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Abstract

Abstract

In this dissertation, we focus on improving bilevel optimization through several
approaches developed during research. Bilevel optimization problems consist
of upper-level and lower-level optimization problems connected hierarchically.
Upper-level and lower-level problems are also referred to as the leader and the
follower problems in the literature. The leader must solve a constrained opti-
mization problem in which some decisions are made by the follower. Both have
their objectives and constraints. The follower’s problem appears as a constraint
of the leader. Such problems are used to model practical applications in real
life where authority is realizable only if the corresponding follower objective is
optimum. There are several practical applications in the fields of engineering,
environmental economics, defence industry, transportation and logistics that
have nested structures that are fitted to these types of modelling. As the com-
plexity and the size of such problems have increased over the years, the design
of efficient algorithms for bilevel optimization problems has become a critical
issue and an important research topic.

The nested structure of bilevel optimization problems comes with several inter-
esting challenges to the problem of algorithm design. Naturally, the problem
requires an optimization problem at the lower level for each upper-level solu-
tion. That makes the problem computationally expensive. Also, an upper-level
solution is considered feasible only if the corresponding lower-level solutions
are the global optimum of its objective. Therefore, not accurate lower-level so-
lutions might lead to an objective value that is better than the true optimum at
the upper level. It comes with another challenge for the selection strategies of
solutions and naturally the performance including the computational effort.

There are several approaches proposed in the literature for solving bilevel prob-
lems. Most focus on special cases, for example, a large set of exact methods was
introduced to solve small linear bilevel optimization problems. Another ap-
proach is to replace the lower-level problem with its Karush-Kuhn-Tucker con-
ditions, reducing the bilevel problem to a single-level optimization problem.
A popular approach is to use nested evolutionary search to explore both parts
of the problem, but this is computationally expensive and does not scale well.
The works presented in this dissertation are directed to improve the bilevel op-
timization process in terms of accuracy and required function evaluations by
developing and implementing the black-box approach to the upper-level prob-
lem. First, we focused on extracting knowledge of previous iterations and con-
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ditioned lower-level decisions to improve upper-level search. Then, we attempt
to improve upper-level search by using the multi-objective acquisition func-
tion in the Bayesian optimization process and use the benefit of multi-objective
optimization literature for using different search strategies at the upper-level
search. After, the multi-objective bilevel optimization problems are investigated
and a Bayesian approach is developed to approximate the Pareto-optimal front
of the problem. Both single and multi-objective optimization problems are in-
vestigated in this dissertation. The experiments are conducted on a comprehen-
sive suite of mathematical test problems that are available in the literature as
well as some real-world problems. The performance is compared with existing
methods. It is observed that the proposed approaches achieve a promising bal-
ance between accuracy and computational expanse, therefore it is suitable for

applying the proposed approaches to several real-life applications in different
fields.
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Chapter 1

Introduction

1.1 Motivation

Many practical problems in applied science, economics, statistics and engineer-
ing are posed in terms of optimization. It is very often that the objectives of
real-world optimization problems are outputs of complex systems where the
interactions between the collaborative sub-systems limit the feasible set of the
problem. For instance, let us consider an example from the area of transporta-

tion.

Assume that a government operates a large network of highways or a private
company wants to optimize the tolls to maximize its earnings. A high amount
of toll would discourage users from using the network and it results in decreas-
ing revenue due to the low volume. A low amount of toll would increase the
volume but it might not be optimal for maximizing the earnings. The govern-
ment or a private company that wants to maximize earnings, can not write its
optimization problem without considering the highway users under such situa-
tions. When we consider the highway users for maximizing the revenue of the
government, the two-level optimization problem that is hierarchical needs to be
written. The government needs to construct its optimization problem for maxi-
mizing the revenue with an extra constraint represented by the highway user’s
optimization problem. It consists of an objective for minimizing the general-
ized cost for highway users. It might contain the travel distance, toll amount or
travel time. In this way, the government can examine the response of highway
users to any amount of toll during the optimization process. In this problem,
the upper-level is the government which can be referred to as a leader and the



1. INTRODUCTION 1.1 Motivation

highway users can be referred to as followers which is a constraint of the gov-
ernment problem in the lower-level. This problem is known as a bilevel problem

in mathematical optimization.

In particular, such problems can be characterized by several objective functions
that have to be optimized at the same time. They are called multi-objective
problems. When we consider the example above, a highway user may want
to simultaneously minimize energy consumption and maximize comfort at the
lower-level while the government might want to minimize air pollution while
maximizing revenue. Generally, there is no identical optimum solution. In this
kind of problem, the goal is to approximate the optimal compromises which are
called Pareto points. The set of the Pareto points is called the Pareto set.

Another motivating example is in the context of homeland security [Low06].
The mission of homeland security is to ensure that the country is secure, safe
and resilient against terrorism and other attacks. While a government is do-
ing that, it needs to be achieved cost-effectively and to try not to sacrifice ease
of customs operations for the public. So multiple objectives need to be con-
sidered to solve this problem. One of the ways is to make informed guesses
on the previous actions of the attackers, which comes at the lower-level in the
bilevel optimization structure. Therefore, the government as an upper-level
decision-maker, needs to model the attacker’s behaviour during the decision-
making to prevent an attack. The problems with multiple objectives on one
or both upper and lower-levels are called multi-objective bilevel problems. The
work presented in this dissertation proposes new approaches for solving single
and multi-objective bilevel problems.

The main goal of this dissertation is to improve the algorithmic performance
of single and multi-objective bilevel optimization problems in terms of com-
putational cost and accuracy. These kinds of problems have a significant role
in application in real life, especially considering their nested nature. Some
of them are discussed above and more can be found in [SMD17b]. A broad
range of works presented in the literature handle these problems with linear
and quadratic nature by using exact mathematical programming techniques
[DemO2]]. However, they generally need some assumptions in their mathemat-
ical properties such as objective linearity, convexity, differentiability, etc. Not
requiring mathematical properties of the problems are particularly important
for many real-world applications as it may be needed some black-box computer
simulations to evaluate the objectives. Considering this, there are some app-

Bayesian Bilevel Optimization 2 Vedat Dogan



1. INTRODUCTION 1.2 Scope of Research

roaches developed over the years that have been reviewed in [Dem20]. They
tend to use hybrid methods including surrogate models and evolutionary al-
gorithms combined with other exact strategies. Even though metaheuristics
such as evolutionary algorithms are successful in solving bilevel optimization
problems, the number of function evaluations used to solve the optimization
problem is relatively high. In particular, population-based approaches require a
large number of function evaluations during the search coming from the nature
of the algorithms.

The presented work in this dissertation tackles this obstacle in the literature
and contributes towards this ongoing research and development to improve
algorithmic performance by using a black-box approach at the upper-level in
the bilevel optimization problems. In Section [1.2] we present the scope of the
research of this dissertation.

1.2 Scope of Research

Several kinds of bilevel problems are possible depending on the number and
the nature of the objective functions such as single-objective, multi-objective,
optimistic/pessimistic approaches, etc. Each cluster of bilevel problems may
have a different solution method than the others. Within the scope of this
dissertation, the following characteristics have been assumed.

* This dissertation focused on single or multi-objectives at both levels. Also,
mainly the variables are considered to be real-valued rather than discrete.
However, the active research of applied methods in this dissertation makes
it straightforward to extend the work for discrete variables.

* All objective functions of upper-level problems are assumed to be black-
box, meaning there are no apriori known properties of the problems used
to inform the search, such as linearity, convexity, differentiability, etc. It
enables us to deal with a much wider range of problems considering ana-
lytical algorithms which might need some assumptions or conditions.

* The computational effort is measured using only the number of evalu-
ations for both single and multi-objective bilevel problems. As bilevel
problems are computationally expensive, it is a common method to mea-
sure the computational cost. Fitness score is the main accuracy metric for
single-objective bilevel problems while hypervolume improvement and in-

Bayesian Bilevel Optimization 3 Vedat Dogan



1. INTRODUCTION 1.3 Thesis Statement and Contributions

verted generational distance are for multi-objective bilevel problems.

1.3 Thesis Statement and Contributions

In this dissertation, we focused on introducing advanced black-box approaches
by Bayesian optimization for solving single and multi-objective bilevel prob-
lems. We stated the thesis that is defended in this dissertation and presented
our approach. Also, we provided a list of our supporting publications for each
point.

Thesis. Bilevel problems are widely studied hierarchical optimization problems
that require a high number of computations. Several classical and hybrid app-
roaches have been developed over the years. However, the required assumptions
are generally strict and computational cost is high. Therefore, the need is to con-
sider computationally effective approaches to solve these problems and to avoid the
necessary assumptions such as linearity, convexity, differentiability, etc. We claim
that the black-box approach at the upper-level problems achieves relatively better
optimal results with less computational cost. We developed and proposed advanced
Bayesian optimization-based algorithms for solving the upper-level problem that
have not been considered in this field before. In this way, the decision-makers do
not need to know the properties of the true objective function and can deal with
objective uncertainty.

Discussion. In this dissertation, first, we focused on single-objective optimiza-
tion problems. In chapter[3] we introduced a conditional Bayesian optimization
algorithm for bilevel optimizations, called ConBaBo. It uses the previous lower-
level decisions as a condition to improve upper-level search during the opti-
mization process. The approach is inspired by previous work on conditional
optimization [[PKG20] and standard Bayesian optimization for bilevel problems
[KDBN17]. The first appearance of our work related to the proposal of the
novel concept can be found in the following conference publication:

Vedat Dogan, Steven Prestwich. 2023. Bilevel Optimization by Con-
ditional Bayesian Optimization. In Machine Learning, Optimization,
and Data Science: 8th International Conference, LOD 2023, Grasmere,
Lake District, UK, September 22-26, 2023.

Then, as ConBaBo succeeded in solving bilevel problems while improving the
computational performance, we aimed to improve algorithmic performance by

Bayesian Bilevel Optimization 4 Vedat Dogan



1. INTRODUCTION 1.3 Thesis Statement and Contributions

multi-objective acquisition function approach and presented the MACBP algo-
rithm in Chapter {4, The details of the presented approach can be found in the
following conference publication:

Dogan, V., Prestwich, S. (2022). Bayesian Optimization with Multi-
objective Acquisition Function for Bilevel Problems. In: Longo, L.,
O’Reilly, R. (eds) Artificial Intelligence and Cognitive Science. AICS
2022. Communications in Computer and Information Science, vol
1662. Springer, Cham. https://doi.org/10.1007/978-3-031-26438-
2 32

After that, we tackled solving multi-objective bilevel optimization problems that
have multiple objectives at both levels. As the nature of the problem seeks the
optimum for multiple objectives, generally there is no single optimum solu-
tion. Therefore, it is expected to have an optimum solution set instead of a
single optimum solution. It is called the Pareto-optimum front. The Pareto-
optimum front is the solution set which contains the non-dominated solutions
for the problem. In Chapter |5, we proposed a Bayesian approach for solv-
ing multi-objective bilevel problems and attempted to approximate upper-level
Pareto-optimal front by using specifically designed acquisition functions for
multi-objective problems. Subsequently, we performed some experiments and
investigated the algorithmic performance including the success of approxima-
tion to the Pareto-optimal front. We concluded our work by investigating the
objective uncertainty in single- and multi-objective bilevel problems.

After each decision in an optimization problem, it is highly possible to have un-
expected effects that might change our objective values. As bilevel optimization
is a hierarchical decision-making process and the upper-level decision affects
the lower-level optimization problem naturally, it is important to deal with the
uncertainty during the optimization. We presented an algorithm called Bam-
BiNo to tackle bilevel multi-objective optimization problems in such uncertain
environments and presented the findings in Chapter [6] Also, the details can be
found in the following workshop publications:

* Dogan, V., Prestwich, S. (2023). A Batch Bayesian Approach
for Bilevel Multi-Objective Decision Making Under Uncertainty.
AAATI'23 Workshop on Uncertainty Reasoning and Quantification
in Decision Making, Washington, USA

* Dogan, V., Prestwich, S. (2023). Multi-objective Bilevel Decision
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Making with Noisy Objectives: A Batch Bayesian Approach. Multi-
objective Decision Making Workshop (MODeM2023), ECAI 2023.
Krakow, Poland

1.4 Overview of the Dissertation

This dissertation consists of six main chapters. We present briefly the structure
and the contents of each chapter below.

We presented the necessary background information in Chapter[2to understand
the concepts and correctly follow the notation used in this dissertation. The
primary purpose of this chapter is to define all the concepts in detail. Also, we
provided examples for the reader to help them understand the concepts before
moving to the technical part of the dissertation. We started with an introduction
to the mathematical structure of Bayesian optimization and Gaussian processes.
We also presented the kernels and the acquisition functions used for this disser-
tation. Multi-objective Bayesian optimization is presented after with specifically
designed acquisition functions. Then, we formally introduced the single objec-
tive bilevel optimization with general formulations and definitions. It also in-
cludes the definitions of optimistic and pessimistic approaches considering the
sake of upper-level decision-makers. Then, we presented the multi-objective
bilevel optimization problem without and with decision-maker uncertainty. It
contains the definitions for uncertainty at both upper and lower-level decision-
makers. We also introduced some of the popular techniques that can be used
to solve single and multi-objective bilevel problems. Then we discussed the
techniques that are limited to the ones we are using in this dissertation.

Then we focused on a conditional Bayesian approach to general single objective
bilevel problems in Chapter [3| which we call ConBaBo. We first explained con-
ditional Bayesian optimization and how conditioning the lower-level decision
maker affects the upper-level optimization. Then, we presented the empiri-
cal results of our experiments with popular standard bilevel benchmarks. The
work in this chapter is focused on improving the optimization performance and
accuracy for single-objective bilevel problems with a black-box approach.

In Chapter {4, we focused on improving the search during bilevel optimization
by using multiple acquisition functions at once. We applied the multi-objective
acquisition function approach to bilevel problems. The upper-level decision has
been made from the Pareto-optimal front at each iteration and empirical results
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have been shared.

In Chapter |5, we presented the multi-objective bilevel problems and the rela-
tionship between upper-level and lower-level decision-makers when they have
multiple conflicting objectives. Generally, there is no single optimal solution
for a multi-objective problem. So here, we discussed how the decision-making
from the Pareto-optimal solution set of followers is affecting the upper-level op-
timization process. Then, we proposed a batch Bayesian optimization algorithm
for multi-objective bilevel problems. We used and compared two acquisition
functions which are specifically designed for multi-objective problems. The first
one is an extension of the popular expected improvement acquisition function
focused on hyper-volume improvement and called expected hyper-volume im-
provement (EHVI) [EGNO6]. The second one is a hybrid algorithm with on-line
landscape approximation for expensive multi-objective optimization problems,
called ParEGO [Kno0O6a]. Decision-makers’ uncertainty arises as a big problem
when we consider practical problems. We also presented another model to deal
with the upper-level objective uncertainty. The model is based on the acquisi-
tion functions we mentioned above but with noisy settings, called parallel noisy
expected hypervolume improvement (QNEHVI) [DBB21al]. We concluded this
section by presenting some experiments to observe the relative performance of
the algorithm. We used hyper-volume improvement (HV) and inverted genera-
tional distance (IGD) [CCRS04] for performance metrics which are two popular
metrics to measure how good the Pareto-optimal solution set is.

In Chapter [6] we tackled the uncertainty at the upper-level objective in bilevel
problems by leveraging the BoMoBo algorithm presented in Chapter |5{and we
call it BamBiNo. We researched to improve the algorithmic performance of
solving multi-objective bilevel optimization problems with environmental un-
certainty and experiments are conducted on both theoretical and practical prob-
lems.

In Chapter [/, we discussed some general concluding remarks, and open prob-
lems and identify some future directions related to the work presented in this
dissertation.
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Chapter 2
Background

Abstract. In this chapter, we present the background and notation re-
quired to present our work. First, we introduce the mathematical struc-
ture of Bayesian optimization and Gaussian processes. After that, we
define the multi-objective optimization problems and Pareto solutions
terminology with some metrics to measure the performance. We men-
tioned hypervolume improvement and the Bayesian approach to multi-
objective problems. Then, we define bilevel optimization with single-
and multi-objective problems at both levels as well as review a number
of techniques for solving those problems. Also, we presented optimistic

and pessimistic approaches and discussed some existing works.

2.1 Bayesian Optimization

Bayesian optimization [Fral8]] is a method for performing global opti-
mization of expensive-to-evaluate black-box functions. It processes iteratively
and is guided by a statistical model of the objective function. It starts with a
prior distribution over the objective functions and uses a likelihood function to
encode the assumptions in the observations of the objective function. Comput-
ing posterior distribution at each iteration follows the process by conditioning
the previous evaluations. These evaluations can be considered observations in
Bayesian nonlinear regression.

BO uses a probabilistic surrogate model, typically Gaussian Process (GP) to
model the objective function based on observations [RW06]. We describe it
in Section The GP is assisted by an acquisition function which is not



2. BACKGROUND 2.1 Bayesian Optimization

expensive-to-evaluate to evaluate compared with the true objective function
[Fral8]]. Thus, it is easy and requires fewer function evaluations to optimize
rather than a true objective function. It is used to map the beliefs about the
objective function for measuring the potential of each location in the search
space. The aim is to find an input that optimizes the acquisition function and
evaluate the output. We discuss more about the acquisition functions in Sec-
tion It follows with updating the data set with the prior information for
the next iteration. Usually, the termination criteria are selected as the maxi-
mum time for the optimization process or the number of maximum function
evaluations. Optimizing acquisition functions is a global optimization problem
itself. The acquisition function needs to be optimized many times to solve the
original optimization problem. So, BO methods are convenient only if the task
of optimizing the acquisition function is much easier than optimizing the true
function. The standard procedure is explained in Algorithm (1| and more de-
tailed material and perspectives on BO can be found in [SSW™16a, RW06].

Algorithm 1 Bayesian Optimization (BO)
Input: f, a, X, M
Output: z*

1: while i = 0 : Budget do

2: Fit the model M to the data D

3: Optimize the acquisition function 2’ = arg max,cx a(x, M)
4: Evaluate the objective function y' = f(2’)
5
6:

Update the data set with new observations: D =D U {(«/, ')}
return The best decision z* = arg mingcy Ey[f ()]

2.1.1 Gaussian Process

The GP is used to model the unknown black-box objective function in BO
[Fral8]. It is also called kriging in the literature in honour of the South African
student who developed this technique at the University of the Witwatersrand
[Kri51].

Let us assume that we have a set of collection points {1, ...,z,} € R?and a vec-
tor of objective function values of these points {f(z1),..., f(z,)}. We suppose
that the vector is drawn randomly from some prior probability distribution, and
GP takes the prior distribution to be multivariate normal with a mean function
p(x) and kernel function x(x, '), as in Equation

f(x) ~ GP(u(z),kx(z,z")) (2.1)

Bayesian Bilevel Optimization 9 Vedat Dogan



2. BACKGROUND 2.1 Bayesian Optimization

Figure shows 5 different functions from GP distribution without any ob-
served data. There are 30 correlated points sampled.

—~ 0 \\\—c

-4 -2 0 2 4
X

Figure 2.1: 5 different function realizations at 30 points sampled from a Gaus-
sian process

We can compute the posterior distribution over unknown black-box objective
functions with a prior and a likelihood function. For a finite number of query
points, the GP makes it possible to condition observed data and compute the
posterior distribution. After we observe n decision points, the mean vector is
obtained by evaluating a mean function pq at each decision point x; and the
covariance matrix by evaluating a covariance function or kernel « at each pair
of point z; and z;.

If we represent the design matrix with X with n observations, X’ is a matrix
containing the candidates, and K (X, X’) is a matrix containing the kernel func-
tion x applied to the pair of X and X', then the predictive distribution of X’
with a mean function i and covariance matrix ¥ are given by

W(X') = K(X, XK (X, X) + 2Ty (2.2)

Bayesian Bilevel Optimization 10 Vedat Dogan



2. BACKGROUND 2.1 Bayesian Optimization

Distribution of posterior and prior data.
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Figure 2.2: The posterior distribution after 6 observations of sin(e) function and
sampled functions from distribution

where y is a vector of the corresponding observations X, and v is the variance
of i.i.d. Gaussian noise.

To sample from the GP we need to define the mean and covariance function that
models the joint variability of the GP random variables. The covariance function
is also known as the kernel function as we mentioned before and it makes it
possible to set prior information on the distribution. The kernel function needs
to be positive-definite to be a valid covariance function. We are going to talk
about kernel functions more in Section

For example, Figure shows the posterior distribution based on 6 observa-
tions from a sin(e) function. In the top figure, the red line is the posterior mean
and the shaded area is the 95% prediction interval. The black dots are obser-
vations. The prediction interval is calculated from standard deviation which is
the square root of the covariance matrix. The figure on the bottom shows the 5
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3
——=- sin(x)
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Figure 2.3: The posterior distribution after 6 noisy observations of sampled
sin(e) functions from distribution

sampled functions from this distribution.

The observations in Figure [2.2|was noiseless. Thus, the distribution is noiseless.
We can make predictions from noisy observations by modelling the noise ¢ as
Gaussian noise with variance o7. The noise can be modelled by adding it to the
covariance kernel. Figure shows the same posterior distribution based on 6
noisy observations from the sin(e) function. As the observations are noisy, the
functions sampled do not have to go through observational points anymore.

Some properties come with the Eq. One of them is the computational
bottleneck of GP regression. The computation in Eq. contains an inver-
sion of N x N matrix K(X,X) + v*T or the Cholesky decomposition which
requires O(N?) operations as N grows. Another one is the posterior predictive
covariance matrix does not hinge on the observations. It means that it does
not depend on the actual observation values, it does only the data that has
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been collected. The other one is a result of the multivariate normal distribution
which is the marginal distribution at any decision point is univariate Gaussian.
These can be calculated by using the Eq. Thus, it leads to computing the
acquisition functions efficiently in BO. For an in-depth treatment of GP, please
see [RWO06].

2.1.2 Kernels

A kernel or covariance function describes the covariance of the GP random
variables. It defines a prior on the GP distribution. A kernel function should
be positive definite which implies that the matrix should be symmetric, meaning
invertible.

Definition 2.1.1. [RWO06] A real n xn matrix K which satisfies Q(x) = 2" Kz > 0
for all vectors x € R" is called positive semidefinite. If QQ(x) = 0 only when x = 0
the matrix is positive definite where )(x) is called a quadratic form.

The two popular kernels we will focus on in this dissertation are the squared
exponential kernel and Matérn 5/2 kernel. The squared exponential kernel fol-
lows the assumption that the objective function is being modelled as infinitely
differentiable and formulated as follows:

ksp(z,2') = o exp ( — ;ﬁ@,:ﬂ)) (2.3)

where {i;} is length scale parameters and ¢ is an amplitude parameter. The
Matérn 5/2 kernel is based on the assumption of the objective function being
modelled twice differentiable and formulated as follows:

Kase(w, 7)) = o <1 +/5r2(x, a) + 273(90, x’)) exp ( — \/57"2(33,%’)) (2.4)

where r?(z,2') = |M(z — 2')||? and M = diag(1/ly,...,1/lp) in both Eq.
and Eq. More details can be found in [RWO06] for exploring kernels in a
categorised way.

There are two hyperparameters as we mentioned above: [; and o. It has d + 1
hyperparameters in d dimensions and the wrong hyperparameter selection may
lead a poor overall performance. For instance, the low value of [; may lead
to a failure generalization while too large a value might lead to an overlook
of the higher frequency in the true function. In Figure we can see how
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Squared Exponential Kernel
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Figure 2.4: Different length scale comparison for the squared exponential ker-
nel.

l4 parameter in squared exponential kernel changes the shape of the objective
function and Figure shows how [; parameter affects the function shape.
In both kernels, the low-length scale assumes the frequency is high, the high-
length scale assumes the opposite. We can also observe the shape difference
according to the kernel selection. While the function shape in the squared
exponential kernel is smoother, in the Matérn 5/2 kernel, it is rougher. More
details can be found in [RW06].

2.1.3 Acquisition Functions

In this section, we describe the acquisition functions which are relevant to this
thesis. Acquisition functions are designed to trade off exploration and of the
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Matern 5/2 Kernel
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Figure 2.5: Different length scale comparison for the Matern 5/2 kernel.

search space and exploitation of the current promising areas. We present the
improvement-based and optimistic acquisition functions which are used in this
dissertation.

Expected Improvement

The Expected Improvement (EI) [JSW98] acquisition function focuses on the
expectation of the improvement in the function value at the current best solu-
tion. It observes the f(x) for the improvement over some target 7:

agr(r) = Eymax(0,7 —y)] = /_o:o max (0,7 — y)p(y|z)dy (2.5)
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When the predictive distribution under the model is Gaussian, the closed form
of El is defined as in Equation [2.6[[Jon01]]

api(z) = o(@) AD() + (V) (2.6)

where ¢(-) is probability density function (PDF) of standard normal distribution
and A\ = (7 — pu(z) — &)/(o(z)). pu(z) is the posterior predictive mean at z,0(z)?
is the posterior predictive variance at x while ®(-) is the standard normal cu-
mulative distribution function and ¢(-) is the standard normal PDF. EI is
a popular acquisition function in BO literature. The theoretical properties can
be found in [Bulll]] and the author shows that the EI acquisition function may
not converge when GP kernel hyperparameters are estimated from the obser-
vations via maximum likelihood. So, the kernel hyperparameters needed to be
estimated for the convergence of EI, therefore he proposed a method for this

purpose. Also, the practical effects in practice can be found in [SLA12].

Probability Improvement

When we generalize and extend the EI acquisition function in Equation as
in Equation 2.7 as follows:

apri—g(x) = Eymax(0, (1 — y)?)] = /_O:O max (0,7 — y)p(y|z)dy 2.7)

with g € Z* which is a parameter that controls the trade-off between the global
search and the local search. The larger ¢ means the algorithm is more biased to-
wards global search. For the consideration of the parameter g = 0, it returns the
Probability of Improvement acquisition function, formulated in Equation
as follows:

apr(x) = ®(N) (2.8)

where A = (7 — u(x) — §)/(o(z)). The POI acquisition function tries to measure
the probability that an arbitrary « exceeds the current best and it is a known fact
that it tends towards local search, as can be found in more detail in [BCF10].

Upper Confidence Bound

Another popular acquisition function is the Gaussian Process Upper Confidence
Bound (GP-UCB) acquisition function [[SKKS10]. It balances the local and
global search by constructing the regions with low posterior mean and high
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posterior variance. It is defined as in Equation
avep(x) = p(z) + B2o(x) (2.9)

where p(+) is posterior predictive mean and o(-) is variance, and /3 is a constant
that balances exploration and exploitation.

Search Strategy Differences

The acquisition function largely determines the behaviour of space exploration
for the BO algorithm. Each acquisition function has different selection prin-
ciples and search strategies. Therefore, they tend to select different candidate
points for the evaluation process. Each of them has its own strengths and weak-
nesses. While the EI acquisition function considers the magnitude of improve-
ment and searches in a greedy manner, the POI acquisition function selects the
points that maximize the probability of improvement. So, it is naturally bi-
ased towards exploitation and inefficient for exploring the design space. For a
problem with multiple local optima, POI tends to be too conservative while EI
considers the current best step, therefore it focuses on the improvement in each
step. EI and PI acquisition functions are considered improvement-based poli-
cies in the literature [SSW'16b]. On the other hand, the GP-UCP acquisition
function, which can be considered an optimistic policy, guides the search by
minimizing the cumulative regret bound. It also guarantees convergence after
a relative number of iterations, however, the parameter 3 is hard to define as
it controls the exploration and exploitation rate which differs according to the
problem.

For instance, we illustrate the process in Figure As we can see in Figure
the exploration-exploitation parameter for each acquisition function affects
the search performance and strategy. While large values work well for EI and
POI, the small value of parameters worked better for the GP-UCB acquisition
function.

There are no acquisition function suits for every problem, therefore acquisition
function selection is an important task in Bayesian optimization.

2.1.4 Batch Bayesian Optimization

The nature of the sequential decision-making process of acquisition functions
blocks the parallelism and it limits the ability to utilize the computational re-
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Figure 2.6: The illustration for the effect of the exploration-exploitation param-
eter on acquisition functions.

sources and optimization efficiency. Especially in the case of multi-core systems
are available. There are mainly two challenges when we consider parallelism in
BO. The first one is the point selection around the same region as maximizing
the acquisition function naturally selects the points around the same region.
The second challenge is maximizing the information gained at each batch point

selection.

There are great works that have been made to make parallelism possible in the
BO framework which means that selecting multiple points is possible during
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the optimization process. It also has been extended to enable batch selection
and developed various approaches over the years, such as g-Expected Improve-
ment (qEI) [CG13], g-Knowledge Gradient (qKG) [WF16], parallel predictive
entropy search (PPES) [[SG15a]. These methods scale poorly as the batch size
increases cause they usually involve some approximations or Monte Carlo sam-
pling during the optimization process. Also, there are other works, including
the batch-UCB (BUCB) [DKB14], simulation matching (SM) [AFF10], parallel
UCB with pure exploration (GP-UCBPE) [CBRV13] and local penalization (LP)
[GDHIL15] which adopted the greedy strategy selects next points until the batch
is full.

2.2 Multi-objective Optimization

The optimization problem containing more than one objective is called the
Multi-objective Optimization Problem (MOP). Inherently, it is hard and com-
monly impossible to find a single optimum solution as there may be conflicts
between the objectives. The solution of MOP is a set of decision variables that
optimizes a vector of objective functions within a feasible region of solutions.
For a given vector of the objective functions F'(z), the MOP is defined by as in
Equation [2.10}
min F(z) = {fi(2), ..., fa(a)}

s.t. hi(x)=0,i=1,...,p (2.10)

9i(x) <0,j=1,....q

Lmin S X S Lmaz

where h;(z) represents equality constraints and g,(x) represents inequality con-
straints. As there is no single solution that minimizes each objective, we must
consider a set of solutions.

2.2.1 Pareto Solutions

Let us consider a solution S; to dominate a solution S if all objective values
of the solution S; are at least as good as the objective values of S; and at
least one is better. In this case, we say S, is dominated by S;. A solution S
is not dominated by any other solution, also called a non-dominated solution,
referred to as the Pareto solution. In Figure [2.7, we can observe the search
space domination for two iterations. The red area in the figure represents the
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dominated space while the white area represents the non-dominated solutions
in all graphs. The green and blue areas are improvements of the new points in
the search space as the new solutions are dominating the existing ones. Because
Pareto solutions are not finite, the goal is to find a finite number of solutions
that approximates the Pareto front which is formed by a set of Pareto solutions.

2.2.2 Hypervolume Improvement

During the optimization process, a new observation point is added to the sur-
face formed by the non-dominated solution set D; defined by a set satisfying
the following condition in Equation [2.11

Va,(z, f(x)) € D) C D,, V2, (2, f(z)) € D,,

(2.11)
Jk € {1,...,n} such that fi.(z) < fi(z")

where D,, = {(x1, F(x1)), ..., (zn, F(z,))}, and the algorithm focused the im-
provement when adding a new observation for updating the observation data

set as D, 11 = {Dy, (tni1, F(xni1))}-

£,09 09 f,00

Reference Point f,(9) Reference Point f,(0) Reference Point f,(9)

Figure 2.7: An illustration of the dominated (red area) and non-dominated
(white area) space. The green and blue area on the graphs represents the HVI
of the new points.

Hypervolume is a natural measure of the quality of a Pareto frontier in the out-
come space. It is dominated by the Pareto frontier and bounded by a reference
point. Hypervolume improvement is a measure of improvement and it
takes the volume into account that is dominated by the new point in the space
corresponding to the candidate.

2.2.3 Bayesian Approach to MOPs

This chapter describes the BO dealing with multi-objective problems. Consider

we have multiple unknown functions fi(z), ..., f.(z) for the decision variables
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x. We can present them collectively as F(z) = [fi(z),..., fo(z)]".

Suppose that HV (D7) is the hypervolume of the region dominated by D with a
reference point which is used defined. It specified the upper limit of the Pareto
solution. Then HVI is defined as in Equation |2.12

HVI(F(2n41)) = HV(D:,,) — HV(DZ). (2.12)

[EDK11]] extended the EI acquisition function idea to HVI and proposed the
Expected hypervolume improvement (EHVI) acquisition function. It is defined
as in Equation [2.13

J (@) = Ep(p (). [HVI(F(z))] (2.13)

where p(F(x)|D,,) presents the posterior distribution of F'(z) and it is often as-
sumed to be independent. EHVI still suffers from some limitations, including
the assumption that observations are noise-free, and the exponential scaling of
its batch variant, called qEHVI with the batch size ¢, which precludes large-
batch optimization. MOP can also be cast into a single-objective optimization
problem by applying a random scalarization of the objectives. ParEGO maxi-
mizes the expected improvement using random augmented Chebyshev scalar-
izations [Kno06a]. MOEA/D-EGO [64] extends ParEGO to the batch setting us-
ing multiple random scalarizations and the genetic algorithm MOEA/D [ZZZ12]
to optimize these scalarizations in parallel. Recently, qParEGO, another batch
variant of ParEGO was proposed that uses compositional Monte Carlo objec-
tives and sequential greedy candidate selection [DBB20a]]. Additionally, the au-
thors proposed a noisy variant, qNParEGO, but the empirical evaluation of that
variant was limited. Recently, [DBB21b] proposed that the noisy observations

improve the performance.

2.3 Bilevel Optimization

Many large-scale decision-making processes are hierarchical in terms of the ob-
tained outcome of any decision taken by the upper-level authority (leader) to
optimize their goals is affected by another decision considered as the response
of lower-level entities (followers) who aim to optimize their own goals. For
any given upper-level decision, there is a parametric lower-level optimization
problem. These problems provide the rational response of the follower to the

Bayesian Bilevel Optimization 21 Vedat Dogan



2. BACKGROUND 2.3 Bilevel Optimization

leader’s decision. The structure of these problems are asymmetric: the leader
has perfect knowledge about the followers’ objective and constraints, while the
follower must first observe the leader’s decision before making their own deci-
sions.

There are two roots in terms of the research on decision-making problems
with a hierarchical structure. The first one is in the domain of mathemat-
ical programming and the second one is in the domain of game theory. In
the context of game theory, von Stackelberg [Sta52] built a descriptive model
of decision behaviour and provided game-theoretic equilibria. In the context
of mathematical programming, an inner optimization problem appears as a
constraint of an outer optimization problem which is called the bilevel opti-
mization problem [BM73]]. They were introduced by J. Bracked and J.
McGill, and a defence application was published by the same authors in the
following year [BM74]. BOPs were modelled as mathematical programs at this
time and are difficult to handle mathematically because of the hierarchical op-
timization structure. It may introduce difficulties such as non-convexity and
disconnectedness between the upper-level and lower-level problems, even for
simple instances. It has been shown that bilevel programming is strongly NP-
hard [HJS92], and it has been proven that just evaluating a solution is also an
NP-hard task [VSJ94a].

BOPs have been used to formulate various real-world hierarchical problems
over the years. It has worked successfully in the field of traffic and transporta-
tion [Mar86, Mig95), [CdLP21], production and capacity planning [GHMAT'15,
MCVPL20], management science [Bar83a, DLM20], energy networks and mar-
ket [GCF™12, WPTA20] and defence industry [ADA14, FMVH19].

2.3.1 General Formulation and Definitions

In this section, we provide a general formulation of BOPs. Also, we discuss
and formulate optimistic and pessimistic positions which are being assumed by
the leader. The formal definition of BOPs was first introduced by Bracken and
McGill [BM73]], and the designation bilevel was introduced later by Candler
and Norton [Can77]]. For a general overview of BOPs, we refer to the books
[DKPVK15a, DZ20].

We shall represent the leader decision by xz, and the follower response by x;.

A decision pair z,, z; represents a choice by the leader and an optimal feasible
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solution of the follower. Then the BOP can be defined as follows.

Definition 2.3.1. For the upper-level objective function F' : R" x R™ — R and
lower-level objective function f : R" x R™ — R, bilevel optimization problem is
given by as in Equation [2.14

min F (X, x7)

s.t. xp € argmin{ f(xy, ) : g;(zy,2;) <0, j=1,2,...,J}

v ’ (2.14)
Gk(l’u,l’l) S O,
k=1,2,...,K

where x, € Xy,x; € X are vector-valued upper-level and lower-level decision
variables, and Xy C R", X, C R™ decision spaces, G}, and g; represent the
constraints of the bilevel problem.

Because the lower-level decision maker depends on the upper-level variables,
for every decision z, there is a follower-optimal decision z; [SMD18a]]. The
upper-level constraints G(z,,x;) < 0 are defined as coupling constraints if they
depend on z;. In bilevel optimization, a decision set z* = (z,, z}) is feasible for
the upper-level only if it satisfies all the upper-level constraints and the vector x*
is an optimal solution to the lower-level problem with the upper-level decision
as a parameter.

The feasible set of the BOP is called High Point Relaxation (HPR) if the decision
set of (x,, x;) satisfies both upper and lower-level constraints.

Definition 2.3.2. For the upper-level decision x, and lower-level decision x;, the
High Point Relaxation is defined in Equation as follows

HPR = {(zy,x;) € Xy x X | G(y, ;) < OA g(ay, x;) <0} (2.15)

where G(x,,x;) represents the upper level constraints and g(x,,x;) represents
lower level constraints.

Definition 2.3.3. The inducible or induced region is the feasible set of the
bilevel problem and is defined by in Equation

IR = {(zy, ;) € HPR : x; satisfies g(x,,x;) < 0}. (2.16)
The IR is usually nonconvex and can be disconnected with upper-level con-
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straints. Considering the presence of multiple lower-level optimal solutions for
some z, values, there are two approaches have been proposed [DemO05]. Figure
illustrates the different Pareto-optimal fronts of two different approaches.

2.3.1.1 Optimistic Bilevel Problems

In this dissertation, we consider the optimistic approach which assumes that the
follower selects the one that is the best for the leader in the case of the existence
of the multiple-follower optimal solution.

Definition 2.3.4. For the upper and lower-level decision z, and x;, optimistic
bilevel problem defined by

min F(x,, 1))

LTu,T]

s.t. xp € argmin{ f(zy,x;) : gj(xy, ;) <0, j=1,2,...,J}
g ’ (2.17)

Gk(xu,xl) S O,
k=1,2,....K.

This formulation considers that there is cooperation between the two decision-
makers. The majority of the work that existed considers an optimistic approach.
One of the reasons is it has an optimal solution under quite reasonable assump-
tions as can be seen in [DemO02].

2.3.1.2 Pessimistic Bilevel Problems

In the case of not allowing cooperation between the leader and the follower, the
pessimistic approach is used which assumes that the follower selects the optimal
solution corresponding to the worst outcome of the leader [WTKR13]. So, the
leader optimizes his/her objective for the worst case. This approach is useful
in the case of the leader who wants to limit the damage after an unexpected
follower decision.

Definition 2.3.5. The pessimistic bilevel problem defined by Equation [2.18]

min max F(x,,x;)

Ty ]

s.t. xy € argmin{ f(xy,x;) : gj(xu, x) <0, j=1,2,...,J}

g (2.18)
Gk(l’u,l’l) < O’
k=12 . K
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Figure 2.8: An Illustration presents the optimistic and pessimistic Pareto opti-
mal fronts at both upper- and lower-level multi-objective bilevel problems.

As expected, this approach does not assume cooperation between the leader
and the follower. The pessimistic approach is less tractable compared with the
optimistic approach because the optimistic formulation can be reformulated to
single-level problems in the case of a convex lower-level problem. However, the
pessimistic approach can be considered a three-level task because every lower-
level problem has to keep track of that lower-level optimal solution is the worst
for the upper-level.

2.3.2 Multi-objective Bilevel Problems

Multi-objective bilevel optimization problems have two levels of multi-objective
optimization, such that a feasible solution to the upper-level problem must be
a member of the Pareto-optimal set of lower-level optimization problems. Each
level has its variables, objectives, and constraints.

A general multi-objective bilevel optimization problem can be described as fol-
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lows:
qu)I}}Li,EEXl{FI(xuj I’l), ceey F]V[u (xua xl)}

s.t. x; € argmin{ f1(xy, 1), ..., far, (Tu, ©1); gj(@u, 21) <0, j=1,2,...,J}

]

Gr(ty, 7)) <0, k=1,2,... . K

(2.19)
In Eq. the upper-level objective functions are Fj(x,,x;), i = 1,2,..., M,
and the lower-level objective functions are f;(z,,z;), i = 1,2,..., M, where

z, € X, and z; € A}. Gy(zy,2;) and g;(z,, z;) represent upper and lower-level
constraints respectively. j and K values represent the number of constraints at
the upper- and lower-level. The lower-level optimization problem is optimized
with respect to x; considering x,, as a fixed parameter.

Multi-objective Bilevel Problems Under Uncertainty

Most studies in the MOBO literature focus on solving the optimization problem
without addressing the impact of uncertainty. In practical problems, noise in
the leader’s objectives might represent environmental uncertainty, for example
in a meta-learning regime [ABB™17] that can be mathematically formulated as
BOP [FFST18]]. As another example, a government might need to prevent ter-
rorist attacks using information from unreliable sources. Yet another example
occurs in computing optimal recovery policies for financial markets [MBD12]],
using bilevel optimization with objective uncertainties caused by several uncon-
trollable parameters.

We consider the case that is crucial in practice where the leader needs to
make his/her decision under uncertainty and has only noisy observations F; =
f( @y, x1,) +& where & ~ N(0,%;) and ¥, is the noise covariance and decision
variables for both upper and lower-level decision makers x,, z;. According
to the consideration above, we reformulate the MOBO problems as in Equation
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[2.20 with noisy leader objectives by

min{Fl(:cu, ZIZ'[) + 517 ceey Fp(mw xl) + fp}

LTuly

S.t.

x; € argmin{ fi( xy, ), ..., fo( Ty, x7);
wo ’ (2.20)

gj(xua xl)g()’ ]:17277‘]}
Gi(xy, 1) <0, k=1,2,.... K
prN(O»Ep)-

In this dissertation, we focus on optimizing the objective function in an uncer-

tain environment.

2.3.3 Applications of Bilevel Optimization

One of the first applications of BOPs was in the Stackelberg game in the lit-
erature of Game Theory [Sta52]]. It is a scenario in economics where two
decision-makers, a leader and a follower, operate in the same market. Both
aim to maximize their profit and mathematically it is represented as shown in
Equation [2.21

rg%c F(xy,x;) = P(xy,z;) — C(xy)

s.t. x; € argmax f(x,,x;) = P(z,x) — C(x
l I (2w, 21) = P(zy;) — C(21) (2.21)

Ty + x> Q

where, =, 2, Q > 0.

The upper-level and lower-level variables, x, and x;, represent their respective
production quantities while () is the overall demand in the market to be ful-
filled. P(-) and C(-) denote the total price obtained from the sales and the cost
of the production. The problem reaches the optima when the leader and the
follower are at Stackelberg equilibrium.

There are several applications of BOPs problems have been worked on over the
years. They are briefly discussed in the following list.

* Defense Industry: BOPs have been applied to various kinds of defence
applications over the years such as planning the prepositioning of defen-
sive missile interceptors to prepare to counter an attack thread [BCD"05]],
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homeland security [Low06], and attacker defender Stackelberg games
[SC08, AOT*13, [ZTM18]]. The bilevel problem can be constructed such
that the upper-level aims to maximize the damage caused to the opponent
while considering the optimal reactions of the opponent at the lower-
level.

* Machine Learning: BOPs mostly appear in hyperparameter tuning prob-
lems in machine learning. It allows for systematic and more efficient
search when the number of parameters is large [MdDMMQC21].

* Transportation: A transportation network consists of an author at the
upper-level who increases the revenue from the tolls on a road network
and the users at the lower-level whose objective is finding the shortest or
most effective path to minimize the cost for their travel [CKLK10, FM11,
XTZ12,ICVMOLR15].

* Management: While managing a network facility, it is important to co-
ordinate with small businesses to increase the shared profits with them.
That coordination appears as a BOP [Bar83b, DLM20]

* Environmental Economics: As a consequence of an operation of an or-
ganization, an authority may want to tax the organization considering the
pollution that is caused by the operations. Finding an optimal level of tax
considering the pollution and revenue appears as a BOP. Authority acts as
a leader and the organization as a follower [SMFD13a, [SMFD14].

* Chemical Industry: Several applications appear as a BOP in the chemical
industry such as [HMO06, |ICW90, [SWI85]. For instance, an expert has to
decide between conditions, such as states quantities or reactants, for the
reaction to achieve the optimal result. Also, it needs to consider the lower-
level equilibrium conditions for the process such as minimizing entropy
functions.

* Optimal Design: In structural optimization, it is required to consider min-
imizing the weight or cost of a structure while deciding on the shape. On
the other hand, while deciding the shape, the contact forces and stresses
need to be determined to minimize the potential energy. It appears as a
BOP for solving the optimal shape design, and different approaches can
be found in [Ben95, [CPWO01], HLDS00].
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2.4 Performance Comparison

2.4.1 Test Problems

The two particular test problems are used the most often in this dissertation.
They are called SMD and TP problems. The rest of the problems are small in
numbers such as multi-objective bilevel problems and applications. The details
of these small number of problems are placed in the related chapter.

2.4.1.1 Benchmark 1: TP Problems

The first benchmark is standard test problems, called TP problems, and con-
tains 10 bilevel problems. The problems are well known in the bilevel opti-
mization literature and they are often used for evaluating the efficacy of dif-
ferent bilevel optimization algorithms. Each problem has a different interac-
tion between upper-level and lower-level decision-makers. The benchmark in-
cludes 1 three-dimensional, 6 four-dimensional, 1 five-dimensional, and 2 ten-
dimensional bilevel problems. Each problem has a different complexity in terms
of interaction between decision-makers. The benchmark includes mostly con-
strained problems and is created for testing the efficiency of proposed methods
by the researchers. Mostly the efficiency is determined by function evaluations
and obtained fitnesses. We share the details about the TP problems in Table
and including the formulations. More details can be found in [[SMD13a].

2.4.1.2 Benchmark 2: SMD Problems

The second benchmark is called SMD problems and it has 6 unconstrained prob-
lems. These are unconstrained problems with controllable complexities. Each
problem has a different difficulty level in terms of convergence, the complexity
of interaction, and lower-level multimodality. They are also scalable in terms
of dimensionality. The upper-level contains three components, such as Fi,F
and F3. The sum of these functions is used to calculate the upper-level objec-
tive function. Similarly, the lower-level function is constructed by summation
of f1,f> and f3. The generic form of the functions is shown in Equation [2.22]
min F(z,, ;) = Fi(xu,) + Fo(z,) + F3(2u,, 1,)

Ty, x|

st min f(zy, 21) = fi(@u, Tu) + folwn) + Fy(2uy, 1)

(2.22)
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Table 2.1: Summary of the TP Problems (TP1-TP5)

Problem  Formulation Best Known Solution

Minimize F(zy,z;) = (zu; — 30)2 + (zu; — 20)% — 20z, + 20z,

Tu,Ty

TP1
= — 2 — 2 F = 225.0
n=2 : f(muvml) = (xul ﬁll) + ($u2 xlg) s
7Y s.t. mleargzmm{ 0<a <10, i=1,2 , f=100.0
l k2
Ty + 2Ty 2> 30, Ty + Tuy < 25, Tyy <15
Minimize F(zv,;) = 2@y, + 2Tu, — 37, — 327, — 60,
Loy, o]
TEZ f(xﬂdxl) = (xll — Zuy + 20)2 + Ty — Tug + 20)27 F=0.0
n=2 s.t. x; € argmin Tuy — 221, > 10,24y — 23y, > 10, i = 1,2 . f=100.0
m=2 @ 10> @y, >20,i=1,2

Tuy + Tuy + 1y — 277, < 40,0 > x4, > 50,7 =1,2

Minimize F(zu, ) = —(2u;)? = 3(xuy)? — 4(21,)? + (21,)?,
Loy, T
TP3 F@u, @) = 2(wuy)? + (21,)% = 521y, F = -18.67
= st. @ € argmin < (zu,)? — 20w, + (Tus)? — 2245 + 31, > =3, 5, f=-1.0156
zy Tuy + 37y, — 4w, >24,0< 2,1 =1,2

(xu1)2+2xu2 §4,0§2¢u“i:1,2

=R=]
N

Minimize F(zv,x;) = —8%Tu; — 4@uy + 4a;, — 402, — 4y,

LT

f(ru, ) = Tuy + 200y + 1, + 31, + 274,

TE4 Tiy + Xyz — Ty <1 F =-29.2
n=2 s.t. x; € argmin 2Ty, — 71y + 277, — 0.527, <1, , f=3.2
m =3 zy 2y + 2, — 27, — 0.527, <1,

0<my,,i=123
0< @, i=1,2
Minimize F(zy,x;) = rt(vu)Ty — 3z, — 427, + 0.5¢(x;)x,
Ty,T
f(@u,zy) = 0.5t(z)hey — t(b(xw))z;—
. 0.333z;, +z;, —2<0

TP5 51 lo S0,

L s.t. x; € argwrlnln @1, — 0.3332;, — 2 <0, ) F=-36
m=2 0<ug,,i=1,2 f=-20

1 3 -1 2
hf(g 10),b(z)7(3 73)90,7‘70.1

t(-) denotes transpose of a vector

We set the dimensions of all problems as 4 for all experiments. The termination
criteria are selected as the same as TP problems. The true optimum values and
the details are reported in Table More details about this benchmark can be
found in [[SMD12a]].

2.4.2 Comparison Metrics
Single-objective Bilevel Problems

The following metrics are used for evaluating and comparing the performance
of the proposed approaches.

1. Fitness score: For single-level BOPs, generally the performance is eval-
uated by obtaining the solutions over multiple runs by each algorithm.
The obtained solutions in this dissertation are represented as fitness score
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Table 2.2: Summary of the TP Problems (TP6-TP10)

Problem  Formulation Best Known Sol.
Minimize F(zy,z;) = (zu; — 1) + 227, + 220,
T, T
flru,z) = (22, — 4)2 + (2xy, — 1)2 + x4, xyy,
4xyy + 5z, + 4z, <12,

TP6 dp g o2 F = -1.2091
n=1 s.t. z; € argmin Lip = &buy =0Tl = T f= 76145
m=2 o - 4y, — 4z + 531, < 4, ’ -

4z, — 4Ty, + 531, < 4,
0<m,,i=12
0 < zy,
Minimize F (2, ;) = — (@uy +21,)(@up + le),
Ty, T 1+ Ty Tl + Tug s
_ (wul +9”I,1)(“?u2+xl2)

Tp7 s.t. x; € argmin 1) = Ttau) 21y +Tug iy 7 5 F=-1.96
n=2 zy 0<z, STy, =1,2 f=1.96
=2 (04,)? + (2uy)? < 100

Tyy — Tus <0
0< 2y, i=1,2
Minimize F(zy,%;) = |2y, + 2Ty, — 327, — 337, — 60],
Ty, T
P8 f(xuvwl) = (xll — Zu; + 20)2 + (‘rlg — Zugy + 20)27
. 2 - 10<0
n=2 s.t. x; € argmin 2?1 _ i“l I =0 , F=0.0
o lo = Tup +10 <0, f=100.0
m= 2 -10 <2, <20,i=1,2
Tuy + Tuy + Ty — 277, < 40
0< 2y, <50,i=1,2
10
Minimize F'(xy,x;) = Ty, — 1| + |27,
inimize F'(z, 1) Z;u we = 1+ fo, ),
i=

P9 s.t. z; € argmin F=0.0
n=10 > f=10
m = 10 .

(ot 222, 22, o)) 220, o0
f(@u,z) =e ;
—r <z, <mi=1,2,...,10
10
Minimize F(zu,x;) = Z(mi — 1]+ |z, ]),

TP10 st — F=00
n=10 B :
m = 10

s.t. x; € argmin {f(xu,wl) =

Ty

T Ty, f= 10
(1+ 40100 Zjil(mliz’“i)27H121 cos( ZI\/E . )) }
e B

—r<ay, <mi=1,2,...,10

which represents the optimization results over multiple runs. The smaller

value of the fitness score represents better results for minimization prob-

lems and the opposite for maximization problems.

2. Computational effort: The upper- and lower-level optimization problems

have different numbers of function evaluations. In the numerical experi-

ments in this dissertation, the function evaluations at both levels are pre-

sented and used for the computational effort comparison with selected

algorithms.
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Table 2.3: Summary of the SMD Problems

Problem  Formulation Best Known Sol.

Minimize F(zy,z;) = (2uy)> + (:vll)2 + (uy)? + (Tuy — tan(mlz))Q,
T,y

SMD1

_ 2 2 —
2y semcammn{T TR D) et
m=2 ] u2 l2 = Y.

~5 <@y 10,5 <au, 10,5 <y, <10,—2 <w, < 7
Minimize F(zy,x;) = (acul)2 - (xll)2 + (xuz)2 + (Tuy — log(xlz))27
SMD2 Tl

— 2 2 F=0.0
n= s.t. @y eargmin{f(x“’xl) (‘f“l) +(2111) +}, f=0.0
m=2 - (Tuy —log(z,)) X

—5 < uy 10,5 <@y, <1,-5<xy, <10,0< 2, <e
Minimize F(zu, ;) = (Tuy)® = (21,) + (Tus)” + (wuy)® — tan(z1,))?,
Ty ,T|
SMD3 2 2
A f(@us21) = (2uy)? + 14 ((215)? — cos(2may ))+} F=0.0
n= s.t. x; € argmin 1 1 ,
m=2 ! gzl { ((zu2)2 - tan(xb))z, f=0.0
—5 <@y, $10,-5 <wu, 10,5 <ay, <10, <wm, < 7
Minimize F(zu, ;) = (Tuy)® = (21,)° + (€us)? = (|wuy | — log(1 + 1)),
SMD4 Bt
_ 2 2 _ F=0.0
- . = + 1+ ((x,)?* — cos(2mzy, )+
n= s.t. x; € ar: mm{f(x“’xl) (uy) 1 1 7 -
m =2 e (s | — log(1 + 21,))?, f=0.0
—5<xy; £10,-1 <@y, <1,-5< 17, <10,0< 7, <e
Minimize F(zy, ;) = (Zu1)2 - ((mh)Q - (112)2) + (w1, — 1)2 + Iiz
Ty, T
SMD5 = (|zug | — (112)2)2, F=0.0
n-= _ 2 2 _ 2 _ 2 _
. st mp € argmin{f(xu’xl) = (@u2)” + ((20)" = (21)%) + (20, = 1) +} . =00
) (IZug| = (%1,)%)
—5 < @y <10,-5 < @4y < 10,-5 < a2y, < 10,5 <y, < 10
Minimize F(IUvIl) = (mu1)2 - (xl1)27 (('7:11)2)2 + (xuz)Q - ($u2 - $12)2
SMD6 Tl

— 2 2 3 _ 2)2 F=0.0
n= st @ € argmin{f(x“’xl) (@ )? + (21,)?, ((21,)° — 21,)?) +}7 =00
m=2 x; (Ctu2 - xlz) s .

—5 < @y <10,—5 <@gy < 10,—5 < 3y, < 10,—5 < 27, < 10

Multi-objective Bilevel Problems

For multi-objective problems, hypervolume (HV) and inverted generational dis-
tance (IGD) metrics are used for performance comparison.

1. HV is commonly used to provide a measure of convergence and diversity
of a given non-dominated set of solutions. It is calculated as the union
of the dominated regions by each of the solutions concerning a reference
point in the objective space. Thus, the larger hypervolume value is pre-
ferred. For minimization problems, HV can be computed using Equation
2.231

HV = Ua; glv; € Q (2.23)

where «a;  is the dominated space with respect to reference point R for
the solution v; in the non-dominated set of ().
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Figure 2.9: An illustration about HV indicator.

Each graph in Figure represents different non-dominated solutions
and how improvement is being measured. The red line represents the
Pareto-optimal front and the algorithm tries to find a set of solutions that
approximates the Pareto-optimal solution. It is expected from Figure
that the HV value of Pareto-front 3 is higher than the others.

The generational distance (GD) of a set A is defined as the distance be-
tween each point a € A and closest point r in a reference set R, averaged
over the size of A. GD is calculated as in Equation [2.24

2.24
GD,(A,R) = (|A|Zrc%1}r%1dar) ( )

where d(a,r) is a distance function. Regarding Equation [2.24] IGD is
computed using Equation [2.25]

IGD,(A, R) = GD,(R, A) (2.25)

Figure |2.10| shows the objective space of the third graph in Figure
Grey hnes show the distance between Pareto-front 3 and a set of Pareto-
optimal. As we can see from the figure, the expected IGD value of the
Pareto-front 3 should be smaller than the others. It means that it has a
better approximation to the Pareto-optimal solution set.

Literature Review

In this section, we present some existing solution methods for BOPs. We men-

tion a wide range of existing works from classical approaches to evolutionary
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algorithms including some special cases and reformulations.

2.5.1 Classical Approaches

There are several classical approaches developed over the years in the literature
for solving BOPs. A serious amount of works considered linear bilevel problems.
Such as that focused on linear bilevel problems with continu-
ous variables and for combinatorial variables. BOPs can be reduced
to single-level problems under some conditions. If the lower-level problem is
convex and sufficiently regular, it is possible the replace the lower-level prob-
lem with its Karush-Kuhn-Tucker (KKT) conditions as they appear as Lagrangian
and complementary constraints. For instance, the Eq. can be reduced to
the following form as in Equation [2.26}

min F(z,,x)

Ly, ]
S.t. Gk(ZEu,ZEl) S 0, k= 1,2, .. .,K
Ay, L(zy, 21, A) =0,
gj<xuaxl) S()? ]: 1727"'>J

(2.26)

igj(@y,z) =0
A >0
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where Lagrangian constraints is L(z,, z;, ) = f(y, 1) + 37—y Ajg;(#u, 7). For
linear bilevel problems, the Lagrangian constraint is also linear so the single-
level problem is a mixed integer linear problem. At this point, we would like
to share a recent survey on mixed integer programming techniques in BOPs
[KLLS21]]. Considering this, some approaches based on vertex enumeration
[BK84, TMV93]] and branch-and-bound [FAM81], BF82] have been used to solve
these problems. The branch-and-bound approach is also successfully applied to
the single-level reduction of linear-quadratic [BM90] and quadratic-quadratic
[EB91] bilevel problems as the upper- and lower-level.

There are also a quite number of descent methods that have been proposed for
solving BOPs. In bilevel problems, the descent directions advantage is decreas-
ing the upper-level function value while the new point is still feasible which is
only if it is lower-level optimal. For example, [KL90] approximates the gradient
of the upper-level objective and [VSJ94b] works on determining the direction
of descent.

There are also some penalty function methods that have been proposed over
the years. The first one was made by Aiyoshi and Shimizu in [ADP20, AW90]
and they replaced the lower-level problem with a penalized problem. Then
[TA92]] proposed a double penalty method where both upper and lower levels
were penalized. [LHWWO7]] reduced the linear bilevel problem into a single
level using KKT conditions and the problem is handled using a series of linear
problems.

There are some approximate algorithms developed under the name of trust-
region methods for bilevel problems such as [CMSO05] that solve nonlinear BOPs.
It deals with convex lower-level objectives and with linear constraints. Also,
Colson et al. [CMSO02] approximated the bilevel problem around each iteration
with a model that is a linear-quadratic bilevel problem. The authors used a
mixed integer solver after applying KKT conditions.

2.5.2 Evolutionary Approaches

Evolutionary algorithms are popular approaches to solving BOPs. Even though
it is effective, these strategies are computationally expensive and not successful
in handling large-scale bilevel problems. It is applied in two different strategies:
the first is solving upper-level problems with an evolutionary algorithm while

the lower-level is being solved with classical approaches and the second one is
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solving both levels with evolutionary algorithms. The complexity of lower-level
problems is the main factor in deciding which strategy is the best. One of the
first attempts to solve bilevel problems with evolutionary algorithms was in the
early 1990s by Mathieu et al. [MPA94]]. The authors used a genetic algorithm to
solve upper-level problems and linear programming methods at the lower-level.
[LTMO6] used particle swarm optimization to solve BOPs. [LWOQ7]] proposed
a hybrid approach and they used a simplex-based crossover strategy to solve
upper-level problems and a classical approach for solving lower-level problems.

Another popular approach for solving BOPs is differential evolution-based app-
roaches. For example, [ZYWO06] solved upper-level problems while JAKB13]
used a differential evolution-based approach for both levels. The authors also
improved the algorithm by using different evolutionary approaches and com-
bining them to handle both levels. [AB15] used an ant colony optimization for
solving upper-level problems and differential evolution for solving the lower-
level problem for a transportation problem. [CGO11]] attempt to solve the
production-distribution planning problem in a bilevel model by utilizing an ant
colony algorithm.

Several works have been presented and used KKT conditions to reduce the
bilevel problem to a single level and apply evolutionary algorithms. For ex-
ample, [HMJS02] reduced a linear bilevel problem to a single level and used
a genetic algorithm to solve the problem. [WJLO5] proposed an algorithm by
utilizing a constraint-handling process to solve the problem. The algorithm
was successful in handling non-differentiable upper-level objective functions
and they improved the algorithm in [WLD11] and it was able to handle non-
convex lower-level objectives. [JLHW13]] used a particle swarm optimization
algorithm to solve the bilevel problem after reducing it into a nonlinear opti-
mization problem with complementarity constraints. Also, [WWS13]] improved
particle swarm optimization by embedding the chaos search technique to solve
bilevel problems after reducing a single-level problem.

2.5.3 Meta-modelling Approaches

The number of function evaluations to tune even small variable BOPs is quite
high in these methods. The meta-modelling approaches are developed over the
years to handle this problem. It is a commonly used method for expensive-to-
evaluate optimization problems [WS07]. It uses a surrogate model to approxi-
mate the actual model to reduce the function evaluations required to solve the
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actual problem. The complexity of BOPs leads to a requirement for a large num-
ber of evaluations. Population-based algorithms in meta-modelling techniques
improve the optimization process of BOPs. Reaction set mapping is one of the
meta-modelling-based techniques to solve the problem. It is based on the idea
of approximation to the lower-level problem during the bilevel optimization
process. Let us assume that an approximate mapping, ®, can be generated and
then the bilevel problem is reduced to the single-level problem as in Equation

2.27, as follows:

min F(z,, ;)

L, Ll

s.t. ; € P(xy,) (2.27)
Gr(zy, 7)) <0, k=1,2,... K.

Some works used evolutionary algorithms based on this approach, such as
[AKB14, [SMD17c]. Also [SMD13b, [SMD14a] proposed a nested approach wh-
ich based on quadratic approximations to the local reaction set. Another meta-
modelling-based method is approximate of the optimal value function. If the ®
mapping is given, the bilevel problem can be reduced to single level problem
[YZ10] and defined by

min F(z,,x)

Ly, ]

s.t. f(zy, 7)) < ®(x,)
Gk(xuaml>§0, kf:].,Z,...,K
gj(l'uazl)go, j:1,2,...,J

(2.28)

In Eq. ®(-) is unknown so approximating this function can be done by
meta-modelling techniques. As it is a single-valued function, approximating
avoids the complexities associated with the set-valued mapping. Following this
idea, if &’ represents the approximation mapping, the new single-level optimiza-
tion problems defined as follows:

min F(x,,x)

Ty,
s.it. fxy, ) < P'(x,)
Gr(xy, 1) <0, k=1,2,.... K
gj(Ty, 1) <0, j=1,2,...,J.

(2.29)
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In Eq. [2.29, the ®'(-) can be generated with the population members of an
evolutionary algorithm. The related works are in [SLDM17, SMD16a].

We would like to refer to some review papers in general bilevel optimization
[KDPV™15,[SMD17a,SMD18b, [QWP21]] and books [Tal13, DKPVK15b, Dem20]
for more in-depth information. Also [JYL21]] worked recently on convergence

analysis on bilevel optimization.

2.5.4 Multi-objective Bilevel Approaches

There are quite a lot of works have been presented for single-objective bilevel
problems but little has been done to solve multi-objective bilevel problems.
One of the main reasons behind it is computational complexity and hierarchical

decision-making process with conflicting objectives at both levels.

In [GD12] and [Yelll]] present some results on optimality conditions in multi-
objective bilevel problems. FEichfelder used classical approaches to solve in
[Eic10] while Shi and Xia [SX01]] used e-constraint method at both upper and
lower-levels to reshape the problem into e-constraint bilevel problem. In this
way, the authors reduced the problem to a single-level problem using KKT con-
ditions. One of the first studies was proposed in [Yin0OQ] and they studied nested
genetic algorithms for solving a transportation planning and management prob-
lem. Particle swarm optimization based nested strategy used to solve the mul-
ticomponent chemical system in [HMO6] for solving the problem with linear
at the lower-level. A hybrid evolutionary algorithm proposed in [DS10c] for
solving multi-objective bilevel problems coupled with local search. The authors
worked on both nonlinear and discrete bilevel problems. In multi-objective
problems, selection in the Pareto-frontier solutions is important, and there has
been some work done on the decision-making perspective in both lower and
upper-levels. For instance, [DS09b] the optimistic version of multi-objective
bilevel problems are solved and the most preferred point is considered at the
upper-level instead of all Pareto-frontier solutions. Similarly but at the lower-
level, some works have been done in [[SMD15a, SMD™15b]. There are also
several applications of multi-objective bilevel problems. For example, [BEA21]]
worked on solving the urban transit network design problem by multi-objective
bilevel optimization lately. Also, [dVWR20] presented a model multi-objective
bilevel model for the investment in gas infrastructures. We would like to refer
to a good recent survey at this point for a more in-depth look for multi-objective
bilevel optimization [MdDRMMMZ23]. Also, several works attempt to deal with
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uncertain environments in bilevel programming and we refer to a recent survey
[BLS23]] for more details.

2.6 Chapter Summary

This chapter reviews the definitions and notations relevant to this dissertation.
Mainly, two mathematical structures: Bayesian optimization, and single- and
multi-objective bilevel optimization have been introduced as they are being
widely used in the technical chapters. A formal definition for the optimiza-
tion problems has been given and detailed information on the field including
modelling and search techniques has been presented. Subsequently, bilevel op-
timization problems with a single objective and with Pareto-optimal solutions in
the case of multi-objective problems have been presented in detail. The chapter
concludes by presenting the existing works that have been used widely to solve
those problems. Subsequent chapters will introduce new advanced techniques
in Bayesian optimization and some approaches that are developed to deal with
single and multi-objective bilevel problems.
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Chapter 3

Conditional Bayesian Algorithm for
Bilevel Problems

( The works presented in this chapter have been published in the following b
article:

* Vedat Dogan, Steven Prestwich. 2023. Bilevel Optimization by Con-
ditional Bayesian Optimization. In Machine Learning, Optimization,
and Data Science: 8th International Conference, LOD 2023, Gras-
mere, Lake District, UK, September 22-26, 2023,

Abstract. In this chapter, we propose a method for solving bilevel op-
timization problems based on conditional Bayesian optimization. We
first formulate the bilevel optimization problem. Then, we present a
formulation based on Bayesian optimization for solving upper-level op-
timization by conditioning the lower-level decisions. We present empir-
ical results on popular test benchmarks and compare our methods with
the state-of-the-art. We conclude the chapter by identifying challenges
and some future work.

3.1 Introduction

In this chapter, we consider non-cooperative games called Stackelberg Games
[[Sta52]], which are sequential non-zero-sum games with two players. In Section
we provided necessary definitions and a generalization of the bilevel prob-
lems. In this chapter, we focused on constrained and unconstrained standard
bilevel problems for experiments.
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A decision pair z,,, ] represents a choice by the leader and an optimal feasible
solution of the follower. The structure of Stackelberg games is asymmetric: the
leader has perfect knowledge about the follower’s objective and constraints,
while the follower must first observe the leader’s decisions before making its
own optimal decisions. Any feasible bilevel solution should contain an optimal
solution for the follower problem. In these problems, the lower-level (follower)
optimization problem is a constraint of the upper-level (leader) problem. Be-
cause the lower-level solution is expected to be optimal given the upper-level
decisions, these optimization problems are hard to solve. Bilevel optimization
is known to be strongly NP-hard [HJS92] and it is known that even evaluating
a solution for optimality is NP-hard [VSJ94a].

According to the observations from existing literature (Section [2]), we can con-
clude the following issues:

* Classical approaches are limited in terms of the functions that they can
handle even though they are relatively fast. Also, the problem can be
converted to a single-level using complementary constraints but it needs
some assumptions and is defined only as necessary conditions for opti-
mality. Moreover, it often converges to the local optimum for non-convex
problems.

* Evolutionary approaches are relatively better than classical approaches
but they require a high number of function evaluations. Also, the opti-
mality cannot be guaranteed.

* Hybrid approaches are popular in solving bilevel problems and efficient
in solving constrained and unconstrained problems for single objective
optimization problems. The majority of the works focused on hybrid evo-
lutionary approaches as again a high number of function evaluations is
required for convergence.

The primary motivation for the research presented in this chapter comes from
the limitations of existing works described above. This work aims to be able
to solve constrained and unconstrained, linear and non-linear problems while
reducing the function evaluations as many as possible. The objective functions
are treated as black-box at the upper-level, meaning we did not use the func-
tion characteristics such as linearity, convexity or derivatives as input for the
algorithm. Moreover, we attempt the extract information from lower-level de-
cisions to improve the upper-level decision-making process by looking at the
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correlation between them at each iteration. Towards this goal, we present a
Conditional Bayesian Algorithm for Bilevel Problems (ConBaBo) in this chap-
ter. An extensive set of sixteen benchmark problems has been used to evaluate
the performance and the performance compared with state-of-the-art in the lit-
erature.

3.2 Notation and Definitions

In this section, we formally define the notation of the BOP and formulate our
notation of conditional BO and multi-objective acquisition approach to solve
BOPs.

BO [Fral§] is a method used to optimize black-box functions that are expensive
to evaluate. BO uses a probabilistic surrogate model, commonly BP [RWO06], to
obtain a posterior distribution P(f|D) over the objective function f given the ob-
served data D = {(z;, y;) }., where n represents the number of observed data.
The surrogate model is assisted by an acquisition function to choose the next
candidate or set of candidates X = {z;}{_, where q is the batch size of promis-
ing points found during optimization. The objective function is expensive but
the surrogate-based acquisition function is not, so it can be optimized much
more quickly than the true function to yield X. It is discussed in more detail in
Section 2. When we adapt the terminology to BOPs using the conditional op-
timization [PKG20], and assume that we have an expensive-to-evaluate black-
box function that takes a state s € S and an action as an input z € X, then the
function returns a reward, as formulated in Equation (3.1}

f(s,x): Sx X — R (3.1)

There is a distribution over states in conditional optimization P[z| which en-
codes the priority of states. The objective is to learn the best action for every
state in general and by maximizing the expected output for all states, as in
Equation (3.2}

Total Reward = /S E[f(s, 2)]P[s]ds. (3.2)

Conditional algorithms are those that consider a set of functions, each corre-
sponding to a state and for each iteration, the algorithm is willing to choose
the actions according to the state. At a stage after obverving n data points, we
have the data {(s;, x;, y;)}}.;, where y; = f(s;, z;). After we fit the observations
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to the BP from joint space S x X to the outputs y € R, we define the prior mean
po(s, z) and covariance function ko ((s, z), (s',2')) as follows in Equation 3.3}

pa(s, ) = po(s, ) + ko(s, 2, X) (K + o5 1)~ (Y, — 1°(X,)) (3.3)
— ko '

kn(s,z, 8, 2") (s,2,8,2") + ko(s, 2, Xp) (K + 021)  ko(Xp, s, 2')

where X, = ((s,2)1,. ., (8,2)ny), Yo = (y1,-..,yn) and K = /{:O(X'n,f(n) €
RTLXTL'

As [PKG20] declared conditional optimization is only necessary with interac-
tion. There are several existing works focused on conditional optimization.
For instance, the SCoT algorithm [BBKS13] works on discrete states and it
visits each state in a round-robin function. After it chooses the actions using
expected improvement. They applied their approach to hyperparameter op-
timization for machine learning algorithms for multiple datasets. The Profile
Expected Improvement [GBC™13] considers continuous states and they
propose an acquisition function for selecting the next state-action pair by using
expected improvement. The Profile q-Expected Improvement (PEQI) method
[SRBG19] extends the PEI approach for noisy problems by using the SKO al-
gorithm [HANMOG6]]. We adapted the approach to the nested structure of BOPs
which contains the interaction between decision-makers. Informally, a BOP is
a nested optimization problem in which the lower-level appears as a constraint
of the upper-level. In this work, we are going to use leader for the upper-level
decision maker and follower for the lower-level decision maker.

Note that we use men-oriented language in this work (for instance, we say
"his reaction" for the follower’s reaction to the leader’s decision), there are no
sexist meanings to it. We also are going to consider dealing with the optimistic
approach for solving BOPs. More detail is discussed in Section

Let us first define the terminology to be used throughout this dissertation. For
a given leader objective function F' : R™ x R™ — R and follower objective
function f : R” x R™ — R, bilevel optimization problem can be defined as in
Equation (3.4}
Minimize F(z,,z;)
LT, L

s.t. x; € argmin{ f(x,,x;) : g;(zy,x) <0, j=1,2,...,J} (3.4)

Ty

Gr(xy, ) <0, k=1,2,.... K
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where z, € Xy, x; € X are the vector-valued leader and follower decision
variables in decision spaces. G} represents the leader constraints while g; rep-
resents the followers constraints. Because the follower’s decision depends on
the leader’s variables, for every leader’s decision x,, there is a follower-optimal
decision x; [SMD18a]. In BOPs, a decision set z* = (x,, x}) is feasible for the
leader only if it satisfies all the leader’s constraints. The vector z* is an optimal
solution to the follower’s problem with the leader’s decision as a parameter.

3.3 Proposed Approach

As declared in [[SMD18a], for every leader’s decision, there is an optimal fol-
lower decision, such that those members are considered feasible and satisfy the
upper-level constraints. Because the follower problem is a parametric optimiza-
tion problem that depends on the leader decision z,, it is very time-consuming
to adopt a nested strategy approach that sequentially solves both levels. In the
continuous domain, the computational cost is very high. During the bilevel op-
timization process, it is important to choose wisely the next leader decision z,,
to speed up the search. So the question is: How to choose the next leader deci-
sion x!? Treating the leader problem as a black box, and fitting the previous
leader’s decisions and best follower reactions to the BP model makes it possible
to estimate the next point to evaluate wisely.

Recently an algorithm has been proposed based on BO [KDBN17]], using dif-
ferential evolution to optimize the acquisition function. It has been shown to
perform better than an evolutionary algorithm based on quadratic approxima-
tions (BLEAQ) [SMD13a]]. In this section, we proposed an algorithm by using
the previous iterations, including the follower’s decisions as priors and updated
the acquisition function with conditioning on the follower’s decisions to improve
performance. Moreover, we investigated the contribution of follower decisions
to optimizing the overall BOPs.

The follower can observe the leader’s decisions, but if we treat leader fitness as
a black box, then has been proposed then we also have available the best fol-
lower reactions to the leader’s decisions during the optimization process. Using
this data and extracting knowledge from previous iterations of the optimization
process is the main idea of the proposed approach. Another question is: Can
the leader learn from the follower’s decisions and use this knowledge for its own
decision-making process? Because of the structure of BOPs, the leader has no
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idea about the potential follower’s reaction at the beginning of the decision-
making. But in the following iterations, it can observe the feasible reaction of
the follower without knowing the follower’s objective, even if he is aware in

some cases.

Following the idea above, let us assume that we have an expensive black-box
function that takes leader decisions in leader decision space z, € X, and the
optimal follower’s response z; € X; as input. The upper-level function returns
a scalar fitness score, F(z,,z;) : X, x i — R. Given a budget of N, the
leader makes a decision and the follower responds to the leader accordingly.
The leader can observe this information during the optimization process, learn
how the follower reacts to the leader’s decisions in every iteration, and choose
the next leader’s decision to optimize the fitness score.

First, we discussed fitting the decision data to the BP model, then the moti-
vation behind conditioning. After observing n data points, that is leader de-
cisions, follower responses, and leader’s fitness score, {(z,,z},¥;)}, where
y; = F(zy,]) is leader’s objective. We fit the BP from &, x &; to y € R.
After we have the vector-valued dataset X,, = {(z,,2},), ..., (%, 2] )} and
Y, = {v1, ..., yn}, then we construct the GP by a prior mean ., and prior covari-
ance function k. Let us suppose to find a value of F'(x) at some vector-valued

decision z. So, the prior mean and covariance function are defined as follows
as in Equation [3.5]

p(27, w0) = po(a7, ) + ko (], 2o, X) (K + 05 1) 7H (Y — (X))
k(] @, (7)) = ko(af, zu, (27)', 2,)+ (3.5)
ko (@], Tu, Xn)<K + Ugj)_1k0<5(m (1), 27,)
Note that there is an interaction between decision-makers in BOPs because of
their hierarchical structure. Thus, it is important not to violate the leader’s
constraints during lower-level optimization. In this dissertation, we follow the
bilevel definition in [SMD18a] to avoid violating the leader’s constraints. As
declared in the paper, the optimal follower’s decision satisfies the leader’s con-
straints. Every optimal follower’s decision is a reaction to the leader’s decision,
which makes possible the use of conditional optimization.

After fitting the data to the model, we choose the next leader decision z,,, .
Then, we find the feasible reaction zj , and the fitness score of the leader
function y,,11 = F(2y,,,, 7, ,). We update the GP model with new data. Then,
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Algorithm 2 CoNBABoO: Conditional Bayesian Optimization for Bilevel Opti-
mization
Input: Random starting upper-level decisions with size of n
Xun : {Zuys - 2, }
1: Find the best lower-level responses X, : {z} ...,z } regarding X,, with
SLSQP algorithm [Kra88]
Evaluate upper-level fitness values : yy., = {F(zy,,2}), ..., F(xy,, 7] )}
Initialize Gaussian process (GP) model and fit the observed data :
gp(xm:m 37?1;,17 yl:n)
Update the GP model
for i = 0 : Budget do
Evaluate the conditional LCB acquisition function value
Suggest the next candidate z,, .. , by optimizing acquisition function
Evaluate the best lower-level response (zj . ) regarding z,, ., , using
SLSQP
10: Calculate the upper-level fitness: F'(zy,,, ;7] .. ,)
11: Update the GP model with new observations
12: return the best decision values (x,,x;) with upper-level fitness value
F(xy, 27)

RN H WD

we update the predicted optimal decisions for every iteration. After updating
the model with the new follower feasible decision point at each iteration, we
calculate the conditional acquisition values. For each follower optimal point z;
there is a global optimization problem over z, € X,. The lower confidence
bound acquisition function by [[CJ97] is used to choose the next point.
We choose the exploration weight § = 2 for the LCB acquisition function, as
it is the default setting. Acquisition function by conditioning on the follower’s
decision is defined as in Equation [3.6]

apep(],xy) = pn (2], ) — 5%0n($7, Ty) (3.6)

where [ is a parameter that balances exploration and exploitation during op-
timization. p represents the conditional mean and o represents the standard
deviation. The conditional mean is calculated as follows:

a7, 2) = polaf ) + ko(af 2 K)(K + 3D (Yo — 1°(X,))  B.7)

where y(-) is mean function and k(-) is covariance function.

In Equation we can see that the correlation between the conditioned data
set and the leader decision data set affects the mean function representing the
prediction. This change in posterior distribution is vital for the prediction of
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Figure 3.1: Two graphs on the right show the results for the CONBABO algo-
rithm, and the two graphs on the right show the results without conditioning
the lower-level decisions. The line’s colour changes from light grey to dark grey
in each iteration, and the red line is the shape of the acquisition function at the
end. Vertical lines show the upper-level decisions and black dots show the de-
cision pair (z,, z}). The red line shows the last decision pair after 10 iterations
with 5 training points.

the GP. In this way, we used conditional setting on BOPs by improving the
optimization with the follower’s decisions.

We can see the observation for the first 10 iterations for the acquisition graph
and how conditioning affects the optimization process in Figure The left
graph shows the acquisition function shape over 10 iterations without condi-
tioning the follower’s decision. The light grey colour represents the previous
acquisition graph and the red one represents the 10™ iteration. During the GP,
the acquisition function is the key point to select the next candidate and it is
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Figure 3.2: 15,5™ and 10" iterations of the acquisition function graph with and
without conditioning the follower’s decision.

done by optimizing the acquisition function. Thus, the acquisition function is
essential for BO. As we can observe from the the conditional acquisition
function shape (on the right in Figure is becoming convex even after 8 iter-
ations while the standard acquisition function shape (on the left in Figure is
maintaining non-convexity. It shows the importance of gaining the lower-level
optimal decision information for the upper-level decision makers. The graphs
on the right on each side show the upper and lower-level decision space. The
vertical lines show the upper-level decisions and the stars show the lower-level
responses to the upper-level decision-makers. We shared these graphs to illus-
trate search behaviour during the acquisition optimization process. We can see
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clearly that conditioning the lower-level decisions affects the choice of decisions
at both levels. It converges at global optima even in 8 iterations while the stan-
dard acquisition function tries to minimize the uncertainty at different points
in the search space. Practical problems in the bilevel structure are extremely
hard, and need time and consume computational power in most cases. So, we
believe the improvement of CONBABO algorithm and the technique proposed
provides a good technique for applying it to several practical problems.

We shared more acquisition graphs in a detailed way in Figure It shows the
acquisition graph for each iteration for 9 iteration. As we can see from Figure
the standard acquisition function behaves more explorative and tries differ-
ent points at each step while trying to obtain a global optimal decision. As we
can see from the graphs, the conditional acquisition function reached the near
global optima even in 6 iterations. This fact makes us save lots of function eval-
uation during the bilevel optimization process. The acquisition function shape
with conditioning becomes convex around global optima over the iterations
quicker compared with the non-conditional setting. The CONBABO algorithm
details are shown in Algorithm

3.4 Numerical Experiments

In this section, the numerical experiments conducted using ConBabo on sixteen
benchmark problems are discussed. The performance of ConBaBo is reported
on these problems and compared with various state-of-the-art algorithms. This
section first introduces these algorithms used for comparison and then follows
the details of the experiments. Finally, we discussed the obtained results.

3.4.1 Parameters

All experiments were conducted on a single core of 1.4 GHz Quad Core i5, 8Gb
2133 Mhz LPDDR3 RAM. The algorithm is executed 31 times for each test func-
tion and the results shown are medians. The termination criterion is selected
as ¢ = 107% representing the difference between the obtained result and the
best result of compared algorithms. BO and GP are implemented in Python
via the GPyOpt library [autl6] and optimize restarts selected as 10 with the
parameters of verbose=False, and exact feval=True. The method initialized 5
Sobol points to construct the initial GP model. The LCB acquisition function
has been selected for GP and the Radial Basis Function kernel is used.
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For optimizing the acquisition function, the L-BFGS method [LN89] has been
used. The exploration-exploitation parameter for LCB, w is set to 2. After we set
up the upper-level optimization method by conditional acquisition function, we
used Sequential Least Squares Programming (SLSQP) [Kra88] for solving the
lower-level problem in Python programming language. SLSQP is a gradient-
based algorithm that can handle both bounds and constraints. For evaluating
the CONBABO performance and making the comparison with the other selected
algorithms, we set the termination criteria considering the best-obtained result
of the other algorithms. The number of function evaluations is shared con-
sidering the Bayesian optimization iteration and compared with the selected
algorithms median of 31 runs. We run the algorithm 31 with different random
seeds to make the comparison fair.

3.4.2 Algorithms Used for Comparison

In this section, we present the selected algorithms from the literature for com-
parison which are briefly described below along with their references.

* NBLE [ISRS17]: This is a nested bilevel evolutionary algorithm that uses
different evolutionary algorithms at both levels.

* BLEAQ [SMD13a]: Bilevel Evolutionary Algorithm with Quadratic Ap-
proximation (BLEAQ) focuses on reducing the computational cost by ap-
proximating to the lower-level optimum variables instead of using an ex-
plicit search. The lower-level optimum variables are being approximated
as a quadratic function of the upper-level variables based on the truly
evaluated solutions on previous iterations.

* BOBP [KDBN17]: The BOBP algorithm is the first attempt in the litera-
ture to apply BO to solve BOPs. It approximates upper-level decisions in a
standard BO setting. It also has some similarities with the ConBaBo algo-
rithm, however, ConBaBo uses followers’ decisions in a conditional setting
and improves the search technique compared with BOBP.

* CGA-BS [AEN20]: The algorithm is based on a genetic algorithm with
new selection techniques based on chaos searching techniques. The paper
attempts to solve BOPs more efficiently and faster than other algorithms
by using the advantages of chaos theory.

* BLMA [ISRS17]: BLMA is a nested bilevel memetic algorithm that at-
tempts to reduce the computational cost by combining the advantages of
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global (Differential Evolution) and local search (Interior Point Algorithm)
strategies to identify optimum solutions.

* BIDE [ISRS17]: This is a nested approach and uses a differential evolu-
tion based algorithm to optimize both levels in bilevel optimization prob-
lems. The needed function evolutions are very high because the exhaus-
tive search is being used at both levels to locate the optimum. The re-
ported results are being used in [ISRS17].

3.4.3 Numerical Experiments on TP Problems

We compared the experimental results with some state-of-art algorithms in the
literature. To show the effectiveness of ConBaBo we compare it with the re-
sults in [SMD13a, KDBN17]. Sinha et al. present an improved evolutionary
algorithm in [SMD14b] based on quadratic approximations of the lower-level
problem, called BLEAQ. [KDBN17] propose an algorithm called BOBP with a
Bayesian approach.

Table shows the median fitness values at both upper- and lower-level for
CONBABO and other algorithms. We also show the median function evaluations
for upper- and lower-level optimization in Table We did not share the
standard deviation over multiple runs because we could not compare it with
the other algorithms as there is no information presented about the confidence
interval. The primary purpose of bilevel optimization is to solve the leader
problem, so in comparing the algorithms we focus on leader fitness and function
evaluations at each level.

As can be seen in Table ConBaBo achieved better upper-level results for 7
problems TP2, TP4, TP5, TP6, TP7, TP8, and TP9 in terms of fitness scores ob-
tained. A Wilcoxon rank-sum test has been realized to determine if the function
evaluation differences are statistically significant. We compared the obtained
result with the best of the compared algorithms. One of the test sets was con-
structed with the obtained results from the proposed algorithm and the other
one was constructed with the best algorithm from the others. The p-value ob-
tained from the test should be less than the significance level «, which is gener-
ally %0.05. The obtained p-value for upper-level function evaluations is 0.0019.
So as it is < «, the results show the results are statistically significant compared
with the best obtained results of the other algorithms. The number of func-
tion calls by the leader decreases significantly as we encounter near-optimal
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solutions at both levels as we can see in Table[3.2] The test benchmark has con-
straint problems with various dimensional decision variables. The CONBABO
results are promising when we consider the complexity of the problems in the
benchmark. We can see that ConBaBo performs well on this standard test set.

Total Function Evalutions (Log Scale)

1,000,000
Il ConBaBo Il BOBP BLEAQ

100,000
10,000
1,000
100
10

1 . - e - @ @ @ =@ @ — 1

TP1 TP2 TP3 TP4 TP5 TP6 TP7 TP8 TP9 TP10

Figure 3.3: Left: Median of total function evaluations for TP problems in log
scale.

Table 3.1: Median Upper level and lower level fitness scores of ConBaBo, BOBP,
BLEAQ algorithms for TP1 to TP10.

| Median Upper-level (UL) and Lower-level (LL) Fitness Scores
| ConBaBo BOBP BLEAQ
| UL IL | UL IL | UL LL

TP1 | 226.0223 98.0075 | 253.6155 70.3817 | 224.9989 99.9994
TP2 0.0000  200.0000 | 0.0007 183.871 2.4352 93.5484
TP3 | -18.0155 -1.0155 | -18.5579 -0.9493 | -18.6787 -1.0156
TP4 | -30.9680  3.1472 | -27.6225  3.3012 -29.2 3.2
TPS | -4.3105 -1.5547 | -3.8516  -2.2314 | -3.4861 -2.569
TP6 | -1.2223 7.6751 -1.2097 7.6168 -1.2099 7.6173
TP7 | -1.9001 1.9001 -1.6747 1.6747 -1.9538 1.9538
TP8 0.0000  200.0000 | 0.0008 180.6452 | 1.1463 132.5594
TP9 | 0.00003 1.0000 0.0012 1.0000 1.2642 1.0000
TP10 | 0.000285 1.0000 0.0049 1.000 0.0001 1.0000
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Table 3.2: Median function upper level and lower level function evaluations for
ConBaBo and other known algorithms for TP1 to TP10

\ Median Upper-level (UL) and Lower-level (LL) Function Evaluations
| ConBaBo | BOBP | BLEAQ
| UL LL | UL L | UL LL

TP1 |18.1333 190.6646 |211.1333 1,558.8667 | 588.6129 1543.6129
TP2 |17.6772 148.2746 | 35.2581 383.0645 | 366.8387  1,396.1935
TP3 |10.1836 111.1374 | 89.6774 1,128.7097 | 290.6452 973.0000
TP4 | 14.6129 1,063.901 | 16.9677 334.6774 | 560.6452  2,937.3871
TP5 |23.5164 222.2308 | 57.2258 319.7742 | 403.6452  1,605.9355
TP6 | 8.3333 323.1333 | 12.1935 182.3871 | 555.3226  1,689.5484
TP7 |13.7092 274.9229 | 72.9615 320.2308 | 494.6129 26,682.4194
TP8 |14.6066 114.9942 | 37.7097 413.7742 | 372.3226  1,418.1935
TP9 | 8.9215 1,020.8618 | 16.6875 396.3125 |1,512.5161 141,303.7097
TP10 | 15.1935 3,689.6452 | 21.3226 974.0000 |1,847.1000 245,157.9000

3.4.4 Numerical Experiments on SMD Problems

SMD problems are scalable in terms of the number of decision variables. We
compared our results with CGA-BS, BLMA [ISRS17]], NBLE [ISRS17], BIDE
[ISRS17], and BLEAQ algorithms. Table shows the upper-level fitness com-
parison with the other algorithms.

We shared the upper-level and lower-level median function evaluations at Ta-
ble|3.4|and Table |3.5|to show the effectiveness of the CONBABO algorithm. Also
for SMD problems, we did not share the standard deviation over multiple runs
because of the same reason with TP problems. We can observe that from Ta-
bles and that the upper- and lower-level function evaluations decrease
significantly. We run the Wilcoxon rank-sum test to determine if the function
evaluation difference is significant or not. One of the test sets was constructed
with the obtained results from the proposed algorithm and the other one was
constructed with the best algorithm from the others. The obtained p-value is
0.0031. These results show that ConBaBo can manage the difficulties resulting
from the proposed SMD benchmark by [SMD12al]. Moreover, it converges faster
to optimal solutions compared to other algorithms in the literature. The prob-
lems in the benchmark are scalable and have different difficulties in terms of
the interaction between decision-makers. Considering this, CONBABO performs
well on this unconstrained bilevel benchmark problem.
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Table 3.3: ConBaBo, CGA-BS, BLMA, NBLE, BIDE and BLEAQ upper level fitness

for SMD1 to SMD6.

Median Upper-level Fitness Scores

ConBaBo CGA-BS BLMA NBLE BIDE BLEAQ
SMD1 1.8x10°6 0 1.0x107% 5.03x107% 3.41x107%® 1.0x1076
SMD2 9.09x1076 2.22x107% 1.0x1076 3.17x107% 1.29x107% 5.44x10°6
SMD3 1.6x1076 0 1.0x107% 1.37x107% 4.1x107% 7.55x1076
SMD4 6.2x107% 3.41x107'' 1.0x107% 9.29x107% 2.3x10°%¢ 1.0x10°6
SMD5 1.49x107% 1.13x107% 1.0x107% 1.0x1076 1.58x107% 1.0x10
SMD6 2.36x10°% 9.34x107'! 1.0x1076 1.0x1076 3.47x10°6 1.0x10°©

Table 3.4: Median function upper level function evaluations for ConBaBo and

other known algorithms for SMD1 to SMD6

Median Upper-level Function Evaluations

ConBaBo  CGA-BS BLMA NBLE BIDE BLEAQ
SMD1  1.1x10' 1.01x10* 1.19x10® 1.52x10®° 6.0x10®° 1.19x10°
SMD2  1.4x10! 5.0x10* 1.20x10° 1.56x10%° 6.0x10° 1.20x103
SMD3  2.3x10! 1.0x10*  1.29x10® 1.56x10° 6.0x10° 1.29x103
SMD4 1.01x10! 1.25x10° 1.31x10%® 1.53x10® 6.0x10% 1.31x10°
SMD5 2.37x10'  1.0x10°  2.06x10° 3.40x10® 6.0x10% 2.06x10°
SMD6 2.41x10! 1.37x10° 4.08x10° 4.06x10®° 6.0x10% 4.08x10°

Table 3.5: Median function lower level function evaluations for ConBaBo and

other known algorithms for SMD1 to SMD6

Median Lower-level Function Evaluations

ConBaBo  CGA-BS BLMA NBLE BIDE BLEAQ
SMD1 3.8x10° 1.5x10* 2.37x10° 9.520x10° 1.8x107 2.37x10°
SMD2 3.81x10%2 1.5x10° 4.08x10° 9.63x10° 1.8x107 4.08x10°
SMD3  7.7x10° 2.0x10* 3.02x10° 1.04x10% 1.8x107 3.02x10°
SMD4 2.58x10% 2.58x10° 3.07x10° 8.33x10° 1.8x107 3.07x10°
SMD5 9.05x10%2 2.58x10° 8.42x10° 2.22x105 1.8x107 8.42x10°
SMD6 7.69x10% 3.39x10° 1.98x10* 1.11x10° 1.8x107 1.98x10*

3.5 Conclusion

BOPs are a specific kind of problem that feature two decision makers, with

a mathematical representation called “Stackelberg Games” in Game Theory.

There are two optimization problems in these problems called the “upper-level”

and “lower-level”. Decisions in each level are affected by those made in the

other, so the bilevel optimization scheme is time-consuming in terms of perfor-

mance. We propose CONBABO, a conditional Bayesian optimization algorithm
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Figure 3.4: Left: Median of total function evaluations for SMD problems in log
scale.

for bilevel optimization problems. The conditional Bayesian approach allows
us to extract knowledge from previous upper- and lower-level decisions, lead-
ing to smarter choices and therefore fewer function evaluations. ConBaBo in-
creases algorithm performance quality and dramatically accelerates the search
for an optimal solution. We evaluate our method on two common benchmark
sets from the bilevel literature, comparing results with those for top-performing
algorithms in the literature. The CONBABO algorithm can be considered a pow-
erful global technique for solving bilevel problems, which can handle the dif-
ficulties of non-linearity and conflict between decision-makers. Moreover, it
can deal with constrained and unconstrained problems with multi-dimensional
decision variables.
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Chapter 4

Bayesian Algorithm with
Multi-objective Acquisition
Function for Bilevel Problems

( The works presented in this chapter have been published in the following
article:

* Dogan, V., Prestwich, S. (2022). Bayesian Optimization with Multi-
objective Acquisition Function for Bilevel Problems. In: Longo, L.,
O’Reilly, R. (eds) Artificial Intelligence and Cognitive Science. AICS
2022. Communications in Computer and Information Science, vol
1662. Springer, Cham. https://doi.org/10.1007/978-3-031-26438-
2 B

Abstract.  In this chapter, we propose a method based on multi-
objective acquisition optimization during Bayesian optimization for
solving bilevel problems. First, we present the necessary background
and define multi-objective optimization problems. After we present the
Pareto optimality, we propose a hybrid approach with the improvement
of Bayesian optimization with multi-objective acquisition function op-
timization processes, called MACBP. Subsequently, we perform exper-
iments on a popular bilevel problem benchmark. We first report the
performance and compare it with existing state-of-the-art algorithms.
Finally, we report how the approach can be performed on many.
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4.1 Introduction

BO has been applied so far successfully to single-level optimization problems
to solve with a lower number of function evaluations. It is preferred gener-
ally when the true function evaluations are computationally expensive. In the
domain of bilevel optimization, few works have been done that applied BO to
solve BOPs as we discussed in Chapter [2| From the existing literature, we can
conclude that the benefit of black-box approaches cannot be underestimated as
they improve the function evaluations during optimization significantly. BOBP
[KDBN17] and ConBaBo, which is presented in Chapter [3| successfully applied
to improve algorithmic performance for solving BOPs. Lately, [LYY"18a] pre-
sented the benefits of using multiple acquisitions during BO.

In this chapter, we present an algorithm to solve BOPs with BO via multiple ac-
quisition functions, which we call MACBP. The details of MACBP are discussed
in Section Numerical experiments are conducted on a set of six linear and
nonlinear unconstrained problems. The performance is compared with existing
strategies (CGA-BS, BLMA, NBLE, BIDE, and BLEAQ) to show the benefits of
the proposed approach in Section (4.3

4.2 Proposed Approach

In this section, the details of the proposed approach are discussed. The de-
scription of the MACBP algorithm will be divided into three parts. Firstly, we
explain the notation used in this section for BOPs and their structure. Secondly,
we discuss BO and GP. Finally, we propose the MACBP algorithm for solving
BOPs.

4.2.1 Overall Framework

For the upper-level objective function F' : R” x R™ — R and lower-level objec-
tive function f : R" x R™ — R, the bilevel optimization problem can be defined
as in Equation 4.1

B e, O 3)

s.t. x; € argmin{ f(x,,x;) : gj(xy,x;) <0,j=1,2,...,J} (4.1)

X1

Gr(xu,x) <0, k=1,2,..., K
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where x, € Xy, x; € X, are upper-level and lower-level decision variables and
decision spaces, Gy, g; are constraints. Because the lower-level decision maker
depends on the upper-level variables, for every decision z,, there is a follower-
optimal decision z;. In bilevel optimization, the decision set x* = (x},x})
is a feasible member for the upper-level only if it satisfies all the upper-level
constraints and vector x is an optimal solution to the lower-level problem with
the upper-level decision as parameter.

BO is a method to optimize expensive-to-evaluate black-box functions. The
probabilistic surrogate model and acquisition functions is important for BO.
Predictions and uncertainties are provided by the surrogate model. It uses
commonly GP [RW09] as a surrogate model, to obtain a posterior distribution
P(f| D) over the objective function f given the observed data D = {(x;,y;)}";-
An acquisition function uses the posterior distribution to explore the search
space. So the surrogate model is assisted by an acquisition function to choose
the next candidate or a set of candidates X, = {x;}.,. Though the objec-
tive function is expensive to evaluate, the surrogate-based acquisition function
is not, so it can be optimized much more easily than the true function to yield
Xeand-

Let us assume that we have a set of collection points {zy,...,z,} € R? and an
objective function values of these points {f(z1),..., f(x,)}. After we observe
n points, the mean vector is obtained by evaluating a mean function y, at each
point x; and the covariance matrix by evaluating a covariance function or kernel
¥ at each pair of z;, z;. The resulting prior distribution on {f(z1),..., f(z,)}
is defined by

f(xlzn) ~ N(NO(‘len)y Eﬂ(xlzna xl:n)) (42)

Let us suppose we wish to find a value of f(X..,4) at some new candidate point

Xeandg- For this purpose, the prior over {f(z1.,), f(Xcana)} is given by (4.2)).
Then we can compute the distribution of f(X...q) given the observations in
Equations [4.3/4.4] and [4.5|

f(Xcand>|f(x1:n) ~ N(/JJO(Xcand>7 O-S(Xcand)) (43)

MO(Xcand) - Z0(4)(60,77,(17 xl:n)ZO(xl:ru ml:n>_1(f($1:n) - ﬂO(xl:n)) + MO(Xcomd)
4.4)

Ui(Xcand) = E0 (Xcand7 Xcand) - E0 (Xcand7 xl:n)<20<x1:n7 xl:n)_lzo(xl:rm Xcand)
(4.5)
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The distribution is called the posterior probability distribution in Bayesian statis-
tics. So it is very important during the BO and GP to choose the next point to
evaluate.

Acquisition functions are used to guide the search to a promising next point
during the likelihood optimization, and it balances exploration and exploita-
tion. Several acquisition functions have been developed over the years, such
as the probability of improvement (PI), expected improvement (EI) and upper
confidence bound (UCB).

* Probability of Improvement The PI acquisition function tries to measure
the probability that an arbitrary = exceeds the current best. Given the
minimum objective function value 7 in the data set, the formulation is as
follows [Kus63|]:

PI(z) = ®()\) (4.6)

where ®()\) is the cumulative distribution function of standard normal
distribution and A = (7 — pu(z))/(o(x)).

* Expected Improvement We can expect that the observation x will not
only reach the current best but also, reach the current best value at the
highest magnitude. The corresponding formulation can be expressed as
[I[SKKS09]:

El(z) = o(z)(AR(A) + ¢(A)) (4.7)

where ¢(-) is probability density function of standard normal distribution
and \ = (v — p(2))/(0(x)).

* Upper Confidence Bound This is not an improvement-based strategy like
EI and PI. It tries to guide the search from an optimistic perspective. The
formulation is:

UCB(z) = u(z) + fo(x) (4.8)

where [ is a parameter that represents the exploration-exploitation trade-
off. We fix 5 = 0.1.

BOPs have two levels of optimization tasks, such that the lower-level problem is
a constraint of the upper-level problem. In general BOPs, the follower depends
on the leader’s decisions z,,. The leader has no control over the follower’s de-
cision z;. For every leader’s decision, there is an optimal follower decision,
which can be called the reaction. Because the follower problem is a parametric
optimization problem that depends on the leader decision z,, it is very time-
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Algorithm 3 The MACBP Algorithm for Upper-level Optimization

Inputs: F,(x,,%;) : x, € X, x1 € X,

Total epoch N,

Initial decision data set D = (xy,, Fiu(Xu,, X},)),_,.
1: xj : Find the best lower-level decisions and set as upper-level parameters,
2: Initialize Gaussian model with Observations {x,, F,(x,,x;])}

3: fori=0:Ndo
4 Construct the acquisition functions according to the equations (4.8),

(4.7) and (4.6)

. with size of n,

5: Find Pareto-front of multi-objective acquisition problem using the
NSGA-II algorithm
6: For the chosen upper-level decision x,, find optimal x; by using SLSQP
7: Calculate fitness scores F and f*
8: Update the data set D = (x,,, F\ (X4, Xzi‘))z':l:q
9: Update Multi-objective Gaussian Process Model with new observations
10:

11: Return Best F}' and corresponding optimum variables x, x;

consuming to adopt a nested strategy approach that sequentially solves both
levels. In the continuous domain, the computational cost is very high. Dur-
ing the optimization process, it is important to choose wisely the next leader
decision x, to make the process faster. For this purpose, we will present the
proposed algorithm, which we call MACBBP, for solving bilevel problems by BO

via multiple acquisition functions.

Let us assume that we have an expensive black-box function that takes leader
decisions in leader decision space z, € X, and follower decisions coming from
the follower decision maker z; € X, as input. The function returns a scalar
fitness score calculated as in Equation [4.9;

Flag, ) Xox X; = R (4.9)

Given a budget of N, the leader makes a decision and the follower makes its
decisions accordingly. The leader can observe this information during the op-
timization process, and how follower decision-makers react to leader decisions
in every iteration and choose the next leader’s decision to optimize the fitness

score.

First, we discuss fitting the decision data to the GP model. After observing
n decision data {(z¢,y")}", where y; = F(x!, x!), we fit the data set to the
Gaussian process model. After we have the data set let X" = ((z,)", ..., (x.,)")
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and Y" = (y',...,y"), then we define the Gaussian process by a prior mean
1(z,,) and prior covariance function k((x,), (z,)). After observing n data points,
let K = k(X™, X™) € R™". So the posterior mean and covariance are given by
as in Equations |4.10[and 4.11}

)" = ) + kew, XM)(E + 030 (Y™ - p(X™) (4.10)

/ !

K (2, )" = k™2, x,) — k" (24, X") (K 4+ 021) k(X" z),) (4.11)

After fitting the data to the model, we choose the next leader decision. After
we find the optimal reaction (z"*!, z]"*!) and the fitness score of leader function
F(am*! 2t =y, we update the Gaussian process model with new decision
data (27*1 y"*1). We shared the details of the MACBP algorithm on Algorithm

for upper-level optimization.

There are multiple objectives to optimize when we consider the multi-objective
optimization problems. It is formulated as in Equation [4.12

mir;ier)r(lize f(x) = (f1(x),..., fa(x)) (4.12)

for a vector-valued function f(x) : R — R? and X € R. So it is hard and
commonly impossible to find a single optimum solution as there may be con-
flicts between the objectives. Therefore the main goal for these problems is to
approximate the Pareto-front. Let us say that f(x) dominates another solution
f(x) if £ (z) = £fO(a’) for alli = 1,2,..., M and there exists i’ € {1,2,..., M}
such that f7 (z) = fi (2'). So we can express the Pareto-optimal by P* = {f(x)
st Ix € X f(x') = f(x)} and X* = {x € X s.t. f(x) € P*}. A solution
set is Pareto-optimal if it is not dominated by any other point and dominates
at least one point. The Pareto-set is the set of all Pareto-optimal points, and
a set of Pareto-optimal points is called a Pareto-front. There are many multi-
objective optimization algorithms such as non-dominated sorting-based genetic
algorithm (NSGA-II), multi-objective evolutionary algorithm based on decom-
position (MOEA/D) [ZL07] and multi-objective optimization based on differen-
tial evolution (DEMO) [[TFO5].

Different acquisition functions have different characteristics according to their
structure and point selection strategy. Improvement-based strategies rely on the
best selection so far at each iteration. For example, the PI function value de-
creases when the difference between the mean function and the best objective
value so far below zero, u(x) — F*(x) < 0. The EI function value at sampled
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points would always be worse than the EI values at pending decision points.
Uncertainty-based acquisition functions, for instance, UCB, increase as o(z) in-
creases.

According to the different selection strategies explained above, we use the
multi-objective optimization method NSGA-II in this work, to find the best
trade-off between acquisition functions. It is a variant of the genetic algorithm
and because there are various kinds of studies and analyses available on this
method [DPAMO02], it is not discussed further in this chapter. Then we select the
next point in the leader’s decision during the bilevel optimization process from
the best trade-off between acquisition functions. This is called the Pareto-front
of acquisition functions. So in every iteration, the multi-objective optimization
problem constructed is:

minien)}ize { —UCB(z),—PI(x), —E](x)} (4.13)

After we find the Pareto-front from the multi-objective optimization Problem
4.13| we make the random selection from the Pareto-optimal decision set.

4.3 Numerical Experiments

4.3.1 Parameters

We evaluate the MACBP algorithm using two experiments. First, we run the
experiments by choosing a single point at each iteration for the setting of N, =
50. We set the number of initial random sampling to V;,;; = 20. Then, we
compare the results with those for the three single acquisition functions EI, PI
and UCB performances. Second, we run the experiment with stopping criteria
of d < 107> where d represents the difference between the results and the
optimum value of functions. We compare the performance of our proposed
method in terms of function evaluations in Table|4.3|and in terms of accuracy in
Table We run the algorithm in sequential mode and the Matern52 kernel is
used for GP for both experiments. The parameters for acquisition functions are
declared in Section 3.2. For the first experiment, the experiments are repeated
31 times to average the random fluctuations and the optimality gap in the log
scale presented in Figure

The optimization is completed in a single core of 1.4 GHz Quad Core i5, 8Gb
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2133 MHz LPDDR3 RAM. Bayesian optimization is implemented in the Python
language and uses BoTorch [PGMT19]], the SLSQP algorithm [Kra88] is used
for lower-level optimization, and the NSGA-II algorithm for multi-objective op-
timization by using PyMOO [BD20] library.

4.3.2 Algorithms Used for Comparison

The comparison of the proposed approach with the existing algorithms in the
literature is done based on objective values and computational effort on 6 un-
constrained BOPs which are discussed in Chapter [2 Section The se-
lected algorithms for comparison are discussed below:

* NBLE [ISRS17]: This is a nested bilevel evolutionary algorithm that uses
different evolutionary algorithms at both levels.

* BLEAQ [SMD13a]: Bilevel Evolutionary Algorithm with Quadratic Ap-
proximation (BLEAQ) focuses on reducing the computational cost by ap-
proximating to the lower-level optimum variables instead of using an ex-
plicit search. The lower-level optimum variables are being approximated
as a quadratic function of the upper-level variables based on the truly
evaluated solutions on previous iterations.

* CGA-BS [AEN20Q]: The algorithm is based on a genetic algorithm with
new selection techniques based on chaos searching techniques. The al-
gorithm attempts to solve bilevel optimization problems more efficiently
and faster than other algorithms by using the advantages of chaos theory.

* BLMA [ISRS17]: BLMA is a nested bilevel memetic algorithm that at-
tempts to reduce the computational cost by combining the advantages of
global (Differential Evolution) and local search (Interior Point Algorithm)
strategies to identify optimum solutions.

* BIDE [ISRS17]: This is a nested approach and uses a differential evolu-
tion based algorithm to optimize both levels in bilevel optimization prob-
lems. The needed function evolutions are very high because the exhaus-
tive search is being used at both levels to locate the optimum. The re-
ported results are being used as in the reference.
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Figure 4.1: The log optimality gap for the leader’s objective in SMD benchmark
problems.

4.3.3 Numerical Experiments

We evaluated the MACBP algorithm on six standard benchmark problems pro-
posed in [SMD12b]. It is called SMD test problems and the problems are uncon-
strained and high-dimensional with controllable complexities. They are scalable
in terms of the number of decision variables. Each problem in the benchmark
represents a different difficulty level in terms of convergence, the complexity of

Bayesian Bilevel Optimization 64 Vedat Dogan



4. BAYESIAN ALGORITHM WITH
MULTI-OBJECTIVE ACQUISITION FUNCTION

FOR BILEVEL PROBLEMS 4.3 Numerical Experiments

Table 4.1: The summary of SMD benchmark problems

Dimension Search Domain Optimal Value

UL LL UL LL UL LL
SMD1 2 2 [-5,10] x [-5,10] [-5,10] x [-5,5] 0.0 0.0
SMD2 2 2 [-5,10] x [-5,1] [-5,10] x (O, el 0.0 0.0
SMD3 2 2 [-5,10] x [-5,10] [-5,10] x [-5,5 0.0 0.0
SMD4 2 2 [-5,10] x [-1,1] [-5,10] x (O, e] 0.0 0.0
SMD5 2 2 [-5,10] x [-5,10]  [-5,10] x [-5,10] 0.0 0.0
SMD6 2 2 [-5,10] x [-5,10] [-5,10] x [-5,10] 0.0 0.0

Table 4.2: Upper-level accuracy for the proposed MACBP algorithm and other
known algorithms for SMD1-SMD6.

Upper-Level Accuracy

MACBP

CGA-BS
[AEN20]

BLMA
[ISRS17]]

NBLE
[ISRS17]]

BIDE
[ISRS17]]

BLEAQ
[SMD14b]

SMD1 2.51 x 1076
SMD2 1.33 x 106
SMD3 3.82 x 1076
SMD4 6.27 x 10~
SMD5 7.44 x 107
SMD6 1.09 x 10~

0

1.00 x 106

2.22x107% 1.00 x 10°6

0

1.00 x 106

3.41 x 10711 1.00 x 106
1.13 x 1072 1.00 x 10~
9.34 x 10~ 1.00 x 106

5.03 x 1076
3.17 x 1076
1.37 x 1076
9.29 x 106
1.00 x 1076
1.00 x 1076

3.41 x 1076
1.29 x 1076
4.10 x 1076
2.30 x 106
1.58 x 1076
3.47 x 106

1.00 x 1076
5.44 x 106
7.55 x 1076
1.00 x 1076
1.00 x 1076
1.00 x 1076

interaction and lower-level multi-modality as declared in [SMD12b]. Table
provides details on the problems. For all functions, we used 2D decision vari-
ables. The total function evaluations for the leader’s objective can be calculated
by Niter + Ninit-

Although BOPs deal with the leader’s and follower’s optimization problems, we
shall consider only the leader’s performance as it is the only one we model as
an expensive black-box function. The optimality gap plots between true opti-
mal points and approximated points in 50 iterations in log scale are given in
Figure As can be seen in Figure the proposed algorithm for bilevel
optimization is competitive with the sequential Bayesian method at upper-level
optimization with the UCB, EI and PI acquisition functions. We fixed the iter-
ation number for the first experiment to see how using multiple acquisitions
affects the performance when we compare it with single acquisition functions.
As we can see in Figure the multi-objective acquisition approach gave bet-
ter results than EI, PI and UCB alone for SMD1, SMD3 and SMD6. We can
see that the proposed algorithm reaches a closer point to the optimal value for
these problems compared with the single acquisition approach. The proposed
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Total Function Evaluations (Log Scale)
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Figure 4.2: Left: Median of total function evaluations for TP problems in log
scale.

algorithm gave better performance than UCB and PI for the SMD2 problem
but EI eventually reached a point that was closer to optimality. PI reached the
best point at the end of iterations for SMD 4 and they are so close as it is the
second-best one.

In the second experiment, we can see from Table that the MACBP algo-
rithm reached better results for SMD4, SMD5 and SMD?7 than the compared
algorithms. For SMD1, we get closer to the optimal solution than NBLE and
BIDE algorithms. We reached better results for SMD2 when we compared the
results with NBLE and BLEAQ algorithms. Compared with BIDE and BLEAQ, the
proposed algorithm gets better results for SMD3. We run the Wilcoxon rank-
sum test to determine if the difference in function evaluations is significant or
not. One of the test sets was constructed with the obtained results from the
proposed algorithm and the other one was constructed with the best algorithm
from the others. The obtained p-value for upper-level function evaluations is
0.0051. In terms of function evaluations, as the p-value is smaller than the
significance level, we can conclude that our MACBP algorithm decreased sig-
nificantly the function evaluations as we can see in Table [4.3]when we compare
the other state-of-art algorithm in the literature.

4.4 Conclusion

In this chapter, we proposed the MACBP algorithm, a Bayesian approach via
multi-objective acquisition functions for bilevel optimization problems. We ap-
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Table 4.3: Upper-level function evaluations for the proposed MACBP algorithm
and other known algorithms for SMD1-SMD6

Upper-Level Function Evaluations

MACEP CGA-BS BLMA NBLE BIDE BLEAQ

[AEN20] [ISRS17] [ISRS17] [ISRS17] [SMD14b]
SMD1 9.70 x 10! 1.01 x 10* 1.19 x 10> 1.52x 10> 6.00 x 103> 1.19 x 10?
SMD2 19.90 x 10 5.00 x 10* 1.20 x 103 1.56 x 10° 6.00 x 10® 1.20 x 10°
SMD3 10.30 x 101 1.00 x 10* 1.29 x 10> 1.56 x 10> 6.00 x 103> 1.29 x 10?
SMD4 26.90 x 100 1.25 x10° 1.31 x 103 1.53 x 10® 6.00 x 10® 1.31 x 10°
SMD5 17.00 x 10! 1.00 x 10° 2.06 x 103 3.40 x 10® 6.00 x 10> 2.06 x 10>
SMD6 14.70 x 101 1.37 x 10> 4.08 x 10> 4.06 x 10> 6.00 x 10°> 4.08 x 103

proached the leader’s objective as an expensive black-box function. We used

multiple acquisition functions during the bilevel optimization process and made

our selection from a Pareto-front solution set in each iteration. We selected six

popular SMD benchmark problems for the experiments. We compared our ex-

perimental results with a classic sequential setting of Bayesian optimization

with each acquisition function performance individually. We also compare our

results in terms of required function evaluations at the upper-level. It is shown

that the proposed MACBP algorithm is competitive with existing well-known

algorithms to solve bilevel optimization problems.
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Chapter 5

Batch Bayesian Optimization for
Multi-objective Bilevel Problems

Abstract. Bilevel multi-objective programming problems have multi-
ple objectives in their upper- and/or lower-levels. These problems in-
herit the computational complexities of both hierarchical structure and
multi-objective optimization. They are strongly NP-hard and require
significant computation to obtain non-dominated solutions at both lev-
els. Since every solution affects the lower-level optimality, efficient al-
gorithms at the upper-level are mandatory. In this study, we propose
a hybrid algorithm called BOMOBO, based on batch BO to improve
efficiency. We treat the upper problem as a black-box function, ap-
proximate its Pareto-front by considering hypervolume improvement,
and perform parallel evaluations during the Bayesian optimization pro-
cess. We use two different acquisition functions that are popular in GP,
specifically designed for multi-objective problems. We evaluate the ef-
fect of batch size on the optimization process and compare our results
with state-of-the-art algorithms. On three artificial problems and one
practical problem, the proposed BOMOBO algorithm approximates the
Pareto-optimal front using significantly fewer function evaluations.

5.1 Introduction

Bilevel problems can have single or multiple objectives at either or both levels.
In the case of multiple objectives at the lower-level, a set of good solutions exists
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for each upper-level variable z,. So the upper-level decision maker observes the
lower-level decision maker’s decisions via the z,, decision variable.

Standard BO is a sequential experimental design framework for efficient global
optimization of expensive-to-evaluate black-box functions. Multi-objective BO
(MOBO) combines a Bayesian surrogate model with an acquisition function
specifically designed for multi-objective problems, as it is discussed in Section
Hypervolume-based acquisition functions seek to maximize the volume
of objective space dominated by Pareto-front solutions. Expected hypervolume
improvement (EHVI) [EGNO6] is a natural extension of the EI acquisition func-
tion to multi-objective optimization. Single-objective problems can be derived
from MOPs by scalarizing objectives. For instance, ParEGO [Kno06b] maximizes
the EI using random augmented Chebyshev scalarizations [KnoO6bl]. MOEA/E-
EGO [ZLTV10] extends ParEGO to a batch setting using multiple random scalar-
izations and a genetic algorithm to optimize them in parallel. Recently in
[DBB20b]] another batch variant of ParEGO was proposed. Called qParEGO,
it uses compositional Monte Carlo objectives and a sequential greedy candidate
selection process. In this chapter, we focus on solving multi-objective bilevel
problems with a GP and batch Bayesian approach with a noise-free setting. We
treat upper-level multi-objective problems as black-box functions and optimize
them using batch BO with a multi-output GP as a surrogate model.

Batch BO aims to query multiple locations at once. The benefit of this approach
makes parallel evaluations possible at the same time. It is a vital part of various
kinds of practical applications such as product design in the food industry which
can be modelled as BOPs with multiple objectives [CPWO1]. One can only
produce a relatively small batch of different products at one time. Product
quality, especially for foods, is usually highly dependent on the processing time
since production. The batch is usually best to be evaluated at once. So, the
next batch of products should be designed based on the feedback so far. We use
tailored acquisition functions to optimize the design space for multi-objective
problems with fewer expensive function calls. To the best of our knowledge,
there is no previous work on a batch BO approach to multi-objective bilevel
problems. The closest work is that of [KPH21]] which uses multiple Gaussian
models for multiple objectives to solve robot and behaviour co-design, but not
with batch selection during BO or with hypervolume improvement.

In this chapter, we propose an algorithm to solve multi-objective bilevel prob-
lems by a black-box approach to upper-level multi-objective problems. The
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main aim is to improve computational efficiency while using hypervolume im-
provement to approximate the Pareto-optimal solution set. We compare the
BOMOBO algorithm with some existing algorithms in terms of function evalua-
tions and hypervolume improvement. Moreover, we show how batch selection
affects performance in batch BO. We propose a hybrid algorithm with a multi-
objective BO approach, using two different acquisition optimizers specifically
designed for multi-objective optimization problems. We use a Non-dominated
Sorting Genetic Algorithm (NSGA-II) to solve the lower-level multi-objective
problems, with a crossover operator to decrease lower-level function evalua-
tions. Using batch BO via a multi-output GP surrogate model in multi-objective
BOPs allows us to measure uncertainties in the multi-objective upper-level de-
sign space. Selecting multiple points rather than one point at a time makes the
optimization process more efficient. Moreover, the multi-output GP allows us
to work with several kernels that worked well in the literature while optimizing
the multi-objective upper-level design space.

The contribution of this chapter can be explained in three parts. First, we
present a new hybrid algorithm for solving multi-objective BOPs using batch
BO in a multi-objective setting. Different modified kernels and surrogate sur-
faces are described in the multi-output GP literature, and we can apply them
to multi-objective BOPs. Second, batch BO allows us to use batch selection
during optimization rather than just once per iteration. It provides informa-
tion on how batch selection affects the whole bilevel optimization process at
both levels. Last and third we use the qEHVI acquisition function and consider
hypervolume improvement for solving the following g-batch decision points at
the upper-level. This provides an approximation to the Pareto-optimal solu-
tions with less expensive function evaluations. Moreover, we use the qParEGO
acquisition optimizer in GP during upper-level decision-making and show how
parallel evaluations affect the whole multi-objective bilevel optimization pro-
cess.

5.2 Proposed Approach

BO is a method to optimize expensive-to-evaluate black-box functions. BO uses
a probabilistic surrogate model, typically GP [RWO09], p(f|D) to model the ob-
jective function f based on previously observed data points, that can be de-
clared as D = {(x1,v1),...,(Xn,yn)}. GPs are models that are specified by
a mean function u(x;{x,,y.},0) : R? — R and predictive variance function
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o(x; {Xn, Yn},0) : RT x R — R. Surrogate model p(f|D) is assisted by an ac-
quisition function o : X — R. We represent acquisition functions depending on
the previous observations as a(x; {x,,y,},) where 6 is Gaussian parameters
such as a kernel for the model. Because the objective function is expensive to
evaluate and the surrogate-based acquisition function is not, it can be optimized
more easily than the true function to yield x,,..,. The acquisition function selects
the point x,,,, that maximizes the acquisition function x,,.,, = argmazxeya(x).
Then, it evaluates the objective function y,.., = f(Xuew) and updates the data
set with new observations D <+ D U (Xpew, Ynew)-

In the GP, p(x) can be viewed as the prediction of the function value, and o(z)
is a measure of the uncertainty of the prediction. Multi-objective BO tackles the
problem of optimizing a vector-valued objective f(x) : R? — R? with f(x) =
(f1(x),..., fa(x)) for a vector-valued decision variable x € R?. Because of the
nature of the multi-objective black-box problems, we assume that there is no
known analytical expression. Multi-objective optimization problems generally
do not have a single best solution, so we must find a solution set instead of a
single solution: the set of Pareto-optimal solutions. We say that f(x) dominates
another solution f(x') if £ (x) = f@(x') foralli =1,2,..., M and there exists
i" € {1,2,...,M} such that i (x) = i (x'). So we can express the Pareto-
optimal solution set by P* = {f(x) s.t. #x' € X : f(x/) = f(x)} and X* = {x €
X s.t. f(x) € P*}. After obtaining the Pareto-front, the decision maker can
make decisions using the trade-off between objectives, or any preferences. In
general, multi-objective optimization algorithms try to find a set of distributed
solutions that approximate the Pareto-front.

Hypervolume improvement (HVI) is often used as a measure of improvement
in multi-objective problems [WH19]. Figure illustrates the hypervolume
improvement for 2 dimensional setting. The red area on the left graph rep-
resents the dominant solutions while the white area is non-dominated solu-
tions, and the green area on the middle graph represents the hypervolume im-
provement after the first point selection. The right graph illustrates the HVI in
the ¢ = 2 setting where ¢ represents that batch selection in batch BO. Several
methods have been proposed. Expected Hypervolume Improvement (EHVI) is
an updated version of Expected Improvement (EI) to HVI, and determined by
J(x) = Ep(f(x)p)[HVI(f(x))]. Previous work has considered unconstrained se-
quential optimization with ParEGO [KnoO6b]]. ParEGO is often optimized with
gradient-free methods. qParEGO supports parallel and constrained optimiza-
tion [DBB20b], and exact gradients are computed via auto-differentiation for
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acquisition optimization. This approach enables the use of sequential greedy
optimization of ¢ candidates with proper integration over the posterior at the
pending points.

Multi-objective bilevel optimization problems have two levels of multi-objective
optimization, such that a feasible solution to the upper-level problem must be
a member of the Pareto-optimal set of lower-level optimization problems. Each
level has its variables, objectives, and constraints. For the given upper-level
vector x, the evaluation of the upper-level function is valid only if the x; is
the optimum of the lower-level problem. A general multi-objective BOP can be
described as follows:

minimize {F oy By
XuGXu,XlEXl{ 1(Xu,Xl), ) ]V[u(xuaxl)}

subject to x; € argmin{ f1(xy,X;), ..., far, (Xu, X1); 9j(%Xu, %) <0, j=1,2,...,J}

X1

Gr(xu,x7) <0, k=1,2,..., K

(5.1)
In Eq. the upper-level objective functions are Fj(x,,x;), i = 1,2,..., M,
and the lower-level objective functions are f;(x,,x;), ¢ = 1,2,..., M, where

x, € X, and x; € X,. Gy(x,,x;) and g,(x,,x;) represent upper and lower-level
constraints respectively. j and K values represent the number of constraints at
the upper- and lower-level. The lower-level optimization problem is optimized
for x; considering x, as a fixed parameter.

In this chapter, we solve a multi-objective upper-level problem in a bilevel struc-
ture by treating it as a black box. We solve a vector-valued upper-level problem,
F(xy,x1) : R x R? — RM« where d and v are number of upper-level and lower-

level decision variable dimensions.

An acquisition function for MOBO is EHVI and maximizing HV is a procedure
for finding the maximum coverage with Pareto fronts [YEDB19]. We use the g-
expected hypervolume improvement acquisition function for a MOBO
procedure at the upper level. gEHVI computes the exact gradient of the Monte-
Carlo estimator using auto-differentiation, allowing it to employ efficient and
effective gradient-based optimization methods. More details about the qEHVI
can be found in [DBB20b]. Another acquisition optimizer we use is an ex-
tended version of a hybrid algorithm with on-line landscape approximation for
expensive multi-objective optimization problems (ParEGO) [KnoO6b]. It is ex-
tended to the constrained setting by weighting the expected improvement by
the probability of feasibility which is called qParEGO [GKX™14]. qParEGO uses
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Algorithm 4 BOMOBO ALGORITHM - UPPER-LEVEL OPTIMIZATION
Inputs: F,(x,,%;) : x, € X, x1 € X,
Batch points per epoch g,
Number of iteration n,
Reference point
1: Initial decision data set D = {x,,, Fu(xy,, X} ) }i=, with size of n,
2: x; : Initialize Best Lower-Level Decisions as parameters from NSGA-2 Algo-
rithm,
3: Initialize Multi-objective Gaussian Model with Observations {x,, F,(x,,x})}
4: fori=0:Ndo
5: Suggest new ¢-batch points by optimizing q-NEHVI and qParEGO acqui-
sition functions
6: forj=0:qdo

7: For each upper-level decision x,, find optimal x; by applying NSGA-
2 Algorithm
8: Calculate fitness scores F; and f*

n
i=1

10: Return Pareto-front F and corresponding optimum variables x}, x;

©

Update the data set D = (x,,, Fuu(xu,,X]))

a Monte Carlo-based expected improvement acquisition function, where the
objectives are modelled independently and the augmented Chebyshev scalar-
ization [KnoO6b] is applied to the posterior samples as a composite objective.
More details can be found in [DBB20b].

The proposed BOM0BO algorithm is a hybrid method for solving multi-objective
BOPs. Briefly, it works as follows. A population of the size of N,, initial decisions,
Xu, is randomly selected from upper-level decision set X,,. We used Sobol sam-
pling for the initial random selection. For each upper-level decision, the lower-
level problem is optimized using a Non-dominating Sorting Genetic Algorithm
(NSGA-II) with population size N,. For a given x, a Pareto-optimal solution set
is obtained by the NSGA-II algorithm. Lower-level decision values are selected
randomly from the Pareto-front obtained by the NSGA-II algorithm. We decided
to use the random selection from the Pareto-optimal solution set considering the
work [LYY"18b]. The solution set obtained after lower-level optimization iter-
ation (x,,x;) is used to find upper-level fitnesses F;(x,,x;) fori =1,2,..., M,.
We train the GP model with the data set (x,,y;) where y; = F;(x,,x;). We use
batch BO to choose the next candidates with the n-batch which declares the
number of the batch. In each BO iteration, the gEHVI and qParEGO acquisition
optimizers suggest g-batch (q) candidates.

The lower-level optimization process is repeated for each candidate of the up-
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per level batch decision candidate x,. It is important to note that dealing with
constraints is the most challenging aspect of BOPs. There are various appro-
aches developed over the years, such as optimistic and pessimistic approaches
regarding lower-level decision-making strategies; please see [AAC21] for more
details. While in the optimistic approach, the lower-level decision maker deals
with the constraints and makes decisions considering the most favourable de-
cision for the upper-level decision maker, the pessimistic approach assumes the
least favourable decision for the upper-level. In this work, we considered the
optimistic multi-objective bilevel problems and dealt with the constraints re-
garding the best interest of the leader. To avoid upper-level constraint viola-
tion, we made the random selection from lower-level Pareto-front considering
the upper-level constraints. The algorithm runs for 50 iterations for the whole
multi-objective bilevel optimization process. The details of the algorithm can
be found in Algorithm

5.3 Numerical Experiments

We share the details of the experiments for the proposed approach in this
section. We discuss the numerical experiments using the proposed BOM0OBO
algorithm on three different benchmark problems from [CAA15], including
quadratic unconstrained and linear constrained problems. Also, we applied
the proposed algorithm to the popular CEO problem from [ZHG"13].

* Problem 1. The problem is linear and constrained at both levels. The
formulation of the problem is given in Equation

e . Ty, — &
Minimize F(z,,x;) = | '
(Iuyxl) :ElQ

argmin f(z,,x)) = (mll)

subject to x; € xi x, (5.2)

_ 2 2 2
g(xu7X]) - .Tu - xll - le Z O

Gy, x1) =14z, +21, >0

0<z, <12, > —-1,2, <1

Both upper- and lower-level optimization tasks have two objectives and
the reference point for the problem is z,.; = (—1,0). The linear constraint
in the upper-level optimization task does not allow the entire quarter cir-
cle to be feasible for some y. Thus, at most, a couple of points from the
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quarter circle belong to the Pareto-optimal set of the overall problem. Re-
ported Pareto-optimal solutions for the problem are as in Equation as
follows:

1 1 1
CR3|zy, = —1— - F o812 -4 z, € |—=,1
{X ‘3311 Ty, Ty 2:F4 Ty y L [\/ﬁ ‘|}

(5.3)
Figure on the left graph shows the Pareto-front solutions for Problem
1. Dashed lines represent the lower-level Pareto-fronts and B and C points
as the two most Pareto-optimal solutions for the upper-level decision y =
0.9.

Upper-level Pareto
front

0.8 0.7071 0.6 Lower-level

Pareto fronts

Figure 5.1: Pareto-optimal fronts of the upper-level problem and some repre-
sentative lower-level optimization tasks are shown for Problem 1 with upper-
level decision variable y and lower-level decision z; for i = 1, 2.

* Problem 2. The problem is a quadratic and unconstrained problem at
both levels. The formulation of the problem is given in Equation [5.4

( (2, — 1)? + a3, + ()’ )

(2, —1)* + a7, + (xy — 1)°

7+t 5.4
subject to x; € (argmin f(2,, %) = (( xy, + @, )) (5.4)

X1 Ty, — T,)° + 2,

Minimize F(x,,x;) =

(2u,x1)

—1 < (zy, 21y, 1,) <2

The reference point for the problem is z,.; = (1,0.5). The upper-level
problem has one variable and the lower-level has two variables. For a
fixed of z,, the Pareto-optimal solutions of the lower-level optimization
problem are given as {z; € R|z, € [0,y],2;, = x;, = 0}. For the upper-
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level problem, the Pareto-optimal solutions are as follows:
xRz, =y, 2, =21, =0, 2, €[0.5,1.0] ;. (5.5)

As we can see in Figure on the right, if an algorithm fails to find true
Pareto-optimal solutions of the lower-level problem and finds a solution
such as a point C, then it might dominate a true Pareto-optimal point such
as point A. So, finding true Pareto-optimal solutions is a difficult task in
this problem.

F2 “ .............................................
Lower-level [:

20 Pareto fronts |}
1.5
| Upper-leyél Paréio |}
| front /,» "

i ~
Cl S v :
S e

uuuuu '{“-‘-'-'-'_.--— l >§

0 0.5 1 1.5 20 Fl1

Figure 5.2: Pareto-optimal fronts of the upper-level problem and some repre-
sentative lower-level optimization tasks are shown for Problem 2 with upper-
level decision variable y and lower-level decision z; fori =1, ..., K.

* Problem 3. We increase the dimension of the variable vector of Problem
2. The formulation of the problem is given in Equation [5.6

Minimize F(z,,x;) = (o, = 1) %z_Z 1, + ()

K x? 5.6
subject to x; € | argmin f(x,,x;) = T Zz:zgli ) (>.6)
X1 Ty — Ty + 2122 Zi,
—1< (.Iu,xll,l’b, '“7le) <2
The reference point for the problem is z,.; = (1,0.5). The upper-level
problem has one variable and the lower-level is scalable with K variables.

For this work, K is set to 14 and the total number of variables is 15 in this
problem. For a fixed z, the Pareto-optimal solutions of the lower-level
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optimization problem are given as follows: {z; € R¥|z, € [0,y],z;, = 0,
fori = 2, ..., K'}. For the upper-level problem, the Pareto-optimal solutions
are defined in Equation [5.7] as follows:

{x c RfHa, =y, 2, = 0,2, €[0.5,1.0], i =2,... ,K}. (5.7)

* Practical Case. This case is selected from [ZHG"13]]. In a company, the
CEO is as the leader in the problem and optimizing net profit and the
quality of products. The branch head is the follower in the problem and
optimises its own profit and worker satisfaction. According to the sce-
nario above, the problem itself can be modelled as a multi-objective BOP.
The deterministic way of the problem can be formulated in Equation (5.8
Let the CEO’s decision variable by x,, = (z,,,%.,) and the branch head’s
decision variable x; = (x;,, z;,, x;,). The constraints model requirements
such as material, marking cost, labour cost, and working hours.

Maximize F(xy,x1) =
(xu,x1)

Loy + 9Ty, + 10z, + 1, + 3244
9Ty, + 2Ty, + 22y, + Txy, + 4oy,

4y, + 6Ty, + Ty, + 43), + 8744
argmax f(xy, X)) =
X 62y, + 4xy, + 8z, + Tz, + 42y,
subject to x; € 91(Xu, x1) = 3wy, — 92y, — 92y, — 477, — 61 <0
g2(Xu, X1) = by, + 92y, + 10z, — —2y, — 227, — 924 <0
93(Xu, X1) = 3Ty, + 3Ty, + 1z, — by, —420 <0
G1(xu,x1) = 32y, + 92y, + 921, + 5zy, + 377, — 1039
G2 (Xu, x1) = —4xy, — 22y, + 327, — 327, + 227, — 94

('Iulaxuaaxllaxlga :Elg) 2 0

(5.8)
While the CEQ’s objective is to maximize the quality of the product and
the net profit, the objective of the branch heads is to maximize worker
satisfaction and branch profits.

5.3.1 Algorithms Used for Comparison

* DBMA: This is a popular nested algorithm that uses differential evolution-
ary methods at both levels of multi-objective BOPs, proposed in [ISR16].

* OMOPSO-BL: This algorithm uses a multi-objective particle swarm opti-
mization based algorithm for BOPs and is presented in [CAAIS]. It uses
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a lower-level archive to save the non-dominated solutions obtained by
lower-level iterations and it guides the lower-level search.

e H-BLEMO: This is a hybrid evolutionary-cum-local-search algorithm pre-
sented in [DS10al]. The evolutionary part of the algorithm contributes
by handling the multi-solution aspect of the problem and the local search
part ensures the lower level of optimality. It is also declared that the al-
gorithm is self-adaptive in terms of the key hyperparameters during the
optimization.

5.3.2 Parameters

We use the Python programming language to implement the problems. BoTorch
library [BKJ"19] is used for the upper-level optimization problem. qEHVI and
gParEgo acquisition functions for multiobjective optimization problems can be
found in the library. SobolQMCNormalSampler is used for random sampling
for starting the optimization. 2(d + 1) random upper-level decision point se-
lected where d represents the dimensions of the problem for constructing the
Gaussian process (GP) model. MaternKernel is used as it is the default selec-
tion. During acquisition optimization, we selected the number of starting points
num_restarts = 10 and raw_samples = 512 as it is recommended in [EGNO6]
for both qEHVI and qParEGO acquisition functions. Multi-start optimization
of the acquisition function is performed using LBFGS-B with exact gradients
computed via auto-differentiation. Other parameters are set as default for BO.
Lower-level optimization problems are solved using a genetic algorithm. For the
implementation of the problems, the pymoo library [BD20] is selected. We use
the Non-dominated Sorting Genetic Algorithm, called NSGA-II with the follow-
ing parameters. We selected pop size = 50 to represent the population size and
the number of generations is selected 50 as termination criteria. real random
sampling method is used for sampling. After we obtained the Pareto-optimal
solution set, we used a uniform random selection from the Pareto-optimal solu-
tion set. The algorithm is executed 10 times for each test function with different
batch sizes.

5.3.3 Performance Measures

The multi-objective algorithms are assessed in terms of convergence to the
Pareto-optimal front and concerning the diversity of the obtained solutions.
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Table 5.1: Function Evaluation Comparison Table for different batch sizes (¢ =
1,9=2,9=49=28)

| BoMoBO DBMA H-BLEMO
| (@ | UL IL | UL IL | UL LL
1 | 4,500 27,000
2 | 6,500 54,000
Problem 1 | 7| 17°50) 108,000 | 22229 312,500 | 14,163 629,590
8 | 18,500 216,000
1 | 2,700 14,580
Problem2 | 2 | 4,300 28,620
K=3) | 4 | 7200 38880 | 12028 312,500 16,146 700,634
8 | 9,900 48,060
1| 2675 57,780
Problem 3 | 2 1,575 34,020
K=14) | 4 | 6575 142,02 | VA N/A | 18,733 319,499
8 | 3,125 67,500

To examine the BOMOBO algorithm’s performance, we compare it with the
OMOPSO-BL and H-BLEMO algorithms in terms of the HV indicator and the
IGD metrics. We present our results in terms of function evaluations and com-
pare them with DBMA and H-BLEMO. We use the same number of final sample
sizes of the Pareto-optimal solution set to compare HV and IGD values with
the other algorithms. HV measures the volume of the space between the non-
dominated front obtained and a reference point. It is a common metric for
comparing the performance of the obtained solutions with the true Pareto-front
published for the problems. IGD calculates the sum of the distances from each
point of the Pareto-front to the nearest point of the non-dominated set found
by the algorithm. More details can be found for the metric in [CCRS04]. The
IGD values of the DBMA algorithm are not reported [ISR16] but we compare
the results with the HV metric. Both HV and IGD measure the convergence and
the spread of the obtained set of solutions.

5.3.4 Results and Observations

The statistics on function evaluations, HV difference, and IGD from Pareto-
optimal are given in Table and Table The HV and IGD values are
shared with the standard deviations of 21 runs. The standard deviations come
from BO. It is clear from Table that most computational effort is spent on
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the lower-level problem. Because of the nested structure of BOPs, the lower-
level problem must be solved for every upper-level decision, so it is vital to
improve upper-level performance for efficiency. We can observe that the upper-
level function evaluations decreased significantly compared to DBMA and H-
BLEMO. We could not compare the function evaluations with the OMOPSO-BL
algorithm because of unavailability in [CAA15]. We compare HV and the IGD
values with DBMA, OMOPSO-BL, and H-BLEMO algorithms in Table It also
includes the HV difference graph for different batch sizes. Figures and
reflect that the proposed algorithm can converge to Pareto-fronts with good
diversity and uniform distribution. Although BO is not generally effective on
high-dimensional problems, we nevertheless obtain results that are better than
the other tested methods.

5.3.4.0.1 Problem 1. Asshown in Table[5.1] function evaluations decreased
significantly compared with DBMA and H-BLEMO algorithms for Problem 1. We
observe that in Table the HV obtained by the proposed BOMoBO algorithm
is better than DBMA, H-BLEMO, and OMOPSO-BL. We also show hypervolume
values for different batch sizes of 2, 4,8. Because of a lack of observations for
a batch size of ¢ = 1 as we ran the algorithm for 50 iterations, the algorithm
could not find better HV values. The IGD values of observed values are not
better than OMOPSO-BL and H-BLEMO algorithms for this specific problem
with batch sizes 2,4, 8 as we can observe from Table We think that as the
problem is linear, and because of limited iteration numbers, the algorithm could
not get as close as the others. There were no reported IGD values for the DBMA

algorithm on this comparison.

5.3.4.0.2 Problem 2. We can observe from Table for Problem 2 that the
BoMoBO algorithm improves computational performance and decreases the
function evaluations significantly compared to DBMA and H-BLEMO. The HV
values are much better than DBMA, OMOPSO-BL, and H-BLEMO algorithms as
we can see from Table Note that because of the unavailability of OMOPSO-
BL and H-BLEMO experiment data, the results shown for these algorithms are
taken from [[CAA15]. The IGD results in Table show that the proposed
algorithm approximates successfully to the Pareto-optimal solutions.
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5.3.4.0.3 Problem 3. Table shows that the proposed algorithm signif-
icantly decreases function evaluations during the optimization while approxi-
mating the Pareto-optimum solutions for Problem 3. We compare our results
with DBMA and H-BLEMO algorithms, but not OMOPSO-BL because they did
not share this information (as mentioned above). The HV value for batch size
1 is better than OMOPSO-BL but not H-BLEMO, as we can see in Table
However, the proposed BoOMoBoO algorithm reached better HV for batch size
8. IGD values are shown in Table and we can observe that the approxima-
tion solution sets are not as close as the other algorithms. However, we think
that considering the significant decrease in function evaluations, it shows good
performance.

5.3.4.0.4 Practical Case. For the CEO problem, they use a weighted sum
method to obtain a single optimal solution x, = (146.2955,28.9394)" and x; =
(0,67.9318,0)" in [ZHG'13]]. They use a hybrid particle swarm optimization
algorithm with a crossover operator in [ZHGT13]]. [LZ21b] present Pareto-
front solutions and extreme points using CMODE/D algorithm. We present the
extreme points of our results in Table The proposed algorithm can obtain
the Pareto-front containing the single optimal solution obtained in [LZ21b].

Bayesian Bilevel Optimization 83 Vedat Dogan



5. BATCH BAYESIAN OPTIMIZATION FOR
MULTI-OBJECTIVE BILEVEL PROBLEMS 5.4 Conclusion

We focused on the extreme points on the Pareto-front solution set to make the
comparison with the solutions in [LZ21Db]]. As we can observe, the obtained
optimal solutions in Table cover more broadly in terms of the objectives.
We also share the optimal decisions for the leader and the follower for better
comparison. The experiments use both gqNEHVI and qParEGO and all batch
sizes. Table presents the best results obtained.

Table 5.3: Extreme points (EP) in obtained Pareto front for the practical case
by the proposed BOM0BO algorithm (1) and comparison with CMODE/D (2)

Leader’s Follower’s Leader’s Follower’s
Exteme Objective Objective Optimal decision Optimal decision
Point (F1, F2) (f1, f2) (xu) (x1)

1)EP; (529.86,1480.09) (3554.98,5266.08) (46.82,25.02)7  (0,24.83,0)T
EP, (964.41,264.74)  (533.02,646.19)  (53.61,66.81)" (4.72,0,0)7

(
(1)
(2)EP; (474.48,1849.36) (1030.12,1468.39) (146.30,28.92)T  (0,67.84,0)7
(2)EP, (1038.90,307.90) (830.79,523.31)  (0.03,107.75)7  (0,0,23.01)T

5.4 Conclusion

Multi-objective BOPs constitute one of the hardest classes of optimization mod-
els known, as they inherit the computational complexity of the hierarchical
structure and optimization. We propose a hybrid algorithm, called BoMoBoO,
based on batch BO to reduce the computational cost of the problem. We embed
two specifically designed acquisition optimizers for multi-objective problems
based on hypervolume improvement and parallel evaluations during optimiza-
tion to approximate the leader’s Pareto-front solutions. Moreover, we explore
how batch size selection affects the optimization process. We evaluate our pro-
posed algorithm on three numerical and one practical problem selected from
the literature and compare our results with state-of-the-art algorithms in the
literature. The results show that the proposed algorithm improves efficiency by
significantly reducing the computational cost.
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Chapter 6

Multi-objective Bilevel Decision

Making with Noisy Objectives: A

Batch Bayesian Approach

( The works presented in this chapter have been published in the following b
article:

Dogan, V., Prestwich S., (2023). Multi-objective Bilevel Deci-
sion Making with Noisy Objectives: A Batch Bayesian Approach.
ECAI’2023 Workshop on Multi-objective Decision Making Workshop
(MODeM2023), Krakow, Poland.

Dogan, V., Prestwich, S. (2023). A Batch Bayesian Approach for
Bilevel Multi-Objective Decision Making Under Uncertainty. AAAI'23
Workshop on Uncertainty Reasoning and Quantification in Decision
Making, Washington, USA

Abstract. Bilevel multi-objective optimization is a field of mathemat-

ical programming representing a nested hierarchical decision-making

process, with one or more decision-makers at each level. These prob-

lems appear in many practical applications, solving tasks such as op-

timal control, process optimization, development of government and

game strategy, and transportation. Uncertainty cannot be ignored in

these practical problems. We present a hybrid algorithm called BAM-

BINO, based on the batch Bayesian approach via expected hypervol-

ume improvement, that can handle uncertainty at the upper level.

Three popular modified benchmark problems with multiple dimensions,
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6. MULTI-OBJECTIVE BILEVEL DECISION
MAKING WITH NOISY OBJECTIVES: A
BATCH BAYESIAN APPROACH 6.1 Introduction

and one real-world example from the field of environmental economics
are used to evaluate the performance. The real-world example is a
decision-making problem between a governmental authority and a gold
mining company. The experimental results under the objective noise
compared with two popular algorithms in the literature. The results
show that BAMBINO is computationally efficient and capable of han-
dling upper-level objective uncertainty while approximating the Pareto-
optimal front. We also evaluate the effect of batch size on performance.

6.1 Introduction

Our work focuses on the special case of multi-objective BOPs in which the leader
has noisy objectives. We assumed that the follower is free to choose any feasi-
ble solution from a Pareto-optimal set. We used batch BO to improve efficiency,
approximating the leader’s Pareto-optimal front using fewer function evalua-
tions than existing works. We also presented a black-box approach to the noisy
leader’s objectives for handling the uncertainty during decision-making.

Hierarchical decision-making under uncertainty with noisy objectives becomes
more interesting in a bilevel structure. The follower can observe the leader’s de-
cisions, but the leader may have no idea how the follower is going to respond.
Previously observed decisions are therefore important. Uncertainty in the ob-
jective also complicates the leader’s decision-making, and our algorithm uses
a specifically designed acquisition function called gNEHVI to maximize EHVI
under noisy objectives. We call our algorithm BAMBINO (Bayesian Approach for
Multiobjective Bilevel Problems with Noisy Objectives). To evaluate its perfor-
mance, we considered three multi-dimensional test problems from two different
suites of multi-objective BOPs. Also, one environmental economics problem is
a decision-making problem between an authority and a gold mining company.
All examples illustrate the importance of taking uncertainty into account.

Most studies in the multi-objective bilevel optimization literature focus on solv-
ing the optimization problem without addressing the impact of uncertainty. In
practical problems, noise in the leader’s objectives might represent environmen-
tal uncertainty, for example, in a meta-learning regime [ABB"17] that can be
mathematically formulated as BOP [FEST18]. As another example, a govern-
ment might need to prevent terrorist attacks using information from unreliable

sources. Yet another example occurs in computing optimal recovery policies
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Figure 6.1: Decision making under upper-level uncertainty.

for financial markets [MBD12], using bilevel optimization with objective uncer-
tainties caused by several uncontrollable parameters.

BOPs are computationally expensive to solve because of their nested structure,
and they become even more complex when there are multiple objectives and
uncertainty (possibly at both levels). The main purpose of our work is to im-
prove the efficiency of solving multi-objective bilevel optimization while han-
dling leader objective uncertainties.

6.2 Proposed Approach

We consider a case that is crucial in practice, in which the leader must make
decisions under uncertainty based on noisy observations F;, = f(x,,,x;,) + &;
where ¢ ~ N(0,%;) and ¥; is the noise covariance and x,,x; are upper and
lower decision variables respectively. We reformulate the leader’s objective with
noisy observations as in Equation |6.1

minimize{ F} (x,,x;) + &1, ..., Fp(Xu, x1) + &} (6.1)

Xu X[

where ¢, ~ N(0,%,). The HV indicator measures the volume of space be-
tween the non-dominated front and a reference point, which we assume is
known by the upper-level decision-maker. The selection of reference points
is tricky. In this work, the reference point is chosen to be an extreme points of
the Pareto-optimal front, because reference points should be dominated by all
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Algorithm 5 BAMBINO

Inputs: F,(x,,x;) : x4 € X, %1 € X,
Batch points in each iteration Q,
The number of iterations for BO: N,
Reference point

1: x; : Find the Best Lower-level response as parameters with NSGA-II algo-
rithm,
Initial decision data set with the objective noise
D = xy,, Fy (x4, x;,), (3;);_, with size of n,
Initialize the GP model with the observations and the objective noise
fori=0:Ndo
Suggest new ¢-batch points by optimizing gNEHVI
forj=0:qdo
For each upper-level decision x,, find optimal x; by applying the
NSGA-II
Calculate fitness scores with noise F,(x,,x;) + ¢

g

10: Update the data set D with new observations
11: Return Pareto-optimal front F and (x,, x;)

Pareto-optimal solutions.

HVI of a set of points P’ is defined as HV I(P'|P,r) = HV(PUP'|r) — HV (P|r)
where P represents the Pareto front and r the reference point. Given observa-
tions of the upper-level decision-making process, the GP surrogate model pro-
vides us with a posterior distribution over the upper-level function values for
each observation. These values can be used to compute the EHVI acquisition
function, formulated in Equation defined by

Qeni(Xu|P) = E[HVI(F,|P)] (6.2)

So the EHVI iterates over the posterior distribution, an approach that worked
well in [DBB21a]]. After n observations of the leader’s decisions and the fol-
lower’s response, the posterior distribution can be defined by the conditional
probability p(F(x,,,x;,)|D,) of the leader’s objective values given decision vari-

ables (x,,,x;, ) based on noisy observations D,, = x,,, F;(x,,,x;,), (X;)_,. NE-
HVI is defined as in Equation [6.3
aneini(%,) = [ Qchui (Xul Pa)p(F|Dy ) dF (6:3)

where P, denotes the Pareto-optimal front, the optimal decision set over the
leader’s objectives F,,. The aim is to improve the efficiency of the optimization,
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and the handling of noise in the leader’s objective, by using the approach above
and reformulating the multi-objective BOP. The algorithm details can be found
in Algorithm

f,(x) f, (%) £,00

Reference Point f,(x) Reference Point fz(x) Reference Point f,(x)

Figure 6.2: An illustration of the dominated (red area) and non dominated
(white area) space. The green and blue area on the graphs represents the
hypervolume improvement of the new points.

6.3 Numerical Experiments

The test problems are selected from the literature [DS09c], to test scalability in
terms of decision variable dimensionality. The results are compared with state-
of-art evolutionary algorithms m-BLEAQ [SMD™16b] and H-BLEMO [DS10b].
The Pareto-optimal front is independent of the parameters. Also, we use a
real-world problem from environmental economics literature which considers a
hierarchical decision-making problem between an authority and a gold mining
company [SMFD13b].

* Example 1. The first example is formulated in Equation [6.4] and is a
bi-objective problem that is scalable in terms of the number of follower
decision variables. We choose K = 14 and K = 19, giving 15 and 20
follower variables respectively, with 1 leader decision variable. We choose
the reference point required to measure hypervolume improvement to be
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(1.0,0.5).

(m, — 1)+ T, o+

2
Min F(z,,x)) = ()" + ¢
(@w,X1) (J,’ll — 1) + Zz 2 Xy, +
(xu - 1) +’5

K 2
subject to x; € argmin f(x,,x;) = ( Ty, + Xilo T, ) (6.4)
X1 X

K 2
o Tyt Xise Zy,
-1 S (Iuaxlpxlgu "'7le) S 2

0.01 0
~ N(0,%), B¢ =
3 (0,%), e 0 0‘01]

The Pareto-optimal decision set of the lower-level optimization problems
for any given z, is given by Equation [5.5|in Chapter

* Example 2. The second test problem is formulated in Equation [6.5|and is
the modified test problem with 10 and 20 variable instances. We choose
the required reference point to be (1.1, 1.1).

Min F(xy,x)) =

(XU7X1)

(14 r —cos(anx,,)) + 2= 2(%1 - j%l)?+

T (2, — ;) — "’COS(’YS ok ) +§
(]. +7r— Sin<Oé7T'Tu1)) ] 2(‘7:“] - %)2—’_
T Yim K (), — 14,)° — Sln(72 ok + £)
subject to
2} + S (w, — 20,)?+ (6.5)
K
10(1 — w
%, € argmin F(xy.x1) 2= (K cos( & (x12 Tu;))
X1 Zi:Q( li - xul) +

ity 10] sin(F (21, — @)
v, €K, K],i=1,...,K
Ty, €[1,4],2y, € [-K,K],j=2,... . K
025 0 ]

~ N(0,5,), S =
3 (0,%), X 0 016

The Pareto-optimal front for a given leader is defined as a circle of radius
(1+r) with centre ((1+7r),(1+47)). We choose K = 5 for our experiments
with parameters » = 0.1,7 = 1 and « = 1, following [SMD™16b] so that
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our results can be compared with those for m-BLEAQ and H-BLEMO.

* Example 3. The third test problem is formulated in Equation and is
the modified test problem with 10 and 20 variable instances. We choose
the required reference point (0.8,0.0) for measuring the HVI during the
optimization. More details can be found about the Pareto optimal solu-
tions in [[DS09a]].

1 (Ta,) + Sjo (@l + 10(1 — cos(fowy, )+
K 2 T Ty
T imo(®y, — xy,)” —reos(yg ) +
Min F(xy,x1) = o . 2) () +¢
(Xu,X1) Ua(@uy) + 2o (g, + 10(1 — cos(Faw,))+
YK (2, — ,)? — rsin(vg%) +¢

2 K 9
: . + K (2, — 7,
subject to x; € argmin f(xy, x;) = (le Yo (T, — 1y,) )

xi YRl — xy,)?
w € [~K K] i=1,... K

zu, €[0.001, K], 2, € [-K,K],j=2,.. K

0.09 O

~ N(0,5), B¢ =
3 (0,%), X 0 0.00

(6.6)

c0s(0.27) .y, +
sin(0.27)/]0.02sin (57, )|
for0 <=z, <1,

Ty, — (1 —cos(0.27)) for z,, > 1.

where vy(z,,) =

—sin(0.27)xy, +
COS(O.QW)\/\O.O2 sin(5mz,, )|,
for0 <=z, <1

0.01(x,, — 1) —sin(0.27), for z,, > 1.

V2 (:Em) =

6.3.1 Algorithms Used for Comparison

* m-BLEAQ: [SMD"16b]] proposed an algorithm for multi-objective BOPs
which is an evolutionary algorithm based on quadratic approximations
for the lower-level decisions. It is an extended version of the BLEAQ
[SMD13a] algorithm for multi-objective problems.

* H-BLEMO: Another algorithm is selected to compare the results and pre-
sented in Section
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6.3.2 Parameters

We fixed the number of BO iterations to NV = 50 and repeated our experiments
21 times to obtain median results for making the comparison fair. We use the
independent GP model with Matern52 kernel and fit the GP by maximizing
the marginal log-likelihood. The method is initialized with 2 x (d + 1) Sobol
points where d represents the dimension of the problem to construct the initial
GP model. All experiments are conducted using the BoTorch [BKJ™19] library.
We solved the follower’s problem with the popular non-dominated sorted genetic
algorithm (NSGA-II) and chose the population size 100 and number of genera-
tions 200. We choose the follower’s decisions from the obtained Pareto-optimal
front at random, as all solutions in the Pareto-optimal front are feasible.

6.3.3 Performance Metrics

We compare our results in terms of upper-level function evaluations (FE) to
determine the efficiency of the algorithm as BO aims to minimize the function
evaluations while optimizing the expensive black-box functions. HV [FPLIO6]
and IGD [[CCRS04] are also used to evaluate the success of approximation to
Pareto-optimal fronts, in terms of convergence and diversity, discussed in more
detail in Section HV measures the volume of the space between the non-
dominated front obtained and a reference point. IGD calculates the sum of the
distances from each point of the true Pareto-optimal front to the nearest point
of the non-dominated set found by the algorithm. Therefore, a smaller IGD
value means approximated points are closer to the Pareto-optimal front of the
problem.

6.3.4 Results of Test Problems

The performance of BAMBINO is compared with m-BLEAQ and H-BLEMO in
Table showing computational expense and convergence. The FE is calcu-
lated by Nipitiar + (Npaten X Niter X Nyestarts) for the leader problem, where N;,ia
is the number of initial decisions for starting the algorithm and N,..g.,+s is the
parameter for Gaussian process declares the number of restart to avoid to stuck
at local optima. We choose it to be 2 x (d + 1) where d is the dimensions
of the decision variable. We run the experiment for different batch numbers
qg=1,9=2,q9=4,q= 8 to test the effect on performance. The HV difference
is shown in Figure for 15 and 20 variables, and 10 variables for Exam-
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Figure 6.3: Hypervolume difference graph (log scale) with different batch sizes
(g=1,q=2,q=4,q=8) for Example 1 with 15 (top-left) and 20 (bottom-left)
dimensions, for Example 2 with 10 (top-middle) and 20 (bottom-middle) dimen-
sions, for Example 3 with 10 (top-right) and 20 (bottom-right) dimensions.

ples 1 and 2 respectively. While increasing the batch size, decreasing the HV
difference as presented in Figure shows the convergence of the proposed
algorithm. Because of a lack of information in the reference paper, we could
not obtain the FE results for Example 1 with 20 variables.

* Example 1. We can see from Table that the required upper-level FE is
significantly lower, while the algorithm approximates successfully to the
Pareto-optimal front while handling the uncertainty at the leader’s objec-
tive. For 15 variables BAMBINO achieves ~ %38 improvement in terms of
FE compared to m-BLEAQ and ~ %89 compared to H-BLEMO. The IGD
values in Table for 15 and 20 variables show that BAMBINO success-
fully approximates the Pareto-optimal front of the problem while handling
the uncertainty of the leader’s objective for both. We show the HV differ-
ence between Pareto-optimal front solutions and approximated BAMBINO
decisions algorithm in Figure Again we tried different batch sizes for
the experiment, and it can be seen that a batch number of 8 is best for
this specific example at both dimensions. We could not compare the 20
dimensional version of the problem with the selected algorithms because
of the lack of information in [SMD™16b].

Bayesian Bilevel Optimization 93 Vedat Dogan



6. MULTI-OBJECTIVE BILEVEL DECISION
MAKING WITH NOISY OBJECTIVES: A
BATCH BAYESIAN APPROACH 6.3 Numerical Experiments

Table 6.1: FE and IGD values for the examples with the number of variable
dimensions for the batch size ¢ = 8.

Number of BAMBINO m-BLEAQ H-BLEMO

Variables T o nTTT R 16D FE IGD FE
Example 1 15 0.0044 4032 0.0013 6,464 0.0046 39,818
Example 2 10 0.0051 4022 0.0069 22,223 0.0134 106,003
Example 3 10 0.0076 4022 0.0079 25,364 0.0134 132,907
Example 1 20 0.0105 4042 - - - -
Example 2 20 0.1032 4042 0.0435 34,110 0.1106 191,357
Example 3 20 0.0924 4042 0.0623 36,439 0.1321 216,083

* Example 2. Table shows that BAMBINO obtains the best IGD results
compared to the other algorithms. In terms of FE, it significantly improves
state of the art, with ~ %81 improvement for 10 variables and ~ %88 im-
provement for 20 variables compared to m-BLEAQ. We also show the HV
difference in Figure|6.3|and we can observe that, for this specific example,
the batch number of 8 is the best selection for both 10 and 20 dimensional
versions.

* Example 3. Table shows that BAMBINO obtains the best IGD value
compared to m-BLEAQ and H-BLEMO while improving efficiency in terms
of FE: ~ 84% and ~ 97% with 10 variables, and ~ 89% and ~ 98% with
20 variables. Figure [6.3shows that batch size ¢ = 8 gives the best results.

In summary, BAMBINO is successful on the selected test problems while han-
dling noisy objectives with less computational cost. Noise in the leader’s objec-
tive makes the problem harder to solve but more realistic for modelling practical
problems, because of real-world uncertainty. We show the proposed BAMBINO
algorithm works well on these test benchmark problems.

6.3.5 Practical Case: Gold Mining in Kuusamo

Kuusamo region is a popular tourist destination known for its natural beauty.
There is a lot of interest in this region cause of contains a huge amount of
gold deposits, considered to be a "highly prospective Paleoproterozoic Kuusamo
Schist Belt" [Wol20]. The expected gold amount in the ore is around 4.9 g per
ton according to an Australia-based gold mining company. Even though there
is a big potential in terms of providing lots of jobs in the region and leading to
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a great amount of gold resources, there are some concerns about harming the
environment. The first of them is that mining operations may cause pollution
of the river water in the region. It causes fear for environmentalists. Second,
the ore in the region contains uranium and if it is mined, it might decrease
the reputation of the tourist resorts around. Another one is the open pit mines
around the area called Ruka will cause a turn-off for skiing resorts and hiking
routes around and it will decrease tourist interest.

The regulating authority, which is the government, acts as a leader and the
mining company is the follower which reacts rationally to the decisions of the
leader to maximize its profit. The leader should find an optimal strategy as-
suming that he holds the necessary information about the follower. In the sit-
uation explained above, the government has a decision-making problem which
is whether to allow mining and to what extent. In the problem above, the
leader has two objectives while the follower has one. The first objective is max-
imization of revenues coming from the project and the second objective is to
minimize the environmental harm which is a result of the mining. The mining
company also aims to maximize its profit. While the government is optimizing
its taxation strategy, it needs to model how the mining company reacts to any
given tax structure. Therefore, the authority makes an environmental regula-
tory decision instead of solving the problem to optimality. The objectives are
conflicting such as large profits may affect the environment by increasing the
damage which follows with a bad public image. The mathematical formulation
of this hierarchical decision-making problem can be found in Table More

Table 6.2: Gold Mining in Kuusamo

Category Level Formulation

Upper-level 7 [per unit tax imposed on the mine]

Variables Lower-level q [amount of metal extracted by the mine]
Upper-level ?ET’ q; i ?g& q)) f Zi; [t[aé<n1;ei\r/§1r11;z]mal damage]
Objectives 2nY = A :
Lower-level fi(7,q) = 7 (7,q) = (o — Bq)q — (6¢* +vq + ¢) — 7q [profit]
.. Upper-levelq > 0,7 >0
Constraints Lower-level 7(7,q) > 0
. 025 0
Uncertainty Upper-level § ~ N (ug, X¢), pre = (1,1), 3¢ = l 0 0 25]

Parameters
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Figure 6.4: The true Pareto optimal frontier for the government represents the
trade off between tax revenues and environmental pollution.

details can be found about the bilevel modelling of the problem in [SMFD13b]
and [[SMD"16c]. Figure presents the Pareto-optimal frontier of the given
problem for the government according to the formulation in Table We can
observe that increasing the tax revenue decreases environmental damage.

6.3.5.1 Results of Practical Case

In this section, we present the results obtained using the BAMBINO algorithm
on the analytical model of the problem proposed in Table Figure shows
the Pareto-optimal front obtained using the BAMBINO approach. The plot gives
the idea to the authority how to consider the trade-off between its objectives.
We used 50 iterations for upper-level optimization using a batch Bayesian ap-
proach with a batch size of 4. For lower-level optimization, the NSGA-II al-
gorithm is implemented with the same parameters specified in Section
We can observe that with the proposed method, the obtained results are dis-
tributed around the true Pareto-optimal frontier and are approximated to it
successfully. We also run the experiments for the batch size ¢ = 1,¢ = 2 and
q = 4 for testing if the algorithm converges to the Pareto-optimal front. The
IGD value is 0.0494 for ¢ = 1, 0.0033 for ¢ = 2 and 0.0021 for ¢ = 4. We can
see from the decreasing IGD values, that as we increase the batch number, the
selected points are more approximated to the true Pareto-optimal front. The
increasing batch size provides us with parallel evaluations during upper-level
optimization which decreases the needed execution time. It is also good to
handle environmental uncertainty, represented by ¢ in Table which may
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Figure 6.5: The obtained Pareto-optimal frontier for the government represents
the trade off between tax revenues and environmental pollution.

be an uncontrollable parameter such as inflation during the time of taxation
or unexpected environmental damage during the mining process. We can ob-
serve that the proposed method is successfully approximated even handling the
uncertainty of objectives.

We believe that BAMBINO can be applied to several practical bilevel problems
successfully applied in the machine learning community, such as image clas-
sification [MLA™20], deep learning [HLX"22], neural networks [LZ21a], and
hyperparameter optimization [LGZ"21].

6.4 Conclusion

In this chapter, we discussed bilevel multi-objective optimization under upper-
level uncertainty and presented a hybrid algorithm called BAMBINO, based on
batch Bayesian optimization with hypervolume improvement. We ran experi-
ments using three benchmark problems and one real-world problem from envi-
ronmental economics literature which is a decision-making problem between an
authority and a gold mining company. BAMBINO performed very competitively
in terms of computational efficiency and convergence. We also showed how
batch size selection affects performance in terms of hypervolume improvement.
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Chapter 7
Conclusion and Future Work

We proposed and investigated several different approaches to handle single-
and multi-objective generic bilevel optimization problems in this dissertation.
Toward this goal, we demonstrated the benefits of these approaches through
various numerical experiments and real-world problems. Also, we provided
a comparison with the established techniques developed in the literature on
bilevel optimization.

7.1 Conclusions

Bayesian approach for single-objective BPs

In Chapter |3 we presented the Conditional Bayesian optimization for Bilevel
Optimization (ConBaBo) algorithm. In this algorithm, a hybrid approach was
developed where the goal is to search the global optimum at the upper-level
via the surrogate-assisted model and the SLSQP algorithm is used at the lower-
level. The main difference of the proposed approach is conditioning the lower-
level decisions to improve the search at the upper-level. The approach attempts
to improve the upper-level search by conditioning the previous lower-level deci-
sions and the significant reduction in the number of function evaluations while
obtaining competitive results with other state-of-the-art algorithms.

In Chapter 4, we presented a model of the multi objective acquisition function
approach, called MACBP. We applied the multi-objective acquisition function
idea to improve the search at the upper-level to reduce the required function

evaluations while reaching competitive results. Upper-level problems are con-
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sidered as black-box and solved by Bayesian optimization via a multi-objective
acquisition function at each iteration. Then, the lower-level problem is opti-
mized by using the SLSQP algorithm at each iteration and results are compared
with other successful algorithms proposed in the literature. The results show
that the approach improved the computational performance of bilevel optimiza-
tion while reaching the competitive objective results.

Bayesian approach for multi-objective BPs

In Chapter |5, we tackled to solve multi-objective bilevel optimization prob-
lems and developed an algorithm, called BoMoBo. The algorithm considers the
upper-level multi-objective problem as a black-box. It uses a specifically de-
signed HVI-based acquisition function for multi-objective problems during the
BO process. The lower-level problem is solved by an evolutionary algorithm,
called NSGA-2 to obtain a Pareto-optimal front. The main goal of this approach
was to decrease the computational cost during the optimization process while
tackling the optima for multiple conflicting objectives. The experimental results
show that the proposed approach approximates the known Pareto-optimal front
while decreasing the necessary number of function evaluations. The approach
got competitive results compared with other algorithms.

The BamBiNo algorithm is presented in Chapter [6] to tackle the multi-objective
bilevel problems with upper-level objective uncertainty. It is an extended ver-
sion of the BoMoBo algorithm presented in Chapter|5| When we consider black-
box upper-level objective functions, it is highly possible and various kinds of
real-world applications with the uncertain environment and these uncertainties
affect the objective results. The BamBiNo algorithm attempted to deal with
these problems by multi-objective Bayesian optimization and the presented re-
sults show that the approach is successfully approximated to the Pareto-optimal
front while dealing with certainty. Moreover, it requires fewer function evalua-
tions compared with other algorithms.

7.2 Future Work

We identified some future research directions that arise from developing app-
roaches in this dissertation to deal with single- and multi-objective bilevel op-
timization problems. As the concept of the black-box approach to upper-level
decision makers, many interesting different directions can be identified.
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Fully approximating to both upper- and lower-levels

In Section [3] a surrogate-assisted model is used to approximate the upper-
level objective. There is also a considerable amount of work approximating
the lower-level problem in the literature. In such hybrid approaches, generally,
evolutionary methods are used at the other level. Fully approximated approac-
hes at both upper- and lower-level are still an open question in this literature
and these strategies can be combined as future work. While optimizing the
objectives at both levels, the black-box approach can make the full simulation
optimization possible during the decision-making process. Several real-world
applications are solved as bilevel problems with expensive approaches. Using
the full approximation methods in these practical problems might be useful.

Probabilistic approaches to pessimistic BPs

To examine the performance of the proposed approaches in this dissertation,
only an optimistic approach has been considered for selected bilevel problems.
Pessimistic approaches need more attention with approximating at each level as
several real-world scenarios exist with conflicting multi-level decision-making
systems. The majority of the works presented in this dissertation were exa-
mined with generic bilevel benchmarks and several real-world applications in
the literature can be solved by the presented approaches. Also, the uncertainty
information during the proposed approach, such as the acquisition optimiza-
tion step in Bayesian optimization, can be used for explainability during the
decision-making process.

Game-theoretic decision-making model and simulation opti-

mization

It is well known that bilevel optimization with both single- and multi-objective
problems is widely used for decision-making systems [MPM22]]. The appro-
aches developed and presented in Chapter |3| and Chapter [5/can be applied to
several practical problems, such as negotiations [ZQYS23]] in diplomacy or op-
timizing the tax policy of authority while optimizing the specific objectives of a
mining company as discussed in Section Another interesting application
to work on is the defence industry in terms of attacker-defender Stackelberg
games. For instance, the positioning of the missile interceptors to counter an
attack threat or interdicting nuclear weapons are some of them. The black-box
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approach at the upper level as presented in this dissertation is not dependent
on the specifications of the problems. In this way, the simulation-optimization
approach [SMdCMdSJ22] can be applied to multiple problems.
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Acronyms

BO Bayesian Optimization.

BOP Bilevel Optimization Problem.
CDF Cumulative Distribution Function.

EHVI Expected Hypervolume Improvement.

EI Expected Improvement.

GD Generational Distance. [33]
GP Gaussian Process.

GP-UCB Upper Confidence Bound.

HPR High Point Relaxation.
HV Hypervolume.

HVI Hypervolume Improvement.

IGD Inverted Generational Distance.

IR Inducible Region.
LCB Lower Confidence Bound.
MOP Multi-objective Optimization Problem.

PDF Probability Density Function.

PEI Profile Expected Improvement.
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Acronyms

POI Probability of Improvement.
qEHVI g-Expected Hypervolume Improvement.

RBF Radial Basis Function.
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