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Soft Constraints with Partially Ordered Preferences

Nic Wilson?

Abstract. This paper constructs a logic of soft constraints where The intention is to produce a formalism that allows degrees of
the set of degrees of preference forms a partially ordered set. Whawreference (or satisfaction, or adequacy) for partial tuples. So we
the partially ordered set is a distributive lattice, this reduces to thehoose a finite partially ordered sdt = (A, <,0, 1) to represent
idempotent semiring-based CSP approach, and the lattice operatioti'ese degrees, wherk contains a maximum elemeitand a mini-

can be used to define a sound and complete proof theory. For theum elemend. Define anA-constraintc to be a function from,
general case, it is shown how sound and complete deduction can e A, for some set of variablels. C V. A value of0 means that the
performed by using a particular embedding of a partially ordered setuple is least preferred, a value bexpresses no information.

in a distributive lattice.

2.1 Semantics

1 INTRODUCTION We would like to say what-constraintsd can be deduced from a

set of. 4-constraints”. We imagine that there exists some (unknown)

Representing and reasoning with an agent's preferences is impofnction fromV’ to A which gives the ‘true’ degree of preference (of
tant in many applications of constraints formalisms. Preferences ar@.g. a user) of each complete tuple V. Constraint is understood

often most naturally only partially ordered, reflecting an agent be g giving upper bounds on the degrees of preference; we say, for

ing unable or unwilling to order certain choices, or wishing to delay¢,nction A7 : V — A. that M satisfiese (written: M = ¢) if and
making such an ordering decision. Most soft constraints formalism%my ifforallz € V M(z) < e(z'V<). For set of A-constraints

assume a total order on the degrees of preference. On the other hapd, ;g A-constraintd we defineC’ |= d if and only if every M

the elegant and general semiring-based CSP framework [1, 2] doggyisfying (every constraint in’ also satisfie. Soft constrainte”
allow a partially ordered set of preference degrees, but this partlaII)éXpreSS information about the preferences (of e.g., a user), and so

ordered set must form a distributive lattice; whilst this is convenienty ;- a4 expresses derived preference information, which may be
computationally, it restricts the representational power. This PaPefhought of as a property of the (user's) preferences.

constructs a logic of soft constraints where it is only assumed thatthe 1he semantic definition is not very helpful for computing the con-

set of preference_dggrees is a partially ordered _set, wi_th a maXimu%quenced of C; we need some more computationally useful char-
elementl and a minimum elemet A soft constraintassigns a pref- 5 terisation. To do this end we consider a special case first.

erence degree to a tuple, which is interpreted as an upper bound for
the overall preference degree of the tuple. When the partially ordered . L .
set is a distributive lattice, this reduces to the idempotent semiring2-2  The case whemd is a distributive lattice
based CSP approach, and the lattice operations can be used to defifg first look at this special case of a partial order. For finlte
a sound and complete proof theory, as shown in section 2.2. This ca 8,0,1,<) is a distributive lattice if and only if any, 3 € A
can also be viewed as a lattice-valued possibilistic logic [3], as showp gye g_reatest lower bourdA 3 in A (so thaty < a, 3 implies
in [6]. In section 2.3 the generally partially ordered case is consid- < aAB < a,pj), and a least upper bounrdV 3 in A (so that
ered. It is shown how a particular embedding of a partially orderedm 3 < ~impliesa, 3 < a'V 3 < ~), which satisfy the distributivity
setin a distributive lattice allows sound and complete deduction to bgoperty: for alla, 3,y € A, v A (@ V B) = (y A ) V (v A B).
per.formed in the general case, by using deduction in the distributive The |attice properties enable us to define combination and projec-
lattice case. _ o tion of A-constraints. Let : V. — A andd : V; — A be two A-
This paper is a condensed version of [7], which is based on [6].  constraints. Their combinatian d is the A-constraint on variables

V. UV, given by, fory € V. U Vg, (e Ad)(y) = c(ytVe) Ad(ytVe).
2 A LOGIC OF SOFT CONSTRAINTS FLOJU C Ve, ClU, the prOjeCti%n ot to U, ?S given by fOI’u e U, .

Y u) =\ {e(y) : y € Ve, y*Y = u}. 1y is the constraint on vari-
Let V be a finite set of variables, where each variakles V has ~ ablesU whichis everywhere equal to for all u € U, 1y (u) = 1.
finite domainX. For U C V, defineU to be the set of possible A simple spund anq complete proof theory can be defined using
assignments to variablds, that is,[] ., X. A complete tuplez these operations. Define the proof theory by the axignand infer-

is an element of/. ForU C V let z'U be the projection of: to "¢ rules:
variablesU.

— Fromcandd deducec A d.

I This work has received support from Science Foundation Ireland under For each Constlrglm andl € V. the following inference rule:
Grant 00/P1.1/C075 From c deducec*” .

2 Cork Constraint Computation Centre, Department of Computer Science; WhenV, = Vg andc < d (i.e., forally € V¢, c(y) < d(y)):
University College Cork, Cork, Ireland, n.wilson@4c.ucc.ie From ¢ deduced.




Theorem 1 (Soundness and Completeness) = d if and only if
(A\CAly,)tYe < dif and only ifd can be proved froni’ using the
axiom and inference rules.

Qg(B). These relations contaid, and are monotonic (decreasing)
with respect taB: if B’ C Bthen<p D <p D <, so thata < 3
impliesa: <p 3, which impliesa <5/ 3.
Letm = |A|—1. We list the elements of in an order compatible
An important derived inference rule is elimination of a variable: with <, starting with0, so thatay = 0, and ifa; < «; theni < j.
For variableX € V, combine all constraints involving that variable We build upA’, element by element, with the final sét beingA,,,.
and project tdJ — { X}, whereU is the set of variables involved in Define Ap = 0, and fori = 1,...,m, defineY;, Z; and A,
the combination. In fact [6, 7] this can be used as a complete proohductively as follows:
procedure, which is efficient if a good hypertree/join tree decompo- . . L .
sition can be found [5, 4]. — setY; = {«;} if there existsk < i with a; <4, , ax; otherwise
The formalism defined in 2.1 and 2.2 is strongly related to setY; = 0; .
semiring-based CSPs (Bistarelli et al, 97) [1]; as we showed in [6],” setZ; to be the set of alty; such that (ay < 4, (b} £ o, and
the notion of consequence defined above is the same as the natural(c) Q) DA, O
notion of consequence in idempotent semiring-based CSPs. So we letd; = A1 VYU Z
have a new and, in a certain sense, deeper, semantics for idempotgmjdingyi ensures that; A4, ar and hencey; A4/ ay fork > 4;

semiring-based CSPs. The previous semantics [2] treats the operaddingZ; ensures that; £4, a;, and hencey; 24 o, if j < i
tions of multiplicationA and additionv as primitives, and defines anda; £ «.)

the semantics in terms of them. The strength of this new semantics Finally, we letA’ = A,,, and defineQ = Q.-, i.e., for each
is that it assumes so little: essentially the whole system follows fromy, ¢ 4, Q(a) = {3 € 4’ : 3 < a}.
saying that the constraints express upper bounds on preference de-

grees for complete assignments [7].

2.3 The General Partially Ordered Set Case

Here we consider the general case, whdre= (A,0,1, <) is an
arbitrary partially ordered set that has a minimum elenteabd a
maximum element. This is important because we cannot in general
expect a set of partially ordered preference degrees to form a di

maintained, but without adding any extra ordering information. Then
we can use the proof procedures for the subset lattice case to ma

deductions for this general case. The following proposition gives suf
ficient conditions on an embeddidg for this to work.

Proposition 1 Let © be a finite set and lef) be a function fromA
to 2° satisfying (la < 8 <= Q(a) C Q(B), and (ii) for any
B C Aandf € (., Q(B), there exists: € Awith¢ € Q(a) C
Nses @(B). For eache : V. — A definec? : V. — 2° to bec
followed byQ, so thatc? (y) = Q(c(y)).

Let C be a set of.A-constraints, and defineC® to be
{c? : c€ C}. ThenC = difand only ifC? |= d€.

It is easy to find an embedding with the appropriate proper-

ties. In particular we can defin® to be A and Q(«) to be
{B € A : 3= a}(seebelow). However, ifl is large, working with
subsets ofd can be computationally expensive. We give a way of
constructing an embedding which can lead to much smélléran
A. We will consider embeddings of a particular form. L&t be a
subset ofd. Fora € AletQa/(a) bethesef{a’ € A’ : o' < a}.
It can easily be seen that for any/, the mappingy — Qa/ ()
satisfies (ii) above (using = ), and half of (i): ifa =< 3 then
Qa (@) C Qar(B), (by transitivity of <). SettingA’ = A — {0}
we get the other half of (i): i 4/ (a) C Q4+ () thena: < 3. How-
ever, we can very often find a much smallrthat still satisfies both
conditions (i) and (i) of the proposition, as shown below.

Construction of a particulard’

For B C A define relations<p by a <p g if and only if
g for all v € B such thaty < «, i.e., if and only ifQg(«)

IN 1A

S
tributive lattice. Our approach is to embed the partially ordered se
in a lattice of subsets in such a way that the ordering information is

Theorem 2 With the above definition od’ and Q, the relations=<
and < 4+ are the same, and for alt, 8 € A, o < g if and only if
Q(a) C Q(3). FurthermoreC' |= d if and only ifC€ = d€.

The purpose of the construction is to produce an embedding into
not too large a set. In the worst case, whers a total order, the set
A'isjustA — {0}, so|A’| = |A| — 1. The other extreme is whe#

is the lattice of all subsets of a S8t Then A’ is the set of singleton
subsets of2 so|A'| = || = log, |A|.
This theorem gives us a sound and complete method for determin-

ng if inferences of the forn®” |= d hold (for generald-constraints):

Kve con/structA’ and @ as defined above, convert theconstraints

ifito 24 -constraints, and use the machinery provided for the distribu-
tive lattice case (Theorem 1, and in particular, the variable elimina-
tion inference rule) to determined@® |= d<. This procedure will be
efficient if the partially ordered set is not too large, given appropriate

structure on the constraints’ variables.
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