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ON THE ELLIPTIC SINH-GORDON EQUATION WITH INTEGRABLE
BOUNDARY CONDITIONS

M. KILTAN AND G. SMITH

Dedicated to Ulrich Pinkall on the occasion of his 65th birthday.

ABSTRACT. We adapt Sklyanin’s K-matrix formalism to the sinh-Gordon equation, and prove
that all free boundary constant mean curvature (CMC) annuli in the unit ball in R® are of
finite type.

1. CMC IMMERSIONS AND THE SINH-(GORDON EQUATION

Let © C C be an open subset with smooth boundary 092. For r > 0, let B,(0) denote the open
ball of radius 7 about the origin in R3. A minimal or CMC immersion f : Q — B,.(0) is said to
have free boundary whenever it meets S,.(0) := 9B, (0) orthogonally along 9f2. Free boundary
minimal and CMC surfaces have attracted the interest of geometric analysts since the work
[9, 10] of Fraser—Schoen. The purpose of this paper is to open the way to applying integrable
systems techniques to the study of free boundary CMC annuli.

In order to better explain the ideas studied in the sequel, we briefly review the case of CMC
tori in R3. Here, the modern use of integrable systems techniques traces its roots to Wente
[20], and further developed by Abresch [1]. These ideas were extended by Pinkall-Sterling
[17] by showing that, modulo closing conditions, the study of immersed CMC tori in R? is
equivalent to the study of real, doubly-periodic solutions of the elliptic sinh-Gordon equation.
Independently, a similar technique was developed by Hitchin [14] for classifying all harmonic
tori in the 3-sphere. In this paper, we will follow Pinkall-Sterling’s approach.

Pinkall-Sterling proceed as follows. Let f : C — R? be a smooth, doubly-periodic immersion of
non-zero constant mean curvature H (where here we define the mean curvature to be equal to
the algebraic mean of the two principal curvatures). We suppose that f is conformal, so that
the metric it induces over €2 is given by

(1.1) g = e*dzdz,

for some smooth, real-valued function w, which we call the conformal factor of f. Recall from
[15] that the Hopf differential
Q= ¢dzdz

of f is constant. Thus, upon rescaling the domain and the codomain if necessary, we may
suppose that

1 1
(1.2) H = 3 and |¢p| = T
and the Gauss—Codazzi equations for f are then equivalent to
1
(1.3) w.z + gsinh(Qw) =0,
which is the elliptic sinh—Gordon equation.
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Conversely, by the fundamental theorem of surface theory, given H and @ satisfying (1.2) and
a doubly-periodic function w : C — R satisfying (1.3), there exists, up to rigid motions of R?, a
unique CMC-(1/2) immersion f : C — R with Hopf differential ) and conformal factor w. This
immersion is, furthermore, a torus provided that two further closing conditions are satisfied.
This gives the desired equivalence, modulo closing conditions, between immersed CMC tori on
the one hand, and doubly periodic solutions of the elliptic sinh—Gordon equation, on the other.

2. FINITE TYPE SOLUTIONS

Bobenko [3] observes that the key steps in both Pinkall-Sterling’s and Hitchin’s work lie in
showing that all doubly-periodic solutions of the elliptic sinh—Gordon equation over C are
of finite type. Heuristically, this means that all such solutions are completely determined
by polynomial data (c.f. [14]). However, the formal statement of the finite-type property is
rather technical, with different authors using different definitions. In this paper, we adopt
the perspective of Adler—Kostant—Symes theory (c.f. [4] and [5]). Recall first that the elliptic
sinh—Gordon equation translates into the integrability condition of the Lax pair

1 i Yy _
az(A,y) = Jw=00 + Ee‘”mr + %e “Yo_ and
1 ; 2\
az(A,y) = —iszo + 4:[/7’}/6_“}0-4' + ZZ€MU—,

(2.1)

where

1 0 01 0 0
(2.2) o0 1= (0 _1>, o4 = (0 0) and o_ 1= (1 0) ,

and A,y € C* are non-zero complex parameters called the spectral respectively torsion param-
eters. A Killing field of w is defined to be a map ® : C* x C* — C*°(Q, sla(C)) which solves the
system of partial differential equations

(2.3) d®(A,7) = [®(A, 7), (A, )],
where
(24) a()‘a f)/) = OZZ()\, 7) dz + Oég()\, 7) dz.
We say that a Killing field is polynomial whenever it takes the form
(2.5) D(A) = Z D A",

(m,n)eA

for some finite subset A of Z x Z where, for all (m,n), ®,,, : @ — sla(C) is a smooth function.
A solution w of the elliptic sinh—Gordon equation is of finite type if it admits a polynomial
Killing field.

3. FREE BOUNDARY CMC ANNULI

We will show that conformal factors of free boundary CMC annuli are finite type solutions of the
sinh-Gordon equation (1.3). Consider therefore a periodic, conformal CMC immersion f defined
over the ribbon  := R x [T, T] with free boundary in B,(0). By classical surface theory, the
Hopf differential () of f has constant argument along each of the boundary components. It
follows by the Schwarz reflection principle that it extends to a bounded, holomorphic form over
the whole of C which, by Liouville’s theorem, is constant. The conformal factor w satisfies the
non-linear boundary condition

(3.1) Wy = ;e”,
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where € is equal to +1 along the upper boundary component and —1 along the lower boundary
component. More generally, non-linear boundary conditions of the form

(3.2) wy = Ae” + Be™,

where A and B are constant along each boundary component, are known as integrable boundary
conditions, first considered for the sine-Gordon equation by Ghoshal-Zamolodchikov [12], and
subsequently for other integrable equations, e.g [7, 8.

We show

Theorem 1. Ifw : R x [-T,T] — R is a singly-periodic solution of the elliptic sinh—Gordon
equation with integrable boundary conditions, then w is of finite type.

Our proof also yields deeper information about the structure of the polynomial Killing fields of
such w. First, we say that a Killing field ® satisfies the Sklyanin condition for fields whenever,
at every point of 0f2,

(3.3) KEA\7)2(\,7) = 2(\,7) K(A,7),
for all A,~v € C*, where

JAy—4BA 2o %
(3.4) K(\,7) = Ay 4X 4B

yooA % A

is Sklyanin’s K-matrix (see [18, 19], see also [16] for an excellent treatment of Sklyanin’s ideas).
Theorem 1 follows from the following theorem, proven in Section 11.

Theorem 2. Ifw: Rx [-T,T] — R is a periodic solution of the elliptic sinh—Gordon equation,
then w satisfies the integrable boundary conditions if and only if it admits a polynomial Killing
field ® which satisfies the Sklyanin condition for fields.

4. KILLING FIELDS

As before, let  := R x [-T,T] and let w : © — R be a real solution of the elliptic sinh-Gordon
equation. Throughout the current chapter, we will consider A as a variable and v as a constant.
Let X be a manifold. Let E be a complex vector space. For k € Z, a series of degree k over X
taking values in E is defined to be a (formal) series of the form

B(\) = i B\,
m=k

where, for all m, ®,, is a smooth function over X taking values in £ and &} is non-zero. We
say that the trivial series ® = 0 is a series of degree +00. Let £(X, E) denote the space of such
series over X taking values in F. In addition, denote

(4.1) L(X):=L(X,C)and L := L({z},C),
where {z} denotes the manifold consisting of a single point. We readily verify

Lemma 4.1.

(1) L(X, E) is a complex vector space;

(2) L(X) is a unitary commutative algebra;

(3) L is an algebraic field; and

(4) L(X, E) is a module over L(X) and a vector space over L.
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For k <1 € N, a polynomial of bidegree (k,[) over X is a finite series of the form

l
D(A) = > D™,
m=k

where @ and ®; are non-zero. Again we call the trivial series & = 0 a polynomial of bidegree
(400, +00). Let P(X, E) denote the space of finite series over X taking values in E.

The Lax pair (2.1) defines the 1-form (2.4) over €2 which maps vector fields into P(€2,sl(2,C)).
A (formal) Killing field of w over Q is a series ® € £(£2,s](2,C)) which satisfies

(4.2) dd = [®,a]
at every point of 2 (c.f. [4]). Upon evaluating (4.2) term by term, we obtain (see [13])
Lemma 4.2. Let w be a solution of the sinh—Gordon equation. Let
- U et
— m m m
2= (m _um> A
m=k

be a series over S taking values in s1(2,C). Then ® is a Killing field if and only if, at every
point of Q and for all m,

(4.3) A, + i€2w8m+1 — vty =0,
(4.4) 4,z + i’y_lsm —ie®ty,_1 =0,
(4.5) dw tm + 2ty — tUmy1 =0,
(4.6) 2e“tmz — iy e Y u, =0,
(4.7) 2¢¥sm,, +ive “um =0 and
(4.8) dwzsm + 25m 7z + ium—1 = 0.

5. THE SPACE OF KILLING FIELDS

Let IC(€2) denote the space of Killing fields of w over Q. It is non-trivial as Pinkall-Sterling [17]
construct an explict, non-trivial Killing field of w over 2, which we henceforth refer to as the
Pinkall-Sterling field*. We need their iteration to construct this field. First, define

1
(5.1) ug := 0 and g := —5
Next, after having determined w1, -+ , 4, and ¥1,- -+, ¥m_1, define
k—1
wu% +2 Z Onm—n if m =2k —1, and
n=1
(5.2) UV 1= -
Yuktp L + Ok +2)  Onmon  if m =2k,
n=1
and
1 .
(53) Um+1 = ;( - 4Um,zz + 42wz¢m)a
where, for all p and for all q,
(5.4) Op.q = Yupligr1 + dup 2Uq,z + PVpthy.

1We remark that the formalism of [17] is slightly different from our own, but can be transformed into our own
by replacing their variable z with the variable ¢ := iz/2 so that . = —2i0, and 0 = 2i0z.
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The sequences t,, and s,, are now determined by

(5.5) tm = }y( — 20U, > — V¥p) and sy, == e 2w (2ium_17z — @bm_l).

The Pinkall-Sterling field is then the series

> Um  E%m\ \m
(5.6) =) <¢, _um>,x.

S
m=0 m

We now show that IC(€) is 1-dimensional over £. To this end, we show

Lemma 5.1. Let
Up €l
. m
P = E (ew Um> A

S
m=0 m

be a Killing field of w over Q). For all m,

(1) if upy = 0, then t,, and s, are constant;
(2) if upm =t = 0, then Spmi1 = Ums1 = 0; and
(3) if U = Sm =0, then upm—1 = tym—1 = 0.

Proof. Suppose that u,, = 0. By (4.6), we have ¢,z = 0. Next, by (4.3),
€’ Smi1 = ve “tpm,
and by (4.7),
ve YUmi1 = 21€ S, = 20(€¥Sm41) 2 — 2iw.€¥ sS4
= 2iv(e “ty), — 20w e ity = 2ive Yty s — diywae Vi, '

Hence by (4.5), we obtain t,, , = 0. Thus t,, is constant. In the same manner s,, is constant,
and (1) follows. If u,, = t,, = 0, then it follows by (4.3) and (4.5) that $p4+1 = wm+1 = 0, and
(2) follows. If s, = uym, = 0, then it follows by (4.4) and (4.8) that upy,—1 = tm—1 =0, and (3)
follows. This completes the proof. O

Lemma 5.2. £(Q) is the 1-dimensional vector space over L generated by the Pinkall-Sterling
field.

Remark 5.3. In particular in the present framework a solution of the elliptic sinh—Gordon
equation is of finite type if and only if its space of Killing fields is generated by a finite series.

Proof. Let ® be an arbitrary Killing field of w over €2 and let ¥ be the Pinkall-Sterling field.
We construct recursively a series f such that

o= fU.

Let k£ be the degree of ®. As W has degree 0, the series f must also be of degree k. Suppose we
have already determined the coefficients fx, fx11,---, fkai—1 in such a manner that the series

(i) = — f(l)\I/

is of degree k + [, where
k+1-1

fo) = Z SmA™.
m=k

= Uy €Ty

- (ewgm _um> .
As @ is also a solution of the Killing field equation, it follows by Lemma 5.1 that sg1; = ugt; =0
and 7i4; = c is constant. The result now follows by setting fi+; := 2c. g

For all m, denote
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6. THE DETERMINANT

We now characterise the Pinkall-Sterling field amongst all Killing fields of w over €2. Observe
first that, since elements of K(§2) are 2 x 2 matrices with coefficients in £(€2), they have well-
defined determinants which are also elements of L(£2).

Lemma 6.1. For every Killing field ® of w over Q, Det(®) is constant over ), that is,
Det(®) € L.

Proof. Indeed, dDet(®) = Tr(Adj(®)dP) = Tr(Adj(P)[P, a]) = 0, as desired. O

Lemma 6.2. For all v, the Pinkall-Sterling field is, up to a choice of sign, the unique Killing
field ® of w over Q such that
A

(6.1) Det(®) = — .

Proof. Let ® be the Pinkall-Sterling field. We first show uniqueness. Let ¥ be another Killing
field of w over Q which satisfies (6.1). Since K(2) is generated by ®, there exists f € £ such
that ¥ = f®. In particular,

A A
—_—— = \Il == @ = - 2 .
I Det(¥) = Det(a®) ™ f

Since L is an algebraic field, it follows that f = £1, and uniqueness follows.

We now show that ® satisfies (6.1). To this end, denote

U:= iuk)\k, S = isk)\k, T := itk)\k and U := iwkxk,
k=0 k=0 k=0 k=0

where 1), is the sequence constructed in (5.2). By (5.5)
1
T = ;( —2iU, — ¥) and S = \e™2(2iU, — V),
so that )
Det(®) = —U? — ST = ~U? + Z(2iU, — 0)(2iU, + ¥)
g

= -U? - 45UZ2 _Age
gl gl

Since the coefficients of the expression

A A A
~U? 40U - S0 = -
g gl 4y
are precisely the recurrence relations (5.2) and (5.4), the result follows. O

7. THE SKLYANIN MATRIX

We now recall how Sklyanin translates the integrable boundary conditions into boundary con-
ditions for the Lax pair (c.f. [18] and [19]). The real component of the Lax pair is

i A A Y o A,
(7.1) g = =5 Wy00 + <4)\e + @e >0+ + (46 + Vi >0.
We say that o, satisfies the Sklyanin condition for Lax pairs at a point of 92 whenever
(7.2) K\ ) az(X 1) = az (A7 A7) K(A )

at this point, for all A,y € C*, where K(\,~) is Sklyanin’s K-matrix, given by (3.4).
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Lemma 7.1. The function w satisfies the boundary condition
wy = Ae” + Be™®
at a point of 0 if and only if the real part o, of its Lax pair satisfies the Sklyanin condition

for Lax pairs at this point.

Proof. Make the ansatz K := ald + boy + ¢ (04 + 0_) where the coefficients a, b and ¢ only
depend on 7 and A. The relation (7.2) holds if and only if

o+ <(a4—;b) (a —4b))\>€W+ <(a;—yb) - (a—4b)'y>6_w o

Setting

a+b:=4Ay —4B\,, a—b::———andc;:i_l,
0l A oA

we see that (7.2) is satisfied at a point of 9 if and only if
wy = Ae” + Be™

at this point, which is precisely our integrable boundary condition. Finally, substituting a, b
and ¢ into the ansatz for K yields (3.4) as desired. O

8. THE SKLYANIN CONDITION

We conclude this chapter by showing that if w satisfies the integrable boundary conditions on
0€, then its Pinkall-Sterling field satisfies the Sklyanin condition for fields on 9€2. To this end,
let 0€)y be one of the two connected components of 9€). We define a Killing field of w on 0
to be a series ® in £(9€,sl(2,C)) which satisfies the Lax equation

(8.1) D,y = [@, o).

Let K(0€) denote the space of Killing fields of w over 0€y. Trivially, every Killing field of
w over (2 restricts to a Killing field of w over 9€y. In the one-dimensional case, we have the
following weaker version of Lemma 5.1.

Lemma 8.1. Let
> U et
R m m m
2= (m _um> A
m=0
be a Killing field of w over 0. If

lp—2 = Sp—1 = Uk—1 = tp—1 =0,

then s = ug = 0, and tj is constant.

Proof. By (7.1) and (8.1), for all m,

(8'2) Umaz = nytm + Ze%)tm—l - Z€2w3m+1 - Hsn%

(8.3) e smp = —2e“wzsy, — %efwum — %e”um_l, and
) )

(8.4) etz = —2€°wWitm + —€“Uny1 + € CUpy,.

2 2y
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By (8.2) and (8.4), We obtain s = ux = 0. These three relations together yield

2
e sp1 = t,

1, .
U1 = ; (2262w3k+17z + 4262“’w38k+1), and

ety = —2e¥w, ity + 26 Ukt 1-
It follows that
U1 = 20 (72 4 + diwsty = —diwgty, + 2ity, » + diwsty,
so that e¥ty, , = —2e“w,ty +2e%w by — ety » —2e%wszty. Thus ty , = 0, completing the proof. [

Via the same argument as in Sections 5 and 6, this yields

Lemma 8.2.

(1) K(0%) is the one-dimensional vector space over L generated by the Pinkall-Sterling field.
(2) The restriction of the Pinkall-Sterling field to 09 is, up to a choice of sign, the unique
Killing field ® of w over 0Qg which satisfies

Det(®) = —i.
4y
Given a Killing field ® of w over 90y, denote
~ ft

(8.5) ®(A,7) = KA\, 7) (A7) K(A9).
Observe that @ is also a Laurent series over 0.
Lemma 8.3. If the real part o, of the Lax pair of w satisfies the Sklyanin condition for Lax
pairs along 0, then ® satisfies the Killing field equation (8.1) along 0.

Proof. Observe that

Oé$(X 7’771) - _CV;U<)\,’Y),
KX, 57) = D\ 7)K(A,7) ! and
K()‘_lﬂ 7_1) - D()‘v V)K(Av 7)_17
where
D(A7) := Det(K(A,7))
Moreover,

D(A\7) =DMy ) =D A7),
n (

Upon applying the Killing field equation (8.1), we therefore obtain

B\ 7)e = K 7) 00, 7). K(A,7)

= K)o, an (o)) K(A7)

+ +
4

= K\ ae(W7) s (N7) | K (A7)

= —K(\, )_1[%@_17’7_1),‘1’@,7) 1K (A7)
= K(\7) 7' [2(\7) A as(A Ty HIEO)

(A
= [K(\ ) te(h79) ﬁ) K(A7), KA Taa(A Ly HK (A7)
= [D(A,7), az(A )],
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and the result follows. O

Lemma 8.4. If the real part o, of the Lazx pair of w satisfies the Sklyanin condition for Lax
pairs along 0Ly, then the Pinkall-Sterling field ® of w satisfies the Sklyanin condition for fields
along 00, that is, for all A,y € ST,

(8.6) B, 7) = B\ 1) = KA1 0(7) K(A,7)

along 0).

Proof. By Lemma 8.3, Pisa Killing field of w over 02g. However, for all A and for all ~,

Det(B(1,7)) = Det(K (A, )" 8(%,7) K (A7) = Det(B(1,7)) =~

It follows by Lemma 8.2 that ® = +&. Explicitly calculating the first non-zero term of each of
these two series yields the claim. O

9. ROBIN BOUNDARY CONDITIONS

As before, let  :=R x [-T,T] and let w : © — R be a real solution of the elliptic sinh-Gordon
equation. In this chapter, we transform the Sklyanin condition for fields into a sequence of
equations that allow us to recover the finite type property. Thus, let ® be the Pinkall-Sterling
field of w. In order to better capture the symmetries of the problem, it now becomes convenient
to treat this field as a (formal) series in A and . We thus denote

(9.1) o) =3 ( U, ewtmv"> ATy,

w
€ Smn —Umn
m,n

Observe that, for all \,~v € ST,
(9.2) a(\y) = e300 a(Mh1) egao,
where 6 € R satisfies

20 — -
It follows upon applying this gauge transformation that
> -1, w
_ Um Ve tm m,.—m
9.3) B(\,7) = ZO (WSm . > ATy,
m=

where

> ( tm € tm) AT = B\, 1)
€S —Um

m=0
is the Pinkall-Sterling field of w with torsion v = 1. In this framework, Lemma 4.2 becomes

Lemma 9.1. The sequences um n, tmn and Sy n satisfy, for all m and for all n,

(9.4) Wy 2 + ieQwsmHm — itmn—1 =0,
(9.5) Az + 1Smnt1 — ie%tm_lm =0,
(9.6) dwtmn + 2tmm,: — Umt1n =0,
(9.7) 2e“tmnz — i€ “Umny1 =0,
(9.8) 2e“Smn,z + i€ “Upmp—1 =0 and
(9.9) AwzSmn + 2Smmn,z + Um—1, = 0.

As far as the Sklyanin condition for fields is concerned, upon equating every coefficient of
(K® — ®K) with zero, we obtain
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Lemma 9.2. Along 050, the sequences U pn, tmn and Spypn satisfy, for all m and for all n,

(9.10) Im (€ sm—1,n41 — €“Sm41,n—1 + 4AUMR -1 — 4BUp—1,) = 0,
(9.11) Im (1,041 — € tmt1,n-1 — 4AUm nt1 + 4BUpi1,) =0,
(9.12) Re(ZAe“’tmm,l —2Be“ty—1n — 24€ S nt1 + 2Bewsm+1,n)

= Re (um_17n+1 — um+17n_1) and
(9.13) Im (At -1 — Btm—1,n 4+ Asmpt1 — Bsmg1,n) = 0.

Lemma 9.3. The pair of systems of equations (9.10) and (9.11) is equivalent to the following
pair of systems of equations:

(9.14) Im(e“’tm_l,n — 4 AU + ew3m+1,n) =0 and
(9.15) Im(ewtm,n_l — 4BUp p + e”sm7n+1) =0.

Proof. Indeed, suppose that the equations (9.10) and (9.11) are satisfied for all m and for all
n. Then, upon applying recursively (9.10), we obtain the finite sum

Im(ewsm,n) =Im (4Aum,1’n — 4BUm—2n+41 + 4AUp_3 542 — - )
In the same manner, (9.11) yields
Im(e“’tmm) = Im(4Bum7n+1 —4Aupm—1 12 +4BUm—2n43 — - )

If we now denote these equations respectively by a(m,n) and B(m,n), then a(m + 1,n) and
B(m—1,n) together yield (9.14) whilst a(m,n+1) and B(m,n —1) together yield (9.15). Since
the converse is trivial, this completes the proof. O

The integrability of boundary conditions is itself remarkable, since many classical boundary
conditions do not have this property, see e.g. [2].

Lemma 9.4. For all m and for all n, the imaginary part of the function wp,, satisfies the
following Robin boundary condition:

(9.16) Im(Um,n)y = Ae“Im(um ) — Be” “Im(um ).

Proof. Indeed, by (9.4) and (9.5),
e Smiin —€ “tmn—1 = 4ie” “up, p . and
e tm—1n —€ “Smnt1 = —4die” YUp p .
The sum of (9.14) and (9.15) then yields
Im (4Aum7n — 4Be_2wum7n) =1Im (ewtmfl,n +e“Smrin — € “tmp—1 — e_“’sm,nﬂ)
= Im(4iefwum7n,z — 4Z'€7w’u,m7n,§)
= 4e_wRe((um7n — Emn)z)
=4e “Re (2Z'Im(um,n)z)
= de “Im(umn)y,

)

and the result follows. O

10. THE SOLUTION IS OF FINITE TYPE

We now show that the solution is of finite type. Let ® be as in the previous section. Recall
that, upon applying the gauge transformation (9.2) if necessary, we may henceforth suppose
that v = 1. We first recall a few elementary lemmas.
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Lemma 10.1. Let

U o (Um €l A\
‘_Z ev — U,

S
m=0 m

be a Killing field. If up = 0 then there exists f € L of degree k such that

= U e“t 0 O
- _ m m m k
v fo Z_:O <ewsm _um> A"+ (ewsk O) AR
In particular, (U — f®) is a polynomial Killing field.

Proof. We construct f by recurrence. Suppose that the coefficients fi,- - , fr+i—1 have already
been determined such that if

T - ~m wEm m
q/;:qz—f(l)q»:Z(erN el ))\ ,

0 Sm  —Um
where
k+l—1
foy = fmA™
m=k
then,

Um =0Vk <m < k+1,
tm =0VE<m<k+1—1and
Sm=0Vk+1<m<k+1L
Since ¥ is also a Killing field, by Lemma 5.1,
7§k+l =C
is constant. By Lemma 5.1 again, the result follows upon setting fr4; := —2c. O

Lemma 10.2. The solution w is of finite type if and only if there exists a finite-dimensional
vector space E C C*(Q,C) such that, for all m and for all n,

Umn € E.
Proof. This condition is trivially necessary. We now show that it is sufficient. Suppose again

that v = 1. In particular, by (9.3), for all m, u, = upmm,m € E. If d := Dim(E), then there
exists f € P of bidegree (0,d — 1) such that if

3 Um  €Im\ \m
. m m
fq) = — <ew§ _ﬂm) A )

then 44y = 0, and the result follows by Lemma 10.1. O

Lemma 10.3. For all m, n the function ., satisfies the linearised sinh—Gordon equation

(10.1) Aty + cosh(2w)up, , = 0.

Proof. Indeed, differentiating (9.4) yields 4w, p, .z + ’i(62w5m+17n)§ — itmn—1z = 0. Applying
(9.7) and (9.9) then yields
1 1

2 2w _ 0’

W _
4um,n,z2 + 56 Um,n + 56 Umn =

as desired. ]
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Lemma 10.4. If ¢ : Q — C is a periodic, holomorphic function which satisfies

Im(¢)|oa =0,
then @ is constant.
Proof. Indeed, by Cauchy’s reflection principle, ¢ extends to a bounded holomorphic function
over C and the result now follows by Liouville’s theorem. O
Theorem 3. If w: Q — R is a periodic solution of the sinh—Gordon equation with integrable

boundary conditions, then w is of finite type.

Proof. Let ® be the Pinkall-Sterling field of w and let (um, ), (tmn) and (smn) be as in (9.1).
By Lemmas 7.1 and 8.4, ® satisfies the Sklyanin condition for fields along 02. It follows by
Lemma 9.4 that, for all m and for all n,

Im(Umn),y = Ae“Im(um ) — Be” “Im(um p),

along 0€Q. Since Im(u, ) also satisfies the linearised sinh-Gordon equation, it follows by the
classical theory of elliptic operators over compact manifolds with boundary (see [11]) that there
exists a finite-dimensional subspace E; C C*°(€2, R) such that, for all m and for all n,

Im(umm) c Fi.

By (9.6) and (9.9), for all m and for all n,

)
(e2w§m+1,n — ethm_Ln)z = —562“) (umn — ﬂmn) = eQWIm(umm) € eE,,
and, by (9.14), along 09,
Im(62w§m+17n — ezwtm_lvn) = —4Ae“Im(up, n) € e“Er]aq.

It follows by Lemma 10.4 that there exists a finite-dimensional subspace Ey C C*°(£2, C) such
that, for all m and for all n,
62°’§m+17n — e2wtm_1,n € e¥Es.

In a similar manner, we show by (9.7) and (9.8), that there exists a finite-dimensional subspace
E5 C C*(Q,C) such that, for all m and for all n,

Smantl — tmn-1 € € “E3.

Finally, by (9.12), along 02, for all m and for all n,
Re(um+1,n_1 — Um_l,n_t'_l) = 2Be*wRe(62”§m+1,n — ezwtm_l,n)
— 2AewRe(Sm7n+1 — fm,n,l)
€ Re(Es + Ej).
It follows by induction that, along 0f2, for all m and for all n,
Re(um,n) € Re(Es + E3).

Finally, since Re(uy, ) also satisfies the linearised sinh-Gordon equation, it follows again by
the classical theory of elliptic operators over compact manifolds with boundary that there exists
a fourth finite-dimensional subspace E4y C C*°(2,R) such that, for all m and for all n,

Re(um,n) € Fy.
The result now follows by Lemma 10.2. O
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11. PoryNoMIAL KILLING FIELDS

Finally, we construct polynomial Killing fields of w over ) that also satisfy the Sklyanin condi-
tion for fields. As in Section 10 we restrict ourselves again to the case where v = 1.

Lemma 11.1. Let -
Um  €“tm\ \m
vy (m _um) A
be a Killing field of w over 0 which satisfies the Sklyanin condition for fields. If up = 0 and
if tr ¢ R then there exists a polynomial Killing field of w over Q of bidegree (0,4) which also
satisfies the Sklyanin condition for fields.

Proof. Let ® be the Pinkall-Sterling field. By Lemma 10.1, there exist f,g € £ with real
coefficients such that
U —(f+ig)® =P,
where P is a polynomial Killing field of w over ). We therefore denote
U, = gd.

Since ® satisfies the Sklyanin condition for fields, and since g has real coefficients, ¥, also
satisfies the Sklyanin condition for fields, that is, for all A € C*,
ft
along 0). Next, since & and ¥ both satisfy the Sklyanin condition for fields, and since f has
real coefficients, we also have, for all A € S*,
—t

along 9, where

QA1) = KA\ 1)P(M 1) — POy 1) K (A, 1),

It follows that .
KO D¥(A 1) = —2Q(A 1)

o DT = —%K(A‘l, DOM1),

where
D(\, 1) := Det(K (A, 1)).
We thus denote
(A1) = FD(A, 1D W (N 1),
Since D(A, 1) is a finite series with real coefficients, ¥’ is also a Killing field of w over Q which
satisfies the Sklyanin condition for fields. Finally, we verify that Q(A, 1) is a polynomial of
bidegree (k — 1,k + 1), and the result follows. O

Proof of Theorem 2. In order to prove the existence of a polynomial Killing field of w over
Q) which satisfies the Sklyanin condition for fields, it suffices to repeat the construction of
Lemmas 10.1 and 10.2 using only series with real coefficients. The only possible obstruction to
this construction is precisely the case studied in Lemma 11.1, where there nonetheless exists
a polynomial Killing field of w over 2 which satisfies the Sklyanin condition for fields. This
proves existence.

Conversely, suppose that there exists a polynomial Killing field of w over {2

o k Um et A\
'_Z e¥ — U,

S
m=0 m
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which satisfies the Sklyanin condition for fields. Then, by Lemma 5.1, sg = ug = 0. By (9.11),
we may suppose that tg = 1/2 and, by (9.12),

By

10.
11.

12.

13.
14.
15.
16.
17.

18.
19.

20.

M.

Re(u1 + 2A4e%ty + 236“’51) =0.
(5.1), (5.3) and (5.5), we get u; = —2iw., to = 3 and s; = se~ 2, yielding the claim. O
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