy:§2(bjai—azbi) 8 =3 (bjbi—ajai)

7 (2]

(196)

and it is then easy to confirm that the standard spin angular momentum commu-
tation rules are satisfied. [S¢ , S, | = i€gunSx. We now have both field and mode
expressions for spin operators in multimode cases involving two sub-systems A
and B.
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Finally, the total number of particles is given by

~

No= e (T 0)B(0) + T ) Ta(r))

> (6}@ + ajai)

7

N, + N, (197)

in an obvious notation.
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Appendix B Alternative Spin Squeezing Crite-
ria

B.1 Two Perpendicular Components

Other criteria for spin squeezing are also used, for example in the article by
Wineland et al [17]. To focus on spin squeezing for S,compared to any orthogo-
nal spin operators we can combine the second and third Heisenberg uncertainty
principle relationships to give

(52) ((852) +(4520) = (5P 1(S)F) o
Then we may define two new spin operators via
§L1=COSH§$+Sin9§y §l2:—sin9§a:+cos€§y (199)

where 6 corresponds to a rotation angle in the zy plane, and which satisfy the
standard angular momentum commutation rules [S] 1,5, o] =4S, [S12,5.] =

iS11,[8., 8. 1] = iS5 5. It is straightforward to show that <A§x2>+<A§y2> =
<A§J_12> + <A§J_22> and ‘<§J_1>’2 + ‘<§J_2>‘2 = ’<§I> ’ + ‘<§y>‘2 so that
(a5 (35 + (a) = () o))

so that spin squeezing for §zcompared to any two orthogonal spin operators
such as S| 1 or S| 2 would be defined as

(352) < BJ(E +|(5)

and
(3800 (88.2) > B/(E () e
g.2

For spin squeezing in <A

p > we require the spin squeezing parameter & to

satisfy an inequality
) (a5.2) < . 1
~ 2 . 2
(G +lEa)) (G +lEa)f)

The last step is an approximation for an N particle state based on the assump-
tion that the Bloch vector lies in the xy plane and close to the Bloch sphere,

(202)

this situation being the most conducive to detecting the fluctuation <A§z2>.
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~ 2 - 2
In this situation \/()<Sl1>’ + ‘<SL2>‘ ) is approximately N/2. The con-

dition N¢? < 1 is sometimes taken as the condition for spin squeezing [28], but
it should be noted that this is approximate and Eq. (201) gives the correct
expression.

B.2 Planar Spin Squeezing

A special case of recent interest is that referred to as planar squeezing [18] in
which the Bloch vector for a suitable choice of spin operators lies in a plane
and along one of the azxes. If this plane is chosen to be the zy plane and the

x axis is chosen then <§Z> =0 and <§y> = 0, resulting in only one Heisen-

berg uncertainty principle relationship where the right side is non-zero, namely
<A§y2> <A§Z2> > i‘<§x> * " Combining this with <A§x2> <A§y2> > 0
s ((852)+ (352))(35) = 1|(5.)f
ation in the zy plane defined as <A§pam2> = <A§y2> + <A§w2> will be

squeezed compared to the spin fluctuation perpendicular to the zy plane given
by (Adpery?) = (AS.2) if

<A§pam2> < % ’<§z>

By minimizing <A§pam2> whilst satisfying the constraints <§Z> = <§y> =0

So the total spin fluctu-

and <A§perp2> > % ‘<§m>

(203)

a spin squeezed state is found that satisfies (203) with <A§pam2> = J?/s,

<A§perp2> ~ J3 <§m>’ ~ J for large J = N/2 [18]. The Bloch vector is
on the Bloch sphere.

B.3 Spin Squeezing in Multi-Mode Cases

Since the multi-mode spin operators defined in Eq. (193) satisfy the standard
angular momentum operator commutation rules, the usual Heisenberg Uncer-
tainty rules analogous to (5) apply, so that spin squeezing can also exist in the
multi-mode case as well. Thus

(88.2) < g[8} ant (28,7) > 3|(5:)
g2 1)/4 ~o\ 1i/a
(88,2) < 5|(8:)] and (28.2) > 5[(3:)
(88.2) < J|(3,)] and (25.2) > 1|(5,) (204)

for §xbeing squeezed compared to gy, and so on.

ST



Similar alternative criteria to (201) can also be obtained, for example for S,

being squeezed compared to any two orthogonal spin operators such as S, 1 or
S| o defined similarly to (199).
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Appendix C Significance of Spin Squeezing Test

The spin squeezing test for two mode systems was based on the general form
(15) for all separable states together with the requirement that the sub-system
density operators ﬁg and ﬁg were compliant with the local particle number SSR.
From the point of view of a supporter for applying the local particle number SSR,
if the result of an experiment is that spin squeezing has occurred, the immediate
conclusion is that the state is entangled. On the other hand from the point of
view of a sceptic about being required to apply the local particle number SSR for
the sub-system states, such a sceptic would draw different conclusions from an
experiment that demonstrated spin squeezing. They would immediately point
out that in this case spin squeezing is not a test for entanglement. However, as
we will now see these conclusions are still of some interest.

To discuss this it is convenient to divide possible mathematical forms for the
density operator into categories. Considering all general two mode quantum
states that are compliant with the global particle number SSR, we may first
divide such quantum states into three categories, as set out in Table 1.

REGION | OVERALL SUB-SYSTEM

CATEGORY

QUANTUM STATE | QUANTUM STATE

A = Z Prpn @ po Both % and 5 are local
R

* Separable

particle number SSR compliant

B = Z Prpn @ po Neither 7 nor ph is local
R

* Separable but

particle number SSR compliant

non-local [4];

* Entangled [2]

C #Y Prpn®n N/A
R

* Entangled

Table I. Categories of two mode quantum states.

The regions referred to are shown in Figure 2. All authors would regard
the quantum states in Region A as being separable and those in Region C as
being entangled - it is only those in Region B where the category is disputed.
Those such as [2] (local SSR supporters) who require local particle number
SSR compliance for each sub-system state would classify the overall state as
entangled, those who do not require this (local SSR sceptics) such as [4] would
classify the overall state as separable but non-local. Note that no further sub-
classification is needed.

In Appendix N of paper I we show that if states of the form (44) are globally
SSR compliant, then both the sub-system states ﬁg and ﬁg are local particle
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number SSR compliant in general. However, we point out that there are special
matched choices for both /p\’é and ’ﬁg along with the Pg, where neither ﬁg nor
ﬁﬁ is local particle number SSR compliant even though 7 is global particle
number SSR compliant. But the case where just one of ﬁg or ﬁﬁ is non SSR
compliant does not occur, so Region B does not need to be sub-divided along
these lines.
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Figure 2. Categories of two mode quantum states that are global particle
number SSR compliant. The regions A, B and C are described in Table I and
represent the sets of separable, separable but non-local and entangled states
respectively.
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N

Now let us consider quantum states for which <A§I2> > |<§z> | and
P P

<A§y2>p > %| <§z>p |. Such states are clearly not spin squeezed. Firstly, we

know that all states in Region A satisfy these inequalities. However, some states
in Region B and some states in Region C may also satisfy these inequalities.
In Figure 3 the quantum states in Region B that satisfy these inequalities are
depicted as lying in Region D, those in Region C that do so are depicted as
lying in Region F. Hence, if we find that the quantum state is such that spin
squeezing does occur (as in the test of (47)) we can definitely say that it does
not lie in Regions A, D or F. It must therefore be located in Regions E or L.
The question is - Does this determine whether the state is entangled or not
according to the supporters of applying the local SSR as in the definition of
entanglement used in the present paper? The answer is that it does. This is
because the quantum state must be located within either of Regions B or C,
since these regions include E and L respectively. In both cases it would be
entangled according to the definition used here [2] (see Table 1).

S 12



Figure 3. Categories of two mode quantum states satisfying inequalities

<A§z2>p > 1 <§Z>p | and <A§y2>p > 1 <§z>p| Such states are represented

as being in regions are A, D and F, where A includes all the separable states,
D includes some of the separable but non-local states and F includes some of
the entangled states (apart from those in D). The region A ® D @ F' includes
all the unsqueezed states. Referring to Figure 2, B=D@® F and C = F & L.
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However, the sceptics of applying the local SSR would draw a different con-
clusion from the experiment that demonstrated spin squeezing (as in the test
of (47)). They would agree that the mathematics shows that a state in Region
A could not demonstrate spin squeezing. Nor by assumption could states in
Regions D or F. This means that the state must lie in either Region L or Region
E. So from the point of view of the sceptic, either the state is entangled (if it
lies in Region L) or the sub-system states in all separable states (Region E)
do not comply with the local particle number SSR. The sceptic’s conclusion is
clearly interesting - in the first case the quantum state is entangled, and hence
may demonstrate other non-classical features, and in the second case the pos-
sibility exists of finding sub-systems in states that have the unexpected feature
in non-relativistic many body physics of having coherences between states with
differing particle number. If there was a second experimental test that could
show that the state was not entangled, then this would demonstrate the exis-
tence of quantum states (sub-systems are themselves possible quantum systems)
in which the particle number SSR breaks down.

The second experiment would seem to require a test for entanglement which
is mecessary as well as being sufficient - the latter alone being usually the case
for entanglement tests. Such criteria and measurements are a challenge, but not
impossible even though we have not met this challenge in these two papers.
Thus, in principle there could be a pair of experiments that give evidence of
entanglement, or failure of the super-selection rule. For such investigations to be
possible, the use of entanglement criteria that do invoke the local super-selection
rules is also required. Such tests are the focus of these two papers, though here
our primary reason is because we consider applying the local particle number
SSR is required by the physics of non-relativistic quantum many body systems
involving massive particles.

S 14



Appendix D Spin Squeezing and Entanglement
- Multi-Mode Case

In this Appendix we discuss three cases of separable states for multimode sys-
tems and then examine whether spin squeezing tests demonstrate entanglement
for each of these cases.

D.1 Multi-Mode Separable States - Three Cases

As we have seen the multi-mode case involves a set of n modes with annihilation
operators @; for bosons with hyperfine component A, and another set of n modes
with annihilation operators b; for bosons with hyperfine component B. Since
entanglement implies a clear choice of what sub-systems are to be entangled,
there are numerous choices possible here for the present multi-mode case. Case
1 involves two sub-systems, one consisting of all the @; modes as sub-system A
and the other consisting of all the b; modes as sub-system B. Case 2 involves
2n sub-systems, the Ai th containing the mode @; and the Bi th containing
the mode b;. Case 3 involves n sub-systems, the ith containing the two modes
a; and b;. These three cases relate to entanglement causing interactions in
differing circumstances. Case 1 might apply to cases where separable states can
be created with all the @; modes coupled together to produce states p ~ and the b
modes coupled together to produce states p . Case 2 might apply to cases where
separable states can be created with the al and all the 5 modes independent of
520 & ,0 (i)
R

separable states can be created with the @; and the matching b modes coupled
together to produce states pg () Cases 2 and 3 will be discussed further in
SubSection 4.4 dealing with the entanglement test introduced by Sgrensen et al
[14].

The density operators for separable states in the three cases will be of the
form

each together to produce states pp Case 3 might apply to cases where

/Bsep = ZPR,BR7
R

Pr=PrODE Case 1 (205)
Pr=pp @ 0dn o epp) @ oY Case2  (200)
Pp =720 @590 g gl g Case 3 (207)

(208)

Discussion of whether there is a spin squeezing test for Case 1 in the multi-
mode case involves a generalization of the theory set out in SubSection 3.1.

There is a Bloch vector entanglement test, in that if either of <§ x> or <§ y> is

non-zero, then the state is entangled. We also find that spin squeezing in any
spin component requires the state to be entangled, thus generalizing the spin
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squeezing test to the multi-mode case, for two sub-systems consisting of all the
modes a; and all the modes b; The details are covered in SubSection D.2.

For Case 2 a spin squeezing test for entanglement also be obtained. The
test is again that spin squeezing in any spin component S:c, S or S confirms
entanglement of the 2n sub-systems consisting of single modes a@; and bz. Fur-
thermore, there is also a Bloch vector entanglement test, in that if either of

<§z> or <§y> is non-zero, then the state is entangled. As these systems can

have quantum states with large numbers N of bosonic particles, it can be said
that entanglement in an N particle system has occurred if spin squeezing is
found. The proof of these tests is set out in SubSection D.3.

For Case 3 there is also a spin squeezing test for entanglement, but it is
restricted. Here the test is that spin squeezing in S, confirms entanglement of
the n sub-systems consisting of pairs of modes @; and b;, but the test is restricted
to the situation where exactly one boson occupies each mode pair. No spin
squeezing test was found for the other spin operators, nor was a Bloch vector
entanglement test obtained. The proof of this result is set out in SubSection
D.4. That no general spin squeezing test for entanglement exists can be shown
by a counter-example. If all the N bosons occupied one mode pair @; and b;,
and the quantum state p G for this pair corresponded to the relative phase
eigenstate with phase 6, = 0 (see SubSection 3.7) then although the overall

state is separable, spin squeezing in §y compared to §Z occurs (with <A§§> =
%+ % In N, <A§§> = (% - g—z) N? and <§x> = N . Thus there is a situation
where a non-entangled state for sub-systems consisting of mode pairs is spin
squeezed, so spin squeezing does not always confirm entanglement.

As in the previous two mode cases, having established in multi-mode cases
that spin squeezing requires entanglement a further question then is: Does
entanglement automatically lead to spin squeezing? The answer is no, since
cases where the quantum state is entangled but not spin squeezed can be found
- an example is given in the previous paragraph. Thus in general, spin squeezing
and entanglement are not equivalent - they do not occur together for all states.
Spin squeezing is a sufficient condition for entanglement, it is not a mecessary
condition.

D.2 Spin Squeezing Test for Bipartite System (Case 1)

We now consider spin squeezing for the multi-mode spin operators given in Eqgs.
(193) and (196) in Appendix A. We consider separable states for Case 1, the
density operator being given in Eq. (205). In this bipartite case the two sub-
systems consist of all modes a@; and all modes E The development involves ex-

pressions such gs <@c(r)>c = Tre(U.(r)p%), <‘/I\!Z(r)>; = Tre(Vi(r)p%) and
(Vi) = Tre@@PE)55), (Tm)T)) = Tre(@(0)T0)55)

< F(r) c(r/)>z = Tre(UH(r) T, (1')5S), where C = A, B.

)
)

)
D)
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Firstly, we have

<§1>R = %fdr (<‘T’Z(r)>z <\Tla(r)>2 + <\T/L(r)>2 <\f’b(r)>2) =0 (209)

since from the local particle number SSR for sub-systems A and B we have

<@Z(r)>2 = <\T!a(r)>2 = 0. A similar result applies to <§y>R so it then

follows that R R
(8.)=(8,)=0 (210)

This immediately yields the Bloch vector entanglement test. It also leads to the
spin_squeezing in S entanglement test, namely if S » is squeezed with respect
to S, or S (or vice versa), then the state must be entangled The question
then is: Does spin squeezing in S with respect to S (or vice versa) require
the state to be entangled for the two n mode sub- systems A and B?

To obtain an inequality for the variance in S ., we see that

(32) = Lfdea < ((BmEE)), (TamT60)
HEmTE)) (TmBE0) + (B@Te)) (TmTe)
~ ~ B ;. ~ A
+(BmTe))  (EOTLE)) ) (211)
B

From the local particle number SSR for sub-systems A and B we have <\TIZ (r)\flz (r’)>R

~ A
<\I/a(r)\11a(r’)>R =0, so the first and fourth terms are zero. Using the field op-

erator commutation rules we then obtain

<§i>R = %ffdrdr’ <\/I\IZ(I')\/I}b(r’)>

so that

Hence from (20)

(552)

> S Puly Jf dvds’ (B)T)), (U16)T0),
fdr < )Wy (r )>z + <\Tf1(r)@a(r)>2} (214)



The same result applies to <A§ ?24 .

Now we can easily show that

(3.) =% Pag [ ({F]0)B), -~ (FL0T0) ) (215)
so that
S (81 P Far (B0 + (FlwTa) ) (@10
as <(I\/Z(r)\/1\lb(r)>i and <\T/L(r)\/1\la(r)>2 are real and positive.
Hence we find that
(a52)-31(5:)]
> %PR%U dr dr’ <@;(r)@b(r')>z <@g(r')@a(r)>z (217)

= §PR§ S drdr’ Trp{@,(x") 55 W) (r)} Tra{a(r) o W) (x))}(218)

= S dear Tr (B0 B B, B) Br)} (219)

1
2
the case of a separable state. The last form involves a double space integral of a
quantum correlation function. Note the order of r and r’. It is straightforward to
show that the right side of the inequality is real, but to achieve an entanglement

test involving spin squeezing for S, we need to show that it is non-negative.
Identical inequalities can be found for <AS §> — 3 <S Z> |

giving three forms that the inequality for <A§ 925> — <§ z> | has to satisfy in

D.2.1 Mode Expansions
If we use Eq. (195) to expand the field operators then using Eq. (218) we have
~ 1 /-
2 —_—
(455) = 51(5:)!
1
> Pr=>.% [[drar
B 2%
x {;(r) 05 (x) by (') 67 (x) }
x{Trafaiph al} Tro{he g b}

1 A PO
= %PR§Z{TTA{aiP§ a}} Trp{b; pn b;r}}
ij

v

1
= % Py (A7 Bfi + Bjj A7) (220)
i
= 3 PRiTr{ARBR + BREARY (221)
R
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where mode orthogonality has been used and we have introduced matrices A%
and BT whose elements are

A{} = Tra{di pn at} B% = TTB{/b\j Pnbl} (222)
It is easy to show that Aﬁ = (Aﬁ) and BR (BR) showing that the matrices
AR and BT are Hermitian, as is ARBF + BRAR. The quantity Z(AR BR +

BZ-}; Aﬁ) is real. The question is: Is it also positive ?
For the simple case where there is only one spatial mode for each component

the right side of the inequality is just equal to Y- Pr3 {TrA {apaat} Tre{bpl BT}} =
R

> PriN{ NE, where N and NF give the mean numbers of bosons in sub-

R

systems A and B for the states ﬁg and ,’ég. The right side of the inequality is

positive, showing that the separable state is not spin squeezed for S, with re-

spect to S, (or vice versa), leading as before to the test that such spin squeezing
requires entanglement.

D.2.2 Positive Definiteness

For the multi-mode case we now take into account that the sub-system density

~A ~B - . . .
operators pr and pp are positive-definite. Their eigenvalues WfR and WER are

real and non-negative as well as summing to unity, and we can write the density
operators in terms of their orthonormal eigenvectors |AR, A\) and |BR, i) as

Pr = ST IAR,X) (AR, pp =% |BR, i) (BR,p|  (223)
7

Then from (222)
Zw (AR, @ld; |AR,))  BE =Y «B%(BR,u| blb; |BR, )

I
(224)
Consider a 1 x n row matrix &' = {¢},€5,..,€5 }
gralfe = Y e afle
ij
= waRZsz (AR, @la; |AR, ) €;
ij
= Zw (AR, )| QY Q4 |AR, ) (225)

where we have introduced the operator Q A =,& a;. Since {TARS is always
non-negative for all £, this shows that A% is a positive definite matrix. Similarly,
conmdermg a 1 xn row matrix nf = {n%,n5,..,n% } and introducing the operator

Op = > 77117 we find that

!By =" =" (BR,u| O} Qp |BR, ) (226)
w
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which is also always non-negative, showing that B is also a positive definite
matrix.

We can then express the positive definite Hermitian matrices A" and BE
in terms of their normalized column eigenvectors 02‘ and ¢ g respectively, where
the corresponding real, positive eigenvalues are v, and o3 Thus we have (for
ease of notation R will be left understood)

AROL = waby (00105 =00y, AT =D vabl (02)]
BR¢E = osCf  (C5)I¢P =05 BT =3 osCF (¢ (227)
B

Then
Tr{ARB"® + BR AR}
= TT{Z Z Vo003 eﬁ (Gf)TCE (CE)T}

+Tr{zzyaaﬁgﬁ Byt o2 (9t}
-~ ZZvam )TCE1(CE) 62]
+ZZvaoa (C5)1041 [(62)T¢H]
= 2;;%% [(02)¢R1IP (228)

Hence we have using (221)

(a82)-31(5.)1
> TPy X vas | (0D CHI (229)
a B

where the right side of the inequality is non-negative. The same result applies
o (852) - 1[(5.)]
Sy

Thus we have established the spin squeezing test for the multi-mode Case
1 - states that are spin squeezed in S, compared to S, (or vice versa) must
be entangled states for the two subsystems consisting of all modes @; and all
modes b;.

For the other spin components, the Bloch vector result in (210) that <S x> =

Thus separable states are not spin squeezed in S 2 Or in

<§y> = 0 for separable states enables us to show that if §Z is squeezed com-

pared to S « (or vice versa) or if S » is squeezed compared to S y (or vice versa)
then the state must be entangled. Thus spin squeezing in any spin component
requires the state to be entangled, just as for the two mode case.
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D.3 Spin Squeezing Tests for Single Mode Sub-Systems
(Case 2)

We now consider spin squeezing for the multi-mode spin operators given in Egs.
(193) and (196) in Appendix A. We consider separable states for Case 2, the
density operator being given in Eq. (206). In this single mode sub-system case
there are 2n subsystems consist of all modes @; and all modes E

This case is that involved in the modified approach to Sgrensen et al and we

will see that it leads to a useful inequality for <A§ i> or <A§ §> that applies

when non-entangled states are those when all the separate modes a@; and 31- are
the sub-systems. We will follow the approach used for the simple two mode case
in Section 3. R

Firstly, the variance for a Hermitian operator 2 in a mixed state

5= Pun (230)
R

is always greater than or equal to the the average of the variances for the separate

components
<A§2> > XR:PR <A§2>R (231)

where <A§2> = Tr(p AQ?) with AQ = §—<§> and <A(A) 2>R =Tr(pp AQR?)
with AQp = Q — <Q>R. The proof is straight-forward and given in Ref. [19].
Next we calculate <A§§>R, <A§§>R and <§w>R, <§y>R, <§Z>R for the

case where
p=Y Pr (0% @k ) @ (i @) e (B edld) o (282)
R

as is required for a gemneral non-entangled state all 2n modes. This situation
is that of Case 2 for the sub-systems, as described in SubSection D.1. As
the density operators for the individual modes must represent possible physical
states for such modes, so the super-selection rule for atom number applies and
we have

—
—
Q)
S
N
iS]
~
)
-
Il

Trpy @) =0 (@) =T Eh) =o

(@), = TrGE)™ =0 (Gh™), = Tr@HE)™ =0
(233)
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The Schwinger spin operators are
Sy > (la; +alb)/2 = Z St
S, = > (la; —alb)/2i = Z S

i

S. = > (b —ala; /2:252 (234)

i

where a;, gi and Zij», Bj respectively are mode annihilation, creation operators.
Note that this expression for the spin operators is the same as (196) for the
multi-mode case treated in Appendix A. From Egs. (234) we find that

81 =2(5)"+ X 815 (235)
i i
so that on taking the trace with p L PR and using Eqs. (232) we get after applying
the commutation rules [¢,¢/] =1 (€ =a or b)

5, TR, 2 (9,8,
As we also have

<§m>R:Z<§;>R <§z>1:;<§;>;+ Z<§;>R <§i>R (237)

i i#]

using Egs. (232) and we see finally that the variance <A§i>R is

(53), - 2 (&), -5 (5 e

% 7

all the terms with i # j cancelling out. and therefore from Eq. (231)
~ ~. ~.\ 2
2 > 7\2 _ %
<ASw> > ER Pr Ei (<(Sl) >R <S$>R) (239)

An analogous result applies for <A§ 72!>
But using (233)

(87 = L@@+ Baalh + afbbla, + afbalb)
Gi 1 o
DY) = 1) @'a) ate 5.
<(Sx) >R = 4(<(b b) > + (@) ,) + 2(<(a i), <(b b)Z>R) (240)
and N
<Sx> =0 (241)



It then follows that

<§x>:ZPR<§z>R:0 <§y>:ZPR<§y>R:0 (242)

R
so that
(a82) = S pa £ ((0D)  + (@) + (@) (FD)) )
) (243)
The same result applies for <A§ 3>
Now using (233)
(31 =3 ((@D)) - (@a)),) (244)
5 - S,
5] = 32 re 256D, ~ (@D
< P S| - (@ay) )|
R
< S Pep (@) +(@a)),) (245)
T

and thus

vV
=[]

-
-
NN =

= ;PR§;<<@*6»>R<<€*€»> )
> 0 (246)

A similar proof shows that <A§ §> — % ‘<§ Z> > 0 for the non-entangled state
of all 2n modes.

This shows that for the general non-entangled state with all modes a; and 31

as the sub-systems, the variances for two of the spin fluctuations <A.§ f:> and

<A§§> are both greater than i ‘<§Z> , and hence there is no spin squeezing

2
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for §w or §y Note that as ’<§y>‘ = 0, the quantity \/<’<§L1>‘2 4 ‘<§l2>‘2>

, so the alternative criterion in Eq. (201) is the same as

is the same as ‘<§Z>
that in Eq. (6) which is used here.

Hence we have shown that for a non-entangled physical state for all the 2n
modes a; and b;

<A§§> > %| <§>| and <A§§> > %| <§>| (247)

so that spin squeezing in either §m or §y requires entanglement.
From (242) we see that <§z> = <§y> = 0 for the general separable state,

showing there is a Bloch vector test for entanglement such that if either <§ I>

or <§ y> is non-zero, then the state must be entangled.

Finally, if there is spin squeezing in §Z with respect to §m or vice versa, or

Spin squeezing in §Z with respect to §y or vice versa, it follows that one of <§ T>

or <§ y> is non-zero. But as both these quantities are zero for a non-entangled

state, if follows that spin squeezing in §Z also requires entanglement.
Thus, spin squeezing in any spin operator S,, S, or S, is a sufficiency test
for entanglement of all the separate mode sub-systems.

D.4 Spin Squeezing Tests for Two Mode Sub-Systems (Case
3)
We now consider spin squeezing for the multi-mode spin operators given in Egs.
(193) and (196) in Appendix A. We consider separable states for Case 3, the
density operator being given in Eq. (207). In this mode pair sub-system case
there are n subsystems consist of all pairs of modes a@; and E
This case is also involved in a modified approach to Sgrensen et al and we

show a useful inequality for <A§ §> applies when non-entangled states are those

when the pairs of modes @; and Ei are the separate sub-systems, but only in
restricted situations. The pairs of modes corresponding to localized modes on
different lattice sites or pairs of modes with the same momenta does represent
the closest way of simulating the approach used by Sgrensen et al where identical
particles ¢ were regarded as the sub-systems.

Now the general non-entangled state will be

P=> PrOp@pr®DR® .. (248)
R

where the ﬁ}f are now the density operators for sub-system 4 consisting of the pair
of modes @; and b; (which are of the form given in Eq. (303)) and the conditions
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in Eq. (233) no longer apply. The Fock states are of the form |N;,)®|N;p) for the
pair of modes a@; and 3@, and for this Fock state the total occupancy of the pair
of modes is N; = N;, + Ny From thg super-selection rule the density operator
PR for the ith pair of modes @; and b; is diagonal in the total occupancy. For
N; = 0 there is one non zero matrix element ((0|,, ® (0],,) p (|0),, ®10),,). For
N; =1 there are four non zero matrix elements, which may be written

((1iq © <0‘ib)/\i (1D ®10)3) = Pla
((Liq ® (013) PR (10); @ 1)) = Pl
({0l; ® (1) Pk (11)ia @10)5) = Pha
({0l; ® (1) P (10)i @ 11)5) = Pl (249)

For N; = 2 there are nine non zero matrix element ((2|,, ®(0],,) P (12),,®10)),
5 (0], ® <2|ib),/0\33 (10);, ®2);,) and the number increases with N;.
If we restrict ourselves to general entangled states for one particle, where N;
=1 for all pairs of modes, then the density operator p is of then form

P = Phalll)i (Lig ®10)s (01) + phy (1) (Ol,0 @10, (1)
050 (10) 50 (Lsq ® 1) (0133) 4 P (10) 54 (Ol @ [1) 4 (1) (250)

In addition Hermitiancy, positivity, unit trace Tr(ﬁlé) =1 and Tr(ﬁi{)z <1 can
be used as in Eq (295) to parameterize the matrix elements in (249).

pL, = sin*oy php = cos” a;
piy = \/sin®q; cos? q; sin’ B; exp(+ig;) Py = \/sin a; cos? a; sin’ B; exp(—ig;)

(251)

The expectation values for the spin operators §;, §; and §; associated with
the ith pair of modes are then

N VRS PN
(), = Tr(ph ;0@ +alb)
1 . .
= 5 (ptzzb + p%m)
i 1 3 3
<S’Z>R = Z (pab - pba)
~. 1, . )
(85) = 5 (P =) (252)

which are of exactly the same form as in Eq. (294) as in the Appendix G
derivation of the original Sgrensen et al [14] results based on treating identical
particles as the sub-systems. The proof however is now different and rests on
restricting the states pj to each containing exactly one boson.

The remainder of the proof is exactly the same as in Appendix G and we

find that ) )
<A§§> > % (<§z> + <§y> ) (253)
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for non-entangled pairs of modes a; and EZ Thus when the interpretation is
changed so that are the separate sub-systems are these pairs of modes, it follows
that spin squeezing in S, with respect to S, or S, requires entanglement of
all the mode pairs, but only if there is one particle in each mode pair.

In general, spin squeezing in either S, or S, is not linked to entangle-
ment for Case 3 sub-systems, as has been pointed out in SubSection D.1 by
a counter-example involving the relative phase state. Also there is no Bloch
vector entanglement test. For we have in general

N A N
<S;>R = Tr(pg i(bjai +alb,)
<Sy>R = Tr(pr Z(bz a; — a; b;) (254)

and the local particle number SSR does not require these quantities to be zero

for sub-systems consisting of pairs of modes a; and 31 Thus in general <§z> and

<§y> can be non-zero for a separable state, so the Bloch vector entanglement

test does not apply.
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Appendix E Hillery Spin Variance - Multi-Mode

It turns out that the Hillery spin variance test can also be applied in multi-mode
situations, where the spin operators are defined as in Appendix A. As explained
in Appendix D three cases occur in regard to specifying the sub-systems. For
Case 1, where there are two sub-systems each consisting of all the modes @; or
all the modes b;. the Hillery spin variance test as in (84) applies. The proof set
out below again does not require the sub-system density operators to be local
SSR compliant. Also, for Case 2 where there are 2n subsystems consisting of all
modes a; and all modes b; the Hillery spin variance test as in (84) applies. The
proof is set out below again does not require the sub-system density operators
to be local SSR compliant. However, for Case & where there are n sub-systems
consisting of all mode pairs @; and b; the Hillery spin variance test does not
apply. Basically, this is because specific sub-system density operators ,/o\aRb(l) (see
(207)) could be entangled states of the modes a; and b; all of which do satisfy
the Hillery test involving <Ni>R for this ith sub-system. If we choose a special

separable state of the form (207) with just one term (no sum over R), it is easy
to see that the Hillery test will be satisfied for the full system. However, the
full system state involving these sub-systems is still a separable state, showing
that satisfying the Hillery spin variance test does not always require the state
to be entangled.

E.1 Hillery Spin Variance Test for Bipartite System (Case
1)
We first consider Case 1 where there are two sub-systems each consisting of all

the modes @; or all the modes b;. We use the results from (214) to find that for
a separable state

(A52) +(a52)
> S ra(ff e’ (F0T), (T6)Tu0)
+% [dr {<@;(r)@b(r)>i + <@g(r)@a(r)>’4} (255)

R

The same result would have occurred if the local sub-system SSR had been
~ o~ B . ~ A
disregarded, the terms such as 1 [[drdr’ x {<\I/Z(r)\ll}:(r’)>R <\Pa(r)\I/a(r’)>R

cancelling out.
The mean number of bosons is obtained from (197) and hence

L(R)- ;ERjPRfdr (Bwim), + (Bwem)) o)
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Thus we have

(T Ta(r)) (257)

Using the mode expansion (195) we then get

(a82)+(a52) - 5 (F)

PPN A
> PR Y3 drde' 61 w19, ()i ) (i) (alan)
= L Pr)_ Tra{aipr @) Tra{b;og b)) (258)
= 3 PR%Tr(ARBR + B A™) (259)
R

after orthogonality is used and the matrix elements Aﬁ and Bﬁ are introduced
from (222).

Since we have shown in Appendix D.2 that the right side of the last inequality
is always non-negative, the Hillery spin variance entanglement test follows that

if
a2 Q2 IS
(882)+(a82) < (W) (260)
then the quantum state must be an entangled state for the case of two sub-
systems each consisting of all the modes a; or all the modes b;.

E.2 Hillery Spin Variance Test for Single Mode Sub-Systems
(Case 2)

We now consider separable states for Case 2, the density operator being given
in Eq. (206). In this single mode sub-system case there are 2n subsystems

consisting of all modes @; and all modes b;. We use the results from (243) to
find that for a separable state

<A§§>+<A§2>
> ZPR ( ((@B):)  + (@), + ((@a)) <(3T3)Z->R)>(261)

The same result would have occurred if the local sub-system SSR had been

disregarded, the terms such as 7 <bTbT> (@;a;) p cancelling out.
Ri

The mean number of bosons is obtained from (197)

< > ZPRZ<bTb > +((@a)) ) (262)
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Thus we have

1
2
> S rs (@0, (091, )

which is always non-negative.

The Hillery spin variance entanglement test follows that if the inequality in
(260) occurs then the quantum state must be an entangled state for the case of
2n sub-systems consisting of all the modes a@; and all the modes 3,

E.3 Hillery Spin Variance Test for Two Mode Sub-Systems
(Case 3)

We now consider separable states for Case 3, the density operators being given in
Eq. (207). In this two mode sub-system case there are n subsystems consisting
of all mode pairs @; and Zz We consider a special separable state with just one
term where

/ﬁsep ~ab(1) ®Aab(2) ® .. ®/’b\ab(z) ® /p\ab(n) (264)

We use the results from (238) to find that

(a53)+(a53)
= Z(< (A8)2) + ((a8)?)) (265)

where A:S'\; = §}x — <§2‘>R for @ = x,y. This result did not depend on applying

the local SSR.
Now suppose each of the two mode states pab( Y is an entangled state of the
modes a; and b in which the Hillery spin variance test is satisfied. Then

((a8)7) + (A7) < 5 70

Hence

- <N> (266)

where N = > J/\}'z is the total number operator and ]/\72 = 3;@1 + ET@
Thus the Hillery spin variance test is satisfied even though the state (264)

is separable, shoeing that the test cannot be applied for multi-mode Case 3.
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Appendix F Raymer Entanglement Test

In this Appendix the proof of the Raymer entanglement test in SubSection 4.3
is presented. L R
With Hermitian operators Q4, A4 and Qp, Ap for the two sub-systems we

consider R R R R R R
U=0aQ24+ 0B V=aAs — BAB (267)

where «, 3 are real. Then with p = Y, Prpp and pp = Py @ ph and using
(20) it can first be shown that

<AU > > XR:PR <AUR> <AV > > ;PR <AVR> (268)

where AUg = U — <(7> CAVR =V — <1A/> with <[7> =Tr(Upg), <I7> =
R R R R R
Tr(V5p). o
Substituting for U and V from (267) and using pp = px @ pa we can then
evaluate the various terms as follows.

(09)0 = a®{0), 57 (8h),, + 205 (0a) (),

0) = (@) +8(0)" 2
(7)) - ( ) #((Pa),) 208 (0), (Am),
R (I (YN B R (YR (L)

. ~_\R
with a similar result for <AVR?>. Here for sub-system A we define <Q2A =

A
o2 -4y /5 \F 0,54 22 \F 2254y /2 \F A5
Tr(¥% pr), <QA>A =Tr(Q4pgr) and <AA>A =Tr(A%pR), <AA>A =Tr(Aap
with analogous expressions for sub-system B.
We thus have

(0% = S ra (000 (508,
R R

<m72> > o®Y Py <AK§,R>3+52ZPR <A7\2‘BR>Z (270)
R R

where AQAR = (AZA — <QA> , AQBR = QB — <§B>Z, AKAR = /A\A - </A\A>R

and AApp = Ap — <AB>B
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Adding the two results gives

<Al72> + <AI72>
> o?zR:PR (<A§?4R>j+ <AK§,R>D

+82Y " Py <<A§2BR>Z + <AXQBR>2) (271)
R

a general variance inequality for separable states.
This last result can be developed further based on the commutation rules

[Qa, A4l =iO4  [Qp,Ap]=iOp (272)

The Schwarz inequalities - valid for all real A4 and Ap

v
o

~ ~ ~ e R
<(AQAR —iAARAR) DA (AQaR + i)\AAAAR)>A

Y

~ —~ ~ —~ R
<(AQBR—’L')\BAABR)75§ (AQBR+i/\BAABR)>B 0 (273)

lead to the following inequalities
(80n), 20 (Ba) 24 (AR3)
<A§2BR>2 + g <@B>Z + A% <AK2BR>Z
so by taking A4 g =1 or —1 we have
(802,) "+ (aR3,)" > 1(64)"]

<A§2BR>Z+<AK2BR>Z > |<@B> | (275)

R

v
o

Vv
o

(274)

&

. \R, . \R _\R
The Heisenberg Uncertainty principle results <AQ?4R> <AA%R>A > | <@A>A |2/4

etc also follow from (274). !
.\ R . \R . \R
Noting that ZPR | <®A>A | > |ZPR <@A>A | =| <@A> | and ZPR | <@B>B | >
R R R
| Z Pr <@B>j | =] <(:)B> | since the modulus of a sum is never greater than
R

the sum of the moduli, we finally arrive at the final inequality for separable
states

(A€ +50p)?) + (Aaka - BRp)?) > a?| (B4)] +6°| (Bs)| (276)
This leads to the following test for entanglement
<A(a§A + 5?23)2> + <A(aKA - 67\3)2> < a?| <6A> | + 52 <é3> | (277)

which is usually based on choices where a2 = 2 = 1.

S 31



Appendix G Derivation of Sgrensen et al Re-
sults

Serensen et al [14] derive a number of inequalities from which they deduce a
further inequality for the spin squeezing parameter in the case of a non-entangled
state. From this result they conclude that spin squeezing implies entanglement.
The final inequality they obtain for a non-entangled state is

(a82) 2 5 ((3:)"+(5.)") (213

Their approach is based on writing the density operator for a non-entangled
state of N identical particles as in Eq. (105)

P=> Prpr®@pr®@pR®..= Y Prig (279)
R R

The spin operators are defined as

Sp = 252:Z(|¢b(i)><¢>a(i)|+|¢a(i)><¢b(i)l)/2

K2

Sy = 8= 32000) (6, 0] ~ 0(0) (By(0)])/2

K3

S. Zgz = Z(I%(i)) (@6 ()] = |2a (D) (Da()])/2 (280)

7

where the sum ¢ is over the identical atoms and each atom is associated with
two states |¢,) and |¢,). Clearly, the spin operators satisfy the standard com-
mutation rules for angular momentum operators. N

Sgrensen et al [14] state that the variance for S, satisfies the result

(55 =Yg rs () e pm(s) - () o

3

To prove this we have

(52)

Z PrTr(pr_> Si89)
R vJ

> (2((5)), 55,49,

?

Tree (5 ,6),) o2
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where we have used
(3" = 200u0) 64(0)] — 16, () (6,0}
= 1190 (By(@164(0) (D] — (16,(5)) (90D (0)) (94 (0))
(=19 (DI, (D] + (190(0)) (90(0)]6, (1) (8, ()

1 , . . ,
= 7 ((125(0) (@6 ()] + (180 (D) (2a(D)])
1~
— 11
4
a result based on the orthogonality, normalization and completeness of the states

162(0))164(0)). Also
(3.), = Tr(axS)

= (%),

pr(s), - pe(SE) D (E),,) o

%

(283)

so eliminating the term ) , Pr <Z <§;> <§g> ) gives the required expres-
i#j R R

sion for <A§§> = <§§> - <§z>2
Next, Sgrensen et al [14] state that
<§w>2 SNEPrY <§>i <§y>2 < N§PR >l <§;>R 2 (285)
To prove this we have
(8.) = S PaTr(pr Y 8h)
7 i
= 2an(E),
= i
1(8a)1 < ;PR;<§;>R| (286)

since the modulus of a sum is less than or equal to the sum of the moduli. Now

(3.)" = |<§z>2§<§RjPR;|<§;>R|>2
> (zi(s), ) (287)

IN
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2
using the general result that (Z Pr \/CR) < > PgCgr, where > Pg = 1 with
R R R

here /Cr = 3_ | <§;>R |. Next consider
y = NXI(S), P

Sl G R LN
y—z = X((S) 1-1(8) N*=0 (288)

1<j

2

so that
(8) <N EmTUS), P (S)) <N mTI(E), P e

2
which is the required result. The inequality for <S y> is proved similarly.

o\ 2
Another inequality is stated [14] for <S Z> . This is

(5.) <> P (3), (200)
To show this we have :
(5.) = > PrTr(pn 3 8)
— XZ:PR;<§2>R
= zR:PR <§>R
1(8:)1 < szPR|<§Z>RI (201)

so that

2
R
R
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2
using the general result that (Z Pr \/CR> < > PgCgr, where > Pg = 1 with
R R R

here /Cr = | <§Z>R |
Finally, we find that

S s (&) (&), ())) < 3
-EaE((®),) > T (), (E))

(293)

IN

To show this we use the properties of the density operator ,/533 for the 7th particle
~1

of Hermitiancy, positiveness, unit trace Tr(,’o\%) =1 and Tr(py)? < 1. In terms
of matrix elements of the density operator pj between the two states |¢,(i)),

|, (7)) the quantities <§;>R, <§;>R and <§;>R are

(81 = Tr(h 5(164(0) (9a(0)] + 16400} {94 0])

1 .
= = (phy + Pha)

<R

(&),
&),

where p’, = (¢,.(i)| P |$4(7)). The Hermitiancy and positiveness of 5% show
that pi, and p!, are real and positive, p’, = (p;,)* and pl,pi, — |pL,[* > 0. The
condition Tr(p%) = 1 leads to p, + piy = 1, from which Tr(pj)? < 1 follows
using the previous positivity results. Taken together these conditions lead to
the following useful parametrization of the density matrix elements

(P — Pha) (294)

n S

2

1 .
57 (Pas = Pha)
1

2

pi. = sin®o phy, = cos? a;

\/sin? a; cos? oy sin? B, exp(+ig,) P, = \/sin? a; cos? oy sin’ B, exp(—ig;)

(295)

i
Pab

where o, 8; and ¢; are real. In terms of these quantities we then have

~ 1
<S;> = —sin2q sin? B; cos ¢,
R 2
~ 1
<S;>R = 3 sin 2a; sin? 3; sin ¢,
~ 1
<S§>R = 5cos 2a; (296)
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It is then easy to show that

(82 (80 (82), -

<

1
~ 1 sin? 2a; (1 — sin’ ;)

e el B

(297)

and the final inequality (293) then follows by taking the sum over particles i
and then using ), Pr = 1. If only the Schwarz inequality is used instead of
the more detailed consequences of Hermtiancy, positiveness etc it can be shown

hat (32 (5" + (5} <3, which though ful

< 3, whi i :

that <S$>R + <Sy>R + <SZ>R < 4, which though correct is not usefu
Combining the inequalities in Eqs. (285), (290) and (293) into Eq. (281)

shows that
(a81) = Fopren(E)epre(s), - ()
> TRmE(E),
o LRI (CHRCH
.

¥ (3 +(5.)) (298)

for the case of a non-entangled state. This result is that in Sgrensen et al.[14].
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Appendix H Revising Sgrensen Entanglement Test

In this Appendix we consider three ways that the proof of the Sgrensen et al [14]
entanglement test could be revised to apply to systems of identical particles,
rather than the systems of distinguishable particles assumed in the original
proof.

H.1 Revision Based on Localized Modes in Position or
Momentum

The work of Sgrensen et al really applies only when the individual spins are
distinguishable. It is possible however to modify the work of Sgrensen et al [14]
to apply to a system of identical bosons in accordance with the symmetrization
and super-selection rules if the index 4 is re-interpreted as specifying different
modes, for example modes localized on optical lattice sites or in different mo-
mentum states i = 1,2,..,n. Another example would be single two state ions
with each ion being trapped in a different spatial region. The revised approach
draws on the results established for multi-mode cases in Appendix D. With
two single particle states a, b available on each site (these could be two different
internal atomic states or two distinct spatial modes localized on the site) the
modes would then be labelled |¢,;) with a = a,b. The mode orthogonality and
completeness relations would then be

<¢ai|¢5j> = 5a/35ij
Z|¢ai> <¢ai| = /1\ (299)

With the particles now labelled K = 1,2, 3, ...one can define spin operators in
first quantization via

o~

S = ) Z(I%(K)) (D0 (K] + 10 (K)) (bp: (K))/2

o~

Sy ZZ(|¢bi(K)> (D0 (K] = 1a:(K)) {dpi (K)])/2i

~

S. ZZ(I%(KD (D i(F)| = [44(K)) (¢a:(K))/2 (300)

In second quantization if the annihilation, creation operators for the modes

o~

|da:), |dp;) are @;, b; and EI, 31 respectively, then the Schwinger spin operators
are just

&R
I

o = D (lai+alb)2=38;

S S Gla; —alb)/2i =Y 8

7 7

S 0l —ala) /2= 8t (301)

N
|

)

U
[83
I

7
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It is easy to confirm that the overall spin operators §aAand the spin operators
S¢ for the separate pairs of modes |p,;), |¢y;) (or @;, b; for short) satisfy the
same commutation rules as Sgrensen et al [14] have for the overall spin operators
and those for the separate particles. With this modification the non-entangled
state in Eq. (105) could be interpreted as being a non-entangled state where the
subsystems are actually pairs of modes |¢,;), |¢,;) and the density operators
pr would then refer to a subsystem consisting of these pairs of modes. This
corresponds to Case 3 discussed in SubSection D.4. It is to be noted that en-
tanglement of pairs of modes is different to entanglement of all separate modes
- Case 2 discussed in SubSection D.3. It is an example of a special kind of
multimode entanglement - since the modes |¢,;), |¢p;) may themselves be en-
tangled we may have “entanglement of entanglement”. In terms of the present
paper the density operators p would be restricted by the super-selection rule
to statistical mixtures of states with specific total numbers N; of bosons in the
pair of modes |¢,;), |dp;)- In terms of Fock states |ng;),|ny;) for this pair of
modes the allowed quantum states for the sub-system will be

N;
(@) = 3 AL (k)i [N: =K (302)

so at this stage the general mixed physical state for the two mode system could
be

. 00 N; N; ) .
ﬁ;z: Z ZP<I>Ni Z ZAIICW (A;V) |k>ai<l|ai®|Ni_k>bi<Ni_l|bi (303)
N;=0 & k=01=0

This state has no coherences between states of the two mode subsystem with
differing total boson number N; for the pair of modes. However this is still
an entangled states for the two modes |¢,;), |dy;), so the overall state in Eq.
(303) is not a separable state if the subsystems were to consist of all the distinct
modes.

H.2 Revision Based on Separable State of Single Modes

It is possible however to link spin squeezing and entanglement in the case where
the sub-systems consist of all the distinct modes (Case 2 in Appendix D). To
obtain a fully non-entangled state of all the modes |¢,;), |¢;) the density op-
erator pp must then be a product of density operators for modes |¢,;) and

|Py:)

Pr =Pk ® D% (304)
giving the full density operator as
p=Y Pr (05 o) @ (0 o) e (R edl) o (305)
R

as is required for a general non-entangled state all 2N modes. Furthermore,
as previously the density operators for the individual modes must represent
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possible physical states for such modes, so the super-selection rule for atom
number will apply and we have

(@), = Tre @M =0 (@) =Tr@H @) =0
(@), = TrERG)™ =0 (@D)"), =Tr@EEE)™ =0
(306)

The question is whether this reformulation will lead to a useful inequality
for the spin variances such as <A§ i> This issue is dealt with in Appendix

D and it is found that we can indeed show for the general fully non-entangled
state (305) that

(a52) > %| (3.)1 and (283)> %| (5.)] (307)

This shows that if there is spin squeezing in either S z OT S y then the state must
be entangled. Note that this result depends on the general non-entangled state
being non-entangled for all modes and that the density operator for each mode
a; or b; being a physical state with no coherences between mode Fock states with
differing atom numbers. In terms of the revised interpretation of the density
operator to refer to a multi-mode system with modes |¢,,), |¢p;) the statement
that spin squeezing for systems of identical massive bosons requires all the modes
to be entangled is correct. However superposition states of the form (302) that
are consistent with the super-selection rule applying to pure states of a two mode
system are precluded, and such states ought to be allowed if entanglement of
pairs of modes rather than of separate modes is to be considered.

-~

In addition, we can show that if either <§ x> or <Sy> is non-zero, then

the state must be entangled - the Bloch vector test. Finally, if it is found that
if there is spin squeezing in S, then the state must be entangled. Thus spin
squeezing in any spin component confirms entanglement of the 2n individual
modes.

H.3 Revision Based on Separable State of Pairs of Modes
with One Boson Occupancy

It is also possible however to link spin squeezing and entanglement in the case
where the subsystems consist of pairs of modes (Case 3 in Appendix D), but
only if further restrictions are applied. The general non-entangled state of the
pairs of modes would actually be of the form (see (207), here the ab dropped
for simplicity)
— A1 ~2 3
P:ZPRPR®PR®PR®--- (308)
R
where the p% are now of the form given in Eq. (303) and no longer are density
operators for the ith identical particle. Unlike in (306) we now have expectation
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values ((@;)"); = Tr(pp(@;)") etc that are non-zero, so considerations of the
link between spin squeezing and entanglement - now entanglement of pairs of
modes, will be different. 4 N

If the density operators pj associated with the pair of modes @;, b; are all
restricted to be associated with one boson states then this density operator is
of the form

mz = sza'(|1>m <1|m ® |0>ib <O|ib) + pflb'(|1>ia <0|m ® |0>ib <1|ib)
+05a(10) 54 (15 @ 11)3 (Ol3) + b (10) 54 (05 @ 1) (115)
(309)

where the p? ¢ are density matrix elements. With this restriction the pair of

modes a;, 31 behave like distinguishable two state particles, essentially the case
that Sgrensen et al [14] implicitly considered. The expectation values for the

~

spin operators S, SZ, and S! associated with the ith pair of modes are then
(8:) (oo +oba)  (S1) =2 (ol — oha)
r/p a a Y/ p 2% a a

:
(55, = 30h—ri) (310)

If in addition Hermitiancy, positivity, unit trace Tr(ﬁ}%) =1and T’l"(ﬁlﬁ)Q <
1 are used (see Appendix G) then we can show that p}, and pi, are real and
positive, pi, = (pi )* and pi,pi, — |pi,|2 > 0. The condition Tr(p%) = 1 leads
to pi, + phy = 1, from which Tr(p%)? < 1 follows using the previous positivity
results. These results enable the matrix elements in (309) to be parameterized
in the form

*

i .2 i 2
Poa = SIN7ay, Prp = COS”

ply = \/sin®a; cos? o sin? B, exp(+ig;)
ph. = \/sin®a; cos? o sin? B, exp(—ig;)

(311)
where oy, 3; and ¢, are real. In terms of these quantities we then have
ai 1 . .2 ai 1 . .2 .
<Sz> = —sin2q; sin” 3; cos ¢, , <S > = —sin2q; sin® §; sin ¢,
R 2 VIR 2
N 1
<S;>R = gcos 2a; (312)
and then a key inequality
(), (8), + (80), = § - psin*2a st p) < (313
= - ——sin“2q; (1 —sin” 5, ) < =
“I'r Y/ R Jp 1 1" s 4

follows. This result depends on the density operators 7533 being for one boson
states, as in (309). The same steps as in Sgrensen et al [14] (see Appendix G)
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leads to the result

<A§§> > % (<§$>2 + <§y>2) (314)

for non-entangled pair of modes @;, Bi. Thus when the interpretation is changed
so that are the separate sub-systems are these pairs of modes and the sub-
systems are in one boson states, it follows that spin squeezing requires entan-
glement of all the mode pairs.

A similar proof extending the test of Sgrensen et al [14] to apply to systems
of identical bosons is given by Hyllus et al [27] based on a particle entanglement
approach. In their approach bosons in differing external modes (analogous to
differing ¢ here) are treated as distinguishable, and the symmetrization principle
is ignored for such bosons.
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Appendix I Benatti Entanglement Tests

In this Appendix the entanglement tests introduced by Benatti et al [29] are
examined.

In the first case, for separable states they found (see Eq. (11)) that for three
orthogonal spin operators fm, fnz and fng

AR+ (a2 + (ar) > Y (315)
(AT) + (A7) + (A7) > 5

(AT2)+ (AT2) + (AT2) < g (316)

then the state must be entangled. This test is an extended form of the Hillery
spin variance test (84). To prove this result we note that <Afﬂ> + <Af2n2> +

(s2) = (a82)+(a83)+(882) = (82)+(83)+(82)~(8.) ~(,) -
<§z>2 = N(N+2)/4— <§z>2 - <§y>2 - <§Z>2 for all states with N bosons.
For separable states we have <§ > = <§ > = 0 so that <Aj\2nl> + <Aj\2m> +

so that if

<AJE3> = N(N +2)/4 - < > As the eigenvalues for S, lie between —N/2

and +N/2 we have <§> < N2/4. Thus <AJn1> + <AJn2> + <AJn3> > X
as required.

In the second case, for separable states they also found (see Eq. (13)) that
for three orthogonal spin operators jm, jng and jn3

) (AT + (A7) - () > E=D

so that if
- (a2 +(al)) - (72) <MEZD gy

then the state must be entangled. To prove this result for nl = 7, n2 =
7 and n3 = 7, we use the result (29) for separable states that <A§§> +

(882) = SpPrd((b1h) + (@a),) + X p P ((@a), (b0) ) = N/2+

> r Pr((a'a), < R) It is straightforward to show that 52 = (b'b+ata)2/4—
b'b.ata, so that < > =N?/A— L Pg (<ATA> <bTb> ). Hence for separable

states ( < > < > <SQ> (N=1)N/2+(N—-1) > Pr ((a'a) , <bTb>R)—
N2/4+ 3, Pa ((afa) , <bTb> ). Thus (N — 1)((A52) + (A82)) - (82) >

N(N%Q + N> pPr (<AT’\>R <bTb>R). As the second term on the right side is

always positive the required inequality follows.

1
R 3
bb
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Finally, they considered another inequality (see Eq. (12)) found to apply for
separable states involving distinguishable particles in Ref. [28].

() + (7)) -5~ v -1 {al) <o (319)

so the question is whether an entanglement test (<ﬁ1> + <JA2”2>> - N/2 —

n

(N-1) <AJA2nS> > 0 applies for the case of indistinguishable particles. For the
case where nl = @, n2 = 3 and n3 = 7, <<§§> + <§3>) - N/2 - (N -

1) <A§§> = (<§§> + <§§> + <§§>) — N/2 — (N)A<A§§> +(N—1) <§z2 2:
N(N +2)/4 = N/2 = N (N*/4 = Y, Pr (afa) <bTb>R)) +(N-1)(8.)
As <§z>2 < N?/4 we see that <<§3> + <§§>) - N/2 - (N -1) <A§§> <
N Y, Pr((a'a) R <3T3>R), which is certainly > 0 and not < 0 as required.

However, perhaps an entanglement test such that if is could be shown that
82) +(82)) - N/2— (N =1) (A82) > N> Pr((a'a), (3'0) ) (320
((82)+(82)) = Nj2 = (N - 1) (A8 > Pr((a'a), (B5) ) (320

always applies then it could be included that the state is entangled. Unfortu-
nately the right side could be too large for the left side to always exceed the

right side for some separable states. Noting that (a'a) rT <ZJ@> = N for the
R

N bosons states being considered we find that the right side is maximized when

(a'a) R = <ET§>R = N/2 for all Pg, giving a maximum for the right side of

N3/2 - and this can occur for some separable states. To show that the state is

entangled the left side must exceed this value, otherwise the state might be one

of the separable states. However, the left side is at most of order N2 from the

first two terms and the negative terms only make the left side smaller. Hence
there is no entanglement test of the form (320).
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Appendix J Heisenberg Uncertainty Principle Re-
sults

J.1 Derivation of Inequalities

Here we derive the results in SubSection 4.6 leading to inequalities for the vari-
ance <AJ i> considered as a function of | <J Z> | for states where the spin op-

erators are chosen such that <f T> =
2

)
(

{7)
<f§>+<f§>+<fz>2g<fi>+<f§>+<f§>:J(J+1) (321)

02 2
1> = <Jy> = 0 from each side gives

From the Schwarz inequality

giving Eq. (113). Subtracting

/\

<Af§>+<Afj>+<fz>2 <J(J+1) (322)

Substituting for <Aj §> from the Heisenberg uncertainty principle result in
Eq. (114) gives

(a72) = (ran - (7)) (a72) 4 3e(T) <0 e

The left side is a parabolic function of <Aj 326> and for this to be negative

requires <Aj i> to lie between the two roots of this function, giving

2

<Aj§> > % <J(J+1)<fz>2>\/(J(J+1)<fz>2> 7£<jz>2
(324)
<Aj§> < % <J(J+1)—<fz>2)+\/<J(J+1)—<fz>2>2—§<fz>2
(325)

which are the required inequalities in Eq. (115) and (116).

J.2 Numerical Study of Inequalities

Here we consider the question: Is it possible to find values for <A§ Z> and
|<§z>| in which all three inequalities (115), (116) and (117) are satisfied?
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Results showing the regions in the <A§ i> versus | <§ z> | plane corresponding

to the three inequalities are shown in Figures 4 and 5 for the cases where J =
1000 and with £ = 1.0 and £ = 10.0 respectively. The quantities for which the

regions are shown are the scaled variance and mean <A§ i> /J and | <§ Z> |/J,
with <A§i> given as a function of | <§Z>| via (115), (116) and (117). That

~\2\? 2
regions exist where the quantity (J(J +1) - <Sz> ) —£ <SZ> then becomes

negative is seen in Figure 4. The spin squeezing region is always consistent with
the second Heisenberg inequality (116) and for large J = 1000 there is a large
region of overlap with the first inequality (115). For small J and large £ the
region of overlap becomes much smaller, as the result in Figure 6 for J =1 and
with & = 10.0 shows.
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Figure 4. Regions in the < AS2 > versus | < S, > | plane (shown shaded) for
states that satisfy (a) the spin squeezing inequality Eq. (117) (b) the smaller
Heisenberg uncertainty principle inequality Eq. (115) and (c) the larger HUP
inequality Eq. (116). The case shown is for J = 1000 and HUP factor £ = 1.
Both < A§5 > and | < S, > | are in units of J. The spin operators are chosen
so that < S’\z >=< §y >=0.
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Figure 5. As in Figure 4, but with J = 1000 and HUP factor £ = 10.0.
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Figure 6. As in Figure 4, but with J = 1 and HUP factor £ = 10.0.

Inspection of the three figures shows that there are regions where all three
inequalities are satisfied.
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Appendix K “Separable but Non-Local” States

It is instructive to apply the various entanglement tests to the so-called separa-
ble but non-local states considered in Refs. [4], [44], for which the sub-system
states are definitely not SSR compliant. These states should not pass the Hillery
tests [22], [32] for SSR neglected entanglement, but they may pass the entangle-
ment tests in this paper and in Ref. [2] since these states would be regarded as
SSR compliant entangled. Note that these states are consistent with the global
particle number SSR, so there is no dispute about whether they are possible
two mode quantum states. The issue is rather whether they should be catego-
rized as separable or entangled, and that depends on how separable (and hence
entangled) states are first defined. As discussed previously, the interferometric
measurements discussed here do not enable us to choose one definition over the
other - that is an issue involved what types of quantum states would be allowed
in the separate sub-systems.

The first example of such states is the mizture of two mode coherent states
is represented by the two mode density operator

—~ do
P = fﬂ|a’a><a’a‘

J 2 (j0) {al), @ (Ia) {al), (326)

where |a) - is a one mode coherent state for mode ¢ = a, b with o = |a| exp(—if),

~

and modes a,b are associated with bosonic annihilation operators a, b. The
magnitude |a] is fixed. This state globally but not locally SSR compliant.
Now

(@) = Tr [ S (la) fal), © (1) (o),

= T 9 (ja o 1), © (Bl (o),
= P (327)

But
<afam> = 7/ P (@) () ®(ZTB|Q> <a|)
2 @ b

de PN
— - ot T
J 5 ((al@tdla)), ® ((alb'bla)),
= laf! (328)
Hence we have | <6T6> | > 0 and | <6T3> > =(a @b'h). This shows the state
is SSR compliant entangled. However, it fails the Hillery test for SSR neglected

entanglement which is consistent with being a separable state if the local particle
SSR is neglected [4, 44].
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The second example of such states has an overall density operator which is
a statistical mixture given by

(1) (¥1Da @ [1) (1 )s + (WH .|)a®|¢,>< il

L00) ae® [9-2) (6ao + 2010 (Do ® ) 0
(329)

5 =

S

where [¢,) = (|0) + w|1))/v/2, with w = 1,4, —,—4. The [1,) are superposi-
tions of zero and one boson states and consequently the local particle number
SSR is violated by each of the sub-system density operators |¢,,) (¢,,])s and

o) Wl
Now using b |1, = (@]0))/v/2, (1,]a" = ((0]w*)/v2 and |w]? = 1

PO 1 A >
<aTb> = T’I“Z Z(G‘T |ww> <ww|a) by (b |ww> <ww|b)
1 . ~
= ZZ(chGT |’(/}w>a <1/)w|b|ww>b
Ie1 ,1

_ i (330)
But
(a¥apF) = T& @3 [10,) (Gola) © BB |0,) (W ],)
= 1 Wulda ), (5B,
_ i;;w wl?
_ i (331)

Hence we have | <6Tg> |2 > 0 and | <ETE> I < <Zi aETZ>. This shows the state
is SSR compliant entangled. However, it again fails the Hillery test for SSR
neglected entanglement which is consistent with being a separable state if the
local particle SSR is neglected [4, 44]. It should be noted, however, that the
density operator can also be written as

5 = i(|o><0|)A®|o><0|)B+ (1) (tha® 1) {1z

4594 (W Das (332
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where [W1) .5 = (|0) 4 |1) 5 + 1) 4 |0) 3)/v/2. In this form the terms correspond
to a statistical mixture of states with 0, 1,2 bosons. The first two terms corre-
spond to separable states, in which the sub-system density operators are SSR
compliant. The final term however is a one boson Bell state which is generally
regarded as the paradigm of a two mode entangled state. Hence regarding the
overall state as separable is highly questionable.
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Appendix L Quadrature Squeezing Entanglement
Tests

We can show that for separable states both <A)?g(+)> >1/2 and <Aﬁ92(—|—)> >

1/2, so two mode quadrature squeezing in either )?9(—4—) or }39(—4—) is a test for
two mode entanglement. Firstly, for SSR compliant sub-system states

(Fo(+)) = 55 X Pal(R2), + (%) ) =0 (333)
R
since(a) , = <B>R = 0. Secondly,
(X3(+))
- % %:PR(<66T>R + (@'a) , + <§8T>R + <3T3>R)

— ZPR(% + %(<ﬁa>3 + (M) g)
R

Y

(334)

where for local SSR compliant states other terms involving <52> R <32> , <a€> =
R R

(@) p <3>R ) <63T>R =(a)p <3T>R etc. are all zero. Hence
(a%3(+)) = (R(+) - <)?9(+)>2 > % (335)

which establishes the result. Since Py(+) = )?9+7r/2(+) we also have <A]392(+)> =

% +% <]V> > % for a separable state. Hence the two mode quadrature squeezing

test. If 1 1

(AR3(+)) < 5 o (AP3(+)) < = (336)
then the state is entangled. Obviously Xg(+) and Ps(+) cannot both be
squeezed for the same state.

A similar proof shows that for separable states both <A)/(\'92(—)> =1+
%<J\7> >1/2 and <A]392(—)> — 141 <J\7> >1/2, s0if
(AR3(-)) < L (AP3(-)) < ! (337)
2 2
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then the state is entangled. Hence any one of Xg(+), Py(+), Xo(=), Py(—) being
squeezed will demonstrate two mode entanglement.

The question then arises - Can two of the four two mode quadrature op-
erators be squeezed? For simplicity we only discuss 6 = 0 cases in detail.
Obviously pairs such as Xo(+), Po(+) or Xo(—), Po(—) cannot. Next, we con-
sider Xo(+) and Py(—). We note that for all global SSR compliant states
<AX§(+)> + <AP02(—)> = 1 ((A(@a+7p)*) + (A(Pa—DB)?)) =1+ <N>
using (140), so that if Xo(+) is squeezed <A)A(g(+)> < 1 then <A]302(7)> >
i+ <J/\7’>, showing that both Xo(+) and 130(7) cannot both be squeezed - in
spite of the operators commuting. A similar conclusion applies to )?0(—) and
]30(—1—). For the pair )?0(—1—) and )?0(—) we have <A)?§(+)> + <A)/(:§(—)> =
$((A@aA+TE)*)+{(A@@a—Tp)Y) =1+ <N> using (138) and (142), so the
same situation as for Xo(+) and Py(—) applies, and thus Xo(+) and Xo(—)
cannot both be squeezed. A similar conclusion applies to Py(—) and Py(+). In
general, only one of Xg(+), Pp(+), Xg(—), Ps(—) can be squeezed.
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Appendix M Derivation of Interferometer Re-
sults

M.1 General Theory - Two Mode Interferometer

Introducing the free and interaction evolution operators via

U = UyUin
Up = exp(—iHot/h) (338)
it is straightforward to show that for
M= %(ETZ —ata) (339)
we have
(M) = Tr(Mup)
<AJ\72> - Tr({z\?H - <J\7H>}2 ?) (340)

giving the mean and variance in terms of the input density operator and inter-
action picture Heisenberg operators

— 1~~~
MH = 5(()}1[)}[ — aLaH)
by = U 0Upe  ag=U. aUsp (341)

where we have used the results (7(;1 3(70 = exp(—iwpt) band [7(;1 a (70 = exp(—iwyt) a.
The interaction picture Heisenberg operators satisfy

ih%@H = (b, Vi m%aH = [an, Va) (342)
where
Vi = A(t)exp(—iwot) exp(i¢) bl ay exp(+iwpat)
+A(t) exp(+iwot) exp(—id) a}{BH exp(—iwpqat)
= A(t) exp(i¢) bl,an + A(t) exp(—ig)al by (343)

for resonance.
We then find that the Heisenberg picture operators satisfy coupled linear
equations
0~ DN~ L0 A
zhng = A(t) exp(+ig) any zh&aH = A(t) exp(—ig) by (344)
which after replacing the time ¢ by the area variable s then involve time inde-
pendent coefficients
0

ZE/b\H(S) = exp(+ig) ay(s) i%aH(s) = exp(—i) by (s) (345)
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The equations can then be solved via Laplace transforms giving

EH(S, @) = cos sb— texp(ig) sinsa  ag(s,¢) = —iexp(—i¢p) sin sb+ cossa
(346)
where now 2s is the area for the classical pulse.
Hence we have in general

Min(2,6) = 5Bl (s, 0)bu(s.0) —aly(s, 6)an(s. )
= sin2s(sing S, + cos ¢ §y) +cos2s S, (347)

The versatility of the measurement follows from the range of possible choices of
the pulse area 2s and the phase ¢.
Writing 2s = 6 we can then substitute into Eq. (340) to obtain results for

<J\//.7> and <A]\//.72>. These are set out in SubSection 7.3 in Egs. (170) and

(171) in terms of the mean values of the spin operators and the elements of the
covariance matrix for the spin operators, evaluated for the input quantum state

-~

.

M.2 Beam Splitter and Phase Changer
For the beam splitter we have 2s = w/2 and ¢ (variable) so that

M\H(g,¢):sin¢§$+cos¢§y (348)
whilst for the phase changer we have 2s = 7 and ¢ (arbitrary) so that
My (,¢) = 5. (349)

M.3 Other Measurables

We can also consider other choices for the measurable, which then enable us to
determine other moments of the spin operators. A case of particular interest is
the square of the population difference

- 1 o 2
M, = (z(bTb —&%)) (350)

Tt is then straightforward to show for the beam splitter case with 2s = 7/2 and
¢ (variable)

= ~ N2
Mon(5,6) = (sing 8, +cos5,)
= sin? ¢ (S,)2 + cos? ¢ (S,)? + sin ¢ cos ¢ (5,8, + S, S,)
(351)
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Hence
<M\2> = sin? ¢ <(:S'\m)2> +cos? ¢ <(§y)2> +sin¢ cos ¢ <(§z§y + §y§x)> (352)

showing that the mean for the new observable J/W\g is a sinusoidal function of tAhe
BS interferometer variable ¢ with coefficients that depend on the means of S2,
S; and Sz Sy, + SyS,.

M.4 Squeezing in the xy Plane

The question is does squeezing in either S# (23X + ¢) or S# (3 + ¢) demonstrate
entanglement of the modes @ and b7
For a separable state we have

<§f(3§+¢>>p <§3(?§T+¢>>po (353)

as before, since <§fy(37” + ¢)> are just linear combinations of the zero <§Iy> .
2 P

Since [ S# (23X + ¢), Sf(%” + ¢)] = 1S, the Heisenberg uncertainty principle
shows that <AS’f(37’T + <b)2>p <AS#(37” + <b)2> > 1 < > |2 so spin squeez-

ing in §f(3§ + ¢) with respect to §f(3§ + ¢) or vice versa requires us to show
that

<AS#(+¢)> %|<§Z>p| or <AS#( +¢)>p<;|<§z>p|

(354)

Since we measure <A§f(3§ + q5)2>p the spin squeezing test is<A§f(3§ + q5)2>p <

31(8:) |

Now for §f(3§ + ¢) we have
(astFvor) = (3#C5+or)
p p
= Sin2¢<§ﬁ>p+cosz¢<§1> +sin¢ cos<;5< § +§y

and for a separable state we have from SubSection 2.3
(82) = (a8)z31(5) |
<§§> - <A§§> f| < >p | (356)

)

w
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whilst for the remaining term

<§z§y + §y§z>p = 2% <{@T)2(a)2 _ (ﬁT)2(3)2}>
= %ZPR{<<5*>2>pB (@2, — (@), (B)2) )}
R R PR
=0 (357)

using the local particle number SSR.

. 2 . N . . Q# (3w
Thus as sin® ¢+cos? ¢ = 1 and applying similar considerations to <AS# (5 + ¢)2>

S el 2> 1/s
(a52C5 0m) = 315,

~, 3 1 ~
<A52f<” +¢>)2> > Z1{5.) | (358)
2 0 2 P
showing that for a separable state there is no squeezing for §f (37” +¢) compared
to .§Zf(37’7 +¢) or vice versa. Hence squeezing in either §f(37” +¢) or §f(37” +¢)

demonstrates entanglement of the modes @ and b.

M.5 General Theory - Multi-Mode Interferometer

For the multi-mode case we consider two sets of modes a@; and /b\l as described
in Appendix A. These may be different modes associated with two different
hyperfine states or they may be modes associated with two separated potential
wells. The Hamiltonian analogous to that in (162) for the two mode case is

Hy = ) hwe+wi)ala; + > h(wy +w;) b
V= A(t)exp(—iwot) exp(ie) Y bia; + A(t) exp(+iwot) exp(—ip) > alb;

K2 K2

(359)

where the collision terms are ignored since we are only considering the effect of
the short interferometer coupling pulse. Here we have assumed that the energy
for the mode @; is A(w, + w;), which is the sum of a basic energy for all a
modes - fiw,, and an energy term hw; that distinguishes differing modes a; (and
similarly for the mode 32) In addition, we assume selection rules lead to pair-
wise coupling a@; <> /l;z In the case where coupling is due to pulsed external fields
(microwave and RF) we can assume that the momenta (~ /mMAw;,qp) associated
with trapped modes @; and ZZ are the same, since the momenta associated with
the low frequency photons (~ hwgr/c) involved can be ignored. The spin
operators for the multi-mode system are set out in (196) in terms of the mode
operators.
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As in SubSection 7.1 the interferometer frequency wq is assumed for simplic-
ity to be in resonance with the transition frequency wp, = wp — wy. Following
the treatment in SubSection 7.3, the choice of measurable is the half the total
population difference between the two sets of modes

— 1 ~

_ f _
Al_gz;@b—ﬂz%y_& (360)

and we will determine its mean and variance for the state /p\# given by
#—UpU (361)

where the output state ﬁ# has evolved from the initial input state p due to
the effect of the multi- mode interferometer. U is the unitary evolution operator
describing evolution during the time the short classical pulse is applied. Collision
terms and interactions with other systems will be ignored during the short time
interval involved.

As in_the two mode interferometer case, the results for the mean and vari-
ance of M depend on the pulse area 2s = 6 and the phase ¢of the interferometer
coupling pulse. They have the same dependence on the mean values and co-
variance matriz for the multi-mode spin operators Sx, S and S for the input
state p as in the two mode interferometer. Thus we then find that the general
result for the mean value is

<M> = sin 6 sin ¢ <S‘T>p + sin 6 cos ¢ <Sy>p + cosd <S’Z>p (362)
and for the variance is
(a37%)
_ (1 —cos20) (1 — cos2¢) CE. 8+ (1 —cos20) (1 + cos 2¢)C(§y7§y)
2 2 2 2
+(1 =+ C20829) C(S\Z, §Z)
1—cos?2 5 @
+M sin 2¢ C(8, )+51n20 cosqSC( S.) + sin 26 sin ¢ C(S., S,)

(363)

The derivation follows the same steps as in SubSection M 1. However here we
have the results U0 b Uo = exp(—i(wp +w;)t )b and U0 a; Uo = exp(—i(w, +
w;)t)@;. The factors involving exp(—iw;)t cancel out in the derivation of the
Heisenberg equations, which here are

0~ N L0 . S
iﬁ&biH = A(t) exp(+i¢) ;i zﬁaaiH = A(t) exp(—i¢) big (364)
and the solutions are
/l;iH(S, @) = cos sgi—i exp(i¢) sinsa; a;m(s, ¢) = —iexp(—ig) sin 53,»—1— COS 8 Q;
(365)
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where now 2s is the area for the classical pulse.
Hence we have in general

~

—~ 1 ~ ~ ~
Mr(25.0) = 5D (blu(s,@)bin(s,6) —aly (s, $)ain (s, 9))
= sin2s(sing S, + cos ¢ §y) + cos2s S, (366)
This leads to the same formal results (362) and (363) for the mean and variance.

The versatility of the measurement again follows from the range of possible
choices of the pulse area 2s and the phase ¢.
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Appendix N Limits on Interferometry Tests

The tests for entanglement in a particular quantum state are given in terms of
the mean value and variance for certain physical quantities. Interferometers are
used to enable these means and variances to be determined from measurements
on another physical quantity when either the state being tested is acted upon
by the interferometer or it is being unaffected. Quantum theory enables us to
predict two things. Firstly, for any physical quantity M we can predict the
possible values that measurements could result in. Results from a succession of
measurements would confirm what these values are. Secondly, for any quantum
state, we can predict the probability that measurement leads to a specific value.
A single measurement only yields one of the possible values, so independent
repetitions of such measurements is needed to confirm what the probabilities
for measuring particular values are - ideally an infinite number of repeated

measurements would be required. If this was possible, the computed mean <M\ >

and variance <AJ/\/[\ 2> of the measurements for the physical quantity M would

confirm the quantum theory predictions for any quantum state. A finite but
large number of independent measurements - each based on the same probability
distribution for the possible results, would enable us to estimate the actual mean
and variance of the measured values from the sample measurements. These
estimates would not be precisely accurate. The question is - how big would
the sample of repeated measurements need to be for the purpose of using the
estimated mean and variance in the tests for entanglement 7

Statistical theory in the form of the central limit theorem [45] can be applied
here. This tells us if the number R of repeated measurements is large, then the
mean of the sample measurements approaches the true mean and the variance
in the sample estimation of the mean is given by the true variance divided by

R
SOOI )

(). T

We can use our theoretical estimate of the variance <AJ\7 2> to get an idea
of how large the sample of measurements must be in order that the standard
deviation of the sample estimate for the mean is small enough that the mean
can confidently be stated to exceed or be less than the quantity on the other
side of the inequality in the entanglement test.
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Appendix O Relative Phase State

The relative phase eigenstate (see [7], [46]) for an N boson two mode system
has provided an important example of different outcomes for the simple spin
squeezing and Hillery spin squeezing tests, so here its properties are set out in
more detail. The results for interferometric measurements on the relative phase
state are also presented.

The relative phase state is a globally compliant entangled state of the sub-
systems a and b and is defined by

N/2
IN,6,) = Jli Z]:wexp (ik0)) IN/2 — k), IN/2 + k), (368)

where (‘);V =p27/(N+1)),p=—-N/2,—-N/2+1,..,+N/2 is a quasi-continuum
of N + 1 equi-spaced phase eigenvalues, and |N/2 —k),, |[N/2 + k), are Fock
states for sub-systems a and b. The Hermitian relative phase operator 5) n for
N boson states is then defined as

On = 0) [N,0,) (N0, (369)

p

and |N,0,) is an eigenvector with eigenvalue 91]7\7

Since these states are entangled with maximum mode entropy, are spin
squeezed and are fragmented BEC (two modes have macroscopic occupancy)
it is of some interest to examine their interferometric properties for the simple
beam splitter interferometer. As shown in [7] the relative phase state has the
following mean values for the spin operators when p = |N, 6,) (N, 6,]

<§$>p = % cos b, <§y>p = —% sin 6, <§Z>p =0 (370)

so that for the measurable
—~ N
<M> - % sin(¢ — 0,) (371)

We thus have a large amplitude - proportional to N - sinusoidal dependence
for the mean value of the measurable on the interferometer phase detuning

(¢ —6,), and which goes to zero when ¢ = §,,. Since we never have both <§x>
P

and <§y> equal to zero the simple correlation test confirms that the relative

phase eigenstate is entangled.

As mentioned above, the relative phase state is highly spin squeezed. To
describe this it is convenient to introduce rotated spin operators Jac7 Jy and J
given by (see Ref [7], Eqn. 179)

r/]:c = §z
jy = sin6, Sy + cos 0y §y
J. = —cosb, S, +sinb,S, (372)
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The new spin operators are Schwinger spin operators for new modes ¢, d where
1 ~ ~ 1 A
@ = —exp(5i0,) (a— d) V2 b= —exp(~3if),) (c + d) N2 (373)

and the relative phase state also an entangled state for new modes. This can
be shown by substituting for the |[N/2 — k), and |N/2 + k), in terms of Fock
states for the new modes ¢, d.

These new angular momentum operators are principal spin operators for
which the covariance matrix is diagonal. For the mean values

(B=0 (B0 (2= em

In terms of spin operators discussed above (see Eqs. (185) and (186)) we have
Jy =8, jy = gf(%” +6,) and J. = §f(3§ + 6,) so the variances for jy and
jz can be measured using the simple BS interferometer, and the mean for jx is
also measurable by simply measuring the mean population difference without
subjecting the relative phase eigenstate to the BS interaction.

Inverting these expressions and substituting gives the measurable in terms
of the new spin operators

a

My = cos(¢ — 0,) J, — sin(¢ — 0,) J. (375)

Hence we find for the variance of the measurable

~ o~

(AM?) = cos?(6—0,) C(J,, J,) +sin(9 = 0,) C(J., J.)
—2sin(¢ — 0,) cos(¢ — 0,) C(Jy, J.) (376)
As jm,jy and jz are principal spin operators C’(j;, jz) = 0 and substituting
for the variances C(Jy, J;) =1/4+1/8 In N and C(J,,J,) = (1/6 — 72/64) N?

(see [7]) we get for the variance of the measurable for an input relative phase
eigenstate

— 1 1 1 2
<AM2> - COSQ(QS—BP)(Z—I—glnN)—i—sinQ((;S—Hp)(g—%)NQ
~ 1+(¢_9)2(1_7ﬁ) 2 (377)
1 P67 64

for ¢ ~. 6,. The other variance is C(Jy, Jy) = (1/12) N2. The variance for
the measurable depends sinusoidally on 2(¢ — 6,,). Thus the quantum noise in
the measurable also goes to essentially zero at ¢ = 6,, when the mean value

<J\//.7 > also goes to zero. The width A¢ for this low noise window scales as

1/N - which corresponds to the Heisenberg limit. At the zero of the mean
value, the relative fluctuation varies as 1/N as in the Heisenberg limit. Since

for ¢ = 6, we have My = Jy = §f(3§ + 6,) and <A]\//F> = (1+4ilnN)

S 62



whilst <§Z>p = <jz>p = —%. Thus the spin squeezing test in Eq. (354)

is satisfied, confirming again that the relative phase eigenstate is an entangled
state of modes a and b.

In regard to particle entanglement [47], [48] with p = |N,6,) (N,0,| and
with n, = (N/2 — k), ny = (N/2 + k), the quantities in Eqgs. (79) and (80) of
paper 1 are given by

~(Magn 1
plrens) N1l IN/2 = k) (N/2 = k|, ® N/2+ k), (N/2+ k|, (378)
1
Ppon = AT 1
alb N+1 (379)
and since p"*™) is a separable state, it follows that Ep( p) = 0. Thus the

measure of particle entanglement is zero for what is clearly an entangled state.
Hence the particle entanglement measure has not detected entanglement in this
example.

The relative phase state is therefore a promising candidate for use as an
input state in two mode interferometry. More elaborate interferometers where
the interferometric variable is associated with other systems whose parameters
are to be measured might be developed. The main issue would be whether
such a relative phase state could be prepared. This is an issue being dealt with
elsewhere [46].

References

[1] The accompanying Paper I: Dalton, B. J., Goold, J., Garraway, B. M. and
Reid, M. D., Quantum entanglement for systems of identical bosons II.
General features Phys. Scr. 2016 92.

[2] Dalton, B. J., Heaney, L., Goold, J. Garraway, B. M. and Busch, Th., New
J. Phys. 2014, 16, 013026.

[3] Peres, A., Quantum Theory: Concepts and Methods: Kluwer: Dortrecht,
1993.

[4] Verstraete, F. and Cirac, J. 1., Phys. Rev. Lett. 2003, 91, 010404.

[5] Bartlett, S. D., Rudolph, T. and Spekkens, R. W. ,Int. J. Quant. Infn.
2006, /, 17.

[6] Leggett, A. J., Rev. Mod. Phys. 2001, 73, 307.

[7] Dalton, B.J. and Ghanbari, S. J. Mod. Opt. 2012, 59, 287, ibid 2013, 60,
602.

[8] Caves, C. M., Phys. Rev. D 1981, 23, 1693.
[9] Kitagawa, M. and Ueda, M., Phys. Rev. A 1993, 47, 5138.

S 63



[18]

[19]
[20]

Pezze, L. and Smerzi, A., Phys. Rev. Lett. 2009, 102, 100401.
Berry, D. W. and Wiseman, H. W., Phys. Rev. Lett. 2000, 85, 5098.
Braunstein, S. L. and Caves, C. M., Phys. Rev. Lett. 1994, 72, 3439.

Helstrom, C. W., Quantum Detection and Estimation Theory: Academic
Press: New York, 1976.

Sgrensen, A., Duan, L.-M., Cirac, J.I. and Zoller, P. Nature 2001, 409, 63.
Jaaskelainen, M. and Meystre, P., Phys. Rev. A 2006, 73, 013602.

Rose, M.E. Elementary Theory of Angular Momentum: Wiley: New York,
1957.

Wineland, D. J., Bollinger, J. J., Itano, W. M. and Heinzen, D. J., Phys.
Rev. A 1994, 50, 67.

He, Q. Y., Peng, S.-G., Drummond, P. D.and Reid, M. D., Phys. Rev. A
2011, 8/, 022107.

Hoffmann, H.F. and Takeuchi, S., Phys. Rev. A 2003, 68, 032103.

Amico, L., Fazio, R., Osterloh, A. and Vedral, V., Rev. Mod. Phys. 2008,
80, 517.

Barnett, S. M. and Pegg, D. T., Phys. Rev. A 1989, 39, 1665.
Hillery, M. and Zubairy, M.S., Phys. Rev. Lett. 2006, 96, 050503.

He, Q. Y., Drummond, P. D., Olsen, M. K. and Reid, M. D., Phys. Rev. A
2012, 86, 023626.

He, Q. Y., Vaughan, T. G., Drummond, P. D.and Reid, M. D., New J.
Phys. 2012, 14, 093012.

He, Q. Y., Reid, M. D., Vaughan, T. G., Gross, C. Oberthaler, M., and
Drummond, P. D., Phys. Rev. Lett. 2011, 106, 120405.

Raymer, M. G., Funk, A. C., Sanders, B. C. and de Guise, H. Phys. Rewv.
A 2003, 67, 052104.

Hyllus, P., Pezze, L., Smerzi, A. and Toth, G. Phys. Rev. A 2012, 86,
012237.

Toth, G., Knapp, C., Guhne, O. and Briegel, H. J., Phys. Rev. A 2009,
79, 042334.

Benatti, F., Floreanini, R. and Marzolino, U. J. Phys. B: At. Mol. Opt.
Phys. 2011, 44, 091001.

Sgrensen, A. and Mglmer, K., Phys. Rev. Lett. 2001, 86, 4431.

S 64



Dalton, B. J. and Reid, M. D. 2016, Quantum theory and local hidden
variable theory: general features and tests for EPR steering and Bell non-
locality, arXiv:1611.09101

Hillery, M., Dung, H. T. and Niset, J. Phys. Rev. A 2009, 80, 052335.

Duan, L-M., Giedke, G. Cirac, J. I. and Zoller, P., Phys. Rev. Lett. 2000,
84, 2722.

Toth, G., Simon, C. and Cirac, J. 1., Phys. Rev. A 2003, 68, 062310.
Reid, M. D., Phys. Rev. A 1989, 40, 913.
Yurke, B., McCall, S. L. and Klauder, J. R., Phys. Rev. A 1986, 33, 4033.

Ferris, A. J., Olsen, M. K., Cavalcanti, E. and Davis, M. J., Phys. Rev. A
2008, 78, 060104.

Chianca, C. V. and Olsen, M. K. | Phys. Rev. A 2015, 92, 043626.

Gross, C., Strobel, H., Nicklas, E. , Zibold, T., Bar-Gill, N. Kurizki, G.
and Oberthaler, M. K., Nature 2011, /80, 219.

Gross, C., Zibold, T., Nicklas, E., Esteve, J. and Oberthaler, M. K., Nature
2010, 464, 1165.

Esteve, J., Gross, C., Weller, A., Giovanazzi, S. and Oberthaler, M. K.,
Nature 2008, 455, 1216.

Riedel, M..F., Bohi, P., Li, Y., Hansch, T. W., Sinatra, A. and Treutlein,
P., Nature 2010, 464, 1170.

Li, Y., Treutlein, P., Reichel, J. and Sinatra, A., Eur. Phys. J. B 2009,
68, 365.

Schuch, N., Verstraete, F. and Cirac, J. 1., Phys. Rev. A 2004, 70, 042310.

Gupta, B. C. and Guttmann, 1., Statistics and Probability with Applica-
tions: Wiley, New Jersey, USA 2013.

Dalton, B. J., 2015 Relative Phase States in Quantum Optics In prepara-
tion.

Wiseman, H. M. and Vaccaro, J. A. |, Phys. Rev. Lett. 2003, 91, 097902.

Dowling, M. R., Bartlett, S. D., Rudolph, T. and Spekkens, R. W., Phys.
Rev. A 2006, 74, 052113.

S 65



