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On cubic difference equations with variable
coefficients and fading stochastic perturbations

Ricardo Baccas, Cénall Kelly, and Alexandra Rodkina

Abstract We consider the stochastically perturbed cubic difference equation with
variable coefficients

Xn+1 = xn(l _hnxpzl) +pn+l€n+lv neN, x eR.

Here (&,)nen is a sequence of independent random variables, and (p,),en and
(hn)nen are sequences of nonnegative real numbers. We can stop the sequence
(hy)nen after some random time .4 so it becomes a constant sequence, where the
common value is an %, -measurable random variable. We derive conditions on the
sequences (hn)nen, (Pn)nen and (&,)qen, which guarantee that lim,, e x,, exists al-
most surely (a.s.), and that the limit is equal to zero a.s. for any initial value xp € R.

1 Introduction

In this paper we analyse the global almost sure (a.s.) asymptotic behaviour of solu-
tions of a cubic difference equation with variable coefficients and subject to stochas-
tic perturbations

Xn+1 :xn(l _hnxz)'f'pn-ﬁ—lén-ﬁ—b neN, xeR. (1)
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Here (&,)qen is a sequence of independent identically distributed random variables,
(Pn)nen is a sequence of nonnegative reals, and (£, ),cN is a sequence of nonnegative
reals.

When (&,),en is an independent sequence of standard Normal random variables,
(1) can be interpreted as the Euler-Maruyama discretisation of the It6-type stochastic
differential equation

dX, = —bX>dt + g(t)dW,, t>0, Xo€R, )

where (W;);>0 is a Wiener process, b > 0 is some constant, g : [0,00) — [0,0) is a
continuous function. It was shown in [6] that when lim;_,. g2 (t)Int = 0, solutions
of stochastic differential equation (2) are globally a.s. asymptotically stable, i.e.
lim; . X; = 0 a.s. for any initial value Xy € R.

There is an extensive literature on the global a.s. asymptotic behaviour of solu-
tions of nonlinear stochastic difference equations, and the most relevant publications
for our purposes are: [1, 2, 3, 4, 5, 7, 14, 15]. However, if the timestep sequence in
Eq. (1) is constant, so that &, = h, the global dynamics of (2) are not preserved
and convergence of solutions to zero will only occur on a restricted subset of initial
values. An early attempt to address local dynamics in an equation with bounded
noise can be found in [8]; general results for equations with fading, state indepen-
dent noise may be found in [2]. In [4] a complete description is given of these local
dynamics (see also [2] and [5]). It was proved that the set of initial values can be
partitioned into a “stability” region, within which solutions converge asymptotically
to zero, an “instability” region, within which solutions rapidly grow without bound,
and a region of unknown dynamics that is in some sense small. In the first two cases,
the dynamic holds with probability at least 1 — y for y € (0, 1).

In the same article, it was shown that for any initial value xo € R, the behaviour
of solution of the difference equation can be made consistent with the corresponding
solution of the differential equation, with probability 1 — ¥, by choosing the stepsize
parameter £ sufficiently small. This observation motivates the approach taken in this
article, wherein the stepsize parameter is allowed to decrease over a random interval
in order to capture trajectories within the basin of attraction of the point at zero long
enough to ensure asymptotic convergence.

Several recent publications are devoted to the use of adaptive timestepping
in a explicit Euler-Maruyama discretization of nonlinear equations: for example
[3,9, 12, 11]. In [9] (see also [7]) it was shown that suitably designed adaptive
timestepping strategies could be used to ensure strong convergence of order 1/2 for
a class of equations with non-globally Lipschitz drift, and globally Lipschitz diffu-
sion. These strategies work by controlling the extent of the nonlinear drift response
in discrete time and required that the timesteps depend on solution values. In [11]
an extension of that idea allows an explicit Euler-Maruyama discretisation to repro-
duce dynamical properties of a class of nonlinear stochastic differential equations
with a unique equilibrium solution and non-negative drift and diffusion coefficients
that are not globally Lipschitz continuous. The a.s. asymptotic stability and insta-
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bility of the equilibrium at zero is closely reproduced, and positivity of solutions is
preserved with arbitrarily high probability.

An element that these articles have in common is that the variable time-step de-
pends upon the value of the solution. By contrast, in the present paper the sequence
(hn)nen does not, and will be the same for any given initial value xo € R. However
since the values of /, can become arbitrarily small, it is not necessarily the case that
X, converges to zero: in fact if the stepsize sequence is summable we will show that
the limit is nonzero a.s. So we freeze the sequence (4, ),cn at an appropriate random
moment .4, i.e. all step-sizes after .4 are the same: h, = h_y for n > A". The time
at which this occurs depends on the initial value xp, and is chosen to ensure that
(xn)neN converges to zero a.s., as required.

The structure of the article is as follows. Some necessary technical results are
stated in Section 2. In Section 3 we construct a timestep sequence (h,),cn that
ensures solutions of the unperturbed cubic difference equation converge to a finite
limit, and show that the summability of (%, ),cn determines whether or not that limit
is zero. In Section 4 we examine the convergence of solutions under the influence
of a deterministic perturbation, and in Section 5 we consider two kinds of stochas-
tic perturbation; one with bounded noise, and one with Gaussian noise. [llustrative
numerical examples are provided in Section 6.

2 Mathematical preliminaries

Everywhere in this paper, let (2,.%,P) be a complete probability space. A detailed
discussion of probabilistic concepts and notation may be found, for example, in
Shiryaev [14]. We will use the following elementary inequality: for each a,b > 0
and o € (0,1)

(a+b)* <a*+b%. 3)

The following lemmas also present additional useful technical results:
Lemma 1. Let f : [0,00) — [0,00) be a decreasing continuous function, then
n+1

n+1 n n+1
/0 fdx> Y fi) > /l fax> Y £).
i=1 i=2

Lemma 2. (i) In(1 —x) < —x for —eo < x < 0;
(ii) For 0 < x < % the following estimate holds
In(1—x) > —2x. 4)

Lemma 3. Let g, € [0,1) for all n € N. Then [T;,_; (1 — g,) converges to non zero
limit if and only if Y| gn converges.
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J

We adopt the convention Hl = 1if i > j from here forwards. The next result can
n=i

be found in [14, Ch. 4.4, Ex. 1].

Lemma 4. Let (&,),en be a sequence of independent A (0, 1) distributed random
variables. Then

. &n }
P< limsu =1,=1. 5
{ n—)oop vV 2Inn ( )

We will use the following notation throughout the article:

Definition 1. Denote, for k € N,

ey =exp{exp{...{a}...} foreach a€R, e¢f=1;
——

k times (6)
Ingb=In[In[...[Inb]...]] foreach b>ep, Ingb=b.
—~—~
k times
Corollary 1. For all n,k € N,
& 1
S DIn(i+1). . Ing (H—e[lk])
n+1 dy
>/j 1 1 1 1 1
(Y+e[k]) n(Y+e[k])"' nyg y+e[k]
=gt (n+ 1+ efy) =1 (+ef), (D)
and
'i‘ 1
S (irely)m(i+ely). i (i+el)

- /n+2 dy
0 (y—|—e[1k])ln(y+e[lk])...lnk(y—|—e[1k]>

=g (n+2+efy) —Ingyi (efy) = Ingpa(n+2+epy). 8

Proof. Applying Lemma 1 to the decreasing, continuous function

1

flx) =
(x+1)In(x+1)...1n (x—i—e[lk])

yields the result.
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3 The unperturbed deterministic cubic equation

Consider
an:x,,(l—h,,x,Z,), xR, neN. 9)

Everywhere in this paper we assume that (4,),cn is @ non-increasing sequence of
positive numbers. We derive an estimate on each |x,| and present a time-step se-
quence (hy)en Which provides convergence of the solution for any initial value
xo € R.

3.1 Preliminary lemmata on solutions of Eq. (9)

Lemma 5. Let x,, be a solution to Eq. (9). Assume that
there exists N € N such that th,Zv <2 (10)

Then,

(a) the sequence (|xn|)nen is non-increasing and hyx2 < 2 for each n > N;
(b) the sequence (|x,|)nen converges to a finite limit.

Proof. (a) Since hyx%, < 2 implies that 1 — hyx% € (—1,1) we have
v = [ |1 = Ay | < e (11)
Since (h,),en is @ non-increasing sequence, we have iy > hy1 and
Ay 138y < hyxdy < 2.

The remainder of the proof of (a) follows by induction. To prove (b) we note that
the sequence (|x,|),en is non-increasing and bounded below by 0, and therefore it
converges to a finite limit.

Lemma 6. Let (x,),en be a solution to equation (9). Assume that there exist N € N
such that
2> hyxd > 1. (12)

Then there exists N1 > N such that hy, xlz\,l <1.

Proof. By Lemma 3, the sequence (|x,|),cn is non-increasing. Furthermore, Lemma
5 part (b) implies that, for some L € R,
lim x2 = L%, (13)
n—yo0
Proceed by contradiction and assume that hnx,% > 1foralln > N. If either L=10

or lim,,_, h,, = 0, it follows that lim,, e h,,xﬁ =0.So L #0and lim,_,.h,, =K #0.
Since 4,x2 is not increasing and by (12) we have
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2 2
1 <L?K < hyx < 2.

So it is only possible that either

(i) 2> LK > 1lor
(i) L*K =1.

For case (i), 1 — L?K € (—1,0). Since lim,_,. h,x2 = L?K, there exists § € (0,1)
and N; € N such that |1 — h,x*| < 8, for all n > Ny, implying
[Xnt1] < O|xal, n>Np. (14)

Passing to the limit of both sides of (14) as n — o, we get L < 6L. Since 8 €
(0,1), case (i) leads to a contradiction.
For case (ii), we have

lim |x,11] = lim |x,| lim |1 — /23] =0,
n—soo n—oo n—oo

which implies that lim,_,« |x,| = 0. Hence, case (ii) also leads to a contradiction.

This completes the proof.

Lemma 7. Let (x,)nen be a solution to (9) with arbitrary initial condition xo # 0. If
there exists N € N such that thlzv <1, (15)

then

(a) terms of the sequence (x,),>N do not change sign;
(b) the sequence (x,)neN converges to a finite limit.

Proof. (a) Since (15) implies (10), we conclude that the sequence (|x,|),en is
non-increasing and therefore convergent, 1 — h,x2 € (0,1) for all n > N and then
XnXnt1 > 0 for all n > N. So the sign of x,, stops changing for n > N, which implies
that the sequence (x,),cn converges to a finite limit.

Remark 1. From Lemma 6 we conclude that condition (10) implies (15). So without
loss of generality we refer to (15) instead of (10) for the remainder of the article.

Remark 2. In the case where th%, =1forsome N € N, we have x,, =0 foralln > N,
ensuring that lim,_,.. x, = 0. In the case when th,z\, = 2 for some N € N, we have

1 = xn (1 —hyxy) = —xw,

which implies that xy,; = (—1)*xy. In this case lim, e [x,| = |xx| but lim, ;e x,,
does not exist.
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3.2 Timestep summability and the limit of solutions

In this section we show that if (15) holds, then solutions converge to a nonzero limit
if the stepsize sequence is summable. If not, solutions converge asymptotically to
zero.

Lemma 8. Let (x,),en be a solution of (9) with initial condition xy # 0. Suppose
that (15) holds and that Z;":l hj =S8 <oo. Then, limy e X, = L # 0.

Proof. Since (15) holds for some N € N, by Lemmata 5 and 7 we have, forall k € N,
Xx <Xk, 1 —hyixd,; > 0. (16)
Then, for all k € N,

>
XNk =XN4k—1 (1 = AN pk—1Xy40—1)

= xnk—2(1 = hygeaXy i 2) (1= hyk—1 Xy 1)
k—1

=y [ (1= hvriy ) -
i=0

This implies
XNk = xyeZico m(1=hwsixk i) a7
By Lemma 5, part (a),
k—1 k—1
Z hN+,-x,2v+i < )C12V Z hN+i < XIZVS.
i=0 i=0

By Lemma 7, part (b), for some L € R we have lim;, .. x, = L. Also, lim; o 1; =0,
since Z‘;":l hj < o. So there exists N; € N such that h,,x,zl < % for all n > N;. Without
loss of generality we may therefore suppose that N = N. Part (ii) of Lemma 2
applies, and so for all i € N,

In (1= Aysixkyy) > —2hn4ixa . (18)
Let xy > 0. By applying (18) to (17), and by (16), we have
XNk > )cNe_zzf':O1 N > )q\ze_zxiz\’zf':O1 i > xNe_ZXIZVS > 0.
Passing to the limit for k — oo in above inequality we get

235 < o

L= lim x, > xye
n—soo
Similarly, for xy < 0, we have

vkl 2 2 yk-1 ) 52
Xy ik < Xye 2Eimo NN < e PN Eico N+ < e NS < 0.
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In both cases lim,,_,. x,, 7 0, proving the statement of the Lemma.

Lemma 9. Let (x,)nen be a solution to (9) with the initial value xo # 0. Suppose
that (15) holds and that Z;": 1hj =oo. Then lim,_e X, = 0.

Proof. First, (15) implies (16). So, by Lemma 2 part (i), for each k € N,

In(1 — Ay X)) < —hN-ekXh k- (19)

Proceed by contradiction, and suppose that lim,,_s.. x% = L? for some L > 0. Since
the sequence (|x,|),cn is non-increasing, we have x3 > x%.; > L*. Applying (17)
and (19) we obtain

|xN+k| = |.XN‘€Z{:01 ln(lihNﬂszﬂ') < |XN‘€Z{:01 (7hN+"X12V+i)
, (20
< |xN\e’L2 Lo hnti
Passing to the limit in (20) as k — oo, we arrive at

I’ < |xN\efLZZ?:lh/' =0,

yielding the desired contradiction.

3.3 Estimation of |x,|

In this section we establish a useful estimate for each |x,| when there exists N € N

such that )

hpx;

Lemma 10. If (21) holds for some N € N, then for alln <N

€ (0,1), foralln <N. 1)

n—1
bnl <ol [Ty neN. (22)
i=0

Proof. For n =0 we have,
2 3 1
x1 =x0(1 = hoxg) = —hoxg { 1 = — |,
hoxg
which, by (21), implies that

1 1
w155 |2

- < hy |XQ|3.
hox(z) h() 0

1| =

So (22) holds for n = 1. Assume that (22) holds for some n = k < N. By (21),
|Xiv1] < hlxx|?, which implies that
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k-1
k+1 i+1 k+1 i+1
1| < Pyl < Bylo* ] |h1§LH = n
i—0 =1

which demonstrates that (22) holds for n = k+ 1, and concludes the proof for all
n < N by induction.

Lemma 11. Lef (x,),en be a solution to (9) with arbitrary xo € R and with (hy)nen
satisfying the following condition

Y 37kt = o, (23)
j=0

Then there exists N = N(xo) such that (15) holds.

Proof. Suppose that (15) fails to hold for any N. Then 1/h,x2 € (0,1), for all n € N.
For an arbitrary N, we can apply Lemma 10, making the change of variables

j=N-1-i, i=N-1—j, i=0,....N—1, j=N-—1,...,0,

to get
Rt N
bl < ol T3 (24)
j=0
Set
_ Nl N—l—jz
F(N):=hy x> ] 4 (25)
j=0

Squaring both sides of (24) and multiplying throughout by /5, we obtain h,v|x,§,|2 <
F(N). Then

_ N-1 o
In[F(N)] =1Inhg +2-3¥In|xo| + ¥ 2?7
j=0
2 N-1 (26)
=Inhy+2:3VInjxo| + 3+ ) 3V Inky.
j=0

Without loss of generality we can assume that Inhgy < 0, so Inhgy < %lnhﬁ and,
continuing from (26),

_ ; 2 g
In[F(N)] <2-3"In x| +3 3%y 37 Ink;
j=0

j=

27)

2 & N
:§-3N Infxo]>+ Y 37/ Ink;| .
j=0



10 R. Baccas, C. Kelly, A. Rodkina

The expression in the square brackets is negative for any xy € R with N sufficiently
large if condition (23) holds. In this case for each xg € R we can find N = N(xp) s.t.

N .
Y 37Inh;" > In|xf.
Jj=0

Then F(N) < 1 which means that |xy| < 1 as well as thIZV < 1. So condition (15)
holds for N = N(x(). The contradiction thus obtained proves the result.

Lemmata 8 and 11 imply the following corollary.

Corollary 2. Let (x,),en be a solution to (9) with arbitrary xo € R and with (hy)pen
satisfying condition (23). Then lim,,_,co x, = L # 0.

Lemma 12. Condition (23) holds if
(i) hy < e

(ii) hy < e ;

(iii) by < "l

(iv) b, < ef"l"”‘";m.

Proof. Case (i): we have 37/ lnh;l > 1. Case (ii): we have 3’jlnh;1 > % Cases
(i) and (iv): we have 37/1In h;l > ﬁ, ... etc. Note that the series

is—/mh;l = oo,

for hj defined by each of (i)-(iv). The lower limit of summation should be chosen
according to the form of /; in order to avoid zero denominators.

Remark 3. Applying Lemma 1 we conclude that for 4; defined by each of (i)-(iv),
the corresponding N(x() can be estimated as
(i) N(x0) > In|xo|*;
(i) InN(x0) > In|xo|?, so N (xp) > |x0|*;
(iii) In[In[N (x0)]] > In |xo[*, s0 N (xg) > eol’;

o3

(iv) Ing_1 [N (x0)] > In|xo|*, so N(xp) > e~

4 The perturbed deterministic cubic difference equation

Consider the perturbed difference equation
Xnrt =Xu(1 = haxp) + Uny1, X0 ER. (28)

where (up)nen is a real-valued sequence. We begin by providing an estimate for
solutions of (28) under condition (21).
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Lemma 13. Let (x,,),en be a solution to equation (28) and let condition (21) hold.
Then, forn <N,

1 n+l n

|x +1|3n+1 < |x0|Hh3l+1 + Z Hh21+1 |ul|gl
i=1 j=i
nt+li—1 1 .- (29)
- Hh"“ lxol + Y Hh |y ,|3r .
i=1 j=0
Proof. By condition (21), for each n < N we have
1] < fra(1 —h,1x3)| + [tn 1|
1
— 30
h,,x% + |un+l | ( )
< hn|xn|3 + |un+1 |
Applying the inequality (3) with o) = %, to (30) with n = 0, we get
Mk g|xo|+|bt1|3 (€29
Applying the inequality (3) with a; = %2 , to (30) with n = 1, and substituting (31),
we get
0 €
a3 < ¥ ol ¥ < h32 s ol +h3 MERSTAES (32)

1

Continue this process inductively, and applying the inequality (3) with o, = 557

we get

1 1L L 1
Powg 1|37 <hd TR L 2h3|x0|+h3”*‘h ¥ h32h3\u1|3
ok

_1
FRTTRY BB Bl et BT | T

which completes the proof.

4.1 Boundedness of (|x,|)nen for particular (hy,),cn and (uy),en

In this section we consider two special cases of (%, ),en and (uy),en each of which
guarantees the boundedness of the sequence (|x,|),en. Both forms of (4,),cn were
introduced in Lemma 12: the first corresponds to (ii)- (iv), the second corresponds
to (i). Estimates for each |u,| are chosen relative to corresponding estimates for |4,
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4.1.1 Case 1

Let e[lk] and Ing(-) be defined as in (6). Assume that, there exists k € Nand 8 € (0,1)
such that

3n+l
h, <expq — ,
(nJre[lk]) In (nJre[lk]) ... Ing (nJre[lk}) (33)
(hn)nen  is a decreasing sequence,
and
3"
Iy 1< B . (34)

<n+e[1k]> In (n—&-e[lk]) o Ang (n—i—e[lk])

Lemma 14. Let (x,),en be a solution to equation (28) and let (hy)nen and (un)nen
satisfy (33) and (34), respectively. Then

(i) there exists Ny such that |xy, 1| < 1, and (15) holds;
(ii) |xn, +i| is uniformly bounded for all i € N.

Proof. Suppose to the contrary that (21) holds for all n. Then, by Lemma 13, esti-
mate (29) holds for all n € N.
Substituting the values of &, from (33) and u,, from (34) into (29) we get

1 d 1
1| 7T <expq — ) |xo
55 (i+ ey ) In (i+ely) ot (iely)

n+1 n 1 1
+ Z exp] — — — 1 |uj[ 37
i=1 j=i (]+e[k])ln(]+e[k])...lnk <n+2+e[k]>
Now we apply the inequalities from (7) and (8) and get
n In ]+ 61
1 < k( [k])

exp _Z’j (i+e[1k])ln (i—i—e[lk]) o Ing (i—f—e[lk]) B lnk(”+1+e[lk]),

and

expd— Y 1 1

i=0 (i+e[1k]) In (iJre[lk]) o Ing (i+e[1k]> = lnk(n+1+e[lk]).

Applying all the above we arrive at
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1
el G
nt1 T In(n+1+e) Ing(n+2+ej)
n+1 B
|x0] 1ng j=1 (j+e[lk])ln(j+e[1k])...lnk,l(jJre[lk])
> lnk(n—|—2+e[1k]) lnk(n+2—|—e[1k]) (35)
= ¢+ﬁ (lnk(n+2+elk ))_llnk(n+2+elk)
lnk(n+1+e[1k]) [K] k]
_ [xo)
_1nk(n+1+e[1k])+ﬁ‘

So for each B € (0, 1) we can find N; such that, for n > Ny,

|xo

—_— 1
lnk(n+1+e[1k]) B <1,

which implies |xy,+1| < 1. Assume now that N, > 2 is such that, for n > N,, we

have
(n—l—e[lk]) In (n—|—e[1k}> g (n—|—e[1k]) < 33,
Then, for n > N5,

gn+l1

e nldolmlidy) C ot o 2o g

Without loss of generality we can assume that N| > N,. We have
2
0 <T—hyrixy 1 <1, vl < vl =+ luwg 42l

Also
2 2 2
X2 < 20Xy, 1 +2uy, 40, and  u,| <1, VneN,

SO

2 2 2 -97r.2
Iy 22, 2 < 2Ry 42 (X 1 Ty 2] =207 [, 40+ 1]

; (37)
=4e”7 =~ 0.00049 < 1.

Based on that we get
loeny 3] < w2+ w3 ] < w1+ iy 2] + uwy 3]
Applying induction, assume that, for some k € N,
k

< . 2

1 < )

bevy 2kl < Pevpan [+ ) uvy 24l and Xy ol o4k <1, (38)
i=1
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and prove that relations in (38) hold for k+ 1. In order to do so we first get the
estimate of Zi'(:l |un, +2+i|. For all n € N, we have

3n

-
B B
] < (n—l-e[lk}) In (n—i—e[lk}) - Ing (”+e[1k}) ) <n+e[lk}> |

Then, forn > Ny +2 > 4,

s (2 <(2) <2

and

B 4 4
k o oo n = 1
' ‘ B\" (4) 4(z) 1
12:1‘, |uN1+2+l| < i§:l' ‘”N1+2+1| < ,;:4 <4> = 1_§ < 4i-p < B3 <1. (39

Now,

k+1

vy 2k | < Pov ] 4 iy 2 a1 | < Bt |+ Yl 4244l
i=1

proving the first part of (38) for each k € N, and

, , ket 2
Ay 2 k1N, 2kt S 20N 2k 1 XN 1|7 4 208 2k Z |uny 124l
i=1

<2 0[1+1]<4e? < 1,

proving the second part of (38) for each k € N. This completes the proof of Part (i).
From (38) and (39) we have

Pevy 424k < Pevy1 ]+ 1,

for each k € N, which completes the proof of Part (ii).

4.1.2 Case2
Assume that, for some f € (0,1),
’ -1
hn < e ¥ | < {W)] : (40)
e

Lemma 15. The statement of Lemma 14 holds if, instead of conditions (33)-(34),
we assume that condition (40) holds.
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Proof. The proof is analogous to the proof of Lemma 14. Instead of (35) we obtain

Ble—1)

Ble—1)1—et
e 1—e! se (+1)|x0|+ﬁ'

1
|%41] 31 Sei(”+1)|x0‘—|— [€7n+ef’1+1—|—--~+e71+1]
(41)

:ef(n+l)|xO‘+

Taking Ny > In|xg| — In[1 — B] we get |x,+1] < 1 for n > Nj. Instead of (37) we have

2 2 2 _n, 313
hyy+23, 12 < 2hw 2 [y 1y o] = 2e N1t

<20 141 <4 e <,
and instead of (39) we have
k k 3N1+2+i k 3j
Ble—1) Ble—1)
|un +2+i| = [ < —
k )7 Ny o
<Z Ble—1) _ Ble—1)
=4 e e 1_[3(9*1)
3
L]
e

The last inequality holds true since, in particular,

(e—1) : 3 -1
— ~ (0.6321)°1 < 0.3678 ~ ¢

The rest of the proof is similar to the proof of Lemma 14.

4.2 Convergence of (x,),cn to a finite limit.

Theorem 1. Let (x,),en be a solution to equation (28) and let (hy)uen and (uy)nen
satisfy either conditions (33)-(34) or condition (40). Then the sequence (x;)ien con-
verges to a finite limit as k — oo.

Proof. 1t is sufficient to consider only the terms {le 42+ fkenN- Since the sequence
{%N, 424k }ken is bounded, it has a convergent subsequence {xy, 124, }/eN.

lim 'le 24k = L.
[—oo

‘We now show that
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WlliﬁIEOXN] 2em =1L
follows. For each m € N denote /,, € N

Ly =sup{l : No+2+k; < m}.

Then
N2+2+klm <m< N2+2+k[m+1
and
m
ony24ml < vy eme 1|+ vy s 20ml < Pevg i, |+ Y luwys24il,
i=ky,
k[)71+1
< .
: <
vy 12k, 0 | < vy a2 em| + Y Juny 12l
i=m

Passing to the limit in (42) and (43) we obtain, respectively,

limsupxy, 124m <L, and L <liminfxy,421p.
m—soo m—yeo

This implies that lim,; s X, +2+m €Xists and is equal to L.

(42)

(43)

When condition (40) holds it is possible that solutions of (28) converge to a
nonzero limit. Example 1 below demonstrates that lim, .. x, can be either zero or

nonzero.

Example 1. We show that the limit of solutions of (28) can be positive, zero, or

negative. For all three cases below, choose h, = e
(i) Zero limit (L = 0). Set
up=—e > ~—0.0498, u,=0 forall n>2.
Then (40) is satisfied for 8 € (1/(e—1),1). The continuous function

fx)=x—e3x.

takes its maximum f;,, = 3\/% ~ 1.724 > 0.0498 ~ —u; at the point x,, =
ﬁ ~2.586, and f(0) = 0. So the equation

x—e 3 = e_l,

has a solution xo on the interval (O, %) ~ (0,2.586). Consider now the

V3e3

equation (28) with this specific initial value. We get x; = 0 and since all u,, =0

for n > 2, we have x,, = 0 for n > 2. Therefore lim,,_y..x,; = 0.
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(ii) Positive limit (L > 0). Set
u =e >~0.0498, u, >0, forall n>2,
so that (40) is satisfied. Suppose also that xo > 0 is chosen as in case (i). Then,
x1 =2u; +xo(1— hox%) —u; =2u; =2¢3>0.
=0
Moreover, note that hlx% =2¢12 <1 /2. We can also write
n
X1 > Xn(1 = hpx2) > x; 11(1 — hix?).
=

The same approach as in Lemma 8 with N = 1 gives that lim,,_y.x, > O.
(iii) Negative limit (L < 0). Set

u =—2¢>~—-0.099, u,<0, forall n>2,
so that (40) is satisfied, and choose x¢ > 0 as in Cases (i) and (ii). Then

u u
x1 =xp(1 —/’lox%) + ?I‘F?l <0.
—_—
=0

Again, we see that hlx% —e 8 < 1/2, and we can write for all n > 1

Xnr1 < xu(1 —h,,xﬁ) <x H(l —hixiz).
i=1

The same approach as in Lemma 8 with N = 1 gives that lim,, . x, <O.

4.3 Modified process with a stopped timestep sequence

Based on Example 1 and Lemma 8 we cannot expect that, in general, the finite limit
L will be zero. In order to obtain a sequence that converges to zero we modify the
timestep sequence (h,),cn further by stopping it (preventing terms from varying
further) after N3 steps:

hp, n <N,

i w0

where N3 is such that
Jxn, | < 1. (45)
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Note that under the conditions of Lemmas 14 and 15 we would have N3 = N;. Note
that N3 is not necessarily the first moment where (45) holds; note also that (45)
implies x,z\,3 hy, < 1, but the converse does not necessarily hold.
Consider .
Xnrt =Xu(1 = haxp) +uny1, X0 ER. (46)

Theorem 2. Let (hy),en and (un)nen satisfy either conditions (33)-(34) or condi-
tion (40). Let (x,)nen be a solution to equation (46) with (hy)nen defined by (44).
Then lim,,—,« x,, = 0 for any initial value xo € R.

Proof. Choose N; defined as in Lemmata 14 or 15 and set N3 = Nj. To prove that
xﬁfzn <1, forall n> N3,

we follow the approach taken in the proofs of Lemma 14, Part (i), and Lemma 15,
Part (i).

Let assume first that conditions (33)—(34) hold, so we use N; from Lemma 14.
We have N3 = N; > 2,

~ 35t
xN3\ <1, hN3+1 <e ,

benvg 1| < Joovs |+ |unvg 1]

and

A 2 7 2 2 73N73“ 2 B N
g1, 41 < 2hg 41 [XN3 +“N3+1] =2e Xy, + <4)
<2V [1+1]=4e < 1.

This gives us

Ixvg2| < Jxvgr ]+ lun2l,

which, as above, leads to

M+l ﬁ N3+1
2 » 372
hN+2x12\7+2 < 2hN3 [x12\73 +u12\’3+1] < 2e : 1+ ()

2
63

<4 <1.

Now we complete the proof by induction and arrive at

k

vkl < law| + Y Lol 47
i=1

which implies the boundedness of the sequence (x,),en. Note that Theorem 1 also
holds when, instead of (h,),eny We have a stopped sequence (/,),en, since its
proof uses only (47) and convergence of the series ) .~ ; u;. So we conclude that
lim,,_,.x,, = L. Passing to the limit in equation (46) we obtain the equality
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L=L(1-hyL),

which holds only for L = 0.
If condition (40) hold, we use N; from Lemma 15. The proof of this case is
similar to that of the first, except that /4, < 3M+1,

Remark 4. Convergence of the solutions of equation (46) with stopped time-step se-
quence (h,),cn may be slow, either if Ay, is very small, or if N3 is large. Alternative
strategies for stopping the sequence (}Azn) neN are as follows:

(i) Define
Ny=inf{n € N: x,zlhn <1}, (48)

and assume that xy, # 0. Define

~ { hy, n < Na,

g £ n> Ny.
s =
X
Ny

Then, |xn,+1| = |un,+1| < 1, and the conditions of Theorem 2 hold. If xy, =0,
we also have |xy, 1] = |un,+1] < 1.

(ii) Assume that |u, 1| < h, for all n € N. Define again N4 by (48). If |xy,| < 1 the
conditions of Theorem 2 hold. If |xy,| > 1, we have

|MN4+1|

| > 1> , or x|, > Juy,1-

Ny

Then,

e 1| < e | (1=, o) + 1| = P | = e, [ =+ v 1| < e |-

So
'xN4+1 Ny+1 > 'xN4 Ny = 1+

By induction it can be shown that xlz\,4 +kilN4+k <1 for all k € N. Now, apply-
ing the same reasoning as before we can prove that (|xy,4|)xen is uniformly
bounded and converges to zero.

Theorem 3. Let (hy,),en and (up)nen satisfy either conditions (33)-(34) or condi-
tion (40) with B < ﬁ in all cases with equality instead of inequality in the con-
ditions placed upon each h,. Let (x,)neN be a solution to equation (46) with initial

value xo € R and (fzn)neN defined by (44) and (48). Then lim,,_,c. x, = 0.

Proof. By Lemmas 14, 15 and Remark (4), Part (ii), it is sufficient to show that
|tty+1| < hy. Denote

k+1

-1
Q(n):=Inf — ; In; (n—i—e[lk]) + (fyni (n+e[lk])>
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Note that, forn > 1,

1
O(n) <Inf —In (n—i—e[lk]) tr——
(n+ely)
Slnﬁ—an—F%
~Inf —0.1931 <0.

When conditions (33)—(34) hold we have, forn > 1,

|u’;17+1| < exp{3"+1Q(n)} <1.

n

When condition (40) holds with (e — 1) < 1, we have, forn > 1,

3n+1

il  (go—1y)

<.
hy, -

5 The stochastically perturbed cubic difference equation

In this section we consider a stochastic difference equation
2
X1 =X (1 = hpxy) + Pns1Enr1, n€EN, x€R, (49)

where (&,)nen is a sequence of independent identically distributed random vari-
ables. We discuss only two cases: |&,| < 1 and &, ~ .4#7(0,1). Denoting

Up = pnén;

we can apply the results of Section 4 pathwise to solutions of (49) for almost all
0Ec Q.

We al§0 consider a stochastically perturbed equation with stopped timestep se-
quence (hn)nEN

X1 = X0 (1=Rx2) + pui1&nsr, n€EN, xp€R, (50)

where fln is defined by (44) with N3 selected as equal to Ny from Lemmas 14, 15
or as equal to N4 from Remark 4. Note that since solutions of (49) are stochastic
processes, Ny and Ny are a.s. finite N-valued random variables, which we therefore
denote by .41 and A4, respectively.
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5.1 Case 1: bounded noise (|&,| < 1)

In this case, for all ® € 2 and all n € N, we have

|tn| = [Pn&nl < [pal-
So we may apply the results of Section 4 to each trajectory, arriving at:

Theorem 4. Let (hy,),en and (py)nen satisfy either conditions (33)-(34) or condi-
tion (40) (p,, satisfying the constraint for uy). Let (&,),en be a sequence of random
variables s.t. |E,| < 1 foralln € N. Let (x,)nen be a solution to (49), (hy,)en defined
as in (44), and (£,)nen a solution to (50). Then, a.s.,

(i) lim, e X, = L, where L is an a.s. finite random variable;
(ii) lim,, 0 %, = 0.

5.2 Case 2: unbounded noise (&, ~ ./ (0,1)).

Theorem 5. Let (hy)nen and (pn)nen satisfy either conditions (33)-(34) or condi-
tion (40) (p, satisfying the constraint for uy). Let (&,),en be a sequence of mutually
independent A (0,1) random variables. Let (x,)nen be a solution to (49), (hp)nen
as defined in (44), and (£,),en a solution to (50). Then, a.s.,

(i) lim,, e x, = L, where L is an a.s. finite random variable;
(ii) lim, e X, = 0.

Proof. If (40) holds for 8 € (0,1), then for some f3; € (f,1) we have

Pet] - [T [
and, for each ¢ > 0,
n—0

37!
lim || Inzt¢n=0,
{ﬁl]

Applying Lemma 4 we conclude that there exists ./” such that for alln > ./,

1
eS| <1

(lnn)1/2+<;

Then, for alln > .4,

lttn41] = ‘ {Bl(ee_l)rn X {glrn S .

[

If (34) hold holds for 8 € (0,1), then for some f3; € (8, 1) we use the estimate
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3n

B [ﬁ
<n+e[1k]) In (nJre[lk}) . Ing (nJre[lk]) B

and apply the same reasoning as above.
Define for a.a. @ € 2

3'1
:| |én+1 |7

‘MVH»I‘ S

IYm ‘=Xt ¥ (0))  Um+1 = pm+,/1/(co)‘§m+,//(w)(w)7 hy, 1= hm+z/V(w)7

and consider the deterministic stochastic equation

Ym+1 :)’m(l_hmyfn)'i‘uerla meN, Yo =X 4 () (51

Equation (51) satisfies the conditions of either Lemma 14 or Lemma 15. So there
exists N1 (which depends on @) such that Ay, sz\,l < 1. The remainder of the proof
follows by the same argument as that in Section 4.

6 Illustrative numerical examples

In this section we illustrate the asymptotic behaviour of solutions of the unperturbed
equation (9) with summable and non-summable timestep sequences, as described
in Lemmas 8 & 9, and the stochastically perturbed equation (49) with unbounded
Gaussian noise as described in Theorem 5.

Figure 1, parts (a) and (b) show three solutions of the unperturbed deterministic
equation (9) corresponding to the initial values xo = 1.1,0.5,—1.1, with timestep
sequence i, = 1/n'%, so that Y21 hi < oo. We observe that all three solutions appear
to converge to different finite limits, as predicted by Lemma 8.

Parts (c) and (d) show three solutions of (9) with the same initial values and
with timestep sequence h, = 1/ n%!, so that Yo | hi = oo. Note that we have selected
values of xy that are sufficiently small for (15) to hold with this choice of #,,, hence
avoiding the possibility of blow-up. All three solutions appear to converge to a zero
limit, as predicted by Lemma 9.

Figure 2, parts (a) and (b) show three solution trajectories of the stochastic equa-

tion (49) each corresponding to initial values given by xop = 2.5,0.5,—2.5 with
n-+1
timestep sequence h, = e_SnT, satisfying (33) for k = 1, (&,),en @ sequence of

iid. N(0,1) random variables, and

3n
Pn= (nﬁe> ; (52)

with B = 0.5 satisfying (34) with k = 1. We observe that all three solutions approach
different nonzero limits, as predicted by Theorem 5.
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Short-term Long-term
15 1.5
] 1
05 0.5
or 0
-05f 05
1 7
-1.5 . y X . 12 260 460 660 860 1000
0 2 4 6 8 10 "
(a) (b)
15 15

2 4 6 8 10 o 200 400 600 800 1000
n n

(© (d

Fig. 1 Solutions of (9) with summable (Parts (a) and (b)) and non-summable (Parts (c) and (d))
timestep sequences. Short term and long term dynamics are given in the first and second columns,
respectively.

Parts (c) and (d) repeat the computation, but with the timestep sequence stopped
so that its values become fixed when h,x2 < 1 is satisfied for the first time. Solu-
tions demonstrate behaviour consistent with asymptotic convergence to zero, also
as predicted by Theorem 5.

Note that B € (0,1) in Condition (34), but that in Figure 2 the effect of the
stochastic perturbation decays too rapidly for differences between trajectories to
be visible. Therefore in each part of Figure 3 we choose larger values of 3 and gen-
erate fifteen trajectories of (49) with (&,),en a sequence of i.i.d. .4#7(0,1) random

qntl

variables, timestep sequence h, = ¢~ #te stopped when /,x2 < 1 is satisfied for the
first time, xo = 2.5, and each p, chosen to satisfy (52). Parts (a) and (b) show that,
when B = 3/2, trajectories appear to converge to zero. However, Parts (¢)—(f) indi-
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Short-term Long-term
3 : 3
2 2
1 1
0 x 0
1 1
2 2
3 ‘ ‘ ‘ ‘ 3 ‘ ‘ ‘ ‘
0 2 4 6 8 10 0 200 400 600 800 1000
n n
(@ (b)

200 400 600 800 1000
n n

(©) (d)

Fig. 2 Solutions of (49) with Gaussian perturbation and non-stopped (Parts (a) and (b)) and
stopped (Parts (c) and (d)) timestep sequences. Short term and long term dynamics are given in
the first and second columns, respectively.

cate that, when f is increased, first to § = 3 and then to 8 = 5, trajectories may no
longer converge to zero a.s., but instead to a random limit.
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Short-term Long-term
3 : 3
2
1
x 0
> 1
2
,3 L
4 6 8 10 0 20 40 60 80 100

n n
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3 : 3

40 60
n n

(e) ®

Fig. 3 Multiple trajectories of (49) with Gaussian perturbation and stopped timestep sequence.
Here, xo = 2.5, B = 3/2 (Part (a) short-term and Part (b) long-term behaviour), § = 3 (Part (c)
short-term and Part (d) long-term behaviour), and 8 = 5 (Part (e) short-term and Part (f) long-term
behaviour).
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