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Abstract—This paper presents a novel design procedure for 4th 

order and 4th order resonance (4thRes) output filters, for given 

buck converter specifications, making components selection a 

straightforward process. An accurate filter analysis is provided to 

predict the filter component currents and voltages in both 

frequency and time domains. Application of the analysis in a 

design study of a 20 MHz, 5.4 W buck converter shows that the 

4thRes filter has the potential to reduce the output passive 

components for a wide duty cycle range. As compared with a 2nd 

order filter at VIN = 6.6 V to VOUT = 1.8 V, total inductance, 

inductor energy, capacitance and capacitor energy are 58%, 35%, 

45% and 31% lower, respectively. Air-core PCB integrated 

solenoid inductors are considered for implementation and testing 

within a prototype converter to show the impact of these filters on 

converter performance. The 4thRes filter achieved 3.7% and 3.6% 

higher full load efficiency than the 2nd and 4th order filters, 

respectively, and better load transient performance. 

 
Index Terms—Buck converter, 4th order resonance filter, 

solenoid inductor, PCB inductor. 

I. INTRODUCTION 

ASSIVE components in DC-DC converters occupy large 

volumes and contribute significantly to the overall 

converter loss, particularly the magnetic components. There are 

several ways to optimise the utilisation of magnetic components 

in terms of size or losses, like increasing the switching 

frequency, using a different converter topology, e.g. multiphase 

buck [1]–[3], using a different component structure and 

material, or using a higher order filter for better controlling the 

output voltage ripple [4]. A 4th-order filter, as in Fig. 1(b), 

provides twice the roll-off rate of a 2nd-order filter (Fig. 1(a)) 

and therefore has the potential for size reduction of the filter 

components to provide the same level of output voltage ripple.  

While various benefits of high order filters have been 

reported in the literature, methods for filter design to achieve 

given DC-DC converter specifications within a minimum size 

have not been described. Furthermore, the performance of 

coupled inductors in high order filters has the potential for 
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significantly reducing the filter size due to the high attenuation 

they produce through resonance with one of the filter 

capacitors. However, this has not been fully exploited, partly 

because there is no detailed analysis available to enable the 

selection of suitable filter components. These gaps are 

addressed in this paper. 

A design procedure for a 4th order low-pass filter for a DC-

DC converter was introduced in [5]. The design procedure 

focused on increasing the converter bandwidth over a 2nd order 

filter (for an accelerator application) rather than on the size of 

the filter’s passive components, where Butterworth, Bessel and 

critically damped filters were considered. The first inductance 

of the filter (L1) was designed based on the inductor current 

ripple. Then, a normalised filter transfer function was applied 

to determine the remaining filter components needed to achieve 

the required attenuation at the switching frequency. 

In [6], the focus of filter design for a 100 W, 2-phase buck 

converter was on optimising an envelope tracking system to 

pass the envelope frequencies of 1.5 MHz and reject the 10 

MHz switching harmonic frequencies rather than on 

minimisation of the passive component sizes. After reviewing 

the filtering performance for a number of 4th order filters, 

including Butterworth and Bessel, a Legendre-Papoulis was 

selected. 

A fully integrated 450 MHz buck converter with a 4th order 

filter was demonstrated in [7] to have a similar area to a 2nd 
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Fig. 1. (a) 2nd order filter, (b) 4th order filter, (c) 4th order resonance filter. 
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order filter of 0.4 mm2; it was implemented with two side-by-

side on-chip spiral air-core inductors. It was found that negative 

coupling (-0.05) due to the placement of the two inductors side-

by-side provided greater attenuation than non-coupled at the 

switching frequency. This is a result of resonance between the 

mutual inductance and the first stage capacitor, as would be 

produced between L3 and C1 in the 4th-order resonance circuit 

(4thRes) of Fig. 1(c). However, neither the filter design nor the 

coupling factor was optimised to target given converter 

specifications. 

A study in [8] investigated the coupled inductor as a filtering 

block for different applications. A 4th order filter with a coupled 

inductor was implemented and tested in a 50 kHz buck 

converter which showed 22 dB extra attenuation of the output 

ripple compared with a 2nd order filter. However, a size 

comparison was not presented, and the procedure for selecting 

filter components to achieve given DC-DC converter 

specifications was not described. 

More studies considered high order filters in different circuit 

topologies and applications. A 42 kHz, 4 kW 4-phase buck 

converter with a 4th order filter and damping branch in each 

phase for a magnet power supply in a linear accelerator was 

described in [9]. A 500 W, 50 kHz buck converter with a 4th 

order filter was presented in [10], which utilised the two filter 

stages to implement two feedback loops for fast envelope 

tracking. Most recently, a 0.21 W, 118 MHz integrated boost 

converter with an additional LC stage was presented in [11] to 

reduce the output ripple for analog applications. However, these 

studies do not focus on the impact of high order filters on the 

size of the passive components. 

Therefore, this study provides a novel selection procedure for 

the passive components in 4th order and 4th order resonance 

(4thRes) output filters with a view to reducing their size for a 

given buck converter specifications. The performance and size 

of the resulting filter components are benchmarked against 

those in a common 2nd order filter. 

As mentioned, with a 4th order filter, there is an opportunity 

to implement the 3rd inductor, L3, as the mutual inductance 

between L1 and L2. In this case, analysis of the proposed 4thRes 

filter using a non-coupled inductor is the first step toward 

component selection; then a coupled inductor can be used to 

achieve the same resonance feature. For simplicity, a 

Butterworth filter is chosen as a starting point for the filter 

design approach in this paper, but other standard filters could 

be applied. 

The comparison is demonstrated for air-core PCB integrated 

inductors, where the target application is the first stage of a 2-

stage step-down solution for Integrated Voltage Regulator 

(IVR) type loads powered by a wide input voltage battery 

source, e.g. as in [12], where stages 1 & 2 step down battery 

voltage from 3.8 to 1.5 V and then from 1.5 to 1 V respectively. 

This paper is an extension of our previous conference paper 

[13], where new s-domain and time-domain analyses are 

presented to predict the voltages and currents in the filter 

components. In addition, results of experimental testing of the 

fabricated inductors with a buck converter are included. Section 

II presents the filter design procedure for a standard 4th order 

low pass filter in terms of the specifications for a DC-DC buck 

converter. Then the same approach is applied to the 4thRes 

filter. Section III provides methods for accurately predicting the 

voltages and currents of the filter components in the frequency 

and time domains so that they can be applied in passive 

component design. The filter design approach is employed to 

select passive components for a typical step-down buck 

converter specification, and these are compared against 

equivalent standard 2nd order low pass filter components in 

Section IV. Implementation of the required inductor designs in 

PCB is described in Section V, and prototype inductor designs 

are compared for equivalent 2nd order, 4th order and 4thRes 

filters. Prototype converter testing and simulation results are 

presented and discussed in Section VI. Finally, conclusions are 

discussed in Section VII. 

II. LOW PASS FILTER DESIGN FOR A BUCK CONVERTER 

A. Fourth-order low pass filter 

To analyse the filter components, the following transfer 

function is derived by circuit analysis of a 4th order filter as 

shown in Fig. 1(b): 

𝐺(𝑠)4𝑡ℎ =
𝑣𝑜𝑢𝑡(𝑠)

𝑣𝑠𝑤(𝑠)
=
1

𝑋
 (1) 

where 

𝑋 = 1 + (
𝐿1 + 𝐿2

𝑅
) 𝑠 + (𝐶1𝐿1 + 𝐶2𝐿1 + 𝐶2𝐿2)𝑠

2

+ (
𝐶1𝐿1𝐿2
𝑅

) 𝑠3 + (𝐶1𝐶2𝐿1𝐿2)𝑠
4 

(2) 

vsw is the switching voltage, vout is the output voltage, R is the 

load resistance, and L1, L2, C1 & C2 are the filter’s inductive and 

capacitive elements shown in Fig. 1(b). 

The transfer function in (1) is compared with the 4th order 

normalised filter transfer function, e.g. Butterworth filter: 

𝐺(𝑠)4𝑡ℎ_𝑛𝑜𝑟𝑚

=
1

1 + 𝑎1
𝑠
𝜔0

+ 𝑎2
𝑠2

𝜔0
2 + 𝑎3

𝑠3

𝜔0
3 + 𝑎4

𝑠4

𝜔0
4

 

=
1

1 + 𝐴1𝑠 + 𝐴2𝑠
2 + 𝐴3𝑠

3 + 𝐴4𝑠
4
 

(3) 

where a1, a2, a3 & a4 are the normalized filter parameters i.e. 

2.613, 3.414, 2.613 & 1 respectively for a Butterworth filter 

[14], An = an / ω0
n is used in (3) for simplicity, and ω0 is the cut-

off frequency. 

By solving (1) and (3) together, we can get the four filter 

unknowns L1, L2, C1 & C2 in terms of the load resistor, R: 

𝐿1 = 𝑅𝐴1 −
𝑅𝐴3

2

𝐴2𝐴3 − 𝐴1𝐴4
 𝐿2 =

𝑅𝐴3
2

𝐴2𝐴3 − 𝐴1𝐴4
 

(4) 

𝐶1 =
(𝐴1𝐴4 − 𝐴2𝐴3)

2

𝑅𝐴3(𝐴1𝐴2𝐴3 − 𝐴1
2𝐴4 − 𝐴3

2)
 𝐶2 =

𝐴4
𝑅𝐴3

 

ω0 is chosen to achieve the required attenuation of the output 

voltage steady-state peak-to-peak ripple ∆VOUT at the switching 

frequency 𝜔𝑆𝑊 = 2𝜋𝐹𝑆𝑊. ∆VOUT is specified at 5% for the first 
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stage of a 2-stage regulator, where tighter regulation is provided 

by the second stage on-chip. Note also that in practice, 

additional output capacitance may be required to satisfy load 

transient requirements [15], over and above steady-state ripple 

filtering, but this is not considered at the initial design phase, 

where the objective is to assess the switching ripple filtering 

performances of the various filters. The effect of additional 

output capacitance for transient requirements is considered in 

the measurements in Section VI. 

As an approximation, ω0 is calculated assuming the gain of 

the highest order of the filter transfer function in (3) for each nth 

harmonic as lower orders are negligible at frequencies > ω0, i.e.: 

𝐺𝑛 =
𝜔0
4

𝑎4𝑠
4   at 𝑠 = 𝑗𝑛𝜔𝑆𝑊 (5) 

By assuming that ∆VOUT of the filter is the summation of each 

harmonic amplitude multiplied by the filter gain at the 

corresponding frequency, then ∆VOUT is represented as: 

∆𝑉𝑂𝑈𝑇 = ∑|𝐺𝑛∆𝑉𝑛|

𝑁ℎ

𝑛=1

 (6) 

where Nh is the number of harmonics required to be attenuated, 

considering the first 10 harmonics is accurate enough for this 

study, and ∆Vn is the peak-to-peak amplitude of the nth 

harmonic, which is calculated using Fourier analysis as follows: 

∆𝑉𝑛 =
4𝑉𝑂𝑈𝑇
𝑛𝜋𝐷

sin(𝑛𝜋𝐷) (7) 

where D is the switching duty cycle. 

By substituting (5) and (7) into (6), ∆VOUT is found as: 

∆𝑉𝑂𝑈𝑇 = (
𝜔0

𝜔𝑆𝑊

)
4 4𝑉𝑂𝑈𝑇
𝑎4𝜋𝐷

∑
|sin(𝑛𝜋𝐷)|

𝑛5

𝑁ℎ

𝑛=1

 (8) 

As ∆VOUT is a predetermined converter specification, then (8) 

is solved for ω0 as follows: 

𝜔0 = 𝜔𝑆𝑊√
∆𝑉𝑂𝑈𝑇
𝑉𝑂𝑈𝑇

𝑎4𝜋𝐷

4∑
|sin(𝑛𝜋𝐷)|

𝑛5
𝑁ℎ
𝑛=1

4
 (9) 

In this way, the filter attenuates the switching harmonics to 

the desired ∆VOUT value at the output signal. This filter design 

approach for DC-DC converter always results in L1 > L2 and C1 

> C2. 

B. Fourth-order resonance low pass filter (4thRes) 

In the proposed 4thRes filter (shown in Fig. 1(c)), the 

inductor L3 resonates with the capacitor C1. Its transfer function 

was derived using circuit analysis and is simplified to: 

𝐺(𝑠)4𝑡ℎ𝑅𝑒𝑠 =
𝑣𝑜𝑢𝑡(𝑠)

𝑣𝑠𝑤(𝑠)
=
1 + (𝐶1𝐿3)𝑠

2

𝑋𝑅𝑒𝑠
 (10) 

where 

𝑋𝑅𝑒𝑠 = 1 + (
𝐿1 + 𝐿2

𝑅
) 𝑠

+ (𝐶1𝐿1 + 𝐶1𝐿3 + 𝐶2𝐿1 + 𝐶2𝐿2)𝑠
2

+ (
𝐶1
𝑅
(𝐿1𝐿2 + 𝐿1𝐿3 + 𝐿2𝐿3)) 𝑠

3

+ (𝐶1𝐶2(𝐿1𝐿2 + 𝐿1𝐿3 + 𝐿2𝐿3))𝑠
4 

(11) 

The resonance of C1 with L3 makes a double zero in the 

transfer function, which is placed at the switching frequency to 

attenuate the first harmonic amplitude effectively. For 

frequencies below the double zero, the resonance filter response 

follows a 4th order characteristic, and afterwards, it follows a 

2nd order characteristic, which makes the gain at the 2nd 

harmonic greater than the 1st harmonic. This will be considered 

in the selection of the cut-off frequency. The double zero is 

added to the normalised filter transfer function as follows: 

𝐺(𝑠)4𝑡ℎ𝑅𝑒𝑠_𝑛𝑜𝑟𝑚

=

1 +
1

𝜔𝑆𝑊
2 𝑠2

1 + 𝑎1
𝑠
𝜔0

+ 𝑎2
𝑠2

𝜔0
2 + 𝑎3

𝑠3

𝜔0
3 + 𝑎4

𝑠4

𝜔0
4

 

=

1 +
1

𝜔𝑆𝑊
2 𝑠2

1 + 𝐴1𝑠 + 𝐴2𝑠
2 + 𝐴3𝑠

3 + 𝐴4𝑠
4
 

(12) 

By comparing (10) and (12), we can get from the 

denominator four equations with five unknowns, i.e., L1, L2, L3, 

C1 & C2. One unknown is eliminated with the help of the 

numerator by placing the double zero at the switching 

frequency to give: 

𝐿3 =
1

𝜔𝑆𝑊
2𝐶1

=
1

4𝜋2𝐹𝑆𝑊
2𝐶1

 (13) 

Substituting (13) into (11) eliminates L3, then (11) and the 

denominator of (12) are solved together to get: 

𝐿1 =
𝑅𝜔𝑆𝑊

2(𝐴1
2𝐴4 − 𝐴1𝐴2𝐴3 + 𝐴3

2)

𝐴3 + 𝜔𝑆𝑊
2(𝐴1𝐴4 − 𝐴2𝐴3)

 (14) 

𝐿2 =
𝑅𝐴3(𝐴1 − 𝐴3𝜔𝑆𝑊

2)

𝐴3 + 𝜔𝑆𝑊
2(𝐴1𝐴4 − 𝐴2𝐴3)

 (15) 

𝐶1 =
(𝐴3 +𝜔𝑆𝑊

2(𝐴1𝐴4 − 𝐴2𝐴3))
2

𝑅𝐴3𝜔𝑆𝑊
4(𝐴1𝐴2𝐴3 − 𝐴1

2𝐴4 − 𝐴3
2)

 (16) 

𝐶2 =
𝐴4
𝑅𝐴3

 (17) 

Similar to Section II.A, ω0 calculations assume the gain of 

the highest order of the filter transfer function in (12) for nth 

harmonic as follows: 

𝐺𝑛 =
1+

𝑠2

𝜔𝑆𝑊
2

𝑎4

𝜔0
4𝑠

4    at 𝑠 = 𝑗𝑛𝜔𝑆𝑊 (18) 

As equations (6) and (7) apply here as well, then (7) and (18) 

are substituted into (6) to express ∆VOUT as follows: 
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∆𝑉𝑂𝑈𝑇 = (
𝜔0

𝜔𝑆𝑊

)
4 4𝑉𝑂𝑈𝑇
𝑎4𝜋𝐷

∑
|(1 − 𝑛2) sin(𝑛𝜋𝐷)|

𝑛5

𝑁ℎ

𝑛=1

 (19) 

Then (19) is solved for ω0 as follows: 

𝜔0 = 𝜔𝑆𝑊√
∆𝑉𝑂𝑈𝑇
𝑉𝑂𝑈𝑇

𝑎4𝜋𝐷

4∑
|(1 − 𝑛2) sin(𝑛𝜋𝐷)|

𝑛5
𝑁ℎ
𝑛=1

4
 (20) 

The formulas (13) to (17) are used to determine the 

component values of the 4thRes filter in a buck converter. This 

filter design approach always results in L1 > L2 > L3 and C1 > 

C2. 

Fig. 2 shows a comparison between the calculated cut-off 

frequency in (9) and (20) at ∆VOUT /VOUT = 0.05, assuming the 

1st stage specification of a 2-stage converter as discussed above. 

It shows that ω0 is higher for the 4thRes filter over the whole 

duty cycle range, which means it is expected to require smaller 

passive components than the normal 4th order filter and allow 

higher bandwidth of the closed-loop converter. However, 

closed-loop control is not within the scope of this study. 

 

III. FILTER ANALYSIS 

In addition to filter component values, the filter size is 

determined by the voltages and currents carried by each filter 

component. To predict these voltages and currents, the output 

filter is first analysed in the s-domain, including the 

components’ parasitic elements as detailed in Fig. 3, and the 

results are then translated to the time domain. 

 

A. s-domain analysis 

To simplify the filter analysis, its components are grouped in 

the s-domain impedances Z1, Z2, Z3 and Ztot, which are: 

𝑍1(𝑠) = 𝑍𝐿3(𝑠) + 𝑍𝐶1(𝑠) (21) 

𝑍2(𝑠) =
𝑅𝑍𝐶2(𝑠)

𝑅 + 𝑍𝐶2(𝑠)
 (22) 

𝑍3(𝑠) =
𝑍1(𝑠)(𝑍𝐿2(𝑠) + 𝑍2(𝑠))

𝑍1(𝑠) + (𝑍𝐿2(𝑠) + 𝑍2(𝑠))
 (23) 

𝑍𝑡𝑜𝑡(𝑠) = 𝑍𝐿1(𝑠) + 𝑍3(𝑠) (24) 

 Then the filter gain is divided into two stages, G1 and G2 for 

the 1st and 2nd filter stages, respectively, which are combined to 

get the overall filter gain Gfilter as follows: 

𝐺1(𝑠) =
𝑣𝑚𝑖𝑑(𝑠)

𝑣𝑠𝑤(𝑠)
=

𝑍3(𝑠)

𝑍𝐿1(𝑠) + 𝑍3(𝑠)
 (25) 

𝐺2(𝑠) =
𝑣𝑜𝑢𝑡(𝑠)

𝑣𝑚𝑖𝑑(𝑠)
=

𝑍2(𝑠)

𝑍𝐿2(𝑠) + 𝑍2(𝑠)
 (26) 

𝐺𝑓𝑖𝑙𝑡𝑒𝑟(𝑠) =
𝑣𝑜𝑢𝑡(𝑠)

𝑣𝑠𝑤(𝑠)
= 𝐺1(𝑠)𝐺2(𝑠) (27) 

Then the voltages vmid, vC1 and vC2 are calculated. 

𝑣𝑚𝑖𝑑(𝑠) = 𝐺1(𝑠)𝑣𝑆𝑊(𝑠) (28) 

𝑣𝐶2(𝑠) = 𝑣𝑜𝑢𝑡(𝑠) = 𝐺𝑓𝑖𝑙𝑡𝑒𝑟(𝑠)𝑣𝑆𝑊(𝑠) (29) 

𝑣𝐶1(𝑠) = 𝑣𝑚𝑖𝑑(𝑠)
𝑍𝐶1(𝑠)

𝑍𝐿3(𝑠) + 𝑍𝐶1(𝑠)
 (30) 

Then inductor currents iL1, iL2 and iL3 are calculated: 

𝑖𝐿2(𝑠) =
𝑣𝑚𝑖𝑑(𝑠) − 𝑣𝐶2(𝑠)

𝑍𝐿2(𝑠)
 (31) 

𝑖𝐿3(𝑠) = 𝑖𝐶1(𝑠) =
𝑣𝑚𝑖𝑑(𝑠)

𝑍𝐿3(𝑠) + 𝑍𝐶1(𝑠)
 (32) 

𝑖𝐿1(𝑠) = 𝑖𝐿2(𝑠) + 𝑖𝐿3(𝑠) =
𝑣𝑆𝑊(𝑠) − 𝑣𝑚𝑖𝑑(𝑠)

𝑍𝐿1(𝑠)
 (33) 

This s-domain analysis can accurately predict the frequency 

components of the voltages and currents of each element. 

Furthermore, it is used to predict the time domain waveform, 

which improves the prediction of each component performance 

and the steady-state output voltage ripple over different loading 

conditions. 

B.  Time-domain conversion 

Assuming linear characteristics of the filter components, the 

time-domain calculations are done using the standard 

amplitude-phase Fourier representation: 

𝑓(𝑡) = 𝐴0 +∑𝐴𝑛 cos(𝑛𝜔𝑡 + 𝜑𝑛)

𝑁

𝑛=1

 (34) 

where A0 is the average value, An and φn are the nth harmonic 

amplitude and phase, respectively, extracted from the s-domain 

solution in Section III.A. The number of harmonics N is infinity 

ideally, but N = 50 was found accurate enough for this study, as 

increasing N increases the computation time. Hence, the 

switching node voltage is represented as: 

 

Fig. 2. Comparison of the calculated cut-off frequency at ∆VOUT /VOUT = 0.05. 

0 0.2 0.4 0.6 0.8 1
40

60

80

100

120
4thRes

4th

Duty cycle

w
0

 (
M

ra
d

/s
)

L1

C1

C2

R

L3

+

-
VOUT

+

-
vSW

RL1
CL1

RC1

RL3

LC1

CL3

RC2

LC2

L2

RL2

CL2

iL1 iL2

iL3 = iC1

iC2

ZL3

ZC1

ZC2

vmid

vC1

vOUT = vC2

Z1 Z2Z3
Ztot

ZL1
ZL2

 

Fig. 3. 4thRes output filter with parasitic elements. 

Duty cycle 

ω
0
 (

M
ra

d
/s

) 

This article has been accepted for publication in IEEE Transactions on Power Electronics. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TPEL.2022.3206050

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/



 

𝑣𝑆𝑊(𝑡) = 𝑉𝑂𝑢𝑡 +∑𝑉𝑛 cos(𝑛𝜔(𝑡 − 0.5𝐷𝑇𝑆𝑊))

𝑁

𝑛=1

 (35) 

where Vn is the harmonic amplitude, Vn = ΔVn/2, presented in 

(7), and TSW is the switching period TSW = 1/FSW. 

Then vC1, vC2, iL1, iL2 and iL3 are represented (at sn = jnωSW) 

as follows: 

𝑣𝐶1(𝑡) = 𝑉𝑂𝑈𝑇 + 

∑|
𝐺1(𝑠𝑛)𝑍𝐶1(𝑠𝑛)

𝑍𝐿3(𝑠𝑛) + 𝑍𝐶1(𝑠𝑛)
| 𝑉𝑛 cos (𝑛𝜔𝑆𝑊(𝑡 − 0.5𝐷𝑇𝑆𝑊)

𝑁

𝑛=1

+ ∠(
𝐺1(𝑠𝑛)𝑍𝐶1(𝑠𝑛)

𝑍𝐿3(𝑠𝑛) + 𝑍𝐶1(𝑠𝑛)
)) 

(36) 

𝑣𝐶2(𝑡) = 𝑉𝑂𝑈𝑇 +∑|𝐺𝑓𝑖𝑙𝑡𝑒𝑟(𝑠𝑛)|𝑉𝑛 cos (𝑛𝜔𝑆𝑊(𝑡

𝑁

𝑛=1

− 0.5𝐷𝑇𝑆𝑊) + ∠ (𝐺𝑓𝑖𝑙𝑡𝑒𝑟(𝑠𝑛))) 

(37) 

𝑖𝐿2(𝑡) = 𝐼𝑂 + 

∑|
𝐺1(𝑠𝑛) − 𝐺𝑓𝑖𝑙𝑡𝑒𝑟(𝑠𝑛)

𝑍𝐿2(𝑠𝑛)
| 𝑉𝑛 cos (𝑛𝜔𝑆𝑊(𝑡 − 0.5𝐷𝑇𝑆𝑊)

𝑁

𝑛=1

+ ∠(
𝐺1(𝑠𝑛) − 𝐺𝑓𝑖𝑙𝑡𝑒𝑟(𝑠𝑛)

𝑍𝐿2(𝑠𝑛)
)) 

(38) 

𝑖𝐿3(𝑡) = ∑ |
𝐺1(𝑠𝑛)

𝑍𝐿3(𝑠𝑛) + 𝑍𝐶1(𝑠𝑛)
|

𝑁

𝑛=1

∗ 

𝑉𝑛 cos(𝑛𝜔𝑆𝑊(𝑡 − 0.5𝐷𝑇𝑆𝑊) + ∠(
𝐺1(𝑠𝑛)

𝑍𝐿3(𝑠𝑛) + 𝑍𝐶1(𝑠𝑛)
)) 

(39) 

𝑖𝐿1(𝑡) = 𝑖𝐿2(𝑡) + 𝑖𝐿3(𝑡) (40) 

where IO is the DC output current. 

As equations (36) to (40) are in the time domain, they are 

used to calculate maximum, minimum and RMS values for each 

filter component, which allows the design and selection of the 

components. 

vOUT(t) from equation (37) is used to predict ∆VOUT versus 

loading and hence adjust the filter design if needed. 

IV. DESIGN STUDY 

The considered converter steady-state specifications for this 

study are listed in Table I, which are typical of point-of-load 

converter requirements for an intermediate step-down stage, 

which then is followed by a second stage with tighter output 

voltage regulation as in [1][12][16] for IVR application. The 

basic buck converter 2nd order output filter in Fig. 1(a) is taken 

as a baseline where the inductance and capacitance are 

calculated based on inductor current ripple (∆IL) and capacitor 

voltage ripple (∆VOUT), respectively. 

𝐿2𝑛𝑑 =
𝑉𝑂𝑈𝑇(1 − 𝐷)

∆𝐼𝐿𝐹𝑆𝑊
 (41) 𝐶2𝑛𝑑 =

∆𝐼𝐿
8𝐹𝑆𝑊∆𝑉𝑂𝑈𝑇

 (42) 

For comparison purposes, the total capacitance is fixed for 

the 2nd and 4th order filters designs (C2nd = C1 + C2), so that the 

improvement in magnetics can be seen. C1 and C2 are chosen at 

the maximum VIN (as a worst-case) according to the procedure 

explained in Section II.A. As a result, ∆IL for the 2nd order is set 

to 36.5%. 

To compare the inductors’ energy, the calculated currents in 

the 4th order and 4thRes filters are approximated, as almost all 

the current ripple in L1 flows through C1. So, the current ripple 

in L2 can be neglected. This is seen in the inductor current 

waveforms from the converter simulation in Fig. 4, which 

shows that the current in L2 is almost DC with negligible ripple. 

Therefore, the total inductor peak energy is calculated as: 

𝐸𝐿 ≈
1

2
[𝐿1 (𝐼𝐷𝐶 +

∆𝐼𝐿1
2
)
2

+ 𝐿2(𝐼𝐷𝐶)
2 + 𝐿3 (

∆𝐼𝐿3
2
)
2

] (43) 

where 

∆𝐼𝐿3 ≈ ∆𝐼𝐿1 ≈
𝑉𝑂𝑈𝑇(1 − 𝐷)

𝐿1𝐹𝑆𝑊
 (44) 

 

 
Fig. 5 compares the resulting passive component 

specifications for 2nd order, 4th order and 4thRes filters versus 

the switching duty cycle. Calculations are based on Butterworth 

filter parameters. The comparison of the total inductance in Fig. 

5(a) shows that the 4th order filter required less inductance than 

the 2nd order filter for duty cycles less than 0.62. Meanwhile, 

the 4thRes filter achieved smaller inductance than the regular 

4th order filter over almost the whole duty cycle range. It 

achieved smaller inductance than the 2nd order filter for duty 

cycles less than 0.74. 

The total inductor peak energy in Fig. 5(b) reflects a similar 

relative trend. Moreover, the smallest total inductor peak 

energy is achieved by the 4thRes filter, which is 35.6% lower 

than the 2nd order design (at the minimum duty). Note that, 

practical passive components selection for a converter needs to 

account for the worst operating condition, i.e. at the minimum 

duty cycle of 0.27.  

The total capacitance comparison in Fig. 5(c) shows that the 

4thRes filter achieved smaller steady-state capacitance than 

TABLE I 

CONVERTER STEADY-STATE SPECIFICATIONS 

Symbol Quantity Value  Unit 

FSW Switching frequency 20 MHz 

VIN Input voltage 2.5 – 6.6 V 

VOUT Output voltage 1.8 V 

IDC Output DC current 3 A 

ΔIL Output current ripple 1.1 (36.5%) A 

ΔVOUT Output voltage ripple 90 (5%) mV 

 

 

Fig. 4. Simulation inductor currents at VIN = 6.6 V: (a) 4th order, (b) 4thRes. 
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other configurations. This shows the potential of the 4thRes 

filter in reducing the size of passive components, with a 

straightforward design procedure for component selection 

based on a normalised filter, i.e. a Butterworth filter. 

 
With the aid of the filter design and analysis in Section II, the 

filter components chosen for the worst-case duty cycle are 

compared in Table II, showing the advantages of the 4thRes 

filter in reducing the passive components. These calculations 

assume an ESR value of 5 mΩ for C1 and C2 branches to 

account for the parasitic effect in increasing the output voltage 

ripple in the real converter. 

 
 The commercial capacitors selected from Murata for the 

initial design are shown in Table III. ESR (at 20 MHz) and ESL 

values were deduced from the datasheet. The 4thRes filter relies 

on a resonance branch (L3-C1), and C1 consists of four parallel 

capacitors, each with an effective capacitance of 9.86 nF and 

parasitic inductance of 0.238 nH. So, the value of L3 needs to 

be corrected to 1.55 nH instead of 2.06 nH to maintain 

resonance at the switching frequency. 

 
The calculated filter gain in (27) is shown in Fig. 6 for the 4th 

and 4thRes filters, respectively, (considering parasitic 

elements) at 0.1 and 3 A load. Fig. 6(b) shows the resonance 

notch at the switching frequency of 20 MHz which attenuates 

the 1st harmonic significantly, hence allowing for output filter 

reduction. Furthermore, the predicted time-domain waveforms 

and ∆VOUT performance of the 4th and 4thRes filters are shown 

in Fig. 7 and Fig. 8, respectively, at the maximum VIN of 6.6 V. 

Attenuation at the resonant frequency can also be seen by 

comparing vC2 and iL2 waveforms in Fig. 7 and Fig. 8, where the 

ripple frequency in the 4thRes is dominated by the 2nd harmonic 

at 40 MHz rather than at 20 MHz. 

 

 

 
 Practically, the choice of C2 is dominated by specifications 

for voltage over/undershoot during transient load changes 

rather than steady-state ripple voltage. This may result in a 

much larger capacitance value for C2, as demonstrated in 

Section VI. However, the procedure outlined here ensures that 

steady-state specifications are met at least, and any additional 

transient capacitance would act to reduce the steady-state ripple 

further. 

V. PCB INDUCTOR DESIGN 

For the prototype converter design, air-core solenoid designs 

integrated into a standard 2-layer FR4 PCB are considered to 

illustrate the relative advantage provided by the circuit 

topologies for inductors fabricated under the same processing 

constraints. Therefore, while the inductors are not competitive 

area-wise with inductors having magnetic cores, they illustrate 

the potential for relative improvement provided by the 4th order 

topologies. The inductor design is based on PCB manufacturing 

constraints, i.e. the copper thickness is 70 µm, PCB height is 

 

Fig. 5. Comparison of passives between 2nd order, 4th order and 4thRes filters 

at VOUT = 1.8 V, ΔVOUT = 90 mV, IDC = 3 A, FSW = 20 MHz: (a) Total inductance, 

(b) Total inductors peak energy, (c) Total capacitance. 
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TABLE II 

DESIGN COMPARISON AT MAXIMUM VIN 

Quantity 2nd 4th 4thRes 

L1 (nH) 59.7 23.4 15.6 

L2 (nH) - 16.6 8.0 

L3 (nH) - - 2.06 

Total inductance (nH) 59.7 40 25.7 

Total inductors peak energy (nJoul) 375.8 313 244.5 

C1 (nF) 76.2 67 30.8 

C2 (nF) - 16.3 9.6 

Total capacitance (nF) 76.2 83.3 40.4 

Total capacitors peak energy (nJoul) 129.6 152.2 90 

 

TABLE III 

SELECTED COMMERCIAL CAPACITORS 

Filter Cap PN 
C 

(nF) 

ESR 

(mΩ) 

ESL 

(nH) 

2nd  C1 3x GRM2165C1H273JA01 3x 26.8 9.55 /3 0.3 /3 

4th  
C1 3x GRM2165C1H273JA01 3x 26.8 9.55 /3 0.3 /3 

C2 2x GCM033R71A103KA03 2x 9.68 60 /2 0.21 /2 

4thRes 
C1 4x GRM1555C1E103JE01 4x 9.86 10.4 /4 0.238 /4 

C2 GRM1857U1A103JA44 10.3 18 0.31 

 

 

Fig. 6. Calculated filter gain at IDC = 0.1 & 3 A: (a) 4th order filter, (b) 4thRes. 

1 10 100 1 10
3



120−

80−

40−

0

40
I=0.1A

I=3.0A

Frequency (MHz)

G
ai

n
 (

d
B

)

1 10 100 1 10
3



120−

80−

40−

0

40
I=0.1A

I=3.0A

Frequency (MHz)

G
ai

n
 (

d
B

)

1 10 100 1 10
3



120−

80−

40−

0

40
I=0.1A

I=3.0A

Frequency (MHz)

G
ai

n
 (

d
B

)

1 10 100 1 10
3



120−

80−

40−

0

40
I=0.1A

I=3.0A

Frequency (MHz)

G
ai

n
 (

d
B

)

 

Fig. 7. Predicted steady-state performance of the 4th order filter at VIN = 6.6 V, 

VOUT = 1.8 V, IDC = 3 A, FSW = 20 MHz: (a) vC1(t) and vC2(t), (b) iL1(t) and iL2(t), 

(c) ΔVOUT vs load. 
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Fig. 8. Predicted steady-state performance of the 4thRes filter at VIN = 6.6 V, 

VOUT = 1.8 V, IDC = 3 A, FSW = 20 MHz: (a) vC1(t) and vC2(t), (b) iL1(t), iL2(t) and 

iL3(t), (c) ΔVOUT vs load. 
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1.6 mm, via diameter is 0.2 mm, minimum copper trace width 

and spacing is 0.15 mm, the via annular ring is 0.125 mm, and 

the minimum solder mask width is 0.07 mm. For this study, the 

conductor widths are calculated based on the standard IPC-

2221A [17] for a temperature rise of 50OC for the maximum 

inductor RMS current considering passive cooling. The newer 

standard IPC-2152 [18] can be considered in future work. With 

these assumptions and constraints, the minimum via-to-via 

centre spacing is 0.52 mm hence the minimum conductor width 

is 0.37 mm. The inductance of a PCB solenoid inductor, Fig. 

9(a), is calculated approximately as: 

𝐿𝑆 =
𝜇0𝑁𝑇

2(𝑊𝑆𝑜𝑙 − 2𝐷𝑉𝑖𝑎)(𝐻𝑆𝑜𝑙 − 2𝑇𝐶)

(𝑁𝑇 + 1)𝑊𝐶 + 𝑁𝑇𝑆𝐶
 (45) 

where DVia is the PCB via diameter, WSol & HSol are the 

inductor’s overall width and height, WC and TC are the 

conductor width and thickness, respectively, and SC is the 

conductors spacing. 

DC resistance of the solenoid inductor is calculated as: 

𝑅𝐷𝐶 = (𝑁𝑇 + 1)𝑅𝐷𝐶_𝑠𝑡 + 𝑁𝑇(𝑅𝐷𝐶_𝑑𝑖𝑎 + 2𝑅𝐷𝐶_𝑣𝑖𝑎) (46) 

where RDC_st, RDC_dia and RDC_via are DC resistances of top layer 

straight conductors, bottom layer diagonal conductors, and PCB 

via, respectively. RDC_via accounts for a via plating thickness of 

25 µm. 

Photos of the manufactured inductors are presented in Fig. 

10, which also shows land footprints for the capacitors listed in 

Table III. A solenoid design is considered for all inductors 

except L3. Its inductance is 1.55 nH which is too small for a 

solenoid configuration in PCB, so it is achieved by a single strip 

conductor shown in Fig. 10(c). 

The inductor sizes are compared in Table IV, showing the 

potential of the 4thRes filter in reducing total inductor size 

while adhering to practical manufacturing constraints. Size 

reduction of the 4thRes filter versus the 2nd order (48%) 

correlates to some extent with the percentage reduction in the 

calculated peak energy in Table II (35%), while there is a 

similar correlation with the standard 4th order filter (20%) 

reduction in size versus 17% reduction in peak energy). 

Differences are due to practical restrictions within a given 

manufacturing technology. The inductor AC resistance is 

calculated according to Dowell’s analysis [19], similar to [20], 

RAC,n = Fn RDC, where Fn is the resistance factor at the n 

harmonic. Only the switching frequency component (1st 

harmonic) is considered for RAC calculation in this study. Then 

the inductor power loss is calculated as follows: 

𝑃𝐿𝑜𝑠𝑠 = ∑ 𝐼𝐷𝐶
2 𝑅𝐷𝐶

𝐿1,𝐿2,𝐿3

+ ∑ 𝐼𝑅𝑀𝑆_𝐴𝐶
2 𝑅𝐴𝐶

𝐿1,𝐿2,𝐿3

 (47) 

The calculated inductor losses of the three output filters are 

presented in Fig. 11 for the converter specifications listed in 

Table I. It shows a reduction in full load loss at the cost of light 

load loss. The AC loss in the 4thRes filter occurs mainly in L1 

(although L1 and L3 carry almost the same current ripple) 

because L1 is bigger than L3; hence has a much higher AC 

resistance of 72.8 vs 7.7 mΩ, as shown in Table IV. Overall, 

there is a trade-off between inductor size and light-load losses, 

while both size and full load losses are improved for the 4thRes. 

The inductors’ LS and RS were measured using an impedance 

analyser at 20 MHz and shown in Table IV, which correlates 

with the design. The difference between measured and 

simulated RS values could be due to the following reasons: 

• Measurements at 20 MHz are sensitive to accurate 

calibration of the impedance analyser, particularly short 

circuit calibration. 

• The simulation model used solid vias, but they are drilled 

in the PCB with 25 µm inner wall copper thickness. 

• Accurate simulation at 20 MHz is challenging as it requires 

a much finer mesh size of the copper and the air nearby, 

which requires significant computational resources. 

With all output filter components chosen, the overall size of 

the components is compared in Fig. 9(b), which correlates to 

some extent with the calculated peak energy in Table II. 

 

 

 

TABLE IV 

DESIGNED INDUCTORS COMPARISON 

 Filter 2nd 4th 4thRes 

D
es

ig
n

 p
ar

am
et

er
s 

Inductor L1 L1 L2 L1 L2 L3 

L (nH) 59.7 23.4 16.6 15.6 8 1.55 

No. of turns 5 3 2 2 1 0 

Length (mm) 2.98 1.94 1.42 1.42 0.89 2.46 

Width (mm) 4.30 2.98 3.15 2.93 2.77 0.37 

Height (mm) 1.6 1.6 1.6 1.6 1.6 0.07 

Total area (mm2) 12.8 10.2 7.5 

Total size (mm3) 20.5 16.4 10.6 

RDC (mΩ) 45.6 22.4 16.1 15.4 8.3 1.63 

RAC (mΩ) 216.4 106.1 76.3 72.8 39.2 7.7 

FEA at 
1 Hz 

LS (nH) 59.90 24.07 16.98 15.81 8.20 1.62 

RS (mΩ) 45.64 22.53 16.54 15.76 8.89 1.64 

FEA at 

20 MHz 

LS (nH) 58.3 23.5 16.4 15.3 8 1.55 

RS (mΩ) 72.6 32.5 26.4 25.2 13.6 4.6 

Meas. at 

20 MHz 

LS (nH) 58.9 21 18.1 13.88 8.78 1.62 

RS (mΩ) 230.9 100 77.5 69.21 42.21 7.79 

 

 

Fig. 9. (a) Solenoid inductor structure, (b) Comparison of the total filter size 

and predicted total peak energy. 
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Fig. 10. Manufactured PCB inductors with capacitors land marked. 
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VI. PROTOTYPE CONVERTER PERFORMANCE 

The performance of the converter is investigated in this 

section with the PCB inductors of Section V, and a buck 

converter switching stage based on EPC2040 GaN FETs [21] 

for the high and low sides. The EPC2040 rating is 15 V and 3.4 

A, and it has a 745 pC total gate charge, which makes it a 

suitable device for 20 MHz operation. The switches are driven 

by the Peregrine PE29102 gate driver, capable of 40 MHz [22]. 

The Pulse Width Modulation (PWM) input signal is generated 

using the DIGILENT Nexys3 FPGA development board, i.e. 

Xilinx Spartan-6 LX16 FPGA chip, and the output is fed into a 

high-frequency DC/DC converter test motherboard which 

includes variable resistors for dead-time tuning and output 

transient capacitors. The FPGA was programmed to generate a 

20 MHz signal with the duty cycle adjusted externally. The 

prototype converter board is shown in Fig. 12. 

 

 
Details of the output capacitor impedances are given in Table 

V where parasitic ESR and ESL values were deduced from the 

datasheet. These values were chosen to enable testing of a range 

of multi-MHz DC/DC converters under steady-state and 

transient conditions, including the three converters investigated 

in this paper. Clearly, they are much larger than values chosen 

to satisfy steady-state ripple voltage in Section IV. However, as 

is typical in multi-MHz converters, the self-resonant frequency 

of the larger capacitors selected to satisfy transient conditions 

may be lower than the switching frequency. Therefore the 

smaller capacitors’ contri ution would be most significant at 

steady state. The operation of the prototype converter was 

verified, as shown in the testing waveforms in Fig. 13 with the 

4thRes filter. 

 

A. Steady-state performance 

1) Output voltage ripple 

The measured VOUT waveform is shown in Fig. 14 at the 

nominal VIN of 4.5 V, FSW = 20 MHz and 2 A load. It was 

measured with only one oscilloscope probe attached to the 

 oard to reduce the pro es’ capacitance effect on the 

measurement accuracy. Fig. 14 shows that ∆VOUT value is much 

lower than the initial specification of 90 mV for the three filters 

because the fixed output capacitors (in Table V) are much 

bigger in value than those chosen in Section IV. The measured 

∆VOUT value is the same with the 2nd and 4th order filters (9.5 

mV), and it is slightly smaller with the 4thRes filter (7.9 mV). 

 
2) Converter efficiency 

Open-loop circuit simulation is carried out using LTspice 

with spice models of EPC2040 switches for the high and low 

sides and for the output capacitors of Table V. To account for 

parasitic packaging effects, the simulation model considers 

inductance and resistance values of 400 pH and 0.2 mΩ, 

respectively at each FET terminal. The gate signal dead time is 

1.1 ns resulting in low-to-high and high-to-low dead-times of 

~36 & 123 ps, respectively, between the FETs reaching the 

switching point voltage, i.e. 2.2 V approximately according to 

 

Fig. 11. Calculated inductor loss vs load at VIN = 4.5 V: (a) 2nd order, (b) 4th 

order, (c) 4thRes. 
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TABLE V 

ON-BOARD OUTPUT CAPACITORS 

PN 
C 

(µF) 

ESR 

(mΩ) 

ESL 

(nH) 

SRF 

(MHz) 

2x GRM188R61E106KA73 10 20 0.35 2.27 

1x GCJ188R71E104KA12 0.1 60 0.3 21.3 

4x GCM188R71C105KA49 1 30 0.37 8.7 

 

 

Fig. 12. Picture of the prototype converter connected to a test motherboard. 

 

Fig. 13. Experimental waveforms with the 4thRes filter at VIN = 4.5 V, VOUT = 
1.8 V, IOUT = 2 A and FSW = 20 MHz with 9-bit digital filter enabled, showing 

the high and low side FETs gate voltage (Vg_HS, Vg_LS), and switching node 

voltage (Vsw). 

 

Fig. 14. Experimental waveforms of the output voltage (AC coupled) at VIN = 

4.5 V, VOUT ≈ 1.8 V, IOUT = 2 A and FSW = 20 MHz. 
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the datasheet [21]. The experimental dead-time was tuned to 

minimise the overshoot and undershoot in the switching 

voltage. Simulated and measured converter efficiencies vs 

output power at the nominal VIN of 4.5 V are shown in Fig. 15(a) 

and (b), respectively. Fig. 15(b) includes a curve fit of the 

measurement data, similar to the method in [23]. The trends in 

measured efficiency correlate to a large extent with simulation 

results. Fig. 15(b) shows that the 4thRes filter has slightly lower 

efficiency than the 4th order filter below ~2.5 W. However, the 

fitted curves show that the full load (5.4 W) measured 

efficiency of the 4thRes filter is 3.6% and 3.7% higher than the 

4th and 2nd order filters, respectively. Overall, the difference 

between measured and modelled absolute efficiency is likely 

because of factors not included in the model, such as PCB 

packaging interconnect impedances and eddy current effects 

due to proximity with air-core inductors operating at 20 MHz. 

 

B. Converter loss breakdown 

The spice simulation loss breakdown at full load of 5.4 W 

and nominal VIN of 4.5 V in Fig. 16 shows that the reduction in 

total loss of the 4thRes filter is mainly due to the reduction in 

inductor DC resistance loss and low side FET switching loss. 

 

C. Open-loop load transient simulation:  

Spice simulation results of VOUT open-loop instant load 

transition between 10% to 100% load in Fig. 17 at VIN = 4.5 V 

shows that the 4thRes filter has a faster settling time during 

loading and unloading as an advantage of utilising less overall 

inductance. Future work will consider closed-loop performance 

for the 2nd order versus 4thRes filters. 

 
These results show the opportunity and potential of the 

4thRes filter as it resulted in a significant reduction in the 

passive components’ size and an increase in the full load 

efficiency without sacrificing the output ripple, besides having 

a faster settling time during load transients. 

VII. CONCLUSION 

This paper presents a novel selection procedure for passive 

components in a buck converter with Butterworth based 4th 

order and 4thRes filters. The main motivation is to reduce the 

size of the output filter, particularly the inductor. Previous 

studies investigated the resonance effect of the output filter of 

DC-DC converters provided by coupled inductors; however, a 

selection method for the filter components in terms of the 

converter specifications was not provided. 

The presented study shows the potential of the 4thRes filter 

to reduce the size of the passive components over a wide duty 

cycle range. This is confirmed by PCB solenoid inductor 

structures based on standard PCB manufacturing process 

limitations. The outcomes of the design study show the 

potential of the 4thRes filter compared with a 2nd order filter. 

For the same output voltage ripple, it provides a 2.4% increase 

in inductor efficiency at full load, while requiring much smaller 

passives, i.e., 58% less inductance, 35% less inductor peak 

energy reflected in 48% less inductor volume. Besides, the 

4thRes requires 45% less steady-state capacitance, which 

results in a 31% reduction in capacitor energy. The prototype 

converter with the 4thRes filter achieves 3.7% and 3.6% higher 

full load efficiency than the regular 2nd and 4th order filters, 

respectively. Moreover, the 4thRes filter simulation shows a 

faster settling time performance during load transients with the 

same output capacitance, compared with the 2nd and 4th order 

filters. These results show that the 4thRes filter can be a suitable 

replacement for the regular 2nd and 4th order filters in DC-DC 

converters to achieve smaller passive components, particularly 

for converters operating at higher load and fixed switching 

frequency. 
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