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ABSTRACT

We derive tractable criteria for the consistency of Bayesian tree reconstruction procedures, which constitute
a central class of algorithms for inferring common ancestry among DNA sequence samples in phylogenetics.
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Our results encompass several Bayesian algorithms in widespread use, such as BEAST, MrBayes, and

RevBayes. Unlike essentially all existing asymptotic guarantees for tree reconstruction, we require no
discretization or boundedness assumptions on branch lengths. Our results are also very flexible, and easy
to adapt to variations of the underlying inference problem. We demonstrate the practicality of our criteria
on two examples: a Kingman coalescent prior on rooted, ultrametric trees, and an independence prior on
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unconstrained binary trees, though we emphasize that our result also applies to nonbinary tree models. In
both cases, the convergence rate we obtain matches known, frequentist results obtained using stronger
boundedness assumptions, up to logarithmic factors. Supplementary materials for this article are available
online, including a standardized description of the materials available for reproducing the work.

1. Introduction

Reconstructing the genealogical tree of a sample of DNA
sequences is a central task in phylogenetics. Genealogies cannot
usually be observed directly, but they are informative about
the evolutionary history of the population and encode the
positive correlations among the samples brought about by
common ancestry. There are many well-established methods
for constructing a genealogy from a sample of sequences.
Some recent contributions include parsimony- or consensus-
based methods (Sayyari and Mirarab 2016; Zhang et al. 2018),
maximum likelihood methods which seek to maximize the
likelihood of the observed sample under a given generative
model of DNA sequence diversity, possibly subject to reg-
ularization (Stamatakis 2006; Zhang, Dinh, and Matsen IV
2021), and Bayesian methods which seek to compute (or,
more practically, sample from) the posterior distribution of
genealogical trees given sequences observed at their leaves
(Borges and Kosiol 2020; Ronquist et al. 2012; Suchard et al.
2018). For introductions to mathematical and computational
phylogenetics, see Semple and Steel (2013) and Warnow (2017).

Our focus is consistency of Bayesian tree reconstruction pro-
cedures. Informally, a procedure is consistent if, in the absence
of model error, it recovers the true, data-generating genealogical
tree with certainty in an idealized, infinite-data limit, which we
take to be the length of the observed sequences. Consistency is
widely regarded as a minimal reliability criterion for Bayesian
inference, and general conditions for it have been established:
see for example Schwartz (1965). When consistency fails, patho-
logical results such as posterior distributions which express ever-
increasing confidence in an incorrect model can arise (Freed-
man and Diaconis 1983).

Consistency of tree reconstruction has been established for
many consensus methods (Markin and Eulenstein 2021, and
references therein), as well as maximum likelihood methods
with (Dinh et al. 2018; Zhang, Dinh, and Matsen IV 2021)
and without (Roch and Sly 2017) regularization. These results
rest on a variety of strong assumptions: Roch and Sly (2017)
assume that branch lengths take values in a discrete, finite set
which is known a priori, Dinh et al. (2018) require branch
lengths to be bounded above and away from zero, while Zhang,
Dinh, and Matsen IV (2021) assume branch lengths are only
bounded from above. Consistency in the Bayesian setting has
also been established, but only for the tree topology, treating
branch lengths as nuisance parameters (Steel 2013).

Our contribution is to establish Bayesian posterior con-
sistency jointly for the tree topology and its branch lengths,
regarding branch lengths as quantities of interest rather than
nuisance parameters. Our approach requires no boundedness
or discretization assumptions. Moreover, we demonstrate that
phylogenetic tree models are amenable to standard tools of
Bayesian asymptotic theory (Ghosal, Ghosh, and van der Vaart
2000), whereas the results of Steel (2013) were established using
bespoke arguments for genealogical trees. Our method is highly
flexible, and can be easily applied to for example tree models
with nonbinary branching and hence a variable number of
edges, and to constrained models such as ultrametric trees.
Our results apply directly to several prominent Bayesian tree
inference packages: MrBayes (Ronquist et al. 2012), BEAST
2 (Bouckaert et al. 2019), and RevBayes (Hohna et al. 2016).

We demonstrate the utility of our result on two examples:
unrooted, binary trees with independent branch lengths, and
rooted, ultrametric binary trees with a Kingman coalescent prior
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(Kingman 1982). In both cases we obtain a convergence rate of
(log k)3/4+F/2 ) \/k for any B > 1, where k is the length of the
observed DNA sequences, matching known rates for maximum
likelihood procedures up to logarithmic corrections (Dinh et al.
2018, Theorem 5.2).

The rest of the article is structured as follows. In Section 2
we recall the general Bayesian posterior consistency theorem of
Ghosal, Ghosh, and van der Vaart (2000, Theorem 2.1) which
will serve as our main mathematical tool. We will also introduce
the state space and likelihood model for our genealogical trees.
In Section 3 we state and prove our main results by providing
tractable consistency criteria on Bayesian tree priors. Section 4
concludes by demonstrating that two examples of standard pri-
ors satisfy our criteria, and Section 5 concludes with a discus-
sion. Proofs of results are postponed to Sections 6 and 7.

2. Preliminaries
2.1. Bayesian Posterior Consistency

Let P = {Pg}peco be a collection of probability distributions
with common support Z and corresponding probability densi-
ties {pg}oco relative to a given dominating measure. Let Z® =
(Z1,...,Z) be a vector consisting of independent and identi-
cally distributed random variables with common distribution
Py, for 6y € ©. Finally, let 2% = (z1,...,2;) denote a vector
arising as the observed value of Z(®), and let IT be a prior
distribution on P. Under appropriate identifiability conditions,
we can always define a prior IT on P using a prior IT on the
set ©, and push it forward to P via the mapping 6 +— Py.
Throughout the article we will slightly abuse the notation by
using IT to denote both priors.

The central object in Bayesian inference is the posterior
distribution, defined for A € B(®) as

_ Japo@*)IT(d9)
Jo po2*)I1(d0)’

For a sequence ¢ — 0, the posterior is said to contract around
the truth Py, at a rate gy if

(A]z®) :

T1(dp(Po, Pgy) > Myer | ZP) — 0 (1)

as k — oo in Py,-probability for every sequence My — oo,
where dp is the Hellinger distance,

1 2
dr (Pg, Pg,) = 3 /z (\/pe(z) — ,/pgo(z)) dz.

In order to establish posterior consistency criteria and derive
contraction rates for phylogenetic tree priors, we are going
to employ the general machinery first introduced by Ghosal,
Ghosh, and van der Vaart (2000). More specifically, we use
Theorem 8.9 from Ghosal and van der Vaart (2017). Consider
the following statistical distances: for Py, Py € P, let

KL(Pg,, Py) := / log (p 90(1)>P90(dz),
z Do (z)

Vo(Pay, Pg) := f log? <p00—(Z)>P90 (dz) — [KL(Pgy, Po)T*
z po(2)

be, respectively, the Kullback-Leibler divergence and the cen-
tered second Kullback-Leibler variation. Additionally, for a set
A C Pande > 0let N(¢, A, di) be the e-covering number of
A with respect to dy. Then the following result holds.

Theorem 1 (Theorem 8.9 of Ghosal and van der Vaart 2017).
Suppose there exist sets P € P, sequences &y — 0 and {x — 0
such that k{kz — oo and ¢ < &, as well as a constant C > 0
such that

M(P\Px) < exp(—(C + DkgP), )

log N(ex/2, Py, dn) < ksi, (3)
T1(Pp : KL(Pgy, Py) < ¢E, Vo(Poy, Po) < ¢ > exp(—Ckef).

(4)

Then the posterior TT(-|z) converges to the data-generating
distribution Py, at rate g.

Remark 1. Assumption (8.2) of Ghosal and van der Vaart (2017)
is omitted in the theorem statement above. That is because it is
satisfied by the Hellinger distance dyy whenever the underlying
collection of models P is identifiable (Ghosal and van der Vaart
2017, Proposition D.8). We will work in the Hellinger metric and
assume identifiability throughout; see (10).

Remark 2. The premise of Theorem 1 is that the observations
2% are iid draws from Pg,, but the prior IT can depend on k. This
fact will be essential in later sections, where we apply Theorem 1
to phylogenetic trees in settings where the number of leaves in
the latent tree increases with the amount of observed data.

The main (and the strongest) condition of the theorem is
the so-called prior mass condition (4), which ensures that we
put sufficient prior probability mass near the true density pg,.
Here the proximity to the truth is measured through Kullback-
Leibler divergence and the second Kullback-Leibler variation.
The condition is usually satisfied when the prior has exponential
tails. The entropy condition (3) is the other main determinant of
the contraction rate. It bounds the complexity of the sieves Pk
which contain the majority of the prior probability mass. The
latter is ensured by the remaining mass condition (2).

2.2, AState Space of Trees

Consider a tree with a fixed number n € N of leaves, and let
Tn denote a finite set of possible topologies. For each T € T,
let m(T) € N be the number of degrees of freedom required to
specify the branch lengths of T, and let

Wrx1s...

be the mapping from variables specifying those degrees of
freedom, X1y € (0, 00)™D | to the lengths of branches
((t, V) (u,v)eT> Where (u, v) denotes a branch between two nodes
u, v of the tree T. When the length of the vector Xyt is
clear from context, we will often omit the subscript and write
x to lighten notation. We will also denote by I(T) the set of
internal or non-leaf nodes of T. For a given topology T', a branch
(u,v) € T will be called external if either u or v is a leaf, and
the set of external branches will be denoted by Ex(T). Finally,
let m} := maxreT, {m(T)}.

> Xm(T)) (u)) ) eT =2 (WTXLm(T)) (u)) (uy)eT
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Figure 1. A binary, ultrametric tree T with n = 5 leaves. Time runs forward from the root ug = 9 toward the leaves. We require m(T) = 4 holding times, X, . .
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specify the branch lengths; for example, the branch from node 8 to 6 has length ¥/7(x)(g6) = X2 + X3. The alleles at k = 3 sites taking values in H = {0, 1} are drawn
independently from distribution r(-) at the root and mutate according to a Markov jump process with rate matrix Q along the branches of T. We only observe an allele at
the leaves so integrate over possible states at the internal nodes I(T) = {6, . . ., 9} in calculating the likelihood (5).

This somewhat abstract description encompasses a broad
range of tree models, such as those where the degree of tree
nodes is not fixed and the number of edges varies by topology. It
also encompasses both rooted and unrooted trees, and can easily
incorporate constraints, such as a requirement that trees be
ultrametric. Figure 1 illustrates our notation on an ultrametric
tree, and examples of the state space construction are presented
in Sections 4.1 and 4.2. These examples consist of binary trees,
but multifurcating trees could also be considered by taking 7,
to be, say, the set of all unrooted trees with n leaves. Then m(T)
can be taken to be the number of edges in T € 7T,, which
depends on the number and size of multifurcations. Similarly,
Y can be taken to be the identity function by imposing and
ordering of edges (u,v) € T matching that of the vector x. In
this way, the model selection problem of whether a tree contains
multifurcations, as studied by Zhang, Dinh, and Matsen IV
(2021), can be recast as a single Bayesian inference problem with
a prior distribution supporting both binary and multifurcating
trees.

We assume the set 7}, as well as the maps m(-) and ¢7(-), are
known a priori, and that 7 is invertible for each T. Then, our
state space of trees is

O .= ((T,x) : T € Ty, x € (0,00)" 1.

2.3. A Model of Evolution on Trees

Consider a fixed tree (T,x) € O™, We assume that the state,
or allele of each leaf is observed at k € N sites. All sites evolve
conditionally independently along the branches of the common
genealogical tree. At a given site, the root of the tree is assigned a
random allele g among a finite set of alleles H from a distribution
r(-). Then, alleles are propagated toward leaves along branches
according to the law of a Markov jump process with irreducible
rate matrix Q = (Qq,g : @, B € H). These dynamics give rise to
the single-site likelihood

Pay@ =Y @) ] epWr®)w)Qamam

a*eHIIT)] (uv)eT
(5)

where ¥7(X) (4, is the length of the branch connecting nodes
u and v, a is the vector of observed alleles at the # leaves, and
the sum is over all non-leaf alleles in the extension, denoted a*,
which tracks alleles at the internal nodes of the tree as well. The
allele at node u is denoted by a, with g corresponding to the
root. Figure 1 illustrates this mutation process on a rooted tree.
The likelihood (5) depends on the position of the root, but
can be extended to unrooted trees provided that the Markov
jump process with rate matrix Q is r-reversible. In that case,
Felsenstein (1981) showed that the position of the root does not
affect the value of (5), and hence can be set arbitrarily. He also
presented an efficient algorithm for evaluating (5), which applies
to both the reversible and rooted, nonreversible cases. Likeli-
hoods for multiple sites are products of terms of the form (5):

k
Piry (@i, ..., ar) :Zl_[ Z ra")

i=1 a*eHIID (6)

x [ ep@r®umQ m,m-

(u,v)eT

In order to use Theorem 1, we need upper bounds on the
Kullback-Leibler divergence and centered second Kullback-
Leibler variation corresponding to (6). To that end, we show
that both distances can be bounded by a Euclidean distance
between x and xo under suitable conditions on the lengths of
tree branches, when the topology is fixed. We first introduce
some new notation. Let |Q| be the matrix whose entries are the
absolute values of those of Q. Let

min {Qoz,ﬂ : Qa,ﬂ > 0},

= o,BeH

1 ar,%?ﬁ[{lQa,ﬁH)

w:=min{j € N: miﬁn{(|Q|f)o,,ﬁ} > 0},

be the least positive entry of Q, the entry of Q with maximal
magnitude, and the least number of steps in which the mutation
Markov chain with generator Q can reach any state from any
other with positive probability, respectively. The last is guaran-
teed to exist since Q is a finite, irreducible matrix (Norris 1997,
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chap. 1, Theorem 1.2.1). For f > 0, ¢ > 0, and a tree topology
T € Ty, let

Li(T) = {x € (0,00)™P:  min {Yr®)un} > [},

(u,v)€Ex(T)
Up(T) = {x € (0,00)™ " : max {Yr(®)wn) < g}
(u,v)eT

be the respective events that lengths of external branches are
bounded below by f, and that the lengths of all branches are
bounded above by g. The complements of these events are
denoted as LJC((T) and U‘g‘j(T), respectively.

Lemma 1. Suppose ¥r(-) is differentiable for each T € 7T, and
that

d
max  max ‘ﬂ(x)‘ = 10¢ ™00 < 0.
TeT, ie{l,...m(T)} | 0x;
Define
By := Al|9y " |oo(n — 1)B"
4y w! 89 |0 (n — 1)|H[" ! (7)

B mingeq{r(a)} minaeH,tZO{eXp(Qt)aa }n72nnw ’

where A > 0 and B > 0 are constants independent of #n. Then,
for0 < f < 1/2n),

KL(To,%o; To,X) < Bof "™ lIx — X025 (8)
Vo(To, %03 To, X) < B2f 72™||x — %03, 9)

as long as x,xp € L¢(T).

3. A Contraction Theorem for Posteriors on Trees

Consider a prior distribution ™ on ®®, and n observed
sequences at k sites with respective allele configurations
(ai,...,af). From now on we assume the identifiability
condition

Py, =Py = 6y = 0. (10)
Remark 3. The identifiability condition (10) is known to hold
for a number of standard phylogenetic tree models (Steel and
Székely 2007, 2009). A typical failure mode of (10) arises when
entries of the matrix Q are part of the inference problem,
whereupon a model only distinguishes compound products
Q¥ 1(x))(u,v) of rates and branch lengths. The typical solution
is to reparameterize the model with these products directly.

Let the data-generating tree be (T, Xo), and let

fn = (u,v{lel]iEE(To){wTO (XO)(u,v)/z} A1/(2n).
Theorem 2. Suppose (10) holds, and that n is either bounded
as k — oo, or that if n = ny with limy_, o nx = 00, then
there exists an infinite-leaf tree from which the sequence of data-
generating trees are obtained as nested restrictions to ny leaves,
for each k. Suppose further that there exist sequences gy — 0
and ¢y — 0 such that k{? — oo and ¢i < &, sequences fy — 0
and gy — oo such that

)m:2 exp(—ke2) < (11)

(27 T
e | Tal (4B)™

and a constant C > 0 such that
" (UreT, (L§ (T) U Ug (D)) < exp(=(C + D), (12)
N™(T)N™ (x € Ly (To) : [x —xoll2 < B, 'f;¢¢ | To)
> exp(—Ck¢p).

Then the posterior TT" (- |ay,...
rate g as k — oo.

(13)

,ag) converges to (Tp,Xo) at

Theorem 2 gives sufficient conditions for posterior consis-
tency and a general tool for deriving posterior contraction rates.
Notice that conditions (11)-(13) can be matched one-to-one to
the conditions in Theorem 1 by defining the sieves

O = {(T,x): T € Tmx € Ly (DN Ug (D)},  (14)

which corresponds to selecting the trees that have a lower bound
on the lengths of the external branches and an upper bound
on all the branch lengths. Then (11) ensures that the entropy
condition (3) is satisfied, while (12) and (13) correspond to the
remaining and the prior mass conditions, respectively.

The requirement of a nested sequence of data-generating
trees in Theorem 2 ensures that there is a well-defined limit
object around which the posterior can converge as n, k — oo. In
order to prove convergence, we require k to grow rapidly enough
with 7 so that (11)-(13) can be shown to hold. The examples in
Section 4 illustrate this requirement.

4. Examples

In this section we show that the conditions of Theorem 2 hold for
two popular priors: the Kingman coalescent prior for ultramet-
ric trees, and a uniform topology prior with independent expo-
nential branch lengths on unconstrained trees. Both settings will
use the following elementary lemma.

Lemma 2. Let (X,...,X,) be random variables with marginal
laws X; ~ Exp(};). For any f,g > 0,

P(X; < f) < xif[l + %f]

P(max{X;,..., Xy} > g) < nexp(—min{Ay,...,A,}g).

4.1. Kingman Coalescent Prior

Let 7K be the set of ranked topologies of rooted binary trees
with n labeled leaves, of which there are (3)("}')--- () =
27" ()2 /n ~ 4m[n/(v/2e)]*". A ranked topology specifies
both the binary mergers which take place, and the order in which
they occur. To ensure the prior places full mass on ultrametric
trees, it is convenient to parameterize branch lengths by the n —1
holding times between mergers, x € (0,00)" !, so m(T) = n—1

for all T, and
X%

V(%) (uy) = (15)
jell,...n—1}xje(u,v)

where x; € (u,v) means that holding time x; contributes to the
length of branch (u, v). See Figure 1 for an illustration. Let

n—1 .
(T, x) == exp ( - Z <n _;+ l)xi>

i=1



denote the Kingman coalescent prior (Kingman 1982) on
ek .= 7;K x (0,00)" 1. It is obtained by initializing n
disconnected leaf lineages from time zero and merging each pair
at rate 1 until their most recent common ancestor is reached.
The resulting distribution on trees is uniform over ranked
topologies, and has independent holding times X; ~ Exp((i'gl))
fori € {1,...,n — 1} governing its branch lengths.

Corollary 1 considers a sequence of trees tending to an
infinite-leaflimit. The fact that such a limit exists is a well-known
consistency property of the Kingman coalescent (Kingman
1982, Theorem 3), and we denote its law by ITX. Indeed, a
Kingman coalescent tree with # leaves can be extended to one
with n + 1 leaves by splitting a randomly chosen leaf into
two, and extending all external branches (including the two
zero-length ones just created by the split) by an independent
Xy ~ Exp(("3")). This ordering of holding times, where x,_;
is the time until the first merger when there are n leaves, and
x is the holding time between the last two mergers, is depicted
in Figure 1. For an infinite-leaf tree (T, x) € 7&1]< x (0,00)N, let
(T,x)|n = (T|n,x|n) be the restriction of the ranked topology
to the first n leaves with branch lengths determined by holding
times x|, = (X1,...,Xp—1)-

Corollary 1. Suppose (Tp,Xo) is an infinite-leaf tree in the
support of ITX, and that the data-generating sequence of trees
is given by the restrictions (To,Xo)|,. Let the observed sites
(a1, . ..ag) be coupled such that for any #, trees (Ty,xo)|, and
(To,X%0)|n+1 use the same Poisson process on (Tp,Xo)|, and
((To,%0)|n+1)n> and a further independent Poisson process
on the difference (To,x0)|n+1 \ (T0,X0)|n- Suppose n = ni
increases slowly enough that for any sufficiently large k,
and a constant C > 0 independent of k and n, we have
logk > n?/C?. Then posterior distributions [TX"(- |ay, ..., ax)

Lak)

1 "(Tolay, ..
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obtained from priors 15" concentrate around (T, xg) at rate
er =< k~1/2(logk)3/4TP/2 forany B > 1ask — oo.

To illustrate Corollary 1, Figure 2(a) depicts the posterior
support for the true tree Ty as the number of leaves n and
sites k increase in simple experiments with binary alleles and
symmetric mutation rates u = Qo1 = Q1,0. Figure 2(b) displays
the intervals on which the curves in Figure 2(a) first exceed 0.5.

4.2. Uniform Prior

Let 7,V be the set of unrooted, binary trees with # labeled leaves.
There are

TV = @2n—5)!1:=2>7"2n — 5)!/(n — 3)!

53 [2n—5 @2n—5)°
n—3 en8(n—3)n=3

labeled topologies for such trees (Felsenstein 1978), each requir-
ing the specification of 2n — 3 branch lengths. Thus, we set
m(T) = 2n — 3, take the variables (x1, . . ., X2,—3) € (0,00)%" 3
to parameterize branch lengths directly, and set ¢¥rr(x) = x.

For A > 0, let

(16)

2n—3 2n-3

A
Trer(-»X)

be the prior on ®Y" := T,V x (0, 50)*"~ which is uniform over
topologies and assigns independent exponentially distributed
lengths with rate A to branches. This prior was used for exam-
ple by Whidden and Matsen IV (2015) to benchmark MCMC
algorithms on phylogenetic trees.

Corollary 2 below considers a sequence of trees tending to
an infinite-leaf limit. A consistent sequence of finite restrictions

nY"(T,x) :=

(a) Posterior support for the true tree topology Tg|; averaged across 100 replicate data sets for each n, y and k
A figure depicting the posterior support from each data set is contained in the supplementary materials.

(b) Intervals for k on which the curves in Figure 2a first exceed 0.5.

Figure 2. Posterior support on the true rooted tree topology Tg|, under a Kingman coalescent prior IT& as the number of leaves n, number of sites k and mutation rate
w vary. The sequence of trees (To, Xg) [n ~ 1K1 was generated according to the algorithm in Section 4.1 and binary datasets were sampled according to a Markov model

with mutation rate w. See Section 4.3 for details of the inference.
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(T,x)|, of an infinite-leaf tree can be constructed via the sequen-
tial construction of Aldous (1993):

1. To extend (T,x) € OU" to OV choose uniformly at
random a branch b on T. Attach two new branches at a
uniformly chosen end of b: one of length x3,_» ~ Exp(d)
connecting b to its previous endpoint, and one of independent
length x3,—1 ~ Exp(X) connecting the resulting node to a
new leaf.

2. To restrict (T,x) € @V to @V, choose a leaf uniformly
at random and remove it. Remove the resulting degree-2
internal node by deleting the adjacent edge whose length has
a higher index in x and attaching its endpoints to each other
directly.

Let TTY be the law of the infinite-leaf projective limit obtained
from the above procedure, which exists by the Kolmogorov
extension theorem. For an infinite-leaf tree (T,x) € &U X

0,00)N, let (T,x)|, = (T|umX|n) be the restriction of the
unrooted topology to the first n leaves with branch lengths x|, =
(X1, > X2n-3).

Corollary 2. Suppose (Tp,Xo) be an infinite-leaf tree in the
support of TTY, and that the data-generating sequence of trees
is given by the restrictions (To,Xo)|,. Let the observed sites
(a1, .. .ag) be coupled such that for any #, trees (To,xo)|, and
(To,%0)|n+1 use the same Poisson process on (Ty,Xg)|, and
((To,%0)|n+1)n> and a further independent Poisson process
on the difference (To,x0)|n+1 \ (T0,X0)|n- Suppose n = ni
increases slowly enough that for any sufficiently large k,
and a constant C > 0 independent of k and n, we have
logk > n?/C?. Then posterior distributions TTV"(- |ay, ..., ax)
obtained from priors ITY"" concentrate around (T, Xo) at rate
er < k~V2(logk)*/**P/2 for any B > 1as k — oo, provided
the rate matrix Q is r-reversible.

L)

n"(Tofay, .

To illustrate Corollary 2, Figure 3(a) shows the posterior dis-
tributions on unrooted tree topologies concentrating in a simple
experiment with binary alleles and symmetric mutation rates
i = Qo1 = Q. Figure 3(b) displays the intervals for which
the posterior support on the true topology first exceeds 0.5.

4.3. Further Details on Experiments

RevBayes (Hohna et al. 2016) was used to perform inference
via Markov chain Monte Carlo. Each chain was initialized
randomly and the first 10° iterations discarded as warm up,
then 10° samples were drawn at intervals of 10% iterations
and used to estimate the posterior support on the true tree
topology. Mixing and convergence was assessed visually via
trace plots of the log-likelihood at each iteration and computing
the overall acceptance rate of proposals. Figures 2 and 3
were created using ggplot2 (Wickham 2016) in R (R Core
Team 2024). Code to recreate the experiments is included
with the reproducibility materials and is also available at
github.com/lukejkelly/TreeConsistency. The
routines to generate trees and allele data make use of ape
(Paradis and Schliep 2019) and phangoxrn (Schliep 2011). The
supplementary material contains additional figures and details
of the experiments.

5. Discussion

We have demonstrated the consistency of Bayesian tree recon-
struction procedures in a wide range of settings, and under
mild technical conditions. In particular, we do not require any
discretization or boundedness assumptions on branch lengths,
in contrast with earlier results. Our results apply to rooted and
unrooted trees, unconstrained and ultrametric (or otherwise
constrained) trees, and to both binary and more flexible tree
models.

(a) Posterior support for the true tree topology Tg|, averaged across 100 replicate data sets for each n, y and k
A figure depicting the posterior support from each data set is contained in the supplementary materials.

(b) Intervals for k on which the curves in Figure 3a first exceed 0.5.

Figure 3. Posterior support on the true unrooted tree topology To |, under a prior Y1 uniform across topologies and exponential on branch lengths as the number of

leaves n, number of sites k and mutation rate u vary. A sequence of trees (To, Xo)|n ~ Y1 was generated according to the algorithm in Section 4.2 and binary datasets
were sampled according to a Markov model with mutation rate p. See Section 4.3 for details of the inference.



We presented several prototypical examples of tree recon-
struction problems, and obtained explicit convergence rates for
them which match known frequentist rates, obtained under
stronger assumptions.

While our results apply to the setting in which the num-
ber of leaves, and hence the size of the tree, diverge with the
number of replicate sites, we require the number of sites to
be super-exponential in the number of leaves. Under stronger
assumptions on branch lengths (and sometimes the mutation
model), a polynomial number of sites suffices for accurate max-
imum likelihood reconstruction (Roch and Sly 2017; Dinh et al.
2018). Since maximum likelihood reconstruction corresponds
to maximum a posteriori estimation under a uniform prior
when branch lengths are bounded, it is clear that similar refine-
ments can be obtained for particular models in the Bayesian
setting. Our numerical results in Figures 2(b) and 3(b) are
consistent with sub-exponential growth of k in n, strongly sug-
gesting that the super-exponential growth rate which we require
for our method of proof can be improved, at least in particular
cases.

Our rates pertain to convergence on the space of distribu-
tions, P — Pg,. In addition, it is also of interest to obtain
rates for convergence of the corresponding parameter estima-
tion problem, & — 6. In the context of genetics, the latter
corresponds to learning the ancestral tree, while the former
corresponds to learning the distribution of alleles at the # leaves
of the tree at an arbitrary site. The identifiability assumption (10)
guarantees that Pg — Py, = 6 — 0y, but the rate of the latter
depends on the fluctuations of the & +— Py mapping and can,
in principle, be arbitrarily slow. When they are available, model-
specific results bounding |6 — 6yl by ||[Pg — Py, || in suitable
norms can be used to obtain rates for the & — 6y convergence
as well; see Zhang, Dinh, and Matsen IV (2021, eq. (3)) for an
example.

6. Proofs of Main Results
6.1. Proof of Theorem 2

We are going to match conditions (11)-(13) to the conditions
(2)-(4) in Theorem 1. Let the subsets ®]£n) C O™ be given by
(14), and define P(n) ={Py:0 € ®](<")}. Then the remaining
mass condition (2) is clearly satisfied when (12) holds.

For the entropy condition (3), recall that d%{ (.q9) <KL(p;9)
for any pair of probability densities p,q (Ghosal and van der
Vaart 2017, Lemma B.1(iii)). Therefore, we can use (8) and the
identifiability condition (10) to bound the covering number as

N(ex/2,P", dy) < N(e} /4, P, KL)
A" 10, g]™ || - ||2)

4B\

k

<|7;|< ”fw> .
Skk

Therefore, for (3) to hold we require the following, which is
equivalent to (11):

< IEIN(

*
n

exp(ke?)
| Tl (4Bn)™”

m
8k
2m* nwmjl, —

& i
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It remains to obtain (4). Let 6y = (To, Xo) be the true parameter.
Then for x € Lfn (Ty) we can use (8) and (9) to obtain
™ (T, x) € © : KL(Pgy; Po) < ¢, Vo(Pays Po) < )
> ™ (T)) ™ (x € (0, 00)™ T
KL(P(Ty x0); Perox) < &2
Vo(P(Tyxo); Prom)) < &7 1 To)

> 1™ (To) 1™ (x € L; (To) : = [Ix = %oll2 < &,

n
2

n 2 2
—Ix — %07 < To ).
n

For k large enough that ¢; < 1, the condition B2||x — xo[|3 <

ff”wgkz is automatically satisfied once B,||x — Xo|2 < ﬁ’f“’{]z.
Therefore,

™ ((T,x) € © : KL(Pgy; Pp) < &7, Vo(Pay; Po) < &F)
= N(T)N™ (x € L; (To) : Ix — xoll2 < B, '™ ¢ | To),

at which point (13) implies (4).

6.2. Proof of Corollary 1

Before proving Corollary 1, we collect some useful properties of
the infinite-leaf coalescent tree (T,x) ~ TIX in a preparatory
lemma.

Lemma 3. With HK-probability one, [x|li < oo, and only
finitely many of the events {x,_; < n™%},>, happen.

Proof. Recall that (x1,x3,...) are independent and x; ~
Exp((*4")). For the first claim,

o]

> 2
E[|1x]h] =E[2x,~] = ; P

i=1

11
25 () =2

where the interchange of sum and expectation can be justified by
Tonelli’s theorem. Hence, IT1X(||x||; = 00) = 0. For the second
claim, Lemma 2 yields

2 2

(1 )

< Q.

oo
D MG <n™h) <
n=2

MgﬁMg

n
2
5

8n2

||
)

n

The claim follows by the Borel-Cantelli lemma. O

For 8 > 1,8 > 0, and the constant C > 0 from the statement
of Corollary 1, define

2 _ C(log k)3/2

Sk p 5
» _ Clloghk)’/2tF
8]( —_ —k Py
1 2
fk = Y ———— exp(—(C + 4)kg;),

g = (C+ 4+ 8)kP.
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Then, using logk > n?/C? yields

n—1
8k

2
——5——— exp(—ke})
2(n—1) ;nw(n—1)
& S

(C+4+8)"n"
(log k)A(n=1)

exp([n + C(C + 4)wn®(log k)!/?

— C(log k)1/2+,3] log k)

(C+4 +6)nn2wn2

(log k)A(»=1) exp([n + {C(C + 4)wn?

— C(logk)?}(log k)'/*11og k)
(C+4+8)"n2"
(log k)A(n=1)

exp([n + {C(C + Hwn?

— Cl_zﬁnz’g}(log /2 logk).

Since B > 1, the factor inside the {}-braces is negative for large
enough n. Hence, for such a large enough #,

n—1
8k

2
———————— exp(—ks})
2(n—1) ;nw(n—1)
ek

(C+4+5)nn2wn2

(log k)P(n=D exp([n + {C(C + 4)wn?

— C2 28 Y(n) O] log k)

< % eXP(anZ logn + [n + (C(C + 4)wr?
— G2 2Py () O] log k)

= ((:;;rcj—)/_:(f—)l exp([2wlogn + n/C* + C2(C + 4)wn®

_ C72(1+/3)n1+2/3]n2), (17)
where the last line follows because the negative sign dominates
for large enough 7 since § > 1.

Recalling the definition of B, in (7) and the fact that
0¥ ]loo < n — 1in (15), the right-hand side of (11) is bounded

below as

1 B i(@)”’ 1

ITX1(4B)"~t 4m \ n A3y @0 (n — 1)B"
1 (2"
>——(==).
T 47 An? \ n’B
When 8 > 1, (17) decays faster than (18) as n — oo. Hence,
(11) holds for any sufficiently large .
In order to show (12) we use Lemma 2 twice. First, the
holding time x,_; ~ Exp ((5)) contributes to the lengths of all

external branches in (T, x)|,. Hence, UTG'EIKL;(T) = {x,—1 <
f}. Thus, by Lemma 2 and the definition of f;,

(18)

1 1
I (Upers L (T)) < 5 exp(—(C + 4)k§k2)(1 n Z>
5
=3 exp(—(C + 4)kgp).

On the other hand, UreTk Ug(T) C {maxje(1,.. n—13{xi} > g}.
Again by Lemma 2,

" (Uperx U (T)) < (n— 1) exp(—gk)

= (n— 1) exp(—(C + 4 + 8)kZ})
< g exp(—(C + 4)ke?),

when k is large enough that —8C(logk)*/? 4 log(n — 1) <
log(3/8), which exists because k grows superlinearly in #. There-
fore, (12) is satisfied.

The left-hand side of (13) does not depend on Tj because
ranked topologies and branch lengths are independent under
MK and MM%", and the marginal distribution over ranked
topologies is uniform. Let B, := ]7,7“’/ (v/nB,,). We have that
8% ™ |00 > 1, and by definition f,, < 1/(2n). Hence

o T Cloghr v v
nk \/nBy, k = n32A)199 M| B" C? exp(n?/C?)
2312
< — 0
AC?B"(2n)"™ exp(n?/C?)
(19)

Again by Lemma 3, min{xy,...,x,_1} — 0 no faster than n™*,

which is slower than the decay in (19). Hence, we can take a large
enough nandk, so thatxo,l-—B;{k2 > Oforeachi e {1,...,n—1},

and |x,—1 — Xou—1] < B/n{kz = Xxy—1 > fu, whereupon

5 (x: x> f, Ix = xolall2 < B f™¢)

nli i
o [TT() o (= ()= Jo
xRy >l x—xoln 2 < /7B, ¢ 2 2

i=1

n—1 . .
1 1
— 2 ) [dx
= ./.xe]R"fl: \x,fxo,,-lfB;,ckz |:E (2) P < <2>x ):|
= i / 2 i / 2
=[]|ep| - 2>(xo,ian;k) *eXp<* (2 (o + Bed) ) |.
i=1

We use a Taylor expansion to show thatforanyi € {1,...,n—1},

i ) i )
exp ( — (2> (x0,i — Bné“k)> — exp ( - (2) (x0,i + ank)>
> 2( )2 ey
2ot (= (o)

Therefore,

5" (x € (0,00 i x1 > f, X — Xolull2 < V1B, ¢2)

D% o
> (Bi»“—l%ck“ Y exp ( - @ ||X0||1>-

By Stirling’s formula and logk > n?/C?,

—

5" (x € (0,001 - x1 > fiy X — Xolnll2 < B, f™¢d)

> 2m(log k)3 (=172

X exp <2nlog(n/e) + (n — 1)(log B, 4+ log C)

- (Z)nxonl —(n— 1)logk)

~ 27 exp <2nlog(n/e) + (n— 1)(log B, + log C)



n 1 n2
- (2>||X0||1—(n— &

+3(n—1) log(n/C)).

By Lemma 3 we have that ||xo||; is bounded, and that log B),
satisfies

wnlogn > log B, > wnlogf, — log A — log |8y ™| s
3
— Elogn —nlogB
5
2 —4wnlogn —log A — > logn — nlogB

,,,,,

for sufficiently large n,

5" (x € (0,001 - x1 > fiy X — Xolnll2 < B, f™¢)
n3
> exp ( -1+ o(n))E).

Condition (13) follows because
3
n
&= C(logk)*/? = k¢
Hence, Theorem 2 holds, which shows that the sequence 15" is
consistent at the claimed rate.

6.3. Proof of Corollary 2

Before proving Corollary 2, we collect some useful properties
of the infinite-leaf uniform tree (T,x) ~ T1Y in a preparatory
lemma.

Lemma 4. With TTV-probability one, A||x|,|l1/#n — 1asn —
oo, and only finitely many of the events {x,_1 < n 2},>2
happen.

Proof. The first claim is just the strong law of large numbers for
independent, Exp(A)-distributed random variables.
For the second claim, Lemma 2 yields

Y (x. -2y _(1 _)
Z (X1 <1 )—an T oz
n=2 n=2
> A2n? +2)
I
2nt
n=1

The claim follows by the Borel-Cantelli lemma. O

We will follow the same argument as the proof of Corollary 1
by checking (11)-(13), and concluding the claimed convergence
using Theorem 2. For § > 1,6 > 0,and C > 0 asin Corollary 2,
define

0 — 2C(log k)3/?

k k >
,  2C(logk)¥/**#
f=—"7""7,
k
1
fe= Eory exp(—(C + 4)ked),
(C+44+96)
8k = fk%z-

Then, using logk > n?/C?,
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2n—3
8k

2
8£(2n—3)f]:vn(2n—3) exp(—kep)

_ (C+4+ 5)27173(zn)wn(2n73))\(2n73)(wn71)
N (log k)B@n—3)

X exp ([2n — 3+ 2C(C + 4)wn(2n — 3)(logk)'/?
— 2C(logk)**#]log k>

< exp ((Zn —3)[log(C+4+8) + (wn —1)log A

— Blog(n?/CH)]
(2n — 3) 2n—3 2(C+4)
+ |:w " log(2n) + e + 2
1+28
x w(2n — 3)n® — ZanTZﬁ:|”2>‘ (20)

Recalling (16), the definition of B, in (7), and the fact that
0¥ |loo = 1, the right-hand side of (11) is bounded below as

1 g3 [n—3 " 8(n—3)n3
|T.V|(4B,)"1 2n—>5 (2n — 5)2n—5

1
Al0Y||oo(n — 1)B"
> a;ﬁ# exp((n — 3)[log2 + log(n — 3)]

+n—8—(2n—5)log(2n —5)

— nlog B — logn). (21)

When 8 > 1, (20) decays faster than (21) as n — o0. Hence,
(11) holds for any sufficiently large n.
In order to show (12), we use Lemma 2. When f; <1

" c ni 5
MY Uy ruLe (T)) < nkﬁ<(1+7fk) < S exp(—(CHHRE)).
On the other hand,
%" (U Ug(T)) < (21— 3) exp(—igk)
= (2n— 3) exp(—(C + 4 + 8)k¢})
3
=3 exp(—(C + 4)ked)

when k is large enough that —8C(log k)*/? + log(2n — 3) <
log(3/8), which exists because k grows faster than linearly with
n. Therefore, (12) is satisfied.

The left-hand side of (13) does not depend on Ty in this case
because topologies and branch lengths are independent under
MY and MY, and the marginal distribution over topologies is
uniform. Let B, := f™/(,/nB,). We have by definition that
109 ™|l =1 andfn < 1/(27n). Hence

B2 ™ 2C(logk)*/? - 1 2n3
nbk = /1B, k = (2n)""n3/2AB" C? exp(n?/C?)
w32
~ — 0.
AC?(2n)"™B" exp(n2/C?)
(22)
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Again by Lemma 4, min{x, . ..,x,—1} — 0 no faster than n=2,

which is slower than the decay in (22). Hence, we can take a large
enough 7 and k so that xg ; — B/ngk? > Oforeachie {1,...,2n—
3}, and |x; — xo4| < B/n{kz = x > fn foralli € {1,...,n},
whereupon

%" (x € (0,007 : x € L; (To), Ix —Xolull2 = B, '™ ¢)

2n—3
=/\2"_3/ exp (-2 in dx
xeRY " :xel; (To), [x—%olnl2<v/nB, ¢} i=1

2n—3

> )LG_?’/ exp | —X Z x; | dx
x€RY'™: |x;—x0,1| <Bj ¢} i=1

2n—3
= [T (exp(=2(x0i = B,&?) — exp(=a(x0 + B,¢))) -

i=1
We use a Taylor expansion to show that for any i €
{1,...,2n—3},

exp(—A(xo; — Byg)) — exp(—A(xo; + BL)
> ZXB;gkz exp(—Axo,;).
Therefore, using logk > n?/C? and |xo|4|l1 ~ n/A from
Lemma 4,
MY (x € (0,007 : x € L; (To), IIx — Xolull2 < VnBy)

—3.2(2n-3
> (2AB)*" 3§k( " exp(—ilxolull1)

ﬁvn@n%) (2C)2”_3 (log k)3(2n—3)/2
- A2n—3n3(2n—3)/23n(2n—3)k2n—3

exp(—AllXo[xll1)

> exp ((211 —-3) |:wn logﬁ, + log(2C) + 3log(n/C)

3 n?
—logA — Elogn— nlogB — al- (14 o(n)n).

By definition fn < 1/(27). To obtain a lower bound, note fn >
min{xg,1,...,X02n—3}/2. By Lemma 4, min{xo 1, . . ., X0,2n—3}/2
< n™2/2 only finitely often as n — o0o. These particularly short
branches will all be internal eventually ITV-almost surely by the
second Borel-Cantelli lemma, because any given branch gets
chosen as the attachment point of a new leaf with probability
1/(2n — 3) when there are n leaves, and successive attachment
points are independent. Hence, f, > n~2/2 for any sufficiently
large n, and

%" (x € (0,007 :x € Lz (To), X — Xolull2 < V/nB,)

> exp ((Zn — 3)|:10g(2C) + 3log(n/C) — 2wn log(n/\/z)

3
—logA — Elogn - nlogB]

_ 3
(4 o) — 2n—32n )

2n F
2n3
= exp ( -1+ 0(”))3)-

Condition (13) follows because
213
== 2C(logk)*/* = k¢f.
Hence, Theorem 2 holds, which shows that the sequence nun
is consistent at the claimed rate.

7. Proofs of Technical Lemmas
7.1. Proofof Lemma 1

Fori € {1,...,m(T)}, we shorten 9;}/7(X)(u,,) for the partial
derivative [0Y7(x)/(3x;)](u). Then

dP(rx) (a) (
— == < > r(@™)
‘ dxi a*eHID)
X ) 1@ (%) ) QexXp(QY T (X) (1)) o )
(u,v)eT
<[] ep@QYr®)eww)gu o)
W' V) #u,v)

IA

)IEEDD

a*e I (uv)eT:3; 97 (X)#£0
X 1(Q exp(QUT(X) () g |
Y10y ™02 — 2)[H|" Y,

where we have bounded probabilities by 1, and used the fact that

a tree with 7 leaves has at most n — 1 internal nodes and 2n — 2
branches. On the event Ly (T') we also have

19%7()lloo

IA

}n—2

. s : ny _.
Prx)(a) > min {r(a) rtnzl(r)l{eXP(Qt)aa p Jnin f{eXP(Qt)ozﬂ} ‘l =t Afs

where the minima are guaranteed to be strictly positive because
exp(Qt) has a stationary distribution, and because all external
edges have strictly positive minimum lengths. Hence

dlog Pry (@) | _ v 0¥ " lloo(2n — 2)|H|""!
0x; - Af
and therefore, whenever xg € Lg(Ty) and x € L¢(Tp) for f > 0,
v 19y ™ lloo (2 — 2)|H|"!
KL(To, xo; To, X) < = %o
Af

It remains to bound A from below. By definition, w mutations

suffice for changing a type to any other along a lineage with pos-

itive probability. Moreover, mutations are distributed according

to a Poisson process with rate at least > 0. For a sufficiently

small branch length f > 0, we thus have

>

—x]2.

Af = Blellr} {r(oc) gg{exp(Qt)aa}n—z}w

w!
> min {r(a) rgg{eXp(Qt)aa}”*z}W,

where the right hand side on the first line is a lower bound for
the probability that the mutation process produces the observed
configuration of types at the leaves. It is obtained as the proba-
bility that type o appears at each internal node (of which there
are at most n — 2 and the root), and that a sufficient number of
mutations happens on each external branch (all of which have
length at least f) to yield the desired type at each leaf. Hence

KL(Ty, x0; To, X)
1
= 295 e mino op @077
v 19y ™ lloo(2n — 2)|H|" ' w!
apra e
whereupon using f < 1/(2n) ensures that the right hand side is

positive and yields the required bound. The calculation for Vy is
essentially identical, and omitted.




7.2. ProofoflLemma 2

By Taylor’s theorem with Lagrange form remainder,

A2
P(X; <f) =1 —exp(—rif) < Aif + 7’ exp(—A;)f>

for some ¢ € (0, f). Maximizing the right hand side with £ = 0
gives the claimed bound.
On the other hand, by the union bound,

n
P(max{Xj,..., Xy} > g) < Z]P’(Xi > g)
i=1

n
= Z exp(—Aig)
i=1

< nexp(—minf{Ag,...

> )\n}g)-

Supplementary Materials

The supplementary material contains figures illustrating how the posterior
support for the true tree topology in Section 4 varies across datasets. The
reproducibility materials contain the synthetic trees used in the experiments
and instructions for generating data and creating figures.
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