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Abstract

Abstract

Recommender Systems have emerged as a powerful tool in the information era.
Due to the overwhelming number of items (products and services) currently of-
fered on digital platforms, it is often necessary to use a system capable of ranking
the items and offering those that are most relevant to each user. These systems
typically use historical user-item interaction data to build models that can predict

the relevance of each item to the user.

There has long been a focus on increasing recommendation accuracy through the
development of new prediction models. However, this is just one of the ways
to improve these systems. It is also possible to equip them with new tools that
extend their functionality in different ways. The tools that we focus on in this

dissertation are uncertainty estimators.

The problem of uncertainty is relevant to Recommender Systems in at least two
ways: prediction uncertainty and label uncertainty. Prediction uncertainty is
the expected imprecision of the predictions given by the system’s model. Label
uncertainty is the chance that interactions used to learn the prediction model are
mislabeled. This dissertation reports by far the most extensive study of these
two types of uncertainty, offering a varied set of methods for their estimation,

ranging from heuristic data metrics to novel uncertainty prediction models.

In overview, this dissertation is the largest compilation of methods for estimating
prediction uncertainty and label uncertainty in Recommender Systems to date.
This collection includes already-existing methods — that we survey, rewrite in a
common notation, implement, make available under an open license, and compare
in-depth — and many original methods, some that derive directly from existing
work, but others that involve complex modeling. We divide our work into three
branches: prediction uncertainty in explicit feedback-based systems, prediction
uncertainty in implicit feedback-based systems, and label uncertainty in implicit

feedback systems.

While this dissertation proposes new uncertainty estimation methods, the novel
work in this dissertation is not restricted to new estimation methods. We also
propose new techniques for evaluating prediction uncertainty estimators. Fur-
thermore, we present and validate novel ways of using uncertainty estimators to

improve the operation of a Recommender System.
At the core of our research program, and for each of the three branches cited

above, we have rigorous validation of our prediction and label uncertainty esti-

Uncertainty in X Victor Azevedo Coscrato
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Abstract

mation methods through large-scale, reproducible empirical studies on publicly
available recommendation datasets that unveil important insights into the perfor-
mance and usefulness of the proposed methods. These studies include both the
novel and surveyed uncertainty estimation methods, and make use of the novel

uncertainty evaluation techniques that we propose.

This work can be an important mechanism for promoting new research on this
topic that is still largely unexplored in the world of Recommender Systems. Thus,
this dissertation is a contribution to the field of Recommender Systems, not just
in terms of an all-encompassing compendium of uncertainty estimation methods
for practitioners, but also in guiding future work. Given that the landscape
of Recommender Systems continues to evolve, our work is poised to shape the

discourse about uncertainty in the field.
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Chapter 1

Introduction

1.1 Background and Motivation

Advances in technology have made information, products and services easily ac-
cessible through digital platforms. Nowadays, numerous businesses offer a nearly
uncountable number of news and media posts, products and services, collectively
referred to as items. Some examples are: streaming services, such as Spotify and
Netflix; marketplaces, such as Amazon; and social media websites, such as Face-
book, Instagram and TikTok. Due to the huge volumes involved, it is difficult
for platform users to discover items they would like to consume and to choose

between candidate items.

Recommender Systems (RSs) have emerged as tools to assist item discovery in
these massive catalogs. They work by suggesting items that might be appealing
according to the user’s consumption behaviour. A successful RS should help its
users by exposing them to relevant items, especially ones that they may not have
discovered for themselves, and it should help the business by increasing sales,

revenue, customer retention and so forth.

The economic interest around RSs has led to a rapid growth in the research field.
The majority of the research conducted has focused on improving recommen-
dation accuracy by developing novel, and more sophisticated, recommendation
algorithms. Currently, there is a plethora of recommendation algorithms being

used in real-world problems, achieving very high levels of accuracy.

The main goal of a RS is to recommended items that are relevant to its users.

Typically, this requires that its recommendations are personalized. That is, the



1. INTRODUCTION 1.1 Background and Motivation

system must provide recommendations that are tailored to what it infers about
each user’s preferences. Nevertheless, there are other important considerations.
It is often also desirable, for example, for a set of recommendations to be diverse
and for at least some of its recommendations to be serendipitous. We leave the

explanation of diversity, serendipity and other RS side goals to Chapter 2.

There remain many open research topics, and the one we explore in this disser-

tation is the estimation of uncertainty in RSs.

Uncertainty is common to every machine learning (ML) task [HV07, HW21]. In
particular, model predictions carry a degree of uncertainty. This uncertainty is
often neglected, but it can be beneficial if uncertainty is quantified and even
exploited. The quantification of prediction uncertainty has different motivations
in different domains. For example, in medical decision making, estimating the
uncertainty of predictions is key to the management of risk [BBK19]. In weather
forecasting, estimating uncertainty and presenting the estimates to users can
increase credibility [WLY"19]. RSs are no exception to the rule. For reasons
that we explain below, recommendations can be uncertain and, as we also explore

briefly below, estimating their uncertainty can improve the operation of a RS.

The literature in the area of uncertainty in ML often categorizes uncertainty into
two types: aleatoric and epistemic [HW21]. The first refers to the randomness
of the data itself, which cannot be reduced by additional knowledge. The second
type, which is the focus of this dissertation, instead refers to the uncertainty
caused by lack of knowledge. Therefore, epistemic uncertainty reduces our ability
to know which of several prediction models is the correct one, which ultimately
leads to uncertainty around the chosen model’s predictions. For this reason, we
can define prediction uncertainty as the expected imprecision of a prediction.
Some related work in the area uses terminology such as reliability [BGOZ18] or
confidence [WLW*18, CTFLHT13], which, in the context of our work, we take

to be the opposite of uncertainty, that is, the expected precision of a prediction.

In RSs, prediction uncertainty has many causes. First, to provide personalized
recommendations, the system must infer the preferences of individual users. Nat-
urally, each user interacts with the items in a particular way: they click, purchase,
consume and/or rate in different ways. For example, some users interact with
many items, while others interact with fewer items; some interact with very few
items at all. Due to these particularities, the system becomes more knowledgeable

about some users and less about others. This is one cause of uncertainty.

Uncertainty in 2 Victor Azevedo Coscrato
Recommender Systems



1. INTRODUCTION 1.1 Background and Motivation

Similarly, each item has its own particular interaction pattern, which also affects
the level of uncertainty in recommendations. For example, popular (frequently
consumed) items tend to be fairly certain recommendations. On the other hand,

a more niche item from the ‘long-tail’ is often a more uncertain recommendation.

Furthermore, in practical RSs, the number of items is typically very large, mean-
ing that users will have interacted with only a tiny fraction of them. This is
known as sparsity. It means the system must infer a user’s preferences from a
relatively small amount of information, leading sometimes to the generation of

unsuccessful but also uncertain recommendations.

Finally, there are challenges in collecting reliable user-item interaction data
[SAA14]. In the case of Explicit feedback-based Recommender Systems (ERSs)
— the class of systems that rely on the explicit input of user ratings (explained
more fully in Chapter 2) — ratings data may be unreliable due to its high degree
of subjectivity [ZN09], which can be explained by variations in user behaviour,
personality and mood; change of preferences over time; and also by different inter-
pretations of the rating scales by the users [Blo98, APO09]. Moreover, ratings are
usually collected from open systems, being subject to natural noise (e.g. typing
errors) and even malicious noise (e.g. from shilling attacks) [OHS06]. Unreliable
user-item interaction data may even be caused by accidents. This is particu-
larly so in the case of Implicit feedback-based Recommender Systems (IRSs) —
the class of systems that observe and record aspects of the user’s interaction be-
haviour with the system, such as searches, clicks, downloads, purchases (again
see Chapter 2). A mistaken click, for example, means that the interaction data

is not wholly reliable.

In the case of IRSs, there is another — arguably much more problematic — form
of data unreliability, which is the lack of ‘negative’ feedback. An IRS does not
ask its users whether they liked or disliked an item they interacted with, or how
much they liked /disliked it. These systems record simply the fact that the user
interacted with the item. Therefore, there is no way to tell apart liked and disliked
items, only observed and not observed interactions with items. The traditional
way to overcome this challenge is to simply assume all items the user interacted
with are relevant to them, and in turn items the user did not interact with are not
relevant. This introduces another form of uncertainty in this type of system, that
we denote label uncertainty. Label uncertainty is the chance that an interaction
gets mislabeled, i.e. how likely it is that (i) an observed interaction is actually

irrelevant or (ii) an unobserved interaction is actually relevant.

Uncertainty in 3 Victor Azevedo Coscrato
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1. INTRODUCTION 1.1 Background and Motivation

The presence of label uncertainty decreases the reliability of the input data that is
used to learn the system. We leave further details for later (Chapter 5). For now,
it is enough to understand that label uncertainty is another form of uncertainty

and that it is rather different from prediction uncertainty.

Quantifying the uncertainty of an RS’s predictions and recommendations, ei-
ther in the form of prediction uncertainty or label uncertainty, is important
[MLG'03, Maz13, CTFLHT13, WFZ*22]. Ideally, uncertainty estimates should
help detect which predictions and recommendations are more or less likely to be

wrong [BGOZ18, ZOBG18].

Focusing first on prediction uncertainty, its estimation can improve the operation

of the RS in at least the following three ways.

First, estimates of prediction uncertainty can enhance the presentation of rec-
ommendations to users. This may make the RS more credible, increasing the
user’s trust and satisfaction. In the simplest case, we can present the degree of
prediction uncertainty alongside each recommendation [MLG"03, CTFLHT13].
But there are other ways that uncertainty estimates could affect the presentation
of a set of recommendations. For example, consider an RS that can offer expla-
nations for its recommendations. The user is most likely to need explanations
for recommendations where it is least clear why the item is being recommended.
These are likely to be the recommendations about which the RS is least certain.
The RS could use high uncertainty to trigger the offer of an explanation. This
may avert the loss of credibility that can come from showing recommendations

that do not make sense to the user.

Second, estimates of prediction uncertainty offer new strategies for selecting which
items are suggested to the user [Maz13, OLCGPB21]. Conventionally, the rec-
ommended items are those that the model predicts to have highest relevance
to the user. But, equipped with estimates of uncertainty, an RS might discard
highly uncertain recommendations, even when their predicted relevance is high:
the user is shown items that the RS is certain are relevant. On the other hand, a
RS might deliberately include some items that it predicts as relevant but where
the relevance is uncertain: from a user point-of-view, this coincides with the
idea that RSs are tools for item discovery; from a system point-of-view, this
helps the RS explore user tastes by seeking feedback on uncertain recommenda-
tions. An RS might even combine these strategies: playing-it-safe by selecting
some recommendations that are certain even though they may be obvious to

the user; but taking-a-risk by also recommending some of the less certain ones.
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This is reminiscent of the exploration/exploitation trade-off that is widely rec-
ognized and studied in Reinforcement Learning and even in the RS literature,
e.g. [BBG13, BU17]. In fact, controlling exploration/exploitation is arguably the
application where uncertainty is most frequently used in RS [YB21, ZTS*17].

Third, these estimates may be useful internally to an RS. A concrete example is
found in the CoRec system, which uses co-training [dCMC18]. CoRec comprises
more than one model and the most certain predictions of one model are added
to the training set of the other model. More generally, uncertainty measures
might help a hybrid RS decide which of several models to use in a particular
circumstance [Bur02a]. There are also examples of Active Learning in RSs in

which users are prompted to rate items that the RS is uncertain about, e.g.

[KMO1].

Turning now to label uncertainty, its estimation may also improve a RS’s oper-
ation, and in two main ways. First, similarly to prediction uncertainty, label
uncertainty may also be used to forge new strategies for recommendation selec-
tion. For example, items which a user has not previously interacted with that
present high label uncertainty can be deemed potentially relevant. This is be-
cause they were likely mislabeled as irrelevant. Therefore, we may modify the

system to encourage the recommendation of such items.

Second, label uncertainty estimates may be an important tool to counter-act
popularity bias [AMBM19] in RSs. Because unpopular items — or ‘long-tail’ items
— have few interactions, they are frequently deemed irrelevant, yet this may not
be correct. It is likely that some unpopular items would be relevant to a user. By
estimating label uncertainty, a RS might find these unpopular mislabeled items

and potentially recommend them to the user.

In the literature, there have been several attempts at estimating prediction un-
certainty in RSs, and we explore them especially in Chapters 3 and 4 of this
dissertation. However, we can identify several gaps in the field, deserving of more
research. To begin with, most of the available prediction uncertainty estimation
methods have not been compared to one another. An empirical comparison, with
a standardized form of evaluation — which the literature also lacks — is crucial to
assess the credibility of the different prediction uncertainty estimators. Another
issue is the lack of clarity over their coverage. That is, there is no clear cate-
gorization of which systems each prediction uncertainty estimator is applicable
to. For instance, some methods are model-agnostic, meaning that they can be

applied to any RS, while others are useful only for a restricted class of systems.
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Finally, many of these estimators are based on heuristics. We believe that a more
sophisticated form of uncertainty modelling could lead to better uncertainty es-

timates.

Unlike prediction uncertainty, label uncertainty is a relatively new concept and
has received very little attention in the RS literature. Therefore, our goal in this
branch of our research is to enlarge the literature with well formulated modelling

methods — see Chapter 5.

1.2 Contributions

This dissertation addresses prediction uncertainty and label uncertainty in rec-
ommender systems. More precisely, it discusses the various forms of uncertainty
estimation in both explicit feedback-based RSs (Chapter 3) and implicit feedback-
based RSs (Chapters 4 and 5). Moreover, it also explores how to properly evaluate
such uncertainty estimates. Finally, it also explores use cases for uncertainty es-

timates. Below, we present the main contributions this dissertation makes to the
field.

1.2.1 Uncertainty estimators for explicit feedback RSs

We conduct by far the most extensive aggregation of methods for prediction
uncertainty estimation in Explicit feedback-based Recommender Systems (ERSs)
(see Chapter 3). We define a taxonomy to classify the methods. Furthermore,
we re-write all the methods using a common notation; for some of the methods,
this was a considerable undertaking!. We are positive that this contribution will

substantially facilitate future research in the field.

In addition, we also propose two new methods for prediction uncertainty esti-
mation in ERSs, namely Ensemble (see Section 3.2.2) and CV-Bias (see Section
3.2.3). These new methods are variants of the methods we surveyed. According
to many of our evaluation metrics, these variants are effective, performing better
than the ones that inspired them [CB22]. In Table 1.1, we list all the uncertainty
estimators for ERS that we compared, highlighting the novel ones introduced in

this dissertation.

Tt is instructive to compare, for example, our presentation of OrdRec in Section 3.2.5 with
the original in [KS11] to see one instance of just how much work was involved in adopting our
common notation.
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Table 1.1: All the prediction uncertainty estimators for explicit feedback-based
RSs that we compare. The ones that are original to this dissertation are high-
lighted in gray.

Uncertainty estimator | Introduced in | Defined in
NEG-ITEM-SUPPORT [Maz13] 3.2.1
ITEM-VARIANCE [AKKO07] 3.2.1
RESAMPLE [Maz13] 3.2.2
ENSEMBLE Novel 3.2.2
EB-FunkSVD [ZOBG18] 3.2.3
EB-Linear Novel 3.2.3
CPMF [WLW 18] 3.2.4
BeMF [OLCGPB21] 3.2.5
OrdRec [KS11] 3.2.5

1.2.2 Uncertainty estimators for implicit feedback RSs

We also conduct the largest aggregation of methods for uncertainty estimation in
Implicit feedback-based Recommender Systems (IRSs). For IRSs, we distinguish
between two forms of uncertainty: prediction uncertainty and label uncertainty.
For this reason, we further divide our aggregation of the methods into two chap-

ters.

Prediction uncertainty in IRSs

In Chapter 4, we explore methods for prediction uncertainty estimation in IRSs.
The estimators in this chapter follow either from (i) heuristic data metrics or
(ii) computing variability in the relevance estimator. In particular, we identify
which uncertainty estimation methods from Chapter 3 are extensible to IRSs.
Furthermore, we also explore methods for uncertainty quantification in Neural
Networks (NNs).

Many high performing RSs in the literature use NNs. To the best of our knowl-
edge, two of the methods for uncertainty quantification in Neural Networks (NNs),
Bayesian Neural Networks and Deep Ensembles, have not been previously applied
to recommender systems, and so we include these in our investigations. There-
fore, none of the methods from Chapter 4 are original to this dissertation. What
is novel is their application to IRSs. Table 1.2 lists all the prediction uncertainty

estimators compared in the chapter.
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Table 1.2: All the prediction uncertainty estimators for implicit feedback-based
RSs that we compare in Chapter 4. We mark with * the methods that are to be
found in the literature but, to the best of our knowledge, have never previously
been applied to IRSs.

Uncertainty estimator | Introduced in | Defined in
NEG-USER-SUPPORT [Maz13]* 4.2.1
NEG-ITEM-SUPPORT [Maz13]* 4.2.1

ENSEMBLE [Maz13]* 4.2.2
Bayesian Neural Networks | [BCKW15]* 4.2.2
Monte Carlo Dropout [ZTST17] 4.2.2
Deep Ensemble [LPB17]* 4.2.2

Table 1.3: All the label uncertainty estimators for implicit feedback-based RSs
that we explore in Chapter 5. The ones that are original to this dissertation are
highlighted in gray.

Uncertainty estimator Introduced in | Defined in
Aleatoric Uncertainty-aware Recommendation [WFZ722] 5.1
ICPMF Novel 5.2.1
Gaussian-MLP Novel 5.2.2
Gaussian Binary Ranking Novel 5.3.2
Hierarchical Binary Ranking Novel 5.3.3

Label uncertainty in IRSs

In Chapter 5, we discuss the learning of label uncertainty estimators in IRSs.
Although Chapter 5, like Chapter 4, tackles the implicit feedback recommenda-
tion case, label uncertainty is very different from prediction uncertainty, both in
motivation and in its use cases, which is why label uncertainty deserves its own

chapter.

The main contribution of this chapter is the definition of four novel methods for
label uncertainty estimation: ICPMF, Gaussian-MLP, Gaussian Binary Ranking
(GBR) and Hierarchical Binary Ranking (HBR). This is a considerable under-
taking considering that these models are quite different from each other. For
instance, without jumping into details, Gaussian-MLP is neural-network based
while HBR is a hierarchical Bayesian model. In addition, we extensively com-
pare these methods against Aleatoric Uncertainty-aware Recommendation, the
closest method from the literature. Table 1.3 lists all the uncertainty estimators

compared in the chapter.
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1.2.3 Evaluation of prediction uncertainty estimates in

RS

We present an extensive review of methods for evaluating prediction uncertainty
estimates in both explicit and implicit feedback-based RSs. In addition, we ex-
tend and improve the techniques and metrics for evaluating prediction uncertainty
estimates in RSs. In particular, we analyse how prediction uncertainty correlates
with dataset statistics; we fix possible issues with existing metrics; and we pro-
pose new forms of evaluation for prediction uncertainty estimates in the top-n
recommendation task. As explained in contribution 1.2.5 below, using these ex-
tended and improved techniques and metrics, we are able to conduct rigorous and

reproducible empirical comparisons in Chapters 3 to 5

1.2.4 Uses for uncertainty estimates in RSs

We review and expand on the methods to exploit prediction uncertainty estimates
in both explicit and implicit feedback-based RSs. More specifically, for explicit
feedback-based RS, we introduce the idea of uncertainty-aware ranking, drawing
in part on a recommendation strategy proposed in [OLCGPB21]. In particular,
in Chapter 3, we distinguish uncertainty-based filtering (UBF) and probability-
of-relevance ranking (PRR). In Chapter 4, we extend the UBF strategy to IRSs.

Similarly, in Chapter 5, we explore Mislabeling-Aware Ranking (MAR), that
derives from [WFZ722], another form of uncertainty-aware ranking, but based

instead on label uncertainty.

We show that, in some cases, it is possible to provide more accurate recommen-
dations by making use of uncertainty estimates through UBF or PRR. We also
show that, in some cases, MAR increases overall recommendation accuracy and,

on top of that, also helps reduce popularity bias.

1.2.5 A reproducible empirical comparison of the uncer-

tainty estimators

Prior to this work, the literature in the field was largely disconnected. Most
of the methods that we survey have never been empirically compared to each
other, and therefore there was no clarity on what the state-of-the-art was. Of
course, none of them had been compared with the methods that are original to

this dissertation. We perform the most comprehensive comparison of uncertainty
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estimators for both ERSs and IRSs to date. In each case, we use popular and

widely available datasets.

We provide implementations for all the methods in Tables 1.1, 1.2 and 1.3 under
an open license. Therefore, all of our experiments are completely reproducible,

and new developments in the field can benefit from our source code.

1.3 Notation

In this section, we introduce general notation — notation that will be used
throughout this dissertation. Other notation, which is specific to particular mod-
els, will be introduced on an as-needed basis in the remainder of the dissertation.

Table 1.4 summarizes the notation schematically.

We will assume that our data consists of a set of users U, a set of items [, and
a set R of user-item interactions. When numeric ratings are available (explicit
feedback), R is formed by user-item-rating triples, where triple (u,i,7r,) € R
means that user u’s rating of item ¢ is r,; € S. S is the set of possible ratings
—e.g. {1x,--- ,5k}. Otherwise, we assume we have unary implicit feedback and
so R is a set of pairs (u,i), that contain the observed interactions. That is, if
user v has interacted with item ¢, then (u,i) € R. In addition, in this setting,

the set of unseen pairs (unobserved interactions) is represented by the symbol

R = {{u,d|ucUsicl,(ui) ¢ R)}.

A wuser’s profile R,,. is the set of items that user u has interacted with. Formally,
R, = {i: (u,i,ry) € R} if the interactions are explicit ratings, or R, = {i :
(u,i) € R} otherwise. Similarly, an item’s support set R.; is the set of users that
interacted with item i: R; = {u : (u,4,7,) € R} in the case of explicit ratings,
or R; =A{u: (u,i) € R} for implicit feedback.

We will postpone a more extensive description of the remaining notation in the

table (such as 7 and w) for later chapters.

1.4 Publications

The following publications were produced from the work in this dissertation:

e Victor Coscrato and Derek Bridge: Estimating and Fvaluating the Uncer-

tainty of Rating Predictions and Top-n Recommendations in Recommender
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Table 1.4: The dissertation’s notation. Notice that the same notation may have
a slightly different definition for ERSs and IRSs.

General Notation

The set of all users.

The set of all items.

o] Hanl

A rating or relevance scoring function, F': U x I — R.
For conciseness, Fy; := F(u,1).

@

An uncertainty prediction function, G : U x [ — R.
For conciseness, G; := G(u,1).

Candidate items, C, C I, that might be recommended to user w.

List of n items that are recommended to user w.

TR

The uncertainty threshold for Uncertainty-Based Filtering.

Explicit feedback-based Recommender Systems (ERSs)

<
e
.

User u’s rating for item .

The ordered set of m possible rating values, S = {s1,...,8n}.

The set of all user-item-rating-triples.

User u’s profile, i.e. Ry, = {ry; : (u,i,7ry) € R}.

LN

Item i’s support set, i.e. R; = {ry; : (u,i,7y) € R}.

€ | | | 3| @

Relevance threshold; item i is deemed relevant to user w if r,; > w.

Implicit feedback-based Recommender Systems (IRSs)

The set of all user-item interaction pairs.

|

The set of all unobserved user-item interactions,
ie. R~ ={(u,i)|lueUjiel,(ui)¢ R}.

User u’s profile, i.e. R,. = {ry : (u,i) € R}.

Item 4’s support set, i.e. R; = {ry : (u,1) € R}.

Systems. ACM Trans. Recomm. Syst. 1, 2, Article 7 (June 2023), 34
pages. https://doi.org/10.1145/3584021

Victor Coscrato and Derek Bridge: Recommendation Uncertainty in Im-
plicit Feedback Recommender Systems. In: Longo, L., O'Reilly, R. (eds)
Artificial Intelligence and Cognitive Science. AICS 2022. Communica-
tions in Computer and Information Science, vol 1662. Springer, Cham.
https://doi.org/10.1007/978-3-031-26438-2_22

1.5 Outline of the Dissertation

The remainder of this dissertation is structured as follows.
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In Chapter 2, we present a brief introduction to Recommender Systems. This
chapter reviews, at a high level, the three stages of a recommender system: can-
didate selection, scoring and top-n recommendations. Rather than being an ex-
haustive review, the chapter focuses on models and evaluation methods that will
be used in the chapters to follow. The chapter ends on a brief introduction to

uncertainty in RSs, that sets the ground to the following three chapters.

In Chapters 3 to 5, we will extensively research several methods for prediction
and label uncertainty estimation in both Explicit and Implicit feedback-based
Recommender Systems. The literature in the field is very disconnected, and for
this reason, we chose to present the most relevant related work alongside our
own. In every chapter, we will emphasize which of the presented methods are
original to this dissertation. In addition, Tables 1.1, 1.2 and 1.3 list the methods
we compare and highlight those that are novel. These chapters are organized as

follows.

In Chapter 3, we explore and extend methods for prediction uncertainty esti-
mation for explicit feedback-based RSs. This chapter includes a very extensive
review and categorization of the research field. Furthermore, it also introduces
two novel methods: ENSEMBLE and EB-Linear. Finally, it presents a compre-

hensive empirical comparison between the methods.

Chapter 4 is similar to the previous one, but it covers methods for prediction
uncertainty estimation in Implicit feedback-based Recommender Systems. It gen-
eralizes many of the methods from Chapter 3 to the case of IRSs. In addition,
it discuss the use of methods for prediction uncertainty quantification in neural
network based IRSs, including two that have not been previously explored in
the RS literature: Bayesian Neural Networks and Deep Ensembles. It ends with

another empirical comparison.

Chapter 5 introduces a collection of novel methods for label uncertainty esti-
mation in implicit feedback-based RSs. More precisely, it introduces four new
methods, ICPMF, Gaussian-MLP, Gaussian Binary Ranking and Hierarchical
Binary Ranking, some of which involve extensive mathematical modeling work.
Again, the chapter culminates in an empirical comparison between the four novel

models and another one from the literature.

Finally, Chapter 6 presents our conclusions and discusses possible directions for

future research.

Uncertainty in 12 Victor Azevedo Coscrato
Recommender Systems



Chapter 2
Recommender Systems

Recommender Systems are a response to ever-expanding choice and to informa-
tion overload. An RS uses data and algorithms to predict which candidate items
may appeal to its users, often making these predictions in a personalised or con-
textualised way [RRS11]. Ideally, it exposes its users to items (such as products,
services, news articles or even people) that the users may not have discovered
for themselves, and it helps users to manage the choice of which items to con-
sume. RSs can be found in many different application domains, often employed
at scale: for example, we find them in music and movie streaming services, in

online shopping sites, in social media platforms, and in news story aggregators.

In this chapter, we will discuss the data and algorithms that RSs use, and also the
topic of RS evaluation. The field is huge and a comprehensive survey impossible.
Our decisions over selection of material are guided by topics that underpin later

chapters of this dissertation.

We exclude from this chapter papers that propose specific methods for estimating
the prediction and label uncertainty of recommendations, and the evaluation of
these uncertainty estimates. These papers are covered in detail in subsequent
chapters, where we bring our own contributions by: expressing these methods in
a unified notation; critiquing them; proposing new methods; and including them

in comprehensive empirical comparisons.

2.1 Data in Recommender Systems

In practice, an RS relies on diverse types of data to offer personalized suggestions.

The types of data available guide the choice of recommendation algorithms. We

13



2. RECOMMENDER SYSTEMS 2.1 Data in Recommender Systems

split data into two: user-item interaction data, and non-interaction data. This
somewhat high-level division reflects the fact that the emphasis in this dissertation
is on interaction data. Accordingly, we review non-interaction, which we make
no use of in the rest of this dissertation, in a more cursory way. We further
subdivide the user-item interaction data into two, as per the previous chapter:

explicit feedback and implicit feedback.

2.1.1 User-item interaction data

User-item interaction data is a record of a user’s response to an item, e.g. one
that she was exposed to or one that she consumed. Usually, it takes the form
of explicit or implicit user feedback (see below). However, there could be other
types of user-item interaction data; for example, a timestamp or contextual data
such as the weather or location of the user at the point when the interaction was

observed.

User-item interactions are the building blocks of Collaborative Filtering (CF).
CF is one of the most notable classes of recommendation algorithms. In short,
these algorithms recommend based on the preferences and behaviours of other
similar users. They rely on finding patterns in user-item interactions to make

personalized recommendations. In Section 2.3, we will explore CF in more detail.

2.1.1.1 Explicit user feedback

Often, after a user has consumed an item, an Explicit feedback-based Recom-
mender System (ERS) may explicitly invite the user to rate the item. Tradi-
tionally, explicit feedback is given in the form of a star rating, i.e. a value chosen
from a discrete scale, e.g., 1x to bx. The higher the rating, the more the user
liked the item. For our work on explicit feedback in this dissertation, we use star
ratings, but we note that there are other possibilities: explicit feedback could be
binary (e.g. thumbs-up or thumbs-down) or even unary (where only thumbs-up

is allowed).

The use of numeric ratings, and of explicit feedback in general, has several ad-
vantages. First and foremost, they quantify the user sentiment towards the item.
For example, if a user rates movie A with 5% and movie B with 4%, the system
can easily understand that the user prefers A over B. Furthermore, ratings can
designate negative sentiment (e.g. where 1x means that the user did not like the
item). Finally, the fact that they are explicit also makes them more transparent:

the users can choose which items they want to rate.
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On the other hand, there are also several widely-recognized issues involving ex-
plicit ratings. First, users are not always consistent with the way they rate items.
In [APO09], it was noted that, when prompted to re-rate previously-rated items,
users often provided a value that differed from their original rating. Secondly,
the user’s choice of what to rate and how highly to rate it might be biased by
a variety of social factors [CLAT03]. For instance, a user might provide higher

ratings to critically-acclaimed items.

In addition, explicit feedback is not easy to gather. The users must be willing
to re-engage with the system, subsequent to consumption, by actively providing
ratings in the expectation of receiving better recommendations in the future. For
this reason, ERSs are often bottle-necked by rating non-availability. Some ERSs
seek to overcome this problem using Active Learning (AL) [Car20], in which
the system queries users for their feedback on items they are known to have
consumed or predicted to have consumed, where the users and items are selected

in the expectation of having an impact on system performance.

2.1.1.2 Implicit user feedback

There are other forms of feedback that are not explicitly given by the user. Some
examples are searches, clicks, views, purchases, favourites, etc. These are referred
to as implicit feedback. Usually, implicit feedback is unary: all the feedback
received is perceived as positive and equal, and this is what we will assume in
this dissertation. However, in some cases, there may be degrees of importance
assigned to implicit signals [LJ14]. For instance, in online shopping, a click action
is less important than an add-to-cart action, which, in turn, is less important than

a purchase action.

The advantages of implicit feedback are plenty. For one, it is much easier to
collect: it is recorded as a side-effect of normal user interaction, rather than
through a separate dialog. In addition, implicit feedback does not suffer from the

aforementioned inconsistencies involving interpretation of rating scales.

On the downside, since it is most often unary, implicit feedback does not allow
for negative sentiment. Where a user has been exposed to an item but did not
interact with it, there is no clarity on whether the user found the item to be
unappealing or whether she did not interact with the item for some other reason
[HKVO08]. Also, even when there is an interaction it may not signal positive

feedback, e.g. a mistaken click.
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Historically, the RS literature focused on ERS. This may be because the field was
strongly driven by the Netflix Prize contest [BLO7] and the MovieLens system?,
both of which provided the research community with datasets of numeric ratings.
Subsequently, the enormous availability of implicit feedback in deployed systems,
combined with its aforementioned advantages, has led to a drift in the field to-
wards Implicit feedback-based Recommender Systems (IRSs). Furthermore, it
has been shown in several cases that recommendations from models trained on

implicit feedback are more satisfactory to the user [ZHAK18].

2.1.2 Non-user-item interaction data

There are many other types of data. Since they are not the focus of this disser-

tation, we only summarize them below.

User demographic data: User information, such as age, gender, location, and
other relevant attributes, can offer valuable insights for personalizing recom-
mendations. By incorporating this data into recommendation algorithms,
systems aim to provide more tailored and relevant content to users. In
many cases, the use of user demographic data, along with user-item inter-
actions, has proven effective, leading to recommendations that are more
personalized and more accurate [Kor08, GPB10, GTY"17]. In particular,
demographic data can be very helpful for cold-start users, who are novel to
the system [SS13].

Item data and meta-data: An RS may also use data that describes the items
in its catalog. In the case of digital media, such as music, images, movies
or e-books, this data might be extracted or mined from the digital format
itself. More often, it takes the form of meta-data: descriptive attributes
or features associated with the items, including text descriptions, genres,
categories, keywords, user-assigned tags?, attribute-value pairs and so on.
Item descriptions, often referred to as item content, allow for a special class
of recommenders to be used, known as Content-Based (CB) recommenders
[LDGS11]. In overview, CB RSs compare the descriptions of candidate
items with the contents of user profiles, which record descriptions of the
items that the user likes. CB RSs can perform well when there is abundant

item information available. An advantage is their ability to work well even

'https://movielens.org/
2If the tags for an item are aggregated, then they are an example of item meta-data; but if
we preserve user-item-tag relations, then arguably this is an example of implicit feedback data.
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for cold-start users and infrequent users, who have provided no, or little,
feedback data [LKH14]. However, these systems face challenges when it
comes to item discovery in parts of the catalog that are fresh to the user
because they tend to recommend items that are closely related to those

previously consumed.

Knowledge graphs: Knowledge graphs offer a promising avenue for improv-
ing recommendation quality by incorporating structured information about
users, items, and their relationships. By enriching the representation of
users and items with complex domain-specific knowledge, such as attributes
and contextual information, the RS might deliver more context-aware and
semantically meaningful recommendations. For an extensive review on the
matter, we refer to [GZQ"20].

Social networks: Social networks are a special case of knowledge graph that
may be incorporated into a RS. Users often trust the opinions of their
contacts more and are more similar to them due to social influences. An

example of the usefulness of social networks to recommendation is presented
in [MZLK11].

Context data: Context data is any additional data that influences a user’s pref-
erences in a specific situation [AT10, VMO™12]. Examples include the de-
vice the user is using, the consumption time and location, whether the user
consumed the item alone or with companions, and so on.® By incorporating
context data, an RS can match recommendations to the user’s current con-
text to provide suggestions that are contextualised, as well as personalised.

Systems that utilize context data are known as Context-Aware (CA) RSs.

2.2 Recommendation Workflow

The ultimate task of an RS is to provide each user with a top-n set of personalized
and, perhaps, contextualized recommendations. Conceptually, we can view this
as a three-step process: candidate selection, scoring, and top-n recommendation.
This is illustrated in Figure 2.1. Of course, this is not intended as an RS ar-
chitecture: real systems will be much more complex. Rather, it offers a way of

structuring the presentation of the recommender workflow.

Candidate selection: The first step in the workflow is to select which subset

3There is an argument that context data is another form of user-interaction data, since it
is often related to the consumption of an item by a user.
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selection

{ Candidate }

{ Scoring J

Top-n recom-
mendation

Figure 2.1: Recommendation workflow.

of items from the catalog are plausible recommendations. Items may be
implausible for many reasons. Take as example a restaurant recommender
for use on-the-move. Naturally, only restaurants in the proximity of the
user should be considered. Another example is news recommendation. In
this case, most news stories that are more than, let’s say, a week old are
irrelevant, and therefore should be removed from the candidate pool. Can-
didate selection is also key in achieving good response times. When the
item catalog is huge, scoring all the available items might be too time con-
suming. One solution is to filter a subset of candidate items. Such filtering
must be performed carefully, to avoid discarding too many items that could

be relevant to the user.

Scoring: With a filtered set of candidate items at hand, the system must now
rank these items according to some criteria. A scoring function is defined
as F' : U x I — R. For each user and item, it can give a real-valued
score, such that if F'(u,i) > F(u,j), user u is predicted to prefer item
i over item j. Scoring is unarguably the most researched matter in the
RS field. When explicit ratings are available, scoring is done through rating
prediction. When they are not, we resort to relevance prediction. In Section
2.3, we extensively describe methods for scoring in both explicit and implicit

feedback-based recommenders.

Top-n recommendation: The final step is to select an n-sized subset of candi-
date items to present to the user. Often this is done by simply sorting the

candidate items in decreasing order of their scores, and then selecting the
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first n from the sorted set. However, this is not the only way of choosing
the n items. In some cases, for example, the system may choose one or
more items that score lower in the sort order. This may be done to sat-
isfy so-called beyond-accuracy objectives, such as diversity and serendipity.
In Section 2.4, we explain several common beyond-accuracy objectives and

how top-n recommendation can be performed in a way that favours them.

We will not say any more about candidate selection since it is usually domain-
specific, often quite simple relatively speaking, and of lower relevance to the
remainder of this dissertation. The next two sections present scoring and top-n

recommendation in more detail.

2.3 Scoring

Scoring plays a pivotal role in the RS workflow, serving as the critical bridge
between the pool of candidate items and the final set of personalized recommen-
dations. In essence, scoring involves the data-driven assessment of each candidate
item’s relevance to each user’s inferred preferences. The scoring algorithms, which
aim to assign numerical values to candidate items, are plentiful. They can be di-
vided into two main groups: Content-Based (CB) and Collaborative Filtering
(CF). As previously stated, CB RSs rely on item description data, and will not

be further explored in this dissertation.

CF leverages the wisdom of the crowd. It bases recommendations on the inter-
action data of other users and items. CF algorithms can be further divided into
two sub-types: memory-based and model-based. Memory-based approaches, such
as user-based and item-based collaborative filtering, use nearest-neighbour tech-
niques to predict item ratings or item relevance from the user-interaction data of
similar users or items. Model-based approaches, such as matrix factorization and
neural network methods, use machine learning techniques to learn latent factors

that represent user-item interactions.

CF is advantageous because it can infer subtle user preferences, especially when
large amounts of feedback are available, either explicitly or implicitly given. How-
ever, CF suffers from the sparsity problem. Its performance may not be so good
when there is little user-interaction feedback available or when users’ preferences

diverge significantly.

Hybrid systems can be created by integrating different recommendation meth-

ods, e.g. collaborative filtering and content-based [Bur02b]. Given that different
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recommender scoring algorithms work well in different scenarios, hybrid systems

are a way of combining their strengths.

In this dissertation, as we have already said, the only data that we work with
is user feedback data. Naturally, then, we will focus on CF methods and, more
specifically, on model-based CF. There is a vast number of specific models, includ-
ing methods to work with explicit feedback and methods to work with implicit
feedback. The next few subsections present some popular CF methods — ones

that will be used in later chapters of this dissertation.

2.3.1 Modeling user-item interactions

The power of an RS comes from its ability to understand the users and the
items in the system based on the available interactions, as well as any other data
such as item descriptions. In several areas of machine learning, it is useful to
learn latent representations for entities such that the system can understand how
they relate to each other. RSs are no exception to this. Many model-based CF

recommendation algorithms learn latent representations for their users and items.

One of the first RSs based on latent representations, and the most influential, is
Matrix Factorization (MF) [Fun06]. The idea is to represent users and items in a
low dimension latent space. If the number of latent factors is denoted by d, then
each user u is represented by a vector p, and each item ¢ by a vector ¢;, both of
dimension d. Then, in the case of explicit feedback, we can compute predicted

ratings by taking a dot product:
Fy(u,1) = py,qi (2.1)

where 0 = {{p,}ucv, {4i}icr} is the parameter set of the model. This seemingly
simple model has proven effective, and became famous, by emerging during the
Netflix recommendation challenge [BLO7]. The interactions in the Netflix chal-
lenge were numeric ratings. But the same model can also be used in IRS by

scaling the output properly [HKVO08]; see Section 2.3.3.

Recent research has shown that the inner product in Eq. 2.1 is a very accurate
way of representing user-item interactions and is not easily outperformed even
by recent neural neural network models [RKZA20]. Nevertheless, there are many

extensions to the simple dot-product model. The simplest one is adding user and
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item biases to the equation. That is,
Fy(u,i) = pXg; + by, + b (2.2)

where b, and b; € R are scalars that model each user’s and item’s individual
contributions to the prediction, and 6 = {{pu, by }uev, {4, bi }icr}. Other notable
extensions include SVD++ and AsymmetricSVD [KBV09).

More recently, Neural Network (NN) based models have gained traction in the
RS field. Several such models have been proposed [CKH*16, HLZ 17, NMS*19],
with some achieving impressive results. Several properties of neural networks ex-
plain their increasing use in this field. First, the flexibility of neural architectures
allows for a wide variety of data inputs, making it relatively straightforward to
combine interaction data with, e.g., user demographic data, item descriptions,
and contextual data [GTY'17]. Second, neural networks are a great tool for la-
tent representation learning, as shown by the success, for example, of variational

auto-encoder recommenders [LKHJ18].

Later in this work, we will utilize one of the first and most popular NN based
recommenders, the Multi-Layer Perceptron (MLP), introduced in [HLZ*17]. Sim-
ilarly to MF, this model also learns d-dimensional user and item embeddings, p,
and ¢;, but it then combines them through a Multi-Layer Perceptron neural net-

work,
Fy(u,i) = MLP(pu.||g:) (2.3)

where || is a concatenation operator and 0 = {{py}uev,{¢}icr,Omrr}, Ovrp
being the parameters of the MLP. The MLP consists of a set of feed-forward
layers fi,..., fr, such that,

fo= pu||£h' (2-4)
fi = ReLUW,fi_1), forlel,...,L—1; (2.5)
fr=g(wifr) (2.6)

where W, is the weight matrix for hidden layer [, wy, is the output layer’s weight
vector, and ReLU(z) = max(0, z). In the output layer fi, an activation function

g is used to scale the output to the desired interval (often to [0, 1] in the case of
IRS).
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2.3.2 Learning from explicit feedback

In ERS, the known ratings are indicative of the users’ preferences. Therefore,
scoring can be performed through rating prediction. Given a user u € U and
item ¢ € I, the rating prediction task consists of designing or learning a function

F :U x I — R, parameterized by 6 that predicts user-item ratings.

One way to learn the model parameters 6 (the user and item embeddings, p,
and ¢; and any other parameters) is through gradient descent: their values are
initialised with randomly-chosen values; the algorithm proceeds by sampling in-
stances from the training set of known ratings, calculating the difference between
the predicted and the actual ratings for these instances; and updating p, and g;
through gradient descent to minimize these errors. In ERS, the most commonly
used loss function is the Mean Squared Error (MSE). In this case, given a batch

of training instances B, the loss to be minimized is:

LBl = > (ru— Fy(u,i))* + All]] (2.7)

# (u,i,ryui)EB

where \ is a regularization hyper-parameter, used to avoid overfitting, ||-|| denotes

the Frobenius norm, and # denotes the cardinality of the set.

A Matrix Factorization model learned with the MSE loss was popularized as
FunkSVD [Fun06], after its success at the Netflix prize challenge [BLO7].

2.3.3 Learning from implicit feedback

Implicit feedback differs drastically from the explicit case. In the latter, the
relevance to the user of a given candidate item can be given by the prediction of
a numeric rating. But, for the former, all the observed interactions are assumed
to be equally relevant, even if this assumption is a simplification. Furthermore,
with implicit unary data, we have no negative sentiment to learn from. For the
purposes of learning, it is common to assume that unobserved interactions are less
relevant than observed ones. This is a key assumption that underpins the learning
objectives that will be explored in this section. Naturally, this assumption is also
a simplification because unobserved interactions are very often only a case of the
user having never been exposed to the item; other times, they are cases where
the user was exposed to the item but, for whatever reason, did not interact with
it. In summary, from the available implicit data, we take it that all interactions

in R, that is observed interactions, are of equal relevance among themselves and
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of higher relevance than those in R~ = {(u,i)|u € U,i € I,(u,i) ¢ R}, the

unobserved interactions.

In the absence of explicit ratings, we must score the candidate items by inferring
their relevance to the user. Given a user v € U and item ¢ € I, the relevance
prediction task consists in designing or learning a function F' : U x [ — R, pa-
rameterized by 6, that predicts user-item interaction relevance. The predominant
objectives that suit implicit data can be categorized in two classes: point-wise
and pair-wise. Below, we explore each of these classes. Nevertheless, we acknowl-
edge that there are other classes of objectives, especially list-wise ones [SLH10],

that will not be explored in this dissertation because they are less popular.

2.3.3.1 Point-wise objectives

Point-wise objectives, as the name suggests, score data points (interactions) in-
dividually. That is, during learning, the model’s current prediction for the inter-
action is compared against an observed value. Now, because implicit feedback
consists of unary observation data, we define the following labels for the interac-
tions,

v — 1, (u,i) € R 2.8)

0,(u,i) € R~

Hence, learning from implicit feedback data has one major particularity. In the
explicit case, the training set consists only of observed ratings (denoted R). In
other words, unobserved interactions are treated as missing. This is not the case
for implicit data, where the unobserved interactions are part of the training set
(R, labeled as 0’s), along with the observed interactions (R, labeled as 1’s).

Using this labeling (Eq. 2.8), the implicit feedback task closely resembles a clas-
sification task, with observed interactions treated as ones, and non-observed ones
treated as zeros. Therefore, the same objective functions used in classification
tasks can be used [HKVO08].

A very natural choice is to use the same MSE loss from before, but now on the
labels from Eq. 2.8. An advantage is that it allows a model to be learned based
from implicit data in the same way as with explicit ratings. In this case, the loss

function be to be minimized is,

1
L(B|0) = %8 > (Yui — Fo(u, i) + M|6]] (2.9)
(u,i)eB
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where, again, A is a regularization hyper-parameter that controls overfitting on
the model’s parameters 6. While this is an easy approach, this objective treats
the labels given to the observed and unobserved interactions as numerical values

of 0 and 1, rather than as class labels.

A more sound approach is to predict the probability of observing each label.
Binary Cross-Entropy (BCE) gives one way of doing this.

Formally, let P(Y,; = 1) = g(Fp(u,1)), where g is a function that bounds the
model’s outputs to [0, 1], so that the outputs are well defined probabilities. Here,
we will use the Sigmoid function, defined as g(x) = 1/(1 + e~*), but there are
many other possible choices. Then, the likelihood of the observed data is,

P(R|O) = [] [[P(Yui = 1) P(Y,; = 0)' = (2.10)

uelU iel
where P(Y,; = 0) = 1 — P(Y,; = 1). For numerical stability, during learning,

we minimize the negative log-likelihood, subject to L2 regularization to avoid

overfitting.* In this case, the loss function for a data batch B is,

L(B|0) = #B > —YiulogP(Yy =1) — (1 —Y,)logP(Y,; = 0) + Al|0|| (2.11)

(u,i)eB

In practice, regardless of the specific objective chosen, the parameters are learned
by mini-batch gradient descent, minimizing the average batch loss on each step.
One problem, though, is that the data is usually very imbalanced. This happens
because the set of unobserved interactions R~ is, in general, much larger than the
set of observed ones R. To alleviate this issue, a sampling method is used. On
each training epoch, the training data consists of the observed interactions R and
an (#R x N)-sized randomly-selected sample of non-observed interactions from
R~, where N is a hyper-parameter. Algorithm 1 formally describes the method

of sampling used with point-wise learning objectives.

2.3.3.2 Pair-wise objectives

Pair-wise objectives score pairs of interactions to learn the most plausible ranking.
Broadly, they are based on the principle that observed interactions should always
have higher relevance than unobserved ones. Here, we will cover only the most

popular among these objectives, Bayesian Personalized Ranking (BPR), but there

4This form of regularization is equivalent to the input of spherical priors under the model
parameters [MS08].
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Algorithm 1: Learning a CF model from implicit feedback with Eq. 2.9 or
2.11.
Data: The observed and unobserved set of interactions: R and R~.
Input: N the number of negative samples per positive; A: the regularization
strength; 7: the learning rate.
Result: F: The learned scoring function.
Initialize model parameters 6;
while not converged do
Sample an (#R x N)-sized batch of negative samples, 5~, from R~;
Construct the training data for the current epoch as B = {R, B~ };
for each mini-batch b C B do
Compute the loss for the batch £(b|0);
Compute the gradient with respect to the loss;
Update model parameters using gradient descent with learning rate n;

are others. One notable example is LambdaRank [Burl0]. For comprehensive
reviews on the matter, refer to [BRL06, BC12].

Let Fy(u,i) denote the relevance score of item i to user u. For ease of notation,
let Fij = Fy(u,i) — Fy(u, j). Then, F,;; models how much user u prefers item ¢
over j. In BPR, given a user u and a pair of items (i, j), the probability that the

user u will prefer item ¢ over j is modeled as.
P(i >, j) = Sigmoid(F,;) (2.12)

Again, the Sigmoid function is used to constrain model outputs to the [0, 1]
probability interval. Then, the likelihood of all the observed preferences is given
by,

P(R)=[I II II PG >u.j) (2.13)

u€U i€Ry. j¢Ry.

The BPR loss function is the negative log-likelihood, subject to L2 penalty. It
has been shown that optimizing the full likelihood is very slow [RFGST09]. In-
stead, a better approach is to sample positive-negative interaction pairs randomly
and perform stochastic gradient updates. Therefore, the loss for each sampled

interaction pair is,
L(u,i,j|0) = —log(P(i > 7)) + Al|0]| (2.14)
Algorithm 2 describes the BPR learning procedure.
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Algorithm 2: Learning a CF model from implicit feedback with Bayesian
Personalized Ranking (Eq. 2.14)

Data: The observed and unobserved set of interactions: R and R~.
Input: \: the regularization strength; n: the learning rate.

Result: F: The learned scoring function.

Initialize model parameters 0,

while not converged do

Sample one interaction (u,7) from R;

Sample one negative interaction (u, j), for the same user, from R~;
Compute P(i >, j) with Eq. 2.12;

Compute the negative log likelihood according to Eq. 2.14;

Update model parameters using gradient descent with learning rate n;

2.4 Top-n Recommendation

The last step of the recommendation workflow is to select a top-n set of items
to be presented to the user: for a user u € U, the top-n recommendation task
consists of selecting Z] C C,, which is the set of n items from C), that are

predicted to be most appealing to u.

The scoring functions from the previous section, either in the form of predicted
ratings (explicit feedback) or predicted relevance scores (implicit feedback), allow
the system to rank items: the higher the predicted value for an interaction, the
more pertinent we expect the item to be for the user. The top-n recommendation
task is conventionally performed by sorting the candidate items C', in descending
order of their predicted ratings or relevance scores and then forming Z; by se-
lecting the top-n items from this sorted set. We will refer to these ways of doing
top-n recommendation as Rating-Based Ranking (RaBR), in the case of ERS,
and Relevance-Based Ranking (ReBR), for IRS.

Nevertheless, in many cases, and for many reasons, a system might use alternative
methods for obtaining the top-n. For example, it may be that some ‘slots’ in the
top-n must be reserved for sponsored items. Or, in a hybrid RS, it may be
necessary to combine the scores of the models that are part of the hybrid before
sorting and selecting the top-n, or even to ensure a mix of items that get high
scores from the models that are part of the hybrid [Bur02a]. In addition, for
systems where beyond-accuracy recommendation objectives are important, many

researchers have proposed methods for re-ranking® [KB16]. In summary, these

SRe-ranking is a tool to incorporate beyond-accuracy objectives into the top-n recommen-
dation stage of a RS. Nevertheless there are ways of incorporate these objectives into other
stages, e.g. the scoring stage [BBC20, DMRAB™19]

Uncertainty in 26 Victor Azevedo Coscrato
Recommender Systems



2. RECOMMENDER SYSTEMS 2.4 Top-n Recommendation

methods aim to modify the order, or even change items in the recommendation

list, in order to increase some beyond-accuracy criteria.

[KB16] presents a comprehensive review of the most-researched beyond-accuracy
recommendation objectives. In the upcoming sections, we will introduce the
concepts of diversity, serendipity, novelty and coverage. In addition, we will
also discuss fairness and explainability. These two are not listed in [KB16], but
one can argue that they do deserve to be treated as additional beyond-accuracy

objectives.

Later in this dissertation, we will also introduce novel forms of ranking that are
uncertainty-aware: The final set of top-n recommendations can then take into

account the estimated prediction or label uncertainties of the recommendations.

2.4.1 Diversity

Top-n diversity in recommender systems refers to the extent to which a recom-
mendation list contains a wide range of distinct items, aiming to offer users a
variety of choices. It is a measure of how dissimilar or different the items in
the top-n recommendations are from one another, and it plays a crucial role in
enhancing user satisfaction and exploration of new content. In essence, diver-
sity ensures that users are presented with a balanced and heterogeneous set of

recommendations rather than a narrow selection of similar items.

Many items in a system’s catalog tend to be similar. For example, in a music
RS, many songs are from the same artist; in a movie RS, many movies will share
genres. Therefore, the system may provide a list of recommendations composed of
items that are similar among themselves, that is, a non-diverse recommendation
list. The recommendations might be accurate, for example, recommending several
songs from the same artist or movies of the same genre if the user is known to
like that artist or genre. But, such low diversity means that the RS does not
(i) expose the user to much of the vast product catalog, and (ii) offer the user a

meaningful choice of recommendations.

We remark that, in this section, we present the most common definition of diver-
sity in RSs, but there are others. One example is temporal diversity, which refers
to the difference in two recommendation lists given to the same user at different

time points. For a more extensive review, see [KB16].
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2.4.2 Serendipity

Serendipity is a concept that derives from surprise. In RS, surprising recommen-
dations are those that deviates from the user’s expectations. Giving surprising
recommendations is not necessarily hard. For instance, based on some item dis-
tance metric, items that are the furthest from the items in the user profile would
likely be very surprising to the user. Nevertheless, these same surprising items
would most likely not be relevant. For this reason, serendipity goes one step
further from surprise. A serendipitous recommendation can be thought as a sur-

prising, yet relevant, item.

Giving relevant recommendations is already a hard task in most cases. Now,
finding relevant and surprising recommendations is a lot harder. But the difficulty
of the process should not stop the system from trying to find them. Serendipity
brings unexpected and delightful discoveries to users. Systems that prioritize
serendipity can help alleviate recommendation fatigue, a situation where users
are repeatedly shown the same type of content. By introducing serendipitous
items, users are less likely to grow tired of the recommendations and are more
likely to return to the platform [FX22]. Ultimately, serendipity contributes to
overall user satisfaction. Users appreciate platforms that not only cater to their
known preferences but also offer exciting, unanticipated recommendations that
add value to their experience [CYW™19].

2.4.3 Novelty

The concept of novelty is closely related to serendipity. In fact, in the recom-
mender systems literature, the terminologies often overlap. According to many
authors, novelty also refers to recommendations that are not closely related to the
user profile [VC11, Zhal3, CHV21]. Nevertheless, other researchers distinguish
the concepts. According to [HKTRO04], a novel recommendation is not necessar-
ily surprising. Take as example a movie recommender, where a certain user u
frequently consumes action movies. Now imagine u gets recommended one ac-
tion movie which they are unaware of. Such a recommendation is novel, but not

surprising.

In summary, novelty and serendipity share the idea that the item is unknown to
the user, but do not share the element of surprise. In addition, [KKT*15] extends
the notion of novelty in the case of systems that support repeat consumption, e.g.
music recommenders. In these sorts of systems, a novel item is not necessarily

unknown by the user, but could be forgotten.
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2.4.4 Coverage

User coverage refers to the fraction of the users in the system to which the rec-
ommender is able to provide recommendations. Under this definition, coverage
differs from the previous concepts in this section: it does not refer to individual
recommendations or sets of recommendations, but instead, it reflects the recom-
mender’s ability to reach its users. There are several reasons why users might
not be covered by the system. For example, as previously stated, CF-based RSs
depend on interaction data, and are, therefore, unable to provide recommenda-
tions to extreme cold-start users — that is, those who have not interacted with
any item. Another possible cause for loss of coverage is computation delay: when

the system is unable to compute recommendations in time [LRST17].

Symmetrically, item coverage is the fraction of the item catalog that can get
recommended. Item coverage is very dependent on the choice of recommenda-
tion algorithm. One extreme example is popularity-based recommenders: these
systems simply recommend the most popular items to every user. In this case,
only a tiny fraction of the items are ever recommended. Several other methods
also suffer from popularity bias: the more popular an item is, the more it gets
recommended. In fact, the mitigation of popularity bias is an active research field

in RS [ABM19, AABA22].

Finally, there is a third notion of coverage, which can, in fact, be defined for
recommendation lists. In this case, it is the fraction of the desired number of rec-
ommendations that the system is able to provide to a user. Under this definition,
the notion of coverage considers the possibility that users may be only partially
covered. That is, if a system is programmed to present the top-n recommenda-
tions to user, there may be cases where the system may only recommend m < n.
This particular definition is relevant to Uncertainty-Based Filtering (UBF), a

ranking method that we will explore throughout this dissertation.

2.4.5 Fairness

Fairness in recommender systems encompasses multiple dimensions, depending
on whether we view it from the user or item perspective. Recognizing these

distinctions is essential to address biases and ensure equitable recommendations.

From the user perspective, fairness refers to treating users impartially, regard-
less of their demographic characteristics or preferences. Fairness entails avoiding

algorithmic biases that could disproportionately impact certain groups.
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From the item perspective, fairness involves providing visibility to all items in
the system. A fair system should, for example, avoid the popularity bias — the
case where popular items are recommended very frequently and unpopular ones
get almost no exposure. In addition, the system must avoid disfavoring certain
item providers. A concrete example of unfairness happens in the music domain,

where female singers get recommended less than male singers [MRPC*21].

There literature investigating fairness in RS is growing. For a comprehensive
survey on the matter, we refer to [WMZ*23]. Recently, [WJ23] proposed the

utilization of uncertainty estimates to ensure fairness in recommenders.

2.4.6 Explainability

Explainability has been a hot topic of discussion in all fields of machine learning
in recent years, and the RS field is no exception. Explainability in recommender
systems can refer to the capability of providing transparency or interpretable
reasons for why a specific recommendation was made. It involves making the
recommendations, and perhaps the recommendation process, understandable to
users, allowing them to comprehend why a particular item was suggested to
them. Due to the increasing importance given to explainability, the literature
in the field is evolving rapidly. Here, we only briefly describe its importance.
A comprehensive survey on methods for explainability in RS can be found in
[ZCT20].

Accompanying recommendations with an explanation has several purposes
[TM10]. From the user point of view, explanations that increase transparency
might also increase the user’s trust in the system. Explanations might also in-
creases persuasiveness: a well put explanation may persuade users to believe that

certain items are relevant to them [BSDN*18].

From the system point of view, explainability can assist in identifying and address-
ing biases in recommendation algorithms. By revealing the factors that influenced
a recommendation, it becomes easier to detect and rectify any undesirable biases,

ensuring fairness and ethical use of recommendation systems [AN18].

2.5 Evaluation

In the evaluation phase of the development of a new RS, the quality of the system’s

predictions and recommendations must be rigorously assessed. There are three
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primary evaluation approaches, offline, online and user trials.

The offline evaluation of an RS utilizes historical data. Much like other traditional
ML tasks, such as regression or classification, to evaluate a RS offline, a test set of
known ratings or interactions is initially hidden while learning the scoring model
from the remaining data. Then, this test set is used to assess the quality of
given predictions and recommendations. The hold-out test set may be selected

in several ways, we list the three most common:

Random sampling: The case where every interaction from R is sampled with

equal probability.

User-based sampling: A certain amount of interactions m from each user is
sampled to compose the test set. For each user the m interactions are
sampled at random from the user profile R,.. To account for varying profile
sizes, another variation of user-based sampling instead samples a certain

fraction of the interactions in each user profile.

Chronological sampling: In practice, user interactions are influenced by their
past experiences. Therefore, in order to reflect reality, chronological sam-
pling consists in taking the m latest interactions for each user as the test
set. Similarly to user-based sampling, a fraction of each user’s profile can

be taken instead.

Offline evaluation is typically the first form of evaluation that a RS is subject
to. This is mainly because it is cost-effective and efficient since it does not
require real-time user interactions. In addition, it allows for the testing of various

algorithms and configurations in a controlled environment.

Online evaluation takes the evaluation process beyond the controlled environment
of offline testing and ventures into the real-world interactions between users and
the recommender system. It consists in deploying the recommendation system in
a live environment and continuously collecting data on user interactions with the
system. It better reflects the dynamic nature of a RS by assessing the algorithm’s
performance in a real-world setting. Another advantage is enabling adaptive algo-
rithms that can continuously learn and improve. Despite its benefits, evaluating
a system online is not straightforward. Conducting live experiments can affect
user experiences, potentially leading to user dissatisfaction if recommendations
are not optimal. In addition, online evaluation can be resource-intensive and po-
tentially expensive. For these reasons, academic research often resorts exclusively

to offline evaluation.
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Finally, user trials involve gathering feedback from trial participants who interact
with the system in a controlled way. This typically includes surveys, interviews,
or feedback mechanisms within the application for users to provide their opinions
on the recommendations. By directly querying the users about their experience,
user trials allow the system to gather qualitative feedback on user satisfaction
and perception of recommendations. Unfortunately, user trials are even harder
to implement, because they rely on user cooperation and willingness to provide
feedback. In addition, user opinions may be more subjective, and therefore,

harder to evaluate quantitatively.

Since this dissertation exclusively uses offline evaluations, the remainder of this

section covers offline evaluation in a little more detail.

2.5.1 Evaluating rating predictions

In Explicit feedback-based Recommender System, scoring is performed through
rating prediction. Therefore, predicted ratings can be compared against a held-
out test set of known ratings. In this case, there are plenty of evaluation metrics
to be borrowed from the regression literature. Among them, the most commonly
used for rating prediction evaluation is the Root Mean Square Error (RMSE),
mostly because it was the metric of choice in the Netflix prize challenge [BLO7].
This metric simply compares the predicted ratings to the known ratings in the
test set T', that is,

RMSE = \/ ZWET(Q)’; = ru)® (2.15)

Other alternatives are the Mean Squared Error (MSE), which is the RMSE
squared, and the Mean Absolute Error (MAE), defined as,

ZTMET ‘Fm - Tuz'|
#T

MAE = (2.16)

2.5.2 Evaluating top-n accuracy

Of much greater importance than evaluating rating predictions is to evaluate
the top-n recommendations [HKTRO04, SG11]. Indeed, for IRS, where explicit
numeric ratings are not available, top-n evaluation is the only option. Many
metrics have been defined for evaluating the accuracy of top-n recommendations.
In general, these metrics are shared with the field of information retrieval, due to

its similarity to the top-n recommendation task.
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First, consider a test set of (held-out) interactions 7. Now, let T, denote the set
of items from users u’s interactions in 7". In the case of IRSs, T,, = {i|(u,i) € T'}.
But, for ERSs, T, = {i|(u,i,7,) € T N1y > w}. In the latter, w is a threshold,
used to avoid rewarding the system for recommending an item in the test set
that received a poor rating. For example, in a 5% rating scale, w might be 4x:
if a system recommends a test item that the user had rated 4 or 5x, then the

recommendation is regarded as having been relevant to that user.

Two traditional metrics are Precision@n and Recall@n. The precision and recall

of the n-sized list of recommendations to user u, denote as Z;', are given by:

#{Z"NT,
Precision@n,, = M
n
#{Z"NT,}
11 — T\ Tuf
Recall@n,, T

The Precision@n and Recall@n of the system is reported as the average precision

and recall among all users. That is,

Precision@n = L > Precision@n,, (2.17)
#U uelU
1
Recall@n = — )~ Recall@n, (2.18)
uclU

Both precision and recall have a widely recognized issue when evaluating top-n
recommendations: they give equal importance to all the recommended items.
In practice, the earlier an item appears in a list of recommendations, the more
attention a user is likely to afford it and, ideally, the more relevant it should be to
the user. Therefore, evaluation metrics should account for position in the top-n.
Here we define two of the most commonly used position-aware recommendation

accuracy metrics.

Mean Average Precision: The MAP is a generalization of the traditional pre-
cision metric to account for the importance levels of the recommended items.
To compute MAP, we first calculate the Average Precision (AP). AP is cal-
culated by summing up the precision values at each point where a relevant
item is found in the recommendation list and then dividing by the total

number of relevant items. Formally, for each user u, the Average Precision
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is calculated as,

> Precision@k, x §(Z](k) € T,,) (2.19)

AP@n, =
#1u (o

where Z7'(k) is the k-th recommended item and 6(Z7 (k) € T,,) is an indica-
tor function that equals 1 if the item at position k£ in the recommendation
list is relevant for user u — that is, is in T;, —, and 0 otherwise. Finally, to
obtain the Mean Average Precision across all users, we calculate the average
of the AP values,

MAP@n = 1U > AP@n, (2.20)

uelU

Normalized Discounted Cumulative Gain: NDCG measures the ranking
quality of recommended items, accounting for the position of relevant items
in the list. It gives higher scores to relevant items that are ranked higher.

The metric is composed of two components:

 Discounted Cumulative Gain (DCG) calculates the cumulative rele-
vance of recommended items, placing lower emphasis on items ranked
lower in the list by using a logarithmic discount factor. DCG is com-
puted as follows:

n 26(Z3(k)€Tu) -1

DCGan, = "

2.21
= log,(k+ 1) ( )

o Ideal Discounted Cumulative Gain (IDCG) represents the theoretical
maximum possible DCG for a given set of relevant items. That is, if

all items in T, are recommended before any other item j ¢ T,.

Finally, the Normalized Discounted Cumulative Gain (NDCG) is computed
by dividing the DCG by the IDCG, which scales the DCG value between 0

and 1, and the system NDCG@n is the average among all users:

1 DCGa@n,
NDCG@n =
U= 27 2 IDCGan,

(2.22)

2.5.3 Beyond-accuracy top-n recommendation evaluation

As previously stated, there are several criteria, other than accuracy, that define
what makes a good top-n recommendation list. Therefore, there is also a plethora

of metrics to evaluate beyond-accuracy recommendation criteria. Here, we de-
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scribe some traditional ways of evaluating diversity, serendipity, novelty and user

coverage.

Top-n diversity: Top-n diversity can be measured in several ways. In general,
all the measures will rely on some item distance metric. Let d(i, j) denote
the distance between items i and j. Then, the diversity in a list of rec-
ommendations can be calculated as the average distance between all the
recommended items [KB16]. That is,

Yiczy Ljezp—i Ai; j)
n(n —1)

Diversity(Z;)) = (2.23)

Serendipity: Measuring serendipity is not straightforward, because it comprises
surprise and relevance, two concepts that are hard to measure themselves.
The general rule of thumb, as proposed by [GDBJ10], is to measure it as,
#{Zzurprising N Tu}

Serendipity(Z,)) = (2.24)
n

In this equation, ZPrsind denotes the subset of the recommended items
that are surprising according to some defined metric. One possibility is to

use the minimum distance to the items in the user profile, that is,
Zsuenising — i ¢ 71| min d(i, j) > €} (2.25)
JERy.

where € denotes the minimum distance for an item to be deemed surprising.

Novelty: Measuring novelty in recommenders is very challenging because it is
practically impossible to infer whether a user is unaware of an item. One
crude, non-personalised way to estimate novelty is to use the recommended
items’ popularity. The idea is, the less the item is interacted with, the more
likely the item is to be novel [KB16]. Formally,

2iezy — logy (%)

Novelty(Z)) =
n

(2.26)

Coverage: Here we give a definition to the third notion of coverage that we
mentioned in Section 2.4.4 — the one that applies to recommendations
lists — since this is most relevant to later chapters of this dissertation. To
measure the coverage of a recommendation list, one may simply compare the

number of recommendations the system is able to deliver to the user against
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the desired number of recommendations. Formally, let # 7, denote the size
of the recommendation list for user v and n the desired recommendation

list size, then the coverage of the recommendation list is,

_#2,

n

Coverage(Z,) (2.27)

The average coverage is then obtained by averaging the individual coverage

of each user.

2.5.4 Uncertainty in recommender systems

Uncertainty is present in every machine learning task. In particular, supervised
learning tasks, such as scoring in RSs, are subject to prediction uncertainty
[HW21]. We note that rating prediction is a regression problem. That is, a
model is learned and used to predict a real-valued response variable: the rating
for a given interaction. Similarly, and as previously stated, relevance prediction,
particularly with point-wise objectives, resembles a classifier. As a consequence of
the uncertainty around the predicted scores (ratings or relevances) that are used
for ranking, the top-n recommendation stage of RSs is also subject to prediction

uncertainty.

In addition to prediction uncertainty, IRSs also suffer from label uncertainty,
which is introduced by the assumption of relevance (irrelevance) for observed
(unobserved) interactions. In fact, a similar issue also appears in classification

problems from the general ML literature [BF99).

Although this chapter is a literature review, we are not going to review papers
that look at RS uncertainty here. Instead, we will present our review of existing
relevant work alongside our novel proposed methods and in a consistent nota-
tion in subsequent chapters. However, the ML literature has many methods for
uncertainty estimation, so we will review them briefly here and relate them to

subsequent parts of this dissertation.

Probabilistic Regression: There are regression techniques that model the tar-
get variable in the form of probability distributions. From these distribu-
tions, it is possible to infer the uncertainty using dispersion metrics, such
as their variance. One example is the CPMF recommender model, that we

explore in Chapter 3.

Prediction Intervals: Instead of providing a single point prediction, regression
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models can be used to generate prediction intervals, which express a range
of values within which the true target variable is likely to fall with a certain
level of confidence. Prediction intervals may be derived from probabilistic
regression methods, or from distribution-free methods, such as conformal

predictions [VGSO05].

Residual Analysis: Analyzing the residuals (the differences between predicted
and actual values) can help identify patterns of uncertainty in the model’s
predictions. EB-FunkSVD and EB-Linear (see Chapter 3) are examples of

uncertainty estimation through residual analysis in RSs.

Ensemble Methods: Ensemble methods can provide an indication of uncer-
tainty by combining the outputs of multiple regression or classification mod-
els [MMSJS12, RZS16]. We have ensemble-based recommenders in both
Chapter 3 and Chapter 4.

Probabilistic Classification and Calibration: Some classification algo-
rithms, such as logistic regression and naive Bayes, provide class probabili-
ties. These probabilities represent the model’s confidence in each class and
can be used to assess uncertainty. Such probabilities are only useful if they
are well calibrated [Daw82, P*99].

We are now ready to turn to our own contributions to this field.
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Chapter 3

Prediction Uncertainty in
Explicit Feedback-Based

Recommender Systems

Explicit feedback-based Recommender Systems have played a pivotal role in the
evolution of recommender systems. Notwithstanding their usefulness to this date,
these systems have historical importance due to their ability to directly capture
users’ explicit preferences and opinions. Unlike implicit feedback, where we infer
preferences from user behaviour, explicit feedback involves concrete actions such
as assigning a numerical rating or writing a review. For many reasons (see Chap-
ter 2), implicit feedback has gained more attention recently. Nevertheless, there
are several domains in which practical recommendation applications still rely, at
least partially, on explicit feedback. Some examples include recommenders for
restaurants, hotels, movies and TV shows, and many more. In most of the afore-
mentioned services, explicit feedback is gathered in the form of numeric ratings,
such as opinions on a 5-point scale. This is also the setting that we will confine

our attention to in this chapter.

Due to the importance of ERSs to the field, both historical and current, this
was also the setting adopted by [Maz13|, which is one of the seminal works in
prediction uncertainty! estimation for recommenders. Accordingly, we dedicate
this chapter to reviewing and extending the methods for uncertainty estimation

in ERS. More precisely, in this chapter, we:

IThis whole chapter considers only prediction uncertainty, and not label uncertainty. For
this reason, in this chapter, where we use the word ‘uncertainty’ on its own, it is prediction
uncertainty that we are referring to.
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o Present an extensive review of methods for estimating the uncertainty of rat-
ing predictions. These methods include information-based, stability-based,

error-based, distribution-based and multinomial-based.

e Propose new techniques for estimating the uncertainty of rating predictions.
In particular, we propose a new stability-based method, and also a new

error-based method.

o Present an extensive review of the existing work on evaluating estimates of

uncertainty for rating prediction and for top-n recommendation.

o Extend and improve the techniques and metrics for evaluating uncertainty
estimates in RS. In particular, we analyse how uncertainty correlates with
dataset statistics and we fix possible issues with existing metrics. We pro-
pose a new metric to evaluate uncertainty in the top-n recommendation
task.

o Introduce the idea of uncertainty-aware ranking, drawing in part on a rec-
ommendation strategy proposed in [OLCGPB21]. In particular, we in-
troduce and distinguish between Uncertainty-Based Filtering (UBF) and
Probability-of-Relevance Ranking (PRR), and we give methods for evalu-

ating these two top-n recommendation strategies.

e Conduct a reproducible empirical study on two large datasets and report
results of the most extensive comparison of approaches to uncertainty esti-

mation that we are aware of.

In the next section, we formalize the basic setting and notation that are specific
for this chapter. In Section sec:terminology, we explain some of the roles that un-
certainty estimates can play in rating prediction and top-n recommendation. In
Section 3.2, we describe several methods for estimating uncertainty in ERSs. Af-
ter that, Section 3.3 presents metrics for evaluating these uncertainty estimates.
The remainder of the chapter evaluates the uncertainty estimates from Section
3.2 using the evaluation metrics from Section 3.3. In particular, Section 3.4 de-
scribes the experiments, while Section 3.5 shows the results. Section 3.6 discusses
the uncertainty estimation methods in the light of the experiments. Section 3.7

concludes the chapter.
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3.1 Prediction and Recommendation

As already mentioned, in this chapter, we deal with explicit feedback data —
specifically, numerical ratings. Following from Table 1.4, we will designate the
ordered set of possible ratings by S = {si,...,s,}, where m is the number
of different possible rating values. For example, in the MovieLens dataset and
the Netflix dataset that we use in Section 3.4, S = {1,1.5,...,5} and S =
{1,2,...,5} respectively.

In addition, we will assume that our data consists of a set of users U, a set of
items I, and a set R of user-item-rating triples, where triple (u,,7,;) € R means
that user u’s rating of item ¢ is r,; € S. A user’s profile R, is the set of that
user’s ratings, R,. = {ru : (u,i,1,) € R}. Similarly, an item’s support set R.; is
the set of that item’s ratings, R; = {ry; : (u,i,7.) € R}.

3.1.1 Rating prediction

Given a user v € U and item ¢ € I, the rating prediction task consists in designing
or learning a function F': U x I — R that predicts user-item ratings. That is,
ranking prediction is the scoring stage of a recommender that is based on explicit
feedback.

In this work, we want, not only to predict ratings, but also the uncertainty level
present in a prediction. An uncertainty estimator is a function G : U x I —
R, that predicts real-valued quantities associated with each predicted rating,
estimating how uncertain the system is about the rating prediction. We will
denote by G,;, the uncertainty estimate the system associates with predicted
rating F,;. In all the work that we report in this chapter, uncertainty levels are
real-valued, GG,; € R. In some cases, they are probabilistic, which bounds them
in [0, 1], but this is not always the case. The higher the uncertainty level, the

more uncertain the prediction.

Many of the methods for estimating uncertainty that we present in this chapter
assume a rating prediction model F'. Wherever this is the case, we will employ
Matrix Factorization (MF) — see Eq. 2.1 — for this underlying model. This is
known to be a fairly accurate predictor and, by using it in all cases where we

need a separate predictor, we bring a degree of fairness to the comparisons.
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3.1.2 Top-n recommendation

Of more importance than rating prediction is top-n recommendation. Given a
user u € U, the top-n recommendation task consists of retrieving Z' from a set
of candidate items C,, C I, such that the retrieved items are presumed relevant
to the used.

In Section 2.4, we discussed the conventional way to perform top-n recommenda-
tion in ERSs, namely Rating-Based Ranking (RaBR), which consists of selecting
the top-n based on the predicted ratings alone. But, given that we are considering
models that can estimate prediction uncertainty, then there is an opportunity to
consider other ways of selecting the top-n. These use what we can collectively
refer to as uncertainty-aware ranking. If the estimates of uncertainty are good
enough, we may achieve better (or, at least, usefully different) recommendation
performance by recommendation strategies that rank the candidates using some
combination of the predicted ratings and their estimated uncertainties. We pro-
pose two such strategies: uncertainty-based filtering and probability-of-relevance

ranking.

3.1.2.1 Uncertainty-based filtering

In some domains, we may not want to recommend items if we are uncertain that
the user will find them to be appealing. Whenever this is the case, uncertainty
estimates may be used to prevent such recommendations. In the simplest case,
we can use Uncertainty-Based Filtering (UBF). In UBF, we filter the candidate

items, discarding those whose uncertainty is above some threshold 7.

If 7 is small, it is likely that several of a user’s candidate item pool will be filtered-
out, which leads to more certain items being recommended. Some of these items
may, however, be ones with smaller predicted ratings. Furthermore, some users
might have a very small candidate set after filtering. For this reason, there might
be cases in which the desired amount of recommendations cannot be provided to
some users. On the other hand, larger 7 values may mean that, for some users,

few or even no items are filtered-out.

3.1.2.2 Probability-of-relevance ranking

If predictions are accompanied by uncertainty levels, there may, in certain
cases, be an opportunity to rank candidates based on uncertainty. We call this

Probability-of-Relevance Ranking (PRR) and we will present the exact details
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in later sections. But, in overview, the approach requires the use of a relevance
threshold, w € S. When a rating is greater than, or equal to, this threshold, then
the item is deemed to be relevant to the user. In the datasets we use in Section
3.4, which use a 5-star rating scale, w might be 4, for example. In PRR, we must
estimate the probability that r,; > w, P(r,; > w) — how certain we are that
the item is relevant. Then, we rank the candidates in descending order of the
relevance probabilities, so that those whose relevance is most certain are highest

in the ranking. Finally, PRR recommends the top-n from this ranking.

Probability-of-Relevance Ranking was first proposed in [OLCGPB21], specifically
for their BeMF method, which we will review in Section 3.2.5. Nevertheless, it
also applies to many other models, as long as they are able to estimate P(r,; > w).
Some of the other methods that we review in Section 3.2 will be able to compute
such probabilities by default. For some of those that cannot compute probabilities
by default, we have devised a way of enabling some of them to nevertheless

compute probabilities, and this is described in Section 3.5.3.3.

Notice that, with PRR, P(r,; > w) is used to rank the items. If one also wishes
to associate each recommended item with a numeric uncertainty estimate (e.g.
for display to the user), then the complementary probability 1 — P(r,; > w) can

be used.

3.2 Estimating Uncertainty

There are many ways of estimating the level of uncertainty of a predicted rating
in an ERSs. Different sources of uncertainty can motivate different ways of esti-
mating the uncertainty. For the purposes of surveying the approaches, we classify

them into five broad types, as follows:

Information-based: Uncertainty is estimated from the amount of information

that is known about users or items, or the dispersion of the ratings.

Stability-based: Uncertainty is estimated from the stability of the predictions
across perturbations of the conditions under which we train the prediction

model.

Error-based: Uncertainty is estimated from the expected prediction errors of

an underlying rating prediction model.
Distribution-based: The ratings are assumed to follow a statistical distribu-

tion, whose dispersion is used to estimate uncertainty.
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Multinomial-based: Multinomial methods also estimate uncertainty from the
dispersion of the predicted ratings but they use models that make discrete

predictions for each rating value.

In the following sections, we describe each of these classes in more detail; we
review work from the literature that falls into each class; and we even propose

new stability-based and error-based methods.

3.2.1 Information-based uncertainty

The foremost source of uncertainty in a RS comes from the lack of user-item
interaction data. In practice, item catalogs are often large and therefore users
will interact with only a small proportion of the items in it. In our setting, this
means that users will have rated only a small proportion of the items: in the
majority of cases, #R~ > #R. Models learned from this sparse data may be
unreliable. For this reason, simple statistics such as item support (the number
of ratings an item has) can be used to measure the reliability of the predictions

[Maz13]. Hence, its negative can be used as an estimate of uncertainty:
NEG-ITEM-SUPPORT: G,; = —#R.;

Although item support is indicative of the information available about an item,
it might also be misleading. For instance, two items might have the same number
of ratings, but one of them might be rated similarly by different users, whereas
the other might have received more divergent ratings. We expect a higher degree
of uncertainty when predicting the ratings of items that have divergent ratings.
For this reason, the variance of an item’s ratings can also be used as an estimate
of uncertainty [AKKO07, Maz13]:

ITEM-VARIANCE: G.; = Var(R.;)

In a similar vein, we can estimate uncertainty from user profile length (the number

of ratings a user has) [Maz13] or the variance of a user’s ratings [WWSY13]:
NEG-USER-SUPPORT: G,; = —#R..
USER-VARIANCE: G, = Var(R.,)

Information-based measures of uncertainty can be insightful. Nevertheless, they
are quite simple. One weakness is that they are model-independent, because they
are computed strictly from the data, independently of the rating prediction model.
In other words, changing from one prediction model to another does not result

in any change to the estimates of uncertainty. This is counter-intuitive, because
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different models utilise the data differently, and we would expect uncertainty
estimates to reflect this behaviour. This will not be the case for information-

based measures.

A second weakness is that NEG-ITEM-SUPPORT and ITEM-VARIANCE quan-
tify uncertainty item-wise and not interaction-wise. That is, their estimated un-
certainty for an item 7 is not personalised: Gy = py;iV (u,v) € U% Similarly,
NEG-USER-SUPPORT and USER-VARIANCE are strictly user-wise measures:
Gui = pu; V (i, §) € I

Used in isolation, item-wise and user-wise measures lack the granularity that RSs
typically need. This is especially the case for user-wise measures. A user-wise
uncertainty estimate cannot help a system decide which of a set of recommenda-
tions need explanations, for example, since all of a user’s recommendations will
have the same uncertainty level. Similarly, user-wise uncertainty estimates can-
not be used in top-n recommendations that are uncertainty-aware, such as UBF
and PRR, again because the estimated uncertainty associated with each of that
user’s predicted ratings will be the same. In fact, since top-n recommendation is
a more important task than rating prediction and since top-n recommendation
is a user-based task, user-wise uncertainty estimates are largely useless. For that
reason, the literature on information-based uncertainty is focused on item-wise
metrics [Maz13]. In our experiments (Section 3.4), we do not include user-wise

uncertainty estimates.

Nevertheless, user-wise and item-wise estimates of uncertainty can provide in-
sights into RS performance. For example, [BFDC19] show both theoretically and
empirically how eigenvalues obtained from an item-item similarity matrix are
strongly related to the model recommendation accuracy. The negatives of these

eigenvalues can also be interpreted as user-wise uncertainty metrics.

Finally, we note that, instead of using these estimates in isolation, some
authors have proposed heuristic combinations of NEG-USER-SUPPORT and
NEG-ITEM-SUPPORT (e.g. based on their product) to give interaction-wise
measures (e.g. [ZT7ZX14, dCMC18]).

3.2.2 Stability-based uncertainty

Prediction uncertainty is related to the level of arbitrariness present in the pre-
dictions. Hence, a prediction is uncertain the more it exhibits high variance

across small perturbations to the conditions under which the prediction model is
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learned.

[Maz13] explores this idea in a multi-modelling strategy. Consider that a model
F'is used to predict ratings. Then, model stability can be measured by learning
several different models from perturbations of the training dataset. A stochastic
perturbation function, P, is used to create N different versions of the original
ratings training data, i.e. R*®) = P(R), for k € 1,..., N. A rating prediction
model F®*) ig learned from each of the versions of the dataset. Considering the
predicted ratings as random variables, their standard deviation is an estimate of

that rating’s uncertainty.

In a strategy called RESAMPLE, [Maz13] uses random sampling as the pertur-
bation function. In this case, each individual model is trained using a random
subset of the ratings available for training. The predicted rating 7,; is given by
a model F' trained on the entire training set; the estimated uncertainty of that
prediction is given by the standard deviation of the predictions from the models

F®) that are trained on the different samplings of the training set:

Fui = F(u,1) (3.1)

1 & K) (0 i) _ & )2
Gui = N\l ’;(F( Nuy i) — Pus) (3.2)

[Maz13] proposes another such strategy, called INJECT. In this strategy, the
perturbed datasets are obtained by adding noise to the original ratings, i.e. new
ratings, 7., are obtained as r,; + €, where € is random Gaussian noise. The
empirical results in [Maz13] show that RESAMPLE generates better estimates
of uncertainty compared with INJECT, which is why, in our own empirical work
(Section 3.4), we include RESAMPLE and not INJECT.

Unlike the information-based uncertainty measures, which are model-
independent, the stability-based measures do depend on the prediction algorithm
itself. Furthermore, the stability-based measures are interaction-wise measures.
On the other hand, in order to obtain good estimates for the predicted rating
variance, several different models have to be learned, hence, computing these
measures can be slow. In [Maz13], this problem motivates FAST-RESAMPLE,
which approximates RESAMPLE by using in each F®) some model parameters

that have been computed once on the original ratings.

In this dissertation, we introduce a perturbation strategy that has not previously

been evaluated in the context of uncertainty estimation. It is model-specific and,
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indeed, depends on using models whose parameters require random initialisation.
The strategy, which we designate ENSEMBLE, consists in multi-modelling for
different initialisation points. The predicted rating is the mean of the predicted
ratings of the individual models, and the estimated uncertainty is their standard

deviation as before:

;; (3.3)
\IZ F®) (u,d) — Fui)? (3.4)

Using different initialisation points for the perturbations in multi-modelling is

TUZ

Z\H

Z\H

interesting since it means that all of the training ratings are used to learn each
model F®; by contrast, RESAMPLE uses only a subset of the training data
for each model. This might lead to better rating estimation, and we see some

evidence of this in the results of our experiments.

For our empirical work (Section 3.4), the models in the ensemble use matrix
factorization (MF) (Eq. 2.1). MF is known to suffer from strong instability, de-
pending on the initialisation of the vectors. This has been shown by [DGBC22] in
a recommendation context and also by [BMNG18] and [POMT*20] for topic mod-
elling. Ensembles of MF models that have been initialised differently can result

in lower error and greater stability but also enable us to estimate uncertainty.

3.2.3 Error-based uncertainty

Uncertainty in rating predictions can be estimated through the expected error
in those predictions. The more certain a prediction is, the more accurate the
prediction should be. [ZOBG18] give a method for estimating prediction error,

and then use this as the measure of uncertainty.

Their method use a cross-validation procedure to obtain a set of prediction errors
E. First, they partition the training ratings R into K folds. It follows that each
known rating r,; € R will appear in exactly one fold. Then, they learn K models,
F® for k € 1,..., K, where F® is learned from all the training ratings except
those in the k-th fold. Now, they can make a prediction 7,; that corresponds
to each known rating r,; € R. Specifically, if r,; is in the k-th fold, then F*)
predicts 7,;. This allows a calculation of training error, e,; = ry; — 7. At the

end of this cross-validation phase, they have a set of prediction errors e,; € E
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for each r,; € R. Finally, they learn two models. One is a ratings prediction
model F, learned from the entire ratings training set R. The second is an error
prediction model, £ : U x I — R™, that can predict the rating prediction errors,

which is learned from E.

At prediction time, we want to compute uncertain predictions, (7y;, G.;). The
predicted rating, 7,;, is given by the final rating prediction model, F'; the uncer-

tainty level, G;, is the estimated prediction error, given by model £.

In [ZOBG18|, FunkSVD was chosen both as F' and €. That is, one FunkSVD
model F' is responsible for the rating predictions, while another FunkSVD model

& estimates uncertainty (i.e. errors). In Section 3.4, we designate this strategy
by EB-FunkSVD. More precisely, in EB-FunkSVD, we have:

Tui = Pg%‘ (3-5)
Gui =1, (3.6)

where p, and ¢; are embeddings learned from R and p!, and ¢} are embeddings

learned from F.

Nevertheless, FunkSVD is only one of many possible uncertainty estimators £.
During our empirical study, we found EB-FunkSVD to perform below our ex-
pectations. For some of our evaluation metrics, much simpler estimates, such as
NEG-ITEM-SUPPORT, had better performance. These results raised a concern
about possible over-complexity of FunkSVD for the uncertainty estimator. For
this reason, we also experimented with a much simpler choice of £, which we refer
to as EB-Linear.

In EB-Linear, we define linear weights b, € R for u € U and b; € R for i € I for
every user and item. Now, we propose that the uncertainty for a user-item pair
(i.e. the predicted error) to be simply the sum of the user’s and item’s weights.
With this formulation, instead of £ having a d-dimensional embedding to model
each user and item, there is only a single scalar parameter for each. More precisely,

in EB-Linear, we have:

The user and item weights, b, and b;, are learned, by gradient descent, to minimize

the mean squared error between the predicted and observed errors.

Finally, we also acknowledge the contribution by [CTFLHT13], where another un-

certainty estimation approach based on prediction errors was introduced. There,
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uncertainty estimation is viewed as a binary classification task, where the goal is
to segregate certain from uncertain predictions. This task is solved by learning a
classifier that predicts whether a user-item interaction is uncertain or not. The
classifier is learned based on both the prediction errors committed by the rating
prediction model (in their case, a k-nearest neighbours model) and the ratings
given by similar users to the same item. We will not further explore this ap-
proach for two reasons. First, it is restricted to neighborhood models. Second,
the segregation of items into two types (certain and uncertain) is quite different
from the formulation used in our work, where we seek to estimate the level of
uncertainty, G,; (Section 3.1). In any case, EB-FunkSVD and EB-Linear are also
based on prediction errors and can be applied to a wider class of collaborative

filtering models.

3.2.4 Distribution-based uncertainty

The RS literature contains several methods that consider each user-item rating
to be a random variable, each having a certain probabilistic distribution F|0©,;,
where © is the set of distribution parameters. Modelling the ratings with a
distribution rather than a point estimate allows the recommender to produce a
much richer output, from which it is possible not only to obtain point estimates for

the ratings but also to infer the uncertainty associated with these point estimates.

The Gaussian distribution emerges as a natural choice: its mean, u, and variance,
o?, are obvious choices for the rating point estimates and their uncertainties.
In this case, ry ~ N (piui,02;), and the task of estimating r,; is performed by

estimating ©,; = (i, 02;) for every user-item pair.

One notable algorithm to employ a Gaussian model is Probabilistic Matrix Fac-
torization (PMF) [MS08]. In PMF, the ratings are assumed to follow a Gaussian
distribution, with a fixed variance parameter c? = 1. As before, let p, and g
be user and item embeddings, both of dimension d. Then, the likelihood of the

training data can be written as:

6ui
P(R) = IT [V (ruilpa:, 1)] (3.8)
el uelU
where N (-|u1, 0?) is the probability density function of the Gaussian distribution
with mean p and variance o2, and 4, is an indicator function that is equal to 1 if
user u rated item ¢ and 0 otherwise. The latent factors are assumed, in prior, to

follow a zero-mean spherical Gaussian distribution. In this case, maximising the
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log-posterior distribution is equivalent to minimising the sum of squared errors

subject to Ly regularisation terms:

D2 0uilru = po@) + Ao Y Ipull + Ar Y llaill (3.9)

uelU el uelU el

To learn PMF from explicit ratings, we can use mini-batch gradient descent,
iterating through the observed rating. The procedure is equivalent to the one

described in Section 2.3.2. The loss function of a batch of ratings B is,

1
E(BIH)Z% > (i —pu@)* + 2 X Pl + Ar 3 Ml (3.10)

(uvivrui)EB uel il

Notice that, although having a different motivation, the PMF model optimizes
an objective function which is similar® to FunkSVD’s (Eq. 2.7).

PMF assumes every user-item pair to have the same variance. Not only is this
a very strong assumption in general, it also means that PMF is not suitable for
uncertainty estimation, since every user-item pair would have the same estimated
uncertainty 0. For this reason, [WLWT18] extend PMF to Confidence-aware
Probabilistic Matrix Factorization (CPMF'). There, each user and item is assumed
to have a latent variance parameter, o, and o;, respectively. The variance of each
user-item pair is obtained by some function 7 : R x R — R that composes these

two latent variance parameters. Therefore, the likelihood of the training data is:

The latent factors, p, and ¢;, and the variance parameters, o, and o;, are esti-

mated through gradient descent on the negative log-likelihood.

[WLW™18] use a simple product for . In our experiments (Sections 3.4), we do
the same and this is what we are referring to when we write CPMF in that later

section of this chapter.

[WLWT18] also propose a Bayesian version of the algorithm, similar to [SMO0S].
The idea of the Bayesian framework is to automatically control model complexity

through prior distributions in order to alleviate the effects of overfitting and to

?In fact, user and item specific regularization parameters Ay, A7, may also be used with
FunkSVD, making it equivalent to PMF.
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improve model generalisation.

Another distributional method that resembles CPMF is proposed by [YB21].
Their proposal, which is based on Gaussian Processes, also assumes each interac-
tion to follow a Gaussian distribution. However, their method explicitly models
the full covariance between all pairs of interactions. For this reason, their model
is more complete then CPMF, but also a lot slower to train, especially for big

datasets.

The next section presents further distribution-based methods for the special case

where ratings are not treated as continuous variables.

3.2.5 Multinomial-based uncertainty

Ratings are typically discrete; for example, the ratings in the Netflix Prize dataset
are integers from 1 to 5 [BLO7]. But, in rating prediction, ratings are often
treated as continuous variables. In other words, the model predicts real values:
F : U x I — R. Then, as we have seen, there are various ways of augmenting

each predicted rating with an estimated uncertainty level.

Multinomial models treat predicted ratings as discrete variables. For each point
on the rating scale, they predict a probability. Hence, the output of a multinomial
prediction model is a vector, containing one probability for each score s on the
rating scale S = {sy,..., sy}, where P(r,; = s) is the probability that user u
will assign rating s € S to item 4, and Y ,cgP(ry,; = s) = 1. For instance, in
the Netflix case, the model will predict P(r,; = s) Vs € {1,...,5}. This idea has
motivated several recommendation algorithms, including the User Rating Profile
Model (URP) [Mar03], Bernoulli Matrix Factorization (BeMF) [OLCGPB21] and
OrdRec [KS11]. From a statistical standpoint, this way of formulating rating
prediction consists of assuming r,; follows a multinomial distribution. Hence, it
is possible to extract not only point estimates for the ratings, but also dispersion

statistics, which can be used as estimates of uncertainty.

The BeMF model is one way to estimate the vector of probabilities [OLCGPB21].
BeMF learns m different Bernoulli factorization models, one for each point on the
rating scale, i.e. it learns a set of models F' = {F},..., F,,}. To learn each indi-
vidual model Fj, it uses a modified version of the training set Ry = {(u, 7, ruis)},
such that:

1, ry=s ‘
Tuis = \V/(U,@, Tui) € R (312)
0, otherwise
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Each Bernoulli factorization model F; makes predictions in the same way as the
FunkSVD method (Equation 2.1), but with the difference that the predictions are
scaled through a logistic function, which bounds them to the [0, 1] interval. To
learn the latent factors, for each individual model, the cross-entropy loss function

is used. The loss for a single training instance is:
Fy(u,d)™ = (1 — Fy(u, 1))t e (3.13)

The parameters of the model are updated by performing gradient descent on this

loss function. Finally, the probabilities are given by:

Fy(u,1)

]P)(Tui B S) B ZSES Fs(ua 7’)

(3.14)

With the probabilities estimated, [OLCGPB21] proposes that the predicted rating
will be the most probable value in the rating scale, and the uncertainty estimate

will be the probability mass lying outside this most probable rating value:

Tui = argycg max P(ry; = s) (3.15)
Gu=1-— IESSXP(TM =) (3.16)

A rather different multinomial approach, OrdRec, is proposed in [KS11]. While
OrdRec has a very different formulation from BeMF, its ultimate goal is also to
predict the vector of probabilities. OrdRec learns a single rating prediction model,
e.g. using FunkSVD, which will be denoted F. Then, for every s € {s1,..., Sm_1},

the cumulative probability function for the ratings is:

1

P(ry < s) = 1 oGt

(3.17)

where t,, for each s € S is a user-specific set of threshold parameters. Notice
that P(ry; < s,,) = 1 as this is a cumulative distribution. After estimating the

cumulative functions, the individual probabilities are obtained by:

P(rui = si) = P(rui < 8i) — P(rus < si1) (3.18)

Now, for every u € U, let t, g0 = 0. Then, the gaps between a user’s thresholds

Uncertainty in 51 Victor Azevedo Coscrato
Recommender Systems



3. PREDICTION UNCERTAINTY IN ERSS 3.2 Estimating Uncertainty

are encoded as a set of parameters 5,1, Bu2, ..., Bum—1, such that

tus; = tus,, €=, Vie{l,...,m—1} (3.19)

Therefore, the whole set of parameters to be learned for OrdRec includes the
underlying model’s parameters, as well as {841, Bu2, - - -, Bum-1}Vu € U. The

likelihood function for the model is:

11 11] HS (P(ry; = s))°"=) (3.20)

Learning is performed by stochastic gradient descent on the negative log-

likelihood function.

With the rating distribution estimated, there are many ways in which rating
predictions and uncertainty estimates can be extracted. [KS11] argue that the
distribution’s average and some measure of its dispersion can be used to predict
ratings and uncertainty respectively. Moreover, any distribution dispersion metric
can be employed, such as standard deviation, Gini impurity or entropy. Among
these, they empirically found that the standard deviation performed best for
uncertainty and, therefore, we will use the same when we estimate uncertainty

using OrdRec in this chapter:

Poyi = Z sP(ry; = s) (3.21)

seS

Gui = \l 1 > (s2P(ry; = 5)) — mi2; (3.22)

seS

Moreover, we highlight one concern regarding the uncertainty estimates given by
Equation 3.22: when 7; is either too small or too big, that is, close to s; or to
Sm, then the uncertainty G,; will always be very low. This happens because,
in order to predict one of the distribution’s extremes, the vast majority of the
distribution’s probability have to fall on this extreme rating value, leading to
very low standard deviation. Intermediate rating values do not suffer from the
same problem because, in this case, the distribution’s probability can be dispersed

symmetrically around that intermediate rating value.

We have concluded our review of ways of estimating ratings prediction uncer-

tainty. We turn our attention now to ways of evaluating these estimates.
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3.3 Evaluating Uncertainty Estimates

After training a rating prediction model, it is common to evaluate its perfor-
mance on a test set, this being a set of known ratings that was held-out during
training. The most common rating prediction evaluation metrics, such as root
mean squared error (RMSE), simply compare the predicted ratings to the known

ratings in the test set (see Eq. 2.15).

In this case, the known ratings give us a ‘ground-truth’ for the evaluation. Sim-
ilarly, after estimating the uncertainty of predicted ratings, it is desirable to
evaluate the quality of the uncertainty estimates. But, the evaluation of the un-
certainty estimates is not as simple as evaluating the predicted ratings because
there are no ‘ground-truth’ values that can be compared with the uncertainty

estimates.

Our review of ways of evaluating estimates of rating prediction uncertainty starts
with a discussion of expected correlations. Subsequent sections then correspond
to the two different tasks that an ERS perform: rating prediction and top-n
recommendation, the latter being split into Rating-Based Ranking, Uncertainty-

Based Filtering and Probability-of-Relevance Ranking.

3.3.1 Expected correlations

Despite the differences in the uncertainty estimates that we reviewed in Section

3.2, there are ‘patterns’ that we expect to observe, including the following:

Negative correlation with user profile size: The less we know about a
user’s tastes, the more uncertain we expect that user’s predictions ratings
to be.

Negative correlation with item support: Similarly, the less that an item
has been interacted with, the less certain we expect that item’s predicted

ratings to be.

Positive correlation with user rating variance: The more a user’s ratings

vary from each other, the less certain we expect that user’s predictions to
be.

Positive correlation with item rating variance: The more an item’s rat-
ings vary from each other, the less certain we expect that item’s predic-

tions to be.
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To the best of our knowledge, we are the first to propose checking these corre-
lations. Computing them can serve as an initial check that a particular way of
estimating uncertainty behaves, on the whole, in the way we might expect. We
have chosen to carry out this check using Spearman rank correlation, because the

correlations might not always be linear.

It is important to point out that some of these correlations might not always hold
for individual user-item interactions. For example, in the movie domain, a new
movie from a famous director is usually a very safe and expected recommendation,

even though the movie, being newly-released, will have low item support.

We also expect to see some correlations between the uncertainty estimates and

prediction error and top-n recommendations accuracy:

Prediction error: The more wrong a predicted rating is, the less certain we

expect the prediction to be.

Recommendation accuracy: Similarly, the more accurate a set of top-n rec-
ommendations is, the more certain we expect the predicted rating for each

item in the top-n to be.

The literature offers several metrics that we can compute to confirm these corre-

lations, and we explore these in more detail in the following subsections.

3.3.2 Rating prediction

Uncertainty measures are expected to reflect prediction errors. For this reason,
the foremost method for evaluating the quality of estimates of rating prediction
uncertainty consists of simply evaluating the correlation between the prediction
errors in a holdout test set and their estimated uncertainty. Different correlation
coefficients can be used. For example, Pearson correlation can be used to measure
the linear correlation, while Spearman correlation can be applied if rank correla-
tion is preferred. Later, we refer to these correlations (between rating prediction

errors and uncertainty estimates) as Pearson, and Spearman,,.

Mazurowski and Maciej [Maz13] proposes a visualization of the correlation be-
tween uncertainty and prediction error. In fact, they refer to “reliability esti-
mates” on predicted ratings, rather than uncertainty estimates. But, as their
concept of reliability is the opposite of uncertainty, their visualisation can be
used here, after some adaptations. In what follows, we ‘translate’ their proposals

to our uncertainty framework.
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Their proposal begins by splitting the predictions for the test set into B equal-
sized bins based on, and ordered by, their uncertainty levels — that is, bin 1
contains the least uncertain predictions and bin B the most uncertain ones. For
each bin b, an error threshold, ¢, is calculated. The error threshold for bin b
measures how inaccurate the predicted ratings within the bin are. The thresholds
are calculated such that Bayesian confidence intervals of the form [7,; — €, s + €5
contain the real rating r,; for at least (1 — «) x 100% of the bin’s predictions,
where a € [0, 1] is a fixed significance level. The quality of the confidence intervals

are determined by the curve of the error thresholds against their confidence bin.

One problem with the latter method is that the curves will depend on the choice
of a.. In fact, the reliance on a means that each uncertainty estimate will have a
family of curves (for each value of «), which makes it more difficult to compare
uncertainty estimates. To solve this issue, and also to adapt Mazurowski and Ma-
ciej [Maz13] confidence intervals to our uncertainty framework, we propose to use
uncertainty bins, rather than confidence bins, and to calculate the average RMSE
in each of these uncertainty bins. In this case, given B equal-sized uncertainty

bins, we calculate the following for each bin b:

no )2
RMSE, = \/ ZGuigrfle b““) (3.23)

where the denominator is the number of test instances falling into bin b. Similarly
to before, we then plot the curve of the RM S E), values against their bin index. We
refer to these as RMSE-uncertainty curves. Now these curves have no reliance on
additional parameters other than the number of reliability bins — in particular,

there is no longer the parameter a.

Nevertheless, a problem that remains is how to interpret curves like these. To
illustrate, we refer to Figure 3.1. The Figure shows three example RMSE-
uncertainty curves. Notice that all the curves have very similar RMSFE; and
RM S Epg values. On the other hand, their behaviours in between these extremes
are different. In this case, there is no clear definition that states which curve is

preferred, and hence which of the underlying uncertainty estimates are better.

To alleviate this problem, some simple metrics can be extracted from the curves.
One option, which has been explored in [Maz13], is to calculate the difference in
the values between the first and last bins. In [Maz13], this metric is called d,.
Here, to avoid confusion due to the fact that we are using RMSE-uncertainty
curves, we will refer to it as RMSE:
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Uncertainty bin
Figure 3.1: Example RMSE-Uncertainty curves.

Table 3.1: Criteria for a good estimate of rating prediction uncertainty

Prediction error Uncertainty Uncertainty evaluation metric

High Low Big penalty
Low High Small penalty
High High Big reward
Low Low Small reward
ORMSE = RMSEg — RMSE; (3.24)

Higher values of § RM S E are indicative that prediction error grows as uncertainty

grows.

In a similar vein, [BGOZ18] argue that an evaluation metric for an uncertainty
measure should penalise predictions where certainty is high but predictive error
is also high and should strongly reward predictions where uncertainty is high and

predictive error is high. Table 3.1 schematically describes the desired behaviour.

[BGOZ18] propose a metric that matches the criteria in Table 3.1. Like the work
in [Maz13], Bobadilla et al’s Reliability Prediction Improvement metric is given
in terms of reliability. We adapt it from reliability to uncertainty and call it

Uncertainty Prediction Improvement (UPI).

To define UPI, we first compute the absolute errors e,; = |Fy;—7wil, V(u, 4, 74) € T,
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CUPI

where T is a holdout test set. Then, we define the metric criteria, , as follows:

O = euilew =) (P — Gus) (3.25)

where € and p are the means of the absolute errors and the uncertainty estimates
for all the test instances in 7. UPI is then defined as:

1
s
0.0, #HT ~ u
vpr = 0 e (3.26)

€

where o, and o0, are the standard deviations of the absolute errors and uncertainty
estimates. The divisor term, o.0,#7, standardises the criteria values, while the

term € compares the standardised criteria values to the mean absolute error.

[KS11] take a rather different approach to the evaluation of uncertainty estimates.
Instead of using metrics, such as §RM SFE and UPI, they build and evaluate what
they call confidence classifiers. These are binary classifiers that use the uncer-
tainty estimates as predictors (features) to predict whether or not the rating error
will be greater than 1. In practice, given a set of predicted ratings 7,; and their
respective observed ratings r,;, a confidence classifier is a logistic model, where
the uncertainty estimate is the predictive feature, and the model predicts the
probability P(|#,; — 7| > 1). Once trained, the confidence classifier is evaluated
using a holdout set. Its accuracy on the holdout set is an indicator of the effec-
tiveness of the uncertainty estimate. Koren and Sill [KS11] use the classifier’s
Area Under the Curve (AUC) for this.

Care must be taken to avoid training and evaluating the confidence classifier on
the instances used to train the rating predictor. In our experiments, we train
the rating predictor on the training set, then we use 2-fold cross-validation on
the test set to train and evaluate the confidence classifier. In other words, we
train the confidence classifier on half of the test instances and evaluate its AUC
on the other half of the test instances. We repeat this, after interchanging the
two folds. The final results that we report are the average AUC across the two

folds. In Section 3.5, we refer to this approach to evaluation as Error-Uncertainty
Classification (EUC).

We highlight that the choice to predict P(|7,; — 74| > 1) with this method is
arbitrary. The method is general: we could build confidence classifiers based on

thresholds other than 1. In our experiments, however, we follow [KS11)’s use of
1.
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3.3.3 Top-n recommendation

We divide our discussion of ways of evaluating the quality of the uncertainty
estimates at top-n this into three. First, we discuss the evaluation of uncertainty
in recommendations given with RaBR. Then, corresponding with the use cases
introduces in Section 3.1, we propose an application-based approach, where we
access the validity of the uncertainty estimates according to the improvements

they provide to these use cases.

3.3.3.1 Rating-based ranking

As previously stated, we expect recommendation accuracy to be greater in cases
where the recommendations are less uncertain. Therefore, one metric to eval-
uate the uncertainty estimates is the Spearman correlation between some rec-
ommendation accuracy metric, e.g. MAP@n, and the average uncertainty of the
recommended items for the user. We will refer to this as Uncertainty Accuracy
Correlation (UAC). Notice that, for this metric, smaller values denote better

performance.

In a similar vein, [BGOZ18] propose Reliability Recommendation Improvement, a
metric that evaluates reliability estimates in the case of recommendations. Their
metric is based on similar criteria to those in Table 3.1, this time that hits (top-n
recommendations that are correct) should be associated with lower uncertainty
levels than the non-hits. We present Uncertainty Recommendation Improvement

(URI), which is our adaptation from reliability to uncertainty.

CURI

Our adaptation starts by defining as follows:

C= 3 (p-Gu) (3.27)

LEZN | ryi>w

CYPI However, URI is focused on

Notice that there is a strong relation with
relevant items, i.e. test set ratings for which r,; > w. Hence, in CUT! the mean

uncertainty p is calculated only over test instances where r,; > w.

In this definition of CY#! based on [BGOZ18] and similar to CY?!| p is a global
average — the average of all the uncertainty values in test set 7". In other words,
it is not the average of these values just for user u. We believe that averaging
over all T" can lead to problems. For example, it is likely that some users will have
high overall uncertainty. In an extreme case, there may even be users u for which

Gu <p Vi€ I. For such users, if a recommendation hit occurs, then CUR < ()

Uncertainty in 58 Victor Azevedo Coscrato
Recommender Systems



3. PREDICTION UNCERTAINTY IN ERSS 8.8 Evaluating Uncertainty Estimates

even if the recommended hit is less uncertain than all of the other recommended
items for that user. Given a set of recommendations for a user, it is desirable for
recommendation hits to have a lower estimated uncertainty than non-hits. For
this reason, we propose an alternative definition of URI that is based on Z], the

top-n items recommended to u. We redefine it as follows:

G = > (P Gu) (3.28)

LEZN | ryi>w

where p,, is the mean uncertainty for the items in 2, i.e. the n items that are

recommended to user u.

Now, the URI is defined as:

Z CURI

URI = “
0p, > #{i € Z|ry; > w}

(3.29)

where o, is the standard deviation of the uncertainty values for Z;. The de-
nominator is used to guarantee that the URI is a valid metric when comparing

different uncertainty measures.

3.3.3.2 Uncertainty-based filtering

In Section 3.1.2.1, we argued that, in some circumstances, it can be useful to
constrain the set of items that might be included in a top-n by discarding can-
didates whose uncertainty value exceeds some threshold 7. As initially proposed
in [OLCGPB21], we can use this as a way of evaluating uncertainty estimates.
In certain cases, the recommendation accuracy (e.g. its precision) can increase
— if the candidate items that are discarded are not only uncertain but also not
relevant. In practice, the recommendation accuracy can be measured for a range
of different values for 7, with the expectation that accuracy will increase as 7
increases. Nevertheless, restricting the candidate set might also decrease the av-
erage predicted rating in the recommended items. For instance, before filtering,
a user might have several candidates that receive high predicted ratings but also
high uncertainty. If these are filtered out, not only will uncertainty be reduced in
the filtered recommendation set, but also the average predicted rating. For this
reason, together with the accuracy, it is important to monitor the Mean Predicted

Rating. To do so, we use:

Uncertainty in 59 Victor Azevedo Coscrato
Recommender Systems



3. PREDICTION UNCERTAINTY IN ERSS 3.4 Empirical Study

> 711 3 (3.30)

uelU "7 ieZn

1
Mean Predicted Rating@n = %

Finally, since we are preventing the RS from recommending highly uncertain
items to the user, there may be users for whom the RS cannot recommend a full
set of n items. Hence, the recommendation coverage should also be measured. In

our experiments, we measure coverage according to Eq. 2.27.

3.3.3.3 Probability-of-relevance ranking

In RaBR, uncertainty estimates are not used for ranking the candidates and
selecting the top-n, and therefore uncertainty in the case of RaBR has to be
evaluated through specific metrics, such as UPI. In PRR, on the other hand, un-
certainty estimates are used to rank the candidates and select the top-n; specifi-
cally, we recommend the candidates for which P(r,; > w) is highest. This means
that, in the case of PRR, the uncertainty estimates can be evaluated through
recommendation accuracy metrics. That is, the quality of the recommendation
set given by the uncertainty estimates serve as an indirect way to evaluate these

estimates.

Furthermore, in the cases where the system is expected to provide uncertainty
estimates together with the uncertainty-based recommendations, then these un-
certainty values also have to be evaluated. In Section 3.1.2.2, we propose that
1 — P(ry > w) can be used as the uncertainty estimate. In this case, the un-
certainty estimates will increase as we progress through the item ranking. That
is, the uncertainty of the top-ranked item will be the smallest, followed by the
second, and so on. Under this setup, URI is not a feasible evaluation metric
anymore, because the differences p, — G,; will always be the largest for the top-
ranked items, leading to unrealistically high URI values. On the other hand,
the correlation between the uncertainty estimates and accuracy (UAC) is still a

feasible metric, and we will use it below.

3.4 Empirical Study

In this section, we report the results of an empirical study that we have conducted.
We believe it is the most extensive study in the field to this date. Compared with
previous studies, it covers more ways of estimating uncertainty and uses more

evaluation methods, as well as making use of two large datasets. Previously, the
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most comprehensive study was [Maz13], but it compared only information-based
and stability-based uncertainty estimates. The study in [BGOZ18| proposed and
empirically tested some uncertainty quality measures but, similarly, it did not con-
sider error-based, distribution-based or multinomial-based uncertainty estimates.
Other studies in the field, e.g. [KS11, WLW™18], use few, or no, uncertainty eval-
uation metrics, and therefore also lack empirical support for their uncertainty
estimates. Finally, [OLCGPB21]| has two major issues with their experiments: it
does not compare BeMF against OrdRec, which has a similar motivation to it;
and it has an unconventional recommendation evaluation, where candidates for
recommendation are taken only from the test set and therefore unrated items are

never recommended.

Our implementation makes considerable use of PyTorch [PGC*17] and is partially
inspired by the Spotlight Python libraries.® For reproducibility, all the code used

is available.*

3.4.1 Models

We compare the following ways of estimating uncertainty, each of which
was described in Section 3.2: NEG-ITEM-SUPPORT, ITEM-VARIANCE,
RESAMPLE, ENSEMBLE, EB-FunkSVD, EB-Linear, CPMF, BeMF and
OrdRec. As explained previously, we do not include the user-wise estimates,
NEG-USER-SUPPORT or USER-VARIANCE: they assign the same level of
uncertainty to all of a user’s candidate items, which is not helpful to a top-n

recommender system.

Most of these techniques rely on a separate rating predictor; only CPMF, BeMF
and OrdRec have their own methods for predicting the ratings. For those that
need a separate rating predictor, we use FunkSVD (Equation 2.1). Moreover,
FunkSVD is also the underlying rating prediction model F' in the case of OrdRec
and BeMF, and has the same formula as the distribution average in the case of
CPMF (Equation 3.11).

Furthermore, we also use FunkSVD separately as a baseline for recommendation
accuracy. We will want to determine whether the new techniques have similar
or better prediction error (RMSE) and top-n accuracy (MAP@n and Recall@n)
than FunkSVD.

3https://github.com/maciejkula/spotlight
‘https://github.com/vcoscrato/uncertain/tree/SnapExplicit

Uncertainty in 61 Victor Azevedo Coscrato
Recommender Systems



3. PREDICTION UNCERTAINTY IN ERSS 3.4 Empirical Study

Table 3.2: Characteristics of the datasets used in our experiments.

Dataset MovieLens Netflix
num. users, #U 162,542 53,424
num. items, #/ 59,047 480,189
num. ratings, #R 25,000,095 100,480,507
sparsity 99.74% 99.61%
avg. num. ratings per user 154 1881
avg. num. ratings per item 423 209
rating scale {0.5,1,1.5,...,5} | {1,2,...,5}

3.4.2 Datasets

We use two large ratings datasets: the MovieLens 25 million ratings dataset
[HK15] and the Netflix prize dataset [BLO7]. Table 3.2 shows some information
about each dataset. We chose these datasets because they are by far the most

popular ones for the rating prediction task.

3.4.3 Methods
3.4.3.1 Data splitting

We select a random sample of 10,000 users to be test users. The restriction
to 10,000 users is to reduce the computational cost of running this extensive
set of experiments on such large datasets. For these sampled test users, we
chronologically order their ratings and place the last 20% of them in the test set.
We use the remaining ratings (from every user, not just the test users) for training
or validation. Specifically, we order these remaining ratings chronologically; for
each user, we use the first 80% of these ratings for our training set, and the rest

for our validation set.

3.4.3.2 Tuning

We have a number of hyper-parameters, whose values we need to choose. We
tune the models by training them with different hyper-parameter values on the
training set and evaluating them on the validation set, choosing values that give
the lowest validation set RMSE.

Wherever we are using matrix-factorization, the latent feature vector dimension
d and the regularisation strengths Ay and A; are hyper-parameters. The latent
feature vector dimension is chosen from {50, 100,200}, while the regularisation

strengths are chosen from {0.1,0.01,0.001}. The latent feature vectors are ini-
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tialised by sampling from a zero-centered Gaussian distribution with a standard
deviation of 0.01. We set the learning rate to 0.0001 in all cases and used the
Adam optimiser to account for learning rate adaptations. Furthermore, to sup-
press the need to optimise the number of training epochs, we employed early-
stopping, monitoring RMSE after every epoch and stopping training when vali-
dation RMSE does not improve for five consecutive epochs. This setup is similar
to the one used in [DGBC22|, for example.

For ENSEMBLE and RESAMPLE, which involve multi-modelling (Eqns. 3.3
and 3.4), we use N = 5 different models. For RESAMPLE, we use an 80%
sample fraction. For the error-based methods, EB-FunkSVD and EB-Linear, we
use 2-way cross-validation to create the error matrix . We conducted some
preliminary experiments with more multi-modelling runs (10 and 20) and more
CV-folds (5 and 10), but we obtained similar results to the ones for N = 5 and

for 2-way cross-validation.

BeMF trains multiple MF models, one per rating value. For fairness, we ensure
that BeMF has a similar number of parameters to all the other models. For
example, for the Netflix dataset, where there are 5 possible rating values, if the
other models are using d = 50, then BeMF will learn five models with dimension
10 each.

3.4.3.3 Rating prediction evaluation

To evaluate rating predictions, we measure the RMSE between the ratings in the
test set and the predicted ratings. To evaluate the uncertainty estimates, we use
the following evaluation techniques that we presented in Section 3.3.2: Pearson,,
Spearman,, UPI, RMSE-Uncertainty curves, 0 RMSE and EUC.

3.4.3.4 Top-n recommendation evaluation

We compute recommendations for each of the 10,000 test users. For each of these
users u, the candidate items C, C [ that can be recommended to u are all the
items that v has has not rated in either the training or validation sets. Then, for
each user, we create a top-n, Z' C C,,|Z!'| = n. The way we do this depends
on whether we are evaluating RaBR, UBF or PRR. We measure the accuracy of
a top-n using MAP@n® and Recall@n, averaged over all 10,000 users. An item

5For readability, we chose to present only one of the two position-aware recommendation
accuracy metrics presented in Chapter 2. The choice for MAP over NDCG was arbitrary. From
our experience, they are generally strongly correlated.
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¢ is considered relevant to a user u if its test set rating r,, > w where w = 4.
We evaluate the uncertainty estimates using the evaluation techniques that we
presented in Section 3.3.3, namely UAC and URI.

3.5 Results

In this section, we present the results. The subsections correspond to the ones in
Section 3.3.

3.5.1 Expected correlations

We start by exploring correlations between the uncertainty estimates and each of:
the user profile size (#R,,.), item support (#R.;), user rating variance (Var(R,.))

and item rating variance (Var(R.;)).

We compute Spearman correlations on a set of 100,000 randomly sampled user-
item pairs. In other words, we pick a random user and a random item, we
estimate the uncertainty (G,; and, once we have done this for 100,000 such pairs,
we correlate with the statistics mentioned in the previous paragraph. Selecting
users and items at random avoids a bias: if we had instead selected users and
items from R (r,; € R), then we would bias these correlations to cases where the

user has rated the item.

Figure 3.2 gives the results. The correlations between NEG-ITEM-SUPPORT
and #R.; and between ITEM-VARIANCE and Var(R.;) are trivially perfect and

so they are not included.

In the MovieLens dataset, the models’ correlation with user profile size, user vari-
ance and item variance are very low; EB-Linear and BeMF show strong negative
correlation with item support, as expected; but there are counter-intuitive posi-
tive correlations with item support for ENSEMBLE, EB-FunkSVD and OrdRec.
In the Netflix dataset, some expected positive correlations with user variance and
item variance can be observed, with the most noticeable values being achieved by
EB-Linear; in the case of item support, EB-Linear and BeMF show strong nega-
tive correlation, as expected, while RESAMPLE, ENSEMBLE and EB-FunkSVD

show positive correlations to it, which is counter-intuitive.

Notwithstanding the heuristic nature of these expected correlations, the results
are quite concerning. Although they are all supposed to be estimates of un-

certainty, they behave differently from each other, and there is no uncertainty
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(b) Netflix dataset.

Figure 3.2: Correlations between uncertainty estimates and dataset statistics. We
expect negative correlation with #R,,. and #R.;; we expect positive correlation
with Var(R,.) and Var(R.;).
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Table 3.3: Rating prediction: RMSE. (Results for NEG-ITEM-SUPPORT,
ITEM-VARIANCE, RESAMPLE, EB-FunkSVD and EB-Linear will be the same
as the Baseline.) The best values (lowest) are highlighted in bold.

RMSE
Model MovieLens | Netflix
Baseline 0.8400 0.8618
ENSEMBLE 0.8294 0.8493
CPMF 0.8447 0.8742
BeMF 1.0031 1.0270
OrdRec 0.8832 0.8666

estimate that convincingly exhibits all the expected behaviours. We highlight,
among these concerning results, how EB-FunkSVD and EB-Linear have an oppo-
site correlation with item support. This is particularly odd because both methods
are based on the errors of the same baseline, and yet their uncertainty estimates
differ drastically. While some of the forthcoming results in the reminder of this
work will show good performance for these methods, the correlations we have ob-
served raise a flag to the credibility of uncertainty estimates based on prediction

error.

In the remaining subsections, we evaluate the uncertainty estimates using the

methods that we reviewed in Section 3.3.

3.5.2 Rating prediction

We begin our evaluation of rating prediction by comparing the prediction error of
the different models, leaving uncertainty aside. Results are shown in Table 3.3.
Several methods (NEG-ITEM-SUPPORT, ITEM-VARIANCE and RESAMPLE)
are not explicitly listed in this Table. This is because, for rating prediction itself,
they use the baseline model, and therefore their RMSE is the same as that of the

baseline.

It is worth mentioning that, as explained in Section 3.2, CPMF, BeMF and
OrdRec do not directly optimise RMSE, while the baseline model and the models
In light of this, CPMF shows good performance for
both datasets, while ENSEMBLE is able to outperform the baseline in both

cases (keeping in mind that low values are better). OrdRec has a slightly worse

within the ensemble do.

performance in the MovieLens dataset, while being closer to the other models in
the Netflix dataset. BeMF has the worst performance in both datasets.

To assess the quality of the uncertainty estimates from a prediction error point of
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view, we employ the methods described in Section 3.3.2. The RMSE-uncertainty
curves are given in Figure 3.3. On the whole, we see what we would expect:
as uncertainty grows so does error. In both datasets, EB-Linear seems to be
the curve that shows this most strongly. In the Netflix dataset, OrdRec and
EB-FunkSVD also exhibit this behaviour quite strongly. However, as stated be-
fore, these curves are relatively hard to interpret, and for this reason we refrain
from drawing strong conclusions from them and turn our attention to the various
other evaluation metrics that we presented in Section 3.3.2. The values for these

metrics are shown in Tables 3.4 and 3.5.
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(a) MovieLens dataset.
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Figure 3.3: RMSE-uncertainty curves.
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Table 3.4: Rating prediction uncertainty evaluation: MovieLens dataset. The
best values (highest) are highlighted in bold.

Pearson, | Spearman, | 0RMSE UPI EUC
NEG-ITEM-SUPPORT 0.0218 0.0391 0.5064 | 0.1370 | 0.5353
ITEM-VARIANCE 0.1266 0.0958 0.3034 | 0.6029 | 0.5674
RESAMPLE 0.1187 0.1196 0.3243 | 0.5205 | 0.5788
ENSEMBLE 0.0327 0.0215 | -0.0865 | 0.0875 | 0.5051
EB-FunkSVD 0.1788 0.2008 0.0310 | 0.5500 | 0.6245
EB-Linear 0.3463 0.2928 0.9675 | 1.6851 | 0.6982
CPMF 0.0449 0.0863 0.3009 | 0.2444 | 0.5632
BeMF 0.1114 0.1189 0.3022 | 0.3204 | 0.5859
OrdRec 0.2260 0.2526 0.5552 | 0.6924 | 0.6731

Table 3.5: Rating prediction uncertainty evaluation: Netflix dataset. The best
values (highest) are highlighted in bold.

Pearson, | Spearman, | 6RMSE UPI EUC
NEG-ITEM-SUPPORT 0.0111 0.0277 0.1408 | 0.0233 | 0.5170
ITEM-VARIANCE 0.1340 0.1089 0.3897 | 0.5075 | 0.5742
RESAMPLE 0.0872 0.0753 0.2567 | 0.3632 | 0.5483
ENSEMBLE 0.0405 0.0262 0.0527 | 0.1761 | 0.5152
EB-FunkSVD 0.2161 0.1884 0.4370 | 0.8133 | 0.6218
EB-Linear 0.2832 0.2398 0.7382 | 1.0839 | 0.6587
CPMF 0.0752 0.0684 0.2174 | 0.2362 | 0.5424
BeMF 0.1585 0.1755 0.5319 | 0.3726 | 0.5949
OrdRec 0.2788 0.2674 0.6843 | 0.7673 | 0.6669

The best overall results are obtained by EB-Linear and OrdRec, while the worst
results come from ENSEMBLE. In general, the different metrics in the table seem

quite correlated. That is, the performances of the models have nearly the same

ordering across all metrics and both datasets. We find these results to be reassur-

ing, since all the metrics are designed to measure the strength of the relationship

between uncertainty and rating prediction error. On this, a few observations can

be made. EB-Linear’s uncertainty seems to correlate linearly with error since

their Pearson correlation is stronger, while OrdRec’s might correlate non-linearly

given the higher Spearman correlation. Moreover, EB-Linear performed strongest

according to UPI, while the results for other metrics, such as EUC, are closer,

with even a slight advantage for OrdRec in the Netflix dataset.
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3.5.3 Top-n recommendation

The results in the previous section evaluate the measures of uncertainty through
the prism of prediction error. But, as we noted in Section 2.4, we care more
about the quality of the top-n recommendations than the prediction error. Hence,
using the ideas from Section 3.3.3, we here compare the uncertainty estimates in

a variety of top-n recommendation scenarios.

3.5.3.1 Rating-based ranking

In Rating-Based Ranking, the top-n are the n candidate items with the highest
predicted ratings. We begin our evaluation by comparing the accuracy of the
different models, leaving uncertainty aside. Figure 3.4 shows the MAP@n and

Recall@n, averaged over all test users, for different values for n € 1,2,...,10.

The most evident result in the Figure is the very low performance of BeMF in
these metrics. This is to be expected. It happens because BeMF is only able to
predict rating scale values, that is, 7,; € 5; unlike the other models, it cannot
predict a rating that lies between two values on the scale. Therefore, many
candidates will receive the same predicted rating — they ‘tie’. The creation of
a top-n from such an ordering involves a lot of random tie-breaking. This is
presumably why BeMF is not evaluated for RaBR in [OLCGPB21]. Apart from
BeMF, the remaining models perform similarly, which is reassuring. But there
are exceptions: OrdRec has worse MAP for the Moviel.ens dataset; CPMF is
notably worse for the Netflix dataset; and both OrdRec and CPMF have poor
recall on the Netflix dataset.

Turning our attention now to the evaluation of the uncertainty estimates, in the
RaBR scenario our evaluation tools are URI and UAC. The results are shown
in Table 3.6. Remember that higher (positive) URI values denote better per-
formance, while the opposite is the case for UAC. We first notice that the two
metrics mostly agree. For both of them, BeMF showed better performance in the
MovieLens dataset (although we know that its results are affected by the random
choices in the cases of tied ratings), while CPMF was best in the Netflix dataset.
On the negative side, RESAMPLE and ENSEMBLE showed poor performance,
together with EB-FunkSVD and EB-Linear, which was one of the best perform-
ers on the rating prediction task. Therefore, we see a clear disconnect between
the models’ ability to estimate uncertainty on the rating prediction and top-n

recommendation tasks.
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Figure 3.4: RaBR: MAP@n and Recall@n for n € 1,2,...,10. (Results for
NEG-ITEM-SUPPORT, ITEM-VARIANCE and RESAMPLE will be the same
as the Baseline.)

3.5.3.2 Uncertainty-based filtering

In Uncertainty-Based Filtering (UBF), we prevent uncertain candidates (ones
whose uncertainty estimate exceeds 7) from being included in the top-n. In the
results that we report here, we progressively exclude bigger fractions of the most
uncertain candidates, reducing the overall uncertainty of the recommendation
lists. More specifically, for each uncertainty estimate, we obtain a distribution
using 100,000 randomly-selected user-item pairs and we obtain the 20%, 40%,
60% and 80% percentiles of these distributions as cut-offs for uncertainty. We

have chosen this percentile approach due to the different ranges of values that the
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Table 3.6: Rating-Based Ranking uncertainty evaluation: URI and UAC on
MovieLens and Netflix datasets. The best values (highest on URI and lowest
on UAC) are highlighted in bold.

MovieLens Netflix
Model URI UAC URI UAC
NEG-ITEM-SUPPORT | 0.5070 0.0135 | 0.6747 | -0.1292
ITEM-VARIANCE -0.0590 0.0316 | -0.1561 0.2121
RESAMPLE -0.2371 0.1138 | -0.3554 0.1470
ENSEMBLE -0.3399 0.2125 | -0.4491 0.4141
FunkSVD-CV -0.0867 | -0.0218 | -0.2825 0.1733
Bias-CV -0.1548 | -0.0489 | -0.2983 0.0037
CPMF 0.5196 | -0.0242 | 0.6944 | -0.2905
BeMF 0.9527 | -0.1619 | 0.6043 | -0.0492
OrdRec 0.2833 | -0.0283 | 0.3808 | -0.2143

uncertainty estimates have. Figure 3.5 shows the MAP@10 and Mean Predicted
Rating@10 of the recommendation lists for these different cut-offs. The same
Figure also shows the recommendation coverage with each cut applied and a
MAP@10 value that considers only users to whom a full 10 recommendations can

be given.

The only uncertainty estimates whose MAP increases as uncertain recommen-
dations are excluded are CPMF, BeMF and, in the case of the Netflix dataset
only, NEG-ITEM-SUPPORT. Many of the other uncertainty estimates harm
precision as uncertain recommendations are excluded. These results are similar
to those we observed with URI in the previous section. An exception is OrdRec,
which had high URI but did not perform well here. We also see that the decrease
in MAP is, in general, related to the decrease in average relevance as stricter
thresholds are applied. That is, the five models with the largest average rele-
vance decrease (ENSEMBLE, EB-FunkSVD, RESAMPLE, ITEM-VARIANCE
and OrdRec), are the same ones with the largest drops in MAP. On the other
hand, with some uncertainty metrics, such as CPMF and BeMF, it is possible to

apply cuts which reduce average relevance only slightly and increase MAP.

Empirically, UBF does not harm coverage. For most of the uncertainty estimates,
we can still make 10 recommendations to each user, even as filtering is made
stricter. The exceptions are EB-Linear and OrdRec (and the latter only for
the MovieLens dataset), and then, even in the worst case (EB-Linear at the
80% quantile cut-off), the model is still able to provide 80% of the requested

recommendations. Therefore, the MAP@10 values for users whose coverage is
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Figure 3.5: UBF: MAP, Mean Predicted Rating, Coverage and the MAP for
users for whom a full set of recommendations can be made. This is for top-10

recommendations with increasing 7 to filter different quantiles.
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unharmed are very similar to the original ones.

3.5.3.3 Probability-of-relevance ranking

In Probability-of-Relevance Ranking (PRR), we generate recommendations by
ranking items according to the probability that their rating is greater than or
equal to the relevance threshold, w, which for these datasets is 4. As we discussed
in Section 3.1.2.2, this idea was proposed for BeMF. But it applies directly also
to CPMF and OrdRec. The remaining (non-probabilistic) models, appear to be
unsuitable to PRR. Nevertheless, in order not to exclude all of them from the com-
parisons, we can use some heuristic extensions. The ENSEMBLE trains several
models, which can be thought of as an N-dimensional sample of the theoretical
population of the rating estimator under all the possible random initialisations.
This setup is reminiscent of the central limit theorem. Then, assuming normality,

we can use:

Pry>w)="P (N (]17 ﬁ: F®) (1), j%) > w) (3.31)

Furthermore, the error-based models predict rating prediction errors, that is
Gui = E||fui — 14il]. Therefore, G; is an estimate of the ratings’ standard devia-
tion. Now, assuming r,; to follow a Normal distribution with average F'(u,i) and

standard deviation G, it becomes possible to estimate P(r,; > w) as:

P(ry > w) =P (N (F(u,i),Gy) > w) (3.32)

With such extensions, we can now compare ENSEMBLE, EB-FunkSVD,
EB-Linear, CPMF, BeMF and OrdRec for the task of PRR. As discussed in
Section 3.3.3.3, we evaluate whether PRR, which uses the uncertainty estimates
for ranking, produces more accurate recommendation lists than RaBR, which

ignores the uncertainty estimates. This comparison is shown using MAP@10 in
Figure 3.6.

In the figure, we see that only CPMF and BeMF have higher MAP@Q10 when
their recommendations are selected using PRR compared with selection by RaBR.
OrdRec’s MAP@10 is the same for both. For all the other uncertainty estimates,
MAP®@10 is harmed. This may be because the way that we extended PRR (from
BeMF) to these other models is not well-motivated enough, but it also reflects

the poor performance of these models.

Uncertainty in 73 Victor Azevedo Coscrato
Recommender Systems



3. PREDICTION UNCERTAINTY IN ERSS 3.5 Results

0.1754
0.150 4
0.125 4
o
—
®©) 0.100+
a
<
z 0.075 4
0.050 4
0.025 4
0.000 -
ENSEMBLE EB-LINEAR EB-FunkSVD CPMF BeMF OrdRec
(a) MovieLens dataset.
0-2001 BN RBR
7wz PRR
0.1754
0.150 4
o ]
— 0.125
0. 0.100 1
<
z 0.075 4
0.050 4
0.025 4
0.000 -

ENSEMBLE EB-LINEAR EB-FunkSVD CPMF BeMF OrdRec

(b) Netflix dataset.

Figure 3.6: PRR versus RaBR: MAP@10.

Finally, as discussed in Section 3.1.2.2, the quantity 1 — P(r,; > w) can be con-
sidered as an uncertainty estimate. To evaluate the usefulness of these estimates,
we employ UAC, remembering that URI is not applicable in this case due to
the correlation between the ranking probabilities and the uncertainties. The re-
sults are shown in Table 3.7. The best performances are achieved by BeMF in
the MovieLens dataset, and OrdRec in the Netflix dataset. For CPMF, this un-
certainty estimate is uncorrelated with MAP. Unfortunately, for ENSEMBLE;,
EB-FunkSVD and EB-Linear, the uncertainties are positively correlated with
MAP.
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Table 3.7: PRR uncertainty: UAC on MovieLens and Netflix datasets. The best
values (lowest) are highlighted in bold.

Model MovieLens Netflix
ENSEMBLE 0.2979 0.2787
EB-FunkSVD -0.0193 0.2296
EB-Linear 0.0075 0.1180
CPMF -0.0334 | -0.0140
BeMF -0.2077 | -0.1509
OrdRec -0.0237 | -0.2048

This concludes our results. To summarise, we have shown that there is no model
that performs better than all the others across all the metrics that we have
explored. Nevertheless, we have shown CPMF to be the best model for both use
cases (i.e. for Uncertainty-Based Filtering and Probability-of-Relevance Ranking).
On the other hand, our new EB-Linear model had the best uncertainty estimates
for most of our rating prediction results, while performing very poorly on the
top-n. This highlights a disconnect between the rating prediction task and the
top-N recommendation task in the context of uncertainty estimation. Moreover,
we saw that the uncertainty estimates behave very differently from each other.
This, together with the variations in the performance of the uncertainty estimates
across different metrics, raises a major concern about the credibility of some of
the uncertainty estimates. Finally, given that top-n recommendations is more
important than rating prediction, we believe CPMF to be the most promising of
all the models.

3.6 Discussion

So far, we described and empirically evaluated several ways of estimating rating
prediction uncertainty. The results show the performance of each uncertainty
estimate according to different evaluation criteria. Although we have already
raised some general concerns, the results allows us to conduct a further discussion
regarding each uncertainty estimate. Furthermore, there are aspects that may
be particular to each estimate that may not be explicitly demonstrated by the
results. This section discusses these issues and critiques each of the uncertainty

estimadtes.

NEG-ITEM-SUPPORT: Characterising the uncertainty of a rating prediction by
the number of ratings of the target item has a solid foundation. Its high

URI confirms that, when recommended, well-supported items tend to be
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more relevant. However, its strong performance on this metric might be
attributable to the various biases known to exist in the datasets used for
offline RS evaluation [CSE18]. Furthermore, as we have already noted, one
concern about NEG-ITEM-SUPPORT is that this estimate of uncertainty
is not personalised, which does not seem reasonable; we would expect uncer-
tainty to depend on the relationship between an item and the user profile.
Another unreasonable property is its model-independence; we would expect
uncertainty to depend in part on the quality of the rating prediction model.
Another potential issue is that, if used for UBF, NEG-ITEM-SUPPORT
will reduce the item candidates to a subset of the most popular ones, greatly

decreasing the system’s ability to recommend novel, yet relevant, items.

ITEM-VARIANCE: Disagreement between users would certainly seem to be a
source of uncertainty. In line with this, the positive results achieved by
ITEM-VARIANCE in the rating prediction uncertainty evaluation show
that the predicted ratings for items about which users disagree tend to be
less accurate. On the other hand, we did not find ITEM-VARIANCE to be
useful in the top-n recommendation case. In addition to this, and similarly
to NEG-ITEM-SUPPORT, ITEM-VARIANCE is also model-independent

and not a personalised metric.

RESAMPLE: We found that the variation in predictions that ensues from per-
turbations during model training does correlate with the error in the final
predictions, as evidenced by the positive values achieved by RESAMPLE
in the rating prediction uncertainty evaluation metrics. On the other hand,
this method obtained negative URI, meaning that, in the task of top-n
recommendation, quantifying uncertainty by this method is not only in-
effective but actually harmful. One possible explanation for this is that
recommended items are the ones with the highest ratings, which means
they fall far from the average rating case and are therefore more likely to

get noisy predictions.

ENSEMBLE: We found ENSEMBLE to have similar, or even worse, results than
RESAMPLE in regards to uncertainty evaluation. In fact, given the similar
motivation of both, we can conclude that multi-modelling strategies are not
useful for uncertainty quantification in the case of top-n recommendation.
Nevertheless, we highlight that, in the MovieLens dataset, ENSEMBLE
had the best MAP and Recall in the RaBR task, although the improvement

relative to the baseline is small.
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EB-FunkSVD: We expect uncertainty to be a quantity related to rating predic-
tion error. The error-based methods build on this idea directly: they use
regression to predict error, and treat these predicted errors as estimates
of uncertainty. Unsurprisingly then, EB-FunkSVD achieves good results
in the rating prediction uncertainty evaluation. Unfortunately, when it
comes to top-n recommendations, it performs poorly. This may be because
EB-FunkSVD minimises the average absolute error, but the recommended
items are those with the highest ratings, which are outliers relative to the

average, and therefore, might not receive good uncertainty predictions.

EB-Linear: Our critique of EB-FunkSVD also applies to EB-Linear. In this case,
the results are even more evident: the rating prediction uncertainty evalua-
tion results are even better than those of EB-FunkSVD, but its URI results
are even worse. Therefore, we conclude that the simple linear model can ac-
curately recognize the user-item interactions where rating prediction impre-
cision is most likely to occur, but cannot recognize which recommendations
are more or less likely to be correct. To solve this issue, one possibility to
be explored in future work is to restrict the error estimation learning only

to those interactions which get predicted with the highest ratings.

CPMF: CPMF extends the popular PMF model by incorporating variance pa-
rameters. Whereas other ways of measuring uncertainty are largely heuristic
in nature, CPMF has a great theoretical foundation. Not only that, but our
experiments show CPMF to be a successful approach, being the only model
able to benefit from the uncertainty-aware recommendation methods (UBF
and PRR). Nevertheless, its performance in the, admittedly less important,
rating prediction uncertainty evaluation was not impressive. Of course, this
may not be a weakness of CPMF; it may, instead, raise a flag about the dis-
connect between prediction error experiments and top-n recommendation
experiments. Of the two, a good performance at top-n recommendation is

more important than performance in rating prediction.

BeMF: In its original formulation, this model has several particularities that
contrast with the others herein. For instance, the rating prediction function
of BeMF differs from those of OrdRec and CPMF by focusing on the mode
of the rating distributions instead of their average and dispersion. We are
grateful to the authors of this method, since their work greatly helped
our definitions of UBF and PRR. Nevertheless, the results achieved by

their model have been largely underwhelming; although the uncertainty
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evaluation metrics have been positive in both the rating prediction and the
recommendation case, the poor MAP obtained in both RaBR and PRR
makes it really hard to justify its use compared, for example, with CPMF,
especially because BeMF has much higher complexity.

OrdRec: OrdRec offers a collaborative filtering algorithm that is suitable to ordi-
nal feedback data. Although this was its main goal, its authors recognized
that its multinomial formulation allows the model to also provide uncer-
tainty estimates. In Section 3.2.5, we raised a concern regarding OrdRec’s
uncertainty estimates at the limits of the rating scale, which may cause
issues. In particular, recommended items are usually those whose predicted
ratings fall close to the rating scale upper boundary, and therefore, these
items will often receive very low uncertainty estimates, which might not only
not reflect reality, but also harms some of the evaluation metrics employed
herein (e.g. URI). Furthermore, we have empirically shown that RaBR and
PRR produce similar results with OrdRec. In light of this, we believe that
these uncertainty estimates add small value when compared to other mod-

els.

3.7 Conclusions and Limitations

Uncertainty in ERS is a very important, and yet quite under-explored, topic.
In this chapter, we have shown how it is possible to quantify the uncertainty in
rating predictions and top-n recommendations using several different methods.

Our main findings are:

o We found that all the explored methods are successful at estimating un-
certainty in rating predictions, at least to some degree (see Tables 3.4 and

3.5). Among the methods, we found EB-Linear to be the most precise.

o Their success can motivate the use of uncertainty estimates in a variety of
tasks in the RS field, including active learning, co-training and reinforce-

ment learning.

o We have also shown that it is possible to improve top-n recommendation
accuracy with what methods that we collective refer to as uncertainty-aware
ranking. That is, methods that incorporate uncertainty estimates in the
selection of a top-n. We showed CPMF to be the best contender for both
Uncertainty-Based Filtering (UBF) and Probability-of-Relevance Ranking
(PRR).
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o In addition, we found that some of the other models, e.g. EB-FunkSVD and
EB-Linear, have a poor performance on estimating the uncertainty of top-
n recommendations, which makes it hard to defend their use in practical

systems, despite their success on rating prediction uncertainty estimation.

Even though the collection of uncertainty estimators explored in this work is the
largest yet and the empirical analysis is substantial, we recognize the empirical
analysis has some limitations. In Chapter 6, we discuss ideas for future work,

some of which follow from the following limitations.

o First, both datasets that we have used come from the same domain (movies).
Movie recommendation has historically been one of the most studied appli-
cations of recommender systems, but there are many others, such as shop-
ping, social media, etc. While we expect the behaviour of the uncertainty
estimators to generalize to other domains, there is clear value in exploring

how different rating patterns will affect the uncertainty estimates.

e Second, our empirical analysis uses only a single train/test split. This is a
consequence of our decision to opt for chronological train/test splits. We
chose, in other words, to preserve the temporal nature of the data, which is
intrinsic to recommender systems. This decision does, however, mean that
our results lack the kind of statistical significance analysis that could be
obtained from using multiple train/test splits. While we expect our results
to be robust, due to the large size of our datasets, there is clear value to

exploring this further.

o Finally, in our empirical analysis, for those uncertainty estimation methods
that need a separate rating predictor, we used FunkSVD (Eq. 2.1) with
mean-squared rating prediction error as its loss function (Eq. 2.7). There
may be value in exploring other loss functions (e.g. ranking-based losses).
We believe our choice was appropriate because it gave a reasonably fair
comparison across the systems; the exploration of uncertainty does not
rely on finding recommenders with the very highest accuracy; and, in any
case, ranking-based loss becomes more relevant when dealing with implicit

feedback data, which is the main focus of the next two chapters.
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Chapter 4

Prediction Uncertainty in
Implicit Feedback-Based

Recommender Systems

Implicit feedback-based Recommender Systems (IRSs) have reshaped the field
by inferring user preferences from their item interaction behaviour. In contrast
to explicit feedback, which involves direct user input such as ratings, implicit
feedback focuses on actions such as clicks, downloads and purchases. This ap-
proach is valuable in scenarios where explicit feedback is limited. IRSs use these
interactions to infer user preferences, offering seamless and unobtrusive insights.
This has led to advancements in machine learning techniques and collaborative
filtering algorithms, enhancing personalized recommendations across many do-
mains. In an evolving digital landscape, IRSs continue to play a crucial role in
delivering tailored content, boosting user engagement, and enriching the overall

user experience.

Because of their current prominence, it is natural for the research on prediction
uncertainty® in RS to be carried over to the implicit feedback case. The available

literature in this case is even more limited. For this reason, in this chapter, we:

o Generalize uncertainty estimation methods from Chapter 3, identifying

which are directly applicable to IRSs.

o Generalize uncertainty evaluation metrics from Chapter 3, distinguishing

those that remain relevant in the case of IRSs.

1 As per the previous chapter, here we refer to prediction uncertainty simply as uncertainty
throughout.
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e Describe the existing methods for uncertainty estimation for IRSs, and pro-
pose novel uncertainty estimation methods. In particular, due to their in-
creasing usage in the field, we propose methods for uncertainty estimation

in neural network-based IRSs.

e Present an extensive comparison between all the methods surveyed in the

chapter and all the novel methods proposed in the chapter.

4.1 Prediction and Recommendation in IRSs

In this chapter, we will explore RS based on implicit feedback data, specifically
those based on unary interaction data (e.g. clicking, purchasing, watching, lis-
tening) and with no explicit feedback given. Now, in the absence of ratings, we
assume that our data consists of a set R of user-item interaction pairs. That is,

if (u,i) € R, then user v € U has interacted with item i € I.

4.1.1 Relevance prediction

Essentially, IRSs are designed to retrieve, from a large catalog, those items that
are most relevant to each user. To achieve its goal, the system must learn a scoring
function F': U x I — R to predict the user-item interaction relevance. Note how
this differs from Explicit feedback-based Recommender Systems (ERSs): an ERS
make rating predictions; for an IRS rating prediction no longer applies; scoring
is based on predicted relevance. In this chapter, for relevance predictions, we
confine our attention to model-based Collaborative Filtering (CF) algorithms,
in particular, traditional Matrix Factorization (MF) and Neural Network (NN)

models.

In addition to relevance, we want to estimate the uncertainty associated with each
relevance prediction. Again, an uncertainty estimator is a function G : UxI — R,

that predicts real-valued quantities associated with each relevance prediction.

4.1.2 Top-n recommendation

The task of top-n recommendation in IRSs is analogous to the explicit case, but
using predicted relevance instead of predicted ratings. Hence, the conventional
way to retrieve a set of recommendations Z)' for user v € U with candidate
items C, C I in an IRS is to select the top-n candidates with highest predicted
relevance. We denote this form of ranking Relevance-Based Ranking (ReBR).
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But, similarly to the previous chapter, there are uncertainty-aware alternative to
ReBR. The uncertainty estimates may again assist in ranking and selection of a
top-n. In particular, Uncertainty-Based Filtering (UBF), introduced in Section
3.1.2.1, is applicable to IRSs with no further adaptation. On the other hand,
Probability-of-Relevance Ranking (PRR) is not applicable because scoring in TRSs

is by default already based on relevance.

4.2 Estimating Uncertainty

Recommendation uncertainty has several causes, including sparsity of data, mod-
eling choices, and stochastic learning algorithms. For this reason, methods for
uncertainty estimation in the field are very diverse. Therefore, similar to Section
3.2, it helps to organize the uncertainty estimation methods according to their

uncertainty source.

Information-based: The amount of available data continues to be a fundamen-

tal source of uncertainty in implicit feedback data.

Stability-based: As previously, the stability of the learning algorithms can be
used to estimate uncertainty. In particular, stability becomes a serious
consideration when using neural-based recommenders, due to the stochastic

mechanisms involved in their learning [CAH22, SD21].

Distribution-based: Interaction relevance scores may be assumed to follow a
statistical distribution, whose dispersion is an uncertainty estimate. In this
case, uncertainty estimation is tackled as a Machine Learning problem, in
which the uncertainty estimator is learned just like the relevance estimator.
Due to particularities of learning uncertainty estimators in the case of IRS,
we exclude them from this chapter. We will these particularities in depth

and this class of models in Chapter 5.

We note that, in Chapter 3, we classified the uncertainty estimators into five
groups, while above we have just three of them. This is because the Error-
based and Multinomial-based uncertainty estimators are not defined for IRSs:
since there are no ratings, there can be no rating prediction errors (required
for Error-based estimators) and discrete rating scales (required for Multinomial-

based estimators).

We now present information-based and stability-based uncertainty estimation

methods for IRS. In each case, we make clear which recommender algorithms can
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be used with each uncertainty estimation method.

4.2.1 Information-based uncertainty

One of the most notable sources of uncertainty is sparsity. For this reason, the
amount of available data offers good baseline estimates of recommendation un-
certainty [Maz13]. Furthermore, these estimates can be used with any recom-
mendation algorithm. In the past, they have been used for explicit feedback
recommenders, but their generalization to IRSs is straightforward. These esti-
mates can be user-centric or item-centric. Hence, following [Maz13], we define

the following uncertainty metrics,

NEG-USER-SUPPORT : G,; = —#R.. (4.1)
NEG-ITEM-SUPPORT : G,; = —#R.; (4.2)

where #u and #:¢ denote the number of observed interactions for the user and
the item, respectively. The clear drawback of these uncertainty estimates is that
they are either at user-level or at item-level, that is GG,; is defined solely based
on the user, or the item, but not on the user-item interaction. Nevertheless, they
have the advantage of needing no additional learning and can be easily plugged

into any system.

As we noted previously (Section 3.2.1), since top-n recommendation is a user-
based task, user-wise uncertainty estimates, such as NEG-USER-SUPPORT, are
largely useless. The same reasoning also applies to the case of IRSs, and therefore,
we will not explore NEG-USER-SUPPORT any further in this chapter. Naturally,
USER-VARIANCE and ITEM-VARIANCE;, the other forms of information-based

uncertainty from Chapter 3 are not applicable in the absence of explicit ratings.

4.2.2 Stability-based uncertainty

Beyond the uncertainty introduced by the data, every recommender algorithm has
its own uncertainty issues. Consider, for example, models that are based on rep-
resentation learning, such as MF, where vector embeddings are learned as a latent
representation for each user and item. For such models, the uncertainty surround-
ing the learning of such representations will affect the system recommendations.
In fact, MF is known to suffer from learning instability [DGBC22, POMT*20].
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In the case of explicit feedback, ensembles have been successful at estimating the
uncertainty of MF rating predictions [Maz13]. But, explicit feedback MF is only
one of many algorithms that can benefit from ensembling. In fact, an ensemble
can be used to estimate uncertainty for any model that relies on a stochastic
mechanism, such as random parameter initialization or stochastic learning pro-
tocols. This is the case for implicit feedback MF and also any neural network
model, and in particular the MLP model (Eq. 2.3).2

Formally, the principle is to train several models F*) for k = 1,...,n using a
different random initialization each time, and then calculate interaction relevance

and uncertainty as follows:

_ > k1 Fé“(“: i)
n

i (B () = rw)
N n

F(u,i) (4.3)

2

Gui

(4.4)

But there are alternatives to ensembling, which we can find in the ML literature
and apply to the case of IRSs. We will look at two: Bayesian Neural Networks
and MCDropout.

Bayesian Neural Networks (BNN) are a major tool tailored to uncertainty quan-
tification in neural models. BNNs differ from their deterministic counterpart by
treating the parameters as random variables [GF20], which are assumed to follow
some prior distribution p(#). Given some training data D, the posterior weight

distribution, according to Bayes rule, is as follows,

p(0)p(DI9)

p(oip) = P2

(4.5)

Calculating the posterior directly from Eq. 4.5 is generally not possible, because
the data evidence, p(D), is unknown. For this reason, inference methods such
as Monte-Carlo Markov Chains (MCMC) [Gey92] and Variational Inference (VI)
[Grall] are applied to approximate the exact posterior. More recently, Bayes By
Back-propagation (BBB) has been proposed [BCKW15], a method that allows

for the posterior weights distribution to be learned through back-propagation,

2An ensemble of neural models is often referred to as a Deep-Ensemble [LPB17].
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just as the weights of a non-Bayesian network are learned by conventional back-

propagation. Predictions can then be made using the estimated posterior.

More precisely, the output’s expected value E[Fy(u,i)] is a point prediction for
the interaction relevance F,;, and its variance Var[Fy(u, )| is an estimate of the
relevance’s uncertainty G,;. In practice, the values are estimated using samples

Ok, . .., 0, from the posterior, as follows,

_ ZZ:I Fek (u7 2)

n
S (Fnwd) =)’

n

Glui (4.7)

Another uncertainty estimation method that is tailored to neural networks is
MCDropout [GG16]. The method, which can be thought of as an approximation
of a Bayesian network, consists of taking multiple forward passes with dropout
enabled at prediction time.> Formally, let F®) for k = 1,...,n denote k pre-
dictions calculated with dropout enabled. Then, the final estimates for relevance

and uncertainty follow according to Equations 4.3 and 4.4.

Interestingly, MCDropout has been used to estimate the uncertainty of a RS in
[ZTS*17]. But, to the best of our knowledge, the usage of Deep-Ensembles and
BNNs for uncertainty estimation remain unexplored in the field. In Section 4.4,

we fill this gap by comparing all of these methods as uncertainty estimators for
IRSs.

4.3 Evaluating Uncertainty Estimates

With several uncertainty estimators defined, we now turn our attention to their
evaluation. In the previous chapter, we explored a very wide set of evaluation
methods for uncertainty estimate in ERSs (see Section 3.3). Naturally, in the
absence of ratings, most of them are no longer useful. Nevertheless, all the eval-
uation criteria for Rating-Based Ranking (see Section 3.3.3.1) can be translated
into Relevance-Based Ranking. Furthermore, some of the expected correlations
still hold. In this section, we list the uncertainty evaluation metrics that are

applicable to IRSs, highlighting any necessary modifications.

3Conventionally, dropout is enabled at training time and combats overfitting. In MC-
Dropout, it is enabled at prediction time to sample a space of predictions.
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4.3.1 Expected correlations

Three of the patterns that we discussed in the previous chapter and that we
expect to observe with uncertainty estimates can also be measured in the case
of IRS: the negative correlations between uncertainty and user profile size; the
negative correlations between uncertainty and item support; and the negative
correlation between recommendation uncertainty and accuracy. These expected

correlations follow from the same reasoning and can be measured exactly as for
ERS.

4.3.2 Top-n recommendation

Because we no longer consider explicit ratings, all the uncertainty evaluation
tailored to rating prediction (Section 3.3.2) do no apply, and therefore we jump

straight to the top-n recommendation case.

4.3.2.1 Relevance-based ranking

To begin with, we generalize Uncertainty Recommendation Improvement (URI)
to make it suitable to IRSs. Its motivation remains the same: recommendations
that have lower uncertainty are expected to be more precise. Therefore, URI
compares the uncertainty of each item against the average uncertainty in the
recommendation list. The only adaptation we must make to URI is to get rid of
the relevance threshold w (from Eq. 3.28), because all the observed interactions

are assumed to be equally relevant. Therefore, the URI for IRSs is defined as:

Gl =3 (pu—Gu) (4.8)

1€ZR|iER,.
where p,, is the mean uncertainty for the items in 7, i.e. the n items that are

recommended to user u.

Now, the URI is defined as:

Z CURI

URI = - 4.9
0p. Y #{i € Z}li € R} (49)
u
where 0, is the standard deviation of the uncertainty values for 7.
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4.3.2.2 Uncertainty-based filtering

Of the two types of uncertainty-aware ranking (Uncertainty-Based Filtering and
Probability-of-Relevance Ranking), only the former (UBF) extends to IRSs. We
recall that UBF is the form of ranking that discards candidate items whose es-
timated uncertainty is above a threshold 7 (see Section 3.1.2.1). Therefore, we
can use it again as a form of evaluation. Identically to the description in Section
3.3.3.2, our proposal is to progressively increase the uncertainty threshold for fil-
tering 7 while measuring the accuracy after each cutoff. In addition, it is also
important to measure the average relevance of the recommended items because,
with more candidates discarded, the average relevance of recommendations will

drop. We calculate Mean Predicted Relevance as,

> 71@ > Fy(u,i) (4.10)

uelU "7 ezl

1
Mean Predicted Relevance@Qn = #—U

Finally, we must also measure coverage, to measure the extent to which we are
still able to make n recommendations as we discard ever more candidates. The

same coverage metric from Eq. 2.27 can be employed.

4.4 Empirical Study

In this section, we aim to compare the uncertainty estimation methods proposed
in Section 4.2. To do so, we use the evaluation methods and metrics explored
in Section 4.3. For reproducibility, we make all the code used available*. Our
implementation is based on PyTorch [PGC*17].

4.4.1 Models

Our comparative study in this chapter include the following uncertainty estima-
tors: NEG-ITEM-SUPPORT, MF-ENSEMBLE, MLP-ENSEMBLE, Bayesian-
MLP and MCDropout.

These methods rely on a separate, underlying relevance prediction model (F).
For this model, we adopt either MF or MLP, as described in Section 2.3.1. To
choose the best underlying model in each case, we conduct a comparison between
several versions of MF and MLP (see Section 4.5.1). The best performing models

will have two uses. First, they will be used as the underlying relevance prediction

4https://github.com /vcoscrato/uncertain
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Table 4.1: Relevance prediction models that we compare (with equation num-
bers). These are used for F', but also as baselines in accuracy comparisons.

Notation | Prediction model | Learning objective
MF-MSE MF (Eq. 2.1) MSE (Eq. 2.9)
MF-BCE MF (Eq. 2.1) BCE (Eq. 2.11)
MF-BPR MF (Eq. 2.1) BPR (Eq. 2.13)
MLP-MSE MLP (Eq. 2.1) MSE (Eq. 2.9)
MLP-BCE MLP (Eq. 2.1) BCE (Eq. 2.11)
MLP-BPR MLP (Eq. 2.1) BPR (Eq. 2.13)

Table 4.2: Uncertainty estimation methods that we compare.

Notation

Uncertainty estimator

Relevance model

NIS

NEG-ITEM-SUPPORT (Eq. 4.2)

Best baseline

MF-Ensemble

Ensemble (Egs. 4.3 — 4.4)

Best MF baseline

MLP-Ensemble

Ensemble (Eqs. 4.3 - 4.4)

Best MLP baseline

BayesianMLP

Bayesian inference (BBB) (Egs. 4.6 — 4.7)

Best MLP baseline

MCDropout

Monte-Carlo Dropout (Egs. 4.3 — 4.4)

Best MLP baseline

models; and second, they will serve as a baseline for recommendation accuracy.
Our goal is to assess whether the uncertainty estimators will help improve ac-
curacy relative to the baseline or not. Table 4.1 shows the relevance prediction

models that we compare.

In Table 4.2, we list all uncertainty estimation methods that we consider, also
highlighting the used underlying relevance prediction model. Note that the ob-
jective function used to learn the underlying model will be the best one, for each

dataset, according to Section 4.5.1.

4.4.2 Datasets

We evaluate our models and uncertainty estimation methods on two datasets: an
implicit version of the MovieLens-1M dataset [HK15]> and one Pinterest dataset
[GZBC15]. These are very popular and openly available datasets. Table 4.3

presents some summary statistics.

5To make this dataset implicit, we simply treat every given rating as an implicit signal (1),
ignoring the numeric rating value.
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Table 4.3: Characteristics of the datasets used in our experiments.

Dataset MovieLens-1M | Pinterest
num. users, #U 6,040 55,187
num. items, #1/ 3,416 9,643
num. ratings, #R 1 Million 1.5 Million
sparsity 95.15% 99.72%
avg. num. ratings per user 166 27
avg. num. ratings per item 293 156

4.4.3 Methods
4.4.3.1 Data splitting

For both datasets, we use a user-based chronological data splitting method: we
chronologically order the interactions of each user and place the last 20% of them
in the test set. The remaining 80% of interactions for each user are used for
training or validation. More precisely, we order these remaining ratings chrono-
logically; for each user, we use the first 80% of these for training, and the rest for

validation.

4.4.3.2 Tuning

MF, MLP and BayesianMLP have hyper-parameters that need to be tuned.
We tuned our models using a Bayesian parameter search, assisted by Optuna
[ASY*19]. More precisely, we define a parametric search space and train multi-
ple models by sampling parameter settings from the space.® For each algorithm,

we learned 20 models with different parameter settings and chose the one with
the highest MAP@10 (see Eq. 2.20).

We sample hyper-parameters from the following:
« For all models, learning rate is sampled from [0.0001, 0.01].

« For models that involve negative sampling (Point-wise objectives), the num-
ber of negative training instances N per positive training instance is sampled

from {1,2,...,20}.

o MF: The L2 penalty factor applied to the user and item factors was taken
from [107°,1072].

o MLP: We use the same three-layer MLP as in [HLZ*17]. We also employ

6In a Bayesian parameter search, the sampler is initially random and then progressively
guided by the performance of the learned models. For details, see [Ngul9].
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dropout on the training stage. The dropout rate is tuned in [0, 0.2].

o BayesianMLP: We use a Bayesian MLP with the same architecture as our
deterministic MLP. We use the same prior and tune the hyper-parameters

related to it across the exact same grid as used in [BCKW15].

For MF-ENSEMBLE and MLP-ENSEMBLE, we set the ensemble size to n = 5.
We experimented with larger sample sizes (n = 10 and n = 20), but found they

all produced similar results.

The user and item latent embeddings size d to 128 for all models. Setting them
to the same size gives a fair comparison. While it has been shown that both MF
and MLP can benefit from even higher dimensions [RKZA20], d = 128 gives us

reasonable computational cost.

Finally, to avoid the need to tune the number of training iterations, we employ
early-stopping to end the learning phase when the MAP@10 on the validation set

does not improve for three consecutive iterations.

4.5 Results

In this section, we present the results”. We begin with the comparison between
the baselines. From this comparison, we adopt the best performing ones as the
underlying relevance prediction models for our uncertainty estimators. Then, we
compare the uncertainty estimators using the methods and metrics from Section
4.3.

4.5.1 Baseline models

Figure 4.1 illustrates the recommendation accuracy for each baseline. In both
datasets, we observe a clear advantage of MF over MLP. This is expected, because
the same has been observed in [RKZA20].

For the MovieLens dataset, the MAP and Recall of MF-BPR and MF-BCE are
almost indistinguishable, while MF-MSE falls behind. Interestingly, the opposite
is observed in the Pinterest dataset: MF' is the most accurate method, irrespective
of the loss function, according to both MAP and Recall.

"We note that the results presented here are not identical to the results that we published in
[CB22]. The major difference is that we added a more complex search for optimal baselines (see
Table 4.1). As a consequence, there are small variations in the performance of the uncertainty
estimators that use the baselines as their underlying models.

Uncertainty in 90 Victor Azevedo Coscrato
Recommender Systems



0.22 4

0.20 A

0.12 1

0104

0.12 A

0.10 1

0.04

. PREDICTION UNCERTAINTY IN IRSS

4.5 Results

—e— MF-MSE —+— MF-BPR = MLP-BCE
+— MF-BCE —<+— MLP-MSE —&— MLP-BPR

0.05 1

0.04 A

Recall@n

0.02 A

0.01 4

(a) MovieLens dataset.

—e— MF-MSE -+ MF-BPR »— MLP-BCE
+— MF-BCE —<+— MLP-MSE —#— MLP-BPR

0.08 1

0.07 4

e

o

=
L

Recall@n
R

e

=)

a
L

(b) Pinterest dataset.

Figure 4.1: MAP@k and Recall@Qk, for k = 1,2, ..., 10 for all the baseline models
on the MovieLens and Pinterest datasets.

Focussing on MLP, MLP-BCE is better than MLP-MSE and MLP-BPR in almost

every case. The only exception is the Recall on the MovieLens data, where all

MLP methods had almost identical performance.

According to the results obtained, our choice for underlying models are: NIS and
MF-Ensemble will use MF-BPR for the MovieLens dataset and MF-MSE for the

Uncertainty in
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Pinterest. MLP-Ensemble, BayesianMLP and MCDropout will use MLP-BCE
for both datasets.

4.5.2 Expected correlations

We begin our uncertainty evaluation by analyzing correlations between the un-

certainty estimates and: the user profile size (#R,,.); and item support (#R.;).

We follow exactly the same procedure from Section 3.5.1. That is, we calculate the
correlations from a randomly sampled set of 100,000 user-item pairs. Figure 4.2
illustrates the results. Note that the correlation between NEG-ITEM-SUPPORT
and #R.; is trivially perfect, and therefore ignored.

In the MovieLens data, we observe many of the expected correlations: the uncer-
tainties estimated by MLP-ENSEMBLE, MCDropout and BayesianMLP are neg-
atively correlated with both user profile size (weakly) and item support (strongly).
The exception to the rule is MF-ENSEMBLE. The uncertainties estimated by the
model grow with both #R,. and #R.;. Interestingly, the same counter-intuitive
behaviour was also observed when using a MF-ENSEMBLE for ERSs (see Section
3.5.1). This is also the case for MF-ENSEMBLE in the Pinterest dataset (4.2,
b).

Furthermore, in the Pinterest data, we also observe negative correlations between
MCDropout and BayesianMLP uncertainties and #R.; although the magnitude
of the correlations are much smaller than for the MovieLens dataset. In addition,
these models’ uncertainties do not present any noticeable correlations with #R,,..
Finally, we do not observe correlations between MLP-Ensemble’s uncertainties
and either #R.; or #R,,..

It is reassuring that the three neural models have similar correlation results. Af-
ter all, MLP-ENSEMBLE and MCDropout are approximations of the Bayesian-
MLP. As for the counter-intuitive results observed with MF-ENSEMBLE in both
datasets, these combine with similar results from Section 3.5.1 to reinforce the

concerns regarding this as a method for uncertaint estimation.

4.5.3 Top-n recommendation

We now turn our attention to the most important task of a RS: top-n recommen-

dation.
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4.5 Results

Figure 4.2: Correlations between uncertainty estimates and dataset statistics.

We expect negative correlation with #R,. and #R.;.

4.5.3.1 Relevance-based ranking

We begin by comparing our models’ accuracy for recommendations given us-
ing Relevance-Based Ranking (ReBR). To do so, we calculate the MAP@n

and Recall@n, averaged over all users, for different recommendation list sizes

n€l1,2,...,10. Figure 4.3 shows the results.

The foremost result from the graphs is the pronounced advantage of the ensemble-

based models, for both datasets and according to both metrics, in comparison

Uncertainty in 93 Victor Azevedo Coscrato

Recommender Systems



4. PREDICTION UNCERTAINTY IN IRSs 4.5 Results

o— MF - MF-ENSEMBLE #— MCDropout
MLP »— MLP-ENSEMBLE BayesianMLP
ey 0.05
022 P S — -
Y
020 F " —— 0.04
C
< ¥
@o,m g)o.oy
o ©
< y
016 mo.oz—
0.14
0.01 A
0.12
1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
n n
(a) MovieLens dataset.
o— MF ~—<— MF-ENSEMBLE #— MCDropout
MLP »— MLP-ENSEMBLE BayesianMLP
. - < ~
0.12 " - 0.08
P 4
” e— 2 2 0.07
3
-
Co.m . e o 008
® [ F —" (_a)o.os-
o 2 ©
<z(0.os : z 80.04-
o
o /4 0.03
0061 4
v 0.02 1
|
0.01 A
0.04
1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
n n

(b) Pinterest dataset.

Figure 4.3: ReBR: MAP@n and Recall@n for n € 1,2,...,10. The MF and MLP
correspond to those with highest MAP@10, for each dataset, according to Figure
4.1.

with the baseline models (MF and MLP). Intriguingly, we have repeatedly ob-
served such an advantage (see also Section 3.5.3.1), even though ensembles do
not seem great in relation to our uncertainty evaluation, both for ERSs (Section
3.3.3) and IRSs, as we showed in the previous section and as we will confirm later

in this chapter.

Moreover, we observe that both MCDropout and BayesianMLP are superior to
the corresponding MLP baseline, for both metrics and both datasets. This,
together with the success of MLP-ENSEMBLE, gives support to the usage of

Bayesian Neural Networks, or their approximations, in RSs, although, we note
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Table 4.4: Rating-Based Ranking uncertainty evaluation: URI on MovieLens and
Pinterest datasets. The best (highest) values are highlighted in bold.

MovieLens | Pinterest
NEG-ITEM-SUPPORT 0.1324 | 0.1306
MF-ENSEMBLE -0.0360 -0.1281
MLP-Ensemble -0.0358 -0.0100
MCDropout -0.0306 -0.0845
BayesianMLP 0.0238 0.0288

that all MLP-based methods used here are worse than the baseline MF, in all

cases.

We now turn our attention to the uncertainty estimates. We aim to verify the
validity of the uncertainty estimates provided by all our researched methods on
top-n recommendations. To evaluate the uncertainty estimates produced by each
method quantitatively, we employ URI. The results are presented in Table 4.4.
A positive URI implies that the less uncertain a recommended item is compared
to the average uncertainty in the user’s recommendations, the more likely it is to

be relevant.

Unfortunately, we do not observe a high URI with any of our methods. In
fact, we even observe a negative URI (although one of very small magnitude)
in many cases. The exception is NEG-ITEM-SUPPORT. In both datasets,
NEG-ITEM-SUPPORT was the only model that achieved a considerably pos-
itive URI. It means that, the more popular an item is in regards to the average
uncertainty in the recommendation list it appears in, the more likely it is to be

relevant.

One could argue that these negative results point to a potential problem with the
URI metric, rather than with the uncertainty estimators. URI assumes that cor-
rect recommendations — that is, the recommendation of relevant items — should
be given with lower uncertainty. Although this makes sense, we recall that rele-
vance is inferred through historical interactions, but it is very plausible that at
least some unobserved interactions are relevant®. In these cases, is it right to
evaluate uncertainty estimates through URI? We leave for future exploration the

question of whether this is explains the results we have obtained.

81n fact, this is the premise of label uncertainty, as introduced in Chapter 1 and explored
in detail in Chapter 5.

Uncertainty in 95 Victor Azevedo Coscrato
Recommender Systems



4. PREDICTION UNCERTAINTY IN IRSs 4.5 Results

4.5.3.2 Uncertainty-based filtering

Of more importance than URI is the suitability of the uncertainty estimators to
their use cases. In UBF, the uncertainty is used to prevent items from being
recommended to users when the user-item pair has high estimated uncertainty.
The filtered recommendation lists will have smaller average uncertainty, and are

therefore expected to be more precise.

The results reported here follow the exact same procedure used in Section 3.3.3.2.
For each uncertainty estimator, we progressively exclude bigger fractions of the
most uncertain candidates from the pool, according to cut-offs (7) that represent
the 20%, 40%, 60% and 80% quantiles of their uncertainty distributions.

The results are shown in Figure 4.4. For every estimator, and every filtering
threshold, we present the MAP@10 (Eq. 2.20), the Mean Predicted Relevance@10
(Eq. 4.10) and the Average Coverage (Eq. 2.27).

First, we observe that in no case does MAP increase with the use of UBF. In ad-
dition, in both datasets, we observe that the MAP for some models progressively
decreases as 7 grows: among those, MF-ENSEMBLE is the most noticeable.
Interestingly, MF-ENSEMBLE is the only method whose Mean Predicted Rele-
vance also decreases considerably when the cutting threshold is increased. This
steep decrease in relevance is a possible explanation of why its MAP decreases so

drastically. We do not observe any loss of coverage in any case.

With the exception of MF-ENSEMBLE, we note that in every other case, and in
both datasets, the MAP and Mean Predicted Relevance varies very little, even
when 80% of the candidate interactions are removed. From this behaviour, we
postulate that the recommendations are not changing much after filtering. That
is, recommendations given using UBF are similar to the traditional ReBR recom-
mendations. This would happen only if the majority of the items recommended

with ReBR have low uncertainty.

To verify this, we observe the relationship between relevance and uncertainty.
In Figure 4.5, we illustrate the distribution of relevance and uncertainty for
a randomly sampled set of interactions, for each uncertainty estimator, in the
MovieLens dataset’. Notice, in every case except MF-ENSEMBLE, the nega-
tive correlation between relevance and uncertainty. This explains why UBF does
not impact recommendations very strongly: uncertain interactions are not being
recommended with ReBR in the first place. Again, MF-ENSEMBLE is an ex-

9We omit the corresponding figures for Pinterest, where we observed the same behaviour.
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Figure 4.4: UBF: MAP, Mean Predicted Relevance and Coverage. This is for
top-10 recommendations with increasing 7 to filter different quantiles.

ception, but unfortunately, it also appears unsuccessful due to low URI and the
loss of MAP on URI.

Therefore, we conclude that none of the methods explored in this chapter are
particularly successful at uncertainty estimation in IRSs although we note the

accuracy uplift observed with some of them.

4.6 Conclusions and Limitations

In this chapter, we explored methods for uncertainty estimation for implicit
feedback-based recommender systems. In comparison to the explicit feedback

case (see Chapter 3), uncertainty estimation for IRSs was even less explored
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prior to our work. We decided to emphasize neural network-based RSs because

of their prominence in the RSs field.

The main takeaways from this chapter are:

We confirm the superiority of MF over MLP — at least for these datasets.
Even though this has already been previously shown by Rendle et al.
[RKZA20], our methods (e.g. our data-splitting) differs from theirs. There-

fore, our results give stronger support to this finding.

We found that, in some cases, our systems that include uncertainty es-
timators have a higher recommendation accuracy then their respective
MF or MLP baselines. The improvement is especially remarkable with
the ensemble-based methods, but is also observed with MCDropout and
BayesianMLP.

In addition, MF-ENSEMBLE was also one of the top contenders when it
came to correlation between accuracy and uncertainty, suggesting that this
method can help to identify which users are prone to receive the most or

least accurate recommendations.
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o All the previous remarks highlight positives, but in all fairness all of our
methods fail at their foremost goal of uncertainty estimation according to
our metrics. We did not find evidence to support the usefulness of the un-
certainty estimators in the chapter, especially in the top-n recommendation
task. With that said, it is true that the failure of the estimators may be

partially due to the metrics’ issues, as we pointed in the case of URI.

In Chapter 6, we will discuss possible future work on the estimation of prediction
uncertainty in IRSs. Our discussion there will partially build upon the following

limitations that we identify in the work of this chapter.

o We limited this chapter to MF and MLP models. Although we expect our
findings regarding the estimation of prediction uncertainty in IRSs to ex-
tend to other models, we can not guarantee they generalize to them all. In
particular, there is a plethora of neural recommenders in the latest litera-
ture. We cannot be sure that our findings generalize to these various neural

architectures.

o As in Chapter 3, we once more used a single train/test split, for reasons
we already explained, and restricted our experiments to only two datasets.
Therefore, although our results appear quite conclusive, it could be bene-
ficial to extend our experiments to more datasets, particularly in different

recommendation domains.

o We also acknowledge the limitation of our prediction uncertainty evalua-
tion. In particular, the URI metric that we utilize is based on the relation
between relevance and uncertainty. But again, we point to the disconnect
between relevance and observation: not all unobserved interactions are ir-
relevant. Therefore, we believe the literature could strongly benefit from
novel evaluation metrics, or at least a meticulous investigation of the exist-

ing metrics.
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Chapter 5

Label Uncertainty in Implicit
Feedback-Based Recommender

Systems

Learning a model for a Implicit feedback-based Recommender System generally
involves assuming that unobserved interactions are equally relevant to each other
and less relevant than observed interactions (see Section 2.3.3). On the one hand,
this general assumption is necessary to furnish the training dataset with negative
samples. On the other hand, it is well known that observations are not an oracle
for user preferences. For instance, there may be items that are relevant to a user
but which the user has not consumed simply because the user is not aware of
them, or due to other barriers, such as high price or limited availability. Users
may also actually dislike some of the items they interacted with. This uncertainty

regarding the true relevance of interactions is what we refer as label uncertainty.!

Noting this disconnect between user preferences and observed interactions, Hu et
al. use additional information about the observed interactions to signify levels of
confidence [HKV08]. For example, in a song recommender, the confidence may

derive from the number of times each song has been played by the user.

While Hu et al. allow observed interactions to have varying levels of confidence,
they still treat all the unobserved interactions as equally irrelevant — in the ex-

ample above, all unobserved interactions refer to songs that the user has played

IThis focuses on label uncertainty, and not prediction uncertainty. For this reason, in this
chapter, where we use the word ‘uncertainty’ on its own, it is label uncertainty that we are
referring to.
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zero times. However, as explained above, there are several reasons why a user
might not interact with a potentially relevant item. Therefore, the assumption
of homogeneous irrelevance is not compelling. In practice, there should also be
varying levels of confidence associated with each unobserved interaction, includ-
ing those used as negative samples — that is, how plausible it is that the negative
sample is indeed correctly labeled as negative. Mislabeled instances may impact
recommendations drastically, especially for items that are not popular: these are

almost always labeled as negatives [SYN'20].

Label uncertainty is very different from prediction uncertainty, which we have
explored in Chapters 3 and 4. We defined prediction uncertainty as the expected
imprecision of a prediction — in other words, the stochasticity of the model’s
output. Now, label uncertainty is the imprecision of the interaction labeling

mechanism, which serves as input for the learning of recommendation models.

Note that even though prediction uncertainty and label uncertainty are defined
differently, there is a connection between them. It is likely that label uncertainty
to which a model is subject will manifest as prediction uncertainty in the model’s

output.

In Chapter 4, we directly tacked the problem of prediction uncertainty estimation
in IRSs. Note that, in that chapter, the uncertainty estimators are based upon the
output of the relevance model. For example, MF-ENSEMBLE’s uncertainty fol-
lows from averaging several versions from the same uncertainty estimator. None
of the methods in that chapter involve the direct learning of an uncertainty es-
timator?. This is for a good reason: in IRSs, unobserved interactions — that is,
those whose uncertainty we want to predict — are part of the training set due to
the use negative samples. This is paradoxical from the point of view of predict-
ing uncertainty. There is no sense in learning to predict the uncertainty of an

interaction that is part of the training set.

So, while we observe that the use of negative samples in IRSs limits our ability to
estimate prediction uncertainty, we find that there is another form of uncertainty
in IRSs that can be measured and exploited: label uncertainty. In this chapter,

we discuss this form of uncertainty in depth.

We note in advance that this labeling problem is of especial concern for items

in the long tail — that is, the items least interacted with. Because these items

2To clarify, although the methods in Chapter 4 are all doing learning, they are learning F
(the relevance model), they are not learning G (the uncertainty model): Eqgs. 4.4 and 4.7 show
that G is computed from F.
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have few observed interactions, they are assumed irrelevant to almost every user.
Naturally, some or many of these assumed irrelevant interactions will be mis-
labeled. Therefore, estimating label uncertainty may be particularly useful for

these long-tail items.

The only piece of work that we are aware of that models label uncertainty in IRS is
by Wang et al. [WFZ"22]. Their approach, which they call Aleatoric Uncertainty-
aware Recommendation (AUR), estimates the label uncertainty associated with
each given relevance prediction. They show that, by estimating label uncertainty,
it is possible to design an IRSs that is (i) more accurate and (ii) less prone to

popularity bias.

Building on Wang et al’s work, in this chapter we propose new methods for
learning label uncertainty estimators in Implicit feedback-based Recommender
Systems. We begin with an extensive review of Wang et al’s AUR (Section 5.1).
Then, we present alternatives to AUR (see Sections 5.2.1, 5.2.2, 5.3.2 and 5.3.3).
These alternatives aim to fix some shortcomings that we observe in AUR. Finally,
Section 5.5 presents the results of an empirical study, comparing AUR against

the novel methods that we propose.

5.1 Aleatoric Uncertainty-aware Recommenda-
tion

The method proposed in [WFZ%22] is the first to tackle the labeling issue in
IRS from a predictive perspective. Their proposal, named Aleatoric Uncertainty-
aware Recommendation (AUR), is a model-agnostic learning procedure that al-
lows for a vast class of Collaborative Filtering models to be employed for estima-

tion of label uncertainty in IRS.

5.1.1 The AUR model

The AUR method is a point-wise learning procedure (see Section 2.3.3.1) that
assign a numeric value to the implicit feedback data. Identically to Eq. 2.8,
AUR sets Y,; = 1 if user u has interacted with item ¢ and Y,; = 0 otherwise.
In other words, the observed relevance of the interaction is set to the numeric
value of 1 (0) if the interaction is observed (not observed). Then, by assuming

Yui ~ N(ptui, 02;), the likelihood of a given interaction Y,; is given by,
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cuv2m P [ 202,

Interestingly, AUR closely resembles the formulation of CPMF (Eq. 3.11).

The choice of the Gaussian distribution is compelling, due to this distribution
being parameterized by a tendency and a dispersion measure, which can be un-
derstood as the average relevance of the interaction and its uncertainty. On the
other hand, this model disrespects the binary nature of implicit feedback by treat-
ing it as a continuous random variable®. Later in this chapter, we will present

alternative approaches that respect the binary nature of implicit feedback.
The negative log-likelihood, used to learn AUR, is,

202

ut

— log P(Yuilbui, Uii) & + log(ous) (5.2)
From Eq. 5.2, we note that AUR unravels the interaction relevance estimation
problem into two: estimating the distribution’s mean and variance, pu and o2,
respectively. A mean prediction model Fy : U x I — R is defined, such that p,,; =
Fy(u,i), where 6 is the model’s parameter set. Similarly, a variance prediction
model G4 : U x I — R is defined, parameterized by ¢. From here onwards, for
ease of notation, we omit the subscripts € and ¢. Also, following from Table 1.4,
we write F,; = F(u,i) and Gy; = G(u,1).

Now, the variance parameter 0%, must be positive. To ensure this property, Wang
et al. [WFZ*22] use an exponential form o2, = e(“«) /K where K is a scale hyper-
parameter. In addition, they propose to use a regularizing prior for the variance
Gui ~ N(0,7%). Therefore, the posterior negative log-likelihood of the interaction

variance is,

(Fu —Yyu)* 1 G2,
—log P(Gyi|Yuis Fui ———+ Gy + = 5.3
o8 P(GulYars F) o6 =55 5 + 5Gui + (5.3)

Following from Eq. 5.1, and combined with the prior variances, after some sim-

plification, the loss function for a batch of training instances B is given by,

3These random variables have two possible values according the training set (0 or 1) — and
therefore should be discrete. But, AUR treats them as continuous: at prediction time, the
values are not restricted to {0, 1}.
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where © = 6 U ¢ is the set containing all the parameters that compose

Wi, 0 Vu € Ui € I, and (8, v are hyper-parameters. The additional term
||0]| regularizes the relevance estimator, with regularization strength controlled
by )\9.

5.1.2 Learning AUR

Eq. 5.4 offers a general loss function that allow models F' and G to be learned.
That is, given two parametric collaborative filtering models Fy and G4, their
parameters 6 and ¢ can be learned simultaneously by stochastic gradient descent
on the negative log-likelihood. Nevertheless, Wang et al. highlight that ' and
G tend to be strongly correlated: the higher the training error on learning an
interaction relevance, the larger the uncertainty will be. In other words, the
learner can select for higher uncertainty as a ‘shortcut’ to account for a poor
relevance fit. For this reason, learning F' and G simultaneously may lead to an

inability to learn the best relevance estimator.

Hence, [WFZ122] propose to learn AUR’s F' and G sequentially. Their proposal
consists of two steps: first, to learn Fjy, the variance of every instance is fixed
o2, = 1; then, to learn the uncertainty estimator G, with the parameters 6 fixed

w

to the values learned in the first step.

Wang et al. compare their sequential learning method to the simultaneous learn-
ing approach on two datasets, measuring Recall@50. Interestingly, in many cases,
confounding expectations, the simultaneous learning method outperformed the
sequential method. Moreover, they found that the optimal learning method
depended on the underlying CF model. In particular, sequential learning was
slightly outperformed by simultaneous learning when using a matrix factoriza-
tion model (Eq. 2.1).

Overall, the differences in performance observed between sequential and simul-
taneous learning in [WFZ122] were small and not decisive. That is, there is no
empirical evidence to support the claim that the success (or otherwise) of AUR
is related to the sequential learning algorithm introduced by Wang et al. For this

reason, in our experiments, we will stick to simultaneous learning in all cases.
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5.1.3 Top-n recommendations with AUR

AUR allows us to score candidate items. There is a novel form of ranking that
may be used with AUR, referred to as Mislabeling-Aware Ranking (MAR), de-
scribed below. It includes Relevance-Based Ranking (ReBR) (as in Chapter 4)
as a special case. We note that other forms of ranking such as Uncertainty-Based
Filtering (UBF) and Probability-of-Relevance Ranking (PRR) do not make sense
with AUR. UBF discards the most uncertain candidates. In the case of AUR,
this would result in us discarding candidates (items that are recorded as being
unobserved) that are most likely to have been mislabeled, and therefore poten-
tially relevant. As for PRR, it favours candidates with high probability of being
relevant. As in Chapter 4, it is not applicable to AUR because AUR’s scoring

method is relevance-based by default.

Let us turn now to the AUR scoring function. Given that AUR estimates
label uncertainty in addition to relevance, it is possible to combine these to
give mislabeling-aware recommendations. The form of ranking that we denote
Mislabeling-Aware Ranking (MAR), introduced by Wang et al., takes the uncer-

tainty into account when ranking the candidate items.

Given a weighting parameter A € [0,1] (a hyper-parameter), the method scores

user-item interactions according to the following rule,

APy + (1= N)y/Gus (5.5)

The lower the value of A, the higher the importance given to the label uncertainty.
Note that if A = 1, we obtain ReBR.

Using lower values of A to favour uncertain interactions make sense for this form
of uncertainty. The set of recommendation candidates for a user is typically
drawn from the unobserved interactions for that user. Therefore, the higher their
uncertainties, the more plausible it is that the interactions should not be recorded

as being unobserved, and therefore are relevant.

In addition, in our opening remarks to this chapter, we noted the importance
of label uncertainty estimation for long-tail items. According to Wang et al.
recommending through MAR should increase recommendation accuracy on long-
tail items. Because these items are infrequently interacted with, they tend to

have higher label uncertainty. Therefore, by decreasing A, we expect to favour
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the recommendation of long-tail items. If so, MAR may also assist to reduce the
popularity bias, which is a well-known issue in many recommendation algorithms
[SYNT20].

5.2 The choice of F' and G in AUR

As previously stated, AUR offers a general loss function (see Eq. 5.4) that allows
for a vast family of choices for the relevance and uncertainty estimators, F' and

G respectively. In principle, both can be any parameterized CF model.

In the original paper [WFZ122], Wang et al. employ Matrix Factorization (MF)
(Eq. 2.1), Light GCN [HDW*20] and VAE [LKHJ18], motivated, it seems, only
by the popularity of these models. As we already mentioned, their experiments
included variants in which F' and G were learned either sequentially or simul-
taneously. Surprisingly, it was the simplest model, designated MF-AUR-J, that
achieved the highest overall recall in both datasets that they analyzed. MF-AUR-
J uses MF and learns F' and G simultaneously (or jointly, J).

In our empirical study (Section 5.4), we include MF-AUR-J — simply referred
to as AUR there. Here, we propose two new alternatives: Implicit CPMF and
Gaussian-MLP.

5.2.1 Implicit CPMF

The fact that Wang et al’s simplest model achieved their best results, led us to
question how complex GG must be in order to accurately estimate label uncertainty.
Moreover, we saw a similar picture in Chapter 3, where CPMF, an architecture
that models each user and item uncertainty with a single parameter, proved better

than models with many more parameters.

As one much simpler alternative to AUR, and following the same principles, we
introduce a new model that we name ICPMF (Implicit CPMF). For this model,
we define G as a simple product between a user variance parameter and an item

variance parameter. F' on the other hand is a traditional MF model. That is,

Fy(u,i) = pL; (5.6)
Gy(u,1) = 0,0; (5.7)
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where o, and o; are learnable scalar parameters for each user and item, respec-
tively, and p,,, ¢; are user and item latent factors as in Eq. 2.1. To ensure positivity
of the Gaussian variance, we use the same transformation as AUR, 02, = e°»?i /K.
The model parameters — that is, all p,, o, for v € U and ¢;, o; for ©« € I — are
learned simultaneously through stochastic gradient descent on the negative log-
likelihood (Eq. 5.4), exactly as in AUR.

5.2.2 Gaussian-MLP

The two methods introduced so far, MF-AUR-J and ICPMF, tackle relevance and
label uncertainty estimation as a two model problem: F' and G are two separate
models, learned simultaneously. But in this section, we propose a novel approach
that unifies F' and G using a two-output neural network. This method, that
we denote Gaussian-MLP, serves the same purpose as MF-AUR-J and ICPMF,
but with the particularity of defining a single neural network-based model that

replaces I and G.

We define a two-output neural network, as follows. We start with a latent factor
model, where users and items are model by d-sized embeddings p, and g;, re-
spectively. Then, similarly to the MLP (Eq. 2.3), we define a feed-forward neural
network that takes the interaction’s concatenated embeddings. The final layer of

this feed-forward neural network will output a pair (i, 02;). More precisely, our

proposed network comprises a set of feed-forward layers fi, ..., fr defined as,
fo=pulla (5.8)
fi=ReLUW,fi—1), forlel,...,L—1,; (5.9)
Jo = (wi, fr1, 9(wi, fr—1)) (5.10)

The network parameters are: W;, the weight matrix for hidden layer [, for | =
1,...,L —1; wg,, the output layer’s weight vector for the relevance output;
and wr,, the output layer’s weight vector for the uncertainty output. For the
uncertainty output, activation function ¢ is used to ensure positivity. In this
work, we employ a scaled exponential form g(x) = e*/K, where K is a scaling

hyper-parameter.

Thus, the full set of parameters for the model is © = {{p.}luev,{q}icr
{Witiet,....—1, wrp, wie b. It is straightforward to learn these parameters using

stochastic gradient descent and same loss function that AUR uses (Eq. 5.4).
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Note that, by using AUR’s loss function, we assume that p,; and o2, are the

parameters of a Gaussian distribution, as AUR does. That is, Y ~ N (ftui, 02;).

5.3 Binary Mislabeling-aware Recommenders

The models described in the previous two sections (AUR, Implicit CPMF and
Gaussian-MLP) all share the same assumption of normality Y,; ~ N (g, 02,).
However, by making this assumption, these models treat implicit feedback data
as continuous — that is, they are assumed to be numerical values assuming 0 (non-
observed interaction) or 1 (observed interaction). In Section 2.3.3.1, we argued
that a more sound approach is to predict each interaction’s probability of observa-
tion P(Y,; = 1). We can say that the formulation used by these three models use
a continuous variable to approximate the (true) binary implicit feedback variable

Yoi-

In this section, we develop two novel methods for learning mislabeling-aware sys-
tems. They are shaped by the same motivation behind AUR. But both methods
respect the binary nature of implicit feedback: they tackle the problem of directly
estimating the interaction probabilities P(Y,; = 1). Before presenting these two
new methods, we present a discussion of the use of implicit feedback that serves
several purposes: it deepens our reasoning about mislabeling uncertainty; it cri-

tiques AUR; and it motivates the two new methods that follow.

5.3.1 Rethinking implicit feedback data

Implicit feedback data consists of a set of observed interactions R between a set
of users U and a set of items I. The goal of an IRS is to utilize the knowledge
in R to infer the relevance of non-observed interactions {u,7} ¢ R. Formally, let
Y,.; = 1 denote the event that user u has interacted with item i. Then, traditional
IRSs (see Section 2.3.3) reduce the problem of relevance inference to estimating
the probability of future interactions P(Y,; = 1|u,i € R™).

Now, as previously noted, there is a disconnect between relevance and obser-
vations. First of all, it is likely that every user has disliked some items they
interacted with. That is, if we let (,; = 1 denote the event that user u likes item
1 — or, synonymously, item ¢ is relevant to user u —, then, our reasoning implies

By the same reasoning, and of much greater importance, is that P((,; = 0[Y,; =
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0) # 1. In fact, this is what motivates IRSs: discovering those interactions that

are labeled as 0 at training time that are the most likely to be relevant.

It is sensible to assume that interactions have a certain probability of being
observed, and that this probability is guided by their relevance P(Yy,; = 1|Cui)-
In addition, the interaction probability also depends on exposure. Let O,; be an
exposure indicator, that is O,; = 1 if user u has been exposed to item i, and
0 otherwise. One heuristic, which can be found, for example, in Liang et al’s
ExpoMF model [LCMBI16] is O,; =0 = Y,; = 0 — in other words, users must

be aware of an item, prior to consuming it.

Saito et al. couple relevance and exposure [SYN120]. They propose to model the

observations as,

P(Yy = 1) = P(Cyi = 1) P(Oys = 1) (5.11)

According to Eq. 5.11, interactions have a certain probability of being observed,
and that probability is proportional to both the probability of relevance and the

probability of exposure. Turning our attention back to AUR, we observe that,

Gui o P(Yactual Ly, (5.13)

where Y denotes the actual relevance indicator, that is not subject to misla-

beling, and the symbol & denotes direct proportionality.

We note that, if (u,i) € R™, then P(Y,2al £V, ) indicates how likely it is that
the interaction is mislabeled as negative. If this probability is high, then it is
plausible that the user is unaware of the item — that is, O,; = 0 —, because if
the user were aware of an item that was relevant to them, they would very likely
interact with it.* Hence, for (u,i) € R™, we suppose that G,; x P(O,; = 0).
Reordering Eq. 5.11, we have,

4We say plausible because mislabeling may have causes other than lack of awareness.
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PG =1) = (5.14)

Now, we can compare Eq. 5.14 to Eq. 5.5 — AF,; + (1 — A\)y/Gy; —, which is the
scoring function that AUR uses for Mislabeling-Aware Ranking (MAR). Because
F,i < P(Y,; = 1) and following our assumption that G,,; < P(O,; = 0), we observe
that there is a strong connection between MAR and the modeling principle pro-
posed by Saito et al. (Eq. 5.11). The relevance probability P(Y,; = 1) grows with
the probability that the item is liked, P((,; = 1). Hence, so does MAR’s score,
because F,; is directly proportional to P(Y,; = 1). Similarly, the relevance proba-
bility P(Y,; = 1) also grows with the observation probability P(O,; = 1). There-

fore, so does MAR'’s score, because G; is inversely proportional to P(O,; = 1).

We conclude that MAR is sound, in particular due to its similarity to the obser-
vation model from Eq. 5.11. However, AUR (the method that motivates MAR)
has the flaw of treating implicit feedback as numerical data in {0,1}. For this
reason, Fy; is not an estimate for P(Y,; = 1), but instead a correlated quantity.

It is not clear whether this flaw compromises recommendation accuracy.

In the next two sections, we propose two novel models that respect the binary
nature of the implicit feedback and explicitly estimate P(Y,; = 1). Our goal is to
asses whether these alternative methods, which do not share the aforementioned

flaw with AUR, will achieve higher recommendation accuracy.

5.3.2 Gaussian binary ranking

A standard principle for learning an RS model for implicit feedback data is to
treat the problem as one that involves binary classification and to predict, for
each interaction, the probability that it is relevant; we see this, for example,
in approaches that use Binary Cross-Entropy (Eq. 2.10). Inspired by this, we
introduce Gaussian Binary Ranking (GBR): a classification oriented method to

estimate probabilities of relevance and the uncertainties associated with them.

Let ry; ~ N (pi, 02;) be a Gaussian variable that models the relevance of item
t € I to user u € U. The probability that the user u interacts with item ¢ is

modeled as,
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2
Oui

P(Yy =1) =P(ry > 0) = PN (ptys,00,) >0)=1—@ (_“m’) (5.15)

where @ is the standard Gaussian cumulative distribution function. Naturally,

the probability for a pair to be unobserved is,

P(Y,; = 0) = P(ry; < 0) = ® (_’“““') (5.16)

0.2

ut

Therefore, the likelihood of a given interaction is given by,

P(Yyi| prui, 02)) = P(Yys = 1)°4P(Yy,; = 0)} 0w (5.17)

where d,; = 1 if u has interacted with i, and 0 otherwise. Notice that, although we
employ the notation Y,; = 1 and Y,; = 0, these values are only labels, indicating
whether or not the user-item interaction was observed, and not numeric values,

as they were in the case of AUR.

The negative log-likelihood for one interaction is,

_lOgP(Ymmui,Uii) = —0,; log (1 ) (_Nui)> B (1 _ 5m) log ® (_Mui)

Now, we borrow from AUR. We define two models Fy(u,?) and Gg(u,i) such
that p,; = Fy; and 02, = e%«i /K. Additionally, we employ the same regularizing
prior G,; ~ N(0,7%). Tt follows that the posterior negative log-likelihood of the

variance is,

! ) ( (\/ e [ K ))

(1 - 0u)log @ (‘“u) + ij (5.19)

GBR is, arguably, more sound than AUR since it handles implicit feedback more
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authentically. But, as soon as we began our experimentation with it, we noticed
an identifiability problem. Note that, by construction, we have P(Y,; = 0) =
P(r,; <0). Note also that the probability density function of r,; is symmetrical

around its average ji,;.> As a consequence, if y,; = 0 we have,

P(Yui=0)=P(r, <0)=P(ry,; >0) =P(Y, =1) (5.20)

where the second equality follows from the symmetry around 0 (the assumed
value of ji,;). Note that, the equation above holds regardless of the o2, value.
This causes 02, to be unidentifiable in the case of u,; = 0. In practice, during
learning, this causes the uncertainty of interactions with average relevance in the

vicinity of 0 to not converge.

For this reason GBR is not able to provide proper label uncertainty estimates for
every instance. We chose to leave the theoretical formulation of the method here,
since it was an important step in the development of our next model (Section

5.3.3). But we did not include it in our experiments.

5.3.3 Hierarchical binary ranking

In this section, we propose Hierarchical Binary Ranking (HBR), a hierarchical
Bayesian model as an alternative to GBR. Like GBR, it defines Gaussian latent
relevance variables r,;. The choice of the Gaussian distribution seems appropriate,
because it is parameterized by the two quantities of interest to us — the average
relevance and the uncertainty. Where HBR differs from GBR is in the way it
connects the latent continuous relevances to the implicit feedback. GBR uses
a straightforward connection (Eq. 5.15), but this is also responsible for GBR’s
identifiability issue. HBR employs a more sophisticated form of connection (Eq.

5.21) that turns out to not suffer from the identifiability problem.

5.3.3.1 The HBR model

Let 74 ~ N(iui, 02;) be a latent relevance score for user u’s interaction with
item ¢, and let Y,; = 1 denote the event that user u has interacted with item 1.
We propose a novel method, named Hierarchical Binary Ranking (HBR), that

models such probabilities using the standard logistic function,

5This is a property of the Gaussian distribution.
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5.21
14 erui (5:21)

In other words, we say,

Yui|mui ~ Bernoulli (1

)
_|_ eTui

Our proposal casts the scoring problem into the task of estimating the parameters
of each interaction’s latent relevance distribution, similarly to AUR. The differ-
ence with AUR, as previously stated, is that we now offer an explicit estimator

for P(Y,; = 1), acknowledging the binary nature of the implicit feedback.

We note that r,; is a random variable, and therefore Eq. 5.21 defines a hierarchical
Bayesian model [GCSR95]. That is, there are two random variables (for each
interaction) Y,,; and r,; that are connected through a dependency structure. More

precisely, their joint distribution follows from the Bayes theorem,

P(Yai N 7ui) = P(Yailrus) P(7ui) (5.22)

Now, as in all the previous methods in the chapter, our goal is to parameterize f,;

and o2, the parameters of the (Gaussian) latent relevances r,;, and subsequently

)
learn the parameters from the implicit feedback data. In particular, we can follow
the same approach as before and define a mean prediction model Fy and a variance
prediction model G,. The parameters § and ¢ must now be treated as Bayesian
parameters — that is, they must follow some prior probabilistic distribution. This
is because HBR relies on approximate Bayesian inference, for reasons that will

become clear shortly.

Because we must define a prior distribution for the parameters, it is cumbersome
to formalize HBR for general parameterizations of F' and (. For this reason,
we opt to show the formal development with one particular parameterization
that closely resembles ICPMF. More precisely, we will follow the same param-
eterization for F' and G as ICPMF (Egs. 5.6 and 5.7). This choice has two

motivations: first, the simplicity of ICPMF’s uncertainty estimator translates
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into easier prior definitions, and secondly, ICPMF has shown good performance
in our experiments, as will be shown in Section 5.5. We emphasise, however, that

this parameterization is only one of many possible choices.

We assume normality for all the parameters in the model. Then the hierarchical

model is as follows,

1
Stage I (Observations): Yy;|ry; ~ Bernoulli (1 n )
elui
Stage II (Latent relevances): 7y;|pu, @i, 0u, 0i ~ N (pX g, €77)
Stage IIT (Priors): p, ~ N0, aLyxa): ¢i ~ N0, ailina);
Oy ™~ N(07 ao’u); g; ~ N<Oa Oéo'i))

where N'¢ denotes a d-dimensional multivariate Gaussian.b

We let Y = [Y,;] denote the implicit feedback matrix, Z = [r,;] denote the latent

interaction relevances, P#U*¢ Q#1*4 denote the user and item embeddings ma-

: : Ux1 Ix1 :
trices, respectively, and a# “ a}# *" denote the variance parameter vectors for

users and items, respectively. For ease of notation, we write the latent parameter
set © ={P,Q,0y,0;}.

The joint probability distribution for the observed interactions is,

P(Y,Z,0) = P(Y, Z|0) P(O)
P(Y|Z)P(2]0) P(O)
P(Y|Z)P(2]0) P(P)P(Q) P(ov) P(or) (5.23)

Eq. 5.23 makes evident the hierarchical structure of the model. The responses Y
depend on the latent parameters in © only through the latent relevances Z. Figure
5.1 illustrates HBR as a probabilistic graphical model in the style of Chapter 8
of [Bis06].

6We abuse the notation by writing 0 as the multivariate distributions’ average. In fact, the
averages are d-dimensional zero vectors.
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ue Ui1el

Figure 5.1: HBR’s probabilistic graphical model. The white (non-filled) circles
indicate non-observed (latent) random variables, while the grey (filled) circle
indicates the observed variable — in this case, the binary implicit feedback. The
arrows indicate probabilistic dependencies.

5.3.3.2 Learning HBR

The posterior distribution of the latent variables — that is, their distribution given

the implicit feedback Y — can be expressed as,

P(Y, Z,0)
[P(Y, Z,0)d0dZ

P, 2]Y) = (5.24)

However, working with this posterior distribution is infeasible, because the de-
nominator (i.e. the evidence) is intractable due to the multidimensional integral

involved. For this reason, we must resort to using approximate inference.

The tools for approximate Bayesian inference problems such as this one revolve
around Markov Chain Monte Carlo methods (MCMC) [Gey92] and Stochastic
Variational Inference (SVI) [HBWP13]. In fact, MCMC has been previously ex-
plored for Explicit feedback-based Recommender Systems [SMO8]. In particular,
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CPMF has a Bayesian extension based on MCMC [WLWT18]. However, it is
unclear how a similar MCMC algorithm could be employed in the case of IRSs

due to the necessity of negative sampling.

For this reason, we use SVI. Unlike MCMC, which is a sampling method, SVI
is an optimization method. For this reason, the learning can be performed in

batches, which can include randomly-selected negative samples, as in Algorithm
1.

SVI consists in searching for a variational distribution v(Z,©|n) that serves as
an approximation to the true posterior P(©, Z|Y'). In practice we pick a family
of distributions parameterized by 7, that are called variational parameters — that
is, for each value of 7, we recover a different distribution for the chosen family.
Then, we choose n such that v(Z, ©|n) is as close as possible to the true posterior
P(O, Z|Y'). This distribution similarity is measured according to the Kullback-
Leiber (KL) divergence. It can be shown that minimizing the KL divergence is
equivalent to minimizing the Evidence Lower Bound (ELBO). In fact, the ELBO
is equal to the negative KL divergence up to an additive constant, and is defined

as,

ELBO = E,zey[logP(©, Z|Y) —logv(Z, ©|n)] (5.25)

Typically, the true posterior is very complex and is not contained in the varia-
tional family. Therefore, the quality of the approximated solution through SVI
depends on the choice of the variation family over which we search for the optimal
v(Z,0]n).

For HBR, we consider variational distributions that factorize similarly to the joint

distribution Eq. 5.23. More precisely, we assume,

v(Z,0\n) = vz(Z|n)ve(O|n)
= vz(Zn)vp(Pn) vo(QN) ve, (oun) ve, (a1|n) (5.26)

where v, denotes the variational distribution of the variable matrix x. The choice
for this family of factorizable distributions is in line with the construction of our

priors, that lead to an also factorizable joint distribution (see Eq. 5.23).
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At this point, it is useful to recap that, although we employ a full Bayesian
treatment of our parameters — that is, © is a set of random variables rather
than a set of deterministic parameters —, our goal is not to study the uncertainty
around the parameters, but instead only the uncertainty of the relevances r,; and
probabilities of relevance Y,,;. For this reason, we can use point mass distributions
(or delta distributions) for all vp,vg, vy, Vs,. A point mass distribution is such
that all the probability mass is concentrated around a single value, which is the

distribution’s parameter.

Notice that by choosing point mass distributions, the number of variational pa-
rameters is equal to the dimensions of the latent matrix. To give a concrete
example, if P is a 10 x 10 matrix — that is, the dataset has 10 users and we em-
ploy latent embeddings of size 10 — then vp is a delta distribution parameterized
also by a 10 x 10 parameters matrix. In this example, the learned variational
parameters of the delta distribution will be deterministic estimates for P. In the
next section, we will see that the choice of point mass distributions also greatly

reduces prediction time.

Learning the variational parameters n follows through stochastic gradient decent.
On each step, the ELBO term (Eq. 5.25) is optimized for a data batch. We
emphasise that each data batch contains positive and negative interactions, as

per Algorithm 1.

Our implementation of HBR takes advantage of Automatic Differentiation Vari-
ational Inference (ADVI) [KTR*17], and is implemented in Pyro [BCJ*18].

5.3.3.3 Top-n recommendations with HBR

Our choice for point mass variational distributions leads to point estimates for
the model parameters p,, ¢;, 04, 0;. Therefore, even though HBR is based on
variational inference, we do not need to do any posterior inference to make rec-
ommendations. Instead, we have a straightforward way to get point estimates

for the average relevance Fy; = ji,; and uncertainty G,; = 02,. We simply follow
2

Equations 5.6 and 5.7. Now, having p,; and o;,, we may follow, at least, the

following two ranking criteria.
Ranking based on r;

Our first possible ranking criterion follows directly from MAR. Because HBR

offers estimates for j,; and o2, (F,; and G;), it can borrow MAR’s ranking
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criterion from Eq. 5.5. The reasoning is analogous to AUR: the value of A\ controls
(inversely) the importance given to label uncertainty — that is, the lower is A, the
higher is the importance given to G,;, and therefore more emphasis is given to
recommending potentially relevant items that are mislabeled during training. To
facilitate referencing, we will use HBR-R to refer to the HBR model with MAR'’s
ranking criterion’. Again, we note that ReBR is the special MAR case where
A=0.

Ranking based on P,

Above, we discussed ranking through the latent relevance (r,;) parameters

(fui, 02;), intentionally leaving out the interaction probability P,;. Now, since
we are aiming to treat implicit feedback as binary, let us examine the meaning of

i and o2, in relation to P;.

1
1+eTui

Logit-Normal(g,;, 02;) [AS80]. Therefore, we can use some known results about

By construction, we have r,; ~ N (p, 02;), and as a consequence, P,; =

the logit-normal distribution.

First, let s denote the standard logistic function. Then, s(p,;) is the median
of the interaction probability, s(u,;) = Med(P,;) [HS22]. Therefore, p,; on its
own is a robust point estimate for the interaction probability. Unfortunately, the
logit-normal distribution has no analytical solution for any measure of dispersion,
such as variance. But, as shown in [FLO§], there is a positive correlation between

the variance of P,; and o2,.

Second, there are some known approximations for the mean and variance of P,;.
Again, let s denote the standard logistic function. Then, following from [Daul7],

one possible set of approximations is,

l=3 Huz .
Hd (ﬁ ) 20

Var[P,;] = s ST N 1—¥
\/1—1—7%012”- wl—i—%Uﬁi \/14‘%‘751‘

Based on these, we can design another ranking rule analogous to MAR. In this

case, we rank items according to the following,

"We use the suffix R to reinforce that ranking is based on the latent relevances ;.
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AE[Pyi] + (1 — \)Var[Py] (5.28)

In our experiments, we will use HBR-Y to refer to a system that uses the HBR

model but with the ranking rule from Equation 5.285.

Note again that, if A = 1, then we obtain a ranking based only on E[P,] —
a ranking that is parallel to ReBR. Nevertheless, we also note that E[P,;] is a
function of both p,; and o,;. Therefore, ranking based solely on E[P,;] is already

in a way accounting for the uncertainty in the latent relevances.

Before we finish, we make two final remarks. First, we emphasize that HBR-R
and HBR-Y are the same model, the only difference is in the form of item ranking
employed at the top-n recommendation stage. In the light of this, we will also
abuse names a little: for simplicity in what follows, we say that HBR-Y, like
HBR-R, uses MAR, although, in fact, only the latter uses MAR (Eq. 5.5); the
former uses something that is similar to MAR (Eq. 5.28). Secondly, as noted
by [Daul?], Var[P,;] is a monotonically increasing function of ¢,;, and therefore
HBR-Y should not differ too drastically from HBR-R.

5.4 Empirical Study

In this section, we compare the methods for mislabeling-aware ranking that were
introduced in this chapter. In particular, our goal is to contrast the recommenda-
tion accuracy of the new models proposed in this chapter with AUR, the method

taken from the literature.

As with previous chapters, we ensure reproducibility of the experiments by mak-

ing all the code available in github.com/vcoscrato/uncertain.

5.4.1 Models

Our experiments comprise the following models: AUR, ICPMF, Gaussian-MLP
and HBR — the last of these, in fact, being further subdivided into HBR-R and
HBR-Y. With the exception of Gaussian-MLP, which is a unified model, all these

models use estimators of relevance and of uncertainty, denoted F' and G above.

8We choose the suffix Y because ranking in this case is based on the interaction probability
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In all cases, we use MF for F; and, in most cases, we use MF for GG also. The
exceptions to the latter are the uncertainty estimators G for ICPMF and for the
HBR models, where, by design, GG estimates uncertainty as the product of user
and item latent variances (Eq. 5.7). Using the same underlying estimator for F’

and G wherever possible gives us a fair comparison.

Apart from seeing which of the models has the highest accuracy, the experiments
should be revealing in two other ways. First, we may evaluate the necessity of
the more complex (higher dimensional) uncertainty estimator employed by AUR
against the much simpler one of ICPMF and HBR. In addition, these estimators
of varying complexity are compared against Gaussian-MLP, a method that is

rather different from the previous two because it unifies F' and G.

Second, we can investigate the effect of giving a correct treatment to the im-
plicit feedback, as discussed in Section 5.3. AUR, ICPMF and Gaussian-MLP
approximate the implicit feedback with a numerical formulation whereas HBR
(both HBR-R and HBR-Y) respect the binary nature of the implicit feedback,
but learns an approximation for the true posterior through variational inference.
In this respect, one particular comparison is of special interest: because we use
the exact same relevance and uncertainty representation for both ICPMF and

HBR?, we are able to isolate this difference and can see its effect on the results.

We add to our results the best MF baselines for each dataset, according to Section
4.5.1. More precisely, what we refer to as MF (Baseline) in the following results
is MF-BPR for the MovieLens dataset and MF-MSE for Pinterest.

5.4.2 Datasets

We use the same datasets as in Section 4.4.2 of Chapter 4. Moreover, we use the

same data partitions as before.

5.4.3 Methods
5.4.3.1 Tuning

The models that we compare have a number of hyper-parameters that need to be

tuned. To do so, we use a Bayesian parameter search, as per Section 4.4.3.2. With

9We remind the reader that we developed HBR to use the same relevance and uncertainty
representation as ICPMF. But this was a choice. Variants of HBR, with other representations,
can be derived.
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each method, we learn 20 models with different values for the hyper-parameters,

sampled as follows:

o For all models, the learning rate is sampled from [0.00001, 0.001]. The
number of negative samples per positive interaction in each data batch is
sampled from {1,2,...,30}.

 For all models based on AUR’s objective (Eq. 5.4) — that is, AUR, ICPMF
and Gaussian-MLP — we sample 5 from {le—3,1} and 7 from {le—4, le—1}.

e« AUR and ICPMF: The L2 penalty factor applied to the user and item

factors for the relevance estimator (\g in Eq. 5.4) is taken from [107°,1073].

o Gaussian-MLP: Again, we use the same three-layer MLP as in [HLZ*17],

with dropout rate during training taken from [0, 0.2].

o HBR: For HBR, we must choose the prior variances «,,, a;, ayi, 0. In every

case, we sample their values from [le — 5, 1e — 1].

These candidate hyper-parameter values were chosen based on pilot runs. Using
results from the pilot runs, we ensured that ‘winning’ values did not fall close to
the boundaries of the range of candidate values, which would suggest the optimal
value might lie outside of the range. When a ‘winning’ value did fall close to a

boundary, we extended the range of values.

Following the same reasoning from Chapter 4, to ensure fairness in our compar-
isons, we set the user and item latent embeddings size d to 128 for all models.
Notice that this means that both the relevance and uncertainty estimators are

based on latent factors that are 128 wide.

Again, to avoid the need to tune the number of training iterations, we employ
early-stopping to end the learning phase when the MAP@10 on the validation set

does not improve for three consecutive iterations.

5.4.3.2 Expected correlations evaluation

Before evaluating the methods according to recommendation accuracy, for each
model, we first look at the correlation between the average relevance pu,; and
uncertainty 2. (In the case of HBR-Y, we look at the correlation between the
average probability of interaction E[P,;] and the uncertainty Var[P,;]). Having
a positive correlation between the two is what motivates the additive form of
ranking employed by MAR [WFZ*22]
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We follow the same procedure from previous chapters. That is, we obtain the
average relevance and label uncertainty from a randomly sampled set of 100,000
user-item pairs. Then, we plot the dispersion of the obtained values, together

with a least squares tendency line, and analyse the results visually.

5.4.3.3 Top-n recommendation evaluation

We examine the recommendation accuracy for each model according to MAP and
Recall at n = 10 as a function of A. In practice, A is a parameter that should be
fixed in production. Here, we plot the results for a range of A\ values to illustrate
how it affects accuracy. Again, we remind the reader that ReBR is the particular
case of MAR with A = 1.

In this part of the evaluation, we consider as the candidates for recommendation
to the user all items except those the user has interacted with (in the training or
validation set). In the next part of the evaluation, we will restrict the candidates

to long-tail items.

5.4.3.4 Long-tail recommendation evaluation

In Section 5.1.3, we argued that MAR may lead to recommendations that exhibit
less popularity bias. To evaluate this, we will employ an additional evaluation
protocol, introduced in [WFZ22], which focuses on long-tail items. We will refer
to this as long-tail (LT) recommendation. This protocol forces the system to

recommend only tail items, and measures the accuracy of these recommendations.

For long-tail recommendation, we must define what we mean by tail items. We
adopt the same method as in [WFZ122]. That is, tail items are those with fewest
interactions such that those interactions comprise 50% of all the observed interac-
tions. We denote the set of tail items as I;7. Then, for long-tail recommendation
evaluation, the candidate items for recommendation to each user are given by
R, N Ip. Similarly, the test items for each user are also confined to long-tail
items: T, = T, N Ir, where T, are u’s test set items (Section 2.5.2). Let Z;
denote the top-n recommended to user u based on candidates R,. N I;r. Then,

we define the MAP and Recall at n relative to the long-tail items as,
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zZn T,
Recall Relative@n, = #{Zurr N TurrN}

#TuLT
Precision Relative@n, = #{Zipr N Tur'}
n
AP Relative@n, = 7T > Precision Relative@k, x 6(Z(k) € T,rr)
u =1
1
MAP Relative@n = —— Z AP Relative@n,,
#U uelU

These are analogous to definitions in Section 2.5.2, but confined to long-tail items.

5.5 Results

In this section, we present the results. We evaluate both general top-n recom-
mendations (Section 5.5.2) and long-tail recommendations (Section 5.5.3). Before
that, we begin with a discussion of the correlation between relevance and label

uncertainty.

5.5.1 Expected correlations

We begin by examining the correlation between the average relevance and label
uncertainty. Figure 5.2 illustrates the dispersion diagrams with least squares

tendency lines added.

We observed the expected correlation with AUR, ICPMF and Gaussian-MLP for
the MovieLens dataset. On the other hand, the same does not hold for AUR
and ICPMF for the Pinterest dataset. One case that draws attention is AUR for
the Pinterest data, where there are several interactions with low relevance and
high uncertainty. When ranking with MAR, such items will be more likely to be

recommended for smaller values of \.

HBR-R and HBR-Y show no apparent correlation in almost every case: the ten-
dency lines are approximately flat for both models in the MovieLens dataset and
for HBR-R on Pinterest. The exception is HBR-Y on Pinterest, where, although
the tendency line still points to a positive correlation, we see that the correlation
is not strictly increasing. This is perhaps to be expected. The uncertainties es-

timated by HBR-Y approximate 0 as E[P,;] approximate either 0 or 1. This is
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Figure 5.2: Dispersion diagrams between the estimated average relevances and
mislabeling uncertainties for each method and dataset. The black line in each
diagram is a least squares tendency line to assist visualization.
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a consequence of the binary formulation. If E[P,] is close to 0 (or 1), then all
the probability mass for P,; is concentrated around (0 or 1), and therefore, its

variance is small.

As we pointed out earlier, even though we have found that we do not always
observe the anticipated correlations, this does not necessarily signal any problem
with the uncertainty estimators. It shows only that using MAR with those es-
timators may not lead to more accurate recommendations than ReBR. Another
reason why these results need not be too concerning is because we have observed
(on pilot runs) that the relevance-uncertainty dispersion is affect by several hyper-
parameters, especially § and ~ from Eq. 5.4 and the size of the negative sample.
It may be possible to have another hyper-parameter configuration that leads to

models with similar accuracy but different relevance-uncertainty dispersion.

5.5.2 Top-n recommendations

Now we examine the recommendation accuracy for each model according to MAP
and Recall at n = 10 as a function of A. In practice, X is a parameter that should
be fixed in production. Here, we plot the results for a range of A values to
illustrate how it affects accuracy. We note that the MF baseline accuracy, of
course, has no label uncertainty estimator, and that is why its accuracy does not

vary with .

Let’s initially focus on the choice of A. We note that for many models, the choice
A =1 — that is, recommendations given through ReBR — are the most accurate.
In fact, this is the case for all models with the Pinterest data. This is in line
with what we might expect from the correlation plots. The only exceptions are
ICPMF and HBR-Y on MovieLens. For the former, MAP@10 is at its maximum
at A = 0.3 and Recall@10 at A = 0.4. For the latter, both MAP and Recall are
at their maximum at A = 0.6. Therefore, we conclude that in some specific cases
HBR may be beneficial, although it is often worse than ReBR.

Now, comparing the models against each other, we note the great overall per-
formance of ICPMF. For every metric and dataset, I[CPMF is always among the
most accurate systems. This is a remarkable result because ICPMF is arguably
the simplest method: compared to AUR, its uncertainty estimator is of much
lower dimensionality; and, compared to HBR, its learning is exact (i.e. no ap-
proximation such as that given by variational inference is required); in general, it
is a lot more straightforward. Gaussian-MLP, on the other hand, achieved poor

overall results. In particular, it achieved very low recommendation accuracy com-
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(b) Pinterest dataset.

Figure 5.3: MAP@10 and Recall@10 for every model compared in the MovieLens
(top) and Pinterest (bottom) datasets as a function of A.

pared to all the other models on the Pinterest dataset. From these results, we

conclude that unifying F' and G, as discussed in Section 5.2.2, looks unpromising.

In addition, [CPMF achieved better recommendation performance than the base-
line MF (MovieLens data) or almost equivalent to the baseline (Pinterest data) .
Moreover, AUR is also more accurate then the baseline for MovieLens, although

it is worse on Pinterest.

We also observe a difference between the results for the two datasets. On the one
hand, AUR is better than HBR-R and HBR-Y in the MovieLens dataset. On
the other hand, the opposite is the case for Pinterest. In particular, HBR-Y is
very close to ICPMF (the top performer) in the Pinterest data according to both
metrics. This may be indicative that the variation approximation needed to learn

HBR performs better on bigger datasets.

Interestingly, we note that if A = 0, then the ranking scores are defined solely

by G.; — that is, F,; is ignored. Even in this extreme case, we see that AUR,
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Figure 5.4: MAP Relative@10 and Recall Relative@10 for every model compared
in the MovieLens (top) and Pinterest (bottom) datasets as a function of A but
for log-tail items only.

ICPMF and Gaussian-MLP are still able to recommend with decent accuracy in
the MovieLens data. Therefore, another conclusion is that the label uncertainties,

at least in these cases, are in fact related to relevance as we supposed.

5.5.3 Long-tail recommendations

As described in Section 5.4.3.4, we also consider the alternative setting where
candidate items for recommendation are restricted to long-tail items. Figure 5.4

displays the results.

Again, let’s focus initially on the choice of A\. When restricting recommendations
to the long-tail items, we observe A having a higher impact in many cases, espe-
cially in the MovieLens dataset. For this dataset we observe a major advantage
of MAR over ReBR for ICPMF - in this case, MAP Relative@10 is at its highest
at A = 0.7 and Recall Relative@10 at A = 0.8. The same is observed for HBR-Y:
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both metrics are at their maximum when A = 0.5. Interestingly, Gaussian-MLP
is best when A = 0. Unfortunately, the MAR results for the Pinterest are not
as positive. In fact ReBR — the case A = 1 — is better or very close to MAR in
almost every case. The only exception is Gaussian-MLP, but its accuracy is by
far the lowest. Therefore, similarly to the general top-n recommendation case,
MAR was also not proven advantageous in the long-tail recommendation case for
the Pinterest dataset.

Next, let’s compare the models. In the MovieLens dataset, following the same
trend from the overall top-n recommendation case, the performance of ICPMF
is also remarkable for long-tail recommendation. We observe that ICPMF has a
big advantage against every other method. Moreover, ICPMF is also a lot more
accurate than the MF baseline in this dataset. For Pinterest, we found that the
MAP and Recall of all methods, except Gaussian-MLP, are comparable to those
of the baseline. That is, even though MAR is not beneficial in this dataset, the
use of our methods with ReBR provides long-tail recommendations that are at
least close in accuracy to the baseline, and, in the case of ICPMF, sometimes
slightly better.

5.6 Conclusions and Limitations

In this chapter, we explored label uncertainty in IRSs. By learning to estimate
this form of uncertainty, which is rather different from the prediction uncertainty
that we explored in Chapters 3 and 4, we aim to counter the mislabeling problem
in the learning of IRSs models, which is a consequence of negative sampling. We
have introduced four novel methods for label uncertainty estimation. Our main

outcomes and findings are:

o We drew a parallel between label uncertainty (and, in particular, its use
in Mislabeling-Aware Ranking) and the observation model from [SYN*20].
This extends the discussion in [WFZ122] and provides a stronger theoretical

support to the exploration of label uncertainty.

o We found that ICPMF, which has a very simple label uncertainty model,
is generally a good choice. In fact, this method was uniformly better than
every other across all our experiments. That is, it exhibited leading ac-
curacy in both top-n recommendations and long-tail recommendations in
both the MovieLens and Pinterest datasets according to every metric. The
effectiveness of ICPMF recalles the effectiveness of CPMF in Chapter 3.
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o We also found that MAR may in fact be a powerful tool to combat popu-
larity bias in some cases. For the MovieLens dataset, we showed that the
use of MAR, with the correct choice of A, can sometimes lead to major ac-
curacy improvements. The improvement is most remarkable with ICPMF.

Unfortunately, we did not observe the same for the Pinterest dataset.

Again, we acknowledge that our empirical study has some limitations, listed be-
low. From these limitations, we may derive new research questions for exploration

in future work (see Chapter 6).

o First, we have restricted ourselves to MF models as the standard choices
for F' and G. Although this choice allows for a fair comparison between the
methods, MF is only one of many possible choices for both. We believe there
is clear value in expanding the comparison to other choices. In particular,
one could explore the ‘interaction effect’ between F' and G. For instance,

the impact on G given different choices of F', and vice versa.

e Second, as in the previous chapters, we considered only two datasets in our
study. Although we observed a clear winner across our results (ICPMF), we
also noticed that certain methods — especially HBR, — performed differently
in the two datasets. To explore this further, it would be useful to extend

the comparison to other recommendation datasets.

« Finally, the only use we have made of label uncertainty estimates is in MAR.
Although, we suppose that label uncertainty may be exploited in other ways.
For example, there may be ranking criteria other than MAR, that could be
tried. There may even be uses outside of top-n recommendations, such as

uses in active learning.
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Chapter 6
Conclusions and Future Work

This dissertation presents by far the most comprehensive study of uncertainty
in Recommender Systems to date. More precisely, we distinguish between pre-
diction uncertainty and label uncertainty, and we present several methods for
estimating each of them through the various chapters. In addition, we also dis-
cussed and extended the evaluation and the use cases for uncertainty estimates

in both explicit and implicit feedback-based recommender systems.

In this chapter, we present a summary of our main findings. Then, we discuss

potential paths for future research in the field.

6.1 Conclusions

6.1.1 Prediction uncertainty in ERSs

In Chapter 3, we surveyed and expanded the literature in prediction uncertainty
in ERSs. First, we identified several existing methods that were never compared
theoretically nor empirically. We re-wrote all of these methods to use a com-
mon notation. We also proposed new methods (ENSEMBLE and EB-Linear) by
adapting existing methods. Then we investigated and extended the literature
on the evaluation of prediction uncertainty estimates. Finally, we implemented
all the methods and compared them. All this work should greatly help further
research in the field, especially because all our implementations are open source

and our results are therefore reproducible.

Our empirical study showed that several of the surveyed methods are successful

at prediction uncertainty estimation, especially in the rating prediction case. We
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also found CPMF to be a powerful method for Uncertainty-Based Filtering and
Probability-of-Relevance Ranking. Its use led to more accurate recommendations
in both the datasets that we used.

6.1.2 Prediction uncertainty in IRSs

In Chapter 4, we built on the work in Chapter 3, but now turning our attention
to IRSs. We noted that there was close to no literature in this case. Therefore, a
major part of the chapter’s contribution was the identification of the uncertainty
estimation and evaluation methods from Chapter 3 that were also extensible to
IRSs. In addition, we also have a strong emphasis on neural network-based RSs
in this chapter. This is because (i) they are very prominent in the IRSs literature,
and (ii) we could take advantage of general methods for uncertainty estimation in
neural networks. Even though there are no novel methods in this chapter, their
use in the problem of estimating prediction uncertainty in IRSs is novel. The
chapter culminates in another extensive, and also reproducible, empirical study

comparing all the explored methods.

Unfortunately, the takeaways from this chapter are not too positive. On the good
side, we found that many of our explored methods (most notably, those based
on ensembling) are more accurate at top-n recommendation than our baseline
methods. But, different from the explicit-feedback case, we found no further
benefits to using any of our uncertainty estimators in the top-n recommendations
case. Most of the methods fail according to the URI metric and were not beneficial

when used for Uncertainty-Based Filtering.

6.1.3 Label uncertainty in IRSs

In Chapter 5, we tackle label uncertainty in IRSs. Although label uncertainty is
a widely recognized issue, it is very unexplored. In fact, the chapter builds upon
the only existing method for label uncertainty estimation, Aleatoric Uncertainty-
aware Recommendation (AUR). Apart from very extensively discussing the mis-
labeling issue, we also introduce four novel methods for label uncertainty esti-
mation. The modeling work presented is very substantial, especially because
our methods are very different from each other, including neural-networks and
Bayesian hierarchical modeling. Again, we conclude the chapter with another em-
pirical study, where the goal is to validate the use of Mislabeling-Aware Ranking

(MAR) in top-n recommendations and long-tail recommendations.
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Our results had two major conclusions. First, we observed that ICPMF, one of our
proposed methods, is better than AUR in both the datasets that we used. This is
very impressive given that ICPMF is a lot less complex than all the other methods
in the comparison, including AUR. Second, we found that, in some cases, we may
greatly improve a system’s accuracy in long-tail recommendations by exploiting

label uncertainty estimates and using MAR to select the recommendations.

6.2 Future work

In this dissertation we shed light on the quite unexplored field of uncertainty
in recommender systems. Although our work is very comprehensive, we hope it
will encourage further extensions — in particular, to tackle the limitations that
we identified at the end of Chapters 3, 4 and 5 — and the exploration of novel
research questions in the field. Below, we give an overview of what we consider

to be good directions for future exploration.

6.2.1 Beyond-accuracy recommendation objectives

In Chapter 2, we briefly reviewed some of the most important beyond-accuracy
recommendation objectives. In addition, we expressed our belief that uncertainty
quantification might also be the key to improving beyond-accuracy recommenda-
tion goals, e.g. novelty, diversity and serendipity [KB16]. For example, a serendip-
itous recommendation can be one with high relevance yet high uncertainty. The
subsequent chapters do not further explore these objectives. We consider this to

be the most immediate and most important avenue for future research.

6.2.2 Online evaluation and user trials

In this dissertation, we restricted our experiments to offline evaluation in every
case. As introduced in Chapter 2, online evaluation is an alternative that better
reflects the dynamic nature of RSs. Given the extensiveness of our experiments,
it was impractical to perform online evaluation. Nevertheless, there is clear value
in exploring the methods present here — especially those with better performance

— in an online setup.

Taking one more step forward, the evaluation of uncertainty could arguably ben-
efit even more from user trials. To give a tangible example, we already discussed
our belief that uncertainty may correlate to serendipity. The difficulties in mea-

suring serendipity offline [KB16] impose great challenges to our ability to test
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this hypothesis. For this reason, one important avenue for future research is to
conduct user trials, in which users would provide feedback, not only on their
item preferences, but also on beyond-accuracy questions, such as their surprise

regarding recommendations that have different levels of uncertainty.

6.2.3 Long-tail recommendations

In Chapter 5, we noted the value of models that estimate label uncertainty for
long-tail recommendations, to counter-act popularity bias. We even compared
the models that we defined in the chapter for their long-tail performance. But
the RS literature offers a plethora of other methods, for counter-acting popularity
bias [LFW23, KEJ™22, BS21, AN18, WFC*21]. A line of future work would be
to conduct a more extensive comparison between the methods from Chapter 5

and these other methods from the literature.

6.2.4 Label uncertainty in ERSs

In this dissertation, we have investigated label uncertainty for the implicit feed-
back case. Certainly, this is the most important case. But one could argue that
label uncertainty is also present in explicit systems. On the one hand, we note
that the problem is definitely not as big in the explicit case (where unobserved
interactions are treated as missing data) as in the implicit case (where they are
presumed irrelevent and can be sampled as negative interactions). Nevertheless,
interactions in ERSs may be ‘mislabeled’ as being missing. This happens, for
example, when the user consumes an item but chooses not to provide a rating.

Therefore, label uncertainty could also be investigated for ERSs.

6.2.5 Novel forms of uncertainty-aware ranking

Throughout this dissertation, we discussed methods for prediction uncertainty-
aware ranking, namely UBF and PRR and label uncertainty-aware ranking,
namely MAR. We believe that there is a great creative space for other novel
forms of uncertainty-aware ranking (for both prediction uncertainty and label

uncertainty).

Some interesting ideas can be borrowed from the the related field of Information
Retrieval. For example, Penha & Hauff explore uncertainty in neural learning-
to-rank models [PH21]. They obtain uncertainty estimates for a BERT ranker

with the use of Monte-Carlo Dropout and Deep-Ensembles, which we explained
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in Chapter 4. Their uncertainty-aware ranking method combines the predicted
interaction relevance with their estimated uncertainties. They found that ‘shrink-
ing’ the relevance of interactions with high relevance can sometimes improve the
system’s recommendation accuracy. In a similar vein, but now using models
based on Gaussian Processes, Guiver & Snelson proposed to either shrink or in-
crease the relevance of items based on their uncertainty to make the model more

conservative or more risk-taking [GS08].!

6.2.6 Other relevant comparisons

There is some work on uncertainty, or related to uncertainty, in the RSs literature
that we did not cover in this dissertation. Mainly, we chose not to cover them
because they tackle uncertainty from a different scope or purpose. Nevertheless,
we believe that future research could try to bridge the gap between them and the
research in this dissertation. We list the most relevant of them here and explain

why we did not cover them.

o Bernardis et al. showed that there is a strong correlation between the eigen-
values of the item similarity matrix and the accuracy of item-based recom-
menders [BFDC19]. Because of this, they propose an eigenvalue confidence
index to measure the confidence level of the recommendations given to each
user. Their method is suitable for both explicit and implicit recommenda-
tion tasks, and confidence can be thought of as the inverse of prediction
uncertainty. However, their method is applicable only to systems based
on item similarity. Furthermore, like NEG-USER-SUPPORT, their confi-
dence index is a user-centric measure, and therefore it lacks the granularity
that is needed to differentiate the uncertainty of the individual items being

recommended to a user.

e Another method, which is superficially related to the ones employed herein
but is actually quite different in its purpose, is the use of Gaussian embed-
dings for collaborative filtering. Gaussian embeddings are a generalisation
of the embeddings used in many recommender algorithms. In [DSPG17],
Gaussian embeddings are learned by a matrix factorization algorithm; in
[JYXS20], they are learned by a convolutional neural model. Gaussian em-
beddings give us non-deterministic user and item representations, capturing

the uncertainty that there is in learning these representations. However,

'We note, however, that their results are largely negative: they did not find this form of
ranking to be more accurate.
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they do not quantify the prediction or label uncertainty of interactions.

» Neupane et al. [NZY21] propose a method for quantifying the amount of evi-
dence available when providing recommendations to cold-start users. With-
out jumping into details, their method combine traditional user and item
embeddings with a meta evidential learning module that is able to predict
what they call evidential uncertainty. We suspect that evidential uncer-
tainty is tightly connected to our information-based methods. Therefore, we
believe that future research could formalize the similarities and differences
between prediction uncertainty and evidential uncertainty, and compare our

methods against theirs, where applicable.

o Another general method for uncertainty estimation are conformal predic-
tions. The literature applying conformal predictions within ML is vast, but
so far they have received received little attention in RSs. Among the few
existing works, we highlight two, one by Kagitaa et. al. [KPPT17] and the
other by Himabindu et. al. [HPP18]. These contain methods that could,
in theory, be compared with ours. However, unlike the methods in this
dissertation, their conformal predictions are not point estimates of label
uncertainty. Instead, conformal predictions provide a set of possible labels
(e.g. a set of points in a rating scale) for each user-item interaction. For
this reason, it is not too straightforward to compare their methods against

ours.

The sections above provide numerous possible paths for future research. But
they are only a sample of everything that can be studied in the field. Many other
directions can be suggested. For example, one could investigate the connection
between label uncertainty and the definition of Missing-Not-At-Random (MNAR)
data in RSs [Stel0, WZSQ19]. Or, going one step further, one could compare label
uncertainty with causal [BV18] or counterfactual recommendations [WFH"21,
XRK™*20], since they all tackle similar implicit feedback reliability issues. The

fact is that this dissertation could be the starting point for much future research.
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Acronyms

ADVI Automatic Differentiation Variational Inference.
AL Active Learning.

AUR Aleatoric Uncertainty-aware Recommendation.

BBB Bayes By Back-propagation.
BCE Binary Cross-Entropy.
BNN Bayesian Neural Network.

BPR Bayesian Personalized Ranking.

CA Context-Aware.
CB Content-Based.
CF Collaborative Filtering.

CPMPF Confidence-aware Probabilistic Matrix Factorization.

EB Error-Based.
ERS Explicit feedback-based Recommender System.

ERSs Explicit feedback-based Recommender Systems.

GBR Gaussian Binary Ranking.

GPR Gaussian Pairwise Ranking.
HBR Hierarchical Binary Ranking.

ICPMF Implicit Confidence-aware Probabilistic Matrix Factorization.
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IRS Implicit feedback-based Recommender System.

IRSs Implicit feedback-based Recommender Systems.

MAE Mean Absolute Error.

MAP Mean Average Precision.
MAR Mislabeling-Aware Ranking.
MCDropout Monte Carlo Dropout.
MCMC Monte-Carlo Markov Chains.
MF Matrix Factorization.

ML Machine Learning.

ML1IM MovieLens 1M.

MLP Multi-Layer Perceptron.
MNAR Missing-not-at-random.
MRR Mean Reciprocal Rank.

MSE Mean Squared Error.

NDCG Normalized Discounted Cumulative Gain.
NN Neural Network.

NNs Neural Networks.

PMF Probabilistic Matrix Factorization.
POP Popularity.

PRR Probability-of-Relevance Ranking.

RaBR Rating-Based Ranking.
ReBR Relevance-Based Ranking.
RMSE Root Mean Square Error.
RS Recommender System.

RSs Recommender Systems.
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SVI Stochastic Variational Inference.

UAC Uncertainty Accuracy Correlation.

UBF Uncertainty-Based Filtering.

URI Uncertainty Recommendation Improvement.

V1 Variational Inference.
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