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Abstract

The origin of fast radio bursts (FRBs) is a major open question in the field
of astrophysics. We propose that FRBs are produced by synchrotron maser
emission (SME) that occurs as a result of non-resonant interactions between
Alfvén waves and relativistic plasma. We examine the results of such an in-
teraction, demonstrating that the particles gain significant amounts of kinetic
energy through pitch-angle scattering. We show that the interaction forms
the necessary population inversions for SME across a wide range of magnetisa-
tions and temperatures and examine how the properties of the plasma change
as a result of the interaction. We calculate the resulting growth rates and
peak frequencies of SME in such a scenario, and show that the mechanism
can produce FRBs in the relativistic wind of a magnetar. We determine the
lower limits on the wind Lorentz factors (7, 2 310) necessary to explain ob-
served FRBs. Emission is possible at temperatures of 8 = kgT/mc?* < 0.02.
We further examine the periods and magnetic fields of the central magnetar
and demonstrate that the optimal values of these properties align with the
observed magnetar population, provided that the magnetosphere is disturbed
by the flaring activity. These results allow the properties of the environment
such as temperature and magnetisation to be probed from the observed FRB

frequency and luminosity.
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Chapter 1
Introduction

Fast radio bursts (FRBs) are extremely bright radio transients of millisecond
duration, whose origin remains one of the major open questions in astro-
physics. They exhibit a fascinating variety of properties. While most FRBs
have only been detected once, some sources repeat, and only one FRB has
been observed at shorter wavelengths. Across the population as a whole, FRBs
display a wide range of spectral, temporal, and polarimetric features. These
diverse properties have led to a large number of competing models that seek
to explain their origin. In this chapter, we review the observational proper-
ties of FRBs along with theoretical models of their progenitors and emission
mechanisms. We then outline the physics behind one of these models, the
synchrotron maser, and describe how the necessary population inversion may
be formed through non-resonant interactions with Alfvén waves, which is the

primary focus of this thesis.

1.1 Fast radio bursts

The first FRB, known as the ‘Lorimer Burst’ after its discoverer, was reported
in 2007 (Lorimer et al., 2007). Detected by the Parkes radio telescope in
Australia, the burst had a maximum flux density of S, = 30 Jy at a frequency



of v ~ 1.4 GHz, and a duration of ~ 5 ms. Since this first burst, 844!
additional FRB sources have been found by a variety of radio telescopes to
date (e.g. CHIME/FRB Collaboration et al., 2021; Xu et al., 2023)2.

The first notable characteristic of the Lorimer Burst was its high dispersion

measure, DM ~ 375 pc cm 3.

The DM of a burst is a measure of the elec-
tron column density between the source and observer, and can be directly
measured from the characteristic frequency-dependent delay due to the signal
propagating through cold plasma. The relationship between the DM and the

electron density n,. is defined as

B D (D)
DM_/0 il (1.1)

where 2z is the redshift, [ is the comoving distance from the observer, and D
is the comoving distance to the source. The large DM of the Lorimer Burst
suggested an extragalactic origin, as it far exceeded the expected contribution
from Milky Way electrons of DMy ~ 25 pc em™ (Cordes & Lazio, 2002;
Yao et al., 2017). Subsequent FRBs have exhibited a wide range of dispersion
measures extending to values as high as DM ~ 3338 pc cm ™3 (Crawford et al.,
2022), strengthening the argument for their extragalactic nature. The total
DM contains contributions from electrons in the source region, the host galaxy,
the Milky Way (and its halo), and the intergalactic medium (IGM). Using
typical values for all components, except for the IGM contribution, allows
the approximate distance to extragalactic FRBs to be calculated through the
Macquart relation (e.g. Macquart et al., 2020; Cordes et al., 2022; Zhang,
2023)

- DMjeum
855

where DMq)s is the dispersion measure due to electrons in the IGM in units

of pc em™3.

(1.2)

!Correct as of 01/09/2025.
2FRB databases can be found at the Transient Name Survey (www.wis-tns.org) and
Blinkverse (blinkverse.zero2x.org).


www.wis-tns.org
blinkverse.zero2x.org

1.1.1 Brightness temperature

The fact that most FRBs are extragalactic implies that they have very high
energies for radio transients. Combined with the short timescales of FRBs,
this implies extremely high brightness temperatures 7;, where T}, is the tem-
perature of a hypothetical blackbody necessary to produce the FRB signal.
This is defined such that (e.g. Rybicki & Lightman, 1979)

o 2kBTbl/2
=—

Il/ (1.3)

c
where [, is the specific intensity, v is the frequency, ¢ is the speed of light
in vacuum, and kg is the Boltzmann constant. The intensity and flux are
linked by S, = I,AQ, where AQ ~ wa?/D? is the solid angle of the source
(e.g. Lyubarsky, 2021). Here, a is the source size and D is the distance to the
source. Using the duration 6t of the burst as an upper bound on the source

size therefore results in the relation

S, D?
"~ 2rkpotin?
Using typical FRB values of S, = 1 Jy = 10723 erg s™' em™2 Hz ', 6t = 1 ms,
D = 10% ¢cm and v = 1 GHz results in an extremely high brightness temper-
ature of T, ~ 103 K, up to 10 orders of magnitude higher than the brightest
bursts from pulsars (e.g. Katz, 2016a; Zhang, 2023). We note that if the

source is moving relativistically towards the observer with a Lorentz factor of

b (1.4)

', the brightness temperature will be reduced by a factor of I' (Lyubarsky,
2021). These temperatures are far in excess of those achievable by incoher-
ent radiation mechanisms. For example, incoherent synchrotron radiation is
limited to T, < 10'2 K. Above this temperature, inverse Compton scattering
causes electrons to lose their energy (e.g. Kellermann & Pauliny-Toth, 1969).
Therefore, a coherent emission mechanism where waves are emitted in phase

is required to produce FRBs.
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Figure 1.1: Histogram of the pulse widths from the first CHIME /FRB catalog.
Bursts from non-repeaters are shown in blue, while bursts from repeaters are
shown in orange. The peak of the distribution occurs at just over 1 ms, and
the distribution extends for over an order of magnitude to both shorter and
longer widths.

1.1.2 Temporal properties

FRBs have typical durations of a few milliseconds (e.g. CHIME/FRB Col-
laboration et al., 2021). Sub-burst structures as short as ~ 60 ns have been
observed from the repeating FRB 20200120E (Nimmo et al., 2022), while on
the other end of the temporal scale, FRB 20191221A had a duration of ~ 3 s,
though with structure on much shorter timescales (CHIME/FRB Collabora-
tion et al., 2022). A histogram of the burst durations from CHIME/FRB Cat-
alog 1 (containing a total of 536 FRBs) (CHIME/FRB Collaboration et al.,
2021) is shown in Fig. 1.1, with the durations of non-repeaters shown in blue

and those of repeaters shown in orange?.

The temporal properties of FRBs are diverse. Although many consist of
just one burst (e.g. Lorimer et al., 2007), many show temporal structure on
sub-burst scales (Champion et al., 2016; CHIME/FRB Collaboration et al.,

2022). Examples include the ‘sad trombone’ effect, where the frequency of

3The pulse widths shown are those given by the fitburst algorithm.



the burst decreases with time (Hessels et al., 2019). This frequency drift is
in addition to the cold plasma dispersion effect described above in relation
to the dispersion measure. The reverse effect, in which later sub-bursts have
higher frequencies, has also been observed, although it is much rarer (Zhou
et al., 2022). Bursts also show temporal asymmetry, with the rising phase

tending to be faster than the decaying phase (e.g. Thornton et al., 2013).

A fraction of the FRB population has been observed to repeat, with 57 re-
peaters identified out of a total count of 843 FRBs at the time of writing
(e.g. CHIME/FRB Collaboration et al., 2021; Xu et al., 2023). Some of these
repeaters are very active; for example, thousands of bursts have been detected
from the first repeater FRB 20121102A at rates of up to ~ 122 hr™! (Li et al.,
2021b). It is possible that all FRBs repeat, and that follow-up bursts from ap-
parent non-repeaters simply have not been detected yet (Kirsten et al., 2024).
However, this would require much lower rates of repetition from many FRBs
to explain the lack of further detections (Caleb et al., 2019). Some studies
show differences in the properties of repeating and non-repeating bursts, with
repeaters having longer burst durations and narrower spectra (Pleunis et al.,
2021b; Petroff et al., 2022), suggesting that there may indeed be more than
one FRB population.

Of the FRBs that do repeat, only a handful show any evidence of periodicity.
FRB 20180916B and FRB 20121102A have apparent long-term periods of
~ 16 d (CHIME/FRB Collaboration et al., 2020a) and ~ 160 d (Rajwade
et al., 2020) respectively. We note that these periods are not the times between
bursts, but rather between windows of heightened activity. FRB 20191221A
on the other hand shows apparent periodic activity on much smaller sub-burst
timescales of ~ 0.218 s (CHIME/FRB Collaboration et al., 2022).

1.1.3 Spectral properties

FRBs have been detected at frequencies ranging from 110 MHz (Pleunis et al.,
2021a; Pastor-Marazuela et al., 2021) to 8 GHz (Gajjar et al., 2018). Increased



scattering effects at lower frequencies make detection more challenging (Ple-
unis et al., 2021a), although the brightness of some bursts suggests that de-
tections at even lower frequencies may be possible (Petroff et al., 2022). At
higher frequencies, the time delay introduced by the cold plasma dispersion
is reduced, as At oc v72 (e.g Lorimer et al., 2007). This makes signals harder
to distinguish from radio frequency interference (RFI) as they lack the clear
dispersion sweep observed at lower frequencies. However, as in the low fre-
quency case, it is likely that detections are still possible (Petroff et al., 2022).
The spectra of the bursts are quite diverse, with one-off bursts tending to
be more broadband (e.g. filling the full CHIME band of 400 — 800 MHz for
instance), while repeating bursts tend to be narrower (Pleunis et al., 2021b),
with some as narrow as ~ 65 MHz (Kumar et al., 2021). The spectral shape
of individual FRBs varies, with many broader bursts fitted well by power-law

spectra (e.g. Macquart et al., 2019), while narrower bursts from repeaters are

fitted better by Gaussians (e.g. CHIME/FRB Collaboration et al., 2019).

1.1.4 Polarisation

FRBs tend to have high degrees of linear polarisation, with typical values of
over ~ 30% (e.g. Zhang, 2023), while degrees of close to 100% are common
(e.g. Michilli et al., 2018). Although many bursts show negligible circular
polarisation (Nimmo et al., 2021), strong levels have been detected in both
non-repeating (Masui et al., 2015) and repeating FRBs (Kumar et al., 2022).
The polarisation angles of bursts display varied behaviour, remaining constant
in some cases (e.g. Day et al., 2020), while others vary significantly. Such
polarisation angle swings can be found in both repeaters (Luo et al., 2020b)

and non-repeaters (Cho et al., 2020).

Polarisation measurements also allow the properties of the FRB environment
to be probed through Faraday rotation, which is the frequency-dependent
change in polarisation angle when a linearly polarised wave passes through a

magnetised plasma. The effect is quantified through the Rotation Measure:



3

RM c /D Bife iy~ _o.81 /D Bl6me 1 rad m~2 (1.5)
pr— == —VU. c l"a Hl . .
2rm2ct 1+ 22 o 142277

Here e is the electron charge, m, is the electron mass, B is the magnetic field
strength along the line of sight, [, is the comoving distance in units of parsecs,
and we have used the convention () = 10°Q), in cgs units. Some FRBs have
very large RM values of ~ 10° rad m™? (Michilli et al., 2018), while others
have values consistent with 0 (Petroff et al., 2017). Even among those bursts
with high RM values, significant variations in behaviour have been observed.
Many FRBs show significant RM changes on short timescales (e.g. Xu et al.,
2022), including sign reversal (e.g. Anna-Thomas et al., 2023), suggesting a

turbulent magnetic environment around the emission region.

1.1.5 Energy, luminosity and rates

The typical energy of an FRB is Ej,, ~ 103 erg (e.g James et al., 2022),
and the distribution of energies spans a wide range from E;,, ~ 103 erg
(CHIME/FRB Collaboration et al., 2020b; Bochenek et al., 2020) to E;s, ~
10*2 erg (Ryder et al., 2023). Here, Ej,, has been calculated assuming that
the source emits isotropically. In reality, this is likely not the case, as almost
all theoretical models require relativistic emission regions. As such, the true
energy required is ~ Fi,/ fp, where f, is the beaming factor. The distances
to FRBs, needed to calculate Ej,,, can be estimated using both the Macquart
relation and host galaxy observations. Fig. 1.2 shows the relative rate of
FRBs, P(F), with isotropic energies of E > Ej, for various studies (Luo
et al., 2020a; James et al., 2022; Hashimoto et al., 2022; Shin et al., 2023). In

most works, these rates are modelled using a Schechter function of the form

1 E \" -K
P(E)dE B (Emax) exp (Emm) dE, (1.6)




except for in James et al. (2022), where a power-law of the form

Emin

() - ()
P(Epin < E < BEpag) Em;” ,
1 _ <Emaz)
Emin

is used. In all cases E,,,, is the high energy cut-off value, E,,;, is the minimum

(1.7)

FRB energy and 7 is the power-law exponent. The studies using the Schechter
function only include FRBs with Ej;,, > 10 erg. In general, the rate for
bursts with Ej;,, < 103 erg is difficult to constrain due to the lack of low-
energy observations. On the other hand, James et al. (2022) use E,,;, = 103°
erg, as they note there is no evidence for a minimum FRB energy. The
results of the various studies are presented in Fig. 1.2 and the values of E,,,,
and v are shown in Table 1.1. In most cases, the upper energy cut-off is at
Eig ~ 104742 erg, with the rate of FRBs at higher energies dropping sharply.
Therefore, any model needs to be able to produce an isotropic equivalent

0*1742 erg. The FRB energy function is not well constrained

energy of F;, S1
at lower energies, but FRBs with energies as low as F;,, ~ 10% erg have been

detected (CHIME/FRB Collaboration et al., 2020b).

Study P vy Survey

Shin et al. (2023) 41387030 13707 CHIME

Hashimoto et al. (2022) (A)  39.9702  _1.1+06 CHIME

Hashimoto et al. (2022) (B)  41.2%37  —1.4 (fixed) CHIME
James et al. (2022) 41.707508  —2.09701*  ASKAP/Parkes

Luo et al. (2020a) 41.1670%  —1.797018 Various

Table 1.1: Summary of the FRB energy functions for various studies. Here
E,qz 18 the high energy cut-off value and + is the differential power-law index.
The two results from Hashimoto et al. (2022) are due to the separation of their
sample into separate redshift bins. Sample A corresponds to non-repeating
FRBs with redshifts of 0.05 < z < 0.41, and sample B contains non-repeating
FRBs with redshifts of 0.38 < z < 3.60. The values from James et al. (2022)
were obtained using Eq. (1.7) while all the others used Eq. (1.6).

The rate of FRBs with energy greater than 103 erg is approximately 8 x
10* Gpc™® yr~! at both 600 MHz (Shin et al., 2023) and 1.4 GHz (James
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Figure 1.2: The relative rate of FRBs above a given isotropic energy, P(F),
based on different studies. The details of each are given in Table 1.1. The
values are normalised to have equal P(10%), as all of the studies except James
et al. (2022) only include FRBs with Ej,, > 103°, shown by the vertical dashed
black line.

et al., 2022), though the rate at lower frequencies may be substantially higher
as highly scattered FRBs were excluded. As mentioned previously, the rate
for bursts with Ei,, < 10% erg is difficult to constrain due to the lack of
observations of lower energy bursts. This rate is higher than typical rates
of cataclysmic events. Type la and core-collapse supernovae have local rates
of O(10%) Gpc™® yr~!, while superluminous supernovae have a lower rate of
O(10%) Gpe™® yr=' (Oguri, 2019; Shin et al., 2023). Both long and short
gamma-ray bursts also have lower rates of O(< 10?) Gpe™® yr~=! (Oguri, 2019;
Shin et al., 2023). The inferred rate of binary compact object mergers (e.g.,
binary black hole, binary neutron star, and neutron star—black hole) are all
lower still at O(102) Gpc™® yr~! (Abbott et al., 2023a). This rate comparison
implies that a significant fraction of the FRB population, if not all, must be

explained by non-cataclysmic models.



1.1.6 Hosts and counterparts

A growing fraction of FRBs have associated host galaxies, with 117 detected
to date (e.g. Xu et al., 2023). The first FRB to be localised was the re-
peater FRB 20121102A, which lies in a low-metallicity dwarf galaxy (Ten-
dulkar et al., 2017). However, further discoveries showed that this is not a
typical FRB host. Indeed, many FRBs have been localised to massive spiral
(e.g. Marcote et al., 2020) and elliptical (e.g. Bannister et al., 2019) galaxies.
The locations of the FRBs within a galaxy also show significant variation,
with bursts found in regions of both high (e.g. Bassa et al., 2017; Fong et al.,
2021) and low (e.g. Tendulkar et al., 2021) star formation. The host galaxies
of the majority of FRBs are consistent with the hosts of core-collapse super-
novae (the formation channel of magnetars) (Bochenek et al., 2021), while
the galaxy properties are inconsistent with typical long gamma-ray burst and
superluminous supernovae hosts (Mannings et al., 2021). Interestingly, the
repeating FRB 20200120E was observed to originate from a globular clus-
ter near M81, an environment which is not expected to host stars such as

magnetars (Kirsten et al., 2022).

A small number of FRBs also have counterparts. Three repeaters, FRB
20121102A, FRB 20190520B and FRB 20201124A, all have persistent radio
sources (PRS) in close proximity (Tendulkar et al., 2017; Niu et al., 2022;
Bruni et al., 2024). These may be associated with pulsar/magnetar wind
nebulae or supernova remnants. The only burst to be linked directly to a pro-
genitor is FRB 20200428, which is associated with the Galactic magnetar SGR
193542154 (CHIME/FRB Collaboration et al., 2020b; Bochenek et al., 2020;
Mereghetti et al., 2020). This FRB occurred at the same time as a hard X-
ray burst detected by several observatories (Integral (Mereghetti et al., 2020),
Insight-HXMT (Li et al., 2021a), AGILE (Tavani et al., 2021), and Konus-
Wind (Ridnaia et al., 2021)). To date, this remains the only multi-wavelength
observation of an FRB, with no optical, X-ray, y-ray or indeed gravitational
wave (GW) counterpart detected for any other source (e.g. Scholz et al., 2017;
Hiramatsu et al., 2023; Abbott et al., 2023b).
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It is clear that the properties of FRBs vary significantly in many ways, and
that FRBs may not even all originate from the same population of sources.
However, any model that seeks to explain the origin of the bursts must account
for some universal properties. These include the typical emission frequency
in the GHz band, the extremely high brightness temperatures, the millisec-
ond duration and the high polarisation of the majority of FRBs. For those
models which seek to explain repeating FRBs, the progenitor must also not
be destroyed in the emission process. In the following section we review some
of the most common and promising progenitors and models that have been

proposed.

1.2 Fast radio burst models

1.2.1 Progenitors

Since the discovery of the first FRBs, a large number of theoretical models
have been proposed to explain them (see Platts et al. (2019)* for a catalog of
proposed models). The short durations of the bursts imply a source region
size of ¢t ~ 3 x 1075t_3 cm. Most models therefore invoke central compact
objects, such as neutron stars or black holes, which can provide both the
short timescales and large energy reservoirs necessary to power FRBs. The
most popular progenitor model places a magnetar as the central object (e.g.
Lyubarsky, 2014; Katz, 2016b; Metzger et al., 2017; Beloborodov, 2020; Long
& Pe’er, 2025b). Magnetars are highly magnetised neutron stars with surface
magnetic fields of B, ~ 104715 G which can power FRBs (including repeat-
ing bursts) with their large store of magnetic energy. One FRB definitively
originates from a magnetar, with FRB 20200428 associated with the Galactic
Soft Gamma Repeater SGR 193542154 (CHIME/FRB Collaboration et al.,
2020b; Bochenek et al., 2020). Other neutron star models that can possibly

explain repeated bursts include giant pulses from young pulsars (Cordes &

4The catalog can be found at https://frbtheorycat.org.
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Wasserman, 2016; Connor et al., 2016); interactions with asteroids/comets
(e.g. Mottez & Zarka, 2014; Geng & Huang, 2015; Bagchi, 2017); the ‘cosmic
comb’ model where an outflow from another object such as a supernova inter-
acts with an isolated neutron star (Zhang, 2017; Ioka & Zhang, 2020; Wada
et al., 2021); interacting neutron stars (Gourgouliatos & Lynden-Bell, 2019;
Zhang, 2020b); and white-dwarf neutron star binaries (Gu et al., 2016, 2020).

Cataclysmic neutron star models include the collapse of supramassive neutron
stars (known as ‘blitzars’) (Falcke & Rezzolla, 2014; Zhang, 2014; Most et al.,
2018); weakly magnetised neutron stars (Long & Pe’er, 2018), neutron star
mergers (e.g. Totani, 2013; Wang et al., 2016; Sridhar et al., 2021); and neu-
tron star-black hole mergers (e.g. Zhang, 2019). These progenitors can only
account for non-repeating FRBs, since they are one-off events. While neutron
stars are the most commonly discussed progenitors in the literature, many
other sources have also been proposed. Most prominent are stellar-mass black
holes (Katz, 2017; Li et al., 2018); white dwarf mergers (Kashiyama et al.,
2013); black hole mergers (Zhang, 2016; Liu et al., 2016; Deng et al., 2018);
as well as more exotic models incorporating quark (Ouyed et al., 2020) and

axion (Iwazaki, 2015) stars.

1.2.2 Emission mechanisms

The details of the emission mechanism add another layer of complexity to FRB
models. Focusing on the magnetar progenitor model in particular, proposed
emission mechanisms can be broadly divided into those in which the FRB is
emitted close to the neutron star in the magnetosphere, or those emitted far-
ther out in the wind of the star. Most magnetospheric models invoke emission
by ‘bunches’ of relativistic electrons through curvature radiation (e.g. Kumar
et al., 2017; Yang & Zhang, 2018; Lu & Kumar, 2018), inverse Compton scat-
tering (Zhang, 2022) or free electron lasers (Lyutikov, 2021). Other magneto-
spheric models include emission from reconnecting current sheets (Lyubarsky,

2020) and from non-uniform pair production (Wadiasingh & Timokhin, 2019).
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The majority of wind models use a variation of the synchrotron/cyclotron
maser to explain FRBs, though the details of the application can vary widely.
In many models, the maser emission occurs at relativistic shocks (e.g. Lyubarsky,
2014; Beloborodov, 2017; Sironi et al., 2021). This shock may be located in
the relativistic magnetar wind (e.g. Beloborodov, 2017, 2020), in the wind be-
hind previous magnetar flares (e.g. Metzger et al., 2019; Margalit et al., 2020)
or at the termination shock (Lyubarsky, 2014). The shock maser model has
also been applied to FRB progenitors other than magnetars (e.g. Waxman,
2017; Long & Pe’er, 2018). In this work, we focus on maser emission caused
by the non-resonant interactions of Alfvén waves with the relativistic wind of
a magnetar, and show that this is a viable mechanism for producing FRBs
(Long & Pe’er, 2023, 2025a,b).

1.3 Maser emission

The stimulated emission resulting from the resonance between energetic par-
ticles in a plasma and an electromagnetic wave is known as cyclotron or syn-
chrotron maser emission (SME), depending on the energies of the particles
involved (e.g. Twiss, 1958; Melrose, 2017). For simplicity, we will use the term
SME throughout this work. Variations of this mechanism have been used to
explain a range of astrophysical phenomena in both the solar system and fur-
ther afield. These include auroral kilometric radiation (AKR) from the Earth’s
aurora (e.g. Wu & Lee, 1979; Wu, 1985); decametric radiation (DAM) from
Jupiter (e.g. Hirshfield, 1963; Melrose, 1976); stellar emission (e.g. Fleishman
& Mel'nikov, 1998); emission from blazar jets (Begelman et al., 2005); and
FRBs (e.g. Lyubarsky, 2014; Metzger et al., 2019; Long & Pe’er, 2023).

Maser emission requires a population inversion, where there is an excess of
particles at high energies. We note that this is different from the popula-
tion inversion discussed in, for example, laser physics. In those cases, the
population inversion is formed by the excitation of atoms (or molecules) to

higher energy levels. In contrast, in the context of SME, the population in-
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version consists of an excess population of particles (typically electrons) in
a plasma at high energies. The formation of such populations is discussed
in more detail in Sec. 1.3.2 below. In this thesis, we consider an initially
thermal distribution of electrons in the wind of a magnetar. The needed pop-
ulation inversion is formed when these electrons interact non-resonantly with
Alfvén waves that originate from the magnetar due to a starquake (e.g Blaes
et al., 1989; Thompson & Duncan, 1996). The waves impart energy to the
electrons, and the resulting distribution may result in SME. In Sec. 1.3.1 we
review the background physics behind SME, in Sec. 1.3.2 we describe the dif-
ferent physical scenarios in which it may occur, and in Sec. 1.3.3 we discuss

the mechanism of non-resonant interactions with Alfvén waves.

1.3.1 Background physics

In this section we briefly introduce the basic physics behind maser emission.
Resonant absorption or stimulated emission occurs when the resonance con-

dition

YW — Q2 — k”p” = O, (18)

is satisfied (e.g. Wu, 1985). Here, w is the angular frequency of the wave, k
is the wavenumber, [ is the harmonic number and p = ymu is the relativistic
momentum. The particle velocity is denoted by v, the particle mass by m and
v=(1-1v*/ 02)71/ % is the particle Lorentz factor. The cyclotron frequency
is given by Q = %‘i, where ¢ is the particle charge and B is the magnetic
field. The subscripts || and L refer to directions parallel and perpendicular to
the background magnetic field B. Electrons gyrating slightly slower than the
wave frequency gain energy from the wave, while faster electrons lose energy.
The process results in the particles all obtaining the same phase angle due
to this ‘gyrophase bunching’, and the ‘bunch’ of electrons can thus result in

stimulated coherent emission (e.g. Treumann, 2006).

Resonance alone is not a sufficient condition for SME. For most particle dis-
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tributions, such as thermal distributions or even bi-Maxwellians, wave modes
will experience resonant damping rather than growth if Eq. (1.8) is fulfilled.
In order for growth to occur, the imaginary part of the wave frequency, w;,
must be positive. This requires the presence of a population inversion, where
there is an excess of particles at higher energies or momenta for at least part
of the distribution function F(py,p.). In the simplest case of perpendicular

wave propagation,

w; o @_F (1.9)
Ip.1

Therefore, the requirement for wave growth is gp% > 0 (Melrose, 2017). The
full expression for the absorption coefficient is discussed in much greater detail
in Sec. 2.3, where the other terms are given for arbitrary propagation direction.
The definition of the population inversion is also often given in terms of the
particle energy FE, in which case the requirement is that g—g grows faster
than E? (e.g. Rybicki & Lightman, 1979). We discuss different population
inversions in Sec. 1.3.2 below. For efficient SME, the resonance ellipse defined
by Eq. (1.8) for growing modes must primarily overlap with the region of
momentum space where the population inversion is present to avoid damping
from other particles. The amplification of the signal is exponential, with the

power P gained over a distance d given by

P o e~wid/e, (1.10)

The frequency of the fastest growing mode is usually close to w, ~ [Q/~,
where w = w, + iw;. For this reason, a highly magnetised plasma is generally
preferred, as otherwise the emission frequency at the primary harmonic will
be lower than the plasma frequency, w, = % (e.g. Wu, 1985). Here, n
is the number density. In a cold plasma, the highly magnetised condition is

satisfied for magnetisations of & > 1, where
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While in the context of FRBs a highly magnetised environment is more likely
in the case of a magnetar central engine (e.g. Beloborodov, 2020), emission
is still possible in the weakly magnetised case at higher harmonics where the
Razin effect (also known as the Razin-Tsytovich effect) is important (Sagiv &
Waxman, 2002). This effect occurs when the refractive index N, differs from
its vacuum value due to the impact of the plasma on the electromagnetic
wave. This results in a change of the beaming angle of the emission from the
accelerating charge, strongly altering the properties of the emission (Rybicki
& Lightman, 1979). This can be seen by examining the beaming angle for a
relativistic particle 6, (Sagiv & Waxman, 2002):

(%

(&)—l—l—Nf)l/Z, WS> W,

w

1/2
0, ~ <7_12+1_N3> , W~ w, (1.12)
1/2
(%2 (%)2/3+1_Nr2> ;WK we

where w, = 73w, is the characteristic synchrotron frequency. When N, ~ 1,
these reduce to their vacuum equivalents. However, when N, = 1 — :—’2 < 1,
as in a cold relativistic plasma, the plasma effects become important. The
approximate value at which this occurs can be estimated by comparing the
magnitude of Z—‘z to the other terms in the beaming angle expressions given
in Eq. (1.12). The resulting frequency is called the Razin frequency, and is
given by (Sagiv & Waxman, 2002)

wh, = w, min {7, 0_1/4} . (1.13)

This frequency thus provides an approximate value for the peak emission fre-
quency due to SME in the weakly magnetised regime (e.g. Sagiv & Waxman,
2002; Waxman, 2017).
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1.3.2 Population inversion

The problem of how to obtain the necessary population inversion to support
SME is a crucial one. In this section, we briefly review some of the models
for the formation of population inversions in astrophysical plasmas, before
describing in greater detail the specific mechanism that is the focus of this

work, namely non-resonant interactions with Alfvén waves, in Sec. 1.3.3.

Initial work on AKR and DAM suggested that a loss-cone distribution could
provide the necessary population inversion to power SME (e.g. Wu & Lee,
1979; Hewitt et al., 1982). A loss-cone forms when particles travel into regions

of enhanced magnetic field. These particles have a pitch-angle defined by

a = tan~! (72> . (1.14)

D
Particles with large pitch-angles are reflected by the strong magnetic field,
while those with small pitch-angles may escape. In the case of AKR for ex-
ample, these particles enter the atmosphere, leaving a gap in the distribution
at low pitch-angles (Wu & Lee, 1979). Defining the minimum pitch-angle at
which particles are reflected as q;., the loss-cone distribution can be approxi-

mated as (Wu, 1985)

Aexp <_—p2) a >
Fie(p,a) = ¢ ° (1.15)

0 a < o,
where A is the normalisation constant, and & characterises the thermal spread
of the particles. This distribution contains the required 68712 > 0 at the tran-
sition from the empty region of the distribution o ~ a4, as can be seen in

Fig. 1.3a.

Although the loss-cone is still considered a possible driver of Jovian DAM
(Melrose, 2017), later work, including measurements from satellites, indicated
the presence of a ring or shell distribution (Pritchett & Strangeway, 1985;
Winglee & Dulk, 1986). A thermal ring distribution takes the form
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E(pppi) =Aexp | -5 —~—5 |, (1.16)
5” £L

where pg is the characteristic momentum of the distribution. The name ‘ring

distribution’ refers to the fact that, in the p, —p, plane, the distribution forms

a ring. An example of such a distribution is shown in Fig. 1.3b in the v — v,

plane. The shell distribution is an extension of the ring to three dimensions:

2
(\/pﬁ +p7 —po)
Frs(p||7pJ_) = AeXp - 52 : (117)

An example of this type of distribution is shown in Fig. 1.3c. Such distribu-
tions may form in this context through the presence of electric fields associated
with an Alfvénic Poynting flux originating from magnetic reconnection in the
Earth’s magnetotail (Melrose, 2017). This energy is used to accelerate the

electrons to higher momenta.

The combination of the ring/shell and loss-cone is known as a horseshoe dis-
tribution, and is thought to be the true source of the population inversion
in AKR (e.g. Bingham & Cairns, 2000; Ergun et al., 2000; Treumann, 2006).
This distribution is similar to a more extreme version of the crescent-shaped
distribution generated by non-resonant interactions with Alfvén waves which
will be discussed extensively through this work. A sample horseshoe distri-

bution is shown in Fig. 1.3d using the following distribution function,

(,/pﬁvtpi —po> Lon). L1

Fu(pj,pL) = Aexp | —

52
where ,
1-4 >0
=4 * 7" (1.19)
pp=0
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Figure 1.3: Contour plots of various distributions containing population in-
versions. Panel (a) shows a loss-cone distribution (Eq. (1.15)) with £ = 2.5 x
107cm s~ and oy, = 7/10. Panel (b) displays a ring distribution (Eq. (1.16))
with £ = &, =5 x 10%m s™! and vy = pg/m = 3 x 107cm s™*. A ring-shell
distribution (Eq. (1.17)) is shown in panel (c) with ¢ = 5 x 10%m s™! and
vy = po/m = 3x107cm s~!. Finally, panel (d) shows a horseshoe distribution
(Eq. (1.18)), where again £ = 5 x 10°%m s~! and vy = po/m = 3 x 107cm s~ 1.
The distributions have been plotted as functions of velocity rather than mo-
mentum as the parameters used are non-relativistic. Each distribution has a
region where aav_li > 0, providing the necessary population inversion for SME.

19



In the context of FRBs, the ring distribution is also commonly invoked to
explain SME. However, the formation channel of the distribution in this case
is quite different. In these models, the ring distribution is formed in rela-
tivistic magnetised shocks. The enhanced magnetic field at the shock front
produces a soliton-like structure in which particles are reflected (e.g. Alsop &
Arons, 1988; Gallant et al., 1992; Amato & Arons, 2006; Plotnikov & Sironi,
2019). Particle-in-cell (PIC) simulations in electron-positron plasmas (e.g.
Sironi et al., 2021) and those also containing ions (e.g. Sironi & Spitkovsky,
2011) have shown strong evidence for the presence of SME in this model. It
has also been proposed that similar distributions may form through radiation
reaction cooling (Bilbao & Silva, 2023; Bilbao et al., 2024, 2025).

1.3.3 Non-resonant interactions with Alfvén waves

In this work, we focus on the formation of population inversions through
non-resonant interactions between Alfvén waves and plasma. The potential
importance of such interactions was first noted in the 2000s in the context of
stellar coronae. Many stars, including the Sun, possess hot stellar coronae.

The plasma in the corona has a low plasma [ value, where

8mnkgT
=T

is the ratio of the thermal pressure to the magnetic pressure. In such plasmas,

(1.20)

conventional plasma heating of protons through cyclotron resonance is not
possible, as the typical velocities and wave frequencies are too low compared
to 2. This process was initially investigated through test-particle simulations
(Wang et al., 2006) and quasilinear theory (Wu & Yoon, 2007). Wu & Yoon
(2007) showed that for weak turbulence, the non-resonant interaction results
in an increase in the apparent perpendicular temperature by a factor of 144e,

where € is a measure of the turbulence level defined as
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Here, Tp is the initial temperature, n, is the proton density and By is the

spectral wave magnetic field. In contrast, the parallel temperature is only

weakly affected.

The quasilinear analysis was later extended to moderate turbulence levels by
Yoon et al. (2009). This work identified that the apparent perpendicular heat-
ing was actually pitch-angle diffusion that depends on the turbulence level,
agreeing with test particle simulations. For very low turbulence levels this
manifested as perpendicular heating, but for higher turbulence levels parallel
effects also become significant (e.g. Yoon et al., 2009; Nariyuki et al., 2010).
It is important to note that the heating that occurs is not permanent. In the
absence of the Alfvén waves, the enhanced perpendicular temperature decays
(e.g. Wang & Wu, 2009; Wu et al., 2014a). For this reason the mechanism is

sometimes referred to as ‘pseudoheating’ rather than true heating.

Various authors noted that the same mechanism can be applied to electrons,
and that the crescent-shaped particle distribution that resulted from the non-
resonant interaction contained a population inversion (e.g. Wu et al., 2012;
Zhao & Wu, 2013; Wu, 2014). This population inversion was shown to be suffi-
cient to produce maser emission across a range of parameters (e.g. Tong et al.,
2017). In general, these studies approximate the crescent-shaped distribution
through an analytical model distribution, rather than directly calculating the

distribution for the parameters in question.

To extend the idea of non-resonant interactions with Alfvén waves to the
environment around FRBs, a fully relativistic treatment is required. This is
because the temperatures involved may be relativistic (e.g. Babul & Sironi,

2020; Beloborodov, 2020), with

kgT
p— ~Y
mMeC?

0 1. (1.22)

Furthermore, plasmas around the possible FRB progenitors, such as mag-
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netars, are so highly magnetised that the Alfvén velocity is relativistic and
approaches the speed of light. To fully explore the viability of the model,
we therefore investigate the fully relativistic quasilinear kinetic equation. We

detail the derivation and properties of this equation in Sec. 2.2 below.

1.4 Thesis outline

This thesis is structured as follows:

e Chapter 2 details the established theory behind quasilinear kinetic the-

ory and maser emission.

e Chapter 3 discusses the non-resonant interaction between Alfvén waves
and a relativistic plasma, and analyses the evolution of the particle

distribution.

e Chapter 4 describes how such interactions may form a crescent-shaped
particle distribution which can support SME and explores the param-
eter space where this can occur. Chapters 3 and 4 are based on work
published in Long & Pe’er (2023) and Long & Pe’er (2025a).

e Chapter 5 applies the results from the previous chapters, calculating
the SME growth rates and applying the results to a specific FRB model
where SME produces the signal in the relativistic magnetar wind. This

chapter is based on material in Long & Pe’er (2025b).
e Chapter 6 contains the summary and discusses the future outlook.

e Finally, Appendix A contains additional material comparing the full
relativistic results in Chapter 3 to analytical approximations, Appendix
B contains a detailed examination of specific terms discussed in Chapter
4, and Appendix C deals with the specifics of resonance ellipses, and is

of relevance to Chapter 5.
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These chapters can be linked to the overall framework of the model, which

consists of four stages, as follows:

1. A starquake occurs, generating Alfvén waves that are emitted from the

surface of a magnetar. This stage is addressed in Chapter 5.

2. These waves propagate into the magnetar wind. This process is also
addressed in Chapter 5.

3. In the wind, non-resonant interactions occur between the Alfvén waves
and the wind plasma, resulting in a crescent-shaped population inver-
sion. This area is the main focus of the thesis, and is examined in
Chapters 3 & 4.

4. This population inversion is capable of supporting SME, which amplifies
electromagnetic (EM) waves to produce the FRB signal. The details of

this process are the main focus of Chapter 5.

23



Chapter 2
Theory

In this chapter, we review the derivations of and physics behind two equations
which underpin much of the work in this thesis. In Sec. 2.1, we discuss the
quasilinear kinetic equation for the interaction between Alfvén waves and
a non-relativistic plasma, while in Sec. 2.2 we review the derivation of the
quasilinear equation in the relativistic case. The resulting equation is used
throughout the thesis. Sec. 2.3 addresses a related but separate topic, namely
the dispersion relation for electromagnetic waves in a relativistic plasma, from

which the maser growth rates are calculated in Chapter 5.

2.1 Review of the non-relativistic quasilinear

equation

The first examination of the non-resonant interaction using quasilinear theory

was carried out by Wu & Yoon (2007), who used the following quasilinear
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kinetic equation:

8F 62 2 k”UH 1 8 k”'UJ_ 8
a—g—m;/d’“EkKl— o )aaw““ % a_”]

% Y
2
(w2 — Eyy))~ +12
_ /{”UH 1 0 k||UJ_ 0
. {(1 w vLavL—'— w Oy k. (2.1)

Here m,, is the proton mass, Ej, is the spectral electric field, €2, is the proton
cyclotron frequency and ~ is the temporal growth rate of the Alfvénic turbu-
lence. For shear Alfvén waves, k = k2 and the parallel electric field £}, = 0.
As mentioned above, Wu & Yoon (2007) noted that for Alfvén waves in a
magnetised plasma, the conditions 2, > w, 2, > kjv and €2, >  all hold,
implying that resonance interactions are not important in such a scenario.

This allows the simplification

2 ~ L (2.2)

(09— k) +2 @
This allows Eq. (2.1) to be written as

8F . 1 8 B,% k‘HU” 1 8 kf”UJ_ 3
W_anmp/dk (&877) [(1_ w EavaL—i_ w 8_”\\
k’”U” 1 0 k’”’UJ_ 0

where B, is the spectral magnetic field. Here, it has been assumed that

By, ~ e @t Mt and therefore

SR

OB’

2
Furthermore, the relation B} = (i) E? has been used, where
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& \/4mrnm,,

is the non-relativistic Alfvén velocity. As Wu & Yoon (2007) were interested
in low-3 plasmas, the terms proportional to kjv/w are much smaller than
unity, resulting in a kinetic equation which only depends on perpendicular

terms:

OF 1 0B\ 1 0 OF
ER T / dk (m—w) oG (a_) ~ (2:6)

After the series of simplifications described above, it is possible to solve

Eq. (2.6) analytically for an initial Maxwellian distribution

F(@), 01,6 = 0) = —ze 177, (2.7)
T

where © = v(2kzTy/m,)~'/? is the velocity normalised to the thermal velocity,

Ty is the initial temperature, and € is a measure of the turbulence level defined

as

1 B?
=——— [ de=E. 2.8
‘ 4npkBT0/ 8 (28)

As shown in Wu & Yoon (2007), the solution is given by

o 1 _p2_ "1
F(v),7.,¢€) = —372¢ Ui T (2.9)
This result supported previous test-particle simulations which showed that
this non-resonant interaction primarily acted to increase the apparent per-

pendicular temperature of the particle distribution.

The analysis was later extended to moderate turbulence levels by Yoon et al.
(2009). In this case, a slightly different initial quasilinear kinetic equation was

used,
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Here PV denotes the principal value. While this equation reduces to Eq. (2.3)
in the non-resonant case, it allows for the possibility that the Alfvén waves
are generated externally. Yoon et al. (2009) noted that in the wave frame,

Eq. (2.10) takes the form of a pitch-angle diffusion equation,

9F(v,p.ep) _ 0 <(1 _ Aﬁ)M) (2.11)

Oep " ou ou
where ;4 = cosa in the wave frame, and ep is a measure of the turbulence,
though unlike in Wu & Yoon (2007) it is defined relative to the background
magnetic field such that eg = [ dk . Since our interest extends beyond the
non-relativistic regime, it is necessary to extend these equations to the fully

relativistic quasilinear case, which we discuss in the following section.

2.2 Relativistic quasilinear equation

In this section we derive the relativistic quasilinear kinetic equation following
the derivation in Chapters 10, 16, and 17 of Stix (1992). The analysis begins

from the relativistic Vlasov equation,

Ofs Ofs vxB Jf;\
TV +qs<E—|— - )_0, (2.12)

where s denotes the species. In quasilinear analysis, the distribution function

is split into components such that fj is the distribution averaged over several

wave periods in time and space, while f; is the rapidly varying part of the
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distribution function. The slow time evolution is calculated by averaging

over the contributions from the products of the rapldly fluctuating distribution

f1 and electromagnetic field terms E; and By, such that

a 2
) ([, (5, B ]
2w
:_qvlgr;o d3k/ d(b |:< <+ v XCBk) fk:| '

(2.13)

Here, we have assumed that the distribution function can be averaged over the
gyro-angle ¢, and the subscript k denotes a Fourier transform. Furthermore,
throughout this section we omit the species subscript for clarity. In order

to evaluate the integral in Eq. (2.13), it is necessary to both expand the

divergence term Vy, - [(Ek + VXCB“) f_k], as well as calculate the fluctuation

fr. As a first step, By can be replaced using Maxwell’s induction equation
(B = % X E) so that

B -k k
B, 4 Y X Be _ [1 (1_V_>+V_} E,, (2.14)
C w w

where 1 is the unit dyadic. It is also useful to express some of the vector

quantities in terms of their components,
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vV =V cos X + v, sin ¢y +v)2 = v p + v Z,

0 ~1 0 0
Vp=p—+p—— + 72—,
i papL d)pL opy 0p||
k =k, cosO0X + k1 sin0y + k)2 (2.15)

—k cos(¢p — 0)p + ky sin(¢ — 0) + kyz,
E=E,%+E,5+E.2
= (Bycos ¢+ Eysing)p + (—E,sin¢ + E, cos )¢ + E.

N>

Here, p is the unit vector in the perpendicular direction and qﬁ =7z x p. We

also make the further useful definition

1 , ;
E* = 5 (Ee +iEy) eFil. (2.16)

With these considerations we can expand the term in Eq. (2.13) to get

Vp . |:(Ek + M Xch> fk} = COS(Qb — (9) [(E,:r + E];)Sf,k — Eszf,k]

af
—isin(¢ — 0)(Ef — E7)Sf_x + E,m%”’“ +C,

(2.17)

Here Cy contains all the a%s terms which will not need to be calculated as they
do not contribute to the final result, while S and R denote the differential

operators
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= — — k). 2.1
Rf - o ” 1h_3p¢(po k) (2.18)

The next step is to determine f; by solving the first-order Vlasov equation:

df _ v dfo
(E>o = —(s (El + P X B1> : %7 (2.19)

If1

where (‘fi—t)o is the rate of change along the zero-order trajectory r’(¢'). The

solution is found by integrating over time:

/

t
fi(r,v,t) = —q/ dt’ (El(r’,t’) +V? X Bl(r’,t')) :

—00

(9f0(P/) .

5o (2.20)

Using Eq. (2.14) yields

fi(r,v,t) = —q/t R OF [1 <1 _ v k) + V/k] : 8f0(p/). (2.21)

. w w op’

The particles follow the zero-order trajectory in the field, namely

dp’ B

d_It)’ = q—COV’ X 7 = w.p X Z. (2.22)
Here w, = ¢By/(yme) = Q/~. The solution to Eq. (2.22) reaches r' = r and
v/ = v at t' =t and can be solved with the help of the definitions given in

Eq. (2.15) and the following expressions:
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\]

vl = v cos (¢ + w.T),
v, = vy sin (¢ + w.T),
U; =, (2.23)

=z — U—J_[Sin (gb+wc7’) - Sin¢]v

C

"=y + %[COS (¢ + wer) — cos ¢,

C

Z=z—uyT.

The argument of the exponential term for the electric field can be written as

k-r'—wt'=k-r—wt+ 8, (2.24)
where

5 = % fin (6 — 0+ wr) — sin(p — )] + (w — by (2.25)

C

Finally, we define the following useful derivative operators which arise when

evaluating Eq. (2.21),

Afo | Ky ( d fo 0fo)
U= ——+— —— —y= |,
Op. w o 8p|| i Op1

k. dfo 3fo)
Vo=t [, 210 g 20 2.96
w (m Ipy op, (2:26)

which allow f; to be written as
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fi(r,p,t) = —qe™rt / dTew{EmU cos (¢ + w.r) + E,U sin (¢ + w,7)
0

9fo
+E, {% — Vcos (¢ + w.r — 6)} } (2.27)

Rewriting Eq. (2.27) in Fourier form leads to the expression

fr=— q/ooo dTeiﬁ{ cos(¢p — 0+ wer) [(Ef + E; ) U — Ep.V]

—isin(¢ — 0 + w.T)(E; — E, ) U + Ekz%}. (2.28)

We can now evaluate the integral over ¢, which can be carried out using some
Bessel function identities (Montgomery & Tidman, 1964), the details of which
can be found in Eq. (10-43) and Table 14-1 in Stix (1992). These relations

are of the form

2 [ee)
/ d e Venoten =i gy 1) = 20 Y eI H(1,b), (2.29)
0

l=—00
where G(¢, 7) is a trigonometric function (e.g. cos(¢ + w.7) etc.) and H(l,b)
is a function depending on the products of Bessel functions (e.g. J;(b)? etc.).
Here, b = k v, Jw. and J;(b) is a Bessel function of the first kind of order I.

These expressions allow the integral to be evaluated as follows:
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/O%VP'KE” c M

- Z { [(Ef + E;)S — E.R] %Jl(b)
+ _p\ar o\
+ (B — E)SJ(b) + Eszl(b)%} (2.30)

X {—q/ dTe’(w_kw”_WC)T} {le(b)[(Elj + E.)U — B, V]
0

9fo

+ Ji(0)(E - E)U + Jz(b)Ekza—W

where J/(b) is the first derivative of J;(b) with respect to b. The integration

over 7 for each term takes the form

> d i(w—k“vu—lwc)’r _ i 231
/0 e w — k‘”UH — le’ ( )

where the e term is a result of the integration over ¢ described above.
After some further algebra (see Eqs. (17-37) and (17-38) in Stix (1992)) we

reach the reasonably compact expression

/2n@vp‘ |:(Ek—|— Vv X Bk>*fk~|
0 27 c

= 1
- Sy U 2.32
uq lzz_:oo ¢lkw T lwc¢lk ) ( )
where
Yo = B Jia(b) + Ep T (b) + ]%Ekzjl(b). (2.33)

For shear Alfvén waves, the wave mode investigated throughout this work,
E,. = 0 and b < 1, or indeed b = 0 in the ideal case. As a result, the
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only contributions to v that will be significant are those containing Bessel

functions of order 0. For small arguments,

‘”@)ijU%FTj(g) , (2.34)

so all the other terms will be negligible. The sum can therefore be restricted

to | = +£1, resulting in

27rd¢ VXBk *
[ () o]

iq | E|”
= —— S U 2.35
4 l:zizl w — k‘H’U” - lwc ’ ( )

where we have used the fact that for [ = +1, ¢y, = EF, and |Ef|> = EZ, +
ER, = |Ex.

The final step of the derivation is to take advantage of the Sokhotski—Plemelj
theorem to write (Stix, 1992),

1 1
=PV —imd(w — lw. — kyouy), 2.36

W — lwc — ]C”UH (w — lwc — ]C”U”) o (w w ||U||) ( )
where PV denotes the principal value and 0 is the Dirac delta function. The
principal value part can be simplified further by including the imaginary part
of the wave frequency so that w = wy = wg, + iV, With |y, < |wk.|. Noting

that w_j = —w} = —wg, + 1y We can write

1 1
PV ( ) + PV ( )
wi — lw, — k) w-p — lwe + Ky
1 1
:PV( , )+PV( : ) (2.37)
Wy — lwe — ko) + i Wor — lwe + Kyjvy — iy

0 1
PV .
&ukr <wkr - lwc — k”v”)

34




This allows us to reach the final form of the quasilinear kinetic equation for a
relativistic plasma, as used in Long & Pe’er (2023, 2025a). This is analogous

to the non-relativistic version used in Yoon et al. (2009). The final form is

oF e? 1 kyp 0 kpL 0
- = — dk— [ 1— —
ot 4 l_zj;l/ pL K vmw> Ips " yme 8p||}
x{pL [7‘(‘(5 (w —lw, — M) | By |?
ym
) 1 O |E,?

kip) ) 0 kpL 0 }
x [[1— + — | Fp, 2.38
[( ymw ) Opr  ymw dpj ( )

where we have replaced fy by F and used 2|Ej|> = 27;|Ey|%. This equation

can also be derived by following the method in Yoon et al. (2009), who noted
that the resonant quasilinear equation can be generalised by replacing the o

function by the sum of a ¢ function and principal value term (Yoon et al.,
2009).

2.3 Maser emission

To calculate the growth rate of a given wave mode, the dispersion relation
for the particle distribution in question must be solved. In this section, we
describe the dispersion relation and outline how the growth rate for maser
emission can be calculated. The derivations presented are primarily sourced
from Chapter 10 of Stix (1992) and Wu (1985).

The general form of the dispersion relation is

A = det(A) =0, (2.39)
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where the elements of A are given by

kik;
Aij = NE < ]{32] - (523) + éfij(k, W). (240)

Here, N, = kc/w is the refractive index and € is the dielectric tensor. The

dielectric tensor describes the response of the plasma to an electric field E

such that
10E  4nj B 10(e - E)

VxB=-——+4—7 , 2.41
c Ot + c c Ot (241)

and can be written in terms of the susceptibility x as
ekw) =1+ x.(kw). (2.42)

As previously, the sum over s denotes the sum over the different components
of a particle distribution and over the different particle species if present. The

susceptibility is linked to the plasma current j through the linear relation

=0, E= —,E, 2.4
js=o0 X (2.43)

where o is the plasma conductivity.

Eq. (2.43) allows us to calculate the susceptibility for a given particle distri-
bution with the aid of the Vlasov equation for a collisionless plasma given by

Eq. (2.12) as well as the definition of the plasma current

j = Z QS/d3stfs- (244)

The solution to the first-order Vlasov equation can now be used to determine
the first-order plasma current j and hence the susceptibility for an arbitrary
distribution fy. The current is calculated by taking the velocity moment of
f1 and is linked to the susceptibility tensor x through Eq. (2.43):
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j= ZJ = ZS:QS/dsstfﬂ(r?p?t) = —% Xs B (2.45)
We have already derived the expression for fs; in Sec. 2.2, and the relevant
form is given in Eq. (2.27). As in Sec. 2.2, the integration over the azimuthal
angle can be evaluated with the aid of the Bessel function relations given by
Eq. (2.29). Similarly, the integrals over 7 also all take the same form as in
Eq. (2.31). The simplification k, = 0 has also been made. These steps lead

to the following expression for the susceptibility tensor:

CU2 o8} 00 00 w
s = 2= 21p . d d = S 2.46
T, z:zoo/o e pl/ . (w L lwc) v (2.46)

where
Am{;(b)plU ilJl(bZJl’(b)pJ_U lJfb(b)plW
S) = _ZlJl(bZJl(b)pLU Jl’Z(b)pLU —z’Jl(b)Jl’(b)pLW . (2.47)
LI7 (b)

TPHU iJl(b)J[(b)p”U le(b)p”W

Here, W is a further derivative operator defined as

W = (1 i lwcs) afOs + NWes afOs (248)

w /) Opy ~ wpi Opy
Eq. (2.46) can be further manipulated (see e.g. Equations 10-46 and 10-47 in
Stix (1992)) into the following final form which is used throughout this work

to calculate maser growth rates:

w2 00 (o) U a a
. ps [ _
Xo = 3T /_oo A /0 i { gl (uL u ulam> }

- ok ) )
X FS(UH,UL)GZQZ +w {% + 7_w <Ud_a—u” — u%>:| (249)
00 T]
F .
8 S(UH’UL) I:Zoo Yw — le - k‘Hu”
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Here, u = p/m and F; = fy,. The tensor T} is given by

SERO) =i Bi(b)J0) 2(b)
T\(b) = i’k;uLJl(b)J;(b) u? J2(b) iy g Jy(0)J)(b) | - (2.50)

i) —iuiuJib) g (b) uiiJE (D)

As in Sec. 2.2, the integral may be calculated by taking advantage of the
Sokhotski-Plemelj theorem (Stix, 1992),

pop ZQIS —— =PV (%U — lle — k||u|> —imd(yw — 19 — kyuy). (2.51)
When calculating the maser growth we retain only the ¢ function term as we
are dealing with a resonant process (e.g. Wu, 1985). This d-function defines
the resonance condition and determines which parts of the distribution func-
tion contribute to either growth or damping of the electromagnetic waves.
If N,cosf < 1, the delta function defines a resonance ellipse in momentum

space, with the resonant perpendicular momentum given by

u? 0 2()2
W \/(NTCOSQQ—I)—!nLQl SNTCOSQﬂ+ (l 5 —1)- (2.52)
c

c Wy c w?

In contrast, if N.cosf > 1, the resonance condition takes the form of a
hyperbola, while if N, cosf = 1 it can be described as a parabola. For the
particle distributions in this work, the peak growth rate will typically be
for propagation angles close to the perpendicular, and as such the resonance

condition can be described by the expression for an ellipse given in Eq. (2.52).

As described in Sec. 1.3.1, the wave frequency contains real and imaginary
parts such that w = w, + iw;, whose values can be calculated by solving the
dispersion relation. To simplify the calculation of the growth rate and emis-

sion frequency, we make the approximation that plasma consists of a thermal
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component which dominates the dispersion relation (denoted by the subscript
0) and that the component containing the population inversion (denoted by
the subscript e) only contributes to the damping or amplification of the modes
propagating through the background plasma. In this regime, the growth rate
w; can be approximated as (Wu, 1985)

wi Im(A(k,w))

w. _wr%(Re(Ao(k,wr))’

(2.53)

where we have assumed w; < w,. Here, A contains contributions from both

Xo and x., while Ay only contains the terms from .

The sign of w; clearly depends on the sign of A and hence x. As can be seen

from Eq. (2.49), this is determined by the sign of the differential operator

[%—i—j—w (ulaiu”—u%>] F. (2.54)
For perpendicular propagation, kj = 0 and this reduces to aau_li' If this term
is positive, w; > 0 and wave growth will occur, resulting in maser emission.
This is the origin of the need for the population inversion of energetic particles
introduced in Sec. 1.3.1. In contrast, if the differential operator above is
negative, damping will occur with the energy of the wave being transferred

to the particle distribution.

To calculate the value of w; from Eq. (2.53), the real parts of the wave fre-
quency must first be determined. In Sec. 2.3.1 below we discuss the electro-
magnetic modes in cold electron-proton and electron-positron plasmas, and

describe how they feed into the calculations of the maser growth rate.

2.3.1 Cold plasma dispersion relation

For a general cold plasma, the dispersion relation is given by Re (Aq (k,w)) =0
(e.g. Baldwin et al., 1969), where
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¢— N2cos?0  —ig  NZ?cosfsinf
Ao = ig s — N? 0 : (2.55)
N2 cos 0 sin 0 0 h — NZsin® 0

The quantities ¢, g and h are given by

oyt 2.56
RapEeT) 20

In the case of an electron-proton/ion plasma, the electron contribution is more
important as both the plasma and gyration frequencies of the protons/ions
are much lower. In contrast, for a pair plasma both species have equal mass
so both contributions must be included. However, this mass symmetry also
leads the ¢, and ¢, terms to vanish (Stewart & Laing, 1992; Iwamoto, 1993).

The resulting cold plasma dispersion relation is therefore

¢— NZ?cos’0 0 N2 cos 0 sin
Ao = 0 ¢ — N2 0 0. (2.57)
N2 cos 0 sin 0 0 h — NZsin® 0

To examine the modes supported by such plasmas, we first consider the
case of perpendicular propagation. This simplifies the dispersion relation
as A, = A, = 0. In both the electron-ion (e-i) and electron-positron (e*)
plasmas this results in two allowed electromagnetic modes. These are referred
to as the ordinary (O-) and extraordinary (X-) modes. In the ordinary mode
the dispersion relation is the same as in an unmagnetised plasma, and the
wave electric field E; is parallel to the background magnetic field Bg. The
behaviour of this wave is governed by the A, term in the dispersion relation.

As it behaves as if the plasma is unmagnetised, it has a lower cut-off (where
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N, =0) at wo = wy, for the e-i plasma and at wp = wy+ for the et plasma.
Here wy+ is the plasma frequency of the whole pair plasma. The dispersion
relation for the O-mode is shown as a solid line in Fig. 2.1a for an e-i plasma

and in Fig. 2.1b for a pair plasma.

The X-mode, on the other hand, has an electric field perpendicular to By,
and depends on the A,, term in the dispersion relation. Note that we have
assumed &, = 0 throughout this section, hence why the X-mode depends only
on the ‘yy’ term. The extraordinary mode has two branches, with the lower
branch often referred to as the Z-mode or slow mode in e-i plasmas. We
will refer to this mode as the slow X-mode. The X-mode displays significant

differences in behaviour depending on the plasma composition.

In an e-i plasma the mode has two cut-offs and two resonances, where N, —

oo. The cut-offs are given by

(Qe +Q,)? Qe — Q) Q2 Q.
e \/T T ten ¥ T M e T G 258)

while the resonances are found at the lower and upper hybrid frequencies

+ w2 w. (2.59)

WUH,LH = it

2 2 2 2 2 2
wpe+wm-+ﬂe+9ii\/(wze—wpﬁﬂz—ﬂi)?
2 4

As the ion frequencies are much lower than the electron frequencies these can

be approximated as

WU N ,/(wgejtﬁz
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—O-mode, wp /2 =0.5
---X-mode, wpe/Q = 0.5
—O-mode, wy. /. =0.05
- - X-mode, wy./Q = 0.05

—O-mode, wy: /. = 0.5
---X-mode, wy:/Q. = 0.5
—O-mode, wy: /2, = 0.05
---X-mode, wy+/Q. = 0.05

Figure 2.1: The dispersion relation for perpendicular propagation in a cold
plasma. Panel (a) shows the relation for an electron-proton/ion plasma. The
blue lines show the results for w,. /2. = 0.5, while the orange lines are for
Wpe/S2e = 0.05. The solid lines show the ordinary mode dispersion relation,
while the extraordinary modes are shown by dashed lines. The extraordinary
mode has cut-offs at wyx+ and a visible resonance at wy g, placing an upper
bound on the slow X-mode. Panel (b) shows the dispersion relation for an
electron-positron plasma. In this case, the blue lines show the results for
wyt /Qe = 0.5, while the orange lines are for wy+ /. = 0.05. The solid and
dashed lines have the same meaning as in panel (a). This dispersion relation

only has one cut-off at wx = , /wﬁi + Q2, while the upper bound on the slow

X-mode is provided by the sole resonance at w = €.

Extraordinary mode waves can therefore propagate in the frequency ranges
wy- < w < wyy (for the slow mode) and w > wx+ for the upper branch. For
this reason, the slow mode is a trapped mode and cannot transition to being

a vacuum electromagnetic mode without mode conversion taking place.

In a pair plasma the extraordinary mode also has two branches. However,
in this case there is only one cut-off due to the mass symmetry. This cut-off
occurs at wx = 4/ wﬁi + Q2, while the sole resonance occurs at wyes = .
The dispersion relation for the X-mode is shown as a dashed line in Fig. 2.1a

for an e-i plasma and in Fig. 2.1b for a pair plasma.
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For the plasma of interest, we calculate the growth rates w; using Eq. (2.53)
for both the ordinary and extraordinary modes. To the lowest order in n./n,,

Im(A(k,w)) can be written as

Im(A(k,w)) = ¥ Im(xg, (k,w)) + \I/yylm(XZy(ka wy))
+ W Im(xs, (k, wr)) + Wa Im(xg, (k, w,))
+ \Ija?yRe(Xscy(k> wr)) + \ijzRe(XZz<k7 wr)), (2.61)

with

U, = N¥sin?§ — N?(¢sin? 6 + h) + ch,

W, = —N?(ssin® 6 + hcos®0) + sh,

V.., = Ntcos? — N2g(1 + cos®0) +¢? — g2,

V., = 2g(h — N?sin®0), (2.62)
VU,, = 2N?(N? — ¢)sinf cos¥,

W,. =2N?gsinfcosf.

As g = 0 for the electron-positron plasma, ¥,, = ¥,. = 0. Combining these

equations and finally integrating along the contour defined by the resonance

condition allows the growth rate for a given mode to be calculated.
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Chapter 3

Non-resonant interactions
between Alfvén waves and

relativistic plasmas

3.1 Introduction

As discussed in Chapter 1, the identity of the emission mechanism responsible
for fast radio bursts remains an open question, prompting the development
of numerous theories. All models share the need to explain the extremely
high FRB brightness temperatures of up to T, ~ 103 K (e.g. Katz, 2016a),
far in excess of those achievable by incoherent radiation. One of the primary
coherent emission mechanisms invoked to explain the observed FRB signal
is synchrotron maser emission (SME) (e.g. Lyubarsky, 2014; Long & Pe’er,
2018; Metzger et al., 2019).

The synchrotron maser, or its mildly relativistic equivalent the cyclotron
maser, is a proposed emission mechanism not only for FRBs but also for
many other coherent astrophysical phenomena such as Auroral Kilometric
Radiation (AKR) in the Earth’s magnetosphere (Wu & Lee, 1979; Wu, 1985),
Jovian Decametric Radiation (e.g. Hewitt et al., 1982), and blazars (Begel-
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man et al., 2005). SME requires a certain set of plasma conditions: (i) an
inverse population of energetic electrons, and (ii) a background magnetic field.
Once these conditions are satisfied, the interaction between the inverse elec-
tron population and electromagnetic waves in the plasma results in negative
absorption and stimulated emission for certain plasma parameters (Wu, 1985;
Treumann, 2006).

To achieve the required population inversion, the particle distribution must
OF
o > 0
(Wu, 1985). Here, F'(vy,v)) is the particle distribution function, v, (v)) is the

velocity perpendicular (parallel) to the background magnetic field, and E is

either grow faster than E? (Sagiv & Waxman, 2002), or satisfy

the particle’s energy. The process by which this population inversion forms is
crucial to understanding the parameter space where SME is a viable emission
mechanism. Various processes have been proposed to pump the electrons into
the inverse population. Many of these models, such as the ‘loss-cone’ (Wu,
1985; Freund & Wu, 1976) and ‘ring-shell’ (Pritchett & Strangeway, 1985;
Winglee & Dulk, 1986) models were developed for non- or mildly relativistic

scenarios such as AKR.

In the context of FRBs, the environment may be relativistic with temper-
atures of kgT =~ m.c® (e.g. Babul & Sironi, 2020; Beloborodov, 2020). In
previous works (Long & Pe’er, 2023, 2025a), we showed that non-resonant
interactions between Alfvén waves and a plasma can produce a population
inversion capable of supporting SME with a high efficiency, even in such rel-
ativistic plasmas. This mechanism does not require a shock wave as in the
other primary models for relativistic SME, where a soliton-like structure is
formed at the front of a strongly magnetised shock in which particles gyrate
around the enhanced magnetic field and form a semi-coherent ring in momen-
tum space (e.g. Alsop & Arons, 1988; Gallant et al., 1992; Amato & Arons,
2006; Plotnikov & Sironi, 2019). Similar ring distributions may also be formed
through radiation reaction cooling (Bilbao & Silva, 2023; Bilbao et al., 2024,
2025).

Non-resonant interactions between the Alfvén waves and the relativistic plasma
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induce pitch-angle diffusion in low ( plasmas, where [ is the ratio of the
plasma pressure to the magnetic pressure. In the emission regions of FRBs
the environment is highly magnetised, satisfying this condition even at rela-
tivistic temperatures. The resulting deformation of the initial particle distri-
bution into a crescent shape in momentum space is capable of supporting a
population inversion (Zhao et al., 2013; Wu et al., 2014b).

In this chapter, we solve the quasilinear kinetic equation describing the non-
resonant interaction between Alfvén waves and a relativistic plasma (Long &
Pe’er, 2023, 2025a). The details of how this interaction alters the temperature,
kinetic energy and bulk motion of the relativistic plasma are explored. The
impact of the interaction on the formation of a population inversion and its

application to FRBs is examined in Chapters 4 and 5.

This chapter is organised as follows. In Sec. 3.2 we detail the physical setup
of our model and the equations which describe it. The behaviour of the
full relativistic quasilinear kinetic equation for different parameters and the
numerical methods used to solve the equation are examined in Sec. 3.3. In
Sec. 3.4 we present results for the evolution of the properties of the plasma
due to the non-resonant interaction, while in Sec. 3.5 we analyse how the
results are changed for non-Maxwellian initial distributions. The results are

discussed in Sec. 3.6.

3.2 Non-resonant interaction of particles with
Alfvén waves: evolution of the particle
distribution function

We examine a large parameter space in both temperature 7' and magnetisation
o. We define

B? 02

o 2 2
dmwmse W W
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Here Q, = eB/myc is the cyclotron frequency of the plasma as a whole and
Wps = \/W is the plasma frequency, e is the electron charge, B is
the background magnetic field, n, is the particle number density and w is
the specific enthalpy density. The subscript s denotes the plasma species.
For a pair plasma the masses in question will be those of electrons, while
for an electron-proton/ion plasma the heavier species dominates. We will
also use & = Q2 /w2, as the magnetisation in the cold, non-relativistic plasma

case. The entire magnetisation parameter space & > 107% is investigated at

kT

= is the normalised
mc

temperatures in the range 1072 < 6 < 3, where 0 =
temperature, providing a full picture of the interaction across all the relevant

physical parameters.

To examine the problem we consider a relativistic plasma of density n em-
bedded in a background magnetic field B. The initial particle distribution
Fo(p|,pL,00), is primarily modelled as a Maxwell-Jiittner distribution with
temperature 6y, where p; = ymuv, and p| = ymuy) are the relativistic mo-
menta in the perpendicular and parallel directions to the background magnetic
field respectively. Here, v = (1 + (p1/me)? + (p)/mc)?)"/? is the Lorentz fac-
tor. Other particle distributions (Bi-Maxwellians and beamed distribution)
are discussed in Sec. 3.5. The non-resonant interaction between the particles
and the waves causes the distribution to evolve, with the details of the de-
velopment depending on the magnetisation and temperature. This evolved
distribution is specified at time ¢ by F(pj,p1,t). In order for non-resonant in-
teractions to occur, it is necessary for Alfvén waves to propagate through the
plasma in addition to the steady background magnetic field. In a typical FRB
scenario, the Alfvén waves are generated by a central neutron star/magnetar,
resulting in a wavevector that is expected to be in the parallel direction only.
The spectral magnetic and electric fields of the waves are denoted as By and
E), respectively, where k is the wavenumber. The waves are assumed to vary
slowly in time, and to have a broad spectrum (Wu & Yoon, 2007; Yoon et al.,
2009).

We use kinetic theory to study the interaction between the waves and par-

ticles. The quasilinear approximation of this theory (Vedenov et al., 1961;
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Drummond & Rosenbluth, 1962) is used to determine how the particle dis-
tribution changes due to the interaction with the Alfvén waves. As described
in Chapter 2, the variables of the Vlasov equation are split into slowly vary-
ing average and first order fluctuation terms. The complete equation, which
contains both the resonant (line 2) and the non-resonant (line 3) terms, and

is correct in both relativistic and non-relativistic regimes, is

oF e? 1 Eyp 0 kpL 0
- = — dk— [ 1— —
ot 4 l;/ jan [( 7mw> op. * 'ymwﬁp”}
x{pL [W(S (w —lw, — M) | B2
ym
) 1 O |Ey)?
~Z (P
5 (7 (—z——)) 2

’fnpn) 0 ks 3]
x| (1- i ZIFrY 3.2
{( ymw ) Op;  ymw dpj (32)

as derived in Chapter 2. Here, as in Chapter 2, w. = eB/ymc is the particle

gyration frequency; w is the Alfvén wave frequency (whose dispersion relation
is described in Sec. 3.2.1 below) and [ is the harmonic number. We have
omitted the species subscript for clarity. The integration is over the Alfvénic
wavevector k, which is assumed to be in the direction parallel to Bg, as

described above.

The equation is governed by whether the resonance condition

_
ym

0 (3.3)

w — lw,

is satisfied. While this is the case in many plasmas, it is not in FRB emission
regions. Due to strong magnetic fields, plasmas in these environments tend
to have a low . For Alfvén waves in such a plasma, the inequalities w. > w
and w. > % hold (Wu & Yoon, 2007), resulting in no contribution from

the resonant term. Furthermore, as is shown below, even in plasmas with
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higher 3 values the resonance condition may not be satisfied if the maximum
wavenumber of the system is sufficiently small. The presence of the a\g_fﬁ
term requires that the Alfvén wave electric field varies temporally in the non-

resonant case, a restriction that is not found in the resonant regime.

To ensure that the above conditions are always satisfied, the maximum wavenum-
ber of the Alfvén wave, k., must not be too large. Assuming an Alfvén re-
lation of w = kc in the highly magnetised and relativistic case, the condition
for the non-resonant interaction to remain dominant becomes w, > kpaxC.
We can further assume that the Alfvén wave is generated by some instability
of the neutron star such as a quake (Blaes et al., 1989). Thus the wave-
length A = R, will be some fraction £ of the neutron star radius R,, with
a corresponding wavenumber of k ~ 27w /(¢R.). The condition of validity
thus becomes 27c/(w.R,) < €. Using fiducial values of R, = 10° cm and
w. = 10° rad s~!, which is appropriate for FRBs, we obtain the condition
E>2x 10*4w;§R;é, where we use the convention @) = 10°Q), in cgs units.
Typical wavelengths of waves in neutron star crusts are estimated to be of
the order of A ~ 10* cm to A ~ 107 cm, the equivalent of £ ~ 1072R_¢ to
£~ 10R;é(Blaes et al., 1989; Beloborodov, 2023). Therefore, the maximum
value of kyay Will not exceed a fraction of w./c, confirming that the interaction
will remain in the non-resonant regime. In low magnetisation cases, the value
of kmax will be lower due to the reduced Alfvén velocity, resulting in an even

less restrictive limit.

The non-resonant term can itself be simplified through the approximation

(Yoon et al., 2009):
9 (py L ol 1 0lE (3.4)
20w W — lw, — M2L ot 2w? Ot '
ym

In order to present Eq. (3.2) more clearly, we expand the equation and sepa-
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rate the terms, using the [ = +1 harmonics. The resulting expression is

q2
a_F B o2 I <2+ ,Y—é) B 212(]” a_F
ot 4Am2cw? ¥ v | Og
! £\, ket ha (21 %)
+|— 13(1+2—2>+ A
qL v y 8
_Lg | oF
7?2 | Oq.1
ng @2
72 aq”
Lqt T 2F
s 22\\ o hy )9 2
gl v ) 9q%
I I 0’F
(2 191 _9 241 9| ’ (3_5)
g v? ) 0q)9q.

where g = p/mc =72 =1f, and I = fdkE)'Ek‘ ci” I, = fdkawk| ka and
L= dka‘E’“| Eq. (3.5) is correct in the limit of strong magnetic fields, in

both the relativistic and non-relativistic regimes.

Each line in Eq. (3.5) describes a different component of the overall evolution,

which we respectively denote as (%—f) . From top to bottom, these terms
describe parallel advection (a—F)” |» berpendicular advection (%—f) It parallel

oF

OF
)L,Z and a mixed term (E

diffusion (aF )H ,» perpendicular diffusion (E

)miz'

3.2.1 Dispersion relation of the Alfvén waves

In order to solve the time evolution of the distribution function described by
Eq. (3.5), one needs to evaluate the integrals I, I and I3. The integrals /; and
15 are calculated using either the non-relativistic Alfvén dispersion relation

w = kva, where vy is the Alfvén velocity, or the full relativistic solution given

20



by (Asenjo et al., 2009; Munoz et al., 2014),

w? — Ak Ewps

e (3.6)

Here w' = w — kug; v is the particles’ bulk velocity (in case it is non-zero);

fs= (Z;S; ) / K, (m“C ) is the plasma’s enthalpy; 7, is the species Lorentz

factor. K; denotes a modified Bessel function of the second kind of order .

In the non-relativistic regime the ratios between the integrals are simply given
by I = “A1, = i[g. In this limit therefore Iy > I; > I3 for all v4 < ¢. This
relationship also holds in the relativistic case, provided that k.. is sufficiently
small that the w — k relationship remains linear, which is the case for the

parameter space examined in this work.

To demonstrate this, expanding Eq. (3.6) for a two species plasma gives

2 272 2 w’ 2 w’
w—cki=w_ —m— Fw, — 3.7
w0 TP ey = Qy (3.7
where the subscript + denotes the positively charged species and the subscript
— denotes the electrons. Defining y = m /m_ as the mass ratio of the two
species and assuming both species have equal f and 7, the above equation

can be written as

2 2
2 Wt HWp 2,2
_ — Pk =0 3.8
ot o ()~ =0 (38)

for particles with zero bulk velocity. In the low frequency limit, fyw < Q.

one can make the following approximations:

frw =y Q+ Q+
e (1 - M—"") . (3.9)
JAw + pfdy Q4 uem
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The term in brackets in Eq. (3.8) can therefore be written as

2 2
Wp+ HWp ) f ywprr ( 1)
— + — ~ 1 + - ) (310)
(fvw —Qy  frw+pQy 0 [t
and the entire dispersion relation can therefore be approximated as
1
<1+ Ll (1+—)) ~ 2k?, (3.11)
02 1

showing that the relativistic Alfvén wave dispersion relation is linear in the

low frequency regime of interest to this work, with a corresponding relativistic
» —1/2
Alfvén velocity of v, = c <1 + h Tt (1 + i))

3.2.2 Spectrum of the Alfvén wave

The outcome of the wave-particle interaction is insensitive to the precise spec-

trum chosen, provided that the Alfvén wave dispersion relation is linear, as

I3 always holds. We demonstrate this below.

. . v
in this case I} = =], =

VA,rel
Consider waves having a power-law spectrum where the spectral electric field

is given by FEy(t) = Ey(t)k~?. Using B‘E’“( = = 2, E(t)?, where Ty, is the

spectral growth rate of the Alfvén wave, the terms I, Is and I35 become

k 2
I = / Akl B3k - = / dKDy 3k 7
w VA, rel
ck? 2
I, = z/dkrkEgk;—%_Q': - /dkrkEgkzﬁP,
W UA,rel
k729 o
I, = 2 / dkl,E2-L— = =2 / dKT W Egk; ™7, (3.12)
C C

with ratios that are independent of the power-law exponent. Note that we
explicitly used the assumption that the propagation direction of the Alfvén

waves is parallel to the background magnetic field.

The magnitude of each I, term (x = 1,2,3), and thus the time-scale and
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turbulence dependence of the process, is also independent of the precise spec-
trum provided that: (i) the spectral growth rate I'y is a constant and (ii) the

total energy contained in the spectra in question is the same.

To illustrate a case which satisfies the above requirements, we continue the
example of a power-law spectrum presented in Eq. (3.12) with the added

constraint that I'y is constant. The I, terms can be written as

o, F2

I, = k,72<,0+1 . k-?g&-‘rl ’
1 (_280 + 1)UA,rel ( max min )
o2I'cE?
L = i (ka2 - .
(_290 + 1)UA,rel
2FkEg -2 —2p+1

I = ———— 0 (k200 — k9. 3.13
3 (_290—1_ 1)0 ( max min ) ( )

Comparing this to a flat spectrum (¢ = 0),the ratio I, fat/ Lz power-law 1S given

by
[x at (k72go+1 o k—2§0+1)

max min

Ix,power—law B (kmax - kmin)(l — 290) '

This is the same factor obtained when comparing the energy density of a flat

(3.14)

spectrum Ej, = Ey and power-law spectrum Ejy = Egk™¥:

/ dkE? = / dkE2k=%,

) k—2<p+1 o k*.290+1)
E2 kmax - kmin = LK S ( —— - 5
E2 L2041 k*‘2<p+1
_0 _ ( max min ) (315)

2 (Fmax — Fmmin) (1 = 20)°

where we have assumed an equal wavenumber range in both cases. This
demonstrates that the magnitudes of the I, terms, and thus the time-scale of

the interaction, are independent of the Alfvén wave spectrum in this case.
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3.3 Methods and analysis

3.3.1 Solving the non-resonant wave-particle interac-

tion

To solve Eq. (3.5), a number of numerical schemes were used. These include
the Crank-Nicolson, upwind differencing and fully implicit finite difference
methods (Press et al., 2007). The equation was solved in MATLAB on a term
by term basis. The initial conditions are the initial distribution function Fj,

which is taken to be a Maxwell-Jiittner distribution with a normalised temper-

kT .
me2 )

as we are primarily interested in the scenario of FRBs, in which case the

ature 0 =

and the magnetisation & = Q?/w?. We assume that m = m,

most likely emission environment is the pair wind of a neutron star/magnetar.
However, the results can be rescaled appropriately by using the correct Alfvén

velocity for other plasma compositions.

dkB?
/ 5z =, the

ratio of the wave to background magnetic field energy density. This ratio is

The Alfvén wave turbulence is described by the quantity n =

assumed to take the form n(t) = nee®'t, where 7 is the initial turbulence
level. Based on the discussion in Sec. 3.2.2, we take I' = I'}, as a constant for
simplicity. To ensure the quasilinear approximation remains valid, we require
n < 1land I' < Q. We further assume a single temperature and density
describing all species. The equation is evolved in units of 7 = %UE"Q” <%> t,
where <%> is the time averaged value. The state of the distribution depends
on the turbulence level of the Alfvén waves, and the time to reach a given

state depends on the growth rate of this turbulence. The results in Secs. 3.4

are therefore presented in terms of 7 for clarity.

The distribution function at a given value of 7 is calculated by solving Eq. (3.5).
This requires calculating the values for the integrals I;, I, and I3. We use
the dispersion relation (Eq. (3.6)) as discussed in Sec. 3.2.1. While the values
of these integrals determine the time-scale for reaching a steady state, their

ratio determines the amount of energy available in the population inversion.
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Figure 3.1: The value of I,/I; versus magnetisation & for a wavenumber range

0 < k < 0.01Q/¢, showing how for a given &, I,/I; increases with temperature.

For ¢ < 1, the relationship between the two quantities is I/I; g 1/2,

The ratio I,/I; is presented in Fig. 3.1, showing its dependence on both
magnetisation and temperature. This ratio is equal to Iy/I; = ¢/va e in
the linear regime, although the numerical results we show are general. The
value of I/I; decreases as the magnetisation increases, asymptoting to a
value of I/} = 1 at a temperature dependent magnetisation of ¢ 2 10.
Physically, this occurs when v4,, approaches c. For lower magnetisations

1/2.

g < 1, the relationship becomes I/} o< ¢~ This is to be expected as

/2 In this regime, the value of I,/I; increases with temperature

VAgrel X o
for all magnetisations in this range due to the decrease in v4,¢ at higher

temperatures.

Results were obtained across a large parameter space, with temperatures rang-
ing from # = 1072 to # = 3 and magnetisations greater than & ~ 10~* ex-
amined. As a demonstration of the evolution of the initial Maxwell-Juttner
distribution, Fig. 3.2 shows contour plots of the distribution at n = 0, n = 0.1,
n = 0.3 and n = 1. The results in Fig. 3.2 are for an initial temperature of
0 =102 and I,/I; = 1, equivalent to o 2> 102. The formation of the crescent

shape is visible through the extension of the initial distribution to larger values
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of g, for gy > 0, with the arms of the crescent expanding as the distribution
continues to evolve. The numerical results are validated by comparing to the
analytical low turbulence solution given in Wu & Yoon (2007) in Appendix A.
We examine the overall evolution and properties of the particle distribution
function in Secs. 3.4 and 3.5 below, before examining the formation of the

crescent-shaped population inversion in detail in Chapter 4.
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Figure 3.2: Contour plots of the distribution function F' for an initial Maxwell-
Jiittner distribution in the high magnetisation regime with # = 1072 and
I,/I, = 1. Panel (a) shows the initial distribution function Fy; panel (b)
shows I at n = 0.1; panel (c) shows the distribution at n = 0.3 and panel
(d) shows the distribution at 7 = 1. The progression from the initial to the
final turbulence shows the development of the arms of the crescent-shaped
population inversion. The values are normalised to the maximum value of
F(n) and are plotted on a log scale.
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3.4 Results: Maxwellian distributions

A natural way to examine the impact of the non-resonant interaction on the
plasma is by examining its effect on the kinetic energy, temperature, and
possible bulk motion of the distribution. In this section, we examine the
evolved particle distributions resulting from initial Maxwell-Jittner distribu-

tions across a wide range of temperatures and magnetisations.

We define the following physical quantities of relevance to the analysis. The

kinetic energy of the distribution is given by

(KE) = Eu = [ das(@ - 1F(a) (3.16)

The parallel and perpendicular temperatures can be defined through the rel-

ativistic pressure such that

1 ‘il
0, 2/dq7(q)F(Q)7
0 Z/dq%q) (a), (3.17)

with the temperature anisotropy given by A = 60,/60). We also define the

average parallel and perpendicular momenta

(qL) :/dq qLF(q),
{q) :/dq qF(a), (3.18)

where F' has been normalised appropriately in each case.
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Figure 3.3: Contour plots of the distribution function F' at a turbulence level
of n =1 for an initial Maxwell-Jiittner distribution in the high magnetisation
regime [/]; = 1. Panel (a) shows the result for an initial temperature of
6 = 107%; panel (b) is for 6 = 107! ; panel (c) has # = 1 and panel (d)
has @ = 3. The values are normalised to the maximum value of F(n = 1)
and are plotted on a log scale. Note how the arms of the crescent shape
are more pronounced at lower temperatures due to the reduced width of the
distribution.
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3.4.1 Varying temperature

We first analyse how the initial temperature affects the properties of the
plasma. Contour plots of F' are shown for initial temperatures of 1072 < 0 < 3
in Fig. 3.3 at a turbulence level of 7 = 1. These results are for the high mag-
netisation case with Iy/I; = 1. Note that the scales on the axes are not
the same due to the different widths of the particle distributions in momen-
tum space. The properties of these distributions are shown in Fig. 3.4 as a
function of 1. The average kinetic energy is shown in Fig. 3.4a, the temper-
ature anisotropy in Fig. 3.4b, the perpendicular and parallel temperatures in
Figs. 3.4c and 3.4d, and the average perpendicular and parallel momenta in
Figs. 3.4e and 3.4f. In each case the quantities are shown for initial tempera-

tures ranging from 6 = 1073 to 0 = 3.

In each case some clear trends emerge. In the case of the kinetic energy,
there is naturally no significant increase until the energy of the turbulence
becomes comparable to the thermal energy of the distribution, as can be seen
in Fig. 3.4a. For this reason, the lower initial temperatures show dramatic
increases in temperature, while the hotter distributions have only a moderate
increase. As expected, higher initial temperatures require correspondingly
higher turbulence levels to undergo significant changes. Once the turbulence
level does increase sufficiently, the kinetic energy increases linearly as the wave

energy is transferred to the particle distribution.

The temperature anisotropy A undergoes two distinct phases of evolution, as
shown in Fig. 3.4b. For lower levels of turbulence, A increases as 7 increases.
This initial increase is well modelled by the non-relativistic perpendicular
evolution result found by Wu & Yoon (2007), who found that A ~ 1 + 4e,
where € is defined in Eq. (2.8). This function is shown as the dashed maroon
line for the § = 1073 case. This anisotropy results from the increase in
perpendicular temperature of 6, (¢) = 6, (1 + 4¢), which is also shown as a
dashed maroon line in Fig. 3.4c for # = 1073. At moderate values of 1 the
anisotropy reaches its maximum value before beginning to decrease again.

This decrease is due to the increase in the apparent parallel temperature
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at this point, as can be seen in Fig. 3.4d. We note that this is not a true
temperature, but is partly caused by the formation of the crescent-shaped
arms of the distribution which extend to large positive parallel momentum
values. However, the spread of the distribution in the parallel direction does
also increase as the perpendicular temperature increases. This can be seen by
the fact that the parallel diffusion term is proportional to ¢? (see the (%—f) 12
term in Eq. (3.5)). The maximum temperature anisotropy possible decreases
with increasing temperature, as the hotter distribution is less affected by the

Alfvén waves due to its higher internal energy.

While the increase in (g, ) shown in Fig. 3.4e closely mirrors the increase in
perpendicular temperature, the average parallel momentum increases linearly
with time. This is due to the constant shift to higher positive parallel mo-
menta caused by the Alfvén waves. This results in a bulk parallel momentum

of g > 0, as is discussed further in Chapter 4.
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Figure 3.4: Parameters of the particle distribution in the high magnetisation
case (Iy/I; = 1) as a function of the turbulence level . Panel (a) shows
the average kinetic energy. Panel (b) the temperature anisotropy A. Panel
(c) shows the perpendicular temperature while panel (d) shows the parallel
temperature. The average perpendicular and parallel momenta are shown
in panel (e) and panel (f) respectively. In each case the quantities are
shown for initial temperatures ranging from 6 = 1073 to # = 3, shown as
different colour solid lines. The dashed maroon lines in panels (b) and (c)
show the perpendicular evolution approximation from Wu & Yoon (2007) for
the § = 1073 case.
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3.4.2 Varying magnetisation

The other primary parameter which defines the behaviour of the particles is
the magnetisation, primarily through its impact on the Alfvén velocity and the
terms I;, I5 and I3. The evolution of an initial Maxwell-Jiittner distribution
with § = 1072 (shown in Fig. 3.5a) is shown for different magnetisations in
the other panels of Fig. 3.5. Fig. 3.5b shows a contour plot for I,/I; = 1,
Fig. 3.5¢ shows a contour plot for I/I; = 3 and Fig. 3.5d shows a contour plot
for I/I; = 10. All are presented for a turbulence level of n = 1. The impact
of the magnetisation on the formation of the crescent shape is immediately

clear, with the shape becoming much less pronounced as I/I; increases.

The dependence of the plasma properties on varying magnetisations is shown
in Fig. 3.6 as a function of n for 1 < I/I; < 100. All results presented are
again for an initial temperature of § = 1072. The average kinetic energy is
shown in Fig. 3.6a, the temperature anisotropy in Fig. 3.6b, the perpendicular
and parallel temperatures in Figs. 3.6¢c and 3.6d, and the average perpendic-
ular and parallel momenta in Figs. 3.6e and 3.6f. As in Figs. 3.4b and 3.4c,
the non-relativistic perpendicular evolution from Wu & Yoon (2007) is shown

as the dashed maroon line for the I5/I; = 1 case.

Pronounced differences are clear across all the quantities examined. In each
case, the properties of the particle distribution are disturbed more from their
initial conditions in the high magnetisation scenario (I5/I; = 1). The general
behaviour is the same as the magnetisation decreases, with the kinetic energy,
temperature anisotropy, temperatures and average momenta all increasing
with 1. However, the rate at which these quantities change decreases as the
magnetisation increases. Indeed, for Iy/I; = 10 — 30, there is very little
change in the temperature or kinetic energy, even for high turbulence levels.
There is still, however, an increase in the parallel bulk velocity, as can be
seen in Fig. 3.5d. Although less pronounced evolution is expected at lower
magnetisation due to the relatively larger plasma [, the more detailed analysis
presented in Chapter 4 below shows that this is not the sole cause of the

observed behaviour.

63



4@ (b) 710°
3
2
1 3
A =
gz 5
©) @ =
3 3
2
i

O i i i i H i i
432101234 432101234
q)

Figure 3.5: Contour plots of an initial Maxwell-Jiittner distribution. All
plots have an initial temperature of # = 1072. Panel (a) shows the initial
distribution (n = 0). Panel (b) shows the distribution for Ir/I; = 1 at
n = 1. Panel (c) shows the distribution for Ir/I; = 3 at n = 1 while
panel (d) presents the distribution for I5/I; = 10 at n = 1. The values are
normalised to the maximum value of F' and are plotted on a log scale. As
I,/I; increases, the distribution undergoes smaller changes.
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Figure 3.6: Parameters of the particle distribution for varying values of I5/I;
as a function of the turbulence level 1. Panel (a) shows the average kinetic
energy. Panel (b) the temperature anisotropy A. Panel (c) shows the
perpendicular temperature while panel (d) shows the parallel temperature.
The average perpendicular and parallel momenta are shown in panel (e)
and panel (f) respectively. In each case the quantities are shown for an
initial temperature of § = 1072, with different I/I; values shown by different
colour solid lines. The dashed maroon lines in panels (b) and (¢) show the
perpendicular evolution approximation from Wu & Yoon (2007) for the 6 =
1073 case.
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3.5 Results: Non-Maxwellian distributions

3.5.1 Initial temperature anisotropy

Further insight into the evolution of the plasma can be gained from exam-
ining the effect of an initial temperature anisotropy. Such distributions are
both common in nature (e.g Gary et al., 2001; Gary, 1993; Verscharen et al.,
2019) and can be used to further our understanding of the evolution of an
initially isotropic distribution. To examine the situation, we begin from an
initial anisotropic Maxwell-Jiittner distribution of the form (Baumjohann &
Treumann, 2023)

F(qi,q)) = Cexp (—911\/1 +qi+ Aoqﬁ) , (3.19)

where C' is the normalisation factor and Ay is the initial anisotropy. We exam-
ine a range of anisotropies % < Ay = % < 5 in the high magnetisation regime
(I,/I; = 1). In each case, the initial perpendicular temperature is §;, = 1072.
The properties of these distributions are shown in Fig. 3.7 as a function of 7.
The average kinetic energy is shown in Fig. 3.7a, the temperature anisotropy
in Fig. 3.7b, the perpendicular and parallel temperatures in Figs. 3.7c and
3.7d, and the average perpendicular and parallel momenta in Figs. 3.7e and

3.7¢.

The general trends are the same as in the isotropic case, with all quantities
initially increasing as n increases. The presence of the temperature anisotropy
has no impact on the perpendicular temperature or average momenta, as
can be seen in Figs. 3.7c, 3.7e and 3.7f. However, the parallel temperature
increases more rapidly for lower initial values of 6, with the values converging
to similar values for all Ay at high turbulence levels. This can be explained

by examining Eq. (3.5). The parallel diffusion term, (%—f) depends on the

1,27
square of the perpendicular momentum, as discussed in Sec. 3.4.1. Thus,
for larger perpendicular momenta, diffusion in the parallel direction proceeds

more rapidly. In contrast, the perpendicular diffusion is dominated by the
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I3 term (see the (%—f)LQ term in Eq. (3.5)) in the highly magnetised regime

where [ = I, = I3. This has no dependence on the parallel momentum, and

as such is not affected by the temperature anisotropy.

Furthermore, even at small ¢, the presence of an anisotropy results in the
spread of the particle distribution in both the positive and negative parallel
directions. This can be seen from the expression for % which has been
taken from Eq. (3.5):

OF(¢ =0) _ exp (—911, /1+ Aqﬁ‘>
ot 0.1+t 1+ Ag?
x (= (A=1)Lat\[1+q + (A= 21 (1 + )
+ I(1+ g})*2), (3.20)

where C' contains all the constants omitted for clarity. Setting % =0

results in the expression

—(A =D\ 1+ ¢+ (A=2)Lg (1 +q]) + L1+ ¢)** =0.  (3.21)

The solution for ¢ < 0 in the linear regime where I, = %]2 = < J3is

VA,rel

then given by
1

q = _\/([2/11)2(14 —12-1
oF

A positive - in the g < 0 region is therefore only possible when I, /I >

1/|A — 1|, which requires a temperature anisotropy. When the temperature

(3.22)

anisotropy is large, the distribution begins to spread in the parallel direction
resulting in an equalisation of the temperatures even for small perpendicular
momenta. The effect is more pronounced the further A is from unity, which
results in the properties of the plasma converging for large values of 7, as can

be seen in Fig. 3.7.

This convergence can also be seen in the contour plots shown in Fig. 3.8.

Here, Fig. 3.8a and 3.8b display contour plots for Aq = 2 at turbulence levels
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of n = 0 and n = 1 respectively, while Figs. 3.8a and 3.8b show the same for
Ag = 0.5. The general shape of the distribution is the same in both n = 1
cases, with the primary difference being the width of the distributions in the
parallel direction. This difference in width is present despite the value of 6
being approximately equal for both distributions, as can be seen in Fig. 3.7d.
This emphasises the point made in Sec. 3.4.1 that the value of §; is not a true
temperature, but rather is largely due to the positive parallel momentum of

the arms of the crescent as n approaches unity.
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Figure 3.7: Parameters of an anisotropic distribution as a function of the
turbulence level 7 for varying initial Ag and I5/I;. The initial distribution is
given by Eq. (3.19). Panel (a) shows the average kinetic energy. Panel (b)
the temperature anisotropy A. Panel (c) shows the perpendicular tempera-
ture while panel (d) shows the parallel temperature. The absolute value of
the average perpendicular and parallel momenta are shown in panel (e) and
panel (f) respectively. In panels (c), (e) and (f) all values of Ay produce very
similar results.
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Figure 3.8: Contour plots of the anisotropic distribution given by Eq. (3.19).
All plots are for I,/I; = 1. Panel (a) shows the initial distribution (n = 0)
for Ag = 2 while panel (b) shows the distribution for Ay = 2 at n = 1.
Panel (c) shows the initial distribution (n = 0) for Ay = 0.5 and panel (d)
shows the distribution for Ay = 0.5 at = 1. The values are normalised
to the maximum value of F' and are plotted on a log scale. The width of
the distribution in the parallel direction is largely preserved throughout the
evolution.
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3.5.2 Beam distributions

Distributions containing beams are common across astrophysical systems (e.g
Bret et al., 2010; Verscharen et al., 2019). For this reason, in this section we

deal with a parallel beam distribution of the form
Flqr,q)) = Cexp (—9‘1% [ 1+q¢t +qf - 5bQ||]) (3.23)

where 3, is the beam velocity in the parallel direction and 7, = (1 — ﬁb)fl/ .
We assume that this beam is present in addition to a thermal component with
no bulk velocity which dominates the dispersion relation of the Alfvén waves,

so that the formalism described in Sec. 3.2.2 can be used throughout.

The properties of the beam distributions are shown in Fig. 3.9 as a function
of n for varying I/I; and (,. As in the previous sections, the average ki-
netic energy is shown in Fig. 3.9a, the temperature anisotropy in Fig. 3.9b,
the perpendicular and parallel temperatures in Figs. 3.9c and 3.9d, and the
average perpendicular and parallel momenta in Figs. 3.9e and 3.9f. In each
case the quantities are shown for an initial temperature of § = 1072. The
kinetic energy and temperatures are calculated in the rest frame of the beam
plasma, while the average momenta are calculated in the lab frame. One of
the parameter sets is for a beam with a negative beam velocity (i.e. travelling
in the opposite direction to the Alfvén waves) of £, = —0.9 and is shown in
green. For this reason the average parallel momentum in Fig. 3.9f is shown

as an absolute value.

The results for this scenario show some interesting differences in comparison
to the previous models with no bulk velocity. The increase in energy and
temperature is actually larger at lower magnetisations (larger I5/I), the op-
posite result to the previous cases. At lower magnetisations, the wave actually
has a lower phase velocity than the velocity of the particles, resulting in the
particles undergoing a reduction in parallel momentum. The effect of pitch-
angle scattering is particularly pronounced in this case, with large increases

in perpendicular temperature and momentum necessary to conserve the total
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energy even for quite low turbulence levels. The changes are most extreme
for the negative beam velocity case due to the large difference between the

wave velocity and fj.

The strong distortion of the initial particle distribution can be clearly seen in
Fig. 3.10. Here, Fig. 3.10a shows the initial distribution for 5, = 0.9, while
Figs. 3.10b, 3.10c and 3.10d show the distribution at n = 1 for I,/I; = 1,
I,/I; = 3 and I/1; = 10 respectively. For I,/I; = 1, B4 > [, and particles
are scattered to larger values of g, as in the case with no beam velocity.
However, the results shown in Figs. 3.10c and 3.10d demonstrate the major
changes that occur when 54 < (. As in the previous sections, the large
values of §) shown in Fig. 3.9d are not true temperatures but are due to the

pitch-angle scattering.
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Figure 3.9: Parameters of a beam distribution as a function of the turbulence
level ) for varying beam velocities 3, and I,/I;. Panel (a) shows the average
kinetic energy. Panel (b) the temperature anisotropy A. Panel (c) shows
the perpendicular temperature while panel (d) shows the parallel tempera-
ture. The absolute value of the average perpendicular and parallel momenta
are shown in panel (e) and panel (f) respectively. Note that the average
parallel momentum is negative for the I,/I; = 3, 5, = —0.9 case. All quanti-
ties are measured in the beam plasma frame except for the average momenta.
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Figure 3.10: Contour plots of the beam distribution function given by
Eq. (3.23). All plots are for 8, = 0.9. Panel (a) shows the initial distri-
bution (n = 0); panel (b) shows the distribution for I/} = 1 at n = 1;
panel (c) shows the distribution for I;/I; = 3 at n = 1 and panel (d)
presents distribution for I5/I; = 10 at n = 1. The values are normalised to
the maximum value of F' and are plotted on a log scale. Note that in this
case the distortion from the initial distribution is greatest for larger values of

L1,
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3.6 Discussion and conclusions

The results presented above indicate that the non-resonant interaction be-
tween Alfvén waves and relativistically hot plasmas is capable of significantly
changing the properties of said plasma. We show that the interaction is largely
independent of the spectrum of the Alfvén waves and primarily depends on
the turbulence level. The turbulence imparts energy to the plasma, resulting
in an increase in kinetic energy, with the gain in momentum primarily in the
perpendicular direction due to pitch-angle scattering. The waves also impart
a bulk velocity in the positive parallel direction (i.e. the direction of the
waves’ propagation). The effect on the plasma is most pronounced at lower
temperatures and higher magnetisations, as in these cases the thermal energy

of the plasma is relatively lower compared to the wave energy.

The imposition of an initial temperature anisotropy does not significantly alter
the results for large turbulence levels. While at lower values of ) the properties
of the plasma differ greatly due to the initial anisotropy, as the turbulence level
increases the particle distribution asymptotes to similar temperatures and
kinetic energy. Therefore, a standard isotropic Maxwell-Jiittner distribution
provides an adequate approximation for anisotropic distributions in terms
of evaluating their response to non-resonant interactions with Alfvén waves.
The presence of a temperature anisotropy itself does not guarantee SME, as
A # 1 does not necessarily imply the formation of the required population
inversion with a positive perpendicular gradient. For instance, a simple bi-
Maxwellian has gq—i < 0 at all points in momentum space. For this reason,
the formation of the crescent shape is crucial for SME, as is discussed in the
following chapter. However, the temperature anisotropy formed as a result of
the non-resonant interaction is indeed susceptible to other plasma instabilities
such as the mirror and firehose instabilities, which are discussed in more detail

in Sec. 4.4.

In contrast, the presence of a particle beam results in quite different results.
The outcome of the non-resonant interaction in this case depends strongly on

the relative velocity of the Alfvén waves and the beam itself. For vy > vy,
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the particles are scattered to higher parallel momenta, as in the v, = 0 case.
However, if v4 < vy, which is the case for lower magnetisations or higher beam
velocities, the particles are naturally scattered to lower parallel momenta.
This can result in the formation of strong crescent-shaped distributions even
at lower magnetisations, a significant difference to the case with no bulk
velocity. As beams are ubiquitous in many different astrophysical scenarios
from solar flares (e.g Verscharen et al., 2019) to gamma-ray bursts (GRBs) (e.g
Bret et al., 2010), these results may have broad applications. We note that the
beam plasma is more susceptible to resonant effects such as Landau damping
for wave modes with non-zero parallel electric fields E), as the condition

w = kjv can be fulfilled, depending on the magnetisation and beam velocity.

Throughout this chapter we have established and quantified the evolution of
various plasma properties as a result of the non-resonant interactions with
Alfvén waves. However, in order to evaluate the utility of this mechanism
in the case of SME and FRBs, further analysis is necessary to examine the
formation of the crescent shape and whether the resulting population inversion
is capable of supporting SME. These matters are discussed in Chapters 4 and
5 below.
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Chapter 4

The formation of a population
inversion through non-resonant

interactions

4.1 Introduction

The analysis in Chapter 3 demonstrates that the non-resonant interaction
between Alfvén waves and a relativistic plasma can significantly alter the
properties of the plasma. The interaction results in enhanced temperature
in both the perpendicular and parallel directions, as well as introducing a
bulk velocity in the positive parallel direction. Furthermore, at relatively
high turbulence levels of n = 0.1 a crescent-shaped distribution is formed,
even at relativistic temperatures. This distribution contains the population
inversion required for SME, as discussed in Chapters 1 and 2. In this chapter,
we analyse the formation of this crescent shape, and how it may be applied to
FRBs. We do this by exploring the parameter space in both magnetisation and

temperature and by quantifying the behaviour in different physical regimes.

This chapter is structured as follows. Sec. 4.2 presents a detailed analysis

of the quasilinear kinetic equation and how different terms contribute to the
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formation of the crescent shape. Semi-analytical results for the behaviour of
individual terms are derived in Appendix B. In Sec. 4.3 we present the results
for both the energy fraction contained in the population inversion and the
relevant formation time-scales. These results are discussed and compared to
the physical conditions necessary to produce FRBs in Sec. 4.4, and the results

of the chapter are summarised in the conclusion in Sec. 4.5.

4.2 Quantifying the crescent-shaped distribu-

tion

Although the quantities measured in Chapter 3 are important for under-
standing the general properties of the distorted particle distribution, further
analysis is necessary to examine the formation of the crescent-shaped dis-
tribution. Therefore, after solving Eq. (3.5) numerically using the methods
described in Chapter 3, we calculate the fraction of energy contained in the
crescent-shaped part of the distribution function, f;,,, as well as the turbu-
lence level needed to reach this value. To obtain f;,, we take the distribu-
tion obtained through solving Eq. (3.5) and calculate its total kinetic energy,
Eir = [dp(y(p) — 1)F(p). We compare this value to the total kinetic en-
ergy of another distribution with the same widths as the actual distribution
in both the parallel and perpendicular directions. However, this comparison
distribution is centred at the coordinates of the maximum value of the actual
distribution for all values of ¢,. The resulting distribution is therefore similar
to a bi-Maxwellian distribution with non-constant widths as the contributions
from the crescent-shaped arms, which are centred at increasingly large values
of gy > 0 as ¢, increases, have been removed. We denote the total kinetic
energy of this modified distribution as Ejp;. We then define f;,, by comparing
the two energy values: fi,, = (Eior — Ep;)/Eior- This quantity is therefore the
amount of excess energy contained in the crescent part of the deformed dis-
tribution only, and does not include any contributions from changes in energy

such as symmetrical increase in the perpendicular or parallel temperature.
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Figure 4.1: Contour plots of the distribution function F' for an initial Maxwell-
Jiittner distribution in the high magnetisation regime with # = 10~! and
I,/I; = 1. Panel (a) shows the initial distribution function Fj; panel (b)
shows F' at n = 0.3 and panel (c) shows the distribution at n = 1. The
progression from the initial to the final time step shows the development of the
arms of the crescent-shaped population inversion. The values are normalised
to the maximum initial value of Fy(f = 0.1) and are plotted on a log scale.

As shown in Chapter 5, the presence of a significant f;,,, does not guarantee
efficient maser emission, as the process also depends on the gradients of the
distribution and where the population inversion overlaps with the resonance
ellipses. However, it serves as a useful proxy for the level of distortion induced

by the non-resonant interactions.

4.2.1 Detailed analysis of the non-resonant interaction

at high magnetisations

For consistency across the following analysis, we will focus on an initial
Maxwell-Jiittner distribution with an initial temperature of § = 10~ and
I,/I; = 1, equivalent to & = 10%. The evolution of such a distribution is

~

shown in Fig. 4.1, which presents contour plots at n =0, n = 0.3 and n = 1.
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The formation of the crescent shape is visible through the extension of the
initial distribution to larger values of ¢, for ¢ > 0, with the arms of the

crescent expanding as the distribution continues to evolve.

A plot of % is shown in Fig. 4.2 for an initial Maxwell-Jiittner distribution

with temperature § = 0.1 and I5/I; = 1, the same parameters as displayed
in Fig. 4.1. As shown in Fig. 4.2, the primary outcome of the wave-particle
interaction is to transfer particles from regions of low perpendicular momen-
tum, ¢, < 0.5, and negative parallel momentum, ¢ < 0 (the blue region in

~

Fig. 4.2), to higher perpendicular momenta (in both the positive and negative

directions) through pitch-angle diffusion. The resulting regions of positive %~
are primarily in the g > 0 half of the momentum space. The interaction
also results in a bulk momentum in the parallel direction, as can be seen in

Fig. 4.1c, where the peak of the distribution is located at ¢ ~ 1.

To determine how the non-resonant interaction results in the overall evolution
shown in Fig. 4.2, it is necessary to compare the terms in Eq. (3.5) with
each other. Examining the contributions to %if from each individual term
in Fig. 4.3 allows us to determine which terms are most important to the

formation of the population inversion. All five terms are presented in Fig. 4.3a

to 4.3e, showing (%O)H,l’ (%)LJ’ (%)H,?’ (%)LQ and (250)

for the same set of parameters as presented in Fig. 4.2. We note that % is

asymmetric in the parallel direction, which is important to the formation of

i TESDECEIVElY

the crescent shape seen in Fig. 4.1. Indeed, several of the terms in Eq. (3.5)
are asymmetric about g = 0. Both perpendicular terms have a maximum
magnitude offset from ¢ = 0, as can be seen in Fig. 4.3b and 4.3d. This offset
is due to the I3 terms in both coefficients, shown on lines 2 and 4 of Eq. (3.5).

However, the only two terms where the maximum value of % is centred

at . > 0 and ¢ > 0 are the parallel diffusion term (%)” ,» displayed in
Fig. 4.3¢, and the mixed term (%)mim’ shown in Fig. 4.3e. The parallel

diffusion term is considerably lower in magnitude than the mixed term, and

furthermore is symmetric in the parallel direction. As none of the other terms

0Fy

provide the necessary positive regions of %

at ¢ > 0 and g > 0, this leads
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Figure 4.2: Contour plot of % for a Maxwell-Jiittner distribution in the high
magnetisation regime for # = 0.1 and I5/I; = 1. The values are normalised
to the maximum value of %. The coordinates of the maximum value of %—Ff;
are marked by the black crosses. The positive contribution of this term is
strongest off-axis in the g > 0 region, and will lead to an evolved distribution
as in Fig. 4.1b.
us to conclude that (%)mm is the crucial term that determines the level of
population inversion that is formed. This is the case even though it is not
the largest term for any set of parameters. The overall form of %Lto in Fig. 4.2
is dominated by the perpendicular terms, but the contribution of the mixed
term provides the element that results in the maximum value of % being
centred at a value of g > 0 rather than ¢ = 0. At this high magnetisation,
OF,

the impact of the substantial region of positive % from the parallel advection
term in Fig. 4.3a is cancelled out by the equivalent negative % in the same

region from both perpendicular terms and the mixed term.
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Figure 4.3: Contour plots of each individual term (%):D from Eq. (3.5). Each

ot
(%)x is calculated for a Maxwell-Jittner distribution in the high magneti-
sation regime with = 0.1 and Iy/I; = 1. The values are normalised to the

maximum value of the overall aa%_ Panel (a) shows the parallel advection

term (%) I The contribution from this term consists of a strong %—f > () for
q < 0 and a weaker %—f < 0 for gy > 0. Panel (b) shows the perpendicular

advection term (%) T

the change in the distribution for these parameters and thus does not con-

tribute to the formation of the crescent-shaped inversion. Panel (c) shows

the parallel diffusion term (%)H ,- The maximum positive contribution for

This term has an entirely negative contribution to

ot
this term is strongest for ¢, > 0, as in the overall %. However, this term
is symmetric in both directions and is also relatively weak compared to the
other terms in Eq. (3.5). Panel (d) shows the perpendicular diffusion term

(%) L This term acts to symmetrically diffuse the particles in the per-
OFy

pendicular direction. Note the similarity to %52 in Fig. 4.2, except for the

location of the main regions where 22 > (. Finally, Panel (e) shows the

ot
mixed term <%)mm' The maximum positive contribution for this term is

ot
strongest for ¢ > 0 and ¢ > 0, as in the overall %.

8F°)” ,» Which has a similar form in the ¢ > 0

This term is also
considerably stronger than (W
part of the momentum space.
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4.2.2 Examining the magnetisation and temperature

dependence

To obtain an efficient population inversion with a high value of f;,,, one
requires an evolution of the particle distribution in both the parallel and per-
pendicular directions. The form of % (i.e. the general regions in momentum
space where the change in the distribution function is positive or negative) is
strongly dependent on the magnetisation. This can be seen in the progression
of Figs. 4.2, 4.4a, 4.4b, 4.4¢ and 4.4d which show % for I,/ =1, I,/ 1, = 2,
I/I, =3, I,/I; = 10 and I/I; = 30 respectively. The temperature in each
case is § = 107!, The black crosses in each figure show the coordinates of

oF,
ot

creases, the main positive regions of

the maximum value ( )maX. As the magnetisation decreases and I/ in-

oF
ot

the perpendicular direction to the positive parallel direction. This evolution

0Fy
ot

move from being predominantly in
can be quantified by the coordinates of ( )max, denoted as | max and q1 max-
The angle this point makes with the ¢ axis is defined as o = tan™* (‘;Tﬂ).

This angle is presented in Fig. 4.5 as a function of the magnetisation for a

range of temperatures.

The angle « provides a description of the general form of %. The maximal
value of the population inversion occurs for intermediate values of 0 < o < 7/2
where a clear crescent shape can form. However, some inversion will occur
even for extreme values of & = 0, 7/2, due to the contribution from the mixed

term. As discussed in Sec. 4.2.1, this provides the crucial positive regions of

oF,

%—f for g, > 0 and ¢ > 0. The importance of ( =

) _for different parameters
mix

is further discussed in Sec. 4.2.3 below.

Fig. 4.5 shows the evolution of « for different particle temperatures. While

or,
fat

the precise location of the positive and negative regions is temperature de-

the general form o is qualitatively the same for different temperatures,

pendent. As can be seen, « increases towards 7 as the temperature decreases,

implying that the distribution function changes predominantly in the perpen-

dicular direction, as described in previous works (e.g. Wu & Yoon, 2007; Yoon
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Figure 4.4: Contour plots of 8F % for Maxwell-Juttner distributions with 6 =
0.1. Panel (a) shows 2% for ]2/11 = 2, panel (b) shows 2% for I,/I; = 3,
panel (c) shows 22 for ]2/11 = 10 and panel (d) shows aFO for I,/1; = 30.
In each case the Values are normalised to the maximum Value of BI’;O. The
coordinates of the maximum value of % are marked by the black crosses. The
decrease in « with increasing I5/1; (equivalent to decreasing magnetisation)
is visible in the progression from panel (a) to panel (c¢) and (d), with o = 0
for Iy/I; = 10 and I,/ = 30.
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I2/I1

Figure 4.5: The angle o = tan™! <M> is plotted versus I/I; for tem-

q||,max

peratures ranging from 6 = 1072 to § = 3. The solution becomes closer to
perpendicular (o = 7/2) at lower temperatures as well as at higher magneti-
sations (lower values of I/1).

et al.,; 2009). While for all parameters there are effects in both the parallel
and perpendicular directions, the acceleration of particles in the perpendic-
ular direction through pitch-angle diffusion becomes stronger relative to the
parallel processes at lower temperatures. This will affect both the angle «
and the widths of the particle distribution in the parallel and perpendicu-
lar directions, 6 and ¢,. The results for the temperature dependence of «
obtained match expectations from previous analyses in the non-relativistic
regime which show that the temperature anisotropy A = 6, /) caused by the
non-resonant interaction decreases as the temperature increases (Wang et al.,
2006).

For all temperatures # examined, o always decreases toward 0 as the magneti-

sation decreases. This decrease is largely due to the behaviour of the parallel

advection term (a(,)if) e First, as I/1; increases, this term becomes positive

for ¢ > 0, which is in contrast to the case for high magnetisations (I5/I; ~ 1)

where <%)II,1 is negative for ¢ > 0. This can be seen by examining the co-
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the low/intermediate magnetisation regime for # = 0.1 and I5/I; = 30. The
values are normalised to the maximum value of %. In contrast to the case
in Fig. 4.3a where I,/I; = 1, for these parameters the contribution from this

term consists of a strong (%) > 0 for both positive and negative g.

Figure 4.6: Contour plot of ( )”1 for a Maxwell-Jittner distribution in

efficient for this term on line 1 of Eq. (3.5). As I5/I; increases, the term 2%3”

becomes greater in magnitude than the other terms contributing to (%) e
As there is an additional factor of —¢; from the partial derivative g—g in the
case of a Maxwell-Jiittner distribution, the dominance of this term results

in (%)” , being positive across all of momentum space. This is shown in

ot
Fig. 4.6, which displays (%)Hl for I/I; = 30. This figure also shows that
(%)H | is centred at ¢, = 0, contributing to a decrease in «. This is in con-

trast to the contribution from the parallel and mixed diffusion terms, which

are not centred at ¢, = 0 (see Fig. 4.3c and 4.3e respectively).

Furthermore, the parallel advection term increases in magnitude as I/I; in-

creases, becoming larger than all others at Ir/I; ~ 1.2 for § = 107!, This can
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be seen in Fig. 4.7 where the maximum value of each term (%

ot )x,max
Eq. (3.5) is plotted, with (%) I Lmas shown by the solid blue line. These val-

ues in Fig. 4.7 are normalised to the overall (%)mm. The value of I,/I; at

from

which the parallel advection term becomes largest is temperature dependent,

with the value increasing as the temperature decreases. The other major

terms at Iy/[; ~ 1 are (%) | 5 and (%ito)mm, shown by the solid purple and

green lines in Fig. 4.7 respectively. As both these terms are second order,
they are relatively stronger at lower temperatures due to the factor of 62
from the derivatives ‘gi]—g and 85"25; " This implies that the ratio I5/I; above
which the parallel advection term becomes dominant increases at lower tem-

peratures. The increase in strength of the parallel advection term, as well
as the relative weakness of the mixed term as the magnetisation decreases,
results in (%)maz shifting closer to ¢, = 0. As is shown in Figs. 4.4c and
4.4d, this combination of factors results in an overall initial evolution that is
closer to parallel advection in the low magnetisation parameter space, though

pitch-angle diffusion still occurs on a smaller scale.

The reduction in the relative strength of the pitch-angle diffusion relative to
the parallel processes when I5/I; > 1 results in evolved distributions that
do not display the obvious crescent shapes observed at high magnetisations
(such as in Fig. 4.1c¢), as discussed in our previous work (Long & Pe’er, 2023).
However, particles do still continue to be moved to higher perpendicular mo-
menta for ¢ > 0 even when o = 0, though with much reduced values of f;,,.

This is shown in our numerical results presented in Sec. 4.3.1.

To summarise the conclusions of the previous paragraphs, the acceleration of
particles to larger perpendicular momenta values becomes relatively stronger
both as the magnetisation increases and the temperature decreases, resulting
in an increase in « up to a maximum value of @ = /2. This value however
does not correspond to the most efficient population inversion as the result-
ing evolution is almost entirely perpendicular, while for the formation of the
population inversion some contribution from the mixed and parallel terms is
naturally required to produce a crescent shape. The maximum value of f;,,

is therefore obtained in the range 0 < o < 7/2. We note that these results
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Figure 4.7: Plot of the maximum value of every term in Eq. (3.5), normalised
to the maximum value of the total (2£2) ... The dashed cyan line shows a

ot
fit of (%ito) L tmax X I,/1;. This trend is followed by all terms except the

mixed one for I/I; > 1. These values are calculated for a temperature of
6 = 107!, As the temperature increases, the first order terms (aF 0)” , and

ot
(%) | ; will become stronger relative to the others, though the overall trends

will be unchanged.

are the equivalent of the mechanism becoming less efficient as the plasma [
increases, a result also seen in the non-relativistic regime (Wang & Wu, 2009).
We also emphasize that the maximum value of f;,, is not solely dependent
on «, but also strongly depends on the mixed term as discussed in detail in
Secs. 4.2.1 and 4.2.3.

4.2.3 The mixed term and formation of a population

inversion

Based on our previous analysis in Sec. 4.2.1, the mixed term is a crucial
element to the formation of the population inversion. We emphasize that
the mixed term is generally not the largest in magnitude and therefore does

not dominate the overall form of the evolved distribution, especially at lower
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magnetisations. However, it provides the necessary positive ‘98% for g, >0

and ¢ > 0 that leads to the crescent shape of the distribution. Further-
more, we show in Sec. 4.3 below that the trends followed by the mixed term

closely match our numerical results. In order to examine the parametric de-

OFy )
ot / miz,max

to

pendence of this term, it is useful to compare its maximum value (

0Fy )
Ot ) miz,max

as well as to

to that of the other terms. Fig. 4.8 presents the ratio of (

the parallel and perpendicular terms (% and (%) | o

ot )H,max

the overall (%)max and the sum of all the other terms except the mixed

term (% - (%)mix)max' Here (%)H,max - <<%)”,1 + (%)“’Q)max and

oy _ ((2R oF, . .
( Al )L’max = <( > )L,l + ( > )L,2> o are the maximum value of combined

parallel and perpendicular terms respectively. We combine these terms for
clarity of presentation as all the individual terms follow the same trends for

I/I; > 1, as shown in Fig. 4.7.

In all cases except that of the comparison to the overall (%)max, the ratio

is proportional to (Iy/I;)~? at large values of I/I; (I/I; Z 6 for § = 0.1
as in Fig. 4.8). This is the equivalent of (%)mmmax/ (%)%max x o at
these low and intermediate magnetisations, as Io/I; oc 3~ /2 for & < 1. As
I, /I, approaches 1, equivalent to higher magnetisations of ¢ g 1, the ratio
flattens out, becoming more weakly dependent on I5/I; (see Fig. 3.1 for the
temperature dependent I5/[;-6 relationship). These results are derived semi-

analytically in Appendix B below.

These trends are true for all temperatures, though the magnetisation at which
the linear relationship begins is temperature dependent. This can be seen in

Fig. 4.9, which presents the ratio (%)mm,max/ (%)L,max

peratures. We focus on this specific ratio in Fig. 4.9 and in Sec. 4.3 because the

& o and (%)mzx max/ (% B (%

other ratios (W)mm,max/ ( ot )||,max ot ot at )mi:p)max

show the same trends, and thus carry no new information. The relationship

for different tem-

ot ot
the temperature decreases.

(%)miax,max/ (%)L’max o (I5/1;)"% begins at increasing values of I,/I; as

To clarify this behaviour in terms of a more intuitive physical quantity, the

same ratio is plotted in Fig. 4.10 versus the relativistic magnetisation . This
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Figure 4.8: Plot of the ratio of (%)mixmax
the maximum value of the parallel terms (20

ot
ular terms (2£2), ... (orange), overall solution (2£2),.. (vellow) and

(%) - (%)mm)max (purple). The dashed green line indicates a fit of

(%)mix’max/ (%)Lmax o (I/1;)"%. These values are calculated for a tem-

for the mixed term to

) ||, max (blue) s perpendic-

perature of § = 1071

shows the (%)mm oo/ (% x o trend at low magnetisations, as de-

ot ot )L,max
scribed above. The region where the ratio flattens out, namely Io/I; < 2—10
(depending on the temperature), corresponds to a much larger region in terms
of the magnetisation due to the asymptotic behaviour of the I/} — o rela-
tionship as the relativistic Alfvén velocity approaches the speed of light. This
results in the relatively broader non-power-law regions in Fig. 4.10 compared
to Fig. 4.9. These trends are reproduced in the numerical results for f;,.
presented below in Sec. 4.3, supporting our conclusion about the importance

of the mixed term.
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4.3 Results

4.3.1 The energy in the population inversion

Fig. 4.11a to 4.11d show the fraction of energy in the population inversion, f;,,
versus o for temperatures of § = {3,1,107!, 1072} respectively. All the results
below are presented in terms of o rather than 5/ as the magnetisation is a
more useful physical quantity. The results are presented for values of n = 1
and 17 = 0.3. This range of values represents the upper limits on the maximum
achievable values of f;,, while satisfying the constraints of quasilinear theory.
The theory is valid for values of 7 not much smaller than unity (e.g. Yoon et al.,
2009). Magnetisations of ¢ > 10™* were examined. The results show that the
behaviour of f;,, with respect to the magnetisation of the plasma can be
divided up into three regimes. These consist of a high magnetisation regime
where f;,, is only weakly dependent on o, an intermediate magnetisation
regime where f;,, o< o, and a low magnetisation regime where f;,, decreases
rapidly as the magnetisation decreases. These regimes and their properties
are discussed in detail below, and a summary of the different regimes is given
in Table 4.1.

The transition between the high and intermediate magnetisation regimes oc-
curs at 0 = 01. We define this value as the maximum magnetisation for which
finw < 0. Above this value, the fraction of energy in the population inversion
depends weakly on the magnetisation, as can be seen by the flattening out of
finw for o > oy in Fig. 4.11a to 4.11d. This transition occurs for all n values
presented. We note that this transition is not a sharp cut-off at precisely
o1, but a more gradual change, as can be seen in both the numerical results
(Fig. 4.11a to 4.11d) and the ratio of <%)mix,max/ (%)Lmax (Fig. 4.9 and
4.10). As discussed in Sec. 4.2.1, the relative strength of the mixed term is
important to the formation of the population inversion. Indeed, the trend of
finv can be explained by the similar behaviour of (‘%O)mmmax / (%) 1 max in
the same magnetisation regime, as shown in Fig. 4.10.
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While for higher temperatures of # > 107! the fraction of energy in the
inversion simply transitions to an asymptotic value for ¢ > oy, this is not the
case for # = 1072 (see Fig. 4.11d). At this lower temperature, both f;,, and
(%)miz,max / (%) 1 mex initially increase with ¢ until reaching a peak value
at opeqr. This magnetisation corresponds to the value at which the inversion
contains the highest energy fraction for a given temperature. However, f;,,
then decreases as o increases up to og, which we define as the magnetisation
at which Io/I; = 1. As discussed in Sec. 3.2.1, this value is obtained when

varer — . The change in behaviour at lower temperatures can be explained

oF,
ot

for # = 1072, as is shown in Fig. 4.5. This is not the most efficient angle for

by noting that at g, the direction of ( )max is almost exactly perpendicular
the formation of the crescent shape, as particles need to be accelerated to
larger values of ¢, in the region ¢ > 0, rather than in the region centred at

qH =0.

When the magnetisation o > oy, the ratios of the various terms in Eq. (3.5)
are almost constant as v, — c¢. Therefore, the fraction of energy in the
inversion is independent of ¢ when o > 0g. This region is shown by the
horizontal bars in Fig. 4.11a to 4.11d, which continue indefinitely to higher
values of o. For temperatures of 6 > 107!, o also corresponds to opear, as

the ratio (%)miz,max/ (%)Jﬂmax

for these temperatures f;,, is at its maximum value for all o > oy.

is at its greatest for Iy/I; = 1. Therefore,

Below oy, the plasma is in the intermediate magnetisation region where the
fraction of energy in the population inversion increases linearly with o. As in
the high magnetisation regime, this behaviour can be explained by the relative
strength of the mixed term, as (%if)mmmax / (%) 1 max is also proportional
to o for ¢ < o;. This reduction in f;,, corresponds to the weakening of the
pitch-angle diffusion as the magnetisation decreases (and plasma £ increases),
as discussed in Sec. 4.2.2. In this regime the crescent shape no longer forms
as clearly as in the high magnetisation regime, as can be seen by compar-
ing Fig. 4.4c, which shows %

Fig. 4.4a and 4.4b which have o > o;.

in this intermediate magnetisation regime, to
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Table 4.1: A summary of the relationship between f;,, and o in the different
magnetisation regimes

magnetisation  f,,

o< 0O Constant

o1 <o <oy Weakly dependent on o

09 < 0 < 01 finw X O

0 < 09 Decreases sharply as o decreases

The fin, o< o relationship holds for all oy > ¢ > 0,. Here, 05 is the mag-

netisation value below which a cut-off exists. This effect occurs due to the

oF
f ot

magnetisation drops below this cut-off value. Above this threshold there is lit-

appearance of a positive region o centred at g, = 0 and g < 0 once the
tle to no diffusion in the parallel direction, with particles rather being moved
to larger positive g values only. However, below o3, particles begin to spread
in both the positive and negative g direction, sharply reducing the fraction
of particles being added to the population inversion. The contrast in %—f be-

tween the two scenarios is visible by comparing Fig. 4.4d, which presents 7

for A =1, to Fig. 4.12, which shows 86—}; for A=1.1. I/I; =30 and § = 10!
in both cases. In order for this effect to occur, a temperature anisotropy with
6, > 0) is required, as is shown below. Such an anisotropy always occurs
due to the non-resonant interaction (Wang et al., 2006), and the cut-off effect
acts to reduce this anisotropy by increasing 6. As discussed in Chapter 3,
the strength of A depends on both the magnetisation and temperature. For
the low magnetisation regime in question here, the temperature anisotropy
is generally small, with 1 < A < 1.2, before decreasing to values of A < 1
at higher turbulence levels. However, this decrease is not a true change in

temperature, but rather is driven by the increase in parallel bulk velocity.

An approximation for the value of oy can be found by determining when %—I;

first becomes positive for ¢; = 0 and ¢ < 0. In Sec. 3.5.1, this was determined

to occur at values of

1
oG A - -1

(4.1)
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Figure 4.11: The energy in the inversion versus magnetisation, with different
temperatures in each panel. Panel (a) presents results for § = 3, panel
(b) for § = 1, panel (c) for # = 107! and panel (d) shows results for
6 = 10~2. In each panel the blue circles show the energy fraction obtained for
n = 1, while the yellow ‘x’s show the energy fraction at n = 0.3. The purple
dashed line (o7) divides the high and intermediate magnetisation regime, and
the green dashed line (03) is the boundary between the low and intermediate
magnetisation regimes, showing where the cut-off occurs. The dashed orange
line shows a fit of f;,, o ¢ in the intermediate magnetisation regime in each

case.
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Figure 4.12: Contour plot of %—I; for an anisotropic Maxwell-Jiittner distribu-
tion in the low magnetisation regime with § = 0.1, I;/I; = 30 and A = 1.1.
Note the appearance of the positive region of %—f centred at ¢, = 0 for ¢ <0,
which is completely absent when no temperature anisotropy is present.
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As I /I increases, the required anisotropy becomes smaller. In other words,
this effect occurs sooner for lower magnetisations, resulting in the lower val-
ues of f;,, as o decreases. This relationship is only weakly dependent on the
temperature, with the only effect occurring as a result of the temperature
dependence of the o — I3/ relationship, as shown in Fig. 3.1. The maximum
value of ¢ for which a positive %—f in the g < 0 region will appear is plotted in
Fig. 4.13 as a function of the temperature anisotropy. The figure extends only
to o0 = 10? as this is the approximate value at which I,/I; — 1. At low mag-
netisations the cut-off effect occurs for any anisotropy A > 1. The effect will
therefore have an impact on the evolution of the distribution almost immedi-
ately. The needed anisotropy increases as the magnetisation increases, with

A = 2 required for ¢ > 0y (equivalent to I5/I; = 1). This result means that
oF
ot
a sufficient temperature anisotropy exists, though in the high magnetisation

the positive in the ¢ < 0 region will appear for all parameters provided
cases the crescent shape will have already largely formed before this occurs.
The weak temperature dependence is also apparent in Fig. 4.13, with only
a factor of ~ 2 in difference in the values of o for § = 1072 and 0 = 3.
This result can also be seen in our numerical results, where g, only varies
weakly between temperatures. However, we note that the values of o5 shown
in Fig. 4.11a to 4.11d are only approximations due to the transition region

not being sharp.

A similar effect occurs when the parallel bulk velocity is non-zero. As in
0F (g1 =0)
ot
given by Eq. (3.23). The resulting expression is

Sec. 3.5.1, we calculate , though this time for a distribution function

exp (—9‘1% ( 1+qf - ﬁbqn))

0F(q. =
ot 9’}/5
X (11 (QH + Bp/1 + QII) — IByq) — 13\/ I+ QE) ) (4.2)
where again C' contains the constants. In this scenario, % becomes pos-

itive for ¢ < 8, when (3, > I,/I,. This results in a spread of the distribution
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Figure 4.13: The maximum value of ¢ for which a positive %—I; in the ¢ <0

region will appear, plotted as a function of the temperature anisotropy A.
A value of o ~ 10% corresponds to I/I; = 1. It can be seen that as the
magnetisation increases, the required anisotropy A for the cut-off effect to
occur also increases from a value of A ~ 1 for 0 <107 to A ~ 2 for o ~ 10
The relationship depends only weakly on the temperature, with the effect
becoming relevant for very small temperature anisotropies of close to 1 at low
magnetisations in all cases.

to lower parallel momenta, as in the temperature anisotropy case. Similarly,
this effect happens for lower bulk velocities at lower magnetisations. Further-
more, as the non-resonant interaction always imparts a parallel bulk velocity,

such effects will always occur for high enough turbulence level.

To examine the temperature dependence of the interaction, we plot all the
results from Fig. 4.11a to 4.11d together in Fig. 4.14, which shows f;,, at
n = 1 for every parameter set examined. There is a clear increase in f;,, as the
temperature decreases from relativistic values to # = 1072, The dependence
is most pronounced in the intermediate magnetisation, as can be seen by
examining the region ¢ < 1 in Fig. 4.14. For a given o, f;,, increases as the
temperature decreases, with a typical difference of over an order of magnitude
between results for § = 3 and § = 1072. This indicates that the mechanism

becomes less efficient in the relativistic regime at low magnetisations. As
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discussed in Sec. 4.2.2, this is due to the decrease in relative strength of the
pitch-angle diffusion at higher temperatures. The weaker contribution from
the mixed term at higher temperatures can be seen in Fig. 4.9 and 4.10, as
the relative strength of the mixed term for a given magnetisation decreases

as the temperature increases.

In the high magnetisation regime, the difference in f;,, for different tempera-
tures is less significant. This is due to the fact that the strength of the mixed
term reaches its maximum value at ¢ ~ 1 rather than oy for lower tempera-
tures, as shown in Fig. 4.10. The precise values of f;,, cannot be compared
directly to the values of (%)miz,max / (BG—F}) | max 85 @ turbulence level of n > 1
is required to obtain the maximum population inversion in the majority of
cases. However, in all cases values of f;,, > 1072 are achieved in the high mag-
netisation regime for both n = 0.3 and n = 1, showing that the non-resonant
interaction is capable of producing a substantial population inversion across

a wide range of both relativistic and non-relativistic temperatures.

The turbulence level required to reach a given f;,, is also temperature de-
pendent, with lower temperatures requiring lower turbulence levels, as can be
seen by the smaller differences between the values of f;,, forn =1andn = 0.3
at lower temperatures in Fig. 4.11. At higher temperatures the particles have
more kinetic energy, and thus higher turbulence levels are needed to efficiently
diffuse them. At lower magnetisations, the interaction is more sensitive to the
turbulence level of the Alfvén waves, as can be seen by the n = 0.3 values
dropping more rapidly than those for » = 1. In order for any significant
distortion of the population distribution from a bi-Maxwellian in this part
of the parameter space, turbulence levels close to n = 1 are needed due to
the inefficiency of pitch-angle scattering in the low magnetisation regime, as

discussed above.

The combination of the general decrease in f;,, for lower magnetisations as
well as the higher turbulence levels required to reach even these lower levels
leads us to conclude that the parameter space o > o7 is the one of most

> 1072 for all temperatures and a clear crescent

~Y

relevance to SME, as here f;,,
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Figure 4.14: The energy in the inversion at n = 1 versus magnetisation for
0 = 1072 to § = 3. The green dashed line shows a fit of fi,, o o in the
intermediate magnetisation regime for § = 1. The value of f;,, generally
decreases as the temperature increases to relativistic values.

shape is always formed as o > 0.

4.3.2 Time-scales

The time taken for the population inversion to form is another important
result as the mechanism must operate on a time-scale shorter than the char-
acteristic dynamical time-scale to provide a valid explanation for FRBs. For
an exponentially growing 7, the time to reach a particular turbulence level
is t(n) = (2I') " log(n/no). The time-scale therefore depends linearly on the
growth rate. Due to the weak dependence on 7/1q, this time-scale is always on
the order of tI" ~ a few seconds. We note that as the turbulence approaches
its maximum value, % will naturally decrease, increasing the time taken for
the final part of the evolution. Assuming that the Alfvén wave turbulence
emerges from the central magnetar rather than the plasma in the emission
region, the value of % is independent of the plasma temperature. As a re-

sult the time-scale only depends on temperature through the lower turbulence
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levels required at lower temperatures. This therefore results in only a minor
difference in time-scales between the results for § = 3 and § = 1072, While the
turbulence level is independent of the Alfvén wave spectrum, the time-scale
will be affected by the value of I';, and whether I'y is constant or varies with
wave-number. The time-scale for a specific spectrum can be retrieved using
the details described in Sec. 3.2.2. To explore the validity of these time-scales
in the context of FRBs we compare the time-scales described here to those

expected from magnetars in Sec. 4.4.2 below.

4.4 Discussion

4.4.1 SME efficiency and other plasma instabilities

The numerical results presented in Sec. 4.3 above demonstrate that energy
fractions of up to fi,, = 1072 are attainable at high magnetisations through
the non-resonant interaction between Alfvén waves and relativistic plasma.
The energy fraction decreases linearly with o in the intermediate regime
0y < 0 < o0y before dropping sharply below the cut-off o3. The time-scale
in all cases is t ~ (20'g) ' log(n/n9)107? s. The above results are dependent
on the temperature, with approximately an order of magnitude difference in
finw between 6 = 1072 and 6 = 3 in the low and intermediate magnetisation
regimes for n = 1. The energy in the inversion depends strongly on the energy
density of the Alfvén waves, with values of n = 0.1 required to produce signif-
icant effects. We discuss the applicability of these parameters to magnetars
and other neutron stars in Sec. 4.4.3, as these are the leading candidates for
FRB progenitors, with one FRB directly observed to have originated from
the Galactic magnetar SGR 193542154 (CHIME/FRB Collaboration et al.,
2020Db).

The results for f;,, summarised above and presented in detail in Sec. 4.3.1 can
be contrasted with the efficiency results obtained from PIC simulations of rel-

ativistic shocks, another important candidate in explaining SME in relativistic
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environments (e.g. Gallant et al., 1992; Amato & Arons, 2006; Plotnikov &
Sironi, 2019). In the relativistic shock model, the population inversion is
not formed through non-resonant interactions with Alfvén wave. Instead, a
soliton-like structure forms at the front of a shock with high magnetisation.
In this structure, the particles gyrating around the enhanced magnetic field
near the shock front form a semi-coherent ring-like distribution in momentum
space which can support SME (e.g. Alsop & Arons, 1988; Gallant et al., 1992;
Amato & Arons, 2006; Plotnikov & Sironi, 2019).

Comparing the results obtained for f;,, from the non-resonant interaction to
the efficiency values from the relativistic shock model shows several differences
in the viable parameter spaces. In the high magnetisation regime, the results
presented above in Sec. 4.3 produce considerably higher f;,, than in the case of
relativistic shocks, where an efficiency of ~ 10730 ~! for ¢ > 1 has been found
(Sironi et al., 2021). On the other hand, in the intermediate magnetisation
regime, for a magnetisation of o ~ 0.1 the shock efficiency was found to be
~ 0.1 (Plotnikov & Sironi, 2019), comparable to the values found in this work
for & > 1072. These are approximately fi,, ~ 2 x 10720 for 0y < 0 < 1
for 6 = 1 and 6 = 3, increasing to fin, ~ 0.50 for o9 < o < 0.3 at the
lower temperature of # = 1072, These values are obtained assuming 1 = 1,
and decrease at lower values of 1. These results suggest that non-resonant
interactions with Alfvén waves may be the more viable mechanism at high
magnetisations, while relativistic shocks, if they exist, may be more relevant

at lower magnetisations.

We emphasise that the efficiency in the relativistic shock scenario and f;,,
are not the same quantity. Although the efficiency values above describe the
fraction of energy actually emitted by SME, f;,, provides an upper limit on
the total energy fraction available from the deformed distribution. Not all of
this energy will necessarily be extracted due to the influence of other plasma
processes. However, this may not affect the overall efficiency, provided that
all other plasma instabilities have a slower growth rate. Furthermore, as will
be shown in Chapter 5, the growth rate at higher temperatures will reduce to

0, as occurs in other maser scenarios (Amato & Arons, 2006; Iwamoto et al.,
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2017; Babul & Sironi, 2020).

The impact of plasma instabilities is most relevant for the high temperature
and low magnetisation regions of the parameter space. As noted above, the
particle distribution can be roughly approximated as a bi-Maxwellian, espe-
cially in the low magnetisation regime where the fraction of energy in the
inversion is small. In such distributions both the firehose and mirror instabil-
ities are important. The firehose instability occurs when the parallel pressure
is very large. When the pressure is stronger than the magnetic tension, it
forces the tightening of any kinks in the magnetic field lines, similar to the
situation with a water hose. In contrast, the mirror instability forms when
the perpendicular pressure is larger than the parallel pressure. Particles can
get trapped in the resulting region of lower magnetic field, further increasing
the perpendicular pressure and causing the instability to grow. These two
instabilities have stability criteria of A > 1 — 1/ for the firehose instability
and A < 1+ 1/3) for the mirror instability (Gary, 1993). Here § = 26, /0 is
the parallel plasma beta.

When o > 1, B < 1 for all temperatures, resulting in a distribution that
is not susceptible to either of the instabilities. However, when ¢ < 1 and
the temperature is relativistic, even a small temperature anisotropy will re-
sult in the stability criteria no longer being satisfied. In the case of the low
magnetisation regime, the temperature anisotropy is typically in the range
1 < A < 1.2, and so the distribution will be potentially affected by the mirror
instability at high temperatures. This means that plasmas in the low and
intermediate magnetisation regimes have both lower energy fractions and are
more susceptible to instabilities. On the other hand, this issue does not af-
fect the most efficient parameters, namely those in the high magnetisation
regime, strengthening the conclusion that this is the regime of most relevance
for SME in astrophysical scenarios. The plasma may also be susceptible to
turbulent cascades when Alfvén wave spectra with perpendicular components
are considered (Nattild & Beloborodov, 2022).
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4.4.2 Magnetar time-scales

As magnetars are the primary candidate for FRB progenitors(CHIME/FRB
Collaboration et al., 2020b), we consider the typical time-scales of such ob-
jects. Magnetars have two time-scales of interest, namely the radius and
period of the star, either of which could potentially provide the crucial time
variability in the Alfvén wave field which is a requirement for a non-resonant
interaction. Firstly, the magnetar radius R, corresponds to a time-scale of
~ R./c =3.3%x10"°R, ¢ s. The time-scale of the magnetar rotational period is
significantly longer, typically ~ 1 — 10 s (Mereghetti, 2008; Olausen & Kaspi,
2014), 1, though young magnetars may have millisecond periods (Dall’Osso
& Stella, 2022).

Considering the Alfvén wave turbulence grows on a time-scale which is some
fraction y of these magnetar time-scales, the time to reach a turbulence value
of pist ~ 1.7 x 107°x 'R, glog(n/no) s for the magnetar radius time-scale.
The period scale produces longer times of t ~ 0.5y~ 'Plog(n/ny). While the
period time-scale is considerably longer, it naturally has a wider range of pos-
sible values due to the variation in neutron star periods. In both cases the
constraint that I' < Q is comfortably satisfied in the FRB emission regions
for a wide range of x. These time-scales are applicable across the whole tem-
perature and magnetisation parameter space, with only a weak dependence
on temperature in the form of the increased turbulence levels required when

the initial temperature is higher.

The time-scale of the mechanism is especially important to FRBs as it is un-
clear if all sources repeat or not. While some studies show observational dif-
ferences between apparent one-off bursts and repeaters (Pleunis et al., 2021b;
Petroff et al., 2022), these one-off bursts may also be rarer, brighter events
than other undetected signals from the same object (Kirsten et al., 2024).
For potential one-off bursts, the time taken for the inversion to form is not a
limiting factor. On the other hand, if most or all FRBs repeat, the inversion

must form with times shorter than the typical time between bursts. While

Thttps://www.physics.mcgill.ca/ pulsar/magnetar/main.html
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this model cannot intrinsically produce time-scales as short as the ~ 60 ns
observed from the fastest repeaters (Nimmo et al., 2022), the vast majority
of FRBs repeat on much longer time-scales, typically on the order of seconds
or longer (Lanman et al., 2022; Hu & Huang, 2023). Variability on a very
short time-scale (< us) may also be induced by the propagation of the FRB
signal through a highly magnetised plasma, rather than as a result of the
emission process itself (Sobacchi et al., 2024a). These factors ensure that
the mechanism is not limited to scenarios with extremely high values of I' as
shorter time-scales would, suggesting that magnetars are viable sources for

this mechanism to produce the majority of FRBs.

4.4.3 Physical scenarios for FRBs

As mentioned above, magnetars are the most likely progenitors of FRBs
as they naturally provide the large energies and small size and time-scales
necessary to produce the high brightness temperatures observed from FRBs
(e.g. Zhang, 2020a). FRB 20200428 has also been observed to originate from
the Galactic magnetar SGR 193542154 (CHIME/FRB Collaboration et al.,
2020b). In this section we briefly discuss the necessary conditions for FRB
emission in a magnetar wind, with the full parameter space and details ex-
plored in Chapter 5. In our model, we assume that the required Alfvén waves
for the non-resonant interaction are produced by a quake or similar instability
of the central magnetar (e.g Blaes et al., 1989; Beloborodov, 2023). As the
magnetic field of the Alfvén wave decreases more slowly than the magneto-
spheric field, the relative strength of the turbulence grows as n = 1, (R/R,)%/?
(e.g. Yuan et al., 2020). Here, 7, is the turbulence level at the magnetar sur-
face. To reach values of n > 0.1 at the light cylinder therefore requires only
small initial values of n, > 3 x 10~7P~3/ ZRE’/GQ , suggesting that the turbulence

levels needed to form a population inversion are achievable in this scenario.

The Alfvén waves propagate outwards before interacting with a relativistic
plasma, with the resulting non-resonant interaction producing a population

inversion and SME. In order for this to produce an FRB signal, the inter-
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action must occur in a region of parameter space where a high value of f;,,
can be achieved on a time-scale compatible with the dynamical time-scales
discussed in Sec. 4.4.2. The plasma parameters must also allow a peak SME
frequency appropriate for FRBs, whose signals have primarily been detected
in the GHz band with frequencies ranging from 110 MHz (Fedorova & Rodin,
2019; Pleunis et al., 2021a; Pastor-Marazuela et al., 2021) to 8 GHz (Gajjar
et al., 2018).

The plasma parameters required to achieve such SME frequencies depend
on the magnetisation of the plasma. At higher magnetisations of o > 1,
the maser’s peak frequency is w,, ~ Qv,.! (Lyubarsky, 2021). If the plasma
where the emission occurs is moving towards the observer with Lorentz fac-
tor 7y,, this results in a required magnetic field of By ~ 180v97y4., G (Long
& Pe’er, 2025b). Here v is the FRB frequency in Hz. In order to satisfy
o > 1, the upper limit on the number density in this regime is nya ~
3.1 x 109w 42 7,2 ecm™®. On the other hand, when o < 1, the peak
frequency for SME occurs at wy, & Yau! 2w,min {Yav, 071} (Sagiv & Wax-
man, 2002). As w,, depends only very weakly on the magnetisation, the
peak frequency will never be much higher than a few times %_1,1/ zwp. The
number density required to produce emission at FRB frequencies is therefore

n ~ 3.1 x 10%037,,7, max {,Ya—v2701/2} cm ™3

with a corresponding upper
limit on the magnetic field of B max ~ 180vg7,max {7}, 0'/*} G to satisfy
o < 1. As the values for the magnetic field in the ¢ < 1 case and the number
density in the o0 > 1 case are both upper limits, a large parameter space is

viable for SME.

As the high magnetisation regime produces the largest values of f;,, and is less
susceptible to plasma instabilities, we first examine a model in this regime by
considering Alfvén waves propagating through a relativistic magnetar wind.
These winds have typical magnetisations of g ~ 280357/195}%?6/ 9M§ 2/3 p—2
outside the light cylinder radius Rrc = cP/27 = 4.8 x 10°P cm (Lyubarsky,
2021). Here B, is the surface magnetic field and M is the pair multiplicity.
This magnetisation value is well above ¢; for all temperatures, and so is

in the high magnetisation regime with a correspondingly high f,, = 1072

~
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at all temperatures examined. Furthermore as f;,, is close to constant for
all o in this regime, the precise magnetisation value of the wind does not
affect the validity of the mechanism provided that oui.q > 1. The required
magnetic fields are found outside the light cylinder at typical radii of R ~
1013715 cm, depending on the parameters involved (Long & Pe’er, 2025b).
However, emission radii can occur at much smaller radii for weaker FRBs.
The particle number density at these distances is significantly below the upper
limits for n,., discussed above, so SME at the appropriate frequencies is viable

in this scenario assuming the population inversion has successfully formed.

This model also implies that SME may occur at smaller radii and thus higher
frequencies than those observed from FRBs, as the background magnetic field
is larger closer to the magnetar. Inside the magnetosphere at R < Ry, 0 > 1
and so a population inversion with a large energy fraction could possibly be
formed. However in this region n will be much smaller than at larger radii
outside the light cylinder due to the extremely high By = 10153*,15R2’6/R2 G
inside the magnetosphere. These low turbulence levels will not be sufficient
to produce any significant change in the particle distribution through this

mechanism.

SME at much lower frequencies than FRBs is also not feasible in this model
as the Alfvén wave frequency becomes comparable to €2 at larger radii, violat-
ing the conditions required for the non-resonant interaction to be dominant
as described in Sec. 3.2. The combination of these constraints leads us to
conclude that non-resonant interaction between Alfvén waves and a relativis-
tic magnetar wind leads to the appropriate conditions to produce FRBs at
Rrrp. These limits may also provide information on the magnetar properties
(such as period and magnetic field) based on the frequency and luminosity of
observed FRB signals.
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4.5 Conclusion

In this work, we showed that non-resonant interaction of Alfvén waves with a
relativistic plasma can significantly alter the particle distribution for tempera-
tures in the range 1072 < # < 3 and for magnetisations greater than o ~ 1074,
We report that a significant fraction of the energy in the particle distribution
is contained in the crescent-shaped population inversion, with peak values of
fine ~ 0.1 reached at magnetisations of o 2> 10 for temperatures of § > 1071,
At the lower temperature of § = 1072, the peak magnetisation is lower at a
value of 0 ~ 0.1 — 1, but similar energy fractions are obtained. In the inter-
mediate magnetisation regime with lower magnetisations of o < o1 ~ 107!
the energy fraction decreases as the magnetisation decreases, with f;,, o o,
before dropping sharply at a cut-off magnetisation of ¢ = o5 ~ 107%. The
higher fractions of energy in the population inversion at high magnetisations
across all temperatures, as well as reduced susceptibility to other instabilities
and the clear formation of the crescent, leads us to suggest that this regime

is the most relevant for astrophysical scenarios such as FRBs.

Significant turbulence levels of n = 0.1 are required to sufficiently distort
the initial distribution, with the value of n needed increasing with tempera-
ture and at reduced magnetisations. The time-scale for the formation of the
population inversion depends linearly on I'"!, but only weakly on the final tur-
bulence level. In all cases the time-scale is therefore approximately t ~ I'1 s.
These values are compatible with the magnetar period and the light-crossing
time-scale for all parameters. We have also demonstrated that the parameters
at which the population inversion can form through non-resonant interactions
are achievable in the magnetar wind, and can lead to SME at the appropriate

frequencies for FRBs
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Chapter 5

Fast radio bursts from
synchrotron maser emission in

the magnetar wind

5.1 Introduction

In the previous chapters, it has been shown that non-resonant interactions
between Alfvén waves and a plasma can result in pitch-angle scattering that

produces a crescent-shaped population inversion over a wide range of temper-

atures § = *2L. < 3. The population inversion forms more efficiently at higher

Mec? —
1 B? > 1 for temperatures greater than 6 ~ 1072
TWMeC

(Long & Pe’er, 2025a), where B’ denotes the magnetic field in the plasma rest

magnetisations of o =

frame and w is the proper specific enthalpy density.

While the works on which these chapters are based (Long & Pe’er, 2023,
2025a) establish the physical basis for associating FRBs with non-resonant
interaction between Alfvén waves and plasma, a complete physical scenario
that could link FRBs with known objects such as magnetars is still lacking.
In this chapter we therefore propose such a model and examine the conditions

needed for producing the detected FRB signal. As we show below, FRBs can
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be produced through non-resonant interactions between Alfvén waves and
the relativistic magnetar wind. These interactions produce a crescent-shaped

population inversion capable of supporting SME.

To recap the overall framework of the model, there are four main stages:

1. A starquake occurs, generating Alfvén waves that are emitted from the

surface of a magnetar.
2. These waves propagate into the magnetar wind.

3. In the wind, non-resonant interactions occur between the Alfvén waves
and the wind plasma, resulting in a crescent-shaped population inver-

sion.

4. This population inversion is capable of supporting SME, which amplifies
EM waves and produces the FRB.

While the previous chapters have focused on stage 3, i.e. the formation of
the population inversion, in this chapter we investigate in more detail the
other stages of the process. Therefore, this chapter is organised as follows. In
Sec. 5.2 we describe the FRB model, detailing the parameters of the magnetar
wind and establishing the parameter space where SME can occur. These
results are used to constrain the magnetar and wind properties in Sec. 5.3.
Sec. 5.4 describes how the model can explain FRB 20200428, the only FRB
with a confirmed magnetar origin. Sec. 5.5 contains the discussion, and finally

the results are summarised in the conclusion in Sec. 5.6.

5.2 Model

Magnetars are widely considered the leading progenitors of FRBs due to their
large reserves of magnetic and rotational energy and compact scales (e.g.
Zhang, 2020a). This link has been strengthened by FRB 20200428, which
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originates from the Galactic magnetar SGR 193542154 (CHIME/FRB Col-
laboration et al., 2020b; Bochenek et al., 2020). The surface magnetic field
B, of magnetars is extremely high, with typical values of B, ~ 1071° G (e.g.
Kaspi & Beloborodov, 2017). The magnetar is surrounded by a highly magne-
tised magnetosphere in which B o< R73. This closed magnetosphere extends
to the light cylinder radius Rpc = ¢P/(27w) = 4.8 X 10°P cm, where P is the
rotational period of the magnetar (Goldreich & Julian, 1969). The magnetic
field at this radius is therefore By = B.R2R; 2, = 9x 10%133P~% G. Here, R,
is the magnetar radius, p ~ B, R? is the magnetic moment of the neutron star.
We have assumed typical values of B, = 10> G and R, = 10° cm. Beyond
the light cylinder, the magnetic field lines open and electron-positron pairs
are ejected from the magnetosphere to form a magnetar wind. The magnetic
field in the wind is dominated by the azimuthal component By o< R~ (e.g.
Cerutti & Beloborodov, 2017), so that the field at a radius R > Ry is given
by B(R) = 44u33P~2R;; G. This wind is the region where SME is instigated
either by the non-resonant interaction of Alfvén waves with the wind plasma
(Long & Pe’er, 2025a) or by the presence of plasma ejected in a flaring event,
as we show in detail below. Such SME can result in the production of an
FRB.

The wind is launched at the light cylinder, where the magnetisation is o,c =
B2./(4mnm.c?) = B?.R3./(Nm.c) in the case of a cold plasma, with n
denoting the total particle density and N denoting the particle flux. This
flux can be estimated as N ~ 3 x 1039M3u§é3P_1 s~! (Beloborodov, 2020),
resulting in a magnetisation of oo ~ 3 X 104u§égM§1P_3‘ Here, M is the
pair multiplicity. The wind is initially accelerated linearly with radius by fast
magnetosonic waves until the flow reaches the fast magnetosonic surface, at
which its bulk Lorentz factor is yf,s ~ 02/03 . Acceleration beyond this point
is slower, with the wind reaching an asymptotic Lorentz factor of v, ~ 30%5’

(Michel, 1969; Beskin et al., 1998).

The wind far from the equator is expected to be relatively cold (A7, /v, < 1)
(Beloborodov, 2020). Closer to the equator reconnection in the striped wind

may result in more efficient acceleration and heating, with Lorentz factors of
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up to v, ~ orc possibly being achieved (Lyubarsky & Kirk, 2001). Although
the details of the wind parameters are only estimates due to the uncertainties
in the efficiencies of the various dissipation processes and in the value of the
pair multiplicity, magnetar winds of this type have magnetisations of ¢ > 1
and are highly relativistic (v, > 1) at large radii R > Ryc. It is also
likely that an enhanced pre-flare wind (Beloborodov, 2020) or the impact
of the starquake (e.g. Sharma et al., 2023) will perturb the magnetic field
configuration in the magnetosphere, which may result in enhanced magnetic

fields in the wind region itself.

In order for a population inversion to form in such a wind through non-
resonant interactions, Alfvén waves from the central magnetar must propa-
gate through the magnetosphere to the emission region. Results from Long
& Pe’er (2025a), which are discussed in Chapter 4, show that the ratio of
the energy density of the Alfvén waves to the background magnetic field,
n = B%,/B?, must have a magnitude of n > 0.1 at the emission site for a sig-
nificant population inversion to form. Starquakes, which occur due to shear
oscillations of the magnetar crust, can launch the required Alfvén waves into
the inner magnetosphere (Blaes et al., 1989; Thompson & Duncan, 1996).
A small fraction of the starquake energy is transmitted to the waves, which
have an initial relative energy density of n < 1. However, as discussed in
Sec. 4.4.3, the magnetic field of the Alfvén wave decreases more slowly than
the background field in the magnetosphere. Therefore, the relative strength
of the turbulence grows with radius as n(R) = n.(R/R.)*? (e.g. Yuan et al.,
2020). To reach values of > 0.1 at the light cylinder therefore requires only
small initial values of n, > 3 x 10*7P3/2Ri(62.

The most natural growth rate of the Alfvén waves from the starquake is
~ xc¢/ Ry, as discussed in Sec. 4.4.2. This corresponds to a time-scale of t4 ~
XR./c ~ 107°x 'R, ¢ s, though the period of the star is another important
physical time-scale in the system. In other words, the turbulence level n
reaches its asymptotic value at ¢ ~ t,. This is also the time-scale for the
formation of the population inversion, as it has been shown for both the
non-relativistic (Wu & Yoon, 2007; Yoon et al., 2009) and relativistic (Long
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& Pe’er, 2025a) cases that the asymptotic distribution depends only on the
turbulence level for a given set of parameters. This scale is much smaller
than the typical length scales of the magnetar wind, in which B oc R~! for
R> Ric.

5.2.1 Parameter space for SME
Growth rate calculation - general considerations

In the presence of a population inversion, electromagnetic waves can resonate
with these particles and become amplified, resulting in maser emission. The
modes in question are typically either the ordinary or extraordinary electro-
magnetic wave modes, as discussed in Sec. 2.3.1. An example of a dispersion
relation for these modes in a magnetised plasma is shown in Fig. 2.1b for
propagation perpendicular to the magnetic field. To briefly summarise the
analysis in Chapter 2, the ordinary mode has a cut-off at w = w,, while
the extraordinary mode has a cut-off at w = (wg + 92)1/ ? and a resonance
at w = Q (e.g. Iwamoto, 1993), where w, = \/M is the plasma
frequency and Q = eB/m.c is the cyclotron frequency. The extraordinary
mode has upper and lower branches, which we refer to as the fast and slow
branches respectively. The wave frequency has real and imaginary compo-
nents such that w = w, + iw;. SME occurs when the imaginary part of the
frequency, the growth rate w;, is positive. As masing is a resonant process, the
non-resonant Alfvén waves will not be amplified. That is, the Alfvén waves
will create the population inversion, which in turn will provide the energy to
amplify EM waves and produce the FRB signal. We analyse the conditions

required for successful maser emission below.

To simplify the calculation of the growth rate we follow the method described
in Sec. 5.2.1. We assume that the emitted waves propagate through a thermal
plasma (denoted by the subscript 0), and that the inverse population of ener-
getic electrons (subscript e) only affects the growth rate of the waves. We do

not expect the peak frequency to be significantly altered by this assumption,
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although the precise values of the growth rate will change. The growth rate
is calculated using the expression (see e.g. Wu, 1985; Stix, 1992),

Im(A)

 Z(Re(Ay)) >y

P =

Here A = det A, and Ay refers to the thermal plasma, while A contains the
contributions from both the thermal and energetic particles. The components

of the dispersion relation A are given by

Ay = N? (""k’jﬂ - 5ij> + €ij, (5.2)
with NN, denoting the refractive index, k the wavenumber, d;; the Kronecker
delta function and e the dielectric tensor. The full details of this calculation
and the terms involved are provided in Sec. 2.3 of Chapter 2. In general,
positive growth will be achieved for a range of wavenumbers, as shown in
Fig. 5.1, which displays the first 10 harmonics of both the ordinary and slow
extraordinary modes for # = 1072 and o = 10. For this set of parameters there
is no overall positive growth for the fast extraordinary mode. As the signal
grows exponentially, the fastest growing mode will dominate the process. We
designate the real part of the frequency of this mode as the emission frequency
w,, and the growth rate of the mode as I';. All calculations are carried out in

the rest frame of the plasma.

We calculate I'; as well as the peak emission frequency w,, for temperatures
in the range 1072 < # < 3 and magnetisations ¢ > 1. The peak emission
frequency is typically w!, ~ (€Y, where ( is a temperature and magnetisation
dependent numerical factor whose value is determined by the dominant mode

Land € is the cyclotron frequency as measured in the plasma

of emission
rest frame, given by ' = eB’/m.c. Throughout this chapter, primed quan-
tities are measured in the plasma rest frame, while unprimed quantities are

measured in the observer’s frame.

Due to the overlap of modes and relativistic effects ¢ does not have integer values.
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Figure 5.1: The growth rate w; normalised to the cyclotron frequency and
density ratio for the first 10 harmonics of the O- and slow X-modes, with
the majority of the contribution coming from the first 3 harmonics in both
cases. The results are for a crescent-shaped distribution with initial temper-
ature § = 1072, ¢ = 10 and turbulence level 7 = 1. The individual ordinary
mode harmonics are shown as faint blue lines, with the sum over all harmonics
shown as the solid blue line. The same is the case for the extraordinary mode
harmonics which are shown in orange. The fastest growing wavenumber for
the O-mode occurs at k ~ 0.48€2/¢, while for the slow X-mode it is found at
the higher wavenumber of k& ~ 1.27€2/c. The range of wavenumbers where the
growth rate is positive is broadened due to the temperature of the distribu-
tion in comparison to a cold scenario. The overlap of harmonics due to this
broadening acts to reduce the growth rate, especially for higher harmonics.
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Figure 5.2: Growth rate and emission frequency as a function of temperature:
Panel (a) shows the growth rate I'; normalised to the cyclotron frequency
and density ratio for o = 10 and n = 1, while panel (b) shows the peak emis-
sion frequency w,,, also normalised to the cyclotron frequency. The ordinary
mode is shown by blue ‘o’s and the slow extraordinary mode (lower branch)
by orange ‘x’s. The decrease in growth rate with increasing temperature is
clearly visible. For temperatures of # > (.02 no maser emission occurs for the
O-mode, while the emission in the X-mode continues to slightly higher tem-
peratures of 8 ~ 0.025. Above these temperatures no growth was found. At
this magnetisation the O-mode is dominant at temperatures of § > 1073, at
which point the growth rates become comparable. In all cases the maximum
growth rate is found at a propagation angle of 7/2.

Formation of the population inversion and resulting growth rates

In our model, the Alfvén waves interact with the particles in the wind, which
are assumed to have an initial Maxwell-Jiittner distribution with temperature
f. This thermal distribution does not result in any maser emission as it
lacks a population inversion. The non-resonant interaction deforms the initial
distribution into a crescent-shaped distribution with enhanced kinetic energy
and a population inversion for p; > 0 as shown in Chapters 3 and 4 (Long
& Pe’er, 2023, 2025a). Examples of the evolution of the distribution from no
turbulence to a turbulence level of n = 1 can be seen in Figs. 3.2 and 4.1. As

described above, this occurs on a time-scale of t ~ 3.3 X 1075\ R, s.

116



The normalised growth rates for the crescent distribution at a turbulence level
of n = 1 are shown for varying temperatures and a magnetisation of ¢ = 10
in Fig. 5.2a, with the emission frequencies also shown in Fig. 5.2b. These
growth rate calculations show that the maser emission is only possible for
initial temperatures of # < 0.02 in this model, as can be seen in Fig. 5.2a.
At higher temperatures, no positive growth rate was obtained for any mode.
This temperature restriction is compatible with typical descriptions of the
magnetar wind, which, as described above, is modelled as a cold pair plasma
moving relativistically (Beloborodov, 2020). In order for a given wave mode to
have a positive growth rate, the mode must primarily resonate with particles
in the population inversion, i.e. those located in the region of momentum
space where OF /Op, > 0. If the wave mode is also in resonance with particles
where 0F/0p, < 0, absorption rather than growth will occur, resulting in
damping of the waves. At higher temperatures, the width of the particle
distribution results in the resonance ellipses for a given wave mode interacting
with regions of 0F/0p, < 0 that outweigh any growth from the population
inversion. This means that even though there is still an inverse population
of energetic particles, the contribution to wave growth from these particles
is insufficient to overcome the damping effects of the rest of the distribution.

Some example resonance ellipses are presented in Appendix C.

The dominant mode of emission depends on both the magnetisation and tem-
perature. We show the normalised growth rates and emission frequencies as
a function of o for § = 1072 in Fig. 5.3a and 5.3b. At lower magnetisa-
tions of ¢ < 3 — 30 the lower branch of the extraordinary mode (the ‘slow’
mode) dominates, as shown in Fig. 5.3a. The slow extraordinary mode is a
trapped mode, and thus cannot be observed unless mode conversion occurs,
as has been proposed for various phenomena such as solar coronal emission
(e.g.  Khomenko & Cally, 2012). At higher magnetisations the ordinary
mode dominates, with the crossover magnetisation increasing as the temper-
ature decreases. Emission from the upper branch of the extraordinary mode
is never favoured for the parameters examined because its frequency is always

higher than the cyclotron frequency. Particles in the population inversion
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Figure 5.3: Growth rate and emission frequency as a function of magneti-
sation: Panel (a) shows the growth rate I'; normalised to the cyclotron
frequency and density ratio for # = 1072 and n = 1, while panel (b) shows
the peak emission frequency w,,, also normalised to the cyclotron frequency.
The ordinary mode is shown by blue ‘o’s and the slow extraordinary mode
(lower branch) by orange ‘x’s. The decrease in growth rate with increasing
magnetisation due to the reduced number density is clearly visible. The O-
mode is dominant at magnetisations of ¢ = 5 for this temperature, with no
O-mode growth present for 0 < 2. The crossover value increases with de-
creasing initial temperatures. In all cases the maximum growth rate is found
at a propagation angle of 7 /2.
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have relativistic momenta and hence lower gyration frequencies, which results

in less efficient interactions with the upper branch of the X-mode.

As can be seen in Fig. 5.1, the slow extraordinary mode has positive growth
in regions of k& 2 Q/c, corresponding to emission frequencies of w,, > 0.9Q
(see the dispersion relation presented in Fig. 2.1b and the results for wy,
in Fig. 5.2b and 5.3b). In contrast, the O-mode favours growth at lower
frequencies of w,, ~ 0.55 — 0.6€2, which corresponds to resonance ellipses of
greater radii in momentum space (see the factors of % in Eq. (2.52)). This
implies that O-mode growth is most efficient when the waves resonate with
particles of higher momenta. As the ordinary mode has a lower cut-off at
w/Q = w,/Q ~ o71/2 the growth rate of the O-mode is reduced at lower
magnetisations of ¢ < 5, resulting in the mode becoming less dominant in
this region of the parameter space, as can be seen in Fig. 5.3a. For both the
O and X-modes, the normalised growth rate (I';/Q2) decreases with increasing
magnetisation for o 2 10 due to the decreasing number density, as can be seen
in Fig. 5.3a. The growth rate also decreases as the temperature increases due
to the increased width of the distribution (and resulting overlap of modes), as
well as the lower gradients. In all cases, modes propagating perpendicularly
to the background magnetic field show the highest growth rates, as seen in

similar non-relativistic scenarios (Zhao et al., 2013).

For perpendicular propagation, the electric field of an ordinary mode wave is
parallel to B. As such, its behaviour only depends on the parallel element of
the dispersion relation (i.e. the x., terms in A,, in Eq. (2.49)). This term is
proportional to pﬁ. As a result, the O-mode primarily extracts energy from
the ‘arms’ of the crescent distribution because of the larger parallel momen-
tum in this region, leading to lower emission frequencies due to relativistic
effects. Furthermore, as the magnitude of this term depends on the spread
of the distribution in the parallel direction, it becomes relatively weaker at
low temperatures. As can be seen in Fig. 3.2, the width of the population
distribution does not change substantially in the parallel direction due to the
non-resonant interaction. In contrast, the perpendicular momentum increases

dramatically. The perpendicular momentum of the particles at n = 1 is dom-
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inated by the energy gained from the Alfvén waves rather than the initial
thermal energy. As the X-mode waves have an electric field perpendicular to
B, they depend only on the x,, term in Eq. (2.49)%. As this term is propor-
tional to p? , this results in a relative strengthening of the X-mode relative to
the O-mode at lower temperatures. This can be seen in Fig. 5.3a, where the

growth rates become comparable at 6 ~ 1073,

To examine the effect of the turbulence level on SME, in Fig. 5.4a we plot
the normalised growth rate as a function of n for an initial temperature of
§ = 1073 and magnetisations of ¢ = 10 and ¢ = 100. Fig. 5.4b shows the
corresponding normalised emission frequencies. For both the O-mode and
lower branch of the X-mode the growth rate decreases as the turbulence level
decreases. This is primarily due to the less pronounced population inversion
as n decreases, as can be seen in Fig. 3.2. However, the growth rate only
shows a very slight reduction for the O-mode at a turbulence level of n = 0.2.
The emission frequency is also affected by the value of 1. As the distribution
spreads to higher momenta as the turbulence level increases, the emission
frequency decreases due to the reduced gyration frequency oc v~!. This can

clearly be seen in both the O-mode and slow X-mode results.

2The convention ky, = 0 has been used throughout Sec. 2.3, hence why the X-mode wave
depends only on Ay, and not A,,.
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Figure 5.4: Growth rate and emission frequency as a function of n: Panel (a)
shows the growth rate I'; normalised to the cyclotron frequency and density
ratio for # = 1073 and at magnetisations of o = 10 (in blue) and ¢ = 100 (in
orange), while panel (b) shows the peak emission frequency w,, at the same
magnetisations. w,, is also normalised to the cyclotron frequency. The ordi-
nary mode is shown by ‘0’s and the slow extraordinary mode (lower branch)
by ‘x’s. The growth rate steadily decreases with decreasing turbulence due to
the less pronounced population inversion. The O-mode is dominant at lower
turbulence levels. In all cases the maximum growth rate is found at a propa-
gation angle of /2.
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5.3 Constraints

To examine the emission region, we combine the constraints on the allowed
parameter space for SME determined above with three further constraints
derived from observed FRB parameters and physical considerations. These
are (i) the observed FRB frequency; (ii) the FRB time-scale; and (iii) the
requirement that the emission occurs in a region smaller than the coherence
length scale of the magnetic field. This is necessary to ensure that the back-
ground field and emission frequency do not change substantially across the

masing region.

5.3.1 Frequency

FRBs are primarily detected in the GHz band, with individual signals ob-
served from as low as 110 MHz (Fedorova & Rodin, 2019; Pleunis et al., 2021a;
Pastor-Marazuela et al., 2021) up to 8 GHz (Gajjar et al., 2018). These ob-
servations can be used to constrain the required magnetic field for SME and
hence the radius from the magnetar. As shown in Sec. 5.2.1, the peak fre-
quency for SME is w], = ({2 in the wind frame. Presuming the relativistic
wind and emission are oriented towards the observer, this corresponds to a

required magnetic field of

TV MeC
B=-——"°
b¢ e

~ 179 1¢ 1y G, (5.3)

for GHz frequencies. The term

7252_{_1
b=7,B/B =/l "> 4
YuB'/ 21 2 (5.4)

is a factor that accounts for the orientation of the magnetic field, where £ =
B,/Bgs. In the far wind (R > Rp¢), the magnetic field is perpendicular to
the bulk velocity of the wind and b = 1 as B, = B, /7,. However, closer to

the light cylinder the radial component can still be a sizeable fraction of the
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total field as B,/Bys ~ R~'. This is especially the case at higher latitudes, or
where the magnetosphere has been opened and the magnetic field distorted

by flaring activity, in which case the radial magnetic field can be significantly
increased (Beloborodov, 2020; Sharma et al., 2023).

The required magnetic field is found at radii of

Rrrp = Ry ~ 2.46 x 10"bCrg ' gz P2 cm, (5.5)

providing a direct value for the emission radius. Here, Ry denotes the emission
radius assuming an unperturbed magnetosphere and wind. In the case of a
change to the magnetic configuration of the magnetar, Rrrp will increase to
values larger than Ry as B will decrease more slowly with radius due to the

opened field lines.

5.3.2 Time-scale

The second constraint can be derived by examining the time-scale dt of ob-
served FRBs, which is typically on the order of a few milliseconds (e.g. Zhang,
2020a). For a spherical or conical shell moving relativistically towards the ob-

server, the intrinsic time-scale is

R
5t v —ERB.
2c7;,

(5.6)

This condition imposes an upper limit on the emission radius of the FRB,
given by Rprp < 6 X 107y26t_5 cm. Therefore, in order for FRB emission to
occur in the magnetar wind (Rpgpp > Rpc = 4.8 x 10°P cm), the emitting

region must be moving relativistically towards the observer.
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5.3.3 Shell size

The final constraint is derived from the condition that the SME must oc-
cur over a distance d that is small compared to the coherence length of the
magnetic field. This is required so that the background field and hence the
emission frequency do not substantially change in the masing region. As
B o« R7! in the magnetar wind, we impose the constraint d < R as an upper
limit on the width of the shell where SME occurs.

To estimate the required size of the emitting region, consider that the isotropic
equivalent FRB energy, Ergp, is emitted from a spherical shell with width
d and inner radius Rpgp. The volume of this region is V! = N/n' =
T ((Rprp + d)* — Rygp), with the total number of particles given by N =
6.1 x 10%Errp3075 (Yaw — 1) ;). Here fi,, is the fraction of the total
particle energy that contributes to the SME (Long & Pe’er, 2025a), and 7y,

is the average Lorentz factor of the particles. The number density at Rprp

in the wind frame is n’ ~ 3.1 x 10%0™'37,%¢"?0~! em™3. The volume of the
emitting region is therefore
E wol?
V' = 1.97 x 1080 ZERBSTwI W s (5.7)

cm-.
VQ(fYav - 1).fmv

Using the expression for Rrrp, the fractional shell width d/Rpgrp is given by

d E w0V PP 1/3
—:(3. 5 FRE3 T L W 1) ~1. (5.8)

Cb3H§3(7av - 1)fzm)

It can be seen that the constraint d/Rrrp < 1 is satisfied most easily for low

RF RB

periods and high magnetic fields, as both of these result in larger values of
Rrrp. In particular, the shell width is so sensitive to the period due to its

impact on the light cylinder radius.
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Figure 5.5: The P — =, parameter space for the range of FRB luminosi-
ties. Panel (a) shows the parameter space for varying luminosities, with the
solid blue, orange and yellow lines showing the upper limits from P;,. for
Lrrp = 103 erg s7!, Lrpp = 10*2 erg s7! and Lrrp = 10% erg s7! respec-
tively. Panel (b) displays parameter space for varying values of fi,,0~!. In
this case, the solid blue, orange and yellow lines show the upper limits from
P.e for fiwo™ = 107, finwo™' = 1072 and fin,0~ ' = 1075 respectively.
As Py, is independent of Lpgp in both panels, it is shown as a purple
line which is valid for all parameters. The shaded region corresponds to the
allowed parameter space where an FRB can be produced, with the colours
corresponding to the different luminosity values in panel (a), and the different
values of fi,07" in panel (b). Constant emission radii R are shown as dashed
grey lines, and the upper limit from the condition Rrprp > Rpc is shown in
green. In all cases § = 1072, v = 1 GHz, 6t = 1 ms, ¢ = 10** G cm?® and
¢ = 0.6. In panel (a), fin,o™' = 1072, while in panel (b) the luminosity is

LFRB = 1042 erg S_l.
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5.3.4 Examining the parameter space

To investigate the allowed physical conditions for this model using the above
constraints, we examine the P — ~,, parameter space. Expressing the con-

straints as limits on the magnetar period results in

. Y 1/6
P < 0.53(bjigs) 2 (f’"“’ 2 (Y > s, 5.9
~ (brizs) ErrB397wovow (5.9)
1/2
Prme 2 020 ( b%’f?’ ) s, (5.10)
Yw VgOl_3

where Pi;.. is the maximum period allowed by the shell size constraint, and
Piime is the minimum period allowed by the time-scale constraint. As expected
due to the time-scale requirements, FRB emission outside the light cylinder re-
quires quite high Lorentz factors. The minimum Lorentz factor which satisfies
both conditions is 7y, 2 313(2/5E%§B739w1/501/5 i;i{fg(vav - 1)’1/55t:§/51/9_2/5,

emphasising the need for a relativistic magnetar wind.

Quantities affecting the required number of particles only have an impact
on the upper limit Py... Increasing Ergp (or the equivalent luminosity
Lrrp ~ Epgrp/dt) and o, or decreasing fi,, and v, all result in a more
restrictive limit due to the need for more particles to produce the FRB. How-
ever, the dependence on all of these quantities except 7,, (and hence the
temperature) is very weak. The value of 7,, is calculated by integrating over
the distribution function, v,, = [ @®*py(p)F(p,n=1)/ [ &@pF(p,n=1). Al-
though the value of v,, for the initial thermal distribution is very low for the
temperatures in question (e.g. V4, ~ 1.025 for § = 1072), the non-resonant in-
teractions dramatically increase the average kinetic energy, resulting in values
of V4w 2 1.3 even for initial temperatures of # = 1073. This increase is clear
by comparing the initial and final distributions in Figs. 3.2a and 3.2d, or by
examining the results presented in Fig. 3.4. It should be noted that [ also has
a temperature and magnetisation dependence, though the range of allowed

values is much smaller than that of other terms, as shown in Sec. 5.2.1. As a

126



—Pize' Rerg = 4R~ “Piime' Rerg = 10R, . s

| . . e

10" 102 1038 10*
y

w

Figure 5.6: The P — ~,, parameter space for different magnetic field config-
urations, showing how the allowed period depends strongly on the neutron
star magnetic field. The solid blue, orange and yellow lines show the upper
limits from Pi;.. for Rprp = Ry, Rrrp = 4Ry and Rrprp = 10R, respectively.
The equivalent lower limits for Pj;,,. are shown as dashed lines of the same
colours. The shaded region corresponds to the allowed parameter space where
an FRB can be produced, with the colours corresponding to the different val-
ues of Rppp. In all cases @ = 1072, v = 1 GHz, 6t = 1 ms, p = 10% G cm?,
Lrrg = 102 erg s71, finpo ! =1072 and ¢ = 0.6.

result, we keep ( = 0.6 (appropriate for O-mode emission) as an approximate

value throughout.

172 implying that magnetars with higher

Both limits are proportional to (bu)
magnetic fields also need correspondingly higher periods to allow a similarly
sized region of parameter space for FRB emission. As the period increases,
the light cylinder radius expands, resulting in a lower value of B in the wind,
counteracting the influence of the increased surface field. Varying these pa-
rameters does not change the minimum -, required. The time-scale con-
straint is naturally more sensitive to both frequency and burst duration, with
the limit becoming more constraining as both parameters decrease. As the
time-scale is independent of the energetics of the burst, it does not depend on
the luminosity or efficiency. The impact of temperature and magnetisation is

only through the effect of these factors on the value of w,, and hence on Rpgp.
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In general, Py, is much more sensitive to variations in the parameters due

to the difference in exponent between the two limits.

The allowed parameter space is shown for various scenarios in Figs. 5.5 and
5.6. In all cases b is calculated assuming that £ = Ry/Ryc, i.e. that By = B,
at the light cylinder. This is an approximation, as the true value will depend
on both the latitude and the exact configuration of the magnetic field. In
Fig. 5.5a the parameter space is displayed for a range of luminosities based on
FRB observations (Ravi et al., 2019; Bochenek et al., 2020; Ryder et al., 2023)
for = 1072, fi, = 1072 (taken as a typical value based on results in Long &
Pe’er (2025a)), 0 =1, ( = 0.6, 6t = 1 ms and v = 1 GHz. Fig. 5.5b uses the
same parameters with the FRB luminosity fixed at Lrprp = 10?2 erg s71. In
both these figures Rprp = Ry, i.e. an unperturbed magnetosphere is assumed.
Also shown is the upper limit imposed by the condition Rprp > Rrc, though
this is less constraining than P,;.. for all the parameters displayed. The
regions of the parameter space where b # 1 can be seen where the lines of
constant radii (dashed grey lines) deviate from the horizontal. As expected,

this occurs at high Lorentz factors and smaller radii.

From Fig. 5.5a it is clear that weaker bursts have a larger allowed parameter
space, extending to both lower Lorentz factors and longer periods. The lower
limit is not affected by the change in luminosity as the time-scale is indepen-

013—14

dent of Lrrp. Emission radii of Rprp ~ 1 cm are favoured for typical

! with the radius increasing as the

FRB luminosities of Lppp = 10*? erg s~
luminosity increases due to the need for more particles to provide the free
energy. Fig. 5.5b shows the impact of changing the efficiency of the SME or
the magnetisation of the wind. The quantities have been combined for the
purposes of presentation, as increasing f;,, has the same effect as decreasing
o, with both changing the required volume of particles in the emission region.
As expected, decreased efficiency or equivalently increased magnetisation re-
duces the allowed parameter space by imposing a more constraining upper
limit from Pi;... As in the case of varying Lrgrp, only the upper limit is

affected by the change in fi,,o .
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Both cases demonstrate that periods of P < 0.1 s are favoured except for all
but the weakest of FRBs, provided that the magnetosphere is unperturbed.
In contrast, Fig. 5.6 shows the impact of a distortion to the magnetosphere
resulting in increased magnetic field outside the light cylinder, as may be
expected both before and after large flares (Beloborodov, 2020; Sharma et al.,
2023). To demonstrate this, the allowed parameter space is shown for Rprp =
Ry, Rrrp = 4R and Rpgrp = 10R,. All other parameters are the same as
in Fig. 5.5b with fi,,0~! = 1072. As both limits contain a factor of b'/2 the
minimum Lorentz factor is not affected by the change in radius. However,
the range of allowed periods shifts to higher values at larger radii, with even

moderate increases bringing the preferred period range to the order of seconds.

5.3.5 Emission escape

A further crucial factor when considering FRBs is whether the signal can
escape the emission environment without significant damping. Due to the
extreme brightness of the FRB signal, the wave strength parameter ay =
eEy/(mewc) may be large (ap > 1), depending on the distance of the emission
region from the magnetar (Luan & Goldreich, 2014). Here, Ej is the electric
field of the wave. In this regime, non-linear effects may result in compres-
sion of the wind plasma, taking significant amounts of energy from the radio
waves (e.g. Beloborodov, 2021; Golbraikh & Lyubarsky, 2023; Sobacchi et al.,
2024b). However, the details of this mechanism are still uncertain, so we do
not impose a hard limit on the allowed parameter space. We note that dif-
ferent authors derive different lower limits on the value of R beyond which
FRB emission can escape, in the range Rjump = 107! ¢cm, depending on
the parameters of the FRB (Sobacchi et al., 2024b; Beloborodov, 2025). In
general, these values will not tighten the constraints presented in Sec. 5.3.4
except to lower the upper limits on some of the weaker FRB cases with the

largest allowed parameter spaces.
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5.4 Application to FRB 20200428

The limits obtained in Sec. 5.3 can be applied to FRB 20200428 since the prop-
erties of its associated progenitor, the Galactic magnetar SGR 193542154,
are known (CHIME/FRB Collaboration et al., 2020b; Bochenek et al., 2020;
Mereghetti et al., 2020; Li et al., 2021a). This FRB is extremely weak by typ-
ical standards, with a luminosity of Lrpp ~ 3.6 x 10%%erg s™! (CHIME/FRB
Collaboration et al., 2020b; Bochenek et al., 2020). Here, we have taken the
inferred luminosity of the STARE2 detection as it was the more luminous
burst (Bochenek et al., 2020).

Using the magnetar properties of P = 3.25 s and B, = 2.2 x 10! G (Olausen
& Kaspi, 2014; Israel et al., 2016), we calculate the lower limits imposed
on 7, by the shell size and time-scale constraints. These lower limits are
plotted in Fig. 5.7 as a function of fi,,0~! for Rprp = Ry, Rrrp = 4Ry and
Rrprp = 10Ry with § = 1072 and ¢ = 0.6. For the unperturbed magnetosphere
case (shown by the blue lines in Fig. 5.7), the shell size constraint is more
restrictive for all magnetisations and efficiencies. For the majority of the
parameter space the lower limit is extremely high, with 7, > 10* even for
finwo ™t = 0.05. This likely rules out a completely unperturbed scenario. As
Rrrp/ Ry increases the allowed parameter space extends to lower values of -,
and fin,0~!, with the crossover point where Vw,size = Yw,time decreasing such
that the time-scale constraint becomes the dominant limit for Rrrp = 10R,
even for low values of fi,,071 = 107°. These results suggest two possibilities
for FRB 20200428 in the context of the model presented in this chapter.
In the first case, if the magnetosphere is unperturbed, the emission must
originate from an extremely relativistic wind with 7, > 10* and relatively
low magnetisation. On the other hand, if the magnetic field configuration has
been altered, emission is possible for a wind across a much more achievable

range of efficiencies, magnetisations and -,,.

This model does not intrinsically produce the observed X-ray emission as-
sociated with FRB 20200428 (e.g Mereghetti et al., 2020; Li et al., 2021a).
However, the majority of X-ray bursts from SGR 1935+2154 have been ob-
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Figure 5.7: The 6 — ~,, parameter space for FRB 20200428. The solid blue,
orange and yellow lines show the lower limits vy, size for Rprp = Ry, Rrrp =
4Ry and Rprp = 10R, respectively. The equivalent lower limits for v, time are
shown as dashed lines of the same colours. In all cases # = 1072 and ¢ = 0.6.

served not to have associated radio emission (e.g Lin et al., 2020), suggesting

the emission mechanism may not be shared. Furthermore, the slight timing

differences between the X-ray and radio imply that the emission may occur in

different locations, even if the initial source of the energy is the same pertur-

bation of the magnetar (Ge et al., 2023). Previous theoretical works have also

demonstrated that the X-ray burst may be emitted within the magnetosphere
while the FRB itself is produced in the wind (e.g. Wu et al., 2020; Yu et al.,

2021). For these reasons we do not consider the lack of X-ray emission from

the non-resonant Alfvén wave interaction to be a serious issue in this case.

5.5 Discussion

5.5.1 FRB and magnetar populations

The allowed parameter space determined in Sec. 5.3 can be compared with

the known properties of the magnetar population. Observed magnetars have
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periods ranging from P ~ 2 — 12 s, with a mean value of P = 6.3 s. Their
surface magnetic fields are B, ~ 10 — 2 x 10'® G, with a mean value of
B, = 3.4x10" G (Olausen & Kaspi, 2014). Magnetars may also be born with
much shorter periods on the order of milliseconds and even larger magnetic
fields (e.g. Beniamini et al., 2019; Dall’Osso & Stella, 2022). As can be
seen in Figs. 5.5a and 5.5b, the optimal periods found for an unperturbed
magnetosphere are at least an order of magnitude lower than the observed
magnetar periods. This suggests that either this mechanism may produce
FRBs in the environment of younger magnetars with shorter periods, or that
flaring activity results in larger emission radii, as shown in Fig. 5.6. These
younger magnetars may be necessary to support the energy budget required
for very active repeaters (Zhang, 2024). However, as young magnetars spin
down very rapidly due to their huge magnetic fields (Beniamini et al., 2019),

they may struggle to reproduce repeating FRBs over longer time-scales.

The fraction F of the observed magnetar population that satisfies the condi-
tions to support FRB emission for various ~,, is shown in Fig. 5.8 below for
different Rrrp/ Ry, assuming the same parameters as used in Fig. 5.6. Here,
only magnetars with estimates of both P and B, in the McGill Online Magne-
tar Catalog® (Olausen & Kaspi, 2014) have been used. The impact of different
luminosities is demonstrated by the dashed, solid and dotted blue lines, which

Vand Lprp = 10% erg st

show Lprg = 10® erg s7', Lyrp = 10*% erg s~
respectively. As the allowed parameter space increases with 7, (see e.g.
Fig. 5.5a), so does F, although significant fractions of F 2 0.1 are avail-
able close to the minimum =, for both Rrgrp/Ry = 6 and Rprp/Ro = 10.
It is apparent that significant changes to the initial unperturbed magnetic
field are necessary for the current observed magnetar population to explain
FRBs through this model. However, such changes are expected both in the
form of enhanced pre-flare winds (Beloborodov, 2020) and from the impact of
the flares themselves (e.g. Sharma et al., 2023). We note that these values of
F are determined for optimal parameters (except for Lrgrp and @), and will

decrease for less efficient maser emission or higher magnetisations.

3http://www.physics.mcgill.ca/~pulsar/magnetar/main.html
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Figure 5.8: The fraction F of the observed magnetar population that can
support FRB emission for a given wind Lorentz factor ~,. The blue
lines denote Rprp = 30Ry, with the dashed line denoting a luminosity of
Lrrp = 10% erg s71, the solid line showing Lrrp = 10*? erg s~! and the dot-

ted line showing Lrrp = 10* erg s7'. The orange and yellow lines show

F for Rprp = 10Ry and Rprp = 6R, respectively, in both cases with
Lrrp = 10*2 erg s7'. All other quantities have their fiducial values as in
Fig. 5.5a.

These results can be compared to the FRB rate, which is Rprg ~ 8 X
10* Gpe?yr~! for Epgp > 10%° erg, with the rate at lower energies poorly
constrained (James et al., 2022; Shin et al., 2023). This is ~ 1% of the magne-
tar rate, where we have taken a core-collapse supernova rate of @(10%) Gpe ™ yr—!
(Oguri, 2019; Shin et al., 2023) and a typical magnetar lifetime estimate of
~ 10* yr (Kaspi & Beloborodov, 2017; Oguri, 2019). Furthermore, we have
assumed that magnetars make up ~ 10% of the neutron star population (e.g.
Gill & Heyl, 2007; Oguri, 2019). Therefore, in this scenario the values of F
obtained in Fig. 5.8 are sufficiently high to explain the observed FRB popu-
lation. We note that both the typical magnetar lifetime and the fraction of

neutron stars that are magnetars are uncertain.

The difficulty of obtaining very high luminosity bursts (Lprp = 10* erg s71)
which require very high ~,, is tempered by their relative rarity. Models of
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the FRB energy distribution show an upper cut-off on the energy of Frrp ~
10172 erg, with rates of Rprp(Errp = 10*2 erg) /Rrrp(Errp = 10% erg) <
10~%, suggesting only a very small fraction of FRBs have such a high energy
and luminosity (Hashimoto et al., 2022; James et al., 2022; Shin et al., 2023).

5.5.2 Properties of the SME

The emission is produced by both the ordinary and extraordinary modes,
depending on the plasma parameters, with the O-mode favoured at higher
magnetisations and temperatures. In contrast, the slow extraordinary mode
is favoured at lower magnetisations, with the growth rates of the two modes
being roughly comparable at low temperatures. As the slow extraordinary
mode is a trapped mode which needs to undergo mode conversion to escape,
it is a less likely channel for FRB emission. Although the general conditions
for mode conversion are present, namely density and magnetic field gradients,
both are over large scales, and a detailed investigation of the mechanism
is outside the scope of this work. However, as there is a large part of the
parameter space where the ordinary mode is dominant, this does not have a

major impact on the overall viability of SME producing FRBs.

Both the O and X-modes are linearly polarised, supporting observations of
high degrees of linear polarisation in the majority of FRBs (Qu & Zhang,
2023; Zhang, 2023). However, the mechanism does not intrinsically produce
the rapid swings of polarisation angle seen in a small fraction of FRBs (Niu
et al., 2024; Mckinven et al., 2025). While this has led to arguments in favour
of a magnetospheric origin of FRBs, it has been shown in the case of SME
in both non-relativistic scenarios (Wu et al., 2012) and relativistic shocks
(Iwamoto et al., 2024) that a change in emission mode and polarisation angle
is possible outside the magnetosphere due to the impact of waves (either the
pervading Alfvén waves or the SME itself) on the emission process. The
impact of the pervading Alfvén waves on the maser instability has also been
shown to boost the O-mode growth rate in similar (non-relativistic) scenarios
(Wu et al., 2012; Zhao et al., 2013). As we have not included the impact
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of these waves on the maser instability, this may result in a change in peak
frequency for those parameters which currently have higher extraordinary

mode growth rates.

The growth rate will also decrease as the masing process continues. The excess
energy in the distribution is transferred to the wave, resulting in a reduction of
the value of ngi in the regions of momentum space where resonance occurs.
In the absence of continued pumping of the inversion by the Alfvén wave,

SME will therefore eventually be quenched.

The results of the growth rate calculations shown in Sec. 5.2.1 display con-
siderable similarities to the results for the efficiency of SME from relativistic
shocks, despite the different formation mechanisms for the population inver-
sion. In the shock model, particles that gyrate around the enhanced magnetic
field near the shock front form a ring distribution and produce SME (e.g. Al-
sop & Arons, 1988; Gallant et al., 1992; Amato & Arons, 2006; Plotnikov &
Sironi, 2019). In particle-in-cell (PIC) simulations efficiencies of ~ 1073¢~*
for o > 1 were found in such scenarios (Sironi et al., 2021), showing a simi-
lar dependence on ¢ as for the crescent-shaped distribution discussed in this
work. Furthermore, the efficiency also drops significantly at temperatures of
0 > 10715 (Babul & Sironi, 2020), similar to the maximum temperature of
0 ~ 0.02 found above. We note that the values of I'; and the efficiency values
reported in the PIC simulations are not the same physical quantity, as the
efficiency is the fraction of total energy emitted by the maser rather than the

growth rate. However, we expect the same trends to hold for both.

5.5.3 Other observational constraints

A further observational constraint for at least one FRB (FRB 20221022A)
comes in the form of scintillation measurements (Nimmo et al., 2025). The
upper limit on the size of the emitting region in this case is Rprp ~ (0.8 —
5) x 10" cm, where we have used the upper bound on the lateral size of the

emission region as obtained by Nimmo et al. (2025). For this particular FRB,
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this value is quite constraining, and requires very high efficiencies and low
magnetisations to satisfy. However, we note that scattering may occur as
a result of the signal’s propagation through the relativistic magnetar wind,

complicating the analysis (e.g. Sobacchi et al., 2022).

While both polarisation swings and scintillation measurements impose tighter
constraints on the magnetar wind scenario in comparison with magnetospheric
models, importantly wind models avoid major difficulties raised by the poten-
tial damping of the FRB (e.g. Beloborodov, 2021; Golbraikh & Lyubarsky,
2023; Beloborodov, 2024). We note that the importance and details of the
damping mechanisms are still under debate (e.g. Qu et al., 2022; Lyutikov,
2024).

5.5.4 Alternative FRB scenarios

Magnetars may also be surrounded by a lower magnetisation subrelativis-
tic wind with 8, < 1 and ¢ < 1 (Metzger et al., 2019). Here, 3, =
Uyp/c is the normalised wind velocity. In this scenario wind densities of
n ~ 1.6 x 105]\7[21]%1_425;1.11“[ cm ™ are expected. Here, M is the mass loss
rate, which is normalised to constraints obtained from FRB 20121102, where
M ~ 10" — 10?! g s~' (Margalit & Metzger, 2018). This environment satis-
fies the constraints for maser emission at a similar radius as the relativistic
magnetar wind, Rpgrp ~ 7.2 X 1011V§1M211/25;1/27w7;,1/2m1n {'y(w, 0*1/4} cm.
Such a scenario would require a beam of energetic particles to satisfy both the
requirements for the FRB energy and for efficient maser emission, as a sig-
nificant population inversion was only formed for beam distributions at lower
magnetisations (see Sec. 3.5.2). In the absence of a relativistic beam, this
model is also susceptible to the damping constraints discussed in Sec. 5.3.5.

Due to all these caveats, this model is unlikely to produce FRBs.
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5.6 Conclusions

In this chapter, we have examined the allowed parameter space for FRBs
emitted by SME in relativistic magnetar winds. We consider that the neces-
sary population inversion has been formed by non-resonant interactions be-
tween Alfvén waves produced by the central magnetar and the wind. For
all parameters, a relativistic wind is required, with minimum Lorentz fac-
tors of v, 2 310l2/5E}€3’39w1/501/5fi;11}7/52(%v — 1)"56t 3P0 *° . Provided
that the magnetic field is perturbed by the flaring activity, the allowed pe-
riods align with the observed magnetar period distribution. In the case of
an unperturbed magnetic field configuration, the typical period required is
P < 0.1 s, suggesting that only young magnetars may be viable sources of
FRBs in this particular scenario. The emission takes place at typical distances
of Rprp ~ 10171 cm, outside the light cylinder and at a sufficient distance
to avoid expected damping mechanisms. This model therefore presents a ro-
bust explanation for the production of FRBs in magnetar winds and can be
used to probe the physical conditions in the emission region, such as the wind

Lorentz factor and magnetisation.
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Chapter 6
Summary

In this thesis, we investigated the effect of non-resonant interactions between
shear Alfvén waves and a relativistic plasma. We showed that such interac-
tions can produce a crescent-shaped distribution function that is capable of

supporting SME and producing FRBs in a relativistic magnetar wind.

In Chapter 3, we describe how we solved the quasilinear kinetic equation gov-
erning the process. The resulting effects on the temperature, kinetic energy,
and bulk motion were analysed for both Maxwellian and non-Maxwellian dis-
tributions. We investigated the behaviour across a wide range of temperatures
and magnetisations. The apparent temperature increased preferentially in the
perpendicular direction, with significant increases possible even at relativistic
temperatures. The initial particle distribution is deformed most strongly at
high magnetisations due to the relative strength of the Alfvén waves compared
to the initial particle energy. In this regime, a crescent-shaped inversion was

found to form, with arms extending to large values of pj.

This crescent-shaped particle distribution can provide the necessary popula-
tion inversion for SME. Therefore, in Chapter 4, we determined the precise
parameter space in which such an inversion can form as a result of the non-
resonant interaction. We examined the properties of the resulting population

inversion and determined the energy available for masing in such a scenario.
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A significant fraction of the total energy (~ 1%) was found to be shifted into
the arms of the particle distribution, suggesting that efficient maser emission

is possible.

Finally, in Chapter 5, we applied the results from the previous chapters to a
specific FRB model. This model consists of an initial starquake, which results
in the emission of Alfvén waves from the central magnetar. These waves
propagate into the relativistic wind, where they interact non-resonantly with
the particles in the wind to form a crescent-shaped population inversion. This
population inversion provides the energy to amplify ordinary or extraordinary
waves which form the FRB signal. We showed that FRBs can be produced
through this mechanism, and determined the necessary properties of both the
central magnetar and the wind itself. We calculated the SME growth rate
and determined that lower initial temperatures of § < 0.2 were favoured. The
wind was shown to require a Lorentz factor of ~,, 2 310, and a scenario where
flaring has disturbed the magnetosphere was favoured to align with the known

magnetar population.

A natural continuation of this work is to extend the analysis to other wave
modes, such as kinetic Alfvén waves and magnetosonic waves, both of which
may be present in the environments where FRBs are produced. The pri-
mary differences in behaviour for these modes will occur due to their distinct
dispersion relations and their finite k;. The presence of the perpendicular
component of the wavevector will introduce extra terms into the quasilinear
kinetic equation, while the different dispersion relation will result in changes
to the relationships between the I, terms. The presence of a parallel electric
field also allows for the possibility of Landau damping, which may alter the

behaviour substantially in some cases.

The constraints on this model will be further refined as more FRBs are de-
tected, particularly if any further bursts are localised to magnetars or other
compact objects. Observations of shorter period magnetars, even if not in
conjunction with an FRB, will also provide important information and con-

straints for the unperturbed magnetosphere model discussed in Chapter 5.
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Further evidence for separate populations of FRBs may also reveal that some
FRBs are produced in the wind, while others, such as those with rapidly
varying polarisation angles, are indeed magnetospheric in origin. Regardless
of their nature, improved observations will allow more accurate probes of the

FRB environment using the limits described in our model.
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Appendix A

Comparison to non-relativistic

results

To check the accuracy of the numerical solution, we compare our results with
the non-relativistic analytical solution in the low turbulence regime (Wu &
Yoon, 2007). We first relate the measure of turbulence used in Wu & Yoon
(2007) to n as follows. From Eq. (2.8), we have

1 B?
€=——r / dk—£
4n,kpTh 8

___nB
- 32mn,0m,,c?

2
Uy

=a. (A.1)

Fig. A.la shows the solution for F(q.,q = 0) for an initial Maxwellian dis-

_ 2 _ 2
tribution of Fy = exp ( qge q') with § = 10~%. Results are shown as solid

lines for v4 = ¢/2 and vy = ¢/10 at a turbulence level of n = 1073. The
non-relativistic analytical solutions given by Eq. (2.9) at the same turbulence
levels are shown as dashed lines. The results for F'(¢, = 0, ¢)) with the same

parameters are shown in Fig. A.1b. In all cases, the numerical and analytical
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solutions agree. Similar agreement can be seen in plots of the perpendicular

temperature and temperature anisotropy shown in Figs. 3.4 and 3.6.
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Figure A.1: Comparison between the full solution solved numerically using
Eq. (3.5), and the low turbulence non-relativistic solution from Wu & Yoon
(2007). Panel (a) shows the (¢ = 0) while panel (b) shows F'(¢, =0). In
both cases the solid blue line shows the initial distribution with a temperature
of § = 10™*. The solid orange lines show the numerical result at n = 1073
for B4 = 0.1, while the dashed yellow lines show the equivalent analytical
solution. The solid purple lines show the numerical result at n = 1073 for
B4 = 0.5, and the dashed green lines show the equivalent analytical solution.
In all cases, the solutions are in close agreement.

143



Appendix B

Semi-analytical examination of
the terms in the quasilinear

kinetic equation

In this section we retrieve some semi-analytical approximations for the ratios
of the various terms in Eq. (3.5) in the low and intermediate magnetisation

regimes, specifically for o < o1, equivalent to Iy/I; > 1.

B.1 Mixed term

The change in the distribution due to the mixed term, (%—f)mm, for an initial

symmetric Maxwell-Jiittner distribution is given by

(W) e,
ot ) .
mie 9 (1+q0+q1)

< (L4 g +a2) — bay /146 +a2)., (B.1)

2
L (1+ot\ 1+ g +a2)
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where C' contains all the constants omitted for clarity. Fig. B.1 shows the
values of | max| and [q1 max| as a function of I,/I; for various temperatures,
showing that |¢1 max| is close to constant, while || max| o (I2/1;)~" for large
Iy/I; > 1 for all temperatures. It can also be seen that || max| < 1 and
|| max] < |¢Lmax| in this I5/I; range. Therefore comparing (%—f)
two different values of (I3/1y) and (I2/1;)" gives

(%_f) mir,max __ q||,max
(%), -

q/
Ot / miz,max [[;max

1+ qi,max - (IQ/Il)qn,maX \/ 1+ qi,max
X
L+ qi,max - (]2/11)/q|,|7max \/ L+ qi,max

Defining Cj as a constant of proportionality such that ¢ max = C)(I2/11) 7",
this expression can be simplified to

mix,max

(B.2)

(%_I;)miz,max CH(IQ/Il)/ (1 + qignax B CH \/ 1 + qi,max)
7 ~
(%_Iz)mix,max CH ([2/]1) <1 + qi,max - C”\ /14 q3_7max>
/
~ LI (B.3)

(Io/1)°

showing that (%) o (I/I;)7" for large Io/1; > 1.

mix,max

B.2 Parallel terms

In the case of the parallel terms, the maximum value of the parallel advection

term (%_?)H,l is significantly higher than the diffusion term, as is shown in
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Figure B.1: The values of ||| max| and |g1 max| as a function of I,/I; for the

mixed term, (%—f)mm. Dashed lines indicate ]qH,max\ at different temperatures

while solid lines show |q| max|. For large In/I1 > 1, |q|max| & (I2/11)~" and
|¢1 max| is constant.

Fig. 4.7. For an initial symmetric Maxwell-Jiittner distribution, the term is

(3F) _ o gy
ot Jya (1 +qt + qi)

x (h(2+2¢ +3¢3) —2bg/1+a +a2), (B

where C' contains all the constants omitted for clarity. Fig. B.2 shows the val-
ues of || max| as a function of I, /I, for various temperatures, while || max| = 0
for all cases. This allows us to discard all terms containing g max, resulting

n

max

(a_F) _ O gty
||, max

ot 2
<1 + q||,max)

X <211(1 + qa,max)2 — 2]2g||,max\/ 1+ qﬁ,max) : (B5)

146



"‘|QH,maX‘79:1 N
|QH,maX‘7 0=10"
"‘|QH,max‘a 0= 1072

10° 10t 102
| 2/' .

Figure B.2: The values of |¢|max| as a function of I,/I; for the parallel ad-
vection term, (%—IZ)” 1+ 101 max| = 0 for all temperatures displayed. For large
I,/I; > 1, |q),max| is approximately constant.

From Fig. B.2, it is clear that |g| max| is close to constant for a given temper-

8F)H

ature for large I5/I;. Therefore comparing (W

of (Is/1) and (Iy/I;)" gives

t )Il,max (1 + qﬁ,max)2 - <IQ/[1)q||’maX 1+ qﬁ,max
_ V (B.6)

o A two different values

(
(

As the ratio

!/
t )||,max (]_ + qﬁmaX)Q - (IQ/Il)lq“JnaX ]. + Qﬁmax

EIE

Q

(44} 1)?

q||,max 1/ 1+qﬁ,max

ond term is always larger than the first for large values of I5/I; and thus
(%_f)u e X L2/ 11 for I/ I > 1.

= 7(q||,max,0)2/|ﬂ||,max| < 15 for 6 < 3, the sec-

B.3 Perpendicular terms

In the case of the perpendicular terms, both the advection and diffusion terms

are significant, depending on the magnetisation. For an initial symmetric

147



Maxwell-Jiittner distribution, the sum of these terms is given by

oF Ce VT 2 2 2 9
— ] = — Ligy* (=243 +40(v* — ¢?))
ot 02~
+ L[0vqT (14 1) + gj (¢ — 207)
+qj H(dh + g1 —267)]
+ Iy (qf = 207(1+ ) + ¢ (1 + ¢ — 367)) } (B.7)
Fig. B.3 shows the values of |q| max| and [¢1 max| as a function of I, /1, for var-

ious temperatures, showing that |qi max| is close to constant and |g|max| <

1 and |g|max| < |¢Lmax| for large Ir/I;. We can therefore approximate

OF
(E)L,max as
ot 1 ,max - 92(1 + qi,max)
X {IQqu,max
+ [3(qi,max \/ 1+ qi,max - 0<2 + qu,max)}' (BS)
Now using the relation I3/I; = I;/I, which is true in the linear regime,

comparing the value of (%) | i & two different values of (I2/1h) and (12/11)

gives

(%)L max (12/11)
o™ 00

qJ_ ,max 1 + qL ,max + e(qﬁ_,max((‘[Q/Il)2 - 3) - 2)

qJ_ ,max 1 + qJ_ ,max + Q(Qi max((IQ/Il)/2 - 3) - 2)

]2/11 /quaX\/l—i_quaX—i_HQLmax 12/11) (B 9)
12/11 2 e 1+ ¢2 max+9‘h . 12/]1)/2
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Figure B.3: The values of || max| and |1 max| as a function of I,/I; for the

combined perpendicular terms (%—f) - Dashed lines indicate |q|max| at dif-

ferent temperatures while solid lines show |q| max|- For large Ir/I; > 1,
| max| < 1 and |q1 max| is approximately constant. The sharp dips in |g| max|
are due to a change in sign.

which is valid for I,/I; > 1. This ratio becomes

(
(

£) L (12/11)
)’ (Lo/1h)"”

1 ,max

HRE

(B.10)

o5

t

when 0(l/1,)* > /1 + qimax = (0, gL max)- AS |¢1 max| increases monoton-
ically with temperature from |qy max| ~ 0.14 for 6 = 1072 t0 g1 max| ~ 3.4
for @ = 3, this condition is satisfied in the I5/I; > 1 regime, confirming that

(8F

g) Lo X 12 /I, for low magnetisations.
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Appendix C

Resonance ellipses

Sample resonance ellipses are shown on contour plots of 0F/dq, for § = 1/300
in Fig. C.1 and # = 0.1 in Fig. C.2, showing how the regions of negative gradi-
ent in the perpendicular direction cannot be avoided at higher temperatures
due to their increased width. Although the growth rate calculation does not
solely depend on 0F/0p, (as shown in Eq. (2.49)), it is a useful proxy for

visualisation purposes.
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Figure C.1: Contour plot showing gq—i for n = 1 and # = 1/300. The plot
is normalised to ‘gq_lj_lmax for presentation purposes. Positive regions of the
derivative are shown in blue, with negative regions in red. The black line
shows the resonance ellipse for the slow X-mode with w, = 0.95¢2 and per-
pendicular propagation. This ellipse produces a positive growth rate at lower
temperatures as it crosses more areas ofF gq—li > (0. Note that this is not the
only wavenumber that can produce positive growth, and has been chosen for
visualisation purposes.
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Figure C.2: Contour plot showing gq—i for n = 1 and # = 0.1. The plot

is normalised to |g]—i|mm for presentation purposes. Positive regions of the
derivative are shown in blue, with negative regions in red. The black line
shows the resonance ellipse for the slow X-mode with w, = 0.95¢2 and per-
pendicular propagation.FThis ellipse produces a positive growth rate at lower
temperatures but overlaps with too much of the 8611_11 < 0 area at higher tem-
peratures such as this one.
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