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Abstract

Compliant mechanisms, such as compliant spherical parallel joints, play a vital role in engineering
applications, often relying on single-translation constraint wire beams. However, these wire beams
have inherent shortcomings, such as manufacturing challenges and low axial stiffness. Addressing
these issues is imperative and firstly leads to the nonlinear design of the General Single-Translation
Constraint (GSTC) leaf beam in this paper, which offers versatility in creating diverse single-
translation constraint leaf beam configurations through geometry parameter manipulation. Leveraging
the GSTC leaf beam, we then designed a versatile compliant-mechanism-based general spherical joint
(spherical parallel mechanism) by introducing four key parameters. The spatial kinetostatic models of
the GSTC leaf beam and the general spherical joint were both formulated using a nonlinear spatial
beam constraint model. Four representative specific configurations derived from the general spherical
joint were further selected for FEA verification and performance comparative analysis with a focus on
the centre drift. Finally, an experimental hardware was set up to test a fabricated prototype of the L-
shape beam based spherical joint for the load-dependent effects and the nonlinear centre drifts. The
experimental results confirm the high accuracy of the proposed nonlinear spatial models, which can

facilitate model-based, rapid multi-objective optimization in future studies.
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1. Introduction

The wire beam provides a single-translation constraint along its axial direction (shown in Fig. 1(a)),
serving as a fundamental component in the design of compliant mechanisms. From simple guiding
mechanisms [1-3] to intricate compliant parallel manipulators [4-6] and spherical joints [6, 3], wire
beams play a critical role. Despite their advantages in simplicity and reduced actuation, challenges
arise in manufacturing when utilizing computer numerical control mills and additive manufacturing
techniques. Furthermore, wire beams struggle to withstand external loads along the beam due to their

low stiffness [7].

As the demand for precision flexure systems continues to rise, especially in the realm of increasingly
complex flexure-based applications, addressing these challenges becomes imperative. Recognizing
this need, our previous work [7] introduced a single-translation constraint I-shape leaf beam design
(Fig. 1(b). Subsequently, we linearly captured the kinetostatic behavior of the I-shape leaf beam and
the resulting spherical joint using the compliance matrix modeling method. Building upon this
foundation, we propose an enhanced approach by introducing the GSTC leaf beam, incorporating four
independent geometry parameters. This novel model facilitates the determinate synthesis of spatial
force-displacement characteristics within a framework of two leaf beams based single-translation
constraint. The introduction of the GSTC leaf beam marks a significant advancement, allowing for the
creation of diverse single-translation constraint leaf beam designs through the manipulation of the
geometry parameters. This versatility facilitates parametric optimization to enhance performance

metrics such as manufacturability, spatial efficiency, and resilience to external forces.

As the fundamental component of the GSTC leaf beam is the leaf beam itself, our objective is to utilize

a spatial model capable of accurately capturing its force-displacement characteristics. Several spatial

2
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modeling techniques have emerged from 2D methodologies, including the beam constraint model
(BCM) [8, 9], the pseudo-rigid-body model (PRBM) [10-13], and the chained algorithm [14-16]. In
particular, Sen et al. [17] introduced a spatial beam constraint model (SBCM) based on the planar
BCM, which meticulously characterizes stiffness and error motions through nonlinear load-
displacement relations, based on principles of virtual work. This method accurately represents
nonlinear force-displacement characteristics within an intermediate translational and angular
displacement range of 0.1 L and 0.1 rad, respectively. To enhance the versatility of the SBCM, this
study extends its applicability to account for angular misalignments and variable cross-sections in
spatial bisymmetric beams [18]. However, it's important to note that these models are exclusively
applicable to beams with bisymmetric cross-sections, such as square and circular cross-sections,

assuming identical moments of area for the cross-sections.

Several 3D-pseud rigid body models (PRBM) have been developed based on the planar PRBM. In ref.
[19], this model provides deflection limits dependent on the beam's aspect ratio and has the potential
to aid in designing spatial compliant mechanisms and analyzing planar mechanisms with large out-of-
plane motions. Reference [20] introduces a chain algorithm element constructed from pseudo-rigid-
body segments, enabling accurate prediction of the force-deflection relationship for beams undergoing
large 3-D deflections, specifically lateral torsional buckling. However, both aforementioned models
are only able to model the beam subject to end-force loads and yield relatively large errors for arbitrary
loads. Reference [21] presents an enhanced version of the 3D-PRBM, specifically tailored for straight
cantilever beams with rectangular cross-sections and spatial motion under arbitrary loads. Nonetheless,
this model is predicated on the assumption of no moment at the free end, imposing certain limitations,

particularly in structures subjected to complex loading conditions.

Nijenhuis et al. [22] introduced an analytical model using a discretized version of a finite strain spatial
flexure strip formulation to derive parametric expressions describing deformation and stiffness

properties. However, this model is not a closed-form solution, making interpretation challenging. To
3
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address this limitation, Nijenhuis et al. [23] proposed an alternative approach that provides closed-
form expressions in a mixed stiffness and compliance matrix format tailored for flexure mechanism
analysis. This approach accurately considers bending, shear, elongation, torsion, and warping
deformation. Nonetheless, the model neglects load-stiffening behavior along the width direction due

to axial force, leading to significant errors in strips subjected to large axial forces.

Based on the BCM, Bai et al. [24] initially introduced load-displacement relations as a parameterized
tool for comprehending constraint behavior and designing compliant mechanisms with nonlinear
kinetostatic behaviors, focusing primarily on rectangular cross-section beams. However, this model's
applicability is limited to beams with small width-to-thickness ratios. In response, Bai et al. [25]
subsequently devised a method to establish closed-form load-displacement relations tailored for strip
flexures experiencing spatial deflections within an intermediate range. This resulting relation provides
a parameterized framework for comprehending constraint behavior and crafting compliant mechanism
designs with nonlinear kinetostatic behaviors. To simplify this complex modeling task, Bai et al.
proposed an energy-based approach that treats the compliant mechanism as a whole entity, eliminating
the need to analyze load equilibriums between adjacent elements [26]. However, the theorem requires
the calculation of partial derivatives of the strain energy concerning applied loads, which can be
cumbersome and computationally expensive, especially for complex systems. Hao et al. [27]
introduced a nonlinear spatial model utilizing the BCM under small deflection and plane cross-section
assumptions. These models are applicable only within the scope of small deflections, typically when
all normalized displacements are less than 0.1 and for structures with large slenderness ratios (usually

length-to-diameter ratios exceeding 10 for slender beams, disregarding shear deformation).

Existing beam formulations and models present a tradeoff between accuracy and mathematical
complexity. To establish the GSTC leaf beam, we aim to employ an approach that is closed-form,

accurate, easy to interpret, capable of capturing nonlinear kinetostatic behavior, and suitable for leaf
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beams with relatively large width-to-thickness ratios. The approach proposed in Ref. [25] aligns

perfectly with our requirements, which will be used for the construction of the GSTC leaf beam.

Outlined below are the primary contributions of this paper:

1)

2)

3)

4)

This paper serves to address the gap in the general nonlinear modeling and design of single-
translation constraint leaf beams by introducing the GSTC leaf beam. It enables the creation of
diverse single-translation constraints through the manipulation of several key geometric
parameters.

The design of a general spherical joint consisting of GSTC leaf beams is first proposed in this
paper, which can be reduced to any specific design available in the literature. Its nonlinear
spatial kinetostatic model is analytically developed, which can promote the model-based quick
multi-objective optimization.

Several representative spherical joints are examined and compared, with a particular emphasis
on center drift analysis.

Nonlinear FEA and experimental tests are investigated to thoroughly verify the designs and the

developed spatial models.

2. Design and modelling of a general single-translation constraint leaf beam

The objective of this section is to design and model the GSTC leaf beam. Section 2.1 explains the

design and presents the analytical derivation process for the GSTC leaf beam based on the nonlinear

SBCM [25] in conjunction with the Free Body Diagram (FBD) method. In section 2.2, we focus on

showcasing four representative configurations (Fig. 2) using the GSTC leaf beam. To ensure the

credibility of our findings, we conducted a thorough verification process by comparing the analytical

results with those obtained from the nonlinear FEA tool.
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Figure 1 Compliant mechanisms with equivalent single-translation constraints: (a) wire beam with constraint line along the
beam axial direction (length direction); (b) I-shape leaf beam [7]; (c) GSTC leaf beam.

2.1 The GSTC leaf beam design and model

Figure 1 illustrates several compliant mechanisms with equivalent single-translation constraints,
including the GSTC leaf beam (Fig. 1(c)) that consists of two leaf beams connected in series by an
intermediate stage, under the fixed global coordinate system Xs-Ys-Zs. The space configuration of the
GSTC leaf beam is primarily characterized by four geometric parameters: angles fxi, fyi, fz and length
D, as labeled in Fig. 1(c). The angle fx; represents the rotation angle of leaf beam 1 about the Xs axis.
The angle fy: denotes the rotation angle of leaf beam 2 about the Ys axis. The angle S, indicates the
rotation angle of leaf beam 1 about the Zs axis. The symbol D indicates the intermediate stage geometry

(the length between the leaf beam 2 end and the geometry centre O).

The initial axial positions of leaf beams 1 and 2 overlap along the Xs-axis (referred to as the constraint
line). Additionally, the planes in which the two leaf beams lie are initially orthogonal. These initial
arrangements form the I-shape leaf beam (with parameters fx; = n/2, fyi = 0, fz = 0) as shown in Fig.
1(b). Regardless of the rotations undergone by leaf beam 1 and leaf beam 2 within plane 1 and plane
2, respectively, the single-translation constraint lines remain positioned along the intersection of these
two planes (constraint space) where the leaf beams are located. By adjusting these parameters, a series

of single-translation constraint leaf beam modules can be obtained. The free end of the model is
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subjected to a general load, encompassing combined forces and moments. The symbol i corresponds

to i" GSTC leaf beam.

To obtain the relationship between the tip input forces (Fxsi, Fysi, Fzsi, Mxsi, Mysi, Mzsi,) and the tip output
displacements (Xsi, Ysi, Zsi, Oxsi, Oysi, Ozsi,) With respect to the coordinate frame Xs-Ys-Zs, a sequence of
rotations firstly defined by three Euler angles is employed for tip rotation. The first rotation occurs
about the fixed global Y-axis by an angle of 6ys;, followed by a rotation about the Z-axis by an angle
of 0., and finally, a rotation about the X-axis by an angle of 6. The rotation matrix, presented below,
represents an extrinsic rotation [28, 29], adhering to the right-hand rule. It is important to note that,
throughout this paper, capital letters represent dimensional parameters, whereas lowercase letters

denote normalized (dimensionless) parameters unless stated otherwise.

1 0 0 cos(6,;) —sin(d,;) 0 cos(f) 0 sin(6)
Rsi =|0 Cos(gxsi) _Sin(exsi) Sin(ezsi) Cos(ezsi) 0 0 1 0 (1)
0 si r](exsi ) COS(Hxsi ) 0 0 1| - Sin(eysi ) O Cos(eysi )

The kinetostatic behavior (load-displacement relationships) of the GSTC leaf beam can be obtained
by proposing an analytical model, formulated using the SBCM [25] and the FBD method. The system
of nonlinear equations for the analytical model can be derived based on three types of fundamental
conditions: constitutive equation, force equilibrium, and geometric compatibility [30-32]. The
constitutive equation (SBCM) for each leaf beam under general loading conditions is detailed in
Appendix A, while the force-equilibrium equations and geometric compatibility conditions are

provided in Appendix B.

A GSTC leaf beam is governed by a system of 30 equations, consisting of 12 constitutive equations,
12 force-equilibrium equations, and 6 geometric compatibility equations, which together define its
spatial kinetostatic behavior. The analytical solution/model is obtained by solving this system of

equations.
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When incorporating the GSTC leaf beam into a complex structure, the resulting equations can be of
large quantity and complex. However, the resulting computational challenge can be efficiently
managed using widely available mathematical software, such as Maple, MATLAB, and Mathematica.

By implementing loop functions, these tools can iteratively solve the force-displacement relationships.

2.2 FEA verification for four representative configurations

The above proposed GSTC leaf beam can be reduced to four representative configurations (Fig. 2) by
assigning the parameters listed in Table 1, which are named as the I-shape leaf beam [7], the non-
orthogonal leaf beam, the L-shape leaf beam (named to distinguish it from other designs such as the I-

shaped and folded beams) [7], and the folded leaf beam [33-35].

The I-shape leaf beam and L-shape leaf beam were first introduced in our previous work, where they
were used in the design of a compliant spherical joint. Additionally, the folded beam has been studied
in various applications such as the design of spherical joints [33], XY0 motion stage [34], and bistable
mechanism [35]. The non-orthogonal leaf beam, investigated for the first time in this paper, is obtained
by rotating leaf beam 1 about the Xs-axis by n/2 radians (fx:), about the Zs-axis at n/6 radians (f:),

and finally rotating leaf beam 2 about the Ys-axis at 7/6 radians (fy:).

To validate the feasibility of the GSTC leaf beam, nonlinear FEA simulations were conducted. Each
design's free end was subjected to combined forces and moments, and the resulting displacement was
compared with the prediction (i.e., obtained spatial kinetostatic model of the GSTC leaf beam). The
simulations were executed using the commercial software COMSOL@5.0. The material properties of
the leaf beam are assigned as a commonly used material in compliant mechanisms: stainless steel, with
a Poisson's ratio of 0.3 and a Young's modulus of 200 GPa. Following the assumptions of the analytical
model, stages and frames were defined as rigid, and no fillets were added around sharp corners.
However, caution was taken to avoid sharp corners in the connection area between the rigid part and

the flexure to prevent stress singularities. Despite using a finer mesh, superior outcomes were not
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achieved, indicating the need for a singularity check to ensure result convergence. When constructing
the 3D geometry, the intermediate stage should be carefully built to guarantee the geometry centre is

located at assumed point O.

The rotation sequence utilized in the FEA software is not predetermined, necessitating the
determination of Euler angles with a specified rotation sequence for this study. A technique outlined
in Ref. [24] leverages three mutually perpendicular beams affixed to the end effector to establish a
rotation matrix, which is subsequently expressed through the deformed tip coordinates of these beams,
allowing for the derivation of Euler angles. Additionally, a similar approach utilizing four points is
discussed in Ref. [36] also introduced a similar method based on four points. For the present study, we

opt for the method outlined in Ref. [24], due to its straightforward nature.

S s Constraint line

Constraint line

Ys ‘
Byl

Intermediate

Intermediate i =
stage Intermediate 83
Fog 1 25N 0 stage

(a) ' Fxsi Mxs; (b)

(d)

Figure 2 Four representative configurations in comparison: (a) I-shape leaf beam (fx; = n/2; fyi = 0; f = 0); (b) non-
orthogonal leaf beam (fx; = 7/2; fy; = 1/6; f.i = 1/6); (c) L-shape leaf beam (S = n/2; fyi = 0; fi = n/2); (d) folded leaf
beam (Bx; = /2; fyi = W/2; f,i = m/2).

Table 1 Geometry parameters of four representative configurations derived from the GSTC leaf beam

Configuration Pi(rad) pyi(rad) pu(xad) D(mm) L(mm) 7 (mm) U (mm)
I-shape leaf beam /2 0 0 2 50 0.5 12
Non-orthogonal leaf beam /2 /6 /6 4 50 0.5 12
L-shape leaf beam /2 0 /2 4 50 0.5 12
Folded leaf beam /2 /2 /2 1 50 0.5 12
9
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Figure 3 presents the FEA verification of the non-orthogonal leaf beam with specified geometry
parameters listed in Table 1. Combined forces and moments are applied to the free end of the non-
orthogonal leaf beam. The resultant displacements are compared with the results captured in the FEA.
The overall comparison shows a good correlation. The results show a maximum error of 8.3% which
occurs at the displacement in the X-direction (Xs;). Figure 4 illustrates a comparison of resultant
displacements between FEA and analytical results, of the I-shape leaf beam. Overall, the analytical
results closely correspond with the FEA outcomes. Notably, the largest deviation is observed in the
resultant displacement Xy;, with a maximum error of 6.6%. In the Y-direction, the displacement from
incremental forces reaches 14 mm, exceeding 10% of the total length of the I-shape configuration,
with an error of 2.8%. Figure 5 depicts the results for the L-shape configuration, wherein the
displacement in the X-direction constraint attains 11 mm under combined forces and moment, showing
a 3.9% error compared to analytical results. Notably, the highest error emerges in the Z-direction
displacement, reaching 5.8%. Moving to Fig. 6, which displays results for the folded configuration,

the largest error manifests in the rotation about the Y-axis, at approximately 6.1%.

Based on the verification conducted using the FEA tool, it can be inferred that the analytical model of
the GSTC leaf beam effectively predicts the nonlinear force-displacement characteristics of GSTC leaf
beams. In comparison to employing FEA tools for determining the kinetostatic characteristics of GSTC
leaf beams, the analytical model of the GSTC leaf beam offers greater efficiency. This is primarily
because it allows for configuration changes through simple modification of geometric parameters, thus
reducing the computational time required. In the motion range spanning 10% to 20% of the GSTC leaf
beam length, the maximum error remains below 10% when compared to the results obtained from FEA.
Furthermore, it is noteworthy that the maximum error tends to manifest at the degree of constraint

direction, which is expected, as the displacement in this direction typically remains minimal.
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Figure 3 (Colour lines) The displacement comparison between the FEA and analytical results for the non-orthogonal leaf
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FEA: + F =1N,M_=0005Nm =+ F_=0N,My=0Nm Fri=-1N, M= -0.005 Nm
Ana: - F g =1N,M=0005Nm - -- F =0N,Mg=0Nm Fo=-1N, M,;=-0.005 Nm
. 00— _ _ 015
£ Y £ 1 { E
£ S £ | Eom e
z N ~ o Sror N s oo
S -0.41 S % c [ c * x
7] N . 7] 2 % 7] :
I N 1= 2 E 000k -e— o —e— = — o —o— =+ — o —o— {
7] o ¥ < 6] b x D
S -0.61 ) > o
S N 1 S 07 = 0.054
o N o o3 o U
@2 N 2 27 2
a -08] i a 4 Q .10/
(=3 2 ¥ 2
F 10 : : : : LY i : : : T : : : :
0.0 0.2 04 0.6 08 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 04 06 08 1.0
@) Input Force Fyg [N] (b) Input Force F g [N] (c) Input Force Fyg [N]
2.0E-1
= 0.04 = =)
g £ s50E41 E 1561 1
@E R A U O & ®E > ’: 1
5 0001 —o- & —e- e - e —em o e - § 5 10E1 (f: *
I B OOEH0( g 3 —em e - —em e e -4 & e x
o [} k.. o < *
-0.024 * - » !
« .f; A | E s0e2 /‘44*
F 0,04/ | F = ~
‘ ‘ ‘ : -5.0E-4 : ‘ ‘ ‘ 0.0E+0 : : : :
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
(d) Input Force Fyg [N] (e) Input Force F; [N] (f) Input Force F; [N]

Figure 4 (Colour lines) The displacement comparison between the FEA and analytical results for the I-shape leaf beam,
subjected to incremental forces in the Y-direction, a constant force in the X-direction and a constant moment along the X-
direction: (a) the resultant displacement X ; (b) the resultant displacement Ys;; (c) the resultant displacement Zs; ; (d) the
resultant rotation 6xsi; () the resultant rotation Oysi ; (f) the resultant rotation 6y ;

11
MD-24-1592-Hao



234

235
236
237
238

239

FEA: *» F,;=1N,M,;=0.01 Nm . Fi= 0N, M,;=0Nm Fyi=-1N, M,;=-0.01 Nm
Ana: - Fg=1N,Mu=001Nm --- F;=0N, M,;=0Nm Fi=-1N, M,;=-0.01 Nm
— -15 T T T — 4 T T T — 3
E = 75 1 =
= -10- E 5ol £ 2
<>f. : Elf***‘*‘*****;
c -5 e —*— 7 < 55 —e— A4 c
e —* [} . o — [}
£ JURS £ T £
D e * o 8 ."_0— *‘*~’ 80»——0—0—»—-‘—0-—0—-0—‘——.—4
g or PR 8 00t - U <
=% P =% ok =3
@ ke 2 o x 2 14
A 5{. %% Q -25{ . *° [a}
=3 =3 r 2 21
F 1 : : : F 50 : : : = : : ‘
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
(@) Input Force Fy [N] (b) Input Force Fy [N] (©) Input Force F [N]
0.06 1.0E-3 T T T 3.0E-1
T 004/ El g
g T - 8, 20614
Z 0.02 3 50E4T T * F X L. L. g
& og R SR R -] @ 10E1 R
g 000+ —0— & —o— 2 — ¢ —0— o — —»— E g e "~ - —° -
kS g B ooeto 7 ° U
© -0.024 D 00E+H0}+ —e— = —o— 2 — 6 —o— = —e— —-—4{ 5 SRS
44 o 04 PR
= 0.04{ = o 10E-1f . <
[ L =
-0.06 - - - -5.0E-4 T T T -2.0E-1 - - - |
0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 15 20 0.0 0.5 1.0 15 2.0
(d) Input Force Fy; [N] (e) Input Force Fy; [N] 0] Input Force Fy; [N]
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Figure 6 (Colour lines) The displacement comparison between the FEA and analytical results for the folded leaf beam,
subjected to incremental forces in the Y-direction, a constant force in the X-direction and a constant moment along the X-
direction: (a) the resultant displacement X ; (b) the resultant displacement Ys;; (c) the resultant displacement Zs; ; (d) the
resultant rotation 6y ; (€) the resultant rotation 6ysi; (f) the resultant rotation O,
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3. Design and nonlinear modelling of the general spherical joint

In this section, our objective is to utilize the GSTC leaf beam for the design and analysis of a general
spherical joint. Initially, we will develop a general nonlinear force-displacement model for the
spherical joint using the GSTC leaf beam as the basis and it will be verified by the FEA simulation.

Subsequently, four representative spherical joints will then undergo centre drift analysis.

3.1 Design of a general spherical joint based on the GSTC leaf beams

A traditional compliant-mechanism-based spherical joint can be formed by the intersection of three
identical single-translation constraint wire beams (lines) [37, 38] as depicted in Fig. 7(a). The joint can
rotate about the remote centre (denoted as point P) in three axes. By substituting these wire beams with
three identical GSTC leaf beams in terms of the positions of constraint lines, we can obtain a general

spherical joint.

Motion
stage

/ 2

/ Motion
/  stage

/

_SSTC
leaf beam

Wire beam

Base

Base

. \ | /
Rotation 4

centre:P
(a) (b)

Motion

Motion Motion Mo
stage stage
: : L-shape
Folded leaf beam
I-shape _\ leaf beam \ .
leaf beam \

Bt Base

Figure 7 Spherical joints: (a) wire beam based spherical joint; (b) spherical joint using non-orthogonal leaf beams; (c)
spherical joint using I-shape leaf beams; (d) spherical joint using folded leaf beams; (e) spherical joint using L-shape leaf
beams. A video showcasing the design of the general spherical joint is available on YouTube: https://youtu.be/tWx_8c3q-

Qw.
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The general spherical joint can be reduced to several interesting designs. Figure 7(b) presents a
spherical joint with non-orthogonal leaf beams (Table 1). Figure 7(c) showcases a spherical joint
featuring three I-shape leaf beams, previously discussed in our work [7]. Fig. 7(d) displays a spherical
joint with folded leaf beams, documented in [33, 39]. Fig. 7(e) exhibits a spherical joint with L-shape
leaf beams, also introduced in our earlier research. While additional configurations are feasible using
the GSTC leaf beam, this paper concentrates on analyzing these representative spherical joints, with a

specific emphasis on center drift analysis, a topic less previously explored.

3.2 Nonlinear modelling of the general spherical joint

To analyse the newly designed general spherical joint, we commence by deriving the nonlinear force-
displacement characteristics of the general spherical joint. This derivation parallels previous analyses,
necessitating the establishment of three fundamental components: constitutive equations, force

equilibrium, and geometry compatibility.

The spherical joint experiences general loading denoted as Fxs, Fyt, Fu, Mxt, Myt, and My, at reference
point O, resulting in spatial displacements denoted as X, Vi, Zi, Oxi, Oyt, and G, as depicted in Fig. 8(a).
These displacements are defined within the global coordinate system Xt-Yt-Zt as shown in Fig. 8(b).
Furthermore, the displacement of each GSTC leaf beam is defined in the coordinate system Xs;-Y's;-

Zs; (symbol i represents the i GSTC leaf beam).

Geometry parameters yo, fo, and Ro as labeled in Fig. 8(a) and (b), are defined as the main variables
for determining the orientation and position of the GSTC leaf beam. Specifically, yo donates the GSTC
leaf beam self-rotation about the Xs axis, fo donates the angle between the constraint line of the GSTC
leaf beam and the center line of the spherical joint, and Ry (non-normalized) donates the distance from
the geometry center O of the GSTC leaf beam to the center line of the spherical joint. All these
parameters are defined in the global Xt-YT1-Z1 coordinate system. It is noteworthy that the orientation

of the local coordinate system for each GSTC leaf beam aligns with the global Xt-Y1-Zt coordinate

14
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system prior to positioning. The rotation matrix, presented below, represents an extrinsic rotation

adhering to the right-hand rule.

GSTC
leaf beam 3

GSTC
leaf beam 1 GSTC

leaf beam 2

Rotation centre:P ¢

(a) (b)

Figure 8 General spherical joint with GSTC leaf beams: (a) geometry labeling; (b) top view of the coordinate systems.

1 0 0 cos(d,) -sin(@,) O cos(d,) 0O sin(6,)
R =[0 cos(6,) -sin(6,) ||sin(@,) cos(d,) O 0 1 0 @)
0 sin(6,) cos(6,) 0 0 1]| -sin(8,) 0 cos(d,)

The force equilibrium of the motion stage is established based on the FBD under the deformed
configuration.

T T T
[fxt' .I:yt7 fzt’ mxt’ myt’ mzt = DT1RZT RXT RYT Rxs [ fxsl’ fysl’ fzsl’ mxsl7 mysl' mzsl]

T

T T T
+D7,RyciRzr Ryr Ryr Rys [ 1Exsz' fysZ’ fst’ M, M Myo |+ DraRycoRorRyr RyrRys [ fxssl fyssl fzs3’ My Myggs My (3)

ys2?

where Dr1, Dr2, and D3 represent 6x6 normalized translation matrices for the free ends of GSTC leaf
beams 1, 2, and 3, respectively. Their general form is provided below. In addition, the transform
matrices Ryr, Rxrt, and Rzt donate the 6x6 rotational matrices about the Yr, Zr, and Xt axis,
respectively. The rotation order of the GSTC leaf beam can be defined by the user. In this work, the

author adopts the order used in Solidworks for convenience in constructing the 3D model. Rxs is the
15
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301

302

303

304

305

306

307

308

309

310

6x6 rotation matrix which rotates about the local coordinate Xs (intrinsic rotation). Rxci and Rxc2
donate the 6x6 rotation matrix of the GSTC leaf beam 2 and 3 respectively, about the axis Xt. The

center of the moment (equilibrium position) is located at point O.

0 d.(31) -d (21
L, -dG31) 0 d.(L1)

D, = 4

n d (1) -d(@y 0 @
O3><3 |3><3

d, =R (R,RR,R. [ 4 41 4, }T +[0, r,, 0] (5)

d, =R (RuRuReReR [ A 4y 4] +R

xcl' Mzt Okt Myt xs

[0, 1, O]T);

xcl

d, =R (ReRuReRuRe [A 40 4] +R [0, 1, 0]);

xe2 Rt R Ry Rys
0, R, 0., Ry 0,5 R

The transform matrices Ry, Ry, and R, donate the 3x3 rotation matrices about the Y, Z1, and Xr axis,

respectively, which are used to define the orientation of the free end of the GSTC leaf beam. These

three rotations contribute to the angle of fo, which is known. Rxs1s the 3%3 rotation matrix which rotates

about the local coordinate Xs (intrinsic rotation). Rxc1 and Rxc2 donate the 3%3 rotation matrix about

the Xt-axis of the GSTC leaf beam 2 and 3 respectively, about the axis Xr. Ax, 4y and 4, donate the

coordinates of the free end of the GSTC leaf beam 1 relative to the Xt-Y1-Zt coordinate before the

rotation of angle fo. 7o donates the normalized Ro.

[ cos(B,) O sin(B,) cos(B,) -sin(B,) O 1 0 0
Ryt = 0 1 0 Ry =|sin(B,) cos(B,) O[;R,=|0 cos(B,) —sin(p,) ()
| —sin(B,) 0 cos(B,) 0 0 1 0 sin(8,) cos(f,)
(1 0 0 1 0 0 1 0 0
R, =0 cos(y,) —sin(y,)|i Ru=|0 cos(fB,.) —sin(B.)|i Re =0 cos(B.) -sin(f,.) (8)
10 sin(y,)  cos(y,) 0 sin(B,) ©05(B) 0 sin(B,,) cos(f,)
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The geometric compatibility between the free end of each GSTC leaf beam and the motion stage can
be derived as follows. It is important to note that the initial position of the force and displacement

relationship of the motion stage is represented at the position of point Ox.

ththRthsx [Xsll ysl’ Zsl]T :(Rt - |3x3)(ththRthsx [ﬂ’x’ /Iy’ AZ]T +[0' r-O' O]T)+[Xt' yt’ Zt]T (9)
R, thRlesx |:‘9><51’ eysl’ 9251:|T :|:‘9xt! 9yt’ HZI :'T;
RxcletRleyt Rsx [stl ysZ’ ZsZ ]T = (Rt - |3><3)(Rxc1thth Ryt Rsx [j’x' ﬂ‘y’ ﬂ’z ]T + Rxcl [0’ rO' O]T)+[Xt' yl’ Zt ]T (10)

RxclR R:R,R [9x52’ 9y52’ 0252:|T =|:9xt7 eytl gzt]T;

z' MYy s

ReRaRuRuRo X Yaor Za]' = R~ L) ReoRuReR,Ro [ 4 4] +R [0, 1, O ) +[%, v, 2] (12)

XC2 ' Yzt T Xt Oyt Ysx XC2 " “zt T Xt tyt' Ysx

T

RezRuRaReRix [Bessr Opsr Oz | =[Or O 0]

XC2" “zt ' Uxt' vt Ysx

In total, there are 114 equations, which include 3x30 force-displacement relations of the GSTC leaf
beams, 6 force-equilibrium equations, and 18 geometry compatibility equations. The system of
nonlinear equations was solved by MATLAB using solver fsolve. The feasibility of this general
spherical joint model is verified by the FEA simulation using Comsol. A combined force and moment
is applied to the motion stage at point O:. The displacement results are compared with the results

obtained in Comsol.

4. FEA verification of the general spherical joint

This section focuses on the FEA verification of the general force-displacement model of the general
spherical joint. Section 4.1 illustrates the verification of the force-displacement relationship of the
motion stage at reference point O:. Section 4.2 demonstrates the verification of the resultant centre

drift under combined forces and moments.

4.1 Force-displacement relationship of the motion stage
The developed general force-displacement model for spherical joints was verified using nonlinear FEA

simulations. Four representative spherical joints, described in Section 3.1, were configured with the

17
MD-24-1592-Hao



329

330

331

332

333

334

335

336

337

338

339

340

341

342

343

344

345

346

347

348

349

same initial geometry parameters yo = 0, fo = n/4, and Ro = 50 mm, and the rest parameters are defined
in Table 1. The material properties of the leaf beam are set up as the same as those in Sec. 2.2. The
other parts are assumed to be rigid. The deformed shape in FEA of each spherical joint under combined

forces and moments is shown in Appendix C.

Figure 9 shows the comparison results between the analytical model and the FEA simulation for the
spherical joint with non-orthogonal leaf beams subjected to combined forces and moments. The
resultant displacements show good agreement, where the maximum error is 9.1% while the rotation
along the Y-axis reaches about 0.12 radians. Figure 10 presents a comparison between analytical and
FEA results for the spherical joint featuring I-shape leaf beams. The largest deviation, at 11.8%, occurs
in the X-direction tip displacement of the motion stage. However, displacements in other directions
exhibit a closer alignment with FEA results, with a maximum error of 6.5%. In Fig. 11, comparing the
spherical joint with L-shape leaf beams, overall agreement between analytical and FEA results is
evident. Yet, similar to Fig. 10, the greatest deviation, 9.2%, is observed in the X-direction
displacement. Fig. 12 extends this comparison to spherical joints with folded leaf beams, showing a
similar pattern of agreement to the FEA results. However, the X-direction displacement (X) exhibits a
9.8% difference under a 0.085 radians rotation along the Y-direction. This disparity is reasonable as X,

constrained by design, consistently remains small.

While the developed GSTC leaf beam effectively captures force-displacement characteristics, it shows
a relatively larger error in predicting constrained displacement compared to degrees of freedom. This
discrepancy is understandable given the inherently minor displacements in constrained degrees,

aligning with expectations.
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Figure 9 (Colour lines) The displacement comparison between the FEA and analytical results for the spherical joint with
non-orthogonal leaf beams, subjected to incremental moment along the Y-direction, a constant moment along the X-
direction and a constant force in the Z-direction: (a) the resultant displacement X; ; (b) the resultant displacement Y;; (c)
the resultant displacement Z; ; (d) the resultant rotation 0y ; (¢) the resultant rotation 8y ; (f) the resultant rotation 0y ;
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Figure 10 (Colour lines) The displacement comparison between the FEA and analytical results for the spherical joint with
I-shape leaf beams, subjected to incremental moment along the Y-direction, a constant moment along the X-direction and
a constant force in the X-direction: (a) the resultant displacement X:; (b) the resultant displacement Y;; (c) the resultant
displacement Z;; (d) the resultant rotation 6 ; (€) the resultant rotation 6y ; (f) the resultant rotation &y;
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Figure 11 (Colour lines) The displacement comparison between the FEA and analytical results for the spherical joint with
L-shape leaf beams, subjected to incremental moment along the Y-direction, a constant moment along the X-direction and
a constant force in the X-direction: (a) the resultant displacement X:; (b) the resultant displacement Y;; (c) the resultant

displacement Z;; (d) the resultant rotation 6y ; (€) the resultant rotation 6y ; (f) the resultant rotation 6;;
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Figure 12 (Colour lines) The displacement comparison between the FEA and analytical results for the spherical joint with
folded leaf beams, subjected to incremental moment along the Y-direction, a constant moment along the X-direction and a
constant force in the X-direction: (a) the resultant displacement X; ; (b) the resultant displacement Y;; (c) the resultant
displacement Z; (d) the resultant rotation 6 ; (€) the resultant rotation 6y ; (f) the resultant rotation y;
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4.2 Center drift verification

Centre drift, in this context, refers to any deviation from the intended rotation centre of the joint.
Investigating this drift is crucial for optimizing system performance and ensuring that movements are
accurate and precise. In many applications, precision and accuracy are paramount for safety.
Significant centre drift in a spherical joint can result in errors in positioning or movement. Here, dxc,
dyc and d,. are used to represent the normalised centre drift in the X, Y, and Z direction, respectively,

in the global coordinate Xt-Y1-Z7. the centre drift can be derived as below.

X h
Xc t tan ﬂo
dyc =Y |t (Rt - |3><3) 0 (12)
dzc Zl 0

To verify the accuracy of the general analytical model for predicting centre drift in spherical joints,
FEA simulations were conducted. Combined forces and moments were applied to the spherical joint,

and the resultant centre drifts in the X, Y, and Z directions were captured and compared.
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Figure 13 (Colour lines) The centre drift comparison between the FEA and analytical results for the spherical joint with
non-orthogonal leaf beams, subjected to incremental moment along the Y-direction, a constant moment along the X-
direction and a constant force in the X-direction: (a) the resultant displacement Dy.; (b) the resultant displacement Dy.; (c)
the resultant displacement D,;

Figure 13 presents the FEA verification of the spherical joint with non-orthogonal leaf beams,
revealing a maximum error of approximately 8.5% between the analytical model and FEA at the centre
drift in the Z-direction. The observed maximum centre drift reaches 0.56 mm in the X-direction.
Similarly, Figure 14 displays the verification for the spherical joint with I-shape leaf beams, where
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similar nonlinear patterns are evident. The comparison between analytical and FEA results shows a
good correlation, with a maximum error of 7.1%. Figures 15 and 16 illustrate the comparison results
for spherical joints with L-shape and folded leaf beams, respectively. The error between analytical and

FEA results is 9.3% for the L-shape leaf beams and 7.5% for the folded leaf beams.
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Figure 14 (Colour lines) The centre drift comparison between the FEA and analytical results for the spherical joint with I-
shape leaf beams, subjected to incremental moment along the Y-direction, a constant moment along the X-direction and a
constant force in the X-direction: (a) the resultant displacement Dyc; (b) the resultant displacement Dy; (c) the resultant
displacement D,;

Overall, the FEA verification of the centre drift demonstrates a good correlation with the analytical
results, with errors consistently below 10% across all four types of spherical joints. The motion stage

rotation in the Y-axis reaches approximately 0.1 radians, subjected to combined forces and moments.
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Figure 15 (Colour lines) The centre drift comparison between the FEA and analytical results for the spherical joint with L-
shape leaf beams, subjected to incremental moment along the Y-direction, a constant moment along the X-direction and a
constant force in the X-direction: (a) the resultant displacement Dxc; (b) the resultant displacement Dyc; (c) the resultant
displacement D,;
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Figure 16 (Colour lines) The centre drift comparison between the FEA and analytical results for the spherical joint with
folded leaf beams, subjected to incremental moment along the Y-direction, a constant moment along the X-direction and a
constant force in the X-direction: (a) the resultant displacement Dy, (b) the resultant displacement Dy; (c) the resultant
displacement D,.

5. Centre drift analysis of several specific spherical joints

This section focuses on the centre drift analysis of four representative spherical joints. To provide a
comprehensive analysis, the geometric parameters yo, fo, and Ro, which determine the spatial position
and orientation of the GSTC leaf beam, will be considered to understand their impact on the centre
drift of the spherical joints. Four representative spherical joints, described in Section 3.1, were
configured with the initial geometry parameters yo = 0, fo = n/4, and Ro = 50 mm. The remaining
parameters are defined in Table 1, except for the length of the intermediate stage D, which is

consistently set to 2 mm across all spherical joints.

Figure 17 presents the centre drift analysis of spherical joints equipped with non-orthogonal leaf beams,
subjected to constant rotations (6xt = 0.2 rad, 6y: = 0.3 rad and 6, = 0.5 rad). As depicted in figures (a),
(b), and (c), it is evident that a larger value of fo (ranging from n/6 to n/3) generally results in reduced
centre drift. Conversely, figures (d), (e), and (f) illustrate that a larger value of Ry (ranging from 40
mm to 60 mm) correlates with increased centre drift. Overall, the value of the centre drift in all

directions fluctuates between 0 mm to 0.71 mm.
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Figure 17 (Colour lines) The influence of geometry parameters yo, fo, and Ro on the center drift of the spherical joint with
non-orthogonal leaf beams under constant motion stage rotation ( 6x = 0.2 rad, 6y = 0.3 rad and 6, = 0.5 rad): (a), (b), and
(c) illustrate the incremental changes in y and fo with a constant Ry value of 50 mm; (d), (e), and (f) showcase the
incremental changes in yo and Ro with a constant Sy value of 7/4;

Figure 18 illustrates the centre drift analysis of the spherical joint with I-shape leaf beams. It is evident
from Figs. 18(a), (b), and (c) that a larger value of Sy (ranging from n/6 to n/3) generally produces
smaller centre drift, with the peaks of the centre drift shifting as fo changes. Figs. 18(d), (e), and (f)
indicate that an increase in the value of Ry corresponds to a larger centre drift. Overall, the value of the

centre drift in all directions fluctuates between 0 mm to 0.55 mm.

A similar analysis is conducted for a spherical joint employing L-shape leaf beams, as demonstrated
in Fig.19. It becomes apparent from Figs. 19(a), (b), and (c) that, for the same range of rotation, a
larger value of fo results in a diminished centre drift across all directions. Conversely, Fig. 19(d), (e),
and (f) indicate that an increase in the length of Ro genuinely corresponds to a larger centre drift.

Overall, the value of the centre drift in all directions fluctuates between 0 mm to 0.61 mm.

The centre drift for the spherical joint employing folded leaf beams is presented in Fig. 20. Overall, it

is evident that a lower value of fo leads to a higher centre drift in all directions. Figs. 20(d), (e), and (f)
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further indicate that an increase in Ro corresponds to a larger centre drift. Overall, the value of the

centre drift in all directions fluctuates between 0 mm to 0.78 mm.
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Figure 18 (Colour lines) The influence of geometry parameters yo, fo, and Ro on the center drift of the spherical joint with
I-shape leaf beams under constant motion stage rotation ( 6x = 0.2 rad, 6y = 0.3 rad and 6, = 0.5 rad): (a), (b), and (c)
illustrate the incremental changes in yo and S with a constant Rg value of 50 mm; (d), (e), and (f) showcase the incremental
changes in y and Ro with a constant fo value of n/4;

Determining the exact value of yo for the spherical joint with optimal performance, characterized by
minimal centre drift in all directions, poses a challenge due to potential variations in the smallest centre
drift across different directions. For instance, in Fig. 18, the designs with yo = 1.1x radians and O=n
radians have the lowest value of centre drift in the X-direction. For the Y-direction, the designs with yo
= 0.7n and 1.7n radians have the lowest value of centre drift. The designs with yo = 0.3w and 1.3n
radians have the lowest value of centre drift in the Z-direction. Moreover, the activation of the spherical
joint, involving different combinations of input further influences the yo value associated with the
smallest centre drift. However, Table 2 provides a comparison of the maximum centre drift in each

direction for the four spherical joints, offering insights into which design has the best performance.
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Figure 19 (Colour lines) The influence of geometry parameters yo, o, and Ro on the center drift of the spherical joint with
L-shape leaf beams under constant motion stage rotation ( 6x = 0.2 rad, 6y = 0.3 rad and 6, = 0.5 rad): (a), (b), and (c)
illustrate the incremental changes in yo and o with a constant Rq value of 50 mm; (d), (e), and (f) showcase the incremental
changes in yo and Ro with a constant fo value of w/4;
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Figure 20 (Colour lines) The influence of geometry parameters yo, fo, and Ro on the center drift of the spherical joint with
folded leaf beams under constant motion stage rotation ( 6x = 0.2 rad, 6y = 0.3 rad and 8 = 0.5 rad): (a), (b), and (c)
illustrate the incremental changes in yo and o with a constant Rq value of 50 mm; (d), (), and (f) showcase the incremental
changes in y and Ro with a constant fo value of n/4;
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Table 2 Maximum centre drift comparison (o ranging from 0 to 21 and Ry equals to 50 mm)

Max Dy (mm) Max Dy (mm) Max D, (mm)
Spherical Joint If Sy equals to If Sy equals to If Sy equals to
/6 /4 /3 /6 /4 /3 /6 /4 /3
I-shape 0.459 0.281 0277 | 0315 0.137 0.098 | 0.546 0.222  0.104

Non-orthogonal | 0.461 0.289  0.311 0.503 0294  0.191 0.710  0.331 0.210

L-shape 0364 0275 0296 | 0.608 0336 0238 | 0.770  0.399  0.248

Folded 0.163 0.189  0.248 | 0.833 0.299  0.154 | 0.775 0.366  0.201

Table 2 summarizes the maximum centre drift of each spherical joint with yy ranging from 0 to 2n
radians and Ro equal to 50 mm, under the loading conditions of 6x; = 0.2 rad, 6y = 0.3 rad and 6, =0.5
rad. Notably, the spherical joint with folded leaf beams exhibits the lowest maximum centre drift in
the X-direction, while the spherical joint with I-shape leaf beams demonstrates the lowest maximum
centre drift in both the Y-direction and Z-direction. Conversely, the spherical joint with folded leaf
beams yields the largest maximum centre drift, reaching 0.833 mm in the Y-direction. In contrast, the
spherical joint with I-shape leaf beams achieves the lowest centre drift overall. Based on this data, it
can be concluded that the spherical joint with I-shape leaf beams delivers the best performance,

characterized by the smallest overall centre drift.

6. Experiment

The spherical joint with L-shaped leaf beams was selected for experimental testing due to its compact
and simple configuration, which facilitates fabrication. Additionally, this configuration has not been

experimentally investigated in previous literature, whereas spherical joints with I-shaped leaf beams
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and folded leaf beams have been studied in [7] and [33, 39], respectively. The study in this section
will test both the force-displacement characteristics (including load-dependent effects) and the
displacement-center drift relationships. The experimental results will be compared with the analytical

and FEA results.

6.1 Fabrication of the prototype

Figure 21(a) illustrates the fabricated prototype, which includes non-deformable components such as
the motion stage, intermediate stage, and base, being all fabricated using tough PLA filament through
additive manufacturing. A 3D-printed pin using tough PLA (Polylactic Acid) is affixed to the motion
stage, with its coloured tip serving as the remote centre of rotation for the spherical joint. A ruler with
0.1 mm resolution is placed on the base to provide a reference for the camera-based measurement of
the pin tip position after each incremental displacement. The leaf beam is cut from a 0.3 mm thick
stainless-steel sheet (Young’s modulus: 200 GPa, Poisson’s ratio: 0.33). The assembly is completed by
inserting the leaf beams into the slotted non-deformable parts and bonding them with super glue.

Detailed dimensions as defined in Figs. 8 and 1 of the fabricated prototypes are provided in Table 3.

Table 3 The geometry parameters of the spherical joint with L-shape leaf beams

Leaf beam in

spherical joint p(rad)  fo(rad) Ro(mm) D(mm) L(mm) T(mm) U(mm)

L-shape 0 /4 55 9 50 0.3 12

6.2 Experimental hardware setup

The assembly of the experimental hardware setup consists of five primary sub-systems: the micrometer,
force sensor, pulley system, fabricated prototype, and a macro camera, as shown in Fig. 21(b). The
micrometer, with a resolution of 0.001 mm, is used for precise displacement actuation/input. The force

sensor, with a resolution of 0.001 N and a range of 0 to 10 N, is aligned along the Yr-direction to
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monitor reaction forces. The pulley system is employed to attach extra forces along the Xr-direction,
simulating load-dependent effects on the spherical joint. The distance between the motion stage of the
spherical joint and the pulley is intentionally set long enough to minimize loading misalignment during
actuation, as illustrated in Fig. 21(c). The macro camera is used to capture the images of the pin tip
and the ruler and enables the image-processing-based calculation of the pin tip position based on the
reference ruler. By comparing these images at each incremental displacement, the movement of the

pin tip (center drift) can be measured.

Macro camera

L—shape .
leaf beam _

s Micrometer
Force sensor

- = e’

A

j N |

Force Sensor’

Figure 21 Experimental setup: (a) the spherical joint with L-shape leaf beams (pin tip is the remote centre P joint); (b)
testing rig; (c) an overview of the experimental platform.

6.3 Experimental results

The experimental results are compared with FEA and analytical results to validate two key aspects of

the spherical joint: the force-displacement relationship of the motion stage and the resultant center drift
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versus input displacement. As shown in Fig. 22(a), the experimental results align with both the FEA
and analytical results, with a maximum error of 8.9%. The graph also demonstrates the expected
nonlinear load-dependent effects where a larger axial force leads to a larger line slope (i.e., a larger
rotational stiffness). Figures 22(b) and (c) show comparisons of the resultant center drift under
incremental input displacements. Figure 22(b) compares the analytical results with the FEA results,
while Figure 22(c) compares the analytical results with the experimental results. Both figures show
the same nonlinear pattern of centre drift under different axial forces where the largest axial force
results in the smallest centre drift. This finding means that the undesired centre drift can be further
mitigated using axial loading on the spherical joint. It is also observed in Fig. 22(b) and (c) that the
analytical results align more closely with the FEA results, with a maximum error of 11.2%, while
deviating from the experimental results by a maximum error of 16.7%. Several factors could contribute
to this deviation, including potential fabrication errors, assembly errors, and measurement errors,

which are further elaborated below:

a) Fabrication errors primarily result from unintended elastic deformations of several parts (such
as the motion stage) that were assumed to be rigid in the theoretical analysis.

b) Assembly errors may arise from the system misalignment between the pulley system and the
motion stage, and the prototype inherent assembly error between the 3D printed part and the
stainless-steel leaf beam.

c) Measurement errors can occur due to the use of a 0.1 mm resolution ruler for marking the

position of the pin tip, which may not provide sufficient precision.

To prevent yield failure of the compliant spherical joint during experimental tests, the motion range
before reaching the yield strength is determined based on the FEA simulation. From the FEA
simulations, the maximum stress of the spherical joint prototype reaches the yield strength when the
motion stage rotates 0.056 radians about the X-axis, 0.053 radians about the Y-axis, and 0.053 radians

about the Z-axis. However, this stress aspect is not studied in the analytical model, as it is not the
30
MD-24-1592-Hao



546  primary focus of this work. In both the experiment and the analytical model, the motion range is

547  determined to voucher the maximum stress being far below the yield strength, which is a maximum
548  rotation of approximately 0.047 radians about the Z-axis (equivalent to a 5-mm actuation/input
549  displacement in the Y-axis). Under these conditions, experimental results show that the maximum
550  center drift along the Y-axis reaches 0.22 mm.
551  From Fig. 22(b) and (c), we observe that the experimental center drift is approximately 22 times
552  smaller than the displacement of the actuation point on the motion stage (reference point O; as defined
553 in Fig. 8) when the input displacement reaches 5 mm. Conversely, when the input displacement is
554  around 1 mm, the experimental center drift is about 55 times smaller than the input displacement. This
555  quantitatively demonstrates the nonlinear pattern of the centre drift: as the input displacement increases,
556 the center drift increases exponentially.
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While the compliant spherical joint does not achieve perfect precision as observed in the experiment,
it offers several advantages over rigid-body remote centre of motion mechanisms. The absence of
traditional joints enhances reliability and simplifies fabrication, reducing the need for precise assembly
and alignment of multiple components. Additionally, compliant mechanisms inherently exhibit high
repeatability and precision, as their motion is governed by material elasticity without backlash rather

than mechanical tolerances. This makes them more robust against minor manufacturing imperfections.

It is worth noting that the spherical joint with L-shaped leaf beams can be further optimized to
minimize center drift. In this study, the primary goal of the experiment was to validate the accuracy of
the proposed model. Therefore, the prototype parameters were chosen to facilitate fabrication and

experimental measurement rather than to achieve optimal precision performance.

Inverted leaf beam

Motion stage
Base

Rotation centre:P 0

(a) (b)

Figure 23 Spherical joint with inverted single-translation constraint: (a) the sketch of the geometry; (b) the deformed
configuration.

7. Further discussions

7.1 Other associated designs

Interesting spherical joints can be designed using the GSTC leaf beams. In Fig. 23(a), we observe the
spherical joint featuring inverted leaf beams. This design boasts remarkable load-bearing capacity

owing to the inherent anti-buckling property of the inverted leaf beam [40, 41]. In Figure 23(b), the
32
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deformed configuration of the spherical joint under a force in the Yr-axis is illustrated. While the
standard case defines fx; = 90 degrees for the aforementioned spherical joint with I-shape leaf beams,
other exceptions exist, as shown in Fig. 24 where fx; equals 45 degrees (Fig. 1). Despite this deviation,
the joint still retains its spherical characteristics. However, the three embodied 45-degree I-shape leaf
beams exhibit strong coupling relationships, resulting in heightened stiffness in all directions. This
may pose a drawback, necessitating a higher actuation force. The deformed configuration of the

spherical joint is shown in Fig. 24(b).

Motion stage R

Rotation centre:P
(a) (b) ’
Figure 24 Spherical joint with 45-degree I-shape leaf beams: (a) the sketch of the geometry; (b) the deformed configuration.
7.2 Model errors

The obtained spatial kinetostatic models for the general spherical joint and the GSTC leaf beam contain
source errors from the SBCM [24, 25]. On the one hand, the SBCM is based on the Euler-Bernoulli
beam assumption that disregards the shear effect. In the case of stubby beams, the model error could
be significant. To address this issue, the Timoshenko beam theory, which accounts for the effect of
shear strains in a beam and adds a correction term to the Euler-Bernoulli beam theory, can be used. On

the other hand, the SBCM can introduce truncation errors due to the resulting closed-form solutions
[8].

Moreover, during the FEA verification of the force-displacement characteristics of the GSTC leaf beam

or the spherical joint, we observed that errors tend to be more pronounced when the resultant
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translation or rotations are small. This may be caused by numerical precision limitations. In FEA, the
finite element method involves approximations and numerical calculations, which can introduce
rounding errors. When the results are small, these errors can be significant relative to the magnitude
of the result. Despite this, such inaccuracies in FEA are considered acceptable. Additionally, applying
boundary conditions, including forces or displacements, which enable substantial movements in all
directions simultaneously can be challenging in FEA, whereas this is more straightforward in
analytical models. An understanding of the above issues can help us better interpret the observed

differences between the FEA and analytical models.

< Surgical tool
y

ota lon centre)
[

Figure 25 Demonstration of the spherical joint in the application of minimally invasive surgery

7.3 Demonstrated application and other prototypes

The spherical joint is a versatile element with broad applications in fields such as compliant parallel
robots and minimally invasive surgery. Its design flexibility makes it particularly suitable for
environments that require precision, compactness, and material efficiency. Figure 25 illustrates an
example of the spherical joint integrated with L-shaped leaf springs, tailored for use in minimally

invasive surgical procedures.
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Figure 26 Other prototypes: (a) the spherical joint with non-orthogonal leaf beams; (b) the spherical joint with L-shape leaf
beams; (c) the spherical joint with folded-leaf beams.

Several other prototypes, showcased in Fig. 26, have been fabricated to further explore the potential
of the proposed general spherical joint. These prototypes have demonstrated promising results,
achieving the goals of material conservation and simplified fabrication. Moreover, the designs can be
made more compact, making them ideal for use in confined spaces, such as those encountered in

surgical or robotic applications.

8. Conclusions

This paper has proposed the design of a GSTC leaf beam, which offers versatility in designing various
single-translation constraint leaf beams. The spatial kinetostatic model of the GSTC leaf beam is
derived using a nonlinear SBCM, which was not reported in the prior art. The spatial kinetostatic model

of the GSTC leaf beam is comprehensively verified using the nonlinear FEA solver.

Furthermore, a general design of a spherical joint is proposed by using three identical GSTC leaf beams.

The spatial kinetostatic model of the general spherical joint with GSTC leaf beams has been rigorously
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developed. Several representative spherical joints have been selected for FEA verification and
comparative analysis and, including the spherical joint with non-orthogonal leaf beams, that with I-
shape leaf beams, that with L-shape leaf beams, and that with folded leaf beams. Based on the proposed
spatial kinetostatic model, the influence of major structure geometric parameters on the center drift is
fully examined. The comparison of the maximum center drifts in each direction shows that the
spherical joint with I-shape leaf beams generally has better performance. An experiment using the
spherical joint with L-shape leaf beams was conducted to validate the force-displacement relationship
of the motion stage and the resultant center drift under incremental input displacement. The
experimental results confirmed the high accuracy of the nonlinear spatial kinetostatic models
mentioned above, demonstrating their potential for facilitating model-based, quick multi-objective

optimization in the future.

Our future work will focus on the nonlinear support stiffness analysis of the general spherical joints as

well as the model-based multi-objective optimization to minimize the centre drift.
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Appendix A: The nonlinear spatial beam constraint model of a leaf beam

Each of the leaf beams is kinetostatically modelled using the nonlinear spatial beam constraint model

(SBCM) as reported in [24]. This modelling approach is capable of accurately capturing the nonlinear

effects such as load-stiffening and elastokinematic nonlinearities over the intermediate deflection

range defined as 10% of the beam length. It provides closed-form solutions for the force-displacement

characteristics at the tip of the leaf beam under a general loading condition. Below is an example of

leaf beam 1 subjected to such a condition (Fig. A1), followed by the closed-form solution for SBCM

of leaf beam 1.

Figure A1 Description of leaf beam 1 subjected to a general loading condition and its resulting displacements

fyia Vi Yia Yia
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Myi—1 O O O
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where fxi-1, fyi-1, fzi-1, Mxi-1, Myi-1 and my;.1 donate the forces and moments of the tip flexure beam 1, and

the resultant displacements are x;.1, Vi1, zi-1, 6xi-1, 6)i-1 and 6.1 as shown in Fig. A1. A similar labelling

pattern applies to flexure beam 2. i donate the i GSTC leaf beam; I, denotes the cross-section moment

of inertia about the y;-axis, which is expressed as Iy =

= GJIEL); ks =

GUTL2/EL); r = L/1.

TUP/12; ¢ = 10(1+v)/(12+11v); ko =

UTL?/Ly; ki

The coefficients H; through Ho, C; through Cs, and J are formulated as Eqs. (A.5) through (A.7),

respectively.
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Appendix B: Force-equilibrium equations and geometry compatibility conditions of the GSTC

leaf beam

This appendix presents the force-equilibrium equations and geometry compatibility conditions for the
GSTC leaf beam. The force-equilibrium equations are derived based on the free-body diagram (FBD)
in the deformed configuration, mainly accounting for the contributions of the axial load to the bending
moment. The geometry-compatibility conditions are kinematic relationships that adhere to the
geometric constraints defined in this paper, which are also derived under the deformed condition.

T T
[fxi—21 fyi—27 fio Mgy M My, | = D; RsviRs; RsTYi RsziRsxi [ Y fyi—l' Foias Mgy My, mxifl] ; (B.1)

T T
[fxsi' fysi’ fzsi' Ifnxsi’ mysi’ mzsi = RSYi RSi R;—Yi RSZi Rsxi |: 1:><i—l’ 1:yi—l’ fzi—l' mxi—l’ mxi—l' mxi—l] ;

where fxi-1, fyi-1, fzi-1, Mxi-1, Myi-1 and mz;-1 donate the forces and moments of the tip of leaf beam 1, and
the resultant displacements are x;.1, yi-1, zi-1, Oxi-1, 6yi-1 and 1. A similar labelling pattern applies to
leaf beam 2. The matrix Ds; donates a 6x6 normalised translational matrix for the tip of the GSTC leaf
beam module, as provided below. Rs; donates rotational matrix for the tip GSTC leaf beam. When
multiplied by the force represented in the global coordinate system, it yields the moments created by
the forces in the deformed configuration. All forces and moments are expressed with respect to the

global coordinate system Xs-Ys-Zs, achieved by multiplying the transformation matrices, namely Rsx;,

Rsyiand Rszi.
R. = I Rsi 03><3 "R = Ryi Osxa_, R. — Rzi 03><3 "R = in 03><3 . B.2
o _03x3 Rsi L Osxs Ryi _’ e 03><3 Rzi R 03><3 in ’ ®2
1 o0 0 [ cos(B,;) 0 sin(g,) cos(f,) —sin(B;) 0
Rqi=|0 cos(B,) -sin(By) iR, = 0 1 0 R, =|sin(B,;) cos(B,;) Of;
_0 Sin(ﬂxi ) Cos(ﬂxi ) L Sin(ﬂyi ) 0 Cos(ﬂyi ) 0 0 1
0 A'31) -A'(2)
D, - L, —-A(3) 0 A'(11) ; (B3)

A(21) -A(LD) 0

03x3 |3><3
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where 3«3 donates a 3x3 identity matrix, while 03«3 donates a zero matrix. 4° donates a 3x3 matrix
which represents the deformed position of the tip of the GSTC leaf beam with respect to the global

coordinate Xs-Ys-Zs. The expression is presented below.

A" =R,R, [ cos B, (cos Bl +cos B,d), sinf,(d+1), cos B, sin 5, (d +I)} +RRRIR R [Xas YVias Zis] (B.4)

yi ' si yi il Nyizil i

The geometry compatibility for the GSTC leaf beam is derived based on its deformed configuration,

as detailed below.

[Xsi’ ysi' Zsi ]T = Ryi [Xi—Z’ yi—Z' Zi—2 ]T + Ryl RSI Ryl RZ| R)(I [ i-11 yi—l' Zi—l]T
R, (R, (€08 3, (cos 1 +00s B,d), sin 4, (d +1), cos 4, sin B, (d +1)] ~1,,)); (B.5)

[ xsi ! ZSI:' Ry| Xi-21 y| 2 gu 2] + Ry| Rs| R; Rz| Rx||: xi-11 y| -1 ZI 1:|T; (BG)

where Rs; donates the 3x3 rotational matrix for the tip GSTC leaf beam. Ry;, Ry; and Rz donate the 3%3

rotational matrices about the X-axis, Y-axis, and Z-axis, respectively.

Appendix C: The deformed configuration of the spherical joints in FEA

In Sec. 4.1, four specific spherical joints are studied. The deformation of each spherical joint in FEA
under combined forces and moments is shown in Fig. C1. All joints share the same structure parameters
(yo=0, fo=m/4, and Ro = 50 mm) as well as the same dimensions for the leaf beams. The material for
the leaf beams is stainless steel, with a Poisson's ratio of 0.3 and a Young's modulus of 200 GPa, while

the remaining parts are assumed to be rigid.
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826  Figure C1 The deformed spherical joints under combined forces and moments (all obtained in FEA): (a) spherical joint
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Figure Caption list

Figure 1 Compliant mechanisms with equivalent single-translation constraints: (a) wire beam with
constraint line along the beam axial direction (length direction); (b) I-shape leaf beam [7]; (c¢) GSTC

(T il 01 T 0 VAP TTTT 6

Figure 2 Four representative configurations in comparison: (a) I-shape leaf beam (fx; = n/2; fyi = 0; fu
= 0); (b) non-orthogonal leaf beam (fx; = n/2; fyi = n/6; B = 1/6); (c) L-shape leaf beam (Bxi = n/2; Pyi

= 0; f2i = w/2); (d) folded leaf beam (Bxi = T/2; fyi = W25 Pzi = T/2)eiooviiiiiiiiiiiciiice e 9

Figure 3 (Colour lines) The displacement comparison between the FEA and analytical results for the
non-orthogonal leaf beam, subjected to incremental forces in the Y-direction, a constant force in the
X-direction and a constant moment along the X-direction: (a) the resultant displacement X;; ; (b) the
resultant displacement Ys; ; (c) the resultant displacement Zg; ; (d) the resultant rotation s ; (€) the

resultant rotation Oys; ; (f) the resultant rotation Gsi;........cooovvriieiiiiiieiie e 11

Figure 4 (Colour lines) The displacement comparison between the FEA and analytical results for the
I-shape leaf beam, subjected to incremental forces in the Y-direction, a constant force in the X-direction
and a constant moment along the X-direction: (a) the resultant displacement Xj; ; (b) the resultant
displacement Ys; ; (c) the resultant displacement Z; ; (d) the resultant rotation 6y ; (€) the resultant

rotation Oys; ; () the resultant rOtation Gsi; ......ooeeieieiieiiieiie e 11

MD-24-1592-Hao



857

858

859

860

861

862

863

864

865

866

867

868

869

870

871

872

873

874

875

876

877

878

879

880

Figure 5 (Colour lines) The displacement comparison between the FEA and analytical results for the
L-shape leaf beam, subjected to incremental forces in the Y-direction, a constant force in the X-
direction, and a constant moment along the X-direction: (a) the resultant displacement Xs; ; (b) the
resultant displacement Ys; ; (¢) the resultant displacement Zg; ; (d) the resultant rotation 6y ; (€) the

resultant rotation Oys; ; (f) the resultant rotation Gsi;.......ccooovvrieeiiiiiieiie e 12

Figure 6 (Colour lines) The displacement comparison between the FEA and analytical results for the
folded leaf beam, subjected to incremental forces in the Y-direction, a constant force in the X-direction
and a constant moment along the X-direction: (a) the resultant displacement X; ; (b) the resultant
displacement Ys; ; (¢) the resultant displacement Zg; ; (d) the resultant rotation 6y ; (€) the resultant

rotation Oys; ; () the resultant rotation Gsi; ......coveieieiiiiiieie e 12

Figure 7 Spherical joints: (a) wire beam based spherical joint; (b) spherical joint using non-orthogonal
leaf beams; (c) spherical joint using I-shape leaf beams; (d) spherical joint using folded leaf beams; ()
spherical joint using L-shape leaf beams. A video showcasing the design of the general spherical joint

is available on YouTube: https://youtu.be/tWx_8c3q-QW. ....ccovviiiiiiiiiiiiiiiiie e 13

Figure 8 General spherical joint with GSTC leaf beams: (a) geometry labeling; (b) top view of the

COOTAINALE SYSTEITIS. ..uviiueiitieti ittt bbbt b e bbb e b e et b b e e e sre s 15

Figure 9 (Colour lines) The displacement comparison between the FEA and analytical results for the
spherical joint with non-orthogonal leaf beams, subjected to incremental moment along the Y-direction,
a constant moment along the X-direction and a constant force in the Z-direction: (a) the resultant
displacement X; ; (b) the resultant displacement Y;; (¢) the resultant displacement Z; ; (d) the resultant

rotation Ox¢; () the resultant rotation 6y ; (f) the resultant rotation @ ......cocvevveiiiiiiiiiiiiesieeee 19

Figure 10 (Colour lines) The displacement comparison between the FEA and analytical results for the
spherical joint with I-shape leaf beams, subjected to incremental moment along the Y-direction, a

constant moment along the X-direction and a constant force in the X-direction: (a) the resultant
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displacement X ; (b) the resultant displacement Y;; (c) the resultant displacement Z; ; (d) the resultant

rotation Ox¢; (e) the resultant rotation Oy ; (f) the resultant rotation G ......cocvvvveiiiiiiciii i 19

Figure 11 (Colour lines) The displacement comparison between the FEA and analytical results for the
spherical joint with L-shape leaf beams, subjected to incremental moment along the Y-direction, a
constant moment along the X-direction and a constant force in the X-direction: (a) the resultant
displacement X ; (b) the resultant displacement Y;; (c) the resultant displacement Z; ; (d) the resultant

rotation Ox¢; (e) the resultant rotation Oy ; (f) the resultant rotation @ .....coovvvvveiiiiiiiiii i 20

Figure 12 (Colour lines) The displacement comparison between the FEA and analytical results for the
spherical joint with folded leaf beams, subjected to incremental moment along the Y-direction, a
constant moment along the X-direction and a constant force in the X-direction: (a) the resultant
displacement X; ; (b) the resultant displacement Y;; (c) the resultant displacement Z; ; (d) the resultant

rotation Ox¢; (e) the resultant rotation Oy ; (f) the resultant rotation @c; .....coovviveiieiiiciiiiieseeee 20

Figure 13 (Colour lines) The centre drift comparison between the FEA and analytical results for the
spherical joint with non-orthogonal leaf beams, subjected to incremental moment along the Y-direction,
a constant moment along the X-direction and a constant force in the X-direction: (a) the resultant

displacement Dxc; (b) the resultant displacement Dyc; (¢) the resultant displacement Dyc; ................. 21

Figure 14 (Colour lines) The centre drift comparison between the FEA and analytical results for the
spherical joint with I-shape leaf beams, subjected to incremental moment along the Y-direction, a
constant moment along the X-direction and a constant force in the X-direction: (a) the resultant

displacement Dy; (b) the resultant displacement Dyc; (¢) the resultant displacement Dyc; ................. 22

Figure 15 (Colour lines) The centre drift comparison between the FEA and analytical results for the
spherical joint with L-shape leaf beams, subjected to incremental moment along the Y-direction, a
constant moment along the X-direction and a constant force in the X-direction: (a) the resultant

displacement Dyc; (b) the resultant displacement Dyc; (¢) the resultant displacement Dyc; ................. 22
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Figure 16 (Colour lines) The centre drift comparison between the FEA and analytical results for the
spherical joint with folded leaf beams, subjected to incremental moment along the Y-direction, a
constant moment along the X-direction and a constant force in the X-direction: (a) the resultant

displacement Dxc; (b) the resultant displacement Dyc; (c) the resultant displacement Dye. ... 23

Figure 17 (Colour lines) The influence of geometry parameters yo, fo, and Ro on the center drift of the
spherical joint with non-orthogonal leaf beams under constant motion stage rotation ( 6x¢ = 0.2 rad, Gy
= 0.3 rad and 6, = 0.5 rad): (a), (b), and (c) illustrate the incremental changes in yo and fo with a
constant Ry value of 50 mm; (d), (e), and (f) showcase the incremental changes in yo and Ro with a

CONSEANT f0 VAIUE OF T1/4 ;... ettt e b e e e bb e e e bb e e s neeeanes 24

Figure 18 (Colour lines) The influence of geometry parameters yo, fo, and Ro on the center drift of the
spherical joint with I-shape leaf beams under constant motion stage rotation ( fx = 0.2 rad, 6y = 0.3
rad and 0, = 0.5 rad): (a), (b), and (c) illustrate the incremental changes in yo and fo with a constant Ry
value of 50 mm; (d), (e), and (f) showcase the incremental changes in yo and Ro with a constant /o

AVE] L T 0) B 17 S SR S SR 25

Figure 19 (Colour lines) The influence of geometry parameters yo, fo, and Ro on the center drift of the
spherical joint with L-shape leaf beams under constant motion stage rotation ( fx = 0.2 rad, 6y = 0.3
rad and 6, = 0.5 rad): (a), (b), and (c) illustrate the incremental changes in yo and fo with a constant Ry
value of 50 mm; (d), (e), and (f) showcase the incremental changes in yo and Ro with a constant S

A1 L T o) B 17 S S PRSR 26

Figure 20 (Colour lines) The influence of geometry parameters yo, fo, and Ro on the center drift of the
spherical joint with folded leaf beams under constant motion stage rotation ( 6x = 0.2 rad, 6y: = 0.3 rad
and 6, = 0.5 rad): (a), (b), and (c) illustrate the incremental changes in yo and fo with a constant Ry
value of 50 mm; (d), (e), and (f) showcase the incremental changes in yo and Ro with a constant o
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Figure 21 Experimental setup: (a) the spherical joint with L-shape leaf beams (pin tip is the remote

centre P joint); (b) testing rig; (c) an overview of the experimental platform. ..........cccceevviiiiiinnnnnn, 29

Figure 22 (Colour lines) Comparison of experimental, FEA, and analytical results: (a) force-
displacement relationship of the motion stage; (b) centre drift analysis by comparing analytical and

FEA results; (c) centre drift analysis by comparing analytical and experimental results. ................... 31

Figure 23 Spherical joint with inverted single-translation constraint: (a) the sketch of the geometry; (b)
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Figure 24 Spherical joint with 45-degree I-shape leaf beams: (a) the sketch of the geometry; (b) the
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Figure 25 Demonstration of the spherical joint in the application of minimally invasive surgery......34
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Figure C1 The deformed spherical joints under combined forces and moments (all obtained in FEA):
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