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Abstract

Delay differential equations (DDEs) have been used successfully in the past to model climate
systems at a conceptual level. An important aspect of these models is the existence of feedback
loops that feature a delay time, usually associated with the time required to transport energy
through the atmosphere and/or oceans across the globe. So far, such delays are generally assumed
to be constant. Recent studies have demonstrated that even simple DDEs with nonconstant
delay times, which change depending on the state of the system, can produce surprisingly rich
dynamical behaviour. Here, we present arguments for the state dependence of the delay in a
DDE model for the El Nifio Southern Oscillation phenomenon in the climate system. We then
conduct a bifurcation analysis by means of continuation software to investigate the effect of state
dependence in the delay on the observed dynamics of the system. More specifically, we show
that the underlying delay-induced structure of resonance regions may change considerably in the
presence of state dependence.

1 Introduction

Feedback loops are an important component of climate systems (see [66] and references therein),
whereby changes or inputs are either amplified or dampened by nonlinear processes. Such feedback
loops are crucial ingredients in climate models [2, 18, 19, 39, 58, 63] and they are associated with
delay times due to transportation times of mass or energy over large distances. These time delays are
generally large compared to the characteristic forcing time scales of the system under consideration.
As such, time delays tend to play a vital role in the behaviour of the system.

This is certainly true for delayed feedback loops that arise in the equatorial coupled ocean-
atmosphere system governing the El Nino Southern Oscillation (ENSO) phenomenon. This system
consists of an atmospheric component, known as the Southern Oscillation, and an oceanic component,
El Nino. The El Nifio events are characterised by large increases in sea surface temperature (SST)
in the equatorial Pacific Ocean, and they occur sporadically approximately every 4-7 years. Large
drops in eastern-Pacific SST represent the cool phase and are known as La Nina events. It is well
known that El Nifio events generally tend to occur near Christmas time. The seasonal cycle (with a
period of 1 year) represents the characteristic forcing time scale of the ENSO system. Feedbacks due
to ocean-atmosphere coupling processes in the eastern and central equatorial Pacific Ocean have delay
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State dependence in an ENSO DDE model 2

times of many months due to the time needed for equatorially trapped waves to propagate across the
Pacific Ocean.

El Nino and La Nina events have major consequences all over the globe, yet they are notoriously
difficult to predict accurately, even with highly sophisticated global climate models [3, 45]. Over many
decades, conceptual climate models have proven extremely useful in providing fundamental insights
into the inner workings of climate systems; for example, see [9, 46, 51, 53, 67]. Conceptual ENSO
models have played an important role in building a theory of how El Nifo events are created and how
they eventually die away, although there are many aspects still open to debate and investigation [51].

A prominent paradigm for how El Nifio events form and abate is the so-called delayed action oscil-
lator (DAO), first introduced by Suarez and Schopf [68]. According to this paradigm, feedback loops
due to the ocean-atmosphere coupling are crucial in shaping ENSO dynamics. A central ingredient
of these feedback loops is the depth of the thermocline, which is a thin layer in the ocean separating
deeper cold waters from shallower warm surface water. Another ingredient is the equatorial upwelling
which is caused by the surface winds (trade winds) through a mass divergence away from the equator
caused by the Earth’s rotation (Ekman upwelling). Let the variable h(t) denote the deviation from
a long-term thermocline mean in the eastern equatorial Pacific. A positive value of h leads to less
water from below the thermocline reaching the sea surface through upwelling, thus an increased SST
in the eastern Pacific. This provides a positive feedback because the warm SST anomaly slows down
the easterly trade winds because warm air rises and has to be compensated, leading to westerly wind
anomalies, deepening the thermocline. The positive anomalous thermocline depth signal at the equa-
tor is carried to the eastern boundary of the ocean via so-called Kelvin waves. Off the equator, the
negative anomalous thermocline depth signal is carried to the western boundary of the ocean via so-
called Rossby waves. These waves are reflected as Kelvin waves, which carry the shallow thermocline
perturbation back to the eastern boundary of the ocean, completing a negative feedback loop.

There exist a number of models based on the DAO paradigm; for example, see [4, 68, 70, 71]. The
DDE model introduced by Ghil, Zaliapin and Thompson [23] is one of the simplest in that it focusses
on the interaction between the negative delayed feedback and additive seasonal forcing. This model,
which we refer to as the GZT model, takes the form

d
ah(t) = —btanh[kh(t — 7,)] + ccos(2nt). (1)

The parameters b and ¢ are amplification factors of the negative feedback and seasonal forcing terms,
respectively. The ocean-atmosphere coupling is also of a particularly simple form, tanh(-), with the
coupling strength x as the only parameter; see the study [49] for a justification and for a variation
with different asymptotes. The delay time 7, arises from the Rossby and Kelvin waves closing the
negative feedback loop, and it is assumed to be constant in all previous work.

Modelling with DDEs is built on the idea that only the delayed effect of a chain of complex
processes needs be modelled, and not the processes themselves — resulting in a convenient model
reduction. The resulting DDE model is capable of complicated behaviour, yet is still amenable to
sophisticated mathematical analysis. In the case of the GZT model (1), only the delayed effect of the
negative feedback is included, while a full description (for example, by partial differential equations)
would involve many more variables and parameters relating to zonal wind anomaly, surface pressure
anomaly, thermal damping coefficients, etc. The GZT model is deceivingly simple in that it features
only delayed feedback and periodic forcing. Yet, it was shown in [23, 72] to be capable of dynamics
that could replicate certain ENSO features, such as variability on appropriate time scales and phase
locking with the seasons. This balance between (relative) simplicity and still being mathematically
tractable explains the success of DDE models in areas as diverse as, for example, laser dynamics [64],
neural networks [11], traffic flow [55], cell population dynamics [1] and epidemics [5].

DDE:s are infinite-dimensional dynamical systems and their analysis generally poses analytical and
numerical challenges. Nonetheless, the theory of DDEs with a finite number of constant delays is
well developed [20, 26]. In fact, the bifurcation theory of constant-delay DDEs is analogue to that of
ordinary differential equations: their solutions depend smoothly on parameters, and initial conditions
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and their linearisations around equilibria and periodic solutions have at most finitely many unstable
eigendirections. Furthermore, advanced numerical tools for their simulation and bifurcation analysis
are available and have been successfully applied to analyse models arising in various applications; for
example, see [57] and references therein.

In [41, 42] we conducted a bifurcation analysis of the GZT model (1) in order to understand how it
is able to produce such rich dynamics. This was done by means of the MATLAB based continuation
software DDE-Biftool [21, 62], which allows the user to track (or continue) steady-state and periodic
solutions of DDEs while varying a chosen model parameter. It can calculate the stability of such
solutions, allowing one to detect bifurcations. It is then possible to continue detected bifurcations of
steady-state and periodic solutions in two-parameter planes. The bifurcation analysis in [41] revealed
that in the (¢, 7,)-plane the dynamics of the GZT model can be divided roughly into three parameter
regions where the dynamics is: (i) periodic due to the negative delayed feedback alone, (ii) periodic
and dominated by the seasonal forcing, and (iii) an interplay of both mechanisms. In the latter case,
one finds dynamics on an invariant torus, which may be locked (periodic) or unlocked (quasiperiodic).
The periodic solutions on the torus are organised in the parameter plane into p:q resonance tongues;
where they wind around the torus to form p: g torus knots. It was shown in [41] that there exist small
regions in the (¢, 7, )-plane where multiple resonance tongues overlap. In these regions period-doubling
cascades and chaotic solutions exist.

Of course, the use of a constant value for any delay in a DDE model, such as the GZT model,
is a modelling assumption. A recent review on the use of DDEs in conceptual climate models [43]
confirms that the delays in DDE climate models have generally been assumed to be constant. While
this assumption is generally well justified in certain applications, such as machining [30] and laser
dynamics [38], delays in many applications are definitely not constant. Often the delay times will
depend on the state of the system itself, which leads to DDE models with state-dependent delays.
The theory of and numerical methods for state-dependent DDEs is more difficult and is still under
development [28, 60, 61, 62].

Recently, Calleja et al. [10] studied the dynamics of a simple scalar DDE where two delay times
depend linearly on the state of the system. The associated constant-delay DDE is linear and capable of
only trivial dynamics. However, with state dependence of the delays the system generates surprisingly
complicated dynamics, as was demonstrated by a combination of numerical continuation and normal
form calculations. In light of this study, we must ask whether, after nearly 40 years of DDE climate
models, is it still a safe modelling assumption to take their delay times as constant?

This paper contributes by studying the effect of state dependence on the dynamics of the GZT
model (1). This can be considered as a first step in addressing two fundamental questions:

(1) When do state-dependent delay arise in climate variability phenomena and what mathematical
forms do they take?

(2) Does the state dependence in the delay have a significant effect on the behaviour of the solutions
of delay-equation models of these phenomena?

One reason to choose the GZT model as a test-case example is that its bifurcation analysis in the
(¢, 7 )-plane, presented in [41], provides a good starting point for observing the influence of state
dependence on model behaviour. In spite of its simplicity among DAO models, the constant-delay GZT
model already features complicated resonance phenomena. Moreover, the GZT DDE can be viewed as
prototypical in that it describes the interplay between delayed negative feedback and periodic forcing.
Therefore, the results presented here may provide insight into whether or not state dependence of
delays is important also in the context of other climate models, as well as applications from other
fields. For example, DDE models of similar form can be found in human motion control [29], network
dynamics [59] and laser dynamics [65]. Recently, the importance of incorporating state dependence
in modelling has been recognised in turning processes [31], physiology [17] and lasers with frequency-
dependent feedback [47].

We begin with considering in some detail how non-constant delay times in the negative feedback
loop arise from the physics of the ocean-atmosphere coupling. Here we focus on how the surface of
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Figure 1: Schematic diagram of ocean-atmosphere interaction in the central and eastern equatorial
Pacific Ocean following perturbations to the thermocline depth in the eastern equatorial Pacific. The
dashed line represents the mean thermocline depth.

the ocean couples with the thermocline below. This leads to two different delay terms with state
dependence. The first, denoted 7., is due to the coupling process in the central equatorial Pacific
Ocean, and it depends linearly on the current thermocline depth A(¢). The second, denoted 7., is due
to coupling processes in the East and depends linearly on the state h in the past. Overall, we obtain
a state-dependent version of the GZT DDE with two extra parameters that allow us to ‘switch on’
these two types of state dependence; as part of our modelling we also discuss realistic ranges for the
respective state dependence. We proceed by briefly reviewing the bifurcation set in the (¢, 7,,)-plane for
the constant delay case from [41] as the starting point for our study. We then present bifurcation sets
in the (¢, 7, )-plane that demonstrate the effect of the two types of state dependence, first individually
and then in combination. It turns out that, over the range we consider, the state-dependent term 7,
alone has a negligible effect on the bifurcation set. The term 7., on the other hand, has a significant
impact on the resonance regions in the (¢, 7, )-plane: we find reconnecting torus bifurcation curves,
considerable increases of certain resonance regions and much more overlapping between resonance
regions and associated period-doubling cascades. Interestingly, in the presence of state dependence in
Te, the state-dependent term 7. does have a considerable influence on the bifurcation set, increasing the
observed complexity even further. Overall, we find for realistic levels of state dependence a bifurcation
set that is much more complex than its constant-delay counterpart. In particular, a computation of
Lyapunov exponents shows that there are considerably larger parameter regions with chaotic behaviour
associated with overlapping resonance regions. Since this type of complicated and irregular behaviour
has been identified as showing important characteristics of ENSO, we argue that state dependence in
the GZT model emerges as an important ingredient for a more realistic description of its underlying
feedback mechanisms.

The paper is organised as follows. In Section 2 we discuss how the delay time in the GZT model
can be modified to include two state-dependence terms that arise from surface-thermocline interac-
tion. The resulting dynamics is studied in Section 3, where we review the constant-delay case in
Section 3.1, consider each state-dependence term individually in Section 3.2, and then in combination
in Section 3.3. Finally, in Section 4 we make some concluding remarks and point out future research
directions.

2 State dependence of the delay in the GZT model

We now motivate the inclusion of state-dependent terms into the delay time of the GZT model. There
are various potential sources of state dependence in the ENSO system. The type of state dependence
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Figure 2: Flow diagram of the negative delayed feedback due to ocean-atmosphere coupling; all
quantities involved represent deviations.

we present here arises from the interaction times between the thermocline and the sea surface, which
are not described by and go beyond the original DAO mechanism.

The idea that both wave dynamics and thermocline-SST interactions are important for accurately
describing ENSO behaviour is supported by [34, 36, 50, 52]. More specifically, the state-dependent
DDE model (1) presented in this section, with the state-dependent delay given by (7), is related to
previous conceptual-level models for ENSO with underlying physics that can be traced back to the
Zebiak-Cane model [73]. As summarized by Dijkstra [18, Section 7.5.4], applying slightly different
assumptions to equations derived from the intermediate-complexity Zebiak-Cane model will lead to
the DAO, as well as the coupled wave oscillator [12] and the recharge oscillator [32, 33]. Each of
these ENSO paradigms describes the negative feedback and the propagation of oceanic waves, albeit
in different mathematical forms. The coupled wave oscillator model [12] assumes that the effect of the
thermocline depth on the SST in the East is instantaneous. The DAO and recharge oscillator do not
make this assumption. However, neither attempt to resolve thermocline-SST interactions to include
the effect of an evolving thermocline. As we will see in the following section, this is an effect that can
have important consequences for the behaviour of the system.

2.1 Components of the negative feedback

Figure 1 is a schematic diagram of ocean-atmosphere coupling processes in the central and eastern
equatorial Pacific Ocean that are involved in the negative feedback loop of ENSO. The horizontal
direction represents longitude and the vertical direction represents depth. The dark blue curve rep-
resents the ocean surface and the light blue curve the thermocline layer, the yellow curves indicate
the basin boundaries of the Pacific Ocean, and the grey ellipse represents a coupling interaction zone.
In its mean state the thermocline depth, which is indicated by the dashed line, is shallower in the
East (about 50 metres) compared to the depth in the central equatorial Pacific Ocean (about 150
metres). The black arrows represent the four components of the negative feedback: upwelling in the
East, easterly winds, ocean adjustment in the central Pacific, and wave propagation. Each component
is associated with a delay time that appears in square brackets in Figure 1.

The overall negative feedback loop is represented in Figure 2 as a flow diagram. Its first component
consists of a positive perturbation in the thermocline depth in the eastern equatorial Pacific increases
the SST in the eastern equatorial Pacific. This happens via an upwelling process with associated
delay time 7.. Next, the increase in SST slows down the easterly trade winds, creating a westerly
wind anomaly over the central equatorial Pacific. This is a fast process and it is assumed here not to
be subject to a delay (as is the case in all DAO models). The wind anomaly induces an ocean mass
adjustment that decreases the thermocline depth in the central equatorial Pacific. This occurs in a
reasonably localised interaction zone, and in mathematical derivations of DAO models [12, 33] this
zone is simplified to a point. The associated surface-thermocline interaction comes with a delay time
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T.. Rossby waves then carry the signal to the western basin boundary and are reflected as Kelvin
waves, which carry the signal back to the East with an associated delay time 7,,. The total delay time
associated with the negative feedback loop is therefore

Tn = Te + Te + Tow. (2)

In past studies of DAO models, the delay time 7, associated with the negative feedback has been
assumed to comnsist only of 7,, which is taken to be constant. We now take into account also the
processes of upwelling and ocean adjustment and the associated delay times 7. and 7., as sketched in
Figures 1 and 2. Importantly, while they are on average smaller than 7,,, we argue now that 7. and
7. are relevant and, in particular, that they depend on the state. The underlying principle is that
the distance the signal must travel to or from the surface depends on the depth of the thermocline as
represented by its deviation h from it long-term average.

2.2 State dependence due to upwelling

It was shown in [74] that there is a delay, indicated by 7 in Figure 2, between the thermocline anomaly
at depth and the SST anomaly at the surface; this is due to upwelling of colder water. We model this
effect by

Te = Te + Neh(t — ), (3)

where T, is the constant delay time it takes the signal to travel from the mean thermocline depth to
the surface and 7. is the inverse of the upwelling speed. The delay time 7. deviates from its mean value
by h(t — 7,,) because the thermocline depth signal that ultimately returns to the eastern equatorial
Pacific at time ¢ began its journey at the thermocline at time ¢t — 7,,. Notice that this means that
the state-dependent delay in (3) is, hence, defined only implicitly. To avoid this issue we consider
the first-order approximation of replacing the state-dependent 7,, with 7,, = T + 7. + T, Where 7,
is the constant delay time of the ocean adjustment at the central Pacific associated with the mean
thermocline depth (see the next section). This yields the upwelling delay in the delayed form

Te = To +Nh(t — 7). (4)

2.3 State dependence due to ocean adjustment

It was also shown in [74] that there is a delay between the SST and thermocline depth anomalies in the
central equatorial Pacific Ocean, represented by the third component of the feedback loop in Figure 2.
This can be attributed to a basin adjustment involving a collection of waves, which can be viewed as
an adjustment to Sverdrup balance at off-equatorial latitudes. This adjustment is a crucial element
in the so-called recharge-oscillator view of El Nifo [32, 33]. Due to the westerly wind-stress anomaly,
which is arising through a positive SST anomaly, mass is diverging out of the equatorial zone because
of this Sverdrup adjustment. Note that, although the associated arrow in Figure 1 points downward
to show the direction of the feedback loop, there is actually mass adjustment both in and out of the
equatorial zone. Only after an adjustment time 7. will this have an effect on the thermocline depth.
Because the mass transport is dependent on the thermocline depth, so is 7.. We model this effect here
by

Te = Te + Nehe(t — Tw), (5)
where h.(t — 7,) is the thermocline anomaly in the central Pacific Ocean and 7. is the constant
component associated with the mean thermocline depth. By neglecting damping effects on the oceanic

waves that carry the feedback signal back to the eastern Pacific Ocean, we can use the approximation
he(t) = h(t + 7) in (5). This results in the ocean adjustment delay having the non-delayed form

Te =Tc+ nch(t)v (6)
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2.4 Total delay time
From (2) the total state-dependent delay then takes the form

Tu(h) = T + neh(t — Tn) + neh(t). (7)

The resulting state-dependent ENSO DDE model we consider in what follows is the GZT DDE (1)
with the delay as given by (7). Clearly, this overall model reduces to the constant-delay GZT for
Ne = N = 0. However, for n. # 0 or n. # 0 state dependence is present and must be taken into
consideration. In particular, we remark that, as with any state-dependent DDE, the delays 7,, must
remain positive for the evolution to be well defined. We will see later that in some parameter regions
Tn becomes negative along solutions; when this is identified during numerical integration (we employ
an improved Euler method with fixed time steps) the computation is stopped.

2.5 Suitable parameter ranges

Based on the correlation analysis of observational SST and thermocline depth data by Zelle et al. [74],
we estimate the constant delay times 7. and 7. to be 2 weeks and 4 months, respectively.

The maximum deviations in the thermocline depth in the eastern equatorial Pacific Ocean corre-
spond to about 50 metres [27], which is also the mean thermocline depth, suggesting that max([n.h(t —
Tn)] &= 2 weeks. Since in the GZT model, the maximum values of h(t) are of order 1 and time is
in years, we obtain the nominal value of n. ~ 2/52 =~ 0.04. Similarly, the maximum deviations
in thermocline depth in the central equatorial Pacific Ocean corresponds to about one third of its
mean depth, suggesting that max[n.h(t)] ~ 4/3 months. Therefore, we obtain the nominal value
Ne ~ (4/3)/12 =~ 0.11.

We use these nominal values for 7. and 7. in the bifurcation analysis in the next section. In
light of various approximations and uncertainties, and to present a more comprehensive picture of the
possible dynamics, we also consider the bifurcation set for twice these values, namely for n. = 0.08
and 7. = 0.22.

Finally, based on oceanic wave speeds calculated using TOPEX/POSEIDON satellite data in
[7, 14], realistic values of 7,, lie between 5.2 and 7.2 months, that is, in the range [0.43,0.6] when
scaled to years.

3 Bifurcation analysis

To demonstrate how the two types of state dependence affect the behaviour of the GZT model, we
now present bifurcation sets in the (¢, 7, )-plane of (1) with (7) for different values of 7. and n.. These
consist of curves of torus bifurcations, saddle-node of limit cycle bifurcations and period-doubling
bifurcations, all computed with the continuation package DDE-BIFTOOL |21, 62]. These curves are
overlaid onto so-called maximum maps, where the maxima of long time series (after transients have
died down) are computed and represented in colour for fixed 7,, and increasing ¢ (where the previous
solution serves as initial history); we typically compute a trajectory of 1000 years and disregard the
first 500 years, where the integration step is 10~* years. Maximum maps allow for a ready comparison
with previous studies of the GZT model [23, 41, 72|, and we fix throughout b = 1 and x = 11 as in
these previous works. Moreover, the bifurcation set in the (¢, 7, )-plane provides a clear overview of
how the dynamics is organised more globally.

In Section 3.1 we give a brief review of the findings in [41] for the constant-delay case 7. = 1. = 0.
We then “switch on” and increase the state dependence by presenting the bifurcation set for nonzero
Ne and n.. We first consider their effects individually in Section 3.2, and then in combination in
Section 3.3. Finally, we briefly discuss in Section 3.4 how the results could be interpreted in the
context of the ENSO phenomenon.
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Figure 3: Bifurcation set with maximum map (a) and positive maximal Lyapunov exponent (b) in the
(¢, Tn)-plane of Eq. (1) with (7) for the constant-delay case 7. = 1. = 0 in Eq. (7). Shown is a black
curve of torus bifurcations, white curves of saddle-node bifurcations of periodic orbits that bound p:gq
resonance tongues, and grey curves of period-doubling bifurcations.

3.1 The constant-delay case

Figure 3 shows the bifurcation set in the (¢, 7, )-plane for the constant-delay case 7. = 1. = 0, overlaid
onto the maximum map. The maximum map provides a convenient indication of the respective
behaviour. Notice that sudden changes in colour, that is, in the maximum value of h on an attractor,
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align well with shown bifurcations. Periodic solutions born along the line ¢ = 0 are stable and
have non-zero amplitude for 7,, > 7/(2x) [13, 15, 54]; these are dominated by the effect of negative
feedback and have a period of 47,. On the other hand, for sufficiently large values of ¢ there are
stable periodic solutions that are dominated by the seasonal forcing. These solutions appear to be
close to sinusoidal and have a period of one; for decreasing c, they lose their stability at the torus
bifurcation curve. Between the line ¢ = 0 and the torus bifurcation curve solutions are characterised
by an interplay between negative feedback and periodic forcing, resulting in dynamics on invariant
tori. As was mentioned in Section 1, the dynamics on the torus may be locked (periodic) or unlocked
(quasiperiodic). The locked solutions are organised into p:q resonance tongues, where p/q is the
winding number of the periodic solutions, of which there is generally a stable and an unstable one on
the torus. Theory predicts an infinite number of resonance tongues, one for every rational winding
number [44], and Figure 3 shows a set of the largest resonance tongues.

Inside some of the shown resonance tongues, period-doublings are found. This is a common feature
when resonance tongues overlap sufficiently; for a detailed study of accumulating resonance tongues
and associated complex behaviour see [8]. The resulting chaotic behaviour is of interest in the context
of ENSO, since such behaviour shows a mixture of irregularity with locking to the seasons, which is
seen as characteristic for El Nino and La Nina events in the real world. Note that period-doubling
cascades and associated chaotic dynamics are found only in small regions of the parameter plane;
see panel (b) showing where the respective maximal Lyapunov exponent is positive, as calculated by
following the algorithm for DDEs in [22]. Regions of positive maximal Lyapunov exponents are also
observed for parameters where we show no curves of period-doublings. This is simply because there
exist higher-order resonance tongues in between those we have shown and they are expected to overlap.
Furthermore, as demonstrated for a related DDE model in [42], chaotic regions are often bound not
only by period-doubling cascades, but also feature intermittent transitions that are characterised by
the sudden appearance of chaos at a saddle-node bifurcation [56]. A more comprehensive discussion
of the bifurcation set in Figure 3 and associated other types of dynamics, including multistability,
changing criticality of the torus bifurcation and folding tori, can be found in [40, 41].

3.2 Individual effects of the two types of state dependence

Considering only the state dependence of the upwelling delay 7., we find the anticlimactic result that
it does not appear to have an influence on the observed dynamics. More specifically, for n. = 0.04
and 7, = 0.08 and with 7. = 0 in (7), bifurcation set and maximum map in the (¢, 7,,)-plane do not
show any observable change on the scale presented in Figure 3.

State dependence of the ocean mass adjustment alone, on the other hand, does have a dramatic
effect. Figure 4 shows the bifurcation sets and maximum maps for fixed n. = 0 and for . = 0.11
in panel (a) and for 9, = 0.22 in panel (b). Already for n. = 0.11 the difference with the case of
1. = 0 in Figure 3 is striking: resonance tongues have become wider and overlap more, with larger
regions where one finds period-doublings. The torus bifurcation curve now extends to ¢ = 10 near the
top of Figure 4(a), and there is a noticeable change in the size of the observed maxima. Moreover,
there is a region with complex dynamics and additional saddle-node and torus bifurcation curves that
entered the frame at large value of ¢ above 7,, = 1. These are caused by the state dependence —
large ¢ values mean large amplitude, which leads to larger fluctuations of the delay time 7,,. In fact,
due to the scaling relationship between ¢ and 7. as a result of Equation (7), it is clear that these
curves will diverge off to ¢ — oo as 1. — 0; similarly, they move closer to the other bifurcation curves
as 7. increases. The existence of nontrivial dynamics for large values of ¢ is in stark contrast to the
dynamics in the constant-delay case, where solutions for sufficiently large c are trivially dominated by
the periodic forcing.

Figure 4(b), now for n. = 0.22, shows a considerably more complicated bifurcation set compared
to panel (a). The bifurcation curves that emerge from the right hand side of panel (a) have shifted
towards lower values of ¢ in panel (b), such that they now interact with the pre-existing structure
of resonance tongues. This gives rise to many more and overlapping resonance tongues that extend
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Figure 4: Bifurcation set and maximum map in the (¢, 7, )-plane of Eq. (1) with (7) for n. = 0.11 (a)
and 7. = 0.22 (b) and for fixed 7. = 0. Shown are black curves of torus bifurcations, white curves of
saddle-node bifurcations of periodic orbits and grey curves of period-doubling bifurcations. For the
colour scheme see Figure 3(a).

all the way to large values of ¢ near 7,, = 1. In this region we find many and overlapping curves of
subsequent period-doublings, which we refer to here as a period-doubling cluster. In this part of the
(¢, Tn)-plane there are not only period-doubling cascades inside resonance tongues, but also a period-
doubling cascades of the 0:1 periodic solutions, that is, those dominated by the seasonal forcing. Also
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Figure 5: Curves of torus bifurcations in the (¢, 7,,)-plane in the region [2, 10] x [0.6, 1.8], where colour
indicates the winding number. Here 7. = 0 and from (a) to (1) 7. takes the values 0.080, 0.095, 0.110,
0.115, 0.120, 0.130, 0.135, 0.140, 0.155, 0.185, 0.190 and 0.200.

near 7, = 1, as well as near 7, = 2, we observe curves of saddle-node bifurcations of 0:1 periodic
solutions, which meet at a cusp bifurcation at (¢, 7,) ~ (5.3,1) (which is not so easy to see due to the
many surrounding bifurcation curves) and at (¢, 7,) = (5.3, 2), respectively.

We remark that in a parameter region near 7, = 0 in Figure 4(a) and (b) the delay becomes
negative during simulations; this is indicated by grey shading. To resume calculations for the next
increment in ¢, we start the integration from a constant initial history of h(t) = 1073, Similarly,
the continuation of the lower period-doubling curve in panel (b) stops when the state-dependent
component of the delay becomes so large that the delay becomes negative. The intricate boundary
of the grey region of the (¢, 7,)-plane already indicates that it depends very sensitively on the initial
history whether the delay becomes negative along a trajectory.

The overall resonance structure of the bifurcation sets in Figures 3 and 4 is in some sense organised
by the curves of torus bifurcations. In order to provide insight on how the bifurcation set changes
qualitatively with 7. for fixed 1. = 0, Figure 5 presents with twelve panels how the curves of torus
bifurcations evolve in the (¢, 7,)-plane when 7. is increased gradually from zero. Here the colour
scheme indicates the winding number « along the curve, which is given by the complex conjugate
pair of Floquet multipliers e*2™® that lie on the unit circle at the moment of torus bifurcation (also
known as a Neimark-Sacker bifurcation). As 7. is increased, new curves of torus bifurcations enter
the frame from the right [panels (a)—(c)]. They then interact with the torus bifurcation curve that
exists already for 1. = 0 in several codimension-one singularities (of the surface of torus bifurcations
in (e, T, ne)-space); see, for example, [24] more information on singularity theory. The first such
interaction is a saddle-transition at 7. =~ 0.115, where two curves meet at a single point and then
reconnect differently [panels (d)—(e)]. As a result, both curves of torus bifurcations extend to large
¢ near T, = 1. Two further saddle-transitions just past 7. = 0.130 create two isolas, that is, closed
curves of torus bifurcations [panels (f)—(h)]. Note that all these transitions through singularities of the
surface are consistent with the colouring by winding number. Subsequently, these isolas shrink down
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Figure 6: Maximum maps and the 1:2 resonance tongue for n. = 0 (a), n. = 0.01 (b), n. = 0.04
(c¢) and n. = 0.11 (d) and for fixed n. = 0. Shown are the white bounding curves of saddle-node
bifurcations of periodic orbits, black curves of torus bifurcations and grey curves of period-doubling
bifurcations. For the colour scheme see Figure 3(a).

to points and disappear in what we refer to as minimax transitions. Increasing 7. further, we find
that a curve of period doubling bifurcations (dark red) enters the frame, to which the lower branch
of torus bifurcations connects at a 1:2 resonance point [panels (i)—(1)].

Overall, Figure 5 gives a good indication of how the bifurcation set becomes more complex with in-
creasing 7.. Indeed, the torus bifurcation curves shown come with infinitely many resonance tongues,
leading to the overall complexity that was shown in Figure 4. Focusing on only the torus bifurcation
curves avoids the considerable computational cost associated with computing many more bifurca-
tion curves and maximum maps. We remark that computing all of the bifurcation curves shown in
Figure 4 is not fully automatic but requires an interactive process with DDE-BIFTOOL that takes
about 2—4 days per panel; computing the associated maximum map, on the other hand, can be fully
parallelised, yet still takes about 4-5 hours on the New Zealand eScience Infrastructure Pan cluster
high-performance computing facility.

As was stated above, one of the effects of state dependence is that some of the resonance tongues
become larger. To illustrate this effect in more detail, Figure 6 shows how the 1:2 resonance tongue
in the (¢, 7,)-plane changes for fixed 7. = 0 and increasing 7n.. It demonstrates that the widening of
some resonance tongues coincides with a breaking of symmetry. As discussed in [41], the constant-
delay GZT DDE model features a Zs-symmetry: in p:q resonance tongues with p or ¢ even, there
exist two distinct, symmetrically related periodic locked solutions. The 1:2 resonance tongue in panel
(a) is such an example and there are actually two sets of curves of saddle-node bifurcations that
lie on top of each other. As 7. is increased, however, they separate more and more, as panels (b)—
(d) show. For the 1:2 resonance tongue, this symmetry breaking also results in a closed curve of
period-doubling bifurcations being created at the right tip where the resonance tongue connects with
the torus bifurcation curve; this curve of period doubling bifurcations has two 1:2 resonance points
where the respective branches of torus bifurcations connect. This phenomenon is actually part of the
complicated bifurcation structure near 1:2 resonances predicted by theory; for example, see [44, section
9.5.3]. We remark that this bifurcation structure is also relevant for the period-doubling bifurcations
of the seasonal forcing dominated solutions that emerge near 7,, = 1; compare with Figure 5(1) and
Figure 4(b).
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Figure 7: Bifurcation set and maximum map in the (¢, 7,)-plane of Eq. (1) with (7) for . = 0.11 and
7. = 0.08 (a) and 7. = 0.22 and 1, = 0.04 (b). Shown are black curves of torus bifurcations, white
curves of saddle-node bifurcations of periodic orbits and grey curves of period-doubling bifurcations.
For the colour scheme see Figure 3(a).

3.3 Combined effects of the two types of state dependence

We now study the combined effects of both types of state dependence, that is, we consider 7, > 0 and
1. > 0. Figure 7 demonstrates that state dependence due to upwelling has a large effect on the overall
bifurcation set when the ocean adjustment state dependence is also present. This is surprising since
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state dependence due to upwelling on its own does not change the bifurcation set.

Panel (a) of Figure 7 considers the effect of the maximal nominal value 7. = 0.08 of upwelling on
the case of a smaller ocean adjustment of 7. = 0.11 shown in Figure 4(a). The comparison shows
that Figure 4(a) features a dramatic change in the way the different types of solutions are distributed
across the (¢, 7,)-plane. In particular, the torus bifurcation curve appears to have split into two
segments around 7,, = 1.2. In fact, as we checked but do not show here, even for ¢ > 40 the two curves
remain disconnected. This change of the bifurcation set is the result of a transition similar to the
interacting torus bifurcation curves in Figure 5. Notice in Figure 7(a) how some resonance tongues
have become significantly wider and overlap to a greater extent, resulting in larger regions of chaotic
behaviour. We observe again the emergence of the period-doubling cluster near 7,, = 1, as well as the
cusp bifurcations of the forcing dominated solutions near (¢, 7,) = (6,1) and near (¢, 7,) = (6, 2).

Panel (b) of Figure 7 considers the effect of the nominal value 7. = 0.04 of upwelling on the case
of a maximal ocean adjustment of 7. = 0.22 shown in Figure 4(b). The changes are not quite so
pronounced, because the bifurcation diagram for 7. = 0.22 and 7, = 0 is already quite complex with
torus bifurcation curves extending to large c¢. However, notice that in Figure 7(b) the period-doubling
cluster near 7,, = 1 is now found for smaller values of c.

Finally, Figure 8 shows the bifurcation set for the maximal nominal ocean adjustment of 1. = 0.22
and the maximal nominal upwelling of 1. = 0.08. Here panel (a) shows the bifurcation set with the
maximum map and panel (b) shows it with a map of where the maximal Lyapunov exponents of
the respective solution is positive, that is, where the dynamics is chaotic. Comparing Figure 8 with
Figure 3 clearly drives home the point that state dependence has a large effect on the bifurcation
set of the GZT DDE model and, hence, on the observable dynamics. When comparing Figure 8(a)
with Figure 7(b), we observe that increasing the upwelling to n. = 0.08 result in the two large
period-doubling bifurcations of the 0:1 solutions to undergo a saddle transition near 7,, = 0.5 and
connect differently. Moreover, the period-doubling cluster now appears for even lower values of c.
As Figure 8(b) shows, chaotic dynamics is associated with this period-doubling cluster. Indeed,
comparison with Figure 3(b) clearly demonstrates that state dependence results in considerably more
and larger regions where chaotic dynamics can be found. Interestingly, there is also a large region of
chaotic dynamics for very low values of 7,,, near the boundary where the delay becomes negative.

3.4 Interpretation for the ENSO system

By introducing a physically motivated non-constant delay time, we have made the DAO model more
detailed. Appropriately, this model modification has led to dynamical behaviour that is expected to
capture additional aspects of the behaviour of the ENSO system. In the constant delay case, irregular
(chaotic) behaviour could only be found for small pockets of the (¢, 7,,)-plane and, as such, could not
be considered a prominent feature of the model behaviour. In the state-dependent delay case, on
the other hand, this type of behaviour is more prominent. Of particular interest here is the period-
doubling cluster, which is the relatively large region with chaotic dynamics near 7, = 1. Note that
our discussion of suggested nominal values of the parameters 7., 7. and 7, in Section 2 places the
period-doubling cluster within the range of physically relevant values of 7, = Te + T + Ty -

To show that the associated dynamics is indeed relevant for ENSO, Figure 9 displays an example
time series of an attractor from the period-doubling cluster, for the parameter point that is indicated
in Figure 8(a). The time series of the thermocline deviation h in Figure 9 over 100 years features
large peaks that occur irregularly every 4-8 years; we also checked that these are seasonally locked
as expected for El Nino events. Indeed, time series with these characteristic features are found much
more readily in the the GZT ENSO DDE when state-dependent upwelling and ocean adjustment are
included. Therefore, one might hypothesise that they are a contributing mechanism for the observed
irregular but phase-locked behaviour of the ENSO phenomenon.
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Figure 8: Bifurcation set and maximum map (a) and positive maximal Lyapunov exponent of solutions
(b) in the (¢, 7,,)-plane of Eq. (1) with (7) for 7. = 0.22 and n. = 0.08. The dot in panel (a) indicates
the parameter choice for the time series in Figure 9. For the colour schemes see Figure 3.

4 Summary and Discussion

The processes controlling the irregularity of the temporal variability of ENSO are still not satisfactorily
determined and this hampers skilful prediction [3, 45]. Certainly atmospheric noise, in particular
westerly wind bursts, contribute to the irregularity of the ENSO variability. However, there are
also quite a few deterministic mechanisms that can give rise to chaotic behaviour, such as bursting
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Figure 9: Time series on attractor of Eq. (1) with (7) for n. = 0.22 and n. = 0.08 at the parameter
point (¢, 7,) = (6.28,0.85) indicated in Figure 8.

phenomena [25, 69| and nonlinear resonances with the seasonal cycle [35, 71]. This motivates the study
of conceptual ENSO models, which have been very useful in the past for investigating the interactions
of known mechanisms and for discovering new physical mechanisms of variability.

The work presented here makes a contribution in this spirit by considering a quite simple conceptual
ENSO model in the form of a DDE. Models of this type are known to efficiently represent physical
processes, such as wave propagation and feedbacks [68]. Moreover, DDE models lend themselves to
an investigation with advanced tools. As our study demonstrates, this is also the case when the delays
that arise are no longer considered to be constant, which is an assumption in much of the previous
literature in climate science and other fields. In particular, it is possible to ascertain whether and how
state dependence of delays contributes to underlying delayed feedback mechanisms.

In this spirit, we performed a study of the influence of additional and state-dependent delays arising
from the interaction between the thermocline and the ocean surface. To this end, we incorporated state
dependence of delays into a well-studied ENSO DDE model with only negative feedback and periodic
forcing [23, 40, 41]. Specifically, we derived state dependent delay terms for upwelling in the eastern
Pacific and for ocean adjustment in the central Pacific, and then investigated their effect individually
and also in combination. To capture important features of the overall dynamics, we considered the
respective bifurcation sets in the (¢, 7,,)-plane of the forcing strength ¢ and the constant portion 7, of
the overall delay. We demonstrated how an increasing complexity of the bifurcation set arises with
increasing state dependence. Relevant levels of state dependence of the delays were shown to severely
enhance resonance phenomena, leading to considerably larger regions with overlapping resonance
tongues and associated peridod doublings and chaotic dynamics. The latter generate times series
with characteristic features of the ENSO phenomenon, specifically, its irregular occurrence every few
years in combination with seasonal locking. We remark that chaotic behaviour arising from nonlinear
resonances has always been considered to be a less important mechanism of ENSO variability because
the observed windows of its existence in parameter space were relatively small [37]. The widening of
chaotic regions in the parameter space, as found here due to state-dependent delays, is hence highly
relevant for attributing irregular ENSO variability more to deterministic processes rather than noise.

From a more general point of view, we demonstrated that state dependence of delays can have
a serious impact on the dynamics, even when the constant-delay DDE already features complicated
nonlinear behaviour. Our results follow on from the study by Calleja et al. [10], which showed
that state dependence of delays alone can create surprisingly complicated nolinear dynamics when
the constant-delay DDE has only trivial linear dynamics. Together, these results must be seen as a
‘health warning’ that delays should not simply be assumed to be constant as a matter of course. Given
the simple form of the GZT DDE we considered, with only delayed negative feedback and periodic
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forcing, we expect that our case study will be of interest to researchers from various other areas
of application. The results presented here should provide motivation to investigate state-dependent
delays more rigorously. A concrete example concerns the dynamics driven by state-dependent delays
in lasers with frequency-dependent feedback [47].

In the specific context of climate modelling, there are also several avenues for future work on state
dependence of delays. For simplicity we have taken the state dependence of the delay to be linear. An
interesting question from the modelling perspective is whether state-dependent delays be can derived
explicitly from more complicated ENSO models of an intermediate complexity and, in particular,
what mathematical form would they have. One of the tools that can be used here is the Mori-Zwanzig
formalism [6, 48, 75|, which is a formal model reduction technique. Another focus for future work will
be to study other physical mechanisms that may lead to state-dependent delay in the ENSO system.
For example, a contributing factor to the delay times of the DAO paradigm is the position of the
zone of ocean-atmosphere coupling in the central Pacific Ocean, which is closely associated with the
western Pacific warm-pool. In fact, a state-dependent DDE for the position of the western Pacific
warm-pool has already been suggested in [16], but has not yet been analysed. Finally, it will be of
practical relevance to study the effect of atmospheric noise on the ENSO behaviour in DDE models
with state-dependent delay.

5 Acknowledgements

We thank Jan Sieber for advice on implementing DDE-Biftool for the state-dependent delay case and
Tony Humphries for advice on numerical integration of state-dependent DDEs. We are grateful to the
Centre for eResearch at the University of Auckland for their help in facilitating this research through
the use of the New Zealand eScience Infrastructure high-performance computing cluster.

HAD acknowledges support by the Netherlands Earth System Science Centre (NESSC), financially
supported by the Ministry of Education, Culture and Science (OCW), Grant no. 024.002.001.

References

[1] M. ApiMY, F. CRAUSTE, M. L. HBID, AND R. QEsMI, Stability and Hopf bifurcation for a cell
population model with state-dependent delay, STAM Journal on Applied Mathematics, 70 (2010),
pp. 1611-1633.

[2] K. BAR-ELI AND R. J. FIELD, Farth-average temperature: A time delay approach, Journal of
Geophysical Research: Atmospheres, 103 (1998), pp. 25949-25956.

[3] A. G. BArRNsTON, M. K. TipPETT, M. L. I’HEUREUX, S. L1, AND D. G. DEWITT, Skill of
real-time seasonal ENSO model predictions during 2002-11: Is our capability increasing?, Bulletin
of the American Meteorological Society, 93 (2012), pp. 631-651.

[4] D. S. BATTISTI AND A. C. HIRST, Interannual variability in a tropical atmosphere-ocean model:

Influence of the basic state, ocean geometry and nonlinearity, Journal of the Atmospheric Sciences,
46 (1989), pp. 1687-1712.

[5] K. B. BLyuss AND Y. N. KYRYCHKO, Stability and bifurcations in an epidemic model with
varying immunity period, Bulletin of mathematical biology, 72 (2010), pp. 490-505.

[6] N. BoErs, M. D. CHEKROUN, H. Liu, D. KoNDRASHOV, D.-D. ROUSSEAU, A. SVENSSON,
M. BIGLER, AND M. GHIL, Inverse stochastic—dynamic models for high-resolution Greenland ice
core records, Earth System Dynamics, 8 (2017), pp. 1171-1190.

[7] J.-P. BOULANGER AND C. MENKES, Propagation and reflection of long equatorial waves in the
Pacific Ocean during the 1992-1998 El Nirio, Journal of Geophysical Research: Oceans, 100
(1995), pp. 25041-25059.



State dependence in an ENSO DDE model 18

18]

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]
[20]

[21]

[22]

23]

[24]

[25]

H. BrOER, C. SIMO, AND J. C. TATJER, Towards global models near homoclinic tangencies of
dissipative diffeomorphisms, Nonlinearity, 11 (1998), p. 667.

M. I. Bubyko, The effect of solar radiation variations on the climate of the earth, tellus, 21
(1969), pp. 611-619.

R. C. CALLEJA, A. HUMPHRIES, AND B. KRAUSKOPF, Resonance phenomena in a scalar de-
lay differential equation with two state-dependent delays, SIAM Journal on Applied Dynamical
Systems, 16 (2017), pp. 1474-1513.

S. A. CAMPBELL, Time delays in neural systems, in Handbook of brain connectivity, Springer,
2007, pp. 65-90.

M. A. CANE, M. MUNNICH, AND S. F. ZEBIAK, A study of self-excited oscillations of the tropical

ocean-atmosphere system. Part I: Linear analysis, Journal of the atmospheric sciences, 47 (1990),
pp. 1562-1577.

Y. Cao, Uniqueness of periodic solution for differential delay equations, Journal of differential
equations, 128 (1996), pp. 46-57.

D. B. CHELTON AND M. G. SCHLAX, Global observations of oceanic Rossby waves, Science, 272
(1996), pp. 234-238.

S.-N. CHOwW AND H.-O. WALTHER, Characteristic multipliers and stability of symmetric periodic
solutions of ©(t) = g(x(t — 1)), Transactions of the American Mathematical Society, 307 (1988),
pp. 127-142.

A. J. CLARKE, J. WANG, AND S. VAN GORDER, A simple warm-pool displacement ENSO model,
Journal of physical oceanography, 30 (2000), pp. 1679-1691.

M. CraiG, A. R. HUMPHRIES, AND M. C. MACKEY, A mathematical model of granulopoiesis
incorporating the negative feedback dynamics and kinetics of G-CSF/neutrophil binding and in-
ternalization, Bulletin of mathematical biology, 78 (2016), pp. 2304-2357.

H. A. DUJKSTRA, Nonlinear physical oceanography: a dynamical systems approach to the large
scale ocean circulation and El Nino, vol. 28, Springer Science & Business Media, 2005.

—, Dynamical oceanography, Springer Science & Business Media, 2008.

R. D. DRIVER, Ordinary and delay differential equations, vol. 20, Springer Science & Business
Media, 2012.

K. ENGELBORGHS, T. LUZYANINA, AND G. SAMAEY, DDE-BIFTOOL: a Matlab package for
bifurcation analysis of delay differential equations, TW Report, 305 (2000).

J. D. FARMER, Chaotic attractors of an infinite-dimensional dynamical system, Physica D: Non-
linear Phenomena, 4 (1982), pp. 366-393.

M. GHIL, I. ZALIAPIN, AND S. THOMPSON, A delay differential model of ENSO variability:
parametric instability and the distribution of extremes, Nonlinear Processes in Geophysics, 15
(2008), pp. 417-433.

M. GOLUBITSKY, I. STEWART, AND D. G. SCHAEFFER, Singularities and groups in bifurcation
theory, vol. 2, Springer Science & Business Media, 2012.

J. GUCKENHEIMER, A. TIMMERMANN, H. DIJKSTRA, AND A. ROBERTS, (Un) predictability of
strong El Nirio events, Dynamics and Statistics of the Climate System, 2 (2017), p. dzx004.



State dependence in an ENSO DDE model 19

[26]

27]

28]

[29]

(30]

31]

[32]

[33]

[34]

[35]

[36]

37]

[38]

[39]
[40]

[41]

[42]

J. K. HALE AND S. M. V. LUNEL, Introduction to functional differential equations, vol. 99,
Springer Science & Business Media, 2013.

D. HARRISON AND G. A. VECCHI, El nino and la nina?equatorial pacific thermocline depth and
sea surface temperature anomalies, 1986-98, Geophysical Research Letters, 28 (2001), pp. 1051—
1054.

A. HumpHRIES, D. BERNUCCI, R. CALLEJA, N. HOMAYOUNFAR, AND M. SNARSKI, Periodic
solutions of a singularly perturbed delay differential equation with two state-dependent delays,
Journal of Dynamics and Differential Equations, 28 (2016), pp. 1215-1263.

T. INSPERGER, Stick balancing with reflex delay in case of parametric forcing, Communications
in Nonlinear Science and Numerical Simulation, 16 (2011), pp. 2160-2168.

T. INSPERGER AND G. STEPAN, Stability of the milling process, Periodica polytechnica mechan-
ical engineering, 44 (2000), pp. 47-57.

T. INSPERGER, G. STEPAN, AND J. TURI, State-dependent delay in regenerative turning pro-
cesses, Nonlinear Dynamics, 47 (2007), pp. 275-283.

F.-F. JIN, An equatorial ocean recharge paradigm for ENSO. Part I: Conceptual model, Journal
of the Atmospheric Sciences, 54 (1997), pp. 811-829.

—, An equatorial ocean recharge paradigm for ENSO. Part II: A stripped-down coupled model,
Journal of the Atmospheric Sciences, 54 (1997), pp. 830-847.

F.-F. JIN AND D. NEELIN, Modes of interannual tropical ocean-atmosphere interaction — A
unified view. Part II1: Analytical results in fully coupled cases, Journal of the atmospheric sciences,
50 (1993), pp. 3523-3540.

F.-F. JiN, J. NEELIN, AND M. GHIL, El Nino on the devil’s staircase: Annual subharmonic
steps to chaos, Science, 264 (1994), pp. 70-72.

F.-F. JIN AND J. D. NEELIN, Modes of interannual tropical ocean-atmosphere interaction — A
unified view. Part I: Numerical results, Journal of the atmospheric sciences, 50 (1993), pp. 3477—
3503.

F. F. Jin, J. D. NEELIN, AND M. GHIL, El Nino/Southern Oscillation and the annual cycle:
Subharmonic frequency-locking and aperiodicity, Physica D-Nonlinear Phenomena, 98 (1996),
pp- 442-465.

D. M. KaNE AND K. A. SHORE, Unlocking dynamical diversity: optical feedback effects on
semiconductor lasers, John Wiley & Sons, 2005.

H. KAPER AND H. ENGLER, Mathematics and climate, STAM, 2013.

A. KeEaNE AND B. KRAUSKOPF, Chenciner bubbles and torus break-up in a periodically forced
delay differential equation, Nonlinearity, 31 (2018), p. R165.

A. KEANE, B. KRAUSKOPF, AND C. POSTLETHWAITE, Delayed feedback versus seasonal forcing:
Resonance phenomena in an El Nino Southern Oscillation model, STAM Journal on Applied
Dynamical Systems, 14 (2015), pp. 1229-1257.

—, Investigating irregular behavior in a model for the El Nirio Southern Oscillation with pos-
itive and negative delayed feedback, STAM Journal on Applied Dynamical Systems, 15 (2016),
pp. 1656-16809.



State dependence in an ENSO DDE model 20

[43]

[44]

[45]

[46]

[47]

48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

A. KEANE, B. KRAUSKOPF, AND C. M. POSTLETHWAITE, Climate models with delay differential
equations, Chaos: An Interdisciplinary Journal of Nonlinear Science, 27 (2017), p. 114309.

Y. A. KuzNETSOV, Elements of applied bifurcation theory, vol. 112, Springer Science & Business
Media, 2013.

M. L. I’HEUREUX, K. TAKAHASHI, A. B. WATKINS, A. G. BARNSTON, E. J. BECKER, T. E.
D1 LiBERTO, F. GAMBLE, J. GOTTSCHALCK, M. S. HALPERT, B. HUANG, ET AL., Observing
and predicting the 2015/16 El Nirio, Bulletin of the American Meteorological Society, 98 (2017),
pp. 1363-1382.

E. N. LORENZ, Deterministic nonperiodic flow, Journal of the atmospheric sciences, 20 (1963),
pp. 130-141.

J. MARTINEZ-LLINAS, X. PORTE, M. C. SoriaNo, P. CoLET, AND I. FISCHER, Dynami-
cal properties induced by state-dependent delays in photonic systems, Nature communications, 6
(2015), p. 7425.

H. MORI, A continued-fraction representation of the time-correlation functions, Progress of The-
oretical Physics, 34 (1965), pp. 399-416.

M. MONNICH, M. A. CANE, AND S. E. ZEBIAK, A study of self-excited oscillations of the
tropical ocean-atmosphere system. Part II: Nonlinear cases, Journal of the atmospheric sciences,
48 (1991), pp. 1238-1248.

J. D. NEELIN, The slow sea surface temperature mode and the fast-wave limit: Analytic theory
for tropical interannual oscillations and experiments in a hybrid coupled model, Journal of the
atmospheric sciences, 48 (1991), pp. 584-606.

J. D. NEeLIN, D. S. BartisTi, A. C. HirsT, F.-F. JIN, Y. WAKATA, T. YAMAGATA, AND
S. E. ZEBIAK, ENSO theory, Journal of Geophysical Research: Oceans, 103 (1998), pp. 14261—
14290.

J. D. NEELIN AND F.-F. JIN, Modes of interannual tropical ocean-atmosphere interaction — A

unified view. Part II: Analytical results in the weak-coupling limit, Journal of the atmospheric
sciences, 50 (1993), pp. 3504-3522.

G. R. NortTH, Theory of energy-balance climate models, Journal of the Atmospheric Sciences, 32
(1975), pp. 2033-2043.

R. D. NussBAUM, Uniqueness and nonuniqueness for periodic solutions of x'(t) = —g(x(t — 1)),
Journal of Differential Equations, 34 (1979), pp. 25-54.

G. ORrROSZ AND G. STEPAN, Subcritical hopf bifurcations in a car-following model with reaction-
time delay, in Proceedings of the Royal Society of London A: Mathematical, Physical and Engi-
neering Sciences, vol. 462, The Royal Society, 2006, pp. 2643-2670.

Y. POMEAU AND P. MANNEVILLE, Intermittent transition to turbulence in dissipative dynamical
systems, Communications in Mathematical Physics, 74 (1980), pp. 189-197.

D. RooSE AND R. SzaLal, Continuation and bifurcation analysis of delay differential equations,
in Numerical continuation methods for dynamical systems, Springer, 2007, pp. 359-399.

J. RUNGE, V. PETOUKHOV, AND J. KURTHS, Quantifying the strength and delay of climatic
interactions: The ambiguities of cross correlation and a novel measure based on graphical models,

Journal of Climate, 27 (2014), pp. 720-739.



State dependence in an ENSO DDE model 21

[59]

[60]

[61]

[62]

[63]

[64]

[65]

(6]

[67]

[68]

[69]

[70]

[71]

[72]

(73]

V. SEMENOV, A. ZAKHAROVA, Y. MAISTRENKO, AND E. SCHOLL, Delayed-feedback chimera
states: Forced multiclusters and stochastic resonance, EPL (Europhysics Letters), 115 (2016),
p. 10005.

J. SIEBER, Finding periodic orbits in state-dependent delay differential equations as roots of
algebraic equations, Discrete & Continuous Dynamical Systems-A, 32 (2012), pp. 2607-2651.

—, Local bifurcations in differential equations with state-dependent delay, Chaos: An Interdis-
ciplinary Journal of Nonlinear Science, 27 (2017), p. 114326.

J. SIEBER, K. ENGELBORGHS, T. LUZYANINA, G. SAMAEY, AND D. ROOSE, DDE-BIFTOOL

Manual — Bifurcation analysis of delay differential equations, arXiv preprint arXiv:1406.7144,
(2014).

E. SIMONNET, H. A. DUJKSTRA, AND M. GHIL, Bifurcation analysis of ocean, atmosphere, and
climate models, in Handbook of Numerical Analysis, vol. 14, Elsevier, 2009, pp. 187-229.

P. StowiNski, B. KRAUSKOPF, AND S. WIECZOREK, Mode structure of a semiconductor laser
with feedback from two external filters, Discrete & Continuous Dynamical Systems-B, 20 (2015),
pp. 519-586.

T. SORRENTINO, C. QUINTERO-QUIROZ, A. ARAGONESES, M. TORRENT, AND C. MASOLLER,

Effects of periodic forcing on the temporally correlated spikes of a semiconductor laser with feed-
back, Optics express, 23 (2015), pp. 5571-5581.

T. STOCKER, G. CLARKE, H. L. TreuT, R. LINDZEN, V. MELESHKO, R. MUGARA,
T. PALMER, R. PIERREHUMBERT, P. SELLERS, K. TRENBERTH, AND J. WILLEBRAND, Physi-
cal climate processes and feedbacks, in Climate Change 2001: The Scientific Basis. Contribution
of Working Group I to the Third Assessment Report of the Intergovernmental Panel on Climate
Change, J. Houghton, Y. Ding, D. Griggs, M. Noguer, P. van der Linden, X. Dai, K. Maskell,
and C. Johnson, eds., Cambridge University Press, Cambridge, United Kingdom and New York,
NY, USA, 2001, ch. 2, pp. 417-470.

H. STOMMEL, Thermohaline convection with two stable regimes of flow, Tellus, 13 (1961), pp. 224
230.

M. J. SUAREZ AND P. S. SCHOPF, A delayed action oscillator for ENSO, Journal of the atmo-
spheric Sciences, 45 (1988), pp. 3283-3287.

A. TiIMMERMANN, F.-F. JIN, AND J. ABSHAGEN, A nonlinear theory for El Nino bursting,
Journal of the atmospheric sciences, 60 (2003), pp. 152-165.

E. TziPERMAN, M. A. CANE, S. E. ZEBIAK, Y. XUE, AND B. BLUMENTHAL, Locking of El
Nino’s peak time to the end of the calendar year in the delayed oscillator picture of ENSO, Journal
of climate, 11 (1998), pp. 2191-2199.

E. TzipERMAN, L. STONE, M. A. CANE, AND H. JAROSH, El Nino chaos: QOwverlapping of
resonances between the seasonal cycle and the Pacific ocean-atmosphere oscillator, Science, 264

(1994), pp. 72-74.

[. ZALIAPIN AND M. GHIL, A delay differential model of ENSO variability — Part 2: Phase lock-
ing, multiple solutions and dynamics of extrema, Nonlinear Processes in Geophysics, 17 (2010),
pp. 123-135.

S. E. ZEBIAK AND M. A. CANE, A model El Nino—Southern Oscillation, Monthly Weather
Review, 115 (1987), pp. 2262-2278.



State dependence in an ENSO DDE model 22

[74] H. ZELLE, G. APPELDOORN, G. BURGERS, AND G. J. VAN OLDENBORGH, The relationship
between sea surface temperature and thermocline depth in the eastern equatorial Pacific, Journal
of physical oceanography, 34 (2004), pp. 643-655.

[75] R. ZWANZIG, On the identity of three generalized master equations, Physica, 30 (1964), pp. 1109-
1123.



