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Abstract

Surface wildfires are generally believed to be the cause of so-called Zombie fires

observed in peatlands, that disappear from the surface, smoulder underground

during the winter, and ”come back to life” in the spring. Here, we propose rate-

induced tipping (R-tipping) to a subsurface hot metastable state in bioactive peat

soils as a main cause of Zombie fires. Our hypothesis is based on a conceptual

soil-carbon model subjected to realistic changes in weather and climate patterns,

including global warming scenarios and summer heatwaves.

Mathematically speaking, R-tipping to the hot metastable state is a nonau-

tonomous instability, due to crossing an elusive quasithreshold, in a multiple-

timescale dynamical system. The instability is reversible, in the sense that

the system eventually returns to its base state. To explain this instability, we

provide a framework that combines a special compactification technique with

concepts from geometric singular perturbation theory. This framework allows

us to reduce a reversible R-tipping problem due to crossing a quasithreshold

to a heteroclinic orbit problem in a singular limit. Thus, we identify generic

cases of such R-tipping via: (i) unfolding of a codimension-two heteroclinic

folded saddle-node type-I singularity for global warming, and (ii) analysis of a

codimension-one saddle-to-saddle hetroclinic orbit for summer heatwaves, which

in turn reveal new types of excitability quasithresholds.
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Chapter 1

Introduction

This thesis examines reversible rate-induced tipping due to crossing a qua-

sithreshold in a conceptual soil-carbon model incorporating a time varying cli-

matic input and physical processes that evolve on multiple timescales. In this

background chapter, we review some of the scientific and mathematical results

which support this work. First, we discuss Arctic Peatlands and the physical

conditions that motivate studying their response to climate change. Second,

we discuss tipping points, and in particular the concept of reversible R-tipping.

Third, we discuss excitability, and explain the connection between this exten-

sively studied phenomenon and reversible R-tipping. Fourth, we discuss the

theory of multiple timescale dynamical systems (referred to as geometric singu-

lar perturbation theory), and state the Fenichel Theorems, which will be relied

upon throughout this work. We apply the techniques of geometric singular per-

turbation theory to study excitability in the classical Fitzhugh-Nagumo model,

illustrarting the concept of a quasithreshold and showing how such techniques

may be used to understand reversible R-tipping due to crossing quasithresholds.

Finally, we provide a summary and outline the structure of this thesis.

1.1 Arctic Peatlands

The main motivation for this thesis is a combination of two environmental fea-

tures of the Arctic. First is the organic carbon content. Estimates for the

2
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organic carbon contained in Northern and Arctic permafrost peat soil alone

range from approximately 500Gt [119] to approximately 1700Gt [93, 71, 66].

For comparison, the atmospheric carbon pool is estimated to be approximately

850 Gt [64]. Second is the rate of atmospheric warming and the increasing

trends in summer heatwaves. Due to so called “Arctic Amplification” [89], both

the so-far observed and future predicted warming for Arctic regions are approx-

imately double the global mean [73]. This means that the Arctic is home to

massive deposits of ancient peat carbon and is the fastest warming region on

the planet. To visualise this combination of environmental features we com-

bine in figure 1.1 (colourscale) recent rates of global warming1 obtained from

the Berkeley Earth [5, 85] global temperature dataset and (greyscale) the global

distribution of peat soils obtained from the PEATMAP dataset [118]. In addi-

tion to the increase in the mean global temperature, there is an increase in the

intensity, frequency and duration of summer heatwaves in the Northern Hemi-

sphere [4, 75], with the Arctic temperature record a scorching 38◦C in 2020 [1].

Since peat soils are bioactive and thus temperature sensitive [69], such conditions

can lead to a tipping point as we show here. This is the reason why northern

latitude peat-soils were identified as a potential tipping element in [57]. To the

best of our knowledge, the first example of R-tipping in peat soils triggered by

atmospheric warming was reported, but not emphasised, by Khvorostyanov et

al. [45, Fig.4(a)]. Later, Luke and Cox [60] proposed a conceptual soil-carbon

model that exhibits a short-lived explosive release of soil carbon into the at-

mosphere above some critical rate of global warming, which they termed the

“compost-bomb instability”; see also [26]. The dynamical mechanism respon-

sible for this instability was explained by Wieczorek et al. [112]. Additionally,

it has been known that spontaneous combustion is the main cause of fires at

composting facilities [21], which can then spread, e.g. the recent Wennington

fire in London [87, 104].

1Note that these recent short-term rates of global warming exceed the long-term rates in
the CMIP5 outputs.

Chapter 1 Eoin O’Sullivan 3
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0 0.07
◦C yr−1

Cherskii

Figure 1.1: (Colourscale) Historical global rates of warming from the period
1951-1980 to the period 2017-2021 obtained using observations compiled by
Berkeley Earth [5, 85], together with (black and gray) the global distribution of
peat soils obtained from PEATMAP [118]. Note the largest warming rates at
higher latitudes, in areas with a significant concentration of peat soils, such as
(blue arrow) Cherskii in Northern Siberia.

1.2 Tipping Points

Tipping points, or critical transitions, are instabilities known to occur in natu-

ral and human systems subjected to changing external conditions, or external

inputs. They may be explained in layman’s terms as a sudden and large change

in the state of a system in response to a small or slow change in the external

input. The change in the state of the system may be permanent or transient.

Interest in the study of tipping points has accelerated due to theorised [57, 84]

and observed [23, 18] tipping points in the earth system caused by climate

change. Earth subsystems may be thought of as dynamical systems with their

own internal dynamics and state variables, with the changing climate playing

4 Chapter 1 Eoin O’Sullivan
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the role of a changing external variable or input. It is theorised that climate

change may cause some earth subsystems to cross tipping points, providing

either potential feedback for climate change or catastrophic consequences in

their own right [20]. Many of the tipping elements identified in [57], for example

the loss of Arctic sea ice or the shutdown of the Atlantic Meridional Overturning

Circulation, can be captured by elaborate, high-resolution mathematical models

referred to as General Circulation Models (GCMs). Additionally, there are

tipping elements in the earth system that are not captured by GCMs, such

as Amazon rainforest dieback [27, 19], that may have an equally strong global

impact. In this thesis, we use a conceptual soil-carbon model with time-varying

climate as an external input to describe one such tipping element, namely a

release of gigatonnes of carbon from temperature-sensitive peat soils into the

atmosphere.

Owing to the explicit time dependence of the external input, the ensuing

dynamical system is nonautonomous. This means that analysis of tipping

points requires, in general, techniques beyond classical autonomous stability

theory [112, 13, 9, 47, 72, 59, 53, 10, 113]. Nonetheless, it is useful to consider

the corresponding autonomous frozen system with fixed-in-time inputs. In the

frozen system we identify a desired stable state, and refer to this state as the

base state. When the external input changes over time, the shape and position

of the base state may change too, and the nonautonomous system will try to

track the moving base state. However, in some cases tracking is not possible

and tipping occurs. Ashwin et al [12] identified three generic mechanisms for

tipping 2 :

(i) Bifurcation-induced tipping or B-tipping occurs in systems with a station-

ary base state when the external input passes through a dangerous [94]

bifurcation of the base state, at which point the base state disappears or

becomes unstable, forcing the system to move to a different state. [12, 54]

(ii) Noise-induced tipping or N-tipping occurs when external random fluctua-

tions drive the system too far from the base state and across some tipping

2In addition to these three mechanisms, Phase-Tipping or P-Tipping has recently been
identified as a distinct mechanism for systems with non-stationary base states [10].

Chapter 1 Eoin O’Sullivan 5
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threshold [41] or gate, e.g. into the domain of attraction of a different

state [24, 31].

(iii) Rate-induced tipping or R-tipping occurs when the external input varies

either too quickly or too slowly, so the system deviates too far from the

moving base state and crosses some tipping threshold [12, 112, 98, 113],

e.g. into the domain of attraction of a different state. The special case of

delta-kick external input is referred to as shock-tipping or S-tipping [39].

In contrast to B-tipping, R-tipping need not involve any bifurcations of

the base state.

Mathematically speaking, B-tipping and N-tipping may be understood using

classical bifurcation theory and probability theory respectively. In contrast,

R-tipping is less well understood. Since R-tipping may occur in the absence

of noise and away from dangerous bifurcations, modern techniques from non-

autonomous dynamical systems theory are typically required for analysis.

1.3 R-tipping in a Toy Model

To illustrate R-tipping we consider the following toy model, which is a modified

version of the system studied in [77, 13, 117, 91]:

dx

dt
= 1− (λ− x)2 (1.1)

dλ

dt
= rλ(3− λ), (1.2)

where we consider x(t) ∈ R to be the internal state variable of the system,

λ(t) ∈ [0, 3] is the external input 3 and r is the “rate-parameter”, the key

control parameter in the study of rate-induced tipping.

We first consider the ‘frozen system’ where the external input λ(t) is frozen

3Note that [77, 13, 117, 91] formulate a non-autonomous problem with explicitly defined
λ(t), and subsequently compactify the problem; see chapter 3.

6 Chapter 1 Eoin O’Sullivan
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in time. The frozen system is obtained by setting r = 0:

dx

dt
= 1− (λ− x)2, (1.3)

where we consider system (1.3) for different but fixed values of λ ∈ [0, 3]. For

any such λ ∈ [0, 3] the frozen system (1.3) contains a stable equilibrium e(λ)

which is the desirable ‘base state’, and an unstable equilibrium er(λ). We write

ẽ(λ) = (e(λ), λ) to represent the position of the stable equilibrium of the frozen

system (1.3) in the phase space of the full system (1.1)–(1.2). Although ẽ(λ)

is not a solution of system (1.1)–(1.2), since it is the stable equilibrium of the

internal variable of the system it serves as a useful reference. We refer to ẽ(λ)

as the ‘moving base state’ of system (1.1)–(1.2), and we similarly define the

“moving unstable state” as ẽr(λ) = (er(λ), λ).

Having considered the equilibria of the frozen system (1.3), we now examine

equilibria of the the full system (1.1)–(1.2). We first note that R × {0} and

R × {3} are flow-invariant subspaces. These invariant subspaces contain four

equilibria which we denote:

ẽ− = ẽ(0), ẽ−r = ẽr(0), ẽ+ = ẽ(3), and ẽ+r = ẽr(3), (1.4)

so that the moving base state ẽ(λ) moves from ẽ− to ẽ+ as λ increases monoton-

ically from 0 to 3. Similarly ẽr(λ) moves from ẽ−r to ẽ+r . In system 1.1–1.2, ẽ−

and ẽ+r are saddles, ẽ−r is a source, while ẽ+ is a sink and the only attractor. To

simplify the discussion of R-tipping, we focus on the behaviour of W u,[r](ẽ−) 4,

the unstable manifold of ẽ−. This allows us to understand how the system

behaves if it is initialised near equilibrium for λ = 0, and λ is then increased

continuously and monotonically from 0 to 3.

Figure 1.2(a) shows that for r less than some critical value rc, W
u,[r](ẽ−)

connects to ẽ+. However for larger r > rc as in figure 1.2(c), W u,[r](ẽ−) diverges

in the negative x direction to −∞. In other words, the system tips away from

the desirable base state, even though the corresponding frozen system (1.3) does

not pass through any bifurcation for λ ∈ [0, 3]. As the transition to tipping is

4the superscript [r] indicates that the manifold is dependent on the rate parameter r.

Chapter 1 Eoin O’Sullivan 7
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ẽ− r < rc

ẽ+

ẽ−r

ẽ+r

λ

(a)

x x

(b)

r = rcẽ−

ẽ+

ẽ−r

ẽ+r

(c)

r > rc

x

ẽ−

ẽ+

ẽ−r

ẽ+r

Figure 1.2: Phase portraits for system (1.1)–(1.1) showing (a) tracking for r =<
rc, (b) the critical rate r = rc and (c) R-tipping for r > rc. The three phase
portraits show the transition from tracking in (a) to R-tipping in (c) as (red)
W u,[r](ẽ−) crosses (blue) the R-tipping threshold W s(ẽ+r ) anchored by (blue) the
R-tipping edge state ẽ+r . Note that panel (b) shows the heteroclinic connection
from ẽ− to ẽ+r at the transition.

not due to any bifurcation, and occurs when the external variable λ(t) changes

too quickly, we say that the system R-tips.

The R-tipping instability of figure 1.2 can be explained in terms of a global

bifurcation as follows. The boundary of the basin of attraction of ẽ+ is formed by

W s(ẽ+r )
⋃

(R× {0}), the stable manifold of ẽ+r and the flow-invariant subspace

for λ = 0. This means that W s(ẽ+r ) is the separatrix partitioning initial condi-

tions in R× (0, 3] of system (1.1)–(1.2) into those which limit in forward time to

ẽ+, and those which diverge in the negative x direction to −∞. When r = rc, we

have W u,[r](ẽ−) = W s(ẽ+r ) forming a heteroclinic connection from ẽ− to ẽ+r . At

this critical rate rc, the system neither tracks nor R-tips and instead connects to

ẽ+r . As ẽ
+
r is a regular saddle equilibrium; following [113] it is termed a regular

R-tipping edge state. Corresondingly, as the separatrix W s(ẽ+r ) is by definition

a codimension-one embedded orientable forward-invariant subset of the stable

set of ẽ+r , it is termed regular R-tipping threshold; also following [113]. R-tipping

occurs then as W u,[r](ẽ−) crosses the regular R-tipping threshold and for an iso-

lated value r = rc as in figure 1.2(b), W u,[r](ẽ−) connects to the R-tipping edge

state, giving a heteroclinic connection from ẽ− to ẽ+r along W s(ẽ+r ).

In summary, R-tipping in system (1.1)–(1.2) may be understood in terms

8 Chapter 1 Eoin O’Sullivan
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of passage through a heteroclinic connection to an R-tipping edge state along a

regular R-tipping threshold as the rate parameter r is increased. This framework

has been extended to the general case of R-tipping due to regular R-tipping

thresholds in [113]. As noted in [113], not all R-tipping thresholds are regular.

A particularly interesting case is that of R-tipping quasithresholds, which do not

contain a regular R-tipping edge state. This introduces three challenges:

• As R-tipping quasithresholds do not contain regular R-tipping edge states,

the framework outlined above for analysing R-tipping in terms of hetero-

clinic connections to such regular R-tipping edge states does not extend

immediately to the case of quasithresholds.

• The lack of regular R-tipping edge states means that R-tipping quasithresh-

olds are not given by unique trajectories which makes their definition chal-

lenging. As such R-tipping quasithresholds have not been defined to-date.

• R-tipping quasithresholds give rise to what is termed reversible R-tipping,

where the system transitions away from its base state, possibly to some

alternative transient state, before eventually returning to the base state.

This is in contrast to what the irreversible R-tipping seen in this section,

where there is a qualitative change in the long-term system behaviour.

This means R-tipping due to crossing aquasithrehsold a quantitative rather

than qualitative phenomenon, making its analysis challenging. There is

an equivalence between “reversible” R-tipping and excitability, which will

be explored in section 1.6.

In the current work, we give an account of the peculiar nature of reversible

R-tipping due to crossing quasithresholds, uncover new types of R-tipping qu-

asithresholds and provide a framework to analyse reversible R-tipping and pin

down elusive quasithresholds. In particular, we first carefully define R-tipping

quasithresholds in section 4.1, before highlighting the differences between R-

tipping quasithresholds and regular R-tipping thresholds in section 4.2. Next,

in sections 5 and 6 we show how R-tipping due to quasithresholds is also medi-

ated by heteroclinic connections in a suitable reduction of the original system.

Chapter 1 Eoin O’Sullivan 9
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In contrast to the regular threshold of system (1.1)–(1.2), where the connec-

tion is to a regular edge state given by a regular equilibrium, in the case of a

quasithreshold we will examine heterolinic connections to singular edge states,

which only exist in the singular limit of infinite timescale separations.

1.4 Excitable Systems

The concept of excitability arose in the study of neurons, which may be trig-

gered into an “excitable response” [37] by some external input. Excitability is a

phenomological rather than mathematical concept, and as such can be difficult

to define precisely. However, following [112] we can say that generally speaking,

an excitable system is a dynamical system with three properties:

(i) A quiescent state, that is some attracting state which is stable under small

enough perturbations, and to which the system returns after an excitable

response.

(ii) An excitability threshold. If the system is sufficiently perturbed from the

quiescent state, it will evolve away from it, giving an excitable response.

(iii) A return mechanism, which determines the character of the excitable re-

sponse, and brings the system back to the quiescent state after a refractory

period, after which the system may be excited again. This process is some-

times referred to as relaxation.

The study of excitable dynamical systems touches many topics of current re-

search interest in the field of nonlinear dynamics, and we refer to [81, 42] for a

more in-depth discussion of excitability. First, it follows from points (i)-(iii) that

the study of excitability is often concerned with transient phenomena, where tra-

ditional bifurcation and stability theory may not be sufficient. Thus, modern

techniques such as geometric singular perturbation theory (see section 1.5) are

employed to explain excitable dynamics in terms of slow manifolds [68, 102, 109].

Second, excitable responses are primarily observed in systems which are sub-

jected to some form of stimulus or external input. Such systems are inher-

ently non-autonomous, lack compact invariant sets and so are not amenable to

10 Chapter 1 Eoin O’Sullivan
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many of the classical tools of nonlinear dynamics. Often, modern concepts and

techniques such as pullback attractors, slow manifolds and compactification are

required to analyse such systems [49, 109]. Third, excitability has been identi-

fied and studied in wide range of fields including: neuroscience, semiconductor

lasers, cardiology, ecology, oceanography, urban geography and the dynamics of

electricity markets [81, 110, 50, 111, 42, 79, 98, 99, 78, 58].

Most significant for the current work is the similarity between the study of

tipping points and the study of excitable systems [112, 78]. The study of tipping

points is the study of how a system evolves away from its attracting base state,

while the study of excitable systems is the study of the special case where the

system eventually returns to its attracting base state, possibly after visiting some

alternative state. It follows then that the objects of interest in excitable systems

are often the objects of interest in the study of tipping points: quiescent / base

states, excitability / tipping thresholds, excitability / tipping quasithresholds and

alternative transient or metastable states. In particular, there is an equivalence

between reversible R-tipping, where the system eventually returns to its base

state, and excitability.

Following [112], excitability may be divided into two types:

• Type-A excitability has a unique excitability threshold given by the unsta-

ble manifold of some unstable state, and the transition from no response

to an excitable response is discontinuous.

• Type-B excitability has no unique excitability threshold, rather it occurs as

the system crosses a continuous excitability quasithreshold. The transition

from no response to an excitable response as in figure 1.4 is abrupt but

continuous.

In short, a unique excitability threshold may be identified in type-A excitabil-

ity, while type-B excitability occurs due to a non-unique quasithreshold. Such

quasithresholds arise due to a timescale separation [112, 68]. That is, the model

variables evolve on distinct timescales. As reversible R-tipping and excitability

are equivalent, we can divide reversible R-tipping into two types in the same

manner. Reversible R-tipping may occur due to:
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• Crossing a regular threshold: where there is unique regular R-tipping

threshold given by the stable manifold of a regular R-tipping edge state,

and the transition from tracking to R-tipping is discontinuous; see canon-

ical examples II, IV, and VI in [117].

• Crossing a quasithreshold: where there is no unique regular R-tipping

threshold, rather R-tipping occurs as the system crosses a R-tipping qua-

sithreshold. The transition from tracking to R-tipping is abrupt but contin-

uous; see canonical example V in [117] and chapters 5 and 6 of the current

work.

In the current work we study a soil-carbon model with timescale separation,

which undergoes reversible R-tipping due to crossing a quasithreshold to a

metastable state. The type of R-tipping quasithreshold depends on the timescale,

magnitude and shape of the external input. The following section discusses the

theory of systems containing a timescale separation, referred to as fast-slow

dynamical systems.

1.5 Fast-Slow Dynamical Systems

In this section, we review elements of the study of fast-slow systems and geo-

metric singular perturbation theory that are relevant for this work. We refer

to [43, 55, 109] for a more in-depth review. Generally speaking, a fast-slow dy-

namical system is a system of ordinary differential equations that can be written

in the form 5:

ϵ
dx

dt
= f(x, y, ϵ) (1.5)

dy

dt
= g(x, y, ϵ), (1.6)

where x ∈ Rn, y ∈ Rm, f : Rn×m → Rn, g : Rn×m → Rm and 0 < ϵ ≪ 1. The

small parameter ϵ both indicates the presence of, and quantifies, the timescale

5We note that much work has been done recently on a coordinate-independent theory of
fast-slow systems, where the timescale splitting may not be explicit [108]
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separation between the x variables and the y variables. The x variables are

referred to as the fast variables while the y variables are referred to as the slow

variables. We refer to system (1.5)-(1.6) as an n-fast m-slow system.

System (1.5)-(1.6) is referred to as the slow form, and may be written in the

flow-equivalent fast form using the time rescaling τ = t/ϵ 6:

dx

dτ
= f(x, y, ϵ) (1.7)

dy

dτ
= ϵg(x, y, ϵ), (1.8)

where we refer to τ as the fast time, and t as the corresponding slow time.

System (1.7)-(1.8) makes the timescale separation more apparent in that it is

clear that the y component of the vector field defined by system (1.7)-(1.8) will

in general be small relative to the x component. Thus, the slow y variables will

tend to evolve “more slowly” than the fast x variables except, perhaps, when

f(x, y, ϵ) ≈ 0.

The timescale separation of fast-slow systems may be exploited to gain in-

sight into their dynamics. The strategy is to notice that system (1.5)–(1.6) (or

equivalently system (1.7)–(1.8)) may be treated as a perturbation problem in the

small parameter ϵ. As each system is qualitatively different in the limit ϵ → 0,

the perturbation problem is singular. We proceed with system (1.5)–(1.6) and

take the limit ϵ→ 0 to obtain the reduced problem:

0 = f(x, y, 0) (1.9)

dy

dt
= g(x, y, 0), (1.10)

which we may also refer to as the slow subsystem, and we refer to the flow defined

by system (1.9)–(1.10) as the slow flow. From a mathematical standpoint, the

only set where the vector field associated to (1.5)–(1.6) remains well defined in

6The symbol τ is often used to denote the slow time, however as the base time t in the
problem at hand is slow, we use it to denote the fast time.
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the limit ϵ→ 0 of is the set:

S := {(x, y) : f(x, y, 0) = 0} , (1.11)

which is referred to as the critical manifold. From an intuitive standpoint,

smaller ϵ represents a greater timescale separation between the fast and slow

variables. In the reduced problem we deal with the limiting case where the

timescales are separated completely, and the fast variables have gone to equi-

librium on the set S. Only when the fast variables have gone to equilibrium

do we then consider the motion of the slow variables. In other words, the re-

duced problem is an approximation of the slow dynamics along the manifold of

equilibria of the fast variables.

The next step is to approximate the fast dynamics away from the critical

manifold. If we examine system (1.7)–(1.8) which is in the fast time τ , we can

take the limit ϵ→ 0 to obtain the layer problem:

dx

dτ
= f(x, y, 0) (1.12)

dy

dτ
= 0, (1.13)

which we may also refer to as the fast subsystem, and we refer to the flow

defined by system (1.12)–(1.13) as the fast flow. The vector field defined by

system (1.12)–(1.13) is a close approximation of the vector field defined by sys-

tem (1.7)–(1.8). Intuitively, away from the critical manifold S the fast variables

dominate the dynamics and the slow variables may be disregarded as a first ap-

proximation in the sense that the slow variables remain constant-in-time. The

points of S are equilibria of the layer problem (1.12)–(1.13) for different values

of the slow variables. This allows us to classify the points of S by their stability

type as equilibria of system (1.12)–(1.13).

We can use the layer problem (1.12)–(1.13) to approximate the dynamics

of (1.7)–(1.8) away from S, and the reduced problem to approximate the dy-

namics near S. However, the great success of geometric singular perturbation

theory is that the connection between dynamics in singular limit ϵ→ 0 and the
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full dynamics for 0 < ϵ ≪ 1 may be made stronger through application of the

Fenichel Theorems. We provide the relevant parts of Fenichel’s first and second

theorems and refer to [55] for a more in-depth review.

We first define the notion of normal-hyperbolicity, which is a key regularity

assumption underpinning much of the theory:

Definition 1.5.1. Let M be a critical manifold as defined above. A subset

S ⊂ M is called normally hyperbolic if the n × n Jacobian matrix (Dxf)(p, 0)

of first partial derivatives with respect to the fast variables has no eigenvalues

with zero real part for all p ∈ S.

We are now ready to state the first and second Fenichel Theorems:

Theorem 1.5.1 (Fenichel’s First Theorem). Let M be a critical manifold as

defined above. Suppose S is a compact normally hyperbolic submanifold (pos-

sibly with boundary) of the critical manifold S ⊂ M , and f, g ∈ Cr (r < ∞).

Then for ϵ > 0 sufficiently small, the following hold:

(F1) There exists a locally invariant, Cr smooth, normally hyperbolic manifold

Sϵ which is diffeomorphic to S.

(F2) Sϵ has the same stability properties with respect to the fast variables as

S.

(F3) The flow on Sϵ converges to the slow flow as ϵ→ 0.

In summary, given a normally hyperbolic critical submanifold S in the singu-

lar limit ϵ→ 0 and a slow flow defined by a reduced problem as in (1.9)–(1.10),

the first Fenichel Theorem guarantees the existence of a slow manifold Sϵ for

0 < ϵ ≪ 1 with the same stability properties, and the flow along Sϵ is well

approximated by the slow flow of the reduced problem (1.9)–(1.10).

Theorem 1.5.2 (Fenichel’s Second Theorem). As points of S are equilibria

of the layer problem (1.12)–(1.13), each point has local stable and unstable

manifolds. Let the collection all such stable manifolds be written W s
loc(S) and

the collection of all such unstable manifolds be written W u
loc(S). We refer to

W s
loc(S) and W u

loc(S) as the stable and unstable manifolds of S respectively.

Then for ϵ > 0 sufficiently small, the following hold:
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(F4) There exist locally invariant, Cr smooth, normally hyperbolic manifolds

W s
loc(Sϵ) and W u

loc(Sϵ) which are diffeomorphic to W s
loc(S) and W u

loc(S)

respectively.

(F5) W s
loc(Sϵ) and W u

loc(Sϵ) have the same stability properties with respect to

the fast variables as W s
loc(S) and W u

loc(S).

(F6) The flow on W s
loc(Sϵ) and W u

loc(Sϵ) converges to the fast flow as ϵ→ 0.

We refer to W s
loc(Sϵ) and W u

loc(Sϵ) as stable and unstable fast manifolds re-

spectively. Given a stable manifold W s
loc(S) or unstable manifold W u

loc(S) of a

critical manifold S in the layer problem (1.12)–(1.13), the second Fenichel theo-

rem guarantees the existence of a stable fast manifold W s
loc(Sϵ) or unstable fast

manifold W u
loc(Sϵ) for 0 < ϵ ≪ 1 with the flow along the fast manifold well ap-

proximated by the flow of the layer problem (1.12)–(1.13). In essence, the first

and second Fenichel theorems make equivalent statements about the existence

of, and the dynamics along, slow manifolds and fast manifolds respectively.

The first and second Fenichel theorems give a near complete picture of how

the layer problem (1.12)–(1.13) and the reduced problem (1.9)–(1.10) together,

may be related to the original, singularly perturbed problem (1.5)–(1.6). The

theory breaks down close to non-hyperbolic folds denoted F , which are subsets

of S consisting of non-hyperbolic equilibria of the layer problem (1.12)–(1.13)

separating attracting and repelling branches of the critical manifold (1.11). So-

lutions of the reduced problem (1.9)–(1.10) which reach non-hyperbolic folds

typically blow up, that is reach infinity in finite time. As such, folds mediate

transitions from slow dynamics to fast dynamics. The extension of geometric

singular perturbation theory to non-hyperbolic folds is non-trivial, and research

is ongoing in this area [92, 106, 51, 52]. Dynamics close to non-hyperbolic folds

will be central to this work, and we will further discuss these dynamics and the

relevant recent results in sections 4.1 and 5 as required.
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1.6 Excitability Quasithresholds: Fitzhugh-Nagumo

The classical example of quasithresholds in a fast-slow dynamical system is

the Fitzhugh-Nagumo model, which is a two-dimensional simplification of the

Hodgkin-Huxley model of spike generation in squid giant axons. The model

was originally formulated as a modified version of the Van der Pol model to

isolate the mathematical phenomenon of excitability as identified in the more

complex Hodgkin Huxley model. Consequently, this model is also the classical

example of an excitable system, with Fitzhugh being the first to classify types

of excitability [37]. The equations of the Fitzhugh-Nagumo model as considered

by Fitzhugh may be written as a fast slow dynamical system as follows:

dv

dτ
= v − v3

3
− w + I (1.14)

dw

dτ
= −ϵ(v + a− bw), (1.15)

where v is the membrane potential, w is the recovery variable and I is the

magnitude of the stimulus current. For the parameter values a = 5/6, b =

1 and I = I− = 0, the system has a single, globally asymptotically stable

equilibrium e(I−). In excitability terms, e(I) is the quiescent state. Fitzhugh

studied how system (1.14)–(1.15) initialised at e(I−) responded to a subsequent

instantaneous switch in I to I+ > I−. This is equivalent to setting I = I+ in

system (1.14)–(1.15), and examining the solution initialised at e(I−).

For I+ small enough, the system converges to the new equilibrium e(I+).

However, for I+ large enough, despite not crossing any bifurcation the system

undergoes an excitable response as shown in figure 1.3(a). Specifically, it un-

dergoes a fast excursion in the positive v direction, stabilises for a time at some

transient state, before undergoing a fast relaxation and return to equilibrium

e(I+). Perhaps more significantly, the system transition from ‘no response’ to

‘excitable response’ is not discontinuous, rather it is abrupt but continuous 7 in

I+ as shown in figure 1.3(b).

As the only equilibrium of the system e(I+) remains stable, bifurcation the-

7Sometimes referred to as an ‘apparent’ discontinuity
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Figure 1.3: (a) The time trace of different stages of the excitable response of
(red) v. (b) The maximum value of v, (red) supt(v) together with (black) ve(I)
against the magnitude of the switch in I, represented by I+. The transition
from no response to and excitable response is abrupt but continuous.

ory gives no insight into the excitable response. However, the Fitzhugh Nagumo

model as given in (1.14)–(1.15) is a fast-slow system, and we may use the tech-

niques of geometric singular perturbation theory outlined in section 1.5 to un-

derstand the nature of the observed excitable response.

System (1.14)–(1.15) has 1 fast variable v which evolves on the fast time τ ,

and 1 slow variable w which evolves on the slow time t = ϵτ . Consequently,

system (1.14)–(1.15) is a 1-fast 1-slow system. We take the limit ϵ → 0 of

system (1.14)–(1.15). As τ is the fast time, this gives the layer problem:

dv

dτ
= v − v3

3
− w + I (1.16)

dw

dτ
= 0, (1.17)

the dynamics of which are in the horizontal v direction and are shown in Fig-

ure 1.4 as double arrows.

We may convert system (1.14)–(1.15) to the slow time by the substitution
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S1 S2 S3

v

Figure 1.4: The critical manifold S(I) with (solid grey) two normally hyperbolic
attracting branches, S1(I) and S3(I), and (dashed grey) a normally hyperbolic
repelling branch S2(I), for system (1.14)–(1.15) with ϵ = 0, together with (single
arrows) the slow dynamics of the reduced problem (1.20)–(1.21) along S(I) in the
slow time t, and (double arrows) the fast dynamics of the layer problem (1.16)–
(1.17) in the fast time τ for different values of w. These are shown for (a)
I = I− = 0 and (b) I = I+ = 0.3 where (blue) the trajectory initialised at
(white circle) e(I−) in the layer problem (1.16)–(1.17) is also shown.

t = ϵτ , giving:

ϵ
dv

dt
= v − v3

3
− w + I (1.18)

dw

dt
= v + a− bw, (1.19)

the dynamics of which are equivalent to those of system (1.14)–(1.15), in the

sense that they define the same flow. If we take the limit ϵ→ 0 of system (1.18)–

(1.19) we obtain the reduced problem:

0 = v − v3

3
− w + I (1.20)

dw

dt
= v + a− bw, (1.21)
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whose dynamics are restricted to the critical manifold:

S(I) :=

{
(v, w) : w = v − v3

3
+ I

}
. (1.22)

We classify the points of S by examining their stability in the layer prob-

lem (1.16)– (1.17). Specifically, S(I) has two normally hyperbolic attracting

branches, denoted S1(I) and S3(I), which are separated from a normally hyper-

bolic repelling branch S2(I) by two non-hyperbolic fold points, denoted F1(I)

and F2(I). In other words, the critical manifold can be partitioned as follows

S(I) = S1(I) ∪ F1(I) ∪ S2(I) ∪ F2(I) ∪ S3(I).

The attracting branch S1(I) contains the quiescent state e(I). The other at-

tracting branch, S3(I), is the transient state that the system reaches following

an excitable response. Figure 1.4 shows the branches of S in grey, and the

reduced dynamics along S as single arrows.

Figure 1.4(a) shows the reduced and layer problems together with S in the

(v, w) phase plane for I = I− = 0. Figure 1.4(b) shows the same for I =

I+ > I−, and illustrates how the critical manifold S shifts upwards relative

to e(I−). Specifically, if I+ is larger than some critical value I inst, then e(I−)

will lie on a trajectory of the layer problem where the flow is directed toward

the transient state S3; shown in blue in figure 1.4(b). This illustrates how an

excitable response occurs for 0 < ϵ≪ 1 and I+ > I inst large enough.

As I is increased across the range [0, I+] where I+ > I inst, when ϵ = 0

the transition to an excitable response occurs discontinuously as I crosses I inst.

However, for 0 < ϵ ≪ 1 the transition to an excitable response is abrupt but

continuous; see figure 1.3(b). This is characteristic of crossing an excitability

quasithreshold. The excitability quasithreshold in this model was explored in

detail by Fitzhugh [97], and is a separatrix formed by a continuum of trajectories

in (v, w) phase space which separate initial conditions which give an excitable

response, from those which do not. This quasithreshold can be related to S2,

the repelling branch of the critical manifold.

We have shown how timescale separation may give rise to excitable dynamics,
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and geometric singular perturbation theory provides the tools for understanding

the mechanisms governing those dynamics. In section 4.1 we precisely define a

quasithreshold, and in section 4.4 we study an instantaneous switch in external

conditions, both in the context of R-tipping. In each case, we use geometric

singular perturbation theory in a similar manner to the present section.

1.7 Background Summary and Thesis Struc-

ture

So far, we have discussed Arctic peatlands, tipping points, excitable systems, and

fast-slow dynamical systems. We have also shown that geometric singular per-

turbation theory may be used to uncover the dynamical mechanism responsible

for excitability in the Fitzhugh-Nagumo model, which is a fast-slow dynamical

system. In the remainder of this thesis, we will examine reversible Rate-induced

tipping in a soil-carbon model which has a similar fast-slow structure. The

reversible R-tipping is due to crossing a quasithreshold, and is equivalent to

type-B excitability as discussed in section 1.4 in the following sense. The soil

carbon model can be made to transition from its desirable base state, to an

alternative, undesirable, metastable state which is analagous to the transient

state of figure 1.3. This transition occurs abruptly and continuously as the sys-

tem is pushed across an R-tipping quasithreshold by a changing external input.

Since the resulting metastable state is transient, and the system returns to its

attracting base state in the infinite time limit in the same manner as an ex-

citable system. However, although the system eventually recovers its carbon,

the amount of carbon released and the time spent in the metastable state and

refractory period are significant from a human standpoint as, to the best of

our knowledge, human beings are themselves finite time phenomena. Clearly,

understanding reversible R-tipping is important, even when the dynamics are

“transient”. This is the motivation for this thesis, which aims to do so by synthe-

sising ideas from the theory of tipping points, excitability theory and fast-slow

dynamical systems.

This thesis is organised in three parts. In the first, mathematical modelling
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part of the thesis (Chapter 2), we:

• Modify the conceptual soil-carbon model introduced by Luke and Cox [60]

with a more realistic microbial soil respiration function.

• Show that the modified conceptual model has a new alternative hot metastable

state and reproduces the key features of the medium-complexity model

from [45, Fig.4(a)].

• Demonstrate R-tipping to the hot metastable state for realistic climate

change scenarios including global warming and summer heatwaves.

• Based on the above, propose an explanation for “Zombie fires” in peat-

lands [3, 88, 65, 100] that disappear from the surface, smoulder under-

ground during the winter, and “come back to life” in the spring.

In the second, mathematical analysis part of the thesis (Chapters 3–6), we iden-

tify non-obvious dynamical mechanisms that are responsible for the R-tipping

instability to the hot metastable state. The main obstacles to analysis of

this instability are twofold: the soil-carbon model is a non-autonomous dy-

namical system, so it does not have any equilibria or compact invariant sets,

and the R-tipping is due to crossing an elusive quasithreshold in the phase

space [97, 112, 68, 76, 98, 99, 44, 11]. To overcome these obstacles we com-

bine three different strategies. Firstly, we consider external inputs that decay

to a constant at infinity. Secondly, we compactify the problem to include the

equilibrium base states for the autonomous limit systems from infinity [114].

These two strategies alone work for R-tipping due to crossing regular thresh-

olds since these thresholds are anchored at infinity by compact invariant sets

called regular edge states [113]. However, quasithresholds do not contain such

edge states [113, Sec.8(d)]. Therefore, thirdly, we build on [112, 76], take ad-

vantage of large timescale separation in the compactified soil-carbon model and

apply concepts from geometric singular perturbation theory [36, 43, 109, 55].

Specifically, we:

• Define R-tipping due to crossing a quasithreshold in terms of slow mani-

folds and canard trajectories [109] in the autonomous compactified system.
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• Identify singular edge states: special points called folded singularities [92]

that arise in the slow (reduced) system, and new saddle equilibria that

arise in the fast (layer) system.

• Reduce an R-tipping problem due to crossing a quasithreshold to a het-

eroclinic orbit connecting the base state for the past limit system to a

singular edge state. We use this reduction to identify four different cases

of R-tipping as follows:

– For global warming, we identify three (slow) cases of R-tipping via

unfolding of a codimension-two heteroclinic folded saddle-node type-I

singularity that arises in the reduced system.

– For a summer heatwave, we identify a fourth (fast) case of R-tipping

via analysis of a codimension-one heteroclinic orbit connecting the

base state for the past limit system to a new saddle equilibrium that

arises in the layer system.

• Show that a quasithreshold gives rise to critical ranges of rate of change of

the external input rather than isolated critical rates. We reveal new types

of quasithresholds by relating a family of canard trajectories associated

with a singular edge state to a quasithreshold.

In the third, numerical analysis part of the thesis (Chapter 7), we review

some of the numerical methods employed throughout the rest of the thesis. Some

of the methods and numerical problems are particular to fast-slow dynamical

systems, or to compactified nonautonomous problems. In particular we:

• Numerically study the compactified system in an efficient manner.

• Numerically determine the behaviour of a solution of interest; tracking,

R-tipping, canard with or without head, secondary or composite canard.

• Compute attracting and repelling slow manifolds together with maximal

canards which cross via their intersections, following the methods outlined

in [28, 30].
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Finally, in chapter 8 we summarise, and give an outlook for possible future direc-

tions in which this work could be extended. The material throughout this thesis,

with the exception of Chapter 7, is based on a paper that is currently being re-

vised for Proceedings of the Royal Society A: Eoin O’Sullivan, Kieran Mulchrone

and Sebastian Wieczorek. Rate-Induced Tipping to Metastable Zombie Fires.
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Chapter 2

The Nonautonomous

Soil-Carbon Model

2.1 The Model Equations

The starting point of our analysis is a discussion of the soil-carbon model intro-

duced by Luke and Cox [60]. This model describes the time evolution of the soil

temperature T and soil carbon concentration C in peat soils:

µ
dT

dt
= −λ(T − Ta(rt)) + AC Rs(T ), (2.1)

dC

dt
= Π− C Rs(T ). (2.2)

The model incorporates three soil processes and one time-varying external in-

put. The first process describes equilibration of the soil temperature T with

atmospheric temperature Ta according to Newton’s Law of Cooling [62], at a

rate that depends on the soil-to-atmosphere heat transfer coefficient λ and the

specific heat capacity of the soil µ. The second process describes a linear in-

crease in the soil carbon concentration C over time at a rate Π, due to carbon

generated from decaying plant litter and other processes referred to as “Gross

Primary Production” [86].1 The third and only nonlinear process in the model

describes temperature-sensitive microbial activity in the soil in terms of the soil

1Note that dC/dt is the “Net Primary Production” in the model.
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respiration function Rs(T ). This process couples the dynamics of T and C, and

is discussed in detail in section 2.3. Atmospheric temperature Ta(rt) is a time-

varying external input, which represents weather anomalies or climate variation.

The rate parameter r > 0 quantifies the time scale of climatic variability and

is the key input parameter in the model. An important aspect of our study

is that we use realistic values of the soil parameters based on [60], which are

given in Table C.1 in the Appendix, a realistic soil respiration function Rs(T )

introduced in section 2.12.3, and realistic climate-change scenarios Ta(rt) based

on real weather data from Cherskii in Siberia [2]; see the blue arrow in Fig. 1.1.

To facilitate analysis, we introduce a small parameter ϵ = µ/A≪ 1 Kgm−2 ◦C−1 2

and rewrite the soil-carbon model (2.1)–(2.2) as a fast-slow nonautonomous dy-

namical system [112]:

ϵ
dT

dt
= f1(T,C, Ta(rt)) := −

λ

A
(T − Ta(rt)) + C Rs(T ), (2.3)

dC

dt
= f2(T,C) := Π− C Rs(T ), (2.4)

where we define f1 and f2 for convenience. Note that system (2.1)–(2.2) or (2.3)–

(2.4) does not have any equilibria (stationary solutions) owing to the time-

varying external input Ta(rt).

2.2 Soil-to-Atmosphere Heat Transfer

Following Luke and Cox [60], we assume the soil is covered by an insulating layer

of moss which is typical in northern-latitude peat soils, where the peat itself is

often formed by semi-decomposed sphagnum moss [116, 16]. This is a commonly

made assumption when modelling northern-latitude peat soils [46]. It follows

that the the soil-to-atmosphere-heat transfer coefficient λ is a function of λsoil,

the heat transfer coefficient of the soil, and λmoss the heat transfer coefficient of

2For ease of exposition, we omit the units of ϵ for the remainder of this work, with the
understanding that it has units of Kgm−2 ◦C−1.
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the moss:

λ =
λsoilλmoss

λsoil + λmoss

. (2.5)

For a soil of depth dz, λsoil is related to soil thermal conductivity κsoil in [60]

by:

λsoil =
κsoil

0.5dz
, (2.6)

where κsoil is the thermal conductivity of soil. The heat transfer coefficient of the

moss layer λmoss may be related to its thermal conductivity κmoss in the same

manner. Soil thermal conductivity in turn may be expressed function of soil

volumetric water content θs and soil porosity θsat by the following relationship:

κsoil(θs) = κ1−θsat
solids κ

θsat
air

(
κwater

κair

)θs

. (2.7)

Here, κsolids, κair and κwater are the thermal conductivities of soil solids, air

and water respectively while θsat is the soil porosity and θs ∈ [0, θsat]. Follow-

ing [60, 16], we choose a soil porosity of θsat = 0.7. The thermal conductivity

of the moss layer κmoss may be similarly expressed in terms of its water con-

tent θm by setting θsat = 0.9 [16]. High porosity is a well documented qual-

ity of sphagnum moss [116, 105, 16], meaning that a drier layer of sphagnum

moss acts as an insulating layer on top of the soil. Representative values of

the conductivities are κsolids = 0.25Wm−1 ◦C−1, κair = 0.025Wm−1 ◦C−1 and

κwater = 0.573Wm−1 ◦C−1 [80].

For this work, we fix λ = 5.049 × 106 J y−1m−2 ◦C−1 which in SI units is

approximately λ ≈ 0.16Wm−2 ◦C−1. Using equation 2.5, this corresponds to,

for example, a soil of depth 1m with soil moisture θs ≈ 0.2502, and a dry moss

layer of depth 0.1m so that θm = 0. For the influence of varying λ on the model,

see section 4.8.
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T ∗ → ∞
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Figure 2.1: (Black) The modified non-monotone microbial soil respiration func-
tion R∗s(T ) in (2.11) with c = 10 and the die-off temperature T ∗ = 50 and 70.
(Grey) In the limit T ∗ →∞, we recover the unmodified monotone microbial soil
respiration function R†s(T ) in (2.10). See Table C.1 for other parameter values.

2.3 Modified Microbial Respiration

Microbial respiration is the key nonlinearity coupling soil carbon C and temper-

ature T which underpins this study. The rate at which soil carbon is consumed

due to microbial respiration is dependent on both the soil carbon C, and the

soil temperature T 3:

dC

dt
∼ C Rs(T ). (2.8)

As Rs(T ) is simply a rate, it has units of yr−1. Vertically integrated soil carbon

C has units kg m−2 so that (2.8) has units kg m−2t−1.

Microbial respiration is an exothermic reaction, and so warms the soil at a

rate which is dependent on the specific heat of the reaction A and the specific

heat capacity of peat soil µ:

dT

dt
∼ A

µ
C Rs(T ). (2.9)

As detailed in table C.1, the term A/µ has units °Ckg−1m2 so that 2.9 has units

°C yr−1

3Microbial respiration also depends soil moisture θs, however we do not consider this de-
pendence in this study.
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Our contribution to the model introduced by Luke and Cox is a modification

of the microbial soil respiration function from [60]. At low to moderate soil tem-

peratures, the temperature dependent component of microbial soil respiration

can be described by a Q10 exponential function [48]:

R†s(T ) = Rs(0) e
αT with α = ln (Q10)/10, (2.10)

where the dimensionless, soil-specific parameter Q10 may be estimated from

experimental data [48]. While the monotone R†s(T ) in (2.10) captures the trig-

ger mechanism for the R-tipping instability, it becomes unrealistic at high T .

Specifically, T quickly increases to unrealistically high levels due to microbial soil

respiration alone, [60, 112]. To address this issue, we account for an important

limitation, that is, soil microbes die above some die-off temperature T = T ∗.

Specifically, we construct a modified non-monotone microbial soil respiration

function

R∗s(T ) = Rs(0)
eαb + e−cαb

e−α(T−b) + ecα(T−b)
with b = T ∗ +

ln c

α + cα
, (2.11)

that agrees with the Q10 exponential growth (2.10) for T < T ∗, has a maximum

at T = b ≈ T ∗, and decays exponentially for T > T ∗; see figure 2.1. Such

R∗s(T ) prevents soil temperature T from reaching unrealistically high levels.

Note that this construction introduces two additional parameters, namely the

die-off temperature T ∗, and the ratio c of the exponential decay rate for T > T ∗

and exponential growth rate α for T < T ∗. In the remainder of the thesis, we

use

Rs(T ) = R∗s(T ).

2.4 The Autonomous Frozen System and the

Moving Equilibrium

To gain insight into the tipping mechanisms in the nonautonomous system (2.3)–

(2.4), or equivalently system (2.1)–(2.2), we set r = 0 and consider the resulting
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autonomous frozen system for different but fixed-in-time values of the atmo-

spheric temperature Ta. The frozen system has just one equilibrium

e(Ta) = (T e(Ta), C
e(Ta)) =

(
Ta +

AΠ

λ
,

Π

Rs(Ta +
AΠ
λ
)

)
, (2.12)

which is the “base state” described in the introduction. Although the position of

e(Ta) in the phase plane (T,C) changes with Ta, the equilibrium remains linearly

stable (hyperbolic) and globally attractive4 within the realistic range of the soil

parameters and Ta used in our study. Thus, we can exclude the possibility of

B-tipping from e(Ta) [12].

To discuss R-tipping, we consider the stable equilibrium of the frozen system

parameterised by time t for a given input Ta = Ta(rt), which we denote

e(Ta(rt)), (2.13)

and refer to as the moving stable equilibrium [72, 113].5. The moving stable

equilibrium is not a solution to the nonautonomous system (2.3)–(2.4). How-

ever, it can serve as a useful reference. We follow the approach of [13, 72, 113]

and relate solutions of the nonautonomous system (2.3)–(2.4) to e(Ta(rt)) for

different rates r > 0. For small r, solutions to (2.3)–(2.4) started near e(Ta(rt))

are guaranteed to stay near or track e(Ta(rt)) [113, Th.7.1]. However, a nonau-

tonomous R-tipping instability in the form of a large departure from e(Ta(rt))

to an alternative transient state for a finite period of time may appear for larger

r; see [60, 112, 26]. In the next section we give an intuitive explanation of this

instability and propose it as a main cause of recently observed Zombie fires in

peatlands [3, 88, 65, 100] and, possibly, compost fires [21, 70].

4Meaning that e(Ta) attracts all initial conditions.
5Note that e(Ta(rt)) is also referred to as a “quasistatic equilibrium” or an “instantaneous

equilibrium” [13].
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2.5 R-tipping to a Hot Metastable State and

Zombie Fires

The nonlinear process of microbial soil respiration gives rise to a vicious cy-

cle that underpins R-tipping and can be understood in terms of thermal run-

away [115] as follows. As soil microbes release carbon from the soil into the

atmosphere via organic matter decomposition, they generate heat. Typically,

the cooler atmosphere allows the soil to achieve a balance between heat and

carbon, which is represented by the moving stable equilibrium e(Ta(rt)). How-

ever, this balance may be disturbed if the atmosphere warms up too fast. The

faster the atmosphere warms up, the faster the soil warms up, and the quicker

the increase in microbial activity, allowing soil temperature T to reach a level

where it can no longer be equilibrated by the cooler atmosphere. This further

accelerates microbial activity, which in turn speeds up the growth of T and the

release of soil carbon C into the atmosphere. Once the soil carbon burns out, the

soil temperature drops suddenly and carbon starts accumulating again. Hence,

despite having a linearly stable and globally attractive equilibrium e(Ta) for any

fixed value of the atmospheric temperature Ta, the system is very sensitive to

how fast the atmospheric temperature Ta increases over time. In other words,

the system may evolve away from the moving stable equilibrium e(Ta(rt)) and

visit an alternative transient state for a finite period of time if Ta(rt) rises too

fast.

We now demonstrate that the soil respiration function R∗s(T ) introduced in

section 2.1 gives rise to a new alternative transient state at high T that could

explain smouldering “Zombie fires” [3]. This is evidenced by two remarkable re-

sults of the soil-carbon model (2.3)–(2.4) with realistic soil parameters, realistic

microbial soil respiration function Rs(T ) = R∗s(T ), and different climate-change

scenarios Ta(rt) based on real weather data from Cherskii in Siberia [2].

(a) R-tipping to a hot metastable state. The more realistic Rs(T ) = R∗s(T )

in (2.3)–(2.4) breaks the vicious cycle (or thermal runaway) giving rise to

a hot metastable state at high soil temperatures T ≈ T ∗. This state

is reminiscent of “Zombie fires” observed in tropical and arctic peat-
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Figure 2.2: (a) Realistic seasonal variations of atmospheric temperature Ta(rt)
with a summer heatwave in year 10, based on observations at Cherskii in North-
ern Siberia [2]; see (A.2) for details of Ta(rt). (b) Time evolution of (black)
moving equilibrium soil temperature T e(Ta(rt)) from (2.12) and (red) the actual
soil temperature T (t) obtained by solving (2.3)–(2.4) in response to the external
input Ta(rt) from panel (a). Initial soil temperature is T (0) = −10◦C. Initial
soil carbon is C(0) = 120 kgm−2, which corresponds to ≈ 3.64m soil depth
assuming a volumetric carbon density of 33 kgm−3 [45, 121]. Rs(T ) = R∗s(T )
given in (2.11) with T ∗ = 70◦C. Other parameter values are given in Table C.1.

lands [3, 88, 65, 100]: such fires appear to be extinguished, but smoulder

underground throughout the winter and re-emerge the following year [88].

Zombie fires are generally believed to happen as a result of surface wild-

fires [3]. Here, we suggest that R-tipping to a subsurface hot metastable

state because of atmospheric warming is a main cause of Zombie fires.

Furthermore, we show that such R-tipping can be triggered by realistic

climate patterns ranging from summer heatwaves to global warming.

Figure 2.2 shows the soil temperature change in response to seasonal vari-

ations of the atmospheric temperature. Rather amazingly, a summer heat-

wave in year 10 breaks the seasonal response pattern and triggers a sudden

transition to a hot metastable state that lasts for over a decade6 and re-

leases most of the carbon from the soil into the atmosphere. Following

this, the system settles to a lower than initial soil temperature pattern for

a refractory period of over a century, during which time both soil carbon

6The duration of the metastable state depends on its temperature T ≈ T ∗.
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Figure 2.3: (a) A realisation within the range of uncertainty of the “very strin-
gent” low-emissions RCP2.6 global warming scenario for Arctic regions [74, 73],
based on observations at Cherskii in Northern Siberia [2]; see (A.3) for details
of Ta(rt). (b) Time evolution of (black) the moving equilibrium soil tempera-
ture T e(Ta(rt)) from (2.12) and (red) the actual soil temperature T (t) obtained
by solving (2.3)–(2.4) in response to the external input Ta(rt) from panel (a).
Initial soil temperature is T (0) = T−a + AΠ

λ
≈ −1.95◦C. Initial soil carbon C(0)

and Rs(T ) are the same as in figure 2.2. Other parameter values are given in
Table C.1.

and soil temperature slowly increase back to their initial seasonal patterns.

Figure 2.3 shows the mean soil temperature change in response to a slow

increase in the mean atmospheric temperature of 4◦C over 200 years. We

use 4◦C in this example because the global climate change mitigation tar-

get is an increase in the global mean temperature of 2◦C by 2100 com-

pared to pre-industrial levels (1850–1900) [63, 96]. Note that the 2◦C

target is within the range of uncertainty of CMIP5 outputs under two

greenhouse gas concentration pathways: the “very stringent” RCP2.6 that

gives a 1.5◦C increase, and the “intermediate” RCP4.5 that gives a 2.4◦C

increase [73]. Due to the well documented phenomenon of “Arctic ampli-

fication” [73, 89], this target corresponds to an increase of roughly 4◦C

in the Arctic mean temperature over the same period. In this scenario, a

sudden transition to a hot metastable state that lasts for over a decade is

triggered, and astonishingly occurs after only a modest mean temperature

increase of ≈ 1.1◦C.
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(b) Qualitative and quantitative agreement with PDE models. The concep-

tual Ordinary Differential Equation (ODE) model (2.3)–(2.4) with the

more realistic Rs(T ) = R∗s(T ) captures the key nonlinearities of the soil-

carbon system. This is evidenced by the ODE model reproducing both

qualitatively and quantitatively the peat soil instability predicted by a

medium-complexity Partial Differential Equation (PDE) model of Siberian

permafrost carbon dynamics under climate change [45, 46]. Specifically,

figure 2.4 shows that the ODE model manages to capture the four key

features of the PDE dynamics: permafrost thawing, R-tipping to the hot

metastable state that lasts for half a century, a sudden soil cooling to a

lower than initial soil temperature, followed by a slow increase to a low

but higher than initial soil temperature.

The R-tipping instabilities in figures 2.2 and 2.3 arise when time-variation

of the atmospheric temperature interacts with different inherent timescales of

the soil-carbon system. Our next aim is to understand this interaction and

uncover the underlying dynamical mechanisms. Thus, the remainder of the

thesis is devoted to mathematical analysis of these instabilities in the soil-carbon

model (2.3)–(2.4) with Rs(T ) = R∗s(T ) given in equation (2.11) and canonical

inputs Ta(rt) introduced in sections 5 and 6.

2.6 Excitability in The Nonautonomous Soil-

Carbon Model

Figures 2.2–2.4 clearly show the features of excitability defined in section 1.4. In

figure 2.5(a) we reproduce figure 2.3(b) and identify the different stages of the

excitable response. Namely, the quiescent state, excitable response, transient

state and refractory period (see figure 1.3 for reference to a traditional excitable

system). In figure 2.5(b), we show that each stage of excitability is also signif-

icant from a physical standpoint. Namely, the attracting base state, thermal

runaway, metastable zombie fire and carbon recovery respectively.

In summary, figure 2.5 showcases the equivalence of reversible R-tipping due

to crossing a quasithreshold and excitability in the type-B sense discussed in
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Figure 2.4: (a) The output of a PDE model [46] parameterised by data from
near Cherskii in Siberia to simulate a soil column with a depth of 12m and a
volumetric carbon density of 33 kgm−3, reproduced from [45, Fig.4(a)]. Shown
are time evolution of (black) air temperature at 2 metres above the ground, and
(red) soil temperature at a depth of 5m. (b) Time evolution of (red) the soil
temperature T (t) obtained by solving (2.3)–(2.4) in response to an increase in
(black) atmospheric temperature Ta(rt) given in (A.4). For comparison with
(a), we use Π = 0.09 kg m−2 y−1, Rs(T ) = 0 for T ≤ 0 as in [45], and Rs(T ) =
R∗s(T ) given in (2.11) with T ∗ = 30◦C for T > 0. Initial soil temperature is
T (0) = −6◦C. Initial soil carbon is C(0) = 396 kgm−2, which corresponds to a
soil column with a depth of 12m and a volumetric carbon density of 33 kgm−3

matching [45]. Other parameter values are given in Table C.1.

section 1.4 and [112]. It is clear that the soil carbon model (2.3)– (2.4) is

an excitable system. The following sections will uncover the nature of the re-

turn mechanism, the excitable response and most significantly the nature of

the excitability quasithresholds. While our analysis is from the point of view

of R-tipping, given the strong connection to excitability theory we note that

the methods employed will also be of interest to researchers studying excitable

systems. In particular, the R-tipping quasithresholds we identify are also ex-

citability quasithresholds, and we signpost where the R-tipping quasithresholds

that we identify represent new kinds of excitability quasithresholds that have

not been reported on to date.
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Figure 2.5: (a) Recreation of figure 2.3(b), with the different stages of the ex-
citable response highlighted. (b) The stages of the excitable response relabelled
to show the physical significance of each stage.
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Chapter 3

The Autonomous Compactified

Soil-Carbon Model

To facilitate mathematical analysis of non-obvious dynamical mechanisms that

are responsible for the R-tipping instabilities in figures 2.2 and 2.3, we:

• Consider canonical external inputs Ta(rt) that tend exponentially to a

constant at infinity and generalise the linear ramp input used in [112].

• Use the compactification technique of [114, 113] to transform the R-tipping

problem in the nonautonomous system (2.3)–(2.4) into a heteroclinic orbit

problem in an autonomous compactified system in the limit ϵ = 0 [76, 117].

3.1 Asymptotically Constant External Inputs

We choose to work with external inputs Ta(rt) that decay exponentially to a

constant T±a as time t tends to ±∞. To be precise, we follow [113, Def.6.1] and

define

Definition 3.1.1. We say Ta(rt) is exponentially bi-asymptotically constant if,

for all r > 0,

lim
t→±∞

Ta(rt) = T±a ∈ R and lim
t→±∞

dTa(rt)/dt

e∓ρrt
∈ R,
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for some decay coefficient ρ > 0.

Thus, we can define the autonomous past limit system with Ta(rt) = T−a ,

ϵ
dT

dt
= f1(T,C, T

−
a ), (3.1)

dC

dt
= f2(T,C), (3.2)

and the autonomous future limit system with Ta(rt) = T+
a ,

ϵ
dT

dt
= f1(T,C, T

+
a ), (3.3)

dC

dt
= f2(T,C), (3.4)

which are examples of the frozen system. We note that, unlike the nonau-

tonomous soil-carbon model (2.3)–(2.4), the autonomous past (3.1)–(3.2) and

future (3.3)–(3.4) limit systems contain the equilibria

e− := e(T−a ) and e+ := e(T+
a ), (3.5)

respectively, and e(rt) → e± as t → ±∞ for any r > 0. The next step is to

include these limit systems and their equilibria in the model.

3.2 Compactification

In this section, we reformulate the two-dimensional nonautonomous soil-carbon

model (2.3)–(2.4) with exponentially bi-asymptotically constant input Ta(rt)

as a three-dimensional autonomous compactified system that includes the au-

tonomous dynamics and equilibria e− and e+ of the limit systems (3.1)–(3.2)

and (3.3)–(3.4) from infinity.

In the standard approach [49], the two-dimensional nonautonomous sys-

tem (2.3)–(2.4) is augmented with an unbounded dependent variable u = rt,

which gives an extended autonomous system on R3 that does not have any equi-

libria. Here, we use a different approach. We follow [114, Sec.4] and [113, Sec.6]

and augment the nonautonomous system (2.3)–(2.4) with a bounded dependent
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variable

s = gν(rt) = tanh
(ν
2
rt
)
. (3.6)

We note that s ∈ (−1, 1) for t ∈ R and all r > 0, use the definition of tanh−1 to

obtain the inverse

rt = g−1ν (s) =
1

ν
ln

1 + s

1− s
, (3.7)

and differentiate (3.6) with respect to t to derive the differential equation for s:

ds

dt
=

νr

2
(1− s2).

Next, we continuously extend the new dependent variable s to include the lim-

its from t = ±∞, which correspond to s = ±1. This gives the autonomous

compactified system

ϵ
dT

dt
= f1(T,C, T

ν
a (s)), (3.8)

dC

dt
= f2(T,C), (3.9)

1

r

ds

dt
=

ν

2
(1− s2), (3.10)

with the continuously extended external input

T ν
a (s) =


Ta (g

−1
ν (s)) for s ∈ (−1, 1),

T+
a for s = 1,

T−a for s = −1.
(3.11)

For Ta(rt) with a decay coefficient ρ, we choose the compactification parame-

ter ν ∈ (0, ρ] so the compactified system is continuously differentiable on the

extended phase space R2×[−1, 1]; see [114, Cor.4.1] and [113, Prop.6.1]. We dis-

cuss different choices of ν for the canonical external inputs in Sections 5 and 6,

respectively.

Chapter 3 Eoin O’Sullivan 39



Rate-Induced Tipping to Metastable Zombie Fires

3.2.1 Continuous Differentiability of The Compactified

System

For s ∈ (−1, 1), the right hand side of (7.8)–(7.10) is given by:

ϵ
dT

dt
= f1(T,C, Ta(g

−1
ν (s))), (3.12)

dC

dt
= f2(T,C), (3.13)

1

r

ds

dt
=

ν

2
(1− s2), (3.14)

which after applying the inverse compactification transformation (3.7) defines

a vector field where two components dT/dt and dC/dt are equivalent to the

nonautonomous system (2.1), and so are continuously differentiable. As ds/dt

is a polynomial in s, it is also continuously differentiable. What remains to be

shown is the continuous differentiabilty of (7.8)–(7.10) when s = ±1. While we

refer to [114, Cor.4.1] for a formal proof of the necessary conditions, we provide

a sketch overview here.

Note that by the chain rule:

lim
s→±1

d

ds
Ta(g

−1
ν (s)) = lim

s→±1
Ṫa(g

−1
ν (s))ġ−1ν (s) = lim

t→±∞
Ṫa(rt)

ġν(rt)
(3.15)

Note also that since the compactification transformation (3.6):

ġν(rt) ∼ 2ν r eν r as t→ ±∞, (3.16)

it follows that if the limit:

lim
t→±∞

dTa(rt)/dt

eρt
, (3.17)

exists for some ρ > 0, then lims→±1
d
ds
Ta(g

−1
ν (s)) exists for all ν ∈ (0, ρ] and

the compactified system (7.8)–(7.10) is C1-smooth for all such ν. We ensure

throughout that we choose values of ν that are compatable with our chosen

external inputs.
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3.2.2 Special Case: Compactification Using The Exter-

nal Input

To represent global warming in section 5, we use the external input:

Ta(rt) =
T+
a

2
(tanh (rt) + 1) . (3.18)

Applying the parameterised compactification transformation (3.6) with ν = 2 1

and in particular the inverse transformation (3.7) we obtain:

Ta(g
−1
2 (s)) =

T+
a

2
(s+ 1) (3.19)

Together with (3.11), this defines a smooth, invertible change of coordinates be-

tween s and Ta. In particular, this means that the s component of the compact-

ified vector field may be exchanged for a Ta component through an application

of the chain rule:

ϵ
dT

dt
= f1(T,C, T

2
a ),

dC

dt
= f2(T,C),

1

r

dT 2
a

dt
=

2rTa

T+
a

(
T+
a − Ta

)
.

(3.20)

The advantage of choosing ν = 2 is that the extra compactified dimension has a

clear physical meaning. However, the drawback is that the extra eigendirections

of the equilibria of the limit systems that are gained through compactifcation

(see section 3.3) in the planes Ta = 0 and Ta = T+
a are not guaranteed to be

normal to these planes. It follows that W u,[r](ẽ−), the unstable manifold of ẽ−

which we focus on in the present study, will not be guaranteed to be normal to

the plane Ta = T−a .However, as W u,[r](ẽ−) corresponds to a pullback attractor

of the nonautonomous system (2.1), it may still be still well approximated with

a modified version of the set-up described in section 7.1.

1Note that this is the maximum possible value of ν at which the system is continuously
differentiable.
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3.3 Stability of Equilibria for the Compactified

System

A particular advantage of compactification is that the flow-invariant planes

R2 × {−1} and R2 × {1}, (3.21)

of the extended phase space R2 × [−1, 1] contain equilibria e− and e+ of the

autonomous past (3.1)–(3.2) and future (3.3)–(3.4) limit systems, respectively.

When embedded in the extended phase space, e− gains one unstable eigendirec-

tion with positive eigenvalue ν r > 0 and becomes a hyperbolic saddle

ẽ− =
(
e−,−1

)
, (3.22)

whereas e+ gains one additional stable eigendirection with negative eigenvalue

−ν r < 0 and becomes a hyperbolic sink

ẽ+ =
(
e+, 1

)
, (3.23)

which is the only attractor for the compactified system (7.8)–(7.10); see [114,

Sec.3] and [113, Prop.6.3]. Furthermore, we note that the moving equilibrium

e(Ta(rt)) with t ∈ R corresponds to

ẽ(s) :=
(
e(Ta

(
g−1ν (s)

)
, s
)
with s ∈ (−1, 1),

in the extended phase space of the compactified system (7.8)–(7.10), and ẽ(s)→
ẽ± as s→ ±1.

3.4 Timescales of The Autonomous Compacti-

fied Soil-Carbon Model

As discussed in section 4.5, a key feature of many natural systems is that they

evolve on multiple inherent timescales, which can be quantified by one or more
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Timescales
System Parameters System Timescales Case Name
0 < ϵ≪ 1, r = 0 1 fast (T ), 1 slow (C) Frozen System

0 < ϵr ≪ ϵ≪ 1 1 fast (T ), 1 slow (C) 1
super-slow (s)

Adiabtically slow

0 < ϵr ≲ ϵ≪ 1 1 fast (T ), 2 slow (C, s) Global Warming

0 < ϵ≪ ϵr ≪ 1 1 fast (T ), 1 intermediate
(s), 1 slow (C)

Intermediate

0 < ϵ≪ ϵr ≲ 1 2 fast (T, s), 1 slow (C) Hot Summer Anomaly

0 < ϵ≪ 1≪ ϵr 1 super-fast (s), 1 fast (T ),
1 slow (C)

Super-Fast Switch

0 < ϵ≪ 1, r →∞ 1 instantaneous (s), 1 fast
(T ) 1 slow (C)

Instantaneous Switch

Table 3.1: Different timescales are present in system (7.8) depending on the
magnitude of the rate parameter r. The “Global Warming” and “Hot Summer
Anomaly” are the two cases of primary interest.

small parameters. Such systems are often said to have a separation of timescales.

This is true for example for many earth subsystems. The atmosphere itself, a

key external input for earth subsystems, is often modelled with the timescales of

the weather system and the climate “well separated” [40]. Identifying distinct

timescales within a system is advantageous, as following section 1.5 such systems

contain structure which may be exploited using geometric singular perturbation

theory using the methods discussed in section 4.5. The nonautonomous soil-

carbon model (2.3)–(2.4) is one such system. The left-hand side of (7.8)–(7.10)

shows that it may evolve on up to three different timescales, depending on the

rate parameter r. The system has two internal timescales, these are the slow

time t which is the timescale of the slow variable C, and the fast time τ = t/ϵ

which is the timescale of the fast variable T . The third time u = rt is an

external timescale. This is the timescale of the external input Ta(rt), which is

represented by the augmented variable s. The relation between the timescales

of the internal variables is most easily seen by substituting the fast time τ into

Chapter 3 Eoin O’Sullivan 43



Rate-Induced Tipping to Metastable Zombie Fires

the compactified system (7.8)–(7.10):

dT

dτ
= f1(T,C, T

ν
a (s)), (3.24)

dC

dτ
= ϵ f2(T,C), (3.25)

ds

dτ
= ϵ r

ν

2
(1− s2), (3.26)

where it becomes clear that what determines the relationship between the in-

ternal and external timescales of the model, is the magnitude of ϵr relative to ϵ.

Assuming 0 < ϵ≪ 1 is fixed, the magnitude of the third time u relative to t and

τ , and thus the total number of timescales in the model, depends on the magni-

tude of the rate parameter r. Including the two limiting cases, there are seven

possible combinations of timescales which are summarised in table 3.1. Each

case has a distinct geometry governing the dynamics, which may be uncovered

using geometric singular perturbation theory.

The two most interesting and challenging cases are those in which the exter-

nal timescale u is comparable to either the slow internal timescale t or the fast

internal timescale τ . These cases are also the most physically relevant, and are

explored in detail in chapters 5 and 6 respectively, and are the main focus of this

thesis. In these two cases, the interaction of timescales leads to either a layer

or reduced problem of dimension n = 2. This creates more complex dynamics

in the singular limit ϵ → 0, which in turn produce complex dynamics when

0 < ϵ ≪ 1. The seven possibilities for the timescales of system (7.8)–(7.10),

summarised in table 3.1, are as follows:

(i) The autonomous frozen system, which is a limiting case when the external

input is shut off, is represented by r = 0. The compactified system (7.8)–

(7.10) becomes a 1-fast 1-slow system with the fast variable T , the slow

variable C, and a fixed-in-time input parameter Ta. The frozen system

contains a single small parameter ϵ. The frozen system evolves according

to the unforced, internal dynamics of the system, serving as an important

reference for when the system is externally forced. This case is examined

in detail in section 4.1.
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(ii) The adiabatically slow system is represented by either r ≪ ϵ or r ≲ ϵ. The

compactified system (7.8) becomes a 1-fast 1-slow 1-super-slow system

with the fast variable T , the slow variable C, and the super-slow variable

s. The adiabatically slow system contains two small parameters 0 < ϵ r ≪
ϵ≪ 1. This case is examined in section 4.6.

(iii) A global warming scenario is represented by r ≲ 1. This means that

u = rt ≲ t is another slow time, s becomes the second slow variable, and

the compactified system (7.8)–(7.10) becomes a 1-fast 2-slow system with

the fast variable T and slow variables C and s. The compactified system

with global warming contains a single small parameter ϵ, and interaction

of the two slow timescales leads to non-trivial dynamics in the reduced

problem, which are examined in detail in section 5

(iv) The intermediate system is represented by 1≪ r ≪ 1/ϵ. This means that

u = rt ≫ t is an intermediate time, s becomes an intermediate variable.

The compactified system (7.8)–(7.10) becomes a 1-fast 1-intermediate 1-

slow system with the fast variable T , intermediate variable s and slow

variables C. The intermediate system contains two small parameters 0 <

ϵ r ≪ ϵ ≪ 1. This case is discussed briefly in chapter 6, to provide

additional insight into the case when s is a fast variable.

(v) A summer heatwave is represented by r ≲ 1/ϵ. This means that u =

ϵrτ ≲ τ is another fast time, s becomes the second fast variable, and the

compactified system (7.8)–(7.10) becomes a 2-fast 1-slow system with two

fast variables, T and s, and one slow variable C. The compactified system

with a summer heatwave contains two small variables 0 < ϵr ≲ ϵ ≪ 1,

and the interaction between the two fast timescales leads to non-trivial

dynamics in the layer problem, which are examined in detail in chapter 6.

(vi) A super-fast shift is represented by r ≫ 1/ϵ.The compactified system (7.8)

becomes a 1-super-fast 1-fast 1-slow system with the super-fast variable s,

fast variable T , and the slow variable C. The compactified system with

a super-fast switch has two small parameters 0 < ϵ ≪ 1/ϵr ≪ 1. This
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case is examined in section 4.5, relying on the analysis of an instantaneous

switch in section 4.4.

(vii) The instantaneous switch system, which is a limiting case when the ex-

ternal input changes instantaneously, is represented by the limit r → ∞.

This means that the compactified system (7.8) becomes a 1-instantaneous

1-fast 1-slow system with the instantaneous or discontinuous variable s,

fast variable T , and the slow variable C. In a sense, a discontinuous vari-

able can be understood to have the fastest possible timescale relative to the

other system variables. As well as being a case of timescale separation in

its own right, the instantaneous switch system is the reduced problem for

the case of a super-fast shift. The case of an instantaneous switch gives

insight into soil-carbon model as an excitable system, and is physically

relevant as permafrost peat soils are often subjected to sudden, discontin-

uous, even explosive changes [95, 22, 56]. The case of an instantaneous

switch is examined in detail in section 4.4.

In the following chapters we will examine the dynamics of each timescale sep-

aration in turn. We focus on cases (i), (iii) and (v) in that we apply concepts

and techniques of geometric singular perturbation theory [36, 43, 109, 55] first

to (i) the autonomous frozen system and then to the autonomous compactified

system (7.8)–(7.10) with (iii) global warming and (v) a summer heatwave, which

allows us to define and analyse R-tipping in the soil-carbon model.
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Defining R-tipping due to

Crossing Quasithresholds

4.1 Quasithresholds in The Frozen System

It is convenient to start the discussion with the frozen system obtained by setting

r = 0 in system (2.3)–(2.4), so that Ta becomes a fixed-in-time input parameter.

The frozen system is a 1-fast 1-slow singular perturbation problem with a small

parameter ϵ. Taking the limit ϵ → 0 in the slow time t gives the (singular)

reduced problem

dC

dt
= f2(T,C), (4.1)

whose dynamics are restricted to the one-dimensional critical manifold

S(Ta) = {(T,C) : f1(T,C, Ta) = 0} ⊂ R2.

Taking the limit ϵ→ 0 in the fast time τ = t/ϵ gives the layer problem

dT

dτ
= f1(T,C, Ta), (4.2)

where the slow variable C becomes an additional fixed-in-time parameter. Note

that, for a given Ta, the critical manifold S(Ta) consists of all branches of equi-
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libria of the layer problem (4.2) parameterised by C. Hence, stability analysis

of these equilibria gives stability of different branches of the critical manifold.

Specifically, S(Ta) has two normally hyperbolic attracting branches, denoted

S1(Ta) and S3(Ta), which are separated from a normally hyperbolic repelling

branch S2(Ta) by two non-hyperbolic fold points, denoted F1(Ta) and F2(Ta).

In other words, the critical manifold can be partitioned as follows

S(Ta) = S1(Ta) ∪ F1(Ta) ∪ S2(Ta) ∪ F2(Ta) ∪ S3(Ta).

The attracting branch S1(Ta) contains the equilibrium e(Ta) of the frozen sys-

tem. The other attracting branch, S3(Ta), is the hot metastable state that arises

from the non-monotone microbial respiration function (2.11).1 In figure 4.1(a),

we show the dynamics of the reduced and layer problems, and introduce the

(blue) candidate quasithreshold θ.

For 0 < ϵ ≪ 1, the normally hyperbolic parts of S(Ta) are guaranteed by

the ‘first’ Fenichel theorem to perturb smoothly to nearby normally hyperbolic

and locally invariant slow manifolds [35, 36, 43, 109, 55]. To be specific, S1(Ta)

and S3(Ta) perturb to nearby attracting slow manifolds S1,ϵ(Ta) and S3,ϵ(Ta).

Similarly, S2(Ta) perturbs to a nearby repelling slow manifold S2,ϵ(Ta). Each

slow manifold is usually non-unique in the sense that there is a family of such

slow manifolds that lie exponentially close in ϵ to each other; see [109, Th.3.1]

and [55, Th.3.1.4]. The strategy is to fix a representative for each of these man-

ifolds and work with these representatives. Near the non-hyperbolic fold points

F1(Ta) and F2(Ta), the hyperbolic branches S1,ϵ(Ta), S3,ϵ(Ta) and S2,ϵ(Ta) typi-

cally split, meaning that they typically become slow manifolds with either one

or two boundaries. In particular, S1,ϵ(Ta) has one inflow boundary near F1(Ta),

S3,ϵ(Ta) has one outflow boundary near F2(Ta), while S2,ϵ(Ta) has one inflow

boundary near F1(Ta) and one outflow boundary near F2(Ta). Local invari-

ance means that trajectories can enter or leave a slow manifold only through

its boundary. Furthermore, the splitting of S1,ϵ(Ta) and S2,ϵ(Ta) near F1(Ta)

gives rise to a narrow continuum of special solutions, referred to as canards,

that move along S2,ϵ(Ta) for some time [14, 34, 51, 92, 109]; see Fig. 4.1(b). In

1Note that this stable branch does not exist for the monotone respiration function in [60].
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the remainder of the thesis we follow [107, 15] and [109, Sec.3.2.4] and identify

three different types of canards.

Definition 4.1.1. In the autonomous frozen system and in the autonomous

compactified system (7.8)–(7.10):

(i) Canards “without head” are solutions, or the corresponding trajectories,

that move slowly along S2,ϵ for time t = O(1) before moving quickly and

directly to S1,ϵ.

(ii) Canards “with head” are solutions, or the corresponding trajectories, that

move slowly along S2,ϵ for time t = O(1), then move quickly and directly

to S3,ϵ, then move slowly along S3,ϵ, before converging to S1,ϵ.

(iii) The maximal canard is the special solution, or the corresponding trajec-

tory, that enters S2,ϵ through its inflow boundary and exits S2,ϵ through

its outflow boundary.

Examples of the maximal canard, denoted θϵ, a canard “without head” and

a canard “with head” in the autonomous frozen system are shown in blue, cyan

and magenta, respectively, in Fig. 4.1(b). Note that the (blue) maximal canard

is a special example of a canard without head, and a perturbation of the candi-

date quasithreshold θ. In practice, the maximal canard is computed by choosing

a suitable arclength and finding the solution along S2(Ta) that takes the longest

time to trace out this arclength. The above discussion of canards highlights two

main obstacles to defining R-tipping to the hot metastable state. First, the hot

metastable state is a transient and thus quantitative phenomenon. In the long

term, the system converges to the same stable state e+ for any rate r > 0. Sec-

ond, there is no unique threshold for R-tipping to the hot metastable state [113].

Rather, one speaks of a “quasithreshold” comprising a family of canards. As

a consequence, there is no isolated critical rate for such R-tipping. The fast-

slow analysis together with compactification allow us to overcome both of these

obstacles. Our strategy is to relate nonautonomous and compactified system

dynamics, and use these relations to define R-tipping for the nonautonomous

system (2.3)–(2.4) in terms of slow manifolds and canards in the autonomous

compactified system (7.8)–(7.10).
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Figure 4.1: (a) The critical manifold S(Ta) with (grey) two normally hyperbolic
attracting branches, S1(Ta) and S3(Ta), and (dashed blue) a normally hyperbolic
repelling branch S2(Ta), for the frozen system with Ta = 0 and ϵ = 0. Shown
also are (single arrows) the slow dynamics of the reduced problem (4.1) along
S(Ta) in the slow time t, and (double arrows) the fast dynamics of the layer
problem (4.2) in the fast time τ for different values of C. (b) Five solutions
to the frozen system with Ta = 0, ϵ ≈ 0.064, the same initial soil tempera-
ture T (0) = 0, and different initial carbon levels: (green) C(0) = 53, (cyan)
C(0) = 54.287996178057110079, (blue) C(0) ≈ 54.28799617805711008, (ma-
genta) C(0) = 54.287996178057110088, and (red) C(0) = 55.5. Included for
reference is (grey) S(Ta). Other parameter values are given in Table C.1.

To be precise, we focus on R-tipping from e−. Using the notation x =

(T,C) ∈ R2 for the state variable of the soil-carbon system, we write

x[r](t, e−) ∈ R2, (4.3)

to denote the unique solution to the nonautonomous system (2.3)–(2.4) at time

t, that limits to e− as t→ −∞ for a given rate parameter r, and varies nontriv-

ially with r.2 We also write W u,[r](ẽ−) to denote the unique rate-dependent one-

dimensional unstable invariant manifold of the hyperbolic saddle ẽ− in the com-

pactified system (7.8)–(7.10).3 It follows from [113, Prop.6.4(a)] that W u,[r](ẽ−)

2This solution can be understood as a local pullback attractor for (2.3)–(2.4) [Th.2.2][13].
3For convenience, we leave out the dependence on ν in the notation for the unstable man-

ifold.
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contains x[r](t, e−) in the sense that

W u,[r](ẽ−) ⊃
{
(x, s) : x = x[r](t, e−), s = gν(t)

}
t∈R . (4.4)

This relation allows us to define tracking and R-tipping as follows:

Definition 4.1.2. Consider the nonautonomous system (2.3)–(2.4) with expo-

nentially bi-asymptotically constant Ta(rt) and decay coefficient ρ > 0, and the

corresponding autonomous compactified system (7.8)–(7.10) with the compact-

ification parameter ν ∈ (0, ρ]. For a fixed r > 0:

(i) We say x[r](t, e−) tracks the moving stable equilibrium e(Ta(rt)) in sys-

tem (2.3)–(2.4) ifW u,[r](ẽ−) connects to ẽ+ directly, that is without visiting

S2,ϵ or S3,ϵ, in system (7.8)–(7.10).

(ii) We say x[r](t, e−) R-tips in system (2.3)–(2.4), or say system (2.3)–(2.4)

R-tips from e−, if W u,[r](ẽ−) visits S3,ϵ before connecting to ẽ+ in sys-

tem (7.8)–(7.10).

Next, we recognise that the nonautonomous system (2.3)–(2.4) with 0 < ϵ≪
1 does not have unique R-tipping thresholds separating trajectories that track

the moving stable equilibrium from those that R-tip, and does not have isolated

critical rates r.4 More precisely:

Definition 4.1.3. Consider the nonautonomous system (2.3)–(2.4) with expo-

nentially bi-asymptotically constant Ta(rt) and decay coefficient ρ > 0, and the

corresponding autonomous compactified system (7.8)–(7.10) with the compact-

ification parameter ν ∈ (0, ρ].

(i) We define a critical range of r as an interval of r for which x[r](t, e−) neither

tracks the moving stable equilibrium e(Ta(rt)) nor R-tips.

(ii) For a fixed r > 0, we define an R-tipping quasithreshold in system (7.8)–

(7.10) as a family of canards “without head” including the maximal canard,

and in system (2.3)–(2.4) as a family of solutions x[r](t) or trajectories

corresponding to this family of canards.
4In some cases, e.g. the “complicated case” in Section 5.2.1, there is no unique critical rate

even for ϵ = 0.
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4.2 Quasithresholds vs Regular Thresholds

There are important differences between R-tipping quasithresholds defined above

and regular R-tipping thresholds introduced in [113]. To understand these dif-

ferences, we consider the compactified system (7.8)–(7.10) and recall that, for

typical values of r, W u,[r](ẽ−) connects to an attractor for the future limit sys-

tem [113, Rmk.5.1].

A regular R-tipping threshold is a codimension-one forward-invariant re-

pelling manifold with inflow boundary.5 Such a threshold is contained in the

stable manifold of a regular R-tipping edge state that, in turn, is a compact

invariant set with one unstable direction (not an attractor) for the future limit

system; see [113, Def.5.1], [113, Def.5.3] and [113, Prop.6.4(b)]. Crossing a

regular threshold typically occurs at special isolated critical rates r at which

W u,[r](ẽ−) enters a regular threshold and thus connects to a regular R-tipping

edge state. Note that this behaviour is unusual for W u,[r](ẽ−), which typically

connects to an attractor.

In contrast, an R-tipping quasithreshold in Definition 4.1.1 is a codimension-

zero family of canards “without head”. Thus, crossing a quasithreshold occurs

for critical ranges of r. Specifically, we expect the following behaviour across

a transition from tracking to R-tipping due to crossing a quasithreshold. As r

traverses the critical range, W u,[r](ẽ−) contains a canard “without head”. For

different values of r in the critical range, W u,[r](ẽ−) typically contains a differ-

ent canard “without head”. On the boundary of the critical range, W u,[r](ẽ−)

contains a maximal canard. Just past the critical range, W u,[r](ẽ−) contains a

canard “with head”, giving R-tipping as per Definition 4.1.2(ii). Since a qua-

sithreshold does not contain any regular edge states, W u,[r](ẽ−) always connects

to the same attractor ẽ+.

To relate quasithresholds to regular thresholds, we show in Sections 5 and 6

that if there is R-tipping due to crossing a quasithreshold in the soil-carbon

model (2.3)–(2.4) with 0 < ϵ ≪ 1, then W u,[r](ẽ−) connects to a singular R-

tipping edge state in the compactified system (7.8)–(7.10) with ϵ = 0. However,

there is no guarantee that a critical range of r for 0 < ϵ ≪ 1 becomes an

5“Regular” means that it is embedded, orientable and normally hyperbolic.
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isolated critical rate for ϵ = 0. For example, we identify the “complicated case”

in section 5.2.1, where the connection to a singular edge state for ϵ = 0 persists

on a critical range of r.

4.3 Threshold Instability for Quasithresholds

To give intuition for when to expect R-tipping due to crossing a quasithreshold

in system (2.3)–(2.4), we extend the concept of threshold instability, introduced

in [113, Def.4.5] for regular thresholds, to quasithresholds. Consider phase por-

traits for the frozen system with ϵ = 0 and three different values of Ta in fig-

ure 4.2. Suppose that Ta = 0◦C and the system is settled at the base state e(0);

see figure 4.2(a). Then, there is a special value

Ta = T inst
a ≈ − 1

α

(
1 + log

(
α
AΠ

λ

)
− α

AΠ

λ

)
, (4.5)

such that the base state for Ta = 0 crosses the candidate quasithreshold for

Ta = T inst
a , that is e(0) ∈ θ(T inst

a ); see figure 4.2(b) and Appendix B.1. If Ta

switches discontinuously from 0 to Tmax
a , then e(0) becomes the initial condition

for the frozen system with Ta = Tmax
a . Thus, if Tmax

a > T inst
a , e(0) will find itself

on the other side of the candidate quasithreshold θ(Tmax
a ) and the system will

undergo R-tipping; see figure 4.2(c). In section 4.4, we relate condition (4.5) to

R-tipping conditions for 0 < ϵ ≪ 1 and an instantaneous switch in Ta(rt). In

chapters 5 and 6, we relate condition (4.5) to R-tipping conditions for 0 < ϵ≪ 1

and continuously varying Ta(rt).

In the remainder of the thesis, we study the interplay between the unsta-

ble manifold W u,[r](ẽ−) and canards in the compactified system (7.8)–(7.10) to

provide numerical verification and geometric insight into the different R-tipping

mechanisms in figures 2.2 and 2.3. Furthermore, we exploit the fact that, in

the limit ϵ = 0, one can work with a reduced problem that approximates the

slow dynamics, and with a layer problem that approximates the fast dynamics.

These limit problems are of lower dimension than the compactified system (7.8)–

(7.10), making R-tipping analysis more tractable. We use this approach for two
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Figure 4.2: Phase portraits for the frozen system with ϵ = 0 and three different
values of Ta show when to expect R-tipping in the nonautonomous system (2.3)–
(2.4) with 0 < ϵ ≪ 1 and a time-varying Ta. Note the change in the position
of the (blue) candidate quasithreshold θ(Ta) for different values of Ta relative to
the fixed initial base state e(0) at Ta = 0.

canonical external inputs Ta(rt) from figure 5.1, which are exponentially bi-

asymptotically constant and approximate the (a) global warming scenario from

figure 2.3 and (b) summer heatwave from figure 2.2.

4.4 R-tipping Mechanism for an Instantaneous

Switch

To illustrate tipping due to the crossing of a quasithreshold, we consider an

instantaneous switch in Ta(t) from a fixed atmospheric temperature T−a = 0 to

some higher atmospheric temperature T+
a at time t = 0, as shown in Fig. 4.3(a).

In addition to being an illustrative example, and a system undergoing the fastest

possible forcing (discontinuous or r → ∞), as discussed in section 3.4 we note

that the system undergoing an instantaneous switch may also be used to under-

stand the case of a super-fast switch when r ≫ 1/ϵ (see section 4.5)

Suppose the system is initialised at e−. Then, the system tracks e(Ta(t)) if

T+
a is chosen such that e− lies below the R-tipping quasithreshold for the frozen

system with Ta = T+
a ; see the green trajectory in Figs. 4.1(b) and 4.3(a). The

system R-tips if T+
a is chosen such that e− lies above the R-tipping quasithresh-
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Figure 4.3: (a) An instantaneous switch in Ta(rt) from T−a to T+
a at t = 0. (b)

Solutions to the piecewise autonomous system with an instantaneous switch at
t = 0 (grey) with T ∗s = 70 . Each solution is initialised at e− with T−a = 0, with
a switch to T+

a = 1 (green), T+
a ≈ 1.021 (blue) and T+

a = 1.1 (red). Solutions
may converge to e+ (green trajectory) or tip and visit the hot metastable state
(red trajectory) depending on the magnitude of T+

a . The transition to tipping
occurs for a narrow but continuous range of T+

a , where the system displays
canard trajectories (blue trajectory). (c) The maximum value of Ts reached by
solutions, depending on T+

a , where the narrow, continuous transition to tipping
may be seen. In this narrow interval, solutions are canards.

old for the frozen system with Ta = T+
a ; see the red trajectory in Figs. 4.1(b)

and 4.3(a). However, if T+
a is chosen such that e− lies within the R-tipping

quasithreshold for Ta = T+
a , then the system neither tracks nor R-tips. Rather,

the system evolves along S2,ϵ without visiting S3,ϵ as shown by the blue canard

trajectory θϵ in Figs. 4.1(b) and 4.3(b). Thus, the family of canards “without

head” including the maximal canard in the frozen system form an R-tipping qu-

asithreshold for the system undergoing an instantaneous switch. This R-tipping

quasithreshold gives rise to the apparent discontinuity in Fig. 4.3(c), which is an

abrupt but continuous increase over a narrow interval of T+
a analagous to the

one examined in figure 1.4. The apparent discontinuity converges to a proper

discontinuity at T+
a = T inst

a as ϵ → 0. It follows that for the compost bomb

model with an instantaneous switch, for R-tipping to occur for any 0 < ϵ ≪ 1

it is a necessary but not sufficient condition that T+
a > T ∗a .
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4.5 R-tipping Mechanism for a Super-Fast Shift

For completeness, we note that a super-fast nonlinear shift from T−a = 0◦C to a

given T+
a > 0 with the rate parameter r ≫ 1/ϵ:

Ta(rt) =
T+
a

2
(tanh (rt) + 1), (4.6)

may be approximated by the instantaneous switch discussed in the previous

section. To see this, we examine the non-autonomous problem (2.3)–2.4 with

external input 4.6. As 1/r is a small parameter, we take the limit 1/r → 0,

which is equivalent to the limit r →∞. In the slow time t, the small parameter

appears only in the external input which becomes:

T∞a (t) = lim
r→∞

Ta(rt) = lim
r→∞

(
T+
a

2
(tanh(rt) + 1)

)
=

T+
a

2
(H(t) + 1) , (4.7)

where H(t) is the Heaviside step function with H(0) = 1/2. Note that if we

replace H(t) by:

H̃(t) =

{
0 for t < 0,

1 for t ≥ 0,
(4.8)

which differs from H(t) only on the measure-zero set t = 0, then the non-

autonomous system with Ta(rt) = T∞a (t) is the instantaneous switch described

in 4.4. In particular, since dt/dt = 1 > 0, the system dynamics are not affected

by replacing H(t) with H̃(t).

4.6 Adiabatically Slow System

To contrast with an instantaneous switch, we consider an adiabatically slow

external input Ta(rt) with 0 < r ≪ ϵ ≪ 1 or 0 < r ≲ ϵ ≪ 1. It follows

that (7.8) is a 1 fast (T ) 1 slow (C) 1 super-slow (s) system. From [113, Th.7.1],

we know already that for r small enough, W u,[r](ẽ−) stays close to ẽ(s) and so

the system tracks the moving equilibrium. However, in this section we will show

this in detail using geometric singular perturbation theory. We treat (7.8) as a

singular perturbation problem with small parameter r. Taking the limit r → 0
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Figure 4.4: Shown are the (single arrows) reduced dynamics (4.9)–(4.11) for
the adiabatically slow system along the (grey) critical manifold ẽ(s) for (a) a
monotone external input and (b) a non-monotone external input. Note that the
(light grey) critical manifolds of the past and future limit systems are included
for reference, but they do not form part of the critical manifold for the reduced
system (4.9)–(4.11) for an adiabatically slow external input.

in the super slow time u = rt gives the reduced problem:

0 = f1(T,C, T
ν
a (s)) (4.9)

0 = f2(T,C) (4.10)

ds

du
=

1

2
(1− s2). (4.11)

The dynamics of the reduced problem are restricted to the critical manifold:

ẽ = {ẽ(s) : s ∈ [−1, 1]}, (4.12)

which contains the equilibria of the limit systems ẽ∓ and also the moving equi-

librium ẽ(s) for any s ∈ (−1, 1).

The corresponding layer problem is found by taking r → 0 in the slow time
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t, which gives the frozen system:

ϵ
dT

dt
= f1(T,C, T

ν
a (s)) (4.13)

dC

dt
= f2(T,C) (4.14)

ds

dt
= 0, (4.15)

in which s is a regular parameter of the system. As e(Ta) is a normally hyperbolic

stable equilibrium of the frozen system for all values of Ta, the critical manifold

ẽ consists of a single, attracting, everywhere normally hyperbolic branch. All

solutions of the reduced problem (4.9)–(4.11) travel along ẽ to ẽ+ at finite speed.

For 0 < r ≪ ϵ ≪ 1, or 0 < r ≲ ϵ ≪ 1, the critical manifold ẽ persists as a

normally hyperbolic attracting slow manifold ẽϵ. A solution of (7.8) which begins

on ẽϵ will remain on ẽϵ for all time independently of the form of the external input

T ν
a (s). Furthermore, as W u,[r](ẽ−) contains the unique solution which limits in

backwards time t → −∞ to ẽ−, we have that W u,[r](ẽ−) = ẽϵ\ẽ+ and so is

contained entirely within the slow manifold. As ẽϵ lies O(ϵ) close to ẽ (see [55,

Th.3.1.4]), it follows that W u,[r](ẽ−) δ-close tracks the moving equilibrium ẽ(s)

in the sense defined in [117, Def 3.2.13.] 6.

The instantaneous switch in section 4.4 represents the system (7.8) in the

limit r → ∞. For every value of T+
a that gives R-tipping for an instantaneous

switch in figure 4.3(c), if 0 < r ≪ ϵ ≪ 1 the system will track the moving

equilibrium, rather than R-tip. As the transition from loss of tracking to tipping

in the case of an instantaneous switch is abrupt but continuous, it follows that for

each such value of T+
a there must exist at least one critical range of r mediating

a transition from tracking to R-tipping. In section 4.1, we precisely define the

notion of an R-tipping quasithreshold, allowing for the precise definition of such

a critical range. In sections 5 and 6, we will show that for a fixed T+
a it is

possible to have multiple critical ranges of r.

6This is closely related to ϵ-close tracking defined in [13, Def.2.4]
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Figure 4.5: Two parameter bifurcation diagram of the frozen system in (Ta, λ).
Shown are (blue) the supercritical singular Hopf bifurcation Hϵ for 0 < ϵ ≪ 1,
as well as (red) the branches H1 and H2 where for ϵ = 0, e(Ta) coincides with
F1 and F2 respectively. At the point H, all three of e(Ta), F1 and F2 coincide.

4.7 Parameter Sensitivity of The Frozen Sys-

tem

In this section we examine the sensitivity of the model to changes in Ta, λ and Π,

all of which may vary depending on the location, and physical characteristics of

the soil. Specifically, we examine changes in the stability of the equilibrium e(Ta)

with respect to these parameters, as well as the shape and position of branches of

the critical manifold S(Ta), and the position of the special candidate trajectory

θ(Ta), which perturbs to a maximal canard; see section 4.1.

4.8 Hopf Bifurcation and Relaxation Oscilla-

tions

Following section 4.1, we are interested in the behaviour of the frozen system

for both 0 < ϵ ≪ 1 and ϵ = 0. We first note that a singular Hopf bifurcation

is a Hopf bifurcation which occurs O(ϵ) away from a fold point in both phase

space and parameter space [38, 55]. Figure 4.5 shows (blue) the location of a
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supercritical singular Hopf bifurcation of the frozen system for 0 < ϵ ≪ 1 in

(Ta, λ) parameter space. Note that here, λ is given in SI units rather than the

units used in the rest of this study. Shown also in figure 4.5 is a red curve

consisting of two branches H1 and H2, which emanate from a single point H.

For ϵ = 0, as the frozen system crosses H1 from above, e(Ta) crosses from S1 to

S2 via F1 and changes stability type from stable to unstable. Along H1, e(Ta)

coincides with F1. Similarly, as the system crosses H2 from above e(Ta) crosses

from S2 to S3 via F2 and changes stability type, and along H2 is coincident

with F2. At the point H, all three of e(Ta), F1 and F2 coincide. Above Hϵ, the

frozen system for 0 < ϵ≪ 1 is excitable. As the system crosses Hϵ from above,

the equilibrium e(Ta) loses stability and the system undergoes small oscillations,

followed by canard explosion (not shown) and relaxation oscillations. For this

study, we work with λ ≈ 0.16Wm−2 ◦C−1, away from the region of relaxation

oscillations.

This discussion highlights the role of λ in the instability of the soil-carbon

model. For smaller values of λ than is used in this study, the equilibrium of the

frozen system e(Ta) sits closer to the fold F1 meaning that the system is more

unstable with respect to forcing in atmospheric temperature Ta. That is to say,

when there is less transfer of heat between the soil and air the system is less

stable. Additionally, changing λ affects the position of the special candidate

trajectory θ(Ta); see figure 4.6. This means that the system may be excited

into crossing the corresponding quasithreshold by variations in λ, in addition to

the variation in Ta examined the context of threshold instability in section B.1.

This is significant, as the higher temperatures that we examine in this work are

associated with drier weather, leading to drier soil and a drier moss layer. Drier

soil and moss layers would result in decreased heat transfer between the soil and

atmosphere, implying decreasing λ.

Figure 4.7 shows that the same singular Hopf bifurcation structure may also

be induced by an increase in the gross primary production Π. This is significant

as it is theorised, and has been observed, that increased global carbon emissions

together with increasing temperatures may lead to a ‘greening’ of the Arctic,

as readily available C02 leads to an increase in plant biomass and growth [17].
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Figure 4.6: The critical manifold of the frozen system for (a) the parameter
values as used in this work as in figure 4.1, (b) for Ta = 5◦C, (c) for λ =
2.272 × 106 J y−1m−2 ◦C−1 (d) for Π = 2.5 kgm−2 y−1. Note in particular that
in (c)–(d) the equilibrium e has crossed to S2 and is unstable for both ϵ = 0 and
0 < ϵ≪ 1, inducing relaxation oscillations.
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Figure 4.7: Two parameter bifurcation diagram of the frozen system in (Ta,Π).
Shown are (blue) the supercritical singular Hopf bifurcation Hϵ for 0 < ϵ ≪ 1,
as well as (red) the branches H1 and H2 where for ϵ = 0, e(Ta) coincides with
F1 and F2 respectively. At the point H, all three of e(Ta), F1 and F2 coincide.

In the context of this soil-carbon model, increased plant biomass would lead to

an increase in gross primary productivity Π, which destabilises the system; see

figures 4.7 and 4.6(d).
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Chapter 5

R-tipping mechanisms for Global

Warming

5.1 R-tipping and Canards in The Compacti-

fied System

The R-tipping instability in figure 2.3 arises because time-variation of the mean

atmospheric temperature Ta interacts with the slow timescale of soil carbon C.

Thus, we work with the reduced problem for the ensuing 1-fast 2-slow compact-

ified system (7.8)–(7.10) to uncover the underlying dynamical mechanisms.

As a model of the global warming scenario, we consider a slow nonlinear shift

from T−a = 0◦C to a given T+
a > 0 with the rate parameter r ≲ 1:

Ta(rt) =
T+
a

2
(tanh (rt) + 1), (5.1)

that decays exponentially with the decay coefficient ρ = 2 as per definition 3.1.1;

see figure 5.1(a). We fix the compactification parameter ν = 1 and consider

system (7.8)–(7.10) with

T ν
a (s) = T 1

a (s) =
T+
a

2

(1 + s)2

1 + s2
, (5.2)

which is obtained by applying the inverse compactification transformation (3.7)
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Figure 5.1: (a) A nonlinear shift from T−a to T+
a described by Eq. (5.1) ap-

proximating the global warming scenario in figure 2.3. (b) An impulse from
T−a = Tmin

a to Tmax
a and then back to T+

a = Tmin
a described by Eq. (6.1) approx-

imating the summer heatwave in figure 2.2.

to (5.1). Our choice of ν = 1 ensures that the corresponding system (7.8)–(7.10)

is at least C1-smooth on the extended phase space R2 × [−1, 1] ; see Sec. 3.2

and the references therein.

To give an overview of the dynamics near transitions from tracking to R-

tipping, we plot an R-tipping diagram in the plane (T+
a , r) of the input param-

eters; see figure 5.2. The diagram was obtained by computing W u,[r](ẽ−) in

system (7.8)–(7.10) for different values of T+
a and r, and using Definitions 4.1.1–

4.1.3 to identify different dynamical regions for system (2.3)–(2.4). There are two

R-tipping regions, and one tracking-tipping transition found for a large enough

shift magnitude T+
a . The smaller R-tipping region is a curious R-tipping tongue.

This tongue gives rise to two (cyan) critical ranges of r for a fixed T+
a (one of

them being very narrow), and suggests a possibility of different R-tipping cases

for lower and higher magnitudes of the shift.

To gain geometric insight into the R-tipping instability caused by global

warming, we plot in figure 5.3 the unstable manifold W u,[r](ẽ−) for a fixed T+
a =

5◦C and three different rates 0 < r1 < r2 < r3 (see the black dots in figure 5.2),

together with the critical manifold

S =
{
(T,C, s) : f1(T,C, T

1
a (s)) = 0

}
⊂ R2 × [−1, 1], (5.3)
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Figure 5.2: R-tipping diagram for nonautonomous system (2.3)–(2.4) with global
warming scenario (5.1), in the plane of the shift amplitude T+

a and the rate
parameter r, for ϵ ≈ 0.064. Shown are regions of (green) tracking, (cyan, blue)
critical range, and (magenta, red) R-tipping from ẽ−. System parameter values
are given in Table C.1.

for reference. Owing to the additional slow s-direction, the critical manifold

S is now two-dimensional. It consists of two normally hyperbolic attracting

sheets, S1 containing ẽ(s), and S3 being the hot metastable state, which are

separated from a normally hyperbolic repelling sheet S2 by two non-hyperbolic

fold curves F1 and F2. Figure 5.3 shows that, as r is increased, tracking of

ẽ(s) by (green) W u,[r1](ẽ−) is lost via canard trajectories, including the maximal

canard contained in (blue) W u,[r2](ẽ−) that crosses F1 and moves along S2 for

the longest time. This is followed by R-tipping at higher r as shown by (red)

W u,[r3](ẽ−) that visits the hot metastable state S3,ϵ before connecting to ẽ+.

Thus, it should be possible to explain R-tipping instabilities caused by global

warming in figure 5.2, including the curious R-tipping tongue, in terms of the

slow dynamics of the reduced problem on S [112, 76, 98].

Chapter 5 Eoin O’Sullivan 65



Rate-Induced Tipping to Metastable Zombie Fires

S2S1 S3
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Figure 5.3: (Colour) The unstable invariant manifold W u,[r](ẽ−) of the saddle
ẽ− for the compactified system (7.8)–(7.10) with ϵ ≈ 0.064, global warming
scenario (5.2) with T+

a = 5◦C, and three different values of the rate parameter:
(green) r1 = 0.02 , (blue) r2 ≈ 0.0454218, and (red) r3 = 0.1; see the black
dots in figure 5.2. Included for reference is (grey) the critical manifold S defined
in (5.3). System parameter values are given in Table C.1.

5.2 The Desingularised Reduced Problem

The reduced problem for the 1-fast 2-slow system (7.8)–(7.10) with global warm-

ing (5.2) is obtained by setting ϵ = 0 in (7.8)–(7.10), which gives

0 = f1(T,C, T
1
a (s)), (5.4)

dC

dt
= f2(T,C), (5.5)

ds

dt
=

r

2
(1− s2). (5.6)

This singular system describes the evolution of the slow variables C and s in the

slow time t on the two-dimensional critical manifold S defined in (5.3). However,
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the onset of R-tipping involves a sudden jump in the fast variable T , without

any noticeable change in C. Thus, it is convenient to consider the evolution of

the fast variable T in the slow time t on S, which is obtained by differentiating

the critical-manifold condition in (5.3) or (5.4) with respect to t. Furthermore,

we use this condition to project the slow flow within S onto the plane (T, s), i.e.

eliminate the dependence on C, and reformulate the reduced problem as

dT

dt
= −∂f1/∂C · f2 + ∂f1/∂T

1
a · dT 1

a /ds · ds/dt
∂f1/∂T

∣∣∣∣
S

, (5.7)

ds

dt
=

r

2
(1− s2), (5.8)

where |S denotes restriction to S.

In the reduced problem (5.7)–(5.8), the question of loss of tracking boils

down to whether W u,[r](ẽ−) leaves S1 through F1. To address this question, we

note that the denominator in (5.7) changes sign at a fold

∂f1
∂T

∣∣∣∣
S


< 0 for (T,C, s) ∈ S1 ∪ S3,

= 0 for (T,C, s) ∈ F1 ∪ F2,

> 0 for (T,C, s) ∈ S2.

(5.9)

It then follows that, depending on the numerator in (5.7), there are two types

of fold points:

• A jump point [92] is a point p on a fold such that(
∂f1
∂C
· f2 +

∂f1
∂T 1

a

· dT
1
a

ds
· ds
dt

)∣∣∣∣
p∈F1∪F2

̸= 0. (5.10)

If a solution of (5.7)–(5.8) approaches a jump point, the denominator

in (5.7) approaches zero while the numerator remains finite, so that dT/dt

tends to infinity, and T (t) blows up in t. This means that the solution

reaches a jump point in finite time and ceases to exist within S.1 Jump

points are typically found on open subsets of a fold [92].

1For 0 < ϵ ≪ 1, the corresponding solution leaves the slow manifold and moves along the
fast T -direction.
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• A folded singularity [92] is a point q on a fold such that(
∂f1
∂C
· f2 +

∂f1
∂T ν

a

· dT
ν
a

ds
· ds
dt

)∣∣∣∣
q∈F1∪F2

= 0. (5.11)

If a solution of (5.7)–(5.8) approaches a folded singularity in a special

direction where the numerator in (5.7) approaches zero faster than or at

the same rate as the denominator in (5.7), then dT/dt remains finite, and

this solution either grazes or crosses the fold at q with a finite speed. If

the crossing is from an attracting to an unstable part of S, the solution, or

the corresponding trajectory, is termed a singular canard [15, 14]. Folded

singularities are typically found as isolated fold points.

Thus, in the singular limit ϵ = 0 for the slow time t, transitions from tracking

to R-tipping caused by global warming can be understood in terms of singular

canards through folded singularities [112, 68, 76]. These folded singularities are

the “singular edge states” described in the introduction. The obstacle to analy-

sis of folded singularities and their singular canards is that the right-hand side

of (5.7) is undefined on F1 and F2. This obstacle is overcome by a desingulari-

sation [92, 33] in the form of a state-dependent time rescaling:

dt = −dt̂ ∂f1
∂T

∣∣∣∣
S

, (5.12)

which gives the desingularised system

dT

dt̂
=

(
∂f1
∂C
· f2 +

∂f1
∂T 1

a

· dT
1
a

ds
· ds
dt

)∣∣∣∣
S

(5.13)

ds

dt̂
= −

(
∂f1
∂T
· ds
dt

)∣∣∣∣
S

, (5.14)

defined everywhere on S. In detail we obtain:

dT

dt̂
= R∗s(T )

(
Π− λ

A

(
T − T 1

a (s)
))

+
rλT+

a

2A

(
1− s2

1 + s2

)2

, (5.15)

ds

dt̂
=

rλ

2A
(1− s2)

(
1 + α

(
T − T 1

a (s)
) cecα(T−b) − e−α(T−b)

ecα(T−b) + e−α(T−b)

)
. (5.16)
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The main advantages of desingularisation are:

(i) Regular equilibria for the reduced problem (5.7)–(5.8) remain regular equi-

libria for the desingularised system (5.13)–(5.14). Folded singularities

for (5.7)–(5.8) become (new) regular equilibria for (5.13)–(5.14). Hence

the classification of folded singularities into “folded nodes”, “folded foci”,

“folded saddles”, and “folded saddle-nodes”, based on their classification

into different types of equillibria in (5.13)–(5.14) [92].

(ii) According to (5.9) and (5.12), the new time t̂ in (5.13)–(5.14) flows in the

same direction as t on S1 and S3, passes infinitely faster on F1 and F2,

and reverses direction on S2. Thus, a phase portrait for (5.7)–(5.8) can be

obtained by producing the corresponding phase portrait for (5.13)–(5.14),

reversing the direction of time (the arrows on trajectories) on S2, and

relabelling the (new) equilibria on F1 and F2 as folded singularities.

(iii) It follows from points (i) and (ii) above that a singular canard through a

folded singularity in (5.7)–(5.8) can be obtained by smoothly concatenat-

ing two trajectories tangent to a stable eigendirection of the corresponding

equilibrium in (5.13)–(5.14).

5.2.1 Three R-tipping Cases for ϵ = 0

The above relations (i)–(iii) between the desingularised and reduced system dy-

namics allow us to identify three different cases of R-tipping in the singular

reduced problem (5.7)–(5.8) through analysis of the regular desingularised sys-

tem (5.13)–(5.14). Two of these cases are typical and closely related to the two

cases of non-obvious tipping thresholds described in separate systems in [76],

and termed as the “simple case” and the “complicated case”. The third case

is special and corresponds to a new degenerate case that separates the “simple

case” and the “complicated case”. Here, we identify all three cases in an un-

folding of a codimension-two global folded saddle-node type-I singularity, which

explains the problem at hand, consolidates the results of [76], and is of interest

in its own right.
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As the rate parameter r is increased in the desingularised system (5.13)–

(5.14), there is a saddle-node bifurcation of equilibria on F1 at some r = rSN ,

giving rise to a saddle and a stable node. This corresponds to the following local

bifurcation scenario in the reduced problem (5.7)–(5.8). When r = rSN , a folded

saddle-node type-I singularity (FSN-I) appears [52, 101]. As r is increased past

rSN , FSN-I bifurcates into a folded saddle (FS) and a folded node (FN). For

even higher r, FN becomes a folded degenerate node (FDN) and subsequently

turns into a folded focus (FF). Furthermore, it turns out that the saddle-node

bifurcation in (5.13)–(5.14) can be a a global bifurcation in the sense that it can

involve a heteroclinic orbit from ẽ−. Thus, we speak of a global FSN-I in the

reduced problem (5.7)–(5.8).

To gain insight into the global dynamics in the reduced problem (5.7)–(5.8),

we recall that FSN-I has one folded-saddle-node singular canard γ̃SN , which

crosses from S1 to S2 [92]. γ̃SN is obtained by computing the unique stable

invariant manifold of the corresponding saddle-node equilibrium in the desin-

gularised system (5.13)–(5.14). FS has one folded-saddle singular canard γ̃S,

which crosses from S1 to S2, and one folded-saddle singular faux canard γ̃S
f ,

which crosses from S2 to S1 [14, 92]. γ̃S is obtained by computing the unique

stable invariant manifold, and γ̃S
f by computing the unique unstable invariant

manifold, of the corresponding saddle in (5.13)–(5.14). In contrast, FN has

a family of singular canards that cross from S1 to S2 [92, 106]. A folded-node

strong singular canard γ̃N
s is obtained by concatenating the two special solutions

that approach the corresponding stable node in (5.13)–(5.14) along its strong

eigendirection. In addition, there is a continuum of folded-node weak singular

canards, each of which approaches FN along the weak eigendirection of the cor-

responding stable node in (5.13)–(5.14). The region of S1 between γ̃N
s and F1

containing the continuum of weak folded-node singular canards is referred to as

the singular funnel [109, Def.3.11].2 At FDN, γ̃N
s turns into γ̃DN and joins the

continuum of singular canards that approach FDN along the one (degenerate)

eigendirection of the corresponding stable degenerate node in (5.13)–(5.14). FF

has no singular canards since every trajectory approaching the corresponding

2The singular funnel is shown in yellow in figures 5.4, 5.5 and 5.6.
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stable focus in (5.13)–(5.14) reaches a jump point of F1.

To be precise, we define tracking and R-tipping for ϵ = 0 and slow external

inputs as follows,

Definition 5.2.1. In the reduced problem (5.7)–(5.8):

(i) Tracking occurs when W u,[r](ẽ−) connects to ẽ+ directly, that is without

visiting F1.

(ii) R-tipping occurs when W u,[r](ẽ−) reaches a jump point on F1.

We then note that, when r < rSN , tracking occurs because the whole of

F1 is repelling, there are no folded singularities or canards, so W u,[r](ẽ−) must

remain on S1 and connect directly to ẽ+. As the rate parameter r is increased

past rSN , W
u,[r](ẽ−) may interact with singular canards to cross F1 and cause

loss of tracking. Analysis of heteroclinic bifurcations in the desingularised sys-

tem (5.15)–(5.16) reveals three cases of W u,[r](ẽ−) crossing F1, or equivalently

three cases of loss of tracking:

(i) Simple case: W u,[r](ẽ−) coalesces with the folded-saddle singular canard

γ̃S, and thus crosses from S1 to S2 via FS, at some critical rate r = rc >

rSN .

(ii) Complicated case: W u,[r](ẽ−) grazes F1 at FSN-I when r = rSN , coalesces

with a folded-node weak singular canard when r ∈ (rSN , rNs), coalesces

with the folded-node strong singular canard γ̃N
s at some r = rNs > rSN ,

and thus crosses from S1 to S2 via FN when r ∈ (rSN , rNs].

(iii) Degenerate case: W u,[r](ẽ−) coalesces with the folded-saddle-node singular

canard γ̃SN , and thus crosses from S1 to S2 via FSN-I, at a critical rate

rc = rSN .

In section 6, we refer to the three corresponding cases of R-tipping as the slow

R-tipping cases.

We now discuss these three cases in terms of phase portraits for the reduced

problem (5.7)–(5.8) on S by fixing three representative values of the shift mag-

nitude T+
a and increasing the rate parameter r. To highlight interactions of
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W u,[r](ẽ−) with different singular canards, we colour S1 in the phase portraits

as follows. Solutions initialised in the green region remain in this region and

converge directly to ẽ+. Solutions initialised in the dark red region reach a jump

point of F1 and cease to exist within S. Solutions initialised in the yellow (sin-

gular funnel) region are weak folded-node singular canards. The green and red

regions are separated by the folded-saddle singular canard γ̃S, whereas the red

and yellow regions are separated by the folded-node strong singular canard γ̃N
s .

Finally, in the figures, we show projections of S onto the plane (T, s).

5.2.2 The simple case

As r is increased past rSN for T+
a = 1.5, the appearance of FS and FN via

FSN-I gives rise to folded-saddle and folded-node singular canards, and new

dynamics. Of particular interest is an attracting interval of jump points on

F1 between FS and FN, and the corresponding (dark red) region of solutions

between γ̃S and γ̃N
s that reach one of these jump points from S1 and cease to

exist within S; see figure 5.4 (a)-(b). In this case, W u,[r](ẽ−) does not interact

with FSN-I, meaning that the FSN-I is local. W u,[r](ẽ−) does not interact with

the folded-node singular canards either because it is separated from them by

the folded-saddle singular canard γ̃S. Rather, when r = rc, W
u,[r](ẽ−) and γ̃S

coalesce; see figure 5.4 (c). At this point, tracking is lost since W u,[r](ẽ−) crosses

F1 from S1 to S2 via FS. For r > rc, W
u,[r](ẽ−) reaches a jump point of F1 and

ceases to exist within S, or R-tips; see figure 5.4 (d).

Thus, in the simple case for ϵ = 0, there is an isolated critical rate r =

rc. This critical rate is the value of r that gives a codimension-one hetroclinic

orbit connecting ẽ− to the corresponding saddle on F1 in the desingularised

system (5.15)–(5.16).

5.2.3 The complicated case

As r is increased past rSN for T+
a = 3.5, the local bifurcation scenario is the

same as in the simple case. However, the global dynamics are different in that

W u,[r](ẽ−) interacts with various folded-node singular canards.
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Figure 5.4: Phase portraits of the reduced problem (5.7)–(5.8) with nonlinear
shift (5.2), obtained using the desingularised system (5.15). Shown is the simple
case with a codimension-one local FSN-I in (a), and a codimension-one hetero-
clinic orbit connecting ẽ− to FS in (c). T+

a = 1.5 and the rate parameter takes
values (a) r = rSN ≈ 0.107194, (b) r ≈ 0.108119, (c) r = rc ≈ 0.111459, and
(d) r = 0.12; see the black dots in the left inset of figure 5.7. System parameter
values are given in Table C.1.
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Figure 5.5: Phase portraits of the reduced problem (5.7)–(5.8) with nonlinear
shift (5.2), obtained using the desingularised system (5.15)–(5.16). Shown is the
complicated case with a codimension-one central heteroclinic FSN-I in (a), and a
codimension-one heteroclinic orbit connecting ẽ− to FN in (c). T+

a = 3.5 and the
rate parameter takes values (a) r = rSN ≈ 0.050086, (b) r ≈ 0.050669, (c) r =
rc ≈ 0.052266, and (d) r = 0.06; see the black dots in the right inset of figure 5.7.
System parameter values are given in Table C.1.

74 Chapter 5 Eoin O’Sullivan



Rate-Induced Tipping to Metastable Zombie Fires

Similarly to the simple case, appearance of FS and FN via FSN-I gives rise to

folded-saddle and folded-node singular canards, an attracting interval of jump

points on F1 between FS and FN, and the corresponding (dark red) region of

solutions between γ̃S and γ̃N
s that reach one of these jump points from S1 and

cease to exist within S; see figure 5.5. In contrast to the simple case, when

r = rSN , W
u,[r](ẽ−) grazes F1 at FSN-I, giving rise to a codimension-one central

heteroclinic FSN-I; see figure 5.5 (a). In other words, the FSN-I is global. At

this point tracking is lost, but R-tipping cannot occur yet. For r just above

rSN , W
u,[r](ẽ−) passes through the yellow singular funnel and crosses F1 from

S1 to S2 via FN; see figure 5.5 (b). Thus, W u,[r](ẽ−) contains a folded-node weak

singular canard. Furthermore, it attracts all other singular canards within the

yellow funnel; see the relation (4.4) and [13, Th.2.2]. Then, W u,[r](ẽ−) crosses F1

back to S1 via FS and connects to ẽ+; see figure 5.5 (b). Thus, W u,[r](ẽ−) also

contains the faux folded-saddle singular canard γ̃S
f . For some r = rNs > rSN ,

W u,[r](ẽ−) and γ̃N
s coalesce. At this point, W u,[r](ẽ−) crosses F1 from S1 to S2

via FN and never returns to S1; see figure 5.5 (c). It is only for r > rNs that

W u,[r](ẽ−) reaches a jump point of F1 and ceases to exist within S, or R-tips;

see figure 5.4 (d).

Thus, in the complicated case for ϵ = 0, there is a critical range of r ∈
[rSN , rNs]. The minimum of the critical range is the value of r that gives a

codimension-one heteroclinic orbit connecting ẽ− to the corresponding saddle-

node on F1 along the centre eigendirection in the desingularised system (5.15)–

(5.16). The maximum of the critical range is the value of r that gives a

codimension-one hetroclinic orbit connecting ẽ− to the corresponding stable node

on F1 along the strong eigendirection in (5.15)–(5.16). For r in the interior of the

critical range, there is a codimension-zero heteroclinic orbit connecting ẽ− to the

corresponding stable node on F1 along the weak eigendirection in (5.15)–(5.16).

5.2.4 The degenerate case

A natural question to ask, is what is the transition between the simple and

complicated cases? It turns out that there is a special value T+
a = T+

a,c at which

the transition occurs. As r is increased past rSN for this special value of T+
a , the
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Figure 5.6: Phase portraits of the reduced problem (5.7)–(5.8) with nonlinear
shift (5.2), obtained using the desingularised system (5.15)–(5.16). Shown is
the degenerate case with a codimension-two non-central heteroclinic FSN-I in
(a). T+

a = 2.15938 and the rate parameter takes values (a) r = rSN = rc ≈
0.0766488, and (b) r ≈ 0.0776488; see the black dots in the middle inset of
figure 5.7. System parameter values are given in Table C.1.

76 Chapter 5 Eoin O’Sullivan



Rate-Induced Tipping to Metastable Zombie Fires

local bifurcation scenario is the same as in the simple and complicated cases.

However, the global dynamics are different in that W u,[r](ẽ−) interacts with the

folded-saddle-node singular canard. In contrast to the simple and complicated

cases, if r = rSN and T+
a = T+

a,c, W
u,[r](ẽ−) and γ̃SN coalesce, giving rise to

a codimension-two non-central heteroclinic FSN-I; see figure 5.6 (a). In other

words, the FSN-I is global, but different from the complicated case. At this

point, tracking is lost since W u,[rc](ẽ−) crosses F1 from S1 to S2 via FSN-I; see

figure 5.6 (a). For r > rSN , W
u,[r](ẽ−) reaches a jump point of F1 and ceases to

exist within S, or R-tips; see figure 5.6 (b).

Thus, in the degenerate case for ϵ = 0, there is an isolated critical pair

(T+
a,c, rc). This critical pair is the combination of r and T+

a that give a codimension-

two heteroclinic orbit connecting ẽ− to the corresponding saddle-node on F1

along the stable eigendirection in the desingularised system (5.15)–(5.16).3

5.3 Bringing it Together: Unfolding of Global

FSN-I

The aim of this section is twofold. First, we summarise our results from sec-

tion 5.2.1 in the singular R-tipping diagram for ϵ = 0 in figure 5.7. Second, we

use the singular R-tipping diagram to explain the regular R-tipping diagram for

ϵ ≈ 0.064 in figure 5.2.

The singular R-tipping diagram is obtained by the unfolding of a codimension-

two non-central heteroclinic FSN-I in the plane (T+
a , r) of the input parame-

ters in the reduced problem (5.7)–(5.8). This unfolding, in turn, is obtained

by the unfolding of a codimension-two non-central saddle-node heteroclinic bi-

furcation in the desingularised system (5.15)–(5.16).4 The diagram is parti-

tioned into three regions by two curves that are tangent at the special point

of codimension-two non-central hetroclinic FSN-I, denoted ẽ-to-FSN-Is in the

middle inset. Each curve has two branches emanating from the special point.

3Note the difference from typical codimension-one heteroclinic orbits connecting ẽ− to a
saddle-node along the centre eigendirection as in the complicated case.

4This unfolding is reminiscent of the unfolding of a codimension-two non-central saddle-
node homoclinic bifurcation in [25].
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Both branches of the black curve of FSN-I were obtained by computing the

saddle-node bifurcation of equilibria on F1 in (5.15)–(5.16); we will return to

this curve later. The left branch of the blue curve, denoted ẽ-to-FS, was ob-

tained by computing a codimension-one heteroclinic orbit connecting ẽ− to the

saddle on F1 in (5.15)–(5.16). This connection gives the simple case for the

reduced problem (5.7)–(5.8), where W u,[r](ẽ−) ⊃ γ̃S. Thus, in the simple case,

loss of (green) tracking is the onset of (red) R-tipping. Note that ẽ-to-FS has

a vertical asymptote T+
a = T inst

a ≈ 0.423364, which is given by condition (4.5)

illustrated in figure 4.2. The right branch of the blue curve, denoted ẽ-to-FNs,

was obtained by computing a codimension-one heteroclinic orbit connecting ẽ−

to the stable node on F1 along the strong eigendirection in (5.15)–(5.16). This

connection gives the upper boundary of the critical range in the complicated

case for (5.7)–(5.8), where W u,[r](ẽ−) ⊃ γ̃N
s and the onset of (red) R-tipping

does not correspond to loss of tracking. Rather, loss of tracking occurs along

the right branch of the black curve, denoted ẽ-to-FSN-Ic. This branch was ob-

tained by computing a codimension-one heteroclinic orbit connecting ẽ− to the

saddle-node on F1 along the centre eigendirection in (5.15)–(5.16). This con-

nection gives the lower boundary of the critical range in the complicated case

for (5.7)–(5.8), where tracking is lost because W u,[r](ẽ−) grazes F1 at FSN-I; see

the red trajectory in figure 5.5(a).5 In the (yellow) region between ẽ-to-FSN-Ic

and ẽ-to-FNs, which is the interior of the critical range, there is a codimension-

zero heteroclinic orbit connecting ẽ− to the stable node on F1 along the weak

eigendirection in (5.15)–(5.16). This connection gives neither tracking nor R-

tipping for (5.7)–(5.8). Here, W u,[r](ẽ−) contains a folded-node weak singular

canard, meaning that it crosses from S1 to S2 via FN, and also contains the faux

folded-saddle singular canard, meaning that it crosses back to S1 via FS; see the

red trajectory in figure 5.5(b). The special point ẽ-to-FSN-Is, where the black

and blue curves touch, corresponds to a codimension-two non-central saddle-

node heteroclinic bifurcation that involves a heteroclinic orbit connecting ẽ−

to the saddle-node on F1 along the stable eigendirection in (5.15)–(5.16). This

connection gives the degenerate case for (5.7)–(5.8), where W u,[r](ẽ−) ⊃ γ̃SN .

5The left branch of the black curve, denoted FSN-I, does not involve any global bifurcations
and does not contribute to tracking-tipping transitions.
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Figure 5.7: Singular R-tipping diagram for the reduced problem (5.7)–(5.8) with
global warming scenario (5.2), obtained using the desingularised system (5.15)–
(5.16). Regions of (green) tracking, (red) R-tipping, and (yellow) neither track-
ing nor R-tipping are separated by: (blue) ẽ−-to-FS, ẽ−-to-FSN-Is and ẽ−-to-
FNs, along which W u,[r](ẽ−) contains the singular canards γ̃S, γ̃SN and γ̃N

s , re-
spectively, and (black) ẽ−-to-FSN-Ic, along which W u,[r](ẽ−) contains the weak
folded saddle-node singular canard. System parameter values are given in Ta-
ble C.1.
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Next, we use the singular R-tipping diagram in figure 5.7, together with rig-

orous results on persistence of singular canards as maximal canards for 0 < ϵ≪
1 [92, 52, 51, 106, 101], to explain the regular R-tipping diagram in figure 5.2.

In the simple case, the folded-saddle singular canard γ̃S perturbs to a family

of canards when 0 < ϵ ≪ 1. The family contains one maximal canard, namely

the folded-saddle maximal canard γ̃S
ϵ , and associated canards “without head”

and “with head” [92]. Thus, a folded-saddle maximal canard explains the sim-

ple part of the regular R-tipping diagram at lower values of T+
a , including the

(cyan) critical range and the vertical asymptote of the blue curve of maximal

canards. In the context of excitable systems, we use Definition 4.1.3(ii) to relate

a family of canards “without head” associated with a codimension-one normally

hyperbolic repelling slow manifold near FS to a new type of excitability qua-

sithreshold; see also [112, 68].

In the complicated case, the perturbed dynamics for 0 < ϵ ≪ 1 are far less

straightforward due to the presence of many folded-node maximal canards in

addition to the folded-saddle maximal canard. The number and type of folded-

node maximal canards depend on the distance between FN and FS, and on

the ratio of the weak and strong eigenvalues of FN, denoted µ ∈ (0, 1). The

folded-node strong singular canard γ̃N
s perturbs to a family of canards for all

µ ∈ (0, 1). This family contains the folded-node strong maximal canard γ̃N
s,ϵ and

associated canards “without head” and “with head”. Depending on µ, the fam-

ily of folded-node weak singular canards from the singular funnel may perturb

to a single folded-node weak maximal canard γ̃N
w,ϵ [106, 109]. Additionally, there

can be a number of secondary folded-node maximal canards that lie between

γ̃N
s,ϵ and γ̃N

w,ϵ [92, 106, 30]. Furthermore, the interplay between the folded node

and the folded saddle can give rise to real-faux canards described in [76, 101],

that are a perturbation of the red trajectory from figure 5.5(b), and to com-

posite canards identified in [76], that follow the folded-saddle maximal canard

and then ‘switch’ to and follow one of the folded-node maximal canards. For

example, we have checked that as r is increased for a fixed T+
a ≳ 9.3◦C in fig-

ure 5.2, W u,[r](ẽ−) coalesces with a secondary folded-node canard at the bottom

boundary of the R-tipping tongue, then with a composite canard at the upper
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boundary of the tongue, and finally with the folded-node strong maximal canard

at the bottom boundary of the main R-tipping region.6 Thus, it is folded-node

maximal canards and composite canards, together with the associated canards

“without head” and “with head”, that give rise to the complicated tracking-

tipping transitions including R-tipping tongue(s), at higher values of T+
a . In

the context of excitable systems, we use Definition 4.1.3(ii) to relate a family of

canards “without head” associated with a codimension-one normally hyperbolic

repelling slow manifold near FSN-I to a new type of excitability quasithreshold.

This quasithreshold is expected to have a very complicated shape as indicated

by the computations of slow manifolds in [28, 77].

5.4 Secondary and Composite Canards

In this section we discuss maximal secondary and composite canards which form

the boundaries of the R-tipping tongue in figure 5.2.

5.4.1 Secondary Canards

Maximal canards which cross from S1,ϵ to S2,ϵ do so via transverse intersections

of S1,ϵ and S2,ϵ. In general such transverse intersections arise as perturbations

for 0 < ϵ ≪ 1 of folded singularities which exist for ϵ = 0. Close to a folded

node FN, additional intersections may arise depending on the ratio of the weak

and strong eigenvalues of FN denoted µ ∈ (0, 1). In particular, for µ−1 > 3, new

transverse intersections are created at odd integer values of µ−1 [109]. These

additional transverse intersections arise from twisting of S1,ϵ to S2,ϵ close to

FN for 0 < ϵ ≪ 1 [28, 30], and the solutions which cross from S1,ϵ to S2,ϵ via

these intersections are called secondary folded-node maximal canards, or simply

secondary canards.

It is also possible for additional intersections to arise close to FS when FS

and FN are close, such as near a FSN-I bifurcation. Such intersections give rise

6For higher Tmax
a , we found additional R-tipping tongues, not shown in the figures, whose

boundaries involve different secondary and composite canards; see also [76, Fig.4].
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Figure 5.8: (a) (red) The unstable invariant manifold W u,[r](ẽ−) of the saddle ẽ−

for the compactified system (7.8)–(7.10) with global warming scenario (5.2) with
T+
a = 9.3◦C and r ≈ 0.0324705307595 and containing a secondary canard, and

(b) with T+
a = 10.4◦C and r ≈ 0.03182405106825 and containing a composite

canard. Included for reference are (blue) the folded saddle maximal canard
γ̃S
ϵ , (blue) the primary folded-node maximal canard γ̃N

s,ϵ and (grey) the critical
manifold S defined in (5.3). System parameter values are given in Table C.1
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to secondary faux canards. While we do not discuss this case here, an in-depth

exploration of this phenomenon is available in [67].

The distinguishing feature of secondary folded-node maximal canards is that

they perform at least one but possibly multiple rotations near F1 before travel-

ling along S2,ϵ for as long as it exists; see figure 5.8(a). Such rotations have been

found to play a role in mixed-mode oscillations [30, 102], and as they occur along

curved sections of S1,ϵ and S2,ϵ, they are governed by slow dynamics. We note

also that secondary folded-node maximal canards have associated secondary ca-

nards “with head”, and W u,[r](ẽ−) contains such secondary canards “with head”

in the interior of the R-tipping tongue.

5.4.2 Composite Canards

In contrast to secondary canards, composite canards do not arise from additional

transverse intersections of S1,ϵ and S2,ϵ. Instead, they arise from the interaction

of a canard “without head” associated to the folded-node strong maximal canard

γ̃N
s,ϵ and the folded saddle maximal canard γ̃N

s,ϵ. A composite canard follows γ̃N
s,ϵ

for some time, before following a fast segment to S1,ϵ as a canard “without head”.

This fast segment is directed toward γ̃S
ϵ , and the composite canard subsequently

follows γ̃S
ϵ , following S2,ϵ for as long as it exists; see figure 5.8(b). In summary, a

composite canard consists of two distinct maximal canard segments, which are

joined by a fast segment. For a further discussion of composite canards, we refer

to [76, 117].

The difference between composite canards and secondary canards can be

difficult to distinguish, as each appears to rotate about F1 before travelling the

length of S2,ϵ. The key distinction is that for a secondary canard, this is a

genuine rotation as the trajectory travels slowly along S1,ϵ and S2,ϵ. Meanwhile

for a composite canard, the motion in the negative T direction is a fast seg-

ment. This distinction is highlighted in figure 5.9, where we compare the time

trace of T for a secondary canard against the time trace of T for a composite

canard. For the secondary canard, the speed at which T (t) increases during

the rotation is comparable to the speed at which is decreases; this can be seen

by comparing the slopes of the increase and decrease in the slow rotation of
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Figure 5.9: (a) Time trace of T for a secondary canard, where the initial motion
in the negative T direction is a component of a slow rotation. (b)Time trace of
T for a composite canard, where the initial motion in the negative T direction
is a fast segment linking two maximal canards.

figure 5.9(a). This is because the slow rotation is caused by continuous slow

motion along slow manifolds. In contrast, for the composite canard the speed

at which T (t) decreases during the fast segment is faster than that at which it

increases just before; compare the slopes just before and during the fast segment

of figure 5.9(b). This is because for the composite canard the rotation about

F1 consists of slow motion along a slow manifold, followed by the fast segment

between slow manifolds.

5.5 R-tipping Tongues

Figure 5.10 shows that as T+
a is increased beyond the range shown in figure 5.2,

an additional R-tipping tongue is observed in the (T+
a , r) parameter space. This

additional R-tipping tongue arises from the bifurcation of additional secondary

canards caused by the twisting of S2,ϵ close to FN. In general, for systems where

R-tipping is connected to the unfolding of a global FSN-I, such R-tipping tongues

will accumulate from below as additional secondary canards are created.

To better understand the twisting of slow manifolds near FN and how it

gives rise to secondary canards, composite canards, and R-tipping tongues, we

implement the numerical continuation methods presented in [28, 30] in order to
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Figure 5.10: The R-tipping diagram for the nonautonomous system (2.3)–(2.4)
with global warming scenario (5.1) of figure 5.2, extended to higher T+

a to show
the second R-tipping tongue. Shown are regions of (green) tracking, (cyan, blue)
critical range, and (magenta, red) R-tipping from ẽ−. System parameter values
are given in Table C.1.
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Figure 5.11: (a) Cross section of the (grey) attracting slow manifold S1,ϵ and
the (black) repelling slow manifold S2,ϵ in the plane s = −0.369038 for T+

a = 9.3
and r = 0.32255, showing complicated twisting close to the folded node FN
giving rise to (blue) multiple intersections of S1,ϵ and S2,ϵ corresponding to
maximal canards. Panels (b)–(d) show a zoomed view of the intersections as r
is increased across the bottom of the R-tipping tongue of figure 5.2. (b) View
for r = 0.032 showing (blue) three intersections corresponding to the folded-
node strong maximal canard γ̃N

s,ϵ, a composite canard γ̃N
c,ϵ, and a folded-node

secondary canard ξ̃1ϵ along with (cyan) W u,[r](ẽ−) which is a canard without
head. (c) View for r ≈ 0.032255, where (blue) ξ̃1ϵ is contained in W u,[r](ẽ−). (d)
View for r ≈ 0.0324, where (magenta) W u,[r](ẽ−) is a canard with head and ξ̃1ϵ
has been annihilated in an infinite-time bifurcation in panel (c).
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Figure 5.12: (a) Cross section of the (grey) attracting slow manifold S1,ϵ and
the (black) repelling slow manifold S2,ϵ in the plane s = −0.4911 for T+

a = 23
and r = 0.021776, showing complicated twisting close to the folded node FN
giving rise to multiple intersections of S1,ϵ and S2,ϵ corresponding to maximal
canards including (blue) γ̃N

s,ϵ and γ̃N
c,ϵ which are exponentially close to each other.

Panels (b)–(d) show a zoomed view of the other intersections as r is increased
across the bottom of the second R-tipping tongue of figure 5.10. (b) View for
r = 0.0216 showing (blue) three intersections corresponding to the secondary
canards ξ̃1ϵ and ξ̃2ϵ , as well as the composite secondary canard γ̃1

c,ϵ. Also shown

is (cyan) W u,[r](ẽ−) which is a canard without head. (c) View for r ≈ 0.021776,
where (blue) an additional secondary canard ξ̃3ϵ is contained in W u,[r](ẽ−). (d)
View for r ≈ 0.0324, where (magenta) W u,[r](ẽ−) is a canard with head.
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numerically compute S1,ϵ and S2,ϵ close to the folded node FN. Figure 5.11(a)

shows a cross section of (grey) S1,ϵ and (black) S2,ϵ in the plane:

ΣFN := {(T,C, s) : s = −0.369038}, (5.17)

which contains FN when ϵ = 0. We choose (T+
a , r) from along the bottom of

the left R-tipping tongue in figure 5.10 (which is the R-tipping tongue shown in

figure 5.2), whenW u,[r](ẽ−) contains a secondary canard ξ̃Nϵ . The slow manifolds

intersect transversely in three places indicated in blue, corresponding to the

folded-node strong maximal canard γ̃N
s,ϵ, a composite canard γ̃N

c,ϵ, and a folded-

node secondary canard ξ̃Nϵ which is contained in W u,[r](ẽ−).

As W u,[r](ẽ−) corresponds to a pullback attractor for the non-autonomous

system, it is found at the edge of the attracting manifold in figure 5.11. The

left R-tipping tongue observed in 5.10 is caused by the boundary of S1,ϵ, which

is given by W u,[r](ẽ−), crossing the twisted repelling slow manifold S2,ϵ. Fur-

thermore, as r increases and W u,[r](ẽ−) crosses S2,ϵ, the intersection is annihi-

lated and the corresponding maximal canard disappears in what is termed an

infinite-time bifurcation of canards in [77]. The term infinite-time bifurcation

refers to the fact that at the moment of the bifurcation, the canard is contained

in W u,[r](ẽ−) and so connects to the saddle ẽ−.

For larger T+
a , the repelling manifold S2,ϵ undergoes additional twisting,

giving rise to additional intersections of S1,ϵ and S2,ϵ corresponding to additional

secondary canards as discussed in section 5.4; see figure 5.12. These secondary

canards undergo additional rotations near F1, and give rise to additional R-

tipping tongues in the (T+
a , r) plane; see figure 5.10.

5.6 Approximating the Critical Rate

For T < T ∗, the non-monotone respiration function R∗s(T ) introduced in sec-

tion 2.3 is approximated with exponentially small error by R†s(T ) used in [112].

It follows that the formula for approximating the critical rate derived in [112]

may be applied to the current problem. Following [112], we first assume an

initial condition (Cs(0), Ts(0), s(0)) ∈ S1, sufficiently close to F1, and that R-
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tipping occurs due to the crossing of a folded saddle maximal canard γS
ϵ . Then

the critical rate of warming vc may be approximated by:

vc =
r0

2Bα
exp

(
(1 +B +

√
1 +B2)(αT ν

a (s(0)) + 1)− αT ν
a (s(0))

B +
√
1 +B2

)
+ Elin + Eϵ,

B =
(
2(1− αAΠλ−1)

)−1
,

where Elin accounts for the deviation of the folded saddle singular canard γS (or

correspondingly, the stable manifold of the saddle in the desingularised system)

from its linearisation, and Eϵ is a correction for a non-zero ϵ. We note that

the critical rate of warming vc is a physical quantity, that is a critical value of

dTa/dt, and as such differs from the rate parameter r which is examined in this

study.

Following [112], we assume 2B2 ≫ 1. Additionally, we assume the system

begins near ẽ− and T−a = 0 meaning the condition simplifies to:

vc ≈ r0
2Bα

exp (1) (5.18)

The critical rate of warming vc as derived applies to a linear increase in Ta at

a constant rate. As we consider a nonlinear ramp, we set the critical rate of

warming vc equal to the maximum rate of change of (5.1) to obtain a critical

value for the rate parameter r. It follows from section 3.2.2 that for any time t

the rate of change of atmospheric temperature Ta may be written:

dTa(rt)

dt
=

2rTa

T+
a

(
T+
a − Ta

)
. (5.19)

For a given r and T+
a , the right hand side of (5.19) is maximised by setting

Ta = T+
a /2 to obtain:

sup
t

Ṫa(rt) =
r(T+

a )

2
.
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Figure 5.13: The R-tipping diagram of figure 5.2 with (black, dashed) the ap-
proximate critical rate (5.20) overlaid. For more information see the caption of
figure 5.2

We set vc = supt Ṫa(rt), and rearrange to obtain an approximate critical rate:

rc =
2vc

T+
a

≈ 2R†s(1/α)

(T+
a )2Bα

. (5.20)

Figure 5.13 shows this approximation of the critical value of the rate parame-

ter r overlaid with the R-tipping diagram from figure 5.2. For smaller T+
a , the

deviation of the approximation may be explained by the sources of error Elin

and Eϵ. Additionally for larger T+
a , R-tipping occurs due to the crossing of a

folded-node primary maximal canard γ̃N
s,ϵ, violating one of the assumptions in

the derivation. We note however that the onset of loss of tracking, i.e. the

lower bound of the critical range of r is well approximated for 2 < T+
a < 4.

This is within the range of uncertainty of temperature projections of CMIP5

models under an RCP2.6 scenario. Figure 5.13 shows the approximate critical

rate (5.20) for varying T+
a . The approximate critical rate most accurately pre-

dicts loss of tracking close to ẽ-to-FSN-Is. This may be attributed to the fact

that the equilibrium ẽ− is assumed to be close to the fold F1, so that R-tipping
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should occur shortly past the folded saddle-node bifurcation. From figure 5.7

we know that close to ẽ-to-FSN-Is, we expect loss of tracking to occur close to

the folded bifurcation.

Finally, the numerical value of the critical rate of warming 5.18 is:

vc ≈ 0.0752948, (5.21)

which is only slightly larger than the largest rates shown for Arctic regions in

figure 1.1. We note however, that many of these regions have average annual

temperatures below 0◦C. In the soil-carbon model we examine, for initial atmo-

spheric temperature below 0◦ the system will R-tip for lower rates.
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R-tipping mechanisms for

Summer Heatwaves

6.1 R-tipping and Canards in The Compacti-

fied System

The R-tipping instability in figure 2.2 arises because time-variation of the atmo-

spheric temperature Ta interacts with the fast timescale of soil temperature T .

Thus, we work with the layer problem for the ensuing 2-fast 1-slow compactified

system (7.8)–(7.10) to uncover the underlying dynamical mechanisms.

As a model of a summer heatwave, we consider a fast impulse rising from

Tmin
a = 0◦C to a given Tmax

a > 0◦C and then dropping back to 0◦C with the

rate parameter r ≲ 1/ϵ:

Ta(rt) = Tmax
a sech (rt), (6.1)

that decays exponentially with the decay coefficient ρ = 1 as per definition 3.1.1;

see figure 5.1(b). We fix the compactification parameter ν = 1/2 and consider

system (7.8)–(7.10) with

T ν
a (s) = T

1
2
a (s) =

2Tmax
a (1− s)2

(1 + s)4 + (1− s)4
, (6.2)

92



Rate-Induced Tipping to Metastable Zombie Fires

Tracking

Critical Range

R-tipping

Canards “With Head”

ǫ ≈ 0.064

Canards “Without Head”

Maximal Canards

Tmax
a (◦C)

r
(y
r−

1
)

Figure 6.1: R-tipping diagram for nonautonomous system (2.3)–(2.4) with sum-
mer heatwave (6.1), in the plane of the impulse amplitude Tmax

a and the rate
parameter r, for ϵ ≈ 0.064. Shown are regions of (green) tracking, (cyan, blue)
critical range, and (magenta, red) R-tipping from ẽ−. System parameter values
are given in Table C.1.

which is obtained by applying the inverse compactification transformation (3.7)

to (6.1). Our choice of ν ensures that the corresponding system (7.8)–(7.10) is

at least C1-smooth on the extended phase space R2 × [−1, 1] ; see Sec. 3.2 and

the references therein.

To give a full overview of transitions from tracking to R-tipping for impulse

inputs, and to make connections to Section 5, we plot an R-tipping diagram

in the plane (Tmax
a , r) of the input parameters in figure 6.1 for a wide range

of the rate parameter r. The diagram was obtained by computing W u,[r](ẽ−)

in system (7.8)–(7.10) for different values of Tmax
a and r, and using Defini-

tions 4.1.1–4.1.3 to identify different dynamical regions for system (2.3)–(2.4).

We note that the shape of the R-tipping region in figure 6.1 is rather different

to that obtained in figure 5.2. There are two R-tipping tongues, one large akin

to that in [72, Sec.6] and one small akin to that in figure 5.2, each enclosing

a separate (magenta, red) region of R-tipping. These two tongues give rise to
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up to three critical ranges of r for a fixed Tmax
a . Furthermore they are reminis-

cent of resonance tongues for time-periodic inputs [61] in the sense of a strongly

enhanced response to external inputs with ‘optimal’ timing. Most importantly,

there are multiple tracking-tipping transitions for a large enough shift magni-

tude Tmax
a . The lower part of the diagram corresponds to slow impulses that

last for decades. The tracking-tipping transitions found in this part occur dur-

ing the rise of the impulse Ta(rt), and turn out to be of the same type as the

tracking-tipping transitions described in Sec. 5. The upper part of the diagram

corresponds to fast impulses and is the focus of this section. Specifically, the

rate parameter r in the range of 10 to 15 yr−1 gives a pulse duration in the range

of 3 to 2 months, in line with realistic summer heatwaves [75].1 Thus, the single

tipping-tracking transition found in the upper part of the diagram quantifies the

intensity and duration of summer heatwaves that trigger R-tipping to the hot

metastable state in the soil-carbon model (2.3)–(2.4).

To gain geometric insight into the R-tipping instability caused by a summer

heatwave, we consider (6.1) with r ≲ 1/ϵ, and plot in figure 6.2 the unstable

manifold W u,[r](ẽ−) for a fixed T+
a = 15◦C and three different rates r1 > r2 >

r3 > 0 (see the black dots in figure 6.1). Additionally, for reference, we include

useful geometric objects. One is the (light gray) plane of constant C fixed at

the equilibrium soil-carbon concentration Ce(0) for the past and future limit

systems. The other is the (dark gray) critical manifold for (7.8)–(7.10),

S = S− ∪ S+, (6.3)

which now consists of two disconnected one-dimensional components

S∓ = {(T,C, s) : f1(T,C, 0) = 0, s = ∓1} . (6.4)

Specifically, S− = S−1 ∪F−1 ∪S−2 ∪F−2 ∪S−3 is the critical manifold of the past limit

system (3.1)–(3.2) with T−a = 0◦C, embedded in the compactified phase space

where it gains one unstable direction. Similarly, S+ = S+
1 ∪F+

1 ∪S+
2 ∪F+

2 ∪S+
3

1The pulse duration is obtained using the formula 2 ln(2+
√
3)/r ≈ 2.6/r for the full width

at half maximum of the hyperbolic secant sech(rt).
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is the critical manifold of the future limit system (3.3)–(3.4) with T+
a = 0◦C,

embedded in the compactified phase space where it gains one stable direction.

Thus, the attracting branch S+
3 of S+is the hot metastable state. For tracking-

tipping transitions, we will be interested in the hyperbolic saddle branch S+
2 of

S+.

Figure 6.2 shows that, as r is decreased (meaning the duration of the heat-

wave is increased), tracking by (green) W u,[r1](ẽ−) is lost via canard trajectories,

including the maximal canard contained in (blue) W u,[r2](ẽ−) that approaches

S+
2 and moves along S+

2 for the longest time. This is followed by R-tipping at

lower r as shown by (red) W u,[r3](ẽ−) that visits the hot metastable state S+
3,ϵ

before connecting to ẽ+ ∈ S+
1,ϵ. Since W u,[r](ẽ−) remains near C = Ce(0) until

s(t) ≈ 1, it should be possible to explain the R-tipping instability caused by

a summer heatwave in terms of the fast dynamics of a suitably chosen layer

problem for (7.8)–(7.10).

6.2 The Layer Problem

The suitable layer problem for the 2-fast 1-slow system (7.8)–(7.10) with a sum-

mer heatwave (6.2) is obtained by rewriting (7.8)–(7.10) in terms of the fast

time τ = t/ϵ, setting ϵ = 0 while keeping ϵr non-zero, and setting C = Ce(0),

which gives:

dT

dτ
= f1(T,C

e(0), T
1
2
a (s)), (6.5)

ds

dτ
=

ϵr

4
(1− s2). (6.6)

This system describes the evolution of the fast variables T and s in the fast time

τ on the two-dimensional layer,

L̃ = {(T,C) : C = Ce(0)} ,

shown in figure 6.2. Crucially, the layer problem (6.5)–(6.6) has six equilibria.

Two of these equilibria, namely the saddle ẽ− ∈ S−1 and the sink ẽ+ ∈ S+
1 , are
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Figure 6.2: (Colour) The unstable invariant manifold W
u,[r]
ν (ẽ−) of the saddle ẽ−

for the compactified system (7.8)–(7.10) with ϵ ≈ 0.064, summer heatwave (6.2)
with Tmax

a = 15◦C, and three different values of the rate parameter: (green)
r = 20, (blue) r ≈ 12.9123, and (red) r = 10; see the black dots in figure 6.1.
Included for reference are (dark grey) the two disconnected components S− and
S+ of the critical manifold, (light grey) the layer L̃ defined by C = Ce(0), and
(light blue) four new equilibria m̃±2 and m̃±3 for the layer problem (6.5)–(6.6).
System parameter values are given in Table C.1.

the equilibria of the compactified system (7.8)–(7.10). The four new equilibria,

that do not exist in (7.8)–(7.10), are found at the intersections of L̃ with S±2,3.

These are: the source m̃−2 ∈ S−2 , the saddle m̃
−
3 ∈ S−3 , the saddle m̃

+
2 ∈ S+

2 , and

the sink m̃+
3 ∈ S+

3 ; see the (blue) dots in figure 6.2.

In the the layer problem (6.5)–(6.6), the question of loss of tracking boils

down to whether or not W u,[r](ẽ−) connects to the saddle m̃+
2 . Thus, the saddle

m̃+
2 is the “singular edge state” described in the introduction. Before we address

this question directly in figure 6.4, we provide more insight into R-tipping caused

by a summer heatwave. We recognise that the layer problem (6.5)–(6.6) itself

can evolve on two different time scales. Specifically, we rewrite (6.5)–(6.6) in
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Figure 6.3: Phase portraits of the reduced problem for the layer problem (6.5)–
(6.6) with impulse (B.2). Shown are (gray) different branches of the critical
manifold M̃ defined in (6.7) for (a) Tmax

a = 0.2, (b) Tmax
a = T inst

a ≈ 0.423364 and
(c) Tmax

a = 5. Single arrows indicate the fast time τ = t/ϵ, and double arrows
indicate the intermediate time u = rt. System parameter values are given in
Table C.1. We use (B.2) instead of (6.2) to more easily see the separation of
the branches of M̃ .

terms of the intermediate time u = rt, take the limit ϵr → 0, and consider the

critical manifold

M̃ =
{
(T, s) : 0 = f1(T,C

e(0), T
1
2
a (s))

}
⊂ L̃, (6.7)

of the reduced problem (not shown) for the layer problem (6.5)–(6.6). It turns

out that the number of branches2 of M̃ depends on Tmax
a and changes at Tmax

a =

T inst
a ≈ 0.423364, which is given by condition (4.5) illustrated in figure 4.2. If

Tmax
a < T inst

a , there are three hyperbolic branches of M̃ , two attracting, M̃1

and M̃3, and one repelling, M̃2. In figure 6.3(a), we show only M̃1 and M̃2,

where the interesting change occurs.3 If Tmax
a = T inst

a , M̃1 and M̃2 become

degenerate in a non-hyperbolic (transcritical) point at s = 0; see figure 6.3(b).

If Tmax
a > T inst

a , M̃1 and M̃2 split up into four different branches, two attracting,

M̃−
1 and M̃+

1 , and two repelling, M̃−
2 and M̃+

2 . Furthermore, M̃±
1 and M̃±

2

meet at non-hyperbolic fold points F±, respectively; see figure 6.3(c). It is clear

2In a certain sense, a branch of M̃ corresponds to a moving equilibrium for the layer
problem (6.5)–(6.6).

3M̃3 is shown in figure 6.4.
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from figure 6.3(a) that tracking in the layer problem (6.5)–(6.6) is guaranteed

if Tmax
a < T inst

a , owing to the presence of the uninterrupted attracting manifold

M̃1 connecting ẽ− to ẽ+. It is also clear from figure 6.3(c) that Tmax
a > T inst

a

is necessary for R-tipping to occur, owing to the presence of a ‘gap’ in M̃1,

which allows trajectories to jump from M̃−
1 via F− to M̃3. Furthermore, it is

intuitively clear that R-tipping occurs if ϵr is small enough so that the external

input Ta(u), or equivalently s(u), changes slowly enough for the system to jump

the ‘gap’ in M̃1 between F− and F+.

To be precise, we define tracking and R-tipping for ϵ = 0 and fast external

inputs as follows,

Definition 6.2.1. In the layer problem (6.5)–(6.6) with two attractors ẽ+ and

m̃+
3 ,

(i) Tracking occurs when W u,[r](ẽ−) connects to ẽ+.

(ii) R-tipping occurs when W u,[r](ẽ−) connects to m̃+
3 .

The corresponding dynamics of the layer problem (6.5)–(6.6) on L̃ are shown

in a series of phase portraits in figure 6.4, where we fix Tmax
a = 15 > T inst

a and

decrease r across the critical rate. The basin of attraction of ẽ+ is plotted in

green, and the basin of attraction of m̃+
3 is plotted in dark red. (Blue) W s(m̃+

2 ) is

contained in the basin boundary separating these two basins of attraction. For

r sufficiently large, (red) W u,[r](ẽ−) lies in the basin of attraction of ẽ+, initially

follows M̃−
1 , then jumps the ‘gap’ between F− and F+, and connects to ẽ+; see

figure 6.4(a). When r = rc, W
u,[r](ẽ−) coalesces with W s(m̃+

2 ) along the basin

boundary. At this point, tracking is lost since W u,[r](ẽ−) connects to the saddle

m̃+
2 ; see figure 6.4(b). For r < rc, W

u,[r](ẽ−) lies in the basin of attraction of m̃+
3 ,

initially follows M̃−
1 , then fails to jump the ‘gap’ between F− and F+, moves

towards M̃3 and connects to m̃+
3 along M̃3. In other words, the system R-tips

for r < rc; see figure 6.4(c).

Thus, in the layer problem (6.5)–(6.6), there is an isolated critical rate r = rc.

This critical rate is the value of r that gives a codimension-one hetroclinic orbit

connecting ẽ− to the new saddle m̃+
2 for the layer problem (6.5)–(6.6). This
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m̃−
3m̃−

2

m̃+
2 m̃+

3

ẽ−

ẽ+

s

(a)

W s(m̃+
2 )

M̃3Wu,[r](ẽ−)

m̃−
3m̃−

2

m̃+
2 m̃+

3

ẽ−

ẽ+

T T

(b)

W s(m̃+
2 )=Wu,[r](ẽ−)

(c)

m̃−
3m̃−

2

m̃+
2 m̃+

3

ẽ−

ẽ+

ss
Wu,[r](ẽ−)

W s(m̃+
2 )

Figure 6.4: Phase portraits of the layer problem (6.5)–(6.6) with impulse (B.2).
Shown is the fast case with codimension-one heteroclinic orbit connecting ẽ− to
m̃+

2 in (b). Included for reference are different branches of (grey) M̃ . T+
a = 15,

and the rate parameter takes values (a) r = 20, (b) r = rc ≈ 15.1674, and
(c) r = 10; see the black dots in the inset of figure 6.5. System parameter values
are given in Table C.1. We use (B.2) instead of (6.2) to more easily see the
separation of the branches of M̃ .

Chapter 6 Eoin O’Sullivan 99



Rate-Induced Tipping to Metastable Zombie Fires

gives just one case of R-tipping, which we refer to as the fast R-tipping case to

distinguish it from the three slow R-tipping cases identified in section 5.2.1.

6.3 Bringing it Together: Saddle-to-Saddle Het-

eroclinic Orbit

The aim of this section is twofold. First, we combine our results from section 6.2

with the approach of section 5 to produce the singular R-tipping diagram for

ϵ = 0 in figure 6.5. Second, we use the singular R-tipping diagram to explain

the regular R-tipping diagram for ϵ ≈ 0.064 in figure 6.1.

In the singular R-tipping diagram, the lower-r tracking-tipping transitions

were obtained in the same manner as outlined in section 5, that is by computing

different heteroclinic orbits in system (5.13)–(5.14). To avoid repetition, we skip

the derivations and refer to sections 5.2.1 and 5.3 for more details.

The higher-r tipping-tracking transition, which is the focus of this section,

is given by the (blue) curve denoted ẽ−-to-m̃+
2 . This curve was obtained by

computing a codimension-one heteroclinic orbit connecting the saddle ẽ− to the

saddle m̃+
2 in the layer problem (6.5)–(6.6); see figure 6.4(b). This connec-

tion gives the only case for (6.5)–(6.6), namely the fast R-tipping case, where

W u,[r](ẽ−) = W s(m̃+
2 ).

4 Thus, in the fast R-tipping case, (red) R-tipping

is lost via W s(m̃+
2 ), and this corresponds to the onset of (green) tracking.

Note that curves ẽ−-to-m̃+
2 and ẽ−-to-FS have a common vertical asymptote

Tmax
a = T inst

a ≈ 0.423364, which is given by condition (4.5) illustrated in fig-

ure 4.2.

Next, in addition to the ‘first’ Fenichel theorem on persistence of normally

hyperbolic critical manifolds as slow manifolds for 0 < ϵ ≪ 1, we recall the

‘second’ Fenichel theorem that guarantees persistence of stable and unstable in-

variant manifolds of normally hyperbolic saddle critical manifolds when 0 < ϵ≪
1 [35, 36, 43, 109, 55]. We then use the singular R-tipping diagram in figure 6.5,

together with both Fenichel theorems and rigorous results on persistence of sin-

gular canards as maximal canards for 0 < ϵ≪ 1 [92, 52, 51, 101, 106], to explain

4We write A to denote the closure of A, that is the smallest closed set containing A.
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ǫ = 0
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(b)

(c)

Fast
Case
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Figure 6.5: Singular R-tipping diagram obtained using a combination of (the
lower curves) the reduced problem (5.7)–(5.8) with slow impulse (6.2) and
(the upper curve ẽ−-to-m̃+

2 ) the layer problem (6.5)–(6.6) with summer heat-
wave (6.2). At higher r, the (red) region of R-tipping is separated from the
(green) region of tracking by (blue) ẽ−-to-m̃+

2 , along which W u,[r](ẽ−) intersects
W s(m̃+

2 ) in (6.5)–(6.6). System parameter values are given in Table C.1.

the regular R-tipping diagram in figure 6.1. For the relevant results in the three

slow R-tipping cases we refer to the discussion in section 5.3, which explains the

presence of the small R-tipping tongue and the lower part of the large R-tipping

tongue in figure 6.1.

In the fast R-tipping case, the heteroclinic ẽ−-to-m̃+
2 connection for the layer

problem (6.5)–(6.6) perturbs to an intersection of W u,[r](ẽ−) with the (fast)

stable manifold of the normally hyperbolic saddle slow manifold S+
2,ϵ in the com-

pactified system (7.8), giving rise to the (blue) maximal canard shown in fig-

ure 6.2. In other words, W u,[r](ẽ−) approaches the normally hyperbolic saddle

slow manifold S+
2,ϵ along its stable manifold, thus moves along S+

2,ϵ for as long S
+
2,ϵ

exists, then approaches the stable slow manifold S+
1,ϵ and eventually connects to

ẽ+. In addition, for nearby values of r, we expect associated canards “without

head” and canards“with head”. These occur when W u,[r](ẽ−) near misses the

Chapter 6 Eoin O’Sullivan 101



Rate-Induced Tipping to Metastable Zombie Fires

stable manifold of S+
2,ϵ to the left or right, respectively, and diverges away from

S+
2,ϵ before S+

2,ϵ ceases to exist. Thus, it is the (blue) maximal canard shown in

figure 6.2, together with the associated canards “without head”, that give rise

to the higher-r tipping-tracking transition in the regular R-tipping diagram in

figure 6.1. In the context of excitable systems, we use Definition 4.1.3(ii) to

relate a family of canards “without head” associated with a codimension-one

stable manifold of a normally hyperbolic saddle slow manifold to yet another

new type of excitability quasithreshold.

6.4 Approximating the Critical Rate

Analysis of the three-timescale problem in section 6.2 reveals the instability

arising from from a summer heatwave may be understood as a perturbation of

the passage and return though a fold bifurcation of equilibria. This motivates

an attempt to approximate the critical rate by using the formula derived in [83].

The formula derived in [83] takes into account the magnitude by which the

system overshoots the fold bifurcation, the time the system spends past the fold

bifurcation, and the eigenvalues of the equilibria close to the fold bifurcation so

that tipping occurs when:

a20κ(T
+
a − T inst

a )t2e ≥ 4. (6.8)

Following [72], the time that the system spends past the fold bifurcation is given

exactly by:

te =
2

r
sech−1

(
T inst
a

T+
a

)
, (6.9)

where the value of T inst
a may be approximated with exponentially small error

following the procedure outlined in B.1. This also allows calculation of the mag-

nitude of the overshoot (T+
a − T inst

a ). The parameters a20 and κ relate to the

eigendirections of the non-hyperbolic fold F1(T
inst
a ) at the moment of the bifur-

cation. We note as outlined in section B.1, that the position of F1(T
inst
a ) may

be approximated with exponentially small error by taking Rs = R†s. Following
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Canards “With Head”

ǫ ≈ 0.064
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r
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1
)

Figure 6.6: The R-tipping diagram of figure 6.1 with (black, dashed) the ap-
proximate critical rate for r ≥ 1 overlaid, which is given when equality holds
in (6.10). For more information see the caption of figure 6.1

the formulas derived in [83] these are determined to be:

a20κ =
λα2AΠ

2µ2
eα(T

inst
a −AΠ

λ
)+1. (6.10)

Figure 6.6 shows (dashed) the curve a20κ(T
+
a − T inst

a )t2e = 4 for r ≥ 1 overlaid

with the R-tipping diagram of figure 6.1. We note that while the case r ≪ 1

is considered in [83] which allows the elimination of higher order terms in the

derivation, we are primarily concerned with the case r ≲ 1/ϵ. This in part

explains the deviation of the predicted R-tipping transition from the observed

R-tipping transition. Additionally, it is assumed in [83] that the path of the

system overshoot past the bifurcation is approximately a parabola, while in our

case it is in-fact a sector of a hyperbolic sech.
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Chapter 7

Numerical Methods for Duck

Hunting in C#

In this section we review some of the numerical techniques employed in this

work, some of which are particular to compactified systems, and slow-fast dy-

namical systems. All of the figures in this thesis have been produced in Mathe-

matica, making extensive use of the NDSolve function. Section 7.1 details how

W u,[r](ẽ−) may be well approximated in this environment. More intensive nu-

merical computations, such as the computation of R-tipping diagrams for ϵ = 0

and 0 < ϵ≪ 1, were performed in C# where a fourth order Runge-Kutta (RK4)

method with adapative stepsize control as described in section 7.2 was imple-

mented. The methods used to compute R-tipping diagrams are described in

section 7.3. The numerical computation of slow manifolds for sections 5.5 were

performed using AUTO [32], which was run using Python in a virtual Linux

environment and is described in section 7.4.

7.1 The Compactified System

In general R-tipping depends strongly on initial conditions [112, 76, 77], which

makes problem formulation a challenge particularly in a nonautonomous set-

ting. A significant advantage of the compactification approach of section 3,

is that it allows us to investigate the behaviour of W u,[r](ẽ−), with the clear
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interpretation that it represents the behaviour of a system initialised near equi-

librium for Ta = T−a and subsequently exposed to external forcing. Additionally,

W u,[r](ẽ−) contains x[r](t, e−) , a local pullback attractor of the corresponding

nonautonomous problem in the sense discussed in section 4.1.

When the compactification parameter ν is suitably chosen,W u,[r](ẽ−) is guar-

anteed be normal to the plane {s = −1}. In this work we choose such a ν where

possible and all simulations of the compactified system are performed with the

initial condition:

(T0, C0, s0) = ẽ− + (0, 0, δ), (7.1)

i.e. the system is initialised at ẽ− with a small perturbation in the positive s

direction. We take δ = 0.0001, and a solution with the initial condition 7.1

provides a good approximation to W u,[r](ẽ−). Additionally, as W u,[r](ẽ−) in

the compactified system corresponds to a local pullback attractor for the non-

autonomous system (4.3), the solution initialised at 7.1 will be initially pushed

onto W u,[r](ẽ−) provided δ is small enough, further reducing any error in ap-

proximation.

7.2 Adaptive Stepsize Control

Choice of stepsize is an important consideration for any system with multiple

scales in either time or space. It is important to strike a balance between choos-

ing a stepsize which is small enough to resolve interesting features of the system,

and a stepsize which is large enough to enable simulations to be performed in

a reasonable timeframe. The compactified system (7.8)–(7.10) evolves on slow

timescales for extended periods of time, while many of the interesting dynamics

happen on faster timescales and require a small stepsize. In this work, to com-

pute R-tipping diagrams we implement in C# a 4th order Runge-Kutta method

with a variable stepsize. At each timestep, we choose the following timestep

according to the following pseduocode:

Inputs: t, x, f, h, rk4 step(f, x, t, h), T ol

Outputs: y
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y ← rk4 step(f, x, t, h)

ysmall ← rk4 step(f, x, t, h/2)

if ||y − ysmall|| > tol then

t← t+ h/2

h← h/2

y ← ysmall

else

ybig ← rk4 step(f, x, t, 2h)

if ||ybig − y|| < tol then

t← t+ 2h

h← 2h

y ← ybig

else

t← t+ h

end if

end if

return (y),

where t is the current time of the system being integrated, x is the current state

variable, f is the vector field of the system, h is the current system stepsize,

rk4 step(f, x, t, h) is a function which implements the 4th order Rungke-Kutta

method to integrate the system forward by a timestep of size h, and Tol is a

user-supplied tolerance.

To illustrate the need for a variable stepsize, consider that for a solution

initialised at (7.1), the compactified system dynamics (7.8)–(7.10) will initially

be super slow, as the system stays close to ẽ(s) and ds/dt ≈ O(δ2). This means

a large stepsize is required, especially when repeated runs are needed as part of a

bisection method as used to produce figures 5.2 and 6.1. However, as s increases

the system will evolve on a faster timescale. This is particularly important when

s is a fast variable, or when s is a slow variable and the system reaches the fold

F1. As F1 mediates the switch from slow to fast dynamics, it may be useful

to impose a small stepsize as the system approaches the fold, such as when

attempting to track secondary or composite canards; see section 7.4
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Figure 7.1: The frozen system with the planes (cyan) ΣF1 , (black) Σ3,(red) ΣF2
a

and (magenta)ΣF2
b overlaid. The frozen system may be related to a cross section

s =constant of the compactified system (7.8)–(7.10); see figure 7.2.

7.3 R-tipping Diagrams

The R-tipping diagrams of figures 5.2 and 6.1 were created using a bisection

method by fixing T
+/max
a , choosing an interval of r and using the behaviour of

W u,[r](ẽ−) as the bisection conditions for updating iterations. In this section, we

discuss and justify how we numerically determined the behaviour of W u,[r](ẽ−)

for the bisection conditions.

For the definitions of tracking, R-tipping, and different types of canards we

refer to the discussion in section 4.1, and to definitions 4.1.1 and 4.1.2. It follows

that to determine whetherW u,[r](ẽ−) tracks or R-tips, and similarly to determine

if it contains a canard, we must determine if W u,[r](ẽ−) visits S2,ϵ and / or S3,ϵ.

This may be achieved using suitably chosen planes in the (T,C, s) phase space.

The outflow boundary of S3,ϵ (and of S2,ϵ) is well approximated by F2. It

follows that a trajectory will visit S3,ϵ if it crosses the plane:

ΣF2 :=
{
(T,C, s) : T = T F2(s)

}
, (7.2)

In the positive T direction. The only way to cross ΣF2 in the negative T direction

is to do so either along or below S3,ϵ. Similarly, the inflow boundary of S2,ϵ is
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ΣF2
b

ΣF2
a

ẽ−

ΣF1

s

T

C

Figure 7.2: The compactified system (7.8)–(7.10) with the planes (cyan)
ΣF1 ,(red) ΣF2

a and (magenta)ΣF2
b overlaid. Also shown is W u,[r](ẽ−) for different

values of r to show how different types of canard solutions may be detected.
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well approximated by F1, and we define the plane:

ΣF1 :=
{
(T,C, s) : T = T F1(s)

}
, (7.3)

where when s is a slow variable, if W u,[r](ẽ−) crosses ΣF1 in the positive T

direction then it must leave S1,ϵ. This implies that it must visit at least one,

and possibly both, of S2,ϵ and S3,ϵ. When s is a fast variable, W u,[r](ẽ−) always

leaves S1,ϵ.

A solution which leaves S1,ϵ will only undergo a substantial decrease in C by

travelling along the other slow manifolds S2,ϵ and S3,ϵ. This means a solution

which leaves S1,ϵ and reaches ΣF2 only after undergoing a substantial decrease in

carbon must have travelled along S2,ϵ for some time O(1) as per definition 4.1.1.

This motivates a partition of the plane ΣF2 as follows:

ΣF2
a :=

{
(T,C, s) ∈ ΣF2 : C ≥ Ce(s)− k

}
, (7.4)

ΣF2
b :=

{
(T,C, s) ∈ ΣF2 : C < Ce(s)− k

}
, (7.5)

where k ∈ R is a suitably chosen constant. We choose Ce(s) − k to account

for the fact that CF1(s) varies with s, meaning that at the moment a solution

leaves S1,ϵ through F1, its value of C will depend on s.

When s is slow, a solution which crosses ΣF1 in the positive T direction but

does not cross ΣF2 must visit S2,ϵ. This is not the case when s is fast, as solutions

may leave S−1,ϵ, cross Σ
F1 in the positive T direction, before crossing again in the

negative T direction and go to S+
1,ϵ, all without visiting S+

2,ϵ. However, such a

solution will not undergo a substantial decrease in carbon. This is in contrast

to a solution which travels along S2,ϵ for some time O(1). This motivates the

definition of a third plane:

Σ3 := {(T,C, s) : C = Ce(±1)− k} , (7.6)

where k ∈ R is a suitably chosen constant. When s is fast, if a solution crosses

Σ3 but not ΣF2 , it must have visited S2,ϵ. This does not hold when s is slow, as

a solution may cross Σ3 without leaving S1,ϵ.
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We are now ready to describe how to numerically determine what is the

behaviour of the system and of W u,[r](ẽ−) for a given (T
+/max
a , r):

• R-tipping: if W u,[r](ẽ−) crosses ΣF2
a in the positive T direction, the sys-

tem is determined to R-tip and W u,[r](ẽ−) is determined to be a regular

trajectory.

• Canard “with head”: if W u,[r](ẽ−) crosses ΣF2
b in the positive T direction,

the system is determined to R-tip and W u,[r](ẽ−) is determined to be a

canard “with head”.

• Maximal Canard: if W u,[r](ẽ−) is tangent to ΣF2 , then it is determined to

be a maximal canard.

• Canard “without head”: When s is slow, if W u,[r](ẽ−) crosses ΣF1 and does

not cross ΣF2 then it is determined to be a canard “without head”. When s

is fast, if W u,[r](ẽ−) crosses Σ3 and does not cross ΣF2 then it is determined

to be a canard “without head”.

• Tracking: When s is slow, if W u,[r](ẽ−) does not cross ΣF1 then the system

is determined to track. When s is fast, if W u,[r](ẽ−) does not cross Σ3 then

the system is determined to track. Alternatively, if we do not have cases

(i)–(iv), then the only other possibility is that the system tracks.

7.4 Hunting Secondary and Composite Canards

The boundaries of the R-tipping tongues in figures 5.2 and figures 6.1 are formed

by secondary and composite canards. We recall from section 5.4 that the com-

mon feature shared by these canards is that they leave S1,ϵ, then follow S2,ϵ for

a time before heading back to S1,ϵ. A secondary canard does so by travelling

along an intersection of S1,ϵ and S2,ϵ, while a composite canard makes a fast

switch in the manner of a canard “without head”. These trajectories then leave

S1,ϵ for a second time and follow S2,ϵ for as long as it exists in the manner of a

maximal canard. For further detail we refer to the discussion in section 5.4.
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Numerically, speaking then secondary and composite canards are identified

as maximal canards per section 7.3. However they may be distinguished if

necessary using the planes already defined:

• Composite and Secondary Canards: If W u,[r](ẽ−) crosses ΣF1 three times,

first in the positive T direction, followed by the negative T direction and

the positive T direction again, and is subsuquently tangent to ΣF2 then it

is determined to be either a composite or secondary canard.

Note that it is particularly important to use a small stepsize close to the fold

F1 in this instance, as maximal canards are numerically unstable objects and

the secondary canard ‘twist’ about F1 may be small. To distinguish whether

W u,[r](ẽ−) is a secondary canard or a composite canard requires a visual inspec-

tion of W u,[r](ẽ−) together with γ̃S
ϵ and γ̃N

s,ϵ in the manner shown in figures 5.8.

However, as we are primarily interested in the numerical continuation of curves

where W u,[r](ẽ−) is either a secondary or composite canard in (T
+/max
a , r) pa-

rameter space, a single inspection will suffice to determine which type of curve

is being tracked.

While the boundaries of R-tipping tongues are formed by composite and

secondary canards, for resolving R-tipping tongues with a bisection method it

is useful to know when a chosen pair of (T
+/max
a , r) is taken from inside and

R-tipping tongue. Inside an R-tipping tongue, W u,[r](ẽ−) is a secondary canard

“with head”, in that it twists about F1 once before R-tipping. Such behaviour

may be determined as follows:

• Secondary Canards “with head”: If W u,[r](ẽ−) crosses ΣF1 three times, in

the same manner as a secondary or composite canard (see (vi)), and fol-

lowing this crosses ΣF2
b , then it is determined to be a secondary canard

“with head”.

7.5 Computing Slow Manifolds

Following the numerical continuation methods outlined in [28, 30], the slow

manifolds S1,ϵ and S2,ϵ as well as canard trajectories may be computed as so-

lutions to an appropriately formulated boundary value problem in AUTO [32].
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Broadly speaking, the idea is to calculate both slow manifolds in the plane ΣFN ,

then manually identify their intersections in ΣFN by visual inspection. Such in-

tersections correspond to maximal canards. The intersecting slow manifolds

S1,ϵ and S2,ϵ as shown in figure 5.11 may be extended outwards from the plane

s = −0.369038 in the negative and positive s directions by following solutions

initialised on S1,ϵ and S2,ϵ in the plane ΣFN backwards and forwards in time

respectively, and piecing together the resulting trajectories. Figure 7.3 shows

(blue) S1,ϵ and (red) S2,ϵ extended backwards and forwards in time respectively

from the plane s = −0.369038. This allows us to see how the maximal canards,

shown in black, cross from S1,ϵ to S2,ϵ.

The method for computing slow manifolds and their intersections is as fol-

lows. The folded singularity FN which exists for ϵ = 0, perturbs to a transverse

intersection of S1,ϵ and S2,ϵ for 0 < ϵ ≪ 1. We choose a plane of constant s

which contains FN to approximate the location of the transverse intersection:

ΣFN := {(T,C, s) : s = sFN}, (7.7)

where sFN is the value of s such that ΣFN contains FN when ϵ = 0. The

initial goal is to calculate S1,ϵ

⋂
ΣFN and S2,ϵ

⋂
ΣFN using a pair of boundary

value problems. When the two sets intersect, such intersections correspond to

maximal canards. Additionally, the solutions to these boundary value problems

are two families of orbit segments which represent the slow manifolds S1,ϵ and

S2,ϵ respectively.

We aim to represent the slow manifolds S1,ϵ and S2,ϵ as a family of orbit

segments calculated using numerical continuation in AUTO. We consider the

following system:

ϵ
dT

dt
= Tint f1(T,C, T

ν
a (s)), (7.8)

dC

dt
= Tint f2(T,C), (7.9)

1

r

ds

dt
= Tint

ν

2
(1− s2), (7.10)

where Tint is the total integration time and is a free parameter. So that any
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orbit segment u(t) is represented over the interval t ∈ [0, 1]. the strategy is

as follows. Taking X(t) = (T (t), C(t), s(t)), we define the following boundary

value problems: {
X(0) ∈ La,

X(1) ∈ ΣFN ,
and

{
X(0) ∈ ΣFN ,

X(1) ∈ Lr,
(7.11)

where La,r are one-dimensional submanifolds and ΣFN is as defined in (7.7) - a

codimension-one submanifold of R3. We choose La to be on the attracting sheet

of the critical manifold S1 sufficiently far from the fold F1 so that S1 is a good

approximation of S1,ϵ, while we choose Lr on S2 similarly far from F1. In this

way, an orbit segment which begins in La and ends ΣFN approximates an orbit

segment along S1ϵ. Similarly, an orbit segment beginning in ΣFN and ending on

Lr approximates an orbit segment along S1ϵ. By varying X(0) along La in the

first BVP and X(1) along Lr in the second BVP we obtain two collections of

such orbit segments which provide approximations of S1,ϵ and S2,ϵ respectively.

These boundary value problems are solved via numerical continuation by

first restricting La,r to be on the fold F1 amd growing Tint from 0, then moving

La,r away from F1 until it sits sufficiently far away. This homotopy-type method

gives initial solutions to the boundary value problems of interest (7.11), from

which other solutions may be found. This procedure is described in detail in [29],

and is implemented as an example in the current distribution of AUTO for the

Fitzhugh-Nagumo oscillator.

This computation has already been performed close to a folded node in [29,

28, 30]. However aside from the work of [77], to the best of our knowledge a

similar computation has not been performed close to a composite canard to date.

Additionally, figure 7.3 is the first time slow manifolds have been extended into

three dimensions close to a composite canard. The reason they have not been

studied intensely to date may be due to their peculiar nature, occurring close to

both the folded-node primary maximal canard γ̃N
s,ϵ and a secondary canard ξ̃1ϵ .

Additionally, while analytic results have been obtained which prove the existence

of secondary canards [109], to the best of our knowledge no such results exist for

composite canards which have only been observed numerically [76, 77]. Finally,
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composite canards should be more apparent where the small parameter ϵ is

relatively large for a singular perturbation problem as in the current study.

This work may be extended in a number of ways. In particular there is more

work to be done in understanding how the kind of folding shown in figure 7.3,

which gives rise to composite canards, arises as the ratio of the strong and weak

eigenvalues µ increases. Also of interest is how W s(γ̃S), the stable manifold of

the folded saddle singular canard and W u(γ̃N
s ), the unstable manifold of the

folded-node strong singular canard, each of which exists for ϵ = 0, persist for

0 < ϵ ≪ 1 as stable and unstable fast manifolds of the corresponding maximal

canards and interact. A similar study of fast manifolds of faux canards was per-

formed in [67], where they were shown to be responsible for rotational behaviour

of solutions close to a folded saddle. Finally, we have presented in section 5.3

a unified picture of the unfolding of a codimension two non-central heteroclinic

FSN-I in the plane (T+
a , r) for ϵ = 0. It should be possible to study the unfolding

for 0 < ϵ≪ 1 of the corresponding slow manifolds with the methods used here,

together with numerical continuation in ϵ following [30]. This would provide a

unified picture of the three parameter unfolding of an FSN-I bifurcation.
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γ̃N
s,ǫ

ξ̃1c,ǫ

γ̃N
c,ǫ

S1,ǫ

S2,ǫ

s

T

C

ΣFN

Figure 7.3: The (blue) attracting and (red) repelling slow manifolds S1ϵ and
S2,ϵ extended outwards from the (green) plane s ≈ −0.369038. Shown also are
(black) the folded-node maximal canard γ̃N

s,ϵ, folded-node composite canard γ̃N
c,ϵ

and the secondary canard ξ̃1ϵ which travel along intersections of S1ϵ and S2,ϵ.
Note that the secondary canard is contained within W u,[r](ẽ−)
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Chapter 8

Conclusion and Outlook

This thesis showcases three kinds of results. First, we demonstrate that suf-

ficiently fast atmospheric warming can cause R-tipping to a subsurface hot

metastable state in bioactive peat soils, using a conceptual process-based ODE

model with realistic soil parameter values and contemporary climate patterns.

This gives rise to the hypothesis that such R-tipping is a main cause of “Zombie

fires” observed in peatlands, that disappear from the surface, smoulder under-

ground during the winter, and “come back to life” in the spring. Second, we

recognise that such R-tipping is a nonautonomous instability that occurs due

to crossing an elusive quasithreshold in the phase space of a multiple timescale

dynamical system, and thus cannot be explained by traditional autonomous sta-

bility theory. Therefore, to understand the underlying dynamical mechanisms,

we provide a mathematical framework that is underpinned by a compactifica-

tion technique for asymptotically autonomous dynamical systems and concepts

from geometric singular perturbation theory, such as slow manifolds, canard

trajectories and folded singularities, and use the conceptual soil-carbon model

as an illustrative example. This explains R-tipping to the hot metastable state

and, more generally, identifies generic cases of R-tipping due to crossing a qu-

asithreshold. Furthermore, it shows that a quasithreshold gives rise to critical

ranges of the rate of change of the external input rather than isolated critical

rates, and reveals new types of quasithresholds. Third, we compute of slow man-

ifolds in the compactified system together with their maximal canards in order
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to understand the complicated shape of R-tipping quasithresholds in three di-

mensions. The twisting of the repelling slow manifold in particular may give rise

to secondary canards, composite canards, and composite secondary canards. As

such canards form part of a corresponding R-tippign quasithreshold, this shows

its complicated shape and gives insight into how for a given T
+/max
a large enough

there may be multiple critical ranges of the rate parameter r. These results pose

three types of challenges for future research.

First, to strengthen our hypothesis, it would be interesting to build on the

excellent agreement with the medium-complexity PDE model in figure 2.4 and

extend the conceptual ODE model in different directions. For example, include

terms describing peat soil ignition processes at higher temperatures [120]. This

would allow investigation of existence of additional (quasi)thresholds for the

onset of flames. Include other physical processes, in addition to soil tempera-

ture, that contribute to microbial soil respiration. For example, microbial soil

respiration is also strongly moisture dependent [90, 60, 46], and the inclusion

of soil hydrology would extend the applicability of the model; see for example

DigiBog Hydro [8] and [103]. Include random fluctuations to account for the

fact that climate and weather patterns are inherently noisy. This would give a

more accurate description of the tipping being a combination of R-tipping and

noise-induced tipping (N-tipping). Understanding how the two tipping mecha-

nisms interact is non-trivial [82] and an area of ongoing research for quasithresh-

olds [91]. Account for spatio-temporal dynamics by extending the conceptual

ODE model to a PDE model. Vertical diffusion has already been studied in the

extended Luke and Cox model with interesting results confirming validity of the

conceptual ODE model [26]. Further to this, the inclusion of lateral diffusion on

a heterogeneous spatial domain would allow investigation of lateral heat and fire

patterns, and how they evolve over time, in the ensuing reaction-diffusion equa-

tion. This, in turn, would enable comparisons with satellite data of peatland

fires. Finally, it might be interesting to couple the conceptual model to spatially

extended land-surface models such as JULES [7] or DigiBog [6]. Currently, such

models often neglect heat produced by microbial decomposition which is a key

factor for the R-tipping instability to the hot metastable state described in this
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thesis.

Second, there are challenges related to extending the mathematical frame-

work and obtaining rigorous results. The definitions of R-tipping and a qua-

sithreshold introduced here for the soil-carbon model are a good starting point

towards a general theory of R-tipping due to crossing quasithresholds in multiple

timescale systems. Of particular interest to scientists and mathematical model-

ers are rigorous yet easily testable criteria for the occurrence of such R-tipping,

akin to those derived in [113] for R-tipping due to crossing regular thresholds.

Third, there are challenges relating to the computation of slow manifolds

and quasithresholds. Aside from the current work, to the best of our knowledge

computation of slow manifolds close to a composite canard has only been per-

formed in [77], meaning there is still much work to be done. Moreover, although

we extend the slow manifolds into three dimensions in figure 7.3, this computa-

tion is only performed local to the folded node FN, meaning there is more work

to be done on obtaining a global picture of the slow manifolds. This compu-

tation could be performed with the methods used here, and would also give a

global picture of an R-tipping quasithreshold in three dimensions. Additionally,

there are outstanding questions regarding how composite canards which exist

for 0 < ϵ≪ 1, relate to stable and unstable manifolds of singular canards which

exist for ϵ = 0; see the discussion at the end of section 7.5. Finally, a study of

the three parameter unfolding of an FSN-I bifurcation as discussed in section 7.5

would consolidate much of the work that has been performed to date on folded

singularities and canards, as well as giving insight into the persistence of FSN-I

dynamics for 0 < ϵ≪ 1, where there is still much to be understood [67].
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Appendix A

Details for Figures

A.1 Details for Figure 1

The Berkeley Earth dataset [5] gives a field of the land temperature anomalies

Φ(x,m) for a given month m compared to the average temperature for that

month for the period 1951-1980. We take the mean temperature anomaly field

Φ̄(x) for the 60 months from January 2017 to December 2021 inclusive. A field

of the rates of warming, as shown in figure 1.1, is then obtained as follows:

r(x) =
Φ̄(x)

1
2
(2021 + 2017)− 1

2
(1980 + 1951)

. (A.1)

A.2 External Input and Parameter Details for

Figure 2

In figure 2.2, the external input is given by

Ta(rt) =
T Jul
a − T Jan

a

2
(sin (2πt) + 1) + T Jan

a + T+
a sech (r(t− 10.25)). (A.2)

where r = 10, T+
a = 20, and T Jan

a = −33.1◦C , T July
a = 12.9◦C are the mean

January, July temperatures recorded at Cherskii in Northern Siberia [2].

119



Rate-Induced Tipping to Metastable Zombie Fires

A.3 External Input and Parameter Details for

Figure 3

In figure 2.3, the external input is given by

Ta(rt) =
T+
a − T−a

2
(tanh (r(t− 140)) + 1) + T−a , (A.3)

where r = 0.025, T+
a = −6, and T−a = −10.1 is the mean value of seasonal

component of (A.2), which is based on temperatures recorded at Cherskii in

Northern Siberia [2].

A.4 External Input and Parameter Details for

Figure 4

In figure 2.4, atmospheric temperature external input is given by

Ta(rt) =
T+
a − T−a

2
(tanh (r(t− 2050)) + 1) + T−a . (A.4)

Parameter values used are T−a = −5◦C, T+
a = 2◦C, Π = 0.09, r = 0.025 and

T ∗ = 35, which correspond to values used by [46].
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Appendix B

Additional Derivations

B.1 Threshold Instability Condition

For T < T ∗, the modified non-monotone respiration function R∗s(T ) in (2.11)

is well approximated by the monotone R†s(T ) (2.10), which may be used to a

derive a closed-form approximation for F1. We recall the fold condition for a

fixed value of Ta with Rs(T ) = R†s(T ):

∂f1/∂T |S = − λ

A

(
1 + (T − Ta

r′s(T )

R†s(T )

)
= 0.

This gives an approximation of the T -component of the fold F1, which we denote

T F1 . We use ≊ to indicate that the expression is exact when Rs(T ) = R†s(T ), and

near exact (has an exponentially small error) when Rs(T ) = R∗s(T ). Applying

the critical manifold condition gives

(
T F1(Ta), C

F1(Ta)
)
≊
(
1

α
+ Ta,

λ

αAR†s(T F1(Ta))

)
.

We note from section 4.1 that there is a special value T inst
a for which e(0) ∈

θ(T inst
a ). This condition is equivalent to Ce(0) = CF1(T inst

a ), which gives

Π

R†s(AΠ
λ
)
=

λ

αAR†s(T F1(T inst
a ))

.
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Solving for T inst
a gives the following expression

T inst
a ≊ − 1

α

(
1 + log

(
α
AΠ

λ

)
− α

AΠ

λ

)
. (B.1)

B.2 Compactified Summer Heatwave

In figure 6.4, to more easily see the separation of the branches of M̃ rather than

T 0.5
a (s) (6.2) we use T ν

a (s) = T 0.1
a (s) which is given by:

T ν
a (s) = T

1
10
a (s) =

2Tmax
a (1− s)10

(1 + s)20 + (1− s)20
. (B.2)
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Appendix C

Table of Parameters

Parameters
Symbol Description Value
µ Areal Soil Heat Capacity 2.5× 106 Jm−2 ◦C−1

λ Soil-to-Atmosphere Heat Transfer Coefficient 5.049× 106 J y−1m−2 ◦C−1

r Rate Parameter r ∈ (0,∞) y−1

A Specific Heat of Microbial Respiration 3.9× 107 J kg−1

Π Gross Primary Production 1.055 kgm−2 y−1

α Respiratory Growth Rate ln (2.5)/10
Rs(0) Reference respiration at 0◦C 0.01
c Decay : Growth Ratio 10
T ∗ Respiration Die-Off Temperature 30, 50 or 70◦C

Table C.1
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