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EXACT EQUATORIAL WATER WAVES IN THE f—PLANE

DAVID HENRY

ABSTRACT. We present an exact solution for geophysical ocean waves in the Equatorial
region which is three-dimensional, nonlinear, explicit in the Lagrangian formulation, and
which incorporates a meridional current that is transverse Equatorial.

1. INTRODUCTION

In this paper we present an exact solution for geophysical ocean waves in the Equatorial
region. The solution we obtain is three-dimensional, nonlinear, explicit in the Lagrangian
formulation, and it incorporates a meridional current which is transverse Equatorial. To
construct our solution we employ the f—plane approximation of the geophysical governing
equations which is applicable for oceanic flows within a restricted meridional range of
approximately 2° latitude from the Equator [12,14,31]. The Equatorial region experiences
a vast range of fascinating oceanographic phenomena which remain largely mysterious.
Large-scale currents, such as the vast Equatorial Undercurrent (EUC), and wave-current
interactions play a major role in the geophysical dynamics of the Equatorial region [12,
15,32,33|, and are thought to play a major role in the formation of the El Nifo and La
Nina phenomena [27].

Allied to this, there are a number of compelling mathematical reasons why the study
of ocean waves in the Equatorial region generates great interest. Along the Equator the
Coriolis forces become less pronounced in the governing equations, and accordingly we
may naturally employ more tractable (although still nonlinear) approximations to the
full governing equations, the so-called S—plane and f—plane approximations respectively.
Additionally, the Equator acts as a natural waveguide and equatorial waves are predomi-
nantly zonal [14,31]|. Recently, the existence of a variety of fluid motions in the Equatorial
region was rigorously proven in [6,9,23,24] using various mathematical analytic techniques.
However, perhaps of greater interest with respect to potentially gaining insight into the
dynamics of the Equatorial region was the derivation of an exact and explicit solution to
the f—plane governing equations derived by Constantin in [7].

The solution presented in |7] represents a significant generalisation of the celebrated
Gerstner’s wave to the geophysical setting, in the sense that it defines a inherently three-
dimensional eastward-propagating geophysical wave which is Equatorially-trapped and
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whose dispersion relation is dependant on the Coriolis parameter, while simply ignoring
the Coriolis terms recovers Gerstner’s wave solution. Gerstner’s wave is a two-dimensional
wave propagating over a fluid domain of infinite depth (cf. [3,5,19]), and perhaps the
primary importance of Gerstner’s wave is the fact that it represents the only known explicit
and exact solution of the nonlinear periodic gravity wave problem with a non-flat free-
surface. Interestingly Gerstner’s solution may also be modified to describe edge-waves
propagating over a sloping bed [2,34]. Subsequent to [7], a vast and wide-ranging variety
of Gerstner-type exact and explicit solutions, which model a number of different physical
and geophysical scenarios, were derived and analysed in [8,10,11,17,20-22,26,28,29|.

In this paper we present a three-dimensional exact and explicit (in the Lagrangian for-
mulation) solution of the f—plane governing equations which may travel either westwards
or eastwards in the zonal direction, and which also has an meridional velocity that is inde-
pendent of the latitude but which may otherwise be prescribed arbitrarily (this meridional
velocity term represents a transverse Equatorial current). Artefacts of the f—plane gov-
erning equations, in contrast to the S—plane setting (cf. [7,20]), are that exact solutions
to these equations are not Equatorially-trapped and additionally they may travel both
westwards and eastwards. Admitting westward propagating waves is interesting from the
viewpoint of the geophysical dynamics in the Equatorial region [7,15].

Quite aside from the dearth of explicit examples, a benefit which may be reaped from
finding exact finite-amplitude solutions to a water wave problem is the potential to re-
gard more complex flows as perturbations of these solutions [30]. Consequently, detailed
information about the more complex flows may be gleaned from knowledge of the exact
solution by controlling the perturbations. Therefore, while allowing for a transverse Equa-
torial current is a mathematical curiosity and an interesting extension of the f—plane
solution presented in [25] in its own right, it is hoped that the additional physical com-
plexity in this solution may be beneficial with respect to potential generalisations in this
direction.

2. GOVERNING EQUATIONS

The governing equations for geophysical ocean waves, in a reference frame with the
origin located at a point fixed on Earth’s surface and rotating with the Earth, are given
by [14,31]

1
U + uuy + vuy + wu, + 2Qw cos g — 2Qusing = ——P,, (2.1a)
0
1
U + wv, + vvy + wu, + 2Qusin g = ——F,, (2.1b)
P
1
wy + uw, + vwy, + ww, — 2Qucosp = ——P, — g, (2.1¢c)
P

together with the equation of incompressibility

V-U=0. (2.2a)
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Here the r—axis is in the longitudinal direction (horizontally due east), the y—axis along
the latitudinal direction (horizontally due north) and the z—axis is perpendicular to the
Earth’s surface pointing vertically upwards. Then U = (u,v,w) is the velocity field of
the fluid, the variable ¢ represents the latitude, P is the pressure of the fluid and p is
the constant density of the fluid. The Earth is taken to be a perfect sphere of radius
R = 6378km with constant rotational speed of Q = 73 - 107 5rad/s, and g = 9.8ms™? is
the gravitational acceleration at the surface of the Earth. In the Equatorial region, where
the latitude ¢ is relatively small, the full governing equations for geophysical water waves
(2.1) may be rendered more tractable by approximating the Coriolis terms. When ¢ is
non-constant, but small, the f—plane approximation [14],

sing ~ ¢,cos ¢ ~ 1,

reduces the governing equations to the following form:

1
U + Uy + vuy + wu, + 2Qw — fyv = ——F,,
p

1
Uy + v, + vvy +wu, + Byu = ——PF,
p

1
wy + uw, + vwy +ww, — 2Qu = —-P, — g,
P

where 8 = 2Q/R = 2.28 - 107 "'m~ts71. Effectively, the Coriolis terms for the curved
Earth’s surface which appear in (2.1) are approximated by a planar model. If we further
restrict our focus to purely Equatorial waves (and so we work essentially at a constant
latitude) we get the f—plane approximation [12,14]

1
U + utly + vuy + wu, + 2Quw = ——P,, (2.2ba)
p
1
v + uvy + vy +wv, = ——P, (2.2bb)
p
1
wy + uw, + vwy, + ww, — 2Qu = ——P, — g, (2.2bc)
p
The boundary conditions for the fluid on the free-surface n are given by
W = 1+ ung + vny, (2.2¢)
P=PF ony = 77(% y’t)a (22d)

where P, is the constant atmospheric pressure. The kinematic boundary condition on
the surface simply states that all surface particles remain confined to the surface. We
assume that the fluid domain is infinitely deep, with the fluid motion vanishing rapidly
with increasing depth,

(u,v) — (0,0) as y — —oc. (2.2¢)
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3. EXACT SOLUTION OF (2.2b)

We may re-express the f—plane equations of motion (2.2b) in the form

Du 1
— 4+ 2Qw = ——P,, 3.1
Dr + 2Qw p (3.1a)
Dv 1
—=—-—-P 3.1b
Dw 1
— —2Qu=—-P, — g, 3.1
Di u== g (3.1c)

where D /Dt is the material or convective derivative. We now claim that the system

r=q-— %ekr sin [k(q — ct)], (3.2a)
y=s+1(qrt, (3.2b)
z2=r+ %ek’" cos [k(q — ct)], (3.2¢)

represents an exact solution of (3.1). Here the Eulerian coordinates (z,y,z) of fluid
particles are expressed as functions of the time ¢, the Lagrangian labelling variables
(q,7,8)€(R, (—00,79),R), where ry < 0, and the arbitrary function ¢. For notational
convenience let us choose

E=kr, 0 =Fk(qg—ct),
and we calculate directly from (3.2) that

D

u= Fj = ce® cos b, (3.3a)
Dy

v = Dt 7/}(% 7"), (3‘3b)
D

w = Fj = ce sin 6. (3.3¢)

Hence the solution (3.2) above comprises a wave-like term in the zonal direction, with
an additional latitudinally—independent meridional current term (g, r) which is constant
with respect to time. The wavelike term is a travelling wave moving with constant wave
phasespeed ¢ (which is determined by the dispersion relations (3.11) below) and k = 27/L
is the wavenumber, where the wavelength L is a positive constant. The Jacobian matrix
of the transformation (3.2) is given by

Z—j g—z g—; 1—eScosf ,(q,r)t —eSsind

or 0y 0z | — 0 1 0 . (3.4)
Qs gs Js € o ¢

% % % —etsind (g, r)t 1+ e cosd

The Jacobian has a time independent determinant 1 —e*” (which is non-zero since 7y < 0)
thus it follows that the flow defined by (3.2) must be volume preserving, ensuring that
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(2.2a) holds in the Eulerian setting [1]. It is clear from (3.3) that the wave motion is
inherently three-dimensional if ¢ £ 0. We can explicitly show that the vorticity w of the
ensuing flow is also three-dimensional if the current term ) is non-constant. To calculate
the vorticity we find the inverse of the Jacobian (3.4),

% 95 or 1 1+ efcost —t[ih,(1+ € cosh) +hetsinf] e sind
o o o | = 0 1—e* 0
Yy Y Y 1— €2€ . .
% & o efsinf  —t[1)(1 — €S cos ) + et sinh] 1 — efcosh
(3.5)
Then we have
ou o dw 9 os o du B ow
T T el IR B O i R
0z 0z Oz 8z 0z 0Oz or Or Or
1+ efcosl —t[h,(1+ et cosl) +hetsing  esind —keetsin® v, ket cos
0 1—e* 0 0 0 0
etsinf  —t[1.(1 — e cosh) + et sinf] 1 — e cosb kcet cosf 1, kceSsinf
1 —cketsin® (1 + e*cosh) + et sinf  cket(cosb + )
= 0 0 0
1 —e

cket(cosf — e%) et sinf + 1, (1 — e cos ) cke® sin 0
and so the vorticity, defined by w =V x U = (w, — v, u, — w,, v, — u,), takes the form

kr o kr 2k662k7“ kr kr o
w= -9, sinf —y,(1—e cos@),—l_—e%r,@bq(que cosf) + e sinf | .

It is interesting to note that if ¢ is non-constant then the vorticity w is three-dimensional
and it also has a steady periodic time-dependence owing to the presence of the 8 term. In
all circumstances vorticity is present in the flow. This fact is in stark contrast with Stokes
waves, in which case the assumption of irrotational flow prevents closed particle paths (see
the discussion in [10,13,18]). In our setting, for ¢ = 0 in (3.2), we permit circular particle
paths as is the case for Gerstner’s wave— see [16]. To prove that (3.2) defines an exact
solution of (3.1), we calculate

D
FQZ = kc*e*sin 6, (3.6a)
Dv
o7 =0, (3.6b)
D

Y et cos 9, (3.6¢)

Dt
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and inserting the terms from (3.3) and (3.6) into (3.1) gives us

P, = —p(kc?e® sin 0 + 2Qce® sin b)), (3.7a)
P, =0, (3.7b)
P, = —p(—kc*e® cos ) — 2Qces cos @ + g). (3.7¢)

Multiplying both sides of (3.7) by the Jacobian matrix (3.4) we derive the following ex-
pression for the pressure gradient in terms of the Lagrangian variables

P, (kc? 4 2Qc — g)et sinf
P | =—p 0 . (3.8)
P, —(kc?® +2Qc)e® — (kc® + 2Qc — g)et cosO + g

If we can prescribe a suitable expression for the pressure function P such that (3.8) holds
it will the follow that (3.2) is indeed an exact solution of the governing equations (2.2).
Choosing the expression

P kc? + 290625

B k02+2§20—g£
RESY?

— pgr + p——p € cos 0+ P, (3.9)

we have
P, = —p(kc® + 20c — g)eSsin b
=0

P, = p(ké® +2Q¢)e® — pg + p(kc® + 2Qc¢ — g)ef cosh,

?

»

which matches the right hand side of (3.8). The pressure must be time independent on
the surface due to (2.2d) so we need to eliminate terms containing ¢ in (3.9). Therefore

ke 4+2Qc—g =0, (3.10)

which we solve to get the dispersion relation

/2 + kg —Q
. 4};’“9 _ (3.11)

We note that choosing the plus sign above gives ¢ > 0 for which the wavelike term is east-
ward propagating, whereas choosing the minus sign gives ¢ < 0 and so the wavelike term
is then propagating westwards. This freedom in direction is an artefact of the f—plane
governing equations, such a situation is excluded in the broader S—plane setting whereby
waves are exclusively eastward propagating [7,20]. Piecing everything together, expression

(3.9) reduces to
e2kr erro
P=p9<2k —7’)+Po—pg<2k —To>, (3.12)

which is a suitable expression for the pressure distribution in the fluid. The above consid-
erations prove that the flow determined by (3.2) satisfies the full set of governing equations
(2.2).
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