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Trapped surfaces and spherical closed cosmologies
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(Received 24 August 1992)

This article gives necessary and sufficient conditions for the formation of trapped surfaces in spherical-
ly symmetric initial data defined on a closed manifold. Such trapped surfaces surround a region in which
there occurs an enhancement of matter over the average. The conditions are posed directly in terms of
physical variables and show that what one needs is a relatively large amount of excess matter confined to
a small volume. The expansion of the Universe and an outward flow of matter oppose the formation of
trapped surfaces; an inward flow of matter helps. The model can be regarded as a Friedmann-Lemaitre-
Walker cosmology with localized spherical inhomogeneities. We show that the total excess mass cannot

be too large.

PACS number(s): 04.20.Me, 95.30.Sf, 97.60.Lf, 98.80.Dr

I. INTRODUCTION

We intend to study the geometry of initial data for the
Einstein equations coupled with a matter field so as to in-
vestigate the presence (or absence) of trapped surfaces. A
trapped surface is a two-surface which exists at a particu-
lar instant of time and has the property that all the out-
going light rays from it converge [1,2]. One expects that
outgoing light rays diverge, and so one can immediately
deduce that the gravitational field in the vicinity of a
trapped surface must be very strong so as to prevent the
light rays from expanding. The presence of a trapped
surface indicates that the spacetime is undergoing gravi-
tational collapse. One of the singularity theorems of gen-
eral relativity states that if one has a trapped surface (and
if the enclosed volume is finite), then there must be a
singularity to the future (e.g., [2]). If one accepts cosmic
censorship, that singularities are hidden, then the pres-
ence of a trapped surface is a sign that a black hole is in
the process of forming.

Initial data for the gravitational field consists of four
objects [g,,b,K“b,p,J“], where g, is the three-
dimensional positive-definite metric of a three-
hypersurface =; = is to be regarded as a spacelike slice
through the four-manifold. K% is a symmetric three-
tensor which is the extrinsic curvature of = as an embed-
ded surface, p is the energy density, and J¢ is the momen-
tum density of the matter. These data are not indepen-
dent; they must satisfy the constraint equations

YR [g]— K, K+ (K%, )?=16mp , (1
V, K®—VlKa =—87J°, 2)

where *'R [g] is the scale curvature of 3 and V is the
three-covariant derivative compatible with g,,,.

The trace of the extrinsic curvature (trK =g,, K ) is
equal to the (positive) time rate of change of the three-
volume,

—d—(d3V)=trK dv .
dt

It is very common to place conditions on trK so as to
select a preferential slicing (“extrinsic time”). In asymp-
totically flat spacetimes, a standard choice is the maximal
slicing condition trK =0. In cosmological models (e.g.,
[3)), the analogous condition is to choose trK = const.

The trapped surface is defined as a compact two-
dimensional (smooth) spacelike surface S having the
property that the expansion 8 of outgoing future-directed
null geodesics which are orthogonal to S is everywhere
negative on S. If S is regarded as a submanifold of X,
then 6 can be expressed in terms of g,, and K ® by

0=V, n°—K nnt+g,K®, 3)

where n ¢ is the outward unit normal to S'in =.

We have recently derived simple necessary and
sufficient conditions for the appearance of trapped sur-
faces in asymptotically flat initial data sets [4] and in
open universes [5], with the additional assumption that
the initial data are spherically symmetric. In this article
we will derive equivalent necessary and sufficient condi-
tions for trapped surfaces in a closed universe. We con-
tinue to demand spherical symmetry, and we impose the
condition that the data satisfy trK =const. The problem
we wish to consider looks like a spherical lump superim-
posed on a standard Friedmann-Lemaftre-Walker (FLW)
background, in the fact that we assume that the density
becomes constant outside some finite subset and the
matter current vanishes outside the same subset. We ad-
dress also the situation where a closed universe is filled
with many spherically symmetric bumps that have a
small domain of influence so that inbetween them the
geometry coincides with the homogeneous and isotropic
FLW geometry.

The standard time slice through a closed FLW cosmol-
ogy is defined by a three-manifold which is just the stan-
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dard round three-sphere; i.e., the line element can be
written as

ds?=a?*[dr*+sin’r dQ?], (4)

where a is a constant; K% is pure trace, i.e., K“b=Hg“b,
where H is a constant, the Hubble constant; the energy
density is a constant p, and the matter-current density is
zero. The scalar curvature of the manifold is given by

6
OR=—, ()
a

and so therefore the Hamiltonian constraint reduces to

6

o 2
2 +6H = 16mp, . (6)

The momentum constraint is trivial.
The normal n? to the two-surfaces of constant radius is
given by n?=(a ~1,0,0), and its divergence is given by

s 2
V.,n=(a sinzr)_IL Sn 7 =£cotr . (7)
dr a

Therefore the expansion 6 of such surfaces is given by

_ 2cotr +2aH
-,

6 (8)
If the Universe is expanding (H >0), then trapped sur-
faces can only occur on the “other” side of the equator,
i.e.,, r > /2, where cotr is negative. Since cotr becomes
unboundedly large and negative, we will always find
trapped surfaces. These trapped surfaces indicate the ex-
istence of the final “big crunch.” This property should
hold for any spherically symmetric universe, and so
finding trapped surfaces near the “south pole” is not very
interesting. Thus we will be interested in finding trapped
surfaces in the “northern” hemisphere, far away from the
“south pole.” These, we expect, should indicate the onset
of some local gravitational collapse, superimposed on the
overall expansion, and subsequent collapse of the whole
Universe.

The initial data [g,,,K “®,p,J, ] we wish to consider are
defined on a three-manifold =, which has topology S°.
We assume that trK =g, K?>=3H =const holds every-
where on the three-manifold. We further assume that the
metric, the extrinsic curvature p, and J¢ are spherically
symmetric. Because of the spherical symmetry, we know
that the three-metric is conformally flat and so can write
the line element in isotropic coordinates as

ds*=a%¢*[dr*+sin’r dQ?], 9)

where a is a positive constant and ¢ is a positive confor-
mal factor that depends only on r. We assume that p and
J? are arbitrary (other than satisfying some positivity
conditions one may wish to impose). We do not impose
any equation of state on the matter. We need not do so
as we restrict attention to a single instant of time; we
make no use of the Einstein evolution equations. We fur-
ther assume that p=p, (a constant) and J?=0 outside
some subregion of compact support. We choose the con-
stant a in Eq. (9) to satisfy

6
a2

+6H?=16mp, (10)
so as to emphasize the link with the FLW cosmology.

II. EXTRINSIC CURVATURE
IN SPHERICALLY SYMMETRIC CLOSED UNIVERSES

We assume that the extrinsic curvature is spherically
symmetric. This means that the general form of K “ is

K=K (r)n°n®+b(r)g®, (11)

where n? is the unit vector in the radial direction and
K (r) and b(r) are two scalar functions. Since we know
trK =3H, we can rewrite (11) as

gab
K®=Hg®+K(r) |n°n®— 3 (12)
The momentum constraint [Eq. (2)] reads
2_ g4 |62 4380 g =BT g
3al¢p* ¢ sinr @*

where we assume J*=Jn°, with n°=(a ~1¢~2,0,0) as the
unit vector in the radial direction, J =J(r) is a scalar,
and the primes represent derivatives with respect to r.
Equation (13) can be slightly simplified to

K'+

693—4—3% K=—12ma¢* . (14)

¢
Now let us make our standard assumption that J is

zero outside some finite subset. The momentum con-
straint [Eq. (14)] reduces to

K+ |62 43599 |k =0, (15)
¢ sinr

in the exterior region. It is easy to solve this equation to
give

K=C(¢6sin3r)_1 , (16)

where C is some constant. This is a well-known result, in
disguise. K generates a divergence-free, trace-free tensor
(TT). The spherically symmetric closed manifold is con-
formally flat, and TT’s are conformally covariant. There
is a unique spherically symmetric TT on flat space, and
the tensor K (nn®—g/3), with K given by Eq. (16), is
exactly this tensor, transformed in the correct way.

The constant C is essentially the integral of the matter
current. Equation (14) can be rewritten as

[K ¢%in’r]' = — 12madPsin®rJ . (17)
This can be integrated from » =0 to R to give

K(R)=—127a[¢*R)sin’R] " [ “¢%sin'rs dr . (18)

One important consequence of (18) is that if the matter
is at rest, i.e., J =0, then we can immediately deduce that
K =0 and the extrinsic curvature is pure trace. Another
consequence is that if we have a globally spherically sym-
metric model with the matter current confined to a re-
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gion near the north pole, the integral in Eq. (18) when we
let R approach 7 must go to zero. Otherwise, the
extrinsic-curvature term in the Hamiltonian constraint
will have a term that diverges like sin ¢ as » approaches
7. In other words, if J vanishes outside a finite region
(and we have global spherical symmetry), so also will K.

III. HAMILTONIAN CONSTRAINT IN
SPHERICALLY SYMMETRIC CLOSED UNIVERSES

We now can put Egs. (9) and (12) together and evaluate
the Hamiltonian constraint. We can write the scalar cur-
vature as ¥R =6a "2 *—8¢ °V?p, where the Lapla-
cian is with respect to the background metric [Eq. (4)].
We also have that (trK)*—K*K,,=6H?—2K?. Thus

the Hamiltonian constraint [Eq. (1)] reads

6 ,_ _

;q) *—8¢ Vi +6H>—2K>=16mp . (19)
Rearranging and using Eq. (10), we get

V2¢=i‘;(¢—¢5)—[1—‘2K2+277(p—p0)]¢5 . (20)

This is our key equation, and much of our effort will be
devoted to analyzing it.

The other important quantity we need to consider is
the expansion 6 [Eq. (3)] of the surfaces of constant r.

The normal to such surfaces is given by
n?=(a "¢ 72,0,0), and V,n°is given by
V, n%=(a@®in%r) " (¢p*sin’r)’
=2(a¢3sinr) " Y(2¢' sinr +¢ cosr) . 1)

On using Eq. (12), we get —K,,n“n’+g,K*=2H —1K.
Hence we get [from (3)]

6=2(a¢’sinr) " (24’ sinr +¢ cosr)+2H — 2K . (22)

The aim of this article is to take the expression (22) for
the expansivity in terms of the “potentials” ¢ and K and
use Egs. (18) and (20) to replace these quantities with p
and J, more physical objects. Two other spherically sym-
metric cases have already been successfully dealt with in
this fashion: the case where the three-geometry is asymp-
totically flat and the case where the system asymptotical-
ly approaches a flat Friedmann cosmology [4,5].

IV. SUFFICIENT CONDITION
FOR TRAPPED SURFACES WHEN J =0

We assume that we are given spherically symmetric in-
itial data [gab,K”b,p,J] (which may be confined to a finite
region). We assume that the trace of the extrinsic curva-
ture is constant. We further specialize by assuming that
the matter current is instantaneously zero. As we have
shown in Sec. II, this allows us to conclude that the ex-
trinsic curvature is pure trace, so that the function
K(r)=0. We also assume that p assumes a constant
value p, outside a region of compact support. The Ham-
iltonian constraint now reduces to a simplified version of
Eq. (20):

v2¢=§(¢—¢5)—2mp¢5, (23)

where Ap=p—p,.

We now wish to get some relationship between our
sources (in this case Ap) and the expansion 6 of any given
spherical surface, with coordinate radius » =R, in the
northern hemisphere. The trick is to take Eq. (23), multi-
ply it by ¢, and integrate it in the background metric,
over the volume ¥V enclosed by the surface at R,. This
gives

2
14
[ [$V6d
-3 2 6y 1 6
”e fV(¢ ¢%)dV 27TfVAp¢ dv . (24)
The left-hand side of (24) can now be written as
26dV
[ ¢v%
= 5ﬁR0¢va¢dS"—fV(v¢)2dV
RO
=4ma ¢’ sin’r| —4ma fo (¢")sin’r dr . (25)

Now consider the expression (22) for 6, dropping the
term in K. This can be rearranged to give
(ma’¢*sin’r)(0—2H)

=4radd’ sin’r +2mad’sinr cosr . (26)

We should recognize that 47a*¢p*sin>s = A is the proper
area of a sphere of coordinate radius r in the physical
space. We now merge (26) with (25) to give

A
2 - —
fV¢v ¢ dV=-"(0lp,—2H)
RO
—4 AY) d
ﬂ'afo (¢’')sin’r dr
—2ma¢*sinR ycosR, . (27)

We can simplify the right-hand side of (24) when we
recognize that

[ ¢av=vr, (28)
where V is the proper volume enclosed by the surface and
[ dpdtdv=am, (29)

where AM is the mass excess as measured in the physical
space. We now combine (24) and (27) to give

R
—%6 R0=7Ta fo O[3¢>zsin2r +4(¢')sin’r
+2(¢*sinr cosr)' |dr
AH 3V

2 2—2—277' AM . (30)
a

Consider the integrand of the integral on the right-hand
side of (30). Itis
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I=¢*sin’r +4(¢')*sin’r +4¢¢’ sinr cosr
+2¢%cos’r (31
=2¢*—@’sin*r +4¢' sinr (¢’ sinr +¢ cosr) . (32)

Let us now make two (as yet unjustified) assumptions.
We will assume

¢’ <0 and ¢'sinr+¢cosr >0 (33)

on the support of the matter. In later sections we will
show that these conditions follow naturally from the
Hamiltonian constraint (20), if we assume that the excess
mass Ap is positive. Almost identical conditions have
been derived and used in [4] and [S]. We now can deduce

I <2¢%. (34)
Thus we obtain the inequality we want:
A Ry , AH 3V
20 R0<27raf0 $dr+ ST =5 2w AM . (35)

. . R .
We can identify a f O°¢2dr =L as the proper radius of
the sphere of coordinate radius R,. Thus we can write
inequality (35) as

cp 4 AH_ 3V

—AM . (36)
R, 4 8ma

A
-0
8w
We have proven the following.
Lemma 1. Assuming conditions (33), if we can find in
our physical data a spherical surface satisfying

AM>L+ A5 3V

4 8ma?’

(37

then that surface is trapped.

If we were interested in minimal surfaces rather than in
trapped surfaces, we can prove the following.

Lemma 2. Under the conditions stated in this section,
if we can find in our physical data a spherical surface
satisfying

L aorsp -3V

Tom Smal ’ (38)

where A PR is the excess integrated scalar curvature,
then the manifold must contain a minimal surface.

V. NECESSARY CONDITION
FOR TRAPPED SURFACES WHEN J =0

It is possible to find a necessary condition for trapped
surfaces under much weaker conditions. We need make
no assumptions such as (33). Let us return to Eq. (30)
and consider again the integrand (31):

I=¢%in%r +4(¢")%sin’r +4p¢’ sinr cosr + 2¢%cos’r
=@’ + [ cosr +2¢' sinr]? (39)
> 2. (40)

It is interesting to note that we do not impose any condi-
tions on ¢ or ¢’ to derive this inequality. When (40) is
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substituted back into (30), we get
A Ry , AH 3V
20 R0>7Taf0 $dr+ =T 2wAM L (4

Again, we use f§°a¢2dr =L, the proper radius of the
sphere, to simplify (41) to

ig

—AM . (42)
8w

R, 2 4 —Sﬁ

Thus we have the following theorem.
Theorem I. Any spherical surface in the physical data
satisfying
L  AH

am<Lo AR 3V

43
2 4 87a’ i43)

cannot be trapped.

Let us stress again that this inequality is valid for any
spherical surface in the whole Universe. As a trivial ap-
plication, it is compatible with the fact that all the sur-
faces near the south pole are trapped, even with no extra
mass. As we approach the south pole, in the standard
Friedmann model, we get L ~a, V~27%3, and 4 ~0.
Thus the right-hand side of (43) approaches —ma /4.

VI. EFFECT OF A MATTER CURRENT
ON TRAPPED SURFACE FORMATION

In Secs. IV and V we have dealt with the situation
where the matter current was at rest. In this section we
will consider the effects of nonzero J. We will continue to
assume that both the excess matter and current density
are confined to the northern hemisphere and that the
trace of the extrinsic curvature is a constant. The Hamil-
tonian constraint has the general form as given by (20),

V=584~ [HK +2m dpld’ “4

and we see that the effect of the nonzero current is just to
add another positive term to Ap. We need to derive an
equation similar to (30), but taking into account the extra
terms that arise in both the definition of the expansion
and in the Hamiltonian constraint. Before we do so, it is
useful to multiply the momentum constraint by the unit
radial vector and integrate it over a spherical volume in
the physical space. We assume that the extrinsic curva-
ture has the form given by (12):

gab
K®=Hg®+K (r) |n°n®— e (45)
where H is a constant. We thus wish to consider
fV(naV,,K“b—n”VaKbb )dy = —SvfynaJ"dV . (46)

The term in H contributes nothing to the integral, and so
we can ignore it. Thus we can replace K ® in the integral
with k®=K (r)[n°n®—g/3]. The second term on the
left in (46) is zero as well. Now we integrate by parts the
remaining term on the left to give
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Angnyk®| g — ka“bV,,nde= —SwfynaJ”dV Y
This can be further simplified to read
(K Alg, 1 [ KV,ntdV=—8w [ nJedv. @)

Substituting from Eq. (21) finally gives

8ma
3

R
%KA|RO+ fo OKa¢3sinr(2¢>’ sinr + ¢ cosr)dr

=—87 [ nJdv. (49

Let us now return to the Hamiltonian constraint. Re-
peating the manipulation of Sec. V leads to an equation
analogous to (30):

_4_ = Ko —1 3 2
2 0 % Ta fo [I —+(Ka@’sinr)*]dr

L AH _ AK 3V _

e . 2TAM, (50)
a

where I is exactly the integrand given in (31). Let us
eliminate the AK term from (50) by subtracting + of (49)
from it. To simplify the notation somewhat, we will re-
place Ka$3sinr by k and divide by 27 to give

A a rRo
——0| == I—1k>+2 ’si
877-0 02 fo [ 1 2k (2¢’ sinr +¢ cosr) ldr

L AH _ 3V
4 8ma

where we define AJ = f yhgJadv.
We can write the total integrand in (51) as

~—(AM —AJ) (51

I'=@¢*(sin’r +Lcos?r)
+ 8¢’ sinr (2¢' sinr +¢ cosr —k /3)
’ o 2
— 1k —6¢'sinr —¢ cosr)” . (52)

The first term in the integrand I’ is easy to handle. It can
be written as

I, =¢*(1—4sin’r) < 1¢?, (53)

and the integral of this term is <7L /6. The middle term
can be written, on using (22), as

I,=8a¢*¢'sin’*r(6/2—H) (54)
=4a0¢'$’sin’r —8Ha ¢’ sin’r (55)
=4a6¢'¢p’sin>r —2Ha ($*sin’r)’

+4Ha¢*inr cosr . (56)

If we have no trapped surfaces in the interior, we have
that 6> 0, and therefore the first term in (56) is obviously
negative, on using our standard inequality (33), i.e.,
¢’ <0. The second term integrates to give — AH /4w,
which cancels the equivalent term in (51). The only term
that we need to consider carefully is the third term in
(56). The integral of this term can be estimated as fol-
lows. Let us define

EDWARD MALEC AND NIALL O MURCHADHA 47

I'=2Ha 2f0R¢4sinr cosr dr . (57)

We can show that T < HL?2. To obtain this we need to
use 7~ !sinr cosr < 1. This allows us to write

r<2H [ “ar¢*Nagdr) . (58)

If we assume ¢’ <0, we have that ¢ monotonically de-
creases, and so we know that, at any point, a¢?r <L and,
of course, a¢*dr =dL. This immediately gives us the
desired result.

Let us now return to Eq. (52) and assume that there is
no trapped surface inside the radius R, we are consider-
ing. We can now write

Ao <w+mr -2V —am—an. 59

8 o 8ma
This now will give us our desired result.

Lemma 3. Assuming ¢’ <0, if we obtain a surface for
which

3V

AM —AJ>IL+HL>—— (60)

8ma
either the surface is itself trapped or the interior contains
trapped surfaces.

Another estimate can be derived if we are willing to
use both conditions in (33). We can write the total in-
tegrand I’ in (51) in a different way. We get

I'=¢(sin’r + Tcos®r)+ 184’ sinr (¢’ sinr +¢ cosr)

(k —2¢' sinr —¢ cosr)? . 61)

1
3

If we accept (33), the middle term is negative, the last
term is obviously negative, and as in (53), the first term is
less than 1¢?. This means that we can replace (59) with

Agl <ip+4H_3V
8 R, 41 8ma

S—(AM —AJ) . (62)

This gives us the following lemma.
Lemma 4. Assuming conditions (33), if we obtain a sur-
face for which
AH 3V
47 8ma?’

AM —AJ>1L + (63)
the surface is trapped.

Note that lemma 4 is usually better than lemma 3 be-
cause if we assume ¢’ <0 we immediately get 4 <47L>.

VII. TOTAL EXCESS MASS MUST BE BOUNDED

There are many inequalities that one can derive using
these techniques, but one, in particular, is enlightening in
that it shows that there are very strict bounds on the total
amount of excess mass that can be placed in finite region,
independent of whether or not this matter is inside a ho-
rizon. Let us return to Egs. (23) and (24), but assume that
J is nonzero. These can be written as
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fKZdV +27 AM we expect that there exist regions with positive and nega-
tive excess energy.

= —4rade’ sin’r| R We assume that those regions are separated so that

x 0 inbetween them the metric approaches the Friedmann-

tra f 0(3¢2sin2r +4(6' sin2r)dr — 3_1’; L (64) Lema’l‘tre-Walkf:r metric; i.e., the 'conformal factor ¢

0 4a tends to 1 outside the perturbed region and the extrinsic

This can be rewritten as curvature vanishes (except, of course, for the Hubble con-

stant term). We place the north pole at the center of the

szdV+277' AM given lump. Then one might be more specific and say

that ¢ tends to 1 before reaching the coordinate distance

= —4ma ¢ sinr (¢’ sinr +¢cosr)|RO r=1m/4 or even r =57 /12. That is not a severe restric-

R tion since, as pointed out above, there might exist many

+2madsinr cosr|, +ma f °rar _.3_[/2_ , (65) bumps and a zone of influence of any of these may cover

° 0 4a only a small fraction of the whole Universe.

where I is the same integrand as in Eq. (31). The first
term is negative [on assuming (33)], and the integral is
bounded above [from (34)] by 27L. Thus we have

fKZdV+27rAM

<2mad’sinr cosr|y +2mwL — 3V (e6)
0 4a

2
ag’sinr =R is the natural - areal coordinate, the
equivalent of the Schwarzschild coordinate. Therefore
we get

14 —~l—fK2dV. (67)

AM <R, cosR,+L —
OCOS 0 817'(12 24

Hence the mass of the inhomogeneity inside any given
sphere cannot exceed the sum of the proper radius and
the areal radius. This is a result that supports Einstein’s
view that “matter cannot be concentrated arbitrarily”

(6].

VIII. NONHOMOGENEOUS COSMOLOGIES

In Secs. IV, V, and VI we have derived necessary and
sufficient conditions for the appearance of trapped sur-
faces in spherical cosmologies. The only assumptions we
make are contained in Eq. (33). This section and the fol-
lowing ones will be devoted to showing that these condi-
tions can be derived as a consequence of the Hamiltonian
constraint (20), assuming that the mass excess be positive
and localized.

We can conceive of two very different situations in
which spherical symmetry could be assumed in a cosmo-
logical context. The local situation would be where the
spherical symmetry holds only on a (small) patch of the
data, a spherical galaxy in a universe with many such ob-
jects. We will discuss this case first. The other case is
when the spherical symmetry holds globally, we have
only one spherical lump in the whole Universe. We post-
pone discussion of this situation until Sec. IX.

In the last few sections, we were concerned with
universes containing an isolated spherically symmetric
lump. There may be a large number of such bumps, some
of them with excess energy, but many with deficit energy.
Direct integration of the Lichnerowicz equation [Eq.
(20)] shows that the total energy of all bumps vanishes. If
the Universe on average is homogeneous and isotropic,

Keeping this in mind, we prove the following.

Lemma 5. Assume that we are given an rg,
0<ry<5m/12, such that Ap is non-negative for r €(0,r)
and that ¢(r,) = 1; then,

6>1, ¢'<0 Vre(0,r,) . (68)

Proof. Using spherical symmetry, we may write Eq.
(20) as

V2=

102 Y
55 (sin‘r¢’)
a“sin‘r

——amap =Kl 3 p—ghy (69)
12 4q?
One easily checks that
ap=sup[3p(1—¢*):0=¢=1]
=0.6/5"74=0.4012442 .

We will need below an equation related to (66):

Vi =—5 5 (sin’rx’) =a, . (70)
a“sm-r

Assume the contrary to the claim: Let there exist a solu-
tion ¢ of (24) such that ¢’ =0 on an interval (R*,R;). Let
us remark that this means that ¢ <1 in a part of this in-
terval because, if $>1 on the whole interval, then the
right-hand side of (66) is nonpositive. The maximum
principle guarantees that ¢ cannot have an interior
minimum, which contradicts the positivity of ¢'.

Assume that @¢(R*)=x(R*); by definition,
(d 7dr)¢(R*)=0. Equation (67) is solved by
x=—(ag/2)rcotr +C; . (71)

One can find that ) is increasing everywhere, so that at
the point R;* we have dy/dr>d¢/dr. Under the above
stated initial conditions and recognizing that
V3(x—¢) >0, one may conclude that, everywhere on the
chosen interval,

d¢ ~dx <
dr ~ dr’ $=x -

The change 8¢=¢(R;)—d(R*) of & on [R*,R;] is es-
timated from above by the change of ), given by
¥(R)—x(R/*) (note that both functions are equal at R*).
But the change of x on all intervals | {(R*,R;), n < o,
on which ¢ is increasing is smaller than the change of x
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on the entire interval (0,57 /12), which is not greater
than a/3. Since at that point ¢=1, it means that
6= 1—ay/3.

Now let us observe that the last term on the right-hand
side of (24) is decreasing for ¢ > 1 —a/3. Define

a;=sup[3¢(1—¢*)/4:1>2¢>1—a,/3],

according to the above remark o;<a, Repeating the
above-described procedure, we will obtain a better es-
timation from below for the function ¢:

"

>1——.

¢ 3

Repeating the above procedure infinitely many times, we
finally arrive at the desired estimation:

6>1.

From Eq. (69) we see that ¢ is monotonically decreasing,
since the right-hand side of (69) is nonpositive and we
may apply the maximum principle. That ends the proof
of the lemma.

Remark. That iteration procedure that has been de-
scribed above works until one meets a fixed point of the
map:

biy1=1—6,(1—¢}) /4,
i.e., a value ¢, such that

b, =1—¢(1—0%)/4.
The only solution of the last equation for ¢ >1—qy/3 is
=1

One situation that is of interest is where one has an iso-
lated lump. This is the situation where the deviation
from the Friedmann background is localized in the sense
that the conformal factor equals 1 somewhere in a region
outside the lump. Such an isolated lump may be formed
by having a region of enhanced density surrounded by a
region with diminished density. In such a situation, we
can prove the following.

Lemma 6. Given three radii 74,7 (,7, With ro <r; <r,,
ro<5w/12, and r; <w/2, such that Ap =0 for r €(0,r),
Ap =0 for rE(ry,r,), and Ap=0 for r E(ry,r,). If ¢=1
for a particular »E(r,r,) and if ¢ <(sinr)”'/?, then
¢>1,¢'<0for re(0,r,).

We will postpone the proof of this lemma until the end
of Sec. X.

Lemmas 6 and 3 can now be combined to prove the fol-
lowing.

Theorem II. Given an isolated spherical lump with a
central region of positive excess mass and if in that region
we find a surface satisfying

3V

AM —AJ>1L +HL*——— ,

8ma
we must have a trapped surface.
We will also prove the following.
Lemma 7. If Ap is non-negative and if
(¢’ sinr +¢ cosr)|, =0, then

o

¢'sinr +@ cosr 20, Vre(0,ry) . (72)
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Proof. Note that

21_ (¢’ sinr +¢ cosr)’
a“smr
=————(sin’r¢')' —¢/a (73)
a“sinr
5
——arapei— |-E 43 k2.
4a 4a

The last equation follows from the constraint equation
(24). The quantity ¢’ sinr + ¢ cosr is decreasing, but at r,
it is > 0; hence, ¢’ sinr + ¢ cosr is positive everywhere for
re(0,ry).

IX. SPHERICALLY SYMMETRIC
CONSTANT SCALAR-CURVATURE MANIFOLDS

Until now, we have been dealing with localized spheri-
cally symmetric lumps which we regarded as being em-
bedded in a Friedmann background. The class of spheri-
cally symmetric cosmologies contains many other solu-
tions. In particular, we wish to investigate solutions
which are globally spherically symmetric. The general
situation we wish to consider consists of a spherically
symmetric initial data set which has a lump of excess
matter surrounded by a constant-density background
which fills the rest of the Universe. Outside the lump the
Hamiltonian constraint guarantees that the scalar curva-
ture is constant. The combination of spherical symmetry
and constancy of the scalar curvature guarantees that
that section of the manifold can be regarded as part of a
standard round S3 [7). This is not equivalent to guaran-
teeing that the conformal factor must be identically one
in the exterior region. We need to understand the confor-
mal structure of spherically symmetric constant scalar-
curvature manifolds.

Let us return to the Hamiltonian constraint [Eq. (19)]

V2¢>=zz-;(d)—dis)—-[%K2+'217(p—p0)]¢5 . as)

and let us consider the simplest possible case. Let us as-
sume that the matter is at rest, which gives us K =0, and
that the energy density is a constant p=p,. The Hamil-
tonian constraint now simplifies enormously to give

3
Vig= —¢°) . 76)
$=5(¢=¢) (

Obviously, one solution of (76) is ¢ =1, which is the stan-
dard solution. This is not the only one. There is a com-
plete family of regular solutions of Eq. (76) given by

a1/2

(a2cos?r /2 +sinr /2)1/2 7

where «a is an arbitrary positive constant.

In Eq. (76) we are trying to find a conformal factor ¢
which transforms a manifold with constant scalar curva-
ture *'R =6/a? to another manifold with the same con-
stant curvature ‘R =6/a The Yamabe theorem [8]
states that every Riemannian manifold can be conformal-
ly transformed into one with constant scalar curvature.
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The existence part of the Yamabe theorem has been
shown to be true. Whether the resulting constant scalar-
curvature manifold is unique is an open problem. How-
ever, it is known that in the case of flat space we do not
have uniqueness; there is at least a one-parameter family
of inequivalent manifolds. The conformal factors map-
ping between them are just the ¢,)’s given by Eq. (77).
The manifold with the metric

ds?=¢{,a’*[dr’+sin’*r dQ?] (78)

can be shown to be a round metric by using the coordi-
nate transformation [7]

L =7—2arctan |a cot% (79)

It is important that we understand the general struc-
ture of the ¢,)’s. It is clear from (77) that ¢, with a=1
satisfies =1 and so represents the identity transforma-
tion. Each @,,, with a1, equals 1/V'a at r =0; equals
[2a/(a2+1)]l/2, which is always less than 1, at r =7/2;
and equals Via at r =m. If a <1 then ¢, monotonically
decreases, if a>1, ¢ monotonically increases. The
value of 7, call it R, at which each ¢, passes through 1
is given by

a=tan2£1* . (80)
2

In the range 0=r =w/2, the ¢)’s with a>1 give a
smooth set of nonintersecting curves with one curve pass-
ing through each point in the (#,¢) plane with ¢, in the
range 0 <¢ < 1. At each fixed value of r as a increases, ¢
decreases. Each individual curve is increasing as r in-
creases, but they are all still less than 1 on reaching
r=m/2. Beyond r =7 /2 each curve in turn crosses the
¢=1 line at increasing values of R with increasing « [as
given by (80)] without intersecting any other curve. How-
ever, each ¢, is climbing more rapidly than the curves
with lower values of a by the time it crosses the line
¢=1. Above this line the curves proceed to cross be-
cause a curve with higher values of @ must rise above all
the curves with lower a by the time it reaches r = .

Superimposed on this pattern is a mirror-image set of
curves for values of a < 1. These start with values greater
than 1 at » =0; the smaller a the greater the value. They
then proceed to decrease as r increases, crossing one
another as the curves with smaller values of a fall below
the curves with larger values of a. All the crossing is ac-
complished by the time they cross the ¢ =1 line, and this
all happens before one reaches r =7 /2. Beyond r =/2
all the curves smoothly decrease without crossing until
one reaches » =m. The part of (§,r) space defined by
¢%sinr > 1 contains no curves. Through every other
point, two curves, with different values of a, pass.

Now let us consider one of these constant scalar-
curvature manifolds, with line element given by (75).
When we substitute the explicit form of ¢, into Eq. (21),
we get

V. n°=2(aasinr)” [a’cos’(r /2)—sin*(r/2)] . (81)

This quantity has only one zero at » =R given by

R
a=tan-—2£ . (82)

An alternative form is

1—a?

14+a?
This value (Rg), from (79), corresponds to L =m/2, i.e.,
the physical equator of the conformally transformed
space. V,n?is positive for all » <R and is increasingly
negative for » > Ry. Therefore, independent of the value
of a, all the manifolds share the property of the standard
Friedmann slice that they have no trapped surfaces in the
northern hemisphere, but that as one approaches the
south pole all the two-spheres become trapped.

The equator, where a=tan(Ry /2), also plays another
role which will be important in our future discussions.
Consider one of these curves ¢,), with a given a, and let
us assume o> 1. Start on this curve at r =0, with
é=1/Va<1. As one moves along this given curve, oth-
er ¢,’s, with different values of a, cross it. These curves
will have a <1. These begin with curves whose value of
a is essentially zero. As r increases, as we move along
our chosen curve, the value of a of the curves crossing it
monotonically increases, but is still less than 1 as we pass
r = /2. Finally, at R, given by Eq. (80), with R, > 7 /2,
the curve crosses the line ¢=1 (which is, of course, the
¢(q) With a=1). The chosen curve now starts to overtake
curves with values of a > 1, but less than our chosen a.
This continues until one reaches the equator, r =R,
given by Egs. (79) and (80). Note Ry >R, for a> 1. This
point also satisfies ¢*sinR; =1 and so is the boundary of
the excluded region. Only one curve, our chosen one,
passes through this point. From this point on, as we
move along our curve in a direction of increasing 7, our
chosen curve is now being overtaken by curves ¢, with
larger and larger a’s. Just as the vertical line r =0 is
essentially the curve ¢, with =0, the vertical line r =7
is the ¢, with a= 0.

cosRp= (83)

X. SPHERICALLY SYMMETRIC MODELS
WITH NONCONSTANT SCALAR CURVATURE

We wish to construct a manifold which is spherically
symmetric with a given (nonconstant) scalar curvature R.
We can assume that the metric is of the form (9), and
then we can write the equation satisfied by ¢ in a form
very similar to Eq. (79), i.e.,

v2¢=2(3;;<¢—¢5)—gm 5, (84)

where AR =R —6/a’.

As we mentioned earlier, we wish to consider mani-
folds with constant density outside some compact region.
Thus we will wish to consider situations where AR is zero
outside some finite spherical volume. In the exterior re-
gion, the equation for ¢ reduces to

3
Vip=—=(¢—¢°) . (85)
$= 26—
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We know a complete family of solutions to this equation,
the ¢,)’s of Eq. (77). However, it is not immediately ob-
vious that the solution of Eq. (85), which is only valid on
part of the manifold, must be one of these ¢,’s. In one
case we need regularity both at » =0 and at r =7. In the
other case, we need regularity only at, say, r =7. We
know that any solution to (84) must have some finite posi-
tive value at r =7 and that its first derivative must vanish
there. We have a ¢, with the same value at » =7 and
with the same first derivative. This would be usually
enough to prove that the two functions must coincide.
We cannot immediately deduce this here because the
point » =1 is a singular point of the equation because
sinr =0 there. Happily, Eq. (85) is really only an ordi-
nary differential equation because of the spherical sym-
metry and a treatment exists of such singular points in
Rendall and Schmidt [9]. Using their theorem 1 allows
us to deduce that the two solutions must coincide and
that the solution of Eq. (85) must be one of the ¢,)’s in
the exterior of the support of AR.

One obvious situation we would like to consider is
when there is a step function in the scalar curvature,
when the scalar curvature has one (constant) value in part
of the manifold and has a different (constant) value on the
rest. It is easy to see that the conformal factor to achieve
this must be made up of a pair of the functions ¢,
defined by Eq. (77). More precisely, we would want that
the conformal factor equal C1¢(a1) in one region and

C2¢(a2) in the rest, where C; and C, are prescribed con-

stants depending on the values of the scalar curvature
and «, and a, are adjustable parameters. One now tries
to match these functions and their first derivatives at
some radius and discovers that this cannot be done, ir-
respective of the values of C;,C, or the coordinate value
of the matching point.

This means that we cannot expect to be able to solve
Eq. (84) with a randomly chosen AR. Equally, if we get a
solution, it may well not be unique. Nevertheless, we
have been able to extract a number of interesting and use-
ful properties of solutions to Eq. (84) (assuming one ex-
ists). The situation we are interested in is when AR =20
and has compact support. In the exterior region, we
know that the solution must be one of the ¢,)’s. We will
show that this a must satisfy a <1 if the support of AR is
not too large.

The assumption we will make is that the support of AR
lies entirely in the northern hemisphere. We do not
define this in terms of the background geometry, but
rather in terms of the physical metric. The exterior solu-
tion is defined by a ¢, with a=a,. We assume that the
“equator,” the radius R satisfying

ay=tanR; /2, (86)

lies in the exterior zone.

The analysis is based entirely on the maximum princi-
ple as applied to Eq. (84). The solution ¢ to (84) cuts
through a complete family of ¢)’s. At any point along
¢, we know that the two ¢,’s that pass through that
point satisfy

3
V2¢(a):1—;7(¢(a)—‘¢(5a)) . (87)

Therefore we must have, at that point, since we assume
AR =0,

ViAbi)—¢)=0 . (88)

If AR >0 at this point, then by continuity VX(¢,, —¢)>0
close to this point. This implies, because of the max-
imum principle, that if ¢ approaches a ¢, from above, it
must pass through it; it can neither “bounce” off it nor
merge with it.

We obtain our result by contradiction, and so we begin
by assuming that a,> 1. Let us start at » =7 and move
along the curve ¢, the solution to (84). In this region it
coincides with ¢a0. We continue along this curve through

R [as defined by (85)]. At some radius » <Rp, we enter
the support of AR. At this point the curve ¢ must bend
downward, away from ¢“o' But in this region, the space

underneath ba, is filled with all the curves ¢, with

a>a, Our solution curve must continue descending fas-
ter than these ¢,’s. As we point out above, it can nei-
ther merge with nor bounce off any of them. This can
only lead to disaster. Either ¢ goes to zero or hits the
r =0 point with a nonzero angle (if ¢'=0 at r =0, it
would be tangent to one of the ¢,)’s). Thus the original
assumption, that ay> 1, cannot be true. A similar disas-
ter befalls a curve which starts with ag=1. Therefore we
must conclude that ay < 1.

Each point of (r,¢) space (excepting the region defined
by ¢%inr>1) has two curves ¢, passing through it.
Thus any curve ¢(r) can be described by giving the pair
of a values corresponding to each point it passes through.
Consider the particular curve we describe in the preced-
ing paragraph. As it moves away from r =7, one of the
a’s remains fixed at a,, and the other starts at o and
monotonically decreases; at Ry both a’s coincide, and at
values of r < Ry the varying of «a is less than a,. Now we
enter the support of AR. The curve ¢(r) now drops
below the curve ¢, ). One a continues to decrease; the

other increases above a,. The key question is, what hap-
pens to this increasing a? It cannot reach a maximum
value either at or before reaching r =0, because this is
equivalent to being a tangent (from above) to one of the
&(a’s, which is forbidden by the maximum principle.
Thus something bad must happen to the curve in ques-
tion; it either goes to zero at a nonzero value of r or ¢’ >0
at r =0.

We can now deduce somewhat more assuming, as al-
ways, that AR =0 and that it has support only on one
side of the equator. We now assume ay< 1. Let us follow
the solution to (84) in from r =7. We start off at a value
of $=(ay)!”?< 1, and it monotonically increases as we
move along ¢ao‘ We will not deviate from this curve until

we, at least, reach the equator (Rg). By this point ¢a0

has risen above 1. The solution ¢ starts curling down-
ward relative to ¢a0 at some r <R;. However, it cannot

curl down too much, because if it passes, going down-
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ward, through ¢ =1, it is stuck in the same trap as before.
We therefore can assume that ¢ > 1 in the interior. But
as long as ¢ is > 1, we have V¢ <0, and this means that
¢ cannot have a minimum in the support of AR. Hence
we must have ¢’ <0 in the interior, with equality only at
r =0. Of course, since a; <0, we have ¢’ <0 in the exte-
rior.

The result that the conformal factor outside the sup-
port of the excess matter must coincide with one of the
special functions ¢,, is interesting insofar as it shows
that the exterior region is homogeneous and isotropic,
uninfluenced by the lump. This is exactly analogous with
the result derived in Sec. II that the current potential K
vanishes outside the support of the current.

Let us now return to the promised proof of lemma 6
from Sec. VIII. Here we consider a situation where part
of the manifold consists of a region (0,r,) near the north
pole with AR >0, a second region (r,,r;) with AR <0,
and that we have standard FLW data outside these re-
gions. This means that the conformal factor, the solution
to (20), equals 1 outside ;. If we follow the conformal
factor ¢ in from the right, it must increase as it enters the
region of negative Ap. If it went down, there would be an
interval (r; —8,7,+8') in which ¢=<1. But we have,
from (83), since AR <0,

V>0

However, ¢ achieves an interior maximum at r=r,,
which is forbidden. Therefore we must have ¢ >1 as we
approach r,.

Having shown that ¢ > 1, ¢’ <0 near r;, we now wish
to show that ¢ >1 in the whole interval (ry,r;). Let us
assume that ¢’ =0 somewhere in the interval (ry,r;). If
¢*sinr <1 in the interval, this means that ¢ must turn
over in the region that is filled with ¢, curves. In partic-
ular, this means that the ¢ curve must tangent from
below one of these curves, say gbao, at some point, say,

r =rj3. At this point we have

¢(r3)=¢ao(r3)> 1, ¢’(r3)=¢ao(r3)<0 . (89)
In a neighborhood of r;, we also have

¢=dq, - (90)
Subtracting (87) from (84) gives
Ve~ #)= 5 (00,03, +HIHIAR S OD)

The right-hand side of (88) is nonpositive, and so the
minimum principle says that ¢“0_¢ cannot achieve a

minimum at r;, which contradicts our assumptions.
Hence ¢’ =0 on the whole interval (ry,7;), with equality
only in the FLW region. Therefore ¢(ry)>1. Now we
can use lemma 5 to finally show ¢ > 1, ¢’ <O in the inter-
val (0,rq).

XI. TRAPPED SURFACES
IN SPHERICAL UNIVERSES

In the previous section, we proved that a spherical
bump of compact support confined to the northern hemi-
sphere produces a monotonically decreasing conformal
factor ¢,

¢'<0,

if its excess energy is non-negative. This corresponds to
lemma 5 of Sec. VIII. We can also prove

¢'sinr +¢cosr =0 .

Outside the bump, ¢ must coincide with ¢,, where a <1.
As is shown in lemma 7, the quantity ¢’sinr +¢ cosr
monotonically decreases. Outside the matter it is equal
to

a ¢ [(1+cos?r)(a?—1)+2cosr(1+a?)] .

This expression vanishes at a value R, such that
cosR,=(1—a)/(1+a) [Eq. (79)], i.e., when ¢, crosses
through 1. Therefore, inside a region with non-negative
matter density, the inequality (73) holds.

Thus we can prove the following.

Theorem III. Given a globally spherically symmetric
initial data set which satisfies trK =const with a localized
positive lump which is instantaneously at rest and if we
can find a spherical surface satisfying

aM>p+ A5 3V

4 8ma?’

then that surface is trapped.

We can also prove the following.

Theorem IV. Given a globally spherically symmetric
initial data set which satisfies trK =const with a localized
positive lump that may be moving and if we can find a
spherical surface satisfying

AM —AJ > 1L +%~3—V2 ,
T 8ma
then that surface is trapped.

In addition, one can prove another version of a
sufficient condition (lemma 3) for the formation of
trapped surfaces by moving inhomogeneities. Indeed, let
us return to Eq. (68). In Sec. VII we estimated I" from
above by HL?. The other estimate is that I' <8Ha>.
This is obtained when one realizes that ¢ merges with
some ¢, with a <1 in the exterior and that it must lie
below this ¢, in the interior. In turn, we know
b,<a 2 Thus, if we replace ¢* in (82) with a ™2, we
will get an upper bound,

' <4Ha%a™? fORsinr cost dr =2Ha?a " %sin’R . (92)

This, as it stands, is not a particularly interesting inequal-
ity until one realizes that we are assuming that the excess
matter is confined within the equator and that we are not
interested in finding trapped surfaces beyond the equator.
Therefore we can replace R in (92) by R as given by (83).
It is a straightforward manipulation of trigonometric
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functions to show

4
(1+a?)?
which gives the desired inequality. Using (89) and
proceeding as in Sec. VI, we obtain the following version
of lemma 3.

Theorem V. Under the preceding conditions, if we ob-
tain a surface for which
2q¢*H 3V

™ 8ma? ’

a”~%in’R, = 4, (93)

AM—AJ>1L + (94)
either the surface itself is trapped or the interior contains
trapped surfaces.

XII. CONCLUDING REMARKS

Let us summarize the whole discussion. In this paper
we study spherically symmetric closed universes. There
are two different situations which are of interest.

First, we may have a homogeneous and spherically
symmetric background geometry with many spherical
bumps placed in it. Globally, a resulting universe is nei-
ther spherically symmetric nor homogeneous, but locally,
close to a particular lump, there is a spherical symmetry
with respect to the center of the lump. Also, very far
from the bump, the geometry of the chosen Cauchy slice
coincides with the homogeneous and spherical back-
ground geometry. That case was studied in Sec. VIII. In
Sec. VIII is formulated a sufficient condition (theorem II)
for the formation of trapped surfaces by moving perturba-
tions, when the initial momentum of the gravitational
field is changed. Obviously, theorem II can be special-
ized to the case where the excess matter is at rest.
Theorem I in Sec. V gives us a nice necessary condition
for the formation of a trapped surface when the matter is
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at rest. Interestingly, we have failed to find an equivalent
necessary condition in the case where the matter is mov-
ing. In Sec. VII we prove that in a sphere of a fixed ra-
dius only a finite amount of perturbed energy can be
packed.

Second, one might be interested in investigating
geometry of a universe that is not homogeneous, but is
globally spherically symmetric. Section IX contains a
description of spherically symmetric constant scalar-
curvature models. These solutions are used in Sec. X to
derive a number of properties of initial data for nonho-
mogeneous distributions of matter. Using them, we
prove in Sec. XI criteria for the formation of trapped sur-
faces in globally spherically symmetric geometries that
are generated by a single bump confined to only one hem-
isphere.

We would like to stress that the results obtained here
are correct in the full nonlinear theory; nowhere do we
draw on a perturbation expansion or a linear approxima-
tion. We expect that these results are true also for a class
of nonspherical perturbations; for instance, in the class of
conformally flat perturbations of the homogeneous closed
universes, we would expect to obtain results analogous to
those known in open flat universes [10].
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