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Abstract

Abstract

Kinetic modelling of dynamic PET data requires knowledge of tracer concen-

tration in blood plasma, described by the arterial input function (AIF). Arterial

blood sampling is the gold standard for AIF measurement, but is invasive and

labour intensive. A number of methods have been proposed to accurately esti-

mate the AIF directly from blood sampling and/or imaging data. In this work,

we review some of the main methodologies for AIF estimation, and present two

alternatives that aim at addressing some of their major limitations. We devel-

oped a tracer travel rate projection model as an early AIF modelling attempt

based on tracer travel history in the circulatory system. A penalty was consid-

ered for model parameter estimation and we used arterially sampled data for

evaluation. To improve on this first model, we developed a population-based

projection model that exploits historical data to estimate individual AIFs. We

represent the history of a tracer atom at a sampling site by its travel time, mod-

eled as a sum of the time for the atom to initially progress from the injection site

to the right ventricle of the heart, and the time it spends in circulation before

being sampled. The former is modeled as a realization from a gamma distri-

bution, whose parameters are common to all subjects in the population, and

estimated from a collection of arterial sampling data for the given tracer. The

latter is represented by a subject-specific linear mixture of these population pro-

files. This approach can be seen as a projection of individual AIF characteristics

onto a basis of population profile components. It also incorporates knowledge

of injection duration into the model fit, allowing for varying injection protocols.

Analyses of arterial sampling data from 18F-FDG, 15O-H2O and 18F-FLT clinical

studies show that the proposed model can outperform reference techniques.

The statistically significant gain offered by using population data to train the

basis components, as opposed to fitting these from the single individual sam-

pling data, is measured on the FDG cohort. Kinetic analyses demonstrate the

reliability and potential benefit of this approach in estimating physiological pa-

rameters. These results are further supported by numerical simulations that

demonstrate convergence of the proposed technique with decreasing noise lev-

els, and stable levels of performance under varying training population sizes

and noise levels.
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Chapter 1

Introduction

1.1 Motivation

Positron emission tomography (PET) is one of the main medical imaging modal-

ities used for assessment and management of cancer and other complex dis-

eases. Different from some commonly known imaging techniques such as com-

puterized tomography (CT) and magnetic resonance imaging (MRI), PET allows

monitoring of functional reactions to a specified tracer injected into a subject.

Isotope labeled molecules of a specific substance, such as glucose, water, or

another metabolic agent, quickly become absorbed in tissue. During this pro-

cess, a pair of (gamma) photons are emitted in roughly opposite directions and

captured by the detection ring of the scanner, to make a four-dimensional im-

age as metabolization of the injected dose takes place. The output PET image

thus renders the concentration of tracer in a particular region that can reflect

the functional condition of the subject in terms of the type of tracer used. The

concentration of tracer measured in data extracted from a particular region of

interest (ROI) in the image can be used to derive physiological and physical pa-

rameters of the subject. PET imaging is a sophisticated modality that proposes

significant technical and mathematical challenges, not only in creating the im-

age from noisy signals, but also in analyzing the relationship between imaging

data and disease characteristics.

PET can provide either 3-dimensional data in space or 4-dimensional data in

space and time. For 4D data, dynamic studies of the tracer kinetics are possi-

ble. A variety of methods are developed to model tracer kinetics in the body.

These usually require (approximate) knowledge of the concentration of tracer

1



1. INTRODUCTION 1.2 Main Objectives

in arterial blood over time, also called arterial input function (AIF), as it pro-

vides information of tracer availability in tissues and organs. In other words,

when output, i.e., the tracer’s concentration in a region of interest is given,

tracer input in that region is needed to estimate the parameters involved in the

functional process related to the tracer in that particular region.

Given the AIF, kinetic modelling of the dynamic imaging data can be used to

measure physiologic parameters, such as blood flow and glucose metabolic rate

(Huang & Phelps 1986, Herscovitch et al. 1983, Raichle et al. 1983, Sokoloff

et al. 1977). There exist techniques for estimating physiological parameters

that do not require the AIF, such as reference region approaches for receptor-

radioligand studies (Zanderigo et al. 2014). To be valid, these techniques re-

quire the existence of a measurable, reliable reference region that is devoid of

the target receptor, and for comparisons to be appropriate, the reference region

properties must be independent of treatment effects and groups (Zanderigo

et al. 2014). A region meeting these criteria has not yet been identified, or

might not exist, for many radioligands. AIF estimation therefore constitutes a

realistic, intermediate objective for many applications of dynamic data analysis

for the determination of metabolic processes.

Determination of the AIF is a challenging task. The gold standard and most

accurate approach is to use direct arterial blood sampling, but this requires

multiple arterial blood samples over the whole scanning period, and presents

several drawbacks including patient discomfort, additional costs, and potential

risk due to its invasive nature.

1.2 Main Objectives

Our group have access to sets of PET data from the University of Washington.

These data include arterially sampled AIF and PET images that the AIF can

be extracted from, but where no arterially sampled AIF and images are from

a same subject. This work aims to identify and develop methods that can ac-

curately and effectively estimate AIF in a statistical and noninvasive way. Its

main objectives are to compare and test popular PET kinetic methods, develop

a novel approach for AIF estimation that can accurately describe the AIF and

improves upon existing techniques, and provide a proof of concept on typical

clinical data. We also aim to create an open-source implementation of the suc-
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1. INTRODUCTION 1.3 Outline and Contribution

cessful technique for other groups to avail of.

1.3 Outline and Contribution

Chapters 2 and 3 introduce the background to the problem and some exist-

ing solutions. Chapter 4 proposes a first modelling approach that is based on

physical and physiological compartments inside the blood circulation system.

Further work on this concept led to an alternative population-based projection

model which is developed in Chapter 5. Results from numerical experiments

and analyses on clinical data are also presented and discussed in that section.

Chapter 6 closes this thesis with a summary of our contributions, and a discus-

sion of opportunities for future work.

The contributions of this thesis are as follows:

1. A travel-rate projection model (TRPM) for AIF estimation is developed in

Chapter 4. This model was presented at the Royal Statistics Society’s An-

nual Meeting (2018). Despite a number of limitations when it comes to

its application, this model provides a solid conceptual basis and theoreti-

cal support for a stronger model introduced in Chapter 5. The TRPM still

has value for future research, since it can yield reasonable AIF estimates,

leverages a representation of the blood circulation system within a human

body, and is parameterized in a way to hold physical and physiological in-

terpretation.

2. A population-based projection model (PBPM) for AIF estimation is devel-

oped in Chapter 5. This is the main contribution of this thesis, providing

improved accuracy and flexibility over the TRPM. This contribution in-

cludes evaluation of the methodology with three different tracers. Our

results demonstrate validity of this novel approach against existing mod-

els. A journal paper introducing this approach is under review at the time

of writing. A pre-print also available on the IEEE TechRxiv (2022).

3. The PBPM is implemented in the open software R (R Core Team 2016),

and published on Github (2020). Everyone is welcome to use and com-

ment on it.
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Chapter 2

Background to the Problem

2.1 Positron Emission Tomography

2.1.1 Introduction

Positron emission tomography (PET) is a nuclear medicine imaging modality

that was developed in the mid-twentieth century. Over the past few decades,

PET has become one of the most effective and powerful tools in the manage-

ment of many diseases.

Compared to PET, computerized tomography (CT) and magnetic resonance

imaging (MRI) may be better known by the general public as they are also

routinely used in the treatment of physical injuries and many common condi-

tions. Unlike PET, CT and MRI produce anatomical images at high resolutions,

whereas PET is used to quantify functional and metabolic information. One

of the limitations of PET is that it cannot locate the signals from the patient’s

body as accurately as CT and MR. Therefore, a PET image normally needs to be

combined with CT or MR image for registration of signal location, and for atten-

uation correction during the PET image reconstruction. This can be achieved

by PET/CT (see Fig.2.1 and Fig.2.2) or PET/MRI scans. Another significant as-

pect of PET imaging is that patients are exposed to radiation during and after a

scan, potentially introducing the risk of triggering unnecessary side effects, and

limiting achievable quality of the output image. Notwithstanding, PET has been

proven effective in the treatment of certain diseases (Maisey 2005). Although

CT and MR are widely used for many clinical purposes, PET has become key in

diagnosing, treating and analyzing many types of cancer, especially.
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2. BACKGROUND TO THE PROBLEM 2.1 Positron Emission Tomography

Figure 2.1: Exterior of a PET/CT scanner from Siemens Biograph series.

Figure 2.2: PET (left) and PET/CT (right) 3D images acquired on the GE Ad-
vance scanner at University of Washington from a sarcoma patient (Dunnwald
et al. 2008) in transverse, coronal and sagittal views from AMIDE (Loening &
Gambhir 2003). The tumor is marked by the ellipse ROI (region of interest)
function in the software.

2.1.2 Physics in PET

The term positron was introduced by Carl D. Anderson (Wikipedia contribu-

tors 2018a) in 1932 when he first observed these subatomic particles, and this

experimental observation proved the postulation about this unknown particle

proposed by Paul A.M. Dirac (Wikipedia contributors 2018f) in 1928. This dis-

covery won Nobel Prizes in Physics for each of these scientists in 1933 and

1936, respectively. A positron has the same mass as an electron, but it has a

positive charge instead.
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2. BACKGROUND TO THE PROBLEM 2.1 Positron Emission Tomography

Depending on the aim of the study, the type of radioactive tracer to be used

must be selected in the first place, and a tiny dose of this tracer will be intro-

duced to the subject. Positrons are emitted inside the subject as radioactive

tracer atoms decay triggering a reaction described by Eq. ((2.1)) where a pro-

ton (p) in a nucleus is transformed to a neutron (n), a positron (β+) and a

neutrino (v) (Bailey et al. 2005). The rate of decay of a given radionuclide is

characterized by a parameter called half-life (t 1
2
). For example, 18F-labeled flu-

orodeoxyglucose (FDG), the most common tracer for PET imaging of cancers,

has a half-life of 109.7 minutes, which means that half of the total radionuclides

are expected to decay in 109.7 minutes after they are produced. The synthesis

of FDG for PET therefore needs to take place near enough to the scanning site.

Radioactivity A(t) left after time t is a function of initial activity A(0) and t (see

Eq. (2.2)). The decay constant λ is inversely proportional to the half-life of the

isotope (see Eq. (2.3)) (Bailey et al. 2005). The two common units of radioac-

tivity are Becquerels (Bq) (1 decay per second), named after Henri Becquerel

(Wikipedia contributors 2018c) and Curie (Ci) (1nCi = 37Bq) named after

Marie Curie (Wikipedia contributors 2018e).

p
transforms−−−−−→ n+ β+ + v (2.1)

A(t) = A(0)e−λt (2.2)

λ = ln(2)
t 1

2

(2.3)

After a positron is emitted, it will not travel far before hitting an electron,

at which point mutual annihilation happens to the positron and the electron,

and two gamma rays, also called photons, are produced with the same energy

(511keV) and traveling in opposite directions (see Figure 2.3). The gamma rays

have very high frequency which enables them to penetrate through the tissues.

Detector rings are designed to collect the signals of these photons. A mathemat-

ical algorithm in the scanner is used to select and handle paired signals, and

distinguish true events from random and scattered events. Random events are

collected paired signals that are not emitted by the collision of a positron and

an electron, and scattered events are paired signals produced by one collision,

but where the direction of the gamma rays has been scattered due to particle
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2. BACKGROUND TO THE PROBLEM 2.1 Positron Emission Tomography

Figure 2.3: Physics in PET (JROGEL 2012).

collisions. The paired signals of interest are those signals coincidently collected

by the detector whose trails are in a line, called line of response (LOR). The

filtered signals will be saved as a sinogram and transformed into images that

can reflect the concentration of tracer in the subject. A series of reconstruction

and correction schemes must then take place to produce the output scan (Bailey

et al. 2005).

2.1.3 Clinical Applications

PET imaging is used in various clinical applications. Three main areas are on-

cology, cardiology and neurology, although the primary use of PET is in oncol-

ogy. Shortly after the 18F-FDG is introduced to the patient, glucose molecules

arrive to cancer cells, gathering in the tumor, and their signals will be detected

and imaged. Among all PET tracers, FDG is the most commonly used (over

90% of PET scans use FDG), and plays a crucial role in cancer diagnosis and

management. Some examples of applications of PET in oncology are: staging

and restaging, identifying a tumor site, differentiating malignant nodules from

benign ones, etc..
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2. BACKGROUND TO THE PROBLEM 2.1 Positron Emission Tomography

PET is also used to diagnose and study some heart diseases and brain disorders,

e.g., coronary artery disease (CAD) and dementia, by evaluating the glucose

utilization, blood flow (BF), receptor binding, etc. (Maisey 2005). Depending

on the physiological parameters of interest for a disease, an increasing number

of new radiotracers have been developed based on existing ligands. Some pop-

ular radioisotopes with their half-life are presented in Table 2.1. Taking brain

studies into consideration, more than 100 radiotracers have been developed to

target aggregated proteins, channels, enzymes, neuroreceptors and transporters

(NIMH 2018).

Table 2.1: Some commonly used radioisotopes in PET.

Radioisotope Half-life (min)
18F 109.7
11C 20.4
13N 9.96
15O 2.07
123I 793.2

2.1.4 Steps in PET Imaging

Generally, PET imaging requires several steps, shown in Fig. 2.4. Firstly, the

isotope (e.g., 18F) is produced in a cyclotron by accelerating some previously

defined particles (Sabbatini, R. M.E. 1997). The half-life of these isotopes is

relatively short, less than two hours for 18F, which means these isotopes can not

be stored for PET scanning. Radioactivity of isotopes will keep dropping after

they are produced. Therefore, this isotope production process needs to take

place just before the PET scan. The waiting time until isotope being injected

into the patient needs to take the isotope’s half-life into consideration. Also,

this waiting time must be recorded as reference for calculation of remaining

radioactivity. The isotope is then labeled on some biological molecule, say 18F

on glucose molecules. The tracer then gets introduced into the patient mostly

via intravenous injection, or for some tracers by gas inhalation or orally as a

pill.

The patient is placed in the PET scanner where the target ROI should be in

the field of view (FOV) of the detector ring. Patients are required not to move

during scanning. A scan can be as short as minutes or last over one hour, mostly

depending on the isotope half-life. A longer half-time usually allows for a longer
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2. BACKGROUND TO THE PROBLEM 2.2 Basic PET Data Analysis Techniques

Figure 2.4: Steps in PET imaging (adapted from Turku BioImaging team 2018).

scanning time. A sampling time protocol is necessary for dynamic PET imaging,

based on the decay time of the isotope and past experience of the time course

of tracer concentration, also called time active curve (TAC), in target regions.

More frequently sampling will take place during the period where the shape

of the TAC changes comparatively faster (typically, early in the scanning time

frame). Signals collected from the subject can be organized as sinograms, which

are then reconstructed into images. Two common methods for reconstruction

are filtered back-projection (FBP) and iterative reconstruction (detail in (Bailey

et al. 2005)). In dynamic PET studies, 3-dimensional spatial time course data

are produced. Information in the user-defined ROI can be extracted for further

analysis. Both static and dynamic imaging can be performed. In this study we

concern ourselves with the analysis of dynamic PET data.

2.2 Basic PET Data Analysis Techniques

Physical and physiological parameters can be derived from a dynamic PET scan

to quantify characteristics of interest related to the condition of a patient at
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2. BACKGROUND TO THE PROBLEM 2.2 Basic PET Data Analysis Techniques

the molecular level. To define these parameters, the connection between oc-

currence and development of the disease and any changes that it brings to the

body of a patient need to be identified. In this section, some basic PET data

analysis techniques developed to this end are introduced.

2.2.1 Static PET data

The TACs of a region or a volume of interest account for two factors: the physio-

logical and biochemical parameters of the local tissue of the subject, and plasma

concentration of the injected tracer. After injection, the tracer will travel in the

blood throughout the body. Depending on the tracer used, PET may provide

information on specific material exchange with local tissues and metabolism.

These exchanges between blood and tissue can help characterize a patient’s

body condition. The plasma concentration of tracer over time, called the arte-

rial input function (AIF) quantifies the availability of tracer concentration in a

target tissue at a given time t. Assuming the AIF is given, the time courses in

the ROI will only depend on the retention characteristics of tissue for the tracer.

For example, in brain studies, FDG can be used to derive the cerebral metabolic

rate of glucose (MRGlc) over time and 15O-water can be used for estimation

of cerebral blood flow. There are a variety of models developed for descrip-

tion of the relationship between plasma and local tissue tracer concentration

for different tracers.

In dynamic PET studies for most radiotracers, tracer concentration at an obser-

vation site is assumed to have a linear time-variance biological response to the

injected dose, so that the TAC in a tissue region CT (t) can be expressed as a con-

volution between the AIF CP (t) and the tissue impulse response function (IRF)

R(t), also known as residue function (see Eq. (2.4) where ~ is defined to be a

convolution symbol here and after)(Hawe et al. 2012, O’Sullivan et al. 2014),

where CT (t) is measured as activity per unit of tissue volume (cm3), CP (t) is

measured as activity per unit blood volume (ml), and R(t) is the normalized

tissue residue function whose area under the curve (AUC) over the height-of-

tail value (residue function at the end of the study) gives the mean transit time

(MTT) of the tracer in tissue.

CT (t) = CP (t) ~R(t)

CT (t) =
∫ t

0
R(t− s)CP (s)ds

(2.4)
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Figure 2.5: a, c, e, and g show the input functions that produce the tissue
responses in b, d, f, and h, respectively (Bailey et al. 2005).

Fig. 2.5 gives a graphical interpretation of the convolution. When the input is

an ideal bolus input, the corresponding tissue response is a function of a rapid

rise followed by a exponential decrease. The tissue response is the summation

of responses when there are multiple injections, and it is the integral when

injection is a continuous input function. The measured data can not only be

ROI data, but also voxel-level data (Tomasi et al. 2009, O’Sullivan et al. 2014).

Our focus in this section will be set on ROI-based analysis.

In a target ROI, the measured activity contains signal from not only tissue, but

also capillaries (see Eq. (2.5) where CI(t) is the TAC of radiotracer in ROI, and
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2. BACKGROUND TO THE PROBLEM 2.2 Basic PET Data Analysis Techniques

VB is the unit of blood per unit volume of tissue):

CI(t) = VBCP (t) + (1− VB)CT (t) (2.5)

This implies that physiological parameters, such as the distribution volume and

local blood flow can be derived only if we have a thorough model or method

to describe the physiological and physical exchange between capillarities and

tissue. In other words, if we can define the residue function by the knowledge

of the underlying physiological process that happens to a certain radiotracer in

the target tissue, with the knowledge of time course data from the measured

ROI and plasma supply of the tracer, the physiological parameter involved in the

process can be estimated. Simple methods can provide some macro parameters.

Here we introduce two semi-quantitative indices that can be easily calculated

for routine clinical use.

2.2.1.1 Standardized Uptake Value

Standardized uptake value (SUV), also called differential (or dose) uptake ratio

(DUR) and standardized uptake ratio (SUR) in some literature, has been intro-

duced to PET as a semi-quantitative index in oncology since the 1980s (Thie

2004). The SUV is a ratio of radiotracer concentration (e.g. in KBq/ml) in a

particular ROI to injection dose (e.g. in MBq), and to a normalized factor (NF)

which is based on some noninvasive characteristic information of the subject,

e.g., body weight (in kg), body surface area (BSA) (in m2 (Bois & Bois 1916))

and lean body mass (LBM) (in kg (Zasadny & Wahl 1993)) (Bertoldo et al.

2014a).

SUV = radiotracer concentration
injection dose

NF

(2.6)

The SUV can be simply, quickly and noninvasively acquired and applied for a

wide range of radiotracers (Joseph A. Thie & Smith 2000). Generally, a higher

SUV corresponds to a more tracer accumulative area. SUV calculation can be

affected by factors ranging from the PET imaging techniques to evaluation time

of SUV to characteristics of the subjects (Boellaard et al. 2004, Boellaard 2009).

Thus, validation prior to the use of SUV is necessary. Also, since the SUV is a

simple statistical summary, it can provide only limited information for estima-
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tion of physiological parameters of the subject (Hamberg et al. 1994).

2.2.1.2 Equilibrium Analysis

Equilibrium analysis is another single-scan method. It is used mostly for re-

versible ligand-receptor studies. In a ligand-receptor study, when the radioac-

tive ligand reaches the target tissue, it has potential to bind with the receptor.

A physiological parameter of interest called binding potential (BP ) is used to

describe the exchange between ligand and receptor in this reversible process.

BP can be derived from 3-compartmental modelling (Mintun et al. 1984) (in-

troduced in the next subsection), but equilibrium methods for estimating BP

are preferred in routine use since they do not require knowledge of the AIF,

which is not always feasible, and they also have considerable accuracy (Ito et al.

1998). Here we should note that BP is actually BPND, where ND is short for

“non-displaceable". After ligands pass from the capillarities into tissue, they are

called non-displaceable before specific binding.

Transient equilibrium is a moment where the binding reaches its maximum

rate. To define the time of this moment, another tissue without receptor is

chosen in the first place (see Fig. 2.6). The putamen is a target tissue, and the

cerebellum is a receptor-free tissue. Then the difference between radioactivity

in the two regions is the radioactivity of reference tissue or the specific binding

concentration of tracers. BPND is estimated by the ratio between concentration

of tracer in target region and in the reference tissue (Ito et al. 1998):

BPND = CT (tequil)
Cref (tequil)

(2.7)

The true equilibrium can be produced using continuous infusion (Carson et al.

1993, Laruelle 2000). To hasten the steady state, tracer can be administered

as a combination of bolus plus continuous infusion (B/I) (Kao et al. 1996).

The total volume of distribution (VT ) can be estimated at true equilibrium by

the ratio between tracer concentration in tissue and in plasma (2.8)) (Lassen

1992):

VT = CT (tequil)
CP (tequil)

(2.8)

When the reference tissue is not available, VT is an alternative for BPND as an
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Figure 2.6: Points and solid triangles are measured values in the putamen and
cerebellum in a healthy subject, respectively. Concentration in the reference
region is estimated by the difference between two measured values and fitted
to a solid line by a set of three exponentials. Equilibrium is defined to happen
at the maximum of the fitted curve (Farde et al. 1989).

interpretive ratio. VT indicates the capacity of local tissue for tracer uptake,

but it is more robust than SUV, since the calculation does not need injection

dose and information of the patients. B/I can also be used to evaluate pre- and

post-intervention binding levels by administering a stimulus during the infusion

(Carson et al. 1997). A limitation is that a standard protocol for B/I may not

be optimal under all circumstances which can cause bias for certain individuals

(Endres & Carson 1998).

Although it is easier and quicker to analyze static PET data, the information they

contain restricts the analysis to spatial and structural characterization. To make

the best use of four dimensional PET data, a variety of mathematical models

were built for tracer kinetics in the ROI. These methods broaden the range of

statistical parameters.
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2.2.2 Tracer Kinetics

2.2.2.1 Compartmental Models

Among all tracer kinetic methods for dynamic PET, compartmental modelling is

the most commonly used method for analyzing physiological and biochemical

exchanges of radiotracer in blood and tissues (Anderson 1983, Huang & Phelps

1986). The most popular compartment models are one-tissue compartmen-

tal models developed for quantifying blood perfusion using 15O-water (Kety

& Schmidt 1948), and two-tissue compartmental models first developed for

the measurement of local cerebral glucose utilization using 14C-deoxyglucose

(Sokoloff et al. 1977) and 18F-FDG (Phelps et al. 1979). Two-tissue compart-

mental models are also widely used for ligand-receptor assessment (Mintun

et al. 1984) (see Fig. 2.7). The principle of compartmental models is to define

the compartments as distinct states that the radiotracer can stay in. The states

can be set either in terms of physical locations (i.e. intra- and extra- vascular

space, intra- and extra- cellular space, etc.) or biochemical forms of the tracer

(i.e. before and after metabolism, before and after binding to the receptor, etc.).

Since the AIF is normally assumed to be known, intra-vascular space is always

set as one compartment. In Fig. 2.7, the rate constants between different

states have units of ml/cm3/min for K1 and min−1 for k2, k3 and k4. K1 is

the perfusion rate of tracer passing trough the capillarity to tissue, and the

others are percentage rates of tracer transforming from one compartment to

another. For model A, C1(t) is the concentration of radiotracer in the form of

FDG staying in tissue, and C2(t) is the concentration of radiotracer in the form of

FDG-6-PO4, which is the metabolite of FDG under enzyme action (hexokinase).

The reverse of this metabolic process needs phosphatase, which is absent in

many regions of the body; therefore, the minimal reverse rate is negligible.

The rate of FDG-6-PO4 to be dephosphorylated cannot be ignored when it is

considerable in some regions (Phelps et al. 1979). Model B is a simple one-

compartmental model that suits the PET water (i.e. H2O) studies, since water

will not be involved in any tissue metabolism or functioning. Thus, water is

valuable for in − vivo estimation of local blood flow (Frackowiak et al. 1980).

Model C is mostly for ligand-receptor analysis. C1(t) here is the concentration

of radiotracer that is nondisplaceable in tissue, and C2(t) is the concentration

of tracer that has specific binding to the receptor. Some important parameters

that can be expressed as combinations of microparameters are presented in Fig.
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2.7 as well.

Taking a two-tissue compartmental model with four rates for FDG PET as an ex-

ample (Model A in Fig. 2.7 with reversible metabolism), the first order deriva-

tive of the concentration of radiotracer in tissue compartments can be defined

by the rate constants and the concentrations of radiotracer in other compart-

ments:

dC1(t)
dt

= K1CP (t)− (k2 + k3)C1(t) + k4C2(t)

dC2(t)
dt

= K3C1(t)− k4C2(t)
(2.9)

Then the regional MRGlc can be estimated as:

MRGlc = Cglc
LC

K (2.10)

K = K1k3

k2 + k3
(2.11)

where Cglc is the concentration of glucose in plasma, LC (lumped constant) is a

ratio that is used to transform the FDG uptake rate to glucose uptake rate, and

K is the uptake rate of FDG (Phelps et al. 1979).

Cglc and LC are considered to be constant in a single PET experiment. Having

the AIF and TAC of radiotracer extracted from ROI, if only CT (t) in Eq. (2.5) is

considered here (i.e. CI(t) = CT (t)), we have the following expression of TAC

in a target tissue:

CI(t) = C1(t) + C2(t) (2.12)

By solving Eq. (2.9), the microparameters (ki’s) can be estimated, and hence

likewise the macroparameters. The estimating process involves Laplace trans-

form techniques and least squares approach (Zaidi 2006). Then the residue

function can be derived from these estimations (Hawe et al. 2012). Here,

we omit the calculation part, since it is computationally elaborate (Zeng et al.

2012) and not of interest for now. According to the derivation in (Phelps et al.

1979), C1(t) and C2(t) can be expressed as
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C1(t) = K1

A1 − A2
[(k4 − A1)e−A1t + (A2 − k4)e−A2t] ~ CP (t)

C2(t) = K1k3

A2 − A1
(e−A1t − e−A2t) ~ CP (t)

(2.13)

where

A1 = [k2 + k3 + k4 −
√

(k2 + k3 + k4)2 − 4k2k4]/2

A2 = [k2 + k3 + k4 +
√

(k2 + k3 + k4)2 − 4k2k4]/2
(2.14)

Thus CI(t) can be estimated by

CI(t) = K1

A2 − A1
[(k3 + k4 − A1)e−A1t + (A2 − k3 − k4)eA2t] ~ CP (t) (2.15)

In the irreversible situation (i.e. k4 = 0), Eq. (2.14) becomes

A1 = 0, A2 = k2 + k3 (2.16)

and CI(t) can be simplified into

CI(t) = K1

k2 + k3
[k3 + k2e

−(k2+k3)t] ~ CP (t) (2.17)

An extended use of compartmental modelling is to directly apply it to imaging

data (Feng et al. 1997) or a sinogram (Yetik & Qi 2006) for estimation of phys-

iological parameters without information of AIF. Generally, the AIF is needed

for compartmental approaches. The development of compartmental models

not only provides us with a special way to interpret a residue function, but also

leads us to a series of simple graphical methods for dynamic PET quantification.

2.2.2.2 Graphical Methods

Graphical methods use transformed data to provide a new relationship (i.e. lin-

ear) between them and TACs of interest in the ROI, and estimate physiological

parameters of interest. These parameters can be estimated by the slope or in-

tercept of a fitted line or curve at or after a certain time. Two popular methods
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2. BACKGROUND TO THE PROBLEM 2.2 Basic PET Data Analysis Techniques

are the Patlak plot (Patlak et al. 1983) and Logan plot (Logan et al. 1990) (see

Figure 2.8).

2.2.2.2.1 The Patlak plot was developed to approximate uptake rates of

FDG (K) in Eq. (2.11) for irreversible tracers (i.e. k4 = 0) (Patlak et al. 1983).

With this approach, Eq. (2.17) can be written as

CI(t) = K1k3

k2 + k3

∫ t

0
CP (s)ds+ K1k2

k2 + k3

∫ t

0
CP (s)e−(k2+k3)(t−s)ds (2.18)

As (k2 + k3)t increases with t, the exponential term in Eq. (2.18) will fade

as study continues, and the convolution term approaches to CP (t). Then Eq.

(2.18) can be written as

CI(t) ≈ K
∫ t

0
CP (s)ds+WCP (t) (2.19)

where

W = K1k2

(k2 + k3)2 (2.20)

Dividing CP (t) on both sides of Eq. (2.19), yields

CI(t)
CP (t) = K

∫ t
0 CP (s)ds
CP (t) +W (2.21)

Eq. (2.21) defines the Patlak method. As shown in Fig. 2.8 A, only two sampling

points after time t∗ are sufficient for estimation of the slope (i.e. the FDG uptake

rate) (Patlak et al. 1983).

2.2.2.2.2 The Logan plot is used to estimate the total volume of distribution

(VT ) for reversible tracers (Logan et al. 1990). It can be derived from a one-

tissue compartmental model as shown in Fig. 2.7 Model B, i.e.

dCI(t)
dt

= K1CP (t)− k2CI(t)

CI(t) = K1

∫ t

0
CP (s)ds− k2

∫ t

0
CI(s)ds

(2.22)
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Figure 2.8: An example of a Patlak plot (A) and a Logan plot (B), with an
irreversible ([18F]FDG) and a reversible ([11C](R)-rolipram) tracer, respectively.
The data appear to reach a straight line after time t∗. The slope of each line is
an approximation of K and VT , respectively (Bertoldo et al. 2014a).
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Dividing k2 and CI(t) on both sides of the integrated equation in Eq. (2.22) and

rearranging, we get

∫ t
0 CI(s)ds
CI(t)

= VT

∫ t
0 CP (s)ds
CI(t)

− 1
k2

(2.23)

This is the equation used in the Logan plot. As shown in Fig. 2.8 B, the slope is

an approximation of VT . The time at which equilibrium is achieved (t∗) needs

to be predefined for different regions and radiotracers. Similarly to the Patlak

method, only two sampling points are need for estimation of the slope of the

straight line (Logan et al. 1990).

The simplicity of graphical methods has promoted their use as routine clinical

tools. However, the definition of t∗, the optimal data acquisition protocol, and

a full understanding of the data are essential for their application (Choi et al.

1991, Logan et al. 2001, Kimura et al. 2007).

2.2.2.3 Spectral Analysis

Spectral analysis was introduced to dynamic PET as a non-parametric technique

for describing the tissue response given the AIF and ROI data without any prior

assumptions on the number of compartments or components (Cunningham &

Jones 1993). The measured concentration of radiotracer in the ROI is modelled

as a convolution between the AIF and a sum of k exponential terms as follow:

CT (t) =
k∑
j=1

CP (t) ~ αj · e−βjt (2.24)

where the αj ’s and βj ’s (β1 < β2 < · · · < βk) are assumed to be real-valued and

nonnegative, and k is the maximum number of components, and typically set

to be large (say k > 100). The βj ’s are predefined based on past experience.

And the αj ’s are estimated by a nonnegative least squares approach (Lawson &

Hanson 1974). The example of Fig. 2.9 provides an interpretation of a spec-

tral analysis, where each component corresponds to one point in the kinetic

spectrum and one time course curve as the convolution between the AIF and

component (i.e. CP (t)~αj ·e−βjt). The estimated parameters also correspond to

rate constants in compartmental models and physiological parameters of local

tissue (Veronese et al. 2016). Development and limitations of spectral methods
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are also introduced in the review paper (Veronese et al. 2016). Main limitations

can be categorized as the problem caused by nonnegative constraints on the pa-

rameters in the model, computational complexity of the estimation procedure,

and the necessity of a given AIF. AIF estimation methodologies are discussed in

the next chapter.
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Chapter 3

AIF Estimation Methods

AIF estimation plays a fundamental role in most kinetic methodologies, as dy-

namic PET studies require knowledge of the AIF (Sokoloff et al. 1977, Patlak

et al. 1983, Kato et al. 1984, Logan et al. 1990, Cunningham & Jones 1993,

Bailey et al. 2005). Directly sampled AIF is the gold standard as it can pro-

vide the concentration of radiotracer in plasma by direct calculation. However

it needs intra-arterial cannulation during the PET scan (Spence et al. 1998,

Syvanen et al. 2006a) and protocols for blood sampling and handling (Gra-

ham & Lewellen 1993). This makes the sampling process not only invasive

for the subject, but also laborious and costly to the hospital or research cen-

ter (Clark & Kruse 1992). Thus, directly sampled AIF is not always feasible in

many PET centers (Eberl et al. 1997). Although the amount of blood sampling

can be reduced, noninvasive alternatives need to be developed to avoid arterial

cannulation (Kato et al. 1984). Some popular methods are introduced in this

section.

3.1 Image-derived Input Function Estimation

Image-derived input functions (IDIF)(Chen et al. 1998, Laforest et al. 2005,

Kim et al. 2006, O’Sullivan et al. 2009, Croteau et al. 2010, Zanotti-Fregonara

et al. 2011, Fung & Carson 2013, Sari et al. 2017) are obtained by fitting an

AIF model to arterial blood pool tracer activity extracted from PET image data,

rather than obtained from arterial sampling. Such data are usually extracted

from a region of interest (ROI) within a dynamic PET image (see Fig. 3.1) that

requires either a large blood vessel or the left cardiac ventricle in the field of

24
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view (FOV) that the time active curve (TAC) of concentration of radiotracer in

arterial blood can be easily extracted (Choi et al. 1991), and therefore tend to

be noisier. However, for brain studies, no such big pools are available. Carotid

arteries are intracranial arterial blood pools that are frequently used in the lit-

erature (Chen et al. 1998, Zanotti-Fregonara et al. 2011, 2012, Bertran et al.

2016, Sari et al. 2017). This method usually requires three main steps: locating

the carotid artery, correcting the partial volume effect (PVE) and spillover, and

separating radioligand from radiometabolites (Zanotti-Fregonara et al. 2011).

Usually, the average or the highest signals in the ROI are extracted to obtain a

time course to characterize the concentration of tracer in arterial blood. IDIF

approaches may also require at least one physical blood sample to scale the

image-derived AIF curve, and may include tracer uptake information both be-

fore and after tracer metabolism. Alternatively, PET signals from multiple re-

gions (not necessarily arterial blood pools) may be leveraged to recover AIF and

thereby kinetic parameters, via simultaneous estimation of the input function

(Ogden et al. 2010).

The first step can be easily achieved by collecting all the voxel values within the

ROI of carotid arteries, and locating voxels that have a relatively high concen-

tration of radiotracer (Chen et al. 1998, Croteau et al. 2010). For the second

step, PVE is due to the contamination of tracer signals from surrounding tissue,

and spill-out from blood to tissue. The relationship between TAC measured

from ROI and spillover-free AIF is

Ccarotid(t) = RC · CP (t) + SP · CT (t) (3.1)

where the Ccarotid(t) is the measured TAC, CP (t) and CT (t) are the true con-

centrations of radiotracer in blood and surrounding tissue, respectively, and RC

and SP are recovery and spillover coefficients that are both nonnegative and

independent of time. TACs in Eq. (3.1) at a given time protocol can be obtain-

able from blood free multiple ROI image extracting and analyzing techniques

(Croteau et al. 2010). Then a linear least squares approach can be used to de-

rive the coefficients. Step three involves biochemical information depending on

the selected radiotracer and the subject which cannot be acquired from the im-

age. This means that IDIF techniques normally require several blood samples to

estimate the rate of metabolites within blood (Sanabria-Bohórquez et al. 2003).

To conclude, IDIF cannot avoid blood sampling, despite the need for blood sam-
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3. AIF ESTIMATION METHODS 3.1 Image-derived Input Function Estimation

Figure 3.1: Block diagram of one free quantification tool for AIF (adapted from
Bertran et al. 2016).

ples in step three, and the correction in step two without the information of true

blood samples can be sensitive to the technique (Zanotti-Fregonara et al. 2011,

Zhou et al. 2012).

3.1.1 Segmentation Methods

Although an ROI can be easily drawn for IDIF modelling, its accuracy and re-

liability need to be further validated. Segmentation is an automatic way to

create ROIs based on voxel level in high dimensional data (O’Sullivan 1993,

Wong et al. 2002, O’Sullivan 2005, O’Sullivan et al. 2010). For a brain study,

where an ROI for the carotid artery is hard to define, segmentation methods

are especially useful for AIF extraction. Even with large blood pools like the left

ventricle in the FOV, the signals can be contaminated by the adjacent tissue (i.e.

myocardium). The overlapped signals may cause bias in AIF estimation when

appropriate correction is not applied. Segmentation methods can be used to
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separate the signals of tracers in blood from the ones in other structures.

The signal measured in each voxel is defined as zx(t), where x represents the

coordinate of each voxel and t is the time of sampling. Then the signals can be

categorized into different components, each with its own characteristics. The

total signal can be calculated by summation of weighted TACs from a number J

of such components (O’Sullivan 2005)

zx(t) =
J∑
j=1

wx,jCj(t) + εx(t) (3.2)

where the Cj(t) is the TAC for the jth characterized component, wx,j is the

weight for each TAC at each location, and εx(t) is the deviation for each esti-

mate, which is assumed to be random and with mean zero.

Hereafter we introduce some popular methods for estimation of these compo-

nents.

3.1.1.1 Cluster Analysis

Cluster analysis is a method consisting in dividing the signals into clusters. It

is generally used to represent a series of points in the Euclidean space by some

cluster centroids. One simple candidate for clustering is K-means (Bottou &

Bengio 1995). Assuming TACs in each pixel (i.e. zx(t)) are represented as one

point in Euclidean space, for each given L (i.e. L = 1, 2, . . . , 10), L cluster

centroids can be easily calculated by iteratively attributing all points to their

nearest cluster and redefining the new centres by averaging the points assigned

to the cluster. Initially, L clusters are randomly selected. Noting that each point

is actually a vector, then a new centre is calculated by

κh+1
l (t) = 1

N(κl)
∑
x∈κl

zx(t) (3.3)

where κh+1
l (t) is the centre of the lth cluster at the h + 1th iteration, κl is de-

fined as the lth cluster, which includes all points nearest to κhl (t), and N(κl) is

the number of such points at the ith iteration. With the within-clusters vari-

ance converging, we will finally obtain L cluster centroids. One of them is an

estimation of normalized plasma TAC (Liptrot et al. 2004).
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3.1.1.2 Factor Analysis of Dynamic Structures

Factor analysis of dynamic structures (FADS) is one of the most widely used

segmentation methods. It uses principal component analysis (PCA) (Barber

1980) to find the components which components that capture the most infor-

mation in the data, and applies an iterative algorithm to rotate the components

to constrain the weights and TACs in Eq. 3.2 to be nonnegative (physiologically

meaningful factors cannot be negative) (Wu et al. 1995). Since the AIF will

have distinct characteristics from the TAC in tissue or venous blood, it can be

distinguished as one of the components. In a canine 13N-ammonia PET dynamic

study, TACs in left and right ventricular blood pools and in the myocardium

were found to account for 95% of the total variance of the data (Wu et al.

1995).

The oblique transformation for rotating the components is argued to result in

non-unique estimates of nonnegative components (Houston 1984). To resolve

this issue, prior assumptions of the anatomical structure are necessary (Na-

ganawa et al. 2005).

3.1.1.3 Independent Component Analysis

Independent component analysis (ICA) does not require any anatomical as-

sumptions, but it requires at most one Gaussian distributed component (Hyvari-

nen & Oja 1997). ICA searches for components representing spatial distribution

of TACS (i.e. tissue blood volume) that are independent. In this framework, Eq.

(3.4) represents tracer signals over time in each voxel (i.e. zx(t)):

zx(t) = wP (x)CP (t) + wT (x)CT (t) (3.4)

where wP (x) and wT (x) are independent components at location x, and CP (t)
and CT (t) are TAC in plasma and tissue, respectively (Naganawa et al. 2005).

Fig. 3.2 presents a general ICA procedure. FastICA (Hyvarinen & Oja 1997),

EPICA (Naganawa et al. 2005) are methods for performing ICA, and MAX-ICA

and VEN-ICA (Chen et al. 2007) are for correction of PVE and spillover.
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Figure 3.2: Flowchart of the ICA procedure for generating IDIF and MRGlc
(Chen et al. 2007).

3.1.2 Simultaneous Estimation

Simultaneous Estimation of input function (SIME) is another potential nonin-

vasive alternative for deriving AIF (Zanotti-Fregonara et al. 2011). TACs in one

ROI can be modelled as a convolution between the AIF and IRF (recall Eq. (2.4)

and Eq. (2.5)). For FDG PET studies, considering a four-parameter two-tissue

compartmental model, TACs from different ROIs in the PET image can be mod-

elled as convolutions between the AIF (Feng’s model Eq. (3.6)) and a function

of K1, k2, k3 and k4 (see Fig. 3.3 and Eq. (2.13)). In a given region, the AIF and

IRF can not be determined simultaneously, and one of the two functions at least

needs to be defined. However, with the information from multiples regions, AIF

and IRF can be estimated at the same time (Feng et al. 1997). A nonlinear least

squares approach is used to optimize the cost function with high dimensional

parameters (Levenberg 1944).

Two or more regions are needed for the SIME approach (Koon-Pong Wong; Feng

2001), and at least one venous blood sample is needed as an alternative to

arterial blood (Guo et al. 2007).
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3.2 Population-based Input Function
Estimation

3.2 Population-based Input Function Estimation

Population-based input functions (PBIF)(Takikawa et al. 1993, Eberl et al. 1997,

Shiozaki et al. 2000, Philipp et al. 2006, Zanotti-Fregonara et al. 2012, O’Sullivan

et al. 2009) are obtained by estimating a patient’s AIF by scaling an overall

population arterial input pattern (obtained from historical information on the

patient’s population or by averaging fits from the overall cohort) based on in-

dividual subject information (depending on availability, historical cohorts have

10-30 blood samples through 60-90 minutes of data, and have a combination

of patient weight, body surface area, lean body mass or cerebellar FDG activity)

(Zanderigo et al. 2013, Bentourkia 2006). The choice of time points at which

this information is extracted is a likely contributor to variability in estimation of

the signal scale. With this approach, the individual is assumed to have the same

tracer injection protocol and physiological characteristics as the population. For

a PBIF, the AIF CP (t) is modelled as

CP (t) = s · Cpop
P (t) (3.5)

where Cpop
P (t) is a standard AIF averaged from a set of population AIFs, and s

is a scale factor based on individual subject information. PBIF have potential to

be used as blood free AIF. However, standard AIF estimates from two distinct

groups may differ greatly, which hinders estimation for an individual that shares

different physiological characteristics from the population. Estimation from an

individual with a distinct AIF structure is impossible (Zanotti-Fregonara et al.

2012). Also, PBIF estimates using a specific radiotracer need to be calculated

based on arterial sampled TACs from a population using same radiotracer. Fur-

ther validation of PBIF estimators is needed for new radiotracers.

Other shape-driven models are also developed e.g. representing the AIF by a

convolution between a population AIF and a kernel function that allows shape

parameters to be specified for a subject (Olshen & O’Sullivan 1997) or mod-

elling AIF by a parametric model with four parameters that are able to directly

switch the shape of a template AIF (i.e. peak location, rise and fall behaviors,

and tail height) (O’Sullivan et al. 2010). Both can be used as alternative AIF

representations.
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3.3 Common AIF models

The complexity of AIF structures makes representation of their shape a chal-

lenging task (see Fig. 3.4). The shape of an AIF can be distinguished into three

parts: a constant zero at the beginning up to tracer delivery, a rapid increase

when the injected tracer initially progresses to the sampling site, and a slow

exponential decrease corresponding to clearance of the tracer. Various mathe-

matical constructions such as Feng’s model (Feng et al. 1993), tri-exponential

models (Parsey et al. 2000) and convoluted models (Tonietto et al. 2015) have

been developed to provide a continuous and noise-free description of the AIF

obtained from either clinically sampled (as in typical PBIF strategies) or image-

derived (as in typical IDIF strategies) signals.

The tri-exponential construction and its convolved alternative rely on a linear

mixture of exponential density functions fitted to sample arterial data. The tri-

exponential model (TE) fits the AIF shape in two parts: a first linearly increasing

piece from the time the AIF starts rising at to its peak, and a second piece

modelling the AIF from its peak to the end of study using a linear combination

of the three exponential curve. In comparison to Feng’s model, the TE model

provides more flexibility to describe the AIF. However, neither model accounts

for the length of the tracer injection and could lead to poor fit of the initial part

of the AIF curve.

An adaptation of the TE model was proposed (Tonietto et al. 2015) that includes

the information of injection duration by convolving the injection profile and

linear combination of three exponential curves. This convolved tri-exponential

(CTE) model addresses some of the issues of the original TE model, but relies

on a boxcar function of duration to describe the injection profile, which used

on its own may not represent the pattern of tracer arrival into plasma realisti-

cally. This particular limitation has been addressed in some works (Holt et al.

2012, Poulin et al. 2013, Sari et al. 2014, Huang & O’Sullivan 2014), by using

a convolution of a double Butterworth function with the TE function (Sari et al.

2014), or of a square wave with a gamma function (Huang & O’Sullivan 2014).

Final individual AIF estimates are obtained by scaling the estimated AIF pat-

tern to the individual physiological level commonly using either image-derived

blood level estimates from a reference region (after partial volume correction)

or blood sampling data.
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Figure 3.4: A example of AIF for water (left) and FDG (right) study. Concentra-
tion is normalized to peak and time is in the unit of minute. Experimental data
are from directly sampled AIF acquired in University of Washington (Huang &
O’Sullivan 2014). Sampling is at discrete time points, and adjacent points are
linked by straight lines.

3.3.1 Feng’s Model

Feng’s model is an optimal model of the blood circulatory based on bolus injec-

tion under compartmental assumptions. The model is defined as

Cfeng
P (t) =


0 if t < to

[A1(t− to)− A2 − A3]eλ1(t−to)

+A2e
λ2(t−to) + A3e

λ3(t−to) if t ≥ to

(3.6)

where to is the time delay constant and Ais and λis (i = 1, 2, 3) are coefficients

and eigenvalues of the model (Feng et al. 1993). The Feng’s model fits the

AIF by a vertical rise at given time to when signals appear, and followed by an

exponential decay. However, model performance is impacted when injection is

not a bolus.

3.3.2 Tri-exponential Model

The tri-exponential model adds one time knot (tp) when the AIF reaches its

peak. It models the AIF as a straight line for the rapid rise and a mixture of

Statistical Modeling Strategies for Estimation
of the Arterial Input Function in Dynamic
Positron Emission Tomography Data Analysis

33 Zhaoyan Xiu



3. AIF ESTIMATION METHODS 3.3 Common AIF models

three exponentials to represent slow decay

Ctri−exp
P (t) =


0 if t < to∑3
i=1Ai(t− to) if to ≤ t < tp∑3
i=1Aie

−λi(t−tp) if t ≥ tp

(3.7)

This model tends to provide a better description of AIF compared to Feng’s

approach, and favored in the community (Tonietto et al. 2015). Although the

TE model has taken the injection time into consideration, the segment line

between to and tp cannot reflect the increase with radian.

3.3.3 Convoluted Models

A technical modelling improvement consists in introducing an injection profile

into the previous two models (Tonietto et al. 2015). For Feng’s model, the

convoluted form is simply

Ccon−feng
P = Cfeng

P (t) ~ I(t) (3.8)

where I(t) is the indicator function, a square wave rising over time T

I(t) =


0 if t < 0

1/T if 0 ≤ t < T

0 if t ≥ T

(3.9)

for the tri-exponential model, the convoluted form omits the straight line part,

since the injection profile can be estimated by the term I(t), i.e.

Ccon−tri
P = Ct−tri

P (t) ~ I(t) (3.10)

where

Ct−tri
P (t) =

0 if t < to∑3
i=1Aie

−λi(t−tp) if t ≥ to
(3.11)
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3.4 Approximation from Venous Blood
Information

These convoluted models include injection information for description of the

AIF, which makes them more accurate and flexible. Since injection time (T ) is

normally known prior to the calculation, the computational complexity of these

techniques does not increase much (Tonietto et al. 2015).

3.4 Approximation from Venous Blood Information

In dynamic PET imaging, the concentration of radiotracer in arterial blood is

consider as an input function, since it brings radiotracer from heart to tissues

and organs, and supplys oxygen and nutriments. As venous blood flows back to

the heart, the concentration of radiotracer will be distinct from that in arterial

blood. Although venous blood has different characteristics from arterial blood,

it is an attractive alternative for arterial blood since venous cannulation is less

invasive to the patient and easier to operate.

3.4.1 Arterialised Venous Blood

Arterialised venous blood (AVB) can be used as an alternative for arterial blood

for AIF extraction (Brooks et al. 1989, Choi et al. 1991, Copeland et al. 1992). It

is achieved by measuring the concentration of tracer in venous blood by placing

a catheter in a antecubital or dorsal hand vein that has been heated (van der

Weerdt et al. 2002). The heating results in a dilatation of blood vessels, which

increases the blood flow without affecting the metabolism. Nevertheless, this

process is likewise not favored by neither patients nor clinicians (Vriens et al.

2009).

3.4.2 Venous Input Function

The venous input function (VIF) approach applies an arterio-venous transform

scheme to estimate AIF from VIF (Syvanen et al. 2006a). It assumes that

CV (t) = CP (t) ~ Ta−v (3.12)

where CT (t) and CP (t) are the concentrations of radiotracer in venous and ar-

terial plasma, respectively, and Ta−v is the arterio-venous transform. Several
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attempts of arterio-venous transforms were reported. Among them, a biexpo-

nential function (Syvanen et al. 2006a) of the forms.

Ta−v = A1e
−a1t + A2e

−a2t (3.13)

where A1, A2, a1 and a2 are free model parameters to be optimized, leads to

the AIF being represented by

CP (t) = CV (t) ~ T−1
a−v (3.14)

The method yielded promising results and requires further validation for differ-

ent tracers, and greater sample sizes.

3.5 Whole Body Blood Circulation Model

An alternative, compartment model based technique was developed by our

group to estimate the AIF from a whole-body tracer circulation model (BCM)

(Huang & O’Sullivan 2014, O’Sullivan et al. 2017). Fig. 3.5 provides an illus-

tration of it. In this representation, the fate of each tracer atom is represented

by an eight-state Markov chain process discrete by heart beats, where each state

represents one important location in the blood circulation system. They are left

and right heart ventricles, vascular and extra-vascular tissues in the lungs and

other organs, venous blood pool and body loss that tracers may stuck in. Each

pool is defined as a state in which the radiotracer can stay (note that body loss

is an absorbing state). To use the BCM, theoretically, time course of the tracer

concentration from one of the eight states is required. Since the left ventricle

is one of those states represented in the stochastic process, the AIF signal can

be approximated by the tracer concentration in the left ventricle observed from

PET imaging over time. Otherwise clinically sampled arterial data can be used

for evaluation of one of these Markov states. Although high dimensionality of

the parameters involved in the model constitutes a computational challenge,

this physiologically meaningful representation can yield an accurate AIF esti-

mation.

The initial probability distribution of the tracer is π0 = (1, 0, 0, 0, 0, 0, 0, 0),
where the entire radiotracer concentration is assumed to be in right ventricle at
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Figure 3.5: Markovian model based on whole body blood circulation. Graphic
representation (left) and probability transition matrix (right) (Huang &
O’Sullivan 2014).

the beginning of the study. Considering each transition happens at each heart

beat, the probability distribution after the kth heart beat is

πk = π0P k (3.15)

where P is the transition matrix in Fig. 3.5. With the knowledge of the input

curve at the initial state, the concentration of tracer at time t in each pool can

then be derived as

Cj(t) = CI(t) ~ {πB(t)}j (3.16)
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where j = 1, 2, · · · , 8. CI(t) is the input curve at the right heart ventricle, and

B(t) is the total number of heart beats up to time t. Since {πB(t)} is discrete in

time, assuming τ is the average number of heart beats per unit time, we have

Cj(t) =
[τt]∑
k=0

CI(t) · π[τt]−k
j (3.17)

where CI(t) is assumed to be the convolution of injection profile (Id) and a

gamma dispersion from the injection site to the right ventricle (gamma(α, β)).
Assuming injection takes place at a constant rate, Id is set to be an indicator

function rising over injection duration d. From this, CI(t) can be written as

CI(t) = Id(t) ~ gamma(t|α, β)

=
∫ t−∆

0
Id(t−∆− s)g(s)ds

(3.18)

where ∆ is a time shift parameter (either positive or negative) describing the

possible delay between time of injection and measurement. After a series of

transformations and parameterizations, a weighted nonlinear least squares ap-

proach is used to optimize the parameters (including eight parameters in the

transition matrix in Fig. 3.5, α, β and ∆ in Eq. (3.18), assuming τ and d are

given). Similar to the other AIF models, a scale factor A is estimated sepa-

rately from Nadler blood volume (NBV) (Nadler et al. 1962) and injection dose

(Huang & O’Sullivan 2014). Output of the BCM consists of eight time course

curves specific to eight blood pools. The left ventricle is considered as a pure

arterial pool in BCM, and the AIF is estimated as

CP (t) = Ĉ2(t) (3.19)

where Ĉ2(t) is the curve of the fitted BCM model corresponding to the left heart

ventricle.

The BCM has been evaluated on a set of clinical water and FDG-PET studies,

and proven reliable and reproducible for AIF extraction (O’Sullivan et al. 2017).

Also, BCM offers the opportunity to estimate PVE and spillover, since it allows to

distinguish time courses of radiotracers in multiple blood pools, simultaneously

(see Fig. 3.6).

Nevertheless, the computational complexity and great time consumption for
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Figure 3.6: Fitting imaging data from one ROI using the extended BCM (Xiu
et al. 2016). Considering one pool is contaminated by signals from the other
pools, and assuming time-invariance, a signal from one ROI is fitted by linear
combination of arterial, venous, and body vascular time courses. The image is
from a water and FDG dynamic PET study at University of Washington (Dun-
nwald et al. 2008), and ROIs are drawn by experts for different blood pools.
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optimization may limit the use of BCM. Noninvasive alternatives for AIF extrac-

tion are developed in the following chapters, that are somehow inspired by the

BCM.
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Chapter 4

Tracer Travel Rate Projection Model

4.1 Introduction

The whole body blood circulation model (BCM) for noninvasive extraction of

AIF has shown promising results. The idea of BCM is to model the tracer activ-

ity in circulatory blood by separating some blood pools that correspond to their

physical states (Huang & O’Sullivan 2014, O’Sullivan et al. 2017). Compart-

mental models provide an effective aspect of tracer kinetics in blood circula-

tion by dividing different physiologically defined compartments (Sokoloff et al.

1977, Phelps et al. 1979). The two techniques are used in solving two distinct

problems. One is for tracers traveling in whole body circulation and the other is

for transform among local compartments. But both of them take the circulatory

system into consideration, and divide the body into parts, either physiologically

or physically. Inspired by the idea from BCM and compartmental models, some

simplified modelling methods to BCM for AIF extraction are developed, e.g. the

Population-based Projection Model PBPM. In this chapter, one of the modelling

methods is presented. Although this model may not be ideally used in practi-

cal use, it provides some explanation and support for the core concept used in

PBPM.

In Section 4.2 we describe the theoretical construction of the TRPM. In Section

4.3 we indicate how we specify the model in terms of the choice of distributions

and functions used as basis components, as well as the numerical techniques

used to fit the model. Section 4.4 provides results if experiments carried out on

this modelling methodology.
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4.2 Modelling Approach

4.2.1 Theory

PET imaging requires radio-active tracer molecules to be introduced into the

subject before scanning. Usually, tracer labeled molecules (e.g. 18F-FDG) are

injected into the vein, blood will directly bring them back to heart. Then as

the heart beats, the blood circulation system will carry the tracer molecules to

organs and tissues that need nutrition and oxygen. The fate of the tracer gener-

ally depends on the characteristics of the molecule which the tracer molecules

are labeled on. For example, if it is FDG, the tracer tends to be accumulated in

organs and tissues that can metabolize glucose, or cancer cells for patients with

cancers. However, when the tracer molecules are labeled on water molecules,

then they will be accumulated in anywhere of the circulatory system that blood

can possibly reach. As scanning continues, the accumulation of tracer molecules

in different regions of the body will provide the information of subject that doc-

tors and researchers want. Since blood brings the tracer molecules to those

regions, the information of their input from the blood is key piece of jigsaw in

the whole puzzle. AIF is the dynamic concentration of radiotracer in plasma

which represents the availability of tracer to the tissues and organs that blood

can reach. The availability is of our great interest, which leads us to this new

approach for AIF representation in both physical and physiological ways.

When it comes to the analysis of blood circulation in PET dynamic study, the in-

formation is mainly from extraction of blood during the scanning. The extracted

data start from the introduction of the tracer to the body, and the tracers have

distinct fates before being sampled. Direct sampling for AIF usually needs to be

operated at an artery site (sometimes a venous site as alternative), since arte-

rial blood is directly supplying for the rest of body with nutrition and oxygen

(see Fig. 4.1). In our model setting, at one sampling site, the radiotracers that

have been sampled will be categorized into groups by their own history. For ex-

ample, for those tracer molecules that have never passed through the vascular

membrane, which means that they are always traveling in blood, the expected

travel time is comparatively short. At the very beginning of the study, most

sampled tracer molecules will be in this category. However, at time of sam-

pling, the tracer molecules which have no experience outside the vasculature

are categorized into another group. This does not imply that at the beginning

of study, there is no possibility that the sampled tracer molecules are from the
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other groups. At each time of sampling, the proportion of tracer molecules in

each group is always changing.

As study continues, an increasing number of tracer molecules will have extra-

vascular history, e.g. they can be reversed from metabolism or receptor binding.

Also, an increasing number of tracer molecules are expected to leave the study

when they are brought to an irreversible place like the bladder where they are

physically or physiologically stuck. The expected travel time for those tracer

molecules to be sampled that have extra-vascular experience is considerably

longer, even infinity. Then it is reasonable to say that in the late time of study,

there are almost no tracer molecules sampled from the first group where tracer

molecules have no extra-vascular experience in that group. Based on this the-

ory, the AIF (CP (t)) at a specific time is the summation of concentration of

tracer from different groups at the sampling site at that time. If we can model

the shape of TAC of each group, the AIF is only a linear combination of all the

TACs. Then this assumption leads to questions about how many characteristic

groups are existing, and how they can be defined.

4.2.2 The Fast Curve

The fast curve is defined as a TAC for those tracer molecules at a sampling site

that have no extra-vascular experience. To model the fast curve, the injection

profile and dispersion are considered. Injection profile is the availability of

radiotracer to the body. It is normally assumed to be an indicator function,

since the injection is usually at a constant rate, i.e.

Id(t) =

1 if to ≤ t ≤ to + d

0 else
(4.1)

where Id(t) is the injection profile, d is the duration of injection, and to is the

time that injection starts. The shape looks like a square wave rising over the

injection time. Here we only consider the shape of the AIF (i.e. normalized

AIF), since the scale factor for AIF involves variables of characteristics from

the individual subject, e.g. body surface area (BSA), lean body mass (LBM)

(Shiozaki et al. 2000). Estimation method for scale factor will be developed in

next chapter.

The dispersion is modelled as a two-parameter gamma density g(·|α, β), since
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the shape of the probability density function (PDF) of gamma fits the feature

of tracer’s arrival at the sampling site, considering that the radiotracers travel

in a catheter (See Appendix B). The shape of the gamma density is skewed to

the right when α is small (i.e. < 3), which matches the expected transit time of

tracer molecules that have never been outside the blood vessel from injection

site to sampling site. Another consideration about the time delay arises due to

the fact that measured data may not temporally coincide with injection. The

time delay ∆ to shift the curve is needed (note that ∆ can be either positive

or negative). Then the fast curve can be modelled as a shifted convolution

between Id(t) and g(t|α, β)

Cfast(t) =
∫ t

0
g(t− s|α, β)Id(s−∆)ds (4.2)

In Figure 4.1, the compartments setting is presented. I(t) is the input of tracer

to the body, and C(t) is the sampled AIF. The fast group has a TAC which is

a proportion of C(t) that estimates the tracer activity of tracer molecules that

have never reached outside of the vasculature. The dispersion of arrival of

tracer molecules at the sampling point is D(t). D(t) in this case is g(·|α, β) in

Eq. (4.2).

4.2.3 The Intermediate-fast curve

The intermediate-fast (inter-fast) curve models the tracer molecules at the sam-

pling site that have extra-vascular experience, but have no experiences of enter-

ing cells or long-term stay in tissue. The expected transit time is considerably

longer than that of tracer molecules from the fast group. An exponential den-

sity e(·|λf ) is used to describe the dispersion of transit time for the inter-fast and

fast groups where λ is the rate parameter. The inter-fast curve is represented

by a convolution between Cfast(t) and e(t|λf )

Cinter−fast(t) =
∫ t

0
e(t− s|λf )[g(α, β) ∗ Id](s−∆)ds (4.3)

In Figure 4.1, the tracer molecules in intermediate-fast group have reached the

compartment with T1(t), but they have never been to the box with T2(t). The

travel time for the tracer molecules in this group is modelled as a convolution

between D(t) and T1(t). T1(t) in this case is e(t|λf ) in Eq. (4.3).
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4.2.4 The Intermediate-slow Curve

The intermediate-slow (inter-slow) curve is similar to the inter-fast curve. They

model the tracer molecules that have extra-vascular and cellular experience be-

fore they arrive at the sampling site. The expected transit time is slightly longer

than that of tracer molecules from the inter-fast group. Instead of using another

exponential density to convolve with the inter-fast curve, here we simply use

the form from Eq. (4.3), but using exponential density e(·|λs) with a smaller

rate parameter (i.e. λs < λf). Then the inter-slow curve can be expressed as

Cinter−slow(t) =
∫ t

0
e(t− s|λs)[g(α, β) ∗ Id](s−∆)ds (4.4)

In Figure 4.1, the tracer molecules in intermediate-slow group have a his-

tory of reaching the box with T2(t), but no experience of further boxes. T2(t)
is modelled as an exponential density. Since convolution between exponen-

tial densities is an exponential density, the travel time for tracer molecules in

intermediate-slow group is modelled as convolution between D(t), T1(t) and

T2(t). In this case, T1(t) ~ T2(t) is e(·|λs) in Eq. (4.4).

4.2.5 The Slow Curve

The slow curve models the tracer molecules that have long-term tissue re-

tention. The tracer can be reversed from time consuming activity, such as

metabolism or receptor-binding. Usually it depends on the number of tracer

molecules from inter-slow curve, since they need to reach a particular spatial

location to accomplish the complicated procedure. Reasonably, if there are no

tracer molecules in the inter-slow group, potentially no tracer molecules can

enter the slow group. As long as Cint−slow(t) at the time points that are greater

than 0, potential of tracer molecules from slow group can be detected at sam-

pling site are increasing. The slow curve then can be modelled as an integral

of the inter-slow curve, which also can be deemed as a convolution between

Cint−slow and 1. The expression for the slow curve is

Cslow(t) =
∫ t

0

∫ s

0
e(s− u|λs)[g(α, β) ∗ Id](u−∆)duds (4.5)

In Figure 4.1, the tracer molecules in the slow group have reached compartment
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with E(t), and returned and sampled after they are back from the compartment.

In this case, E(t) is 1, and convolution between a function and 1 is the integral

of the function.

4.2.6 The Loss Curve

The loss curve models the potential loss of the tracer in a study. As the study

continues, an increasing number of tracer molecules will leave the study due

to some unpredictable factors. That will cause an additional drop of the AIF,

especially at the late period of study. Without taking the loss of tracer into

consideration, the estimated curve may be biased at the tail (i.e. higher than

the true value). Assuming that the loss of tracer happens when tracer molecules

remain for a long time in tissues or organs (i.e. related to inter-slow group).

Theoretically, a convolution between Cint−slow(t) and a triangle shape curve

(1 − t
Tmax

) (Tmax is the total time of the study) would work. However, if the

shape of loss curve is all we need, removing the constant in that triangle curve,

the time t carries all the features of loss group. Then the loss curve can be

represented by a convolution between Cint−slow(t) and t (note that coefficient

for loss curve is non-positive).

Closs(t) =
∫ t

0
s
∫ t−s

0
e(s− u|λs)[g(α, β) ∗ Id](u−∆)duds (4.6)

In Figure 4.1, the tracer molecules in the loss group have reached compartment

with L(t). Since this compartment is irreversible, they will not be sampled.

The proportion of TAC that represents tracer molecules in this group need to

be removed from the estimated AIF. L(t) in this case is t in Eq. (4.6). Since

without considering some constant that can be covered and included by other

parameters, L(t) only has the feature of time t.

There is actually another interpretation of the loss group. Along with the

slow group, they represent those tracer molecules that have comparatively long

travel time. The difference between slow and loss groups is that the latter never

come back. Then after the linear parameter π4 and π5 in Eq. (4.7) are estimated,

setting π4 to positive and π5 to negative, π4 · Cslow(t) + π5 · Closs(t) models the

TACs of all the tracer molecules that have further experience of the box with

T2(t) in Figure 4.1. This combined curve can be regarded as a slow curve that

represents the tracer molecules which have long-time tissue retention.
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Then the full model for normalized AIF (nAIF) is

nCP (t) = π1 · Cfast(t) + π2 · Cint−fast(t) + π3 · Cint−slow(t)

+ π4 · Cslow(t) + π5 · Closs(t) + error
(4.7)

where πjs (j = 1, 2, . . . 5) are linear coefficients for five component curves with

constraint that π1, π2, π3 and π4 are non-negative and π5 is non-positive. For

simplicity, this model for normalized AIF is named Travel-rate Projection Model

(TRPM). Since the complexity of tracer activity in whole body circulation sys-

tem depends on potential functional process of the tracer labeled molecule and

half-life of the isotope, the number of compartments involved in the study may

differ.

4.3 TRPM Specification and Optimization

In this section, we introduce some of the predominant methodologies for pa-

rameter optimization and algorithmic implementation of the TRPM.

Let the time-course data be given by {zi, ti, wi} for i = 1, 2, · · · ,m, where tis

and zis are sampling time and normalized concentration of tracer in plasma

at the corresponding sampling time for subject i, respectively, and m is the

total number of subjects. The normalized concentration means that the given

TACs need to be scaled by its maximum concentration. Then we can apply our

TRPM on each curve. wi is a weight that is given to indicate the reliability of

that measurement. The weights are set to be uniform when no supplementary

information is given. Then data can be modeled as

zi = η(ti|θ, π,∆) + w
−1/2
i εi (4.8)

where η(t|θ, π,∆) = nCP (t) in Eq. (4.7), θ is a parameter vector that specifies

the gamma and exponential densities in each component curve, i.e. α, β, λf
and λs, π is another parameter vector of the linear parameters ajs in Eq. (4.7),

∆ is a time adjustment for individual subject (recall Eq. (4.2)), and εis are the

errors. Then objective function can be written as

f(θ, π,∆) =
m∑
i=1

wi(zi − η(ti|θ, π,∆))2 (4.9)
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Methods have been developed to optimize the parameters and applied in an

open programing tool R (R Core Team 2016) (3.2.4 Revised).

4.3.1 Gamma Distribution

The dispersion is modeled using the gamma and exponential distributions. The

exponential distribution is a special case of the gamma distribution when the

shape parameter k equals to 1 (see Fig. 4.2 for the PDF and CDF of the gamma

distribution). The expression of the PDF and CDF are as follow

PDF : g(x) = 1
Γ(k)θkx

k−1e−x/θ

CDF : G(x) = γ(k, x/θ)
Γ(k)

(4.10)

where

Γ(k) =
∫ ∞

0
tk−1e−tdt

γ(k, x/θ) =
∫ x/θ

0
tk−1e−tdt

(4.11)

As k increases, the gamma(k, θ) will converge to a Gaussian distributionN(µ, σ2)
according to central limit theorem (CLT) where µ = kθ and σ2 = kθ2. Therefore,

in our case, the shape parameter of gamma is set to be small (i.e. 1 < k < 2.2).

This setting ensures that the gamma PDF is right-skewed which coincides with

the fact that arrival of tracer molecules to a sampling point appears to have a

right-skewed density waiting time feature. The scale parameter θ decides the

tail of the PDF. A greater θ indicates a long tail that it allows the dispersion

for those tracers’ arrival to have a longer expected travel time before they are

sampled.

The role of the gamma distribution is to create a component as each curve

introduced in the last section, i.e. fast curve from Eq. (4.2) can be expressed as

Cfast(t) =
∫ t

0
g(t− s|α, β)Id(s−∆)ds

= G(α, t−∆
β

)−G(α, min(t−∆− d, 0)
β

)
(4.12)
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Figure 4.2: PDF (left) and CDF (right) of gamma distribution with different
parameters (Wikipedia contributors 2018b).

where α and β are the shape and scale parameter in gamma(k, θ), respectively.

G(·) is the gamma CDF in Eq. (4.10). d is the injection duration, and ∆ is the

shift parameter.

See Appendix C for calculation of the convolution applied in the program.

4.3.2 Component Curves

The first procedure involved in programing is to enable calculation of each

curve given sampling time tis (where i = 1, 2, . . . ,m specifies the ith sampling

for one subject with m samplings), density parameters θ and time shift ∆. Tak-

ing the fast curve into consideration, given the information before, the Cfast(ti)
can be calculated based on Eq. (4.2). Like wise, Cint−fast(ti), Cint−slow(ti),
Cslow(ti) and Closs(ti) can be defined. For simplicity, these curves can be loaded

into a m × J matrix A, where m and J are the number of sampling times and

components, respectively. If it is the full model, J should be equal to five, and

each of jth columns of A (j = 1, 2, · · · , 5) is corresponding to one of the com-

ponents (i.e. fast, inter-fast, inter-slow, slow and loss, respectively). Then for

each individual of items ai,j in matrix A(ti, θ,∆)

ai,j = Cj(ti|θ,∆) (4.13)

4.3.3 Quadratic Programing Problem

Having matrix A for the component curves, the normalized AIF is
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zi =
J∑
j=1

πjai,j + w
−1/2
i εi i = 1, 2, . . . ,m (4.14)

where ai,j is calculated in Eq. (4.13), and πjs are linear parameters in Eq. (4.7).

We optimize the πjs with constraint πj ≥ 0 for j = 1, 2, . . . , 4 and π5 ≤ 0

π̂(θ,∆) = arg min{1
2

m∑
i=1

wi[zi −
J∑
j=1

πjai,j]2} (4.15)

Expanding the quadratic function, we have

π̂(θ,∆) = arg min{1
2

m∑
i=1

[wiz2
i − 2√wizi

J∑
j=1

√
wiai,jπj + (

J∑
j=1

√
wiai,jπj)2]} (4.16)

Let W = diag(w1, w2, . . . , wm), remove the constant wiz2
i from the bracket, and

reorganize the linear and quadratic terms of π

π̂(θ,∆) = arg min{−(AT (
√
Wz))Tπ + 1

2π
T (ATWA)π} (4.17)

where A stands for matrix A(ti, θ,∆) with item ai,j, and AT is the transpose of

A.

An existing program of the Goldfarb-Idnami Method (original by Berwin A.

Turlach 2019) developed in R is aiming at solving quadratic programming prob-

lems with constraint in the form of

minimize
x

f(x) = −V Tx + 1
2x

TMx

subject to CTx ≥ x0

(4.18)

where V and M are the vector and matrix in quadratic function to be mini-

mized, respectively, C is the matrix that defines the constraint of x with a vector

x0. With proper input, π̂(θ,∆) is able to be acquired.
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Figure 4.3: Plot of logit(x) in the domain of 0 to 1, where the base of logarithm
is e (Wikipedia contributors 2018d).

4.3.4 Gauss-Newton Method

Then we deem π a function of θ, given ∆, the optimization will end up with

only a nonlinear least squares (NLS) problem. We apply a Gauss-Newton type

method (Hartley 1961) to optimize the parameters. With one initial guess

θ0 = (α0, β0, λ0
f , λ

0
s) (4.19)

is approximated from past experience, the boundaries are set to be

θH = (αH , βH , λHf , λHs ) (4.20)

as the high boundary, and lower boundary

θL = (αL, βL, λLf , λLs ) (4.21)

Since the scales of the parameters differ considerably, we apply a logit transform

to the proportion (p) of θ located between the boundaries. Fig. 4.3 presents the

plot of logit transform, and in our program, ς is set to be within (-4,4), which

already includes over 99.99% of the values of θ within the boundaries.
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ς = log p

1− p (4.22)

where p = θ−θL

θH−θL . Then we can also write ς a function of θ

ς(θ) = log θ − θ
L

θH − θ
(4.23)

Inversely, θ can be written as a function of ς

θ(ς) = θL + (θH − θL) eς

1 + eς
(4.24)

Since θ and π are both corresponding to a given ς, then given ∆ we are able to

rewrite the objective function as a function of ς as follows:

l∆(ς) =
m∑
i=1

wi(zi − η∆(ti; θ, π|ς))2 (4.25)

Here we apply a Gauss-Newton Method to optimize l(ς). Using Taylor expan-

sion, at the (h+ 1)th iteration,

η∆(ςh+1) ≈ η∆(ςh) + Jhl d
h (4.26)

where d is the increment of ς, and also expected to be a descent direction to

reduce l∆(ς), i.e.

dh = ςh+1 − ςh (4.27)

and J is the Jacobian matrix of l∆(ς), which is a m × S matrix filled with the

first derivative of η∆(ς) at each direction of ς by column, where S is the number

of parameters in ς:

Jhl = ∂l∆(ti, ςh)
∂ςs

s = 1, 2, . . . , S (4.28)

This can be approximated by the difference quotient
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Jhl ≈
l∆(ti, ς|ςs = ςhs + 0.01)− l∆(ti, ςh)

0.01 (4.29)

Then we find the gradient of l∆(ς). In order to minimize l∆(ς), the gradient is

set to 0, i.e.

∂l∆(ς)
∂ςs

= −2JTl W (z− η∆(ς)) = 0 (4.30)

As iterations continue, η∆(ςh+1) is expected to be increasingly closer to the ob-

served z in terms of a decreasing l∆(ς) in the direction of the gradient. Plugging

Eq. (4.26) into it, we get

− 2JTl W (z− η∆(ςh)− Jhl dh) = 0 (4.31)

Let Ψ to be short for the Jacobian matrix and ΨT to be the transpose, we can

calculate the descent direction by

dh = (ΨTWΨ)−1W (z− η∆(ςh)) (4.32)

However, l∆(ς) is only guaranteed to be decreasing when the parameter moves

in the descent direction with a small enough distance. The step size τ is intro-

duced to prevent an inappropriate approximation at the iteration. The step size

τ can be optimized simply by a line search. Then the iteration is

ςh+1 = ςh + τdh (4.33)

We search for ς∗ that l∆(ς∗) ≤ l∆(ςh) for |ς∗ − ςh| < δ where δ is a preset toler-

ance. The iterative process will also cease if h reaches the maximum tolerated

times of iteration.

The range of ∆ depends on the injection duration, which varies according to

the type of radiotracer injected. For example, the injection duration for FDG

typically ranges from one to two minutes, thus, the range of ∆ will be set as

[−1, 1] (based on past experience), and the values to be chosen from are 21

values identically segmented from −1 to 1. Similarly, for a H2O study, the

range of ∆ will be set from −5 to 5 seconds.
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4.3.5 Bayesian Penalty

As the number of sampling points m is usually somewhere between 20 and 50

(based on sampling and scanning protocols in PET studies, e.g. see Table 5.1),

which is somewhat small given the number of parameters (i.e. four nonlinear

and five linear parameters), a penalized weighted NLS criterion is also applied

to improve overall estimation of the nonlinear parameters. The objective func-

tion is

Lλ(θ) =
m∑
i=1

wi(zi − η∆(ti|θ))2 + λ(θ − µ)TΣ−1(θ − µ) (4.34)

where µ and Σ are the mean and covariance matrix of estimated θ̂ from a popu-

lation, respectively, and λ is the weight of the penalty. When λ = 0, the objective

function only depends on the data. As λ increases, the estimation increasingly

accounts for historical information. This methodology adopts generalized cross

validation (GCV) that takes the effective degree of freedom (DoF) of the penal-

ized NLS into consideration when optimizing λ, since the value of λ introduces

bias to the optimization (O’Sullivan & Wahba 1985).

4.3.6 Leave-one-out Cross Validation

Before applying generalized cross validation (GCV), another validation scheme

named leave-one-out cross validation (LOOCV) is used. It is similar to GCV in

essence, and can be used to derive a formula of GCV score and to check the

outcome from GCV. The LOOCV calculates the true error at each point from the

curve produced by the model by estimating the value without information of

said value (Cawley 2006). In other words, each time point is removed when es-

timating the value of that point, in order to calculate the mean cross validation

error of all points from the curve. However, in our case, not all time points can

be used. The starting and ending values would not be used for cross validation,

since this may artificially increase the error by removing important information

about the curve. Likewise, the peak time point cannot be used, since it sets the

location of the curve. Then LOOCV is expressed as follow

LOOCV (λ) =
m−1∑

i=2,i 6=p
wi[zi − ẑi(λ)]2 (4.35)

Statistical Modeling Strategies for Estimation
of the Arterial Input Function in Dynamic
Positron Emission Tomography Data Analysis

55 Zhaoyan Xiu



4. TRACER TRAVEL RATE PROJECTION MODEL 4.3 TRPM Specification and Optimization

where p indexes peak time tp. ẑi(λ) is the estimated value at ti from the curve

with zi omitted. By minimizing LOOCV (λ), we optimize the weight of the

penalty λ.

4.3.7 Generalized Cross Validation

Similarly to LOOCV, GCV estimates the true error of each fitted point, but it

considers all time points (Golub et al. 1979). The GCV score is calculated by

a weighted mean squared errors (MSE) divided by the effective degree of free-

dom.

GCV (λ) = 1
m

m∑
i=1

wi[zi − η(ti|θ̂λ)]2/[
1
m
trace(I −M(λ))]2 (4.36)

where θ̂λ is the estimated θ̂ based on given λ. trace(·) of a matrix is the sum-

mation of all elements on the main diagonal, i.e. for an m×m matrix S,

trace(S) =
∑

(s11 + s22 + · · ·+ smm) (4.37)

where sij is the element of S at the ith row and jth column. I denotes the

identity matrix, also called unit matrix that has m rows and columns

I = diag(1, 1, · · · , 1) (4.38)

and M(λ) is also an m×m matrix defined as

M(λ) = A(ATA+mλI)−1AT (4.39)

where A is the component matrix (see Eq. (4.13)) given θ and ∆.

4.3.8 Optimization

Figure 4.4 provides the optimizing steps for TRPM. An open source implemen-

tation of the software in R (R Core Team 2016) is made available (Xiu et al.

2020). For each given λ, and a given initial guess of the nonlinear parame-

ters θ0 (see Eq. (4.19)), the corresponding GCV (λ) and estimated θ̂(λ) are
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Figure 4.4: Diagram of steps in TRPM optimization.

produced. This step involves building component curves, using QPP and the

Gauss-Newton method introduced previously in this chapter. Historical esti-

mation of the exponential and gamma parameters in the model with Bayesian

penalty (see Eq. (4.34)) for GCV calculation requires θ to be optimized for

each arterially sampled AIF when λ = 0. By minimizing GCV (λ), we are able

to receive optimized θ̂λ for each individual AIF, as well as linear parameters

π̂(θλ) and optimized ∆. Then, estimated AIF can be represented by plugging

the estimated parameters into TRPM (see Eq. (4.7)).
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4.4 Results

4.4.1 Data

In order to examine and evaluate the model, two datasets acquired from Uni-

versity of Washington are considered. Data include a set of directly sampled

AIFs (sAIF) and a set of PET images along with patients’ corresponding nonin-

vasive information, i.e. weight, height, gender and injection dose of the tracer.

sAIF is considered the gold standard for AIF extraction. The shape and scale of

sAIF both play significant roles in dynamic PET quantitative analysis in terms

of the information that they carry. In that sense, sAIF can be not only used to

evaluate the model of Eq. (4.7), but is also valuable for scale factor estimation.

The peak of sAIF can be considered as the scale factor when the shape of AIF

(i.e. nAIF) has been estimated. For the imaging data, an ROI is drawn on site of

arterial blood pool. When the left ventricle of the heart is in the PET FOV, it can

be a good candidate, since the size of left ventricle is comparatively large as an

arterial blood pool, and the location of left ventricle can be easily defined. The

average concentration of tracer in the left ventricle region of interest (LV-ROI)

is extracted as an alternative to sAIF. However, the LV-ROI contains limited in-

formation of the scale for true concentration of tracer in blood, thus it can only

be used for shape estimation purpose.

4.4.1.1 Directly Sampled Arterial Data

Directly sampled arterial data involve two separate datasets, one comprising

of 91 FDG-PET studies and another of 39 H2O-PET studies, all acquired at the

University of Washington (Graham et al. 2002, Muzi et al. 2009, Eyal et al.

2010, O’Sullivan et al. 2009, Huang & O’Sullivan 2014). The data were from

both healthy subjects and patients with cancer conditions. FDG studies included

36 females and 55 males with mean weight of 79.81 (sd=17.23) kg and height

of 1.74 (0.10) m, mean injection dose of 9.26 (1.41) mCi, and peak activity

of 1.74 (0.54) mCi. The H2O studies included 15 females and 24 males with

mean weight of 76.13 (14.44) kg and height of 1.76 (0.08) m. The injection

dose for H2O studies averaged to 22.72 (20.92) mCi and mean peak value

was 13.57 (15.03) mCi. Durations of FDG injections are either 1 or 2 minutes

(58 and 33 cases respectively), and bolus injection for H2O was assumed to

be 5 seconds. After injection, water and FDG study will last around 5 and
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Figure 4.5: FDG-PET and H2O-PET data acquired at the university of Washing-
ton (Graham et al. 2002, Muzi et al. 2009, Eyal et al. 2010, O’Sullivan et al.
2009, Huang & O’Sullivan 2014). FDG-PET data with 1-minute injection (left),
FDG-PET data with 2-minute injection (mid) and H2O-PET data with bolus in-
jection (right).

90 minutes, respectively. The data included SAIFs of the subjects along with

gender, weight (WT), height (HT) and injection dose (ID). The normalized AIFs

are presented in Figure 4.5. Each curve typically includes three parts: a plateau

of 0 concentration at the beginning, followed by a rapid increase after injection,

and an exponential decay (see Fig. 3.4 for one example of each).

4.4.1.2 PET Imaging Data

PET imaging data are from a study of PET imaging in locally advanced breast

cancer (LABCa) patients whose protocols were approved by the institutional re-

view board at University of Washington (Mankoff et al. 2003, Dunnwald et al.

2008, 2011, O’Sullivan et al. 2017). Fifty three selected patients were from

the Breast Cancer Specialty Center in the university. They were historically

confirmed breast carcinoma, and scheduled for chemotherapy prior to surgery.

Patients underwent multiple PET scans before, during and after neoadjuvant

chemotherapy, and the baseline imaging is of our interest. The imaging data

involve PET images on an Advance Tomography (General Electric Medical Sys-

tems) from water and FDG studies for each patient. The injection was a 1- to

4-mL volume bolus of 725-1902 MBq for water studies, and a 7- to 10-mL vol-

ume infusion of 218-396 MBq over 2 minutes for FDG studies. Dynamic images
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Figure 4.6: Exampled of manually drawn ROI on left ventricle of heart from
PET imaging using AMIDE (Loening & Gambhir 2003). Small red circles with
6 mm diameter inside of big yellow markers in transverse (left), coronal (mid)
and sagittal (right) views together as ROI for left ventricles.

were acquired over 7.75 and 60 minutes after the start of infusion for water and

FDG study, respectively. Fifty seven and twenty five time points are considered

for each water and FDG study, respectively.

ROI was a manually drawn sphere with diameter of 6 mm on the site of left

ventricles of the heart for each image. The location can be easily found from the

overlapped images, since the heart muscle around the left ventricle has visibly

higher intensity than the inside and surrounding areas. The average of tracer

concentration in ROI at each time point is extracted. The data may contain

negative values at the beginning of the study, depending on the choice of image

reconstruction settings, and they are set to be zero. No further smoothing is

performed on the data, therefore, LV-ROI curves are noisier than sAIFs.

The full TRPM is applied for the FDG study due to the involvement of glucose

in metabolic system. However, reduced models are also considered, since they

may reduce parameters that are not effective. For the water study, a reduced

TRPM is sufficient in theory, thus, we need to design experiments for choosing

the correct components for the model. Erroneous design of the model may
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Figure 4.7: An example fit using TRPM with penalty: sum of squared error
(left), effective degree of freedom (mid) and GCV score (right) against the
weight of penalty.

cause reduced accuracy in cross validation of the prediction and unnecessary

calculations.

4.4.2 Penalized TRPM

We present the performance of TRPM on arterially sampled AIFs without penalty

in Appendix D. Then, using the estimated parameters as historical information,

we fit all arterially sampled and imaging data by TRPM with penalty. For the

FDG study, we use the full TRPM that includes all five components. We only use

three components for water study since water will not be involved in as much

complicated processes as FDG will. The relationship between the scale factor A

and estimated parameters is also analyzed in the end of this section.

The estimated parameters are used as a Bayesian penalty in TRPM. By apply-

ing this method, we can reduce potential greater fit error when we are fitting

some particular individuals with high noise AIFs, especially for the imaging data

which are usually noisier than sampled data. It can also enhance the ability of

our model in the situation when information given is limited, e.g. data with

fewer time points or with only early period. As it is mentioned in Section 3.3.5,

the λ in Eq. (4.34) plays a role of weight for the penalty. When λ = 0, the

optimization will only depend on the data. As λ increases, the penalty takes

more and more proportion in the optimization process. It means that the esti-

mated parameters will be more likely to have a distribution that has the same

parameters we estimated as the penalty.
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Figure 4.8: Scatter plot (left) and distributions (right) of mean squared errors
of TRPM on 91 FDG studies.

Figure 4.7 presents an example of errors that we obtained from applying TRPM

with penalty on one AIF from FDG study. The x-axis for three plots are the

penalty weight, i.e. λ. We first set a vector of weights as the grid. And our

algorithm searches for the λ̂ that minimizes GCV score

GCV (λ) =
∑m
i=1 wi[zi − η(ti| ˆ(θλ))]2

effective degree of freedom
(4.40)

which is a different form of Eq. (4.36) in Section 3.3.7. For individual fit, the

sum of squared error and the effective degree of freedom are increased as the

penalty weight increases. But the GCV score is a convex function, which we

seek to minimize.

We apply penalized TRPM on arterially sample data here, and run some com-

parisons between the parameters we estimated from this section.

4.4.2.1 FDG Studies

Figure 4.8 gives a visual interpretation of the benefit of penalization in our

TRPM. From the scatter plot, the points on the left of the unit line (red) indicate

instance for this fit where penalized TRPM outperforms TRPM.

Then we look at the performance of TRPM on individual time points in Figure

4.9. We can see that both provide similar results. The total sum of squared

residuals from estimations using TRPM with and without penalty are 5.78 and

6.13, respectively. Adding a penalty reduces the overall fit error by 5.7%, com-

pared to a fit obtained without penalty.
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Figure 4.9: Left: Residuals of 2465 AIF data points against square root of time
(minute); Right: Scatter plot of Residuals from TRPM with and without penalty.

Figure 4.10: Distributions of parameter estimates (logit transformed) from
TRPM with and without penalty on FDG study.

Figure 4.10 compares estimated parameters and the penalty. Since all the non-

linear parameters except shift are parameterized by a logit transform (see Sec-

tion 3.3.4) before they are optimized, we present transformed parameters. The

penalty reduces the variance of estimated parameters dramatically. Depending

on the scale and variation of those parameters, the estimations can be deemed

matching the penalty.
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Figure 4.11: Scatter plot (left) and distributions (right) of mean squared errors
of TRPM on 39 water studies.

Figure 4.12: Left: Residuals of 1117 AIF data points against square root of time
(minute); Right: Scatter plot of Residuals from TRPM with and without penalty.

4.4.2.2 Water Studies

Then we look at the performance of TRPM with penalty on the water study.

Figure 4.11 presents the MSE of 39 fit on AIFs from the water study. The median

of MSE for TRPM with penalty is smaller than it without penalty. The mean and

standard deviation (in brackets) is 3.68(5.19) ·10−4 and 3.80(5.22) ·10−4 for

TRPM with and without penalty, respectively. Then mean of MSE for TRPM

with penalty is 3.2% smaller. It coincides with the plot that the difference

between the two measures is small.

Then we assess the fit on each individual. There are 1117 time points for the

water study. The overall performance for both measurements looks similar in

Figure 4.12. Sum squared error of 1117 points for TRPM with and without

penalty is 0.408 and 0.418, respectively. The model with penalty reduces the

SSE by only 2.4%.
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Figure 4.13: Distributions of parameter estimates (logit transformed) from
TRPM with and without penalty on the water study.

Figure 4.13 presents the distribution of transformed parameters. It is clear

that the estimated parameter using TRPM with penalty has smaller range and

similar median to the penalty itself. This is reasonable since the application of

penalty makes the estimations have similar distribution to penalty itself.

Taking the above into consideration, TRPM works well even without penalty

in terms of the errors in absolute value and percentage. However, the use of

penalty in TRPM increases the accuracy of model. In the future application

of TRPM, when facing problems without enough information, i.e. lack of data

or very noisy data, the TRPM with penalty will bring more benefit in the op-

timization process. Nevertheless, the disadvantage of adding a penalty is that

it dramatically increases the calculation time of optimization. It can take over

10 times of the calculation comparing to the TRPM without penalty for each

individual fit. Also, it needs historical information to be analyzed before we can

apply them, which may bring some unnecessary work. At this stage, we still

believe that the advantage of using a penalty outweighs its disadvantage. The

Bayesian penalty in future updates may enable automatic model training via

machine learning techniques. With other information of the patients, distribu-

tion of parameters may be more specific if we can find the correlation between

the patients’ information and the model parameters. Here we will conduct more
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Figure 4.14: Left: 53 AIFs from FDG imaging data (grey) and one example
(black); Right: Performance of TRPM on that example.

assessments of the model in imaging data.

4.4.3 Assessment of TRPM with Penalty on Imaging Data

The imaging data is introduced in Section 3.2.2. The difference between two

sets of data is that the imaging data is very noisy. The curve from the image

dataset is not as smooth as it from the directly sampled dataset. In this sense, a

more comprehensive assessment of the performance of estimation is suggested.

We will compare the estimated parameters with the penalty and check how the

distribution of estimations performs. Since the two data sets have some distinct

features, the results can be interesting in two ways. Would the parameters

estimated from the directly sampled data match the ones from the imaging

data, and how is the performance of TRPM on noisy data set?

4.4.3.1 FDG Studies

Figure 4.14 presents the 53 AIFs from the FDG imaging data and one example

fit. The sampling frame follows a same protocol which can be observed in

the left plot. Then we look at the example fit. It is easy see that the curve

is not smooth, but the fit is reasonable. To give a visual intuition about the

performance, we present more examples in Figure 4.15. The fits catch most of

the pattern to AIFs from imaging data. There are points off the fitted curves,

but the trend of the curves are reasonably fitted for each example.
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Figure 4.16: Scatter plot (left) and distributions (right) of mean squared er-
rors of TRPM on 53 FDG studies from imaging data set using TRPM with and
without penalty.

Figure 4.17: Comparison of residuals for 1273 individual points in FDG studies
from imaging data set using TRPM with and without penalty.

Figure 4.16 and 4.17 provide a reference of the errors produced in the opti-

mization process. TRPM without penalty outperforms TRPM with penalty. But

in terms of GCV score, the TRPM with penalty is definitely better, since λ = 0
is one of the options in the selection of the penalty weight. Behaviors of the

curves from two sets of data are different, thus, the difference between sum of

squared errors (0.176 vs 0.154) is acceptable. Also, the noise of imaging data

is comparatively great. The greater error may not imply a worse fit. From the

example fits, we can see that those estimated curves are reasonably good and

the consistency of estimations is also good.

Figure 4.18 indicates the fact that the penalty strongly effects the estimation.
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Figure 4.18: Distributions of parameter estimates from 53 FDG studies using
TRPM without the penalty term (Without) and with the penalty term (With),
and distributions of the penalty for model parameter estimation (Penalty).

Without penalty, we can see the estimated parameters spread over the whole

domain. The variation of parameters brings a better MSE result, but it reduces

the constancy of model. That is why in terms of a cross validation error, the

TRPM with penalty performs better. In Figure 4.18, the estimated parameters

from TRPM with penalty have very small variation. This virtue can be poten-

tially used in future for fixing those parameters or locating them in a given

interval of estimates more accurately. If the non-linear parameters in TRPM can

be fixed or even predicted easily, the TRPM will be only a problem of solving

a quadratic function. The numerical and computational complexity involved in

the calculation process will be dramatically reduced.

4.4.3.2 Water Studies

Figure 4.19 gives the AIFs from the water studies. Along with Figure 4.20,

we can visually assess examples of performance on TRPM for water studies.

At the early time, when the AIF is rapidly increasing and decreasing, the fit

catches that pattern well. Also the model could fit most of the peak points

with reasonable accuracy. However, from these examples, we can see that the

fitted peak values are always smaller than the actual ones. Especially for the

mid-right of the plot in Figure 4.20, the estimated peak is quite off.
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Figure 4.19: Left: 52 AIFs from water imaging data (grey) and one example
(black); Right: Performance of TRPM on that example. See Appendix D for the
definition of Fast, Inter and Slow curves of TRPM in the water study.

Considering all fits, 31 out of 52 peak values are underestimated, and only 13

are overestimated. The model tends to underestimated the peak, which may

effect the estimation of contrast (a peak to tail ratio), then the other parame-

ters derived from or depending on it. One of the reasons why TRPM fails to

fit the peak is that variation of AIFs at the beginning of study is greater than

late study. However, we do not add enough weights to them, then the fit error

depending on those points contributes less than they should do. Another rea-

son could be that TRPM cannot distinguish the peak time from the other ones.

We do not have an auto system to set the actual peak time to be peak time in

our model. The estimated curve is actually shifted. These two reasons could be

the main cause of the underestimation to peak values. From my perspective,

overestimation is better than underestimation, since if the value is already de-

tected, the true peak value should greater or equal to the detected peak value.

This need to be reconsidered. Since the imaging data is noisy, we cannot jump

to the conclusion before we can prove it. Anyway, we can see that although

the estimated peak is not always the actual peak, the difference between two

values is comparatively small.

The tails of AIFs from the water studies are very noisy, but the trend of slow

decay is clear, and the pattern is well captured by our model. Taking the above

into consideration, the overall performance of fit using TRPM on 52 AIFs from

imaging data of water studies seems reasonable.

Then we do some comparisons between TRPM on the same dataset with and
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Figure 4.21: Scatter plot (left) and distributions (right) of mean squared errors
of TRPM on 52 water studies from imaging data set using TRPM with and
without penalty.

Figure 4.22: Comparison of residuals for 2912 individual points in water studies
from imaging data using TRPM with and without penalty.

without penalty like we do for the FDG study. Figures 4.21 and 4.22 present

errors that TRPM produces for each subject and individual sampling point. The

results show that the difference between the two methods is negligible. For

a fewer number of parameters, i.e., 3 nonlinear parameters for TRPM for the

water study, the advantage of adding a penalty is not as important as for mod-

els with a greater number of parameters. Figure 4.23 shows that the effect of

penalty for water studies is less than that for FDG studies. The estimated pa-

rameters using TRPM with penalty tend to have similar distributions to those

from TRPM without penalty. Estimation remains highly dependent on the data

itself.

Table 4.1 shows that the standard deviation of the estimation is reduced by

adding a penalty to our model. The mean estimates for each parameter con-
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Figure 4.23: Distributions of parameter estimates from 52 water studies using
TRPM without the penalty term (Without) and with the penalty term (With),
and distributions of the penalty for model parameter estimation (Penalty).

verges to the theoretical mean of the penalty, which coincides with our expec-

tation. This indicates that the penalty may not greatly improve on the typical

error produced in TRPM. However, it mitigates the magnitude of estimation er-

ror, and thus reduce the variation in estimations at the individual subject level.

Table 4.1: Mean (standard deviation) of estimated parameters using different
methods (TRPM without the penalty term (Without), TRPM with the penalty
term (With), and TRPM penalty for model parameter estimation (Penalty)) in
water studies.

α β λ

Without 1.77 (2.80) 0.12 (1.32) -0.56 (3.09)
With 1.19 (2.42) -0.02 (1.29) -0.13 (2.43)

Penalty 0.13 (2.91) -0.67 (1.03) 1.19 (2.84)

4.5 Discussion

Taking the above results into consideration, the TRPM has been proven a good

model for AIF prediction in Dynamic PET FDG and water studies. The fitted

curves consistently capture the main patterns in the data. Estimation perfor-

mance when using penalization is reasonable and consistent with our expecta-

tion.
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4.5.1 Computational Complexity

TRPM involves more or less nonlinear components. The expression of these

components needs a good understanding of the relationship between shape

of each component and the parameter involved in it. Gamma density as the

input pattern is the core in our model. In order to accurately create these

nonlinear curves, we need to add linear interpolation to the curves multiple

times. For this reason, we take more time points into consideration during

the optimization process. One shift parameter in the model is found by grid

search. This parameter is about the time delay that adjusts the sampling time.

Introducing this parameter is important to improve the accuracy of TRPM when

fitting to different patients with different sampling times. This parameter is

necessary unless we have a precise and detailed injection protocol to estimate

it.

The estimation procedure involves the Gauss-Newton iteration method, which

can end up being a bottleneck in R. Moreover, GCV brings massive calculation

complexity in not only programing, but also computing in R. Each grid search

for the penalty weight increases calculation time. We have sacrificed a great

deal of time consumption for the accuracy and consistency of TRPM, but the

code could be optimized. Other free software such as C could be considered in

that sense, since C can be faster when dealing with large numbers of iterations.

4.5.2 Interpretation of the Components

In Section 3.2.1, the components in TRPM are introduced in detail. The ques-

tion here is that do we need more evidence to prove that the components are

what we expected. For example, as we apply the gamma density, the AUC

represents expected travel time of the tracer. This can be true for all the ba-

sis curves. With knowledge of the body functioning to the tracer, some of the

travel time may be able to estimated from other studies. If this travel time is

not what we expect, other interpretations should be prepared. Even more com-

ponents could be added to the model if we have more information about the

behavior of the tracer. Under this condition, some components could turn to

be fixed by specifying the parameters from the population. Then the nonlinear

least squares can be removed from the model optimization procedure. As a re-

sult, the components will be more meaningful and useful for further analysis of

model parameters and physiological parameters of the patients.
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Also, there are some remaining questions about the loss curve. Although in

practice, the loss curve will be regarded as part of curve that represents the long

term retention of the tracer molecules along with the slow curve, the concept of

this curve is abstract. In fact, the loss curve is derived from a more complicated

curve in Section 3.2.1. The slow curve and loss curve have interaction with

each other. Proportion of the slow curve and the loss curve can construct a

positive curve. This curve actually represents a group of tracer molecules that

are unlikely to come back from the tissue. Then I believe that this is even

harder to interpret the reason why a positive curve represents a group of tracer

molecules being sampled that never come to sampling point. Introducing the

loss curve to TRPM is for a better understanding of the destination for all the

tracer molecules introduced to the subject. Loss and slow curves together can

provide a positive curve that can be accepted easier. The interpretation of loss

curve still needs more exploration.

Finally, the nonlinear parameters except the shift are all from some distribution

densities. They either represent the shape or scale of the distribution. With

estimated parameters, the mean and variance of the distribution can be cal-

culated. If any of these parameters can be connected to existing physiological

parameters of body circulation system or dynamic PET studies, even physical

parameters e.g. BSA of the subject, that could improve model relevance to spe-

cific cohorts and therefore increase its performance.

4.5.3 Interpretation of the Linear Parameters

Linear parameters of TRPM represent the proportion of each component over

time. At a particular time, the product of the component value and its linear

coefficient is the concentration of tracer in the same group. However, interpre-

tation of the linear coefficients is not easy. From past experience, we know the

linear coefficient of the fast curve is normally the greatest. This is because the

absolute value of AIF at the beginning of study is greater than at the late times.

Linear coefficients of fast and intermediate curves interact with each other. A

greater coefficient of the fast curve usually results in a smaller coefficient of the

intermediate curve. Linear coefficients of the slow curve tend to be close in

value to the tail height of the AIF.

The reason for this is that each component of the model gets normalized when

optimizing the linear parameters, which results in removal of information on
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the scale factors of these components. Without normalizing, the linear param-

eters in TRPM could have carried more practical information. Thus, the actual

values of these parameters may not be of interest, but a value that is either too

large or too small should be taken into consideration as it may flag issues, es-

pecially in view of the ambiguity between the linear and non-linear parameters

present in the model. This further hinders their physiological interpretation.

4.5.4 Weights

In the optimization process, assigning each value of AIF a weight seems to be

a reasonable thing to do. We know that the variation of AIF at the beginning

of study is greater. As the study continues, the concentration of tracer in body

tends to reach the equilibrium. Usually, the weight given to each point can

account for the variance of the value at that point. We give a greater weight to

a point that has a greater variation or to a point whose value is more important.

In our study, the greatest weight should be given to the peak of AIF. The tail

of AIF can be given a smaller weight. The weights can either be constants that

depend on the difference between variance of peak and tail value, or be directly

derived from the inverse of the variance.

In our study, the weights are set to be 1 for each point. It means that we have

not introduced any special weight to any point for our model. Actually, several

attempts have been performed using different settings of weights. However,

none of them improve the prediction of AIF, not only in terms of the overall

performance, but also for the fit to the peak value itself. This does not mean

that the weights are not working. If we check the performance of our model

in the last section, we know that there are fewer points at the beginning of the

AIF and the fits on them are not as good as fits to the tail in terms of the fit

errors. Absolute values of AIF at the beginning as so much greater that at the

tail, as well as the noise. Then part of the fit error is caused by the data. In this

sense, we allow greater fit error at the early study. However, the performance

of TRPM fitting an AIF at the early study is important since those values are

essential for deriving some parameters in PET dynamic study, e.g. the peak to

tail ratio and the AUC. Here, we may still need to find a way to distinguish the

random error from the systematic error.
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4.5.5 Scale Factor Estimation

TRPM can be used to fit normalized AIFs. However, determination of the AIF

requires the scale factor or the true peak value to be estimated. The scale factor

has a close relationship with the injection dose of the tracer and physical pa-

rameters of the subject (Zanderigo et al. 2014). We attempted to connect some

of our estimated parameters to the patients’ physical information by applying

regression analysis, but these attempts did not prove effective. Then we also

conducted a regression analysis of the scale factor with respect to the parame-

ter estimates, with comparably disappointing results. Further improvement of

the model in future work, with improved interpretation of the model parameter

estimates, may help establish a suitable relationship between the latter and the

scale factor.

4.5.6 Comparison with Existing Models

Some mathematical models like Feng’s model (Feng et al. 1993), tri-exponential

models (Parsey et al. 2000) and convoluted models (Tonietto et al. 2015) have

been introduced in Section 3.5. Model that based on physical and physiologi-

cal change in blood circulation system of body like BCM (Huang & O’Sullivan

2014, O’Sullivan et al. 2017) is also introduced in Section 3.7. We so far have

done comparison between our TRPM and BCM. TRPM is faster in calculation

time and more accurate in terms of fit error produced in fitting AIFs. Cross val-

idation will be implemented for model assessment and benchmarking in future

works aiming at developing the TRPM. BCM has a comprehensive and detailed

interpretation of the tracer kinetic in blood circulation system whereas TRPM

provides a simpler concept applying the knowledge of compartmental models

and blood circulation system. Each has potential to explore the relationship

between parameters in models and subjects. The calculation time for TRPM

is definitely longer than these mathematical models since TRPM involves more

complicated formulas and optimization procedures. However, the accuracy of

TRPM need to be compared with those models. On one hand, we can check

the gain when we sacrifice the calculation time. On the other hand, the TRPM

is built under a physiological background. If the it can outperform the other

models, the application of TRPM can extend more in the clinical use.
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4.5.7 Estimation of Tracer Kinetic Parameters in Tracer Ki-

netics

In Section 2.2, some analytical methods for tracer kinetics are mentioned. Those

parameters involved are of our great interest, i.e. AUC, volume of distribution.

Using AIF estimated from TRPM to derive these parameters is the goal. If we

have more comprehensive data that include information of both PET image data

and corresponding blood samples that we can check the estimation, we are able

to validate and understand TRPM in a more comprehensive way.

In Section 2.3.6, SIME is introduced as a alternative method for AIF extraction

(2011). This method involves interaction between AIF models and compart-

mental models. The idea from it has potential to improve TRPM since TRPM

also has a relationship with compartmental models. If the connection can be

quantified, i.e. the parameters in TRPM can be transformed to parameters in

compartmental models, the simultaneous estimation may be possible. However,

this method needs more than one region to work on (Koon-Pong Wong; Feng

2001). Parameter setting before optimization in TRPM requires past experi-

ence of applying the model on one region. If the target is arterial blood pool,

the setting will be the same as what we obtained from previous fitting on arte-

rially sampled data. If the target is a venous blood pool or mixed blood pool,

the parameters involved in TRPM are different. We have not tested the perfor-

mance of TRPM in fitting other regions that include not only arterial blood. The

model is expected to work for it, but the interpretation of parameters estimated

from fitting those blood curves need to be redefined. The relationship between

parameters of arterial and venous blood is our interest.

4.5.8 Application to Other Tracers

So far, TRPM has been only applied in FDG and water studies. We know that

the settings for TRPM in fitting different tracers differ. For each new tracer,

a thorough analysis needs to be conducted based on a set of directly sampled

data. This involves choosing components, finding the best initial guess and

range of parameters, optimizing historical estimations, etc.. Further exploration

should be done for other commonly used tracers.

We introduced in Section 2.1.3 that there is a group of tracers involved in re-

ceptor binding in the nervous system. Also from Section 2.2.2, we know how

Statistical Modeling Strategies for Estimation
of the Arterial Input Function in Dynamic
Positron Emission Tomography Data Analysis

78 Zhaoyan Xiu



4. TRACER TRAVEL RATE PROJECTION MODEL 4.5 Discussion

the compartmental models work for these tracers. It would be interesting to

apply TRPM to such data. The model selection should be similar to that of FDG

studies.
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Chapter 5

Population-based Projection
Modelling of AIFs

5.1 Introduction

The TRPM can accurately estimate and describe the AIF. However, the limita-

tions of the TRPM (see Section 4.5) would outweigh its merit, e.g. the ambigu-

ity of the model parameters and the computational complexity, which leads us

to develop a more efficient and adaptive method. Firstly, we want to simplify

the computational process in individual AIF fitting, and at the same time, the

model still contains the tracer’s characteristics of its travel rate in blood circula-

tion system. Secondly, we deploy the relationship between the components and

the linear parameters within TRPM, and find the pattern of how they interact

in the fitting process. Thirdly, a novel method for prediction of the scale factor

can be developed based on the parameters within the proposed model. Then,

the method should statistically outperform or at least have a similar accuracy in

fitting AIFs with existing methods. Besides, the estimated AIF from the model

should be applicable in deriving the parameters within PET kinetic models (e.g.

two-compartmental model for FDG study). Finally, the proposed model should

be applicable to different tracers in a easy way.

Here we consider a modified PBIF-type approach by adjusting a population AIF

profile to individual characteristics extracted from either arterial sampling or

image-derived data, to achieve reliable patient-adaptive AIF estimation through-

out the whole time course. In a sense the proposed population-based projection

model (PBPM) combines population profiling (as in a PBIF approach) with in-
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MODELLING OF AIFS 5.1 Introduction

Figure 5.1: Flowchart of typical PBIF and IDIF strategies, along with the pro-
posed PBPM methodology. Red and green blocks indicate use of individual sub-
ject and population data respectively. Step 3 of each method is an AIF model
fitting step. Blood sampling for step 6A is not used in some IDIF approaches
(hence the dashed line); when used, fewer points are typically required com-
pared to blood sampling used in step 6B. Using individual image-derived data
(1A) at step 3B(ii) of the PBPM approach (instead of arterial sampling data)
would require an extra step in order to scale the output to a physiological level,
as in step 5 of an IDIF method.

dividual arterial input data modelling (as in an IDIF approach). As such, it

differs from both these strategies, in a number of ways. Unlike IDIF strate-

gies, the PBPM leverages population information, and does not depend on the

availlability of imaging data (although it can also be applied using such data).

Unlike PBIF strategies, it does not average population components into a sin-

gle individual template pattern, but instead produces a different pattern for

each individual, by fitting a linear mixture of population profile components
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to subject-specific arterial sampling data. Fig. 5.1 describes the overall pro-

cess and illustrates how it differs from typical PBIF and IDIF processes. To

produce individual fits, the PBPM mixture components are fitted to population

data, and a combination of these fits is adapted to each subject, unlike with

Tri-exponential-type (TE-type) methods. The latter could also be adapted for

use in step 3B in the flowchart, but no such report was found in the literature.

The proposed PBPM allows the use of functions other than exponentials, should

a particular tracer require it, and can operate with a different number of com-

ponents depending on the PET tracer used. This number can be automatically

selected; two or three such population components are typically sufficient for

individual AIF estimation. The proposed PBPM also provides more flexibility

with respect to temporal characteristics of the data. It allows for injection dura-

tion to be included in the modelling, which makes it applicable to PET studies

with different injection durations. Unlike TE-type constructions, it does not re-

quire specification of two key time points (signal start and peak time), and can

adapt to different peak times thanks to its parametrization. An adequate model

fitting procedure is also proposed hereafter. A penalized positive constrained

least squares method is developed and implemented in R (R Core Team 2016)

for estimation of individual mixing weights. Statistical regularization is built in

to adapt relative weight placed on the individual and population information

according to the noise level in a given dataset of each individual, to facilitate

patient-adaptive fitting of cohort characteristics.

This paper focuses on describing aspects related to the PBPM (step 3B in the

flowchart), and benchmarking this model against reference methods typically

used in step 3A of PBIF and IDIF frameworks. Section 5.2 develops the proposed

model, and provides details on the methodological developments for fitting the

model to clinically sampled arterial data, including regularization and cross-

validation for selection of the number of components. Section 5.5 illustrates

the model on three separate arterial sampling datasets of respectively FDG-,

H2O-, and FLT-PET imaging studies. The potential of the model is demonstrated

in a comparative analysis against another three methods of reference, namely

the TE, CTE and BCM models. An open source implementation of the software

in R (R Core Team 2016) is made available (Xiu et al. 2020), which is further

validated and benchmarked against the three reference methods via statistical

resampling analyses. Finally, the impact of the proposed AIF representation on

kinetic analysis is evaluated via resampling of uptake templates in one- and

two-compartment models.
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5.2 Model Specification

This section presents the modelling strategy used for patient-specific AIF rep-

resentation based on PET tracer concentration profiling, including aspects of

model fitting and calibration.

5.2.1 AIF Model Specification

To specify the proposed PBPM, let the travel time T of a specific atom at a

specific arterial sampling site be modelled as the sum of the time (Tir) for the

atom to initially progress from the injection site to the right ventricle (RV) of

the heart, and the time (Tc) it spends in circulation, before being sampled at

the site:

T = Tir + Tc

Tir is modeled as a realization from a gamma distribution (G) with shape and

rate parameters α and β, respectively. The circulation time is modelled as a

shifted excess circulation time (ξ) with the value of the shift (∆) being specific

to the location of sampled blood-site within the circulatory system

Tc = ∆ + ξ

If the probability density (f) of ξ is known, it is possible to combine this distri-

bution with the injected dose profile in the right ventricle to evaluate the tracer

concentration at any particular time. Under the conventional assumptions of

time invariance and linearity of tracer kinetics, a bolus injection at time t = 0
will produce a temporal concentration of tracer atoms in the RV proportional

to the distribution G. A more complex temporal injection profile, e.g. speci-

fied by an indicator function I(·), would yield an RV concentration profile CRV
characterized by an accumulation over the whole injection time, such that

CRV (t) = G⊗ I(t) =
∫ t

0
G(t− s)I(s)ds

The evolution of this profile to the concentration profile at the blood site of

interest, CP , is governed by the circulation time distribution. This is given by a

shifted convolution with the excess circulation travel time density

CP (t) = f ⊗ CRV (· −∆)(t) =
∫ t

0
f(t− s)G⊗ I(s−∆)ds
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We approximate the distribution f of excess circulation travel time ξ by a linear

mixture of J components to obtain an estimate

f̂(ξ) = π1e1(ξ) + π2e2(ξ) + · · ·+ πJeJ(ξ)

where the π1, π2,. . . , πJ are mixing fractions of the component densities e1,

e2,. . . , eJ , with constraint πj > 0,∀j = 1, . . . , J . With this representation, an

estimate of the concentration profile becomes

ĈJ
P (t) =

J∑
j=1

πj

∫ t

0
ej(t− s)G⊗ I(s−∆)ds (5.1)

In this expression, the convolution (⊗) of the square wave I() with the gamma

distribution G describes a population injection profile, adjusted to individual

subjects by a patient-specific delay ∆. In this approach the population compo-

nent densities e1, e2,. . . , eJ are assumed to be standard exponentials with char-

acteristic rates φ1 > φ2 > · · · > φJ > 0. While many other possibilities could be

considered (e.g. gamma, Weibull, etc.), a mixture of exponential distributions

makes for a simple and flexible model. We presume the mixing components are

representative of the entire circulatory system, and functional components e1,

e2,. . . , eJ and G are held fixed across subjects in the population of study.

Ambiguity may arise in the estimation of the linear coefficients π̂1 and π̂2, in

cases where the corresponding distribution ranges overlap. To remove this am-

biguity, a constraint π1 > π2 can be imposed when estimating these linear pa-

rameters. This constraint ensures that at early time points, the first component

contributes mostly to the peak of AIF representation. A similar constraint may

be applied to further mixing coefficients, although in our experience on the

data of Section 5.5, it was not necessary as there was no practical ambiguity

between π2 and π3 in a three-component mixture applied to dynamic FDG-PET

data.

5.2.2 Model Fitting

Suppose blood time course data from a training population of n subjects

{(tik, zik, wik), i = 1, 2, . . . ,mk, k = 1, 2, . . . , n}
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are available, where zik is the concentration of the ith measurement of the kth

subject, measured at time tik with measurement reliability wik and mk is the

number of time points used in clinical sampling for the kth subject. Here, tik
and zik are given, and wik can be set based on past experiences. Each time

course zik is modeled for i = 1, 2, . . . ,mk, k = 1, 2, . . . , n as

zik = ĈP (tik|∆k, πk, θ) + w
−1/2
ik εik,

where ĈP (t|∆k, πk, θ) is defined in the previous subsection with the subject-

dependent linear parameter vector πk = c(π1k, π2k, . . . , πJk) (estimated from

each individual subject), and subject-independent non-linear parameter vector

θ = c(α, β, φ1, . . . , φJ) (estimated from population AIFs). The εik’s are assumed

to be i.i.d. realizations of Gaussian random variables modelling additive noise.

We propose to estimate θ by minimizing the objective function defined by

l(θ) =
n∑
k=1

min
∆k,πk

mk∑
i=1

wik(zik − ĈP (tik|∆k, πk, θ))2

An algorithm for this optimization is implemented in R(R Core Team 2016).

Minimization of l(θ) requires a preliminary two-step estimation of πk and ∆k,

which is described in the following two subsections, respectively.

5.2.2.1 Estimation of πk given ∆k and θ

We first consider the objective function of estimation of πk given ∆k and θ. The

linear mixture is fitted by minimizing, for k = 0, 1, . . . , n, criterion

l1(πk|∆k, θ) =
mk∑
i=1

wik(zik − ĈP (tik|∆k, πk, θ))2

=
mk∑
i=1

wik

zik − J∑
j=1

πjkAijk

2

with respect to πk given ∆k and θ, where the jth component of the linear mix-

ture for the kth patient, hereafter denoted by Aijk for convenience, can be cal-

culated as

Aijk = Aj(tik|∆k, θ) =
∫ tik

0
ej(tik − s)G⊗ I(s−∆k)ds
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for i = 1, . . . ,mk, j = 1, . . . , J , where the mixing parameters {πjk}Jj=1 are con-

strained positive. An R implementation of the Goldfarb-Idnami method (origi-

nal by Berwin A. Turlach 2019) is employed to solve this positivity-constrained

least-squares problem. We denote the resulting minimizer of l1(πk|∆k, θ) as

π̂k = π̂(∆k, θ).

5.2.2.2 Estimation of Delay ∆k given θ

Then we consider the estimation of delay ∆k given θ. Inserting π̂k(∆k, θ) in the

objective function l1, we have the reduced objective function

l2(∆k|θ) = l1(π̂k(∆k, θ)|θ)

Given population characteristics θ, a grid search may be carried out to minimize

l2(∆k|θ) with respect to ∆k. The measured data may not be coincident with the

timing of the injection, and a parameter ∆k, positive or negative, is introduced

to account for this. In this study, 21 evenly distributed grid points in the range

of [-60 s, +60 s] were used. The resulting minimizer of l2 is denoted as ∆̂k.

5.2.2.3 Estimation of Population Parameter θ

Finally, the population-specific parameters θ = (α, β, φ1, . . . , φJ) are estimated

by minimizing

l(θ) =
n∑
k=1

mk∑
i=1

wik(zik − ĈP (tik|∆̂k, π̂k, θ))2

using the algorithm in Fig 4.4, where function l1 and l2 are applied to deal with

the optimization problem with estimation of πk and ∆k in l, respectively.

Initial values for θ0 = (α0, β0, φ0
1, . . . , φ

0
J) may be selected based on experience

from previous experiments and some physiological reasoning about the average

travel time of each type of tracer in the blood circulation system. Lower and

upper bounds θL = (αL, βL, φL1 , . . . , φLJ ) and θH = (αH , βH , φH1 , . . . , φHJ ), respec-

tively, can be set based on experience from the population of patients receiving

the same tracer injection, and physiological reasoning. Since the scales of the

parameters differ considerably, and also to avoid the complexity of constrained

minimization, the following parameter transformation may be performed. Let
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p = θ−θL

θH−θL be transformed via a logit transform into

ς = log p

1− p

Inversely,

θ = θL + (θH − θL) eς

1 + eς

Thus, the constrained minimization with respect to θ can be performed as

unconstrained minimization of l(ς) with respect to ς. A Gauss-Newton type

method was implemented in R to optimize l(ς).

5.2.2.4 Fitting Individual Curves

The population parameter estimates θ̂ = arg minθ l(θ) defined in Step (5.2.2.3)

can be used instead of being re-evaluated when fitting time activity curves for

“new” patients (i.e. patients outside of the training population of n studies used

to obtain θ̂), thus reducing the number of parameters required to obtain an

individual fit. In such cases, simultaneous estimation of πk and ∆k can be

achieved by grid search over G values {∆̂1
k, . . . , ∆̂G

k }, corresponding estimates

{π̂1
k, . . . , π̂

G
k } being obtained instantaneously via linear regression.

5.2.2.5 Model Regularization

In cases of high signal-to-noise ratio1, regularization of the patient-specific mix-

ing weights π can be applied to control variability of these estimates. Once the

number (J) and parameters of the population components have been deter-

mined, a penalized nonlinear least squares approach using the historical linear

parameters as a Bayesian penalty for individual fit (O’Sullivan & Wahba 1985)

is used for this approach. Regularization on π = πk parameters for the kth

patient is achieved using the following individual objective function:

fλ(π|∆, θ) =W (zT − πTA∆
T )2

+ λ(πT − π0
T )Ω−1(πT − π0

T )T (5.2)

= −[(A∆
T (
√
Wz))T + λπ0

TΩ−1]π

+ πT (A∆
TWA∆ + λΩ−1)π

1e.g. if using small and/or noisy PET imaging data for AIF estimation
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where z = {zik}mk
i=1, A∆ = [Aijk]i,j is a matrix of dimension mk×J , and W = Wk

is a vector of wiks defined in Section 5.2.2.1. All components in the vector-

ized mixing weights π are constrained to be nonnegative, and π0 and Ω respec-

tively denote the mean and covariance matrix of the linear parameters obtained

from population-based estimation. The regularization parameter λ controls the

trade-off between individual and population data contributions, larger values

of λ constraining individual estimates to be closer to the population profile π0,

which suits higher-noise scenarios. The optimization is a quadratic problem

for which we used the Goldfarb-Idnami method(original by Berwin A. Turlach

2019).

Parameter λ is set by minimizing the generalized cross-validation (GCV) score

which is defined as the MSE adjusted by the effective degree of freedom:

GCV (λ) =
1
m

∑m
i=1(zik − ẑik(λ))2(

1
m

Trace(I − A∆(A∆
TA∆ +mλI)−1AT∆)

)2 ,

where ẑik(λ) is ĈP (tik|∆k, πk, θ) based on minimization of the objective function

(5.2), for a given λ.

5.2.3 Model Selection

Similarly to compartmental analysis of dynamic PET data, the number of com-

ponents needed in the linear mixture (5.1) may depend on the tracer used in

the studies. More components may be included if the tracer molecules can par-

ticipate in metabolic activity. For example, in water studies, tracers do not par-

ticipate in any metabolic activity, and a one-compartmental model is normally

used for water dynamic studies. Models using more than one compartment are

applied to studies involving other tracers for more complicated circulatory or

metabolic systems (Sokoloff et al. 1977).

Here a leave-one-out approach is developed for selection of the number of com-

ponents to be used in the proposed linear mixture (5.1) so as to minimize model

complexity defined as

Err(J) =
n∑
k=1

min
∆k,πk

mk∑
i=1

wik
mk

(zik − CJ
P (tik,∆k, πk, θ̂k))2, (5.3)

where J = 2, 3 . . . is the number of components, CJ
P (·) defines the predicted AIF
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based on PBPM with J components given linear and non-linear parameters, and

θ̂k = arg min
θk

n∑
j 6=k

min
∆k,πk

mk∑
i=1

wi,k
mk

(
zi,k − CJ

P (ti,k,∆k, πk, θk)
)2

A cross-validated error (Êrr) may not necessarily be the minimum model com-

plexity Err for the chosen J , but should be reasonably small for all values

Err(J) in the range of J .

5.2.4 Scale Factor Estimation

An overarching objective of AIF estimation is to design methods that can rely

on image-derived input data instead of invasive sampling. In this context, scal-

ing of PBPM estimates of the AIF obtained from image-derived arterial signals

is required to obtain final parametric imaging estimates. This evaluation typ-

ically requires at least one blood sample point (from either arterial or venous

blood) (Takikawa et al. 1993, Brock et al. 2005, Tonietto et al. 2019), or an

adequately calibrated image-derived measurement from reference tissue (e.g.

cerebral tissue) (Bentourkia & M’hamed 2005, Bentourkia 2006), which is not

always feasible. Routine individual subject information may alternatively be

used to this end. In (Bentourkia & M’hamed 2005) the authors use FDG uptake

measured in cerebellum ROI from a single scan acquisition to normalize a PBIF

estimate. In (Rissanen et al. 2015) the authors show that body surface area can

be used as an alternative to blood sampling in PBIF normalization in brain C11-

TMSX PET studies. In (Akerele et al. 2021), the authors use injection dose and

weight information to scale PBIF estimates in C11-DPA-713 PET studies. Here

we propose a regression model for the scale factor that does not require arte-

rial blood sampling or a large blood-pool in the field of view. This model uses

injection dose XID, blood volume XBV (estimated from non-invasive patient

information on body weight, height and gender(March et al. 2013)) and tail

height of the AIF curve (π̂3, the linear coefficient for the third component in the

PBPM) as independent variables:

log(S) = β0 + β1XID + β2XBV + β3π̂3 + noise (5.4)
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5.3 Evaluation

This section introduces the three clinical datasets used for evaluation of the

potential of the proposed PBPM model, and illustrates typical PBPM fits for

these data.

5.3.1 Data

The proposed PBPM was applied to three separate datasets which partially over-

lapped with the data introduced in Section 4.4.1, comprising of blood sam-

pling data obtained during the acquisition of respectively 105 FDG-PET studies,

39 H2O-PET studies, and 32 FLT-PET studies, all acquired at the University of

Washington (Graham et al. 2002, Muzi et al. 2006, 2009, Eyal et al. 2010,

O’Sullivan et al. 2009, Huang & O’Sullivan 2014). Ten randomly selected stud-

ies from each of these 3 sets were used for PBPM fitting of the population com-

ponents θ. The rest of the data were used to obtain individual fits from each

of the models used in the following comparative analyses. The data were from

both healthy subjects and patients with cancer conditions. Durations of FDG

injections were either 1 or 2 minutes (78 and 27 cases respectively), bolus in-

jection for H2O was assumed to be 5 seconds, and duration of FLT injection was

1 minute. The datasets are summarised in Table 5.1. The data included sam-

ple AIFs of the subjects along with gender, weight, height and injection dose.

Median sampling durations and numbers of sampling time points per tracer are

also summarised in that table. The most common sampling frame for FDG was

as follows (min): 0, 0.25, 0.5, 0.75, 1, 1.5, 2, 2.5, 3, 4, 5, 6, 7, 10, 13, 15, 20,

25, 30, 35, 40, 50, 60, 70, 80, 90. For H2O, it was 0, 0.067, 0.13, 0.20, 0.27,

0.33, 0.40, 0.47, 0.53, 0.60, 0.67, 0.73, 0.80, 0.87, 0.93, 1.08, 1.27, 1.42, 1.58,

1.75, 1.92, 2.25, 2.58, 2.92, 3.25, 3.58, 3.92, 4.25, 4.58, 4.92. For FLT, it was

0, 0.25, 0.5, 0.75, 1.00, 1.25, 1.5, 1.75, 2, 2.5, 3, 4, 5, 6, 7, 8, 10, 15, 20,

30, 40, 50, 60, 90, 110. Injections were performed either manually or auto-

matically. A saline flush was used after every injection. A single study for each

patient was used in the analyses. The normalized AIFs are presented in Fig.

5.2. Each curve typically includes three parts: a plateau of 0 concentration at

the beginning, followed by a rapid increase after injection, and an exponential

decay. No imaging data were used in the following analyses.
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Table 5.1: Top section: patient information in mean (sd) of 105 FDG, 39 H2O
and 32 FLT studies (only 101 Weight and Height for FDG studies). Bottom
section: median sampling durations and numbers of time points per tracer.

Tracer FDG H2O FLT
Injection Dose (mCi) 8.92 (1.48) 22.72 (20.92) 4.43 (0.59)

Gender 37F; 68M 15F; 24M 7F; 25M
Weight (kg) 79.1 (15.6) 76.1 (14.4) 82.4 (17.3)
Height (cm) 174.7 (9.6) 175.8 (8.3) 175.6 (9.5)
Peak (mCi) 1.87 (0.57) 13.57 (15.03) 0.77 (0.47)

Number of points 26 30 27
Sampling duration (min) 90 4.917 110

Figure 5.2: Normalized kinetic PET time activity curves acquired at the Uni-
versity of Washington (Graham et al. 2002, Muzi et al. 2009, Eyal et al. 2010,
O’Sullivan et al. 2009, Huang & O’Sullivan 2014): 78 FDG-PET curves with
1-minute injection duration (A), 27 FDG-PET curves with 2-minute injection
duration (B); 39 H2O-PET curves with bolus injection (C); 32 FLT-PET curves
with 1-minute injection (D).

5.3.2 Model Selection

The clinical datasets were used to estimate the population-based parameters

in the proposed PBPM model for varying numbers of components. Figure 5.3

depicts the cross-validated error Êrr defined from Err(J), for the FDG- and
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H2O-PET cohorts respectively, after carrying out the model selection procedure

described in Section 5.2.3. For the FDG set an elbow was clearly identified at

3 components, indicating a 3-component mixture to be optimal in the sense of

loss Err(J). Three exponentials with different rates convolved with a gamma

distribution were thus estimated from the population data to approximate the

travel time distribution of the FDG and FLT tracers, yielding a reasonable rep-

resentation in PBPM (which aligns with the traditional two-tissue compartment

modelling of FDG molecules in the blood circulation system). For the H2O

set, there was no clear elbow and a 2-component mixture seemed the optimal

choice according to this selection method. Note that this model selection rule

is only indicative, and using an over-specified mixture (i.e. using more compo-

nents) may also mechanically impact the bias-variance tradeoff achieved by the

model.

Figure 5.3: Left: model selection for H2O (top) and FDG (center for one-minute
injections; bottom for two-minute injections) studies on the basis of the leave-
one-out cross-validated error defined in Section 5.2.3. Right: corresponding
basis component fits.
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5.3.3 Model Fitting

Arterial sampled data were used to estimate the population-based parameters

in the proposed PBPM model as described in Sections 5.2.2 and 5.2.3. For the

set of FDG studies, the model selection procedure described in Section 5.2.3,

suggests that three components would yield an appropriate representation in

PBPM (which aligns with the traditional two-tisue compartment modelling of

FDG molecules in the blood circulation system). Three exponentials with dif-

ferent rates convolved with a gamma distribution were estimated from the pop-

ulation data to approximate the travel time distribution of the FDG and FLT

tracers. Following the same approach, it was determined that two exponential

components, again fitted from the population data, should be used to approxi-

mate the travel time distribution of the H2O tracer. Since, unlike FDG, H2O is

not involved in the metabolic process, it seems reasonable that the number of

components used to describe the H2O AIF might be one less than FDG. Figure

5.4 shows examples of AIF fits obtained from PBPM for both FDG- and H2O-PET

studies. It illustrates the appropriateness of a two-component mixture for the

latter.

Examples of individual PBPM fits shown in Fig. 5.4 illustrate how the third

component in the FDG and FLT PBPM fits, and the second component in the

H2O PBPM fit, could adequately represent the sample AIF tail patterns.

As for the training population size required to fit the mixture components, be-

haviour of the PBPM model may vary with the PET tracer used. Results from a

numerical investigation on the FDG cohort presented in Section 5.4.2 indicated

that model fitting was relatively insensitive to this parameter, with comparable

cross-validated model fit error distributions obtained when using population pa-

rameter estimates obtained from population sizes ranging from 5 to 60 studies

in the FDG setting.

5.3.4 Scale Factor Estimation

Results on 91 FDG AIF studies from the scale factor estimation procedure de-

scribed in Section 5.2.4 are depicted in Fig. 5.5 (4 patients were removed from

the set of 95 curves used in other analyses, due to missing information on pa-

tient heights and weights). They show significant alignment between estimated

scale factors (Eq. 5.4) and actual scale factor values obtained directly from ar-
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Figure 5.4: Examples of individual PBPM fits to FDG (left), H2O (middle) and
FLT (right) arterial data, where the population-fitting components fj shown in
each plot, defined as the convolutions between the exponential components ej
with the population gamma profile G in (5.1), are scaled by individual mixing
weights πj (with j = 1, 2, 3 for FDG and FLT data and j = 1, 2 for H2O data).

terial sampling data (Pearson correlation ρ = 0.83, two-sided paired t-test with

p = 0.9999 under the null hypothesis H0: True difference in means is equal to

0).

5.4 Simulation Studies

Five simulation-based analyses were conducted to validate the model and its

implementation. The first analysis was carried out on an AIF template gener-

ated from the PBPM model (with additive random noise), to validate the imple-

mentation and evaluate model performance at varying noise levels. The second

simulation study analyses the sensitivity of the PBPM model to training popu-

lation size. The third study tests the effect of using a training population in-

stead of fitting individual data without historical information. The forth analy-

sis was carried out a bootstrapped resampling of a single clinically sampled

AIF to benchmark the different models on model-independent data. The fifth

method generates simulated curves and applies them on two-compartmental

model. Performance is benchmarked to existing models.
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Figure 5.5: Scatterplot of estimated scale factors (Eq. 5.4) against actual values
obtained directly from arterial sampling data from 91 FDG AIF studies, showing
a significant association between the two samples (Pearson correlation ρ = 0.83,
two-sided paired t-test p = 0.9999.

5.4.1 Validation Study on Model-derived Template

5.4.1.1 Model-based Simulation Template

We start with creating simulated AIFs with noises added to linear coefficients

in PBPM and sum of the component curves. Three mixture components were

fitted to the FDG-PET imaging cohort to obtain estimates of the gamma and

exponential parameters (See Table 5.2). To simulate individual AIF curves,

the (linear) mixing parameters were generated randomly via an acceptance-

rejection algorithm, drawing values from a Normal distribution so that Πj ∼
N(π̄j, σ(πj)), j = 1, 2, . . . ,m, where m is the number of observation times, and

enforcing some ad hoc constraints. A value for Π3 was then set given Π1 and Π2

to ensure that
∑3
i=1 Πj ≥ 1 (since the peaks of the components are misaligned,
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and the component curves are all normalized by their peaks), and the simulated

time courses were defined as

Csim
p (ti) = Π1C1(ti|θ) + Π2C2(ti|θ) + Π3C3(ti|θ) (5.5)

In detail, the following steps were taken to simulate the AIF curves (model set-

tings are based on mean and standard deviation of the estimates from historical

experiences):

Step 1 - Generate random component curves C1(ti|θ), C2(ti|θ) and C3(ti|θ) us-

ing the nonlinear parameter values of Table 5.2 and given observation

protocol tis

Step 2 - Generate 0.4 < Π1 < 0.8 and 0.08 < Π2 < 0.35 via acceptance-rejection

Step 3 - Generate Π3 = 1−max{Π1C1(ti|θ)+Π2C2(ti|θ)}
max{C3(ti|θ)}

Step 4 - Test that Π3 satisfies

0.17 < Π3 < 0.37 (5.6)

0.99 < Π1 + Π2 + Π3 < 1.15 (5.7)

and repeat Steps 2–4 if necessary until the above constraints are satisfied,

to ensure adequate values for the mixing coefficients.

Table 5.2: Fixed gamma and exponential parameters estimated from the FDG-
PET cohort and used for simulation.

α̂ 2.1784
β̂ 7.8741
φ̂1 88.3992
φ̂2 0.1488
φ̂3 0.0088

We first calculated Csim
p (ti|θ,Π1,Π2,Π3) by 5.5 given 400 sets of parameter sim-

ulations. Then sets of 400 simulated curves were generated by 5.8 at varying

noise levels termed high, mid-high, medium, mid-low and low

Csim
P (ti) = Csim

p (ti) + ε(·) (5.8)

where ε(medium) ∼ N(0, .05) when ti < 1.5(min) and ε(medium) ∼ N(0, .01)
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when ti ≥ 1.5(min) for level medium. ε(high), ε(mid-high), ε(mid-low) and

ε(low) are 3, 3
2 , 2

3 and 1
3 times of ε(medium), respectively. Figure 5.6 presents

one example simulated curve and its fit for each noise level.

Figure 5.6: Examples of PBPM fits on a simulated curve for each noise level.

5.4.1.2 Model Validation and Assessment

Figure 5.7 presents the performance of PBPM on 400 simulated AIFs where

medium noise level is as above when the noise pattern is set to be similar to the

fit residual of the directly sampled AIFs. The RMSE distributions show overall

improvement in model fit as noise level decreases, as expected. Note that the

regularization term introduced in the objective function (5.2) described in Sec-

tion 5.2.2.5 is likely to constrain the limit RMSE value to be strictly positive.

The parameter estimation error distributions in Figure 5.7 show an increase in

estimation efficiency as noise level decreases. These results demonstrate that

the PBPM modelling approach is consistent with different noise levels and ac-

curate, and validates its implementation (Xiu et al. 2020).

5.4.2 Sensitivity to Training Population Size

As for the training population size required to fit the mixture components, be-

havior of the PBPM model may vary with the PET tracer used. An experiment
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on the FDG cohort was carried out, using random subsets ranging from n = 5
to n = 60 studies taken from the overall set as training population studies,

and monitoring cross-validated model fit errors. The results from this analysis,

shown in Figure 5.8, indicated that model fitting was relatively insensitive to

this parameter, with comparable error distributions across the range of popula-

tion sizes.

Figure 5.8: Distribution of 3-fold cross-validated AIF PBPM fit errors for varying
training population sizes n.

5.4.3 Effect of Using a Training Population

An experiment was carried out to assess the potential gain offered by employ-

ing a population-based strategy over a fully individual approach to estimate the

basis components when fitting the PBPM to sampling data. The same simula-

tion process defined by (Eq. 5.8) was applied to generate 210 simulated curves

from the PBPM templates. A random set of 10 of these curves were used as a

training population to obtain estimates θ̂ of the nonlinear parameters θ. The

remaining 200 curves were fitted once following the proposed methodology

(using this estimated θ̂ to generate PBPM fit), and independently a second time

by re-estimating the nonlinear parameters θ individually (i.e. without using the

estimate derived from the training population). We refer to the former AIF esti-
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mate as the PBPM fit, and the latter AIF estimate as the individual fit. Fit errors

were calculated for each of the 200 curves and cross-validated using leave-one-

out cross-validation. Figure 5.9 shows the distribution of cross-validated fit er-

rors obtained from each of the PBPM and individual fits, at varying noise levels.

The results show a clear gain resulting from the population-based methodology.

5.4.4 Benchmark on Bootstrapped Data

5.4.4.1 sAIF-based Simulation Template

The set of 58 SAIFs associated with the FDG-PET studies described in Section

4.4.1.1 were used to generate a template AIF curve. First, all SAIF curves were

scaled by their maximum, so that all peaks were equal to one. The curves were

assumed to have constant zero activity before injection time. All sample time

course peaks were then aligned at 1.5 minute, as the majority of non-shifted

SAIF peaks originally aligned around this reasonable value. Following these

realignments, the pre-processed dataset formed a set of SAIFs with 200 distinct

time points, and the median and standard deviation of the AIFs at each of these

time points were calculated, as depicted in Figure 5.10 (top). These median

SAIF values were used to make up the template. Two smoothing schemes were

applied independently to early and later time points (before and after 5 min-

utes) of the medians, since the variability in median values varies over time,

as shown in Figure 5.10 (bottom). This smoothing was achieved by applying

P-splines with different smoothing parameters to the early and later time sets

of medians. Additive noise was generated at each time point of the smooth AIF

templates as a normal realization with mean zero and standard deviation equal

to that of shifted AIFs at that time.

For H2O-PET studies, a similar simulation approach is applied. Since in prac-

tice, there would typically be less than 100 time points in FDG and H2O stud-

ies, we used 30 and 40 random time points from FDG- and H2O-PET studies,

respectively.

5.4.4.2 Benchmarking

Here we consider another three models from Chapter 3 for benchmarking pur-

poses. They are a former whole-body blood circulation model (BCM) (Huang &
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O’Sullivan 2014, O’Sullivan et al. 2017) proposed by our group, a straightfor-

ward tri-exponential model (TE) (Feng et al. 1993, Zanderigo et al. 2014), and

a convolved tri-exponential model (CTE) (Tonietto et al. 2015). Figure 5.11

suggests that PBPM has significant improvement in accuracy in FDG studies

and comparable accuracy in H2O simulations. Considering the other models all

need nonlinear least squares (NLS) in their fitting, PBPM has clear advantage

in computational speed and at the same time, would not drop significantly in

terms of accuracy. Taking above into consideration, the PBPM has overall better

performance in capturing the mathematical shape of the AIF in FDG-PET stud-

ies compared to the other three models and about average accuracy in fitting

the AIF in H2O-PET.

5.4.4.3 Reduced SAIF-based Simulation Template

The set of 58 and 39 SAIFs associated with the FDG- and H2O- PET studies

described in Section 4.4.1.1 were used to generate template AIF curves Ctem
p (ti).

Each template curve has the same time points as the SAIF that it is from. A series

of normal realizations ε(ti) are added to the template to create simulations as

follows:

Csim
P (ti) = Ctem

p (ti) + ε(ti) (5.9)

Let ĈP (ti) be the predicted curve to the simulated AIF. We define the root mean

square error as

RMSE =
√√√√ 1
mv

∑
i

(Ctem
p (ti)− ĈP (ti))2 (5.10)

where mv is the number of observations in the validation set.

The BCM, TE and CTE models were also used for benchmarking purposes. Fig-

ure 5.12 suggests that true errors calculated from the models in the simulation

studies support the results in Section 5.5.1.
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5.4.5 Simulated FDG-PET Kinetic Study

In Section 2.2, we introduced some of the main methods for quantitative analy-

sis in PET tracer kinetic studies. Compartmental models are commonly used

for derivation of physiological parameters of interest, such as flow in H2O and

metabolic rate of glucose (MRglu) in FDG. Eq. (2.10) gives the formula for cal-

culation of MRglu. Except for flux K, the other two parameters in the formula

can be obtained in a physical way. Then they are always considered as con-

stants. Therefore, in our simulation study, we should demonstrate that PBPM

has capacity to retrieve ks from simulated FDG-PET data and a given AIF. The

clinical data are from Section 4.4.1.1.

5.4.5.1 Simulation Design

According to Section 2.2.2.1, for FDG-PET studies, if we apply two-compartmental

model (2C model), the true concentration of tracers in the ROI can be regarded

as

Ctrue
I (t,K) = V BCsampling

P (t−∆) + [R ∗ Csampling
P (.−∆)](t,K)

= V BCsampling
P (t−∆) +

2∑
i=1

φi(K)
∫ t

0
e−θi(K)(t−s)Csampling

P (s− δ)ds

where K = (K1, k2, k3, k4), ∆ is a delay parameter, and R is the tissue impulse

response function (residue function) in 4-K two-compartmental model. and

θ1(K) = k2 + k3 + k4 + τ

2

θ2(K) = k2 + k3 + k4 − τ
2

φ1(K) = K1
θ1 − k2 − k4

τ

φ2(K) = −K1
θ1 − k2 − k4

τ
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where

τ =
√

(k2 + k3 + k4)2 − 4k2k4

Noises are added to the true data as

Csim
I (t) = Ctem

I (t,K) + λε(t) (5.11)

where λ is the noise level and ε is a Gaussian realization varying over time and

follows N(0, σ(t)) and σ(t) = [Ctem
I (t,K)] 1

2 .

Thus zi = Csim
I (ti) where i = 1, 2, ...,m.

Then we optimize the objective function

f(K) =
m∑
i=1

wi
m

[zi − Ctrue
I (ti, K)]2

where wi = 1
|zi|

and get estimation of K that

K̂ = argmin
K

f(K)

In Section 5.5.3, we compare the performance in estimating K using different

AIF models.

5.4.5.2 Validation of the 2C Model

Fig. 5.13 provides an example of the simulation process. The AIF used to

generate simulated data is the same as the AIF used in the optimization process,

and we fix parameters k3 and k4 to reduce the variability in the simulation study.

Fig. 5.14 shows that percentage errors of estimated parameters are centered

around 0 and not biased when the noise level is set to be small (0.001) and the

delay parameter is set to be a constant (.26667). The results show that the 2C

model works well in this simulation study.

Fig. 5.15 shows that in fitting the individual parameters of K1 and k2, the PBPM

yields reasonable performance in terms of the distribution of fit errors compared
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to other existing models. However, when it comes to the macro parameters, the

results do not align with the individual parameters. One possible problem that

leads to this situation could be the ambiguity in model parameterization, which

impacts the optimization process when estimating the parameters within the

2C model itself.

The criterion surface, depicted in Fig. 5.16, has limited convexity in the P2

direction. When K1 and k2 vary in the same direction (monotonically), the fit

MSE remains in the valley.

5.4.5.3 Re-parameterization

To eliminate the effect of ambiguity of parameters in the 2C model, a re-

parameterization method was applied. Here we let

P1 = flux = K1k3

k2 + k3

P2 = k2 + k3

and

P3 = K3

Also we use a grid search instead of NLS for optimization to reduce complex-

ity. Fig. 5.17 presents a surface plot of the new criterion for re-parameterized

parameters. It shows that the surface has reasonable convexity and could be a

good criterion for estimating the flux.

5.5 Results

This section provides output of comparative analyses between the proposed

PBPM and reference approaches, using the three clinical datasets introduced in

Section 5.3.1.

5.5.1 Comparative Analysis

PBPM-derived AIF estimates were compared to alternatives obtained from an-

other three models described in Section 3, namely a whole-body blood circula-
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tion model (BCM) (Huang & O’Sullivan 2014, O’Sullivan et al. 2017), a straight-

forward tri-exponential model (TE) (Feng et al. 1993, Zanderigo et al. 2014),

and a convolved tri-exponential model (CTE) (Tonietto et al. 2015). For each

tracer, the PBPM was fitted using a random sample of 10 arterial blood sam-

pling curves for estimation of the population parameters θ = (α, β, φ1, . . . , φJ)
(and not for any other step), and the rest of the data for estimation of individual

AIF signals, i.e. of {(πk,∆k), k = 1, . . . , n} (and not for any other step). In other

words, the 10 randomly selected “population curves” were used as “historical

data” in this framework. These were only used for the purpose of fitting the

PBPM, and not the BCM, TE and CTE models. A comparative analysis between

these four models was carried out in terms of the sum of MSEs obtained for

each of the n scaled AIF fits {ẑi,k = ĈP (ti,k|π̂k)}nk=1, defined by

E =
n∑
k=1

(∑mk
i=1(zi,k − ẑi,k)2

mk

)

This fit error was cross-validated in the comparative analysis, using

Ê =
n∑
k=1

(∑mk−1
i=2 (zi,k − ẑ∗i,k)2

mk − 2

)
(5.12)

for comparison, where ẑ∗i,k = η∗(ti,k|π̂∗k) and η∗(ti,k|π̂∗k) is the set of optimal

parameter estimates for the data {(tj,k, zj,k)}mj=1,j 6=i.

The boxplots of the cross-validated error distributions of Fig. 5.18 (bottom)

illustrate that PBPM is competitive for both tracers. For the FDG set, the PBPM

model yields comparable performance and improved accuracy over TE, and

outperforms BCM both in terms of median error and standard error. For the

H2O set, the BCM and PBPM models show greater flexibility in fitting the AIF

data compared to the tri-exponential alternatives, and PBPM also yields a lower

median error compared to BCM. Nonparametric, one-sided paired (Wilcoxon)

tests under the null hypothesis that PBPM model fit errors that are greater than

or equal to those obtained from the other model (Table 5.3) indicated a signif-

icantly lower PBPM error compared to TE and CTE for both the FDG and H2O

sets at the 1% significance level. And no model statistically outperform PBPM

in terms of the MSE if we apply same test on the other side.
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Table 5.3: One-sided paired Wilcoxon test p-values for the cross-validated BCM,
TE, CTE and PBPM MSEs of Fig. 5.18. The alternative hypotheses HA for these
tests are provided to assist in interpreting the test outputs. Here HA is accepted
at the 1% significance level for p-values lower than 0.01 (significant results in
bold).

Model Reference FDG H2O FLT
MSE: mean (sd)

BCM 0.0116 (0.0094) 0.0086 (0.0069) 0.0127 (0.0072)
TE 0.0073 (0.0047) 0.0099 (0.0040) 0.0066 (0.0035)

CTE 0.0073 (0.0047) 0.0169 (0.0080) 0.0112 (0.0055)
PBPM 0.0063 (0.0045) 0.0073 (0.0039) 0.0070 (0.0041)

Wilcoxon p-value
HA: MSEBCM>MSEPBPM < 0.001 0.312 0.002
HA: MSETE>MSEPBPM 0.002 0.004 0.512
HA: MSECTE>MSEPBPM < 0.001 < 0.001 0.010

5.5.2 Gain from a Population-based Approach

Figure 5.19 illustrates the gain obtained by using a population-based strategy

to estimate the nonlinear parameters θ for the PBPM basis component pro-

files, over a fully individual fitting process where all model parameters (π,∆, θ)
would be estimated from the single patient sampling data. A one-sided paired

Wilcoxon test, under the null hypothesis that the average cross-validated PBPM

error is not less than the average cross-validated individual fit error, confirmed

the gain achieved when using estimates θ̂ obtained from a separate training

population (p < 0.0001).

5.5.3 Impact on Kinetic Modelling

AIF estimation is of interest in the context of calculation of kinetic parameters.

Impact of the proposed PBPM approach on parametric imaging was evaluated in

that sense via Monte Carlo simulation of H2O- and FDG-PET time activity curves

generated from one-compartment (1C) and two-compartment (2C) models re-

spectively(Sokoloff et al. 1977, Morris et al. 2004, Hawe et al. 2012, Bertoldo

et al. 2014b, Dimitrakopoulou-Strauss et al. 2021), where

dC1(t)
dt

= K1Cp(t)− (k2 + k3)C1(t) + k4C2(t) (5.13)

dC2(t)
dt

= k3C1(t)− k4C2(t) (5.14)
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(with k3 = k4 = 0 in the 1C model) describe exchanges between arterial plasma

Cp and the first and second tissue compartments C1 and C2. A set of template

H2O time activity curves {zt,true}Ni=1 were created by evaluating the 1C model

with each of theN = 39 clinical arterial samples from the H2O dataset described

in Section 5.3.1 and with true parameter values K1 = 0.2, k2 = 0.8, VB = 0.05,

∆ = 0.25 (found relevant in other studies (Watabe et al. 2001) in modelling

tissue activity around the aorta in tumor blood flow studies). Similarly, a set of

template FDG time activity curves {zt,true}Ni=1 were obtained by evaluating the

2C model with each of theN = 91 clinical arterial samples from the FDG dataset

of Section 5.3.1 and with true parameter values K1 = 0.102; k2 = 0.13; k3 =
0.062; k4 = 0.0068;VB = 0.04; ∆ = 0.2667 (found relevant in other studies (Feng

et al. 1995) for modelling of grey matter activity in cerebral MRglu studies).

This process yielded a set of respectively 39 and 91 unique template uptake

curves. These templates were normalized to 1 so estimation of a scale factor

was not required in this experiment. Finally, simulated uptake curves were

obtained for each scenario by adding Gaussian noise with standard deviation

σ = φ
√
zt,true with φ = 0.001 for H2O and φ = 0.04 for FDG2 to 10 replicates of

each of these template curves. This yielded respectively 390 and 910 simulated

time activity curves for these two settings.

Estimates of flow (K1) and k2 for the H2O scenario, and of flux (Ki = K1k3/(k2+
k3)), distribution volume (VD = K1/k3), k1 and k2 for the FDG scenario, were

compared across the range of 1C and 2C model fits obtained using AIF estimates

from BCM, TE, CTE and PBPM for the H2O- and FDG-PET cohorts. Delay was

held constant for the purpose of this analysis, and the compartment models

were optimized with respect to (K1, k2, k3, VB) (with k3 = k4 = 0 in the 1C

model, and k4 = 0 in the 2C model) via nonlinear estimation.

Figure 5.20 shows the distributions of percentage errors in estimating these

parameters using varying AIF estimates. Results are visually clear in the H2O

setting. For the FDG case, one-tailed Wilcoxon tests were carried out at the 5%

significance level to assess bias from these distributions. For estimation of K1,

it was found that BCM was significantly more biased than PBPM (p < 0.001);

no significant difference was found between TE and PBPM, and between CTE

and PBPM. For estimation of k2, it was found that BCM (p < 0.001) and TE

(p = 0.022) were significantly more biased than PBPM; again no significant

difference was found between CTE and PBPM. For estimation of k3 (omitted

2(guided by the numerical analyses presented in supplementary materials)
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from Fig. 6 for the sake of a simpler presentation), PBPM bias was significantly

greater than BCM bias (p < 0.005) but TE bias significantly exceeded PBPM bias

(p < 0.001); again no significant difference was found between CTE and PBPM.

In summary, the PBPM model is a viable option for evaluation of physiological

parameters. It outperformed all other models in both accuracy and precision

in the H2O setting, and was either comparable to, or superior to performance

of the other models in the FDG setting. These results illustrate its competitive-

ness and reliability for kinetic analysis across different tracers, against the most

effective methods of reference.

5.6 Discussion

Kinetic modelling of dynamic PET imaging data relies on approximate knowl-

edge of the Arterial Input Function (AIF), which is most accurately determined

from direct arterial blood sampling. Less invasive AIF estimates are most com-

monly either image-derived input functions (IDIF) or population-based input

functions (PBIF). The IDIF-based methodology consists of extracting the AIF

from a region of interest (ROI) within a dynamic PET image that captures ei-

ther a large blood vessel or the left cardiac ventricle. PBIF-based analysis con-

sists in estimating a patient’s AIF from scaling a population curve obtained from

historical information on the patient’s population. This approach is not subject

to noisy PET information, but by construction of this scheme, the individual is

assumed to have the same tracer injection protocol and physiological charac-

teristics as the population, which is not always realistic.

Both strategies involve modelling of the AIF pattern, with the tri-exponential

(TE) and convolved tri-exponential (CTE) models being two such methods of

reference. These remain limited in their description of the injection profile, es-

pecially for PET tracers other than FDG. The population-based projection model

(PBPM) approach proposed here combines strategies used in both IDIF and PBIF

approaches in order to achieve flexible and reliable AIF estimation throughout

the whole time course, by fitting a mixture of population-informed uptake pat-

terns to individual patient imaging data. In this sense this methodology can be

seen as the projection of individual patient PET tracer kinetics characteristics

onto a basis of population uptake profiles. Unlike other modelling approaches

using a boxcar function “on its own”, PBPM incorporates a gamma distribution

convolved with the boxcar function to achieve a more realistic representation
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of signal arrival into plasma. Moreover, current PBIF methods require the injec-

tion protocol to be the same in all PET studies. Using a few population-based

components, the proposed method can incorporate knowledge of the injection

duration into the model fit, thus does not require the injection protocol to be

the same in all PET studies.

A comparative analysis was carried out that included both TE and TCE, and a

whole-body blood circulation model (BCM) as references for FDG-, H2O- and

FLT-PET datasets, as well as simulated datasets obtained from resampling of the

clinical information. Results demonstrated that the proposed PBPM has overall

higher accuracy, lower variability and greater adaptability to different tracers

compared to the other three methods, and illustrated its consistency at varying

noise levels. Application of the proposed approach to parametric imaging, using

one- and two-compartment kinetic modelling scenarios, was also evaluated.

In this experiment, the PBPM method yielded appropriate characterisation of

flow, flux and distribution volume, and outperformed the other methods of

reference for flow and distribution volume in particular, thus showing improved

adaptivity to different tracers.

A natural end-goal is to apply AIF modelling to image-derived data, either be-

cause clinical sampling is not available or to facilitate non-invasive evaluation.

As part of the technical contributions of this paper, regularization of the model

should confer robustness against increased noise levels typically found in im-

aged blood-pool data. A region of interest from PET imaging of the left ventri-

cle could be used in this sense, as the contrast of concentration of tracer from

ventricles and their surrounding muscle is usually distinct. Follow-on work is

planned around future access to datasets that combine sampling and imaging

data to carry out such an evaluation. This will also yield the opportunity to eval-

uate the proposed PBPM method compared to IDIF techniques used commonly

with major PET tracers.

Where only individual venous blood samples and no reliable arterial blood in-

formation are available, the proposed technique may still be considered, for ex-

ample after conversion of the venous signals into arterial scales. Some venous

input function (VIF) approaches were proposed that apply an arterio-venous

transform scheme to estimate AIF, for example in 11C-labelled studies (Syva-

nen et al. 2006b).

The requirement for scale factor estimation, discussed in Section 5.2.4, impacts

all modelling techniques, including the proposed PBPM strategy, but it is not
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yet clear how. Analysing this impact will be the scope of follow-on work.

A critical minimum number of PET studies required to use the proposed PBPM

technique with future studies remains to be determined and could vary with the

PET radiotracer used. Numerical experiments demonstrated robustness of this

model in this aspect, with stable model fit errors for even very few population

studies.

This study has not discriminated the data in terms of healthy and cancer sub-

jects, nor in terms of disease types. Although we do not anticipate significant

differences in AIF profiles across such strata, using imaged data may introduce

differences in PBPM estimates of AIF profiles. Further analyses would be re-

quired to explore this.

5.7 Conclusion

We proposed a statistical model of the arterial input function of a patient that

leverages arterial uptake profile information at both the cohort and subject lev-

els. Results from simulations demonstrated numerical stability and consistency

of the approach at varying noise levels. Improvement in accuracy of the AIF

representation over reference AIF models was assessed on three clinical cohorts,

each imaged with one of three routinely used PET tracers (namely, FDG, H2O

and FLT). Experiments further demonstrated that this representation of the AIF

is viable for kinetic analysis of physiological parameters such as flow, flux and

distribution volume from one- and two-compartment models. The proposed

model was competitive for determination of kinetics from typical FDG template

data, and outperformed other models when applied to H20 settings. The pro-

posed methodology can be incorporated in either population-based or image-

derived input function estimation frameworks; the latter will be the scope of

follow-on work assessing this model for non-invasive AIF estimation.
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Figure 5.9: Top: distribution of PBPM and individual leave-one-out cross-
validated fit errors (respectively darker and lighter colored) at varying noise lev-
els. Bottom: percentage difference between ’individual’ and PBPM at medium
noise level.
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Figure 5.13: Top left: One example of clinical AIF; Top right: Simulated data
and true data; Bottom left: Residuals of estimated curve to simulated one
(black) and true one (red); Bottom right: Simulated data and fitted curve.
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Figure 5.14: Top left: Example of a clinical AIF. Top right: Simulated data and
true data. Bottom left: Residuals of estimated curve to simulated one (black)
and true one (red). Bottom right: Simulated data and fitted curve.

Figure 5.15: Distribution of percentage errors in estimating parameters using
BCM, CTE, TE, PBPM estimated AIF and the true clinical AIF.
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Figure 5.16: 3D (top) and 2D (bottom) scatter plot of the fit MSE for simulated
data at noise level 0.04 against K1 and k2.
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Figure 5.17: Surface plot of the criterion (z) with respect to re-parameterized
parameters P1 (x) and P2 (y).

Figure 5.18: Model performance comparison for BCM, TE, CTE and PBPM
on the FDG- (A), H2O- (B) and FLT- (C) PET studies. Distributions of cross-
validated errors (5.12) depict the relative fitting performance of the four mod-
els, and indicate that PBPM remains competitive for different tracers.
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Figure 5.19: Comparison of cross-validated errors obtained when using a train-
ing population strategy to estimate the nonlinear parameters θ that determine
the structure of the PBPM basis components (left), over a fully individual ap-
proach where the parametric vector θ is estimated directly from the same indi-
vidual sampling data (right), showing a lower error tends to be achieved from
a population-based strategy (p < 0.0001, one-sided paired Wilcoxon test).
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Chapter 6

Discussion and Conclusions

6.1 Summary of Contributions

Over the last few decades, a variety of medical imaging techniques have been

developed and rolled out for clinical use. With the support of reconstructed

images, one is able to observe and analyze what happens inside the patient

non-invasively. CT and MRI are two common imaging techniques that provide

anatomical information of the patient. Such images are used to visualize tissue,

bone structure or blood circulation, to facilitate diagnosis and assessment.

Other modalities such as PET allow the capture of functional characteristics

within the body. PET uses isotope labeled molecules as a tracer. Depending

on the decay time of the radiotracer used, a study can last from a few minutes

to over one hour. Analysis of this dynamic 3D data requires knowledge or

estimation of the arterial input function (AIF) (Sokoloff et al. 1977, Patlak et al.

1983, Cunningham & Jones 1993). A traditional way of obtaining this AIF is

direct sampling from the arterial or venous blood during the PET scan. Either

can cause great discomfort to the patient. In recent decades, several alternatives

have been developed. Some of them are introduced and discussed in Chapter 3.

This PhD project was concerned with the task of exploring and developing novel

statistical modelling methodologies to improve AIF estimation performance and

generation across PET tracers.

A model previously proposed by our group named whole body blood circulation

model (BCM) (Huang & O’Sullivan 2014, O’Sullivan et al. 2017) is described

in Section 3.5. It provides a comprehensive and detailed picture of the whole
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body blood circulation system, but it is computationally complex and time con-

suming, and prompted us to consider other strategies.

Chapter 4 introduces a first attempt at modelling AIFs. The tracer travel-rate

projection model (TRPM) combines a concept from BCM with the idea of com-

partmental modelling (Kety & Schmidt 1948, Sokoloff et al. 1977), yielding

increased accuracy. However, some limitations of the model are pointed out in

Section 4.5, and addressed with a second proposal.

Chapter 5 develops a new model called the population-based projection model

(PBPM) that extends the projection strategy used in TRPM to create a basis

of travel profiles trained from independent cohort data. Simulation studies

show that this new model is stable and at the same time flexible, simple but

comprehensive. Firstly, PBPM significantly simplifies model computation. The

nonlinear least squares process is bypassed and only linear coefficients are op-

timized in fitting individual curves, allowing for the optimization to be done

in instant. The basis components represent traveling patterns of the tracer to

reflect the functioning of various tissue types. The PBPM also allows for esti-

mation of the scale factor from patient information, allowing for the true AIF

to be recovered from the signal. This enables application of PBPM in future

work on dynamic PET imaging. A comparative analysis was carried out that

included both the tri-exponential model (TE) and convolved TE (CTE), and

the BCM as references for FDG-, H2O- and FLT-PET datasets, as well as sim-

ulated datasets obtained from resampling of the clinical information. Results

demonstrated that the proposed PBPM has overall improved competitive accu-

racy and variability, and greater adaptability to different tracers compared to

the other three methods, and illustrated its consistency at varying noise levels.

Application of the proposed approach to parametric imaging, using one- and

two-compartment kinetic modelling scenarios, was also evaluated. In this ex-

periment, the PBPM method yielded appropriate characterisation of flow, flux

and distribution volume, and outperformed the other methods of reference for

flow and distribution volume in particular, thus showing improved adaptivity

to different tracers.
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6.2 Opportunities for Future Research

6.2.1 Application to Other Tracers

We have assessed the PBPM on three commonly used tracers. There are many

popular compounds using other isotope labeled tracers. The PBPM construction

should be adapted to these.

6.2.2 Estimating the AIF from Imaging Data

In this work, we used only blood sampling data. The PBPM approach can al-

ternatively be applied to imaged regions of interest (ROI), e.g. from a sphere

with diameter of 6 mm at the center of the left ventricle (LV) (considered as a

comparatively large arterial blood pool). As the preliminary demonstration, we

drew such ROIs from breast cancer FDG-PET images, and used the time activity

curves (TACs) for AIF extraction, yielding the results shown in Fig 6.1. PBPM

performance could not be established since true AIF data were not available. In

future work, the model may be applied to image data, using the LV ROI signal

as the true AIF.

A scale factor should be incorporated as a later step in estimation of the AIF,

but this scale factor is not available from the imaging data either, and arterial

blood sampling is required to evaluate this quantity.

Images are used to derive the shape of AIFs from estimated LV curves. Manual

ROI identification could be time consuming and subject to cross-user variability.

The imaging data are from the LABCa studies where the LV ROI is obtainable.

When the LV is not in the field of view, other blood pools may not easily be

regionalized. The method was only applied to data from FDG and H2O studies

for now, and further experimentation should be carried out on studies with

other tracers. Figure 6.1 gives one example of manual LV ROI drawing and

performance of PBPM fit on normalized imaging data from the same region.

No obvious bias or misfitting can be visually detected. Further analysis could

be done when both imaging data and arterial sample data become available.

Statistical Modeling Strategies for Estimation
of the Arterial Input Function in Dynamic
Positron Emission Tomography Data Analysis

123 Zhaoyan Xiu



6. DISCUSSION AND CONCLUSIONS 6.2 Opportunities for Future Research

Figure 6.1: Example of ROI-LV drawing on PET imaging data of LABCa patients
from University of Washington (top) (Mankoff et al. 2002, 2003, Tseng et al.
2004, Dunnwald et al. 2008, 2011, O’Sullivan et al. 2017). Imaging data are
processed in AMIDE (Loening & Gambhir 2003). Example of PBPM fit on ROI-
LV FDG data (bottom left) and H2O data (bottom right).

6.2.3 Reduced Scanning Times

As stated earlier and illustrated by Figure 5.9, the PBPM model provides an

opportunity to reduce scanning time whilst achieving similar AIF prediction ac-

curacy, which would be of particular interest for dynamic FDG-PET imaging. To

explore this opportunity, the sampled AIFs were further fitted from the same

clinical data but for a number of reduced scanning times. In current routine

practice, the injection duration for FDG is usually less than 1 minute. This

causes the injection profile to appear like the convolution of a narrower square

function with a gamma distribution. In this dataset, some injections took up to
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Figure 6.2: Paired scatter plot of estimated linear coefficients from PBPM ap-
plying to arterially direct sampled data.

2 minutes (33 cases) (Huang & O’Sullivan 2014). These particular studies were

removed from the cohort in the interest of consistency, and only studies with

a 1-minute (58 cases) injection duration were considered. Table 6.1 presents

overall mean and standard error of estimation percentage errors for the AIF

peak (defined as the 3-point average using the highest value and its two adja-

cent points), tail (defined in two different ways, as the 60-minute value and as

the average of all signal values between 30 and 60 minutes), and mean transit

time (MTT), defined as the integral of scaled AIF over the scanning time across

all 58 FDG-PET studies and for scanning times t (6.1). These percentage error

statistics, which are also compared to those obtained from the commonly used

TE model, suggest that one could estimate AIF peak, tail and MTT values at

an acceptable loss of accuracy–even if reducing the scanning time from 62.5

down to 22.5 minutes. In contrast, estimation based on TE yields increasing

estimation errors with reducing scanning times.

MTT (t) =
∫ t

0
CP (s)ds (6.1)

Figure 6.3 illustrates the overall PBPM RMSE distributions for varying scanning
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Figure 6.3: Distributions of PBPM fit errors (left), and of fit errors relative to
the reference 62.5-minute fit (right), from the 58 FDG-PET SAIFs for varying
scanning times.

times, using the full 62.5-minute scanning time as a reference for comparison

(grey boxplot). It supports the results of Table 6.1 and shows that the overall

distribution of PBPM fit errors does not change noticeably when scanning time

is reduced from 62.5 minutes down to as low as 22.5 minutes.

Table 6.1: Mean and standard error of percentage errors (i.e. 100 ×
actual−predict

actual
%) fitting 58 SAIFs using reduced scanning times.

Scanning Peak Tail Tail MTT
Time
(mins)

(3 pts
average)

(60) (30-60
average)

(60)

up to 62.5 −0.27± 0.56 −7.33± 0.93 −0.92± 0.49 −0.61± 0.33
TE 0.03± 0.88 −4.84± 0.55 −1.53± 0.26 −0.52± 0.09
up to 52.5 −0.24± 0.56 −8.40± 1.04 −1.86± 0.56 −1.28± 0.36
TE 0.03± 0.88 −6.59± 0.74 −2.64± 0.31 −1.17± 0.14
up to 42.5 −0.15± 0.56 −9.07± 1.15 −2.44± 0.67 −1.65± 0.43
TE 0.03± 0.88 −9.90± 0.98 −4.80± 0.41 −2.42± 0.21
up to 32.5 0.03± 0.55 −8.46± 1.31 −1.89± 0.87 −1.25± 0.55
TE 0.03± 0.88 −15.48± 1.38 −8.42± 0.64 −4.57± 0.35
up to 22.5 0.07± 0.55 −5.66± 1.59 0.62± 1.19 0.42± 0.76
TE 0.02± 0.88 −21.15± 2.32 −12.34± 1.50 −6.91± 0.86
up to 12.5 0.06± 0.55 3.03± 3.26 8.36± 2.82 5.54± 1.88
TE 0.01± 0.88 −26.25± 5.19 −15.38± 3.64 −8.79± 2.19

We have shown that this model can fit the AIF using only early data points.

Components within our model are from a patient population. Only the linear

Statistical Modeling Strategies for Estimation
of the Arterial Input Function in Dynamic
Positron Emission Tomography Data Analysis

126 Zhaoyan Xiu



6. DISCUSSION AND CONCLUSIONS 6.2 Opportunities for Future Research

Figure 6.4: Left: 91 FDG-PET directly-sampled AIFs (Green) and 53 image-
extracted ROI-LVs (Pruple); Mid: Mean and 95% confidence interval of the
data; Right: Distribution of estimated linear coefficients for third components.

mixture parameters need to be defined in an application of PBPM. When scan-

ning duration is reduced so much than the "late" basis components cannot be

evaluated, it is still possible to estimate the proportion of this tail-end of the

mixture using the other linear parameters. The reason why the PBPM can es-

timate the whole AIF curve from the early data points is that once the basis

components are decided, the first and second linear parameters can be accu-

rately estimated, since the components related to the first two linear parame-

ters varies a lot at the beginning of the study, introducing a significant positive

relationship between second and third linear parameters. Further assessment

could be conducted on this aspect.

6.2.4 Assessment of Spillover in PET Imaging Data

Figure 6.4 (left) presents time courses of arterially sampled and image-extracted

AIFs from our data. The distributions of these two groups of AIFs show that the

median of the tails of image-derived AIFs is significantly greater than that of

the sampled data. This is caused by the spillover effect inherent to PET imaging

data. We could add a mathematical term to account for the effect to our model,

so that the estimated AIF will be the sum of the original term and a new term

called spillover, as shown in Fig 6.5. Future work on complete datasets includ-

ing paired imaging and sampling data will be carried out to assess effectiveness

of this correction approach.
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Figure 6.5: One example fit of the extended PBPM. Spillover is the estimated
linear coefficient for the extended term.

6.2.5 Improvement of TRPM

The scope of this work was limited to the development of potential techniques,

and the assessment and experimental validation of the PBPM, which we identi-

fied as the more promising model. Our initial attempt with the TRPM presented

in Chapter 4 however holds potential for further improvement, which could be

the subject of future work, at which point TRPM may also be evaluated.
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6.2.6 Normalizing by Area Under the Curve

Added a new section 6.2.6 in the discussion section. An interesting conceptual

alternative to the existing version of the PBPM that we will explore is to nor-

malize the area under the curve of the signal to 1, instead of normalizing it to

have its peak to 1. This would make the PBPM approach closer to a true mix-

ture model and will be considered in follow-on work. We opted to normalize

the peak to 1 because the peaks of the mixture components were also set to 1,

i.e. they are not PDF’s either. This allowed us to preserve a simple evaluation

of the true peak value (following subject-specific rescaling), which is correlated

to the patient dose and also directly maps to key kinetic modelling parameters

(as so does the peak-to-tail ratio). Irrespective of the normalization strategy

used, the shape of the AIF estimate will be estimated similarly, and the final AIF

curve estimate must be rescaled to the individual arterial signal scale, so both

approaches should yield similar final estimates in the original signal domain.

Normalizing to an AUC of 1 may however facilitate further uses of the PBPM

since it would make interpretation of the mixing coefficients more practical.

The current intended use of the PBPM does not include practical interpreta-

tion of these coefficients (the π’s in model (5.1)), as its output estimate is only

anticipated to inform further kinetic modelling of the data.

Moreover, the typical constraint that
∑J
j=1 πj = 1 would be required for such

practical interpretation, but it is not a requirement in the current version of the

PBPM since it is not per se a mixture model. Here it is slightly relaxed in order

to address the possibility that the true (unmeasurable) unscaled peak value

may be larger than the observed value (or, possibly but more rarely, lower than

the observed and elevated due to additive noise). This principle remains true

following scaling, and our relaxing the constraints on
∑
j πj allows to better

adapt to that variability. Interpretation of these linear combination parameters

remains loosely that of proportions.

6.3 Conclusion

Concerned with the question of estimating the arterial input function (AIF) of

a patient, we initially developed a travel-rate projection model (TRPM), which

highlighted opportunities for flexible and interpretable modelling of AIFs but

with some limitations. This effort provided theoretical support that led us to
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the population-based projection model (PBPM) model. This PBPM is the main

contribution of this thesis. This approach consists of fitting a small number

of basis functions from population data, to obtain typical early, intermediate

and late uptake profiles. Individual subject AIF estimates are then obtained by

projection of the observed blood signal onto this basis, in the form of a linear

mixture of the population components. This method involves a relatively small

number of model parameters and a simple fitting procedure. The method was

assessed on arterial sampling data from 18F-FDG, 15O-H2O and 18F-FLT clinical

studies and compared to reference techniques including tri-exponential mod-

els and a whole-body circulation model. Results demonstrated the reliability,

flexibility, and potential benefit of this approach in estimating AIFs and vari-

ous kinetic parameters for three of the most commonly used tracers in major

applications of PET imaging.
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Appendix B

Assessment of Tracer
Concentration at Injection

Here we consider assessment of the pattern of tracer concentration at injection,

in the arm and right ventricle sites. In the PBPM model, we assume that the

concentration of tracer from injection to the first arrival at the right ventricle

shows a pattern of convolution between a gamma density function and a square

wave rising over the injection duration. As introduced in Chapter 1, PET imag-

ing reflects the concentration of tracer in the FOV of the human body over the

scanning time. Before a PET scan, a dose of tracer will be injected into the vein

at the wrist (for water and FDG injection) of the subject. At the very beginning,

the venous blood carries the tracers to the right ventricle of the heart. After a

beat of the heart, tracer molecules start traveling in the blood stream via arter-

ies. Therefore, the shape of time course of concentration of tracer at injection

and arm sites could described by a convolution between gamma and square

wave. Also theoretically, the concentration of tracer at injection site should be

slightly sharper than that at the arm site. The shape of the right ventricle time

course should be like the time course at injection or arm site convolved with

an exponential distribution. Here we use the dataset from University of Wash-

ington (See Section 4.4.1.2 for more details), drawing ROIs at injection, arm

and right ventricle sites. For each site, tracer concentration within the ROI is

extracted (see Figure B.1 for an example with an ROI in the arm).

50 FDG-PET studies (two were omitted due to operational difficulty) from

University of Washington (Mankoff et al. 2003, Dunnwald et al. 2008, 2011,

O’Sullivan et al. 2017) were used in this study. Figure B.2 presents the mean
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B. ASSESSMENT OF TRACER CONCENTRATION

AT INJECTION

Figure B.1: Manually drawn ROI from PET imaging data from AMIDE (Loening
& Gambhir 2003), located in the patient’s arm.

Figure B.2: Mean and 95% confidence interval of TACs from ROIs at the injec-
tion, arm and right ventricle for 50 FDG-PET studies and a convolution between
gamma and square wave with different widths (blue).
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B. ASSESSMENT OF TRACER CONCENTRATION

AT INJECTION

and 95% confidence interval of TACs from ROIs at the injection, arm and right

ventricle for 50 FDG-PET studies and a convolution between gamma and square

wave with different widths (1, 1.5 and 2 minutes). The injection durations are

2 minutes for all 50 studies. From Figure B.2 left and middle (1 and 1.5 min-

utes, respectively) we can see the convolution provides a reasonable template

overall. However, for a injection duration of 2 minutes, the convolution is too

wide to be a representation of the time course of concentration at the arm site

(or at first arrival of right ventricle). One reason would be that the operation of

injection over the two minutes is not uniform, but a another gamma-like pat-

tern. Since in the recent years, injection protocols usually involve automatic

injection, and injection duration are usually around 60 to 90 seconds, the con-

volution approach seems appropriate.

Figure B.3 presents similar analyses for 51 H2O-PET studies (one omitted due

to operational difficulty) from the same dataset. Since the injection duration

is short (bolus injection around 5 seconds), the variation in injection durations

can be ignored. A convolution between a gamma function and a narrow square

wave rising over the injection duration could fit the data well.
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B. ASSESSMENT OF TRACER CONCENTRATION

AT INJECTION

Figure B.3: Mean of TACs from ROIs at the injection, arm and right ventricle
51 H2O-PET studies and a convolution between gamma and square wave with
different widths (blue).
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Appendix C

Convolution between Injection
Function and Gamma Distribution

Consider the incomplete gamma function

P (a, x) = 1
Γ(α)

∫ x

0
t(a−1)e−tdt (C.1)

defined by Abramowitz and Stegun ((Abramowitz & Stegun 1972)). Substitut-

ing a = α and x = βt into C.1, we obtain

P (a, βt) = 1
Γ(α)

∫ βt

0
s(α−1)e−sds (C.2)

Which we rearrange into

P (a, βt) =
∫ t

0

1
Γ(α)β

αxα−1e−βxdx (C.3)

Given the gamma probability density function (PDF)

g(x|α, β) = 1
Γ(α)β

αxα−1e−βx (C.4)

and the square wave function

Id(x) =

1 if 0 < x < d

0 otherwise
(C.5)
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C. CONVOLUTION BETWEEN INJECTION

FUNCTION AND GAMMA DISTRIBUTION

their convolution where t > d is given by

(I ~ g)(t) =
∫ inf

0
Id(t− x) βα

Γ(α)x
α−1e−βxdx (C.6)

which we can rearrange into

(I ~ g)(t) =
∫ t

t−d

βα

Γ(α)x
α−1e−βxdx = P (α, βt)− P (α, β(t− d)) (C.7)

Note that when t− x > d

(I ~ g)(t) = 0 (C.8)

and for 0 < t < d

(I ~ g)(t) =
∫ t

0
1 · βα

Γ(α)x
α−1e−βxdx = P (α, βt) (C.9)
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Appendix D

Historical Information from
Arterially Sampled Data for TRPM

Here we report on analyses of performance of TRPM for arterially sampled

data from 91 FDG and 39 water studies, described in Section 4.4.1.1. Since

calibration of the TRPM differs for FDG and water studies, analyses for the two

sets of data are presented separately.

Figure D.1: Left: 91 arterially sampled FDG AIFs in grey dots, and one example
in black; Right: TRPM fit on one example from that set. Black dots and line
indicate sample and fit, respectively.
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D. HISTORICAL INFORMATION FROM

ARTERIALLY SAMPLED DATA FOR TRPM D.1 FDG Analysis

Figure D.2: Performance of TRPM without penalty on 91 arterially sampled
AIFs from FDG studies.

D.1 FDG Analysis

Arterially sampled data include 91 AIFs from FDG studies. Figure D.1 presents

the AIFs and one example fit. The component curves shown with five colors are

πj · Cj(t)s in Eq. (4.7). Then the summation of those five colorful curves is the

predicted curve (the loss curve is negatively presented). The fitted curve passes

through most of the data points.

Figure D.2 presents performance of TRPM without penalty on 91 directly sam-

pled AIFs. From the top right plot, the absolute values of the residuals are

greater at early time (i.e. 0-4 minutes) than at late times. In FDG studies of

the most variance in AIFs arises at the beginning of a AIFs study. The curve

presents a steady decrease several minutes after injection. To reduce fit errors

at early times, a possible solution is to add weights to each of the data points in

terms of their variance in the optimization process. However, in our case, the

absolute values of the residuals are reasonably small, and the information on

one AIF carries depends not only on the curve value at each time, but also some
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D. HISTORICAL INFORMATION FROM

ARTERIALLY SAMPLED DATA FOR TRPM D.2 Water Analysis

other meaningful values, e.g. peak and tail values, and their contrast, AUC, etc..

Therefore, we can ignore the pattern of residual at this stage. Actually, various

weight combinations have been applied during the study, but it seems difficult

to reduce the difference of variance in predicting the curve at the beginning and

end of the time course. The concentration of tracer is higher at the beginning

than at later times though. The bottom of Figure D.2 shows that the contrast

rate (value at tail over value at peak) and AUC (here we calculate the AUC af-

ter peak time) from the estimated curves are close to the actual ones. Taking

Eq. (D.1), the mean (standard deviation) of percentage errors for 91 estimated

contrasts and AUCs is 7.31(5.92) % and 8.36(5.51) %, respectively.

Percentage Error = |Actual − Estimated|
Actual

· 100% (D.1)

The estimated parameters are presented in Figure D.3. Mean and standard

deviation for 91 estimates of θ = (α, β, λf , λs) are 1.15(0.28), 4.08(2.07),

0.49(0.11) and 0.05(0.01), respectively. Estimated parameters may be saved

for future use as historical information in the form of a Bayesian penalty in

TRPM application.

D.2 Water Analysis

For water studies, three components are used for TRPM. They are fast, inter-

mediate and slow curves. The fast curve is the same as in the full model (see

Eq. (4.2)). The intermediate curve has a similar formula as the inter-fast and

inter-slow curves in the full model (see Eq 4.3 and Eq. (4.4)). Replacing the λf
in Eq 4.3 or λs in Eq. (4.4) by λ, we get

Cinter(t) =
∫ t

0
e(t− s|λ)[g(α, β) ∗ Id](s−∆)ds (D.2)

Therefore, the slow curve is the integral of the intermediate curve:

Cslow(t) =
∫ t

0

∫ s

0
e(s− u|λ)[g(α, β) ∗ Id](u−∆)duds (D.3)

Since only three components are used, the full model (see Eq. ??) will be

reduced to
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D. HISTORICAL INFORMATION FROM

ARTERIALLY SAMPLED DATA FOR TRPM D.2 Water Analysis

Figure D.3: Distribution of estimated parameters from 91 FDG studies.

nCP (t) = π1 · Cfast(t) + π2 · Cinter(t) + π3 · Cslow(t) + error (D.4)

Here we present one example fit in Figure D.4, showing a sharp elbow around

one minute, which the model does not fit well. Also, the rate of continuing de-

crease in tracer concentration to the tail is steeper in the estimated curve than

in the true data. Overall fitting performance for the 39 arterially sampled AIFs

for water studies is however reasonable (see Figure D.5 for model fit residuals).

The mean (standard deviation) of percentage error for contrast and AUC of

39 fits are 7.69(7.33) % and 19.02(15.52) %, respectively. Lack-of-fit around

the elbow affects AUC dramatically, since calculation of the latter is sensitive

to the shape of the curve after the peak. Fitting AIF in water studies is more
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D. HISTORICAL INFORMATION FROM

ARTERIALLY SAMPLED DATA FOR TRPM D.2 Water Analysis

Figure D.4: Left: 39 arterially sampled AIFs from water studies in grey, and one
example in black; Right: TRPM fit on one example from that set. Black dots
and line indicate sample and fit, respectively.

challenging than for FDG studies. First, water studies are relatively short com-

pared to FDG ones. The shape of a water AIF is also not steady. Therefore,

the parameters in those AIFs tend to vary over a greater range, which hinders

the optimization process. Second, water data is usually much noisier than FDG

data. Although the data we analysed were smoothed, this affects performance

from one case to another.

Distribution of estimates for parameters α, β and λ are presented in Figure D.6.

The mean (standard deviation) of 39 estimated α’s, β’s and λ’s are 1.60(0.45),

18.50(7,91) and 0.71(0.32), respectively.

Overall and taking the above mentioned difficulties into account, the TRPM

without penalty shows promising performance in fitting the two sets of arteri-

ally sampled AIFs from FDG and water studies. The range of errors is accept-

able. Parameters estimated from such an experiment may be used as Bayesian

penalty for future individual fitting. Likewise, initial values for parameters and

boundaries from this experience may be applied in future analyses.
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D. HISTORICAL INFORMATION FROM

ARTERIALLY SAMPLED DATA FOR TRPM D.2 Water Analysis

Figure D.5: Performance of TRPM without penalty on 39 Arterially sampled
AIFs from water studies.

Figure D.6: Distribution of estimated parameters from 39 water population
data.
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D. HISTORICAL INFORMATION FROM

ARTERIALLY SAMPLED DATA FOR TRPM
D.3 Principal Component Analysis of

Parameter Estimates

D.3 Principal Component Analysis of Parameter Es-

timates

PCA was applied to the estimated parameters from the above analysis. The

number of individuals and parameters (in bracket) for FDG and water study

were 91(4) and 39(3), respectively. Parameters were scaled so that the standard

deviation for each parameter is 1. Figure D.7 shows the percentage of variance

explained as a function of the number of components for both FDG and water

studies. Over 95% and 80% of the variance was explained by the first two

components for FDG and H2O, respectively. Tables D.1 and D.2 present principal

component loadings for FDG and water, respectively. In the two tables, all

parameters are strongly weighted for the first two components, indicating that

none of them may be ignored.

Table D.1: Principal component loadings for the FDG analysis.

PC1 PC2 PC3 PC4
α -0.56 0.21 0.78 0.19
β -0.58 -0.04 -0.21 -0.79
λf -0.57 0.11 -0.58 0.57
λs -0.16 -0.97 0.12 0.14

Table D.2: Principal component loadings for the water analysis.

PC1 PC2 PC3
α 0.70 0.22 0.68
β 0.71 -0.11 -0.69
λ -0.08 0.97 -0.23
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D. HISTORICAL INFORMATION FROM

ARTERIALLY SAMPLED DATA FOR TRPM
D.3 Principal Component Analysis of

Parameter Estimates

Figure D.7: Principal components of scaled TRPM parameter estimates from
directly sampled AIFs from FDG (left) and water (right) studies and their cu-
mulative proportion of variance.
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