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Abstract

This thesis presents a methodology for analysing equiaffine invariant measures on
surfaces, building on a modified version of a comparability lemma from the 2019
work of P. Gressman [10]. The research focuses on simplifying the process of cal-
culating the equiaffine invariant measure for 2-surfaces in Rn by avoiding the need
for a complete set of generators for the algebra of invariant polynomials. Instead,
we compute a sufficient set of invariant polynomials whose intersection characterises
the set of unstable points under the SL2pCq action.

Our approach is demonstrated on specific surfaces in R6, R10, and R15, where we
successfully identify the relevant invariant polynomials and use them, along with the
modified lemma, to derive the associated density functions. These density functions
can then be used to define the equiaffine invariant measure.

The results offer a practical framework for understanding affine invariants in geo-
metric contexts and suggest possible extensions to higher-dimensional surfaces and
different group actions. This work aims to provide a foundation for future studies in
geometric invariant theory and harmonic analysis, exploring the interplay between
algebraic geometry, invariant theory, and analysis.
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“The general laws of nature are not, for the most part, immediate objects of
perception.”

— George Boole, An Investigation of the Laws of Thought,
Chapter 1, 1854.
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Chapter 1

Introduction

Several problems in modern harmonic analysis have sustained interest for many
years. These include the Fourier restriction conjecture and the problem of deter-
mining the Lp´Lq mapping properties of convolution operators, among many others.

In his 2003 paper [23], D. Oberlin introduced an equiaffine invariant measure
to this circle of problems. Although his definition works for manifolds of arbitrary
Hausdorff dimension, for a long time, we had no direct description of what the asso-
ciated density was for the cases of intermediate Hausdorff dimension, i.e. manifolds
that are not curves or hypersurfaces. In his seminal 2019 work [10], P. Gressman
gave an explicit description of this density for those intermediate dimensions. The
calculation of this density however, remains difficult due to an associated infimum
in its construction. In order to overcome this issue, Gressman proves the follow-
ing lemma, which allows the infimum to be bounded by computing polynomials
invariant under an SLnpRq action.

Lemma 1.0.1 (Comparability Lemma). Suppose that G is a real-reductive algebraic
group and that ρ is a G´representation on some finite-dimensional real vector space
V equipped with a norm } ¨ }. Let p1, . . . , pN be any collection of homogeneous poly-
nomials on V , with positive degrees d1, . . . , dN , which generates the algebra of all
G-invariant polynomials. Then there exists constants 0 ă C1 ď C2 ă 8 such that
for all v P V we have

C1 max
j“1,...,N

|pjpvq|
1
dj ď inf

MPG
}ρMv} ď C2 max

j“1,...,N
|pjpvq|

1
dj .

Lemma 1.0.1 involves several concepts from geometric invariant theory, a subfield of
algebraic geometry. The lemma assumes the existence of finitely many polynomials
p1, . . . , pN that generate the algebra of homogeneous invariant polynomials. This
is a nontrivial fact that requires working with a linearly reductive group1. As we
shall see, linearly reductive groups are of significant importance because due to the
existence of this finite set of generators we can define a “good quotient” of an affine
variety X by the reductive group G by examining its ring of regular functions. It

1The term “linearly reductive” typically refers to algebraic groups over an algebraically closed
field, where every finite-dimensional representation is completely reducible. In contrast, “real
reductive” groups are defined over R, and while they exhibit similar reductive properties, the
notion of complete reducibility does not always apply in the same way. However, for many practical
purposes in geometric invariant theory (GIT), many of our results over C extend to R without loss
of generality.
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Invariant Polynomials in Harmonic Analysis

turns out that forming a quotient whose regular functions are the invariant functions
under the action leads to what is known as the GIT quotient. This GIT quotient,
often denoted by X{{G comes with a map π : X Ñ X{{G that is surjective and
satisfies the property that two points get sent to the same point by π if and only if
the closure of their orbits have a non-empty intersection. This allows for the classi-
fication of points into two important categories: unstable and semistable. Unstable
points are those that include zero in the closure of their orbit, or equivalently, are
mapped to the same point as zero when X is a vector space. Semistable points, in
contrast, are those whose orbits do not contain zero in their closure. Topologically,
this makes the GIT quotient better behaved than the standard set-theoretic quo-
tient, where two points are considered equivalent if they share the same orbit. The
standard set-theoretic quotient is typically not Hausdorff, unlike the GIT quotient.

A good understanding of this GIT quotient requires a good understanding of its
regular functions. The GIT quotient is defined in terms of its regular functions,
which remain invariant under the group action. This requires a fundamental un-
derstanding of algebraic geometry, including Hilbert’s Nullstellensatz. Indeed, the
Nullstellensatz establishes a one-to-one correspondence between the points of an
affine variety and the maximal ideals of its coordinate ring. This correspondence
allows one to reconstruct the Zariski topology on an affine variety when the Zariski
topology on its maximal spectrum is already known, and vice versa.

Using the tools of GIT and algebraic geometry, Lemma 1.0.1 can be employed
to calculate Gressman’s equiaffine invariant measure, provided one can identify the
polynomials that generate the entire algebra of invariants. There is an immediate
problem however, and that is that finding generators for the entire algebra of invari-
ant polynomials is a very difficult task. This is despite the fact that we know finitely
many such generators always exist for linearly reductive groups. Therefore, we aim
to leave the same hypotheses of Lemma 1.0.1 while strengthening the conclusion.
That is, we want a variant of Gressman’s Comparability Lemma that still allows us
to reconstruct the equiaffine invariant measure without having to compute all the
generators of the algebra of invariants. In section 4.2, we prove the following result,
which is a modified version of 1.0.1.

Lemma 1.0.2 (Modified Comparability Lemma). Suppose that ρ is a linear action
of a finite-dimensional vector space V (over C) on a linearly reductive group G.
Furthermore, suppose V is equipped with a norm } ¨ }. Let p1, . . . , pn be a collection
of homogeneous invariant polynomials such that the intersection of their respective
vanishing sets equals the set of unstable points for the action. Then there exists
constants 0 ă C1 ď C2 ă 8 such that for all v P V we have

C1 max
j“1,...,N

|pjpvq|
1
dj ď inf

MPG
}ρMv} ď C2 max

j“1,...,N
|pjpvq|

1
dj ,

where dj denotes the degree of pj.

This modified variation of Gressman’s original lemma is presented over C, and it
also holds over R due to a result of Birkes [1]. In section 4.2 we also show how
the original lemma can be derived from the modified one in the special case of the
SL2pRq action on a finite dimensional vector space V. An important point is that the
number of invariant polynomials appearing in the modified Lemma 1.0.2 is usually

2 Chapter 1 Fergal Murphy
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significantly smaller than those appearing in Lemma 1.0.1.

The main objectives of this thesis are:

(i) To present the background harmonic analysis and Gressman’s results, estab-
lishing the connection to geometric invariant theory, and to present and prove
the Modified Comparability Lemma.

(ii) To compute sufficient invariant polynomials for the action of SL2pCq on SymnpC2q

for 3 ď n ď 5 and demonstrate their application to the Modified Comparability
Lemma for n “ 4, 5.

(iii) To reconstruct Gressman’s equiaffine invariant measure for 2´surfaces in R6,R10

and R15.

(iv) To ensure the content is accessible to readers with an undergraduate educa-
tion in mathematics. Consequently, we present the necessary requisite material
from algebraic geometry, representation theory, reductive groups, and geomet-
ric invariant theory.

Outline:
The structure of this thesis is as follows. Chapter 2 introduces key problems in har-
monic analysis and briefly discusses the role that the equiaffine invariant measure
has with respect to these problems. We then introduce Gressman’s article [10] and
his construction of the equiaffine invariant measure. We take a more in-depth look
at the Comparability Lemma and understand why one needs geometric invariant
theory.

Section 3.1 outlines the basics of algebraic geometry, including affine varieties,
Hilbert’s Nullstellensatz, and regular functions, among other concepts. As previ-
ously stated, a solid understanding of the basic algebraic geometry is essential for
comprehending regular functions and the GIT quotient in later sections. In section
3.2 we discuss representation theory and use it to define and discuss linearly reduc-
tive groups. In particular, we show the group SLnpCq is linearly reductive which is
the most important group for our purposes. We will use the Haar measure from real
analysis and prove that SUnpCq is linearly reductive by employing Weyl’s Unitarian
trick. As we shall see, the same method used for SUnpCq can demonstrate that any
locally compact topological group with finite Haar measure is linearly reductive. In
the last part of this section, we prove Hilbert’s Finite Generation Theorem.

In section 4.1, we first introduce and discuss the main results of geometric invariant
theory (GIT). This includes why one takes a GIT quotient, the fundamental theo-
rem of GIT, and the Hilbert-Mumford criterion among others. We use the Hilbert-
Mumford criterion to characterise the unstable points for the action of SL2pCq on
SymnpC2q.

In section 4.2, we compute enough invariant polynomials for the action of SL2pCq

on SymnpC2q for n “ 4, 5, so that Lemma 1.0.2 can be applied when computing the
equiaffine invariant measure for 2´surfaces in R10 and R15, which make up most of
the contents of section 4.4. In section 4.3 we discuss projective varieties and give

Chapter 1 Fergal Murphy 3
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some reasons as to why the concept of stability in GIT is very important in other
areas of mathematics not necessarily related to this study.

Lastly, there is an appendix of basic results from commutative algebra and tensor
products that we require at times but wish not to prove so as not to obfuscate the
main goals of this thesis.

4 Chapter 1 Fergal Murphy



Chapter 2

Background in Harmonic Analysis
and Overview of Gressman’s
Paper

Some definitions and results presented in this section also appear in the introduc-
tion; however, they are restated here for the reader’s convenience.

Key Historical Problems in Harmonic Analysis.
Two principal problems in modern harmonic analysis are the Fourier restriction
conjecture and the characterisation of Lp ´ Lq mapping properties of geometrically
constructed convolution operators. We provide a brief introduction to them here.

The Fourier restriction conjecture, introduced by Elias Stein in the 1970s [26], is a
fundamental problem in harmonic analysis. It concerns whether the Fourier trans-
form f̂ of a function f defined on Rd can be meaningfully restricted to a lower-
dimensional subset S Ă Rd, such as a sphere. This conjecture connects to broader
studies in oscillatory integral operators and has applications in geometric measure
theory, combinatorics, and partial differential equations (PDEs).

For a function f P L1pRdq, the Fourier transform f̂ is classically defined as:

f̂pξq “

ż

Rd

fpxqe´2πix¨ξ dx,

which is a continuous function that decays to zero at infinity (by the Riemann-
Lebesgue lemma). However, for f P LppRdq with p ą 1, f̂ may not be pointwise
defined and lacks the regularity observed for L1 functions. To extend the Fourier
transform in this setting, one often relies on a distributional approach or limiting
arguments in function spaces.

The restriction conjecture examines whether, for a Schwartz function f and some
subset S of Rd, there exists an inequality of the form:

ˆ
ż

S

|f̂pξq|
q dσpξq

˙1{q

ď C}f}LppRdq,

where dσ denotes the surface measure on S, such as the unit sphere Sd´1, and C is
a constant independent of f . The conjecture seeks the range of exponents p and q

5
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for which this inequality holds, specifically in the range 1 ď p ď 2.

Stein and subsequent mathematicians observed that for certain subsets S Ă Rd,
specifically when S “ Sd´1, it is possible to define a restriction of f̂ to S if f P LppRdq

for some values of p in the range 1 ď p ă 2d
d`1

. The restriction conjecture remains
an open problem for general d and has led to significant advances in harmonic anal-
ysis, including applications in the study of dispersive PDEs and connections to the
Kakeya and Bochner-Riesz problems. Advanced techniques, such as those developed
by Jean Bourgain and Terence Tao, use decoupling theory and multilinear methods
to approach these challenges, though a complete resolution of the conjecture is still
unknown in higher dimensions. For further background on the restriction problem
see e.g [4], [14], [22], [27] .

Another important problem of modern harmonic analysis that has remained of sus-
tained interest for a number of years is the computation of the Lp ´ Lq mapping
properties of convolution operators. Given functions f and g, their convolution is
defined as

pf ˚ gqpxq “

ż

Rn

fptqgpx ´ tq dt.

A central problem is determining the sharp exponents p and q for which convolution
with a measure µ defines a bounded operator from LppRnq to LqpRnq. Specifically, for
a measure µ supported on a submanifold S Ď Rn, one seeks the optimal exponents
p and q such that the convolution operator

f ÞÑ f ˚ µpxq “

ż

S

fpx ´ tq dµptq

is bounded, i.e.,
}f ˚ µ}LqpRnq ď C}f}LppRnq.

Determining these exponents typically depends on the geometric properties of the
support of µ, such as its dimension, smoothness, or curvature. For example, in the
case where µ is the surface measure on the unit sphere Sn´1, the celebrated Stein-
Tomas theorem provides sharp Lp Ñ L2 bounds for the Fourier transform restricted
to the sphere, which are closely related to the convolution operator’s boundedness
properties. The problem of identifying the precise range of exponents is often linked
to deep geometric and combinatorial properties of the underlying set S, and con-
tinues to be a major area of research with connections to the Kakeya conjecture,
Fourier restriction conjecture, and other significant open problems in analysis, see
[3], [5], [6], [17].

The Oberlin Condition.
We now speak of the Oberlin condition, which has intimate connections with the
Fourier restriction and convolution problems and will allow us to formulate in full
the main theorem from [10].

Definition 2.0.1. Suppose µ is non-negative measure on a d-dimensional immersed
submanifold of Rn. µ satisfies the Oberlin condition with exponent α ą 0 if there
exists C ą 0 such that for every K in the set Kn of compact convex subsets of Rn,
we have that

µpKq ď C |K|
α , (2.0.1)

6 Chapter 2 Fergal Murphy
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where |K| denotes the usual Lebesgue measure of K.

This condition was observed to have the following relation to the Fourier restriction
and Lp-improving estimation problems. In particular, we have that

(i) If for all Schwartz functions f on Rn we have that
´

ş

|f̂ |qdµ
¯

1
q

À }f}LppRnq,

then for all K P Kn we have

µpKq À |K|
q
p1 ,

that is, the Oberlin condition is satisfied with exponent α “
q
p1 .

(ii) If for all Schwartz functions f on Rn we have that }f ˚ µ}LqpRnq À }f}LppRnq,
then for all K P Kn we have that

µpKq À |K|
1
p

´ 1
q ,

that is, the Oberlin condition is satisfied with exponent α “ 1
p

´ 1
q
.

We will return shortly to the Oberlin condition and observe that the equiaffine in-
variant measure constructed by Gressman, discussed in the next subsection, is the
largest measure on a manifold satisfying the Oberlin condition.

Affine measure on curves and hypersurfaces.
Given a submanifold M Ď Rn, the standard surface measure σ on M is invariant
under rigid motions, meaning it is invariant under translation, reflection, or rotation.
If M is a curve or hypersurface (i.e., it has dimension 1 or codimension 1), there
exists a natural non-zero measure on M which is invariant under the larger group
of equiaffine transformations. In the case of curves and hypersurfaces defined by a
graph, the measure is given as follows.

Definition 2.0.2. Suppose γ : I Ñ Rn is a curve. Affine arclength measure is
defined as

ż

f dµA :“

ż

I

fpγptqq
ˇ

ˇdet
`

γ1
ptq, . . . , γpnq

ptq
˘
ˇ

ˇ

2
npn`1q dt.

If px, φpxqq Ď Rn´1 ˆ R is a graph defined over a subset U Ď Rn´1, then affine
hypersurface measure is defined by

ż

f dµA :“

ż

U

fpx, φpxqq
ˇ

ˇdet▽2φpxq
ˇ

ˇ

1
n`1 dx,

where ▽2φ is the Hessian matrix of second derivatives of φ.

Since the 1970s it has been known that these measures play a natural role in certain
problems in harmonic analysis with respect to manifolds, such as the Fourier restric-
tion conjecture and the problem of determining the Lp Ñ Lq mapping properties of
the convolution operator f ÞÑ f ˚ σ, both of which we discussed earlier. However,
no satisfactory theory of equiaffine invariant measures was known for manifolds M
of intermediate dimension 1 ă d ă n ´ 1.

Chapter 2 Fergal Murphy 7
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Extension of the affine measure to intermediate dimensions.
In [10], P. Gressman constructs an explicit description of the density for the equiaffine
invariant measure for the intermediate dimensions of 1 ă d ă n ´ 1, the proof of
which relies upon elements of geometric invariant theory, convex geometry, and
frame theory. We detail the construction of this equiaffine invariant measure now.
The construction begins with a lemma that provides a method to obtain a density
from any k´linear functional on Rd. The second part involves choosing a suitable
k-linear functional that measures curvature and is affine invariant. First, we begin
with the lemma, for which we introduce the following notation.

Suppose V is a d-dimensional real vector space. Then the special linear group of
matrices on V , denoted SLdpRq “ SLpV q acts on the (topological) dual space of V
by

M ¨ fpxq :“ fpMTxq

for M P SLpV q, f P V ˚ and x P V . In turn this induces an action of SLpV q on the
k´fold tensor product pV ˚qbk, where we have

M ¨ Θpv1, . . . , vkq :“ ΘpMTv1, . . . ,M
Tvkq

for some Θ P pV ˚qbk, M P SLpV q and pv1, . . . , vkq P V bk.
Furthermore, if we fix a linearly independent vector v :“ pv1, . . . , vdq P V d, we define
a norm } ¨ }v on the space of k´linear functionals pV ˚qbk by

}A}
2
v :“

d
ÿ

j1“1

¨ ¨ ¨

d
ÿ

jk“1

|Apvj1 , . . . , vjkq|
2,

where A P pV ˚qbk. We then have the following lemma, whose proof we omit but
can found in §2.1 of [10].

Lemma 2.0.3. Let V be an an R-vector space with dimpV q “ d and let Θ P pV ˚qbQ,
and let v “ pv1, . . . , vdq. Then the mapping,

δpv1, . . . , vdq :“

ˆ

inf
MPSLpV q

}ρMΘ}v

˙
d
Q

is a density on V , meaning there is a constant CΘ ě 0 such that

inf
MPSLpV q

}ρMΘ}
d
Q
v “ cΘ| det

`

v1 . . . vd
˘

|.

The second part of the construction of the affine invariant measure is a choice of
multilinear functional that depends on a chosen submanifold Σ, of dimension d P N.
Let

f : Σ Ñ Rn

be a smooth immersion of Σ into Rn. For any natural number j, let κj be the smallest
integer such that the dimension of the space P

κj

d of real polynomials of degree κj in
d variables has dimension at least j ` 1. Then let Λd,n be the index set given by

Λd,n :“ tpj, kq | 1 ď j ď n, 1 ď k ď κj, u.

8 Chapter 2 Fergal Murphy
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Referring to the diagram in Figure 2 of [10], one can note that the set Λd,n is a union
of integer points in rectangles Dl, with l such that

`

d`l
l

˘

ď n and where pj, kq P Dl

if and only if 1 ď j ď n and
ˆ

d ` l ´ 1

l ´ 1

˙

ď j ă

ˆ

d ` l

l

˙

.

For each λ “ pj, kq P Dl Ă Λd,n, then j can be thought of as indexing d´tuples
αj “ pαj

1, . . . , αj
dq P Nd with

|αj| :“
d

ÿ

i“1

αi
j “ l.

Indeed, note that the cardinality of the set of such αj with |αj| “ l is exactly
ˆ

d ` l ´ 1

l

˙

“

ˆ

d ` l

l

˙

´

ˆ

d ` l ´ 1

l ´ 1

˙

,

the length of the rectangle Dl. Hence each Xj,k can be chosen equal to some Bxi
,

1 ď i ď d, so that
kj

ź

k“1

Xj,k “ Bαj

corresponds to the l-th order derivative with multi-order αj.

Next define Q as
Q “ Qd,n :“ #Λd,n.

Fix a point p P Σ on our manifold. For any finite sequence of vector field Xλ indexed
by λ P Λd,n, let

Af
pppXλqλPΛd,n

q :“ det
`

Xp1,1qfppq ^ ¨ ¨ ¨ ^ Xpj,1q . . . Xpj,kjqfppq ^ ¨ ¨ ¨

^Xpn,1q ¨ ¨ ¨Xpn,knqfppq
˘

,

where we lexicographically order the elements of Λd,n
1. It is shown in proposition

2, §2 of [10] that Af
p depends only on the values of Xλ at p, and it can therefore be

identified with a Qd,n´linear functional on TpΣ. Moreover, Af
p is equi-affine invari-

ant. The object Af
p is called the affine curvature tensor at p, and is a tensor in the

usual sense, that is , a multilinear function of the vector fields Xλ.

Combining all of this, the equiaffine invariant measure of our general d-dimensional
submanifold is defined as the pushforward via f of the measure on Σ associated to
the density generated by the affine curvature tensor. Explicitly, for any nonnegative
Borel function F on Rn,

ż

Rn

F dµA :“

ż

Σ

pF ˝ fq dνA, (2.0.2)

where νA is the measure uniquely defined from the density.

1Recall the graded lexicographic order ĺ on the multi indices Ndzt0u, where α ă β if |α| ă |β|

and |α| “ |pα1, . . . , αdq| “ |α1| ` . . . |αd|, and if |α| “ |β| then we compare them lexicographically,
[12, §4].

Chapter 2 Fergal Murphy 9
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Next, we formally state the main theorem from Gressman’s 2019 paper [10].

Theorem 2.0.4 (Existence and Properties of the Equiaffine Invariant Measure).
Suppose that M is an immersed d-dimensional submanfiold of Rn. To any such M,
one may associate a nonnegative Borel measure µA on Rn, defined by equation 2.0.2,
which is supported on M. Then the following statements are true.

(i) If µ is any nonnegative Borel measure supported on M which satisfies 2.0.1
with exponent α ą d

Q
, then µ is the zero-measure.

(ii) If µ is any nonnegative Borel measure supported on M which satisfies 2.0.1
with exponent α “ d

Q
, then µ À µA

2.

(iii) If M is the image of an immersion f : Ω Ñ Rn, where Ω Ď Rd is open with
compact closure Ω and f extends to be real analytic on a neighbourhood of Ω,
then the measure µA satisfies 2.0.1 with exponent α “ d

Q
and is consequently

the largest measure, up to a multiplicative constant.

Furthermore, it is also the case that:

(iv) The measure µA agrees up to a normalisation with affine arclength and affine
hypersurface measure when d “ 1 and n ´ 1 respectively.

(v) The correspondence sending M to µA is equiaffine invariant, meaning that if
M and M1 are immersed submanifolds such that M1 is the image of M under
some equiaffine transformation T of Rn, then the measure µ1

A corresponding
to M1 and the measure µA corresponding to M satisfy µ1

ApT pEqq “ µApEq for
all Borel sets E.

An Example of the Use of the Comparability Lemma

Example 2.0.5. In section §3.1, Gressman computes the equiaffine invariant mea-
sure for a 3-surface in R10 using lemma 1.0.1, an overview of which we give now.
For such a 3´surface, one first computes the index set Λ3,10 and then the associated
tensor Ap using the methods outlined previously. We omit the computation for this
example because of the large dimensions involved but will explore how this is done
later in section 4.4.1. This then boils to computing

inf
MPSL3pRq

}M ¨ Ap}.

It is known that the algebra of SL3pRq´invariant polynomials of homogeneous de-
gree 3 polynomials in three variables is generated by Aronhold’s invariants S and T
of degrees 4 and 6 respectively - see [28]. Using lemma 1.0.1, one consequently has
that

dνA
dt

« |SpApq|
1
4 ` |T pApq|

1
6 .

2The inequality A À B means there is a constant C ą 0, such that A ď CB.

10 Chapter 2 Fergal Murphy
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A drawback of the comparability lemma, is that in general, computing the generators
for the algebra of invariant polynomials is a difficult thing to do, even for relatively
simple groups. Indeed, example 2.0.5 was slightly artificial as we knew the gener-
ators beforehand. Even for the relatively simple action of SL2pCq on SymnpC2q,
computing the generators is very difficult for n ě 4. In fact, it is substantially easier
to directly compute the entire of algebra of invariant polynomials than it is to de-
termine the generators. This is mainly due to the nature of the Reynolds operator,
see [24].

To overcome this, in section 4.2 we will prove the modified version of the Compara-
bility Lemma, which will allow us to perform our desired analysis without having to
compute explicit generators. With this result in place, we will be able to compute
the equiaffine invariant measure for 2´surfaces in R10 and R15 - without computing
the generators for the entire algebra of invariant polynomials. We will also compute
the equiaffine invariant measure a 2´surface in R6, however, this does not explicitly
use Lemma 1.0.2 as the algebra of invariant polynomials, in this case, is classically
known to be generated by the discriminant polynomial. Instead we use Gressman’s
original Lemma 1.0.1.

Chapter 2 Fergal Murphy 11



Chapter 3

Preliminaries

3.1 Basic Algebraic Geometry

Throughout this and later sections, K will denote an algebraically closed field.

Definition 3.1.1. If I is an ideal of a ring R, denoted by I ⊴ R, then the radical
of I, denoted by

?
I, is the following set,

?
I :“ tf P R | fk

P I for some k P N0u.

The affine n-space over K is the following set,

An :“ tpa1, . . . , anq | ai P Ku.

The polynomial ring in n variables x1, . . . , xn is denoted by Krx1, . . . , xns. If S Ď

Krx1, . . . , xns, we call the following set

V pSq :“ tx P An
| fpxq “ 0 for all f P Su

the affine zero locus of S, or simply the zero locus when the context is clear. We say
a subset X Ď An is an affine variety if it is the zero locus of a set S Ď Krx1, . . . , xns.

Remark 3.1.2. If S “ tf1, . . . fku is a finite set, we write V pf1, . . . , fkq to simplify
notation. Later on we may change Krx1, . . . , xns to Crx1, . . . , xns to make it obvious
we are working over C.

Definition 3.1.3. If S is a subset of the ring R, the ideal generated by S is the
smallest ideal in R containing S and is denoted by ⟨S⟩.

For commutative rings this coincides with the set of all R´linear combinations of
elements of S, that is

⟨S⟩ “

#

k
ÿ

i“1

αixi | αi P R, xi P S, k P N

+

.

Consequently, it is a routine check that for commutative rings (which we deal mostly
with) we have V pSq “ V p⟨S⟩q whenever S Ď Krx1, . . . , xns. From this it follows that
an affine variety in An can be written as the zero locus of an ideal in Krx1, . . . , xns.
Thus, we may restrict our attention to zero loci of ideals when considering affine
varieties.

12
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Definition 3.1.4. If I and J are ideals in Krx1, . . . , xns and I Ď J , then V pIq Ě

V pJq. In this case we say that V pJq is a subvariety of V pIq.

Example 3.1.5. The special linear group of nˆn matrices with determinant 1 and
with complex coefficients, SLnpCq, can be identified as the vanishing set

SLnpCq “ tg P An2

| detpgq ´ 1 “ 0u.

Thus, it is an affine variety. More generally, the set GLn of nˆn invertible matrices
is an affine variety in An2`1 as we can view it as

tpx1,1, . . . , xn,n, yq P An2`1
| det

¨

˚

˚

˚

˝

x1,1 ¨ ¨ ¨ x1,n

x2,1 ¨ ¨ ¨ xn,n
...

. . .
...

xn,1 ¨ ¨ ¨ xn,n

˛

‹

‹

‹

‚

y ´ 1 “ 0u.

Definition 3.1.6 (Ideal of a subset of An). Let X Ď An. Then the ideal of X is the
following set,

IpXq :“ tf P Krx1, . . . , xns | fpxq “ 0 for all x P Xu.

Remark 3.1.7. For any X Ď An, it is a routine check that IpXq is an ideal in the
ring-theoretic sense. Moreover, IpXq “

a

IpXq and so it is a radical ideal. This is
a consequence of K being a field.

The following result, known as Hilbert’s Nullstellensatz, is foundational in algebraic
geometry.

Theorem 3.1.8 (Hilbert’s Nullstellensatz). Let K be an algebraically closed field.
Suppose X Ď An is an affine variety and J is an ideal in the polynomial ring
Krx1, . . . , xns. We then have that,

(i) V pIpXqq “ X.

(ii) IpV pJqq “
?
J.

Moreover, there is an inclusion reversing bijection

taffine varieties in An
u ÐÑ tradical ideals in Krx1, . . . , xnsu.

Example 3.1.9 (Maximum Ideals Correspond to Points). Consider the ideal J “

⟨x1 ´ a1, . . . , xn ´ an⟩ ⊴ Krx1, . . . , xns. To see it is maximal, consider the map θ :
Krx1, . . . , xns Ñ K, θpfq :“ fpa1, . . . , anq. It is easy to see that J Ď kerpθq. For the
reverse, suppose f P kerpθq. Then fpa1, . . . anq “ 0, and so pa1, . . . , anq is a root of
f . Consequently, there exist polynomials pi P Krx1, . . . , xns for 1 ď i ď n such that

fpx1, . . . , xnq “

n
ÿ

i“1

pxi ´ aiqpipx1, . . . , xnq.

It follows that f P J , whence J “ kerpθq. It is easy to see that θ is onto, hence the first
isomorphism theorem states
Krx1, . . . , xns{J – K. Since K is a field, it follows that J is maximal.

Chapter 3 Fergal Murphy 13
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Conversely, suppose m is a maximal ideal in Krx1, . . . , xns. We see that V pmq ‰

H, otherwise by the Nullstellensatz we would have that m “ Krx1, . . . , xns which
is precluded by the definition of maximal. Hence, there exists a point a P V pmq.
Taking the ideal of both sides therefore gives

Ipaq Ě IpV pmqq “ m

because taking the ideal is inclusion reversing.
Now, Ipaq “ ⟨x1 ´ a1, . . . , xn ´ an⟩ and since m is maximal, it follows that

⟨x1 ´ a1, . . . , xn ´ an⟩ “ m.

We therefore have the following one-to-one correspondence between maximal ideals
in and points in an affine variety,

Points in An
ÐÑ Maximal Ideals in Krx1, . . . , xns

Example 3.1.10. Suppose J ⊴Krxs is a non-zero ideal. By A.0.18 we have that
Krxs is a principal ideal domain and so J “ ⟨f⟩ for an appropriate polynomial
f P Krxs. By the fundamental theorem of algebra we can express f in terms of its
roots, and so

f “ cpx ´ r1q
k1 . . . px ´ rmq

km

for distinct points r1, . . . , rm P A, c P K and k1, . . . , km P N. The zero locus of J is
therefore the set V pJq “ tr1, . . . , rmu. Hence, by the Nullstellensatz, we see that

IpV pJqq “
?
J “ ⟨px ´ r1q . . . px ´ rmq⟩ .

This shows the radical of J strictly contains J as it consists all polynomials vanish-
ing at r1, . . . , rm, with no restriction on the order.

The assumption that K is algebraically closed for the Nullstellensatz is very im-
portant. To see this, consider the ideal J “ ⟨x2 ` 1⟩ ⊴ Rrxs. Let φ : Rrxs Ñ C,
φpfq “ fpiq. It is easy to see that ⟨1 ` x2⟩ Ď kerpφq. For the reverse, suppose
p P kerpφq. Then px ` iq | p. Since complex roots come in pairs, we also have
px ´ iq | p. Thus, px2 ` 1q | p. It follows p P ⟨1 ` x2⟩ . By the first isomorphism
theorem, we get that Rrxsz ⟨1 ` x2⟩ – C. Since C is a field, it follows by A.0.8.2 that
⟨1 ` x2⟩ is a maximal ideal in Rrxs. Moreover, since Rrxs is a principal ideal domain,
by A.0.10, it is prime also. By A.0.11 we therefore have that ⟨1 ` x2⟩ “

a

⟨1 ` x2⟩.
We then compute the following,

V p
〈
1 ` x2

〉
q “ tx P A | fpxqp1 ` x2

q “ 0 for all f P Rrxsu

Ď tx P A | p1 ` x2
q “ 0 for all u “ H

Using equation piiq from the Nullstellensatz, we therefore get that IpV p⟨1 ` x2⟩q “

IpHq “ Rrxs “ ⟨1 ` x2⟩ which is a contradiction. Thus we see that algebraic closure
is essential.

Definition 3.1.11. LetX “ V pIq Ď An be an affine variety, where I⊴Krx1, . . . , xns.
The coordinate ring of X is the quotient ring,

ApXq :“ Krx1, . . . , xns{IpXq.

This may also be considered the collection of polynomials in Krx1, . . . , xns restricted
to X, and may also be called the ring of regular functions on X. Under pointwise
addition and multiplication it is also a K´algebra.
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Morphisms of affine varieties and varieties more generally is a larger topic than is
desired here, so we make the following relatively simple definition which shall suit
our purposes.

Definition 3.1.12. Suppose X and Y are affine varieties. We say that they are
isomorphic if their respective rings of regular functions are isomorphic (as rings, not
necessarily as K´algebras). That is, ApXq – ApY q.

Remark 3.1.13. The coordinate ring may also sometimes be called the ring of
regular functions.

Although a lot more could be said on the basics of algebraic geometry, we will keep
it brief so as not to obfuscate the main results later on. In this last part we introduce
the Zariski topology.

Definition 3.1.14 (Zariski Topology). LetX Ď An be an affine variety. The Zariski
topology on X is the topology whose closed sets are the affine subvarieties of X, that
is, sets of the form V pSq for some S Ď ApXq.

Remark 3.1.15. That the Zariski topology actually is a topology is a clear conse-
quence of basic properties of the zero locus and that H “ V p1q and X “ V p0q.

Proposition 3.1.16. Every polynomial f P Krx1, . . . , xns when viewed as a function
An Ñ A is continuous, where both An and A have the Zariski topology.

Proof : Let X be a closed set in A1. In A1 it is easy to see that an affine variety
is either all of A1 or a finite set. If it is the former, then f´1pXq “ An “ V p0q is
closed.
If X “ ta1, . . . , aku, then note that

V ppf ´ α1qpf ´ α2q . . . pf ´ αkqq “ tx P An
| fpxq P Xu

“ f´1
pXq.

Example 3.1.17. Consider X “ tx P A1
C | |x| ď 1u. X is closed in the Euclidean

topology but not in the Zariski topology. As a result, the closure of X in the Zariski
topology, that is, that smallest affine variety containing X, is A. Thus being closed
in the usual sense does not imply Zariski closed. The converse however, is a true
statement.

Proposition 3.1.18. Every Zariski closed set is closed in the Euclidean topology.

Proof : Suppose X Ď An is an affine variety and Y is an affine subvariety of X, that
is, Zariski closed. Then Y “ V pSq for some S Ď ApXq. S can be assumed finite
and so Y is the vanishing set of some collection of polynomials functions on X, say
f1, . . . , fk. Note that Y “

Şk
i“1 f

´1
i p0q. Moreover, each fi is a polynomial equation,

hence continuous in the Euclidean topology. Furthermore, t0u is a singleton, hence
closed. It follows that f´1

i p0q is closed, and so Y is too.

Suppose X is an affine variety in An, and ApXq is its ring of regular functions. We
can recover the topology of the affine variety from ApXq. For this we require the
maximal spectrum.
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Definition 3.1.19. The maximal spectrum of a ring R, denoted by MaxSpecpRq is
the set of all maximal ideals in R.

From example 3.1.9 we know that each point p in the variety X corresponds to a
maximal ideal mp of the form

mp “ ⟨x1 ´ p1, . . . , xn ´ pn⟩

where p “ pp1, . . . , pnq. Thus we can write our variety as

X “
ď

pPX

p

“
ď

pPX

V pIppqq

“
ď

pPX

V pmpq.

Definition 3.1.20. The Zariski topology on MaxSpecpArXsq is defined by specify-
ing the closed sets as those sets Z Ď MaxSpecpArXsq such that there exists an ideal
I Ď ApXq such that

Z “ V pIq “ tm P MaxSpecpArXsq | I Ď mu.

Remark 3.1.21. We see that V pIq consists of all maximal ideals in Krx1, . . . , xns

that contain the ideal I. The Zariski topology on X is the topology where the closed
sets are precisely the sets of the form V pIq for some ideal I Ď ApXq.
Consequently, we can recover the Zariski topology on X from MaxSpecpArXsq and
vice versa. Specifically, a set Z Ď X is closed if and only if the set of corresponding
maximal ideals tmp | p P Zu is closed in the Zariski topology on MaxSpecpArXsq.

Finally, the following result, which we will make use of later, says that for regular
maps between affine varieties over C, there is no distinction between the closure of
the image in the usual Euclidean topology and the Zariski topology. For a proof of
this result, see [25], §5.3, page 63 of Shavarevich’s book, Basic Algebraic Geometry.

Theorem 3.1.22. Suppose X and Y are both affine varieties both defined over C.
Let f : X Ñ Y be a regular map between these two affine varieties. Then the closure
of fpXq in Y is the same in both the Zariski topology and the usual topology.
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3.2 Representation Theory and Reductive Groups

Throughout this part we assume that pG, ¨q is a group with identity e.

Definition 3.2.1. Let X be a set and suppose α : G ˆ X Ñ X is a map such that

(i) αpg1, αpg2, xqq “ αpg1g2, xq

(ii) αpe, xq “ x

for all g1, g2 P G and x P X. Then α is called an action of G on X.

Remark 3.2.2. To simplify notation we will sometimes use the notation gx or g ¨x
instead of αpg, xq when it is convenient.

Remark 3.2.3. For a fixed element g P G, the map αpg, ¨q : X Ñ X is a bijection
with inverse map given by αpg´1, ¨q : X Ñ X.

Definition 3.2.4. For a set X, we denote by PermpXq the set of bijections on X,
that is,

PermpXq :“ tf P XX
| f is bijective u.

Proposition 3.2.5. Suppose X is a set. Then PermpXq is a group under func-
tion composition. Moreover, there is a natural bijection between the set of actions
α : G ˆ X Ñ X and HompG,PermpXqq´ the set of homomorphisms between G
and PermpXq.

Proof : That PermpXq is a group under composition is straightforward. For each
α : G ˆ X Ñ X we define α : G Ñ PermpXq as αpg, ¨q : X Ñ X. The condition
αpg1, αpg2, xqq “ αpg1g2, xq is equivalent with αpg1 ¨ g2q “ αpg1q ˝ αpg2q.

Definition 3.2.6. Suppose α1 : G ˆ X Ñ X and α2 : G ˆ Y Ñ Y are actions of
G on X and Y respectively. We say they are the same if there exists a bijection
φ : X Ñ Y such that the following diagram commutes,

G ˆ X X

G ˆ Y Y

pid,φq

α2

α1

φ

That is, α2pg, φpxqq “ φpα1, pg, xqq, for all g P G and x P X.

Example 3.2.7. Let H be a subgroup of G and let G{H “ tgH | g P Gu. Then the
map α : G ˆ G{H Ñ G{H, αpg1, g2Hq :“ pg1g2qH is an action of G on G{H.

Definition 3.2.8. Let α be an action of G on X and let x P X. The orbit of x is
the set

Gx “ Orbpxq :“ tgx | g P Gu.

The stabilizer of x is
Stabpxq “ tg P G | gx “ xu.
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Remark 3.2.9. For an action G on an affine variety X, the closure of the orbit
Gx in the Zariski topology is equal to the closure in the standard topology, as this
is true in general for all Zariski locally-closed subsets, when the ambient field is C.
(see [25, Ch.I, §5.3, Th.6] or [29, §1.3,, Th.1.25]) When working over R this is not
necessarily the case. One can however still say that in this case 0 is in the Zariski
closure of an orbit if and only it is in the standard closure.

Proposition 3.2.10. Suppose G is an action on a set X. Then for each x P X, the
action restricts to an action α|Orbpxq : G ˆ Orbpxq Ñ Orbpxq. Moreover, this action
is the same as the action of G on G{Stabpxq.

Proof : Suppose g1x P Orbpxq. Then g ¨ pg1xq “ pgg1qx P Orbpxq. It is routine to
check that Stabpxq is a subgroup; if g1x “ x and g2x “ x then pg1 ¨ g2qx “ gpg2xq “

g1x “ x. If gx “ x then g´1gx “ g´1x which means g´1 P Stabpxq.
Let φ : Orbpxq Ñ G{Stabpxq be given by φpgxq :“ gStabpxq. To see this map is
a well-defined injection, suppose gx “ g1x. This happens if and only if g´1g1x “

x ðñ g´1g1 P Stabpxq. This in turn happens if and only if gStabpxq “ g1Stabpxq

and so φpgxq “ φpg1xq. Moreover, it is clearly onto, and so a bijection. It follows
that both actions are the same, in the sense of definition 3.2.6.

Remark 3.2.11. The natural actions of G on G{H and G{gHg´1 are the same as
we can view G{H as the orbit of gH which has StabpgHq “ gHg´1, and so its orbit
is the same as G{gHg´1 as a set with an action G by proposition 3.2.10.

When a group G acts linearly on a vector space V , we get a map ρ : G Ñ GLpV q

such that ρpeq is the identity and ρpgh, vq “ ρpg, ρph, vqq for all g, h P G and v P V .
In such a case, we call pV, ρq a representation of G. When the context is clear, we
omit ρ and simply say that V is a representation of V . If pV, ρq and pW,φq are both
representations of G, then a linear map α : V Ñ W is equivariant if for all g P G,
the following diagram commutes,

V W

V W

ρpgq

α

α

φpgq

That is, for all x P V and g P G, φpgqpαpxqq “ αpρpgqpxqq.

If V is a representation of G and W Ď V is a subspace of V , then we say that W is
G-stable if ρpg,W q Ď W for all g P G. In this case, the corestrction ρ : G Ñ GLpW q

is also a representation, and in this case we say that W is a subrepresentation of
V . There will always be at least two subrepresentations, t0u and V , and these are
called the trivial ones. If only the trivial ones exist, we say that V is irreducible. If
however, there is a proper, nontrivial, invariant subspace, then ρ is reducible.

Definition 3.2.12. Let ρ : G Ñ GLpV q be a representation of a group G by
a vector space V . We say that ρ is completely reducible, or semisimple, if there
exist subspaces of V , pWiqiPI , such that V “ ‘iPIWi, and each Wi is an irreducible
subrepresentation of ρ.

18 Chapter 3 Fergal Murphy



Invariant Polynomials in Harmonic Analysis

The following result is very important in representation theory, a more in-depth
survey can be found at [15, §10].

Theorem 3.2.13. [Schur’s Lemma] Suppose V and W are irreducible representa-
tions of a group G and f : V Ñ W is a non-zero equivariant map. Then V and W
are isomorphic.
Furthermore, in the special case that V “ W is finite dimensional, f “ λ id for
some λ P C.

Proof : If x P kerpfq then gx P kerpfq also since f is equivariant. This means kerpfq

is a subrepresentation of G, and because V is irreducible and f is not the zero map,
kerpfq “ t0u. Similarly, impfq is a subrepresentation of G and since W is irreducible
and f is non-zero, impfq “ W . Consequently, f is a bijective linear map, i.e. an
isomorphism.
For the second part, let λ be an eigenvalue of f (which will always exist because
V is finite-dimensional). Consider the map f 1 “ f ´ λid. It is a trivial task to
verify that f 1 is also an equivariant map from V to V . Consequently, kerpf 1q is also
a subrepresentation of V , which is irreducible, and is therefore equal to t0u or the
entire space V. By assumption there is a non-zero eigenvector in the kernel however,
and so kerpf 1q “ V . As such, f 1 is the zero map and we have that f “ λ id, as
claimed.

Corollary 3.2.13.1. Suppose V is a finite-dimensional irreducible representation
of an abelian group G. Then V is one-dimensional.

Proof : Let h P G, and consider fh : V Ñ V given by fhpvq “ hv. This is an
equivariant map because gfhpvq “ ghv “ hgv “ fhpgvq for all g P G. By Schur’s
lemma 3.2.13, for each h P G there exists a th P C such that fh “ thI. Thus, the
span of any non-zero vector v is a non-zero invariant subspace of V .

Reductive Groups.
To motivate our discussion of reductive groups, we first discuss their historical im-
portance in the context of invariant theory.
Suppose V is a K´vector space. The (algebraic) dual space of V , denoted by V ˚,
is the vector space of all linear maps from V to K, i.e.

V ˚
“ tT P KV

| T is linear u.

We define KrV s, the K´algebra of polynomial functions on V to be the space
generated by V ˚. If V is finite-dimensional, say dimpV q “ n, then dimpV ˚q “ n
also and so in this case KrV s – Krx1, . . . , xns. If V is an affine variety then we will
also sometimes denote by KrV s its ring of regular functions, along with ApV q from
earlier. Every vector space is an affine variety and these notions coincide in that
case.
When G acts on an affine variety V . Then there is an induced action G on KrV s

given by the formula,
g ¨ fpxq :“ fpg´1xq

for g P G, f P KrV s and x P V . One easily verifies this as an action since

e ¨ fpxq “ fpe´1xq “ fpexq “ fpxq
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and if g1, g2 P G we have that

g1 pg2fpxqq “ g2
`

fpg´1
1 xq

˘

“ fpg´1
2 pg´1

1 xqq

“ fppg´1
1 g´1

2 qxq

“ fppg1g2q
´1xq

“ pg1g2qfpxq.

A natural question to ask is whether KrV sG is finitely generated as a K-algebra
for an arbitrary group G. This was the 14th problem posed by David Hilbert in
the bulletin of the American Mathematical Society in 1902 [13]. The conjecture
was eventually resolved in the negative by Japanese mathematician Nagata, who
constructed an explicit counterexample [21]. It turns out, however, that KrV sG is
finitely generated for a particular class of groups, namely the linearly reductive ones.
In order to formulate these, we first introduce linear algebraic groups.

Definition 3.2.14. Suppose G is a subgroup of the invertible group of matrices
GLnpCq. Then G is a linear algebraic group if it is an affine subvariety of GLnpCq.

Remark 3.2.15. Recall from earlier that GLnpCq can be viewed as the vanishing
set of the polynomial X ¨detpMq´1 where M is an nˆn matrix, and so it is an affine
variety. Furthermore, whenever ρ : G ˆ X Ñ X is an action for some affine variety
X and linear algebraic group G, we will require that the action itself is algebraic,
that is, there is an embedding of G and X as affine varieties in affine spaces where
ρ is a regular map in the affine coordinates.

Definition 3.2.16. Suppose G is a linear algebraic group. We say that G is linearly
reductive if whenever V is a representation of G, and W Ď V is a subrepresentation,
then there exists another subrepresentation W 1 Ď V such that V “ W ‘ W 1.

Remark 3.2.17. Suppose G is linearly reductive. Then the collection

V G
“ tv P V | gv “ v, for all g P Gu

is a subrepresentation of V. We therefore have that V “ V G ‘ V 1 for some other
subrepresentation V 1 Ď V. Note that this splitting is not required to irreducible.
Indeed, for every v P V G, the space spantvu is another subrepresentation of V.

The literature on linearly reductive groups is immense, and there are many other
equivalent definitions of linearly reductive groups. For our purposes, definition 3.2.16
will be the most useful. We will, however, also make use of the following proposition.

Proposition 3.2.18. Suppose G is a linearly reductive algebraic group. Then, when-
ever there are representations V and W of G and an epimorphism
φ : V Ñ W , the induced morphism on invariants φG : V G Ñ WG is also surjective.

Proof : Suppose V and W are both representations of G and φ : V Ñ W is an
epimorphism. Since G is linearly reductive, there are subrepresentations, V 1 and W 1

such that V “ V G ‘ V 1 and W “ WG ‘ W 1. We claim that φpV Gq “ WG. Suppose
v P V G. Then g ¨ φpV q “ φpvgq “ φpvq, and so φpV Gq Ď WG. For the reverse,
first split V 1 into a finite number of irreducible subrepresentations, which we can
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do inductively by our assumption that G is linearly reductive. This means that for
some n P N we have that

V “ V G
‘ V 1

1 ‘ ¨ ¨ ¨ ‘ V 1
n.

Let π : W Ñ WG be the projection from W onto the invariants WG. Next, pick a
basis e1, . . . , ek for WG so that WG “ ⟨e1, . . . , ek⟩ , and let pi be the projection onto
the ith coordinate, that is,

pi : W
G

Ñ Cei.
Now, let fi be the composition of the restriction of φ to V 1

i with π and pi, that is

fi :“ pi ˝ π ˝ φ |V 1
i
: V 1

i Ñ Cei.

Since the constituent maps are all equivariant, it follows that fi is also a morphism of
representations. Next note that V 1

i is not a trivial representation, meaning g¨V 1
i Ę V 1

i ,
otherwise it would be included in V G. On the other hand however, Cei is a trivial
representation of W , since g ¨ ei “ ei for all 1 ď i ď k. It follows that the domain
and codomain of fi are not isomorphic. Therefore Schur’s lemma 3.2.13 ensures it
must be the zero map. As such fipV

1
i q “ 0, and so φpV 1

i q Ď W 1 for all 1 ď i ď k. It
follows that φpV Gq “ WG, from which the claim holds.

A standard reference on the theory of linearly reductive groups can be found at [2,
§ 1]. Furthermore, when the ambient field is algebraically closed and of zero char-
acterstic, (such is the case over C), the notion of linear reductivity coincides with
the classical notion of reductivity, i.e. the radical, which is the maximal connected
normal solvable subgroup, is a torus. Since we are primarily working over C, we will
henceforth use the two terms interchangeably.

For the purposes of this thesis, the most important linearly reductive group under
consideration is SLnpCq, the special linear group of n ˆ n matrices with complex
coefficients. That SLnpCq is reductive relies upon some interesting theory which we
use the rest of this section to detail. We first begin with a study of SUnpCq, the
special linear group of unitary matrices.

Definition 3.2.19. The collection of of special unitary matrices SUnpCq is the
following set,

SUnpCq “ tA P UnpCq | detpAq “ 1u,

where UnpCq is the collection of n ˆ n matrices in C that are unitary.

Remark 3.2.20. It is routine to check that SUnpCq is in fact a topological group,
that is, a group such that the group operations of multiplication and inversion are
continuous maps in the topology. The topology on SUnpCq is the one induced from
the standard Euclidean topology.

Proposition 3.2.21. The topological group SUnpCq is compact.

Proof : First note that SUnpCq “ det´1
pt1uq , where the determinant function

det : UnpCq Ñ C, given by

detpXq “ detprxijsq “
ÿ

σPSn

sgnpσq

n
ź

i“1

xσpiq,i,
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is a polynomial in n2 variables, that is, an element of Crx11, . . . , xnns. As such, it
is continuous, and since the preimage of a closed set by a continuous mapping is
closed, it follows that SUnpCq is closed in UnpCq. Furthermore, if A P SUnpCq then
}A} “ supt}Ax} | }x} “ 1u. However, we have that

}Ax}
2

“ ⟨Ax | Ax⟩
“ ⟨x | x⟩
“ }x}

2
“ 1.

It follows that SUnpCq is also bounded, and since it is also closed, it is compact.

The following theorem, due to Haar, is well known in harmonic analysis, see [7].

Theorem 3.2.22. Suppose G is a locally compact Hausdorff topological group. Then
there is, up to a positive multiplicative constant, a unique, countably additive, non-
trivial measure µ on the Borel subsets of G satisfying the following properties:

(i) µ is left-translation invariant: µpgSq “ µpSq for every g P G and all Borel sets
S Ď G.

(ii) µ is finite on every compact set: µpKq ă 8 for all compact K Ď G.

(iii) µ is outer regular on Borel sets: µpSq “ inftµpUq | S Ď U,U is open u.

(iv) µ is inner regular on open sets: µpUq “ suptµpKq | K Ď U,K is compact u.

Remark 3.2.23. Such a measure is called a left Haar measure. In complete analogy,
there exists also a right Haar measure. The two measures need not coincide, however.

Proposition 3.2.24 (Weyl’s Unitarian Trick). Suppose V is a representation of
SUnpCq. Then there is an inner product ⟨¨ | ¨⟩ on V such that ⟨x | y⟩ “ ⟨gx | gy⟩ for
all g P G and x, y P V.

Proof : By proposition 3.2.21 SUnpCq is compact, and so it is also locally compact.
Hence, there exists a (left) Haar measure µ on SUnpCq, by theorem 3.2.22. Suppose
V is a representation of SUnpCq and let ⟨¨ | ¨⟩ be an arbitrary inner product on V .
Define a new inner product ⟨¨ | ¨⟩G : V ˆ V Ñ C as follows,

⟨x | y⟩G :“
1

µpSUnpCqq

ż

gPSUnpCq

⟨gx | gy⟩ dµpgq.

Note that if g1 P SUnpCq we have that

⟨g1x | g1y⟩G “
1

µpSUnpCqq

ż

gPSUnpCq

⟨gg1x | gg1y⟩ dµpgq

“
1

µpSUnpCqq

ż

gPSUnpCq

⟨gx | gy⟩ dµpgq

“ ⟨x | y⟩G .

It follows that ⟨¨ | ¨⟩G is SUnpCq invariant, that is, for each g P SUnpCq, we have
that ⟨gx | gy⟩G “ ⟨x | y⟩G.
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Proposition 3.2.25. SUnpCq is linearly reductive.

Proof : Let V be a representation of SUnpCq, let ⟨¨ | ¨⟩G be a G´invariant inner
product on V from proposition 3.2.24 and suppose that W Ď V is a subrepresen-
tation. The orthogonal complement of W with respect to ⟨¨ | ¨⟩G, denoted by WK

is the space WK “ tv P V | ⟨v | w⟩G “ 0 for all w P W u. We claim that this is
a subrepresentation of V . Indeed, let g P SUnpCq and let v P WK. For arbitrary
w P W we then have that

⟨gv | w⟩G “
〈
g´1gv | g´1w

〉
G

“
〈
v | g´1w

〉
G

“ 0, since W is a subrepresentation of V.

It follows that for all v P WK, we have SUnpCq ¨ v Ď WK. Consequently, V splits
into W ‘ WK, and so SUnpCq is linearly reductive.

Corollary 3.2.25.1. Let G be a locally compact Hausdorff topological group, such
that the Haar measure of G is finite. Then G is reductive.

Proof : Simply follow all the steps above but with G instead of SUnpCq.

Remark 3.2.26. The assumption that G has finite Haar measure is essential in the
last corollary. Indeed, R is a locally compact topological group without finite Haar
measure and it is not linearly reductive. To see this, consider the representation
ρ : R Ñ GL2pRq by

ρptq :“

ˆ

1 t
0 1

˙

.

Then it is easy to check that W “ span

"ˆ

1
0

˙*

is a subrepresentation of R2, but

there is no subspace W 1 Ď R2 such that

R2
“ W ‘ W 1.

Theorem 3.2.27. Any finite group is reductive.

Proof : Let G be a finite group, and suppose V is a representation of G. We can
repeat Weyl’s Unitarian trick from proposition 3.2.24 only instead of an integral, we
can use a sum, as the group is finite. As such, there is an inner product on V such
that ⟨x | y⟩ “ ⟨gx | gy⟩ for all g P G and x, y P V. The same argument as used in
3.2.21 is then used to show that G is reductive.

We temporarily assume the following lemma from finite-dimensional linear algebra,
and prove it at the end of this section, so as not to obfuscate the main results.

Lemma 3.2.28 (Singular Value Decomposition). Suppose A P MnpCq. Then there
exist unitary matrices U1, U2 P UnpCq and a diagonal matrix D such that

A “ U1DU2.

In particular,
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(i) GLnpCq “ UnpCq ¨ DnpCq ¨ UnpCq.

(ii) SLnpCq “ SUnpCq ¨ DnpCq ¨ SUnpCq.

Lemma 3.2.29. The Zariski closure of UnpCq that is, the n ˆ n unitary matrices
with complex coefficients, is GLnpCq.

Proof : First note that GLnpCq is Zariski-closed because it is given by the vanishing
set of the polynomial equation f “ detpAqX ´ 1. Thus,

UnpCq “
č

tA P GLnpCq | UnpCq Ď A and A is Zariski closed u.

Next, note that S1 “ C˚, which follows from the fact that the Zariski-closed sets
of A1 are the finite sets, the empty set, and all of A1. Also, pS1qn Ě S1 ˆ id ˆ

. . . ˆ id “ C ˆ id ˆ . . . ˆ id. Since this will be true for each copy of pS1qn we
have that pC˚qn “ DnpCq Ď pS1qn. Next, since pS1qn Ď UnpCq we will have that
DnpCq Ď UnpCq. In total, we have therefore that

UnpCq ¨ DnpCq ¨ UnpCq Ď UnpCq.

By singular value decomposition 3.2.28, the left-hand side of the above equation is
precisely GLnpCq, from which the result follows.

Corollary 3.2.29.1. The Zariski closure of SUnpCq, the special unitary matrices
with complex coefficients, is SLnpCq.

Proof : Simply replace GLnpCq with SLnpCq in the previous theorem, which only
adds the condition that the determinant is 1.

Theorem 3.2.30. SLnpCq is linearly reductive.

Proof : Denote SLnpCq by G and let V be a representation of SLnpCq, and suppose
W Ď V is a subrepresentation of V so that Gw Ď W for all w P W and g P G.
Since SUnpCq is a subgroup of SLnpCq, V is also a representation of SUnpCq, and
moreover, W will also be a subrepresentation of SUnpCq. Since SUnpCq is linearly
reductive, there exists a subspace W 1 Ď V such that W 1 is a subrepresentation of
SUnpCq and V “ W ‘ W 1. We now claim that W 1 is also a subrepresentation of
SLnpCq.

Let w1 P W 1 and consider the map f : SLnpCq ÞÑ SLnpCq¨w1. LetB :“ f´1
´

SUnpCq ¨ w1

¯

.

Now, f is continuous and therefore B is closed. It follows that SUnpCq Ď B, which,
by corollary 3.2.29.1 means SLnpCq Ď f´1ppSUnpCq ¨ w1q , which in turn means that
SLnpCq ¨ w1 Ď SUnpCq ¨ w1 Ď W 1 “ W 1. It follows that W 1 is also an SLnpCq sub-
representation, and so SLnpCq is linearly reductive.

Corollary 3.2.30.1. S1 is linearly reductive.

Proof : S1 “ SL1pCq which is linearly reductive by theorem 3.2.30.

Hilbert’s finite generation theorem

We finish this section with the following theorem, which was originally proven by
Hilbert in the special case of G “ SLnpCq.
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Theorem 3.2.31 (Hilbert). Suppose G is a reductive linear algebraic group and it
acts on an affine variety X. Then the C´algebra of invariant polynomials CrV sG is
finitely generated.

Proof : First we reduce to the case when X “ V , a representation of G. Let
f1, . . . , fℓ be generators of the algebra of regular functions CrV s. Let V ˚ Ď CrV s

be a finite-dimensional G-stable vector space containing these generators. This
defines a G´equivariant surjection CrV s Ñ CrXs that restricts to a surjection
CrV sG Ñ CrXsG due to the linear reductiveness of G and proposition 3.2.18. As
such, we only need to show that CrV sG is finitely generated. To this end, let
J “ CrV sCrV sG` where CrV sG` “

À

ną0CrV sGn and CrV sGn “ SymnpV ˚q is the space
of all degree n invariant homogeneous polynomials on V. J is an ideal in CrV s which
is Noetherian, and therefore by Hilbert’s basis theorem, there exists a finite basis of
homogeneous invariant polynomials for J as a C-algebra, let these be f1, . . . , fk, so
that ⟨f1, . . . , fk⟩ “ J. Suppose j P J , so there are ai P CrV s such that j “

řk
i“1 aifi.

Suppose j is an invariant polynomial. We wish to show that j can be written as an
algebraic expression involving only invariant polynomials.
Now, since G is reductive and acts linearly on CrV s, CrV s splits into CrV sG ‘ V 1,
and there exists a projection π : CrV s Ñ CrV sG, which is linear and G-equivariant,
meaning πpgvq “ gπpvq “ πpvq, which is a consequence of Schur’s lemma 3.2.13.
We therefore have that

πpjq “ π

˜

k
ÿ

i“1

aifi

¸

“

k
ÿ

i“1

πpaifiq

“

k
ÿ

i“1

πpaiqfi.

Let bi “ πpaiq for each 1 ď i ď k. Since j is invariant, πpjq “ j and
j “ b1f1 ` . . . bkfk. It follows that CrV sG is finitely generated.

Example 3.2.32. From theorem 3.2.30, SLnpCq is linearly reductive. Indeed a
minor modification of that theorem also gives that GLnpCq is linearly reductive, see
also [18, §12]. Thus by theorem 3.2.31, whenever V is a representation of either of
these groups, the algebra of invariant polynomials is finitely generated.

Proof of Singular Value Decomposition
Here we present a proof of singular value decomposition.

Theorem 3.2.33. Let V be a finite-dimensional complex inner product space, and
let f : V Ñ V be a linear operator. Then there exist orthonormal bases tu1, u2, . . . , unu

and tv1, v2, . . . , vnu of V such that, with respect to these bases, the matrix represen-
tation of f is diagonal with non-negative real entries. In other words, there exist
unitary operators U, V such that

f “ UΣV ˚,

where Σ is a diagonal matrix with non-negative real entries (the singular values of
f), and U and V are unitary matrices.
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Proof : Let f : V Ñ V be a linear operator on a finite-dimensional complex inner
product space V . Consider the adjoint operator f˚ : V Ñ V defined by the property

xfpxq, yy “ xx, f˚
pyqy, for all x, y P V.

Define the Hermitian operator f˚f : V Ñ V . Since f˚f is Hermitian, it is also
positive semi-definite, meaning that xf˚fpxq, xy ě 0 for all x P V . By the Spectral
Theorem for Hermitian operators, there exists an orthonormal basis tv1, v2, . . . , vnu

of V consisting of eigenvectors of f˚f with corresponding real non-negative eigen-
values λ1, λ2, . . . , λn.
Define the singular values σi ě 0 by σi “

?
λi for each i “ 1, 2, . . . , n. Construct

a diagonal matrix Σ “ diagpσ1, σ2, . . . , σnq, arranging the singular values in non-
increasing order.
Next, form the unitary matrix V P Cnˆn whose columns are the orthonormal
eigenvectors v1, v2, . . . , vn of f˚f . For each i such that σi ą 0, define the vec-
tors ui “ 1

σi
fpviq. When σi “ 0, extend tu1, u2, . . . , uru (where r is the rank of f)

to an orthonormal basis tu1, u2, . . . , unu of V .
To see that the vectors ui for σi ą 0 are orthonormal, observe that

xui, ujy “

B

fpviq

σi

,
fpvjq

σj

F

“
1

σiσj

xfpviq, fpvjqy.

Using the definition of the adjoint and the properties of eigenvectors, we have

xfpviq, fpvjqy “ xvi, f
˚fpvjqy “ xvi, λjvjy “ λjδij “ σ2

j δij.

Thus we have that,

xui, ujy “
σ2
j

σiσj

δij “ δij,

showing that the vectors ui are orthonormal. Form the unitary matrix U “ ru1, u2, . . . , uns.
Now, observe that for all i “ 1, 2, . . . , n,

fpviq “ σiui,

and hence

fV “ UΣ.

Thus, we can express f as

f “ UΣV ˚,

where U and V are unitary matrices and Σ is a diagonal matrix with non-negative
real entries.

Corollary 3.2.33.1. Let f : V Ñ V be a linear operator on a finite-dimensional
complex inner product space V such that its matrix representation is in the special
linear group SLnpCq, i.e., detpfq “ 1. Then, in the singular value decomposition

f “ UΣV ˚,
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the unitary matrices U and V can be chosen to be in the special unitary group
SUnpCq, meaning detpUq “ 1 and detpV q “ 1.

Proof : Since f : V Ñ V is in SLnpCq, we have

detpfq “ 1.

Consider the singular value decomposition of f :

f “ UΣV ˚,

where U, V P UnpCq are unitary matrices and Σ is a diagonal matrix with non-
negative real entries (the singular values of f). Taking the determinant, we find

detpfq “ detpUq detpΣq detpV ˚
q “ detpUq detpΣqdetpV q.

Given that detpfq “ 1 and detpV ˚q “ detpV q “ detpV q
´1, we obtain

detpUq detpΣq detpV q
´1

“ 1.

Since Σ is a diagonal matrix with non-negative entries,

detpΣq “ σ1σ2 ¨ ¨ ¨ σn ě 0.

Since both U and V are unitary matrices, their determinants lie on the unit circle,
so detpUq, detpV q P C with | detpUq| “ 1 and | detpV q| “ 1. We therefore have that

detpΣq “ 1,

implying σ1σ2 ¨ ¨ ¨ σn “ 1. Therefore, we have

detpUq detpV q
´1

“ 1,

which implies that

detpUq “ detpV q.

Let detpUq “ detpV q “ ϵ where |ϵ| “ 1. Let U 1 “ ϵ´ 1
nU so that detpU 1q “

det
´

ϵ´ 1
nU

¯

“ ϵ´1 detpUq “ ϵ´1ϵ “ 1. Similarly, let pV 1q˚ “ ϵ
1
nV ˚ so that detppV 1q˚q “

det
´

ϵ
1
nV ˚

¯

“ ϵ detpV ˚q “ ϵ ¨ ϵ´1 “ 1.

We see that U 1, V 1 P SUnpCq and we have that

f “ UΣV ˚.
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GIT and Computing the
Equiaffine Invariant Measure

4.1 Geometric Invariant Theory

In this section we introduce the geometric invariant theory quotient of an affine
variety X by a linearly reductive group G. In order to motivate the development of
a quotient, we first consider a standard set-theoretical quotient.

Example 4.1.1. Suppose our affine variety is X “ C2 and consider the action of C˚

on X by λ ¨ px, yq :“ pλx, λ´1yq. We classify the orbits of the resulting set-theoretic
quotient as follows,

(i) If xy ‰ 0 then the orbit of px, yq is a hyperbola governed by xy “ c for some
c P C˚.

(ii) The punctured x´axis is an orbit.

(iii) The punctured y´axis is an orbit.

(iv) The origin is an orbit.

We see that this object lacks desirable geometric and topological properties - such
as being an affine variety. Indeed we can see that the resulting orbit space is not
Hausdorff as there are sequences of points in the punctured axes that converge to
the origin. Consequently, we introduce the notion of a geometric invariant theory
quotient, or GIT quotient for short.

Suppose that G is a linearly reductive group acting on an affine variety X. By theo-
rem 3.2.31, CrXsG is finitely generated, and so there are polynomials f1, . . . , fn such
that CrXsG “ ⟨f1, . . . , fn⟩. Now, any finitely generated algebra over C can be writ-
ten as Crx1, . . . , xns{I for some ideal I. Indeed, consider the map θ : Crx1, . . . , xns Ñ

CrXsG, xi ÞÑ fi, which extends to all p P Crx1, . . . , xns by p ÞÑ ppf1, . . . , fnq. Then
Kerpθq “ tf P Crx1, . . . , xns | θpfq “ 0u gives CrXsG “ Crx1, . . . , xns{Kerpθq. With
this in mind, we define the geometric invariant theory quotient, or GIT quotient as
follows.
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Definition 4.1.2. Suppose G is a linearly reductive group, acting on an affine
variety X. Let M be the affine variety whose regular functions are the invariant
polynomials on X, that is,

CrM s :“ CrXs
G.

We call M the GIT quotient of X by G, and denote it also by X{{G.

Remark 4.1.3. The GIT quotient M comes with a map π : X Ñ M that can be
described as follows. Let f1, . . . , fm generate M. Then X and M are affine varieties
so embed them in Cn and Cm respectively. Then

πpx1, . . . , xnq “ pf1px1, . . . , xnq, . . . , fmpx1, . . . , xnqq.

Theorem 4.1.4. Let X{{G be the GIT quotient of a reductive group G on an affine
variety X, and let π : X Ñ X{{M be the canonical projection detailed in remark
4.1.3. We then have that

(i) π is surjective.

(ii) For all x, y P X : πpxq “ πpyq ðñ Gx X Gy ‰ H.

Proof : piq Let f1, . . . , fm generate the ring of invariants CrXsG. The Zariski closure
of the image of the quotient, that is πpXq is the set of all pa1, . . . , anq P Cn satisfying:

F pa1, . . . , anq “ 0 for all polynomial relations F pf1, . . . , fmq “ 0

among the generators f1, . . . , fm of CrXs
G.

For convenience, denote this set as Y :“ πpXq. Now, suppose a “ pa1, . . . , anq P Y.
Consider the morphism of CrXs´modules,

ga :
n

à

i“1

CrXs Ñ CrXs,

pb1, . . . , bnq ÞÑ

n
ÿ

i“1

bipfi ´ aiq.

Since each fi ´ ai P CrXsG is G´invariant, we see that ga is a morphism of repre-
sentations. Also, we see that the induced map gGa on invariants is not surjective; its
image is the maximal ideal Ia Ď CrXsG corresponding to the point a P Y. Since G is
linearly reductive, this implies that ga itself cannot be surjective, and therefore its
image is contained in some maximal ideal I Ď CrXs. It follows that the intersection
IXCrXsG is a maximal ideal in CrXsG, and therefore, it coincides with the maximal
ideal Ia. This shows that a P Y is the image of the point of X corresponding to I.
Lastly, we borrow the fact that πpXq “ X{{G from [19] §5.

piiq pðq First note that π is constant on orbits. Thus if y P Gx, πpxq “ πpyq.
Moreover, because it is continuous (it is a map of regular functions), it has the same
value on the closure of the orbit, and so πpxq “ πpyq.

pñq Aiming for contradiction, suppose Gx X Gy “ H. Let I1 “ IpGxq and I2 “

IpGyq, Then by hypothesis, V pI1 ` I2q “ H, and so by the Nullstellensatz 3.1.8,
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I1 ` I2 “ CrXs. Next, since Gx and Gy are preserved by the action of G, the
ideals I1, I2 are subrepresentations of G. This means that the homomorphism of
CrXs´modules,

I1 ‘ I2 Ñ CrXs, pa, bq ÞÑ a ` b

is also a homorphism of G´representations. Since I1 ` I2 “ CrXs, this map is
surjective, and so by linear reductivity of the group G, the map

pI1 X CrXs
G

q ‘ pI2 X CrXs
G

q Ñ CrXs
G

is also surjective. In particular, there are invariant functions f P I1 X CrXsG and
f 1 P I2 X CrXsG satisfying f ` f 1 “ 1. We see that f vanishes on Gx and takes the
value 1 on Gy. Consequently, f is zero on πpxq but non-zero on πpyq, yielding the
desired contradiction.

Example 4.1.5. As seen in example 4.1.1, the set-theoretic quotient of C2 with
the action of G :“ C˚ given by λ ¨ px, yq :“ pλx, λ´1yq is not a Hausdorff space.
The GIT quotient is better behaved however, as one sees that CpC2q – CrX, Y s

and CrC2sG – CrXY s – CrZs, and so C2{{G – C - the affine line. We see that
the orbits p2q, p3q, and p4q cannot be separated by invariant polynomials; the GIT
quotient then collapses them to a single point and the resulting object has the
structure of an affine variety.

Definition 4.1.6. Suppose a group V is a representation of a group G. We say that
a point x P V is unstable for the action if 0 P Gx, and semistable otherwise. If Gx
is closed, and the stabilizer of x is finite, we say that x is stable.

Corollary 4.1.6.1. Let V {{G be the GIT quotient of a reductive group G on a
vector space V. Then a point x P V is unstable if and only if πpxq “ πp0q.

Proof : From part piiq of theorem 4.1.4 we have that πpxq “ πp0q if and only if
Gx X G ¨ 0 ‰ H. However, G ¨ 0 “ t0u. Thus, πpxq “ πp0q if and only if 0 P Gx, i.e.
if x is unstable.

The following lemma, which comes from linear programming, will be used in proof
of the Hilbert-Mumford criterion. For a proof, see [9].

Lemma 4.1.7 (Gordon’s Lemma). Let aij be integers for 1 ď i ď r and 1 ď j ď n
that satisfy the following property: Whenever b1, . . . , br are real numbers that are not
all zero that satisfy

b1a1j ` . . . brarj “ 0 for all j “ 1, . . . , n,

then at least two of the bi have opposite signs.
Then there are real numbers ci such that

ai1c1 ` ¨ ¨ ¨ ` mincn ą 0 for all i “ 1, 2, . . . , r.

We provide a proof here of the Hilbert-Mumford criterion when G “ SLnpCq and
X is a vector space. For the general case of a reductive group acting an affine
variety, see [29, §3.5]. We avoid the general case as it requires speaking of Cartan
decompositions and Lie groups. Furthermore, the case of G “ SLnpCq is the one of
explicit interest to us due to the paper [10]. To state the theorem we first give the
definition of a one parameter subgroup.
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Definition 4.1.8. Suppose G is a linear algebraic group, and suppose λ : Cˆ Ñ G
is a homomorphism. Then λpC˚q is a one parameter subgroup of G.

Theorem 4.1.9 (Hilbert-Mumford Criterion for G “ SLnpCq). Suppose G “

SLnpCq acts on a finite-dimensional vector space V, and x is a point in V. Then
the following conditions are equivalent.

(i) x is unstable.

(ii) There exists a one parameter subgroup λ : C˚ Ñ G such that limtÑ0 λptq¨x “ 0.

Proof : First, suppose there exists such a homomorphism λ : C˚ Ñ G such that
limtÑ0 λptq ¨ x “ 0. Let xn “ λp 1

n
q for each n P N. Then limnÑ8 xn ¨ x “ 0, and

therefore by definition, 0 P G ¨ x.

For the reverse, suppose x P V is unstable, and so 0 P G ¨ x “ SLn ¨ x. By singu-
lar value decomposition 3.2.28, SLn “ SUn ¨ DN ¨ SUn, where SUn are the special
unitary matrices and Dn are the diagonal matrices, both square of dimension n
with coefficients in C. Thus, 0 P SUn ¨ DN ¨ SUnx. Next, we may suppose the inner
product on V commutes with the action of SUn, this is essentially Weyl’s Unitary
trick. In particular, for each v, w P V and A P SUn, ⟨Av,Aw⟩ “ ⟨v, w⟩ . In turn this
inner product induces a metric with the property that for all y P V and A P SUn,
dpAy, 0q “ dpy, 0q. Next, suppose that 0 R DnSUnx. Then there exists ε ą 0 such
that for all y P DnSUnx, dpy, 0q ě ε. Since dpy, 0q “ dpAy, 0q for all A P SUn, this
implies the existence of a ball B Ď V containing 0 such that B XSUnDnSUnx “ H.
In particular, this means that 0 R SUnDnSUnx. By contraposition, it follows that
if 0 P SUnDnSUnx then x P DnSUnx.
In turn, this means that there exists a sequence yk “ akbkx for each k P N where
ak P Dn and bk P SUn, and limkÑ8 yk “ 0. Since SUn is compact, it follows that
pbkqkPN has a convergent subsequence, pbkjqjPN with limjÑ8 bkj “ b P SUn. We there-

fore have that 0 P Dnbx.

Suppose we find a one parameter subgroup λ1 : C Ñ SLn that works for the
vector bx, that is limtÑ0 λ1ptq ¨ bx “ 0. Let λ2ptq “ b´1λ1ptqb. Clearly λ : C˚ Ñ

SLn is a homomorphism, and moreover, limtÑ0 λ2ptq ¨ x “ limtÑ0 b
´1λ1ptqb ¨ x “

b´1 limtÑ0 λ1ptq ¨ bx “ 0. it follows that once a one-subgroup has been found for bx,
the job has also been done for x. We therefore tactitly rename bx as x with this
understood.
Next, let µj : Dn Ñ C, diagpt1, . . . , tnq ÞÑ tj. Let χi “

řn
j“1mijµj where the mij

are integers. For such a χi let Vχi
be defined by

Vχi
:“ tw P V | D ¨ w “ χipDqw, @D P Dnu.

Then write our unstable point x P V as x “
řr

i“1 vχi
. We will then have that for

any D “ diagpt1, . . . , tnq P Dn,

D ¨ v “

r
ÿ

i“1

tmi1
1 ¨ ¨ ¨ tmin

n vχi
.

Suppose that b1, . . . , bn are real numbers that are not all zero, such that
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b1m1j ` ¨ ¨ ¨ ` brmrj “ 0

for 1 ď j ď n. Then at least two of the b1
is have opposite signs.

Suppose this were not the case, and that there are bi, not all zero, and all of the
same sign, such that

b1m1j ` ¨ ¨ ¨ brmrj “ 0

for all j “ 1, . . . , n. Let tk “ diagpt
pkq

1 , . . . , t
pkq
n q P Dn be a sequence of diagonal

matrices for each k P N such that limkÑ8 tpkq “ 0. Thus, for all i less than or equal
to r we have that

lim
kÑ8

n
ź

j“1

pt
pkq

i q
mij “ lim

kÑ8
pt

pkq

1 q
mi1 ¨ ¨ ¨ ptpkq

n q
min “ 0. (4.1.1)

Without loss of generality, suppose that b1 ‰ 0. We then have that

´m1j “
b2
b1
m2j ` ¨ ¨ ¨ `

br
b1
mrj

for all j “ 1, . . . , n. This in turn means that

t´m11
1 ¨ ¨ ¨ t´m1n

n “ ptm21
1 ¨ ¨ ¨ tm2n

n q
b2
b1 ¨ ¨ ¨ ptmr1

1 ¨ ¨ ¨ tmrn
n q

br
b1 .

Since bi
b1

ě 0 for all i ě 2 and they are not all zero, the right hand side of the previous

equation has limit 0 as pt1, . . . , tnq runs over the sequence pt
pkq

1 , . . . , t
pkq
n q. Looking at

the left hand side however, this does not tend to 0 and therefore contadicts 4.1.1.

Example 4.1.10. Let V be a finite-dimensional C vector space. Then SymnpV q is
the subspace of

Ân
i“1 V that is invariant under Sn. A general element of this space

can be described as
ř

v1,...,vn
av1,....,vnv1 b ... b vn. Now suppose we have a linear

action of SL2pCq on V . Then this action extends to SymnpV q in a natural way,
by A ¨ pv1 . . . vnq :“ Av1 ¨ Av2 ¨ . . . Avn. Specialising this to the case V “ C2, then
SymnpC2q is the space of homogeneous polynomials in two variables of degree n.

Our action can generally be described as follows, for A “

ˆ

a b
c d

˙

we have

A ¨ pxn´iyiq “ pax ` cyq
n´i

pbx ` dyq P Symn
pC2

q.

We can use this to characterise the unstable points for the action of SL2pCq on
SymnpC2q.

Theorem 4.1.11. Suppose p P SymnpC2q. Then p is unstable for the action of
SL2pCq if and only if p is zero or has a linear factor of multiplicity greater than n

2
.

Proof : Let p “ anx
n ` an´1x

n´1y ` ¨ ¨ ¨ ` a0y
n “

řn
i“0 an´ix

n´iyi. p is unstable if
and only if there is homomorphism λ : C˚ Ñ G such that limtÑ0 λptq ¨ p “ 0. We
can make a change of coordinates in C2 such that

λptq “

ˆ

tr 0
0 t´r

˙

32 Chapter 4 Fergal Murphy



Invariant Polynomials in Harmonic Analysis

for some r ą 0. We therefore have that

λptq ¨ p “

n
ÿ

i“0

an´i

ˆ

tr 0
0 t´r

˙

¨ xn´iyi

“

n
ÿ

i“0

an´ipt
rxq

n´i
pt´ryq

i

“

n
ÿ

i“0

an´ix
n´iyitrpn´2iq.

This goes to 0 in the limit as t goes to 0 in two possible cases. First, all the coefficients
ai are 0, in which case p is the zero polynomial. Otherwise limtÑ0 ptrqn´2i

“ 0 if and
only if an´i “ 0 whenever n ´ 2i ď 0, or n

2
ď i. In other words, p has a linear factor

of multiplicity greater than n
2
.

Remark 4.1.12. A standard result from the representation theory of linearly re-
ductive groups says that any representation by a (finite-dimensional) vector space
V of the group SL2pCq can be written as the following direct sum of irreducible
subrepresenations,

V “

k
à

i“1

SymnipC2
q,

where k and ni depend on V. A consequence of this result gives the following corol-
lary, which enables us to characterise all the unstable points for the action of SL2pCq

on a vector space.

Corollary 4.1.12.1. Suppose V is a representation of SL2pCq. A point p “ pp1, . . . , pkq P

V is unstable for this action, if each pi has a linear factor of multiplicity greater than
ni

2
. This linear factor must be the same for all the see polynomials p1, . . . , pk.
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4.2 A Digression on Projective Varieties

In this part of the chapter, we define and study projective varieties, and how one
can take GIT quotients of projective varieties once one already has affine quotients.
Projective GIT quotients are discussed slightly with respect to their uses in other
areas of algebraic geometry. Their construction demonstrates the importance of
unstable points from the previous section.

Definition 4.2.1. Let p1, . . . , pk P C rx1, . . . , xns be homogeneous polynomials and
let I “ ⟨p1, . . . , pk⟩. Then we say that C “ V pIq is a cone. Notice that if x P C
then λx P C for all λ P Cˆ. This can also be viewed as the action δpλ, xq :“ λx of
Cˆon C . We call the topological quotient

pC zt0uq{Cˆ

the projective variety PpC q associated to the cone C . We say that C is a cone over
PpC q. Notice that if C is embedded in Cn then the action extends to the latter and
one has the topological quotient

pCn
zt0uq {Cˆ,

that can be identified with the projective space P pCnq; then PpC q is a projective
variety in P

`

Cd
˘

in the usual sense.

We may also consider a slight generalisation of the above construction of projective
spaces. Let α “ pα1, . . . , αnq P Nn and let δα : C˚ ˆ Cn ˆ Cn be given by

δαpλ, xq “ pλα1x1, . . . , λ
αnxnq.

The topological quotient of Cnzt0u by δα is then called the α-weighted projective
space, PαpCnq. For α “ p1, . . . , 1q we see that this is just the normal projective
space. The α´weighted projective space is also compact; the map pX1, . . . , Xnq ÞÑ

pXα1
1 , . . . , Xαn

n q induces a continuous surjective mapping PpCnq Ñ PpCqn. One may
construct α´weighted cones, affine varieties that are invariant under δα, and also
α´weighted projective varieties obtained by quotienting by δα. The α´weighted
cones are the vanishing sets of α´homogeneous polynomials, that is, polynomials p
such that ppδαpλ, xqq “ λkppxq for some k P N.

Example 4.2.2. Let V be a vector space over C and let k ď dimpV q. The cone
over the Grassmannian with parameters k, V is defined as

CGrpk, V q “ tv1 ^ ¨ ¨ ¨ ^ vk | vi P V, for all i “ 1, . . . , ku.

This is an affine variety in the k-fold wedge product
Źk V , which can be shown

using Plücker coordinates, [11, §5].

Let X Ď Pn a projective variety and denote by X̂ its cone, which is an affine variety.
Since G acts on X, there is a natural extension of this to a linear action of G on X̂.
We don’t go into the details of the lifting of this action here, but it can be found in
[20].
In order to take the GIT quotient of X by G, we first take the GIT quotient of X̂ by
G, which we know how to do since X̂ is affine. It may be tempting then to simply
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take X{{G as πpX̂q{{C˚, however, there is a big problem with this definition, as
this is in fact the trivial ring. This is because the point πp0q is in the C˚ orbit of
every point in πpX̂qp“ X̂{{G since π is surjective, 4.1.4). To remedy this, we must
throw out πp0q, which motivates the following definition.

Definition 4.2.3. Let X Ď Pn be a projective variety acted on linearly by a linearly
reductive group G, and denote by X̂ its cone. Then the projective GIT quotient
of X by G is the projectivization of the affine GIT quotient of X̂ minus the point
πp0q, that is,

X{{G :“
πpX̂qztπp0qu

C˚

Remark 4.2.4. Recall that a point is unstable if and only if πpxq “ πp0q. Thus, we
could first start by throwing out the unstable points of the cone, and then taking
the affine quotient. This is the same as taking the quotient and then throwing out
πp0q.

Although we are mainly interested in affine GIT quotients, projective GIT quotients
are interesting mathematically as they play a large role in the construction of other
algebraic objects such as moduli spaces. Roughly speaking, a moduli space is a space
that parameterizes equivalence classes of certain geometric objects, such as curves,
vector bundles, or varieties, up to some notion of equivalence (like isomorphism).
The key idea in constructing a moduli space is to capture all possible variations of
these objects in a single geometric space. Often, moduli problems can be framed as
a problem of classifying objects up to a group action. For instance, classifying vector
bundles on a fixed variety or classifying curves of a fixed genus can be approached
by identifying equivalent objects under a suitable group action.

One typical method whereby a moduli space is constructed is as a GIT quotient of
a space that parameterises all possible objects (like all curves of a fixed degree and
genus) by a group that captures the symmetries or equivalences (like isomorphisms
of curves). The projective GIT quotient provides a rigorous and geometric way to
obtain this moduli space. In particular, the notion of stability in projective GIT
quotients is crucial for moduli spaces, as it allows for the exclusion of certain “bad”
or “degenerate” objects (unstable points) from the moduli space, ensuring that the
quotient represents a well-behaved moduli space.
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4.3 Modified Comparability Lemma and Key Re-

sults

In this section of the chapter, we prove a modification of the Comparability Lemma
from [10] taking place over C. Moreover, we show that the original as it appears in
[10] can be derived from the modification in the special case of the SL2pRq action
on SymnpR2q. This avoids implicating the version of the Hilbert-Mumford criterion
for real numbers first proven by Birkes in [1].

We then compute enough invariant polynomials such that the intersection of
their vanishing sets satisfies the criteria of this modified comparability lemma for the
SL2pCq actions on Sym4pC2q and Sym5pC2q. The cases of Sym2pC2q and Sym3pC2q

are also mentioned but here it is known that the discriminant polynomial generates
the entire algebra of invariants.

In order to do compute these polynomials, we require a study of the resultant,
which is the determinant of the Sylvester matrix, all of which we discuss here. A
more in-depth analysis of the resultant can be found at [16, Chapter 4, §8].

To begin, we require the following proposition.

Proposition 4.3.1. Let V be a representation of a linearly reductive group G. Then
there exists homogeneous, invariant polynomials p1, . . . , pk such that

k
č

i“1

V ppkq “ t unstable points for the action u.

Proof : By corollary 4.1.6.1 the unstable points in V are the ones sent to the same
point that 0 is sent to by the map π : V Ñ V {{G. That means x P V is unstable if
and only if x P π´1pπp0qq. With this in mind, let

J :“ Ipπ´1
pπp0qqq “ tf P CrV s

G
| fpπ´1

pπp0qqq “ 0.u.

Since CrV sG is finitely generated and J is a subalgebra, J must be finitely generated
also, and so let p1, . . . , pk be invariant polynomials such that

⟨p1, . . . pk⟩ “ J.

Without loss of generality, we may also assume these pi are homogeneous, by split-
ting them into their constituent homogeneous parts if necessary. Now, we claim
that

Şk
i“1 V ppiq is the set of unstable points. Indeed, if x is in the zero set of all

the pi, it is in the zero set of all polynomials they generate, which is precisely J .
Consequently,

x P V pIpJqq “ π´1
pπp0qq

where the equality holds because of part piiq of Hilbert’s Nullstellensatz 3.1.8. It
follows that πpxq “ πp0q and so x is unstable. Conversely, an essentially similar
argument shows that if x is unstable, it vanishes under pi for 1 ď i ď k.

We now state and prove the Modified Comparability Lemma.
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Lemma 4.3.2. [Modified Comparability Lemma] Suppose that ρ is a linear action
of a finite dimensional vector space V (over C) on a linearly reductive group G.
Furthermore, suppose V is equipped with a norm }¨}. Let p1, . . . , pn be a collection of
a homogeneous invariant polynomials such that

Şn
i“1 V ppiq equals the set of unstable

points for the action. Then there exists constants 0 ă C1 ď C2 ă 8 such that for
all v P V we have

C1 max
j“1,...,N

|pjpvq|
1
dj ď inf

MPG
}ρMv} ď C2 max

j“1,...,N
|pjpvq|

1
dj ,

where dj denoteds the degree of pj.

Proof : We first show the left inequality. Let v P V be arbitrary, and then write
v “ }v}v̂, where v̂ has norm 1. We then have

|pjpvq| “ |pjp}v}v̂q| “ }vj}
d
|pjpv̂q|

where the last equality holds because pj is homogeneous with degree dj. Now, if we
allow v̂ to vary across the entire unit ball we will have the following inequality, valid
for all v P V ,

|pjpvq| ď }vj}
d
j sup
v̂PB1p0q

|pjpv̂q|.

If we let }pj}8 “ supt|pjpvq| | v P B1p0qu we therefore have |pjpvq| ď }vj}
dj}pj}8

which in turn implies that for all v P V

}pj}
´ 1

dj |pjpvq|
1
dj ď }v}.

Moreover, because each pj is invariant under the action of G, we have that

}pj}
´ 1

dj
8 |pjpvq|

1

dj
“ }pj}8|pjpρMvq|

1
dj ď }ρMv}.

If we therefore take an infimum in M P G and a supremum in j P t1, . . . , Nu we
have that

„

min
j“1,...,N

}pj}
´ 1

dj
8

ȷ „

max
j“1,...,N

|pjpvq|
1
dj

ȷ

ď inf
MPG

}ρMv}.

Letting C1 “

„

minj“1,...,N }pj}
´ 1

dj
8

ȷ

completes the proof of the first inequality.

For the second, suppose otherwise for contradiction, so that the inequality does not
hold for all finite constants C2.
This implies the existence of a sequence pvkqkPN P V N such that infMPG }ρMvk} “ 1
for all k P N with

max
jPt1,...,Nu

|pjpvkq|
1
dj ď

1

k
inf
MPG

}ρMvk} “
1

k
.

We can find elements Mk P G such that

1 ď }ρMk
pvkq} ď 1 `

1

k
,

and by compactness, there exists a subsequence pukqk :“ pρMk
pvkqqk, that converges

to a limit u lies inside the unit ball of V (here we are using the topology on V induced
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by } ¨ }q. By continuity of the polynomials pj we must also have that pjpuq “ 0 for
all j P t1, . . . , nu. This means that u is unstable for the action of G, and thus by
the Hilbert-Mumford criterion, there exists a one-parameter subgroup λ : C˚ Ñ G
such that limtÑ0 λptq ¨ u “ 0. As a consequence, infMPG }ρMpuq} “ 0 as well; but
on the other hand, we have by assumption that }ρMpukq} ě 1 for all M P G and
k P t1, . . . , nu, and by continuity, }ρMpuq} ě 1, giving the desired contradiction. It
follows that there exists some constant C2 satisfying the criteria.

Remark 4.3.3. By invoking the version of the Hilbert-Mumford criterion that takes
place over R, proven by Birkes in [1], 4.3.2 is also true with everything taking place
over the real numbers instead of the complex numbers. In the next proposition,
we show that for the specific action of SL2pRq on SymnpR2q however, Gressman’s
original comparability lemma follows as a corollary of lemma 4.3.2.

Proposition 4.3.4. Consider the action of SL2pRq on a finite dimensional real
vector space V. Then lemma 4.3.2 holds with everything taking place over R instead
of C.

Proof : Firstly, the classification of representations of SL2pRq is essentially the same
as representations of SL2pCq. That is, given a representation of SL2pRq by a real
vector space we can write

V “

j
à

i“1

SymnipR2
q,

for some j P N. Pick some p “ pp1, . . . , pjq P V. If all of these polynomials have a
common root with multiplicity ki greater than ni

2
, where ni “ degppiq, then, this

root must be real. If this root were not real, since complex roots come in pairs,
we would have that both px ´ αqki and px ´ αqki divide pi for each i. Thus, their
product, a degree 2ki polynomial would also divide pi. Since ki ą

ni

2
, we have that

ni ą ni, a contradiction. Consequently, α must be real.
It follows that if p is unstable we can we can construct a 1´parameter subgroup
λ : R˚ Ñ SL2pRq such that limtÑ0 λptq ¨ pi “ 0 for 1 ď i ď k. Now the same
argument over C can be extended to R.

With the modified comparability lemma proven, we are now in the position to com-
pute invariant polynomials and prove that the intersection of these invariants is the
unstable points. This is easier than proving they generate the algebra of invariants,
which is indeed a very difficult task.
It turns out that one polynomial with variables in SymnpC2q ‘SymmpC2q that will
be very important in this analysis is the resultant polynomial. In order to give a
full introduction to that we first digress a bit on the procedure of homogenisation
which will be quite important in this context.

Consider a degree n homogeneous polynomial f which we write as

f “

n
ÿ

i“0

aix
n´iyi,
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If we then let the polynomial f 1 be defined by

f 1 :“
1

yn
¨ f “

n
ÿ

i“0

ai
xn´iyi

yn´iyi
“

n
ÿ

i“0

ai

ˆ

x

y

˙n´i

.

we see that f 1 P C
”

x
y

ı

and degpfq “ degpf 1q “ n. This process is called de-

homogenization. Conversely, if f “
řn

i“0 aix
i, then let f 1 “ yn

řn
i“0 ai

´

x
y

¯i

“
řn

i“0 aix
iyn´i P SymnpC2q. This process is called homogenization. With this dis-

cussed, we now introduce the resultant.

Definition 4.3.5. Suppose p and q are both univariate polynomials over C, such
that p “ a0 ` a1x ` ¨ ¨ ¨ ` amx

m and q “ b0 ` b1x ` . . . bnx
n, and m,n ą 0. The

Sylvester matrix of p and q, denoted by Sylpp, qq, is the pm ` nq ˆ pm ` nq matrix
formed as follows.

• The first row is
`

am am´1 ¨ ¨ ¨ a1 0 ¨ ¨ ¨ 0
˘

.

• The second row is the first row but shifted one column to the right; the first
element of the row is zero.

• The following n´2 rows are obtained the same way by shifting the coefficients
one column to the right each time and setting the other entries of the row to
zero.

• The pn ` 1qth row is given by
`

bn bn´1 ¨ ¨ ¨ b1 0 ¨ ¨ ¨ 0
˘

.

• The final m ´ 1 rows are obtained as before.

Example 4.3.6. Suppose m “ 3 and n “ 4 from definition 4.3.5. The resulting
Sylvester matrix is then

Sylpp, qq “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˝

a3 a2 a1 a0 0 0 0
0 a3 a2 a1 a0 0 0
0 0 a3 a2 a1 a0 0
0 0 0 a3 a2 a1 a0
b4 b3 b2 b1 b0 0 0
0 b4 b3 b2 b1 b0 0
0 0 b4 b3 b2 b1 b0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‚

Definition 4.3.7. Suppose p and q are both univariate polynomials in K. Then
their resultant, denoted Respp, qq is the determinant of their Sylvester matrix, that
is,

Respp, qq “ det pSylpp, qqq .

Theorem 4.3.8. Suppose p, q P Crxs. Then p and q share a common root if and
only if Respp, qq “ 0.

Proof : Suppose first that p and q share a common root. Then ppαq “ qpαq “ 0
for some α P K. Let r P Crxs be the polynomial defined by rpxq :“ gcdpppxq, qpxqq,
which divides both ppxq and qpxq. Since α is a root of both polynomials, α must also
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be a root of rpxq, and so rpxq has positive degree. Consequently, there exist non-
zero polynomials apxq and bpxq such that ppxq “ apxqrpxq and qpxq “ bpxqrpxq. In
particular, this means that ppxq and qpxq are linearly dependent modulo rpxq, leading
to a non-trivial linear relation among the rows of the sylvester matrix Sylpp, qq.
Hence Sylpp, qq is singular and Respp, qq “ 0.
For the reverse, suppose that Respp, qq “ 0. Then Sylpp, qq has linearly dependent
rows. Thus, there exists a non-trivial linear combination of the rows of Sylpp, qq that
equals zero. This in turn corresponds to a non-trivial relation among the coefficients
of ppxq and qpxq, which means that there is a common factor of positive degree. Thus
ppxq and qpxq have a non-constant greatest common divisor rpxq with degprpxqq ą 0.
Hence, ppxq and qpxq share at least one common root.

Proposition 4.3.9. The resultant, when considered as a polynomial in the coeffi-
cients p and q, is an invariant polynomial for the action of SL2pCq on SymnpC2q ‘

SymmpC2q. That is,

Respp, qq P CrSymn
pC2

q ‘ Symm
pC2

qs
SL2pCq.

Proof : Recall that if A P SL2pCq and pp, qq P SymnpC2q ‘ SymmpC2q, then

A ¨ Respp, qq “ RespA´1p,A´1qq.

We must therefore show that for all A P SL2pCq,
Respp, qq “ RespA´1p,A´1qq. Note that an arbitrary A P SL2pCq may be viewed as
a linear change of coordinates of C2. This means that if p and q share a common
root, so does A´1 ¨ p and A´1 ¨ q. Consequently,

V pResq “ V pA ¨ Resq.

Now, consider the map

f : C2
‘ Symn´1

pC2
q ‘ Symm´1

pC2
q Ñ Symn

pC2
q ‘ Symm

pC2
q,

ppax ` byq, p1, p2q ÞÑ ppax ` byqp1, pax ` byqp2q .

The domain of f is irreducible. Indeed, its coordinate ring is the ring of polyno-
mial functions in n ` m variables. Note also that V pResq Ď Cn`m “ SymnpC2q ‘

SymmpC2q “ Impfq. Since f : C2 ‘ Symn´1pC2q ‘ Symm´1pC2q Ñ Impfq is sur-
jective, it follows that V pResq is irreducible. This means that the resultant is some
polynomial to some power. As A acts by a linear change of coordinates, a similar
argument shows that A ¨ Res is a constant times the same polynomial to the same
power. As such, Respp, qq “ CAA ¨ Respp, qq for some constant CA depending on A.
Now note, that the space spanned by by the resultant, that is, ⟨SL2pCq ¨ Res⟩, is a
1 dimensional representation of SL2pCq. However, from the representation theory
of groups, the only such representation is the trivial one, which means that CA “ 1.
Consequently, A ¨ Res “ Res, from which the result follows.

Remark 4.3.10. An essentially similar argument shows that Res
´

Bp
Bx
, Bp

By

¯

is an

invariant polynomial for the action of SL2pCq. However, Res
´

B2p
BxBy

, B2p
Bx2

¯

is not.

This is because the map f : Symn´1pC2q Ñ Symn´2pC2q that sends Bp
Bx

to B2p
Bx2 is not

SL2pCq equivariant.
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Lemma 4.3.11. Let g : Cn Ñ Cn be given by gpt1, . . . , tnq “ ps0, . . . , sn´1q where si
is the coefficient of xi in the polynomial px´ t1qpx´ t2q ¨ ¨ ¨ px´ tnq. Then the algebra
of polynomials in Crx1, . . . , xns invariant under the action of Sn is the algebra of
polynomials in the variables s0, . . . , sn´1, that is, Crx1, . . . , xnsSn “ Crs0, . . . , sn´1s.

Proof : This is a standard proof and can be found in many algebra textbooks, for
instance consider [8] §1. Notice that the orbits of Sn are exactly the fibres of g. This
together, with the fact that Cn is smooth implies the result, (any f : X Ñ Y that
is regular and Y smooth implies f is an isomorphism).

Remark 4.3.12. By expanding the polynomial px ´ t1q ¨ ¨ ¨ px ´ tnq we see that the
coefficient sn´k is given by

sn´k “
ÿ

1ďi1ă¨¨¨ăikďn

ź

jPti1,...,iku

p´tjq

for 0 ď k ă n.

Definition 4.3.13. Let f : C2n Ñ SymnpC2q be given by

fpx1, y1, . . . , xn, ynq “ pb0, . . . , bnq

where bi are the coefficients of
śn

i“1pxyi ´ yxiq “ bnx
n ` bn´1x

n´1y ` ¨ ¨ ¨ ` b0y
n.

Enumeration gives the following formula for the coefficients bj. We see that for
1 ď k ď n we have

bn´k “
ÿ

1ďi1ă...ikďn

p´xi1q ¨ ¨ ¨ p´xikq
ź

jRti1,...,iku

yj.

Note: If we let xi

yi
:“ ti, then bj “ y1 ¨ ¨ ¨ yn ¨ sj.

Definition 4.3.14. We say that a polynomial in the variables
px1, y1, . . . , xn, ynq is multihomogeneous of degree pd, d, . . . , dq

looooomooooon

n times

if, for all 1 ď i ď n,

when viewed as a polynomial in the variables xi and yi, it is homogeneous of degree
d.

Theorem 4.3.15. Every polynomial in the variables b0, . . . , bn which is homogeneous
of degree d can be written uniquely as a multihomogeneous polynomial of degree
pd, . . . , dq
loooomoooon

n

in the variables pxi, yiq, which is Sn invariant, that is,

Crb0, . . . , bns “

tp P Crx1, y1, . . . , xn, yns
Sn | p is multihomogeneous of degree pd, . . . , dq

loooomoooon

n

u.

Proof : The bi are multilinear of degree p1, ¨ ¨ ¨ , 1q. A monomial of degree d in the
bi’s is therefore multilinear of degree pd, ¨ ¨ ¨ , dq. Moreover, all of the bi’s are trivially
Sn invariant. The forward inclusion therefore holds. For the reverse, suppose p P

Crx1, y1, . . . , xn, yns is Sn invariant and multihomgenous of degree pd, ¨ ¨ ¨ , dq. Let
p1 “

p
yd1 ¨¨¨ydn

. Then p1 P Crt1, . . . , tns where ti “
xi

yi
. By lemma 4.3.11, we have that

p1 P Crs0, . . . , sn´1s. Multiplying back by yd1 ¨ ¨ ¨ ydn gives
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p P Crs0, . . . , sn´1s ¨ yd1 ¨ ¨ ¨ ydn.

Since y1 ¨ ¨ ¨ yn ¨ sj “ bj we have that p P Crb0, . . . , bns, from which the claim holds.

We assume the following theorem which is quite classical and known as the first
fundamental theorem of invariant theory. A full proof can be found in the textbook
“Lectures on Invariant Theory” by Dolgachev, see [8] §2.2.

Theorem 4.3.16. When viewed as an algebra, the set of invariant polynomials on
pC2qnp“ pSym1pC2qq

n
q for the action of SL2pCq is generated by the polynomials

pxiyj ´ xjyiq for 1 ď i ă j ď n. That is,

CrpSym1C2
q
n
s
SL2pCq

“ ⟨xiyj ´ xjyi | 1 ď i ď j ď n⟩ .

Lastly, we will also require the following theorem.

Theorem 4.3.17. Let A be the set of all polynomials p in the variable xiyj ´ xjyi
for 1 ď i, j ď n that are multihomogeneous of degree pd, . . . , dq. Then A is the set of
all invariant polynomials for the action of SL2pCq on SymnpC2q, that is,

A “ CrSymn
pC2

qs
SL2pCq.

Proof : The forward inclusion is a direct result of the previous theorem 4.3.16. For
the reverse inclusion, suppose p P CrSymnpC2qsSL2pCq. First note that we can split
up these invariants into their homogeneous parts,

CrSymn
pC2

qs
SL2pCq

“

8
à

i“0

CrSymn
pC2

qsi.

This fact, that taking invariants commutes with the sum, is a result of Schur’s
lemma. Then let p “

řk
i“0 pi be written in its homogeneous decomposition. By the-

orem 4.3.15, each pi a polynomial in the variables pxi, yiq for 1 ď i ď n and is mul-
tihomogeneous of degree pi, . . . , iq, and is Sn invariant (in addition to being SL2pCq

invariant). Consequently, by theorem 4.3.16, pi is a polynomial in the variables
xiyj ´ xjyi for 1 ď i ď j ď n and is multihomogeneous of degree pi, . . . , iq. Putting
all the pi back together, we get that p is multihomogeneous of degree pd, . . . , dq in
the variables xiyj ´ xjyi for 1 ď i ď j ď n.

Computing the Invariants.

Sym2pC2q and Sym3pC2q

In both cases, the resultant of Bp
Bx

and Bp
By

generates the invariant algebra, that is,

CrSymn
pC2

qs
SL2pCq

“

〈
Res

ˆ

Bp

Bx
,

Bp

By

˙〉
“ ⟨∆ppq⟩ ,

when n “ 2, 3, and where ∆ppq denote the discriminant of the polynomial p. This
is a classical result, see §3.6 [28].
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‚Sym4pC2q

We find invariant polynomials p1 and p2 such that V pp1q X V pp2q equals the set
of unstable points for the action of SL2pCq on Sym4pC2q. For any p P Sym4pC2q,
Res

`

Bp
Bx
, Bp

Bx

˘

is such a polynomial. If ppxq “
ś4

i“1pxyi ´ yxiq, then let P1 be

P1 :“ Res

ˆ

Bp

Bx
,

Bp

By

˙

“

«

ź

1ďiăjď4

pxiyj ´ xjyiq

ff2

.

P1 is indeed an example of a multihomogeneous degree p2, 2, 2, 2q polynomial in
pxiyj ´xjyiq which is S4 invariant, which is zero if and only if p has a multiple root.
Next, let P2 be defined by

P2 “ px1y2 ´ x2y1q
2
px3y4 ´ x4y3q

2

` px1y3 ´ x3y1q
2
px2y4 ´ x4y2q

2

` px1y4 ´ x4y1q
2
px2y3 ´ x3y2q

2.

We now check that V pP1q X V pP2q is indeed the collection of unstable points. As
P1 “ 0 either px1y2 ´ x2y1q “ 0 or px1y3 ´ x3y1q “ 0 or px1y4 ´ x4y1q “ 0. Because
of the symmetry we can assume that px1y2 ´ x2y1q “ 0. We check that

V px1y2 ´ x2y1q X V pP2q Ď t unstable points u.

Since x1y2 ´ x2y1 “ 0 this means px2, y2q “ cpx1, y1q for some constant c which we
can insert into P2 and get

c2px1y3 ´ x3y1q
2
px1y4 ´ x4y1q

2
` c2px1y4 ´ x4y1q

2
px1y3 ´ x3y1q

2
“ 0.

Consequently, either x1y3 ´ x3y1 “ 0 or x1y4 ´ x4y1 “ 0. This means that either
px1, y1q “ c1px3, y3q or px1, y1q “ c2px3, y3q, so V pP1q XV pP2q consists of polynomials
which have at least 3 common roots, which is exactly the set of unstable points by
theorem 4.1.11.

‚Sym5pC2q

We now describe how to get enough invariant polynomials pi with variables in
Sym5pC2q such that

Ş

i vppiq is the set of unstable points in Sym5pC2q. This exam-
ple will suggest how one could proceed in the more general case of SymnpC2q for
n ą 5.
First, we denote eij :“ xiyj ´ xjyi. As in the case of Sym4pC2q, we start with

p1 :“ Res
´

Bp
Bx
, Bp

By

¯

“
ś

1ďiăjď5 e
2
ij.

We consider now

p2 :“
ÿ

σPS5

¨

˝

ź

i‰1,2

e4σp1qσpiq

ź

i‰1,2

e4σp2qσpiq

ź

i,jPt3,4,5u,iăj

e2σpiqσpjq

˛

‚.

All powers are taken to be even such that the summation doesn’t cancel the terms.
The power for the first 2 terms of the product is twice the power for the third to
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make sure that the multi homogeneity condition is satisfied.
Lastly, for k “ 1, 2, 3 we define the polynomials p3k by

p3k “
ÿ

σPS5

e2kσp1qσp2qe
2k
σp2qσp3qe

2k
σp3qσp4qe

2k
σp4qσp5qe

2k
σp5qσp1q.

The set of unstable points in Sym5pC2q for the action of SL2pCq is then given by
the vanishing sets of all the defined polynomials, that is,

V pp1q X V pp2q X

˜

3
č

k“1

V pp3kq

¸

.

Any point satisfying Res
´

Bp
Bx
, Bp

By

¯

satisfies one of the eij “ 0. Because of the sym-

metry, without loss of generality we may assume e12 “ 0. When restricted at the
set where e12 “ 0, and using the fact that e1k “ ce2k, we get that

p2 “ c
ź

i‰1,2

e4σp2qσpiq

ź

i,jPt3,4,5u

eσpiqσpjq2 .

Because of the S5 symmetry without loss of generally we can assume that e12 “ e34 “

0 and then modulo these relations we have that p3k “ c e2k13e
2k
54e

2k
15

`

e4k13 ` e4k54 ` e4k15
˘

. If
the last bracket is 0 is for all 1 ď k ď 3 then e13 “ e54 “ e15 “ 0 due to the Newton
identities. As the products are all zero, consequently, at least one of e13, e54, e51 has
to be 0.
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4.4 Construction of the Equiaffine Invariant Mea-

sure for Specific Surfaces

4.4.1 A 2-Surface in R6

In this section we construct the affine invariant tensor and the associated equiaffine
invariant measure of Gressman for a two surface M in R6. For completeness we
make some formal definitions now.

Definition 4.4.1. For a point p on a smooth manifold M, the tangent space TpM
is the vector space consisting of all tangent vectors to M at p. Formally, it is the
space of all derivations at p, which are linear maps v : C8pMq Ñ R satisfying the
Leibniz rule:

vpfgq “ fppq vpgq ` gppq vpfq,

for all smooth functions f, g P C8pMq.

Definition 4.4.2. An immersion of a 2-manifold M into R6 is a smooth map
f : M Ñ R6 such that the differential dfp : TpM Ñ TfppqR6 is injective at every point
p P M . This implies that locally, f maps M smoothly into R6 without collapsing
dimensions, though it may have self-intersections globally.

Now, let f : M Ñ R6 be an immersion of M.

Determination of the Index Set Λ2,6

To construct the affine curvature tensor, we first define the index set Λd,n, which
helps identify the necessary derivatives involved. For a 2-dimensional surface (d “ 2)
in a 6-dimensional space (n “ 6), the index set Λ2,6 consists of pairs pj, kq, where
j P t1, 2, . . . , 6u and k P t1, . . . , κju. Here, κj is the smallest integer such that
the space of polynomials of degree κj in 2 variables has dimension at least j ` 1.
Now, a polynomial of degree κj in the variables x and y consists of terms of the
form xayb where a, b are non-negative integers such that a ` b ď κj. The number
of distinct terms is therefore equivalent to the number of solutions to the equation
a ` b ď κj, which is a well-known problem from combinatorics and the number of

such terms is given by
pκj`2qpκj`1q

2
. This formula comes from the “stars and bars”

theorem in combinatorics, which is a way to count the number of ways to distribute
indistinguishable objects (the total degree of the polynomial) into distinguishable
bins (the exponents a and b in xayb).

j Required Dimension j ` 1 Minimum κj

1 2 1
2 3 1
3 4 2
4 5 2
5 6 2
6 7 3

Table 4.1: Calculation of the minimum κj for the index set Λ2,6.
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From table 4.4.1 we see that the index set is as follows:

Λ2,6 “ tp1, 1q, p2, 1q, p3, 1q, p3, 2q, p4, 1q, p4, 2q, p5, 1q, p5, 2q, p6, 1q, p6, 2q, p6, 3qu.

Now, at any point p P M , for any finite sequence of vector fields Xλ indexed by
λ P Λ2,6 the affine curvature tensor Ap is defined as as follows,

ApppXλqλPΛ2,6q “ det
´

Xp1,1qfppq ^ Xp2,1qfppq^
`

Xp3,1qXp3,2qfppq
˘

^
`

Xp4,1qXp4,2qfppq
˘

^
`

Xp5,1qXp5,2qfppq
˘

^

`

Xp6,1qXp6,2qXp6,3qfppq
˘

¯

.

(4.4.1)

Now, we can view Ap as an 11´multilinear map

Ap :
11

à

i“1

R2
Ñ R.

By the universal property of tensor products [B.0.1], this consequently corresponds
uniquely to an element Ãp in the following dual space

Ãp P

˜

11
â

i“1

R2

¸˚

.

Let tx, yu be a basis for space pR2q˚. Consider the following,

(i) The first two terms of 4.4.1 are elements of pR2q˚ and interchanging them
produces a sign change.

(ii) The next three terms of 4.4.1 are elements of Sym2pR2q˚, and a interchanging
them again produces a sign change.

(iii) The final term is an element of Sym3pR2q˚.

We therefore have that

Ãp P

˜

2
ľ

pR2
q

˚

¸

b

3
ľ

Sym2
ppR2

q
˚
q b Sym3

ppR2
q

˚
q.

Now, the space
`
Ź2

pR2q˚
˘

is generated by the vector x ^ y and consequently is

one dimensional. Similarly, the space
Ź3 Sym2ppR2q˚q is generated by the vector

x2 ^ xy ^ y2 and is therefore also one dimensional. Finally, the space Sym3ppR2q˚q

has basis vectors x3, x2y, xy2, and y3 and is therefore 4 dimensional. If we denote
the space

`
Ź2

pR2q˚
˘

b
Ź3 Sym2ppR2q˚q b Sym3ppR2q˚q by V , we then see that

V “
〈
x ^ y b x2

^ xy ^ y2 b ξ | ξ P tx3, x2y, xy2, y3u
〉

– Sym3
pR2

q.

It follows that V is 4-dimensional. Consequently, we can describe Ãp, and therefore
the equiaffine invariant tensor Ap, completely by its coordinates in terms of these 4
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basis vectors. To do this, we form the following matrix made up of partial derivatives
of the immersion f , as detailed in the construction by Gressman.

Apfq :“

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

Bf1
Bx

Bf1
By

B2f1
Bx2

B2f1
BxBy

B2f1
By2

B3f1
Bx3

B3f1
Bx2By

B3f1
BxBy2

B3f1
By3

Bf2
Bx

Bf2
By

B2f2
Bx2

B2f2
BxBy

B2f2
By2

B3f2
Bx3

B3f2
Bx2By

B3f2
BxBy2

B3f2
By3

Bf3
Bx

Bf3
By

B2f3
Bx2

B2f3
BxBy

B2f3
By2

B3f3
Bx3

B3f3
Bx2By

B3f3
BxBy2

B3f3
By3

Bf4
Bx

Bf4
By

B2f4
Bx2

B2f4
BxBy

B2f4
By2

B3f4
Bx3

B3f4
Bx2By

B3f4
BxBy2

B3f4
By3

Bf5
Bx

Bf5
By

B2f5
Bx2

B2f5
BxBy

B2f5
By2

B3f5
Bx3

B3f5
Bx2By

B3f5
BxBy2

B3f5
By3

Bf6
Bx

Bf6
By

B2f6
Bx2

B2f6
BxBy

B2f6
By2

B3f6
Bx3

B3f6
Bx2By

B3f6
BxBy2

B3f6
By3

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

Apfq has 6 rows and 9 columns. We remove the last four columns of Apfq, resulting
in a truncated 6 ˆ 5 matrix A1pfq, given by

A1
pfq “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

Bf1
Bx

Bf1
By

B2f1
Bx2

B2f1
BxBy

B2f1
By2

Bf2
Bx

Bf2
By

B2f2
Bx2

B2f2
BxBy

B2f2
By2

Bf3
Bx

Bf3
By

B2f3
Bx2

B2f3
BxBy

B2f3
By2

Bf4
Bx

Bf4
By

B2f4
Bx2

B2f4
BxBy

B2f4
By2

Bf5
Bx

Bf5
By

B2f5
Bx2

B2f5
BxBy

B2f5
By2

Bf6
Bx

Bf6
By

B2f6
Bx2

B2f6
BxBy

B2f6
By2

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

.

Next, for each of the removed columns, we adjoin them back to A1pfq to form four
different 6 ˆ 6 matrices:

Aipfq “ rA1
pfq | Cis, for i “ 1, 2, 3, 4,

where Ci represents each of the columns:

Column Expression

C1

´

B3fk
Bx3

¯6

k“1

C2

´

B3fk
Bx2By

¯6

k“1

C3

´

B3fk
BxBy2

¯6

k“1

C4

´

B3fk
By3

¯6

k“1

We then compute the determinant of each matrix Aipfq. Denote by γi these deter-
minants, that is,
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γi :“ detpAipfqq “ detprA1
pfq | Cisq, for i “ 1, 2, 3, 4.

Now, we will have that

Ãp “ x ^ y b x2
^ xy ^ y2 b pγ1x

3
` γ2x

2y ` γ3xy
2

` γ4y
3
q.

We have therefore fully described our equiaffine invariant tensor Ap.
Next, we want to pass to the density function, which will then give the equiaffine
invariant measure. Again, following Gressman’s construction, let

δpv1, v2q “ inf
MPSL2pRq

}M ¨ Ãp}
2
11 .

Then the equiaffine measure νA can be described by the relation

νApY q “

ż

Y

δpv1, v2q dµ,

where Y Ď M is an open set on the manifold M and µ is the usual surface measure.
However, we can also describe the measure as follows. We know from section 4.3
that the polynomials invariant under the SL2pRq action on Sym3pR2q are generated
by the discriminant polynomial ∆ppq. We can therefore use this function to define
the density, in conjunction with Gressman’s Comparability Lemma 1.0.1. We will
have that

inf
MPSL2pRq

}MÃp} «

ˇ

ˇ

ˇ

ˇ

ˇ

Res

˜

BÃp

Bx
,

BÃp

By

¸
ˇ

ˇ

ˇ

ˇ

ˇ

1
4

where p P Sym3pR2˚
q. We will therefore have that

δpv1, v2q «

¨

˝

ˇ

ˇ

ˇ

ˇ

ˇ

Res

˜

BÃp

Bx
,

BÃp

By

¸
ˇ

ˇ

ˇ

ˇ

ˇ

1
4

˛

‚

2
11

and have again therefore described our equiaffine invariant measure νA.
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4.4.2 A 2-Surface in R10.

Following on from the previous section, we now construct an equiaffine invariant
tensor and the associated equiaffine invariant measure for a 2-surface in R10. The
approach parallels our earlier construction for a 2-surface in R6, with necessary
adaptations to account for the higher-dimensional setting. Let M be our 2-surface
and let f : M Ñ R10 be an immersion of M. We will begin by defining the appro-
priate index set for this context and proceed to compute the affine curvature tensor,
following the general method outlined previously.

In this case, d “ 2 and k “ 10. We therefore compute the index set Λ2,10 as follows.

j Required Dimension j ` 1 Minimum κj

1 2 1
2 3 1
3 4 2
4 5 2
5 6 2
6 7 3
7 8 3
8 9 3
9 10 3
10 11 4

Table 4.2: Calculation of the minimum κj for the index set Λ2,10.

From Table 4.4.2, we see that the index set is as follows:

Λ2,10 “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

p1, 1q, p2, 1q,

p3, 1q, p3, 2q, p4, 1q, p4, 2q, p5, 1q, p5, 2q,

p6, 1q, p6, 2q, p6, 3q, p7, 1q, p7, 2q, p7, 3q,

p8, 1q, p8, 2q, p8, 3q, p9, 1q, p9, 2q, p9, 3q,

p10, 1q, p10, 2q, p10, 3q, p10, 4q

,

/

/

/

/

/

/

.

/

/

/

/

/

/

-

.

For any finite sequence of vector fields Xλ indexed by λ P Λ2,10, the affine curvature
tensor Ap is defined as as follows,

ApppXλqλPΛ2,10q “ det
`

Xp1,1qfppq ^ Xp2,1qfppq^

Xp3,1qXp3,2qfppq ^ Xp4,1qXp4,2qfppq ^ Xp5,1qXp5,2qfppq^

Xp6,1qXp6,2qXp6,3qfppq^

Xp7,1qXp7,2qXp7,3qfppq^

Xp8,1qXp8,2qXp8,3qfppq^

Xp9,1qXp9,2qXp9,3qfppq^

Xp10,1qXp10,2qXp10,3qXp10,4qfppq
˘

.
(4.4.2)

Now, we can also view Ap as a 21-multilinear map,

Ap :
21

à

i“1

R2
Ñ R.
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By the universal property of tensor products B.0.1 this corresponds to an element
Ãp in the dual space,

Ãp P

˜

21
â

i“1

R2

¸˚

Using the properties of the determinant we can see that

Ãp P

˜

2
ľ

pR2
q

˚

¸

b

3
ľ

Sym2
ppR2

q
˚
q b

4
ľ

Sym3
ppR2

q
˚
q b Sym4

ppR2
q

˚
q.

Writing down the standard basis vectors for these spaces we also have that

Ãp P ⟨x ^ y⟩ b
〈
x2

^ xy ^ y2
〉

b
〈
x3

^ x2y ^ xy2 ^ y3
〉

b
〈
x4, x3y, x2y2, xy3, y4

〉
– Sym4

pR2
q.

By the multilinearity of the tensor product, Ãp is completely determined by its
coefficients on the basis vectors x4, x3y, x2y2, xy3, y4. In order to calculate these, we
proceed as follows, similarly to the last section. Denote by

Bpf

Bxayb
“

ˆ

Bpfi
Bxayb

˙10

i“1

where a, b, p P N0 and a ` b “ p.
Let A1pfq be the 10 ˆ 9 matrix defined as follows,

A1
pfq :“

ˆ

Bf

Bx

Bf

By

B2f

Bx2

B2f

By2
B2f

BxBy

B3f

Bx3

B3f

By3
B3f

Bx2By

B3f

BxBy2

˙

For 1 ď i ď 5 let Ci be columns defined as in the following table.

Column Expression

C1

´

B4fi
Bx4

¯10

i“1

C2

´

B4fi
Bx3By

¯10

i“1

C3

´

B4fi
Bx2By2

¯10

i“1

C4

´

B4fi
BxBy3

¯10

i“1

C5

´

B4fi
By4

¯10

i“1

For each of the columns Ci, we adjoin them to A1pfq to form five different 10 ˆ 10
matrices:

Aipfq “ rA1
pfq | Cis, for i “ 1, 2, 3, 4, 5.
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For 1 ď i ď 5, let γi be the determinant of Aipfq, that is

γi :“ detpAipfqq “ detprA1
pfq | Cisq, for i “ 1, 2, 3, 4, 5.

We will then have that

Ãp “x ^ y b x2
^ xy ^ y2 b x3

^ x2y ^ xy2 ^ y3

b γ1x
4

` γ2x
3y ` γ3x

2y2 ` γ4xy
3

` γ5y
4.

We have therefore fully described our equiaffine invariant tensor Ap. To pass to the
density function, let

δpv1, v2q “ inf
MPSL2pRq

}M ¨ Ãp}
2
21 .

Computing this infimum can be quite difficult in practice. Therefore, we can use
our modified comparability lemma and the invariant polynomials we computed in
section 4.3 for the SL2pRq action on Sym4pR2q. Let P1 be the polynomial defined
by

P1 :“ Res

ˆ

Bp

Bx
,

Bp

By

˙

“

«

ź

1ďiăjď4

pxiyj ´ xjyiq

ff2

.

and let P2 be defined by

P2px, yq :“ px1y2 ´ x2y1q
2
px3y4 ´ x4y3q

2

` px1y3 ´ x3y1q
2
px2y4 ´ x4y2q

2

` px1y4 ´ x4y1q
2
px2y3 ´ x3y2q

2.

Then by the modified comparability lemma 4.3.2 we have that

inf
MPSL2pRq

}M ¨ Ãp} « max
´

|P1pÃpq|
1
6 , |P2pÃpq|

1
2

¯

,

which in turn means

δpv1, v2q « max
´

|P1pÃpq|
1
6 , |P2pÃpq|

1
2

¯
2
21
.
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4.4.3 A 2-Surface in R15.

Let M Ď R15 be a 2-surface, and let f : M Ñ R15 be an immersion of M. In the
context of Gressman’s construction of the equiaffine invariant tensor, we will have
k “ 2 and d “ 15. We therefore compute our index set Λ2,15 as follows,

j Required Dimension j ` 1 Minimum κj

1 2 1
2 3 1
3 4 2
4 5 2
5 6 2
6 7 3
7 8 3
8 9 3
9 10 3
10 11 4
11 12 4
12 13 4
13 14 4
14 15 4
15 16 5

Table 4.3: Calculation of the minimum κj for the index set Λ2,15.

From Table 4.4.3 we see that the index set is as follows:

Λ2,15 “

$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

p1, 1q, p2, 1q,

p3, 1q, p3, 2q, p4, 1q, p4, 2q, p5, 1q, p5, 2q,

p6, 1q, p6, 2q, p6, 3q, p7, 1q, p7, 2q, p7, 3q,

p8, 1q, p8, 2q, p8, 3q, p9, 1q, p9, 2q, p9, 3q,

p10, 1q, p10, 2q, p10, 3q, p10, 4q,

p11, 1q, p11, 2q, p11, 3q, p11, 4q,

p12, 1q, p12, 2q, p12, 3q, p12, 4q,

p13, 1q, p13, 2q, p13, 3q, p13, 4q,

p14, 1q, p14, 2q, p14, 3q, p14, 4q,

p15, 1q, p15, 2q, p15, 3q, p15, 4q, p15, 5q

,

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

.

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

-

.

For any finite sequence of vector fields Xλ indexed by λ P Λ2,15, the affine curvature
tensor Ap is defined as follows:
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ApppXλqλPΛ2,15q “ det
`

Xp1,1qfppq ^ Xp2,1qfppq^

Xp3,1qXp3,2qfppq ^ Xp4,1qXp4,2qfppq ^ Xp5,1qXp5,2qfppq^

Xp6,1qXp6,2qXp6,3qfppq^

Xp7,1qXp7,2qXp7,3qfppq^

Xp8,1qXp8,2qXp8,3qfppq^

Xp9,1qXp9,2qXp9,3qfppq^

Xp10,1qXp10,2qXp10,3qXp10,4qfppq^

Xp11,1qXp11,2qXp11,3qXp11,4qfppq^

Xp12,1qXp12,2qXp12,3qXp12,4qfppq^

Xp13,1qXp13,2qXp13,3qXp13,4qfppq^

Xp14,1qXp14,2qXp14,3qXp14,4qfppq^

Xp15,1qXp15,2qXp15,3qXp15,4qXp15,5qfppq
˘

.
(4.4.3)

Now, #Λ2,15 “ 45 and so we view Ap as a 45´multilinear map

Ap :
45

à

i“1

R2
Ñ R.

By the universal property of tensor products, this corresponds to an element Ãp in
the dual space,

Ãp P

˜

45
â

i“1

R2

¸˚

.

Using the properties of the determinant, we can see that

Ãp P

˜

2
ľ

pR2
q

˚

¸

b

3
ľ

Sym2
ppR2

q
˚
q b

4
ľ

Sym3
ppR2

q
˚
q

b

5
ľ

Sym4
ppR2

q
˚
q b Sym5

ppR2
q

˚
q.

Writing down the standard basis vectors for these spaces, we also have that

Ãp P ⟨x ^ y⟩ b
〈
x2

^ xy ^ y2
〉

b
〈
x3

^ x2y ^ xy2 ^ y3
〉

b
〈
x4

^ x3y ^ x2y2 ^ xy3 ^ y4
〉

b
〈
x5, x4y, x3y2, x2y3, xy4, y5

〉
– Sym5

pR2
q.

By the multilinearity of the tensor product, Ãp is completely determined by its
coefficients on the basis vectors x5, x4y, x3y2, x2y3, xy4, y5. In order to calculate
these, we proceed as follows, similarly to the two sections. Once again, denote by

Bpf

Bxayb
“

ˆ

Bpfi
Bxayb

˙15

i“1

where a, b, p P N0 and a ` b “ p.
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Let A1pfq be the 15ˆ14 matrix with columns given by the following ordered partial
derivatives up to degree 4,

Order Partial Derivatives

1
Bf

Bx
,

Bf

By

2
B2f

Bx2
,

B2f

BxBy
,

B2f

By2

3
B3f

Bx3
,

B3f

Bx2By
,

B3f

BxBy2
,

B3f

By3

4
B4f

Bx4
,

B4f

Bx3By
,

B4f

Bx2By2
,

B4f

BxBy3
,

B4f

By4

For 1 ď i ď 6, let Ci be columns defined as in the following table.

Column Expression

C1

´

B5fi
Bx5

¯15

i“1

C2

´

B5fi
Bx4By

¯15

i“1

C3

´

B5fi
Bx3By2

¯15

i“1

C4

´

B5fi
Bx2By3

¯15

i“1

C5

´

B5fi
BxBy4

¯15

i“1

C6

´

B5fi
By5

¯15

i“1

For each of the columns Ci, we adjoin them to A1pfq to form six different 15 ˆ 15
matrices:

Aipfq “ rA1
pfq | Cis, for i “ 1, 2, 3, 4, 5, 6.

For 1 ď i ď 6, let γi be the determinant of Aipfq, that is

γi :“ detpAipfqq “ detprA1
pfq | Cisq, for i “ 1, 2, 3, 4, 5, 6.

We then have that

Ãp “x ^ y b x2
^ xy ^ y2 b x3

^ x2y ^ xy2 ^ y3

b x4
^ x3y ^ x2y2 ^ xy3 ^ y4

b γ1x
5

` γ2x
4y ` γ3x

3y2 ` γ4x
2y3 ` γ5xy

4
` γ6y

5.

This fully describes the equiaffine invariant tensor Ap. To pass to the density func-
tion, let

δpv1, v2q “ inf
MPSL2pRq

}M ¨ Ãp}
2
45 .

Recall from section 4.3 where we computed enough invariant polynomials to generate
the unstable points for the SL2pCq action on Sym5pC2q. These polynomials are given
in the following table.
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Polynomial Expression

p1 Res
´

Bp
Bx
, Bp

By

¯

p2
ř

σPS5

´

ś

i‰1,2 e
4
σp1qσpiq

¯ ´

ś

i,jPt3,4,5u,iăj e
2
σpiqσpjq

¯

p3k
ř

σPS5
e2kσp1qσp2q

e2kσp2qσp3q
e2kσp3qσp4q

e2kσp4qσp5q
e2kσp5qσp1q

for k “ 1, 2, 3

The polynomials have the following degrees,

Polynomial Degree

p1 8

p2 12

p3k 4k for k “ 1, 2, 3

Then by the modified comparability lemma 4.3.2 we have that

inf
MPSL2pRq

}M ¨ Ãp} « max
´

|p1pÃpq|
1
8 , |p2pÃpq|

1
12 , |p3pÃpq|

1
4 , |p6pÃpq|

1
8 , |p9pÃpq|

1
12

¯

which in turn means

δpv1, v2q « max
´

|p1pÃpq|
1
8 , |p2pÃpq|

1
12 , |p3pÃpq|

1
4 , |p6pÃpq|

1
8 , |p9pÃpq|

1
12

¯
2
45
.
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4.4.4 Further Remarks about this Construction

In this last chapter, we have developed an explicit method for analysing the equiaffine
invariant measures on surfaces, drawing upon our modified version of Gressman’s
comparability lemma. However, it was no accident that the surfaces we analysed
were 2´surfaces in Rn for n “ 6, 10 and 15, as these corresponded nicely to the
analysis we performed in section 4.3. For n P t7, 8, 9, 11, 12, 13, 14u, a more detailed
analysis is required. However, by exploiting known identities involving the wedge
product, computing the equiaffine measure for some of these surfaces could be made
a less challenging task.

This presents a new method for the computation of Gressman’s measure and gener-
ally promises better computational utility. This methodology is summarised in the
following diagram.

1. Compute the index
set of a 2-surface in Rn

2. Compute enough invariant
polynomials such that their
intersection gives the set of

unstable points for the action

3. Use these polynomials and
the modified comparability

lemma to generate the density

4. Use this to compute
Gressman’s equiaffine
invariant measure
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Conclusion

In this thesis, we have developed an explicit methodology for analysing the equiaffine
invariant measures on specific surfaces. By modifying Gressman’s comparability
lemma, we have created a more computationally feasible approach to determining
the equiaffine invariant measure for specific manifolds of intermediate dimensions,
bypassing the need to compute a complete set of generators for the algebra of in-
variant polynomials.

Our approach has been demonstrated through specific cases, including surfaces in
R10 and R15, where we computed enough invariant polynomials to generate the set
of unstable points. We also provided a clearer path to computing the equiaffine
invariant measure using these polynomials and the modified lemma, illustrating its
potential utility in the broader context of harmonic analysis. Future research could
build on this foundation by applying the Modified Comparability Lemma to other
settings, such as higher-dimensional surfaces or different types of group actions, to
further understand its broader implications and potential applications.
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Appendix A

Facts from Commutative Algebra

Definition A.0.1 (Ideal). Let R be a commutative ring and let S Ď R. We say
that S is an ideal if for all r P R and x, y P S, we have that

(i) x ` y P S.

(ii) rx P S.

Definition A.0.2. Let S Ď R. The ideal generated by S, denoted by ⟨S⟩ is the
smallest ideal containing S, that is

⟨S⟩ “
č

tF ⊴R | S Ď F u.

Lemma A.0.3. Let R be a commutative ring and let S Ď R. Then ⟨S⟩ coincides
with the collection of all R´linear combinations of elements of S.

Proof : For brevity let X “

!

řk
i“1 αixi | αi P R, xi P S, k P N

)

. Clearly, X is an

ideal containing S, and so ⟨S⟩ Ď X. For the reverse, suppose p P X,
so p “ α1x1 ` . . . αkxk some choice of coefficients αi. If F is an ideal contain-
ing S, it is obvious that p is in F also, thus p is in all such ideals. It follows p P ⟨S⟩,
whence X “ ⟨S⟩ .

Definition A.0.4. We say I ⊴ R is maximal if it is proper and for all F ⊴ R, if
I Ď F , then either I “ F or F “ R.

Definition A.0.5. Suppose P ⊴ R. We say P is prime if it is proper and for all
a, b P R, if ab P P , then either a P P or b P P.

Definition A.0.6. Let p P R. We say p is prime if it is a non-zero non unit and
for every a, b P R, if p | ab then either p | a or p | b.

Proposition A.0.7. Suppose p is an element in the ring R. Then ⟨p⟩ is a prime
ideal if and only if p is prime.

Theorem A.0.8. Let I ⊴ R. Then the collection of ideals of R{I is in one-to-one
correspondence with those of R containing I.

Proof : Let C be the collection of ideals in R containing I and let D be the collection
of ideals in R{I. Let π : C Ñ R{I be the restriction of the canonical surjection to
C. We show π is injective and that Impπq “ D, proving the correspondence.
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Let m P C and suppose m P kerpπq, that is, m ` I “ I. It follows m Ď J . Moreover,
since m P C it follows I Ď m, from which we have m “ I. Since the kernel is trivial,
it follows π is injective.
Once again take m P C. That m ` I is an ideal in R{I is straightforward and will
not be shown here. We must therefore show that if J P D, then there exists n P C
such that n ` I “ J. Given such a J P D, let n “ tx P R | x ` I P Ju. Then clearly
n is an ideal in R since J is an ideal in R{I. Moreover, it is easily seen that I Ď n
since for each p P I, p ` I “ I P J . Lastly, πpnq “ J by construction. Surjectivity
follows, and therefore the bijection also.

Corollary A.0.8.1. Let A be a proper ideal of a ring R. The following statements
are equivalent.

(i) A is a maximal ideal of R.

(ii) The factor ring R{A has no non-zero proper ideals.

Proof : By Theorem A.0.8, the ideals of R{A are in one-to-one correspondence with
those of R containing A. There are only two of the latter, and so there are only two
of the former.

Corollary A.0.8.2. Let A be an ideal in a ring R. Then A is a maximal ideal of
R if and only if the factor ring RzA is a field.

Theorem A.0.9. Suppose I ⊴R is a maximal ideal. Then it is prime.

Proof : Let a, b P R and suppose ab P I. If a P I we are done, so suppose a R I.
Consider the ideal I ` ⟨a⟩. This strictly contains I, and hence by maximality must
be the full ring. Thus there exists x P I and r P R such that x` ra “ 1. Multiplying
across by b we see that bx ` rab “ b. Since bx and rab are both members of I, it
follows b is too.

We can upgrade the previous result in the case that R is a principal ideal domain.

Theorem A.0.10. Suppose R is a principal ideal domain. Then an ideal P is prime
if and only if it is maximal.

Proof : The if part follows from the previous theorem. For the only if part, suppose
P is prime. Since R is a PID, there is p P R prime such that ⟨p⟩ “ P ‰ R. Suppose
there is an ideal ⟨m⟩ “ M Ď R such that P Ď M ðñ ⟨p⟩ “ ⟨m⟩. Thus, there
exists x P R such that p “ x ¨ m. Since p is prime, either x or m is a unit. If x is a
unit, then P “ M . Otherwise M “ R. It follows that P is maximal.

Theorem A.0.11. Suppose P ⊴R is a prime ideal. Then it is also radical.

Proof : We must show that if xk P P , then x P P too. Suppose k is the minimal
natural number that does the job. If it is 1 we are done. Otherwise, k ě 2. This
means x ¨ xk´1 P P , and by minimality of k this forces x P P , so we are done.

Lemma A.0.12. Let I1 and I2 be ideals in a ring R. Then
?
I1I2 “

?
I1 X I2.
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Proof : First we show
?
I1I2 Ď

?
I1 X I2. Suppose f P

?
I1I2. Then fk P I1I2 for

some k P N. It follows that fk “ g ¨ h for some g P I1 and h P I2. Thus f
k P I1 X I2

and so f P
?
I1 X I2.

For the reverse suppose f P
?
I1 X I2. Then, as before fk P I1 X I2 for some natural

number k. It follows that g “ fk ¨ fk “ f 2k P I1I2 and so f P
?
I1I2.

Lemma A.0.13. Let I1 and I2 be ideals in a ring R. Then ⟨I1 Y I2⟩ “ I1 ` I2.

Proof : Recall that pI1 Y I2q is the smallest ideal containing I1 Y I2. I1 ` I2 being
an ideal follows trivially from the fact that I1 and I2 are both ideals. To see that
pI1YI2q Ď I1`I2, suppose f P pI1YI2q. Then f “ g¨h for some g P Krx1, . . . , xns and
some h P I1YI2. Without loss of generality assume h P I1. Then f “ g ¨h`0 P I1`I2
and so pI1 Y I2q Ď I1 ` I2.
Lastly, suppose J is another ideal containing I1 Y I2. Let f P I1 ` I2 so f “ g ` h
for some g P I1 and h P I2. Then f P pI1 Y I2q Ď J . It follows I1 ` I2 is the smallest
ideal containing I1 Y I2.

Proposition A.0.14. Let R be a commutative unital ring. Then the following
conditions on R are equivalent.

(i) Every ideal in R is finitely generated.

(ii) Every ascending chain of ideals in R terminates.

(iii) Every non-empty collection of ideals in R contains a maximal element.

Remark A.0.15. A ring satisfying any of the three equivalent conditions in the
previous proposition is called Noetherian.

Lemma A.0.16. [Hilbert’s Basis Theorem] If R is Noetherian, then Rrxs is Noethe-
rian.

Example A.0.17. (i) Principal ideal domains are Noetherian, as every ideal is
generated by a single element.
In particular, every field K only has two ideals, namely ⟨0⟩ and ⟨1⟩ “ K, hence
every field is Noetherian.

(ii) The polynomial ring Krx1, x2, . . . s in infinitely many variables is not Noethe-
rian. An example of an aschending chain of ideals that doesn’t terminate is
given as follows,

⟨x1⟩ Ĺ ⟨x1, x2⟩ Ĺ ⟨x1, x2, x3⟩ Ĺ . . .

Conversely, the polynomial ring in finitely many variables Krx1, . . . , xns is
Noetherian. We prove this by induction on the number of variables.
In the base case, the field K is Noetherian as shown in the previous exam-
ple. Now suppose the polynomial ring Krx1, . . . , xn´1s is Noetherian. The
crucial observation is that we can view the polynomial ring in n variables with
coefficients in K as the polynomial ring in 1 variable with coefficients from
Krx1, . . . , xn´1s. Since the latter ring is Noetherian, using Lemma A.0.16, we
conclude that Krx1, . . . , xns is Noetherian.

Theorem A.0.18. Krxs is a principal ideal domain.
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Proof : Suppose J ⊴Krxs. If J “ Krxs then J “ ⟨1⟩ , and similarly, if J “ t0u then
J “ ⟨0⟩. Suppose ⟨0⟩ Ĺ J Ĺ Krxs. Since J must contain a non-zero polynomial,
let m “ mintdegppq | p P Krxsu, which exists by the well-ordering principle of N. If
m “ 0 then J contains a constant, call it c. Since J is an ideal, c 9c´1 “ 1 P J which
is impossible, hence m “ 0 is impossible and so m ě 1.
Now, let p P Krxs have degree m. We show that ⟨p⟩ “ J . The forward direction
is clearly true. For the reverse, suppose f P J . By the division algorithm for
polynomials, we have that f “ q ¨ p ` r where q, r P Krxs and either r “ 0 or
0 ď degprq ă m. But r “ f ´ q ¨ p P J which forces r “ 0. Hence, f “ q ¨ p and so
f P ⟨p⟩.

Proposition A.0.19. If R is Noetherian and I is an ideal of R, then R{I is also
Noetherian.

Proof : Suppose we have an ascending chain of ideals in R{I as follows,

J0 Ď J1 Ď J2 Ď J3 Ď . . .

By A.0.8 these are in bijection with an escending chain of ideals in R, which must
terminate by the Noetherian proeprty. As a result, the ascending chain in R{I must
terminate also.

Theorem A.0.20 (Chinese Remainder Theorem). Suppose I and J are ideals in a
commutative ring R such that I ` J “ R. Then the rings R{pI X Jq and R{I ˆR{J
are isomorphic via the assignment

φ : x ` pI X Jq ÞÑ px ` I, x ` Jq.

The inverse of this isomorphism admist the following description. Write 1 “ a ` b
with a P I and b P J. Then φ´1 : px ` I, y ` Jq ÞÑ pbx ` ayq ` pI X Jq.

Proof : Consider the ring homomorphism θ : R Ñ R{I ˆ R{J , x ÞÑ px ` I, x ` Jq.
Since kerpθq “ I X J , we get an induced injective ring homomorphism

φ : R{pI X Jq Ñ R{I ˆ R{J, x ` pI X Jq ÞÑ px ` I, x ` Jq.

Write 1 “ a ` b for appropriate a P I and b P J , using R “ I ` J. Suppose
px, yq P R{I ˆ R{J , we then calculate

φpbx ` ayq “ pbx ` I, ay ` Jq “ pax ` bx ` I, ay ` by ` Jq “ px ` I, y ` Jq,

and so φ is onto, and φ´1 has the desired form.
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Appendix B

Tensor Products and their
Universal Property

Definition B.0.1. Let R be a commutative ring with unity, and let M and N
be two R-modules. The tensor product of M and N , denoted by M bR N , is an
R-module that is defined together with a bilinear map

ϕ : M ˆ N Ñ M bR N,

such that for any other R-module P and any bilinear map f : M ˆ N Ñ P , there
exists a unique R-linear map f̃ : M bR N Ñ P such that:

f “ f̃ ˝ ϕ.

This property is known as the universal property of the tensor product.

Construction of the Tensor Product

The tensor product M bR N can be constructed explicitly as follows:

(i) Consider the free R-module generated by the Cartesian product M ˆ N , de-
noted by F “ RMˆN .

(ii) Define a submodule S Ď F generated by the relations of bilinearity:

pm1 ` m2, nq ´ pm1, nq ´ pm2, nq,

pm,n1 ` n2q ´ pm,n1q ´ pm,n2q,

prm, nq ´ rpm,nq,

pm, rnq ´ rpm,nq,

for all m,m1,m2 P M , n, n1, n2 P N , and r P R.

(iii) The tensor product M bR N is then defined as the quotient module F {S.

The Tensor Product is Unique

The uniqueness of the tensor product up to isomorphism follows directly from its
universal property. To see this, let M bRN and M 1 bRN

1 be two tensor products of
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M and N satisfying the universal property. Then, by the universal property, there
exists a unique R-linear map f : M bR N Ñ M 1 bR N 1 and a unique R-linear map
g : M 1 bR N 1 Ñ M bR N such that the compositions g ˝ f and f ˝ g are the identity
maps on their respective modules. Thus, M bR N – M 1 bR N 1.

The Dimension Formula

Let M and N be finite-dimensional R-modules with dimensions dimpMq “ m and
dimpNq “ n. The tensor product M bR N has dimension:

dimpM bR Nq “ dimpMq ¨ dimpNq.

Proof:

(i) Choose a basis tm1,m2, . . . ,mmu for M and a basis tn1, n2, . . . , nnu for N .

(ii) Consider the set of elements tmi b nj | 1 ď i ď m, 1 ď j ď nu in M bR N .

(iii) To show that this set forms a basis, we prove that it is linearly independent
and spans M bR N .

(a) Linear Independence: Suppose

m
ÿ

i“1

n
ÿ

j“1

cijpmi b njq “ 0,

for some cij P R. Then, applying the linearity in both arguments, we
deduce that all cij “ 0.

(b) Spanning Set: Any element in M bRN can be expressed as a finite sum
ř

cijpmi b njq, proving that the set spans M bR N .

Thus, the set tmi b nju forms a basis of M bR N , giving dimpM bR Nq “ m ¨ n.

Tensor Algebras

Let V be a vector space over a field K. The tensor algebra of V , denoted T pV q, is
an associative algebra that contains V and is generated by it in a universal way.

Formally, the tensor algebra is defined as:

T pV q “

8
à

n“0

V bn,

where:

• V bn denotes the n-th tensor power of V , with the convention that V b0 “ K
(the base field).

• The direct sum
À8

n“0 V
bn means that the tensor algebra is the vector space

formed by the infinite sum of all tensor powers of V .

Chapter B Fergal Murphy 63



Invariant Polynomials in Harmonic Analysis

Construction of the Tensor Algebra

To construct the tensor algebra T pV q:

(i) Direct Sum of Tensor Powers: Start with the vector space V . Form the
tensor powers V bn “ V b V b ¨ ¨ ¨ b V (n times). Take the direct sum of all
these spaces:

T pV q “ K ‘ V ‘ pV b V q ‘ pV b V b V q ‘ ¨ ¨ ¨ .

(ii) Algebra Structure: Define multiplication in T pV q using the tensor product.
For x P V bm and y P V bn, define the product x ¨ y “ x b y P V bpm`nq.

(iii) Universal Property: The tensor algebra T pV q is characterised by the fol-
lowing universal property: For any associative algebra A and any linear map
f : V Ñ A, there exists a unique algebra homomorphism f̃ : T pV q Ñ A such
that f̃ |V “ f .

Properties of the Tensor Algebra

(i) Graded Algebra: T pV q is a graded algebra with respect to the natural grad-
ing given by the degrees of tensors:

T pV q “

8
à

n“0

T n
pV q,

where T npV q “ V bn.

(ii) Associativity: The tensor algebra is associative, meaning for any elements
x, y, z P T pV q, we have:

px ¨ yq ¨ z “ x ¨ py ¨ zq.

(iii) Algebra Generated by V : T pV q is the free associative algebra generated by
the vector space V . This means any algebraic relation among elements of V
arises from the relations imposed by the tensor product.

Examples of Tensor Algebras

(i) Trivial Vector Space: If V “ 0 (the trivial vector space), then T pV q “ K,
the base field.

(ii) One-Dimensional Vector Space: If V “ K, a one-dimensional vector space
over itself, then T pV q is isomorphic to the polynomial ring Krxs, where x is a
basis element of V .

(iii) Higher-Dimensional Vector Space: If V “ Kn is an n-dimensional vector
space with basis te1, e2, . . . , enu, then the tensor algebra T pV q contains all pos-
sible tensors formed by the elements of the basis, with no additional relations
except those implied by the tensor product.
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The Quotient of the Tensor Algebra: Symmetric and Exterior
Algebras

The tensor algebra T pV q can be further specialized to construct other important
algebras by taking suitable quotients:

(i) Symmetric Algebra: The symmetric algebra SpV q is obtained by taking the
quotient of T pV q by the ideal generated by all elements of the form vbw´wbv
for v, w P V . This algebra captures the commutative polynomials over V .

(ii) Exterior Algebra: The exterior algebra ΛpV q is obtained by taking the quo-
tient of T pV q by the ideal generated by all elements of the form v b v for
v P V . This algebra plays a crucial role in differential geometry and represen-
tation theory, especially for alternating multilinear maps.
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