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Abstract

Semiconductor heterostructures have been long established for a variety of applications, par-

ticularly in photonic devices such as light-emitting diodes (LEDs) and lasers, in addition to

photodetectors and optical amplifiers. Predictive simulations are key to support the devel-

opment of these technologies. In this Thesis we employ both first-principles and continuum

empirical – based respectively on density functional theory (DFT) and the k · p method – cal-

culations to analyse and optimise III-V semiconductor heterostructures for light emission and

detection.

III-V superlattices (SLs) have attracted significant interest for emission and detection at mid-

infrared (mid-IR) wavelengths, for applications relevant to the environmental, industrial, med-

ical, agricultural and defence sectors. We develop a robust framework to rigorously analyse

the electronic and optical properties of III-V SLs. We employ a semi-analytical plane wave

expansion method in conjunction with an 8-band k · p Hamiltonian to compute SL electronic

structure, paying careful attention to the identification and mitigation of spurious solutions.

The calculated SL eigenstates are then used directly to compute optical emission and absorp-

tion spectra, which are in turn used to define figures of merit that allow for in silico optimisation

of SL structures for applications as mid-IR emitters and photodetectors.

Firstly, we present a theoretical analysis of mid-IR radiative recombination in InAs/GaSb SLs.

The calculated SL eigenstates are used directly to compute spontaneous emission spectra and

the radiative recombination coefficient B. We elucidate the origin of the relatively large B

coefficients in InAs/GaSb SLs which, despite the presence of spatially indirect (type-II-like)

carrier confinement, are close to that of bulk InAs and compare favourably to those calculated

for mid-IR type-I pseudomorphic and metamorphic quantum well structures having comparable

emission wavelengths. Our analysis explicitly quantifies the roles played by carrier localisation

(specifically, partial delocalisation of bound electron states) and miniband formation (specif-

ically, miniband occupation and optical selection rules) in determining the magnitude of B

and its temperature dependence. Across the 3.5 - 7 µm wavelength range we use the room

temperature B coefficient as a figure of merit. We identify that B is governed by the relative

thickness of the electron-confining InAs and hole-confining GaSb layers, with our analysis of

B vs. relative thickness providing guidance for the growth of optimised SLs for mid-IR light

emitters. These results, combined with the expected low non-radiative Auger recombination

rates in structures having spatially indirect electron and hole confinement, corroborate recently

observed high output power in prototype InAs/GaSb SL inter-band cascade LEDs.

Secondly, we perform a systematic optimisation of 3 - 5 µm photodetection in strain-balanced

InAs/InAs1−xSbx SLs, which constitute an emerging platform for the development of efficient

mid-IR photodetectors. Growing strain-balanced SLs allows to realise high material quality

x
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in structures containing up to several hundred SL periods, by mitigating defect formation as-

sociated with lattice relaxation. For a given target detector cut-off wavelength we employ

continuum elasticity theory to identify a strain-balanced SL at each Sb composition x. We then

utilise the calculated SL electronic structure to compute the optical absorption spectrum. The

SL absorption spectra are used in a model calculation of the internal quantum efficiency (IQE)

for photocurrent generation which is employed as a figure of merit to quantify photodetector

performance. We demonstrate that increasing the Sb composition to x ≈ 30% can increase the

(relative) IQE at fixed cut-off wavelength by ≈ 15%, with minimal additional improvement in

performance expected at higher Sb compositions.

Thirdly, we then develop an improved set of band parameters for the III-P semiconductors,

which we extract from a comprehensive suite of DFT calculations. Despite their relevance to

the development of quantum-confined heterostructures for classical and quantum applications,

there remains significant uncertainty regarding several key band parameters for the III-P semi-

conductors AlP, GaP and InP. In literature reports, there is significant uncertainty regarding:

(i) the direct band gap in AlP, the magnitude of which varies by approximately 1 eV, and (ii)

the reported band edge deformation potentials for III-P compounds. Using hybrid-functional

first-principles calculations we demonstrate that the Γ6c-Γ8v band gap of AlP is approximately

1 eV larger than the widely assumed value of 3.63 eV. This prediction is validated by using the

predicted inter-band transition energies to reevaluate literature spectroscopic ellipsometry data.

Having validated our calculated band structures vs. experimental and theoretical literature data,

we compute a comprehensive and consistent set of band parameters for III-P semiconductors,

including: direct and indirect band gaps, band edge effective masses, inter-band momentum

(Kane) matrix elements, band edge deformation potentials, direct and indirect band gap pres-

sure coefficients, and valence band offsets. Our revised parameter sets reconcile the large spread

in reported values for the direct band gap of AlP, and the energy ordering of the AlP conduction

band valleys, in addition to providing a consistent set of band edge deformation potentials for

GaP and InP. Overall, our DFT calculations enable us to extract a complete and consistent set

of 8-band k · p parameters for III-P semiconductors, providing an improved basis upon which

to develop predictive calculations of the electronic and optical properties of pseudomorphic and

metamorphic III-P heterostructures.
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Abbreviations

This list defines some of the commonly used abbreviations which appear throughout this Thesis.

For the readers ease these abbreviations are also defined in their instance in each chapter.

DFT Density functional theory – A quantum mechanical method allows to calculate the

structural and electronic properties of materials by expressing the total energy as a

functional of the electron density.

EFA Envelope function approximation – A quantum mechanical approximation that fac-

torises a wave function into the product of a rapidly oscillating atomic-scale Bloch

function, and a slowly varying envelope functions.

HSEsol Heyd-Scuseria-Ernzerhof hybrid functional for solids – A hybrid density functional

that includes a fraction of exact (Hartree-Fock) exchange, optimised for solid-state

calculations with improved band gap predictions.

LDA Local density approximation – A simple approximation in DFT that treats the exchange-

correlation energy as if the electron density were locally uniform.

LED Light-emitting diode – A semiconductor device that converts electrical current into

light through radiative recombination of electrons and holes.

MIA Microscopic interface asymmetry – The atomic-scale structural differences between

nominally equivalent interfaces that break the assumed mirror symmetry in contin-

uum electronic structure calculations.

Mid-IR Mid-infrared – Electromagnetic radiation having wavelengths 3 - 30 µm, an important

spectral range for biological, environmental and industrial applications.

PWEM Plane wave expansion method – A computational technique that expresses electronic

envelope functions as linear combinations of plane wave basis functions, exploiting

the periodicity of crystalline materials.

QCL Quantum cascade laser – A semiconductor laser that operates through inter-subband

transitions within the conduction band, achieving lasing through a cascade of electrons

through neighbouring quantum wells.

xv



Contents xvi

QW Quantum well – A quantum-confined heterostructure that confines particles (electrons

or holes) in one dimension while allowing free motion in the other two dimensions.

SB Spurious band – A non-physical solution of the coupled envelope function (Schrödinger)

equations for a heterostructure, that “pollutes” numerical calculations, with poten-

tially deleterious effects on the predicted properties.

SBSL Strain-balanced superlattice – A superlattice design where tensile and compressive

strains from different layers admit net zero stress, preventing the accumulation of

strain that can drive formation of structural defects.

SE Spontaneous emission – Radiative recombination of an electron-hole pair, emitting a

photon without external stimulation.

SL Superlattice – A periodic structure of alternating thin semiconductor layers with dif-

ferent band gaps, creating a one-dimensional artificial crystal with modified electronic

properties.

TB-mBJ Tran-Blaha modified Becke-Johnson – An exchange potential that, when combined

with the LDA to the electronic correlation, serves as a meta-generalised gradient

approximation functional that provides accurate band gaps for semiconductors at

low computational cost.



Chapter 1

Introduction and overview

In this introductory chapter we begin by presenting the background and motivation for the

research contained in the subsequent chapters. We then provide an outline of the structure of

the Thesis, and an overview of the primary results.

1.1 Background and motivation

Semiconductor photonic devices, such as light-emitting diodes (LEDs), laser diodes, and pho-

todetectors, have long been established for a variety of applications. Many important organic

and inorganic molecules possess characteristic absorption lines in their vibrational-rotational

spectra at mid-infrared (mid-IR) wavelengths [1]. The absorption features associated with

a number of biologically, environmentally and industrially important molecules are shown in

Fig. 1.1. These absorption spectra admit little overlap in many key absorption features for dif-

ferent molecules, allowing for what is known as “molecular fingerprinting” in mid-IR gas sensors

[1]. As a result, mid-IR gas sensing is in demand for a broad range of applications relevant to

the environmental, industrial, medical, agricultural and defence sectors [2–7]. The 3 - 5 µm

wavelength range is of particular interest for a number of reasons. Firstly, it is the first IR

atmospheric window, within which there is minimal absorption of thermal radiation, thereby

allowing for robust detection of signals. Secondly, the 3 - 5 µm wavelength range, in partic-

ular 3 - 4 µm, has traditionally been a challenging range within which to develop LEDs and

diode lasers [8]. For both emitters and detectors, a number of existing technologies operating at

these wavelengths pose significant issues for realising the desired efficacy. Mid-IR emission has

been achieved with quantum cascade lasers (QCLs). While this technology is well established

[4, 9, 10], QCL performance degrades for wavelengths ≲ 4 µm and their deployment presents

the dual challenges of complex fabrication and high cost. Mid-IR photodetectors are another es-

tablished technology, with existing devices based on mercury cadmium telluride, Hg1−xCdxTe,

1



Introduction and overview 2

Figure 1.1: Mid-infrared absorption spectra of selected molecules with their relative intensi-
ties. Water (H2O), carbon dioxide (CO2), carbon monoxide (CO), nitric oxide (NO), nitrogen
dioxide (NO2), methane (CH4), ozone (O3), ammonia (NH3). Figure reprinted from Popa et
al., Sensors 19, 2076 (2019). Copyright 2019 MDPI.

materials [6, 11]. Their deployment sees limitations including high fabrication cost, required

cryogenic cooling, high non-radiative recombination rates, and large dark current due to band-

to-band tunneling at high temperature [6, 11]. Additionally, Hg1−xCdxTe materials contain

dangerous components which pose risks to the environment and human health [6].

An alternative platform for these types of mid-IR applications are III-V superlattices (SLs) [6].

SLs are periodic heterostructures consisting of large numbers of repeats of two, or more, alter-

nating thin layers of III-V semiconductor materials [12]. SLs can be considered as an engineered

bulk-like material for which quantum confinement along the growth direction in a QW breaks

symmetry, such that the component of the carrier wave vector along the growth direction is no

longer a “good” quantum number – i.e. the crystal momentum along the growth direction is not

a conserved quantity. Forming a SL restores periodicity along the growth direction, with the

quantised QW states acquiring so-called “miniband” energy dispersion, a result of the coupling

between QWs. III-V SLs offer flexible engineering of the electronic band structure, including

tuning the emission/absorption wavelength via the band gap and offer the potential for high

temperature device operation [6]. A number of III-V SL systems have therefore attracted signifi-

cant and sustained interest. Firstly, research effort on InAs/GaSb SLs and quantum wells (QWs)

has been sustained since their initial fabrication in the late-1970s [12]. In the calculation of het-

erostructure electronic properties, the definition of an absolute reference energy level allows for

the alignment of the conduction band (CB) and valence band (VB) offsets between constituent

semiconductors [13, 14]. An illustration of the three types of heterojunction band alignment is

shown in Fig. 1.2. From left to right we see type-I (“straddling-gap”), type-II (“staggered-gap”)
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Figure 1.2: Illustration of the three types of heterojunction band offsets, in the absence of
lattice mismatch. Moving left to right: type-I (“straddling-gap”), type-II (“staggered-gap”) and
type-III (“broken-gap”) band alignment.

and type-III (“broken-gap”) band alignment, in the absence of lattice mismatch. Owing to a

low lattice mismatch and a large VB offset [15], InAs/GaSb SLs possess type-III (“broken-gap”)

band offsets. This means that the VB maximum in GaSb lies higher in energy than the CB

minimum in InAs. These broken-gap band offsets produce spatially indirect carrier confine-

ment, akin to that in type-II heterostructures, meaning the electron and hole electronic states

are primarily confined in adjacent layers of the heterostructure. Prototype inter-band cascade

LEDs based on InAs/GaSb SLs have demonstrated promising performance [16]. While there

exists previous theoretical studies of this material system, a number of key factors have not

been considered. Previous calculations did not examine band filling effects vs. carrier density

and temperature via Fermi-Dirac statistics. As such, these factors were not incorporated into

rigorous calculations of the spontaneous emission rate and radiative recombination coefficient

B. Additionally, previous calculations have not included high-throughput calculations for the

in silico optimisation of InAs/GaSb structures to maximise the radiative recombination coeffi-

cient B at room temperature for a desired emission wavelength. Our calculations consider these

factors in detailed analysis, explicitly accounting for the underlying SL electronic structure.

Secondly, III-V SLs have emerged as an alternative to Hg1−xCdxTe-based detectors [6]. In

particular, InAs/GaSb and InAs/InAs1−xSbx based detectors have attracted sustained research

effort [6, 11, 17–20]. Over the past 10 - 15 years the Ga-free InAs/InAs1−xSbx system, pos-

sessing type-II band alignment, has garnered a large amount of interest [6]. This owes, in large

part, to the Ga-free design which simplifies growth [6] and mitigates the deleterious impact of

chemically inhomogenous interfaces, which can drive performance degradation via the forma-

tion of interfacial defects [21–24]. Previous analysis and optimisation has primarily focused on

the zone-centre electronic structure [25–29]. While such analysis has provided valuable guid-

ance, the associated consideration of the role of the SL electronic structure in determining the

optical properties pertinent to device applications is limited. This research gap emphasises the

requirement for further research to support the development of mid-IR photodetectors based

on InAs/InAs1−xSbx SLs. Our analysis defines an appropriate figure of merit for photodetector
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operation, which is then used as the basis of high-throughput calculations to identify optimised

structures for device applications.

Visible-wavelength (∼ 380 - 780 nm) photonics is another area of significant interest for a num-

ber of practical applications. Technologies including energy-efficient solid-state lighting, display

technologies for virtual and augmented reality applications, and visible-wavelength optical com-

munications require efficient and reliable device platforms, such as LEDs and semiconductor

lasers. An area of interest is that of heterostructures based on III-P semiconductor materials.

These systems are well established as the basis of red LEDs [30] and diode lasers [31–35]. There

remains significant interest in these heterostructures for the development of visible-wavelength

emitting devices for applications in solid-state lighting and in display technologies [36–38]. Ad-

ditionally, III-P semiconductor heterostructures continue to attract interest for applications in

integrated Si photonics [39–41] and for quantum computing as robust, high-temperature single-

and entangled-photon sources [42, 43].

Theoretical work, in support of experimental realisation of these technologies, requires accu-

rately parametrised models of the underlying III-P bulk electronic band structure and its de-

pendence on strain. Accurate material parameters, which are required to parametrise such

models, describing the individual constituent compounds of semiconductor alloys are crucial to

enable predictive alloy heterostructure calculations. This is key for ensuring accurate predic-

tions, e.g. the indirect to direct band gap transition in III-P alloys. The “fundamental” band

gap is the lowest energy band gap that exists between the filled VB and empty CB states in a

semiconductor. This fundamental gap can be indirect or direct in nature. If the band gap is

direct, the VB maximum and CB minimum reside at the same wave vector k in the Brillouin

zone. The momentum p = ℏω/c carried by an emitted or absorbed photon of energy ℏω is

∼ 10−4 times the crystal momentum ℏk ∼ ℏπ/a associated with the extent of the Brillouin

zone of a semiconductor having lattice parameter a. From the perspective of electron-hole pair

generation (recombination) via optical absorption (emission), the change ℏ∆k in crystal mo-

mentum is negligible with respect to the extent of the Brillouin zone. Optical transitions are

thus characterised by ∆k = 0. This means that radiative recombination involves an electron-

hole pair in which both carriers have equal wave vector k. If indirect, the VB maximum and CB

minimum reside at different wave vectors k and k′, rendering electron-hole pair generation opti-

cally forbidden. In an indirect-gap semiconductor, optical emission or absorption thus requires

simultaneous emission or absorption of a phonon of wave vector k − k′ to conserve net-zero

crystal momentum. The rate of indirect electron-hole pair generation or recombination thus

depends on the product of (i) an inter-band optical matrix element, and (ii) an electron-phonon

matrix element. This most often suppresses the overall generation or recombination rate. The

radiative recombination rate in an indirect-gap semiconductor is thus often several orders of

magnitude lower than that associated with a direct-gap semiconductor. In Figs. 1.3(a) and

1.3(b) we show the band structure of GaP and InP, respectively. These band structures are
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Figure 1.3: DFT-calculated band structure for (a) GaP and (b) InP. Calculated using HSEsol
exchange-correlation functionals. The exact exchange mixing was adjusted to fit to the exper-
imental zero-temperature fundamental indirect (direct) band gap in GaP (InP), taken from
Ref. [44]. The zero of energy is set at the valence band maximum in both (a) and (b). Further
details regarding these calculations follow in Chapter 6.

calculated via density functional theory (DFT) (cf. Chapters 3 and 6). GaP possesses an indi-

rect fundamental band gap, with the VB maximum residing at the Γ-point – i.e. the Brillouin

zone centre at k = 0, and the CB minimum at the X-point – i.e. at the Brillouin zone edge,

close to k = (2πa , 0, 0) and equivalent k points. InP possesses a direct fundamental band gap,

with both the VB maximum and CB minimum residing at the Γ-point. In a semiconductor

alloy, e.g. InxGa1−xP, the determination of the composition at which the fundamental band gap

becomes direct is crucial for the design and realisation of photonic devices.

The III-P semiconductor compounds suffer from large uncertainties in key electronic band pa-

rameters [44, 45], which limits the ability to perform predictive heterostructure calculations, and

hence reliable in silico device design. Notable examples for AlP are the direct band gap, and

relative energy and ordering of the CB valley minima. Large uncertainties exist for other III-P

electronic band parameters, e.g. the effective masses, and hydrostatic deformation potentials.

Additionally, a number of parameters have never been explicitly computed for AlP, GaP and

InP, having been inferred based on, e.g., extrapolation of experimental measurements on III-P

alloys [44]. Interrogation of the existing literature revealed the necessity for rigorous examina-

tion of the electronic structure of AlP, GaP and InP, with the extraction of key electronic band

parameters [45]. This will underpin accurate predictive simulations of the application rich III-P

alloy heterostructures, enabling the guidance and support of experimental device realisations.

We perform a comprehensive set of DFT calculations to produce a complete and acccurate set

of band parameters for III-P compounds.
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1.2 Structure of the thesis and overview of primary results

This Thesis has two main areas of focus. Firstly, the simulation and in silico optimisation of

III-V SLs for applications as emitters and detectors in the 3 - 5 µm mid-IR wavelength range.

Secondly, the calculation from first principles of a comprehensive and consistent set of band

parameters for III-P semiconductors. We now outline the remaining chapters of this Thesis,

and provide an overview of the key results presented therein.

In Chapter 2 we present the multi-band k · p-based calculational framework that is employed

for the analysis of III-V SLs. This framework is used in our analysis of radiative recombination

in InAs/GaSb SLs in Chapter 4, and of optical absorption in InAs/InAs1−xSbx strain-balanced

SLs (SBSLs) in Chapter 5. We outline the 8-band k · p Hamiltonian, and describe the semi-

analytical plane wave expansion method (PWEM) we employ to solve the coupled multi-band

k · p envelope function Schrödinger equations and compute the heterostructure electronic and

optical properties. To accurately analyse the electronic structure of SLs we must consider

the miniband dispersion along the growth direction. This dispersion is encapsulated via the

miniband wave vector q, which is neglected in typical plane wave k · p-based heterostructure

calculations. Having outlined the inclusion of this miniband dispersion, we then provide a

demonstration of the application of the semi-analytical plane wave expansion method for SLs

by computing the miniband dispersion of the textbook Kronig-Penney model. We conclude

by describing the computation of the inter-band (optical) momentum matrix elements between

pairs of electron and hole eigenstates. The spontaneous emission and optical absorption spectra

are determined in large part by these momentum matrix elements, and therefore require rigorous

computation to analyse III-V SLs for applications as emitters and photodetectors in the mid-IR

spectral range.

In Chapter 3 we present an outline of DFT and considerations for its implementation. This

is the basis for our determination of band parameters for III-P semiconductors in Chapter 6.

Here we present an overview of the key aspects and considerations relevant to this work. We

begin by outlining Kohn-Sham DFT, and how it enables ab initio quantitative predictions of

material properties. We then introduce practical elements related to the implementation of

DFT calculations. This includes a description of pseudopotentials, the projector-augmented

wave method employed in this work, and the plane wave formalism. We finish with a brief

description of the DFT code employed in this work, the Vienna Ab-initio Simulation Package

(VASP).

In Chapter 4 we present an analysis of radiative recombination in InAs/GaSb SLs, quantify-

ing their optimisation in the context of mid-IR LED applications. We implement and apply

the multi-band k · p-based plane wave calculations described in Chapter 2 to compute the full

k-dependent SL band dispersion and eigenstates. Employing a renormalisation of the bulk
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inter-band optical matrix element we demonstrate the ability to reliably mitigate the impact

of so-called spurious solutions in heterostructure calculations (cf. Appendix A), thereby en-

suring the ability to preform reliable SL electronic structure calculations. To our knowledge,

previous work has not computed the full SL spontaneous emission (SE) spectra, performed

detailed analysis of the contributing factors to the radiative recombination rate, or performed

high-throughput calculations to identify optimised structures. We begin by examining the oc-

cupation by electrons and holes of miniband states, possessing non-zero wave vector q along the

growth direction, to quantify the temperature dependence of the SE peak energy compared to

that of the fundamental zone-centre SL band gap. Our analysis, validated via comparison to

experimental electroluminescence measurements, shows that this occupation acts to decrease

this temperature dependence. We then consider in detail the nature of radiative recombination

in exemplar InAs/GaSb SLs having equal InAs and GaSb layer thicknesses. We investigate

and quantify the impact of miniband formation on the SE rate and radiative recombination

coefficient B. Our calculations predict a high B coefficient, approaching that calculated pre-

viously for two novel classes of type-I mid-IR QWs [8, 46] despite the presence of type-II-like

(spatially indirect) carrier confinement. Detailed analysis reveals the important roles played by

carrier localisation, occupation of miniband states, and wave vector dependence of the inter-

band optical matrix elements. Our analysis of the SL electronic structure identifies a significant

mismatch in the ranges in q over which the electron and hole states occupy the electron and

hole minibands, respectively. This mismatch in miniband occupancy, combined with the re-

quirement to conserve crystal momentum during radiative electron-hole recombination, can –

at low temperature – significantly reduce the number of electron-hole pairs that can undergo

optical (direct) recombination. Thus, miniband formation decreases both the magnitude of B

and its dependence on temperature. This decrease in the magnitude of B is less pronounced at

higher temperatures as states at a greater range of q become occupied. We then performed a

systematic analysis of SLs having unequal layer thicknesses, for which we performed optimisa-

tion of B as a function of emission wavelength at room temperature. Our calculations predict

that, for emission between 3 and 7 µm, InAs/GaSb SLs should have InAs layer thickness greater

than or equal to that of the GaSb layers, with the ratio of the thickness in the InAs layer to that

of the GaSb layer increasing from 1 at 3 µm to 2 at 7 µm to maximise the room temperature

radiative recombination coefficient B.

In Chapter 5 we present an analysis of optical absorption in InAs/InAs1−xSbx SBSLs for mid-IR

photodetectors operating in the 3 - 5 µm wavelength range. This is achieved by extending the

computational framework described in Chapter 2, and applied to investigate radiative recombi-

nation in Chapter 4, to compute the optical absorption. By enforcing fixed cut-off wavelength

λcut (= 5, 5.5 and 6 µm), in addition to strain-balancing with respect to a GaSb substrate,

we systematically identify SBSLs at fixed Sb compositions x = 18 - 40%. In targeting struc-

tures compatible with established epitaxial growth, our calculations highlight that for large Sb



composition x the identified SBSLs are challenging, but achievable, to actualise with existing

growth techniques. For each identified SBSL we compute the band-to-band optical absorption

spectrum, revealing the ability to engineer an increase in optical absorption in the 3 - 5 µm

range with increasing Sb composition x. In order to understand the potential for optimised pho-

todetection and provide an appropriate figure of merit, the calculated SBSL absorption spectra

were employed in a model calculation of the internal quantum efficiency (IQE). Our calculations

identify target Sb compositions for optimised photodetection in the 3 - 5 µm spectral range,

for all of the targeted cut-off wavelengths. Our calculations reveal the competing factors in the

electronic structure which drive the behaviour of the IQE. Additionally, our calculations reveal

the extent to which the IQE can be enhanced by designing structures to have longer cut-off

wavelength, where we see sizable increase in the IQE at fixed Sb composition x moving from

λcut = 5 µm to λcut = 5.5 µm. We predict minimal additional enhancement for photodetection

in the 3 - 5 µm window beyond λcut = 5.5 µm.

In Chapter 6 we present an analysis of the electronic band parameters of the III-P semicon-

ductors AlP, GaP and InP. Interrogation of theoretical and experimental data from literature

revealed significant uncertainties in key electronic band parameters for III-P semiconductors. To

address this uncertainty, we carry out a comprehensive set of DFT calculations of the electronic

structure of AlP, GaP and InP. We demonstrate that by carrying out appropriate empirical

fitting of DFT input parameters we can produce a reliable description of the band edge elec-

tronic structure. Where available, our DFT calculations are in good quantitative agreement

with literature experimental and theoretical data. For AlP, we identify large uncertainties in

several key band parameters, notably the value of the direct band gap, for which a value with

large uncertainty has proliferated in the literature over the past several decades. For AlP, using

our DFT-calculated electronic structure we undertake a critical assessment of literature spec-

troscopic ellipsometry data. Our investigation revises a number of key band parameters, most

notably the direct band gap in AlP. Additionally, a number of the parameters we present are

computed explicitly here for the first time. In order to underpin accurate predictive heterostruc-

ture calculations, we extract a robust and consistent set of electronic band parameters for AlP,

GaP and InP.

In Chapter 7 we conclude and summarise our results. This is followed by an outlook, in which

we discuss potential next steps to build upon the results developed in this Thesis.





Chapter 2

Theoretical background: the k · p and

plane wave expansion methods

In this Chapter we outline the theoretical methods used in our analysis of radiative recombina-

tion in InAs/GaSb superlattices (SLs) in Chapter 4, and of optical absorption in InAs/InAs1−xSbx
strain-balanced SLs in Chapter 5. We begin in Sec. 2.1 by providing general background on the

k·p method, and describe the 8-band k·p Hamiltonian employed in this Thesis. In Sec. 2.1.1 we

introduce the k ·p method for an electron in a periodic solid using time-independent (Rayleigh-

Schrödinger) perturbation theory, which allows us to treat the k·p coupling as a small perturba-

tion. In Sec. 2.1.1 we also present the form of this technique for the description of degenerate en-

ergy bands in a semiconductor, using the Löwdin renormalisation approach to time-independent

perturbation theory. This approach partitions the material eigenstates into two sets: (A) the

bands we wish to incorporate in our k · p Hamiltonian, and (B) other “energetically remote”

bands. Löwdin renormalisation block diagonalises the resulting Hamiltonian, incorporating the

impact of states B in a perturbative Hamiltonian that explicitly treats states A. In Sec. 2.1.2

we present the 8-band k · p Hamiltonian that underpins our SL calculations in Chapters 4 and

5. In Sec. 2.2, we introduce the techniques employed in our implementation of the 8-band k · p
Hamiltonian described in Sec. 2.1.2. In Sec. 2.2.1 we outline the plane wave expansion method

(PWEM) in the envelope function approximation (EFA) for the calculation of heterostructure

electronic properties. This includes treatment of the SL miniband dispersion. In Sec. 2.2.2, we

provide an example of the application of this approach, by considering a 1-band (Schrödinger)

model of the Kronig-Penney model of a periodic SL potential. Next, in Sec. 2.2.3 we outline of

the application of the PWEM in conjunction with the 8-band k ·p Hamiltonian, and detail our

procedure for the calculation of inter-band (optical) momentum matrix elements, which enable

the calculation of optical properties, including the spontaneous emission and optical absorption

spectra. Finally, in Sec. 2.3 we summarise and conclude.

9
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2.1 The k · p method

In this Section we will outline the k · p method. This method employs the eigenstates of the

crystal Hamiltonian at a given wave vector k0 as a basis, and allows to calculate the eigenstates

at nearby wave vectors k via time-independent perturbation theory. In practice, the k · p
interaction is treated as a small perturbation that couples different band states at a reference

wave vector k0. With this general form outlined, we then present the 8-band k ·p Hamiltonian

employed in the calculations described in Chapters 4 and 5.

2.1.1 Outline of the k · p method

The time-independent Schrödinger equation for an electron in a periodic crystal, and associated

Hamiltonian Ĥ0, at wave vector k, is [13, 45, 47]

Ĥ0ψn(k, r) = En(k)ψn(k, r) , (2.1)

Ĥ0 = − ℏ2

2m0
∇2 + V0(r) , (2.2)

where V0 is the periodic potential of the crystal with periodicity V0(r) = V0(r + R), with

R = n1a1 + n2a2 + n3a3 a Bravais lattice vector described by the lattice vectors a1, a2 and

a3, with ni ∈ Z. Using Bloch’s theorem the electron wave function, having energy dispersion

En(k) described by the Bloch wave vector k, can be written in the form [48]

ψn(k) = eik·run(k, r) , (2.3)

where un(k, r) is a cell-periodic function, un(k, r) = un(k, r + R). Wanting to compute the

band energies En(k) at a given wave vector k, close to the wave vector k0 at which we know

the solutions of Eq. (2.1), we can use Eqs. (2.1) and (2.3). Substituting k → k − k0, which

shifts the origin of the wave vector expansion to k0, we can write

[
− ℏ2

2m0
∇2 + V0(r)

] [
ei(k−k0)·run(k − k0, r)

]
= En(k − k0)e

i(k−k0)·run(k − k0, r) . (2.4)

Applying the Laplacian, we can write the k-dependent Schrödinger equation, and k-dependent

contribution to the Hamiltonian Ĥ ′, for the periodic function un(k − k0, r) as
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(
Ĥ0 + Ĥ ′

)
un(k − k0, r) = En(k − k0)un(k − k0, r) , (2.5)

Ĥ ′ =
ℏ2

2m0
|k − k0|2 +

ℏ
m0

(k − k0) · p , (2.6)

where p = −iℏ∇ is the momentum operator. The k · p method seeks to solve Eq. (2.5),

which includes the k-dependent Hamiltonian Ĥ ′ of Eq. (2.6), otherwise referred to as the k · p
Hamiltonian. For a known value of En(k0), and assuming a known periodic function un(0, r) at

k = k0, the band structure En(k− k0) can then be evaluated in the vicinity of k0 by applying

time-independent perturbation theory. To second-order in k − k0, and writing un(r,k0) =

⟨r|un(k0)⟩, En(k − k0) can be written as

En(k − k0) = ⟨un(k0)| Ĥ0 + Ĥ ′ |un(k0)⟩

= En(k0) +
ℏ2|k − k0|2

2m0
⟨un(k0)|un(k0)⟩+

ℏ(k − k0)

m0
⟨un(k0)|p |un(k0)⟩ .(2.7)

Operating with the momentum k = −i∇ introduces a change in parity of the periodic functions,

un(r,k0) such that the term linear in k in Eq. (2.7) vanishes, leaving terms of second-order in

k, i.e. ∼ O(k2). Due to the orthonormality of the periodic functions |un(k0)⟩, we can write

⟨um(k0)|un(k0)⟩ = δmn. We can therefore write Eq. (2.7) as

En(k − k0) = En(k0) +
ℏ2|k − k0|2

2m0
. (2.8)

This description of the band structure has not taken into account spin-orbit coupling or the

interaction between multiple bands, which are required to produce an accurate description of

the band structure of a real semiconductor using the k · p method. Typical multi-band k · p
methods aim to describe the band structure within a narrow range of wave vector k. The

perturbative nature of the method allows for an accurate quantitative description in a small

range of wave vectors close to k0 [45].

To account for the interaction between bands we must now introduce an inter-band coupling

correction to Eq. (2.8). Using Löwdin renormalisation [13, 49], we can divide the eigenstates

at wave vector k0 into two classes, A and B. Our chosen basis states are those in class A, the

interaction between which will be included explicitly in the Hamiltonian. Class B consists of

all other bands outside of class A, which are typically energetically remote from class A. The

k · p Hamiltonian, using second-order perturbation theory for degenerate bands, is then given

as [13, 47]
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Hmn(k) = En(k0)δmn +H ′
mn(k) +

∑
l∈A̸=n

H ′
ml(k)H

′
ln(k)

En(k0)− El(k0)
+
∑
γ∈B

H ′
mγ(k)H ′

γn(k)
EA(k0)− Eγ(k0)

, (2.9)

where interactions between states in class A, and the impact of coupling to class B states, are

described by the first and second sum respectively. In practice, class B states are assumed to

be energetically remote from class A states. This means the quantity EA(k0) in the second

sum denotes some appropriate average energy of class A states. Further detail regarding the

derivation of Eq. (2.9) can be found in Appendix B of Ref. [45].

Using Eq. (2.9), the band structure En(k) at wave vector k can be calculated knowing (i) the

periodic basis functions un(k0) for the bands in class A, (ii) the band edge energies of the basis

states (class A) at the reference wave vector k0, and (iii) the perturbation sums describing

electronic coupling between the class A and B states. This approach is typically applied for

electronic structure calculations near high symmetry points in the Brillouin zone (BZ), close

in energy to the conduction and/or valence band edges. These symmetry-distinct perturbation

sums are then assigned values, that we treat as empirical parameters to parametrise the band

structure, the latter being computed by diagonalising the Hamiltonian matrix derived in the

basis of class A states. An example of such a parametrisation comes from the so-called effective

mass approximation. In the effective mass approximation the energy dispersion En(k) can be

written in terms of the (inverse) effective mass tensor, which, in units of free electron mass m0,

is expressed as [45, 50]

1

m∗
ij

= δij +
1

m0

∑
m∈A̸=n

p
(i)
nmp

(j)
mn + p

(j)
nmp

(i)
mn

En(0)− Em(0)
+

1

m0

∑
m∈B

p
(i)
nmp

(j)
mn + p

(j)
nmp

(i)
mn

EA(0)− EB(0)
. (2.10)

where p(i)mn is the momentum matrix element describing the coupling between states m and n

(cf. Sec. 2.2.3).

In choosing basis functions for the k · p Hamiltonian, we note that in III-V semiconductors

eigenstates close to the valence band (VB) and conduction band (CB) edges can be well de-

scribed as sp3 hybridised linear combinations of atomic orbitals [45]. Therefore, we work with a

basis of Bloch states that are linear combinations of atomic s-, px-, py- and pz-like orbitals. The

subscript m (n), and superscript i (j), for p(i)mn in Eq. (2.10) correspond to the m (n) functions

and the i (j) component of the momentum matrix, respectively.

The zone-centre effective mass tensor for the VBs is defined using the Luttinger parameters

γ Li for cubic crystals [44]. The assumption of px-, py- and pz-like basis states produces three

symmetry-distinct perturbation sums (cf. Eq. (2.10)), which define the parameters K, M and

N [13, 45]
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K =
ℏ2

2m0

(
1 +

2

m0

∑
m∈B

p
(x)
xmp

(x)
mx

EA(0)− Em(0)

)
, (2.11)

M =
ℏ2

2m0

(
1 +

2

m0

∑
m∈B

p
(y)
xmp

(y)
mx

EA(0)− Em(0)

)
, (2.12)

N =
ℏ2

m2
0

∑
m∈B

p
(x)
xmp

(y)
my + p

(y)
xmp

(x)
my

EA(0)− Em(0)
. (2.13)

The parameters K, M and N define the Luttinger parameters as [13, 45]

γ L1 = −2m0

3ℏ2
(K + 2M) , (2.14)

γ L2 = −m0

3ℏ2
(K −M) , (2.15)

γ L3 = −m0

3ℏ2
N . (2.16)

These quantities are typically parametrised based on data obtained from experimental measure-

ments or first-principles calculations (cf. Chapter 6). In particular, the Luttinger parameters,

which are mathematically defined based on symmetry constraints, are treated as empirical pa-

rameters that determine the VB edge effective masses.

2.1.2 8-band k · p Hamiltonian

Having outlined the procedure for constructing a generalN -band k·p Hamiltonian (cf. Sec. 2.1.1),

we now present the 8-band k · p Hamiltonian for zinc-blende, including spin-orbit coupling

[45, 51, 52], that underpins our analysis of the optoelectronic structure of semiconductor SLs in

Chapters 4 and 5.

We work in a Cartesian coordinate system in which the x, y and z axes respectively align

with the [100], [010] and [001] cubic crystal principal axes. The 8-band k · p Hamiltonian

employed in this work is constructed using a basis of spin-degenerate Γ-point Bloch functions

|ub⟩ (b = 1, 2, . . . , 8) associated with the lowest energy CB, as well as the heavy-hole (HH),

light-hole (LH) and spin-split-off (SO) VBs [53]. These basis states, constructed as a linear

combination of s- and p-like atomic orbitals, are written as [45, 53]
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|u1⟩ = |s; ↑⟩ , (2.17)

|u2⟩ =
i√
2
[|x; ↑⟩+ i|y; ↑⟩] , (2.18)

|u3⟩ =
i√
6
[|x; ↓⟩+ i|y; ↓⟩ − 2|z; ↑⟩] , (2.19)

|u4⟩ =
i√
3
[|x; ↓⟩+ i|y; ↓⟩+ |z; ↑⟩] , (2.20)

|u5⟩ = −|s; ↓⟩ , (2.21)

|u6⟩ = − i√
2
[|x; ↓⟩ − i|y; ↓⟩] , (2.22)

|u7⟩ =
i√
6
[|x; ↑⟩ − i|y; ↑⟩+ 2|z; ↓⟩] , (2.23)

|u8⟩ =
i√
3
[|x; ↑⟩ − i|y; ↑⟩ − |z; ↓⟩] . (2.24)

These basis states |ub⟩ diagonalise the spin-orbit Hamiltonian, i.e. at k = 0 the Hamiltonian is

diagonal, with the diagonals then being the k = 0 band energies [53]. These basis states come

as Kramer’s pairs |ub+4⟩ = T̂ |ub⟩, where T̂ is the time-reversal operator, which relates states of

opposite spin [53]. Using these basis functions we can construct the 8-band k · p Hamiltonian

as [45, 53]

Ĥ =



ECB −
√
3T+

√
2U −U 0 0 −T− −

√
2T−

EHH
√
2S −S 0 0 −R −

√
2R

ELH Q T ∗
+ R 0

√
3S

ESO
√
2T ∗

+

√
2R −

√
3S 0

ECB −
√
3T−

√
2U −U

EHH
√
2S∗ −S∗

ELH Q

ESO


, (2.25)

where Eq. (2.25) is a Hermitian matrix so the below-diagonal terms are the complex conjugates

of the corresponding above-diagonal terms: Hnm(k) = H∗
mn(k). The functions that define the

matrix elements of Eq. (2.25) are given by
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ECB(k) = ECB0 +
ℏ2

2m0
sc

(
k2∥ + k2z

)
, (2.26)

EHH(k) = EVB0 −
ℏ2

2m0
(γ1 + γ2) k

2
∥ −

ℏ2

2m0
(γ1 − 2γ2) k

2
z , (2.27)

ELH(k) = EVB0 −
ℏ2

2m0
(γ1 − γ2) k

2
∥ −

ℏ2

2m0
(γ1 + 2γ2) k

2
z , (2.28)

ESO(k) = EVB0 −∆SO − ℏ2

2m0
γ1

(
k2∥ + k2z

)
, (2.29)

T±(k) =
1√
6
P (kx ± iky) , (2.30)

U(k) =
1√
3
Pkz , (2.31)

S(k) =

√
3

2

ℏ2

m0
γ3kz (kx − iky) , (2.32)

R(k) =

√
3

2

ℏ2

2m0

[
(γ2 + γ3) (kx − iky)

2 − (γ3 − γ2) (kx + iky)
2
]
, (2.33)

Q(k) = − 1√
2

ℏ2

m0
γ2k

2
∥ +

√
2
ℏ2

m0
γ2k

2
z , (2.34)

where ∆SO is the VB spin-orbit splitting energy, which describes the separation between the

SO VB and the LH and HH VBs at k = 0. sc is the renormalised inverse zone-centre CB

effective mass accounting for remote band contributions. Precise definition for sc is provided

in Chapter 4. γi are the modified VB Luttinger parameters, defined as γ1 = γ L1 − EP
3Eg

and

γ2,3 = γ L2,3 −
EP
6Eg

, where γ Li are the bare VB Luttinger parameters (cf. Eqs.(2.14) - (2.16)), Eg
is the Γ-point band gap, EP is the Kane parameter (cf. Secs. 4.2.1 and 6.4.3) and P is the

Kane matrix element (cf. Eq. (2.63)). As shown in Sec. 2.1.1, the Luttinger parameters γi can

be used to define the VB edge effective masses [13, 45]. The Luttinger parameters specify the

zone-centre HH and LH VB (inverse) effective masses along different crystal directions as [44]
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(
1

m∗
HH

)[001]

= γ1 − 2γ2 , (2.35)(
1

m∗
HH

)[110]

=
1

2
(2γ1 − γ2 − 3γ3) , (2.36)(

1

m∗
HH

)[111]

= γ1 − 2γ3 , (2.37)(
1

m∗
LH

)[001]

= γ1 + 2γ2 , (2.38)(
1

m∗
LH

)[110]

=
1

2
(2γ1 + γ2 + 3γ3) , (2.39)(

1

m∗
LH

)[111]

= γ1 + 2γ3 , (2.40)

and the SO VB edge (inverse) effective mass as [44]

1

m∗
SO

= γ1 −
EP ∆SO

3Eg (Eg +∆SO)
. (2.41)

We implement Eq. (2.25) using the axial approximation, which neglects the warping of the

valence bands in the x-y plane [45, 54]. This approximation eliminates the anisotropic non-

parabolicity of the band structure obtained by diagonalising Eq. (2.25), and imposes axial sym-

metry about kz. In the axial approximation, the band dispersion in the (001)-plane depends

only on the magnitude k∥ = |k∥| of the in-plane wave vector. This is achieved by neglecting the

(γ3 − γ2) term in the function R(k) (cf. Eq. (2.33)).

2.2 Envelope function approximation and plane wave expansion

method

In this Section we outline the techniques employed in applying the 8-band k · p Hamiltonian

presented in Sec. 2.1.2 to compute the electronic properties of SL heterostructures. We begin

by outlining the EFA and PWEM, through which we are able to express a general envelope

function Hamiltonian in a plane wave basis. Next, in Sec. 2.2.2 we provide a demonstration of the

technique outlined in Sec. 2.2.1 for a 1-band PWEM using a computational supercell of a single

SL period, explicitly including the miniband dispersion. We demonstrate the computational

efficiency of this approach, owing largely to the relatively small size of the plane wave basis

set required to achieve convergence of the calculated electronic properties. In Sec. 2.2.3, we

outline the application of this approach to the 8-band k · p Hamiltonian used in this Thesis,
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including the calculation of properties such as the inter-band matrix elements. We also describe

the inclusion of the miniband dispersion in the calculation of spectral properties, which will

be employed in our calculation of spontaneous emission in Chapter 4 and optical absorption in

Chapter 5.

2.2.1 Outline of the methods

We begin with a brief outline of the EFA, which begins using Bloch’s theorem, as in Eq. (2.3).

Using Bloch’s theorem, it is convenient to write the eigenstates |ψn(k, r)⟩ as linear combinations

of the Bloch states of the associated Hamiltonian [55]

|ψn(k, r)⟩ =
∑
G

anG(k)ei(q+G)·r |u(k)⟩ , (2.42)

where G are the reciprocal lattice vectors. In the EFA and expanding the wave function at

wave vector k, it is assumed that the periodic Bloch function |u(k)⟩ weakly depend on the wave

vector q = k − k0 in the vicinity of k0. As such, Eq. (2.42) can be approximated as

|ψn(k, r)⟩ ≈

(∑
G

anG(k) ei(q+G)·r

)
|u(k0)⟩ ,

≡ Fn(k, r) |u(k0)⟩ , (2.43)

where k0 is the band edge wave vector, and Fn(k, r) is a slowly-varying envelope function

defined as a linear combination of the Bloch components of the eigenstates |ψn(k, r)⟩. Equation

(2.43) defines the EFA, where the probability densities associated with |u(k0)⟩ and Fn(k, r) are

assumed to be normalised over the unit cell and crystal volume, respectively. In this Thesis we

consider SL heterostructures in which carrier eigenstates are localised along the growth direction

z via quantum confinement arising from the periodic SL potential, which for an N -band k · p
Hamiltonian means we can write Eq. (2.43) as

|ψn(k, z)⟩ =
N∑
b=1

Fnb(k, z) |ub⟩ , (2.44)

where Fnb(k, z) is the component of the carrier envelope function in subband n associated with

bulk band b, and |ub⟩ is the zone-centre Bloch state associated with bulk band b. For the

8-band k · p Hamiltonian employed in this Thesis, the corresponding Bloch states are given

in Eqs. (2.17) - (2.24). In our analysis of SL heterostructures we also consider wave vector k
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to not only consist of the in-plane wave vector k∥, but also the wave vector associated with

the miniband dispersion due to periodicity along the growth (z) direction. We denote the

miniband wave vector along the growth direction as q, which gives k =
(
k∥, q

)
. As described

in Chapter 1, the inclusion of the miniband dispersion is crucial in accurate description of the

SL optoelectronic properties, and is typically neglected in k · p-based methods. The choice of

neglecting the miniband dispersion is typically made since (i) thick surrounding barrier layers

in QW structures make the SL period L large, and hence q small, and (ii) electronic coupling

between QW eigenstates localised in neighbouring SL periods can generally be neglected. As

we will describe in Chapters 4 and 5, the SLs considered in this Thesis possess narrow barrier

layers. This means that the contributions associated with q cannot be neglected. The multi-

band envelope function equation can be expressed as

N∑
b=1

Ĥb′b(k)Fnb(k, z) = En(k)Fnb′(k, z) , (2.45)

where En(k) is the SL band structure, and Eq. (2.45) is obtained using the orthonormality of the

Bloch basis states, which gives ⟨ub′ |ub⟩ = δb′b. We note, the operator Ĥb′b(k) = ⟨ub′ | Ĥ(k) |ub⟩
is obtained by substituting kz → −i d

dz in the k · p matrix element Hb′b(k), and the resulting

differential operators are ordered with respect to the position-dependent material parameters to

ensure that the envelope functions Fnb(k, z) are continuous across the SL interfaces. Equation

(2.45) then represents a set of coupled differential equations, which can be solved to obtain the

SL band structure En(k) = En(k∥, q) and envelope functions Fnb(k, z). We will now outline

the PWEM, which can be used to solve Eq. (2.45).

The “semi-analytical” PWEM approach we employ in this work allows to write the quantised

matrix elements of a general N -band k · p Hamiltonian as analytical expressions. The evalua-

tion of these matrix elements does not rely on numerical differentiation or integration unlike,

e.g., finite difference methods [55]. The resulting matrix representation of the heterostructure

Hamiltonian can then be diagonalised to solve Eq. (2.45). We will begin our description of the

PWEM with the example of a 1-band (Schrödinger) model for the Kronig-Penney SL.

The 1-band Schrödinger equation in the EFA is

Ĥ Fn(z) = En Fn(z) , (2.46)

with the envelope function Hamiltonian Ĥ is given as

Ĥ = − ℏ2

2m0

d
dz

(
1

m∗(z)

d
dz

)
+ V (z) , (2.47)
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where m∗(z) and V (z) are the position-dependent relative effective mass and potential, respec-

tively. The PWEM consists of expanding the envelope function in a Fourier series as

Fn(z) =
1√
L

M∑
m=−M

anm e
i(Gm+q)z , (2.48)

where Gm = 2mπ
L , and m ∈ [−M, . . . ,M ] ∈ Z. As in our outline of the EFA, here we have

included the miniband wave vector q. Equation (2.48) indicates that each eigenstate of Eq. (2.47)

is described as a linear combination of a set of 2M + 1 plane wave basis functions, given as
1√
L
ei(Gm+q)z. These basis functions are periodic along the growth direction z such that, the

envelope functions Fn(z), which represent the eigenstates of Ĥ, are periodic on the closed

interval z ∈
[
−L

2 ,
L
2

]
. Here L is the period of this interval, or the SL period. describe this interval

as our calculational “supercell”, the miniband dispersion associated with which is described by

the wave vector − π
L ≤ q ≤ + π

L . Substituting Eq. (2.48) in Eq. (2.46) leads to a reciprocal

space eigenvalue equation, which is the plane wave representation of the Schrödinger equation.

In this equation, the eigenvectors are comprised of the Fourier coefficients anm of the envelope

function Fn(z).

We now conclude this section by outlining the derivation of the general form of the envelope func-

tion equation in the plane wave representation. The reciprocal space equivalent of Eq. (2.46),

substituting in Eq. (2.47), is expressed as [55]

M∑
m=−M

(
1

L

∫ L
2

−L
2

e−i(Gm′+q)z Ĥ ei(Gm+q)z dz

)
anm = En anm′ , (2.49)

where we have also multiplied across by e−i(Gm′+q)z and integrated over the supercell. We note,

the orthonormality of the plane wave basis functions over the supercell gives

1

L

∫ L/2

−L/2
ei(Gm−Gm′ )zdz = δmm′ . (2.50)

Rewriting the left side of Eq. (2.49) by defining the matrix elements Hm′m as

Hm′m =
1

L

∫ L
2

−L
2

e−i(Gm′+q)z Ĥ ei(Gm+q)z dz . (2.51)

so that Eq. (2.49) becomes
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M∑
m=−M

Hm′manm = Enanm′ , (2.52)

which is the plane wave representation of Eq. (2.46). The plane wave basis states of Eq. (2.48)

have therefore been used to generate the matrix representation presented in Eq. (2.51) for the

envelope function Hamiltonian Ĥ, for which Hm′m has dimensions (2M + 1)× (2M + 1) and is

Hermitian. The PWEM can be summarised in Eqs. (2.51) and (2.48), which can be respectively

used to calculate the matrix representation of a given envelope function Hamiltonian, and to

construct the corresponding eigenstates of the system in real space. We note that Eq. (2.48)

becomes exact in the limit M → ∞. The PWEM possesses significant advantages over real

space techniques, e.g. the finite difference method, since the number of components in Fourier

space required to represent Fn(z) is typically significantly less than the number of grid points

required to obtain the equivalent accuracy in a real space calculation [55].

2.2.2 Example: application of the plane wave expansion method to the
Kronig-Penney model

To demonstrate the accuracy and efficiency of the PWEM, we now apply the method to the

Kronig-Penney (K-P) model. The K-P superlattice corresponds to a 1-band model of an ide-

alised infinite SL [47]. As in Sec. 2.2.1 we assume that the calculational supercell, having period

L, lies along the z-direction in the range z ∈
[
−L

2 ,
L
2

]
. In this example we choose our QW to

have thickness a and lie in the range z ∈
[
−a

2 ,
a
2

]
, with barrier thickness b, such that the SL

has period L = a+ b. The potential profile is given as

V (z) =

{
0, |z| < a

2

V0, otherwise
(2.53)

and the effective mass in these regions is described piecewise continuously as

m∗(z) =

{
m∗
w, |z| < a

2

m∗
b , otherwise

(2.54)

where V0 is the QW potential depth, and m∗
w (m∗

b) is the effective mass in the well (barrier)

region.

To solve the K-P superlattice described by Eqs. (2.53) and (2.54), we begin by outlining the

derivation of the 1-band PWEM. Using Eqs. (2.47) and (2.51) we obtain
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Hm′m = − iℏ
2(Gm + q)

2m0L

∫ L
2

−L
2

e−i(Gm′+q)z d
dz

(
ei(Gm+q)z

m∗(z)

)
dz +

1

L

∫ L
2

−L
2

V (z) ei(Gm−Gm′ )z dz .

(2.55)

The Fourier transform of a supercell-periodic function f(z) in terms of the wave vector G is

defined as [55]

f̃(G) =
1

L

∫ L
2

−L
2

f(z) e−iGz dz (2.56)

and we define the “characteristic function” χ(z) for a QW of thickness a lying in the range

z ∈
[
−a

2 ,
a
2

]
by [55]

χ(z) =

{
1, |z| < a

2

0, otherwise
(2.57)

which takes a value of one within the QW only. Using Eqs. (2.53) and (2.54) we obtain

Hm′m =

(
ℏ2

2m0

(Gm′ + q)(Gm + q)

m∗
b

+ V0

)
δm′m

+ χ̃(Gm −Gm′)

(
ℏ2

2m0
(Gm′ + q)(Gm′ + q)

(
1

m∗
w

− 1

m∗
b

)
− V0

)
, (2.58)

where χ̃(Gm − Gm′) = a
Lsinc

(
a
2 (Gm −Gm′)

)
is the Fourier transform of the characteristic

function χ(z), with δm′m = sinc
(
L
2 (Gm −Gm′)

)
. Equation (2.58) is an explicit expression for

the matrix representation of the 1-band envelope function Hamiltonian described in Eq. (2.47),

in the plane wave basis defined in Eq. (2.48). We obtain bound state energies En by diagonalising

Eq. (2.58).

In order to benchmark the solutions for the 1-band PWEM we obtain via Eq. (2.58), we now

present the solutions of the K-P model. The K-P model can be used to obtain the solutions,

via Bloch’s theorem, for a periodic SL potential [47]. For a SL with well thickness a and barrier

thickness b, we apply boundary conditions requiring continuity of the envelope function and its

derivative with respect to z across the well/barrier interfaces, combined with the use of Bloch’s

theorem to enforce periodicity. Under the application of these boundary conditions the energy

dispersion as a function of wave vector q can be found as the solutions of the equation [47]
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Figure 2.1: (a) Potential profile for a Kronig-Penney superlattice having equal well and
barrier thicknesses (a = b = 2.3 nm), and barrier potential energy depth V0 = 0.955 eV. (b)
Solution for the energy dispersion (band structure) of the lowest energy bound states in the
superlattice of (a) as a function of wave vector q – obtained using the Kronig-Penney model
(filled orange circles) and the 1-band plane wave expansion method (solid blue line).

cos (q(a+ b)) = cos(ka) cosh(κb) +
1

2

(
κ

k
− k

κ

)
sin(ka) sinh(κb) , (2.59)

where k =
√

2m∗
w

ℏ2 En and κ =

√
2m∗

b
ℏ2 (V0 − En). Equation (2.59) is a transcendental equation in

wave vector q, for which the solutions can be found via any standard root finding algorithm to

obtain the miniband dispersion En(q).

We now compare the 1-band PWEM, including the miniband wave vector q, and the K-P

model for an exemplar periodic SL potential, with V0 = 0.955 eV and equal well and barrier

thicknesses, such that a = b = 2.3 nm (L = a + b = 4.6 nm). We also take the effective mass

in the well and the barrier to be equal m∗
w = m∗

b = 0.025 m0. This periodic potential is shown

in Fig. 2.1(a) for three supercell periods. The miniband dispersion E(q) associated with the

lowest energy bound state of the periodic potential in Fig. 2.1(a) is shown in Fig. 2.1(b). The

solutions of Eq. (2.59) for the Kronig-Penney model are shown using filled orange circles, and

the solutions for the 1-band PWEM, obtained via the diagonalisation of the Hamiltonian matrix

constructed using Eq. (2.58), are shown using a solid blue line. We note the strong agreement

between the results obtained via the K-P model and the 1-band PWEM, demonstrating the

ability of the PWEM to accurately describe SL bound states numerically and reproduce the

K-P model miniband dispersion. In our calculations using the 1-band PWEM, the results were

found to be sufficiently converged by M = 9, corresponding to a Hamiltonian matrix of size

19×19 (= (2M + 1)× (2M + 1)). This framework therefore provides a computationally efficient

method with which to compute SL electronic structure. As we will see in Sec. 2.2.3, the PWEM

allows for semi-analytical computation of SL properties having computed the energy dispersion

and corresponding eigenstates, and here using a calculational supercell of a single SL period.
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2.2.3 Application to the 8-band k · p Hamiltonian

Having, in Sec. 2.2.2, demonstrated the PWEM for a 1-band model, we now describe the

application of this approach to the 8-band k · p Hamiltonian presented in Sec. 2.1.2. We also

outline the calculation of key SL properties, such as the inter-band matrix elements, and describe

the calculation of SL spectral properties with explicit inclusion of the miniband dispersion.

Application to the 8-band k · p Hamiltonian for SL heterostructure calculations:

We now apply the PWEM to the 8-band k · p Hamiltonian (cf. Eq. (2.25)) to compute the

electronic structure of [001]-orientated quantum-confined SL heterostructures. We consider a

SL in which the growth direction aligns with z axis of a Cartesian coordinate system. As

demonstrated in Sec. 2.2.1, the PWEM consists of expanding the envelope functions Fnbk(z)

as a truncated Fourier series, such that a general SL eigenstate |ψnk(z)⟩ having energy Enk at

wave vector k = (k∥, q) is given by [56–58]

|ψnk(z)⟩ =
Nb∑
b=1

(
1√
L

+M∑
m=−M

anbmk e
i(Gm+q)z

)
|ub ⟩ , (2.60)

where Nb = 8 is the number of Bloch basis states of the underlying bulk k · p Hamiltonian

(cf. Sec. 2.1.2), k∥ is the component of the wave vector in the plane perpendicular to the growth

direction, and q is the component of the wave vector along the growth direction describing

the miniband dispersion. We now have one envelope function component for each Bloch basis

state, for which we employ a plane wave expansion akin to that in Eq. (2.48). Generating the

plane wave representation of the associated multi-band EFA Schrödinger equation Ĥk|ψnk(z)⟩ =
Enk|ψnk(z)⟩ proceeds via the same procedure that led to Eq. (2.52). This yields the reciprocal

space matrix representation in the plane wave basis of the element Ĥb′b,k of the heterostructure

Hamiltonian Ĥk [55, 59]

(
H̃b′b,k

)
m′m

=
1

L

∫ +L
2

−L
2

e−i(Gm′+q)z Ĥb′b,k(z) e
i(Gm+q)z dz , (2.61)

which is a complex-valued (2M + 1)× (2M + 1) matrix. In Eq. (2.61), the operators Ĥb′b,k(z)

must be derived from the bulk k · p matrix elements (cf. Eq. (2.25)).

In the 1-band model, the Hamiltonian gets quantised to become an operator, which generates a

(2M+1)×(2M+1) matrix representation using a set of plane wave basis states. For an N -band

model, the same procedure is applied, but is applied to each element of the bulk N ×N Hamil-

tonian matrix. Each bulk Hamiltonian matrix element is then assigned a (2M + 1)× (2M + 1)

matrix representation, such that the matrix representation of the N -band Hamiltonian is of size
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N(2M + 1) × N(2M + 1). Previous comparative analysis between these boundary conditions

and the “exact” Burt-Foreman EFA boundary conditions, demonstrated that asymmetric con-

tributions in the latter play a minimal role in determining the character of eigenstates computed

using an 8-band k ·p Hamiltonian [60]. Symmetrising, quantising and evaluating Eq. (2.61) for

all matrix elements of the underlying bulk k·p Hamiltonian yields the reciprocal space represen-

tation H̃k of Ĥk, which is a Nb(2M+1)×Nb(2M+1) Hermitian matrix. The eigenvalues of H̃k

are the band energies Enk, while its eigenvectors are given by the Fourier coefficients anbmk of

the envelope functions Fnbk(z). Having included the miniband dispersion in Eq. (2.61), we note

that the operators Ĥb′b,k(z) are in general differential operators, with their matrix representa-

tion via Eq. (2.61) being q-dependent. A detailed derivation of the matrix elements Eq. (2.61)

for the 8-band k · p Hamiltonian employed in this work can be found in Ref. [55].

Bloch character:

Having computed our 8-band k ·p eigenstates using Eqs. (2.60) and (2.61), we note that we can

compute the “Bloch character” of these eigenstates. Having eigenstates that are linear combi-

nations of the basis states |ub⟩ (b = 1, 2, . . . , 8), the Bloch character describes the hybridisation

between the states in the 8-band description of the electronic structure, and the degree to which

each heterostructure eigenstate can be associated with each basis state |ub⟩. For our choice of

basis functions (cf. Sec. 2.1.2), this would be CB, HH, LH, or SO character which they possess.

The calculation of the Bloch character faciliates analysis of SL electronic structure in Chap-

ters 4 and 5, e.g. the identification of whether a given bound hole state is predominately HH-

or LH-like. For the heterostructure eigenstate Eq. (2.60), the Bloch character associated with

the bulk basis state |ub⟩ is given by

cnbk ≡
∫ +L/2

−L/2
⟨Fnbk(z)|ψnbk(z)⟩ dz =

∑
m

|anbm|2 (2.62)

where Eq. (2.62) can be evaluated directly using the Fourier coefficients of the envelope function

Fnbk(z), which we obtain via the eigenvectors of the plane wave matrix representation of the

heterostructure Hamiltonian.

Inter-band optical (momentum) matrix elements:

To analyse and optimise SL structures for optical emission and absorption (cf. Chapters 4 and

5), we respectively compute the spontaneous emission (cf. Sec. 4.2.2) and optical absorption

(cf. Sec. 5.3.1). This requires accurate evaluation of the inter-band optical (momentum) matrix

elements pncnvk between an electron eigenstate |ψnck(z)⟩ in conduction subband nc and a hole

eigenstate |ψnvk(z)⟩ in valence subband nv, at wave vector k. We recall from Chapter 1, that

optical emission or absorption follows strict k-selection, ∆k = 0 for optical transitions, imposing



that the electron and hole states have equal wave vector. We compute pncnvk via the Hellmann-

Feynman theorem [61], using the SL Hamiltonian and eigenstates explicitly at each wave vector

k

p
(e)
nvnck

≡ ê · pnvnck =
m0

ℏ
⟨ψnvk| ê · ∇kĤk |ψnck⟩ , (2.63)

where ê is a unit vector denoting the polarisation of the emitted or absorbed photon, with

ê · ∇kĤ then denoting the directional derivative of the supercell Hamiltonian with respect

to the component of k parallel to the photon polarisation. Evaluation of Eq. (2.63) requires

calculation of the reciprocal space matrix representation of ê · ∇kĤk, which can be evaluated

analytically by replacing Ĥb′b,k(z) by ê · ∇kĤb′b,k(z) in Eq. (2.61). The simple analytical form

of the plane wave basis states of complex exponentials allows the matrix representation of

ê · ∇kĤk to be computed analytically in the same manner as for the Hamiltonian matrix

elements (cf. Eq. (2.61)). This analytical evaluation is possible as, the solution of the multi-

band envelope function expansion is in reciprocal space (cf. Sec. 2.2.1) and the plane wave basis

functions possess a simple form in real space, leading to the spatial integrations associated with

the calculation of matrix elements between states being analytical. As a result, the PWEM

has the additional advantage of removing the need to perform the costly numerical quadrature

associated with real space implementations of such calculations. By explicitly employing the SL

eigenstates and Hamiltonian, we take all effects such as carrier localisation, partial reflection of

wave functions at layer interfaces, and band hybridisation, explicitly into account.

Accounting for the miniband dispersion in the calculation of spectral properties:

To compute energy-dependent properties in a QW, e.g., density of states, spontaneous emis-

sion and optical absorption, it is necessary to integrate over the in-plane degrees of freedom –

i.e. the in-plane wave vector k∥. For a SL this is modified to incorporate q-dependent miniband

dispersion and eigenstates as

∫
dk∥

(2π)2
−→

(
2π

L

)−1 ∫ + π
L

− π
L

dq

∫
dk∥

(2π)2
, (2.64)

where 2π
L is the SL BZ extent along z. As our calculations employ the axial approximation

(cf. Sec. 2.1.2), the in-plane integration is reduced to a one-dimensional integral, i.e.
∫
dk∥ →

2π
∫
k∥dk∥. Thus, instead of calculating the SL electronic structure on a grid with order of

N2 points k∥ = (kx, ky) this allows for calculation of the electronic structure on a grid of

N points along k∥ = |k∥|, substantially reducing computational expense. Therefore, in the

axial approximation, we perform two-dimensional integrals over k∥ and q to compute spectral

properties.
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2.3 Conclusions

In this Chapter we have presented the theoretical methods employed in our calculations of SL

electronic and optical properties. This theoretical framework is employed in the analysis of

radiative recombination in InAs/GaSb SLs in Chapter 4, and of optical absorption in strain-

balanced InAs/InAs1−xSbx SLs in Chapter 5. In Sec. 2.1, we began by outlining the k·p method

for an electron in a periodic solid, using time-independent (Rayleigh-Schrödinger) perturbation

theory. We then presented the form of the multi-band k · p Hamiltonian employing Löwdin

renormalisation, which partitions the eigenstates of a periodic potential into two classes, class

A and B. Class A states are those that we choose as the basis within which to generate the

k · p Hamiltonian. Class B states are the remaining, energetically remote states, whose impact

on the states in class A is important in determining the semiconductor electronic structure,

notably the effective masses. The use of Löwdin renormalisation to paritition these eigenstates

allows us to focus on a subset (class A), while treating their coupling to other bands (class B)

perturbatively. We then introduced the 8-band k · p Hamiltonian, including spin-orbit split-

ting, for zinc blende semiconductors that will underpin our work on SL structures in Chapters

4 and 5. This Hamiltonian is constructed using zone-centre (Γ-point) Bloch basis functions

|ub⟩, consisting of one conduction and three valence spin degenerate states. This 8-band k · p
Hamiltonian allows to compute the band structure in the vicinity of the Γ-point. Following this,

we described aspects of our implementation of this multi-band k · p Hamiltonian for quantum-

confined heterostructures. In Sec. 2.2 we presented our implementation of the PWEM in the

EFA, and the application of this approach in conjunction with the 8-band k · p Hamiltonian.

In Sec. 2.2.1, we provided an outline of this approach, including the miniband dispersion via

the wave vector q and, in Sec. 2.2.2, demonstrated how this approach allows for efficient com-

putation of SL electronic properties using analytical expressions for the matrix elements of

the k · p Hamiltonian, using a 1-band PWEM to recover the K-P miniband dispersion. This

demonstrated the accuracy and efficiency of the description of the miniband dispersion for SL

heterostructure calculations prescribed by inclusion of q, which can be obtained using a small

number of plane waves in a 1-band PWEM calculation. Next, in Sec. 2.2.3 we described the

application of the PWEM to the 8-band k · p Hamiltonian, which includes the description of

the miniband dispersion along the growth direction z. As discussed in Chapter 1, typical k · p-

based calculations neglect the miniband dispersion, which is required in accurate predictive

calculations. Finally, in Sec. 2.2.3 we also described the analytical calculation of momentum

matrix elements in the PWEM using our computed SL eigenstates. The theoretical methods we

have detailed in this Chapter underpin the accurate and computationally efficient calculations

of SL heterostructures in this Thesis. These methods are employed in the analysis of radiative

recombination in InAs/GaSb SLs in Chapter 4, and of optical absorption in InAs/InAs1−xSbx
strain-balanced SLs in Chapter 5.





Chapter 3

Theoretical background: density

functional theory

In this Chapter we outline the theoretical methods used in our analysis of the structural,

elastic and electronic properties of the III-P compounds AlP, GaP and InP in Chapter 6. We

begin in Sec. 3.1 by describing the Kohn-Sham formalism of density functional theory (DFT).

In Sec. 3.2, we provide an outline of key considerations and approximations employed in the

implementation of Kohn-Sham DFT calculations. In Sec. 3.2.1, we begin by discussing schemes

for the determination of the exchange-correlation (XC) energy in Kohn-Sham DFT, such as the

local density approximation (LDA), generalised gradient approximations (GGAs) and the Tran-

Blaha modified Becke-Johnson (TB-mBJ) exchange potential. In Sec. 3.2.2, we outline another

approach for the determination of the XC energy, the hybrid Heyd-Scuseria-Ernzerhof functional

for solids (HSEsol). In Sec. 3.2.3, we overview the use of pseudopotentials for the description of

the Kohn-Sham effective potential, and the projector augmented-wave (PAW) method for the

description of all-electron wave functions. In Sec. 3.2.4, we describe the plane wave formalism

for Kohn-Sham DFT calculations. Finally, in Sec. 3.3 we summarise and conclude.

We note that our analysis of III-P band parameters by means of DFT calculations in Chap-

ter 6, using the methods outlined in this Chapter, are implemented using the Vienna Ab-initio

Software Package (VASP) [62, 63].

3.1 Kohn-Sham density functional theory

In this Section we present an outline of the Kohn-Sham formulation of DFT, comprehensive

detail of which is provided by Martin [64]. The Hohenberg-Kohn theorems outlined that the

electron density n(r) can be considered as a “basic variable”, such that any system of many

27
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interacting particles can be viewed as a functional of the ground state density n0(r) [65]. As

such, this density determines all the information in the many-body wave function of the ground

state. Kohn and Sham proposed an independent-particle approach for the determination of the

density [66]. This approach, building upon the Hohenberg-Kohn theorems, approximates the

density n(r) via a set of independent wave functions ψn(r) = ⟨r|ψn⟩ as

n(r) =
∑
n∈occ

|ψn(r)|2 , (3.1)

where n runs over all occupied states. In the Kohn-Sham formalism, all many-body effects are

assumed to be encapsulated by an XC functional, however no exact functionals are known for

any system of more than one electron [64]. We now outline the evaluation of the total energy

of the a many-body system using the Kohn-Sham formalism.

In calculating the electronic ground state, the total energy of the system must be evaluated. The

Hamiltonian operator for a system consisting of an arbitrary number of interacting electrons

and nuclei can be written as [64]

Ĥ = T̂ + V̂ext + V̂int + T̂nuc + EII , (3.2)

where T̂ is the kinetic operator for the electrons, V̂ext is the attractive electrostratic potential

acting on the electrons due to the nuclei, V̂int describes the repulsive electron-electron electro-

static interactions, T̂nuc is the kinetic operator for the nuclei, and EII describes the repulsive

nucleus-nucleus interactions. The total energy of the system is given by the expectation value

of Eq. (3.2)

E = ⟨ψ| Ĥ |ψ⟩ ≡ ⟨Ĥ⟩ , (3.3)

where ψ(r) = ⟨r|ψ⟩ is the normalised wave function characterising the state of the many-electron

system.

When providing an explicit form of Eq. (3.2), approximations can be made in order to simplify

computation [64, 67]. The first of these is the Born-Oppenheimer approximation [68]. This

approximation considers the movement of electrons and nuclei separately, and assumes that the

nuclear positions are fixed. This approximation is made as the more massive nuclei move slowly

compared with the motion of electrons. This allows for the separation of the wave function into

parts containing the nuclear and electronic degrees of freedom independently as

|ψ⟩ = |ψ⟩e × |ψ⟩I , (3.4)
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where |ψ⟩e (|ψ⟩I) is the electron (nuclei) wavefunction. In the Born-Oppenheimer approxima-

tion, we focus on |ψ⟩e, which for simplicity we denote as |ψ⟩e ≡ |ψ⟩. As such, in Eq. (3.2) we

neglect T̂nuc, the nuclei kinetic operator. This imposes that the nucleus-nucleus interactions EII
become constant [67] – i.e. simply a reference energy – with the nuclear positions becoming

parameters. The total energy can then be written as

E = ⟨T̂ ⟩+
∫
Vext(r)n(r) dr + ⟨V̂int⟩ . (3.5)

The calculation of the expectation value of V̂int, ⟨V̂int⟩, is one of the main difficulties in DFT

calculations [67]. As an approximation, ⟨V̂int⟩ can be expressed as the sum of the classical

electrostatic energy and the XC energy EXC

⟨V̂int⟩ = EXC +
1

8πϵ0

∫ ∫
n(r)n(r′)
|r − r′|

dr dr′ , (3.6)

where EXC is the difference between the energy of the quantum-mechanical electron-electron

interaction and that corresponding to the classical electrostatic electron-electron interaction,

or Hartree energy EHartree [67]. Initial attempts to solve Eq. (3.5) by Thomas [69] and Fermi

[70], leading to the Thomas-Fermi model, produced large errors compared to calculations that

neglect EXC [67]. To overcome the limitations of the Thomas-Fermi model, Kohn and Sham

presented their formalism, as described in Eq. (3.1), where the density is constructed via a set of

independent single-electron wave functions (the so-called Kohn-Sham orbitals). Using Eq. (3.1),

the electron kinetic energy can be expressed as

TKS = − ℏ2

2m0

∑
n∈occ

⟨ψn| ∇2
n |ψn⟩ , (3.7)

so that the total energy can be written as

EKS = − ℏ2

2m0

∑
n∈occ

⟨ψn| ∇2
n |ψn⟩+

∫
Vext(r)n(r) dr +

1

8πϵ0

∫ ∫
n(r)n(r′)
|r − r′|

dr dr′

+ EXC[n(r)] + EII . (3.8)

Having now expressed the total energy in the Kohn-Sham formalism, what remains is to deter-

mine the XC energy. Following from above, the XC energy can be written as

EXC = ⟨T̂ ⟩ − TKS + ⟨V̂int⟩ − EHartree , (3.9)
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which expresses EXC as the difference between the energy of the exact many-body interacting

system and its energy calculated in the independent-electron approximation. Under application

of the variational principle and treating the energy as a functional of the electron density,

E[n(r)], the Kohn-Sham eigenvalue equation, Hamiltonian ĤKS, and effective potential V̂KS are

given as [64]

ĤKSψi(r) = ϵiψi , (3.10)

ĤKS = − ℏ2

2m0
∇2 + V̂KS(r) , (3.11)

V̂KS = V̂ext(r) +
δEHartree

δn(r)
+
δEXC

δn(r)
, (3.12)

where δ denotes the functional derivative. From Eq. (3.9), we see that the accuracy of the

electronic ground state obtained from the implementation of the Kohn-Sham formulation of

DFT relies heavily on the choice of XC functional EXC[n(r)], the choice of which is non-trivial.

Information regarding the choice of XC functionals employed in this work are provided in

Sec. 3.2.

3.2 Considerations in the implementation of Kohn-Sham density

functional theory

In this Section we provide a basic outline of the considerations and techniques employed in our

implementation of the Kohn-Sham formalism of DFT, outlined in Sec. 3.1. We begin in Sec. 3.2.1

by describing the LDA. In Sec. 3.2.1 we also outline the TB-mBJ exchange potential, which

with the LDA correlation can be combined to perform DFT calculations in the meta-GGA.

Next, in Sec. 3.2.2 we detail hybrid functionals, specifically the HSEsol hybrid functional, as a

generalisation of the Kohn-Sham approach. Following this, in Sec. 3.2.3 we describe the PAW

method, which is a robust approach allowing for the computation of the many-electron ground

state via DFT. Finally, in Sec. 3.2.4 we outline the plane wave formalism for implementing DFT

calculations.
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3.2.1 The local density approximation and Tran-Blaha modified Becke-Johnson
exchange potential

As discussed in Sec. 3.1, the choice of XC functional is key in determining the accuracy of

Kohn-Sham DFT calculations. One approach for determining the XC energy is the LDA, which

builds on analysis of a uniform electron gas (UEG), where the system is completely specified

by a constant density [64, 67, 71]

n =
3

4πr3s
, (3.13)

where rs is the Wigner-Seitz radius which defines a sphere containing one electron on average.

Thus rs measures the average distance between electrons in a UEG. In the LDA the XC energy

is treated as an integral of the product of the electron density and the XC energy density over

all space. In the LDA the XC energy density at each point is assumed to be equal to that in

a UEG with density equal to the local density, n(r). The LDA exchange energy ELDA
X is then

given as a functional of the local charge density n(r) as [64, 67]

ELDA
X [n(r)] =

∫
n(r)ϵUEG

X [n(r)] dr , (3.14)

where ϵUEG
X = EUEG

X /Ne is the exchange energy of the UEG per electron, with Ne being the

total number of electrons, and ϵUEG
X ∝ r−1

s . The remaining aspect of the LDA implementation is

then to parametrise ϵUEG
XC , which can be separated into exchange and correlation contributions,

ϵUEG
XC = ϵUEG

X + ϵUEG
C . The exchange contribution ϵUEG

X takes an analytical form [64, 67], while the

correlation contribution ϵUEG
C must be numerically parametrised [64, 67]. There exist several

approaches to parametrise ϵUEG
C , one key example being that of Perdew and Zunger, where they

fit to quantum Monte Carlo data for the energy of the UEG [72].

A key limitation of LDA DFT calculations is that they significantly underestimate the band gap

of semiconductors and insulators [73]. While the approach of Perdew and Zunger [72] gives the

exact XC energy for an idealised UEG with constant charge density, in real systems the charge

density is position dependent [67], where ϵXC(r) is dependent not only on the local density n(r),

but also semi-local contributions encapsulated by ∇n(r) and higher-order spatial derivatives.

As such, we now examine methods beyond the LDA for the determination of the XC energy,

which allow to address the band gap underestimation problem. In the GGA it is assumed that

ϵXC(r) is a functional of n(r) and ∇n(r), which gives [64, 67, 74]

EGGA
XC [n(r)] =

∫
n(r) ϵGGA

XC [n(r),∇n(r)] dr . (3.15)
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There exist a number of GGAs, such as the parametrisation of Perdew, Burke and Ernzerhof,

the PBE functional [74]. Another approach is the meta-GGA, where an appropriate exchange

potential is employed which takes into account the local kinetic energy density τ(r) ∝ ∇2n(r).

In the meta-GGA the XC functional is therefore given by

EmGGA
XC [n(r)] =

∫
n(r) ϵmGGA

XC

[
n(r),∇n(r),∇2n(r)

]
dr . (3.16)

The TB-mBJ exchange potential proposed by Tran and Blaha [73], building on the work of

Becke and Johnson [75], is an example of a meta-GGA approach to DFT. The TB-mBJ exchange

potential yields calculated band gaps that achieve accuracy comparable to more computationally

expensive approaches [73], making it an increasingly popular approach to analyse the electronic

structure of semiconductor materials. The TB-mBJ exchange potential is [73]

V mBJ
X (r) = c V BR

X (r) + (3c− 2)
1

π

√
5

12

√
2τ(r)
n(r)

, (3.17)

where V BR(r) is the Becke-Roussel (BR) potential [76]

V BR(r) = − 1

b(r)

(
1− e−x(r) − 1

2
x(r)e−x(r)

)
, (3.18)

where b(r) =
[
x(r)e−x(r)/ (8πn(r))

]1/3. The function x(r) is determined via the solutions of a

position dependent non-linear equation which determines the exchange hole, exchange energy

and corresponding exchange energy density [73, 76]. x(r) is determined via τ(r), n(r), ∇n(r),
and ∇2n(r). The inclusion of this BR potential is weighted by the BR “mixing” parameter c,

which Tran and Blaha chose to depend linearly on the square root of the average of |∇n(r)|/n(r)
as [73]

c = α+ β

(
1

Ω

∫
Ω

|∇n(r′)|
n(r′)

dr′
)1/2

, (3.19)

where α and β are adjustable parameters, and Ω is the unit cell volume. We note that c can

be treated as an empirical parameter through which to fit to an experimental band gap, an

approach we will employ and analyse in Chapter 6. Tran and Blaha included the BR potential

in their modifications to the Becke-Johnson potential, in order to model the Coulomb potential

generated by the exchange hole, replacing the Slater potential proposed for this purpose by Becke

and Johnson [75]. The TB-mBJ exchange potential recovers the LDA for a constant electron

density and effectively mimics the behaviour of orbital-dependent potentials [73]. Therefore,

the use of the TB-mBJ exchange potential, which is employed in conjunction with the LDA
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correlation, is a computationally inexpensive approach for determining the XC potential in

Kohn-Sham DFT. We note that the TB-mBJ is a “potential only” functional, meaning it has no

associated XC energy, and is hence not self-consistent with respect to the total energy. The use

of the TB-mBJ exchange potential improves the description of band gaps vs. the LDA alone

[73]. However, a key issue with the TB-mBJ XC potential is its tendency to overestimate band

edge effective masses [77, 78]. As a result, to describe the electronic structure with even greater

accuracy, below we will examine hybrid functional approaches for the determination of the XC

energy. Finally, we note that since TB-mBJ is a “potential only” functional, it is not possible

to employ TB-mBJ to compute Hellmann-Feynmann ionic forces, thus meaning that it is not

possible to perform structural relaxation using this method. In Chapter 6, we therefore combine

LDA calculations of structural properties with TB-mBJ calculations to analyse the electronic

structure at the meta-GGA level.

3.2.2 The Heyd-Scuseria-Ernzerhof hybrid functional for solids

In Sec. 3.2.1, we described the determination of the XC functional using (i) the LDA, (ii) the

PBE GGA, and (iii) the TB-mBJ meta-GGA. These approximations to the XC energy retain

limitations and can produce systematic errors in the calculation of several key material proper-

ties [79]. For example, the LDA (PBE) XC functional typically underestimates (overestimates)

the lattice parameter by 1 - 2%, and the error in PBE-calculated lattice parameters systemat-

ically increases with increasing ionic mass [79]. To address limitations of this type, so-called

generalised, or “hybrid”, Kohn-Sham approaches have emerged [80]. This generalised formal-

ism involves introducing a portion of exact Hartree-Fock exchange into the XC energy. The

HSE screened hybrid functional, introduced by Heyd, Scuseria and Ernzerhof [81], is one such

approach. In general, hybrid XC functionals describe a number of chemical properties accu-

rately but, typically, with the trade-off that the calculation of the Hartree-Fock exchange term

is highly computationally expensive [81]. The HSE functional is based on a screened Coulomb

potential for the exchange interaction which partially mitigates this issue. In the HSE approach,

the Coulomb kernel for the exchange energy is separated into short-range (SR) and long-range

(LR) contributions following [67]

1

|r − r′|
=

erfc (µ |r − r′|)
|r − r′|︸ ︷︷ ︸

SR

+
erf (µ |r − r′|)

|r − r′|︸ ︷︷ ︸
LR

, (3.20)

where erf and erfc are the error and complementary error functions, respectively, and µ−1 is the

distance at which the range separation is imposed. In the HSE approximation, only a portion

of the SR exchange is Hartree-Fock (HF), the remainder of the exchange energy is determined

via the PBE functional [67]. The HSE XC energy is expressed as [81]
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EHSE
XC = αEHF,SR

X (µ) + (1− α)EPBE,SR
X (µ) + EPBE,LR

X (µ) + EPBE
C , (3.21)

where α is the exact-exchange mixing parameter determining how much exact-exchange is in-

cluded in the calculation. We employ the typical value µ = 0.2 Å−1 [67]. This approach yields

an improved description of many chemical properties, particularly in comparison to the pure

PBE functional [79]. Notably, the HSE description of the XC energy effectively addresses the

band gap underestimation problem that limits the applicability of the LDA, as well as many

GGA and meta-GGA approaches (cf. Sec. 3.2.1). However, the tendency of the PBE functional

to overestimate lattice parameters and incorrectly describe atomisation energies is retained [79].

To address these issues, the HSE functional for solids (HSEsol) was introduced by Schimka et

al. [79]. The HSEsol XC functional takes the same form as the HSE functional in Eq. (3.21),

but is based on the PBEsol functional for the semi-local exchange and correlation terms, where

PBEsol is the revised PBE functional for solids [82]. The use of the PBEsol XC functional

provides an improved description of equilibrium properties of solids and surfaces [82, 83]. The

use of the HSEsol hybrid functional has demonstrated an improved description of the chemical

properties of solids vs. other XC functionals, including the lattice parameters and enthalpies of

formation [79], and notably the accurate description of band edge effective masses [78]. Cru-

cially, the HSEsol functional provides an improved description of these material properties while

producing accurate band gaps [79]. Like the BR mixing c in the TB-mBJ exchange potential,

the exact exchange mixing α in the HSE(sol) XC functional can be treated as an empirical

parameter to fit to a target band gap. Therefore, in employing the HSEsol XC functional in

our analysis of III-P band parameters in Chapter 6, we apply this procedure and undertake a

critical analysis of its performance vs. experiment.

3.2.3 Pseudopotentials and the projector augmented-wave method

A pseudopotential is an effective potential constructed to replace the strong Coulomb potential

of the nucleus and the effects of the tightly bound core electrons by an effective ionic potential

acting on the valence electrons beyond a certain cut-off distance from the nucleus, or ionic core

[64, 84]. This pseudopotential can then be substituted for the all-electron potential of Eq. (3.2).

In a psuedopotential calculation, the “core” consists of the nucleus and electrons occupying or-

bitals in filled shells, which are strongly localised around the nucleus [67]. Beyond the cut-off

distance, outside the core region, the potential is that of the Coulomb interaction between the

core and each of the valence electrons. Inside the core region the true potential, which is charac-

terised by rapid spatial oscillations, is challenging to describe numerically, mandating very fine

grid point spacing in real space calculations, or very high plane wave cut-off energy in reciprocal

space calculations. Numerically, this true potential is replaced by a smooth function. Pseu-

dopotentials are constructed so that the valence electron wave functions outside the core region
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are the same as those of an all-electron calculation. The use of pseudopotentials is strongly

motivated by the fact that most chemical properties can be modelled accurately in calculations

which only account for valence states. As outlined above, pseudopotentials additionally offer a

numerically efficient platform to perform such calculations. The valence states typically have

minimal interaction with the core states, a result of tightly bound core states possessing sig-

nificantly lower energies. Notable exceptions to this are elements possessing “shallow core” or

“semi-core” states, which possess energies large enough to influence chemical properties [67, 85].

The PAW method, originally introduced by Blöchl [84], has gained popularity for the description

of psuedopotentials. The PAW method offers computational advantages compared to other

approaches, such as norm-conserving and ultra-soft pseudopotentials [86]. The PAW method

considers a linear transformation T̂ relating the all-electron valence wave function |ψ⟩ and the

smooth pseudo wave function |ψPS⟩. T̂ is equal to the identity operator Î outside of the core

region, i.e. |ψ⟩ and |ψPS⟩ are set equal outside of the core region, with T̂ = Î + T̂R defining the

transformation operator T̂R acting within the core region. T̂R is specified by two sets of partial

waves, the all-electron partial waves |ϕk⟩ and the pseudo partial waves |ϕPS
k ⟩ which, within the

core region, give

|ψ⟩ =
∑
k

ck |ϕk⟩ , (3.22)

|ψPS⟩ =
∑
k

ck |ϕPS
k ⟩ , (3.23)

where the expansion coefficients ck = ⟨pk|ϕPS
k ⟩ are determined by the projector ⟨pk|, which

resolves the identity via
∑

k |ϕPS
k ⟩ ⟨pk| = Î within the core region. It follows that the transfor-

mation T̂ can be written as

T̂ = Î +
∑
k

(
|ϕk⟩ − |ϕPS

k ⟩
)
⟨pk| . (3.24)

In the PAW method, the all-electron wave function |ψ⟩ can then be obtained from the pseudo

wave function |ψPS⟩ as

|ψ⟩ = |ψPS⟩+
∑
k

(
|ϕk⟩ − |ϕPS

k ⟩
)
⟨pk|ψPS⟩ . (3.25)

Guidelines for the implementation of the all-electron operators as pseudo operators, and expres-

sions for the charge density and total energy, are given by Blöchl in Ref. [84]. Further technical
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details regarding the implementation of the PAW method are given by Kresse and Joubert in

Ref. [86].

3.2.4 The plane wave formalism

As shown in Sec. 2.2, formulating electronic structure calculations using plane waves is effective

as a result of the periodic nature of crystalline materials. Expanding the Kohn-Sham wave

functions in a plane wave basis is an approach employed by a number of DFT codes, including the

VASP code employed in this work. The plane-wave expansion is expressed in three-dimensions

as

ψnk(r) =
1√
Ω

∑
G

ankG ei(k+G)·r , (3.26)

where an,G(k) are the Fourier expansion coefficients of the single-particle eigenstates, for which

there is one eigenvalue ϵn(k) per k-point per band n, we are operating in the momentum basis

|q⟩ = |k + G⟩, and note that ⟨r|k + G⟩ = ei(k+G)·r
√
Ω

, denoting the real-space representation

of the plane wave basis states. In plane wave DFT calculations, the cut-off wave vector Gcut

determines the cut-off energy Ecut =
ℏ2
2mG

2
cut, which specifies the basis set via |G + k| < Gcut.

As such, all plane waves with a kinetic energy smaller than Ecut are included in the basis set.

The choice of cut-off energy is analogous to the choice of the total number of plane waves in the

plane wave expansion method (cf. Sec. 2.2). For any function f(r) sharing the same periodicity

as the lattice, f(r) = f(r + R) (cf. Sec. 2.1.1), the Fourier transform f̃(G) of f(r) is non-zero

only when G is a reciprocal lattice vector. The Fourier transform of the function f(r) is defined

as

f̃(G) =
1

Ω

∫
Ω
f(r)e−iG·rdr , (3.27)

where Ω = a1·(a2×a3) is the unit cell volume (cf. Sec. 6.2.1). If the single-electron (Kohn-Sham)

Hamiltonian Ĥ is given by the sum of the kinetic energy operator and an effective potential

Veff(r), the Kohn-Sham equation can be written as [64]

∑
G′

HG,G′(k)an,G′(k) = ϵn(k)an,G(k) . (3.28)

We note that the Fourier transform applied in obtaining Eq. (3.28), mirrors the plane wave ex-

pansion method introduced in the context of k ·p-based heterostructure calculations in Sec. 2.2.

These approaches to solving the relevant Schrödinger equations – i.e. the coupled multi-band
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envelope function Schrödinger equations in k · p calculations, or the Kohn-Sham equations in

DFT – are formally equivalent, and lead to a reciprocal space representation of Schrödinger’s

equation. The matrix elements HG,G′ of the Kohn-Sham Hamiltonian are given by

HG,G′(k) =
ℏ2

2m0
|k + G|2δG,G′ + Ṽeff(G − G′) , (3.29)

where Ṽeff(G−G′) is the Fourier transform of the effective potential (cf. Sec. 3.1). Convergence

in plane wave DFT calculations is determined, in part, by the size of the corresponding basis

set [67]. Computing the electronic contribution to the total energy mandates including all

contributions from filled (valence) bands at all wave vectors k in the Brillouin zone. The Kohn-

Sham equations must be solved at wave vectors k throughout the Brillouin zone and an integral

with respect to k must then be performed. Therefore, as Eq. (3.28) must be solved at each k-

point, the evaluation of any function accurately becomes computationally expensive in realistic

calculations with large numbers of k-points. Given a k-dependent function ηn(k), the integral,

where the summation takes place over energy bands n, is

∫
ηn dk =

1

(2π)3

∑
n

∫
BZ
ηn(k)fn,kdk ,

→ 1

(2π)3
1

Ω

∑
k

wk ηn(k) fn,k , (3.30)

where the occupancy fn,k, in the zero-temperature limit, is given by 1 (occupied) or 0 (un-

occupied), and wk is a weighting factor related to the distribution of k states chosen. In the

finite-temperature case, the occupancies can vary continuously between 0 and 1. The accuracy

of calculating any function following Eq. (3.30) is determined by the density and choice of the

weighted sum over k-points.

As the number of k-points included in a calculation increases, the accuracy of the numerical

approximation to the integral in Eq. (3.30) will improve [67]. However, calculations using large

numbers of k-points quickly become computationally prohibitive, meaning that there must be

careful consideration of the k-points employed in DFT calculations. For energies near the Fermi

level, the occupancies will, in general, vary for the same band at different k-points. For narrow-

gap semiconductors and metals, a large number of k-points may be required to reconstruct the

Fermi surface [87]. This is not an issue for the relatively wide gap semiconductors considered in

this Thesis, but can pose computational challenges for convergence vs. the number of k-points

employed in the BZ integration in other cases. The smearing method, originally introduced by

Fu and Ho [87], is one technique to accelerate this convergence with k-points. This approach

“smears” the energies of each of the eigenstates using, e.g., a Gaussian distribution. The Fermi
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energy is then calculated from the density of states given by the smeared energies. Then, the

partial occupancy of each band equals the portion of its smeared value lying below the calculated

Fermi energy [87]. This mandates the total energy E being replaced by a generalised free energy

F , that latter containing an extra term that depends on the partial occupancies [63], resembling

the entropy of the finite-temperature case [67].

We note that, in numerical Kohn-Sham DFT calculations, the Schrödinger equation is solved

self-consistently via an iterative procedure. Beginning from an initial charge density and it-

eratively optimising towards convergence, the Kohn-Sham Hamiltonian is specified and the

single-particle eigenstates computed, with these eigenstates then employed to construct an up-

dated charge density (cf. Eq. (3.1)). This updated charge density then serves as the input for

the next iteration, and the procedure is iterated until the difference in total energy between two

consecutive iterations has converged to a desired precision – i.e. achieving so-called charge self-

consistency. Upon the completion of this self-consistent cycle the final single-particle eigenstates

(Kohn-Sham orbitals) define a converged charge density which, due to the Hohenberg-Kohn the-

orems, uniquely determines the electronic ground state [65].

3.3 Conclusions

In this Chapter we have presented the theoretical methods employed in our analysis of the

electronic band parameters of the III-P compounds AlP, GaP and InP in Chapter 6. We began

in Sec. 3.1 by presenting an overview of the Kohn-Sham formalism of DFT. We described the

approach to compute the total energy of a many-electron system in this formalism, where having

used the Born-Oppenheimer approximation to freeze the nuclei and separate the electrons and

nuclei, and their interactions, the many-electron problem is tackled using the single-electron

Kohn-Sham approach. We described how, under the application of appropriate approximations,

the accuracy of the implementation of the Kohn-Sham formalism can be largely determined by

the XC energy. The XC energy is defined as the energy difference between the exact many-body

interacting system and the non-interacting electron density, described by a set of independent

wave functions. In Secs. 3.2.1 and 3.2.2, we then provided detail on the treatment of the XC

energy as a functional of the electron density. In Sec. 3.2.1, we began with the description

of the LDA, an XC functional corresponding to a UEG where the electron density is treated

as constant. We then described the GGA and meta-GGA, which go beyond the LDA by

including semi-local effects via spatial derivatives of the electron density. We described the

TB-mBJ exchange potential in which the Coulomb potential created by the exchange hole

is modelled via the BR potential. The TB-mBJ scheme is a potential only approach and

must therefore be employed in conjunction with the LDA correlation, but delivers improved

description of the electronic structure vs. LDA alone. Notably the TB-mBJ approach overcomes

the band gap underestimation problem present in the LDA. In Sec. 3.2.2, we outlined the
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hybrid HSEsol XC functional, a hybrid XC functional that combines the PBEsol functional

with a fraction α of the exact Hartree-Fock exchange energy. In Sec. 3.2.2, we described that

the HSEsol functional provides an accurate description of the chemical properties of solids

in Kohn-Sham formalised DFT, including providing an accurate description of the band edge

effective masses and the band gaps of semiconductors and insulators. Next, in Sec. 3.2.3 we

described pseudopotentials, and the PAW method, which is a robust and efficient approach to

compute the all-electron wave function, that represents an extension of the commonly employed

pseudopotential approach. In Sec. 3.2.4, we then outline the plane wave formalism for DFT

calculations, and how this technique offers a computationally efficient basis for DFT calculations,

akin to benefits offered by the plane wave expansion method seen in Chapter 2. The theoretical

methods and technical details outlined in this Chapter will underpin our analysis of III-P band

parameters in Chapter 6.





Chapter 4

Optimisation of radiative

recombination in InAs/GaSb

superlattices

4.1 Overview

The narrow-gap semiconductors InAs and GaSb, members of the so-called “6.1 Å family” of

III-V compounds [15], combine low lattice mismatch, ∼ 0.6%, with a large valence band (VB)

offset that produces an unusual type-III (“broken-gap”) band alignment. Type-III band align-

ment means that the VB maximum in the hole confining layers lies higher in energy than the

conduction band (CB) minimum in the electron confining layers (cf. Sec. 1.1). This low lattice

mismatch allows for growth of high-quality superlattices (SLs) consisting of alternating InAs

and GaSb layers, and has established InAs/GaSb SLs as the archetypal broken-gap SL system.

Research effort on InAs/GaSb SLs and quantum wells (QWs) has been sustained since their

initial fabrication in the late-1970s [12] by the vast possibilities offered by their highly tunable

electronic structure, which continues to attract interest from both fundamental and applied

perspectives. From a fundamental perspective InAs/GaSb SLs are an established reference sys-

tem for electronic structure methodologies, including empirical atomistic [88–93] and continuum

(k·p-based) [94–97] models and, more recently, first principles calculations [98–102]. In addition

to sustained interest from the perspective of mid-infrared (mid-IR) photonics, InAs/GaSb het-

erostructures have over the past 15 years also attracted significant interest for the engineering

of topologically non-trivial electronic states [103–105]. This includes the pursuit of Majorana

fermions as a platform for fault-tolerant topological quantum computation [106].

41



Optimisation of radiative recombination in InAs/GaSb superlattices 42

From a practical perspective, there exists a strong imperative to develop efficient and cost-

effective mid-IR light sources for a broad range of sensing applications relevant to the environ-

mental, industrial, medical, agricultural and defence sectors [2–5]. While quantum cascade laser

(QCL) technology is well-established [4, 9, 10], QCL performance degrades for wavelengths ≲ 4

µm and their deployment presents the dual challenges of complex fabrication and high cost. This

represents a significant opportunity for the development of mid-IR light-emitting diodes (LEDs)

and diode lasers based on III-V semiconductor heterostructures. Such devices have the poten-

tial to deliver simplified fabrication, lower cost and reduced power consumption compared to

QCL technologies, and to significantly improve performance compared to existing incandescent

light sources [107]. Mid-infrared emitters based on QWs having type-I band offsets experience

performance degradation with increasing wavelength, due to a combination of thermal carrier

leakage and high non-radiative Auger recombination rates [108, 109]. Heterostructures having

type-II (staggered-gap) band offsets have attracted significant attention for the development

of mid-IR emitters [20, 110–113]. Compared to QWs or SLs having type-I (spatially direct)

band offsets, they offer a combination of enhanced electrical confinement and intrinsically low

Auger recombination rates [114]. This can enhance internal quantum efficiency by respectively

mitigating carrier leakage and reducing non-radiative losses [115, 116]. InAs/GaSb SLs, already

the basis of demonstrated mid-IR photodetectors [17–19], have continued to attract interest as

a candidate platform for the development of mid-IR LEDs. Progress on light-emitting InAs/-

GaSb SLs has included fabrication of prototype inter-band cascade LEDs (IC-LEDs) by several

groups [117–119]. These prototypes have demonstrated promising characteristics such as low

turn-on voltage, low series resistance, and room temperature radiance approaching 1 W cm−2

sr−1 [16].

We undertake a detailed analysis of the electronic structure of, and radiative recombination

in, InAs/GaSb SLs. Recombination processes in these structures have been the subject of

previous theoretical analysis [120]. However, to our knowledge, there has been no detailed

discussion of the explicit role played by various aspects of the underlying electronic structure in

determining the radiative recombination rate and its temperature dependence. Additionally, no

systematic in silico optimisation of the radiative recombination rate as a function of emission

wavelength has been carried out. It is to these two issues that we dedicate our attention.

In our calculations we employ a Cartesian coordinate system in which the x, y and z axes

respectively align with the [100], [010] and [001] principal crystal axes. We consider InAs/GaSb

SLs grown on an [001]-orientated InAs substrate, with kz then being quantised in the [001]-

orientated SL calculations. As detailed in Chapter 2, we recapitulate the calculation of SL

electronic structure using a multi-band k·p Hamiltonian, employing here a reciprocal space plane

wave expansion method (PWEM). This numerically efficient approach allows the miniband

dispersion to be computed explicitly using a calculational supercell consisting of a single SL

period. We highlight that analysis of the bulk complex band structure is essential to identify
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and inform mitigation of spurious solutions in k · p-based heterostructure calculations. By

reassessing the fundamentals of the InAs/GaSb SL electronic structure we identify and quantify

the role played by miniband formation in determining the radiative recombination rate, which we

quantify via the radiative recombination coefficient B. By comparing the results of our full SL

calculations to test calculations for an equivalent QW - i.e. by neglecting miniband dispersion

- we highlight the importance of the mismatch in electron and hole miniband dispersion in

influencing the magnitude of B and its temperature dependence. We demonstrate that the

formation of minibands acts to reduce the magnitude of B, while simultaneously reducing the

rate at which B decreases with increasing temperature, and identify that this behaviour has

originates from the mismatch in dispersion between the highly (minimally) dispersive electron

(hole) minibands. This analysis quantifies the potential enhancement in radiative recombination

rate that could be achieved by engineering SL band structure to better match electron and hole

miniband dispersion, in a manner akin to that achieved by exploiting the impact of strain

on the VB dispersion in QW lasers [121, 122]. This provides guidance to inform structural

optimisation to enhance the internal quantum efficiency of SL-based emitters. Finally, we

perform high-throughput calculations in which the relative thickness of the InAs and GaSb layers

that constitute each period of the SL are varied, identifying combinations of layer thickness that

maximise B at room temperature for emission wavelengths spanning the 3.5 – 7 µm range.

The rest of this chapter is organised as follows. In Sec. 4.2 we describe the reparametrisation

(cf. Sec. 4.2.1) and benchmarking (cf. Sec. 4.2.2) of the 8-band k · p model, to mitigate the

impact of spurious solutions in electronic structure calculations. In Sec. 4.3 we present our

analysis of the electronic properties of InAs/GaSb SLs. In Sec. 4.3.1 we describe the impact of

the spatially indirect type-III band offsets and narrow layer thicknesses on the optoelectronic

properties, and as a result the radiative performance, in InAs/GaSb SLs. In Sec. 4.3.2 we

describe the associated electronic band structure. In Sec. 4.4 we investigate trends in the

optical properties of InAs/GaSb SLs. In Sec. 4.4.1 we analyse trends in the inter-band optical

(momentum) matrix elements and spontaneous emission (SE). In Sec. 4.4.2 we quantify and

analyse the radiative performance of an exemplar InAs/GaSb SL, and in Sec. 4.4.3 we investigate

the potential for optimisation of InAs/GaSb SLs to establish guidelines for epitaxial growth. In

Sec. 4.5 we summarise our analysis and conclude.

4.2 k · p model reparametrisation and benchmarking

In this section we present our analysis and key considerations for the application of the 8-band

k · p method in conjunction with the PWEM, outlined in Chapter 2, to enable investigation

of the electronic structure of type-III (“broken gap”) InAs/GaSb SLs. Accurate and reliable

electronic structure is required to analyse these SLs. In order to achieve this description accu-

rately we investigate the presence of spurious solutions, which can “pollute” electronic structure
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calculations and hence those of optical properties. This investigation includes a reparametrisa-

tion of the 8-band Hamlitonian which we benchmark via comparison to literature theoretical

calculations and experimental measurements.

4.2.1 Spurious solutions and model reparametrisation

The 8-band k · p Hamiltonian for zinc blende is known to provide an incomplete description

of the electronic structure of tetrahedrally-bonded (“pyramid-like”) semiconductors – i.e. semi-

conductors in which each atom is polar covalent bonded to four nearest neighbours, with these

nearest neighbours residing at the vertices of a tetrahedron. The incompleteness of this descrip-

tion can lead to the introduction of spurious solutions in the bulk band dispersion [123]. These

spurious solutions can manifest as states having energies lying within the band gap and/or

possessing complex-valued wave vectors. When performing heterostructure calculations, the

presence of such solutions must be carefully considered and mitigated to obtain reliable elec-

tronic properties.

We begin our analysis by using the InAs and GaSb bulk band parameters, including the Varshni

parameters for the bulk band gap temperature dependence and the InAs/GaSb VB offset (=

0.56 eV), recommended by Vurgaftman et al [44]. We note that the reduction of the band gap of

a semiconductor with increasing temperature has two contributions: lattice thermal expansion

and electron-phonon coupling [124, 125]. The Varshni relation is parametrised by fitting to the

experimentally measured temperature-dependent band gap, and therefore implicitly contains

both contributions. In principle, lattice thermal expansion could be considered by employing

temperature-dependent lattice parameters to compute the strain in each layer of the heterostruc-

ture. We therefore restrict the temperature dependence of our band parameters to the bulk

InAs and GaSb band gaps only. Test calculations verify that, since we keep the Kane parameter

EP fixed vs. temperature, the reduction in bulk band gap with increasing temperature leads to

a reduction in band edge effective mass in line with experimental measurements [126]. As we

will describe below, some of the bulk band parameters recommended in Ref. [44] require mod-

ification to mitigate the deleterious impact of unphysical spurious solutions on the calculated

SL eigenstates. Following Ref. [127] we neglect the impact of strain on the SL band structure,

due to the small lattice mismatch between InAs and GaSb. This is consistent with the x-ray

diffraction measurements of Ref. [16], which demonstrated lattice mismatch ∼ 10−5 with respect

to the InAs substrate for the InAs/GaSb SLs against whose experimental characterisation we

will benchmark our calculations in Sec. 4.2.2.

In the 8-band k · p Hamiltonian the CB dispersion is described in part by the parameter sc,

alternatively denoted by Ac in the literature [128, 129],
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sc =
1

m∗
c

− EP
3

(
2

Eg
+

1

Eg +∆0

)
, (4.1)

where the first and second terms respectively describe the free-electron and remote-band con-

tributions to the CB edge effective mass m∗
c , where Eg and ∆0 are the Γ-point band gap and

VB spin-orbit splitting, and EP is the Kane parameter. This parameter appears in the Hamil-

tonian as ℏ2k2
2m0

sc and, since sc < 0 for most conventional semiconductors [44], this can lead to

unphysical downward bending of the CB dispersion into the band gap at large k = |k|. This

is of particular importance for the simulation of short-period SL structures using the PWEM.

Since Gm ∝ L−1, the plane wave basis set can readily sample wave vectors corresponding to

large real values of the bulk kz in short-period SL heterostructures. This can therefore pollute

the heterostructure eigenstates by sampling spurious large-kz bulk states. Additionally, InAs/-

GaSb SLs demonstrate type-II-like (spatially indirect) carrier confinement, so that the Bloch

character of a given eigenstate can abruptly change from being, e.g., predominantly CB-like to

predominantly VB-like across an InAs/GaSb interface for a bound electron state. These factors

mandate careful selection of the (i) band parameters, and (ii) plane wave basis set, in numerical

calculations.

We work with the 8-band k·p Hamiltonian in the total angular momentum basis |J ;mJ⟩ of

zone-centre Bloch states that diagonalise the spin-orbit interaction [51, 52]. With kx = ky = 0

the Hamiltonian block diagonalises such that the heavy-hole (HH) VB is decoupled, with the

dispersion of the light-hole (LH) and spin-split-off (SO) VBs and the lowest energy CB along

[001] then described by the 3× 3 Hamiltonian

H3×3(kz) =


Eg +

ℏ2
2m0

sc k
2
z

√
2
3Pkz − 1√

3
Pkz√

2
3Pkz − ℏ2

2m0
(γ1 + 2γ2) k

2
z

√
2 ℏ2
m0
γ2 k

2
z

− 1√
3
Pkz

√
2 ℏ2
m0
γ2 k

2
z −∆0 − ℏ2

2m0
γ1 k

2
z


|12 ;±

1
2⟩

|32 ;±
1
2⟩

|12 ;±
1
2⟩

, (4.2)

where P is the inter-band (Kane) momentum matrix element, related to the Kane parameter

via EP = 2m0P 2

ℏ2 .

We compute the complex band structure admitted by Eq. (4.2) using the eigenvalue method

described in Ref. [130]. We write Eq. (4.2) as H3×3(kz) = H(0) + H(1)kz + H(2)k2z , where

H(0), H(1) and H(2) are the 3×3 coefficient matrices for terms in Eq. (4.2) that are respectively

independent of kz, linear in kz and quadratic in kz. Using these coefficient matrices we construct

the 6× 6 “companion” matrix to H3×3(kz)
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Figure 4.1: (a) Complex band structure of bulk InAs (solid red lines) and GaSb (solid blue
lines) along [001], using an 8-band k · p Hamiltonian with the parameters of Ref. [44]. The
arrow highlights the real kz component of a spurious band (SB) lying close in energy to the
InAs CB edge, with the imaginary component of the SB lying in the same energy range in the
left-hand panel. (b) As in (a), but using renormalised parameters in which sc = 0.

C(E) =

(
0 I

−(H(2))−1(H(0) − EI) −(H(2))−1H(1)

)
, (4.3)

where I is the 3 × 3 identity matrix. Diagonalising Eq. (4.3) as a function of energy E then

yields the, in general, complex-valued wave vectors kz,n(E, kx = 0, ky = 0).

Solid red and blue lines in Fig. 4.1(a) respectively show the bulk complex band structure, at

temperature T = 300 K, computed along kz for InAs and GaSb, with k∥ = 0. This is done

using the 8-band k · p Hamiltonian parameterised following Ref. [44]. The zero of energy is set

at the InAs VB maximum. The left- and right-hand panels of Fig. 4.1(a) respectively show the

imaginary and real parts of kz associated with each bulk state at energy E. Note that we have

omitted HH bands from Figs. 4.1(a) and 4.1(b) for simplicity, since the HH band decouples

from the CB, LH and SO bands along [001] and is hence not relevant to this discussion.

The InAs complex band dispersion in Fig. 4.1(a) reveals the presence of a spurious band (SB),

which has complex-valued kz and straddles the CB minimum in the energy range 0.11 – 0.55

eV (highlighted by horizontal dashed grey lines). This SB originates due to the presence of a

large negative value sc ≈ −11.7, and occurs in an energy range in which a purely imaginary

(evanescent) band having Im{kz} ≈ 2.5 nm−1 across the full plotted energy range intersects the

evanescent band originating from the SO VB. As described above, large negative values of sc
most often give rise to a SB at large real kz, due to unphysical downward dispersion of the CB.

Such unphysical CB dispersion is not observed in the real band dispersion of the 8-band model

parameterised following Ref. [44]. However, the combination of sc and the LH and SO effective
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masses of Ref. [44] (determined by the modified VB Luttinger parameters γ1 and γ2) produce

a SB having complex-valued kz that is not visible in the computed real bulk band dispersion,

but which nonetheless pollutes the results of heterostructure calculations. Test calculations for

InAs/GaSb SLs using this parameter set demonstrated the introduction of spurious solutions

lying close in energy to the CB edge for plane wave basis sets containing as few as 2M + 1 = 7

plane waves – a consequence of the appearance of the SB at small real kz – with these spurious

solutions moving downwards in energy into the band gap, and subsequently into the VB, with

increasing M .

Our analysis using Eq. (4.2) demonstrates that, as sc approaches zero, this SB evolves from

having complex-valued wave vector with small real kz, towards being an evanescent state having

purely imaginary kz with |Im{kz}| → ∞ as sc → 0. To mitigate the impact of this SB we set

sc = 0, following the approach suggested in Ref. [128] by Foreman. We achieve this by decreasing

the Kane parameter EP to fix sc = 0 in both InAs and GaSb, leaving the value of the bulk

CB edge effective mass unchanged in each case. This parameter renormalisation is consistent

with the analysis of Veprek et al. [129], who demonstrated that reducing EP – which, in turn,

adjusts the modified VB Luttinger parameters in addition to sc – is an effective approach to

eliminate spurious solutions by enforcing ellipticity of the 8-band k · p Hamiltonian. Solid red

and blue lines in Fig. 4.1(b) respectively show the calculated InAs and GaSb bulk complex band

dispersion using a renormalised parameter set in which sc = 0. The complex band dispersion

of InAs close in energy to the band gap is now in very good agreement with that obtained from

full-band atomistic tight-binding calculations [131, 132]. We therefore retain these renormalised

parameters for our analysis of the InAs/GaSb SL electronic and optical properties.

Enforcing sc = 0 removes a complex-valued SB from close to the zone centre in InAs. How-

ever, we note that this SB is replaced by an evanescent state having large imaginary wave

vector (cf. Appendix A). Calculation of bound heterostructure eigenstates, which are formally

equivalent to a linear combination of bulk states having complex-valued wave vectors, typi-

cally requires matching of envelope function amplitudes and (appropriately weighted) spatial

derivatives at material interfaces [133]. Given that our choice of renormalised band parameters

replaces a SB by an evanescent state in InAs, we might then expect that this will impact the

character of the computed eigenstates. As described by Foreman in Ref. [128], setting sc = 0

removes the requirement that the CB Bloch component of the envelope function be continuous

across an interface. We will observe, and discuss, below that this is indeed the case for our

calculated InAs/GaSb SL bound electron states.

An appropriately parametrised 8-band k ·p Hamiltonian provides a robust approach to compute

SL electronic properties. However, the resulting artificially high symmetry neglects the impact

of microscopic interface asymmetry (MIA) associated with InAs/GaSb layer interfaces [59]. To

overcome this limitation, previous 8-band k · p calculations for InAs/GaSb SLs have treated
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MIA via inclusion of a localised potential at each interface, the magnitude of which was treated

as an empirical parameter and adjusted to fit to the measured variation with layer thickness

of the SL band gap [127, 134]. The primary impact of this symmetry-breaking potential is to

induce hybridisation of HH- and LH-like eigenstates [135], which can induce strong in-plane

anisotropy in the inter-band optical matrix elements. Here, we are concerned with computing

the SE rate, and quantities derived therefrom, which are polarisation-averaged. We therefore

neglect MIA in the present analysis, and further employ the axial approximation such that the

computed in-plane band dispersion and eigenstates depend only on the magnitude k∥ = |k∥| of

the in-plane wave vector [54].

4.2.2 Emission energy temperature dependence

Motivated by the structures considered in Ref. [16], we begin our analysis by considering InAs/-

GaSb SLs having equal InAs and GaSb layer thicknesses (tInAs = tGaSb ≡ t). The corresponding

length of our calculational supercell – i.e. the SL period – is L = 2t. Firstly, in order to establish

an appropriate choice of plane wave basis set, we take exemplar structures and compute the

k = 0 bound state energies as a function of the number of plane waves – i.e. by varying M

(cf. Chapter 2). A basis set containing 2M + 1 = 51 plane waves was found to be sufficient to

converge all calculated bound state energies to within 0.1 meV, with respect to further increases

in the size of the basis set. We therefore set M = 25 for all of our calculations. This choice

of plane wave basis set generates a reciprocal space plane wave Hamiltonian matrix H̃k of size

8(2M + 1)× 8(2M + 1) = 408× 408 at each wave vector k. Having established an appropriate

choice of plane wave basis set we proceed by performing benchmark calculations in comparison

to the temperature-dependent electroluminescence (EL) measurements of Ref. [16]. To do this

we begin by noting that the SL band gap is the energy gap between the lowest energy bound

electron state (e1) and the highest energy bound hole state (h1) at k = 0. This energy gap

can then be referred to as the e1-h1 band gap. However, in EL measurements the emission

peak can be expected to be slightly blueshifted vs. the SL band gap due to the band filling, or

Burstein-Moss, effect [136, 137]. As such, both the in-plane (k∥) and miniband (q) dispersion

play important roles in determining not only the EL/SE peak energy, but also its temperature

dependence. For this reason, rather than compare the calculated e1-h1 band gap to experi-

ment, we compute the SE spectrum under carrier injection and extract the peak energy of the

SE spectrum vs. temperature for comparison.

The results of our benchmark calculations are summarised in Fig. 4.2, where closed black circles

depict the EL data of Ref. [16]. We present two sets of theoretical data in Fig. 4.2. Firstly, we

compute the emission energy as the peak energy of the full SL SE spectrum. We compute the

SE rate spectrum in the quasi-equilibrium approximation as [138–140]
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rsp(ℏω) =
e2nrℏω

πϵ0m2
0ℏ2c3

∑
nc,nv

(
2π

L

)−1 ∫ + π
L

− π
L

dq
∫ dk∥

(2π)2
|p̃ncnvk|2

× fe(Enck, Fe) [1− fh(Envk, Fh)] δ (Enck − Envk − ℏω) , (4.4)

where Enc(nv)k is the dispersion of conduction subband nc (valence subband nv), fe(h) is the

electron (hole) Fermi-Dirac distribution function at temperature T , Fe(h) is the associated elec-

tron (hole) quasi-Fermi level corresponding to an injected electron (hole) carrier density n (p),

and the Dirac distribution δ imposes conservation of energy for photon emission. As described

in Sec. 2.2, Eq. (4.4) explicitly includes the miniband dispersion and q-dependence of the inter-

band optical matrix elements (cf. Eq. (2.64)). The calculation of the matrix elements pncnvk

employs the full k-dependent SL Hamiltonian and eigenstates (cf. Sec. 2.2.3). In order to nu-

merically evaluate Eq. (4.4) the Dirac distribution δ (Enck − Envk − ℏω) must be replaced by

a normalised, finite-width lineshape. In our calculations we employ a hyperbolic secant line-

shape [141], the spectral width (= 4 meV) of which was chosen based on qualitative comparison

between our calculated SE spectra and the measured EL spectra of Ref. [16] (cf. Fig. 4.2).

The SE peak energy is expected to correspond closely to the experimentally measured EL peak

energy. We therefore proceed by taking the measured T = 300 K EL peak energy (= 0.283 eV
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Figure 4.2: Theory vs. experiment comparison of the dependence of the emission energy
vs. temperature T for an InAs/GaSb SL having equal InAs and GaSb layer thicknesses t = 2.14
nm (SL period L = 2t = 4.28 nm). The solid black line shows the calculated SE peak energy
vs. T at injected electron and hole carrier densities n = p = 1017 cm−3. The solid grey line
shows the calculated SL (e1-h1) band gap at k = 0. Experimental data (closed black circles)
are from Ref. [16].
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= 4.38 µm) as a reference, and adjust the layer thickness t to match our calculated T = 300 K

SE peak energy to this reference. This yields t = 2.14 nm (L = 4.28 nm), which corresponds

well to the nominal t = 2.3 nm of Ref. [16]. This minor discrepancy between the nominal and

best-fit layer thicknesses in our calculations vs. the device structures investigated in Ref. [16] is

expected due to (i) the incorporation of a small fraction (≲ 10%) of As in the GaSb layers in that

work, to minimise lattice mismatch with respect to InAs, and (ii) the fact that the SL regions of

the devices were lightly n-doped, which is not considered in our calculations. Keeping this value

of t fixed we then compute the T -dependent SE peak energy, shown by the solid black line in

Fig. 4.2. We note good quantitative agreement with the measurements of Ref. [16] (closed black

circles). For comparison the solid grey line in Fig. 4.2 shows the calculated T -dependent k = 0

e1-h1 SL band gap for the same structure. Due to the Burstein-Moss effect, the fundamental

e1-h1 SL band gap is lower in energy than the peak energies extracted from the SE calculations.

To quantify the T -dependence of these two sets of calculated energies for InAs/GaSb SLs, we

fit to the empirical Varshni relation [44, 142]

Egap/peak(T ) = Egap/peak(0)−
αT 2

T + β
, (4.5)

where Egap/peak(0) is the zero-temperature SL band gap or SE peak energy.

To facilitate comparison to literature experimental data, we follow Ref. [143] by fixing β = 270

K when fitting the theoretical data of Fig. 4.1 via Eq. (4.5). We recall that our analysis

employs only the bulk InAs and GaSb Varshni parameters as input to the SL electronic structure

calculations, with the subsequent Varshni fits to the temperature-dependent e1-h1 band gap

and SE peak energies computed for the SL heterostructure then being predictions of the full

SL calculations. The respective best-fit values of the Varshni parameter α are 0.383 and 0.493

meV K−1 for the calculated full SE peak energy (solid black line) and k = 0 SL band gap (solid

grey line). We note the Varshni parameter α = 0.383 meV K−1 for the full SE calculation –

i.e. including the full k-dependent in-plane and miniband dispersion, and optical matrix elements

– is in close quantitative agreement with the range α = 0.30 – 0.37 meV K−1 of experimental

values given in Ref. [143].

4.3 Electronic properties

Having established an appropriate set of band parameters, and having benchmarked our calcu-

lations against experimental data, we now turn our attention to analysing the electronic prop-

erties of InAs/GaSb SLs. Specifically, we investigate the impact of the type-III (“broken-gap”)

band alignment on carrier localisation and the resulting electronic band structure, including the
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miniband dispersion. We outline the impact we expect the carrier localisation and miniband

formation to have on the optical properties.

4.3.1 Carrier localisation

Despite the fact that the T -dependence of the bulk InAs and GaSb band gaps used as input to

our calculations – by applying Eq. (4.5) in conjunction with the parameters of Ref. [44] – are

treated identically for both sets of calculations shown in Fig. 4.2, we note that the best-fit values

of the Varshni parameter α for the SL band gap and SE peak energy vary by close to 30%. This

describes that, relative to the SL band gap, filling of in-plane bands and minibands by injected

carriers acts not only to blueshift the SE peak energy at fixed T , but also to decrease its T

dependence compared to that of the bulk band gaps of the SL’s constituent materials. Having

demonstrated the ability of our model to quantitatively capture the experimentally measured

T -dependence of the SL emission energy, we now turn our attention to a detailed interpretation

of radiative recombination in this equal layer thickness SL (t = 2.14 nm, L = 2t) based on its

calculated electronic structure. Unless otherwise stated, all calculations below are performed at

T = 300 K.

We begin by considering the electron and hole localisation, summarised in Fig. 4.3. Solid red

and blue lines respectively show the computed CB and VB offsets (demonstrating the type-III

band alignment), and also the probability densities associated respectively with the e1 and h1

k = 0 bound states. Dash-dotted red and blue lines respectively denote the computed e1 and

h1 bound state energies at k = 0, which in each case serves as the zero of the plotted probability

density (in units of nm−1). We note that the probability density for each SL eigenstate (n = e1,

h1) is computed at each position z by summing over |Fnbk(z)|2 with respect to the bulk Bloch

band index b = 1, 2, . . . , 8 at k = 0. The e1 probability density therefore contains CB, LH

and SO – i.e. |J ;mJ⟩ = |12 ;±
1
2⟩, |

3
2 ;±

1
2⟩ and |12 ;±

1
2⟩ – contributions, while the h1 probability

density contains only HH – i.e. |J ;mJ⟩ = |32 ;±
3
2⟩ – contributions. While our electronic structure

calculations are performed for supercells consisting of a single SL period we have, for clarity,

exploited the periodic boundary conditions to plot the band offsets and probability densities in

Fig. 4.3 over three SL periods.

We note that the h1 state is tightly confined within GaSb layers in the structure, with its proba-

bility density dropping rapidly to near-zero values at the centre of InAs layers as a consequence

of the large VB offset and large HH VB edge effective mass in GaSb. Conversely, we note that

the e1 state is, while primarily localised in InAs layers, significantly less localised than h1. The

e1 probability density retains significant non-zero values throughout GaSb layers. This partial

delocalisation of the e1 state is a consequence of the combination of low InAs CB edge effective

mass and low GaSb layer thickness, and reflects strong electronic coupling between electrons

bound in neighbouring SL periods. As we will describe below, this leads to (i) strong dispersion
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of the e1 miniband along q, and (ii) significant electron-hole spatial overlap, leading to optical

matrix elements that can be considered high for a structure possessing spatially indirect electron

and hole confinement.

Before proceeding, we note a technical consideration relevant to the calculation of the carrier

envelope functions. Our preliminary calculations of the e1 probability density demonstrated

oscillations [57], suggesting the potential presence of a spurious contribution to the probability

density, despite the choice of renormalised parameters having sc = 0. Detailed analysis confirms

that these oscillations are not a consequence of a spurious contribution to the e1 eigenstate.

Rather, they are a consequence of the use of a plane wave basis set in conjunction with sc = 0

[128]. In this case, oscillations in the e1 probability density arise in the presence of spatially

abrupt InAs/GaSb interfaces, due to an accompanying discontinuity in the e1 envelope func-

tion (cf. Appendix A). Mathematically, these oscillations arise due to the description of the

envelope function discontinuity in the PWEM – i.e. via a truncated Fourier series (cf. Chap-

ter 2) – as a manifestation of the Gibbs phenomenon, which produces oscillatory behaviour near

discontinuities [144]. To eliminate this behaviour we have softened the InAs/GaSb interfaces

by convoluting the initial piecewise continuous real space band offset profile with a Gaussian

distribution of standard deviation σ = 7.5× 10−2 nm. This emulates intermixing between the

InAs and GaSb layers, generated the continuous band offset profile shown in Fig. 4.3, while still

allowing for analytical evaluation of the matrix elements of H̃k via the convolution theorem

(cf. Appendix B). With this applied InAs/GaSb intermixing we observe in Fig. 4.3 that the
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Figure 4.3: Calculated CB (solid red line) and VB (solid blue line) offsets, illustrated for
three periods of a InAs/GaSb SL having equal InAs and GaSb layer thickness t = 2.14 nm (SL
period L = 4.28 nm). The dash-dotted red (blue) line denotes the energy of the lowest energy
bound electron state e1 (highest energy bound hole state h1). The e1 (h1) probability density
is shown using a solid red (blue) line, shifted so that the zero of probability density lies at the
e1 (h1) energy.



Optimisation of radiative recombination in InAs/GaSb superlattices 53

magnitude of the e1 probability density changes abruptly across InAs/GaSb interfaces. This is

expected based on Foreman’s analysis of the behaviour of a CB envelope function when sc = 0

[128], and is also consistent with recent atomistic calculations of the e1 probability density based

on the tight-binding method [92].

4.3.2 Superlattice band structure

We now turn our attention to the calculated SL band structure and DOS, shown in Figs. 4.4(a)

and 4.4(b) for T = 4 and 300 K respectively. In Figs. 4.4(a) and 4.4(b) the left-hand and centre

panels respectively show the calculated miniband and in-plane band dispersion, while the right-

hand panel shows the calculated DOS. In each case the calculated CB DOS, which is significantly

lower than the VB DOS, has been multiplied by 10 for improved visibility. Line colours denote

the Fermi-Dirac band occupancy, which ranges from 1 (purple) to ≤ 10−4 (yellow), using the

electron and hole quasi-Fermi levels computed for injected carrier densities n = p = 1017 cm−3.

We note that there is minimal qualitative difference between the calculated T = 4 and 300 K SL

band structures, with the only significant quantitative difference being a 74 meV reduction in

SL band gap (cf. Fig. 4.2). Examining the computed miniband structures we firstly note that,

as described above, the partial e1 delocalisation is reflected by the presence of highly dispersive

e1 minibands. As a consequence, electrons only occupy states over a limited range of q. At low

temperature T = 4 K, the range of q across which e1 miniband states are occupied is strongly

limited by the step-like nature of the Fermi-Dirac distribution function, with only states lying
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within the first ≈ 20% of the SL BZ being occupied – i.e. |q| ≲ π
5L . Conversely, the strong h1

localisation suppresses electronic coupling of VB edge hole states in neighbouring SL periods,

which is reflected by nearly dispersionless h1 minibands. Holes therefore occupy h1 miniband

states throughout the entirety of the SL BZ, |q| ≤ π
L , even at low T .

This mismatch in the dispersion of the e1 and h1 minibands, when combined with strict

(∆k = 0) k-selection for optical transitions (cf. Chapter 2), will act to reduce the radiative

recombination rate. Specifically, holes occupying h1 miniband states at large |q| are without

electrons having matching wave vector, and hence have no available electrons with which to re-

combine. We therefore expect, and will demonstrate below, that the presence of this mismatched

e1 and h1 miniband dispersion leads to a reduction of B at fixed temperature and carrier den-

sity vs. an equivalent QW structure (i.e. the same heterostructure considered without miniband

dispersion). We note that this behaviour mirrors that associated with the mismatch of the in-

plane CB and VB edge DOS in conventional QW structures, which served as a key motivation

for the development of strain-engineered QW structures to improve the performance of LEDs

and diode lasers [121, 145, 146]. While the mismatch in the range of q over which electrons and

holes occupy miniband states is exacerbated at low temperature, we note that this behaviour

is partially mitigated at T = 300 K. As T is increased to 300 K the emergence of a high-

energy tail above the quasi-Fermi level in the electron Fermi-Dirac distribution allows electrons

to occupy e1 miniband states over a significantly larger fraction of the SL BZ (cf. Fig. 4.4(b)

vs. Fig. 4.4(a)), thereby providing a radiative recombination pathway for holes having larger

|q|. The impact of this behaviour on the magnitude of B and its temperature dependence will

be quantified below.

4.4 Trends in radiative recombination

In this section we present our analysis of trends in radiative recombination in InAs/GaSb SLs.

We quantify the behaviour in optical matrix elements and SE, which highlight the impor-

tance of considering the miniband dispersion in calculating SL optoelectronic properties. We

demonstrate that the miniband dispersion acts to reduce the SE rate, which leads in turn to a

reduction in the radiative recombination rate. We quantify the radiative performance (recom-

bination rate) via the radiative recombination coefficient B. Having carried out analysis for an

exemplar InAs/GaSb SL having equal InAs and GaSb layer thickness we investigate pathways

to maximising B at fixed SE peak emission wavelength λpeak, providing guidelines for epitaxial

growth for the development of optimised mid-IR LEDs.
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4.4.1 Optical matrix elements and spontaneous emission

Using the SL Hamiltonian H̃k and eigenstates |ψnk⟩ we explicitly compute the TE- and TM-

polarised (k, q)-dependent optical matrix elements for e1-h1 transitions (cf. Sec. 2.2.3), corre-

sponding to ê = x̂ and ê = ẑ respectively. The results of these calculations are summarised in

Fig. 4.5(a), where the left- and right-hand panels respectively show the optical matrix elements

vs. q for k∥ = 0, and vs. k∥ for q = 0. TE- and TM-polarised matrix elements are respectively

denoted by solid blue and dashed red lines. We present the squared optical matrix elements as
2
m0

|p(e)ncnvk|
2 – i.e. having units of energy, so that a natural reference is provided by the bulk Kane

parameters EP . The in-plane matrix elements obey conventional selection rules. At k∥ = 0 the

h1 state is purely HH-like, possessing no pz-like orbital component, so that the TM-polarised

transition is symmetry forbidden. Away from k∥ = 0 the h1 band begins to hybridise with other

bands and acquire LH-like Bloch character – and, to a lesser extent, SO- and CB-like character

– thereby acquiring a pz-like orbital component such that the TM-polarised matrix element

initially grows with increasing k∥ before again reducing as k∥ increases further (due in part to

the growth in the Ee1,k∥ − Eh1,k∥ energy gap). The TE-polarised matrix element is non-zero

across the full range of k∥ for which e1 and h1 band states are occupied reflecting that, despite

strong band hybridisation away from k∥ = 0, the e1 and h1 states respectively retain significant

CB- and HH-like Bloch character. We note that the calculated TE-polarised optical matrix

element at k = 0 achieves a value that is 64.0% of the renormalised bulk InAs Kane parameter

EP = 16.49 eV employed in the electronic structure calculation. This value, which we note is

quite large given the spatially indirect carrier confinement, is a consequence of the partial e1

delocalisation described above, which allows for large e1-h1 spatial overlap.

At k∥ = 0 the TE-polarised matrix element decreases with increasing |q|, becoming zero at

|q| = π
L , as has been observed in some previous calculations (see, e.g., Fig. 6(a) of Ref. [127]).

We identify that this behaviour traces its origin to an interplay between the evolution of the

e1 and h1 envelope functions with increasing |q|, combined with the spatially indirect carrier

confinement in the SL. As a consequence of the spatially indirect carrier confinement, the peaks

of the e1 and h1 probability densities in this exemplar equal layer thickness structure are offset

by a distance ∆z = t = L
2 . As such, traversing the e1 and h1 minibands – i.e. varying q from 0

to π
L while maintaining k∥ = 0 – imparts a phase factor of exp(iq∆z) = exp(i qL2 ) between the

e1 and h1 envelope functions. This phase attains a value of π2 at q = π
L , with the corresponding

phase factor exp(iπ2 ) = i then being tantamount to introducing opposite parity between the e1

and h1 envelope functions (vs. their having equal parity at k = 0). By plotting the envelope

functions at q = 0 and q = π
L , we demonstrate this evolution of the envelope functions along

the minibands in Appendix A. As a result, the TE-polarised optical matrix element between

the e1 and h1 states vanishes at |q| = π
L . We note that this q = ± π

L “selection rule” arises

due to the imposed symmetry in our calculations, a consequence of neglecting MIA in our
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continuum k · p Hamiltonian. Inclusion of MIA – either implicitly in atomistic calculations, or

via an empirical potential in continuum calculations – lowers the symmetry of the calculated SL

eigenstates, so that the e1-h1 transition attains a much reduced but formally non-zero matrix

element at |q| = π
L [127, 131]. From the perspective of the present analysis we emphasise that

electrons do not occupy e1 miniband states at large |q|, so that this slight underestimation of

the TE-polarised optical matrix element at large |q| will not appreciably impact the calculated

SE spectra or values of B derived therefrom. We find the calculated optical matrix elements of

Fig. 4.5(a) to be in good overall agreement with previous work.

Using the computed SL electronic structure and optical matrix elements for this exemplar

equal layer thickness InAs/GaSb SL, we evaluate the SE spectrum for injected carrier density

n = p = 1017 cm−3 via Eq. (4.4). For comparative purposes, we show the results of two

calculations in Fig. 4.5(b). The solid blue line shows the full calculated SL SE spectrum,

which explicitly accounts for the q dependence of the SL electronic structure and optical matrix

elements. The dashed red line shows the results of a simplified calculation in which we fix

q = 0 and neglect q dependence – i.e. treating a single SL period as a conventional QW by

omitting miniband dispersion. Comparison of these two sets of SE calculations elucidates the

impact of SL miniband formation on radiative recombination. Firstly, the strong dispersion of

the e1 miniband in a short-period SL results in electrons occupying CB states at higher energy

(cf. Fig. 4.4(a) and 4.4(b)), leading in turn to a slight blueshift of the SL peak energy compared

to an equivalent isolated QW. Secondly, the aforementioned mismatch in the occupancy of e1
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and h1 minibands at large |q| reduces the number of electron-hole pairs that can recombine

radiatively via ∆k = 0 (optical) transitions thereby reducing the peak SE rate. This reduction

of the radiative recombination rate in response to miniband formation highlights the requirement

for careful band structure engineering – potentially exploiting alloying and strain in addition to

adjusting the thickness of electron- and hole-confining layers – to optimise the performance of

SL-based emitters.

For n = p = 1017 cm−3 we compute at T = 300 K that 100% of injected electrons occupy e1 band

states, while > 99.6% of injected holes occupy h1 band states. The SE spectrum is therefore

determined almost entirely by radiative recombination of e1 electrons and h1 holes. For our

high-throughput calculations of B below, we reduce the computational cost of computing the

SE spectra by restricting the evaluation of Eq. (4.4) to include only the nc = e1 conduction

and nv = h1 valence subbands. Further test calculations reveal that the SE is dominated

by TE-polarised e1-h1 transitions. For example, integrating over the T = 300 K SE spectrum

obtained from a calculation that omits the TM-polarised contribution to |p̃ncnvk|2 (cf. Sec. 2.2.3)

yields a radiative recombination rate that is 96.4% of that obtained from the full calculation

including both TE- and TM-polarised transitions. That this is the case is expected based on

our calculated band occupancies and optical matrix elements: at T = 300 K the e1 and h1

bands only have significant occupancies ≳ 10−2 for in-plane wave vectors k∥ ≲ 0.25 nm−1

(cf. Fig. 4.4(a)), in which range the TE-polarised e1-h1 optical matrix element significantly

exceeds its TM-polarised counterpart (cf. Fig. 4.5(a)).

4.4.2 Quantifying radiative performance via the recombination coefficient B

We quantify radiative performance via the radiative recombination coefficient B. Integrating

the SE rate rsp(ℏω), described by Eq. (4.4), with respect to photon energy ℏω yields Jrad/e,

where Jrad is the radiative current density, which is given in the Boltzmann approximation by

Jrad = eBnp, where B is the radiative recombination coefficient [138–140] and n and p are the

injected 3D electron and hole carrier densities respecitvely. B can therefore be computed as

B =
1

np

∫
rsp(ℏω) d(ℏω) . (4.6)

The results of our calculations of the T -dependent B coefficient for this equal layer thickness

SL structure are summarised in Fig. 4.6. Closed blue circles denote the B coefficients obtained

from full SL calculations, while open red circles summarise the B coefficients obtained from

simplified q = 0 “QW” calculations. In line with our calculated peak SE rates (cf. Fig. 4.5(b)),

we firstly note that the SL demonstrates reduced B coefficient at fixed temperature compared

to an equivalent QW structure. We secondly note that the degree to which the SL B coefficient

is reduced in the SL is strongly dependent on temperature. Miniband formation drives strong
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reduction of B at low T , with the calculated SL radiative recombination coefficient B = 6.16×
10−10 cm3 s−1 at T = 4 K being only 32.5% of that obtained from the equivalent q = 0

calculation. This disparity is reduced at T = 300 K, with B = 1.81×10−11 cm3 s−1 being 60.0%

of that obtained from the equivalent “q = 0” calculation. This behaviour can be understood in

light of the T -dependent e1 miniband occupancy (cf. Fig. 4.4(a) and 4.4(b)). In a conventional

QW, the large difference in CB and VB edge effective masses leads to electrons (holes) occupying

e1 (h1) subband states over a larger range of energy (in-plane wave vector k∥) than holes

(electrons) [121, 122]. At fixed carrier density this mismatch in occupancy is exacerbated with

increasing T , as the electron (hole) quasi-Fermi level moves upwards (downwards) in energy,

such that the B coefficient of a QW decreases strongly with increasing T . In the SL structures

under consideration, the mismatch in e1 and h1 subband occupancy at fixed T is exacerbated by

miniband formation. However, the reduction in the e1 and h1 occupancy mismatch along q with

increasing T constitutes a competing effect, acting to mitigate the degree to which the number

of electron-hole pairs available to undergo radiative recombination is reduced. We therefore

expect that the T -dependence of B should be reduced in the SL compared to the equivalent

QW.

The T dependence of B is summarised in the inset to Fig. 4.6, where closed blue (open red)

circles display a log-log plot of B vs. T in the range T = 200 – 300 K for the full SL (q = 0)

calculations. Here, we take B ∝ T s and obtain s as the slope of a linear fit – shown using a solid

blue or dashed red line – to the log-log data. In the standard analytical treatment of B – which

makes the simplifying assumptions of CB and VB parabolicity, temperature-independent band
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gap, and non-degenerate (Maxwell-Boltzmann) carrier statistics – this results in B ∝ Eg T
−D/2

in a semiconductor having band gap Eg and D-dimensional band dispersion [138, 147]. For

our exemplar SL (D = 3) we verify this expected behaviour by performing a test calculation in

which we omit the T dependence of the InAs and GaSb band gaps, and reduce the carrier density

to 1015 cm−3 so that the tails of the electron and hole Fermi-Dirac distribution functions that

enter into the conduction and valence bands mimic the non-degenerate (Boltzmann) regime.

The T dependence of B then originates solely from that of the carrier distribution functions

(cf. Eq. (4.4)). This test calculation yields s = −1.49, in line with the expected analytical result

B ∝ T−3/2, with minor deviation expected based on the nonparabolicity of the energy bands

in our numerical calculations. The enhanced temperature sensitivity B ∝ T−1.88 obtained from

the full T -dependent SL calculation is therefore attributed to the reduction of the SL band gap

with increasing T (cf. Fig. 4.2). The equivalent q = 0 “QW” calculation demonstrates higher

sensitivity of B on T , with s = −2.33, confirming our expectation that miniband formation can

act to reduce the dependence of B on T in a SL in which there exists a significant mismatch in

the dispersion of the e1 and h1 minibands.

We note that our calculated values of B are, for structures having spatially indirect (type-II-

like) carrier confinement, relatively high. At T = 300 K and n = p = 1017 cm−3 our full SL

calculation – i.e. including miniband dispersion and q-dependent optical matrix elements – yields

B = 1.81 × 10−11 cm3 s−1 for an InAs/GaSb SL having tInAs = tGaSb = 2.14 nm. This value

is close to B computed for bulk InAs from first principles [148], and compares favourably with

previous calculations for novel GaAs-based metamorphic InAs1−xSbx/AlxIn1−xAs and InP-

based pseudomorphic InyGa1−yAs1−xBix/In0.53Ga0.47As mid-IR QWs having spatially direct

(type-I) carrier confinement [8, 46]. For example, this calculated value of B is ≈ 31% of the value

B = 5.88× 10−11 cm3 s−1 previously computed for a type-I InAs/Al0.125In0.875As metamorphic

QW at the same temperature and carrier density [46]. Despite having significantly reduced

electron-hole spatial overlap compared to structures possessing spatially direct (type-I) carrier

confinement, we conclude that partial delocalisation of near-zone-centre CB electrons in broken-

gap InAs/GaSb SLs can produce a high radiative recombination rate suitable for applications in

mid-IR light-emitting devices. Our analysis therefore corroborates the experimental observation

in Ref. [16] of high optical output power in prototype InAs/GaSb SL IC-LEDs.

4.4.3 Optimising radiative recombination at fixed emission wavelength

Having elucidated the nature of the electronic structure and radiative recombination for an

exemplar SL having equal InAs and GaSb layer thicknesses tInAs and tGaSb, we now turn our

attention to the maximisation of B in InAs/GaSb SLs having unequal InAs and GaSb layer

thicknesses, tInAs ̸= tGaSb. For a chosen emission wavelength λpeak – corresponding, as above,

to the peak of the calculated SE spectrum at temperature T = 300 K for carrier density
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n = p = 1017 cm−3 – we identify SLs that maintain fixed λpeak by systematically varying

the relative thickness r = tInAs/tGaSb of the InAs and GaSb layers. In the PWEM, a basis set

consisting of 2M+1 plane waves possesses a minimum wavelength of L/M (cf. Chapter 2). Since

the SL period L = tInAs + tGaSb can vary significantly to achieve a given emission wavelength,

and in fixed-wavelength structures having tInAs ̸= tGaSb, we treat SLs having different L on an

equal footing by varying M so as to maintain L/M as close as possible to the value 4.28/25

nm = 0.1712 nm employed to analyse the equal layer thickness (r = 1) SL of Sec. 4.4.2 above.

This ensures that the plane wave basis sets employed in the electronic structure calculations

maintain equivalent real space resolution for the different structures considered. The results of

this high-throughput structure search are summarised in Fig. 4.7(a), which shows contours of

constant peak SE wavelength λpeak(tInAs, tGaSb) for emission wavelengths ranging from 3.5 µm

(blue) to 7 µm (red).

Having identified these sets of fixed emission wavelength SLs, we then compute B as a function

of relative layer thickness r = tInAs/tGaSb for each value of λpeak – i.e. moving along the con-

stant wavelength contours of Fig. 4.7(a). The results of these calculations are summarised in

Fig. 4.7(b) for λpeak = 4.5 µm (closed blue circles), 5.5 µm (closed green squares), and 6.5 µm

(closed red triangles) at T = 300 K. To highlight relative changes in B and associated trends as

a function of emission wavelength, each set of B coefficients in Fig. 4.7(b) is normalised to the

B coefficient calculated for an equal layer thickness (r = 1) SL at the corresponding value of

λpeak – i.e. B = 1 for r = 1 at each fixed λpeak. Figure 4.7(b) therefore summarises the relative

increase in B that can in principle be achieved by varying the InAs and GaSb layer thicknesses

in each period of an ideal InAs/GaSb SL. We note that quantitative values of layer thicknesses

and B coefficients are provided in Figs. 4.7(a) and 4.8, respectively.

Across the investigated wavelength range, our analysis predicts a strong reduction in B for

SLs having r < 1 (i.e. tInAs < tGaSb). At λpeak = 4.5 µm we find that B is reduced by

≈ 15% when the relative thickness is reduced from 1 to 0.8, and that this reduction in B is

exacerbated with increasing emission wavelength (e.g. decreasing by ≈ 40% when r is reduced

from 1 to 0.8 at λpeak = 6.5 µm). The origin of this behaviour is straightforwardly understood:

SLs in which the thickness of the hole-confining GaSb layers exceeds that of the electron-

confining InAs layers reduce the ability of the e1 probability density to penetrate towards

the centre of the GaSb CB barrier. This enhanced electron localisation strongly reduces the

e1-h1 spatial overlap, and hence the optical matrix element, leading in turn to a reduction

of the radiative recombination rate. Our analysis therefore suggests that to maximise the

radiative recombination rate, regardless of the choice of emission wavelength, priority should

be given during growth to ensuring that the thickness of the electron-confining InAs layers is

equal to or greater than that of the hole-confining GaSb layers. More generally, these results

emphasise the importance of enhancing electron-hole spatial overlap in heterostructures having

spatially indirect carrier confinement: the thickness of electron-confining layers, and the CB
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offset between those layers and the hole-confining layers, should be chosen to enhance electron

delocalisation into the centre of the hole-confining layers in order to maximise B (since such

delocalisation is typically more readily achieved for low effective mass electrons than for high

effective mass holes).

For SLs having r > 1 we find that the optimum relative layer thickness r depends strongly on the

chosen emission wavelength. Beginning with the λpeak = 4.5 µm results, we note that an equal

layer thickness (r = 1) SL already presents a near-maximised B coefficient. The maximum

computed value of B at λpeak = 4.5 µm occurs for relative thickness r = 1.15, and is only

2% larger than that calculated for the r = 1 SL. However, moving to longer wavelengths, our

calculations identify significant potential to enhance B by increasing the relative layer thickness

r. Achieving longer emission wavelengths requires increased tInAs, which in turn mandates a

significant reduction in tGaSb to maintain fixed λpeak (cf. Fig. 4.7(a)). The resulting increase in r

allows for further penetration of the e1 probability density into GaSb layers, thereby increasing

the e1-h1 spatial overlap and hence the e1-h1 optical matrix element. This indicates that, for

target emission wavelengths > 5 µm, the radiative recombination rate can be maximised by

growing structures having relative layer thickness r ≈ 1.5 – 2. Our analysis confirms that the

evolution of the e1-h1 spatial overlap plays the dominant role in driving the calculated trends

in B. This is summarised by the inset to Fig. 4.7(b), which highlights that the relative increase

of the squared k = 0 TE-polarised e1-h1 optical matrix element, |p(x,y)e1-h1|2, with r – for λpeak =
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Figure 4.7: (a) Contour map denoting combinations of InAs and GaSb layer thicknesses tInAs
and tGaSb that maintain fixed peak SE wavelengths λpeak ranging from 3.5 µm (blue) to 7 µm
(red), at temperature T = 300 K and carrier density n = p = 1017 cm−3. (b) Calculated
variation of the radiative recombination coefficient B as a function of the relative InAs and
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TE-polarised optical matrix element vs. r for the same λpeak as in the main figure.
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4.5 µm (solid blue line), 5.5 µm (dashed green line), and 6.5 µm (dash-dotted red line) – closely

tracks the calculated relative B values. While this enhancement of |p(x,y)e1-h1|2 accounts for the

majority of the increase in B, we note that the reduction in tGaSb required to maintain fixed

λpeak with increasing r simultaneously acts to reduce the in-plane DOS close in energy to the

VB maximum, which further contributes to enhancing the SE rate at fixed T and carrier density

[121, 122, 149].

Finally, Fig. 4.8 shows the calculated maximum B(r) as a function of λpeak for temperatures

T = 200 K (closed orange squares), 300 K (closed dark orange circles), and 400 K (closed

red triangles). Here, having engineered the layer thicknesses to maximise the e1-h1 spatial

overlap at each value of λpeak, we note that the calculated values of B track closely the idealised

B ∝ Eg scaling expected for a bulk semiconductor (e.g. reducing by close to a factor of 2 as

the emission wavelength doubles from 3.5 to 7 µm) [138, 147]. Overall, our calculations suggest

the potential to enhance the radiative recombination rate in InAs/GaSb SLs, through band

structure engineering enabled by structural optimisation. This suggests that it may be possible

to further improve on the optical output power and wallplug efficiency demonstrated in Ref. [16],

to produce high-performance light-emitters at technologically important mid-IR wavelengths.
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4.5 Conclusions

We have presented a theoretical analysis of radiative recombination in broken-gap InAs/GaSb

SLs, based on multi-band k · p calculations of the SL electronic and optical properties. Ex-

ploiting the periodicity of a plane wave basis set we established full k-dependent calculations of

SL band dispersion and eigenstates, with these quantities then used explicitly to compute the

inter-band optical matrix elements, SE rate and radiative recombination coefficient B. System-

atic optimisation of B via high-throughput calculations provided guidelines for the growth of

optimised SLs that maximise the radiative recombination rate across the application rich 3.5 –

7 µm mid-IR wavelength range.

The presence of spurious solutions in the calculated SL electronic properties was elucidated

semi-analytically via the bulk complex band structure (cf. Appendix A), and it was confirmed

that the prescription of Ref. [128] is sufficient to mitigate their impact in heterostructure calcu-

lations. The resultant renormalised InAs and GaSb band parameters were employed in full SL

calculations, where it was demonstrated that the calculated temperature-dependent SE peak

energy is in quantitative agreement with experimental EL measurements. Detailed analysis

confirmed that miniband filling acts to decrease the temperature dependence of the SE peak

energy compared to that of the fundamental zone-centre SL band gap. Extracted Varshni pa-

rameters for the temperature dependence of the SL SE peak energy were also found to be in

quantitative agreement with experimental measurements.

Next, we considered InAs/GaSb SLs having equal InAs and GaSb layer thicknesses, and quanti-

fied the impact of miniband formation on the SE rate and B. Here, our calculations revealed the

important roles played by (i) electron and hole localisation, (ii) carrier occupation of miniband

states, and (iii) optical selection rules vs. SL wave vector q along a given pair of minibands.

Firstly, it was shown that a combination of low InAs CB edge effective mass and GaSb layer

thickness leads to partial electron delocalisation, allowing for high spatial overlap with hole

states that are strongly localised in GaSb layers. This allows for high optical matrix elements,

and hence for B values that are large relative to other structures admitting spatially indirect

carrier localisation. Secondly, the SL band structure was found to be characterised primarily

by a mismatch between the dispersion of the lowest energy electron and highest energy hole

minibands. The calculated electron minibands were found to be strongly dispersive such that,

in the structure considered, only states out to |q| ≲ π
2L have appreciable occupancy at room

temperature. Conversely, the calculated hole minibands were found to be almost dispersionless,

with holes then occupying miniband states throughout the entire SL BZ, |q| ≤ π
L , at all tem-

peratures. This mismatch in miniband dispersion prevents holes close to the SL BZ edge from

undergoing radiative recombination, so that miniband formation decreases both the magnitude

of B and its dependence on temperature. Finally, we undertook a systematic analysis of SLs

having unequal InAs and GaSb layer thicknesses. We demonstrated that, at fixed emission



wavelength: (i) for shorter wavelengths close to 3.5 µm B is maximised in structures in which

the InAs layer thickness is close to equal to the GaSb layer thickness, (ii) for longer wavelengths

approaching 7 µm B is maximised for InAs layer thickness ≈ 1.5 – 2 × the GaSb layer thickness,

and (iii) B decreases rapidly if the InAs layer thickness is reduced below that of GaSb.

Strategies to increase the radiative recombination rate in SLs should aim to incorporate reduc-

tion of the mismatch between the dispersion of the occupied electron and hole minibands, an

approach akin to that deployed in the design of strained-layer QW lasers. Since the q-dependent

optical matrix elements decrease strongly in magnitude with increasing |q|, our analysis suggests

that it is beneficial to engineer the band structure such that the hole miniband dispersion is

increased, so that fewer holes occupy states close to the SL BZ edge. Therefore, the ability to

increase B at fixed emission wavelength in SL structures beyond InAs/GaSb will rely in part

upon the ability to match the electron and hole effective mass along the growth direction. This

can potentially be achieved by exploiting layer thickness and/or strain engineering (enabled,

e.g., via alloying and/or metamorphic growth).

Overall, our results emphasise the importance of considering the full k-dependent miniband dis-

persion and eigenstates when analysing SL electronic and optical properties, and indicate that

explicit calculations of this nature are essential to enable predictive interpretation of experimen-

tal data and quantitative SL design for device applications. While we have focused in this paper

on InAs/GaSb as an archetypal mid-IR SL system, we note that the established calculational

framework is generally applicable to systems whose constituent material bulk band structures

can be well described via a multi-band k · p Hamiltonian. This provides an accurate and com-

putationally inexpensive approach to compute SL electronic and optical properties, providing

a suitable platform for high-throughput calculations to support device design. Further analy-

sis will be required to enable rigorous in silico optimisation of SL internal quantum efficiency,

mandating accurate high-throughput calculation of the Auger-Meitner recombination coefficient

C due to the importance of this non-radiative recombination process as a loss mechanism in

narrow-gap heterostructures.





Chapter 5

Optimisation of optical absorption in

strain-balanced InAs/InAs1−xSbx
superlattices

5.1 Overview

In this Chapter we present a systematic optimisation of InAs/InAs1−xSbx strain-balanced super-

lattices (SBSLs) for 3 - 5 µm photodetection, based on rigorous calculations of the optoelectronic

properties using the plane wave k·p computational framework outlined in Chapter 2. There

exists significant demand to develop inexpensive and efficient emitters and photodetectors in the

mid-infrared (mid-IR) spectral range for sensing applications in environmental, medical, agri-

cultural, industrial and defence domains [5–7]. Existing technologies for these applications are

largely based on II-VI Hg1−xCdxTe materials which possess several limitations including high

fabrication cost, required cooling to cryogenic temperatures, high non-radiative recombination

rates, and large dark current due to band-to-band tunneling at high temperature [6, 11, 150, 151].

Beyond these limitations Hg1−xCdxTe materials also pose significant problems for the environ-

ment as their constituent materials are toxic, posing challenges for safe disposal [6]. Type-II

III-V SLs are an emerging platform for applications as mid-IR detectors and emitters since they

offer, via their highly tunable electronic structure, the opportunity to deliver high-performance

devices with simplified fabrication and lower cost [6, 11, 20, 150–152]. SBSLs are desirable

for these applications, since strain compensation facilitates growth of thick (several µm) SL

absorber layers possessing low defect densities due to the suppression of dislocations associated

with strain relaxation [25]. InAs/InAs1−xSbx SBSLs have attracted significant interest for sev-

eral reasons. Firstly, a Ga-free design simplifies growth [6] and mitigates the deleterious impact

of chemically inhomogeneous interfaces between material layers, which can impede performance

65
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via the formation of localised electronic defect states [21–24, 151]. Secondly, in addition to hav-

ing a highly tunable band gap, InAs/InAs1−xSbx SLs possess type-II band offsets which reduces

the non-radiative (Auger-Meitner) recombination rate [114, 153]. Additionally, integration of

InAs/InAs1−xSbx SLs on Si has been achieved via growth on GaSb-on-Si buffer layers [11, 20],

and high performance has been demonstrated in prototype photodetectors [154, 155].

Previous analysis of InAs/InAs1−xSbx SBSLs has often focused on the zone-centre electron-

hole spatial overlap associated with the SL band gap as a figure of merit [25–29]. While such

analysis has provided valuable guidance, the associated consideration of the electronic and

optical properties is limited. Considering a single transition at a single energy neglects that

photodetection generally encompasses a range of wavelengths, within which the in-plane (k∥)

band dispersion, miniband (q) dispersion and (k∥, q)-dependent optical matrix elements all

play important roles in determining the optical absorption [156, 157]. For a defined cut-off

wavelength we uniquely identify a SBSL at each Sb composition x by imposing strain balancing

to constrain the InAs and InAs1−xSbx layer thicknesses. Following this procedure there are

two primary design regimes: (i) thicker layers at lower Sb composition, and (ii) thinner layers

at higher Sb composition. We extend the formalism described in Chapter 4, including the

renormalisation of the Kane parameter to mitigate spurious solutions, and compute the optical

absorption spectrum. The SL absorption spectra are used in a model calculation of the internal

quantum efficiency (IQE), which is employed as a figure of merit to quantify photodetector

performance. This constitutes a detailed interrogation of the InAs/InAs1−xSbx SBSL design

space, quantitatively comparing the endpoints (i) thicker layers at lower Sb composition, and (ii)

thinner layers at higher Sb composition for SBSL design. We demonstrate that increasing the Sb

composition to x ≈ 30% can increase the (relative) IQE at fixed cut-off wavelength by ≈ 15%,

with minimal additional improvement in performance expected at higher Sb compositions.

The rest of this Chapter is organised as follows. In Sec. 5.2 we identify and analyse

InAs/InAs1−xSbx SBSLs at fixed cut-off wavelength and describe their associated electronic

properties. In Sec. 5.2.1 we describe the procedure we applied to identify InAs/InAs1−xSbx
SBSLs having fixed target cut-off wavelength. We also quantify properties relevant to the

epitaxial growth of InAs/InAs1−xSbx SBSLS, including the in-plane strain, strain-balanced

layer thicknesses, and critical thickness. In Sec. 5.2.2 we describe the electronic properties of

InAs/InAs1−xSbx SBSLs and outline the impact of carrier localisation and the electronic band

structure on the optical (momentum) matrix elements, and their implictions for the optical

absorption. In Sec. 5.3 we describe the trends in optical properties of InAs/InAs1−xSbx SBSLs

pertinent to mid-IR photodetection. In Sec. 5.3.1 we investigate the trends in the optical ab-

sorption spectra of InAs/InAs1−xSbx SBSLs as a function of Sb composition x. In Sec. 5.3.2 we

quantify the potential to optimise the photodetector performance in the 3 - 5 µm wavelength

range by computing the IQE, and offer guidelines for epitaxial growth based on our calculations.

In Sec. 5.3.3 we analyse contributions to the optical absorption at the level of the electronic
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structure to quantify the origin of the observed trends in the calculated IQE. Finally, in Sec. 5.4

summarise our analysis, and guidelines for material growth, and conclude.

5.2 Structural and electronic properties

In this section we present our framework for the identification of InAs/InAs1−xSbx SBSLs having

fixed target cut-off wavelength λcut. Having established this framework we analyse the trends

in the identified SBSLs and consider structural and elastic properties pertinent to the viability

of epitaxial growth. Then, we investigate the electronic band structure and trends in carrier

localisation and outline their expected impact on optical properties.

5.2.1 Fixed cut-off wavelength strain-balanced superlattice identification

We consider InAs/InAs1−xSbx SLs to be grown on a GaSb substrate. When grown pseudo-

morphically on a [001]-oriented GaSb substrate, InAs is under 0.62% tensile strain in the (001)

plane. We employ linear interpolation to compute the InAs1−xSbx lattice parameter, meaning

we calculate that pseudomorphic InAs1−xSbx is lattice-matched to GaSb for x = 8.9%, and

is under tensile (compressive) strain for x < 8.9% (x > 8.9%). To obtain strain-balancing we

therefore consider compressively strained InAs1−xSbx layers with Sb composition x > 8.9%

chosen to balance the tensile strain in the InAs layers. Formally, strain-balancing between two

adjacent pseudomorphic layers occurs when they admit zero net stress in the plane perpendic-

ular to the growth direction [158]. We denote via subscripts “0” and “x” properties associated

respectively with the electron-confining InAs (x = 0) and hole-confining InAs1−xSbx layers.

Using elastic continuum theory we construct strain-balanced SLs by enforcing strain-balancing

between a tensile strained InAs layer thickness t0 and a compressively strained InAs1−xSbx
layer of thickness tx, such that each two-layer SL period is strain-balanced.

The in-plane biaxial strain is defined as ϵ∥ = (a(GaSb)−a(InAs1−xSbx))/a(InAs1−xSbx), where

a is the unstrained lattice parameter. For a pseudomorphic strained layer under biaxial stress

in the (001)-plane this then gives the stress along the (001) direction as σzz = C12(ϵxx + ϵyy) +

C11ϵzz = 2C12ϵ∥ + C11ϵ⊥. Setting σzz = 0 yields ϵ⊥ ≡ ϵzz = −2C12ϵ∥/C11, where Cij denote

the material elastic constants. We can then express the elastic energy per unit volume U as

[158–160]

U =
C2
11 + C11C12 − 2C2

12

C11
ϵ2∥ . (5.1)

For two strained layers, the average strain energy density – for a pair of strained layers of

thickness t0 and tx with SL period L = t0 + tx – is given by [158]
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Uav =
U0t0 + Uxtx
t0 + tx

=
A0ϵ

2
∥,0t0 +Axϵ

2
∥,xtx

t0 + tx
, (5.2)

where A = C11+C12− 2C−1
11 C

2
12. We can derive the average in-plane stress from the derivative

of the average energy density with respect to the strain in a given layer. The strain-balancing

condition mandates that this quantity vanishes – i.e. ∂Uav
∂ϵ∥,x

= ∂Uav
∂ϵ∥,0

= 0. Applying this condition

to Eq. (5.2) gives, for each individual SL period, the strain-balancing condition such that there

is zero net stress in the (001) plane as [158, 161]

tx
t0

= −
A0 ϵ∥,0 ax

Ax ϵ∥,x a0
. (5.3)

Given a target optical absorption cut-off wavelength λcut, which we treat as being equal to the

SBSL zone-centre (k∥ = q = 0) band gap [29], we identify candidate SBSLs as follows. For

a given Sb composition x we choose an InAs layer thickness t0 and solve Eq. (5.3) to obtain

the InAs1−xSbx layer thickness tx that imposes strain balancing. This combination of x, t0
and tx then fully specifies a candidate SBSL, for which we calculate the zone-centre band gap

between the lowest-energy bound electron state e1 and highest-energy bound hole state, the

latter possessing purely heavy-hole (HH) Bloch character at k∥ = q = 0 and which we therefore

label as hh1. To determine the Bloch band character of a given SL eigenstate we note that

the calculated SL eigenstates posess eight envelope function components, each associated with

one of the zone-centre Bloch basis states employed in the underlying bulk k · p Hamiltonian

(cf. Chapter 2). The Bloch character can then be evaluated by projecting the SL eigenstate

|ψnk (z)⟩ onto the bulk basis states |ub⟩ (cf. Eq. (2.62)).

Repeating this procedure as a function of t0 at fixed x yields the zone-centre e1-hh1 band

gap vs. t0, from which we identify the SBSL having band gap Eg corresponding to the de-

sired λcut – i.e. Eg = hc/λcut. As an example of this procedure, we present in Fig. 5.1 the

results of these calculations for a single Sb composition x = 18% – i.e. the full set of candidate

InAs/InAs0.82Sb0.18 SBSLs. In Fig. 5.1(a) we present the identified InAs0.82Sb0.18 thicknesses

tx as a function of InAs thickness t0, calculated using Eq. (5.3). In Fig. 5.1(b) we show the

calculated e1-hh1 energy gap Eg as a function of SL period L for the candidate SBSLs detailed

in Fig. 5.1(a).

The design space for InAs/InAs1−xSbx SLs is expansive, consisting of structures having varying

InAs and InAs1−xSbx layer thicknesses t0 and tx and Sb composition x. Imposing (i) fixed

λcut, and (ii) strain balancing, significantly reduces the extent of this space by reducing a 3D

optimisation problem in (x, t0, tx) to a 1D optimisation problem in x. Applying constraints

(i) and (ii) allows us to identify a unique SBSL – defined by x, t0(x) and tx(x) – at each Sb

composition x. In the first instance, we carry out analysis of SBSLs having λcut = 5 µm,



Optimisation of optical absorption in strain-balanced InAs/InAs1−xSbx superlattices 69

5.0

6.0

7.0

8.0

9.0

5 6 7 8

(a)

0.23

0.24

0.25

11 12 13 14 15 16

(b)

In
A
sS
b
th
ic
kn

es
s,
t x

(n
m
)

InAs thickness, t0 (nm)

Layer thicknesses, x = 18%

e1
-h
h
1
b
an

d
g
ap

,
E

g
(e
V
)

SL period, L (nm)

Energy gap, x = 18%

Figure 5.1: (a) Computed InAs0.82Sb0.18 layer thicknesses tx as a function of InAs layer thick-
nesses t0, specifying identified InAs/InAs0.82Sb0.18 (x = 18%) SBSLs computed via Eq. (5.3).
(b) Calculated e1-hh1 energy gap Eg as a function of SL period L of the SBSLs detailed in (a).

calculated at a representative detector operating temperature TD = 150 K. This choice of λcut

reflects the upper limit of the mid-IR atmospheric transmission window [152, 162]. Moving λcut

to longer wavelengths beyond 5 µm is one approach employed to enhance photodetection in

the mid-IR spectral range [163]. For this reason we also carry out analysis of InAs/InAs1−xSbx
SBSLs having λcut = 5.5 and 6 µm. For operation at TD = 150 K, test calculations indicate

that it is not possible to achieve λcut = 5 µm for Sb composition x < 18%, λcut = 5.5 µm for

Sb composition x < 20%, or λcut = 6 µm for Sb composition x < 22%. We therefore restrict

our attention to SBSLs having x = 18 - 40%, x = 20 - 40% and x = 22 - 40% for λcut = 5, 5.5

and 6 µm respectively.

Following this procedure we systematically identify layer thicknesses for InAs/InAs1−xSbx SB-

SLs having λcut = 5, 5.5 and 6 µm (e1-hh1 band gap = 0.248, 0.225 and 0.207 eV). The resulting

structures are summarised in Figs. 5.2(a), 5.2(b) and 5.2(c) respectively. The upper limit of

the investigated Sb composition range, x = 40%, was selected based on the fact that the (001)

in-plane compressive strain |ϵ∥,x| reaches a high value of 2.1% at x = 40% (cf. Fig. 5.2(d)). As

the Sb composition increases the layer thicknesses t0 and tx required to maintain λcut decrease,

with the higher e1 and hh1 confinement energies in the thinner layers compensating for the

reduced InAs1−xSbx bulk band gap. These results highlight the two primary design regimes:

requiring thicker layers to reach the target λcut at lower x, changing to thinner layers with

increasing x to retain both fixed λcut and strain-balancing. Higher Sb compositions can pose

challenges for epitaxial growth. For larger Sb composition x strain-balancing mandates thin

highly-strained layers, which make the optoelectronic properties susceptible to factors including

minor variations in layer thickness and Sb intermixing at the interfaces [164]. For λcut = 5

µm, at x = 40% we find SBSLs requiring InAs1−xSbx layers having tx < 1 nm (≲ 4 mono-

layers). These concerns are lessened moving to longer λcut since, at fixed Sb composition,

thicker InAs and InAs1−xSbx layers are sufficient to maintain fixed λcut. At x = 40% we find
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Figure 5.2: (a) Calculated InAs (closed blue circles) and InAs1−xSbx (closed red squares)
layer thicknesses for SBSLs having fixed cut-off wavelength λcut = 5 µm as a function of Sb
composition x. (b) Equivalent to (a) for SBSLs having λcut = 5.5 µm. (c) Equivalent to (a)
for SBSLs having λcut = 6 µm. (d) Calculated critical thickness tc (closed black circles and
left-hand vertical axis) and compressive in-plane strain ϵ∥,x (closed red squares and right-hand
vertical axis) as a function of Sb composition x.

that InAs1−xSbx layer thicknesses tx = 1.32 and 1.48 nm are respectively required to achieve

λcut = 5.5 and 6 µm. These low layer thicknesses still likely pose challenges for expitaxial

growth since the InAs1−xSbx layer thickness tx is less than several monolayers. Nonetheless,

the work of Ref. [152] has demonstrated that the types of structures which we identify in this

work are compatible with recently demonstrated epitaxial growth. The challenge for epitaxial

growth will now become the reproducible growth of many SL periods with uniform low layer

thickness and high Sb composition.

When considering epitaxial layer design to guide materials growth and inform device fabrication,

it is important to consider the strain-thickness limits of the constituent materials. To ensure

that these limits are not exceeded during epitaxial growth of InAs/InAs1−xSbx SBSLs, we
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calculate the critical thickness tc associated with our InAs and InAs1−xSbx layers. This is

motivated by noting that our identified SBSLs include highly strained InAs1−xSbx layers, it is

therefore pertinent to assess their compatibility with strain-thickness limits for growth on [001]-

orientated GaSb. If an epitaxial layer is grown with thickness exceeding its critical thickness,

it becomes energetically favourable to relieve strain via the formation of a dislocation (plastic

lattice relaxation), rendering the strained layer thermodynamically unstable [165]. To obtain

an expression for this critical thickness we begin by considering the elastic energy density

Est of a dislocation-free pseudomorphically strained layer. We define the shear modulus as

G = 1
2(C11 − C12) and Poisson’s ratio as σ = C12

C11+C12
. We then multiply Eq. (5.1), the bulk

elastic energy density, by the layer thickness t to obtain the elastic energy per unit area stored

in a [001]-orientated pseudomorphically strained layer of thickness t, which gives [160, 165, 166]

Est = 2G

(
1 + σ

1− σ

)
ϵ2∥,x t . (5.4)

Following the approach of Voisin [167], the energy per unit length associated with a plastic

dislocation Edis can be evaluated as

Edis =
G

16π

(
a√
2

)2(4− σ

1− σ

)(
1 + ln

(√
2 t

a

))
, (5.5)

where a is the substrate lattice constant. The critical thickness occurs when Eqs. (5.4) and

(5.5) are equal, with scaling of the former with the average spacing between dislocations s =

a/
(√

2 |ϵ∥,x|
)

[168]. The critical thickness of a strained layer can then be determined as [160,

161, 165, 167, 169]

tc =
a

8
√
2π
∣∣ϵ∥,x∣∣

(
4− σ

1 + σ

)(
1 + ln

(√
2 tc
a

))
. (5.6)

For tetrahedral semiconductors C12 ≈ C11/2, and so the Poisson ratio is σ ≈ 1/3, this is the

value we use in our calculations of tc [165]. A number of approaches exist for computing tc, how-

ever the results from the method that we have outlined above are in good agreement with exper-

imental measurements for a number of semiconductor materials [160, 161, 165, 167, 169]. Equa-

tion (5.6) is an implicit equation in tc, from which tc can be computed numerically via any stan-

dard root-finding algorithm. To assess the practical viability of our identified InAs/InAs1−xSbx
SBSLs we calculate the InAs1−xSbx/GaSb critical thickness by solving Eq. (5.6). The calculated

InAs/GaSb critical thickness is 41.94 nm, corresponding to a strain-thickness limit tc|ϵ∥| = 41.94

nm × 0.62% = 26 nm %. For the InAs1−xSbx layers the critical thickness is a function of the Sb

composition x, since the composition determines the values of the lattice parameters, in-plane
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strain and elastic moduli that enter Eq. (5.6). The calculated tc(x) for InAs1−xSbx/GaSb is

shown in Fig. 5.2(d), alongside the composition dependent in-plane compressive strain ϵ∥,x. The

identified InAs SBSL layer thicknesses t0 for λcut = 5, 5.5 and 6 µm are ≤ 25% of the InAs

critical thickness, a result of the low tensile strain in InAs/GaSb. The identified InAs1−xSbx
SBSL layer thicknesses tx for λcut = 5, 5.5 and 6 µm at x = 40% are ≤ 38, 44 and 50% of

the corresponding critical thickness respectively. We therefore expect the identified SBSLs to

lie safely within the expected strain-thickness limits across the investigated composition range,

and hence to be compatible with established epitaxial growth [170].

5.2.2 Carrier localisation and band structure

In Fig. 5.3(a) we show the calculated conduction band (CB) and HH valence band (VB) offsets,

and the e1 and hh1 probability densities at k∥ = q = 0, for the identified InAs/InAs0.70Sb0.30

(x = 30%) SBSL having λcut = 5 µm. The zero of energy is set at the VB maximum of

unstrained InAs. Our calculations employ the unstrained InSb/InAs VB offset recommended

by Vurgaftman et al. [44] of 0.59 eV. Our calculations predict a smaller strained, with respect

to an [001]-orientated GaSb substrate, InSb/InAs VB offset of 0.49 eV. We note, consistent

with literature reports [11, 152, 170], that our model solid theory calculation predicts type-

II band alignment, which generates spatially indirect confinement of the electron and hole

envelope functions. As x increases we see the type-II band alignment begin to approach type-

III (broken-gap) alignment, however this transition takes place beyond the Sb composition range

investigated in this work. Our model solid theory calculations predict a type-II to type-III band

alignment transition at x ≈ 43%. While we observe the hh1 state to be strongly localised in

the InAs1−xSbx layers, we note that the weakly bound e1 state is significantly delocalised. This

delocalisation of the e1 state is a result of the shallow CB offset, low InAs CB edge effective

mass, and the low InAs1−xSbx layer thickness. This behaviour holds for all the identified SBSLs

across the investigated range of Sb composition and cut-off wavelengths. We note that as x

increases, and the corresponding layer thicknesses decrease (cf. Fig. 5.2), we expect increasing

spatial overlap of the zone-centre e1 and hh1 envelope functions. This increasing spatial overlap

will act to enhance the inter-band momentum matrix elements, and hence increase the optical

absorption close in energy to the band edge.

In Fig. 5.3(b) we present the calculated SL electronic structure, consisting of the miniband

dispersion (q) at k = 0 and the in-plane dispersion (k∥) at q = 0, in addition to the density of

states (DOS) for the SBSL of Fig. 5.3(a). The zero of energy is as in Fig. 5.3(a). In the miniband

dispersion we note a highly dispersive e1 and nearly dispersionless hh1 miniband. The nature of

the strongly delocalised e1 and strongly localised hh1 states are responsible for this behaviour

with, e.g., the weakly bound e1 state possessing strong spatial overlap with its periodic image in

other SL periods, leading to strong e1 miniband dispersion [58]. For the full suite of identified
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Figure 5.3: (a) Calculated CB (red) and VB (blue) offsets, illustrated for three periods of an
InAs/InAs0.70Sb0.30 (x = 30%) SBSL with λcut = 5 µm having respective InAs and InAs1−xSbx

layer thicknesses t0 = 3.57 nm and tx = 1.67 nm (SL period L = t0 + tx = 5.24 nm). The
dash-dotted red (blue) line denotes the energy of the lowest energy bound electron state e1
(highest bound hole state hh1). The corresponding e1 (hh1) probability density at k∥ = q = 0
is shown using a solid red (blue) line, shifted so that the zero of probability density lies at the
e1 (hh1) energy. (b) Calculated band structure and density of states (DOS) at temperature
TD = 150 K for the SBSL of (a). The left-hand, centre and right-hand panels respectively show
the calculated miniband (q) dispersion, in-plane (k∥) band dispersion and DOS.

SBSLs (cf. Fig. 5.2), our calculations show that for increasing λcut CB (VB) states move closer

in energy to the CB (VB) edge. This is a result of the increasing layer thicknesses, and hence SL

period, which act to confine a greater number of states (cf. Sec. 5.3.3) while also reducing the

confinement energy of each bound state. Our calculated in-plane and miniband dispersion are

in quantitative agreement with similar calculations performed for comparable InAs/InAs1−xSbx
SLs [170, 171].

5.3 Analysis of optical properties for photodetection

In this section we present our calculated optical absorption spectra for the InAs/InAs1−xSbx
SBSLs described in Sec. 5.2. In analysing the trends in optical absorption we identify the

potential for optimisation of photodetector performance as a function of Sb composition x.

Then, for the 3 - 5 µm mid-IR window, we compute the IQE to determine to what extent

photodetection can be optimised, and in which Sb composition range it is then predicted to be

favourable to target growth. Finally, we analyse the SL electronic structure to elucidate the

factors that to and dominate the calculated trends in IQE.
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5.3.1 Impact of varying Sb composition on optical absorption

Following the same procedure previously outlined to calculate the spontaneous emission spec-

trum including the contribution of the miniband dispersion (cf. Chapter 4), we calculate the

band-to-band optical absorption spectrum including q dependence in the same manner. Using

our calculated SL eigenstates we compute the band-to-band optical absorption spectrum as

[13, 127]

α(ê)(ℏω) =
πe2

ϵ0m2
0cnrωL

∑
nc,nv

(
2π

L

)−1 ∫ + π
L

− π
L

dq
∫ dk∥

(2π)2
|ê ·pncnvk|2 δ(Enck −Envk − ℏω) , (5.7)

where ℏω is the photon energy, L is the SL period, Enc(nv)k is the energy of conduction subband

nc (valence subband nv) at wave vector k = (k∥, q), and pncnvk is the inter-band momentum

matrix element between subbands nc and nv at wave vector k (cf. Eq. (2.63)). k∥ is the wave

vector in the (001) plane, while q describes the miniband dispersion along [001] (cf. Sec. 4.2.2)

[58]. The unit vector ê denotes the photon polarisation, which we consider to be transverse

electric (TE; ê = x̂), i.e. incident normal to the growth plane of the SBSL. The calculation of

the inter-band momentum matrix elements pncnvk follows the procedure outlined in Secs. 4.2.2

and 2.2.3. As done in Sec. 4.2.2 (cf. Eq. 4.4), for numerical evaluation we replace the Dirac

delta distribution in Eq. (5.7) by a hyperbolic secant lineshape [141] of width δ = 4 meV [58].

In Fig. 5.4 we show the calculated TE-polarised (ê = x̂) optical absorption in the 3 - 6.5 µm

range for a selection of the λcut = 5, 5.5 and 6 µm SBSLs of Figs. 5.2(a), 5.2(b) and 5.2(c).

We note excellent quantitative agreement with the measured absorption of Ref. [170] for an

InAs/InAs0.65Sb0.35 SL having equivalent layer thicknesses and λcut = 5 µm. Our calculations

across the investigated range of λcut predict an increase in the optical absorption with increasing

x. For λcut = 5 µm, beginning at x = 18% we see an increase in optical absorption up to

x ≈ 30%, beyond which there is minimal additional increase up to x = 40%. In the 3 - 5 µm

wavelength range, for SBSLs designed to have longer λcut (= 5.5, 6 µm) our calculations indicate

enhanced scope to the increase the optical absorption for Sb compositions x > 30%. However,

for these longer wavelength SBSLs we note that the rate at which the magnitude of the optical

absorption increases with increasing x still begins to reduce for x > 30%. These results suggest

the possibility to optimise photodetector performance in a given target wavelength range. It is

to that optimisation that we now turn our attention.
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Figure 5.4: (a) Calculated optical absorption spectra α(λ) for InAs/InAs1−xSbx SBSLs
with λcut = 5 µm having Sb compositions x = 18, 22, 28 and 38% (darkening red lines), at
temperature TD = 150 K. (b) and (c) are as in (a), but for respective cut-off wavelengths
λcut = 5.5 and 6 µm, and for Sb compositions x = 20, 24, 30 and 40% and x = 22, 26, 30 and
40%.
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5.3.2 Optimising optical absorption and internal quantum efficiency

When assessing photodetector performance there are several figures of merit that can be em-

ployed. These metrics are, in general, device-based and include, e.g. responsivity, normalised

or specific detectivity, and noise-equivalent power [172]. Such figures of merit typically assess

full device performance, with their calculation requiring definition of a full device structure and

knowledge of parameters including the root mean square detector noise and signal bandwidth

[172]. Our aim in this theoretical analysis is to provide general guidance by quantifying the per-

formance of an InAs/InAs1−xSbx SBSL photodetector in a generic manner that is independent

of the surrounding device structure. As such, we choose a figure of merit that quantifies the

performance of the SL absorber region in isolation. For this purpose, we compute and analyse

the IQE. Our evaluation of the IQE is based on using the calculated absorption spectrum for a

given SL structure to compute the photocurrent generated by the absorption of photons in an

an energy range [ℏωmin, ℏωmax]. This model calculation does not consider transport of photo-

generated carriers within a device structure and, as such, corresponds to the idealised limit of

long carrier diffusion lengths.

The spectral photocurrent density generated by absorption of photons of energy ℏω, incident

normal to the growth plane of the SBSL absorber from a radiating blackbody source, is [173]

dJ
d(ℏω)

= e [1−R(ℏω)] a(ℏω, TD) b(ℏω, TS) , (5.8)

where R is the surface reflectivity, a is the SBSL (photodetector) absorptivity, and b is the

spectral photon flux of a radiating blackbody source at temperature TS, with

a(ℏω, TD) = 1− exp (−α(ℏω)d) , (5.9)

b(ℏω, TS) =
2π

h3c2
(ℏω)2

exp (ℏω/kBTS)− 1
, (5.10)

where α(ℏω) is the calculated SBSL absorption at photon energy ℏω and detector operating

temperature TD (cf. Eq. (5.7)), and d is the total thickness of the SBSL absorber (which, in

practice, typically consists of several hundred SL periods). Assuming zero reflection of photons

impinging on the SBSL, R(ℏω) = 0, integrating Eq. (5.8) yields the photocurrent density J

generated by absorbing photons having energies between ℏωmin and ℏωmax in an absorber of

thickness d as

J(d) =
2πe

h3c2

∫ ℏωmax

ℏωmin

(ℏω)2 [1− exp (−α(ℏω)d)]
exp (ℏω/kBTS)− 1

d(ℏω) . (5.11)
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We assume a typical photodetector operating temperature TD = 150 K – employed in the

electronic structure calculations whose eigenstates are used to evaluate Eq. (5.7) – for the

detection of photons emitted by a blackbody at ambient temperature TS = 300 K. Using our

calculated SBSL absorption spectra α(ℏω) as input to Eq. (5.11), we compute J(d) for λcut = 5,

5.5 and 6 µm and absorber thickness up to d = 5 µm (corresponding to SBSLs containing ≈
170 - 1,100 periods), for absorption between 3 and 5 µm. As we are targeting photodetection

in the 3 - 5 µm window, we apply this as the integration range of Eq. (5.11), i.e. ℏωmin = 0.248

eV and ℏωmax = 0.413 eV. We note that the 3 - 5 µm range encompasses 0.32% of the photon

flux obtained by integrating Eq. (5.10).

Finally, we compute the IQE as

η(d) =
J(d)

J(∞)
, (5.12)

where J(∞) is the photocurrent density at unit absorptivity, corresponding to absorption of

all incident photons (cf. Eq. (5.9)). We note that the 3 - 5 µm wavelength (0.248 - 0.413 eV

energy) integration range is applied to all calculations of IQE that follow, independent of λcut.

In Fig. 5.5(a) we present the calculated IQE vs. absorber thickness d for λcut = 5 µm SBSLs

having Sb compositions x = 18, 28 and 38%. At fixed d we note a relative increase in IQE

of up to 17.5% with increasing Sb composition. The majority of this enhancement is achieved

between x = 18 and 28%, with minimal further increase between x = 28 and 38%. This mirrors

the behaviour observed for the optical absorption in Fig. 5.4(a), as described in Sec. 5.3.1.

Equivalent calculations for SBSLs with λcut = 5.5 and 6 µm reveal similar trends, where we

note that the rate of enhancement of the IQE with increasing x is reduced beyond x ≈ 30%.

However, as in the optical absorption (cf. Figs. 5.4(b) and 5.4(c)), at longer λcut we do not

observe the same saturation of the IQE as the cut-off wavelength moves further beyond the

upper bound (5 µm) of the wavelength range investigated in our IQE calculations. This is

consistent with our calculated absorption spectra since, for λcut > 5 µm, the absorption does

not tend towards zero in the 3 - 5 µm range. For x = 30% and d = 5 µm, we see in Fig. 5.5 a

23% and 24% increase in IQE moving from λcut = 5 µm to λcut = 5.5 and 6 µm, respectively. As

detailed in Sec. 5.2.1, for increasing λcut the required layer thicknesses remain safely within our

calculated critical thickness limits. Therefore, we conclude that increasing λcut to 5.5 µm for the

SBSLs investigated in this work is a viable approach to increase IQE in the 3 - 5 µm wavelength

range, but little further benefit is expected when increasing λcut to 6 µm. As expected, based

on Eq. (5.11), at fixed x, we also note an overall increase of the IQE with increasing d. This is

expected based on the absorptivity, Eq. (5.9), which increases with increasing d.

In Figs. 5.5(b), 5.5(c) and 5.5(d) we show the calculated IQE as a function of Sb composition

x for SBSL absorber thicknesses d = 3, 4 and 5 µm, at cut-off wavelengths λcut = 5, 5.5 and
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Figure 5.5: (a) Calculated IQE η vs. total SBSL absorber thickness d for InAs/InAs1−xSbx

SBSLs having λcut = 5 µm, for Sb compositions x = 18% (closed orange circles), 28% (closed
red squares) and 38% (closed dark red triangles), calculated assuming detector operating tem-
perature TD = 150 K for the absorption of 3 - 5 µm wavelength radiation emitted by a blackbody
source at temperature TS = 300 K. (b) Calculated IQE η vs. Sb composition x for SBSLs hav-
ing λcut = 5 µm for absorber thicknesses d = 3 µm (closed light blue circles), 4 µm (closed
blue squares) and 5 µm (closed dark blue triangles), with TD = 150 K and TS = 300 K. In each
case the IQE is shown relative to its calculated value at x = 18%. (c) Calculated IQE η vs. Sb
composition x for SBSLs having λcut = 5.5 µm for absorber thicknesses d = 3 µm (closed light
blue circles), 4 µm (closed blue squares) and 5 µm (closed dark blue triangles), with TD = 150
K and TS = 300 K. (d) Equivalent to (c) for SBSLs having λcut = 6 µm. In each case the IQE
is calculated with ℏωmin = 0.248 eV and ℏωmax = 0.413 eV

6 µm respectively. In Fig. 5.5(b), to quantify trends across different absorber thicknesses for

λcut = 5 µm, for each value of d we normalise the IQE relative to the minimum IQE calculated

for a given cut-off wavelength, ηmin(λcut), which for λcut = 5 µm is at x = 18%. As detailed in

Sec. 5.2.1, increasing λcut increases the lowest Sb composition for which that cut-off wavelength

can be reached in a SBSL. In Figs. 5.5(c) and 5.5(d), for λcut = 5.5 and 6 µm we show the

IQE for absorption between 3 and 5 µm on an absolute scale. Firstly, we examine the predicted
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trends for λcut = 5 µm. Independent of d we observe a consistent trend: the IQE initially

increases rapidly up to x = 30%, demonstrating a relative increase of up to ≈ 15%. Beyond

x = 30% we see minimal additional enhancement of the IQE up to x = 40%. This trend is

strongly mirrored for λcut = 5.5 µm, with a larger rate of increase of the IQE with increasing

x for x < 30%. We compute a relative increase of up to ≈ 30% at x = 30%. For SBSLs having

λcut = 6 µm, for x < 26% we see IQE lower than that of SBSLs having λcut = 5.5 µm. For

λcut = 6 µm we predict a larger rate at which the IQE increases with increasing Sb composition

for x < 30%. However, this larger rate of increase only allows for minimal further enhancement

in the IQE compared to SBSLs having λcut = 5.5 µm for x > 30%.

These results, in conjunction with the results of Sec. 5.2, suggest that growth of InAs/InAs1−xSbx
SBSLs for mid-IR photodetectors should not exclusively target structures having either lower Sb

composition with thicker layers, or higher Sb composition with thinner layers. Instead, our cal-

culations predict that device development should target intermediate Sb compositions close to

x = 30%. We have reached this general conclusion based on consideration of three key factors:

(i) for x > 30% we generally observe a rapid saturation of the calculated IQE, particularly for

shorter λcut, (ii) approaching x = 40% we predict large in-plane compressive strains in excess

of 2% which, while within estimated strain-thickness limits, nonetheless increase the chance

that deleterious strain-related defects form in the lattice, and (iii) approaching x = 40% we

also observe layer thicknesses corresponding to a small number of material monolayers where,

in such thin layers, the SBSL electronic and optical properties will be strongly sensitive to sub-

nm variations in layer thicknesses, in addition to Sb composition profiles due to unintentional

intermixing [174–176]. The latter two factors represent key challenges for epitaxial growth and

device development.

5.3.3 Origin of calculated trends in the internal quantum efficiency

Having described trends in the calculated SBSL IQE vs. both cut-off wavelength and Sb com-

position, we now turn our attention to elucidating and quantifying the origin of these trends. In

practice, there are two key contributions to the optical absorption described by Eq. (5.7): the

joint density of states (JDOS) and the (k∥, q)-dependent momentum matrix elements, with the

latter weighting the individual (k∥, q)-resolved pairwise subband contributions to the JDOS. We

therefore analyse in detail the interplay of these two quantities, which allows to identify the con-

sequences of their evolution and competition with increasing Sb composition as the underlying

driver of the calculated trends in IQE discussed above.

Using the calculated electronic structure for each SBSL, we evaluate the JDOS per unit volume

as [13]
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JDOS(E) =
1

L

∑
nc,nv

(
2π

L

)−1 ∫ +π/L

−π/L
dq

∫
dk∥

(2π)2
δ (Enck − Envk − E) . (5.13)

The leading factor of 1/L matches that in the optical absorption, thereby removing the explicit

dependence on the SL period and allowing comparison between structures having different L on

equal footing. For consistency with our calculated optical absorption spectra (cf. Eq. (5.7)) in

our evaluation of the JDOS we replace the Dirac delta distribution in Eq. (5.13) by a hyperbolic

secant lineshape [141] of width δ = 4 meV [58]. In Figs. 5.6(a) and 5.6(b) we show the calculated

JDOS for InAs/InAs1−xSbx SBSLs with λcut = 5 µm having x = 18 and 30% respectively, for

the 0.248 - 0.413 eV energy (3 - 5 µm wavelength) range considered in the IQE calculations. We

show the calculated full JDOS which includes contributions from all conduction and valence

subband pairs nc and nv. Firstly, at x = 18% we note the presence of a larger number of

individual subband pairs in the investigated energy range, with the thicker SBSL structures at

lower Sb composition supporting a larger number of bound states. For example, the x = 38%

SBSL supports only two bound hole states: the HH-like hh1 and a predominantly light-hole-like

lh1, the latter identified via its calculated Bloch band character [170, 171]. Secondly, we note

that the overall JDOS is decreased by a factor of approximately two at x = 38%, but the e1-hh1

contribution to the JDOS is little changed between x = 18 and 38%. This reduction in JDOS

between x = 18 and 38% is out of step with the calculated increase in optical absorption in this

energy range (cf. Fig. 5.4(a)). This indicates that an increase in optical matrix elements must

dominate over the reduction in JDOS and account for the enhanced optical absorption.

The full (k∥, q)-dependent momentum matrix elements between subband pairs are not readily

visualised. To corroborate that increasing Sb composition at fixed λcut can strongly increase

individual optical matrix elements, we show in Fig. 5.6(c) the calculated k∥ = q = 0 squared

momentum matrix elements |x̂ ·p0|2 for SBSLs having λcut = 5 µm and Sb compositions x = 18

- 38% in steps of 4%. These results are presented as the dimensionless oscillator strength f ,

calculated via the Kane parameter EP as [177]

f =
EP
Eg

=
2|x̂ · p0|2

m0Eg
, (5.14)

where Eg is the transition energy between a subband pair. Using Eq. (5.14) to calculate the di-

mensionless oscillator strength f allows comparison of the strength of transitions with different

energies. The inset of Fig. 5.6(c) displays the calculated e1-hh1 momentum matrix elements

vs. Sb composition x, shown relative to the calculated value at x = 18%. The 3 - 5 µm range

employed in our IQE calculations is shown as a grey shaded region. We note the additional

dipole-allowed e1-hh3 optical transitions seen for x = 18 and 22%, which respectively lie within

and outside the IQE calculation range. As with the additional bound subband contributions to
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the JDOS for lower Sb compositions, the thicker InAs and InAs1−xSbx layers required to main-

tain λcut for lower Sb composition x drive this behaviour. As the e1-hh3 inter-band transitions

do not lie within the 3 - 5 µm range for the majority of the x = 18 - 40% composition range, we

restrict our analysis to the e1-hh1 and e1-lh1 transitions. For x = 18% we note that the e1-lh1

(squared) optical matrix element is 55% of that associated with the e1-hh1 transition. The

e1-hh1 optical matrix element increases by 21% up to x = 30%, beyond which it increases by
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Figure 5.6: (a) Calculated JDOS of an InAs/InAs0.82Sb0.18 (x = 18%) SBSL with λcut = 5
µm, including contributions from all conduction and valence subband pairs (solid blue line).
Dotted, dashed and dash-dotted lines show contributions to the JDOS from individual subband
pairs, which in this SBSL corresponds to one bound electron state e1 and four bound hole states
hh1, lh1, hh2 and hh3 (in order of decreasing energy at k∥ = q = 0). (b) As in (a), but for
an InAs/InAs0.62Sb0.38 SBSL supporting two bound hole states hh1 and lh1. (c) Calculated
k∥ = q = 0 squared optical (momentum) matrix elements |x̂ · p0|2, scaled as the oscillator
strength f vs. inter-band transition energy E for a selection of SBSLs having λcut = 5 µm and
Sb compositions x = 18, 22, 26, 30, 34 and 38% (darkening red). Shaded region highlights the
ℏω = 0.248 - 0.413 eV photon energy (λ = 3 - 5 µm wavelength) range used in evaluation of
the IQE. Inset: k∥ = q = 0 e1-hh1 squared optical matrix elements vs. x for λcut = 5 µm. The
squared optical matrix elements are shown relative to their calculated value at x = 18%.
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a maximum of 25% at x = 38%. This increase is significantly larger than that associated with

e1-lh1, which increases by only 4% between x = 18 and 38%. When examined independently,

the trend in the e1-hh1 optical matrix elements strongly mirror that of the IQE (cf. Figs. 5.5(b)

and 5.6(c)). This explicitly validates the e1-hh1 momentum matrix element – which is largely

determined by the e1-hh1 spatial overlap – as a useful heuristic for high-level analysis. As x

increases the layer thicknesses decrease to maintain λcut = 5 µm, resulting in a larger e1-hh1

spatial overlap that in turn increases the optical matrix element. Our analysis therefore indi-

cates that the increase in IQE with increasing x is driven and dominated by a strong increase

in the strength of the zone-centre e1-hh1 transitions with increasing Sb composition.

5.4 Conclusions

In summary, the methodology developed to investigate radiative recombination in unstrained

InAs/GaSb SLs in Chapter 4 has been extended here to treat optical absorption in strained,

and strain-balanced, InAs/InAs1−xSbx SLs for applications in mid-IR photodetectors operating

in the 3 - 5 µm wavelength range. By enforcing fixed cut-off wavelength λcut, in addition to

mandating strain balancing with respect to a GaSb substrate, we systematically identified mid-

IR SBSLs having Sb compositions x = 18 - 40%. For λcut = 5, 5.5 and 6 µm we identified

that SBSLs can reach the desired λcut for Sb compositions x ≥ 18, 20 and 22% respectively. At

x = 40% the InAs1−xSbx layers have in-plane compressive strain > 2%, with strain balancing

mandating small layer thickness approaching ≲ five monolayers. The high Sb composition

regime thus poses challenges for epitaxial growth. Based on rigorous SL electronic structure

calculations we computed (k∥, q)-dependent optical matrix elements and absorption spectra.

These calculations predict an increase in optical absorption in the 3 - 5 µm range with increasing

x. The calculated SBSL absorption spectra were employed in a model calculation of the IQE for

3 - 5 µm photodetection of radiation from an ambient blackbody source. At fixed Sb composition

x and SBSL absorber thickness d, we demonstrated the potential to increase the IQE in the 3 -

5 µm window by targeting longer cut-off wavelength λcut. For x = 30% and d = 5 µm, we see

a 23% and 24% increase in IQE moving from λcut = 5 µm to λcut = 5.5 and 6 µm, respectively.

For λcut = 5 µm, the calculated IQE vs. x demonstrated a (relative) enhancement of ≈ 15%

between x = 18 and 30%, with minimal subsequent increase at higher Sb composition. For

λcut = 5.5 and 6 µm, we predict a greater rate of increase in IQE up to x = 30% and increased

enhancement of the IQE beyond x = 30%. Moving from λcut = 5.5 to 6 µm sees a reduction in

the IQE for x < 26%. Also, while the rate of increase of IQE is larger for λcut = 6 µm, minimal

additional enhancement of the IQE is observed for x > 30%. We also note that interrogation

of the electronic structure vs. x elucidated that this trend derives from a competition between

the JDOS and optical matrix elements, which respectively decrease and increase in SBSLs with

increasing x. The increase of the latter being sufficient to drive a net increase of the IQE.
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The results of our analysis suggest targeting growth of InAs/InAs1−xSbx SBSLs having Sb

compositions x ≈ 25 - 30%. SBSLs in this composition range are predicted to deliver ap-

preciable enhancement of the IQE, while avoiding the large in-plane strain and narrow layer

thicknesses required to maintain strain-balancing at higher Sb composition (x ≈ 40%). The

optimum SBSLs identified by our analysis are compatible with recently demonstrated epitaxial

growth, suggesting a promising route for device design to guide the development of III-V SL

photodetectors for real-world applications.





Chapter 6

Revised and improved band

parameters for III-P semiconductors

6.1 Overview

In this Chapter we examine the band parameters of III-P semiconductors.1 III-P semiconduc-

tors are well established as the basis of red light emitting diodes [30] and diode lasers [31–35],

and there remains significant interest in III-P heterostructures for the development of visible-

wavelength light emitters for applications in solid-state lighting and in display technologies for

virtual and augmented reality [36–38], in addition to applications of III-P quantum wells and

dots in integrated Si photonics [39–41], and as hosts of Wigner crystallisation for quantum com-

puting [42, 43]. Accurate knowledge of the electronic band parameters is essential to facilitate

predictive theory and design of the physical properties of these nanostructures. Despite its

relevance to practical applications, limited detailed investigation of the electronic structure of

AlGaInP alloys and, in particular, the properties of AlP has been undertaken.

Notably, there remains large uncertainty surrounding several key band structure parameters for

AlP. Several sets of published parameters for AlP have been inferred based on extrapolation of

parameters for Alx(Ga,In)1−xP alloys [44, 178, 179]. Key examples include the relative energy

and ordering of the Γ- and L-point conduction band (CB) valley minima above the indirect X-

point CB minimum, and the magnitude of the direct Γ6c-Γ8v band gap. Literature reports differ

on the presence of X-L-Γ vs. X-Γ-L CB valley energy ordering [180–182], and reported values of

the direct Γ6c-Γ8v band gap vary by > 1 eV [44, 178–180, 183–185]. While less uncertainty exists

for (Ga,In)P, there are key uncertainties that, while smaller than in AlP, can still significantly

impact the results of electronic structure calculations for quantum-confined heterostructures
1The calculations in this Chapter were performed in collaboration with my Co-Supervisor, Dr. Christopher

A. Broderick, who performed fitting to spectroscopic ellipsometry data in Sec. 6.3.2, calculation of effective
masses and Luttinger parameters in Sec. 6.4.2, and the valence band offset calculations in Sec. 6.6.
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[45]. This includes a number of CB minima energy splittings between the Γ, X and L CB

valleys in InP [44]. For GaP, there exists a large spread in reported effective masses [44].

Additionally, the band edge deformation potentials for III-P compounds have not been subject

to rigorous examination and, in many cases, have yet to be explicitly investigated [44, 45]. A

number of commonly employed parameter values have been taken from the extrapolation of

results measured from Ga1−xInxP lattice-matched to GaAs [44, 45, 186, 187].

Systematic review of literature parameters for III-P compounds highlights the challenges dis-

parate parameter values present for predictive simulations [45]. The spread in reported values

of key material parameters for III-P compounds – and specifically for AlP [44] – are sufficiently

large to qualitatively change the nature (direct or indirect) of the predicted band gap in III-P

heterostructures [45]. Improved knowledge of the band parameters and band edge deformation

potentials is thus critical to underpin accurate and predictive analysis of III-P heterostructures.

We present a detailed analysis of the band structure of AlP, GaP and InP, which hereafter we

refer to as (Al,Ga,In)P, using first-principles calculations based on density functional theory

(DFT) employing a hybrid exchange-correlation (XC) functionals. Our calculations follow the

method outlined in Chapter 3, meaning DFT calculations were performed using the projector

augmented-wave (PAW) method as implemented in VASP. We use a combination of XC func-

tionals to compute structural, elastic and electronic band parameters. For the calculation of

structural parameters and elastic moduli we use the local density approximation (LDA) and

revised Heyd-Scuseria-Ernzerhof for solids (HSEsol) XC functionals [79]. Bulk electronic band

structure calculations are carried out using the HSEsol XC functional, and also in the meta-

generalised gradient approximation (meta-GGA) by combining the Tran-Blaha modified Becke-

Johnson (TB-mBJ) exchange potential with the LDA to the electronic correlation [73, 77]. The

potential-only TB-mBJ functional possesses no associated exchange-correlation energy, meaning

that it is not possible to compute forces, thereby precluding TB-mBJ-based structural relax-

ation. We use LDA-calculated structural parameters in our TB-mBJ calculations. The TB-mBJ

exchange potential, combined with the LDA to the electronic correlation, has become a popular

approach to analyse semiconductor band structure, due to its resolution of the band gap under-

estimation problem at low (near-LDA) computational expense. This work does not perform a

direct comparison between meta-GGA and hybrid functional band structure calculations. Such

benchmark calculations have been performed by several other groups [78, 188]. Therefore we

employ two independent frameworks: (i) computationally expensive HSEsol hybrid functional

calculations, and (ii) comparatively computationally inexpensive LDA + TB-mBJ calculations.

In the context of DFT, approach (i) provides state-of-the-art accuracy, while approach (ii) has

gained popularity for high-throughput calculations (e.g. composition-dependent alloy supercells

[189–191]). The HSEsol (TB-mBJ) calculations employed a plane wave cutoff energy of at least

400 eV (500 eV), and Γ-centred grids containing at least 11 × 11 × 11 k-points for Brillouin

zone (BZ) integration. A key initial observation is an apparent inconsistency between reported
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values of the direct band gap in AlP. Here, detailed analysis of literature data highlights the

inadequacy of the interpretation of experimental measurements, motivating us to re-evaluate

literature ellipsometry data. Careful re-evaluation of experimental data in light of our DFT

calculations allows to revise the magnitude of the direct Γ6c-Γ8v band gap upwards by ≈ 1

eV vs. the previously accepted value. This reconciles theory and experiment for this critical

material parameter. Then, with a revised set of parameters in place for AlP, we also compute

parameters for GaP and InP to reduce the systematic uncertainties present in the literature.

Specifically, we compute revised values of the band edge effective masses, band edge deforma-

tion potentials and direct and indirect band gap pressure coefficients. While previous III-P

parameter sets have generally been assembled piecewise from the experimental and theoreti-

cal literature [44], our calculations provide a consistent set of material parameters for III-P

semiconductors. This resolves a significant and decades-old inconsistency for the direct band

gap in AlP. This provides an improved basis from which to establish predictive calculations

of the optoelectronic properties of III-P heterostructures for classical and quantum photonic

applications.

The remainder of this chapter is organised as follows. In Sec. 6.2 we present our calculated

structural parameters for zinc-blende III-P materials. In Sec. 6.2.1 we calculate and analyse

the equilibrium lattice parameters for (Al,Ga,In)P. In Sec. 6.2.2 we present our analysis of the

elastic moduli for (Al,Ga,In)P. In Sec. 6.3 we present our analysis of the electronic structure

of (Al,Ga,In)P. In Sec. 6.3.1 we describe our approach to fitting the exact exchange (Becke-

Roussel) mixing in the HSEsol (TB-mBJ) calculations, to reproduce the experimentally known

fundamental band gap. With this procedure outlined, in Sec. 6.3.2 we validate this approach via

detailed comparison to experimental results for AlP. Having validated our electronic structure

calculations, in Sec. 6.4 we compute unstrained electronic band parameters, with comparison

to existing literature. In Sec. 6.4.1 we analyse the calculated direct and indirect band gaps, and

key band edge energy splittings. In Sec. 6.4.2 we discuss the calculated effective masses and

Luttinger parameters. In Sec. 6.4.3 we detail calculated Kane parameters EP , and demonstrate

of the ellipticity of the extracted parameters set for application in 8-band k ·p Hamiltonians. In

Sec. 6.5 we analyse the computed deformation potentials and hydrostatic pressure coefficients.

In Sec. 6.6 we analyse the predicted natural (unstrained) valence band offsets (VBOs). Finally,

in Sec. 6.7 we summarise and conclude.

6.2 Structural parameters

In this Section we describe and present our calculations of the equilibrium lattice parameters and

elastic moduli of (Al,Ga,In)P. We begin with a brief recapitulation of linear elasticity theory,

which we then apply to obtain equilibrium lattice parameters a for zinc-blende (Al,Ga,In)P.

Our calculation of the lattice parameters is required for the calculation of the unstrained and
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strained electronic band parameters, analysis of these parameters follows this Section, beginning

from Sec. 6.3. We then describe our calculation of and present our results for the elastic moduli

Cij , bulk modulus B0 and internal strain (Kleinman) parameter ζ.

6.2.1 Lattice parameter

We consider materials with zinc-blende crystal structure, this being the equilibrium crystal

structure of (Al,Ga,In)P. The face-centred cubic lattice vectors of the zinc-blende primitive unit

cell are given in Cartesian coordinates by

a1 =
(
0,
a

2
,
a

2

)
, (6.1)

a2 =
(a
2
, 0,

a

2

)
, (6.2)

a3 =
(a
2
,
a

2
, 0
)
, (6.3)

where a is the equilibrium lattice parameter, and the x, y and z axes are respectively chosen to

align with the [100], [010] and [001] principal crystal axes, having corresponding Cartesian unit

vectors x̂, ŷ and ẑ. The equilibrium positions of the atoms in the zinc-blende primitive unit

cell, a basis of two atoms, are therefore given by

r1 = 0 , (6.4)

r2 =
(a
4
,
a

4
,
a

4

)
. (6.5)

We then apply an arbitrary deformation to this primitive unit cell, described by the macroscopic

strain tensor ϵ. The positions of the atoms in the unit cell then become

r1 = 0 , (6.6)

r2 = (I + ϵ)
(a
4
,
a

4
,
a

4

)
+ t , (6.7)

where I is the 3 × 3 identity matrix, and t is the internal strain vector. The internal strain

vector is given by [192]

t =
(
−a
2
ζϵyz,−

a

2
ζϵxz,−

a

2
ζϵxy

)
, (6.8)
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where ζ is the internal strain, or Kleinman, parameter [193]. When the crystal is in equilibrium

when the internal strain is minimised, i.e. t = 0. When a strain having non-zero shear compo-

nents is applied, the crystal develops a non-zero internal strain – i.e. a relative displacement of

the two interpenetrating face-centred cubic lattices that make up the zinc-blende structure – in

order to minimise the lattice energy.

At equilibrium the total energy, and the magnitude of the components of the macroscopic

stress experienced by the unit cell, will be minimised, indicating that the structure has reached

its most stable geometric configuration. To determine the equilibrium lattice parameter we

vary the lattice parameter, performing an internal relaxation of the ionic positions r1 and

r2, and calculate the stress on the unit cell. In a small range near equilibrium, the lattice

parameter vs. stress relationship will behave approximately linearly. In this approximately

linear regime, in which we seek zero stress to compute the equilbrium lattice parameter, we

Table 6.1: DFT-calculated equilibrium lattice parameter a, elastic moduli Cij , bulk modulus
B0 and Kleinman parameter ζ for AlP, GaP and InP. HSEsol- and LDA-calculated results
are respectively denoted by a dagger (†) and an asterisk (∗). The HSEsol calculations used
α = 0.25.

AlP GaP InP
Parameter This work Reference This work Reference This work Reference
a (Å) 5.449† 5.467a 5.427† 5.451a 5.879† 5.870a

5.435∗ 5.471b 5.426∗ 5.456f 5.878∗ 5.886f

5.417c 5.451h 5.86h

5.460d 5.443i 5.861i

C11 (GPa) 139.7† 133.0a 152.29† 140.5a 107.74† 101.1a

132.5∗ 138.3b 141.29∗ 150.0f 99.60∗ 105.9f

150.0e 143.9i 104.2i

133.6f

C12 (GPa) 70.8† 63.0a 70.15† 62.03a 61.75† 56.1a

68.9∗ 67.7b 66.97∗ 64.3f 58.72∗ 56.4f

64.2e 65.2i 60.5i

65.1f

C44 (GPa) 65.8† 61.5a 73.51† 70.33a 46.99† 45.6a

61.7∗ 66.5b 67.80∗ 78.4f 42.65∗ 49.3f

61.1e

64.1e

B0 (GPa) 93.91† 86.3a 97.72† 88.2a 77.25† 71.1a

90.25∗ 92.8e 92.15∗ 91.4i 72.69∗ 75.1i

86.0g 89.6g 71.0g

90.3g 88.2g 71.6g

ζ 0.631† 0.576j 0.568† 0.533j 0.686† 0.652j

0.619∗ 0.583∗ 0.703∗

aRecommended by Vurgaftman et al., see Ref. [44] for details
Theory: bRef. [194], cRef. [195], fRef. [185], gRef. [196], hRef. [180], jRef. [197]
Experiment: dRef. [198], eRef. [199], iRef. [200]
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extract the lattice parameter as the zero stress intercept of a linear fit of the lattice parameter

and stress. This means we can then determine the equilibrium lattice parameter a by computing

the value of a that produces zero stress on the unit cell. Our HSEsol calculations of a employed

exact exchange mixing α = 0.25. Our HSEsol- and LDA-calculated lattice parameters are

summarised in Table 6.1. We observe good overall agreement between our calculated lattice

parameters and literature values, with agreement to within 1% in all cases. We note, in general,

a slight underestimation of the calculated lattice parameters in comparison to experimental

literature values. This is a consequence of lattice expansion associated either with measurements

having been performed at non-zero temperature, due to the contribution of the zero-point

anharmonic lattice energy [79]. Our DFT calculations are carried out at zero temperature

and do not account for these contributions. The errors in calculated lattice parameters and

the contribution of the zero-point anharmonic lattice energy has been studied by Schimka et

al. [79], who found that the HSEsol XC functional yields the smallest deviation from experiment

amongst conventionally employed DFT XC functionals. Our HSEsol-calculated a deviate by

≤ 1% from experimental measurements, and we note that a zero-point anharmonic energy

correction could further improve the accuracy of these results [79]. Our HSEsol-calculated

lattice parameters being larger than those calculated in the LDA is consistent with previous

calculations and benchmarking of DFT XC functionals [201].

6.2.2 Elastic parameters

Considering harmonic elasticity, the elastic energy of a material with arbitrary crystal structure

is given, using Voigt notation, by

E =
Ω

2

6∑
i=1

6∑
j=1

Cijϵiϵj , (6.9)

where Ω = |a1 · (a2 × a3)| is the unit cell volume, Cij are the elastic moduli, and ϵi are the

components of the strain tensor. We note that, in Voigt notation ϵ1 = ϵxx, ϵ2 = ϵyy, ϵ3 = ϵzz,

ϵ4 = 2ϵyz, ϵ5 = 2ϵxz and ϵ6 = 2ϵxy. The elastic energy can be described in terms of components

σi of the stress tensor produced by an applied strain ϵj

σi =
1

Ω

∂E

∂ϵi
=

6∑
j=1

Cijϵj , (6.10)

which is the generalised form of Hooke’s law. Combining Eqs. (6.9) and (6.10), we can write

the elastic crystal energy as
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E =
Ω

2

∑
i

σiϵi . (6.11)

The elastic moduli can then be computed either by taking second derivatives of the elastic

energy with respect to strain, or by taking first derivatives of the lattice stress with respect to

strain, yielding

Cij =
1

Ω

(
∂2E

∂ϵi∂ϵj

) ∣∣∣∣
ϵi=0

=

(
∂σi
∂ϵj

) ∣∣∣∣
ϵi=0

. (6.12)

By applying strains of selected symmetry – so-called strain branches that impose lattice de-

formations with specific symmetries – to the unit cell and calculating the resultant stress, we

can use Eq. (6.12) to calculate the elastic moduli Cij . For the zinc-blende compounds of in-

terest in this work, this includes the elastic moduli C11, C12 and C44 in addition to the bulk

modulus B0. Eq. (6.12) shows two approaches to compute the elastic moduli, via the first

derivative of the stress, or second derivative of the energy. We compute the elastic moduli via

computation of the first derivative of the stress. This approach has previously been shown to

be more robust than a determination based on the second derivative of the energy with respect

to strain, in terms of the plane-wave cut-off energies and k-point grid densities required to

achieve convergence [202]. C11 and C12 are calculated via the application of a strain branch

(ϵ1, ϵ2, ϵ3, ϵ4, ϵ5, ϵ6) = (ϵ, 0, 0, 0, 0, 0). The bulk modulus B0 is calculated via the application

of a (ϵ, ϵ, ϵ, 0, 0, 0) strain branch, while C44 is calculated via the application of a (0, 0, 0, ϵ, ϵ, ϵ)

strain branch. The Kleinman parameter ζ is also calculated from the application of the same

strain branch as for C44. This represents application of a homogeneous shear from which we

can extract ζ by using Eqs. (6.7) and (6.8) in conjunction with the calculated displacement of

the cation (group-III) and anion (group-V) sublattices in the unit cell, after allowing internal

relaxation in response to the applied shear. For all strain branches, calculations are performed

for |ϵ| ≤ 2%, for which the relationship between elastic moduli and stress is linear. For con-

sistency with the calculation of the equilbirum lattice parameter a, the HSEsol calculations of

Cij employed α = 0.25. Our explicitly calculated bulk modulus B0 validates the relationship

B0 = (C11 + 2C12)/3 for the zinc-blence structure, without reference to the calculated C11

and C12. Our calculated Cij in Table 6.1 again display typical trends, with the HSEsol values

being larger than those calculated in the LDA. We note good overall agreement with litera-

ture data. The tendency of the DFT-calculated Cij to slightly overestimate experiment is, in

part, attributable to our calculated equilibrium lattice parameters a being slightly lower than

experimental values. Previous benchmarking of local, semi-local and hybrid XC functionals

vs. experiment for the elastic moduli of a range of semiconductors has shown that the HSE
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hybrid functional provides higher accuracy than the LDA [201]. This, in addition to the previ-

ously discussed work of Schimka et al. [79], provides confidence in our calculated elastic moduli.

We therefore recommend the use of the HSEsol-calculated values in further calculations.

6.3 Electronic band structure

In this Section we present our analysis of the electronic band structure of (Al,Ga,In)P. We detail

our procedure for calculating the electronic band structure, and validate our calculations in the

context of existing experimental measurements.

6.3.1 Fitting to the fundamental energy gap

To calculate electronic band structure for (Al,Ga,In)P we treat the exact exchange mixing α

(Becke-Roussel mixing c) as an empirical parameter in the HSEsol (TB-mBJ) calculations.

Rather than tuning the XC functional to fit the direct band gap [185], we instead fit α and c to

the fundamental (lowest-energy) band gap. This is motivated by the fact that the direct band

gap can be challenging to identify in an indirect-gap material while the fundamental band gap

is, whether direct or indirect, readily accessible to several classes of spectroscopic measurement.

In practice, this means that the fundamental band gap can generally be determined with a high

degree of accuracy, while higher energy band gaps have larger associated uncertainties. This

indirect-gap fitting has successfully been applied to analyse electronic structure evolution in

(Si,Ge)1−xSnx alloys [190, 191, 203], and it was also employed by Ziembicki et al. [204] in their

recent analysis of wurtzite-structured III-V compounds. We note that fitting to one part of the

band structure can have negative implications for the description of other parts. As we will

describe below, this fitting procedure can effectively describe band edge parameters and offers

improved description of the band edge electronic structure compared to fitting to the direct band

gap in indirect band gap materials [185]. Our HSEsol (TB-mBJ) band structure calculations

use the HSEsol-calculated (LDA-calculated) equilibrium lattice parameter a. For AlP and GaP

we fit α and c to the well-known, low-temperature fundamental (indirect) X6c-Γ8v band gaps of

2.52 and 2.35 eV respectively [44]. This yields α = 0.363 and c = 1.218 for AlP, and α = 0.314

and c = 1.193 for GaP. For InP we fit α and c to the direct Γ6c-Γ8v low-temperature band gap

of 1.424 eV [44], yielding α = 0.273 and c = 1.166.

The resulting HSEsol (TB-mBJ) band structures and density of states (DOS) are respectively

shown in Figs. 6.1, 6.2 and 6.3 using solid (dashed) lines. The TB-mBJ bands demonstrate sys-

tematic underestimation of energetic band widths vs. HSEsol. This reflects the known tendency

of the TB-mBJ exchange potential to overestimate effective masses [77]. For AlP, the HSEsol

and TB-mBJ calculations indicate X-L-Γ ordering of the CB valley minima, in agreement with
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Figure 6.1: DFT-calculated band structure (left panel) and density of states (DOS; right
panel) of AlP, calculated using the HSEsol (solid lines) and TB-mBJ (dashed lines) XC func-
tionals. The exact exchange mixing in the HSEsol calculation (α = 0.363), and the Becke-
Roussel mixing in the TB-mBJ calculation (c = 1.218), were adjusted to fit to the experimental
zero-temperature fundamental (indirect) X6c-Γ8v band gap of 2.52 eV [44]. The zero of energy
is set at the valence band maximum.
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Figure 6.2: DFT-calculated band structure (left panel) and density of states (DOS; right
panel) of GaP, calculated using the HSEsol (solid lines) and TB-mBJ (dashed lines) XC func-
tionals. The exact exchange mixing in the HSEsol calculation (α = 0.314), and the Becke-
Roussel mixing in the TB-mBJ calculation (c = 1.193), were adjusted to fit to the experimental
zero-temperature fundamental (indirect) X6c-Γ8v band gap of 2.35 eV [44]. The zero of energy
is set at the valence band maximum.

GW [184] and HSE [185] calculations, but contrary to the X-Γ-L ordering identified in other

studies [182]. For GaP, our calculations indicate X-L-Γ ordering of the CB valley minima, con-

sistent with previous literature [44, 184, 185]. For InP, our calculations indicate Γ-L-X ordering,
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Figure 6.3: DFT-calculated band structure (left panel) and density of states (DOS; right
panel) of InP, calculated using the HSEsol (solid lines) and TB-mBJ (dashed lines) XC function-
als. The exact exchange mixing in the HSEsol calculation (α = 0.273), and the Becke-Roussel
mixing in the TB-mBJ calculation (c = 1.166), were adjusted to fit to the experimental zero-
temperature fundamental (direct) Γ6c-Γ8v band gap of 1.424 eV [44]. The zero of energy is set
at the valence band maximum.

consistent with GW [184] and HSE [185] calculations. Our calculations provide clarity for the

disputed CB valley minima ordering in AlP (cf. Sec. 6.1), consistent with recent theoretical

investigations [184, 185].

6.3.2 The direct band gap of AlP: reconciling theory and experiment

Having examined the CB valley minima ordering and energetic band widths of our calculated

HSEsol and TB-mBJ electronic band structures for (Al,Ga,In)P, before further investigation of

the electronic band parameters we first examine our AlP band structure via direct comparison to

experimental measurements. As discussed in Sec. 6.1 the band structure, and band parameters,

of (Ga,In)P are generally better understood and agreed upon than those of AlP [44]. For AlP,

there exist significant spreads in literature values of several key band parameters including,

critically, large discrepancies between reported values of the direct Γ6c-Γ8v band gap. Given

these uncertainties, we now perform rigorous benchmarking of our HSEsol-calculated AlP band

structure via comparison with literature experimental data.

In AlP, there exist significant discrepancies between the 3.63 eV low-temperature direct Γ6c-Γ8v

band gap recommended by Vurgaftman et al. [44] and those predicted via state-of-the-art GW

[184] or HSE-DFT [185] calculations. GW and HSE-DFT calculations suggest that the Γ6c-Γ8v

band gap is ≳ 0.5 eV larger than that recommended in Ref. [44]. The original source of the

3.63 eV value recommended by Vurgaftman et al. is the photoluminescence excitation (PLE)
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measurement of Monemar [205], in which the measured spectrum displayed a weak “shoulder”

at 3.63 eV that was attributed to the Γ6c-Γ8v band gap. When presenting their recommended

parameters in Ref. [44], Vurgaftman et al. issued a caveat that little was known about the

AlP band structure, and that Ref. [205] was the sole experimental report of the Γ6c-Γ8v band

gap. Despite this clear caveat, the value 3.63 eV has proliferated in subsequent literature, likely

driven by the reliability of the recommended parameters for better-studied III-V compounds

that have established Ref. [44] as a canonical reference.

We compared critical points in the HSEsol-calculated band structure to the spectroscopic ellip-

sometry (SE) data of Ref. [182]. Measurement of the dielectric function ϵ(ℏω) via SE constitutes

a valuable technique to analyse critical points in the band structure, particularly at high ener-

gies where it is challenging to produce optical excitation in wide-gap semiconductors. Taking

the second derivative of the measured ϵ(ℏω) with respect to photon energy ℏω yields a differ-

ential spectrum with high sensitivity to critical points in the band structure [206, 207]. This

approach was applied by Hwang et al. in Ref. [182], who assigned inter-band optical transition

energies at the Γ-, L- and X-points via fitting to the d2ϵ(ℏω)/d(ℏω)2 spectrum obtained by

numerically differentiating the measured ϵ(ℏω) data. To validate our HSEsol band structure we

also fit to the experimental d2ϵ(ℏω)/d(ℏω)2 data of Ref. [182] employing, for consistency, the

same excitonic (n = −1) lineshape [182, 208, 209]

d2ϵ

d(ℏω)2
=
∑
j

n(n− 1)Aj e
iϕj

(ℏω − Ej + iΓj)2−n
, (6.13)

where Ej , Aj , ϕj and Γj are, respectively, the energy, amplitude, phase and linewidth associated

with the jth critical point [182]. We write the complex-valued dielectric function as ϵ(ℏω) =

ϵ1(ℏω) + i ϵ2(ℏω), such that ϵ1(ℏω) = Re{ϵ(ℏω)}. In Eq. (6.13), n = (D − 2) /2 where D is the

dimensionality of the critical point [209]. The choice n = −1 corresponds to a discrete excitonic

transition (D = 0), which was employed for AlP in Ref. [182] based on recommendations from

earlier analyses [209, 210].

To assess the accuracy of the HSEsol band structure we employ Eq. (6.13) to perform a con-

strained fit to the real part of d2ϵ/d(ℏω)2 computed from the experimental SE data of Ref. [182].

The fit is constrained by extracting the critical point energies Ej from the HSEsol-calculated

band structure, which are then kept fixed during a non-linear least squares (Levenberg-

Marquardt) fit to Eq. (6.13). With the critical point energies kept fixed, during the fit the

amplitude Aj , phase ϕj and linewidth Γj associated with each critical point are allowed to vary.

In the energy range for which experimental d2ϵ1/d(ℏω)2 data are provided in Ref. [182], we

identify five critical points (j = 1, . . . , 5) in the HSEsol band structure. These are, in order

of increasing energy: E0 = E(Γ6c) − E(Γ8v), E1 = E(L6c) − E(L5v), E2 = E(X6c) − E(X7v),

E′
0 = E(Γ7c) − E(Γ8v), and E′

2 = E(X7c) − E(X7v). The optical activity of these transitions
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was confirmed by computing their associated inter-band optical matrix elements, all of which

were found to be non-zero.

Before performing the fit, the HSEsol-calculated values of the critical point energies Ej must first

be adjusted to account for the SE measurements of Ref. [182] having been performed at room

temperature. We employ the Varshni parameters of Ref. [44] to redshift our HSEsol-calculated

critical point energies, yielding suitable Ej values for use in Eq. (6.13). At temperature T = 300

K this gives E0 = 4.561 eV, E1 = 4.868 eV, E2 = 4.940 eV, E′
0 = 5.824 eV, and E′

2 = 5.952

eV. These critical point energies at the Γ-point (E0 and E′
0), L-point (E1), and X-point (E2

and E′
2) have respectively been redshifted by 77, 32 and 32 meV vs. their calculated low-

temperature values. Figure 6.4 compares the resulting constrained fit to Eq. (6.13) (solid line)

to the experimental d2ϵ1/d(ℏω)2 SE data of Ref. [182] (open circles). This constrained fit

provides an accurate description of the experimental SE data. As described above, Hwang et

al. assigned E0 = 3.681 eV for the Γ6c-Γ8v band gap, despite the absence of a corresponding

feature in the SE data [182]. Our assignment of critical point energies in Fig. 6.4 revises that

of Ref. [182] as: E1 → E0, E2 → E1/E2, and E′
0 → E′

0/E′
2. Consistent with Ref. [182], we find

that the weak features close to 4.2 and 5.3 eV in the experimental data do not correspond to

clear optical transitions in the bulk band structure, and are likely attributable to native defects

and/or unintentional dopants.
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Figure 6.4: Second derivative with respect to photon energy ℏω of the real part ϵ1 of the
dielectric function of AlP, computed from the measured spectroscopic ellipsometry data of
Ref. [182] (open circles), and calculated via a constrained fit (solid line) employing Eq. (6.13)
with fixed critical point energies Ej (j = 1, . . . , 5; vertical arrows) obtained from the HSEsol-
calculated AlP band structure (cf. Fig. 6.1).
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Notably, our calculated E0 corresponds to a sharp, prominent feature in the SE data, which

is consistent with (i) the high optical matrix element associated with the Γ6c-Γ8v transition

(cf. Kane parameter EP in Table 6.3), and (ii) the appearance of the E0 transition in SE

measurements for other semiconductors [207]. We assert that this constitutes sufficient evidence

to ascribe a revised value of 4.639 eV to the zero-temperature Γ6c-Γ8v band gap, an increase

of 1.009 eV compared to the value originally proposed by Monemar [205] and subsequently

recommended by Vurgaftman et al. [44]. This comparison reconciles theory and experiment,

reducing the uncertainty caused by the significant spread in reported values of this key band

parameter over the past several decades. Our revision of the direct band gap corresponds to

an ≈ 1 eV increase in the energy difference between the direct Γ6c and indirect X6c CB minima

suggesting, e.g., a more rapid direct- to indirect-gap transition with increasing Al composition

x in AlxIn1−xP alloys. It is also likely to impact on the value of other parameters that depend

on the direct energy gap.

Literature quasiparticle [211], GW [184] and HSE-DFT [185] calculations corroborate the like-

lihood of a larger Γ6c-Γ8v band gap. The quasiparticle calculations of Zhu and Louie [211], and

GW calculations of Wing et al. [184] respectively predicted E(Γ6c)-E(Γ8v) = 4.38 eV and 4.25

eV. These are lower than the observed feature at ≈ 4.6 eV in the SE data of Ref. [182], an

underestimation that can be expected since those calculations underestimate the Γ6c-Γ8v band

gap of some III-V semiconductors (e.g. underestimating the well-known GaAs direct band gap

by 0.30 eV and 0.57 eV in Refs. [211] and [184] respectively). In their HSE-DFT analysis Bastos

et al. [185] employed the exact exchange mixing α as an empirical parameter, which they fit

to the direct band gap of 3.63 eV recommended by Vurgaftman et al. [44]. The resulting best-

fit α = 0.127 is anomalously lower than that obtained for all other III-(P,As,Sb) compounds,

which had α ≳ 0.22 [185]. Using the HSE06 XC functional (α = 0.25) Bastos et al. predicted

E(Γ6c)-E(Γ8v) = 4.153 eV.

To summarise, the SE measurements of Hwang et al. [182] displayed no evidence of an optical

transition close to 3.6 eV. A clear feature was visible close to 4.6 eV in the SE data, having an

appearance qualitatively consistent with the Γ6c-Γ8v (E0) transition in other semiconductors

[207]. The authors of Ref. [182] ascribed a value of 3.681 eV to the Γ6c-Γ8v band gap, despite

their measurements not indicating the presence of an optical transition at that energy. The ex-

citation energies employed in the PLE measurements of Ref. [205] were restricted to ≤ 4.1 eV,

which precluded probing optical transitions having energies > 4.1 eV. As such, we expect that

the direct Γ6c-Γ8v band gap was not visible in the PLE measurements reported by Monemar

due to the range of excitation energies employed. Most recently Vurgaftman et al. revised their

recommended Γ6c-Γ8v band gap from 3.63 eV to 3.99 eV [178]. Taken together, these obser-

vations indicated the possibility that the Γ6c-Γ8v band gap in AlP is significantly larger than

previously assumed. We have demonstrated that reinterpretation of the SE data of Ref. [182]

is consistent with the zero-temperature direct band gap E(Γ6c)-E(Γ8v) = 4.639 eV obtained
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from our HSEsol-calculated band structure. With our calculated AlP band structure validated

via comparison to experimental SE measurements, we now undertake a full re-evaluation of the

(Al,Ga,In)P electronic band parameters.

6.4 Unstrained electronic band parameters

In this Section we present our calculated unstrained electronic band parameters for (Al,Ga,In)P.

We provide analysis of the direct and indirect band gaps, effective masses, and the inter-band

Kane parameter. We also investigate the robustness of our calculated parameters for use in

8-band k · p calculations. To do this, we demonstrate the ellipticity of our parameter set and

the renormalised inverse CB effective mass sc (cf. Sec. 4.2.1).

6.4.1 Direct and indirect band gaps

As demonstrated in Sec. 6.3.2, our calculations suggest an increase of ≈ 1 eV to the AlP

direct Γ6c-Γ8v band gap recommended by Vurgaftman et al. [44]. Having been validated via

comparison to experimental SE measurements, our calculations predict, at zero temperature,

E(Γ6c)-E(Γ8v) = 4.639 eV. We now examine the direct band gaps in GaP and InP, and the

indirect band gaps in (Al,Ga,In)P. Our calculated direct and indirect band gaps, and valence

band (VB) spin-orbit (SO) splitting energies, are shown in Table 6.2.

For GaP, our calculation of the direct Γ6c-Γ8v band gap revises the value recommended by

Vurgaftman et al. [44] upwards by ≈ 190 meV. This is consistent with recent HSE-DFT cal-

culations by Bastos et al. [185], which suggest an upward revision of ≈ 50 meV to the value

recommended by Vurgaftman et al. The HSE-DFT calculations of Bastos et al. fit α to the

direct gap, rather than following our approach of fitting to the fundamental band gap. As a

result, Bastos et al. employed α = 0.283, which is 10% smaller than our calculated α. Since the

calculated band gap in a HSE(sol) calculation increases monotonically with increasing α the

increase in the direct Γ6c-Γ8v band gap predicted by Bastos et al. is underestimated in com-

parison with our calculations. We note that recent GW calculations suggest a reduction to the

value recommended by Vurgaftman et al. by ≈ 300 meV [184]. Earlier theoretical [180, 212] and

experimental work [213, 214] suggests values consistent with that recommended by Vurgaftman

et al.

InP is a direct band gap material. As such, the direct Γ6c-Γ8v band gap is readily measurable

and its value is therefore well established in the literature. As described in Sec. 6.3.1, in our

calculations we fit to the direct band gap of 1.424 eV recommended by Vurgaftman et al. [44].

This recommended value is in good agreement with GW calculations [184] and early empirical

band structure [180] and empirical pseudopotential [212] calculations.
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Table 6.2: DFT-calculated direct (Γ6c-Γ8v) and indirect (X6c-Γ8v and L6c-Γ8v) band gaps,
and valence band spin-orbit splitting energy ∆SO for AlP, GaP and InP. HSEsol- and TB-
mBJ-calculated results are respectively denoted by a dagger (†) and an asterisk (∗). The exact
exchange mixing α (Becke-Roussel mixing c) is α = 0.363 (c = 1.218) for AlP, α = 0.314
(c = 1.193) for GaP, and α = 0.274 (c = 1.165) for InP.

AlP GaP InP
Parameter This work Reference This work Reference This work Reference
Eg(Γ6c-Γ8v) (eV) 4.639† 3.63a 3.075† 2.886a 1.424† 1.424a

4.582∗ 4.25b 3.010∗ 2.895d 1.423∗ 1.422e

4.38c 2.915e

Eg(X6c-Γ8v) (eV) 2.520† 2.52a 2.350† 2.35a 2.330† 2.384a

2.520∗ 2.50b 2.350∗ 2.36d 2.381∗ 2.39d

2.59c 2.38f 2.35f

2.51d

Eg(L6c-Γ8v) (eV) 4.015† 3.57a 2.690† 2.72a 2.218† 2.014a

3.780∗ 3.90c 2.559∗ 2.098∗

4.00g

∆SO (eV) 0.067† 0.07a 0.104† 0.08a 0.128† 0.108a

0.055∗ 0.06d 0.084∗ 0.093e 0.104∗ 0.111e

aRecommended by Vurgaftman et al., see Ref. [44] for details
Theory: bRef. [184], cRef. [211], eRef. [185], fRef. [180]
Experiment: dRef. [200]

Considering the indirect band gaps, we recall that for AlP and GaP our DFT calculations

were fit to the fundamental Eg(X6c-Γ8v) band gap known from experiment. We now examine

the Eg(L6c-Γ8v) band gap in comparison to available literature data. Beginning with AlP, the

value of 3.57 eV recommended in Ref. [44] is from an early empirical band structure calculation

[180], while the higher 3.90 eV is from the quasiparticle GW calculation by Zhu and Louie

[211]. Our calculated values straddle the latter, with our HSEsol (TB-mBJ) calculated L6c-X6c

valley splitting being ≈ 180 meV higher (50 meV lower) than that predicted by Zhu and Louie.

For GaP, our HSEsol calculated Eg(L6c-Γ8v) is in good agreement with the recommendation

by Vurgaftman et al. [44]. We note that these values are in good quantitative agreement –

to within ≈ 10 meV – with previous empirical linear combination of atomic orbitals [180] and

empirical pseudopotential [212] calculations.

For InP we fit to the direct Eg(Γ6c-Γ8v) band gap. As such, we will now examine both the

Eg(X6c-Γ8v) and Eg(L6c-Γ8v) indirect band gaps. Firstly, analysing the Eg(X6c-Γ8v) band gap,

we note excellent quantitative agreement with the value 2.384 eV recommended by Vurgaftman

et al. [44], with our HSEsol calculated value being within ≈ 5 meV. We note that early empirical

calculations [180, 212] suggested values 200 - 300 meV larger than our calculations, and the

recommendation of Vurgaftman et al. Secondly, examining Eg(L6c-Γ8v), our HSEsol calculations

suggest an ≈ 200 meV increase vs. the value recommended by Vurgaftman et al. This is

consistent with other HSE-DFT calculations which employ a similar exact exchange mixing α
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for InP [185], and is also consistent with an early empirical pseudopotential calculation that

shows good quantitative agreement with our calculated Eg(L6c-Γ8v) [212].

We will now briefly discuss the spin-orbit splitting ∆SO and the CB valley splittings in (Al,Ga,In)P.

The spin-orbit splitting ∆SO can be difficult to determine directly in experiment, due to the

weak spin-orbit coupling in III-P compounds, making ∆SO challenging to distinguish in spectro-

scopic measurements. Our calculations are in excellent agreement with the recommendations

of Ref. [44], and those from other HSE-DFT calculations [185]. Secondly, we examine the CB

valley minima splittings in InP. It was noted by Vurgaftman et al. [44] that there were uncer-

tainties in the energies of the X- and L-valley CB minima. Our HSEsol calculations predict

that the X-valley CB minima lie 0.906 eV above the Γ-valley, within 6% of the recommended

values of 0.96 eV of Vurgaftman et al. [44]. Our HSEsol calculations predict that the L-valley

CB minima lie 0.794 eV above the Γ-valley. This result suggests an increase of 32% to the

recommendation of Vurgaftman et al. [44]. We note, that Ref. [44] also provided a range for the

Γ6c-L6c CB valley splitting of 0.4 - 0.7 eV. Our revised value suggests an increase to the upper

bound of this range by 13%. Our suggested minor revisions to these aspects of the description

of the InP electronic structure are consistent with other HSE-DFT calculations [185].

6.4.2 Effective masses and Luttinger parameters

Our calculated (relative) effective masses and Luttinger parameters are shown in Table 6.3.

In Ref. [44] Vurgaftman et al. noted a lack of experimental effective mass data for AlP. Their

recommended m∗
CB(Γ6c) = 0.22 and m∗

SO(Γ7v) = 0.30 for the zone-center CB and SO VB edge

(relative) effective masses were calculated ab initio by Krijn [215]. Our HSEsol-calculated Γ6c

CB (Γ7v SO) effective mass is slightly lower (higher) than that predicted by Krijn. Comparing

to the HSE calculations of Bastos et al. [185], our HSEsol-calculated Γ6c CB effective mass is

in close agreement, while our HSEsol-calculated Γ7v SO effective mass is ≈ 10% lower. The

Luttinger parameters γ1, γ2 and γ3 can be computed analytically from a choice of three heavy-

hole (HH) and light-hole (LH) VB edge effective masses [44]. We employ the HH and LH

effective masses along [001] to fix γ1 and γ2, and the HH effective mass along [111] to fix γ3.

The Luttinger parameters can then be computed as [44]

γ1 =
1

2

[(
1

m∗
LH

)[001]

+

(
1

m∗
HH

)[001]
]
, (6.14)

γ2 =
1

4

[(
1

m∗
LH

)[001]

−
(

1

m∗
HH

)[001]
]
, (6.15)

γ3 =
1

4

[(
1

m∗
LH

)[001]

+

(
1

m∗
HH

)[001]

− 2

(
1

m∗
HH

)[111]
]
. (6.16)
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We note that our Luttinger parameters, computed analytically in this manner, are close to those

obtained from numerical fitting to the HSE-calculated VB structure by Bastos et al. [185].

Few data are available for the effective masses of the zone-edge X- and L-point CB valleys. Our

HSEsol-calculated longitudinal X-point effective mass m∗
CB,∥(X6c) is significantly lower than that

calculated ab initio by Huang and Ching [180], and than that inferred via fitting to photolu-

minescence data by Issiki et al. [216]. However, we note that the X-point CB DOS effective

mass per valley, m∗
DOS = [m∗

∥(m
∗
⊥)

2]1/3, obtained from our HSEsol-calculated effective masses

is within 20% of the best-fit value of Issiki et al. [216]. To our knowledge, our calculated L-

point CB edge effective masses, m∗
CB,∥(L6c) and m∗

CB,⊥(L6c), are the first for AlP. Our predicted

L-point DOS effective mass per valley is close to that of the X valley, with the L-point DOS

effective mass per valley exceeding that at the X point by 8%.

For GaP and InP, there exist a larger number of experimental and theoretical investigations of

the effective masses [44]. First, we compare our calculated m∗
CB(Γ6c) and m∗

SO(Γ7v) effective

masses to HSE-DFT calculations [185] and the recommended values of Vurgaftman et al. [44].

Our calculations are in close agreement with these literature results. Our analytically calculated

γ1, γ2 and γ3, as in AlP, are in very good agreement with those obtained from fitting to HSE-

DFT electronic structure calculations [185].

In Ref. [44] Vurgaftman et al. noted factors complicating the measurement and evaluation of

the X-valley CB effective masses in GaP. Vurgaftman et al. noted a resulting large spread in

reported values, due to the presence of a “camel back” dispersion of the lowest CB near the X-

point [44]. This is consistent with our HSEsol- and TB-mBJ-calculated GaP band structures,

where the minimum in this CB valley does not lie precisely at the X-point. To compute our X-

point effective masses we perform additional DFT calculations slightly away from the X-point,

extracting the longitudinal and transverse effective masses at k = 2π
a (0.884, 0, 0) in the HSEsol

calculation, and k = 2π
a (0.855, 0, 0) in the TB-mBJ calculation. Both our HSEsol- and TB-

mBJ-calculated GaP m∗
CB,∥(X6c) effective masses are in good agreement with the 30-band k · p

calculations of Fraj et al. [218]. Our calculatedm∗
CB,∥(X6c) effective masses for GaP provide much

greater certainty than the range of values originally recommended by Vurgaftman et al. [44]. We

note that these effective masses do not follow the typical trend of TB-mBJ-calculated effective

masses being larger than those calculated using HSEsol. Our calculated m∗
CB,⊥(X6c) effective

masses for GaP are within the range recommended by Vurgaftman et al. [44], and find good

agreement with the calculations of Fraj et al. [218]. In Ref. [44] Vurgaftman et al. originally

recommended X-point InP effective masses on the basis of only an X-valley DOS effective mass.

This recommendation was later revised in Ref. [178], citing 40-band k · p results by Saidi

et al. [217], with a lack of further available literature data. Our calculated InP m∗
CB,∥(X6c)

effective masses see a large discrepancy between those calculated using HSEsol and TB-mBJ.

Our HSEsol-calculated InP m∗
CB,∥(X6c) effective mass is in better agreement with that of Saidi et
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Table 6.3: DFT-calculated zone-centre CB edge effective massm∗
CB(Γ6c), zone-centre VB Lut-

tinger parameters γi, SO VB edge effective mass m∗
SO(Γ7v), and longitudinal (∥) and transverse

(⊥) X- and L-point CB edge effective masses for AlP, GaP and InP. HSEsol- and TB-mBJ-
calculated results are respectively denoted by a dagger (†) and an asterisk (∗). The exact
exchange mixing α (Becke-Roussel mixing c) is α = 0.363 (c = 1.218) for AlP, α = 0.314
(c = 1.193) for GaP, and α = 0.274 (c = 1.165) for InP.

AlP GaP InP
Parameter This work Reference This work Reference This work Reference
m∗

CB(Γ6c) (m0) 0.192† 0.22a 0.137† 0.13a 0.085† 0.068a

0.242∗ 0.197b 0.175∗ 0.150b 0.106∗ 0.084a

0.092b

γ1 2.97† 3.35a 4.43† 4.05a 5.61† 5.08a

2.31∗ 2.85b 3.51∗ 4.20b 4.96∗ 5.33b

γ2 0.48† 0.71a 0.78† 0.49a 1.55† 1.60a

0.36∗ 0.54b 0.60∗ 0.87b 1.40∗ 1.58b

γ3 1.09† 1.23a 1.62† 2.93a 2.27† 2.10a

0.84∗ 1.11b 1.27∗ 1.58b 2.02∗ 2.20b

m∗
SO(Γ7v) (m0) 0.318† 0.30a 0.219† 0.25a 0.175† 0.21a

0.412∗ 0.355b 0.275∗ 0.243b 0.212∗ 0.199b

m∗
CB,∥(X6c) (m0) 0.704† 2.680a 1.316† 2.0a 1.625† 1.35d

0.853∗ 3.670c 1.070∗ 7.0a 2.988∗

0.672c

1.2e

m∗
CB,⊥(X6c) (m0) 0.234† 0.155a 0.223† 0.19a 0.243† 0.275d

0.281∗ 0.212c 0.257∗ 0.275a 0.276∗

0.193c

0.25e

m∗
CB,∥(L6c) (m0) 1.571† 1.655† 1.2a 1.967† 1.82d

1.714∗ 1.748∗ 2.0e 2.062∗

m∗
CB,⊥(L6c) (m0) 0.176† 0.137† 0.15a 0.141† 0.132d

0.216∗ 0.164∗ 0.253e 0.163∗

aRecommended by Vurgaftman et al., see Ref. [44] for details
Theory: bRef. [185], cRef. [180], dRef. [217], eRef. [218]

al. [217]. As we will discuss below, HSEsol-calculated effective masses typically provide the most

accurate description of semiconductor effective masses. We therefore place greater confidence

in our HSEsol-calculated value in this case, while acknowledging further literature data would

provide greater clarity regarding this material parameter. Our InP m∗
CB,⊥(X6c) effective masses

are in good agreement with those calculated by Saidi et al. [217]. In GaP and InP, while

there are some studies of the L-point effective masses, there are fewer results available than

for those at the X-point. The original recommendations of Vurgaftman et al. in Ref. [44] cited

experimental studies, while this was later revised in Ref. [178] again citing the k · p results of

Saidi et al. [217] for InP, and Fraj et al. [218] for GaP. Our calculated GaP m∗
CB,∥(L6c) effective

masses lie within between the original recommendation of Vurfgaftman et al. and that of Fraj

et al. Our GaP m∗
CB,⊥(L6c) effective masses find better agreement with the recommendation of
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Vurgaftman et al. than that of Fraj et al., with our calculations straddling the recommendation

of Vurgaftman et al. For InP we note that both our m∗
CB,∥(L6c) and m∗

CB,⊥(L6c) effective masses

are in good agreement with the calculations of Saidi et al.

In line with the known tendency of the TB-mBJ exchange potential to overestimate effective

masses [77], we note that our TB-mBJ-calculated Luttinger parameters – which depend on the

inverse of the zone-centre VB edge effective masses (cf. Eqs. (6.14) - (6.16)) – are lower than

those computed using HSEsol-calculated effective masses, noting the exception in our calculated

GaP m∗
CB,∥(X6c) effective masses. Our results emphasise that careful benchmarking should be

undertaken when analysing TB-mBJ band structures, since differences in valley splittings and

band edge effective masses can create significant changes in the band edge DOS, particularly in

materials possessing multiple valleys lying close in energy. We note that the work of Laurien et

al. [78] involved rigorous benchmarking of XC functionals for effective mass calculations, result-

ing in the recommendation that HSEsol XC functionals produce the most accurate prediction

of semiconductor effective masses.

6.4.3 Kane parameter and ellipticity

The semi-local nature of the HSEsol XC functional and TB-mBJ exchange potential modifies

the commutation relation between the Kohn-Sham Hamiltonian and the position operator [219].

This, and the improper normalisation of the PAW pseudo-wave-functions, preclude direct ap-

plication of the gradient operator, p̂ = −iℏ∇, to compute momentum matrix elements [220].

Our Kane parameters EP are obtained via explicit evaluation of the inter-band momentum

matrix elements in the PAW formalism [220], and are presented in Table 6.4. Comparing our

HSEsol-calculated EP for AlP to that obtained by Bastos et al. [185] via numerical fitting of an

8-band k · p Hamiltonian to their HSE band structure, we note good quantitative agreement.

Comparing our explicitly calculated EP for GaP and InP those obtained via numerical fitting

of an 8-band k · p Hamiltonian to HSE-calculated bands by Bastos et al. [185], we do not see

the same close agreement as in AlP. We note that this is a consequence of the choice of Bastos

et al. to fit the exact exchange mixing in their calculations to the direct band gap recommended

by Vurgaftman et al. [44] which, as discussed in Sec. 6.3.2, underestimates the true direct band

gap by ≈ 1 eV. Comparing to the range of values recommended in Ref. [44] by Vurgaftman et

al., our calculations lie near, for GaP, or within, for InP, these ranges. We obtain a significantly

lower value of EP in our TB-mBJ calculation. This underestimation of momentum matrix el-

ements by the TB-mBJ exchange potential underlies the method’s overestimation of effective

masses (cf. Sec. 6.4.2) [78].

In Table 6.4 we also present the renormalised inverse zone-center CB effective mass sc, calcu-

lated using Eq. (4.1), and related to Kane’s parameter F via sc = 1+ 2F [44]. As described in
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Table 6.4: DFT-calculated Kane parameter EP and renormalised inverse zone-centre CB
effective mass sc for AlP, GaP and InP. HSEsol- and TB-mBJ-calculated results are respectively
denoted by a dagger (†) and an asterisk (∗). The exact exchange mixing α (Becke-Roussel
mixing c) is α = 0.363 (c = 1.218) for AlP, α = 0.314 (c = 1.193) for GaP, and α = 0.274
(c = 1.165) for InP.

AlP GaP InP
Parameter This work Reference This work Reference This work Reference
EP (eV) 21.23† 17.7a 21.53† 22.2a 16.86† 16.6a

15.68∗ 22.1b 16.29∗ 31.4a 13.12∗ 20.7a

25.2b 18.3b

sc 0.65† −0.30a 0.37† −3.09a 0.25† −1.62a

0.72∗ 0.35∗ 0.42∗

aRecommended by Vurgaftman et al., see Ref. [44] for details
Theory: bRef. [185]

Chapter 4, having sc < 0 can, at large wave vector |k| in the widely-employed 8-band k·p Hamil-

tonian [52], produce unphysical states lying energetically within the band gap due to downward

bending of the lowest-energy CB [128]. As demonstrated in Chapter 4 and Appendix A, even

in the absence of downward bending of the CB, a negative value of sc can additionally give rise

to spurious solutions in heterostructure calculations via bulk states possessing complex-valued

wave vector [58]. This highlights the importance of sc for heterostructure calculations. From

our DFT calculations we obtain sc > 0, ensuring no downward bending of the CB in AlP, GaP

or InP. This also guarantees sc + 1 > 0, satisfying one of the conditions that ensure ellipticity

of the 8-band Hamiltonian [129, 221]. In addition to this condition, the 8-band Hamiltonian is

elliptic provided [129, 221]

γ1 + 4γ2 + 6γ3 >
2EP
Eg

, (6.17)

γ1 + 4γ2 + 3γ3 >
3EP
2Eg

, (6.18)

γ1 − 2γ2 + 3γ3 >
EP
2Eg

, (6.19)

γ1 − 2γ2 − 3γ3 > − EP
2Eg

, (6.20)

all of which are satisfied by our HSEsol- and TB-mBJ-calculated band parameters. Tables 6.2,

6.3 and 6.4 thus provide a robust set of 8-band k · p parameters for (Al,Ga,In)P, with the
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ellipticity of the Hamiltonian expected to mitigate the appearance of spurious solutions in

heterostructure calculations [129].

6.5 Strained electronic band parameters

In this Section, having extracted a robust set of parameters for unstrained III-P semiconduc-

tors, we investigate the strain dependence of the band structure. This strain dependence is

encapsulated by the band edge deformation potential or, equivalently for hydrostatic strain,

the band gap pressure coefficients. We now predict the band edge deformation potentials and

hydrostatic band gap pressure coefficients for (Al,Ga,In)P.

6.5.1 Band edge deformation potentials

Shifts in the band energies of semiconductors under applied strain can be described using

deformation potential theory [222]. These changes in the electronic structure are a result of the

change in volume (hydrostatic) and shape (axial or shear) of the unit cell under applied strain,

where symmetry-reducing axial or shear strains can lift the degeneracy of the zone-centred

VB edge HH and LH states [160, 222]. We compute the band edge deformation potentials

via strained HSEsol and TB-mBJ band structures. As in Sec. 6.2, we apply strain branches,

denoted in Voigt notation, to the unit cell. In the derivation of the bulk 8-band k·p Hamiltonian

described in Eq. (2.25), the expansion of terms depending on strain can be included [45]. For

an [001]-pseudomorphic strain in the absence of spin-orbit coupling, such that ϵ1 = ϵ2 and

ϵ3 = −2C12ϵ1/C11, the strain dependent CB and HH and LH VB edge energies can be rewritten

in terms of strain as [13, 45, 215, 222]

EϵCB = ECB + ac(ϵ1 + ϵ2 + ϵ3) , (6.21)

EϵHH = EHH + av(ϵ1 + ϵ2 + ϵ3)−
b

2
(ϵ1 + ϵ2 − 2ϵ3) , (6.22)

EϵLH = ELH + av(ϵ1 + ϵ2 + ϵ3) + b(ϵ1 + ϵ2 − 2ϵ3) , (6.23)

where ECB, EHH and ELH are, respectively, the CB and HH, LH and SO VB edge energies in

the absence of strain (cf. Eq. (2.25)), ac and av are the CB and VB edge hydrostatic defor-

mation potentials, and b is the VB edge axial deformation potential. With application of the

(ϵ, ϵ, ϵ, 0, 0, 0) strain branch Eqs. (6.21) and (6.22) reduce to



Revised and improved band parameters for III-P semiconductors 106

EϵCB = ECB + 3acϵ , (6.24)

EϵHH = EHH + 3avϵ . (6.25)

Using Eqs. (6.24) and (6.25) we can compute the change in band gap as

∆Eg(Γ6c-Γ8v) = −3agϵ = −agTr(ϵ) , (6.26)

where ag is the hydrostatic band gap deformation potential and Tr(ϵ) = ϵ1+ ϵ2+ ϵ3 is the trace

of the strain tensor.

To obtain the VB edge axial and shear deformation potentials, b and d, the application of ap-

propriate strain branches can reduce the 8-band k ·p strain Hamiltonian to a block-diagonalised

form, from which expressions for b and d can be obtained in terms of the strained band edge

energies. To compute b we apply the trace-free biaxial strain (ϵ, ϵ,−2ϵ, 0, 0, 0). Taking the

zero of energy at the unstrained VB maximum, and in the absence of SO coupling, we obtain

eigenvalues Eg, −6bϵ and two of 3bϵ. Using these band edge energies we compute the LH-HH

splitting as

∆EHH-LH = 9bϵ . (6.27)

We can then compute the VB axial deformation potential b by fitting to the zone-centre HH-

LH splitting vs. ϵ using Eq. (6.27). To obtain d we apply the shear strain (0, 0, 0, 0, 0, 2ϵ). The

application of this strain branch, again taking the zero of energy at the unstrained VB maximum

and in the absence of SO coupling, provides eigenvalues Eg, ±
√
3dϵ and 0. Using these band

edge energies we compute

∆EHH-LH = 2
√
3dϵ . (6.28)

The VB edge shear deformation potential d can then be computed by fitting to the zone-centre

HH-LH splitting vs. ϵ using Eq. (6.28). Shearing the unit cell produces an internal strain which,

akin to calculating C44, mandates internal relaxation of the ionic coordinates (cf. Sec. 6.2).

Calculations are performed for |ϵ| ≤ 2%, for which these relationships behave linearly. For

the HSEsol (TB-mBJ) deformation potential calculations, for consistency with our calculation

of the elastic properties, internal relaxation of the ionic positions in response to an applied

macroscopic strain was performed using the HSEsol (LDA) XC functional.
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In general, the deformation potentials of III-P materials have undergone limited investigation,

resulting in a lack of reference values in the literature [45]. The zone-centre hydrostatic band gap

deformation potential ag values reported in literature for InP display large uncertainty [223–227].

In AlP, there have been no experimental investigations of ag, with significant uncertainty in the

limited set of published theoretical results [196, 228]. Additionally, previous recommendations

of d for AlP have been based on the values available for GaP [44]. Given this lack of published

information and certainty in the band edge deformation potentials of III-P compounds, we now

undertake a rigorous calculation of these parameters.

We present our calculated band edge deformation potentials in Table 6.5. Previous theoretical

analysis has produced a spread of predicted values for the band edge deformation potentials

of AlP. Our TB-mBJ-calculated ag = −8.56 eV is in quantitative agreement with the LDA

calculation of Wei and Zunger [196], and close to that predicted by Van de Walle [228]. Not-

ing that the LDA tends to underestimate the magnitude of ag, Wei and Zunger employed an

external potential to correct the band gap underestimation in their LDA calculation, resulting

in ag = −9.52 eV [196]. This is in close quantitative agreement with our HSEsol prediction. In

GaP and InP, we note that our TB-mBJ-calculated ag is also in close quantitative agreement

Table 6.5: DFT-calculated hydrostatic band gap, uniaxial and shear deformation potentials
ag, b and d and hydrostatic pressure coefficients dEg/dP for AlP, GaP and InP. HSEsol- and
TB-mBJ-calculated results are respectively denoted by a dagger (†) and an asterisk (∗). The
exact exchange mixing α (Becke-Roussel mixing c) is α = 0.363 (c = 1.218) for AlP, α = 0.314
(c = 1.193) for GaP, and α = 0.274 (c = 1.165) for InP.

AlP GaP InP
Parameter This work Reference This work Reference This work Reference
ag = ac − av (eV) −9.43† −8.7a −9.50† −9.9a −6.39† −6.6a

−8.56∗ −9.52b −8.72∗ −8.83b −5.92∗ −5.93b

−8.5b −7.99b −5.30b

−8.70c −9.35c −5.95c

b (eV) −1.72† −1.5a −2.06† −1.6a −1.70† −2.0a

−1.82∗ −1.0c −2.01∗ −1.5c −1.61∗ −1.6c

−2.3d −2.3d −1.8d

d (eV) −5.30† −4.6a −5.27† −4.6a −4.26† −5.0a

−5.23∗ −4.93∗ −3.95∗
dEg

dP (Γ6c-Γ8v) 10.04† 9.40b 9.72† 8.90b 8.27† 7.40b

(meV kbar−1) 9.48∗ 11.1b 9.46∗ 10.0b 8.14∗ 8.4b
dEg

dP (X6c-Γ8v) −1.96† −2.06b −2.05† −2.20b −1.93† −1.40b

(meV kbar−1) −2.43∗ −1.60b −2.53∗ −1.40b −2.42∗ −2.26b
dEg

dP (L6c-Γ8v) 4.62† 4.17b 3.88† 3.30b 4.01† 3.14b

(meV kbar−1) 3.81∗ 5.10b 3.41∗ 4.30b 3.71∗ 4.20b

aRecommended by Vurgaftman et al., see Ref. [44] for details
Theory: bRef. [196], dRef. [229]
Experiment: cRef. [200]



Revised and improved band parameters for III-P semiconductors 108

with the corrected-LDA predictions of Wei and Zunger [196]. Our HSEsol-calculated ag for GaP

and InP demonstrate good quantitative agreement with the original recommendations of Vur-

gaftman et al. The uniaxial deformation potential b is less studied [45]. For AlP, Vurgaftman

et al. recommended b = −1.50 eV as the average of the values −1.40 and −1.60 eV respectively

proposed by O’Reilly [230] and by Krijn [215]. Our calculated values of b for AlP are slightly

larger in magnitude, lying between the tight-binding estimations of O’Reilly [230] and Blacha et

al. [229]. Our calculated b for GaP and InP are larger in magnitude than the recommendation

of Vurgaftman et al., lying between the values proposed by Ritter et al. [200] and Blacha et

al. [229]. To our knowledge, there have been no first-principles calculations of the shear defor-

mation potential d for AlP. Citing a lack of data, Vurgaftman et al. [44] recommended d = −4.6

eV for AlP, equal to their recommended value for GaP. In both GaP and InP there also exists a

lack of theoretical or experimental data for d [44]. Our HSEsol- and TB-mBJ-calculated values

of d are in close agreement for each of AlP, GaP and InP, providing certainty regarding this

little-studied parameter.

6.5.2 Pressure coefficients

Using the calculated direct Γ6c-Γ8v, and indirect X6c-Γ8v and L6c-Γ8v, hydrostatic band gap

deformation potentials ag we compute the pressure coefficients as [196]

dEg
dP

= − ag
B0

, (6.29)

where B0 is the bulk modulus (cf. Sec. 6.2). We compare our calculated pressure coefficients for

(Al,Ga,In)P to the LDA and corrected-LDA calculations of Wei and Zunger [196] in Table 6.5.

The calculated pressure coefficients follow trends common to other III-V semiconductors. First,

the Γ6c-Γ8v and L6c-Γ8v band gaps admit dEg/dP > 0, with the pressure coefficient associated

with the Γ6c-Γ8v band gap being 2-3 times larger in magnitude than that associated with

the L6c-Γ8v band gap. Second, the X6c-Γ8v band gap admits dEg/dP < 0, with magnitude

approximately one-half of that associated with the L6c-Γ8v band gap. For the direct Γ6c-Γ8v

hydrostatic deformation potential, the band gap correction scheme applied by Wei and Zunger

also acts to increase dEg/dP for the X6c-Γ8v and L6c-Γ8v band gaps. We note a similar trend

between our HSEsol and TB-mBJ calculations, with the former yielding increased dEg/dP . We

note that in all cases our HSEsol-calculated pressure coefficients lie within the range suggested

by the LDA and corrected-LDA calculations of Wei and Zunger.
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6.6 Valence band offsets

In a heterostructure, the band offsets are critical to determine the nature of carrier confinement

[44, 231]. In this Section we present our DFT-calculated unstrained VBOs. These parameters

can be combined with the natural (unstrained) bulk band parameters and band edge deformation

potentials to provide a complete and consistent set of parameters upon which to base analysis

of III-P heterostructures.

To compute the unstrained VBO slab calculations were performed, which are used to determine

the alignment of the average electrostatic (Hartree) potential to the vacuum. An unstrained

VBO can be extracted reliably from a SL calculation if the two materials are approximately

lattice-matched (e.g. AlP/GaP), but otherwise introduces strain if there exists a lattice mis-

match between the materials (e.g. AlP/InP or GaP/InP). We therefore use slab calculations to

obtain unstrained VBOs. Using the average electrostatic potential energy obtained from a bulk

band structure calculation then allows to align the bulk band edge energies to the vacuum, and

hence to determine the natural VBO between different materials. We begin by using a slab

calculation to determine the difference in energy between the average electrostatic (Hartree)

potential and the vacuum. Considering a supercell in which we define a Cartesian coordi-

nate system whose z axis is perpendicular to the slab surface, the planar-average electrostatic

potential along the slab is computed as [231]

V (z) =
1

S

∫
S
V (r) dx dy (6.30)

where S is the area of the slab in the (x, y) plane, and V (r) is the DFT-calculated Hartree

potential. To determine the average electrostatic potential energy within the slab, Eq. (6.30) is

then macroscopically averaged as [231]

V =
1

L

∫ L/2

−L/2
V (z) dz , (6.31)

where L is the unit cell length along z. This calculation therefore provides an energy difference

in reference to the vacuum. Using bulk HSE band structure calculations, Weston et al. [231]

demonstrated that performing this averaging procedure in the GGA produces minor quantitative

difference in VBO compared to far more computationally expensive calculations in which the

potential averaging is performed via HSE. We therefore employed the Perdew-Burke-Ernzerhof

XC functional for solids (PBEsol), in 32-atom [110]-oriented slab supercells having > 3 nm vac-

uum regions. The TB-mBJ exchange potential is not appropriate for slab vacuum calculations.

In the presence of an extended vacuum region the average of |∇n|/n, where n is the electron

charge density, becomes singular and has no meaning (cf. Sec. 3.2.1). The TB-mBJ potential
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Table 6.6: DFT-calculated valence band offsets (VBOs) for AlP, GaP and InP. HSEsol- and
TB-mBJ-calculated results are respectively denoted by a dagger (†) and an asterisk (∗). The
exact exchange mixing α (Becke-Roussel mixing c) is α = 0.363 (c = 1.218) for AlP, α = 0.314
(c = 1.193) for GaP, and α = 0.274 (c = 1.165) for InP. Following Ref. [44] the VBO is the
natural (unstrained) VBO given relative to the VB maximum of InSb.

AlP GaP InP
Parameter This work Reference This work Reference This work Reference
VBO (eV) −1.925† −1.74a −1.270† −1.27a −1.137† −0.94a

−1.694∗ −2.07b −1.152∗ −1.33b −1.052∗ −0.88b

−1.72c −1.18c −1.05c

−2.00d −1.31d −0.95d

−2.12e −1.59e −1.12e

aRecommended by Vurgaftman et al., see Ref. [44] for details
Theory: bRef. [233], cRef. [234], dRef. [228], eRef. [235]

is dependent on this quantity, meaning TB-mBJ slab vacuum calculations are not possible.

The TB-mBJ VBOs are therefore, as in the case of the HSEsol-calculated VBOs, computed

by aligning the TB-mBJ bulk band structure to the PBE-calculated electrostatic average in

vacuum. The k-point grid for BZ integration was downsampled to 1 × 11 × 7. Electrostatic

potential averaging via Eqs. (6.30) and (6.31) was implemented using VASPKIT [232].

We then perform bulk band structure calculations (cf. Sec. 6.3) to obtain band energies, and

a reference between the VB maximum and the average electrostatic potential in bulk. With

the VB maximum energy then known relative to the vacuum in the two materials “A” and “B”,

their bulk bands can be aligned on a single energy scale and the VBO between two materials,

denoted by A and B, is computed as

VBO = ∆EBv −∆EAv +∆V , (6.32)

where ∆EAv (∆EBv ) is the energy of the VB maximum relative to the average electrostatic

potential in material A (B), and ∆V is the difference in the average electrostatic potential

energy between materials A and B. The determination of ∆V from the DFT slab calculations

is illustrated in Fig. 6.5.

We employed both HSEsol- and TB-mBJ-calculated bulk band structures to compute the VBO

(cf. Table 6.6). Vurgaftman et al. [44] provide natural VBOs, on an energy scale with the zero

of energy set to lie at the InSb VB maximum – i.e. they provide unstrained VBOs with respect

to InSb. We adopt this convention for comparative purposes, where the large lattice mismatch

between (Al,Ga,In)P and InSb precludes the use of SL calculations.

The calculated VBOs for AlP and GaP straddle the recommended value of Vurgaftman et

al. [44], with the TB-mBJ calculation deviating by < 50 and < 120 meV respectively. Our
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Figure 6.5: Schematic illustration of the alignment of the average electrostatic (Hartree)
potential V between [110]-oriented AlP (left) and InSb (right) slabs. Solid blue and red lines
respectively show the planar and macroscopic averages V (z) and V calculated using Eqs. (6.30)
and (6.31). The vacuum energy is aligned in each slab, shown here by setting the zero of energy
at the vacuum level, allowing extraction of ∆V between the two materials.

HSEsol-calculated AlP/InSb VBO places the AlP VB maximum 185 meV lower in energy than

recommended by Vurgaftman et al. [44]. Our HSEsol-calculated GaP VBO is in exact agreement

with the recommendation of Vurgaftman et al. [44]. The HSEsol- and TB-mBJ-calculated InP

VBO place the VB maximum ≈ 200 and 110 meV lower in energy than the recommendation of

Vurgaftman et al. [44], respectively. The larger HSEsol-calculated AlP and GaP VBOs are in

close agreement with other predicted VBOs from the literature, including the model solid theory

calculations by Van de Walle [228] and by Qteish and Needs [233], and the heterojunction DFT

calculations of Li et al. [235]. Our TB-mBJ-calculated VBOs are in good agreement with those

computed by Hinuma et al. [234], who combined HSE slab calculations with GW-corrected

bulk band edge energies. We note that our HSEsol-calculated AlP and GaP VBOs lie within

the range of literature values provided in Table 6.6, while the HSEsol-calculated InP VBO lies

outside the range suggested in literature. The DFT-calculated and literature VBOs in Table 6.6

can be used to compute the GaP/AlP, InP/AlP and InP/GaP VBOs. Our calculations predict,

on average, a decrease in the magnitude of these VBOs. We note that both our HSEsol- and

TB-mBJ-calculated InP/GaP VBOs suggest a decrease in the magnitude of the VBO by 260

- 370 meV, where a notable exception is the prediction of Hinuma et al. [234] which is strong

agreement with our DFT-calculated results.
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6.7 Conclusions

In summary, we presented a theoretical re-evaluation of the electronic band structure of (Al,Ga,In)P

based on first-principles calculations. Literature analysis revealed significant uncertainties in

key band parameters, notably a decades-old discrepancy regarding the direct band gap of AlP.

Other key uncertainties include the ordering of the X-, Γ- and L-point CB valley minima in

AlP, in addition to the values of the band edge effective masses, and band edge deformation

potentials. By treating the exact exchange (Becke-Roussel) mixing as an empirical parameter in

HSEsol (TB-mBJ) DFT calculations, we demonstrated that fitting to the known fundamental

band gap, which can be direct or indirect, produces a reliable description of the band edge

electronic structure. This approach produces a direct band gap in AlP that is ≈ 1 eV larger

than has generally been assumed in the literature, reconciling this long-standing discrepancy

which has proliferated in the literature as a result of a lack of detailed investigation. To validate

this significant revision to the direct band gap of AlP, we extracted critical point energies from

the HSEsol-calculated band structure and demonstrated that employing these energies in a con-

strained fit to experimental SE data accounts accurately for the observed optical transitions.

Having validated our HSEsol-calculated band structure, we computed an updated set of elastic

and band parameters for (Al,Ga,In)P. These parameters have been calculated consistently based

on a single underlying lattice parameter and band structure for each III-P compound rather

than the disparate combinations of theoretical and experimental parameters that have been

assembled ad hoc to construct previous III-P parameter sets. Our calculated band parameters

are in good quantitative agreement with those from beyond-DFT (many-body) electronic struc-

ture calculations. Multiple benchmark studies of structural, elastic and electronic properties

suggest that HSEsol delivers – in the context of DFT calculations – state-of-the-art accuracy,

and so it is recommended that the HSEsol parameters provided in this Chapter are employed

in heterostructure calculations. However, supercell DFT calculations are much more efficiently

performed using the TB-mBJ exchange potential, but incur a reduction in accuracy of the

description of some band parameters. The LDA and TB-mBJ parameters constitute an appro-

priate starting point for many of these types of calculations. The HSE-calculated parameters

presented here – several of which have been computed for the first time – constitute an im-

proved basis from which to develop predictive analysis of III-P heterostructures, a platform

that continues to attract interest for classical and quantum photonics applications.





Chapter 7

Summary, conclusions and outlook

7.1 Summary and conclusions

This Thesis has presented the results of a theoretical investigation of the electronic and op-

tical properties of III-V superlattices (SLs) for mid-infrared (mid-IR) emission and detection,

and the determination of robust electronic band parameters for III-P semiconductors from

first-principles. For the former, this involved extending plane-wave based multi-band k · p
heterostructure calculations to include the miniband dispersion along the growth direction,

and detailed benchmarking to ensure accurate and reliable predictive simulations. Analysis of

the electronic structure allowed to elucidate the origins of trends in radiative recombination

in unstrained broken-gap SLs, and optical absorption in strain-balanced type-II SLs. High-

throughput calculations enabled key trends in optoelectronic properties to be identified and

quantified, allowing to develop guidelines for epitaxial growth of optimised III-V SLs for ap-

plications as high-performance mid-IR emitters and detectors. Following this, literature inves-

tigation highlighted the lack of reliable and consistent values for several key electronic band

parameters in III-P materials, which are crucial to enable predictive simulations for III-P het-

erostructures. To address this issue, first principles calculations based on state-of-the-art DFT

approaches were performed to produce a set of reliable parameters for AlP, GaP and InP.

Chapter 4 presented an analysis of radiative recombination in InAs/GaSb SLs for mid-IR light-

emitting diode (LED) and laser applications. We established a robust computational framework

based on multi-band k ·p calculations to compute the full k-dependent SL band dispersion and

eigenstates. In doing this, we elucidated the origin of so-called spurious solutions in the cal-

culated SL electronic properties, via analysis of the bulk complex band structure. Employing

a simple renormalisation of the bulk inter-band momentum matrix element – encapsulated by

the Kane parameter EP – we demonstrated the ability to reliably mitigate the impact of these

113
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spurious solutions in heterostructure calculations. Our analysis, validated via comparison to ex-

perimental EL measurements, showed that the occupation by electrons and holes of miniband

states possessing non-zero wave vector along the growth direction acts to decrease the tem-

perature dependence of the SE peak energy compared to that of the fundamental zone-centre

SL band gap. Considering InAs/GaSb SLs having equal InAs and GaSb layer thicknesses,

we quantified the impact of miniband formation on the SE rate and radiative recombination

coefficient B. Our calculations revealed the important roles played by (i) electron and hole

localisation within individual layers of the SL, (ii) carrier occupation of miniband states, and

(iii) the strong dependence of the inter-band optical matrix elements on the miniband wave

vector q. We demonstrated that the interplay between these factors allow for high optical

matrix elements, despite the presence of type-II-like (spatially indirect) carrier confinement,

and hence for B values that are large relative to those typically associated with type-II struc-

tures. Analysis of the SL electronic structure identified that the electron (hole) minibands being

strongly (weakly) dispersive resulted in a significant mismatch in the ranges of miniband wave

vector q across which electron and hole states are occupied. This mismatch in electron and hole

miniband occupancy – whereby electrons occupy states over a significantly reduced range of q

vs. holes – combined with the requirement to conserve crystal momentum during electron-hole

recombination, prevents holes close to the SL Brillouin zone edge from undergoing radiative re-

combination. Thus, miniband formation decreases both the magnitude of B and its dependence

on temperature. Having undertaken this detailed interrogation of the properties of InAs/GaSb

SLs having equal layer thicknesses, we then performed a systematic analysis of SLs having

unequal layer thicknesses. We demonstrated that for shorter wavelengths B is maximised in

InAs/GaSb SLs in which the InAs layer thickness is close to equal to the GaSb layer thickness.

For longer wavelengths B is maximised for InAs layer thickness ≈ 1.5 – 2 × the GaSb layer

thickness. We also identified that B decreases rapidly if the InAs layer thickness is reduced

below that of GaSb. To summarise, for emission between 3 and 7 µm, InAs/GaSb SLs should

have InAs layer thickness greater than or equal to that of the GaSb layer, with the relative

thickness increasing from 1 at 3 µm to 2 at 7 µm to maximise the radiative recombination rate

at fixed carrier injection.

Chapter 5 presented an analysis of optical absorption in InAs/InAs1−xSbx strain-balanced SLs

(SBSLs) for mid-IR photodetectors operating in the 3 - 5 µm wavelength range. We extended

the computational framework employed in Chapter 4 to compute the optical absorption. By

enforcing fixed cut-off wavelength λcut (= 5, 5.5 and 6 µm), in addition to strain-balancing with

respect to a GaSb substrate, we systematically identified SBSLs having Sb composition x = 18

- 40%. The upper end of this Sb composition range poses challenges for epitaxial growth, due to

the presence of large in-plane compressive strain and the requirement for low layer thicknesses in

order to maintain the required cut-off wavelength. Using the calculated SL electronic structure

and eigenstates we computed the band-to-band optical absorption spectrum for each identified
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SBSL, revealing the ability to engineer an increase in optical absorption in the 3 - 5 µm range

with increasing Sb composition x. To provide an appropriate figure of merit to enable SBSL

optimisation for photodetection, the calculated SBSL absorption spectra were employed in a

model calculation of the internal quantum efficiency (IQE) associated with photodetection of 3 -

5 µm radiation from an ambient blackbody source. At fixed Sb composition and SBSL absorber

thickness, we demonstrated the potential to increase the IQE in the 3 - 5 µm spectral range

by designing structures to have longer λcut. With increasing Sb composition x, we predict a

significant enhancement of the IQE up to x = 30%, independent of λcut. Our calculations reveal

minimal additional enhancement in IQE for x > 30%. Interrogation of the electronic structure

evolution vs. Sb composition x allowed to identify that this trend derives from a competition

between the joint density of states and optical matrix elements, which respectively decrease

and increase with increasing x. The increase in the latter was found to be sufficient to drive a

net increase of the IQE. Our calculations predict minimal enhancement for cut-off wavelengths

longer than 5.5 µm.

Chapter 6 presented an analysis of the electronic band parameters of the III-P compounds AlP,

GaP and InP. Interrogation of theoretical and experimental data from the literature revealed

significant uncertainties in key electronic band parameters for III-P semiconductors. Key uncer-

tainties in these parameters included the direct band gap in AlP, the energy ordering of the CB

valley minima in AlP and InP, the band edge effective masses, and the band edge deformation

potentials. By treating the exact exchange (Becke-Roussel) mixing as an empirical parameter in

HSEsol (TB-mBJ) DFT calculations, we demonstrated that fitting to the known fundamental

(lowest energy) band gap, reliably accesible via experimental measurement, produces a reliable

description of the band edge electronic structure. This fundamental band gap is indirect in AlP

and GaP, and direct in InP. Based on a detailed reevaluation of literature data, including a

constrained fit to ellipsometry data based on our DFT calculations, we revise the direct band

gap of AlP to a value ≈ 1 eV larger than generally assumed. Our reevaluation of the AlP band

structure reconciles theory and experiment, and revises a decades old underestimation of the

direct band gap that has proliferated in the literature due to a lack of additional analysis. Based

on a systematic suite of DFT calculations, we extracted a robust and consistent set of electronic

band parameters for AlP, GaP and InP, many of which have now been computed explicitly for

the first time. Furthermore, our calculated band parameters are in good quantitative agree-

ment with those from beyond-DFT (many-body) electronic structure calculations and, where

available, experimental measurements.

7.2 Outlook

The calculational framework that has been established to treat radiative recombination and

optical absorption in SL heterostructures is generally applicable to systems whose constituent
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material bulk band structures can be well described via a multi-band k · p Hamiltonian. To

further develop quantitative in silico design of SL emitters, like the InAs/GaSb SLs investigated

in this work, further analysis is required to enable quantitative prediction of the IQE. In par-

ticular, this will require accurate computation of the Auger-Meitner recombination coefficient

C, which quantifies the rate of three-carrier non-radiative recombination processes. This is due

to the importance of this non-radiative recombination process as a critical efficiency-limiting

loss mechanism in long-wavelength emitters [6, 108, 109]. Our SL simulation framework allows

to reliably compute k-dependent SL eigenstates, thereby providing the basis for accurate eval-

uation of the matrix elements associated with Coulomb scattering, and hence to evaluate the

Auger-Meitner recombination rate.

In the case of absorbers, like the InAs/InAs1−xSbx SBSLs investigated in this work, our system-

atic analysis focused on the active region of photodetector devices. There exist several strategies

to improve the performance of mid-IR photodetectors based on these structures. One strategy

is the inclusion of thin AlxGa1−xSb electron-blocking layers which can, for example, reduce

dark currents [11]. Our established calculational framework can be readily extended to analyse

and optimise the electronic and optical properties of such structures. Additionally, there is

further scope for work using the calculated SBSL electronic structure to develop quantitative

calculations of device-specific figures of merit [172]. While our analysis provided insight into

underlying trends in the optical absorption of SBSLs, the optimisation of specific device figures

of merit may be of interest for ongoing experimental research. This type of work is likely to

be of significant value in supporting the design of SL-based detectors in industry for real-world

applications.

Having established a robust parameter set for III-P semiconductors, a clear next step would be

to apply these parameters to k · p-based calculations to predict accurate electronic and optical

properties for visible-wavelength III-P heterostructures. This could include analysis and opti-

misation of pseudomorphic and metamorphic III-P quantum wells (QWs) and quantum dots

(QDs) for application in LEDs and lasers, particularly in the challenging orange/amber (580 -

620 nm) spectral range, in addition to exploration of the electronic structure of coupled GaInP

QDs as hosts of Wigner crystallisation for quantum computing applications [42, 43, 236]. The

plane-wave multi-band k·p framework established in this work can be applied directly to analyse

III-P QWs and can also, once implemented in three dimensions, be applied to perform predictive

simulations of III-P QDs [237]. The bowing parameters in AlP alloys are usually assumed to be

close to zero [44, 45]. This was based on the historical value for the AlP direct band gap and

measurements of the experimental band gap of alloys AlxGayIn1−x−yP alloys grown on GaAs

with close to 50% In composition. First instance reevaluation of the AlP alloy bowing parame-

ters can be done using the alloy experimental measurements with new end-point values. Explicit

calculation of the bowing parameters in III-P heterostructures using DFT-based methods would
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provide clarity and further enhance the accuracy of bowing parameters, enhancing predictive ca-

pabilities of future III-P heterostructure simulations. GaInP alloys, and hence GaInP QDs, are

subject to CuPt-ordering [238]. Empirical atomistic analysis is required in order to accurately

describe the impacts of this short-range ordering on electronic structure. Our DFT calculations

can underpin this type of analysis in III-P heterostructures. Firstly, our DFT-calculated struc-

tural and elastic properties allow to parametrise empirical interatomic potentials [239], which

can underpin atomistic relaxation and strain field calculations for heterostructures. Secondly,

our DFT-calculated band structures and band edge deformation potentials provide the infor-

mation required to parametrise empirical pseudopotential or tight-binding models, which can

then underpin atomistic electronic structure calculations for heterostructures [240].





Appendix A

Considerations for 8-band k · p plane

wave calculations

In this Appendix, the results presented in Chapters 4 and 5 are supplemented with further

detailed analysis of key considerations for plane wave multi-band k ·p calculations. In Sec. A.1,

we begin by discussing the presence and mitigation of spurious solutions. We provide additional

detail on the renormalisation of the Kane parameter EP (cf. Sec. 4.2.1), the impact of spurious

solutions on calculated electronic band structure, and the extent to which spurious solutions

can be mitigated. In Sec. A.2, we analyse the evolution of the envelope functions in InAs/GaSb

superlattices (SLs) with miniband wave vector q in our 8-band k · p plane wave calculations.

A.1 Presence and mitigation of spurious solutions

Spurious solutions are non-physical solutions of the multi-band k·p envelope function (Schrödinger)

equations, which can affect the validity of results and provide an inaccurate physical description

of heterostructure electronic properties [55, 123, 128]. When applying k · p methods and the

plane wave expansion method (PWEM) care must be taken to minimise, or if possible, remove

the deleterious effect of spurious solutions. As described in Sec. 4.2.1, initial test calculations

for InAs/GaSb SLs produced band structures displaying spurious solutions. The emergence of

these spurious solutions was observed for basis sets containing relatively low numbers of plane

waves, indicating that careful consideration is required in the choice of plane wave basis set size.

For a choice of M , 2M + 1 is the total number of plane waves in the basis set (cf. Sec. 2.2).

When comparing the e1-h1 peak emission wavelength to experimental measurements it was

noted that, despite careful selection of M , further efforts were mandated to ensure confidence

in the accuracy of our calculations. In the majority of well established parameter sets, for

several III-V semiconductors, for the 8-band k · p Hamiltonian we see
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1

m∗
c

<
EP
3

(
2

Eg
+

1

Eg +∆SO

)
. (A.1)

This gives sc < 0 (cf. Eq. (4.1)), which is the case due to the large magnitude of the Kane

parameter EP . This causes downward bending of the lowest-energy conduction band (CB)

at large real wave vector k = |k|, which can produce non-physical states lying energetically

within the band gap. In the PWEM kz is sampled via the discrete wave vectors Gm, with

|m| ≤ M , which for large M can sample non-physical large-kz bulk states and pollute the

results of heterostructure calculations with spurious solutions [55, 123, 128]. As discussed in

Sec. 4.2.1, we found that following Foreman’s prescription of imposing sc = 0 by renormalising

the Kane parameter EP rectified this issue [128]. However, while this established approach

worked to mitigate the impact of spurious solutions in our SL calculations, further analysis

revealed that the origin of the spurious solutions was not related to states at large real kz
lying energetically within the band gap. Rather it was the presence of a spurious band having

complex-valued wave vector in the bulk band structure. As such, we undertook an analytical

analysis of a representative 2-band (Kane) Hamiltonian to identify the origin of the spurious

band “SB” identified in Fig. 4.1(a), and to demonstrate why imposing sc = 0 mitigates its

impact in the numerical calculations.

Following this renormalisation, we note that it is not possible to conclude that the impact of

spurious solutions on the SL electronic structure calculated using the 8-band k ·p Hamiltonian

have been removed entirely. We therefore present an analytical analysis to demonstrate explic-

itly that imposing sc = 0 mitigates the influence of these spurious solutions in our numerical

calculations. Firstly, we note that setting sc = 0 allows for a discontinuity to occur at an

InAs/GaSb interface in amplitude of the CB Bloch component of the envelope function [128].

Omitting the spin-split-off (SO) band by setting the valence band (VB) spin-orbit splitting ∆SO

equal to zero allows us to reduce H3×3 of Eq. (4.2) to a 2-band (Kane) Hamiltonian for the CB

and light-hole (LH) states

H2×2(kz) =

(
Ec + ak2z Pkz

Pkz Ev − bk2z

)
|12 ; +

1
2⟩

|32 ; +
1
2⟩

, (A.2)

where a = ℏ2sc
2m0

and b = ℏ2
2m0

(γ 1 + 4γ 2). We can use Eq. (A.2) to understand the origin of the

aforementioned discontinuity in the envelope function, which gives rise to the step-like behaviour

of the e1 probability density observed in Fig. 4.3. We do so by diagonalising Eq. (A.2) for small

values of a (equivalent to small values of sc) and then analyse the evolution of the eigenstates

as a → 0. Evaluating the determinant |H2×2 − E I| = 0, where I is the 2 × 2 identity matrix,

produces a quartic characteristic equation in kz, for which the solutions at small a are
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k2z,±(E) ≈
−
(
P 2 + b (Ec − E)

)
±
√

(P 2 + b (Ec − E))2 − 4ab (Ec − E) (E − Ev)

2ab
. (A.3)

In addition to the usual Kane solution k2z,+, which describes the evanescent band linking the

VB and CB edges [241], we also obtain a second solution k2z,− whose value at small a can be

approximated as

κ2−(E) ≡ −k2z,−(E) ≈ P 2 + b (Ec − E)

ab
, (A.4)

with κ2− → ∞ as a→ 0. The corresponding eigenstates of H2×2 approach |ψ±⟩ = e±κ+z|12 ; +
1
2⟩

as a → 0, where |12 ; +
1
2⟩ is the kz = 0 CB Bloch (basis) state [52]. To calculate allowed bound

eigenstates in a heterostructure grown along the z direction, we replace kz → −i d
dz in Eq. (A.2)

[133]. Writing this quantised Hamiltonian as

Ĥψ = A
d2ψ

dz2
+B

dψ
dz

+ Cψ , (A.5)

then the allowed solutions must satisfy the boundary conditions that both ψ and A dψ
dz + 1

2Bψ

are continuous [133], where

A =

(
−a 0

0 b

)
, B =

(
0 iP

−iP 0

)
, and C =

(
Ec 0

0 Ev

)
, (A.6)

are the respective coefficient matrices of Eq. (A.2) for terms that are quadratic in kz, linear in

kz, and independent of kz.

These boundary conditions appear to mandate that the CB component of ψ must always be

continuous. However, the term A dψ
dz can allow for a jump discontinuity in the amplitude of ψ

as a → 0. For E ≈ Ec we have dψ−
dz ≈ ± P√

ab
ψ−, so that the CB component of A dψ

dz can then

vary as −a dψ−
dz ≈ ∓P

√
a
b ψ−, which vanishes as a→ 0. This behaviour, discussed by Foreman

in the a = 0 limit [128], accounts for the observed discontinuities in the e1 envelope function at

InAs/GaSb interfaces in the full 8-band calculations (cf. Fig. 4.3).

We note that our calculated InAs and GaSb bulk complex band structures, using renormalised

parameters with the Kane parameter EP having been reduced such that sc = 0 (cf. Fig. 4.1(b)),

are in good quantitative agreement with the results of atomistic tight-binding calculations over

the same ranges of energy and wave vector [242]. States from outside of these ranges of energy

and wave vector also contribute, albeit less strongly, to the determination of the variation of
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the electron envelope function with position in a full atomistic calculation. However, as de-

scribed in Chapter 4, our renormalised 8-band k · p calculations capture the key features of

the envelope functions and inter-band optical matrix elements observed in the full atomistic SL

calculations of, e.g., Refs. [92] and [131]. This demonstrates that the impact of spurious solu-

tions is sufficiently mitigated to validate our k · p calculations of the InAs/GaSb SL electronic

structure. We then use these calculations as a platform to predict and analyse radiative recom-

bination in broken-gap InAs/GaSb SLs (cf. Chapter 4) and, following this, optical absorption

in InAs/InAs1−xSbx SBSLs (cf. Chapter 5).

A.2 Envelope function evolution along minibands in InAs/GaSb

superlattices

In this Section we analyse the evolution vs. miniband wave vector q of the envelope functions

of InAs/GaSb SLs having equal InAs and GaSb layer thicknesses. In Sec. 4.4.1 we noted that

the optical (momentum) matrix element between the k∥ = 0 e1 and h1 SL eigenstates goes to

zero as q is varied from zero to π
L (cf. Fig. 4.5(a)). In Chapter 4 we noted that this behaviour

was a consequence of the introduction of a relative phase shift between the e1 and h1 envelope

functions as both minibands are traversed in q. To demonstrate this explicitly, we present here

the calculated Bloch components of the e1 and h1 envelope functions at both q = 0 and π
L . We

recall that the heavy-hole (HH) band is decoupled at k∥ = 0, which can be seen in the 8-band

Hamiltonian matrix of Eq. (2.25) by setting kx = ky = 0. As such, the e1 eigenstate at k∥ = 0

consists of an admixture of CB, LH and SO Bloch character only, while the h1 eigenstate is

purely HH-like.

The results of these calculations are summarised in Fig. A.1, which shows the aforementioned

non-zero envelope function Bloch components at q = 0 (top row) and q = π
L (bottom row)

for a single SL period. Panels (a), (b) and (c) in the top row, and panels (e), (f) and (g) in

the bottom row, respectively show the CB, LH and SO Bloch components of the e1 eigenstate.

Panels (d) and (h) show the HH component of the h1 eigenstate at q = 0 and π
L , respectively.

Considering first the Bloch components of the e1 eigenstate, at q = 0 the CB (LH and SO)

component is purely real and even (imaginary and odd) about the centre of the InAs layer

– shaded region – at z = 0, and remains so as q changes from zero to π
L . For the h1 state,

we observe changing phase and parity between q = 0 and π
L , with the HH Bloch component

changing from being purely real and even about the centre of the InAs layer at q = 0 to purely

real and odd about the centre of the InAs layer at q = π
L . This directly demonstrates that

varying q from zero to π
L introduces a difference in parity between the e1 and h1 SL eigenstates

at k∥ = 0. This results in the e1 and h1 eigenstates having equal (opposite) parity at q = 0

(q = π
L) which, combined with the respective s- and p-like symmetry of the CB and HH Bloch
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Figure A.1: Top row: real (solid blue lines) and imaginary (dashed red lines) parts of the
q = 0 envelope function Bloch components Fnbk(z) for the k∥ = 0 e1 and h1 eigenstates of
the exemplar equal layer thickness InAs/GaSb SL considered in Sec. 4.3 (having SL period
L = 2t = 4.28 nm). (a) CB component of e1, (b) LH component of e1, (c) SO component
of e1, and (d) HH component of h1. Bottom row: as in the top row, but for q = π

L . Shaded
(unshaded) regions denote the electron-confining InAs (hole-confining GaSb) layers.

basis states |12 ;±
1
2⟩ and |32 ;±

3
2⟩, gives rise to the calculated reduction of the k∥ = 0 e1-h1

inter-band optical matrix element to zero at the SL Brillouin zone edge (cf. Fig. 4.5(a)).

We note that the fact that this change in parity appears restricted to the h1 eigenstate in Fig. A.1

is a consequence of the specific choice of calculational supercell employed in our analysis. Here,

we have utilised a supercell z ∈ [−L
2 ,

L
2 ] which is centred about the centre of the electron-

confining InAs layer. Changing to, for example, a supercell with z = 0 set at the centre of the

hole-confining GaSb layer instead produces a change in the phase and parity of the e1 eigenstate

as q varies from zero to π
L , with the parity of the h1 eigenstate then remaining fixed. This has

been confirmed via test calculations and emphasises that it is the difference in parity between

the e1 and h1 eigenstates that determines their inter-band optical matrix element, irrespective

of a given choice of calculational supercell.





Appendix B

Interface softening in the plane wave

expansion method

In this Appendix, the procedure outlined in Chapter 4 to address the emergence of the Gibbs

phenomenon in calculated superlattice (SL) envelope functions is supplemented with further

detail. We present the procedure for applying interface softening to an arbitrary multi-quantum

well heterostructure, which in Chapters 4 and 5 is applied to InAs/GaSb SLs and strain-balanced

InAs/InAs1−xSbx SLs respectively.

We consider an arbitrary multi-quantum well heterostructure comprised of a total of Nl material

layers. The spatial variation P (z) of a generic material parameter P along the growth direction

z is given by

P (z) =

Nl∑
l=1

Plχl(z) , (B.1)

where Pl is the value of P in the material comprising of the lth layer of the heterostructure,

and χl(z) is the characteristic function associated with the lth layer of the heterostructure

(cf. Sec. 4.3.1). Assuming “hard” – i.e. spatially abrupt – interfaces between layers, each layer

is taken to lie in the range zl ≤ z ≤ zl+1, with χl(z) then defined to have value = 1 within the

layer and = 0 otherwise. We can therefore write

χl(z) = θ (z − zl)− θ (z − zl+1) , (B.2)

where θ is the Heaviside step function.
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We emphasise that Eq. (B.2) describes spatially abrupt interfaces between layers in the het-

erostructure, such that P (z) is a piecewise continuous function of position z. To “soften” this

interface – e.g. to simulate non-abrupt interfaces in realistic heterostructures, by emulating

intermixing between material layers – we can convolute χl(z) with a Gaussian distribution

g(z) =
1

σ
√
2π

exp

(
− z2

2σ2

)
, (B.3)

to obtain the “softened” layer characteristic function

(χl ∗ g) (z) =
∫ +∞

−∞
χl(z)g(z − t)dt =

1

σ
√
2π

∫ zj+1

zj

exp

(
−(z − t)2

2σ2

)
dt

=
1

2

[
erf

(
z − zj√

2σ

)
− erf

(
z − zj+1√

2σ

)]
,

(B.4)

where erf is the error function.

In the plane wave expansion method, geometric information is encapsulated via the Fourier

transforms χ̃l(G) of the layer characteristic functions (cf. Sec. 2.2). To compute the Fourier

transform of the “softened” layer characteristic function of Eq. (B.4), we exploit the convolution

theorem

F {(χl ∗ g) (z)} (G) = χ̃l(G)g̃(G) = χ̃l(G) exp

(
−G

2σ2

2

)
, (B.5)

where g̃(G) = exp
(
−σ2G2

2

)
is the Fourier transform of Eq. (B.3). This therefore allows the

Fourier transform of the “softened” layer characteristic function to be obtained by simple mul-

tiplication of its “hard” equivalent χ̃l(G). We now provide an example of the implementation

of this technique in Fig. B.1.

In Fig. B.1 we show the calculated e1 probability density, and associated conduction band offsets

and energy of the e1 state, for an exemplar InAs/GaSb SL having equal InAs and GaSb layer

thickness (cf. Sec. 4.3.1) (a) with, and (b) without interface softening. In these calculationsM =

25 (2M + 1 = 51). This calculation does not attempt to treat intermixing effects, but instead

to introduce minimal softening that mitigates the Gibbs phenomenon. These calculations, and

those of Chapters 4 and 5 use σ = 0.075 nm. Comparing Figs. B.1(a) and B.1(b), demonstrates

that this small standard deviation for the Gaussian distribution is sufficient to address the

emergence of the Gibbs phenomenon, while producing minimal change in the energy of the

bound eigenstate (< 2 meV at z = 0). Therefore, the implementation of this interface softening

mitigates the oscillations in the probability density generated by the Gibbs phenomenon, while

not meaninfully impacting the SL eigenstates in any other manner.
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Figure B.1: (a) With no interface softening implemented – i.e. “hard” interfaces – calculated
conduction band (solid red line) offsets, illustrated for two periods of a InAs/GaSb SL having
equal InAs and GaSb layer thickness t = 2.14 nm (SL period L = 4.28 nm), and total number
of plane waves 2M + 1 = 51 (M = 25). The dash-dotted red line denotes the energy of the
lowest energy bound electron state e1. The e1 probability density is shown using a solid red
line, shifted so that the zero of probability density lies at the e1 energy. (b) Same as in (a)
with interface softening implemented – i.e. “softened” interfaces.
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