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Abstract

Dilute nitride alloys, containing small fractions of nitrogen (N), have recently attracted research

interest due to their potential for application in a range of semiconductor optoelectronic devices

(e.g. lasers, light emitting diodes and single photon sources). Experiments have revealed that

dilute nitride alloys such as GaAs1−xNx, in which a small fraction x of the arsenic (As) atoms

in the III-V semiconductor GaAs are replaced by N, exhibit a number of unusual properties.

For example, the band gap energy decreases rapidly with increasing N composition x, by up

to 150 meV per % N replacing As in the alloy. This provides an electronic band structure

condition which is indeed promising for the development of highly efficient and temperature

stable semiconductor optoelectronic devices based on GaAs.

We develop a fundamental understanding of this unusual class of semiconductor alloys and

identify general material properties which are promising for application in light sources such as

light emitting diodes and single photon sources. By performing detailed k·p calculations, we

investigate the electronic band structure of nitrogen-free and dilute nitride III-V semiconduc-

tors. We reinforce our theoretical investigations by comparing our calculations to the results

of experimental measurements.

We first analyse the optical properties of type-I InAs1−xSbx/AlyIn1−yAs quantum wells (QWs)

grown on relaxed AlyIn1−yAs metamorphic buffer layers (MBLs) using GaAs substrates, using

a theoretical model based on an eight-band k·p Hamiltonian. The theoretical calculations,

which are in good agreement with experiment, identify that the observed enhancement in PL

intensity with increasing wavelength is associated with the impact of compressive strain on

the QW valence band structure. Via a systematic analysis of strain-balanced quantum well

structures we predict that growth of narrow (≈ 4-5 nm) strained wells could lead to a further

doubling in optical efficiency for devices designed to emit at 3.3 µm. Analysing the properties

and performance of strain-balanced structures designed to emit at longer wavelengths, we rec-

ommend the incorporation of dilute concentrations of nitrogen (N) to achieve emission beyond

4 µm. We confirm the benefits of growth on relaxed AlyIn1−yAs MBLs, with an Al composition

y = 12% providing significantly improved band offsets and optical characterisics compared to

a MBL with y = 6%.

In the next part of the thesis, we investigate the design of type-II GaAsSb/GaAs quantum ring-

based (QR) intermediate band solar cells. We present an analytical solution of Schrödinger’s

equation for a cylindrical QR of infinite potential depth to describe the evolution of the QR

ground state with QR morphology, and then undertake 8-band k·p calculations for more de-

tailed analysis. The calculated electronic properties demonstrate several benefits, including (i)

large hole ionisation energies, mitigating thermionic emission from the intermediate band, and

x



Contents xi

(ii) electron-hole spatial overlaps exceeding those in conventional GaAs1−xSbx/GaAs quantum

dots.

Finally, we turn our attention to modelling hydrogenated InGaAsN/GaAs nanostructures for

application as single photon sources at telecommunication wavelengths. The longest wavelength

emission achieved to date from such structures is at 1.2 µm. By analysing their electronic band

structure and comparing with existing literature data for InGaAsN/GaAs QW structures, we

identify a range of QW compositions and well widths for which it should be possible to achieve

hydrogenated InGaAsN/GaAs nanostructures emitting at 1.31 µm.
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Chapter 1

Introduction and overview

In this introductory chapter we begin with Section 1.1, where we present the motivation for the

research in this thesis. Here we include an overview of the progress made in the development

of semiconductors for applications in optoelectronic devices. Then in Sec. 1.2 we outline the

structure of this thesis.

1.1 Overview of importance of semiconductors for applications

in optoelectronic devices

According to the general theory of photon-electron interactions, semiconductors absorb and

emit photons by undergoing transitions between different allowed energy levels [1]. The use of

semiconductors as the most technologically important materials in widespread use is an evi-

dence for the reliability of using these materials in optoelectronic devices. Modern computers

with their microprocessors constituted mainly of silicon, and using light (e.g. laser emitters)

produced by the semiconductor compounds based on GaAs and GaN for reading and recording

of data onto CDs, DVDs, and Blu-Rays are only two examples of the importance of semi-

conductor materials in optoelectronics. The huge impact of optoelectronic devices on human

society is a testament to the power of scientific research in this era [2–4].

Our fundamental understanding of the electronic band structure of semiconductor materials

along with the precision with which semiconductor structures can now be formed using epitaxial

growth techniques have made groundbreaking developments. This fundamental understanding,

combined with advanced experimental techniques, has driven worldwide research efforts to

engineer the electronic band structure of semiconductor materials, including the use of alloys,

heterostructures, quantum confinement, and strain [5–7].

1
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When two semiconductors are joined – forming a heterostructure – it is not clear in advance how

the different bands in the two materials will line up in energy with one another, and there remain

materials for which the offset is still uncertain. Heterostructures in general have many uses.

They can be used for advanced electronic devices (e.g. resonant tunneling devices, modulation-

doped field-effect transistors, heterojunction bipolar transistors [8, 9]), optical components

(e.g. waveguides, mirrors, microresonators [1, 10]), and optoelectronic devices and structures

(e.g. laser diodes, photodetectors, quantum well and superlattice optical and optoelectronic

devices [1, 11–14]). Although heterostructures may be useful in electronics, they are crucial in

many optoelectronic devices (e.g. lasers [15, 16]). Their most important technological aspect

is indeed that they can be used for all of these electronic, optical, and optoelectronic purposes,

and hence may allow the integration of all of these [7].

Using different semiconductor materials in heterostructures increases their versatility and en-

ables tunability of their electronic and optical properties. A basic, but very important class

of semiconductor heterostructures is a quantum well (QW), which is indeed the backbone of

modern optoelectronics. QW structures consist of a thin layer of one semiconductor compound

sandwiched between thicker layers of another. Typical QW thicknesses are very small (only a

few nanometers), with their physical properties depending very sensitively on the layer thick-

ness. By confining charge carriers on these length scales, one enters the quantum mechanical

regime. This link between quantum mechanics and real-world observable properties, e.g. emis-

sion wavelength, provides a fascinating and important topic not only for basic scientific research

but also for designing novel and energy-efficient devices [7, 15].

Quantum dots (QDs) – as heterostructures with confinement in three directions – are tiny

semiconductor particles (a few nanometres in size) having optical and electronic properties

that differ from larger particles due to quantum mechanical confinement effects [17]. Over the

last two decades semiconductor QD structures have attracted considerable research interest due

to a variety of reasons [18–21]. Semiconductor QDs are fascinating physical subjects exhibiting

electronic properties close to hydrogen in a dielectric cage, thus merging semiconductor physics

with atomic physics. Their electronic properties are strongly geometry dependent. Varying

QD size, shape and composition are attractive in order to vary their electronic and optical

properties and performance, opening a fascinating window towards designing novel and efficient

optoelectronic devices [18–20].

1.2 Structure of the thesis

The research outlined in this thesis can be divided into two main parts. In the first part of

the research, presented in Chapters 3 and 4, we perform an analysis and design of QW-based

In(N)AsSb/AlInAs light emitting diode (LED) structures grown on a metamorphic buffer layer
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(MBL) to emit at mid-infrared wavelength region. In the second part of the research, presented

in Chapters 5 and 6, we turn our attention to more complex semiconductor heterostructures.

First, in Chapter 5, we analyse the electronic band structure of GaAsSb/GaAs quantum ring

(QR) structures in order to design efficient intermediate band solar cells (IBSCs). Then, in

Chapter 6, we study the electronic band structure of hydrogenated InGaAsN QD-based het-

erostructures for application as single photon emitters operating at the telecommunication

wavelength λ ≈ 1.31 µm.

We begin in Chapter 2 by presenting the theoretical methods we use to calculate the electronic

and optical properties of zinc-blende semiconductors and heterostructures. We review the

theory of electronic band structure in a solid by first solving a one-dimensional Schrödinger

equation for a simple one-electron system with a periodic potential. Then we study the one-

band k.p model for zinc-blende semiconductors, defined using Bloch’s theorem. We proceed to

elasticity and piezoelectricity theory in crystals, where we overview the general intrinsic strain

field in a heterostructure and the resultant built-in potential due to the piezoelectric effect.

We then review the conduction band anti-crossing in dilute nitride semiconductors. We show

that the introduction of a resonant nitrogen level in these materials leads to an anticrossing

interaction with the host matrix conduction band edge and a resultant reduction in energy

gap. We describe a 10-band band-anticrossing Hamiltonian – including the effect of strain and

built-in piezoelectric potential – to investigate the electronic band structure of III-V dilute

nitride semiconductors. Finally, we present a model to calculate the spontaneous emission rate

and radiative current density in QW LED structures, prior to using the model in Chapters 3

and 4.

In Chapter 3 we investigate the electronic and optical properties of nitrogen-free InAsSb/AlInAs

QW-based LED structures grown on an AlInAs MBL with the aim of designing efficient strain-

balanced QW LED structures emitting at 3.3 µm. We begin by presenting an introduction and

a review of past related works. We benchmark our theoretical model versus experimental data,

analysing nitrogen-free InAs1−xSbx/Al0.125In0.875As QW LED structures. After benchmarking

our calculations against experimental data provided by University of Lancaster and University

of Cadiz, and identifying suitable material parameters to use for our modelling, we investigate

the electronic and optical properties of these structures. We discuss how our calculations

compare to experimental photoluminescence (PL) data provided by University of Lancaster.

We highlight the importance of strain-balancing in QW LED structures before explaining the

design procedure we use in our specific calculations. Then we investigate the routes towards

designing optimised metamorphic strain-balanced InAs1−xSbx/AlyIn1−yAs QW structures in

order to provide a design template for efficient QW LEDs operating at 3.3 µm. We quantify the

electronic and optical properties of these structures by analysing their in-plane strain, carrier

confinement factor, optical transition strength, spontaneous emission rate, and radiative current

density. Finally, we compare the optical properties of these strain-balanced structures to the
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existing structures grown by University of Lancaster and University of Cadiz to justify the

benefits of using strain-balanced structures.

In Chapter 4 we investigate the electronic and optical properties of InNAsSb/AlInAs QW-

based LED structures grown on an AlInAs MBL with the aim of designing efficient strain-

balanced QW LED structures emitting at 4.2 µm. We begin by discussing the possibility of

using metamorphic InNy(As1−xSbx)1−y/AlzIn1−zAs QW structures to emit at λ ≥ 4 µm by

studying the bulk-like composition space map of this material platform. Then we present the

design procedure for strain-balanced QW structures containing quaternary semiconductors to

emit at a desired wavelength. We show that using quaternary alloys opens up a new degree

of freedom to design QW LED structures: (i) with a fixed well width, and variable in-plane

strain, and (ii) with a fixed in-plane strain, and variable well width. We design strain-balanced

InNy(As1−xSbx)1−y/AlzIn1−zAs QW structures grown on an Al0.125In0.875As MBL emitting at

λ = 4.2 µm. We then analyse the electronic and optical properties of these devices by analysing

their compositions, band offsets, spontaneous emission spectra, and radiative recombination

coefficient B. We seek the possibility of using a different MBL with reduced Al composition

to investigate the effect of the MBL composition on the electronic and optical properties of

InNy(As1−xSbx)1−y/AlzIn1−zAs QW LED structures emitting at λ = 4.2 µm. Finally, we

discuss the pros and cons of using different MBLs, and provide a design template for efficient

mid-infrared QW LEDs emitting at λ = 4.2 µm.

In Chapter 5 we investigate the electronic properties of GaAs1−xSbx/GaAs QR structures for

application in the design of efficient IBSCs. We begin with an introduction and an overview of

past related works. Using an analytical analysis – based on a solution of the time-independent

Schrödinger equation for a cylindrical QR of infinite potential depth – we highlight that the QR

geometry offers significant flexibility, compared to a conventional QD geometry, to engineer the

valence band structure of GaAs1−xSbx/GaAs structures for IBSC applications. Our numerical

calculations – based on a multi-band k·p Hamiltonian, and including full strain and piezoelectric

effects – corroborate this finding. We highlight that type-II GaAs1−xSbx/GaAs QRs are well

suited to IBSC applications, not only because of their intrinsically large radiative lifetimes,

but also due to their large valence band offsets, which can be expected to mitigate thermionic

emission of holes from the intermediate band (IB). We undertake a numerical optimisation of the

QR morphology, by varying the QR dimensions and alloy composition, to identify structures

which allow to achieve optimum IB energy so as to maximise IBSC efficiency. Finally, we

conclude that our results confirm the potential of GaAs1−xSbx/GaAs QR structures for IBSC

applications, and provide guidelines for the growth of suitable structures for prototype IBSCs.

In Chapter 6 we perform an analysis of the electronic properties of hydrogenated InGaAsN

QD-based heterostructures for application in single photon emission operating at λ ≈ 1.31 µm.

We begin by describing the applications and importance of single photon emitters operating



Introduction and overview 5

at telecommunication frequencies, and take a look at the literature to review related past

works in this field. Then we give an overview of the structural properties of the existing

InGaAsN:H nanostructures that were prepared by Sapienza University of Rome, and investigate

the electronic properties of these structures. Having analysed the electronic structure of strained

InGaAsN-based QDs, we benchmark the accuracy of our theoretical method by comparing the

ground state transition energy with the measured PL energies. Having found good agreement

between our theoretical model and experimental data, we evaluate the feasibility of designing

single photon sources emitting at λ ≈ 1.31 µm using the same material platform. We provide

a design template for InyGa1−yAs1−xNx/GaAs nanostructures emitting at λ ≈ 1.31 µm by

varying the material composition – x and y – and the height of the QW.

Finally, we conclude and summarise our analysis in Chapter 7, where we also discuss some

directions for further research studies.





Chapter 2

Theoretical methodology

In this chapter we outline the theoretical methods we use to calculate the electronic and optical

properties of zinc-blende semiconductors and heterostructures. We start by reviewing the

theory of electronic band structure in a solid in Section 2.1, where we solve a one-dimensional

Schrödinger equation for a simple one-electron system with a periodic potential. Then in

Section 2.2 we study the one-band k.p model for zinc-blende semiconductors according to

Bloch’s theorem.

In Section 2.3 we turn our attention to the elasticity and piezoelectricity theory in crystals,

where we represent a general intrinsic strain in a heterostructure and the resultant built-in

potential due to the piezoelectric effect.

In Section 2.4 we review the conduction band anti-crossing in dilute nitride semiconductors. We

show that the introduction of a resonant nitrogen level in these materials leads to an anticrossing

interaction with the host matrix conduction band edge and a consequent reduction in energy

gap. We propose a 10-band band-anticrossing Hamiltonian to investigate the electronic band

structure of III-V dilute nitride semiconductors. Then, in Section 2.5 we derive a model to

calculate the spontaneous emission rate and radiative current density in quantum well light

emitting diodes. Finally, we conclude in Section 2.6.

2.1 Electronic band structure

We start by considering a solid with a periodic potential V(r+R) = V(r), where R is a lattice

vector. When studying the energy levels of a single electron with mass m0 in this periodic

potential, the system involving the contribution of the kinetic energy and the potential energy

can be described by the one-electron Hamiltonian [7, 15]

7
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H = − ℏ2

2m0
∇2 + V (r). (2.1)

Bloch’s theorem states that the corresponding wave functions can be chosen to have the form

ψnk(r) = eik.runk(r), (2.2)

where unk(r+R) = unk(r). The subscript n denotes the n-th state with wave vector k. We

can therefore write

ψnk(r+R) = eik.Rψnk(r). (2.3)

According to Bloch’s theorem, we can associate a wave vector k with each energy state En(k)

in a periodic solid. Thus, it is useful to display the energies En(k) as a function of the wave

vector k. In free space, the corresponding wave function of such a state can be expressed as a

plane wave and the resulting E(k) can be described by the parabola:

E =
ℏ2k2

2m0
. (2.4)

In a periodic solid, the free electron band structure is modified due to the presence of the

potential V(r). Also, the wave vector k associated with a given energy state is no longer

uniquely defined. To illustrate this in more detail, we consider a unit cell of length L as a

one-dimensional periodic structure. In this case, we can write the wave function for the n-th

state with wave number k as:

ψnk(x) = eikxunk(x). (2.5)

Here we have a plane wave eikx of wave number k. We also note that unk(x) is a periodic

function, with unk(x) = unk(x + L). In order to show that the wave number k in this case is

not uniquely defined, we multiply Eq. 2.2 by a plane wave with the periodicity of the lattice,

ei2πmx/L , and by its complex conjugate, e−i2πmx/L, where m is an integer. This yields:

ψnk(x) = ei(k+2mπ/L)x
(
e−i2πmx/Lunk(x)

)
, (2.6)

where ei(k+2mπ/L)x is a plane wave but a different one compared to the original choice. The

term e−i2πmx/Lunk(x) is still a periodic function with period L. Introducing the notation
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Gm = 2πm/L that we refer to as a ”reciprocal lattice vector”, we observe that the wave

number k is then equivalent to the wave vector k +Gm in the given 1D periodic system [7].

2.2 One-band k.p model for zinc-blende semiconductors

Due to its simplicity and flexibility, the k·p method is a popular approach to the study of

the electronic and optical properties of semiconductor materials and heterostructures [22, 23].

As a starting point for the development of the k·p theory, we use Bloch’s theorem to obtain

the Schrödinger equation describing the cell-periodic part of the extended crystal eigenstates.

Substituting Eq. (2.2) into the single particle Schrödinger equation:

Ĥψnk(r) = En(k)ψnk(r) , (2.7)

we obtain

(
− ℏ2

2m0
∇2 + V (r)

)(
eik·runk(r)

)
= En(k)

(
eik·runk(r)

)
. (2.8)

We are mainly interested in wave vectors k close to the reference wave vector k0. Therefore,

we can rewrite Eq. (2.7) as:

− ℏ2

2m0
∇2
(
ei(k−k0)·reik0·runk(r)

)
+V (r)ei(k−k0)·reik0·runk(r) = En(k)e

i(k−k0)·r
(
eik0·runk(r)

)
.

(2.9)

Evaluating the Laplacian and recalling that p = −iℏ∇, we see that this is equivalent to

Ĥ(k)unk(r) =

(
En(k)−

ℏ2(k− k0)
2

2m0

)
unk(r) , (2.10)

which can be regarded as the Schrödinger equation for the cell-periodic part unk(r) of the Bloch

function ψnk(r). The k-dependent Hamiltonian is given by Ĥ(k) = Ĥ0 + Ĥ ′(k) where

Ĥ0 = − ℏ2

2m0
∇2 + V (r) , (2.11)

Ĥ ′(k) =
ℏ
m0

(k− k0) · p . (2.12)
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Ĥ0 and Ĥ ′(k) describe, respectively, the unperturbed crystal Hamiltonian at k = k0 and the

perturbation to Ĥ0 at wave vector k (close to k0).

We wish to solve Eq. (2.10) perturbatively about some point k0 in the Brillouin zone, at which

the eigenstates unk0(r) of the crystal Hamiltonian are assumed to have known energies, En(k0).

From the perspective of optoelectronic device applications we are typically concerned only with

some small subset of the electronic states at wave vectors k close to the energy gap at the Γ-

point, since it is the electron and hole states at the band edges that largely determine the

electronic and optical properties of the device [24]. In order to demonstrate the main principles

of the k·p method we illustrate a 1-band model of the conduction band (CB), in the vicinity of

the Γ-point (k0 = 0). Assuming that the eigenstates of this 1-band Hamiltonian are known, the

band dispersion can be calculated to second order in k = |k| by treating Ĥ ′(k) perturbatively

using the standard time-independent approach [25–27]. We can write:

En(k) = En(0) +
ℏ2k2

2m0
+

ℏ
m0

k · pnn +
ℏ2

m2
0

∑
j ̸=n

|k · pnj |2

En(0)− Ej(0)
. (2.13)

We note that En(0) = ECB is the energy of the CB at the Γ-point, and n represents the CB

state while all other states are labelled by j. The matrix elements pmn of the momentum

operator are defined in terms of the cell-periodic parts of the crystal eigenstates at k0 by

pmn ≡ ⟨umk0 | p̂ |unk0⟩ = −iℏ
∫
Ω
u∗mk0

(r)∇unk0(r) dr , (2.14)

where Ω denotes integration over the volume of the primitive unit cell. The matrix elements

pmn can be assumed to be zero when m = n, so that the CB dispersion can be written as:

ECB(k) = ECB +
ℏ2k2

2m0
+

ℏ2

m2
0

∑
j ̸=n

|k · pnj |2

En(0)− Ej(0)
. (2.15)

The band dispersion has been obtained perturbatively to second order in |k− k0|. Therefore,

k0 is an extremum of En(k), and En(k) depends quadratically on |k − k0| in the vicinity of

k0. In addition, the band dispersion in (2.15) is described by the free electron dispersion (the

first two terms on the right-hand side) and the effect of energetically remote states in the

remaining terms (the third term on the right-hand side); which indeed distinguishes the band

dispersion from that of a free electron since the contributions from energetically remote states

at Γ include the effects of the periodic crystal potential V (r) through the symmetries of the

basis states |unk0⟩ which determine the matrix elements pmn.
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The band dispersion is generally quadratic in |k − k0|. Hence, we can write Eq. (2.15) in an

effective mass approximation by combining the individual contributions from free particle and

crystal potential terms. We can write [4]

ECB(k) = ECB(0) +
∑
α,β

Dαβkαkβ , (2.16)

where

Dαβ =
ℏ2

2m0

δαβ +
2

m0

∑
j ̸=n

p
(α)
nj p

(β)
jn

En(0)− Ej(0)

 , (2.17)

and α, β = x, y, z. Here, p
(α)
mn is the component of the momentum matrix element pmn along the

α-direction. The first and second terms describe free particle and remote state contributions

to the band dispersion, respectively. Therefore, the components of the effective mass tensor

are related directly to Dαβ as

(
1

m∗

)
αβ

≡ ∂2ECB(k)

∂kα∂kβ
=

2

ℏ2
Dαβ , (2.18)

and are treated as adjustable parameters in the model [4, 27]. The symmetry of the effective

mass tensor is fully determined by that of the basis states |unk0⟩, via the matrix elements p
(α)
nn′

appearing in Dαβ. Equation (2.15) and subsequent equations describe how the k.p method can

be used to derive a one-band Hamiltonian to describe the conduction band dispersion. We use

multi-and k.p method in this thesis, as described in more detail in Sec 2.4.2. The derivation of

a multi(N)-band k.p model closely follows the 1-band case described here, treating interactions

between the N bands directly, while treating interactions with often, remote, bands in the same

manner as described here for the 1-band case.

2.3 Elasticity and strain-induced piezoelectricity

A mechanical force acting on a crystal lattice changes the relative positions of the lattice points

(sites) i.e. the positions of the atoms forming the crystal structure. Knowing the relative

displacements of each lattice site, the state of the crystal deformation is described by strain

components [6]. The physical deformation of the crystal leads to a distortion of the atomic

locations, which in turn affects the energy levels of the carriers [28]. In order to describe this

physical deformation of the crystals, we give an overview of elasticity theory in Section 2.3.1. We
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will use elasticity theory to obtain the strain values in quantum heterostructures grown in the

(001)-direction. Then, we will outline the piezoelectric effect in semiconductors in Section 2.3.2.

2.3.1 Elasticity theory

Here we provide expressions for the elastic tensor and the elastic energy in (001)-oriented

zinc-blende systems. In semiconductor heterostructures, the lattice constant is position depen-

dent. We use a continuum-based approach for calculating the strain field in semiconductor

heterostructures [29]. The total elastic energy of the system is given for uniform strain in a

second-order continuum elasticity formulation by:

F =
V

2

∑
i,j,k,l

Cijklϵijϵkl, (2.19)

where V is the total volume of the system, ϵij denotes the different components of the strain

tensor, while Cijkl are the components of the stiffness tensor. The indices i, j, k, l run over

the spatial coordinates x, y, and z. Note that ϵij(r) and Cijkl(r) are coordinate dependent for

heterostructures, and that F is found by integrating over volume for non-uniform strain and/or

position-dependent elasticity constants. The strain tensor components ϵij are commonly written

as [30, 31]:

ϵij(r) = ϵuij(r) + ϵ0ij(r), (2.20)

where ϵ0ij(r) is the local intrinsic strain and ϵuij(r) denotes local strain arising from the displace-

ment field u(r). The local strain tensor components ϵuij(r) are defined by:

ϵuij(r) =
1

2

(
∂ui(r)

∂xj

+
∂uj(r)

∂xi

)
. (2.21)

For a given structure, the elastic energy F is minimised with respect to the displacement vector

field u. Once the displacement field is known at each point, the position dependent strain field

can be obtained from Eq. (2.21).

In (001)-oriented zinc-blende structures we are left with only three independent elastic con-

stants, which are given in Voigt notation as C1111 = C11, C1122 = C12, and C1212 = C44.Therefore,

the elasticity tensor C(001) takes the form
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C(001) =



C11 C12 C12 0 0 0

C12 C11 C12 0 0 0

C12 C12 C11 0 0 0

0 0 0 C44 0 0

0 0 0 0 C44 0

0 0 0 0 0 C44


, (2.22)

According to Eq. (2.23) the elastic energy F (001) in a zinc-blende structure using the standard

coordinate system then reads [21]:

F (001) =
V

2

[
C11

(
ϵ211 + ϵ222 + ϵ233

)
+ 2C12 (ϵ11ϵ22 + ϵ11ϵ33 + ϵ22ϵ33) + C44

(
ϵ212 + ϵ213 + ϵ223

)]
, (2.23)

while the intrinsic strain ϵ0ij in a heterostructure is given by

ϵ0ij = δij

[
a0 − a(r)

a(r)

]
. (2.24)

Here, a0 is the lattice constant of the barrier material. The position dependent lattice constant

a(r) is the lattice constant of the nanostructure material if r lies inside the nanostructure,

otherwise a(r) = a0. The minimisation of the elastic energy F, Eq. (2.23), with respect to the

displacement field u can be written as a set of partial differential equation as [30, 32]:

δF (ux, uy, uz)

δuj
=

∂

∂ri

(
Cijkl

(
∂uk
∂rl

+ ϵ0kl

))
= 0, j = x, y, z. (2.25)

Using the generated displacements, one can obtain the strain field in Eq. (2.24) which will be

used as input into the Hamiltonian which will be discussed in Sec. 2.4.2.

Eq. (2.24) is a general representation of intrinsic strain in a heterostructure, and can be sim-

plified for QW structures grown along the (001)-direction as [6]:

ϵ|| = ϵxx = ϵyy =

(
a0 − al
al

)
, (2.26)

ϵzz = −2
C12

C11

ϵ|| . (2.27)
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where al denotes the lattice constant of the epitaxial layer grown on a substrate with the lattice

constant a0, and the value of ϵzz is determined by minimising the elastic energy expression,

Eq. (2.23).

2.3.2 The piezoelectric effect

Certain types of crystal materials exhibit a behaviour such that under stress, an extra electric

charge gathers on their surfaces. The effect is called ’piezoelectricity’ and is defined as the

generation of electric polarisation by the application of stress to a crystal lacking a centre of

symmetry; the zinc-blende structure is one of the simplest examples of such a lattice. This

strain-induced polarisation, referred to as the piezoelectric polarisation, is described in general

by the first-order piezoelectric tensor eijk (linear regime) plus possible higher-order terms, e.g.,

quadratic contributions Bijklm, which are connected to the polarisation vector Ppz via the strain

state of the system [33]:

Ppz,i =
∑
jk

eijkϵjk +
1

2

∑
jklm

Bijklmϵjkϵlm + .... (2.28)

The strength of the resulting polarisation in a zinc-blende structure is described by only one

parameter, e14, for the linear case resulting in a polarisation P1, and three parameters B114 ,

B124 and B156, for the quadratic case resulting in a polarisation P2. These polarisations can be

calculated as

P1 = 2e14


ϵyz

ϵxz

ϵxy

 , (2.29)

P2 = 2B114


ϵxxϵyz

ϵyyϵxz

ϵzzϵxy

+ 2B124


ϵyz (ϵyy + ϵzz)

ϵxz (ϵxx + ϵzz)

ϵxy (ϵxx + ϵyy)

+ 4B156


ϵxzϵxy

ϵyzϵxy

ϵyzϵxz

 . (2.30)

The importance of second-order term P2 has been pointed out in Refs. [20, 34, 35] making it

necessary to consider while investigating strain distribution and electronic band structure of

semiconductor heterostructures. These polarisations will lead to a piezoelectric charge density,

ρpiezo, which is given by [20]:

ρpiezo(r) = −▽ .Ptot, (2.31)
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where

Ptot = P1 +P2. (2.32)

By solving Poisson’s equation the resulting piezoelectric potential can be calculated, though

the material dependence of the static dielectric constant, ϵs(r), should be taken into account.

Therfore, we can write:

ρpiezo(r) = ϵ0 ▽ . [ϵs(r)▽ Vp(r)] , (2.33)

∆Vp(r) =
ρpiezo(r)

ϵ0ϵs(r)
− 1

ϵs(r)
▽ Vp(r).▽ ϵs(r). (2.34)

The first term on the right hand side of Eq. (2.34) indicates the true three-dimensional charge

density, and the second term is the contribution of polarisation interface charge densities due

to a discontinuous ϵs(r) across heterointerfaces.

Even though the piezoelectric potential is zero by symmetry in the heterostructures grown

along the (001)-direction considered in Chapters 3 and 4, but can have an influence on carrier

energies and wavefunctions in quantum dot structures such as type-II GaSb/GaAs quantum

rings discussed in Chapter 5.

2.4 Electronic structure of dilute nitride semiconductors

In this section, we present a review of the theory and modeling of the electronic structure of

dilute nitride alloys. We highlight key results from the literature, following a path that enables

us to build towards a quantitative description of the properties of real, disordered dilute nitride

alloys. The models reviewed in this section will underpin our discussions of the theory and

simulation of dilute nitride materials and devices throughout the remainder of this thesis.

2.4.1 Conduction band anti-crossing in dilute nitride semiconductors

When a single N atom replaces an As atom in InAs or GaAs, it forms a resonant defect level

above the conduction band edge (CBE) of the host material [36]. This defect level arises

because of the large difference in electronegativity and atomic size between N and As. The

band-anticrossing (BAC) model explains the extreme composition-dependent band-gap bowing

observed in dilute nitride semiconductors in terms of an interaction between two levels, one
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at energy EN associated with these localised N impurity states ψN and the other at energy Ec

associated with the extended CBE state ψc0 of the host matrix, with the two states linked by

a matrix element VNc describing the interaction between them [37]. The CB dispersion near

the band edge in a dilute nitride semiconductor is then given in the BAC model by the lower

eigenvalue of the determinant

∣∣∣∣∣EN − E VNc

VNc Ec +
ℏ2k2
2mc

− E

∣∣∣∣∣ , (2.35)

where mc is the band-edge effective mass of the the host matrix material, and VNc = β
√
x,

the N concentration, x, and β describes the strength of the BAC interaction. From Eq. 2.35

we can obtain the CBE energy, E−, as:

E− =
EN + Ec

2
−

√(
EN − Ec

2

)
+ V 2

Nc , (2.36)

and the alloy CBE wavefunction ψ− is given as:

ψ− = αcψc0 + αNψN , (2.37)

where α2
c +α2

N = 1 [12]. A resonant feature associated with the upper eigenvalue, E+, has also

been observed in photoreflectance measurements [36], appearing in GaAs1−xNx for x >∼ 0.2

% and remaining a relatively clear feature until x ∼ 3 % [38]. Fig. 2.1 shows the calculated

CB dispersion of GaAs0.99N0.01 using the BAC parameters EN = 1.63 eV and β = 2.0 eV.

The BAC interaction leads the CB to split into two separate bands E+ and E− leading to

a downward shift of the CB minimum. Photoreflectance measurements of GaAsN quantum

well samples have also shown that strong band nonparabolicity is required to account for the

quantum well excited state transition energies across a wide range of samples and as a function

of hydrostatic pressure [12]. Although the BAC model describes well the dispersion of the lower

(E−) band in the immediate vicinity of the Γ band edge, it should be noted that it fails to

give a proper physical dispersion for this band at large wavevector k. Nevertheless, it provides

a good description of the dispersion close to the band edge for the structures of interest in

Chapters 4 and 6.

2.4.2 10-band band-anticrossing Hamiltonian

Here we describe the band structure in the vicinity of the conduction and valence band edges at

the Γ-point in the Brillouin zone. The 8-band k·p Hamiltonian represents the band structure
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Figure 2.1: Calculated conduction band dispersion of GaAs0.99N0.01 using two-band BAC
model. Black line indicates the conduction band dispersion of nitrogen-free host GaAs, while
red lines show the conduction band dispersion of dilute nitride GaAs0.99N0.01.

of the lowest conduction band (CB), as well as the heavy-hole (HH), light-hole (LH) and spin-

split-off (SO) valence bands [39–41]. This model includes the interactions between these spin-

degenerate bands as outlined in Ref. [39]. Chao and Chuang have shown that disregarding the

effect of SO band may result in a considerable inaccuracy in studying the band structure of zinc-

blende semiconductors [42]. There are a considerable number of k·p models in the literature

that differ from the 8-band model for the zinc blende crystal structure that we will discuss

here. Refs. [22] and [23] provide a comprehensive exposition of the theory and applications of

the k·p method.

As mentioned above, the strong interaction between the N resonant states and the CBE means

that the conventional eight-band k·p method cannot be applied directly to dilute nitride het-

erostructures. Here we extend the conventional eight-band k.p Hamiltonian to a 10-band model

to investigate the electronic structure of such alloys.

In order to describe the electronic structure of dilute nitride semiconductors, two spin-degenerate

nitrogen-related bands are added to the usual two conduction and six valence bands in the con-

ventional eight-band model. We define σ = (σx, σy, σz) as the Pauli matrices

σx =

(
0 1

1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0

0 −1

)
, (2.38)
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the actions of which on the eigenspinors |↑⟩ and |↓⟩ describing the z-component of the spin are

given by

σx |↑⟩ = |↓⟩ , σx |↓⟩ = |↑⟩ , (2.39)

σy |↑⟩ = i |↓⟩ , σy |↓⟩ = −i |↑⟩ , (2.40)

σz |↑⟩ = |↑⟩ , σz |↓⟩ = −|↓⟩ , (2.41)

from which we can see that the action of the σx and σy Pauli matrices is to flip the z-component

of the spin [25, 26]. The zone centre eigenstates of the 10-band Hamiltonian Hk can then be

written in the angular momentum Bloch basis as

|u1⟩ =

∣∣∣∣12 ,+1

2

〉
= |sN; ↑⟩, (2.42)

|u2⟩ =

∣∣∣∣12 ,+1

2

〉
= |sc; ↑⟩, (2.43)

|u3⟩ =

∣∣∣∣32 ,+3

2

〉
=

i√
2
|x; ↑⟩ − 1√

2
|y; ↑⟩ , (2.44)

|u4⟩ =

∣∣∣∣32 ,+1

2

〉
=

i√
6
|x; ↓⟩ − 1√

6
|y; ↓⟩ − i

√
2

3
|z; ↑⟩ , (2.45)

|u5⟩ =

∣∣∣∣12 ,+1

2

〉
=

i√
3
|x; ↓⟩ − 1√

3
|y; ↓⟩+ i√

3
|z; ↑⟩ . (2.46)

The set of states |u6⟩ − |u10⟩ are obtained by applying the time-reversal symmetry operator T̂d

= -iσyĈĴ for zinc-blende structures, where Ĉ is the complex conjugation operator, and Ĵ is

the inversion about midpoint between nearest neighbors (s 7→ −s, p 7→ −p). Therefore, we can

write:

|u6⟩ =

∣∣∣∣12 ,−1

2

〉
= −|sN; ↓⟩, (2.47)

|u7⟩ =

∣∣∣∣12 ,−1

2

〉
= −|sc; ↓⟩, (2.48)

|u8⟩ =

∣∣∣∣32 ,−3

2

〉
= − i√

2
|x; ↓⟩+ 1√

2
|y; ↓⟩ , (2.49)

|u9⟩ =

∣∣∣∣32 ,−1

2

〉
=

i√
6
|x; ↑⟩+ 1√

6
|y; ↑⟩+ i

√
2

3
|z; ↓⟩ , (2.50)

|u10⟩ =

∣∣∣∣12 ,−1

2

〉
=

i√
3
|x; ↑⟩+ 1√

3
|y; ↑⟩ − i√

3
|z; ↓⟩ . (2.51)
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The 10-band k.p Hamiltonian for finite wavefunction k includes k-dependent diagonal and

off-diagonal matrix elements, linking the nitrogen, conduction, and valence basis states:

H =



ENB VNc 0 0 0 0 0 0 0 0

ECB −
√
3T

√
2U −U 0 0 0 −T ∗ −

√
2T ∗

EHH

√
S −S 0 0 0 −R −

√
2R

ELH −
√
2Q 0 T ∗ R 0

√
3S

ESO 0
√
2T ∗ √

2R −
√
3S 0

ENB VNc 0 0 0

ECB −
√
3T ∗ √

2U −U
EHH

√
2S∗ −S∗

ELH −
√
2Q

ESO



|u1⟩
|u2⟩
|u3⟩
|u4⟩
|u5⟩
|u6⟩
|u7⟩
|u8⟩
|u9⟩
|u10⟩
(2.52)

where diagonal elements are defined as:

ENB = EN0 +

(
ℏ2

2m0

)
γN
(
k2x + k2y + k2z

)
+ aN (ϵxx + ϵyy + ϵzz) + Vp, (2.53)

ECB = EC0 +

(
ℏ2

2m0

)
γC
(
k2x + k2y + k2z

)
+ ac (ϵxx + ϵyy + ϵzz) + Vp, (2.54)

EHH = EV0 −
(

ℏ2

2m0

)[
(γ1 + γ2)

(
k2x + k2y

)
+ (γ1 − 2γ2) k

2
z

]
+ av (ϵxx + ϵyy + ϵzz) +

bv
2
(ϵxx + ϵyy − 2ϵzz) + Vp,

(2.55)

ELH = EV0 −
(

ℏ2

2m0

)[
(γ1 − γ2)

(
k2x + k2y

)
+ (γ1 + 2γ2) k

2
z

]
+ av (ϵxx + ϵyy + ϵzz)−

bv
2
(ϵxx + ϵyy − 2ϵzz) + Vp,

(2.56)

ESO = EV0 −∆SO −
(

ℏ2

2m0

)
γ1
(
k2x + k2y + k2z

)
+ av (ϵxx + ϵyy + ϵzz) + Vp. (2.57)

Here, the subscripts NB, CB, HH, LH and SO stand for nitrogen resonant, conduction, heavy

hole, light hole, and split-off band, respectively, and ∆SO is the spin-orbital split-off energy.

The unstrained nitrogen resonant (EN0), conduction (EC0), and valence (EV0) band edges, are

all aligned relative to the average valence band of the matrix material, respectively. The

components of the wave vector along the crystallographic directions (100), (010) and (001) are

denoted by kx, ky and kz, respectively. The strain components ϵxx, ϵyy and ϵzz are calculated

using equations (2.26) and (2.27), and are used to calculate the shift in band edges. aN is

the nitrogen resonant band hydrostatic deformation potential, ac and av are the conduction
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and valence band hydrostatic deformation potential of the host semiconductor, and bv is the

axial deformation potential along the (001) direction of the host material. Vp refers to the

calculated built-in piezoelectric potential as outlined in 2.3.2. γ1, γ2 and γ3 are modified

Luttinger parameters related to the original Luttinger parameters (superscript L) and remote

bands as

γc =
1

m∗
c

−
(
EP

3

)
×
[
2

Eg
+

1

Eg
+∆so

]
, (2.58)

γ1 = γL1 −
(

EP

3Eg +∆so

)
, (2.59)

γ2,3 = γL2,3 −
(

EP

6Eg + 2∆so

)
, (2.60)

where m∗
c is the electron effective mass of the semiconductor, and Eg is the band gap energy

of the host material. EP is calculated as EP=2m0P
2
0 /ℏ2, where P0 is the Kane matrix element

that couples the conduction band at Γ to the class A 1 valence bands. In the flat nitrogen

resonant band approximation, most commonly used in the literature γN = 0 [44]. The kinetic

terms of the Hamiltonian are given by:

Q =

(
ℏ2

2m0

)
γ2(k

2
x + k2y − 2k2z)−

bv
2
(ϵxx + ϵyy − 2ϵzz) , (2.61)

R =

(
ℏ2

2m0

)√
3

(
γ2(k

2
x − k2y)− 2iγ3kxky

)
−

√
3

2
bv(ϵxx − ϵyy) + idvϵxy , (2.62)

S =

(
ℏ2

2m0

)√
6γ3(kx − iky)kz −

dv√
2
(ϵxz − iϵyz) , (2.63)

T =
P0√
6

(kx + iky) +
∑
j

(ϵxj + iϵyj)kj

 , (2.64)

U =
P0√
3

kz +∑
j

ϵzjkj

 , (2.65)

where dv is the shear deformation potential along the (111) direction of the host matrix.

This model can be used to calculate the electronic band structure of any quantum heterostruc-

ture containing a direct-gap III-V dilute nitride semiconductor. This model can also be used to

calculate the electronic band structure of conventional nitrogen-free III-V semiconductors by

setting the nitrogen-related parameter β equal to zero, but an eight-band k.p model is more

1Using Löwdin’s renormalisation [43], the main bands of interest are denoted as class A, and the interaction
between them will be included explicitly in the Hamiltonian.
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suitable for such material systems given the fact that diagonalising an 8×8 matrix is consider-

ably easier than diagonalising a 10×10 matrix. Therefore, we will use a conventional 8-band

k.p model to study the electronic band structure of nitrogen-free material systems throughout

this thesis by simply omitting the first and fifth row and column of the Hamiltonian matrix

described in Eq. (2.52).

As mentioened earlier, the k.p model described here makes use of Bloch’s theorem which orig-

inates from crystal periodicity, due to which, k is a good quantum number in bulk binary

systems. However, since quantum confinement breaks the translational symmetry in a het-

erostructure, this periodicity no longer exists in quantum heterostructures. In order to be

able to use this method for describing the electronic structure of a heterostructure, we have

to make changes to the developed formalism. The standard approach is to use the following

substitutions when symmetry is broken in all three dimensions [6]:

kx → k̂x = −i ∂
∂x

, (2.66)

ky → k̂y = −i ∂
∂y

, (2.67)

kz → k̂z = −i ∂
∂z

. (2.68)

We note that in heterostructures the material parameters become spatially dependent and vary

throughout the structure. Therefore, we should be careful that operators are still Hermitian

when introducing a substitution. In order to retain Hermiticity, symmetrisation of individual

elements of the Hamiltonian matrix is performed as:

Tkx → 1

2

(
T k̂x + k̂xT

)
, (2.69)

Tkxky → 1

2

(
k̂xT k̂y + k̂yT k̂x

)
, (2.70)

where T represents any material parameter of the bulk k.p model. We then use the plane wave

expansion method throughout this thesis to diagonalise and solve the Hamiltonian matrix as

described in further detail in Refs. [23, 24, 45, 46].

2.5 Spontaneous emission in a quantum well heterostructure

Spontaneous emission in a semiconductor occurs when a photon is emitted associated with

the transition of an electron from the conduction band to the valence band [15]. Hence, in
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order to study spontaneous emission, we need to understand electron-photon interaction in the

crystal. To examine this interaction, we represent the photon classically by an electromagnetic

wave. The wave’s interaction with the electron enters into the Schrödinger equation through

the vector potential, which can be expressed as

A (r, t) =
1

2
ê
[
A(r)e−iωt +A∗(r)eiωt

]
, (2.71)

where ê is the polarisation vector in the direction of A, and ω is the angular frequency of the

photon. The modified Schrödinger equation then reads

H = H0 +
[
H ′(r)e−iωt + h.c.

]
, H ′(r) ≡ 2

m0
A(r)ê.p . (2.72)

where the h.c stands for Hermitian conjugate, and simply means that we take the complex

conjugate of all terms except the Hamiltonian operator p. The transition rate then can be

derived according to Fermi’s golden rule as described in quantum mechanics textbooks [15, 25,

26]:

We→h =
2π

ℏ
(
H ′

eh

)2
δ (Ee − Eh − ℏω) , (2.73)

H ′
eh =

∫
V
ψ∗
hH

′(r)ψed
3r , (2.74)

where V is the volume of the crystal, and

Ee,h = Ec,v ±
ℏ2k2

2mc,v
, (2.75)

in which Ec and Ev, respectively, denote the conduction and valence band edge energy, and

electron and hole effective masses are denoted as mc and mv, respectively. The delta function

(which has units of energy) in Eq. (2.73) indicates that the difference between the initial and

final energy (Ee −Eh) of the electron must be equal to the energy ℏω of the photon associated

with the transition. Using an arbitrary set of expansion coefficients, A(k), one can express a

spatially localised wavefunction as the sought-after envelope function approximation [45]

ψ =

∫
A(k)eik.ru(k, r)d3k ≈ u(0, r)

∫
A(k)eik.rd3k ≡ F (r)u(r) . (2.76)
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We assume here that, within a given energy band, the Bloch function is a weak function of k

(at least in the proximity of the band edge) and can thus be approximately represented by the

band edge (k = 0) Bloch function, u(0, r) ≡ u(r), i.e. we use a 1-band Hamiltonian for each

band. Therefore, we can pull it out of the expansion and define an envelope function F (r),

whose Fourier spectrum is made up of the plane wave components. With this assumption,

the generalised approximate solutions in a given energy band consist of the band edge Bloch

function, multiplied by a slowly varying envelope function [15, 41].

Using the electron and hole wavefunctions defined in Eq. (2.76), the perturbation term defined

in Eq. (2.72), and the fact that Bloch functions u repeat themselves in each unit cell, we can

write Eq. (2.74) as

H ′
eh =

e

2m0
⟨uv | ê.p | uc⟩

∫
V
F ∗
hA(r)Fed

3r . (2.77)

This envelope function overlap integral in Eq.(2.77) is general and can be applied to different

types of problems. However, it is important to note that this rule only applies to transitions

between two plane wave states (band-to-band transition). When the dimensions of the well are

much smaller than the wavelength of light, the vector potential can be taken as a constant, A0,

across the region of the well. This case involves transitions between two localised states, both

bound to a quantum well along the z direction. Therefore, we can write

∫
V
F ∗
hA(r)Fed

3r ≈ A0

∫
F ∗
hFedz ≡ A0 ⟨Fh | Fe⟩ . (2.78)

Substituting Eq. (2.78) into Eq. (2.77), we can write:

H ′
eh =

(
eA0

2m0

)
|MT |2 , (2.79)

where the transition matrix elements |MT | are defined as

|MT |2≡| ⟨uv | ê.p | uc⟩2 | ⟨Fh | Fe⟩ |2 , (2.80)

that arises in the study of the optical properties of quantum wells. Specifically, the probability

of the occurrence of an interband optical transition between a conduction state and a valence

state is proportional to the squared modulus of the momentum matrix element between them.

For this reason, the momentum matrix element between a pair of eigenstates provides a useful

measure of the optical transition strength. To include the spin degeneracy in evaluation of
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| MT |2, we should sum over uc → uv, uc → uv, uc → uv and uc → uv transitions. Hence, for

the transitions between two bulk plane wave states we can write2:

|MT |2=
∑
uc,uc

∑
uv ,uv

⟨uv | ê.p | uc⟩2 . (2.81)

Using Szmulowicz formalism [45] we can write the momentum matrix element Pnc,nv

(
k∥
)
in a

QW heterostructure as:

Pnc,nv

(
k∥
)
=
m0

ℏ
∑
b,b′

∑
m,m′

a∗nvb′m′
(
k∥
)
ancbm

(
k∥
)(∂Ĥb′b

∂k∥
· ê

)
m′m

, (2.82)

where nc (nv) indexes conduction (valence) band subbands, and anbm
(
k∥
)
denotes the Fourier

coefficients of the envelope functions. Eq. (2.82) represents an analytical expression to cal-

culate the momentum matrix elements between QW eigenstates. In order to calculate the

spontaneous emission rate, a large number of these matrix elements must be computed be-

tween carriers – with varying in-plane wave vectors and in different conduction and valence

subbands – occupying a range of QW band states.

The total spontaneous emission rate per unit volume in a given energy range can be obtained

by multiplying the downward transition rate per unit volume given in Eq. (2.73) by the number

of optical modes in the energy range, d(ℏω), or

Rsp(ℏω)d(ℏω) ≡We→h

[
V

1

π2
n2ng
(ℏc)3

(ℏω)2d(ℏω)
]
, (2.83)

where c is the speed of light in free space, n is the index of refraction in the crystal, and ng is

the group index of refraction that is defined by

ng = neff + ω(dneff/dω) , (2.84)

in which neff is the effective index (phase velocity index) of the guided mode [47]. By relating

the energy stored in the wave to the energy of a single photon, the wave vector potential A0

can be written as

A0 =

√
2ℏω

n2ϵ0ωV
, (2.85)

2In a system of units in which energies and lengths are given respectively in eV and Å, MT can be expressed
in eV.
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where ϵ0 is the vaccuum permittivity. We now define Fermi-Dirac distributions for electrons in

the conduction band and holes in the valence band as

fc,v = (1 + exp [Ee,h − Efc,fv/kBT ])
−1 , (2.86)

where kB is Boltzmann constant, T is the temperature, and Efc,fv are the nonequilibrium

quasi-Fermi levels [4]. Substituting Eq. (2.85) into the expression for the transition rate in

Eq. (2.79), and using that in Eq. (2.83), we can write (in units of s−1cm−3eV −1)

Rsp(ℏω) =
(

1

ℏω

)
πe2ℏ

3n2ϵ0m2
0

∑
polarisations

|MT |2 1

π2
n2ng
(ℏc)3

(ℏω)2δ (Ee − Eh − ℏω)× fc (1− fv) .

(2.87)

In quantum well structures, the matrix element is enhanced for certain electric field polarisa-

tions and reduced for others [15]. For total spontaneous emission, we are interested in the total

output of light (or total radiative recombination of carriers), and not which polarisations of

light are being emitted spontaneously. Therefore, we take the average strength of the transition

matrix element over all three polarisations. We note that Eq. (2.87) was derived assuming no

mixing between different bands at finite k. In practice, band mixing is generally found in a

heterostructure when using an 8-band or 10-band k.p Hamiltonian, which modifies the form of

the squad matrix element |MT |2 in Eq. (2.87). We take account of this band mixing explicitly

in later chapters in this thesis. Details of the extension of Eq. (2.87) in the case of a multiband

Hamiltonian can be found in Ref. [45].

To obtain the spontaneous emission at a given photon energy, we need to convolve Rsp with the

lineshape function over Eeh. In our numerical calculations we use a hyperbolic secant lineshape

S(E) = (πΓ)−1 sech

(
E

Γ

)
, (2.88)

where Γ = ℏ
τ is the homogeneous linewidth [12]. The integrated spontaneous emission output

is just equal to the total radiative recombination of carriers and is therefore equal to the

radiative component of the volume current density required to achieve a given quasi-Fermi

level separation. Therefore, we can write

jrad = e

∫
ℏω
Rsp(ℏω)d(ℏω) , (2.89)

which is typically presented in units of kA/(µm.cm2).
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2.6 Conclusion

In this chapter we have presented the theoretical background which will be relevant to the study

of the electronic and optical properties of nitrogen-free and dilute nitride III-V semiconductor

materials throughout the remainder of the thesis.

We have overviewed the theoretical methods to calculate the electronic and optical properties

of zinc-blende semiconductors and heterostructures. By reviewing the theory of electronic

band structure in a solid in Section 2.1, we solved a one-dimensional Schrödinger equation for

a simple one-electron system with a periodic potential. In Section 2.2 we have reviewed the

one-band k.p model for zinc-blende semiconductors, derived using Bloch’s theorem.

We have summarised the elasticity and piezoelectricity theory in crystals in Section 2.3, where

we represented a general intrinsic strain in a heterostructure as well as the built-in potential due

to the piezoelectric effect. Then in Section 2.4 we presented the conduction band anti-crossing

model in dilute nitride semiconductors, where we showed that a resonant nitrogen level in

these materials leads to a downward shift of the conduction band edge energy. We introduced

a 10-band band-anticrossing Hamiltonian to investigate the electronic band structure of III-V

dilute nitride semiconductors. Finally, in Section 2.5 we have derived a model to calculate

the spontaneous emission rate and radiative current density in quantum well structures. In

Chapters 3 and 4 we will use this formalism to investigate and optimise quantum well light

emitting diodes.



Chapter 3

Design and optimisation of

metamorphic InAsSb/AlInAs

mid-infrared 3.3 µm quantum well

light emitting diodes

In this chapter we investigate the electronic and optical properties of InAsSb/AlInAs quantum

well (QW)-based light emitting diode (LED) structures grown on an AlInAs metamorphic

buffer layer (MBL) with the aim of designing efficient strain-balanced QW LED structures

emitting at 3.3 µm.

We begin with an introduction and a review of past related works in Section 3.1. In Sec-

tion 3.2 we benchmark our theoretical model versus experimental data, analysing nitrogen-free

InAs1−xSbx/Al0.125In0.875As QW LED structures. After benchmarking our calculations against

experimental data provided by University of Lancaster and University of Cadiz, and identify-

ing suitable material parameters to use for our modelling, we investigate the electronic and

optical properties of these structures. We discuss how our calculations are compared to the

experimental PL data provided by University of Lancaster.

The design procedure for strain-balanced QW structures emitting at a desired wavelength is

discussed in Section 3.3. We highlight the importance of strain-balancing in QW LED structures

before explaining the design procedure we use in our specific calculations.

In Section 3.4, we investigate the routes towards designing optimised metamorphic strain-

balanced InAs1−xSbx/AlyIn1−yAs QW structures in order to provide a design template for

efficient QW LEDs operating at 3.3 µm. We quantify the electronic and optical properties of

these structures by analysing their in-plane strain, carrier confinement factor, optical transition

27
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strength, spontaneous emission rate, and radiative current density. We compare the optical

properties of these strain-balanced structures to the existing structures investigated in Sec-

tion 3.2 to justify the benefits of using strain-balanced structures. Finally, in Section 3.5 we

conclude.

3.1 Introduction and Motivation

Development of compact and inexpensive semiconductor light sources operating at mid-infrared

wavelengths between 2 and 5 µm is of high interest because of their potential for a wide vari-

ety of sensing applications, including monitoring of atomospheric pollutants, chemical process

control, and biological marker detection in non-invasive medical diagnostics, in addition to po-

tential applications in free-space optical communications and active thermal imaging [48–51].

In particular, gas and biochemical sensing is a crucial component in environmental monitoring

applications, with requirements for emissions monitoring in a range of different situations, for

example, car exhausts, power stations, coal mines, landfill sites, oild rigs, toxic/volatile chem-

icals detection at production facilities or disaster zones, and constituent control in pharma-

ceutical processing. High-sensitivity optical gas detection requires reliable, cost-effective light

emitting sources in the mid-infrared region tuned to the fundamental fingerprint absorptions

of target gases, which conveniently lie in this technologically important spectral range.

Due to the presence of strong absorption features in the vibrational-rotational spectra of the

important greenhouse gases methane (CH4) and carbon dioxide (CO2) at respective wave-

lengths of 3.3 and 4.2 µm, photonic devices operating at these wavelengths are of particular

interest for application in environmental monitoring [50]. Quantum cascade lasers have been

successfully developed to operate at mid-infrared region [52], but they are complex and ex-

pensive to implement. The design of alternating wells and barriers in quantum cascade lasers

allows flexibility for a creative engineer to design and explore, but this comes with an expense

of several hundred layers [53]. For many applications, mid-infrared LEDs are a far more at-

tractive and cost-effective alternative especially for widespread distributed sensing applications

requiring many point sensors. Compared with thermal sources, LEDs are more robust, can op-

erate at high modulation rates, and provide low power consumption better suited to portable

instruments [54].

The past decade has witnessed significant advances in the development of GaSb-based diode

lasers and LEDs [55–57]. Primarily because of the cost and immature technology associated

with the more exotic InAs and GaSb substrates, there has been significant interest in developing

mid-infrared LEDs on GaAs substrates using different buffer layer schemes to accommodate the

inherent large lattice mismatch with respect to alloys and heterostructures having mid-infrared

bandgaps. This has now led to devices of some complexity ranging from LEDs with bulk active
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regions in small arrays to multispectral mid-infrared multiple quantum well (MQW) emitters

capable of integration [54]. In the 2 – 3 µm spectral range type-I InGaAsSb/AlGa(In)AsSb

QWs have demonstrated impressive characteristics, but a combination of Auger recombination

and thermal leakage of holes degrade the performance of these devices at and above room

temperature for wavelengths λ ≳ 3 µm [58–60]. Further limitations to achieving λ ≳ 3 µm in

GaSb-based heterostructures are associated with the presence of (i) a miscibility gap in In- and

As-rich GaInAsSb alloys, leading to a reduction in material quality, and (ii) a band structure

in which the valence band (VB) spin-orbit splitting energy is close in magnitude to the band

gap energy, increasing the possibility of hot-hole producing (CHSH) Auger recombination and

inter-valence band absorption [61].

Although inter- and intra-band cascade devices have become well established at wavelengths

above 3 µm [62–67], these complicated structures require careful design and optimisation: a

typical cascade active region consists of up to 100 layers with tight tolerances on thickness

and composition, with the requirement for reproducibility then placing strong demands on

epitaxial growth. Furthermore, due to the relative expense and technological immaturity of

the GaSb and InAs platforms compared to the GaAs or InP platforms commonly employed in

near-infrared optical communications, it is preferable to develop mid-infrared devices on either

GaAs or InP substrates. Doing so opens up the potential to reduce fabrication costs, as well

as to allow to take advantage of the existing array of high-performance GaAs- and InP-based

passive photonic components and integrated circuitry.

3.2 Theory and experiment for 3.3 µm structures

In this section we present and analyse InAs1−xSbx/AlyIn1−yAs QWs grown on GaAs substrates,

where relaxed AlyIn1−yAs MBLs are used to facilitate growth of these lattice-mismatched

heterostructures. The main reason we use this material platform is the fact that these QWs

deliver deep type-I band offsets, providing good confinement of both electrons and holes, and

thus maximising the electron-hole spatial overlap and minimising thermal carrier leakage.

In Section 3.2.1 we briefly describe the growth and characterisation of the metamorphic QW

structures investigated, as well as the experimental measurements performed to analyse the op-

tical properties. Then in Section 3.2.2 we analyse the electronic and optical properties of these

devices by presenting the results of our combined experimental and theoretical investigation.

We begin with a general analysis of the properties of metamorphic InAs1−xSbx/AlyIn1−yAs

QWs, before analysing the grown prototypical structures. We show that the prototypical

structures we investigate demonstrate (i) strong room temperature PL out to λ = 3.4 µm, and

(ii) a steady increase in peak PL intensity with increasing emission wavelength. Using theoret-

ical calculations we identify and quantify the origin of this behaviour, mainly associated with
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compressive stain. Moreover, we describe general trends in the electronic and optical properties

of these novel heterostructures, and on this basis evaluate their potential for applications in

mid-infrared LEDs. We show that the characteristics of these metamorphic QWs are promising

for the development of LEDs operating in the 3 - 4 µm wavelength range, and in particular for

sensing applications at wavelengths close to 3.3 µm.

3.2.1 Growth and characterisation

A schematic illustration of the molecular beam epitaxy (MBE) structures grown by University

of Lancaster is shown in Fig. 3.1(a). Each structure consists of a 0.4 µm thick GaAs buffer

layer, grown at 570◦ C. Also, a 2 µm thick relaxed Al0.125In0.875As MBL was grown at 510◦ C

on top of the GaAs buffer layer. The structures were cooled to 450◦ C for the growth of the

five-period InAs1−xSbx/Al0.125In0.875As active multi-QW layers. The respective thicknesses of

the InAs1−xSbx QW and Al0.125In0.875As barrier layers were 10.5 and 20 nm. Finally, a 110

nm thick Al0.125In0.875As cap layer was deposited at a temperature of 450◦ C.

The structures were characterised by a combination of double-crystal x-ray diffraction (DC-

XRD), atomic force microscopy and transmission electron microscopy (TEM). Good overall

correspondence between the measured and simulated rocking curves is observed, confirming in

particular that the Al0.125In0.875As MBL and InAs1−xSbx QWs are respectively fully relaxed

and pseudomorphically strained (cf. Fig. 3.1(b)). For the four structures MQW1, MQW2,

MQW3 and MQW4 grown, respective x = 0, 3, 6 and 10% QW Sb compositions were estimated.

Since the QWs in the structure MQW4 – which have the highest QW Sb composition x – are

most prone to Sb segregation, TEM imaging was performed by University of Cadiz to evaluate

the quality of this structure. The upper panels of Fig. 3.1 (c) indicate a cross-sectional dark-

field TEM image of the InAs0.9Sb0.1/In0.875Al0.125As QWs of structure MQW4 where, from left

to right, the intensity of the yellow, red, green and blue colouration corresponds to the Al, In,

As and Sb compositions in the various layers of the structure. The bottom panel of Fig. 3.1

(c) shows the spatial variations in alloy composition along the growth direction, extracted from

energy-dispersive x-ray spectroscopy (EDX) analysis, where solid yellow, red, green and blue

lines again denote the variation of the Al, In, As and Sb compositions, respectively. Examining

the TEM image, we begin by noting the presence of uniform QW growth, with the structure

displaying high crystalline and structural quality: the observed QW-barrier interfaces are sharp,

and the QWs display only minor variations in thickness. Turning our attention to the EDX

data for group-V atoms, we note firstly that the QW Sb composition x (solid blue line) tends to

increase in each QW along the (001) growth direction: in the bottom QW we note an average

Sb composition x ≈ 8%, which increases to an average value x ≈ 11% in the topmost. By

contrast, for group-III atoms, the barrier Al composition y (solid yellow line) has a weaker

variation across the AlyIn1−yAs layers of the structure, with a measured average value close to
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(a)

Figure 3.1: (a) Schematic illustration of the metamorphic multi-QW structures investigated.
The structures consist of compressively strained InAs1−xSbx QWs grown between unstrained
Al0.125In0.875As barriers, with growth on GaAs facilitated via the use of an Al0.125In0.875As
MBL. (b) DC-XRD ω− 2θ rocking curve for MQW1, measured (solid blue line) and simulated
(solid red line) about the GaAs (004) reflection. (c) Upper panels: false-colour dark-field
TEM images for MQW4, where the intensity of the yellow, red, green and blue colouration
respectively describes the Al, In, As and Sb compositions in the QW and barrier layers. Lower
panel: solid yellow, red, green and blue lines respectively denote the variation of the Al, In,
As and Sb compositions along the (001) growth direction for MQW4, as inferred from EDX
measurements. For illustrative purposes, the EDX data have been superimposed onto a dark-
field TEM image of the structure.

y ≈ 11% in the barrier on the underside of the first QW and an average value y ≈ 12.5% in

the barrier on the topside of the fifth QW (i.e. in the capping layer). Overall, we note some

intermixing of Al and Sb atoms between the barrier and QW layers: while the Al composition

profile extracted from the EDX data shows relative uniformity and sharp interfaces, we note

that (i) these interfaces are not precisely step-like, and (ii) the corresponding Sb composition
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profile displays both less sharp interfaces and non-zero values in the barrier layers. Overall, we

conclude that Sb compositional variations are the most significant structural non-uniformity

present in these MBE-grown structures.

3.2.2 Electronic and optical properties

Here we compare our theoretical calculations to PL data provided by Lancaster University. We

show how increasing Sb composition x from 0 to 10 % will lead to achieving longer wavelengths.

We also calculate the SE spectrum for the aforementioned structures, and benchmark them

against PL spectra at T = 4 K and T = 300 K.

To analyse the optical properties of the structures described in Table 3.1 temperature-dependent

PL measurements were performed. The PL measurements were carried out using a 785 nm

diode-pumped solid state laser as the optical (excitation) source, with a continuous-wave output

power of 200 mW, while the sample temperature was varied between T = 4 and 300 K by

means of a closed-cycle He cryostat. The laser spot size was 1 mm2, corresponding to a power

density of 20 W.cm−2 at the sample surface. The radiation emitted from the structures upon

excitation was collected using CaF2 lenses and focused onto a Fourier transform mid-infrared

spectrometer. To facilitate comparison to experiment we perform SE calculations at a fixed

carrier density n3D = 1015 cm−3, a low value selected to replicate a typical carrier density

associated with optical excitation in the PL measurements. Two-dimensional sheet carrier

density is related to the three-dimensional carrier density as n2D = tw.n3D where tw is the QW

thickness. A 3D carrier density n3D = 1015 cm−3 is then equivalent to a 2D carrier density

of 109 cm−2 in a QW which is 10 nm thick. Full details of the theoretical model used were

presented in Chapter 2.

In order to benchmark our theoretical model as well as to establish a method to design effi-

cient mid-infrared QW LED structures, we have undertaken electronic structure calculations

using an 8-band k.p Hamiltonian, implemented for QW heterostructures via a numerically

efficient reciprocal space (plane wave) method as described in Chapter 2. The temperature

dependence of the InAs1−xSbx and AlyIn1−yAs band gaps is described via a conventional

Varshni parametrisation with the functional form often fitted to the empirical Varshni form

Eg(T ) = Eg(T = 0)− [(αT 2)/(T +β)] where α and β are adjustable (Varshni) parameters [68].

According to Ref. [69], we have used α = 0.276 meV/K and β = 93 K for InAs, and have used

α = 0.32 meV/K and β = 170 K for InSb. A linear interpolation has been used for determining

these values for ternary InAs1−xSbx alloys. Fig. 3.2 shows how the calculated bulk band gap

energy of InAs1−xSbx is varied as a function of the temperature. The smooth reduction of the

bulk band gap energy as a consequence of increasing T should lead to an increase in the emit-

ting wavelength with increasing temperature. The full numerical band structure calculations

are required so that the confinement of the carriers can be taken into account. In this regard,
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Figure 3.2: Calculated temperature dependence of the bulk band gap energy of InAs1−xSbx
for x = 0, 3, 6 and 10%.

the band structure and eigenstates obtained via the multi-band k.p calculation for a given QW

structure are used directly to compute SE spectra, under the assumption of quasi-equilibrium

(thermal) carrier distributions.

MQW1 – MQW4 are assumed ideal, with compressively strained InAs1−xSbx QWs of thickness

10.5 nm, surrounded by unstrained Al0.125In0.875As barriers. For these structures, the Sb

composition x is treated as the sole free parameter in our calculations: its value is adjusted for

each structure to match the measured room temperature PL peak energy. The Sb compositions

obtained in this manner are given in parentheses in Table 3.1. The best-fit value of x is exactly

the same in MQW1 and is close to the nominal Sb composition indicated by characterisation

for MQW2, but is lower than the nominal value in MQW3 and MQW4. A number of factors

may contribute to these discrepancies, including fluctuations in QW alloy composition and

thickness, inter-diffusion of Al and Sb atoms between the QW and barrier layers, or residual

strain in the nominally unstrained barrier layers resulting from incomplete relaxation of the

MBL.

We begin our analysis by considering the calculated band structure of bulk-like InAs1−xSbx

epitaxial layers grown on AlyIn1−yAs MBLs. Solid blue (dashed red) lines in Fig. 3.3(a) denote

paths in the composition space along which the band gap Eg (in-plane strain ϵxx) is constant.

The lattice constant of the AlyIn1−yAs MBL varies between that of InAs and AlAs, and is

equal to that of InP at y = 47.7%. The validity of our proposed material platform is certified
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Structure x (%) ϵxx (%) ∆ECB (meV) ∆EHH (meV) ∆ELH (meV)

MQW1 0.0 (0.0) −0.82 155 89 33
MQW2 3.0 (3.1) −1.03 135 135 65
MQW3 6.0 (4.3) −1.12 128 152 78
MQW4 10.0 (5.7) −1.21 121 172 92

Table 3.1: Details of the MBE-grown InAs1−xSbx/AlyIn1−yAs multi-QW structures studied,
including the nominal QW Sb composition x, calculated in-plane strain ϵxx, and calculated CB,
HH and LH type-I band offsets ∆ECB, ∆EHH and ∆ELH at T = 300 K. Each structure contains
five InAs1−xSbx QWs, of nominal thickness 10.5 nm. Sb compositions in parentheses are those
determined using the theoretical model to fit to the measured PL peak energy at T = 300 K.

in Fig. 3.3(a) which suggests that (i) Eg = 0.376 eV (λ = 3.3 µm) can be achieved in bulk

for x ≲ 5%, but with large MBL Al compositions y ≳ 20%, corresponding to large strains

ϵxx ≈ −2% and (ii) Eg = 0.248 eV (λ = 5 µm) can be achieved, e.g., at x ≈ 14% (ϵxx ≈
−1.5%) via growth on an Al0.1In0.9As MBL. These results suggest that compressively strained

InAs1−xSbx grown on relaxed AlyIn1−yAs MBLs offer access to a broad range of mid-infrared

emission wavelengths λ ≳ 3 µm. We find that with growth on an Al0.125In0.875As MBL, which

has a lower lattice constant than InAs, pseudomorphically grown InAs1−xSbx alloys are in

a state of compressive strain (ϵxx < 0) and that incorporation of Sb in InAs1−xSbx alloys

leads to a rapid decrease of the band gap with increasing x, allowing access to mid-infrared

emission wavelengths. The initial Al composition y = 0.125 was chosen to ensure type-I QWs

in the first LED structures grown. We consider in Chapter 4 the impact of reducing the Al

composition in the buffer layer, where we show that the initial choice does indeed provide better

confinement and recombination coefficients compared to what would be achieved with a lower

Al composition in the buffer layer.

We note however that the calculations presented in Fig. 3.3(a) are for bulk-like epitaxial

InAs1−xSb−x layers. When considering QWs the confinement energy – typically ∼ 50 meV

for the lowest energy bound CB (e1) and highest energy bound hole (h1) states in full numer-

ical calculations – must be accounted for. Hence, achieving a desired QW transition energy

(e1−hh1) requires growth of InAs1−xSbx QWs having a bulk band gap which is lower by ∼ 50

meV, mandating a significant increase in x and hence |ϵxx|, consequently limiting the accessible

wavelength range.

Another important factor while considering growth of QW epitaxial layers is strain-thickness

product limit. There have been a number of methods to calculate strain thickness product

limit. These calculations primarily differ from each other in the assumed energy stored in

a dislocation [5, 70–72]. We use here an approach due to Voisin, as it provides one of the

most straightforward routes to estimate the strain-thickness product limit [72]. The energy

stored per unit area is defined by Es = 2G
(
1+σ
1−σ

)
ϵ2||t; where G is the shear module of the

layer material, σ is Poisson’s ratio and t is the layer thickness. The energy stored per unit

area increases linearly with increasing layer thickness t. Expressions vary as to the energy
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Figure 3.3: (a) Composition space map describing the ranges of in-plane strain (ϵxx) and
band gap (at T = 300 K) accessible using bulk-like InAs1−xSbx epitaxial layers grown on an
AlyIn1−yAs MBL. Dashed red and solid blue lines respectively denote paths in the composition
space along which ϵxx and the band gap are constant. (b) Calculated variation of the CB, HH
and LH type-I band offsets (solid green, blue and red lines, respectively) with Sb composition
x, for compressively strained InAs1−xSbx QWs grown on an Al0.125In0.875As MBL.

required to introduce a network of dislocations. However, in all expressions the energy required

to introduce a dislocation is large, as it involves breaking a line of bonds. The dislocation

energy increases slowly with increasing layer thickness t due to the strain field associated with

it [5]. Therefore, there will be a critical layer thickness below which a dislocation-free strained

layer will be stable. As an example, by using the expression due to Voisin [5, 72], we estimate

a strain-thickness limit tc|ϵxx| ≈ 23 nm % for InAs1−xSbx/Al0.125In0.875As. This suggests a

maximum permissible strain |ϵxx| ≈ 2.3% for a 10 nm thick QW, corresponding to x ≈ 22%.

For such an InAs0.78Sb0.22/Al0.125In0.875As QW we calculate an e1-h1 transition energy equal

to 0.221 eV at T = 300 K, which in turn would suggest that the room temperature emission

wavelength is limited to ≲ 5.6 µm. However, further analysis (below) suggests that this upper

limit on the emission wavelength is likely reduced in practice.

Turning our attention to InAs1−xSbx/Al0.125In0.875As QWs, the solid green, blue and red lines

in Fig. 3.3(b) respectively show the calculated type-I conduction band (CB), heavy-hole (HH)

and light-hole (LH) QW band offsets ∆ECB, ∆EHH and ∆ELH, as a function of the Sb compo-

sition x in the QW. At x = 0% (MQW1) we calculate large type-I CB and HH band offsets,

∆ECB = 155 meV and ∆EHH = 89 meV (cf. Table 3.1). As x increases we calculate a strong

increase in ∆EHH, as a result of the increase in (i) the VB offset brought about by Sb incorpo-

ration, and (ii) the magnitude |ϵxx| of the compressive strain. Contrarily, ∆ECB is decreasing
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Figure 3.4: Calculated CB and VB structure for structures MQW1 (solid blue lines) and
MQW4 (dashed red lines) of Table 3.1.

strongly with increasing x – from 151 meV at x = 0 to 101 meV at x = 10% – due to the up-

ward shift of the InAs1−xSbx CB edge energy with increasing |ϵxx|. This suggests that electron
confinement is significantly degraded for x ≳ 10%, corresponding in a full numerical calculation

to λ ≳ 3.9 µm. Therefore, it can be concluded that high type-I band offsets – providing high

electron-hole spatial overlap and minimising thermal carrier leakage – can be achieved for λ ≲ 4

µm in InAs1−xSbx/Al0.125In0.875As QWs having x ≲ 10%. Achieving the emission wavelength

beyond 4 µm is then likely to require careful QW design and optimisation (cf. Chapter 4)

[14, 73, 74].

Fig. 3.4 shows the calculated CB and valence band (VB) structure for structures MQW1 (solid

blue lines) and MQW4 (dashed red lines) of Table 3.1. The larger compressive strain in MQW4

(cf. Table 3.1) leads to reduced in-plane hole effective masses, and hence an overall reduction in

the VB edge DOS. On the basis of the calculated electronic properties we note that (i) achieving

longer emission wavelengths requires higher Sb compositions x, but comes at the expense of

degrading the electron confinement (cf. Fig. 3.3(b)), and (ii) for fixed MBL Al composition y

larger Sb compositions x are associated with larger |ϵxx|, which in turn is expected to enhance

the radiative efficiency [75, 76]. Our analysis therefore identifies an important trade-off for

the design of optimised structures to target specific emission wavelengths: sufficiently high
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Sb compositions x should be sought to generate appreciable compressive strain in the QW,

while also ensuring that x is not so large that thermal leakage of electrons reduces the overall

radiative efficiency [74].

Having described general trends in the calculated electronic properties of these structures, we

turn our attention to the optical properties. Figs. 3.5(a) and 3.5(b) show the measured PL

spectra for the structures of Table 3.1, at respective temperatures T = 4 and 300 K. In each

case the measured spectra for MQW1 – MQW4 are shown using solid red, green, blue and black

lines, respectively. At each temperature the PL spectra have been normalised to the magnitude

of the structure having the highest measured PL magnitude (MQW1 at T = 4 K, and MQW4

at T = 300 K). Examining first the PL spectra measured at T = 4 K in Fig. 3.5(a) we note

that incorporating Sb leads to a significant redshift of the emission wavelength. For the Sb-free

structure MQW1 a PL peak wavelength of 2.51 µm (0.495 eV) is measured, which shifts to 2.95

µm (0.420 eV) in MQW4 which contains 10% Sb. At T = 300 K the temperature-induced band

gap reduction redshifts these PL peak wavelengths to 2.84 and 3.35 µm (0.437 and 0.370 eV),

respectively. For MQW1 we calculate respective peak PL wavelengths of 2.58 and 2.91 µm,

corresponding to respective PL peak energies of 0.480 and 0.426 eV. Looking at the theoretical

calculations, we notice an underestimation of the measured PL peak energy by only 15 meV

(11 meV) at T = 4 K (300 K), suggesting good agreement between theory and experiment. We

note that these small deviations between the measured and calculated values for the Sb-free

structure are likely attributable to inhomogeneities in the structure due, e.g., to fluctuations

in QW thickness, or diffusion of Al atoms into the QW from the surrounding barrier layers

during growth.

At T = 4 and 300 K a similar overall character of the measured PL spectra is observed. Firstly,

all spectra possess a single, well-defined emission peak, suggesting that the measured PL is

generated by recombination of electrons (and probably holes) occupying a single respective

conduction subband. This is consistent with the low carrier densities generated by optical

excitation, whereby we expect that excited carriers thermalise rapidly into the e1 and hh1

subbands. Secondly, while the measured PL spectra at T = 4 K are approximately symmetric

about the peak, at T = 300 K we note the presence of a pronounced tail on the high energy

(low wavelength) side of the peak. This is consistent with the presence of thermalised carrier

distributions, describable by separate electron and hole quasi-Fermi distribution functions,

whereby carriers at higher temperature occupy subband states over larger ranges of energies

than at low temperature.

Turning our attention to the intensity of the measured PL spectra, at T = 4 K we note that

the measured peak PL intensity remains relatively constant for all structures, reducing by

approximately 10% in going from the Sb-free MQW1 to MQW4 in which x = 10%. Conversely,

at T = 300 K we note that the measured peak PL intensity increases strongly with increasing
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Figure 3.5: Measured PL spectra for structures MQW1 – MQW4 (solid red, green, blue and
black lines, respectively) at temperatures (a) T = 4 K, and (b) T = 300 K. The correspond-
ing calculated SE spectra for structures MQW1 – MQW4 at T = 4 and 300 K are shown
respectively in (c) and (d). At each temperature the values of the measured PL and calculated
SE have been normalised to that of the structure having the highest measured PL intensity
(MQW1 at 4 K, and MQW4 at 300 K). The full temperature-dependent set of measured PL
and calculated SE spectra for MQW4 are shown in (e) using, respectively, open circles and
solid black lines. The calculated SE spectra in (e) have, at each temperature, been normalised
in intensity (except at T = 175 K; see text) and shifted in wavelength (by the amount specified
in parentheses) to match the experimental data at the PL peak. The open circles (solid black
line) in the inset to (e) show the measured (calculated) variation of the PL (SE) peak energy
with temperature in MQW4, where a rigid 11 meV redshift has been applied to the calculated
SE peak energies.

Sb composition x – or, equivalently, increasing emission wavelength – with the measured peak

PL intensity for MQW4 at T = 300 K being larger by approximately two-thirds than that

measured for MQW1 at the same temperature. We note that the measured peak PL intensity

at T = 300 K is reduced by a factor of approximately 300 compared to that measured at

T = 4 K, for all structures studied. Overall, we note that this trend is promising from the

perspective of device applications at wavelengths ≳ 3 µm, since the requirement to incorporate

Sb to reach these wavelengths appears to be associated with an intrinsic enhancement of the

radative efficiency of a multi-QW structure.

Figs. 3.5(c) and 3.5(d) show the calculated SE spectra for the structures of Table 3.1, at

respective temperatures T = 4 and 300 K. The line colours and normalisation of the peak SE

rate are as in Figs. 3.5(a) and 3.5(b). We note good overall qualitative agreement with the
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measured PL spectra of Figs. 3.5(a) and 3.5(b). At T = 4 K the peak measured PL intensity

and calculated SE rate reduce by ≲ 10% as x increases from 0 (MQW1) to 10% (MQW4),

while at T = 300 K the peak measured PL intensity and calculated SE rate increases by

≳ 30% between x = 0 and 10%. On this basis we conclude that the theoretical model correctly

captures the key observed trends in the experimental measurements: at low temperature the

emission intensity is roughly independent of x (or, equivalently, λ), while at room temperature

the emission intensity increases with increasing λ.

Fig. 3.5(e) shows the measured PL (open circles) and calculated SE (solid lines) spectra for

MQW4 (x = 10%), for a range of temperatures from T = 4 to 300 K. To facilitate comparison

of the overall character of the measured and calculated spectra, the calculated SE spectra at

each temperature have been (i) shifted in wavelength (by the amount denoted in parentheses) to

the peak of the corresponding measured PL spectrum, and (ii) normalised to the magnitude of

the PL peak in the measured spectrum. We again note overall good agreement between theory

and experiment. The calculated SE spectra – in which the spectral broadening is described

by a hyperbolic secant lineshape of width 6.6 meV – describe that the spectral broadening of

the measured PL spectra is typical of that of a conventional III-V semiconductor alloy, [12]

suggesting high material quality in the metamorphic QWs. The inset to Fig. 3.5(e) shows the

variation with temperature of the measured PL (open circles) and calculated SE (solid line)

peak energy, where no shifts have been applied to the calculated data. The close agreement

between theory and experiment here verifies that the temperature dependence of the measured

PL peak energy is well described via the conventional Varshni parametrisation. [68, 69]

To identify and quantify the origin of the measured increase in room temperature PL intensity

with increasing λ we have analysed the contributions made by the band gap (emission wave-

length), inter-band optical matrix elements, and electron and hole quasi-Fermi levels [12, 77, 78]

to the calculated SE spectra for each structure. For a QW of fixed thickness, the SE rate at

fixed carrier density n is directly proportional to the photon energy, so that the decrease in

band gap with increasing x acts to decrease the peak SE rate. For MQW1 we calculate an

inter-band optical transition strength 19.0 eV – where the relevant scale [45] is the Kane pa-

rameter EP – for the TE-polarised e1-hh1 transition at k∥ = 0, which decreases to 18.1 eV in

MQW4. Both of these contributions then act to reduce the peak SE rate at fixed n, suggesting

that the filling of the QW energy bands – described by the electron and hole quasi-Fermi levels

– is responsible for the calculated increase in the peak SE rate with increasing λ.

The calculated carrier (quasi-Fermi) distributions for MQW1 – MQW4 confirms that the re-

duction of the VB edge DOS brought about by compressive strain at larger x (cf. Fig. 3.3(c))

is sufficient to increase the peak SE rate at fixed n. The larger effective masses in the VB

compared to the CB lead to holes occupying hh1 subband states over a smaller (larger) range

of energies (in-plane wave vectors, k∥) than those occupied by electrons in the e1 subband.
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The strict k-selection associated with optical transitions then renders holes occupying states

at larger k∥ unavailable to undergo radiative recombination, due to a lack of e1 electrons oc-

cupying states at the same wave vector. [76] As the in-plane effective mass of the hh1 VB

decreases with increasing x, the DOS at the VB edge reduces to more closely match that at the

CB edge. This allows holes to occupy hh1 subband states over an increased (reduced) range

of energy (k∥) – reflected in a reduction in the hole quasi-Fermi level at fixed n – making more

electron-hole pairs available to undergo radiative recombination and contribute to the SE.

At T = 4 K this effect is not pronounced since at low temperature the quasi-Fermi distribution

functions are step-like about the quasi-Fermi levels, with carriers occupying subband states

across a limited range of k∥. As a result, the calculated peak SE rate at T = 4 K depends

only weakly on x (cf. Fig. 3.5(c)). Conversely, at T = 300 K the hole quasi-Fermi distribution

possesses a significant tail at energies below the hole quasi-Fermi level, describing that, on

average, holes occupy states over a larger range of k∥ than at low temperatures. As such,

the impact of the strain-induced reduction in the VB edge DOS with increasing λ becomes

pronounced, leading to the calculated 30% increase in the peak SE rate between structures

MQW1 and MQW4 at T = 300 K (cf. Fig. 3.5(d)).

To obtain a quantitative measure of the impact of Sb incorporation on the SE rate we compute

the radiative recombination coefficient B at T = 300 K for each structure by (i) calculating

the radiative current density Jrad via integration of the calculated SE spectrum of Fig. 3.5(d),

and (ii) assuming Jrad = eBn2 (i.e. the Boltzmann approximation). Given the expected [79]

weak dependence of B on n up to n ∼ 1017 cm−3 (a carrier density typical of operation

of an electrically pumped QW-LED), we anticipate that the values of B computed in this

manner describe trends which should remain largely valid for practical LED devices. [74] We

calculate B = 0.56 and 0.72 ×10−4 cm2 s−1 for MQW1 and MQW4 respectively, describing a

predicted increase of approximately 29% in the radiative emission rate between x = 0 and 10%.

Further theoretical analysis suggests that the radiative emission rate can be enhanced further

in structures designed to emit at 3.3 µm, via the design and optimisation of strain-balanced

structures [73, 74].

Although the existing devices investigated in this section are emitting at or near λ ≈ 3.3 µm,

there is still scope to design more efficient InAsSb/AlInAs QW LED structures emitting at λ =

3.3 µm. This is feasible by designing strain-balanced structures which are not only defect-free

structures, but can also deliver better optical performance. In the next section, we discuss

the theory of strain-balancing in epitaxial QW layers. Then in Section 3.4, we investigate the

routes to design strain-balanced InAs1−xSbx/AlyIn1−yAs QW structures providing a design

template for efficient QW LEDs operating at 3.3 µm.
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3.3 Strain-balanced structures: design procedure

In this section we turn our attention to designing strain-balanced QW structures. So long as

the strain in each layer does not exceed a critical value, it is then in principle possible to grow

strain-balanced structures where no maximum is set on the number of QWs, unlike in the case

of lattice-matched barriers. The useful growth combinations are then compressive wells with

tensile barriers, and tensile wells with compressive barriers. In addition, structures can be

grown which contain both compressive and tensile wells with unstrained barriers [6].

There is a limit to the amount of strained material that can be grown before plastic relaxation

occurs and hence a limit to the number of strained quantum wells that can be grown between

lattice-matched barriers while maintaining device – quality material [6]. It is however possible

to avoid this problem by using oppositely strained well and barrier materials to balance out

the strain over an entire structure. Two epitaxially strained layers – having thicknesses tw

and tb are strain-balanced when their average in-plane stress vanishes, in which case it can be

shown that the thickness ratio of the barrier and well thickness could be defined as the ratio

of material parameters of the barrier and the well

tb
tw

= −
Awϵ||,wal,b

Abϵ||,bal,w
, (3.1)

where the relaxed lattice constant of barrier and well are shown by al,b and al,w, respectively;

and ϵ||,b and ϵ||,w respectively denote the in-plane strain in barrier and well [13]. Ab and Aw

are also defined as a function of the elastic constants of barrier and well, respectively:

Ab = C11,b + C12,b − 2C−1
11,bC

2
12,b, (3.2)

Aw = C11,w + C12,w − 2C−1
11,wC

2
12,w. (3.3)

Here, we denote the AlyIn1−yAs barrier layer and InAs1−xSbx well layer by b and w, respectively.

The design procedure that we follow for InAs1−xSbx/AlyIn1−yAs structures is as follows:

- Firstly, we define tw and tb.

- Secondly, we find the ratio between x and y satisfying Eq. 3.1.

- Finally, we vary x (and consequently y to satisfy Eq. 3.1) in order to produce a desired

QW band gap energy.

Using this procedure, we provide a design template for strain-balanced InAs1−xSbx/AlyIn1−yAs

QW structures emitting at a fixed wavelength. This model can also be used for designing
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structures using any given material platform of ternary III-V semiconductors with any given

thickness ratio tb/tw. As the sign convention, we note here that throughout this chapter the

in-plane strain ϵxx > 0 and ϵxx < 0 correspond to tensile and compressive strain, respectively.

As we will show, while changing the strain in the QW we can also adjust the QW thickness in

order to maintain 3.3 µm emission.

3.4 Optimisation of InAsSb/AlInAs quantum wells for 3.3 µm

emission

In this section, we start by designing strain-balanced InAs1−xSbx/AlyIn1−yAs QWs, grown

on relaxed Al0.125In0.875As MBL designed to emit at 3.3 µm. Then, we discuss and analyse

the optoelectronic properties of these structures. The layout of the QW LED structure is

shown in Fig. 3.6. Based on the established epitaxial growth mentioned in Sec 3.2.1, we

consider structures grown on an Al0.125In0.875As MBL. To target 3.3 µm emission we focus

on nitrogen-free InAs1−xSbx/AlyIn1−yAs QWs, where we constrain the Sb composition x in

the compressively strained QW layers and Al composition y in the tensile strained barrier

layers to (i) obtain the peak of the SE spectrum at room temperature at 3.3 µm, and (ii)

produce overall strain-balancing by choosing x and y for the corresponding QW and barrier

thicknesses, to produce zero net in-plane stress in the structure. Repeating this procedure as

a function of the QW thickness, tw, we identify strain-balanced structures emitting at 3.3 µm.

Finally, by analysing SE rate and generated radiative current density we discuss the effect of

strain-balancing on the performance of these devices.

In Section 3.2.2 we investigated the validity of the model being used for InAsSb bulk band

structure, as presented in Fig. 3.3(a). Here we evaluate the potential to engineer the electronic

band structure of InAs1−xSbx/AlyIn1−yAs QWs in order to design strain-balanced QW LED

structures operating at 3.3 µm. We clarify general trends in the predicted properties of these

devices, and identify structures that deliver optimal electronic and optical performance. We

analyse the performance of candidate LED structures by computing band offsets, optical tran-

sition strength, SE spectrum and the relevant radiative current density at fixed temperature

and injected carrier density. We identify a number of interacting and competing effects that

govern the LED characteristics:

1) Band offsets:

The CB and VB offsets depend on the material systems used in the QW structures. Thermal

leakage of the carriers should be minimised in type-I structures with larger band offsets.
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Figure 3.6: Schematic illustration of the structures considered to design strain-balanced QW
LED devices.

2) Valence band density of states:

The incorporation of compressive strain into a QW splits the degeneracy of the LH and HH

states at the valence band maximum [5], which leads to a reduced in-plane hole effective mass,

and consequently a reduced density of states [80]. The valence band DOS should be minimised

in thin, highly strained wells, where the subband separation is maximised [81–83].

3) Optical transition strengths:

The optical transition strength depends directly on the degree of overlap between the electron

and hole envelope functions. As the electron envelope function tends for narrow wells to

penetrate more strongly into the barrier compared to the hole envelope function, the transition

strength increases with increasing QW thickness in conflict with the DOS which is optimised

for narrow wells [83].

4) Spontaneous emission rate and radiative current density at a fixed carrier density:

Increasing compressive strain reduces the effective masses of the QW hole states in the plane

of the QW, which in turn leads to a reduction of the DOS close to the VB edge. The hole

effective masses increase in response to the reduced compressive strain, and the VB structure

changes in such a way that holes occupy states over a smaller range of k. This then makes the

overall QW band structure more symmetric about the centre of the band gap, and means that
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Figure 3.7: (a) InAs1−xSbx QW alloy Sb composition x, and AlyIn1−yAs barrier alloy Al
composition y required to maintain λ = 3.3 µm and to satisfy strain-balancing condition as a
function of QW thickness. Blue curve denotes the Al composition in AlyIn1−yAs barrier alloy,
and red curve denotes Sb composition in InAs1−xSbx QW alloy. (b) Calculated in-plane strain
in the well (purple curve) and in the barrier (green curve) as a function of QW thickness.

there are more holes available to undergo optical recombination and hence contribute to the

SE.

3.4.1 Electronic properties

In order to provide a design template for 3.3 µm QW LEDs, we have considered structures

with barrier to well thickness ratio of tb/tw = 3 with tw ranging from 4 nm to 12 nm. For each

structure, we have obtained the relevant compositions in the well and in the barrier as outlined

in Section 3.3 to design a strain-balanced structure with the peak of SE rate at 3.3 µm.

The range of Sb composition x in InAs1−xSbx QWs and that of Al composition y in AlyIn1−yAs

barriers that can be used in compressively strained well and tensile strained barrier structures

to operate at 3.3 µm with tb = 3tw and subject to the above constraints are shown in Fig. 3.7(a)

as a function of QW thickness tw. The range of Sb compositions required to achieve 3.3 µm

emission ranges from 17.5% in a narrow QW having tw = 4 nm, to 4.9% in a wide QW

having tw = 12 nm. The decrease in x required to maintain fixed emission wavelength with

increasing tw is associated with the smaller confinement energy in a wider QW. The range

of Al composition y in the AlyIn1−yAs barrier is chosen in order (i) to satisfy the strain-

balancing condition, and (ii) to determine the carrier confinement energies when designing the

QW band gap energy. As Sb composition in the well decreases with increasing QW thickness,

the magnitude of the in-plane strain in the well |ϵxx,w| also drops as a consequence of the

decrease in the lattice constant of InAs1−xSbx in the well. Therefore, the Al composition in
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Figure 3.8: (a) Calculated variation of CB and VB offsets and carrier confinement energy
with QW thickness tw. (b) Calculated VB strcuture (left panel) and DOS (right panel) for
structures with the narrowest well width, tw = 4 nm (solid blue curve), and the widest well
width, tw = 12 nm (dashed red curve). For each structure the zero of energy has been set at
the QW VB edge – i.e. at the energy of the highest energy valence subband hh1, which is
purely HH-like at k|| = 0.

the barrier also decreases from 21.6% to 17.7% with increasing well width, to compensate the

reduced compressive in-plane strain in the well and to maintain the strain-balancing condition.

As already mentioned, the structures are designed to have compressive in-plane strain in the

well and tensile strain in the barrier. Fig. 3.7(b) shows how ϵxx,w and ϵxx,b vary as a function

of tw. As mentioned above, due to the presence of less Sb in the wider wells, the compressive

in-plane strain in the well ϵxx,w varies from -2.01% to -1.15% with increasing QW thickness.

Also, having less Al in the barrier with increasing well width results in a decrease of the tensile

strain in the barrier ϵxx,b, from 0.55% to 0.33%.

The calculated variation of the type-I CB and VB offsets, ∆ECB and ∆EV B, with well width for

the proposed structures are shown in Fig. 3.8(a). In order to avoid thermal leakage of carriers,

CB and VB offsets must generally be greater than 3kT where k is the Boltzmann’s constant.

The CB offset remains nearly constant, increasing from 157 to 188 meV with increasing tw

from 4 to 12 nm. This is because of a tradeoff between the CB edge being pushed down

due to less Sb in wider structures and the effect of the hydrostatic strain pushing up the CB

edge. The calculated, roughly linear, decrease in ∆EV B (the band offset between the HH band

edge of the well and LH band edge of the barrier) with increasing QW thickness is primarily

associated with the decrease in x. Although the VB offsets decrease with increasing well width,

they are still large enough to minimise thermal leakage, with ∆EV B ranging from 348 to 172

meV. Carrier confinement energy is another important factor when considering carrier thermal

leakage in QW structures, which is defined by calculating the difference in energy between the
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CB (highest VB) edge of the barrier and the first electron (hole) state. Electron confinement

energy ∆ECB − e1 increases from 61 meV to 152 meV with varying QW thickness tw from

4 nm to 12 nm. However, calculated hole confinement energy ∆EV B − hh1 shows a strong

confinement as it varies from 304 meV to 165 meV with varying tw from 4 nm to 12 nm.

Therefore, given the tradeoff between electron and hole confinement energy as a function of

QW thickness, and the fact that holes are more strongly confined in these QW structures, one

can consider using QW structures with wider QW thickness tw in order to minimise electron

thermal leakage.

The left- and right-hand panels of Fig. 3.8(b) respectively show the calculated VB structure and

DOS for the narrowest and widest proposed strain-balanced structures. The larger compressive

strain in the narrower structure, tw = 4 nm, leads to reduced in-plane hole effective masses,

and hence an overall reduction in the VB edge DOS compared to the wider structure, tw = 12

nm.

To quantify the impact of the band offsets on the expected characteristics of the QW LED we

have calculated the fraction of the total electron and hole charge density confined within the

QW. Wider structures can more effectively confine the carriers inside the well and prevent them

from spreading into the barrier. We calculate that the total electron charge density increases

from 64.5% to 91.3% when increasing the well width from 4 nm to 12 nm. However, due to a

high hole effective mass, the hole charge density remains nearly constant ≈ 95.5% as a function

of QW thickness.

Another important parameter for determining the ability of a given QW structure to absorb

or emit light is the optical transition strength. In practice, this is calculated via the matrix

elements of the momentum operator between the initial and final states involved in a given

optical absorption or emission process. We calculate |Me1,h1|2 varying, roughly linearly, from

13.5 to 19.7 eV with increasing tw from 4 to 12 nm. As discussed in Sec. 2.5, optical transition

strength plays an important role in calculating the optical properties of QW LEDs. We will

discuss and analyse the optical properties of our proposed strain-balanced QW LED structures

in the next section.

3.4.2 Optical properties

Having analysed the electronic properties of strain-balanced InAs1−xSbx/AlyIn1−yAs QW LEDs

designed to emit at λ = 3.3 µm, we now turn our attention to investigating the optical prop-

erties, such as SE spectra and radiative current density, of these devices.

Fig. 3.9(a) shows the calculated SE spectra of the structures reported in Section 3.4.1. We have

used a fixed carrier density (n2D = 1011 cm−2) to calculate the SE spectrum of each structure.

As already mentioned above, by increasing QW thickness, less Sb is required to achieve 3.3 µm
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Figure 3.9: Summary of calculated optical properties for InAsxSb1−x/AlyIn1−yAs QW struc-
tures grown on Al0.125In0.875As MBL emitting at λ = 3.3 µm at T = 300 K. (a) Calculated
variation of SE spectra with wavelength λ. (b) Calculated variation of the radiative recombi-
nation coefficient B with QW thickness tw in the 3.3 µm QW LEDs. x and y vary from 17.5%
to 4.9% and 21.6% to 17.7% respectively with increasing the QW thickness from 4 to 12 nm.

emission in wider structures. The lower Sb composition in the well means that compressive

in-plane strain in the well would also decrease as a consequence of the lattice constant of the

well getting closer to that of the substrate. The decrement in the compressive strain leads to

an increment in the effective masses of the QW hole states in the plane of the QW, which in

turn leads to an increment of the density of states close to the VB edge. As the Sb composition

decreases and the hole effective masses increase in response to the reduced compressive strain,

the VB structure changes in such a way that holes occupy states over a larger range of k. This

then makes the overall QW band structure less symmetric about the centre of the band gap,

and means that there are fewer holes available to undergo optical recombination and hence

contribute to the SE. Hence, the peak of the SE rate decreases in wider structures having less

Sb.

Fig. 3.9(b) summarises the calculated radiative recombination coefficient B of these 3.3 µm

strain-balanced structures. Here, the radiative recombination coefficient B has been computed

by (i) integrating over the calculated SE spectrum to obtain the radiative current density Jrad,

and (ii) writing Jrad = eBn22D in the Boltzmann approximation. In order to remove any explicit

dependence on tw, we present B in two-dimensional units. At 3.3 µm we calculate a maximum

value B = 1.38 × 10−4 cm2 s−1 for a narrow QW having tw = 5 nm, which decreases by a
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factor of approximately two as tw is increased to 12 nm. While detailed investigation of non-

radiative recombination in these structures is beyond the scope of this thesis, we note on the

basis of detailed analysis of the calculated electronic properties (i) that both the hot electron-

and hole-producing (CHCC) and (CHSH) Auger recombination mechanisms are likely to play

a role in limiting the overall radiative efficiency, and (ii) while it may be possible to engineer

the QW VB structure to reduce the CHSH recombination rate [16], the mixing of LH- and

SO-like eigenstates brought about by strain and quantum confinement effects likely render the

CHSH process thresholdless.

As a comparison to the existing QW LED structures described in Section 3.2, we compare

the calculated radiative recombination coefficient B of 3.3 µm strain-balanced structures with

existing MQW structures. In Section 3.2, we argued that even though increasing Sb composition

may not be favourable as a growth point of view, it leads to an improved optical performance

of the device. The calculated radiative recombination coefficient B of these existing devices

reaches to a maximum of B = 0.72× 10−4 cm2 s−1 in MQW4 with x = 10%. By comparison

the designed strain-balanced QW structure with roughly the same Sb composition (x = 9.8

%) delivers a significantly improved optical behaviour of the device, with B = 1.06 × 10−4

cm2 s−1 – c.f. the calculated radiative coefficient B of the structure with tw = 8 nm shown

in Fig. 3.9(b). This shows an enhancement of almost 50% in the optical performance of the

device.

3.5 Conclusions

In this chapter we have presented a theoretical investigation and optimisation of the electronic

and optical properties of 3.3 µm InAsSb quantum well structures grown on AlInAs metamorphic

buffer layers.

By quantifying the scope offered by this material system to use strain and band structure

engineering we demonstrated that there is large scope for the design of quantum well struc-

tures, incorporating compressively strained ternary InAsSb quantum wells having unstrained

or tensile strained ternary AlInAs barriers. Such quantum well structures combine large type-

I band offsets with emission wavelengths ∼ 3.3 µm, offering the possibility to design devices

having high optical efficiency and reduced temperature sensitivity, and making these structures

particularly appealing for the development of light emitting diodes operating at mid-infrared.

We have defined design criteria to achieve strain-balanced quantum well structures at a desired

emission wavelength, thereby providing a general method which can be applied to produce

candidate multi-quantum well or superlattice structures for epitaxial growth and experimental

investigation. Via a systematic analysis of strain-balanced quantum well structures designed
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to emit at 3.3 µm we identified key trends in their electronic and optical properties and per-

formance as functions of alloy composition, quantum well thickness and epitaxial strain.

Overall, our theoretical analysis has identified important trends in the performance of GaAs-

based metamorphic quantum well light emitting diodes operating at mid-infrared wavelength,

has provided guidelines for the growth of optimised devices suitable for practical applications,

and has confirmed the promise of these novel metamorphic heterostructures for the development

of high-performance mid-infrared light emitting sources.





Chapter 4

Design and optimisation of dilute

nitride metamorphic mid-infrared

quantum well light emitting diodes

In this chapter we investigate the electronic and optical properties of InNAsSb/AlInAs quantum

well (QW)-based light emitting diode (LED) structures grown on an AlInAs metamorphic buffer

layer (MBL) with the aim of designing efficient strain-balanced QW LED structures emitting

at 4.2 µm.

In Section 4.1, we discuss the possibility of using metamorphic InNy(As1−xSbx)1−y/AlzIn1−zAs

QW structures to emit at λ ≥ 4 µm by studying the bulk-like composition space map of this

material platform. Due to their potential to facilitate the improvement of optical and electronic

properties of QW LEDs, we suggest growing InNy(As1−xSbx)1−y/AlzIn1−zAs QW structures

using AlInAs MBLs grown on a GaAs substrate. By growing a relaxed AlInAs MBL on a GaAs

substrate heterostructure, we can obtain a desired lattice constant in order to enhance scope

for band structure engineering and QW LED design.

In Section 4.2 we present the design procedure for strain-balanced QW structures containing

quaternary semiconductors to emit at a desired wavelength. We show that using quaternary

alloys opens up a new degree of freedom to design QW LED structures: (i) with a fixed well

width, and variable in-plane strain, and (ii) with a fixed in-plane strain, and variable well

width.

In Section 4.3, we design strain-balanced InNy(As1−xSbx)1−y/AlzIn1−zAs QW structures grown

on an Al0.125In0.875As MBL emitting at λ = 4.2 µm. We analyse the electronic and optical

properties of these devices by analysing their compositions, band offsets, spontaneous emission

(SE) spectra, and radiative recombination coefficient B.

51
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In Section 4.4, we seek the possibility of using a different MBL to analyse the effect of MBL

composition on the electronic and optical properties of the InNy(As1−xSbx)1−y/AlzIn1−zAs

QW LED structures emitting at λ = 4.2 µm. We discuss the pros and cons of using different

MBLs, and provide a design template for designing efficient mid-infrared QW LEDs emitting

at λ = 4.2 µm in Section 4.5. Finally, in Section 4.6 we conclude.

4.1 Routes toward achieving emission beyond 4 µm

We argued in Chapter 3 that should we wish to achieve emission wavelengths beyond 4 µm,

nitrogen-free InAsSb/AlInAs QW structures will no longer be appealing, due to the growing

compressive in-plane strain in the well making it difficult to grow multiple epitaxial layers. Here,

we analyse using dilute nitride InNy(As1−xSbx)1−y wells grown on a relaxed Al0.125In0.875As

MBL. Incorporation of a few percent of nitrogen can reduce both the band gap energy [12,

37, 84] and the compressive strain associated with antimony incorporation. The results of this

analysis are summarised in Fig. 4.1(a), where dashed black lines and solid red lines respectively

denote paths in the composition space along which the in-plane strain ϵxx and band gap are

constant. We note however that the calculations presented in Fig. 4.1(a) are for bulk-like

epitaxial InNy(As1−xSbx)1−y layers. When considering QWs the confinement energy – typically

∼ 50 meV for the lowest energy bound CB (e1) and highest energy bound hole (h1) states in full

numerical calculations – must be accounted for. Therefore, achieving a desired QW transition

energy (e1− hh1) requires growth of InNy(As1−xSbx)1−y QWs having a bulk band gap which

is lower by ∼ 50 meV, mandating a significant increase in x and y, consequently limiting

the accessible wavelength range. In the next section, we explain the design procedure that

we employ to achieve strain-balanced InNy(As1−xSbx)1−y/AlzIn1−zAs structures emitting at a

fixed wavelength.

The use of a quaternary alloy to form the QW layer(s) of the LED structure provides significant

freedom to engineer the band structure, allowing in-plane strain and wavelength to be varied

independently. For a desired wavelength λ, this then allows for the growth of an extremely

large number of structures having distinct combinations of alloy compositions x and y, in-

plane strain ϵxx, and QW thickness tw. Fig. 4.1 shows the composition space map of bulk-like

InNy(As1−xSbx)1−y with respect to an Al0.125In0.875As MBL. This shows how the bulk band

gap energy and the in-plane compressive strain vary with Sb and N composition. The ability

to independently vary ϵxx,w and λ in quaternary InNy(As1−xSbx)1−y alloys presents significant

scope to engineer the band structure, in order to obtain properties suitable for the development

of high performance LED devices.
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Figure 4.1: Composition space map describing the ranges of in-plane strain (ϵxx) and band
gap (at T = 300 K) accessible using bulk-like InNy(As1−xSbx)1−y epitaxial layers grown on
an Al0.125In0.875As MBL. Dashed black and solid red lines respectively denote paths in the
composition space along which ϵxx and the band gap are constant.

4.2 Design procedure for strain-balanced InNAsSb/AlInAs quan-

tum wells

In Section 3.3 we outlined the importance of strain-balancing in growth of multiple expitax-

ial layers, and explained the design procedure of strain-balanced ternary InAsSb/AlInAs QW

structures. Here, we expand the method decribed in Section 3.3 to provide a design proce-

dure of strain-balanced InNy(As1−xSbx)1−y/AlzIn1−zAs QW structures to emit at a desired

wavelength. Using quaternary InNy(As1−xSbx)1−y alloys gives another degree of freedom that

enables the band gap and in-plane strain to be selected independently of one another. We use a

10-band k.p Hamiltonian described in Section 2.4 to take the effect of nitrogen localised states

in the CB into account.

The design procedure of strain-balanced InNy(As1−xSbx)1−y/AlzIn1−zAs structures to emit at

a fixed wavelength is as follows:

- Firstly, we define either a fixed thickness tw and tb, or a fixed in-plane strain ϵxx,w.

- Secondly, we find the ratio between x, y, and z satisfying Eq. 3.1.
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2 )
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Figure 4.2: Schematic illustration of the structures considered to design strain-balanced
InNy(As1−xSbx)1−y/AlzIn1−zAs QW LED devices.

- Finally, we vary x and y (and consequently z to satisfy Eq. 3.1) in order to produce a

desired QW band gap energy.

Following this procedure, we provide a template for designing strain-balanced quaternary

InNy(As1−xSbx)1−y/AlzIn1−zAs QW structures emitting at a fixed wavelength. This model

could also be used for designing structures using any given material platform of quaternary

III-V semiconductors with any given thickness ratio tb/tw. As the sign convention, we note

here that throughout this chapter the in-plane strain ϵxx > 0 and ϵxx < 0 correspond to tensile

and compressive strain, respectively. As we will show, while changing the strain in the QW we

can also adjust the QW thickness in order to maintain 4.2 µm emission.

4.3 Design and optimisation of InNAsSb/AlInAs quantum wells

for 4.2 µm emission

In this section, we start by designing strain-balanced InNy(As1−xSbx)1−y/AlzIn1−zAs QWs,

grown on a relaxed Al0.125In0.875As MBL (c.f. Fig. 4.2) and designed to emit at 4.2 µm.

Then, we will discuss and analyse the optoelectronic properties of these structures. As we

cannot investigate all possible well and barrier combinations, we must search for optimum

LED structures by focusing on key parameters in QW design such as well width and strain.

This allows the important trends to be established which can then be applied to other long
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wavelength LED structures. In order to analyse the properties of InNy(As1−xSbx)1−y QWs

for a given emission wavelength λ, we focus our attention on two structure types. Firstly, in

Section 4.3.1 we consider QWs with fixed thickness and variable strain: we choose tw = 8 nm

and vary ϵxx,w from 0 to -2.00% by adjusting x and y in the QW to maintain fixed λ. Secondly,

in Section 4.3.2 we consider QWs with fixed strain and variable thickness – we choose ϵxx,w =

-1.5% and vary tw from 4 to 12 nm, again adjusting x and y to maintain fixed λ. In addition

to quantifying key trends in the expected performance, this approach enables us to identify

specific LED structures offering optimal performance.

4.3.1 Fixed thickness, variable in-plane strain

Here, we analyse InNy(As1−xSbx)1−y/AlzIn1−zAs QW structures with a fixed well thickness

tw and a fixed barrier thickness tb with variable in-plane strain ϵxx,w in the well and a variable

in-plane strain ϵxx,b in the barrier. We begin our optimisation by fixing the thickness, tw =

8 nm, and varying ϵxx,w from 0 to -2.00%. For each structure, we have identified the Sb host

composition x and the N composition y in the well and the Al composition z in the barrier so

that to: (i) produce a desired ϵxx,w, (ii) satisfy the strain-balancing condition, and (iii) confine

the carriers so as to achieve emission at 4.2 µm. We note that the actual Sb composition,

x(1− y) is slightly lower than the host composition x, which describes the relative amounts of

As and Sb in the InNy(As1−xSbx)1−y QW structure. Fig. 4.3(a) illustrates how x and y vary as

the in-plane strain |ϵxx,w| changes from 0 to 2.00%. We note a tradeoff between the Sb and N

compositions required to achieve 4.2 µm wavelength, which essentially provides more freedom

to pick the desired compositions. Sb (N) composition x (y) increases (decreases) by varing

in-plane strain in the well ϵxx,w from 0 to -2.00% in order to maintain the emitting wavelength

at 4.2 µm using a fixed well width tw of 8 nm. Even though highly strained structures require

more Sb host composition x (2.0 - 17.8%) to emit at 4.2 µm, significantly less N composition y

(5.33 - 0.19%) is required in highly-strained QW structures. At the same time, Al composition

z increases from 12.5 to 20.8% as a function of in-plane strain to maintain the strain-balancing

condition in the entire structure. We note that in-plane tensile strain in the barrier ϵxx,b varies

from 0 to 0.55% as a function of in-plane strain in the well.

As also argued in Chapter 3, it is important to minimise the thermal leakage in type-I QWs

by designing structures with favourable CB and VB offsets. The CB and VB offsets of the

structures described above are shown in Fig. 4.3(b) as a function of in-plane strain ϵxx,w. As a

function of ϵxx,w, the CB offset varies from 347 to 164 meV, and the VB offset varies from 91 to

351 meV as a consequence of the changes in material composition and also of the hydrostatic

and biaxial strain effects in each structure. Considering a structure with compressively strained

wells and tensile strained barriers, the VB offset is calculated as an offset between the HH

band edge of the well and LH band edge of the barrier. Another important factor when
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Figure 4.3: Summary of calculated electronic properties for InNy(As1−xSbx)1−y/AlzIn1−zAs
QW structures grown on an Al0.125In0.875As MBL emitting at λ = 4.2 µm at T = 300 K. (a)
InNy(AsxSb1−x)1−y QW alloy Sb host composition x and N composition y, and AlzIn1−zAs
barrier alloy Al composition z required to maintain λ = 4.2 µm and to satisfy strain-balancing
condition as a function of in-plane strain in the well |ϵxx,w|. (b) Calculated CB and VB offsets
and carrier confinement energy as a function of in-plane strain in the well |ϵxx,w|.

considering carrier thermal leakage in QW LEDs is the carrier confinement energy which defines

the difference in energy between the CB (VB) edge of the barrier material and the first electron

(hole) energy level. The bigger the carrier confinement energy, the lower the chance of carrier

leakage. Green and blue dotted curves in Fig. 4.3(b) denote electron and hole confinement

energy in the CB and VB, respectively. With increasing compressive in-plane strain in the well

from 0.0% to 2.0%, electron confinement energy in the CB changes from 244 meV to 109 meV;

showing a relatively strong carrier confinement. However, one can notice that higher strained

structures should be preferred for stronger hole confinement energy in the VB, as this energy

increases from 81 meV to 337 meV by increasing ϵxx,w from 0.0% to 2.0%.

Having analysed the band offsets and carrier confinement energies in these structures, we now

turn our attention to the optical properties of these devices. Fig. 4.4(a) shows the SE spectra at

a fixed carrier density as the in-plane strain ϵxx,w is increased from 0.0% to 2.0%. As expected,

the peak of SE rate at a fixed injected carrier density – n2D = 1011cm−2 – increases with

increasing |ϵxx,w|. This is primarily because of the decrement of the effective masses of QW

hole states in the plane of the QW as a response to the increasing compressive in-plane strain

in the well. This in turn leads to a reduction in the density of states at the VB edge. Therefore,

the VB structure changes in such a way that holes occupy states over a smaller range of k.

This then makes the overall QW band structure more symmetric about the centre of the band

gap, and means that there are more holes available to undergo optical recombination and hence

contribute to the SE. As mentioned in Chapter 3, these proposed QW LEDs are for application

in gas sensing. A crucial factor when considering sensors is the full width at half maximum
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Figure 4.4: Summary of calculated optical properties for InNy(As1−xSbx)1−y/AlzIn1−zAs
QW structures grown on Al0.125In0.875As MBL emitting at λ = 4.2 µm at T = 300 K. (a)
Calculated spontaneous emission spectra at a fixed injected carrier density n2D = 1011cm−2.
(b) Calculated radiative recombination coefficient B at a fixed injected carrier density n2D =
1011cm−2 as a function of compressive in-plane strain in the well |ϵxx,w|.

(FWHM), which determines the capability of measuring small changes. The narrower the peak

of the SE spectra, the better the signal to noise ratio of the device. Comparing the FWHM

of the SE spectra of these structures to comparable AlxIn1−xSb bulk systems emitting at mid-

infrared region [85] we note that the calculated FWHM of the SE spectra is approximately 0.7

µm for the InNy(As1−xSbx)1−y/AlzIn1−zAs QW structures grown on an Al0.125In0.875As MBL,

which is significantly smaller than the FWHM of ∼=1.1 µm observed when using AlxIn1−xSb

bulk systems.

Fig. 4.4(b) summarises the calculated radiative recombination coefficient B of these 4.2 µm

strain-balanced structures. As was done in Chapter 3, the radiative recombination coefficient

B has been computed by (i) integrating over the calculated SE spectrum to obtain the radiative

current density Jrad, and (ii) writing Jrad = eBn22D in the Boltzmann approximation. At 4.2

µm we calculate a maximum value B = 1.14× 10−4 cm2 s−1 for a QW having |ϵxx,w| = 2.0%.

4.3.2 Fixed in-plane strain, variable thickness

There are a few different characteristics of 4.2 µm InNy(As1−xSbx)1−y/AlzIn1−zAs QW struc-

tures that govern their electronic and optical properties. Having designed these structures

with a fixed QW thickness of tw = 8 nm and in-plane strain in the well |ϵxx,w| varying from 0.0

to 2.0%, we now choose an optimum |ϵxx,w| to design structures with variable QW thickness.

This allows us to engineer these devices electronically and optically by modifying the alloy

compositions and well widths to achieve a set of strain-balanced structures emitting at 4.2 µm.
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Figure 4.5: Summary of calculated electronic properties for InNy(As1−xSbx)1−y/AlzIn1−zAs
QW structures grown on Al0.125In0.875As MBL emitting at λ = 4.2 µm at T = 300 K. (a)
InNy(AsxSb1−x)1−y QW alloy Sb host composition x and N composition y, and AlzIn1−zAs
barrier alloy Al composition z required to maintain λ = 4.2 µm emission and to satisfy strain-
balancing condition as a function of QW thickness tw. (b) Calculated variation of CB and VB
offsets and carrier confinement energy with QW thickness tw.

Here, we have chosen a fixed in-plane strain ϵxx,w = -1.5% with a variable QW thickness, ranging

from 4 to 12 nm. The selection criteria for the optimum in-plane strain ϵxx,w is summarised as

follows:

- Structures with lower Sb host composition x and N composition y are easier to grow.

- Structures with higher CB and VB offsets suppress the thermal leakage more effectively.

- The higher the SE rate and the radiative recombination coefficient B, the better the optical

efficiency of the device.

We follow the same design procedure as used in Section 4.2. We therefore begin by fixing the

in-plane strain in the well, ϵxx,w = -1.5%, and vary QW thickness tw from 4 to 12 nm. For

each structure, we identify Sb host composition x and N composition y in the well and Al

composition z in the barrier in order to: (i) produce a desired ϵxx,w = -1.5%, (ii) satisfy the

strain-balancing condition, and (iii) confine the carriers so as to achieve emission at 4.2 µm.

Figure 4.5(a) depicts the calculated Al, Sb and N alloy compositions required for strain-balanced

InNy(AsxSb1−x)1−y/AlzIn1−zAs QW LED structures on an Al0.125In0.875As MBL emitting at λ

= 4.2 µm at T = 300 K. Having a fixed compressive in-plane strain in the well mandates a fixed

tensile in-plane strain in the barrier to satisfy the strain-balancing condition. In this regard,

the Al composition z remains constant ( = 19% ) as a function of QW thickness tw. The wider

the QW thickness tw, the smaller the value of e1 and hh1; therefore, Sb host composition x
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Figure 4.6: Summary of calculated optical properties for InNy(As1−xSbx)1−y/AlzIn1−zAs
QW structures grown on an Al0.125In0.875As MBL emitting at λ = 4.2 µm at T = 300 K. (a)
Calculated spontaneous emission spectra at a fixed injected carrier density n2D = 1011cm−2.
(b) Calculated radiative recombination coefficient B at a fixed injected carrier density n2D =
1011cm−2 as a function of QW thickness tw.

and N composition y in the well both decrease as QW thickness tw increases: x (y) varies from

18.2% (3.01%) to 11.8% (0.68%) by varying tw from 4 to 12 nm.

The CB and VB offsets of these structures are shown in Fig. 4.5(b). QW structures with higher

band offsets suppress the thermal leakage more effectively. As mentioned above, the barrier

composition AlzIn1−zAs remains constant in the structures with a fixed in-plane strain. Hence

the CB and VB offsets are only functions of Sb host composition x and N composition y in

the InNy(AsxSb1−x)1−y well. Therefore, as a consequence of the smaller x and y required in

wider structures, both CB and VB offsets decrease by increasing the QW thickness tw. The

CB offset varies from 276 to 199 meV. The VB offset is calculated as the offset between the HH

band edge in the well and the LH band edge in the barrier, varying from 336 to 266 meV. The

calculated band offsets look promising to help the carrier states to be confined strongly and

therby minimise thermal leakage of electrons and holes from the CB and VB, respectively. We

have assessed this by studying the carrier confinement energies ∆ECB − e1 and ∆EV B − hh1.

The green and blue dotted curves in Fig. 4.5(b) denote electron and hole confinement energy

in the CB and VB, respectively. With increasing QW thickness from 4 to 12 nm, electron

confinement in the CB increases from 127 meV to 160 meV. Stronger hole confinement energies

in the VB are witnessed in structures with narrower QW thickness, though the difference in

this energy is not significant when varying tw from 4 to 12 nm; decreasing from 293 meV to

259 meV.

Turning our attention to the optical properties of these devices, we next calculate the SE

spectra and radiative current density of these structures at a fixed injected carrier density.
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Fig. 4.6(a) shows the calculated SE spectra of three of the structures discussed above with

tw = 4, 8, 12 nm. As discussed in Section 4.3.1, we expect the peak SE rate at a fixed

injected carrier density – n2D = 1011cm−2 – to decrease in structures with a larger density of

states at the VB maximum, which consequently have less carriers available to undergo optical

recombination. The energy separation between the higher confined hole states decreases as

the well width increases, and the VB edge effective mass also increases with reducing confined

state separation. As a consequence, the peak of the SE rate drops from 3.4 A eV −1 s−1 in the

narrowest structure with tw = 4 nm to 2.0 A eV −1 s−1 in the widest structure having tw = 12

nm.

At a fixed injected carrier density n2D = 1011cm−2, we expect the 2D radiative coefficient B to

decrease in structures with wider QWs. The calculated radiative coefficient B is also depicted

in Fig. 4.6(b) – dropping from 1.13 × 10−4 cm2 s−1 in the narrowest structure with tw = 4 nm

to 0.68 × 10−4 cm2 s−1 in the widest structure having tw = 12 nm.

4.4 Possibility of using a different metamorphic buffer layer

Given the large band offsets observed for an Al0.125In0.875As MBL, we consider now the potential

to use a MBL with a different composition, closer to that of InAs. This change in MBL will

reduce the Al content in the barrier layer at fixed strain, hence reducing the barrier band gap

energy, however barrier heights will then reduce e1 for electrons and hh1 holes in the QW, so

that 4.2 µm emission may then be achieved using a QW layer with larger bulk energy gap

and hence lower Sb and N composition for a fixed well width and strain value. We choose

a MBL composition of Al0.06In0.94As for this investigation. We analyse the electronic and

optical properties of the strain-balanced InNy(As1−xSbx)1−y/AlzIn1−zAs QW structures grown

on this MBL in order to seek the potential of reducing the MBL aluminium composition. We

will conclude this section by a comparison between the structures considered in Sections 4.3.1

and 4.3.2 and those considered her in Sections 4.4.1 and 4.4.2, discussing the pros and cons of

using MBLs with different compositions with regards to the electronic and optical properties

of the proposed structures.

The strain-balanced InNy(As1−xSbx)1−y/AlzIn1−zAs QW structures considered in Sections 4.3.1

and 4.3.2 were designed with respect to an Al0.125In0.875As MBL – from now on, we will refer to

this as MBL1 – with a lattice constant of 6.0087 Å. These structures require N composition y in

a range of 0.19% to 5.33% for designing strain-balanced InNy(As1−xSbx)1−y/AlzIn1−zAs QW

structures emitting at 4.2 µm. Practically, structures with less Sb and N composition are more

favourable to grow. Therefore, we assess here the potential of using an Al0.06In0.94As MBL with

a lattice constant of 6.0345 Å – we refer to this as MBL2 below. We investigate the extent to
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Figure 4.7: Summary of calculated electronic properties for InNy(As1−xSbx)1−y/AlzIn1−zAs
QW structures grown on Al0.06In0.94As MBL emitting at λ = 4.2 µm at T = 300 K. (a)
InNy(As1−xSbx)1−y QW alloy Sb host composition x and N composition y, and AlzIn1−zAs
barrier alloy Al composition z required to maintain λ = 4.2 µm and to satisfy strain-balancing
condition as a function of in-plane strain in the well |ϵxx,w|. (b) Calculated CB and VB offsets
and carrier confinement energy as a function of in-plane strain in the well |ϵxx,w|.

which it may allow reduced N and Sb composition in a strain-balanced QW structure emitting

at 4.2 µm, and whether such structures bring any benefit for the overall optical properties.

4.4.1 Fixed thickness, variable in-plane strain

Here, we analyse InNy(As1−xSbx)1−y/AlzIn1−zAs QW structures with a fixed well thickness

tw and a fixed barrier thickness tb with variable in-plane strain ϵxx,w in the well and a variable

in-plane strain ϵxx,b in the barrier. Again, we consider the thickness ratio tb = 3tw. We begin

our optimisation by fixing the thickness, tw = 8 nm, and varying ϵxx,w from 0% to a maximum

possible value while satisfying the strain-balancing condition and emitting at λ = 4.2 µm. Using

MBL2 for fixed thickness, variable in-plane strain structures may limit the achievable in-plane

strain in the well due to MBL2 having a larger lattice constant than MBL1. As was done in

Section 4.3.1, for each structure, we identify the Sb host composition x and the N composition

y in the well and the Al composition z in the barrier in order to: (i) produce a desired ϵxx,w,

(ii) satisfy the strain-balancing condition, and (iii) confine the carriers so as to achieve emission

at 4.2 µm.

The variation of x and y with in-plane strain |ϵxx,w| is depicted in Fig. 4.7(a). Analysing the

composition variation of InNy(As1−xSbx)1−y/AlzIn1−zAs QW structures grown on MBL2, we

note that the maximum achievable ϵxx,w for a well width of 8 nm is -1.41%, with x = 14.8%, y =

0.0%, and z = 12.2%. We consider here the structures with 0.0% ⩽ |ϵxx,w| ⩽ 1.25% with steps

of 0.25%. There is again a tradeoff between the Sb and N compositions required to achieve
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4.2 µm wavelength using MBL2. Using a fixed well width tw of 8 nm, Sb (N) composition x

(y) increases (decreases) by varying in-plane strain in the well ϵxx,w from 0 to -1.25% nm in

order to maintain the emission at λ = 4.2 µm. As strain is increased, we require larger Sb

host composition x (4.1 - 13.5%) to emit at 4.2 µm, but this will lead to requiring significantly

lower N composition y (3.75 - 0.39%) in higher-strained QW structures. In addition, the Al

composition z increases from 6.0 to 11.6% as a function of in-plane strain to satisfy the strain-

balancing condition in the entire structure. It is worth noting that the in-plane tensile strain

in the barrier ϵxx,b ranges from 0 to 0.37% as a function of the in-plane strain in the well.

Due to the effects of the compressive in-plane strain in the well and the tensile in-plane strain

in the barrier, the VB offset in these structures is calculated as the offset between the HH band

edge in the well and the LH band edge in the barrier. The CB and VB offsets of these QW

structures with respect to the Al0.06In0.94As MBL are shown in Fig. 4.7(b) as a function of

in-plane strain ϵxx,w. By varying |ϵxx,w| from 0 to 1.25%, the CB offset decreases from 198 to

83 meV, and the VB offset increases from 82 to 241 meV. Green and blue dotted curves in

Fig. 4.7(b) denote electron and hole confinement energy in the CB and VB, respectively. With

increasing compressive in-plane strain in the well from 0.0% to 1.25%, electron confinement

energy in the CB decreases from 118 meV to 41 meV; showing stronger carrier confinement

in structures with lower compressive in-plane strain in the well. However, one can notice that

highly strained structures produce stronger hole confinement energy, with the hole confinement

exceeding electron confinement for |ϵxx,w| >0.25%.

Turning our attention to the optical properties of these devices, we next calculate the SE

spectra and radiative coefficient B of these QW LED devices. Fig. 4.8(a) depicts the SE

spectra at a fixed carrier density for selected strain values. Highly-strained structures have less

hole effective mass, mandating the density of states close to the VB edge to diminish. Hence,

holes occupy states over a smaller range of k in the VB, meaning that more holes are available

to participate in optical recombination. The peak of the SE rate at a fixed injected carrier

density – n2D = 1011cm−2 – increases with increasing |ϵxx,w| from 0.0 to 1.25%. However the

peak rate for 1% strain (∼ 1.4 A eV−1 s−1) is lower than that for 1% strain in MBL1 (∼ 2 A

eV−1 s−1); c.f. Fig. 4.4(a). This reduction arises due to the weaker electron confinement in the

QW in MBL2 – which is primarily associated with the smaller CB and VB offsets compared

to the structures grown on MBL1, reducing both the elctron-hole overlap and also allowing

electron spill over from the well to barrier layer.

Fig. 4.8(b) summarises the calculated radiative recombination coefficient B of these 4.2 µm

strain-balanced structures. At 4.2 µm we calculate a maximum value B = 0.49× 10−4 cm2 s−1

for a QW with |ϵxx,w| = 1.25%, again reduced compared to the value of B = 0.82× 10−4 cm2

s−1 for |ϵxx,w| = 1.25% in Fig. 4.4(b) (MBL1).
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Figure 4.8: Summary of calculated optical properties for InNy(As1−xSbx)1−y/AlzIn1−zAs
QW structures grown on Al0.06In0.94As MBL emitting at λ = 4.2 µm at T = 300 K. (a)
Calculated spontaneous emission spectra at a fixed injected carrier density n2D = 1011cm−2.
(b) Calculated radiative recombination coefficient B at a fixed injected carrier density n2D =
1011cm−2 as a function of compressive in-plane strain in the well |ϵxx,w|.

4.4.2 Fixed in-plane strain, variable thickness

Here, we have chosen a fixed in-plane strain ϵxx,w = -1.0% with a variable QW thickness ranging

from 4 to 12 nm. We have used the selection criteria as outlined in Section 4.3.2 in order to find

the optimum in-plane strain ϵxx,w. For each structure, we have identified Sb host composition

x and N composition y in the well and Al composition z in the barrier so as to: (i) produce a

desired ϵxx,w = -1.0%, (ii) satisfy the strain-balancing condition, and (iii) confine the carriers

so as to obtain the peak of the SE spectra at λ = 4.2 µm.

Fig. 4.9(a) summarises the calculated alloy compositions in the well and in the barrier required

to design strain-balanced InNy(As1−xSbx)1−y/AlzIn1−zAs QW structures emitting at λ = 4.2

µm on MBL2 at T = 300 K. The Al composition z remains constant ( = 10.6% ) as a function

of QW thickness tw. Carrier confinement is stronger in wider structures. Therefore, the Sb host

composition x and N composition y in the well both decrease as QW thickness tw increases: x

(y) varies from 14.6% (2.14%) to 10.4% (0.59%) by varying tw from 4 to 12 nm.

The calculated CB and VB offsets of these structures are summarised in Fig. 4.9(b). QW

structures with higher band offsets suppress the thermal leakage more effectively. Barrier com-

position AlzIn1−zAs remains constant in the structures with a fixed in-plane strain. Therefore

the CB and VB offsets only depend on Sb host composition x and N composition y in the

InNy(As1−xSbx)1−y well. Both the CB and VB offsets decrease by increasing the QW thick-

ness tw due to the less x and y required in wider structures. The CB offset varies from 145 to 96

meV. The VB offset is again calculated as an offset between the HH band edge in the well and

the LH band edge in the barrier: varying from 243 to 195 meV. As also shown in Fig. 4.9(b),
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Figure 4.9: Summary of calculated electronic properties for 1% strained
InNy(As1−xSbx)1−y/AlzIn1−zAs QW structures grown on Al0.06In0.94As MBL emitting
at λ = 4.2 µm at T = 300 K. (a) InNy(As1−xSbx)1−y QW alloy Sb host composition x and N
composition y, and AlzIn1−zAs barrier alloy Al composition z required to maintain λ = 4.2
µm emission and to satisfy strain-balancing condition as a function of QW thickness tw. (b)
Calculated variation of CB and VB offsets and carrier confinement energy with QW thickness
tw.

while the electron confinement energy, ∆ECB − e1, increases from 50 meV to 65 meV with

increasing QW thickness, the hole confinement energy has an opposite trend; decreasing from

203 meV to 189 meV. Given the sufficiently large hole confinement energy in these structures,

the priority when choosing an optimal structure is then to go with structures with wider QW

thickness, delivering a higher electron confinement energy.

We now turn our attention to analysing the optical properties of these devices. Fig. 4.10(a)

shows the calculated SE spectra of three of the structures discussed above with tw = 4, 8, 12

nm. Once again, the peak of the SE rate with a fixed injected carrier density – n2D = 1011cm−2

– increases in narrower QWs. The peak of the SE rate drops from 2.09 A eV −1 s−1 in the

narrowest structure with tw = 4 nm to 1.14 A eV −1 s−1 in the widest structure with tw = 12

nm.

Likewise, the radiative coefficient B at a fixed injected carrier density n2D = 1011cm−2 decreases

in wider structures that contain less Sb host composition x. The calculated radiative coefficient

B is shown in Fig. 4.10(b) – dropping from 0.78 × 10−4 cm2 s−1 in the narrowest structure

with tw = 4 nm to 0.17 × 10−4 cm2 s−1 in the widest structure having tw = 12 nm.



Design and optimisation of dilute nitride metamorphic mid-infrared quantum well light
emitting diodes 65

3.0 3.5 4.0 4.5 5.0
Wavelength, λ (µm)

0.0

0.5

1.0

1.5

2.0

2.5
r s

p
 (A

 e
V 

−1
 s

−1
)

n2D =1011cm−2

(a) |εxxǫ w| = 1.0%, MBL: Al0.06In0.94As

4 nm
8 nm
12 nm

4 6 8 10 12
QW thickness, tw (nm)

0.0

0.2

0.4

0.6

0.8

B
 (×

 1
0−

4
 c

m
2
 s

−1
)

λ = 4.2 µm

(b) |εxxǫ w| = 1.0%, MBL: Al0.06In0.94As

Figure 4.10: Summary of calculated optical properties for InNy(As1−xSbx)1−y/AlzIn1−zAs
QW structures grown on Al0.06In0.94As MBL emitting at λ = 4.2 µm at T = 300 K. (a)
Calculated spontaneous emission spectra at a fixed injected carrier density n2D = 1011cm−2.
(b) Calculated radiative recombination coefficient B at a fixed injected carrier density n2D =
1011cm−2 as a function of QW thickness tw.

4.5 Design criteria for optimum quantum well light emitting

diode emitting at 4.2 µm

In Sections 4.3 and 4.4 we investigated a series of strain-balanced InNy(As1−xSbx)1−y/AlzIn1−zAs

QW LED structures emitting at λ = 4.2 µm. We argued that there are several electronic and

optical characteristics of QW LEDs that govern the performance of the device. Here, we discuss

different aspects of these devices while using MBL1 or MBL2 as the MBL on top of which the

structures are grown.

QW thickness and alloy composition:

The improved carier confinement in wider wells allows the use of lower antimony and nitrogen

contents to deliver λ = 4.2 µm emission. This also leads to a reduced level of compressive

in-plane strain in the well which is favourable from a growth point of view. Given the larger

lattice constant of MBL2 compared to MBL1, using MBL2 also allows the use of less antimony

and nitrogen contents in the well to obtain emission at 4.2 µm (c.f. Fig. 4.9(a)). Also, by using

MBL2, the optimised in-plane strain in the well ϵxx,w drops to -1.0% (using MBL1 requires ϵxx,w

= -1.5%, as shown in Fig. 4.5(a)); which in turn produces a lower strain-thickness product.

Hence, growth considerations tend to favour MBL2 and wider wells.

Carrier confinement energy :

Although holes are more strongly confined in QW structures with narrower QW thickness

at a fixed compressive in-plane strain, wider structures deliver a better confinement energy of
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electrons at a fixed compressive in-plane strain using either MBL1 or MBL2 (c.f. Figures 4.5(b)

and 4.9(b)). Nevertheless, MBL1 allows for good electron confinement across the full range of

well widths studied, with the electron confinement energy increasing from 127 meV to 160 meV

as the well width increases from 4 nm to 12 nm. Electron confinement is weaker for all well

widths considered for MBL2, increasing from 50 meV to only 65 meV, as the width increases

from 4 nm to 12 nm. The holes are generally very well confined in all structures considered on

both MBL1 (ranging from 293 to 259 meV by increasing the well width) and MBL2 (ranging

from 203 to 189 meV by increasing the well width). Overall carrier confinement considerations

look to favour MBL1 over MBL2. This conclusion is further confirmed when we next consider

the SE rate for the deifferent structures considered.

Spontaneous emission rate and radiative current density :

Choosing a fixed in-plane strain in the well, narrower structures tend to have a higher peak

of spontaneous emission rate, and subsequently a higher radiative recombination coefficient

B. Higher SE rate and radiative current density are found in the structures grown on MBL1

(c.f. Fig. 4.6), showing an increase of ∼45% compared to the structures grown on MBL2 (c.f.

Fig. 4.10).

Considering all of the above characteristics, there is apparently a tradeoff while trying to

choose the optimal QW LED structures since some of the characteristics are optimised in the

narrower wells, and some are optimised in the wider wells. Nevertheless, when choosing a fixed

compressive in-plane strain in the well, we conclude that structures with QW thickness tw

from 6 to 10 nm exhibit a good balance of different electronic and optical properties, while also

allowing to have a reduced Sb and N composition compared to the narrowest structures. All in

all, although using MBL2 is more favourable in terms of requiring significantly less antimony

and nitrogen content in the well to achieve λ = 4.2 µm emission, but this comes at the expense

of smaller band offsets and carrier confinement energy as well as weaker optical performance of

the devices. Therefore, we conclude that structures grown on MBL1 deliver a better balance

of the electronic and optical properties.

4.6 Summary and conclusions

In this chapter we have presented a theoretical investigation to guide optimisation of the optical

properties of 4.2 µm InNAsSb QWs grown on AlInAs MBLs. Analysing the bulk composition

space map of this material system, we have argued that using dilute nitride InNy(As1−xSbx)1−y

is critical to achieve emission beyond 4 µm. By quantifying the scope offered by this ma-

terial system to use strain and band structure engineering we demonstrated that there is

large scope for the design of QW structures, incorporating compressively strained quaternary
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InNy(As1−xSbx)1−y QWs having tensile strained ternary AlzIn1−zAs barriers. Such QWs can

combine large type-I band offsets with emission wavelengths ∼ 4.2 µm, offering the possibility

to design devices having high optical efficiency and reduced temperature sensitivity, and making

these structures specifically appealing for the development of mid-infrared light emitters.

We have presented design criteria to achieve strain-balanced quaternary QWs at a desired

emission wavelength, thereby providing a general method which can be applied to produce

candidate multi-QW or superlattice structures for epitaxial growth and experimental investi-

gation. Via a systematic analysis of strain-balanced structures designed to emit at 4.2 µm we

identified key trends in their properties and performance as functions of alloy composition, QW

thickness and epitaxial strain, while considering growth on two different metamorphic buffer

layers.

Overall, our theoretical analysis has identified important trends in the performance of GaAs-

based metamorphic quantum well light emitting diodes operating at λ = 4.2 µm, providing

guidelines for the growth of optimised devices suitable for practical applications, and point-

ing to the promise of these novel metamorphic heterostructures for the development of high-

performance mid-infrared light emitting sources.





Chapter 5

Band structure engineering of

type-II GaAs1−xSbx/GaAs quantum

rings for intermediate band solar

cells

A Quantum Ring (QR) is a term describing a doubly-connected nanostructure of ring-like

shape. Charge carriers in QRs experience unusual density of states, and display novel phys-

ical properties which differ significantly from singly-connected nanostructures, e.g. quantum

dots [86–88]. In this chapter we focus on results of modelling type-II GaAs1−xSbx/GaAs QRs

to study their electronic band structure in order to design and optimise intermediate band solar

cells (IBSCs).

We begin with an introduction and an overview of past related works in Section 5.1. In Sec. 5.2,

using an analytical analysis – based on a solution of the time-independent Schrödinger equa-

tion for a cylindrical QR of infinite potential depth – we highlight that the QR geometry

offers significant flexibility, compared to the conventional quantum dot (QD) geometry, to en-

gineer the valence band (VB) structure of GaAs1−xSbx/GaAs structures for IBSC applications.

Our numerical calculations in Sec. 5.3 – based on a multi-band k·p Hamiltonian, and includ-

ing full strain and piezoelectric effects – corroborate this finding. We highlight that type-II

GaAs1−xSbx/GaAs QRs [89–92] are ideally suited to IBSC applications, due not only to their

radiative lifetimes, but also due to their large VB offsets, which can be expected to mitigate

thermionic emission of holes from the intermediate band (IB). In Sec. 5.4, we undertake a

numerical optimisation of the QR morphology, by varying the QR dimensions and alloy com-

position, to identify structures which allow to achieve optimum IB energy so as to maximise

69
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IBSC efficiency. Our results confirm the potential of GaAs1−xSbx/GaAs QRs for IBSC ap-

plications, and provide guidelines for the growth of suitable structures for prototype IBSCs.

Finally, we conclude in Sec. 5.5.

5.1 Intermediate band solar cells

Nowadays the sustainable energies are of most importance. Solar cells as photovoltaic systems

which can generate electrical energy from solar radiation have become the most popular devices

in the field of using sustainable energies [93]. Conventional single-energy-gap solar cells have

an ultimate efficiency limit that was established by Shockley and Queisser on the basis of

detailed balance arguments [94]. The limited efficiency of these single-energy-gap solar cells

is primarily due to two opposing fundamental processes – absorption and emission, and also

that only photons with an energy close to that of the semiconductor band gap are effectively

converted [95]. Due to their potential to significantly exceed the single-junction Shockley-

Queisser (detailed balance) photovoltaic efficiency limit, IBSCs constitute a promising approach

towards developing next-generation solar cells [96, 97]. This is achieved via introduction of an

IB lying energetically within the band gap of a host matrix semiconductor. In the case that

the IB is electrically isolated from both the VB and conduction band (CB) of the host matrix

semiconductor – via gaps in the density of states – carrier generation due to absorption of

photons having energy less than the band gap EG = ECB−EVB of the host matrix semiconductor

can occur via two-step photon absorption (TSPA).

There are two processes involved in a generic hole-based IB material as illustrated in Fig. 5.1.

Process (I) consists of electron-hole pair generation via the absorption of two subband gap

photons, one of them with E > EL (pumping one electron from the VB to the IB) and the

other with E > EH , pumping one electron (not necessarily the same one) from the IB to the

CB. The idea of this two-photon mechanism for harvesting subband gap photons and increasing

the conversion efficiency of solar cells was first proposed in Ref. [96], after which the conversion

efficiency of an ideal system was calculated in Refs. [98–100]. In process (II), one photon has

energy above the band gap energy (E > EG) while the second one exhibits subband gap energy

(E > EL). Through the absorption of the above-band-gap photon, an electron-hole pair is

created. In a hole-based IBSC, TSPA proceeds via (i) an electron in the IB being promoted

to the CB via absorption of a sub-band gap photon having energy EH = ECB − EIB, and (ii)

subsequent promotion of the resulting IB hole to the VB via the absorption of a second sub-

band gap photon having energy EL = EIB − EVB. The presence of the IB therefore enhances

the photocurrent generated by a single-junction solar cell at fixed illumination, by allowing

absorption of photons having energy < EG, while the electrical isolation of the IB from the

host matrix CB and VB ensures that the open-circuit voltage VOC is determined by EG rather

than being limited by the sub-band gap energies EL and EH [96, 101].
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Figure 5.1: A schematic of a hole-based intermediate band solar cell. In process (I) one
photon pumps an electron from the IB to the CB and, subsequently, a hole confined in the IB
is pumped by another photon to the VB. In process (II) one electron-hole pair is created by
one photon. The hole relaxes into the less energetic IB and is subsequently pumped back into
the VB by a second photon [102].

Due to their promise of high efficiency – with a predicted detailed balance limit of 63.8% under

concentrated illumination [96, 97, 101] – IBSCs have attracted significant research interest. We

consider the following assumptions when realising ideal IBSCs [96]:

- Nonradiative transitions between any two of the three bands are forbidden.

- Carrier mobilities are infinite.

- Ohmic contacts are applied so that only electrons (holes) can be extracted from the con-

duction (valence) band to form the external current.

- No carrier can be extracted from the impurity band.

- The cell is thick enough so that the photons with enough energy to induce any one of the

transitions described above are absobed.

- A perfect mirror is located at the back of the cell (and elsewhere) so that the radiation

generated in the cell can only escape by the front area of illumination.

- The incident light is isotropic. This is achieved by using an ideal concentrator – of zero

absorptance – that sends the luminescent photons escaping from the cell to somewhere inside

the solar cell.
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Despite the simplicity of the elemental concepts, practical realisation of IBSCs has proved

extremely challenging [97, 103]. Practical efforts to realise IBSCs have to date focused primarily

on two approaches to introduce an IB into the band gap of a host matrix semiconductor,

relying on (i) a bound electron or hole ground state in a three-dimensional quantum confined

heterostructure possessing a discrete density of states, e.g. in a QD, or (ii) an IB formed via

incorporation of a small concentration of a substitutional impurity, e.g. in a highly-mismatched

alloy (HMA) such as dilute nitride GaNxAsyP1−x−y [104]. The performance of QD-IBSCs has

been limited by a combination of poor sub-band gap absorption, which limits short-circuit

current density JSC, and short radiative lifetimes τrad for carriers occupying IB states, resulting

in loss of carriers from the IB via radiative recombination and consequently reducing VOC [97].

Likewise, the presence of insufficiently large band offsets in QDs can lead to loss of carriers

via thermionic emission (e.g. from the IB to CB in an electron-based QD-IBSC) [105]. The

use of localised impurity states in HMA-IBSCs also introduces fundamental issues, increasing

losses associated with non-radiative (Shockley-Read-Hall) recombination of carriers occupying

IB states at defect sites, and thereby limiting carrier extraction and degrading overall efficiency

of the device.

As a result, research studies to realise IBSCs have increasingly shifted away from conven-

tional platforms such as type-I QDs, and towards novel materials and heterostructures whose

electronic and optical properties offer the potential to overcome the aforementioned limita-

tions. In particular, there is increasing interest in heterostructures having type-II band align-

ment [106–109], due to their potential to suppress radiative losses as a consequence of the

intrinsically large radiative lifetimes associated with their bound eigenstates (resulting from re-

duced electron-hole spatial overlaps) [110, 111], as well as reduced intra-band carrier relaxation

via non-radiative (Auger) recombination [112, 113]. One such class of novel heterostructures

are type-II GaAs1−xSbx/GaAs quantum rings (QRs). These hole-based IBSCs – in which

the IB is formed by the highest energy bound hole eigenstate in the QR – have attracted in-

creasing attention due not only to their type-II band alignment, but also to their large band

offsets, which are expected to mitigate carrier loss via thermionic emission from the IB. Ex-

perimental analysis of prototype type-II GaAs1−xSbx/GaAs QR-IBSCs has revealed several

promising properties compared to conventional QD-IBSCs, including (i) enhanced TSPA and

external quantum efficiency [114, 115], (ii) reduced losses via radiative recombination, leading

to improved carrier extraction and overall efficiency [116], and (iii) recovery of VOC under con-

centrated illumination [117–119]. However, the main critical unwanted transition in type-II

QR IBSCs is hole capture into the QR. We will show Section 5.3.3 that this transition is not

likely to be significant.

Despite numerous and ongoing experimental investigations of type-II GaAs1−xSbx/GaAs QRs

for IBSC applications, there is little detailed information available in the literature regarding

the electronic properties of these structures. In the rest of this chapter, we present a combined
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analytical and numerical analysis of the electronic properties of GaAs1−xSbx/GaAs QRs and

demonstrate that minor changes in morphology, compatible with established epitaxial growth,

can be exploited to tune the QR hole ground state (IB) to an optimum energy to maximise

IBSC efficiency.

5.2 Eigenstates of an infinite quantum ring

Our analytical analysis is based on the solution of the time-independent Schrödinger equation

for the eigenstates of an idealised (001)-oriented cylindrical QR of infinite potential depth. The

QR is taken to have inner and outer radii a1 and a2 in the plane perpendicular to the (001)-

direction, and height h along the (001)-direction. A schematic illustration of the QR geometry

is shown in Fig. 5.2(a). Choosing the origin of a cylindrical polar coordinate system (r, ϕ, z) to

lie at the centre of the base of the QR, the potential – which is axially symmetric about the

(001), or z, direction and hence independent of ϕ – is

V (r, h) =

{
0 , a1 < r < a2 and 0 < z < h

∞, otherwise
. (5.1)

Separating the variables by writing the QR eigenstates ψlmn(r, ϕ, z) = Rlm(r)Φm(ϕ)Zn(z),

yields three separable differential equations (one in each of the radial, polar and longitudinal

coordinates r, ϕ and z). The solution of the ϕ and z equations are as in the conventional

cylindrical QD of infinite potential depth (corresponding here to a1 = 0). The solution in the

polar (ϕ) direction is trivial due to the axial symmetry of the potential about the z direction,

with Φm(ϕ) = 1√
2π
eimϕ for integer m. Along the z direction the eigenstates are those of the

infinite square well

Zn(z) =

√
2

h
sin
(nπz
h

)
. (5.2)

Within the QR V (r, z) = 0, and the radial equation reduces to the (cylindrical) Bessel equation,

the general solution of which is Rlm(r) = AlmJm(kr) +BlmYm(kr), where Jm(kr) and Ym(kr)

are respectively the Bessel functions of the first and second kind. Here, l is a positive integer

which indexes the allowed values klm of the radial wave vector k. To this point, the general

solution is identical to that of a cylindrical QD of infinite potential depth. The difference in the

QR case arises due to the presence of the central barrier for r ≤ a1. Due to the presence of the

central barrier we seek radial wave functions satisfying the boundary conditions Rlm(a1) = 0

and Rlm(a2) = 0. Applying the first of these conditions allows us to solve for Blm in terms of

Alm, giving
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Rlm(r) = Alm

(
Jm(kr)− Jm(ka1)

Ym(ka1)
Ym(kr)

)
, (5.3)

where the constant Alm can be determined via normalisation. Applying the second boundary

condition then yields the transcendental equation

Jm(ka1)Ym(ρka1)− Jm(ρka1)Ym(ka1) = 0 , (5.4)

where we have defined ρ = a2
a1

as the ratio of the outer and inner QR radii (so that ρka1 = ka2).

The wave vector klm associated with the radial wave function Rlm(r) is then, for a given value of

m, determined via the lth root klma1 of Eq. (5.4). Defining a = a2−a1 as the radial thickness of
the QR, we note that Eq. (5.3) reduces to Rlm(r) = AlmJm(kr) in the limit a1 → 0 (a2 → a),

with Eq. (5.4) correspondingly reducing to Jm(ka) = 0, yielding the well-known solution of

Schrödinger’s equation for a cylindrical QD of radius a as the QR is transformed into a QD via

the removal of the central potential barrier.

The energies of the QR eigenstates are given by the sum of the in- and out-of-plane contributions

Elmn =
ℏ2

2m0

(
k2lm
m∗

⊥
+
π2n2

m∗
∥h

2

)
, (5.5)

where m0 is the free electron mass, and where m∗
∥ and m∗

⊥ are respectively the (relative)

effective mass parallel and perpendicular to the [001] growth direction. The QR ground state

is obtained for quantum numbers (l,m, n) = (1, 0, 1).

A useful convergence property of the ground state radial wave vector k10 can be obtained

from the first root of Eq. (5.4) for m = 0. Specifically, for a QR having radial thickness

a = a2 − a1, k10 converges rapidly to π
a with increasing inner radius a1. This provides a useful

approximation, k10 ≈ π
a , which can be used to estimate the radial contribution to the QR

ground state energy (cf. Eq. (5.5)).

To see that this is the case we note that, for large x, J0(x) ≈
√

2
πx cos

(
x− π

4

)
and Y0(x) ≈√

2
πx sin

(
x− π

4

)
, so that the m = 0 radial wave function can be written in the form

Rl0(r) ≈ Cl0

√
2

πkr
cos (kr + θ) , (5.6)

for some phase θ and normalisation constant Cl0. This approximate expression for Rl0(r)

satisfies the boundary conditions Rl0(a1) = 0 and Rl0(a2) = 0 for radial wave vectors kl0 ∼ lπ
a .



Band structure engineering of type-II GaAs1−xSbx/GaAs quantum rings for intermediate
band solar cells 75

(a)

0.7

0.8

0.9

1.0

0.0 0.5 1.0 1.5 2.0

(b)

-1.0

0.0

1.0

0 2 4 6 8 10

-1.0

0.0

1.0

0 2 4 6 8 10

2

3

4

5

6

2 3 4 5 6 7 8 9

a2 = 12 nm

(c)

0.
15

eV
0.
2
eV

0.
3
eV

0.
4
eV

0.
6
eV

0.
8
eV

Model QR geometry

[100]

[0
10
]

[001]

a1

a2

[010]

[0
01
]

[100]

h

a1

a2

R
ad
ia
lw

av
e
ve
ct
or
,
k
1
0
(π a

)

QR inner radius, a1a

Analytical ground state convergence

x

J0(x)

Y0(x)

x

J0(x)Y0(2x)

−J0(2x)Y0(x) Q
R
he
ig
ht
,
h
(n
m
)

QR inner radius, a1 (nm)

Analytical HH confinement energy

Figure 5.2: (a) Schematic illustration of the QR geometry considered in this work, viewed
side-on from the (100)-direction (top) and top-down from the (001)-direction (bottom). The
cylindrical QR has inner and outer radii a1 and a2, radial thickness a = a2 − a1, and height h
along the growth direction. (b) Variation of the ground state radial wave vector k10, computed
as the first root of Eq. (5.4) for m = 0, as a function of the inner radius a1 for a QR of fixed
radial thickness a. As a1 increases as a proportion of a, k10 rapidly converges to a value of
π
a (dashed black line). The inset shows the Bessel functions J0(x) (solid blue line) and Y0(x)
(dashed blue line), as well as the left-hand side of Eq. (5.4) for ρ = 2 (i.e. a1 = a). (c) Contour
map showing the confinement energy associated with the HH ground state in a GaSb/GaAs
QR – assuming an infinite confining quantum well offset – having outer radius a2 = 12 nm,
calculated via Eqs. (5.4) and Eq. (5.5), as a function of the QR inner radius a1 and height h.

We therefore deduce that, for a QR of fixed radial thickness a, as the inner radius a1 increases,

the first root k10 of Eq. (5.4) should converge to π
a .

To verify that this is the case we have computed the first root k10a1 of Eq. (5.4) as a function of

a1 for a QR having fixed thickness a (= 11.5 nm). The results of this analysis are summarised

in Fig. 5.2(b), where the solid green line shows the calculated variation of k10 (in units of π
a )

as a function of a1
a (= 1

ρ−1). The inset to Fig. 5.2(b) shows the functions J0(x) (solid blue line)

and Y0(x) (dashed blue line), as well as the left-hand side of Eq. (5.4) for m = 0 and ρ = 2

(a2 = 2a1, solid red line). Examining Fig. 5.2(b), we note rapid convergence of k10 to π
a with

increasing a1
a . For a1 = 0 – i.e. for a cylindrical QD of radius a – k10 is given by the first

root of J0(ka) = 0. This solution, highlighted by the open green circles in Fig. 5.2(b) and its

inset, is k10a ≈ 2.4048 (the first zero of J0(ka)), so that k10 ≈ 0.7655× π
a . As

a1
a increases due

to the inclusion of the central potential barrier to form a QR, k10 then rapidly approaches π
a .

For example, for a1
a = 1 (ρ = 2), which corresponds well to real QR dimensions, we compute

k10 ≈ 0.9941× π
a .

Generally, we find k10 = π
a to be an excellent approximation to the ground state radial wave

vector for a1
a ≳ 1 – i.e. for a1 ≳ a2

2 or, equivalently, ρ ≲ 2. For a = 11.5 nm we note that

ρ = 2 corresponds to an outer QR radius a2 = 2a1 = 23 nm, dimensions typical of epitaxially

grown GaAs1−xSbx/GaAs QRs, which will be analysed in further detail in Sec. 5.3. This

rapid convergence of k10 then provides a simple and reliable approach to estimate the radial
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contribution to the QR ground state energy, circumventing the requirement to numerically

compute the roots of Eq. (5.4), with the overall accuracy of the corresponding estimate of the

ground state energy E101 being better for smaller overall confinement energy (cf. top left of

Fig. 5.2(c)).

We have used Eq. (5.5) to estimate the confinement energy associated with the HH ground state

in a GaSb/GaAs QR. To do so we set m∗
∥ = (γ1 − 2γ2)

−1 and m∗
⊥ = (γ1 + 2γ2)

−1, which are

the bulk HH VB edge effective masses admitted by the 6-band Luttinger-Kohn Hamiltonian,

where γ1 and γ2 are the VB Luttinger parameters. Following Ref. [69] we set γ1 = 13.4 and

γ2 = 4.7 and respectively obtain m∗
∥ = 0.250 and m∗

⊥ = 0.044 for the (relative) HH effective

masses parallel and perpendicular to the [001] direction. The results of our calculations are

summarised in Fig. 5.2(c), in which the solid red lines are contours of constant HH ground

state (confinement) energy as a function of inner radius a1 and height h, for a QR having fixed

outer radius a2 = 12 nm. We note from these results the flexibility offered by the QR geometry

from the perspective of band structure engineering for IBSC applications: the HH confinement

energy can readily be tuned across a broad range via relatively minor adjustments in QR

morphology, allowing the IB energy to be engineered in a hole-based QR-IBSC. This provides

distinct advantages compared to, e.g., equivalent GaAs1−xSbx/GaAs QDs, since the QR inner

radius a1 provides an additional parameter by which the electronic properties can be tuned.

The realities of epitaxial growth do not in general allow a1 to be fine tuned independently of the

other QR dimensions a2 and h, the relationships between which are in practice determined in

large part by the (Stranski-Krastanov) strain relaxation mechanism that drives QR formation.

However, it is generally observed that Stranski-Krastanov QR formation tends to fix a2, with

the inner radius a1 then depending largely on growth rate. Correspondingly, QR heights are

generally found to be in the range h = 3 ± 2 nm [120]. Despite incomplete control over the

morphology of individual QRs during epitaxial growth, we emphasise that GaAs1−xSbx/GaAs

QRs offer additional benefits for IBSC applications due to the nature of carrier localisation

within these structures. To elucidate these properties requires a more detailed, quantitative

analysis of the electronic properties, to which we now turn our attention.

5.3 Numerical results: strain, band offsets, and carrier locali-

sation

While the analytical treatment of Sec. 5.2 provides useful insight into some of the general

features of the electronic properties of QRs, this approach neglects several key factors which

play an important role in determining the nature of the electronic properties in a real semicon-

ductor QR. Firstly, the large lattice mismatch which drives QR formation – 7.2% in the case

of GaSb/GaAs – produces large, strongly position dependent strain fields, which impact the
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electronic properties directly (as well as via the associated strain-induced piezoelectric poten-

tial). Secondly, the natural type-II band offsets between GaSb and GaAs produce confining

potentials which are markedly different in nature for electrons and holes. Thirdly, the ana-

lytical treatment described above neglects band hybridisation effects, which can be expected

to play a role in determining the precise nature of QR eigenstates in the presence of strain,

quantum-confinement, spin-orbit coupling and narrow band gap, all of which are present in real

GaAs1−xSbx/GaAs QRs. In order to quantitatively understand the QR electronic structure

we have therefore undertaken multi-band k·p calculations, based on the formalism described

in Sec. 2.4.2.

Our numerical analysis of the electronic properties of GaAs1−xSbx/GaAs QRs is based on multi-

band k·p calculations [121]. We employ a supercell approach, by embedding a cylindrical

GaAs1−xSbx/GaAs QR in a GaAs matrix, and relax the supercell by minimising the total

elastic energy with respect to the components ϵij of the strain tensor to obtain the strain fields

ϵij(r). The QR VB eigenstates are computed using a strain-dependent 6-band k·p Hamiltonian

– i.e. the Luttinger-Kohn VB Hamiltonian, including Bir-Pikus strain-related terms – which

explicitly treats heavy-hole (HH), light-hole (LH) and spin-split-off (SO) VB states. The QR

CB eigenstates are computed using a strain-dependent 1-band (effective mass) Hamiltonian. We

note that the separate treatment of the CB and VB eigenstates has been chosen to circumvent

the emergence of spurious solutions in full 8-band k·p calculations, which arise in the presence

of large plane wave cut-off energies due to the strong inter-band coupling present in narrow-gap

GaSb. Both the 6-band VB and 1-band CB calculations explicitly include the strain-induced

piezoelectric potential, computed to second order for a given structure using the relaxed strain

fields. The QR band offsets are computed firstly for an unstrained structure using the model

solid theory – assuming a natural (unstrained) VB offset of 0.58 eV between GaSb and GaAs

[89, 92] – with the position-dependent band edge energy profiles then computed via direct

diagonalisation of the strain-dependent bulk 6- and 1-band k·p Hamiltonians at each real

space grid point in the supercell.

Our numerical calculations have been implemented using a plane wave (reciprocal space) ap-

proach, using the S/Phi/nX software library [32]. We employ (001)-oriented supercells of size

50 nm × 50 nm × 14 nm, and a plane wave cut-off energy equivalent to a real space resolution

of 0.2 nm in each of the x, y and z directions. This choice of plane wave cut-off was validated

by examining the convergence of the bound carrier eigenstate energies, which were found to

vary by < 1 meV with respect to further increases in the size of the plane wave basis set. All

material parameters used in our calculations – including lattice and elastic constants, band

gaps, VB spin-orbit splitting energies and Luttinger parameters, electron effective masses, and

CB and VB edge deformation potentials – are taken from Ref. [69], with the exception of the

first and second order piezoelectric coefficients, which are taken from Ref. [33]. All calculations

are performed at temperature T = 300 K.
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Figure 5.3: (a) and (b) TEM images showing GaSb QR arrays embedded in a GaAs host
matrix. The prototype structures are grown at University of Lancaster. (c) A schematic of the
QR structure indicating a cross section through the centre of the ring that is shown in TEM
images. (d) A closer look at the TEM image of a cross section of a GaSb QR array in GaAs
host matrix.

We provide here an overview of the results of these calculations, elucidating the electronic

properties of GaAs1−xSbx/GaAs QRs and identifying optimised QR morphologies providing

electronic properties well-suited to IBSC applications. We investigate the strain profile and

the strain-induced piezoelectric potential in type-II GaSb/GaAs QR structures in Secs. 5.3.1

and 5.3.2, respectively. Then in Sec. 5.3.3, we investigate the localisation of carrier states in a

type-II GaSb/GaAs QR structure.

5.3.1 Strained quantum ring

Here, we calculate and analyse the strain profile and band lineups in existing GaSb/GaAs QR

prototype structures grown at University of Lancaster [119]. Fig. 5.3 shows a transmission

electron microscopy (TEM) image of two of these structures provided by University of Lan-

caster. We note that the QR arrays shown in Fig. 5.3(a) and (b) are the cross sections of these
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Figure 5.4: (a) Linescan along the (100) in-plane direction, through the centre of the QR,
showing the calculated hydrostatic (solid blue line) and biaxial (solid red line) components
of the strain field for a GaSb/GaAs QR having a1 = 5 nm, a2 = 11.5 nm and h = 3 nm.
(b) Linescan along the (100) in-plane direction, through the centre of the QR, showing the
calculated bulk band edge energies (band offsets) for the CB (solid blue line), and light-hole
(LH; dashed green line) and heavy-hole (HH; solid red line) VBs, for the same QR as in (a).
The dashed red line shows the energy of the highest energy bound hole state h1 – i.e. the
intermediate band – at energy EIB, separated from the CB and VB edges by the sub-band gaps
EH and EL respectively.

structures in xy plane, and hence may not necessarily show a cross section of the centre of the

ring. Nevertheless, Fig. 5.3(d) shows a good example of a cross section through the centre of

these rings. For our k·p calculations we begin by considering an exemplar GaSb/GaAs QR

having inner radius a1 = 5 nm, outer radius a2 = 11.5 nm and height h = 3 nm (dimensions

typical of epitaxially grown QRs). The solid blue and red lines in Fig. 5.4(a) respectively show

linescans – taken through the centre of the QR along the (100)-direction – of the calculated

hydrostatic and biaxial components ϵhyd = Tr(ϵ) and ϵbia = ϵzz− 1
2(ϵxx+ ϵyy) of the strain fields

in the structure. The hydrostatic strain reaches values as low as −10.5% within the GaSb

regions, reflecting that the QR is under significant compressive strain when grown epitaxially

on GaAs. We note that the impact of the strain relaxation in the structure acts to place the

central GaAs region of the QR under a minor amount (≲ 1%) of tensile strain, due to its being

surrounded in the plane perpendicular to the (001)-direction by GaSb material having a larger

lattice constant. The calculated biaxial strain resembles that associated with a cylindrical

QD [122], varying strongly at the interfaces with the surrounding barrier material, albeit with

additional features due to the presence of the central GaAs barrier.

Figure 5.4(b) shows a linescan of the band edge energies for the same GaSb/GaAs QR, calcu-

lated using the strain fields shown (in part) in Fig. 5.4(a). The band edge energy (confining

potential) profiles are shown – using solid blue, solid red and dashed green lines for the CB,

HH VB and LH VB edges, respectively – as a linescan along the (100)-direction, through the

centre of the QR. We firstly note the presence of large type-II band offsets in the QR. There
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exist strong confining potentials for holes within the GaSb region, reaching a maximum depth

of ≈ 820 meV for HH states, while electrons are excluded from the GaSb region by a potential

barrier having a maximum height of ≈ 670 meV. Due to the compressive strain in the GaSb

region, the HH VB edge is pushed higher in energy than the LH VB edge, resulting in a larger

confining potential for HH states and ensuring that the highest energy hole bound state –

i.e. the IB in a hole-based GaAs1−xSbx/GaAs QR-IBSC – is primarily HH-like. We therefore

expect that hole states will be strongly confined within the GaSb region, experiencing strong

annular localisation in the plane perpendicular to the (001)-direction, as well as strong local-

isation along the (001)-direction. We also note that the aforementioned minor tensile strain

in the central barrier of the QR tends to reduce slightly the CB edge energy in the centre of

the QR. This, combined with the presence of a confining potential for electrons in the plane

perpendicular to the (001)-direction, suggests the possibility of quasi-localised electron states

residing in the central barrier region.

5.3.2 The strain-induced piezoelectric potential

Here we calculate the strain-induced piezoelectric potential in a model GaSb/GaAs QR in the

presence of (i) first order only, (ii) second order only, and (iii) first and second order piezo-

electric potential. Fig. 5.5 shows the strength and distribution of the piezoelectric potential

resulting from the two orders of the piezoelectric tensor as outlined in Section 2.3.2. Apart

from the different orientations and signs of the two contributions, an important distinctiveness

of the second-order piezoelectric potential is its restriction to the interior of the QR, which

is in noticeable contrast to the widespread first-order potential. This difference is essentially

related to the origin of the total polarisation P = P1 +P2, where P1 is a function of the shear-

strain components alone, and P2 results mainly from the product of the diagonal and the shear

strain. However, in contrast to the shear-strain components, the diagonal elements ϵii are large

only inside the QR and its close vicinity. Therefore, P2 charges are created primarily in this

region. We note that the total strain-induced piezoelectric potential associated with a type-II

GaSb/GaAs structure attains a maximum value of ≈ 17 meV throughout the calculational

supercell, and has minimal impact on the electronic properties . We note that the piezoelectric

potential is more pronounced if the structure is grown along the (111)-direction. This is pri-

marily because the calculated strain values 1 are significantly higher in (111)-grown structures

[21]. In this case, the piezoelectric potential also points along the (111)-direction, leading to a

potential drop across the heterostructure, giving what can be regarded as a quantum confined

Stark effect, which tends to shift the electron and hole states towards opposite sides of the

structure along the growth direction.

1More information on the effect of strain values on determining the piezoelectric potential can be found in
Sec. 2.3.2.
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Figure 5.5: Contour plots of piezoeletric potential 4 nm above the middle of the ring in the
xy plane, where x and y are along the (100) and (010) directions respectively.

5.3.3 Carrier localisation

Figures 5.6(a) and 5.6(b) respectively show cross-sections through the centre of the QR of the

calculated electron (green) and hole (orange) probability densities in the plane perpendicular to

the (010) and (001) directions. Fig. 5.7 also shows a line scan of the quasi-bound electron and

hole probability denisties in the central yz plane. We observe very strong localisation of the

highest energy hole bound state within the QR, with minimal tunneling of the hole probability

density outside of the GaSb region. We also note the presence of a resonant electron state

within the central GaAs barrier of the QR, which our calculations identify as a consequence of

the type-II band offsets (cf. Fig. 5.4(b)). While this electron state is strongly localised in the

plane of the QR, it is less strongly localised along the (001)-direction, due to the absence of a

strongly confining CB potential along that direction.

We note that the quasi-localised electron state for which the probability density is shown in

Figures 5.6(a) and 5.6(b) was not the lowest energy electron state identified in our calculation:

it was in fact the sixth lowest energy electron state. The type-II band alignment in this

GaSb/GaAs QR results in a large range of delocalised electron states lying at and above the

GaAs CB edge in energy, which are characterised by their probability density being excluded

from the central region of the QR in the plane of the QR. (The precise number of delocalised

states appearing in a given energy range in a numerical calculation depends on a combination of

the supercell dimensions and the size of the plane wave basis set employed.) The quasi-bound

electron state identified in our analysis lies only 31 meV above the GaAs CB edge in energy

and, given its higher spatial overlap with the highest energy bound hole state compared to the

delocalised CB edge states described above, transitions involving this state can be expected

to contribute significantly to the band edge optical absorption. From the perspective of IBSC

design and optimisation, the presence of this unusual quasi-bound electron state is particularly

appealing. By varying the QR morphology the in-plane confinement of this electron state can

be engineered so as to control the spatial overlap with the highest energy bound hole state.

This overlap governs a key trade-off in an IBSC, between (i) the generation rate associated with
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Figure 5.6: (a) Side-on view, along the (010)-direction, of the probability density associated
with the lowest energy quasi-bound electron (green) and highest energy bound hole (orange)
states. (b) Top-down view, along the (001)-direction, of the probability density associated with
the same two states as in (a).

carriers occupying IB states (i.e. the generation of holes in the VB via absorption of photons

having energy ≥ EL), and (ii) the radiative lifetime for recombination involving electron and

hole states (i.e. recombination of quasi-bound CB electrons with bound IB holes via emission

of photons having energy > EH). Moreover, the weak electron localisation along the (001)-

direction suggests that photo-generated electrons can be readily collected from the QRs in a

real QR-IBSC structure, with hole extraction proceeding via excitation of holes from the IB

to the GaAs VB via TSPA. Finally, the large VB offsets in these QR structures result in very

large ionisation energies of ≈ 0.5 eV for IB hole states. This ionisation energy is far in excess of

the thermal energy in the range of temperatures relevant to IBSC operation, and so electrical

leakage of carriers via thermionic emission from the IB should be adequately suppressed in

these heterostructures.



Band structure engineering of type-II GaAs1−xSbx/GaAs quantum rings for intermediate
band solar cells 83

-25 -20 -15 -10 -5 0 5 10 15 20 25

Distance along [100] (nm)

0

1

2

3

4

5

P
ro

b
a
b
ili

ty
 d

e
n
s
it
y

10
-7

Figure 5.7: A line scan of the probability density associated with the lowest energy quasi-
bound electron (red curve) and highest energy bound hole (blue curve) in the central yz plane.
The vertical black dashed lines represent the QR region.

5.4 Intermediate band gap engineering in type-II quantum rings

For the GaSb/GaAs QR considered above we calculate that the highest energy bound hole

state – the energy of which is denoted by a horizontal dotted red line in Fig. 5.4(b) – lies

502 meV above the GaAs barrier VB edge, corresponding to IBSC sub-band gaps EL = 0.502

eV and EH = EG(GaAs) − EL = 0.922 eV at temperature T = 300 K. We note that these

sub-band gaps are – in addition to being in good quantitative agreement with experimental

measurements [123] – close to the optimum values associated with an IBSC implemented using

a GaAs host matrix. Specifically, for GaAs (which has EG = 1.42 eV at T = 300 K) the

optimum sub-band gaps EL = 0.45 eV and EH = 0.97 eV correspond to a detailed balance

efficiency limit of ≈ 58% under concentrated illumination, close to the overall efficiency limit

for an ideal IBSC – cf. assumptions outlined in Sec. 5.1. However, for a given host matrix band

gap EG the detailed balance efficiency is a sensitive function of the sub-band gaps EL and EH,

reducing rapidly as the sub-band gaps are detuned from their optimum values. It is therefore

desirable to engineer the band structure such that the sub-band gaps are as close as possible

to their optimum energies. The calculated value of EL (EH) for the exemplar GaSb/GaAs QR

considered above is only ≈ 50 meV higher (lower) than the optimum value, suggesting that

minor changes in morphology will be sufficient to realise optimum sub-band gaps.

In order to identify optimised QR morphologies we therefore proceed by repeating our analysis

as a function of (i) QR height h, and (ii) QR Sb composition x, for QRs having the same inner
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Figure 5.8: (a) Lower energy sub-band gap EL as a function of QR height h for
GaAs1−xSbx/GaAs QRs having inner and outer radii a1 = 5 nm and a2 = 11.5 nm, esti-
mated based on Eqs. (5.4) and (5.5). (b) As in (a), but with the values of EL obtained from
full numerical multi-band k·p calculations.

and outer radii a1 = 5 nm and a2 = 11.5 nm considered above. We note that we have chosen

to vary the QR height rather than in-plane dimensions since (i) real GaAs1−xSbx/GaAs QRs

typically have low aspect ratios h
2a2

≈ 0.1, (ii) the confinement energies in such low aspect

ratio structures, and hence the sub-band gaps, are dominated by confinement along the (001)-

direction (cf. Eq. (5.5)), and (iii) characterisation of epitaxially grown GaAs1−xSbx/GaAs QRs

has revealed significantly larger relative variations in h than in a1 or a2. The results of these

calculations are summarised in Figs. 5.8(a) and 5.8(b), which respectively show the sub-band

gap energy EL calculated based on the analytical and numerical models. Results are shown

for GaAs1−xSbx/GaAs QRs having Sb compositions x = 100, 90, 80 and 70% using red, green,

blue and orange closed circles, respectively.

We note that since the analytical model assumes a confining potential of infinite depth, it is

not capable of directly predicting EL (which is obtained from the full numerical calculations

as the difference Eh1 − EVB in energy between the highest energy bound hole state and host

matrix VB edge). In order to estimate EL using the analytical model we have therefore (i)

used Eqs. (5.4) and (5.5) to calculate the confinement energy ∆Eh1 associated with the HH

ground state in a QR of infinite potential depth, and (ii) used the (maximum) HH band offset

∆EHH extracted from a full numerical calculation to compute EL = ∆EHH − ∆Eh1. Due

to its assumption of an infinitely deep confining potential, the analytical approach naturally

overestimates ∆Eh1 – in particular the contribution associated with confinement along the

(001)-direction – and hence underestimates EL for short QRs having h ≲ 3 nm. Nonetheless,

we observe that the analytical model accurately captures the key trends observed in the results

of the full numerical calculations, and provides reasonably good quantitative agreement with
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the results of the numerical calculations for h ≳ 3 nm, across the full range of Sb compositions

considered.

Examining Fig. 5.8(b), the results of our numerical calculations suggest that optimum IBSC

sub-band gaps are obtained in short GaSb/GaAs QRs having h ≈ 2 nm, which lies well within

the range of heights observed in real structures. [120] By reducing the QR Sb composition x at

fixed h to form alloyed GaAs1−xSbx/GaAs QRs, we find that EL decreases by ≈ 45 – 50 meV

for each 10% reduction in x. Therefore, in QRs having reduced Sb composition – due, e.g., to

interfacial Sb-As intermixing [124, 125] – the QR height should be slightly increased in order to

restore EL to its optimum energy. In practice, this constitutes reducing the confinement energy

∆Eh1 so as to maintain fixed hole ionisation energy in response to the reduction in ∆EHH

associated with a reduction in x. For Sb compositions x ≳ 75% our calculations indicate that

an optimum sub-band gap EL = 0.45 eV is maintained for an ≈ 1 nm increase in h in response

to each 10% reduction in x. For Sb compositions x ≲ 75% our calculations indicate that

QR heights h ≳ 5 nm are required to obtain optimised electronic properties. Such heights are

outside the range typically obtained via epitaxial growth, suggesting that only epitaxial growth

of GaAs1−xSbx/GaAs QRs having x ≳ 75% is likely to produce heterostructures possessing

electronic properties which are well-suited to IBSC applications.

We note, however, that our analysis of the electronic properties here has focused solely on

idealised QR structures, possessing exact cylindrical shape and uniform alloy composition

throughout the GaAs1−xSbx region. The presence of Sb-As intermixing at the ring-barrier

interface in real GaAs1−xSbx/GaAs QRs[124, 125] results in a non-uniform alloy composition,

which may modify the strain fields and confining potentials compared to those considered in our

exploratory calculations here. Overall, we expect the resulting modifications of the electronic

properties to be quantitative rather than qualitative in nature compared to those described

above for ideal QRs. Of more importance from the perspective of designing real IBSC devices

is to build upon our initial analysis here by undertaking theoretical investigations of the optical

properties of, and radiative and non-radiative losses in, GaAs1−xSbx/GaAs QRs and vertical

QR stacks.

5.5 Summary and conclusions

In this chapter, we have presented a theoretical analysis of the electronic properties of type-II

GaAs1−xSbx/GaAs QRs based on a combined analytical and numerical approach, and identified

optimised combinations of QR morphology and alloy composition for the realisation of hole-

based IBSCs – in which the IB is formed by the highest energy bound hole state in the QR –

offering the maximum theoretical efficiency available via inclusion of an IB in a GaAs matrix.
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Analytically, we presented the solution of the time-independent Schrödinger equation for a

cylindrical QR of infinite potential depth and derived a transcendental equation which must be

satisfied by bound QR eigenstates. The relationship to the solution of the well-known problem

of the cylindrical QD was described, and it was demonstrated that (i) the QR eigenstates

evolve smoothly from those of the QD, and (ii) the convergence properties of the QR ground

state allow the confinement energy to be estimated straightforwardly, and to high accuracy, for

realistic QRs having dimensions typical of those achieved via epitaxial growth. Our analytical

analysis demonstrated that type-II GaAs1−xSbx/GaAs QRs offer significant benefits from the

perspective of band structure engineering for IBSC applications, allowing the IB energy in a

hole-based IBSC to be tuned across a broad range via changes in QR morphology.

Numerically, we used multi-band k·p calculations – including full strain and piezoelectric ef-

fects – to analyse the electronic properties of GaAs1−xSbx/GaAs QRs, both as a function of

QR dimensions and Sb composition. We further demonstrated that the nature of the carrier

confinement in these heterostructures is ideally suited to IBSC applications. Strong hole local-

isation, with large ionisation energies in excess of 0.4 eV, can be expected to mitigate carrier

leakage from the IB via thermionic emission. Additionally, the interplay between strain re-

laxation and type-II band alignment in these QRs was demonstrated to give rise to electron

states which, in the plane of the QR, are strongly localised in the central barrier of the QR.

The unusual nature of the carrier localisation in these heterostructures suggests the potential

to engineer the trade-off between the electron-hole overlap (which mediates carrier generation

via optical absorption) and the radiative lifetime for photo-generated electron-hole pairs (which

mediates carrier loss via radiative recombination).

For inner and outer radii a1 = 5 nm and a2 = 11.5 nm, typical of epitaxially grown QRs, our

calculations indicate that an optimum IB sub-band gap EL = EIB − EVB (EH = ECB − EIB)

of 0.45 eV (0.97 eV) can be obtained in GaSb/GaAs QRs having height h ≈ 2 nm. For

GaAs1−xSbx/GaAs QRs having reduced Sb compositions x, our calculations indicate that

decreases in x can be compensated by slight increases in h – by ≈ 1 nm for each 10% reduction

in x – in order to maintain optimum sub-band gap energies. QRs grown to these specifications

have a detailed balance efficiency limit of ≈ 58% under concentrated illumination, close to the

overall limit of 63.8% for ideal IBSCs. Given the sensitivity of the theoretical IBSC efficiency

to the IB energy, our analysis suggests that careful control of QR morphology provides a viable

route to realising optimised heterostructures suitable for IBSC applications.

Our initial calculations here, however, were guided by detailed balance efficiency limits which

include a number of assumptions – e.g. optimium absorption spectra, infinite carrier mobilities,

absence of non-radiative carrier losses, etc. – which are not reflective of the conditions in real

quantum-confined heterostructure. Further theoretical work is therefore required to quantify,
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and identify pathways towards simultaneously optimising the optical properties and mitigat-

ing losses (both radiative and non-radiative) in real GaAs1−xSbx/GaAs QRs and vertical QR

stacks, in order to identify rigorously optimised quantum-confined heterostructures for IBSC

applications and to quantify photovoltaic efficiencies that can be realistically achieved using

this novel platform.

Overall, our calculations highlight the suitability of type-II GaAs1−xSbx/GaAs QRs for appli-

cations in hole-based IBSCs, and provide initial information regarding optimised combinations

of QR alloy composition and morphology to guide the growth and fabrication of prototype

QR-IBSC devices.





Chapter 6

Electronic properties of

hydrogenated InGaAsN/GaAs

dilute nitride nanostructures for

single photon emission

In this chapter we perform an analysis of the electronic properties of hydrogenated InGaAsN

QD-based heterostructures for application as single photon emitters operating at λ ≈ 1.31 µm.

We begin in Section 6.1 by highlighting the applications and importance of single photon

emitters operating at telecommunication frequencies. We take a look at the literature to review

the related past works in this field.

In Sections 6.2 and 6.3 we give an overview of the structural properties of the existing In-

GaAsN:H nanostructures that were prepared at Sapienza University of Rome and whose char-

acteristics are investigated later in the chapter. We then investigate the electronic properties

of these structures in Sec. 6.4 . We turn our attention to the photoluminescence (PL) mea-

surements performed on a series of InGaAsN:H QD-based nanostructures. Having understood

the behaviour of the electronic structure of InGaAsN-based QDs under strain, we analyse the

accuracy of our method by comparing the ground state transition energy with the measured

PL energies.

Having benchmarked our theoretical model, in Sec. 6.5 we evaluate the feasibility of designing

structures emitting at λ ≈ 1.31 µm using the same material platform as discussed in Sec. 6.4.
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6.1 Introduction and motivation

Dilute nitride semiconductors are an example of the failure of linear models for the physical

properties of solids. Incorporating a few percent of N to GaAs causes changes in the physical

properties that are opposite to those expected, assuming a linear interpolation of the GaAs

and GaN properties. In these material systems, the replacement of a tiny fraction of arsenic

atoms by nitrogen atoms leads to highly nonlinear effects in the electronic properties of the host

lattice [12, 84]. Previous experiments have shown that post-growth irradiation of GaAs1−xNx

with atomic hydrogen leads to a complete reversal of the drastic bandgap reduction, as well as

of other material parameters, caused by nitrogen incorporation [126].

Hydrogen is an impurity common to most phases of growth and processing of semiconductor

materials and to the related mass production of electronic and optoelectronic devices [127].

High chemical reactivity and diffusivity of this element makes it important to consider H-

induced effects in semiconductors. H tends to bind to dangling bonds associated with point

and extended defects and therefore cleans up the band gap from the energy levels associated

with those defects [128]. This process, usually referred to as defect passivation, leads to a

large modification of conductivity in many semiconductors and often removes the detrimental

consequences associated with crystal imperfections [129].

One of the most significant effects of hydrogen incorporation into a semiconductor has been

observed in dilute nitride semiconductors. Despite the small amount of substituted atoms,

N alloying perturbs dramatically the electronic properties of a host crystal such as GaAs,

leading to a large decease of the band gap energy, a nonmonotonic variation of the electron

effective mass and gyromagnetic factor, and a softened response to external perturbations such

as hydrostatic pressure and temperature [127, 130].

Single-photon sources are light sources that emit light as single particles or photons. They

are distinct from coherent light sources (lasers) and thermal light sources such as incandescent

light bulbs. The Heisenberg uncertainty principle dictates that a state with an exact number of

photons of a single frequency cannot be created. However, Fock states (or number states) can be

studied for a system where the electric field amplitude is distributed over a narrow bandwidth.

In this context, a single-photon source gives rise to an effectively one-photon number state.

Photons from an ideal single-photon source exhibit quantum mechanical characteristics. These

characteristics include photon antibunching, so that the time between two successive photons

is never less than some minimum value [131].

In this chapter, we investigate how a route to the engineering of the electronic properties in

the growth plane of a semiconductor can be achieved by exploiting the effect hydrogen has on

dilute nitrides.
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6.2 Nanostructure formation

Here, we explain the experimental procedure of forming InGaAsN:H nanostructures carried

out by Sapienza University of Rome. We show that spatially-selective hydrogen irradiation

allows for the realisation of ordered arrays of site-controlled InGaAsN quantum dots (QDs),

whose optical properties have been broadly investigated by means of PL, time-resolved PL and

photon correlation spectroscopy.

Selective hydrogenation:

The fabrication of nanostructure by means of utilising the hydrogen interaction with nitrogen

in dilute nitride semiconductors is based on three key features [126]:

- (i) In order to be able to initiate the N-H interaction it is essential to introduce hydrogen

into the sample in order to start the passivation process; it is not present to any significant

level in the sample immediately after growth.

- (ii) There exists a range of temperatures for which the trapping rate of hydrogen by nitrogen

is so fast that hydrogen atoms have little opportunity to diffuse into the material before they

are captured by nitrogen. This causes an interaction-governed diffusion front profile.

- (iii) Hydrogen ions impinging on the sample can be effectively blocked before hitting it by

a host of capping materials that either capture it and/or recoil it back.

These features, when combined, signify that if one covers only a portion of the sample’s surface

with a hydrogen-opaque material and then tries to implant hydrogen in it, hydrogen will diffuse

primarily through and inside the exposed portions of the sample, leaving the covered ones with

little to no hydrogen. As such hydrogen-opaque coverages can be layered selectively on the

sample’s surface, resulting in what is called a mask, so that the hydrogenation process is

then selective. Hydrogenated and non-hydrogenated dilute nitride semiconductors should be

regarded as different materials due to having different electronic and structural characteristics.

Sample patterning :

For making QDs based on an InGaAsN quantum well (QW), patterning the hydrogen-opaque

material was done by e-beam lithography which allows patterning circles with diameters rang-

ing from 900 nm down to 100 nm with an error of less than 5 nm. Fig. 6.1 shows scanning

electron microscope (SEM) images of such a pattern made from hydrogen silsesqueoxane (HSQ),

a hydrogen resistant material used as an e-beam resist, which was spun on top of a sample

that had a single InGaAsN QW embedded 30 nm beneath its surface. The pattern included

multiple areas with different mask circle diameter. This pattern was used for the fabrication

of InGaAsN/InGaAsN:H QDs. Tailored doses of hydrogen were irradiated at different tem-

peratures on pre-patterned samples in order to search for the optimal combination of H dose,



Electronic properties of hydrogenated InGaAsN/GaAs dilute nitride nanostructures for single
photon emission 92

Figure 6.1: SEM image of the HSQ pattern used for the fabrication of quantum dots. The
image on the right hand side displays a zoom-in of the area surrounded by the red square in
seen the image on the left. The images were taken at Sapienza University of Rome

temperature and mask size that would result in creating the best dots. This hydrogenation

technique allows the possibility of an accurate control of the implanted ion dose via the adjust-

ment of the filament current – which determines the speed at which the process takes place –

and the exposure time. Beam currents were varied between 18 to 29 µA while exposure times

were varied between few minutes and up to 10 hours. Hydrogen doses in these samples were

1016 ions/cm2 [131].

The reason why two mask sizes appear to be meshed together is that masks with diameter of

less than 400 nm proved difficult to spot under the optical microscope when using a ×50 (or

a higher magnification) lens optimised for the infrared (lenses optimised for the infrared were

used because they are better for passing infrared signal compared to lenses optimised for visible

light). Consequently, masks with a 600 nm diameter were added to the pattern simply to act as

markers for finding the location of the smaller ones. They also allowed faster calibration of the

laser beam across the optical table (for obtaining optimum signal) utilising the fact that they

were (usually, depending on the hydrogen dose) emitting much like a QW giving a relatively

higher intensity signal.

6.3 Finite element simulations of selective hydrogen diffusion

Here, we discuss the process for realising the QDs in conjunction with finite element simulations

that show the shape of the H-free nitrogen profile upon the hydrogenation process. Finite ele-

ment simulations were carried out by Sapienza University of Rome using Comsol Multi-Physics
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Figure 6.2: A 3D model used for the finite element simulations of selective H diffusion into a
6 nm-thick InGaAsN QW buried beneath a GaAs cap. Blue-coloured surface denotes the area
of the theoretical sample that is exposed to the hydrogen flux (red arrows). The mask area
has ”zero” H flux (solid red lines).

software on a theoretical sample construction that consisted of a 6 nm In0.21Ga0.79As0.975N0.025

QW with different cap layer thicknesses on top of which, most importantly, an area-selective

flux of hydrogen was implemented so as to resemble a hydrogen-opaque mask (c.f. Fig. 6.2).

All the hydrogen impinging on the sample surface was assumed to penetrate into the sample

and embed in it with zero kinetic energy [131].

Fig. 6.3 shows the H-free nitrogen profile for a set of simulations performed using different

mask diameters, with different hydrogen doses for each simulation. The simulations were done

in such a way that the resulting profile of N (colours other than dark blue within the QW) are

of similar size (roughly ∼ 50 nm across the wide axis). This non-zero H-free N profile is in fact

the profile of the InGaAsN QD embedded within the surrounding InGaAsN:H matrix around it.

These simulations show that, when aiming to obtain a QD of a certain size (50 nm in diameter

in the case shown) and provided with a sample that has a given cap thickness, making such

a dot using a very small mask size results in a dot that is placed close to the bottom surface

of the QW (Fig. 6.3(a)), while using a mask which is too big results in a dot which is placed

close to the upper QW surface (Fig. 6.3(c)). Both these scenarios are not preferred as then

surface-related states and defects will adversely harm the emission properties of the dot. An

optimum mask size therefore exists for which the QD is placed in the centre of the QW and

away from its surfaces (Fig. 6.3(b)).
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Figure 6.3: Simulations from Sapienza University of Rome showing the H-free nitrogen left
in the QW (indicated with a horizontal arrow) after selective hydrogenation using a range of
different mask sizes (indicated by thick light-green bars and a broken arrow), with different H
doses tailored to each mask size so as to result in an H-free N profile of similar size. Dark-blue
colour indicates fully passivated areas of the QW, green and yellow colour indicates partially
passivated areas, and red indicates non-passivated areas. The relevant colours in the figure are
only those inside the QW (colouring of the buffer and cap layers is meant for easier viewing
only).

We also note that due to the finite thickness of the QW, whenever the QD is created close to

one of its surfaces, its profile is also thinner (along the direction perpendicular to the plane of

the well, resembling a disc shape), which is also an unwanted outcome as the dot modes will

then be less well confined within its space.

6.4 Theory and experiment for InGaAsN:H quantum dots

In this section, we study the electronic band structure of the nanosctructures described in

Sections 6.2 and 6.3. We benchmark the results of our calculations against experimental PL

data investigating the existing InGaAsN:H/GaAs nanostructures. Fig. 6.4 shows a schematic

of the structure considered. After hydrogenation, an ellipsoid-shaped InGaAsN QD is created
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Figure 6.4: A line scan through the middle of the structure showing it from side view (a)
and from top view (b).

inside an InGaAsN:H QW with a thickness of 6 nm grown on a GaAs matrix along the (001)-

direction. The QD has a diameter of 50 nm in the x and y directions, and its height is 6 nm.

The size of the supercell we consider in our calculations is 120×120×40 nm in the x, y, and

z directions, respectively. Since the QD size in the x and y directions is large enough, a grid

size of 1 nm should be sufficient in order to get a converged result. However, given the height

of the dot in the z direction, a grid size of 0.2 nm is used in this direction. Hence, the size

of the total mesh considered for the band structure calculations is 120×120×200 in the x, y,

and z directions, respectively. We note that we have used a Gaussian smoothing to define the

smooth degradation of N composition on the edges of the QD, which is in accordance with the

simulated profile of the structure (c.f. Fig. 6.3(b)).

6.4.1 Strain distribution

Here, we analyse the strain distribution in the InGaAsN:H/GaAs nanostructures. Growing an

InGaAsN QW on a GaAs substrate results in a compressive strain in the well, due to the well

having a larger lattice constant than that of GaAs. Although the procedure of hydrogenation

removes the effect of the localised nitrogen state in the conduction band of the host material

on the conduction band edge, the lattice constant and the elastic parameters of the well are

not changed by the process of hydrogenation [126]. This means that calculating the strain

distribution of an InGaAsN QW with GaAs barriers in 1D is sufficient for further calculations

of the electronic properties of InGaAsN:H/GaAs QDs.

It is reasonable to assume that the strain in the thin semiconductor layers is homogeneous and

therefore constant throughout the layer [6]. Though no stress exists in the growth direction

the lattice constant is still forced to change due to the Poisson effect. The compressive strain

in the well associated with the presence of InGaAsN forces the lattice constant in the plane to
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Figure 6.5: Calculated in-plane and out of plane strain component of the strain tensor along
the (001)-direction (left panel). Calculated hydrostatic strain ϵhy = ϵxx + ϵyy + ϵzz and biaxial
strain ϵbi = ϵzz - ((ϵxx + ϵyy)/2) along the (001)-direction (right panel). The (001)-direction
is perpendicular to the plane of the InGaAsN layer.

shrink. More details on calculation of in-plane and out of plane strain in QWs is provided in

Sec. 2.3.

Fig. 6.5 shows the calculated in-plane, out of plane, hydrostatic, and biaxial strain in a 6

nm In0.21Ga0.79As0.975N0.025 QW surrounded by GaAs barriers. The calculated hydrostatic

and biaxial strains are used in determining the band lineups of the entire structure as will be

discussed in Sec. 6.4.2.

In the Cartesian coordinate system, there is no shear strain, neither in the growth plane nor in

the growth direction. The strains in the epitaxial layers are described as:

ϵxx = ϵyy = ϵ|| =
as − aw
aw

, (6.1)

where as is the substrate lattice constant, and aw is the natural lattice constant of the QW

material, with

ϵzz = −2
C12

C11
ϵ||. (6.2)

Or in matrix form:

ϵ =


ϵxx 0 0

0 ϵyy 0

0 0 ϵzz

 ,



Electronic properties of hydrogenated InGaAsN/GaAs dilute nitride nanostructures for single
photon emission 97

where C11 and C12 are the QW elastic constants. We note that the hydrostatic strain ϵhy =

ϵxx + ϵyy + ϵzz and the biaxial strain ϵbi = ϵzz - ((ϵxx + ϵyy)/2) (which splits the valence band

(VB) maximum into two separate bands of HH and LH) are shown in the right panel of Fig. 6.5

and are non-zero only in the InGaAsN QW. The resulting hydrostatic strain ϵhy and the biaxial

strain ϵbi are important in determining the band lineups, as will be discussed in Sec. 6.4.2.

6.4.2 Band structure calculations

Here, we investigate the band lineups of In0.21Ga0.79As0.975N0.025:H/GaAs nanostructures. We

analyse the effect of strain on the band lineups of the structure along the (001) and (110)

directions through the centre of the dot. In addition to the effects of strain on the band

lineups, we also need to consider the impact of localised nitrogen states on the calculated band

lineups. The effect of the calculated strains and of the localised nitrogen states on the CB, HH,

LH, and SO band edge energies are given by [12]:

ECB = Ec0 + ac(ϵxx + ϵyy + ϵzz)− αx (6.3)

EHH = Ev0 + av(ϵxx + ϵyy + ϵzz) + bv(0.5ϵxx + 0.5ϵyy − ϵzz) + κx (6.4)

ELH = Ev0 + av(ϵxx + ϵyy + ϵzz)− bv(0.5ϵxx + 0.5ϵyy − ϵzz) + κx (6.5)

ESO = Ev0 + av(ϵxx + ϵyy + ϵzz)−∆SO + κx (6.6)

In these equations, Ec0 and Ev0, respectively, refer to the unstrained CB and VB edge of the

host material. The CB and VB deformation potentials are shown with ac and av. Also, α and

κ describe how the CB and VB edges of unstrained InyGa1−yAs1−xNx shift with N composition

x with respect to those of the GaAs barrier. Similarly, for the localised nitrogen band we write:

EN = ECB +∆ENc − γx+ κx, (6.7)

where ∆ENc is the energy separation between the nitrogen resonant level and the bottom of the

host material conduction band, and γ describes the assumed shift of the N level with respect to

the InyGa1−yAs VB edge. The BAC parameters used in our calculations are listed in Table 6.1

[12, 37]. We use a linear interpolation when using these parameters in our calculations.
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Figure 6.6: Calculated band lineups along the (001)-direction (left panel) and (110)-direction
(right panel).

Material ∆ENc (eV) β (eV) α (eV) κ (eV) γ (eV)

InAs 0.969 1.212 1.41 3.0 3.0
GaAs 0.187 2.0 1.55 3.0 3.0

Table 6.1: BAC parameters used in our calculations.

To investigate the band structure of III-V dilute nitride semiconductors, it is sufficient to

account for the BAC effect of the N levels with the CB states and treat the VB separately [84].

Our theoretical model to calculate the CB electronic structure of InGaAsN heterostructures is

based on a 2-band BAC Hamiltonian [84]. However, to treat the VB, we use the conventional

6-band basis set including the LH, HH and SO bands [40, 42]. Fig. 6.6 shows a line scan of

the calculated band lineups at T = 5 K through the centre of the QD (cf. Fig. 6.4) along the

(001)-direction (left panel) and (110)-direction (right panel). Using the full numerical band

structure calculations as outlined in Sec. 2.4 we obtain the confined electron and hole states in

the CB and VB, respectively. Assuming T = 5 K, we calculate the transition energy equal to

e1 − hh1 = 1.1199 - 0.0857 = 1.0342 eV which is equivalent to 1.199 µm emission. This is in

a very good agreement with the experimental data provided by Sapienza University of Rome

reporting the existing structure to have a peak of PL data at 1.2 µm.

Before the hydrogenation process (as discussed in Sections 6.2 and 6.3), the nanostructure is

essentially an In0.21Ga0.79As0.975N0.025/GaAs QW structure. The calculated transition energy

of this QW structure at T = 5 K is 0.962 eV, equivalent to 1.29 µm. We note that the

calculated transition energy increases by 72 meV after the hydrogenation process and creating

an ellipsoid-shaped QD inside the QW – cf. Fig. 6.3. A non-linear Gaussian interpolation has

been used to deine the alloy composition close to the boundary of the hydrogenated QD and

its surrounding for an accurate modelling of the structure according to the simulations made

by Sapienza University of Rome. Using the band gap temperature dependence of InGaAsN as

recommended by Ref. [132], we calculate a transition energy of 0.906 eV ≡ 1.37 µm for this
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QW at room temperature.

6.5 Template model for single photon sources emitting at telecom-

munication wavelengths

As mentioned earlier in this chapter, the main aim of designing hydrogenated InGaAsN/GaAs

heterostructures in the PROMIS1 project was for single photon sensing at the telecommuni-

cation wavelength of 1.31 µm. Although the existing structure that we have considered in

Section 6.4 emits at λ ∼= 1.2 µm, there should be scope to design structures emitting at λ ∼=
1.31 µm using the same material platfrom. Increasing InAs content up to 30 % (a reasonable

content to remain within the critical thickness limits) and/or nitrogen to 2.6 % could provide

a solution to this, given that they both will result in decreasing the band gap energy and con-

sequently in increasing the emission wavelength. Also, increasing the height of the QW would

also confine the carriers more effectively, so as to allow the design of the structures to emit at

higher wavelengths.

In order to provide a design template for InyGa1−yAs1−xNx/GaAs nanostructures, we inves-

tigate impact of varying x, y, and the height of the QW, h. For a given x and h, y is varied

to see how the transition energy varies as a function of the composition and the height of the

QD. Increasing either x or y will shrink the band gap energy of the InyGa1−yAs1−xNx QD

due to: (i) InAs having a smaller band gap energy than that of GaAs, (ii) increasing nitrogen

content reduces the band gap energy of the host III-V semiconductor, due to the BAC effect

[12, 37, 84].

Fig. 6.7 shows the calculated emitting wavelength λ as a function of InAs content y for x = 2.5,

2.6 % and h = 6 nm, 8 nm, and 10 nm. One can conclude that emitting at a wavelength of λ ≈
1.31 µm should be achievable by appropriately choosing the composition and the height of the

QD. Looking at this figure, one can quickly notice that using the structures with thicker QW

and higher y and x are necessary in order to achieve an emission of λ ≈ 1.31 µm. Although

increasing the QW thickness h plays a significant role when increasing from 6 nm to 8 nm,

little additional benefit is gained by going to a thicker QW thickness with h = 10 nm.

In 2003, Tomić et al [12] investigated the use of In0.36Ga0.64As0.983N0.017/GaAs QW structures

for emission at 1.3 µm. Even though the existing structures prepared by Sapienza University

of Rome have not achieved emission at telecommunication wavelengths, nevertheless we have

shown that there is a scope to design hydrogenated InyGa1−yAs1−xNx/GaAs nanostructures

to emit at λ ≈ 1.31 µm. We showed in Sections 6.2 and 6.3 how the hydrogenation process and

using a mask leaves an ellipsoid-shaped InGaAsN QD inside the QW. Given the lower band

1http://www.physics.lancs.ac.uk/promis/
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Figure 6.7: Design template for InyGa1−yAs1−xNx/GaAs nanostructures emitting at λ ≈
1.31 µm at T = 5 K.

gap energy of QW structures compared to QD structures (essentially using the same material

system) due to the quantum mechanical confinement factor, this therefore requires a QW which

emits at longer wavelengths. We calculate a transition energy of 0.796 eV, equivalent to 1.55

µm emission, at room temperature for an In0.3Ga0.7As0.974N0.026/GaAs QW structure, with h

= 10 nm. Fig. 6.7 shows that 1.31 µm QD emission can be achieved using an 8 nm QW with

that composition. Given that the room temperature emission wavelength of this 8 nm QW will

be at a wavelength that is shorter than 1.5 µm, and also that room temperature laser emission

has been achieved from InGaAsN at 1.5 µm and longer wavelengths, we therefore conclude

that low temperature 1.31 µm QD emission should therefore be achievable using hydrogenated

InyGa1−yAs1−xNx/GaAs nanostructures.

6.6 Summary and conclusions

In this chapter, we have presented a theoretical investigation and optimisation of the electronic

properties of InGaAsN:H/GaAs nanostructures for use as single photon emitters operating at

telecommunication wavelength λ=1.31 µm. We have considered the existing structures grown
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by Sapienza University of Rome to benchmark our theoretical calculations against experimen-

tal photoluminescence data. Studying the band structure of In0.21Ga0.79As0.975N0.025:H/GaAs

nanostructures, we theoretically calculated an emission wavelength λ = 1.199 µm, showing a

very good agreement with experimental data provided by Sapienza University of Rome report-

ing an emission equal to 1.2 µm.

Having benchmarked our theoretical model against experimental data, we have provided a de-

sign template for InyGa1−yAs1−xNx/GaAs nanostructures to emit at telecommunication wave-

length λ = 1.31 µm by varying the composition and geometry of the structure. We have shown

there is a wide scope for the proposed material platform and geometry to design single photon

emitters to operate at λ = 1.31 µm at low temperatures. This requires structural and band gap

engineering of InyGa1−yAs1−xNx/GaAs nanostructures; showing the existing trade-off between

increasing QW height h from 6 nm to 10 nm and N composition x from 2.5% to 2.6%. We

concluded that wider QWs, ≥ 8 nm , are required to achieve λ = 1.31 µm. Additionally, we

found that designing these InyGa1−yAs1−xNx/GaAs nanostructures to emit at telecommuni-

cation wavelength λ = 1.5 µm to operate at room temperature requires significant increase

in N composition which is challenging in growth point of view. Also, laser emission of these

nanostructures has been realised to be problematic at room temperature. All in all, our cal-

culations in this chapter provide a design template for single photon light sources operating at

telecommunication frequencies.





Chapter 7

Summary, conclusions and outlook

In this final chapter we present our summary, conclusions and outlook. We briefly summarise

the main results presented in the thesis in Sec. 7.1. This is followed in Sec. 7.2 by an overview

of possible directions for future research, based on the work in this thesis.

7.1 Summary and conclusions

In this thesis we performed theoretical analysis and optimisation of quantum well (QW) light

emitting diode (LED) structures emitting at mid-infrared wavelength region, and also investi-

gated quantum ring (QR) intermediate band solar cells (IBSCs), and quantum dot (QD) single

photon emitters to operate at the telecommunication wavelength of 1.31 µm.

In Chapter 2 we have presented the theoretical background which will be relevant to the study

of the electronic and optical properties of nitrogen-free and dilute nitride III-V semiconductor

materials. We then presented in Chapter 3 a theoretical investigation and optimisation of

the optical properties of 3.3 µm InAsSb QWs grown on AlInAs metamorphic buffer layers

(MBLs). By quantifying the scope offered by this material system to use strain and band

structure engineering we demonstrated that there is large scope for the design of QW structures,

incorporating compressively strained ternary InAsSb QWs having unstrained or tensile strained

ternary AlInAs barriers. Such QWs combine large type-I band offsets with emission wavelengths

λ ∼ 3.3 µm, offering the possibility to design devices having high optical efficiency and reduced

temperature sensitivity, and making these structures particularly appealing for the development

of mid-infrared LEDs. We have defined design criteria to achieve strain-balanced QWs at a

desired emission wavelength, thereby providing a general method which can be applied to

produce candidate multi-QW or superlattice structures for epitaxial growth and experimental

investigation. Via a systematic analysis of strain-balanced structures designed to emit at 3.3 µm

we identified key trends in their properties and performance as functions of alloy composition,
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QW thickness and epitaxial strain. Overall, our theoretical analysis has identified important

trends in the performance of GaAs-based metamorphic QW LEDs operating at mid-infrared

wavelength, has provided guidelines for the growth of optimised devices suitable for practical

applications, and has confirmed the promise of these novel metamorphic heterostructures for

the development of high-performance mid-infrared light emitting sources.

In Chapter 4 we presented a theoretical investigation to guide optimisation of the optical prop-

erties of 4.2 µm InNAsSb QWs grown on AlInAs MBLs. Analysing the bulk composition space

map of this material system, we have argued that using dilute nitride InNy(As1−xSbx)1−y is

key to achieve emission beyond 4 µm. By quantifying the scope offered by this material system

to use strain and band structure engineering we demonstrated that there is large scope for the

design of QW structures, incorporating compressively strained quaternary InNy(As1−xSbx)1−y

QWs having tensile strained ternary AlzIn1−zAs barriers. Such QW structures can combine

large type-I band offsets with emission wavelengths λ ∼ 4.2 µm, and hence offering the pos-

sibility to design devices having high optical efficiency and reduced temperature sensitivity.

We presented design criteria to achieve strain-balanced quaternary QWs at a desired emission

wavelength, thereby providing a general method which can be applied to produce candidate

quaternary multi-QW or superlattice structures for epitaxial growth and experimental investi-

gation. Via a systematic analysis of strain-balanced structures designed to emit at 4.2 µm we

identified key trends in their properties and performance as a function of alloy composition,

QW thickness and epitaxial strain, while considering growth on two different metamorphic

buffer layers. Overall, our theoretical analysis has identified important trends in the perfor-

mance of GaAs-based metamorphic QW LEDs operating at λ = 4.2 µm, providing guidelines

for the growth of optimised devices suitable for practical applications, and pointing to the

promise of these novel metamorphic heterostructures for the development of high-performance

mid-infrared light emitters.

In Chapter 5 we have presented a theoretical investigation of the electronic properties of type-II

GaAs1−xSbx/GaAs QR structures based on analytical and numerical approaches, and identified

optimised combinations of QR morphology and alloy composition for the realisation of hole-

based IBSCs – in which the intermediate band is formed by the highest energy bound hole

state in the QR – offering the maximum theoretical efficiency available via inclusion of an

intermediate band (IB) in a GaAs matrix. Analytically, we presented the solution of the

time-independent Schrödinger equation for a cylindrical QR of infinite potential depth and

derived a transcendental equation which must be satisfied by bound QR eigenstates. The

relationship to the solution of the well-known problem of the cylindrical QD was described,

and it was demonstrated that (i) the QR eigenstates evolve smoothly from those of the QD,

and (ii) the convergence properties of the QR ground state allow the confinement energy to

be estimated straightforwardly, and to high accuracy, for realistic QRs having dimensions
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typical of those achieved via epitaxial growth. Our analytical analysis demonstrated that type-

II GaAs1−xSbx/GaAs QRs offer significant benefits from the perspective of band structure

engineering for IBSC applications, allowing the IB energy in a hole-based IBSC to be tuned

across a broad range via changes in QR morphology. Numerically, we used multi-band k·p
calculations – including full strain and piezoelectric effects – to analyse the electronic properties

of GaAs1−xSbx/GaAs QRs, both as a function of QR dimensions and Sb composition. We

further demonstrated that the nature of the carrier confinement in these heterostructures is

ideally suited to IBSC applications. Strong hole localisation can be expected to mitigate

carrier leakage from the IB via thermionic emission. Additionally, the interplay between strain

relaxation and type-II band alignment in these QRs was demonstrated to give rise to electron

states which, in the plane of the QR, are strongly localised in the central barrier of the QR.

The unusual nature of the carrier localisation in these heterostructures suggests the potential

to engineer the trade-off between the electron-hole overlap (which mediates carrier generation

via optical absorption) and the radiative lifetime for photo-generated electron-hole pairs (which

mediates carrier loss via radiative recombination). Given the sensitivity of the theoretical IBSC

efficiency to the IB energy, our analysis suggests that careful control of QR morphology provides

a viable route to realising optimised heterostructures suitable for IBSC applications. All in all,

we highlighted the suitability of type-II GaAs1−xSbx/GaAs QRs for applications in hole-based

IBSCs, and provided optimised combinations of QR alloy composition and morphology to guide

the growth and fabrication of prototype QR-IBSC devices.

In Chapter 6 we have presented a theoretical investigation and optimisation of the electronic

properties of InGaAsN:H/GaAs nanostructures for the use as single photon emitters operating

at the telecommunication wavelength λ=1.31 µm. We have used the existing structures pre-

pared by Sapienza University of Rome to benchmark our theoretical method against experimen-

tal photoluminescence data. Studying the band structure of In0.21Ga0.79As0.975N0.025:H/GaAs

nanostructures, we theoretically calculated an emission wavelength λ = 1.199 µm, showing a

very good agreement with experimental data provided by Sapienza University of Rome report-

ing an emission equal to 1.2 µm. Having benchmarked our theoretical model against experi-

mental data, we have provided a design template for InyGa1−yAs1−xNx/GaAs nanostructures

to emit at telecommunication wavelength λ = 1.31 µm by varying the composition and geome-

try of the structure. Overall, we have shown that with the feasibility of the proposed templates

confirmed by comparison with previously demonstrated laser structures the proposed material

platform and geometry should provide a viable route to design single photon emitters operating

at λ = 1.31 µm.
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7.2 Outlook

We now present some possible directions towards which research presented in this thesis can

be extended.

For our analysis of electronic and optical properties of metamorphic QW LEDs emitting at

mid-infrared wavelength region, outlined in Chapters 3 and 4, we considered strain-balanced

nitrogen-free InAsSb/AlInAs and dilute nitride InNAsSb/AlInAs QW LEDs emitting at 3.3

µm and 4.2 µm, respectively. Identifying key trends in their electronic and optical properties,

we calculated their spontaneous emission spectra and the associated radiative current density

at a fixed injected carrier density. A possible way to further this research is to calculate their

internal photon flux, output power, external quantum efficiency, and responsivity by modelling

the entire structure. Our analysis in Chapters 3 and 4 ignored the role of Auger recombination

in these mid-infrared LEDs. We justify this by a comparison between one theoretical analysis

and a series of experimental structures grown at University of Lancaster and University of Cadiz.

This showed that the trends observed in the experimental emission were well reproduced by our

radiative emission rate calculations. Nevertheless, it is to be expected that Auger recombination

is present in the LED structures, which should be considered in future estimates of the overall

optical efficiency achievable in these structures.

In Chapter 5 we designed efficient GaAsSb/GaAs QR-based IBSCs by identifying optimised

combinations of QR morphology and alloy composition. We were restricted to electronic band

structure engineering of these structures having considered them as supercells. This research

can be extended by analysing the effect of separation between QR arrays on the carrier con-

finement energy and the associated wavefunction. Evolution of wavefunction localisation as

a function of this separation can be interesting in a sense that electron and hole wavefunc-

tion overlap plays a strong role in determining the overall performance of these devices, more

detailed quantitative calculation of the wavefunctions overlap and predicted radiative recombi-

nation rate would therefore be useful. Another possible apprach towards extending the research

presented in Chapter 5 is to calculate the band to continuum absorption, which is indeed useful

to determine the overall efficiency of the device.

Finally, in Chapter 6 our analysis has established the potential of hydrogenated InGaAsN QD-

based nanostructures for emission at the telecommunication wavelength λ = 1.31 µm. Further

experimental work is now required to analyse and exploit this material system for single photon

emission in this important wavelength range.



Appendix A

Material parameters

In this appendix we present the material parameters used in the calculations of electronic and

optical properties of In(N)AsSb/AlInAs quantum well based light emitting diodes discussed in

Chapters 3 and 4, Ga(As)Sb/GaAs quantum ring based intermediate band solar cells discussed

in Chapter 5, and InGaAsN/GaAs nanostructures discussed in Chapter 6. In Section A.1 we

discuss the chosen material parameters for AlAs, InAs, InSb, GaSb, and GaAs binaries. Then

we explain the interpolation we have used to obtain the related material parameters for ternary

AlInAs, InAsSb and GaAsSb alloys. Finally, in Section A.2 we discuss the chosen material

parameters for dilute nitride InNAs and InNSb alloys required for the band-anticrossing model

as explained in 2.4.

A.1 Overview of material parameters for nitrogen-free alloys

In this section we outline the material parameters of binary AlAs, InAs, InSb, GaSb and

GaAs materials and ternary AlInAs, InAsSb, GaAsSb and InGaAs alloys we have used in our

calculations. Most of the material parameters we have used are taken from Ref. [69]. For most

of the material parameters used in our calculations, we use a linear interpolation between the

binary materials AlAs, InAs, InSb, GaSb, and GaAs to obtain the relevant material parameters

for the ternaries. However, for the band gap energy Eg and split-off energy ∆SO of a ternary

alloy of the form ABxC1−x we use the interpolation scheme recommended by Ref. [133]:

TABC(x) = xBAB + (1− x)BAC + x(x− 1)CABC , (A.1)

where CABC is the bowing parameter. Table A.1 presents the material parameters of the

AlAs, InAs, InSb, GaSb, and GaAs binaries. We note that the reported band gap energies Eg

are the values at T = 0K. In cases where we needed to perform the calculations at a finite
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Parameter AlAs InAs InSb GaSb GaAs

Eg (eV ) 3.099 0.417 0.235 0.812 1.519
al (Å) 5.661 6.058 6.479 6.096 5.653

∆SO (eV ) 0.28 0.39 0.81 0.76 0.341
α (meV/K) 0.70 0.276 0.32 0.417 0.46
β (K) 530 93 170 94 204
m∗

e 0.15 0.026 0.014 0.039 0.067
γ1 3.76 20.0 34.8 13.4 6.98
γ2 0.82 8.5 15.5 4.7 2.06
γ3 1.42 9.2 16.5 6.0 2.93

EP (eV ) 21.1 21.5 23.3 27.0 28.8
ac (eV ) -5.64 -5.08 -6.94 -7.5 -7.17
av (eV ) -2.47 -1.0 -0.36 -0.8 -1.16
b (eV ) -2.3 -1.8 -2.0 -2.0 -2.0
d (eV ) -3.4 -3.6 -4.7 -4.7 -4.8

c11 (GPa) 125 83.29 684.7 884.2 122.1
c12 (GPa) 53.4 45.26 373.5 402.6 56.6
c44 (GPa) 54.2 39.59 311.1 432.2 60.0

Table A.1: Material parameters for the binary materials used as input to the k.p calculations.

Bowing parameter AlInAs InAsSb GaAsSb InGaAs

Eg (eV ) 0.70 0.938 1.43 0.477
∆SO (eV ) 0.15 0.0 0.60 0.15

Table A.2: Bowing parameters for ternary materials used in the k.p calculations.

temperature T , we have used the Varshni equation to obtain the relevant value of Eg with the

Varshni parameters taken from Ref. [68]. Even though these material parameters are reported

and used widely, it appears that the literature lacks a consistent set of bowing parameters for the

band gap energy and split-off energy of ternary alloys. Table A.2 shows the band gap energy and

split-off energy bowing parameters of AlInAs, InAsSb ,GaAsSb and InGaAs we have used in our

calculations. We have found the bowing parameters for AlInAs, GaAsSb and InGaAs ternary

alloys recommended by Ref. [69] to be reliable when benchmarking our k.p calculations against

experimental data. However, for the InAsSb ternary alloy we have used a band gap bowing of

0.938 eV, as recommended by Ref. [134], and have set the bowing of the valence band spin–orbit

splitting energy to zero. This choice of material parameters has been benchmarked against

experimental measurements, where we find that it quantitatively describes the dependence on

Sb composition and temperature of the measured photoluminescence emission peak energy

in a range of type-II InAsSb/AlInAs quantum well and superlattices. We also note that the

valence band offsets used in our band structure calculations are calculated using model solid

theory as outlined in Ref. [135], where (i) the average valence band energies have been chosen to

reproduce a natural (unstrained) valence band offset, and (ii) and (ii) the approach of Ref. [133]

is used to compute the bowing of the alloy average valence band energy.
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Material ∆ENc (eV) β

InAs 0.969 1.212
InSb 0.485 1.97
GaAs 0.187 2.0

Table A.3: Band-anticrossing parameters used in our calculations.

A.2 Overview of dilute nitride material parameters

We have used the band-anticrossing model to study the impact of localised nitrogen states on

the electronic structure of InNAsSb and InGaAsN alloys. In this section we summarise the

material parameters we have used in our electronic band structure calculations of these dilute

nitride semiconductors. The values of ∆ENc and β for isolated, substitutional N impurities used

in our calculations are summarised in Table A.3 for InAs, InSb and GaAs semiconductors [37],

where ∆ENc is the energy of the N-related localised states relative to the host matrix conduction

band edge energy. We have then used a linear interpolation to calculate the relevant parameters

for the InNAsSb and InGaAsN alloys discussed in Chapter 4 and Chapter 6, respectively.





Appendix B

Short guide to running S/PHI/nX

We have used the S/PHI/nX freeware library for the electronic band structure calculations

of GaAsSb/GaAs quantum rings and hydrogenated InGaAsN QD-based heterostructures, dis-

cussed in Chapter 5 and Chapter 6, respectively. Here we briefly explain the procedure we have

used to model the aforementioned heterostructures in S/PHI/nX. Figure B.1 shows a flowchart

of how the S/PHI/nX software works.

We can summarise the steps required to undertake electronic band structure calculations of a

given nanostructure using S/PHI/nX as follows:

1. The three-dimensional structure (as a geometry file), simulation cell, and material pa-

rameters are defined. Grid sizes along the x, y and z directions are defined in the input files

”strain.sx” for strain calculations and ”input.sx” for band structure calculations so as to ensure

to obtain accurate results. Fig. B.2 shows the script we have used to define GaAs material

parameters used in our k.p calculations. We note that the units in S/PHI/nX software library

are defined in the Hartree atomic units system. We have defined the material parameters in-

troduced in Sec. 2.4. We can use a similar approach to define binary zincblende materials.

However, for ternary and quaternary zincblende alloys we need to use linear interpolation to

define the parameters for the compounds. We note that the band gap energy and the split-off

energy are defined with a bowing parameter for the ternary and quaternary alloys.

2. Strain profile and built-in piezoelectric potential are subsequently calculated using con-

tinuum elasticity theory [32]. Piezoelectric potential is defined in the input file ”peField.pol”.

Output files are written in ”strainXX.dat”, ”strainYY.dat”, ”strainZZ.dat”, ”strainXY.dat”,

”strainXZ.dat”, ”strainYZ.dat”, and ”vPol.dat” that contain the corresponding component of

the strain tensor and the polarisation in a format similar to the format of the defined geome-

try file. The output files are easy-to-interpret in a 3D-visualiser. Nevertheless, ”data001.dat”

contains a line-scan through the centre of the cell along the (001)-direction of relevant elastic

and piezoelectric properties.
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Figure B.1: S/PHI/nX flowchart to define a nanostructure and Hamiltonian for electronic
band structure calculations.

3. The Hamiltonian matrix is defined. Fig. B.3 shows the script used to define a 10-band

k.p Hamiltonian as described in Sec. 2.4.2.

4. Finally, the multiband k.p method is implemented to calculate the single particle states.

When setting up, we can specify how many carrier states to calculate in the input file ”hamil-

tonian.sx”. The input file ”eTrial.sx” is then defined close to the estimated conduction/valence

band edge of the dot in order to calculate electron/hole states. We note that electron and hole

states are calculated in separate calculations by properly defining the trial energy in the input

file ”eTrial.sx”. Fig. B.4 shows how the trial energy is defined to solve for electron states in the

conduction band of a heterostructure. Similarly, defining the trial energy close to the valence

band edge energy solves for hole states in the valence band.
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Figure B.2: The script used to define GaAs material parameters for k.p calculations using
S/PHI/nX.
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Figure B.4: Defining the trial energy close to the conduction band edge energy in order to
solve for electron states in the conduction band.
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