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Abstract

In this dissertation we demonstrate an approach to the numerical solu-
tion of nonlinear stochastic differential equations with Markovian switch-
ing. Such equations describe the stochastic dynamics of processes where the
drift and diffusion coefficients are subject to random state changes accord-
ing to a Markov chain with finite state space. We propose a variant of the
Jump Adapted-Adaptive approach introduced by K, Lord, & Sun (2024)
to construct nonuniform meshes for explicit numerical schemes that adjust
timesteps locally to rapid changes in the numerical solution and which also
incorporate the switching times of an underlying Markov chain as mesh-
points. It is shown that a hybrid scheme using such a mesh that combines an
efficient explicit method (to be used frequently) and a potentially inefficient
backstop method (to be used occasionally) will display strong convergence
in mean-square of order § if both methods satisfy a mean-square consistency
condition of the same order in the absence of switching. We demonstrate the
construction of an order 6 = 1 method of this type and apply it to generate
empirical distributions of a nonlinear SDE model of telomere length in DNA
replication.



Chapter 1

Introduction

In many branches of mathematics, systems are subject to various types of
uncertainty or “noise”. This white noise can be reasonably mathematically
interpreted as the derivative of Brownian motion. As we will see, Brown-
ian motion is nowhere differentiable. We will use the stochastic nature of
Brownian motion to define the It stochastic integral, which will allow us to
analyse and solve systems with noise. Such systems are known as stochas-
tic differential equations (SDEs). SDEs assume that the coefficients of the
functions in the equation are constants, this is not always the case. It has
been shown that in some situations these coefficients can be modelled as
random processes, for example the average rate of return and volatility in
the Black-Scholes model (See Mao & Yuan [14, Chapter 1]). One type of
random fluctuation in coefficients is Markovian switching. In this case the
coefficient functions switch from their current state to the next according to
the evolution of a Markov chain.

In this dissertation we examine a method of constructing adaptive meshes
for the efficient numerical solution of d-dimensional system of stochastic
differential equations with Markovian switching (SDEwMS) of the form

dX(t) = F(X(1),7(t)dt + g(X (1), r()dW (), 0<t<T,

X(0) =z € R% (L)

In (1.1), the drift and diffusion coefficients f and g take the form

f:R*xS—=RY and ¢:R?xS— R>™



The stochastic dynamics of a process governed by (1.1) are influenced by
two independent sources of noise. The process r dictates changes occurring
at random intervals in the functional form of f and g, and is described by a
scalar continuous time Markov chain taking values in the set S = {1, 2, .., L}.
The process W is an m-dimensional Brownian motion and captures the effect
of a diffusion process on trajectories. We characterise both mathematically
in Chapters 2 and 4.

We are motivated by the following example where a scalar SDE is used
to model the shortening over time of telomere length in DNA replication in
jackdaws:

dL(t) = — (c+aL(t)*) dt + %aL(tﬁdW(t), (1.2)

where W is a scalar standard Brownian motion. As presented in [2], the
model arises as the Langevin equation associated with the Fokker-Planck

op 0 N 1 92 5
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which governs the probability density function p(¢, () for the telomere length [
at time ¢. By simulating an ensemble of trajectories of (1.2) we can produce
a density histogram of lengths [ = L at a fixed time ¢t = T which serves
to numerically approximate p(7), L). The parameters ¢ and a control the
underlying decay rate of the length and the intensity at which random breaks
occur in the telomere respectively.

The general form of the SDE (1.1) without Markovian switching, can be
written

dX(t) = f(X())dt +g(X(2))dW(t), 0<t<T,

X(0) =z € R% (1:3)
We can see that the telomere length SDE (1.2) is a special case of (1.3) with
d=m=1, f(z) = —(c+ az?), and g(v) = (az®/3)"/2.

Suppose we wish to solve (1.3) numerically over an arbitrary mesh {t, } =
{0 = to,t1,...,tny_1,ty = T. Over any step [tn,tns1], solutions of (1.3)
satisfy the integral equation

X(s) /f dr+/sg(X(r))dW(r), 5 € [t tnial (1.4)



By fixing the solution at the beginning of the interval [t,,,.1], we achieve
a continuous form of the explicit Euler-Maruyama approximation

x@pﬂgﬁ[fm@mw+[}@mmmmm,sqm%m.um

Setting X,, := X (t,), we can write the scheme in its computational form as
X1 = Xn+ hpi f( X)) + 9(Xn) AW, 1, n=0,...,N—1, (1.6)

where h,1 = t,o1 — t, and AW,y = W(t,11) — W(t,). Suppose there
exists a constant maximum stepsize Ayax € (0,00) such that h, < hpax
for all n =0,..., N. We say that solutions of (1.5) (or equivalently (1.6))
converge strongly to solutions of (1.3) in L” with order ¢ if and only if

max (E [||X(t) — X(1)|7])"* < Ch?

te[0,7] max

If p = 2 then we say that (1.5) converges strongly in Lo, in mean-square. It
is the case that the Euler-Maruyama method (1.5) converges in mean-square
to (1.3) with order 6 = 1/2 when f, g are globally Lipschitz and h,, = h.

Hutzenthaler et al [5] confirmed that solutions of (1.6) with constant
stepsize h,, = h fails to converge strongly in the strong sense to solutions of
(1.3) if either f or g grow superlinearly in norm. Indeed this is the case for
the telomere model (1.2). To address this issue, many novel explicit methods
have been proposed that converge strongly even for highly nonlinear drift
and diffusion coefficients; these include tamed, projected, truncated, and
adaptive variants of both Euler-Maruyama and Milstein methods (see, for
example [1, 3, 6, 13, 16]). In particular we highlight the adaptive timestep-
ping approach that was introduced for the Euler-Maruyama method in [10]
and extended to the Milstein method in [11], where it was used to construct
a numerical method converging strongly with order § = 1 and to generate
trajectories of the telomere SDE (1.2).

We wish to extend this capability to models where the coefficients f and
g undergo Markovian switching. For example in the case of the telomere
SDE (1.2) it may be that each of the model parameters in the pair (¢, a) un-
dergo transition between two distinct values according to a Markov process.
Alternatively one can view Markovian switching in the model parameters as
a form of stress testing to investigate the robustness of sample distributions
to random changes in these parameters.

7



We take as our template the approach to mesh construction in [9], where
it was shown that an adaptive numerical scheme that satisfies a particular
mean-square consistency bound can be extended to ensure strong conver-
gence in mean-square for SDEs with jump perturbations (SJDEs) as long as
the jump times are incorporated into the adaptive mesh in a particular way.
In such a case the mesh is adapting both to the evolving behaviour of the
approximate trajectory and directly to jumps when they occur. We refer to
these as Jump Adapted-Adaptive Methods (JA-AMs).

In this dissertation, we show that an analogue of the type of mesh used
for JA-AMs also ensures convergence of explicit numerical schemes satisfy-
ing a similar mean-square consistency condition to SDEwMS governed by
(1.1), as long as we include the times at which the Markov chain r switches
between distinct states. We prove strong convergence of such schemes in
mean-square, noting that the major challenge of this analysis is dealing
with the fact that the number of Markov transitions on any interval is finite
but unbounded, and we handle it in the same manner as in the jump case
[9]. Finally we demonstrate the practical application of this approach on a
variant of SDE model of telomere shortening (1.2) with stochastic dynamics
governed by coefficients that undergo transitions at random times.

In Chapter 2 we provide a complete mathematical description of the set-
ting for SDEs without switching, including of W, and provide conditions
on f and g for which unique solutions of such equations exist on [0, 7] for
T < oo. In Chapter 3 we describe the Euler-Maruyama (EM) and Milstein
methods for SDEs over a random time mesh. We define strong and weak con-
vergence for numerical methods and present a proof for strong convergence
of the EM method. In Chapter 4 we extend the complete mathematical de-
scription of the setting for SDEs to include SDEwMS. We describe how an
adaptive mesh can be constructed that adapts both to the nonlinear func-
tional response affecting the numerical solutions of (1.1) and which incorpo-
rate the switching times of . We describe the general form of our adaptive
scheme and present a version of it based upon the Milstein method. In Sec-
tion 4.3 we state and prove our main strong convergence theorem, which in
particular confirms that the Milstein scheme applied over this class of adap-
tive meshes will converge strongly in L? with order § = 1 to solutions of
(1.1). Finally in Chapter 5 we describe the practical implementation of the
scheme and demonstrate its use to generate sample histograms of telomere
length in base pairs using a nonlinear SDEwMS model. The python code
used for the analysis in Chapter 5 can be found in the Github repository



https://github.com/kateo25/SDEs-with-Markovian-Switching

The main result of this dissertation has been accepted for publication in
Delay and Stochastic Differential Equations in Modelling in Finance and Life
sciences, and Engineering, ICTAM2023-3 and will be published in summer
2025, see prepublication here [12]



Chapter 2

Mathematical preliminaries

In this section we will give a brief overview of some properties and definitions
that will be relevant for the analysis which come later in this dissertation.
These include probability spaces, stochastic processes and stochastic
differential equations.

2.1 Probability spaces

Probability theory deals with mathematical models of trials whose outcomes
depend on chance. All possible outcomes are grouped together to form a set
), called the sample space, with typical element w € €, referred to as an
outcome. Not every subset of {2 is observable or interesting. We will only
group observable or interesting subsets of €2, known as events, together as a
family called F.

F has the following properties

e () € F, where () denotes the empty set;
o Ac F= A€ F, where A° = 2 — A is the complement of A € Q;
° {Ai}izl CcC F= Uzoil Az e F.

A family with these properties is called a o-algebra. The pair (£2, F) is called
a measure space.

10



2.2 Random variables
A real valued function X : Q — R is said to be F-measurable if
{w:X(w) <a}eF, forallaeR.

This function X is also known as a random variable.

If C is a family of subsets of €2, then there exists a smallest o-algebra
o(C) on © which contains C. This ¢(C) is called the o-algebra generated by
C. If Q = R? and C is the family of all open sets in R? the B = ¢(C) is
called the Borel o-algebra and the elements of B? are called a Borel set. If
X,Y : Q — R are two given functions, Y is o(X)-measurable if and only if
there exists a Borel measurable function g : R? — R? such that Y = g(X)

A probability measure P on a measurable space (€, F) is a function
P : F —[0,1] such that

e P(Q) =1;

e for any disjoint sequence (4;),5; C F,

P(JA) =D PAy.
i=1 i=1
The triple (2, F, P) is called a probability space. We set
F = {A C Q: there exists B,C € F such that BC A C C and P(B) = P(C)}.
Then F is a o-algebra and is called the completion of F. If F = F, the

probability space (2, F, P) is said to be complete.
An indicator function Z4 of the set A C € is defined by

1, weA;
IA(w):{O wé¢ A

2.3 Expectation and conditional expectation

Next we will look at conditional expectation of random variables, this is
crucial for later proofs relating to the main results of this dissertation. First
let’s define the expectation of a random variable.

11



Let (€2, F, P) be a probability space, then if X is a real-valued random
variable and is integrable with respect to the probability measure P, then
the number

MM:AXMMW)

is called the expectation of X with respect to P. This integral is known as
a Lebesgue integral.

For p € (0,00) let LP = LP(Q, R?) be a family of R%-valued random variables
X with E[|X||?] < oo. In L', we have ||[E[X]|| < E[||X]], and a very useful
inequality known as Holder’s inequality follows.

Lemma 2.3.1. (Holder’s inequality)
Let X € L” and Y € L9, suppose p > 1 and %—l— % = 1. Then

IEXTY]| < E[IX|P)7 (E[Y]])7 . (2.1)

Hoélder’s inequality (2.1) implies that if X € L? then for 0 < r < p < o0

ELXND < E X)) -
Let X € L'(;R) and let G C F be a sub-o-algebra of F so (©,0)

is a measure space. In general this X is not G-measurable, so we seek an
integrable G-measurable random varible Y such that

ElZoY] = ElZaX],
and

/Y@MPwﬁi/XWMPw% for all G € G.
G G

By the Radon-Nikodym theorem, there exists only one such Y, almost surely
unique. This is called the conditional expectation of X under the condtion

G
Y = E[X[G].

If G is the o-algebra generated by Y then
E[X|¢] = E[X]Y],

and it follows that
E[E[X|G]] = E[X].

Some other useful properties from conditional expectations include:

12



IE[X|G]]| < E[|X]G].
G = 0,9}, E[X|]] = E[X].

When X is G-measurable, we can take out what is known, E[X|G] = X.

Linearity of conditional expectation implies E[aX +bY'|G] = aE[X|G]+
bE[X|G], for a, b € R.

The tower property states that if G; C Gy C F then E [E[X|G,]|Gi] =
E[X|G4].

2.4 Stochastic processes and filtrations

Stochastic processes are families of random variables, as defined below, used
to mathematically model systems that have a random element. They form
an integral part of the stochastic differential equations (SDEs) we will be
studying in section 2.7.

Let (Q,F,P) be a probability space. A family (X(t))epo,r of R%valued
random variables is called a stochastic process on [0, 7] with state space R
For each fixed ¢ € [0, 7] we have a random variable

Q35w — X (w) € RY,
and for each fixed w € €2 we have a function
[0,T] >t — X,(w) € R

which is called a sample path of the process.

A filtration can be thought of as a mathematical representation of the
flow of time as it appears to an observer of a stochastic process. A precise
mathematical definition follows. A filtration is a family (F):>o of increasing
sub-o-algebras of F ie. F; C Fs C F for all 0 <t < s < oo. The filtration
is said to be right-continuous if F; = ﬂs>t F, for all t > 0. When the
probability space is complete the filtration is said to satisfy the usual condi-
tions if it is right continuous and JFy contains all P-null sets. A probability
space may be equipped with a filtration denoted as (Q, F, (F)iso, P), we
will refer to this as a filtered probability space, or simply a quadruple.

An R%-valued stochastic process (X (t))s>o is said to be Fi-adapted if for
every t, X; is F-measurable.

13



2.5 Standard Brownian motion

Brownian motion is one of the specific stochastic process we will use
throughout this dissertation for the construction of SDEs. Brownian motion
is named after Robert Brown, a scottish botanist who first described the
process after observing the movement of pollen grains suspended in water.
It is often used in models for financial and biological processes.

Let (0, F, (F)ierr,0), P) be afiltered probability space. A one-dimensional
standard Brownian motion on this space is a real-valued continuous F;-
adapted process (W (t))co,r] with the following properties

1. W(0) =0 as.

2. For 0 < s <t < oo, the increment W (¢)—W (s) is normally distributed,
with respect to the measure P, with mean zero and variance t — s.

3. For 0 < s <t < oo, the increment W (t) — W(s) is independent of Fy.

If W is a Brownian motion and 0 < t5 < t; < ... < t; < oo, then
the increments W (t;) — W(t;_1), where 1 < i < k, are mutually pairwise
independent. The distribution of W (t)—W (s) depends only on the difference
t — s, and we say that the Brownian motion has stationery increments.

Notice the above definition is associated with a specific filtration JF;, it
is possible to define W with an associated filtration in which case property
three above is replaced by the fact that W has independent increments. In
this case let F}V be the o-algebra generated by {W(s) : 0 < s < t}, this
induces a natural filtration (F}")cjo71. If it’s then the case that 7}V C F
for t > 0, and W (t) — W (s) is independent of F; when 0 < s <t < 0, then
W is a Brownian motion with respect to the filtration (F;)cjo -

Next we look at m-dimensional Brownian motion

Definition 2.5.1. Let {W(t) = W(¢t), ..., W™ (t) }iepo,r) be an m-dimensional
process. This process is called an m-dimensional Brownian motion if every
{W(t) }tepp,r) is a one-dimensional Brownian motion and {W*(t) }ep, - - -

{W™(t) }sepo,m are mutually pairwise independent.

14



2.6 Stochastic integrals and Ito processes

Before we begin to look at stochastic differential equations (SDEs), let’s first
look at stochastic integrals and It6 process. As Brownian motion is nowhere
differentiable we cannot define a stochastic integral in the ordinary way. For
this we will need Ito calculus, namely the 1t6 stochastic integral and Ito’s
formula, which were first defined by K. It6 in 1949. In this section we will
follow the treatment in Mao’s book [14].

Let (2, F, (F)icpo,r), P) be a complete, filtered probability space satisfying
the usual conditions.
The following definition will be useful for later definitions of 1to integrals

Definition 2.6.1. Let 0 < a < b < 0o. The set of all real-valued measurable
Fi-adapted processes f = (f(t))a<t<p such that

i1 =5 [ 1700 <o

will be denoted by M?([a, b]; R).

Here we say LP(R,,R) is the family of R%-valued, F;-adapted processes

b
(f(t))eeqo,r) such that [[f(t)[Pdt < co.

Next we must define a simple process, which we will use to construct
[to’s integral

Definition 2.6.2. A real valued stochastic process g = (g(t))a<t<p is called
a simple process if there exists a partition a = tg < t; < ... < t = b
of [a,b], and bounded random variables &, 0 < i < k — 1 such that &; is

Ji,-measurable and

k-1
g(t) - gol[to,ti}(w + Z gi‘[(tiati+1](t)7 <2'2)
i=1

the family of all processes of this type, will be denoted as My([a, b]; R).

Here we define the first part of Itd’s integral

15



Definition 2.6.3. For a simple process g with the form of (2.2) in Mg ([a, b]; R)

we call

/ab AW, = Zéz (ti1) = W(E)).

the stochastic integral of g with respect to the Brownian motion W or the

[to integral.
Next we will need this lemma to complete our definition of the It6 integral

Lemma 2.6.1. For any f € M?([a,b];R) there exists a sequence {g,} of

simple processes such that

b
lim E/ |f(t) — gn(t)|dt = 0.
n—oo a
The definition of the It6 integral is then as follows

Definition 2.6.4. Let f € M?([a,b];R). The Ito integral with respect to
W is defined by

/ F)AW (t) = lim [ g, (t)dW (t) in L*(Q,R),

where {g,} is a simple process and lemma 2.6.1 holds and L*(Q,R) is the
family of R%- valued random variables ¢ with E[|¢]| < oo and we say that

x(t) has the stochastic differential dX (t) on ¢t > 0 given by
dX(t) = f(t)dt + g(t)dW (t).
An It6 process is defined as

Definition 2.6.5. A one-dimesional It0 process is a continuous adapted

process X (t) on t > 0 of the form

+ /Otf(s)ds + /Otg(s)dW(s),

where f € L1(R,,R) and g € L?*(R,,R).

16



And finally we now introduce the one dimensional It6 formula. The It6
formula is the stochastic version of the chain rule for It6 integrals, it is very
useful in stochastic analysis and for evaluating It0 integrals.

Definition 2.6.6. Let X (¢) be an Ito process as defined in Definition 2.6.5
and let V € C*'(R x R;;R). Then V(X(t),t) is an Itd process with the

stochastic differential given by

dV (X (t),t) = [Vi(X (1), 1) + Va(X (1), 1) f(2)
+ %VM(X(t), g2 (t)]dt + V(X (1), )g(t)dW (t) a.s. (2.3)

[to’s isometry relates the second moment of an 1t6 integral to a Riemann
integral and will be used when developing the properties of the SDE
trajectories between random timesteps. Here we state the one-dimensional
version as this is what we will use in our proof.

Lemma 2.6.2. (It6’s isometry)

Let X € L? and W be a scalar standard Brownian motion

B || [ ()aw) | = [ B [0) du (24)

2.7 Stochastic differential equations

Let (Q, F, (Fi)i>0, P) be a complete, filtered probability space satisfying the
usual conditions.

2.7.1 Strong solution of Ito type SDEs

Let W(t) = (Wi(t),..., Wn(t))", t € [0,T] be an m-dimensional Brownian
motion defined on the space. Let 0 < ¢y, < T < oco. Let xy be an Fy -
measurable R%-valued random variable such that E |zo|* < co. Let f: R? —
R? and g : RY — R%™ be both Borel measurable. Consider an SDE of It6

type
" dX(t) = f(X(£))dt + g(X(£))dB(t), 0 <t <T, (2.5)

with initial value X (0) = xg

17



Definition 2.7.1. An R%valued stochastic process (X (t))seqo.r] is called a

solution of equation (2.5) if it has the following properties:
L. (X(t))ecjo,r] is continuous and F-adapted.
2. (F(X() hetor € £1(0.TJ: R and (9(X (£)eforry € L£2(0, TT; R™)

3. for any t € [0, T], equation

mwzmmaéﬂmmw+égu@mma

holds with probability 1.

2.7.2 Existence and uniqueness of solutions of It6 type

SDEs

We identify the minimal conditions on the drift, f, and diffusion, g,
coefficients that will ensure the existence of unique solutions of (2.5) over
each interval [0, T]. We require that both satisfy a local Lipschitz condition:

Assumption 2.7.1. For every integer k > 1, there exists a positive constant

hy such that, for all z,y € R? with |z| V |y| < k

1£ (@) = FOI”V llg(x) = 9@ I* < Bl =y,
Consider also the following linear growth condition:

Assumption 2.7.2. f and g satisfy a linear growth bound if for all € R?

there exists a constant 0 < K3 < oo such that

LF @)V llg(@)* < Ks(L + [|lz]]).

Under Assumptions 2.7.1 and 2.7.2 there exists a unique solution to (2.5)
on each [0, T]: See Mao [14, Theorem 3.16].

It is possible to replace the linear growth condition with a weaker
constraint. If Assumption 2.7.1 holds, so that f and g satisfy a local
Lipschitz condition, and they also satisfy the following monotonicity
condition

18



Assumption 2.7.3. There exists a positive constant K such that for all (z) €
R d
1 2 2
e f @)+ 5lg@)" < KO+ [|2]).

Then there exists a unique solution X to Eq. (2.5) on each [0, 7.

2.7.3 Moment properties of the solutions of SDEs

Under the same conditions (Assumption 2.7.1 and either Assumption 2.7.2
or 2.7.3) solutions of (2.5) also satisfy the following uniform moment bounds
and Holder regularity bound.

Assumption 2.7.4. Let X be the solution of (2.5) with d = m = 1. Suppose
f and g satisfy assumption 2.7.2. Then for any 0 < p < oo there exists a

constant 0 < k3 < oo such that

E

sup |X(r)]p] < ks. (2.6)

rel0,T7]

The Holder regularity bound descibes the variation in solutions of SDEs as
measured in L2

Lemma 2.7.1. (Hélder regularity bound)
Let X be the solution to (2.5) and suppose f and g are globally Lipschitz

continuous. Then there exists a constant 0 < ks < oo such that
E[|X (t) — X (5)]"] < kalt — 5]
where 0 < s<t<T

Proof. Using Lemma 2.6.2 and Assumption 2.7.2 we will prove a special case
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where f(z) =0

E [|X(t) - X(s)]Y] = E /G(X(u))dW(u)

|

< /tIE [k1(1+ X?(u))] du

S/ E [G*(X (u))] du

Now applying the moment bound (2.6) in Assumption 2.7.4

t

E[X(0) - X(P] <h [ B

s

1+ sup |X(7‘)|2] du

re(s,t)

t
§k4/ du:k’4|t—s|
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Chapter 3

Numerical Methods for SDEs

In this chapter we will define the Euler-Maruyama (EM) and Milstein
methods for the numerical approximation of the solution to SDEs. As it
is not always possible to compute the exact solution of an SDE, numerical
methods have been developed to overcome this. Here we will define the
EM and Milstein methods over a random time mesh, meaning the time
steps between each application of the methods is a random variable. We
then prove the order-1/2 strong convergence of the EM method to the true
solution of an SDE over this random mesh. This shows that the expectation
of the error between the exact solution and the approximated solution is
bounded by a polynomial function of the maximum stepsize of order 1/2.

3.1 The Euler-Maruyama method

Let’s consider an It6 process (z(t)):cjo,r] Which satisfies the scalar SDE

X(t) =x0+ /Ot f(X(s))ds + /Otg(X(s))dW(s), 0<t<T. (3.1)

with the initial value X (0) = zo, where f and g satify Assumptions 2.7.1 and
2.7.2, and (F(X (1)) e € £2(0, T):RY) and (9(X () eetour € £2(0, T); RY)
and let (W (t)):cjo,r] be a standard Brownian motion.

To apply a numerical method like the EM method, we need to start by
constructing a discrete time approximation of the process. First we create a
discretisation of time {0 =ty < --- < t, < --- <ty =T}. Let {h,s1}nen be
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a sequence of strictly positive random time steps, where h, 1 = {11 — tn,
and have corresponding random times {t, = >\ h;}nen. We set to = 0 and
ty =T, where N is a.s. finite. We also assume each h,, 1 is F;, -measurable,
and there exists a maximum timestep hy... This is what we will refer to as
a random mesh.

The random increments of the Brownian motion are defined as follows

AWy = W(tner) — W (k).

for n =0,1,..., N. As these increments are independent random
variables with conditional mean E[AW,,1|F;,] = 0 and conditional variance
E[(AW,11)?|F:,] = h,. We can generate the Brownian path sequentially
using independent Gaussian pseudo-random numbers for the increments in
our method.

Then the Euler-Mayumama method for the SDE (3.1) is defined as

Xpp1 =X, + f(Xn)hnH + Q(XH)AWnHa (3-2)

for n =0,1,..., N — 1. The continuous version of this approximation for all
S € [tn,tni1] 18

=X, + / FIX(t))dr + /t TG (X (L)W (). (3.3)

3.2 The Milstein method

As with the EM method we can construct a discrete time version of the
Milstein method, including the independent increments for the Brownian
motion. In the case where d = m = 1, the discrete form of the Milstein
method for the SDE (3.1) is as as follows

X1 = X + [(Xn)hns1 + 9(Xn) AW, 4
1
+ 59/<Xn)g(Xn) (AWT?+1 - hn+1) ) (3'4)

with corresponding continuous version

X+/f

+me !// (X (02))g(X (£)dW ()W (1), (3.5)



3.3 Strong and weak convergence

As the EM and Milstein methods are approximations, there will be
differences between the approximate and true solutions. If the error created
by these methods can be made arbitrarily small when we reduce the
maximum stepsize hy. and based on the rate at which the error decreases,
we have methods of quantifying these errors, namely strong and weak
convergence. Broadly speaking strong convergence is of the average error on
each individual trajectory and weak convergence is the error of the estimated
expected value, see Kelly [7, Section 8.3].

Definition 3.3.1. Let X (¢) be the true solution of the SDE (3.1) and
suppose (X,,)M_, is a numerical approximation over a random mesh {0 =
to<-+-<t,<...<ty=T}, where hy,11 =t 11 —t, and h,, < hpax for
alln €0,1... V.

1. {X,}_, converges weakly with order ¢ to the true solution of the SDE
(3.1) if there exists constants h, C' > 0 such that

|E[P(Xx)] — E[P(X(T))]| < CR’,,, for all hyay < h

max

where C' may depend on T" but not on Ay,.y, P is some real-valued test

function satisfying appropriate conditions.

2. Fix p > 1. {X,,}V converges strongly in p'" moment with order ¢ to
the true solution of the SDE (3.1) if there exists constants hpax, C' > 0
such that

(E Xy — X(T)|p]%> < OB for all hyex < h

max

where C' may depend on 7" but not on h.
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3.4 Strong convergence of the EM method

over a random mesh

Before we begin our proof of strong convergence, we first need to introduce
Gronwall’s inequality. Gronwall-type inequalities are widely used in the
analysis of SDEs to prove results on existance and unginess of solutions,
boundedness, stability etc.

Lemma 3.4.1. (Gronwall’s Inequality)
Let T"> 0 and ¢ > 0. Let u be a Borel measurable bounded nonnegative

function on [0, 7], and let v be a nonnegative integrable function on 0, 7. If
t
u(t) < c+/ v(s)u(s)ds forall 0<t<T,
0

then t
u(t) < cexp (/ v(s)ds) forall 0<t<T. (3.6)
0

We will make frequent use of the following elementary inequalities;

1 1
ab S 5&2 + 5[)2 (37)
(a+b)* < 2a® + 2b° (3.8)

Theorem 3.4.1. Let (X(t))icjor) be a solution of (3.1) with initial value
X(0) = zp € R? and suppose that Assumptions 2.7.1, 2.7.8 and 2.7.4 hold.
Let X be an numerical scheme as characterised in Section 3.1 with X, = x

with 6 = . Then there ezists a constant C(T) > 0 such that

max (IE[HX(t) - )‘((t)||2]>é < (T

t€[0,T]

(3.9)
where C does not depend on hyay.

Proof. For all s € [t,, t,+1], the solution of the SDE (3.1) is
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/ﬁf d%+/ X (r))dW (r). (3.10)

The continuous approximation of the SDE (3.1) by the EM method (3.3)

18

/f m+/ G(X ()W (7). (3.11)

Then subtracting (3.11) from (3.10), where E(s) is the error at time s, we

have

for s € [tn, tni1].
Using Definition 2.6.6 and choosing V(X) = z? this gives us V,(X) = 2z
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and V., (X) = 2. Using this with the error calculation (3.12) we have

dE(t)* = [2E(r) (f(X(r)) = f(X () + (9(X (1)) — (X (t.)))*] dt
+2E(t) (9(X (1) — 9(X(ta))) dW (1),

which when written in integral form becomes

S

E(s)* = E(tn)2+/ 2E(r) (f(X(r) = f(X(t) + (9(X (1) — g(X(ta)))*] dr

+ [ 280) (600 = o5 00) aW )
= Bt +2 [ B0 (FX0) = FX ) dr
+ [ o) — oK)
#2 [ B0 (00X = oK) AW (). (313)
Now separating the RHS of (3.13) and looking at the second term we have
2 / E(r) (F(X(r)) — F(X(t) dr, (3.14)
then using (3.7) we can rewrite (3.14) as
2 [ B0 (1K) = F50.0) ar

<2 [ SECF + 3 (X0 = FK @)

< [ Bwrar+ [ [0 - K@) @15)

Focusing on the second term on the RHS of (3.15)

/t ) — X ()]

2

dr,
this can be rewritten as

[ X () — FX(8) + FX() — F(X(8))]

2 dr, (3.16)
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using (3.8) on (3.16) gives us

2

/ [F(X () = F(R () + FX(@) = X (1)) dr
<2 [ FCK0) = £ 42 [ ) - 1K)
Next looking at the third term on the RHS of (3.13) we have
| (X ) = a(X(0.)) ar

similarly to above this can be rewritten as

2

/t [9(X (t) = g(X(t) + 9(X (1)) — g(X(t,))] dr.  (3.17)
Then applying (3.8) to (3.17) gives us
/t [9(X (t) — 9(X(t)) + 9(X(r)) — g(X (t))]*dr
< [ g0t0) ~ o CX(e] b 2 [ 1000 oK

Now going back to (3.13), and rewriting to include these workings, it

becomes

E(s)? < BE(t,)* + /S E(r)%dr
2 ts [F(X(8)) — F(X(t)]Pdr +2 / ) — S () dr
2 / [9(X (1)) — g(X(6))] dr 42 ts 9(X(r) — g(X (8 dr
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Taking the conditional expectation, with respect to F,,, of both sides

E [E(s)?|F] <E[E(t,)?|F.] +E M E(r)2dr

&

2o [t - s oz 2 [ oren - scer 7]
# 2 [ 00 = (K dr| 7 422 [ a0X () - x|

LE [z / CB(r) (9(X () — g(X () dW(r)

fn] . (3.18)

Looking at each term on the RHS of (3.18) separately, we can begin to bring

the expectation inside the integral
2 / TE [(F(X(8)) — FX(E))2IF] dr
1 / E[(F(X() — F(X(E)2|F] dr. (3.19)

Now changing s to ¢, and applying the global Lipshitz bound to (3.19) we

have
) / E [(/(X(t)) — F(X(t))21F.] dr
w2 [ B0 - xR ar <2 [ R CCw) - XO)PR] @
ok /t TR [X() - X()E] dr (3.20)

As E(t,) = X(t,) — X (t,) we can rewrite (3.20) and applying Lemma 2.7.1
which gives us

n+1

Qk/t n+1E [(X(tn) _ X<tn))2|fn} dr + 2/€/t E [(X(T) — X(tn))2|fn} dr

tnt1 t+1
< 2k/ E [E(t,)?|F.] dr + 20/ |7 — t,|dr.
tn tn
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Finally resolving the integrals we see that

tna1 tn+1
2k/ E [E(t,)?|F,] dr + 20/ | — t,|dr
tn tn
< 2kE [E(tn)?|Fn) hngr + 2kihi .

Likewise using the same process for the next term on the RHS of (3.18) we
will find

2 / "R [(g(X (1) - 9(X(6)))1F] dr

2 / R [(9(X() — g(X ()1 F] dr
< 2kE [E(tn)?|Fn) hngr + 2kihi 4.

Rewriting (3.18) with these workings, and as the expectation of the It6

integrals is zero, we now have
E [E(tps1)*|Fosr1] < E[E(ta)*|Fa] +
7fn+l
/ E [E(r)*|F,] dr + 4kE [E(t,)?|F,] hugr + 4kihl 4. (3.21)
tn
The last term of (3.21) to be resolved is
tn+1

/ E [E(r)?|F,] dr, (3.22)

tn

remembering that E(r) = X (r) — X(r) we can do a similar rearranging as

before such that

/t " E[EGIE) dr = /t TE[(X(r) - X(r)IF] dr

_ / TE[(X() = X(t) + X(t,) — X(r)AF] dr

=2 [ B (X0 - X@apiE]ae [ E R0 - KPR

(3.23)
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Now looking at the the second term on the RHS of (3.23) and applying

Lemma 2.7.1 we have

tnt1 _ B tnt1 B _
2 [ R - XOPF] dr =2 [ E X (0) - XOPIE]
tn tn
tni1
< 201/ |r — t,|dr
tn
S 2Clhi+1.

Going back to the first term on the RHS of (3.23) we can rewrite as before,

and apply Lemma 2.7.1 again, which gives us

tnt1 B
2/ E [(X(r) — X (t2))*|F.] dr =
tn
tn+1 _
) / E [(X(t,) — X () + X(r) — X(t))%|F.] dr
tn
tn+1 _ tn+1
< 2/ E[(X(tn) — X(t2))*|F0] dr + 2/ E [(X(r) — X (t))*|Fn] dr
tn tn
tn+1 tn+1
< 402/ E [E(t,)*F,] dr+4c2/ r — t,|dr
tn tn
< AGE [E(t,)*|Fu] hnsr + 4eah .
Now putting these workings together, (3.22) can be written as
tn+1
/ E[E(r)*|F,)dr < 4cE[E(t,)*|Fulhnst + (dex + 2¢1)h2 ;.
tn

Next we can substitute our workings into (3.21), we can now compute the

following bound on the local error of the scheme in mean square
E [E(tn1)?|Fusr] S E[E(ta)?*|Fa] + kB [E(tn)?|Fn] husr+kshp . (3.24)

Using the tower property of conditional expectations from Section 2.3, we

condition the equation with respect to o({0),2}) so we have
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E[E [E(tn1)? Frsi]

a({w,Q})} < E[E[E(tn)z\}“n]

o({0.2)]

+ ko | ELE(t) 1 F] [ ({0, 21) [ e

+ k3hi+1?

rearranging we see that
E[E(tn1)’] — E[E(tn)’] < kaB[E(tn) ] hns1 + kshy .

Next we can compute the cumulative effect of the local errors over the
interval [0, 7], summing both sides over n = 0, ..., N — 1, and remembering
Yo ohi =T, gives us

N-1

Z (E[E(tn41)’] — E[E(t,)?]) < 2_: EoE[E(t) hmax + k2T hmax.  (3.25)

n=0
Notice that the LHS of (3.25) is a telescoping sum, so when we write it out
in full we see that all of the terms, bar the first and the last terms, will

cancel

i

(E[E(tn1)?] — E[E(t.)"]) = E[E(tn)’] — E[E(t0)"]-

3

o @

As E(to)Q =

we have

2
L

E[E<tN)2] S E[E(tn>2]k4hmax + thmam

3
o

where k}3 = kQT and ]C4 = k’3T
Now applying the Gronwall inequality (Lemma 3.4.1) with u,, = E[E(t,)?],
VUp = kghmax, and a = kshpya.e we have

E[E(tN)2] S kShmaxezﬁtol ks — thmaxeTk4 = k5hmaxa
where ks = kgeTk4.
Taking the square root of both sides and recalling that ¢, = T gives the
result. O
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Chapter 4

Adaptive numerical solution of
SDEs with Markovian

switching

Now that he have established the fundamentals of strongly convergent meth-
ods for Ito-type SDEs, we will extend to the case of SDEs with Markovian
switching (SDEwMS). In this chapter we begin by defining an SDEwMS
and the general form of a solution to such an equation. We then expand on
the definitions and conditions outlined in Chapter 2 to include the Markov
chain.

An SDEwMS is an SDE where the coefficient functions are subject to
random switches according to the evolution of a Markov chain. All states
are predefined in a state space with each state corresponding to a switch of
the coefficient functions.

We will show that a numerical method satisfying a one step bound of the
form (3.24) for an SDE without switching will, when applied to an SDEwMS,
demonstrate strong convergence.
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4.1 SDEs with Markovian switching

First, let (2, F, (Ft)i>0, P) be a complete filtered probability space satis-
fying the usual conditions. We are now back in R? and the process W =
(Wi(t), ..., Wn(¢))T is an m-dimensional standard Brownian motion defined
on this probability space. Let r(t), t > 0 be a right-continuous Markov chain
on the same probability space, taking values in S with generator I' = (v;;) L
given by

Vi3 A + o(A), if @ # j;

L (4.1)
14+ 7v:A+o(A), ifi=j;

Blr(t + A) = jir(t) = i] = {
where A > 0 and o(A) are higher order terms of A. Here v;; > 0 is the
transition rate from i to j if ¢ # j while

Yii = — Z Yij- (4'2)

i#i
We assume that the standard Brownian Motion W and the Markov chain
r are both Fi-adapted, and for the latter the initial value r(0) = r( is an

Fo-measurable random variable taking values in S.
The generator matrix I" for a state space S = {1, ..., L} is

Y1t Y12 - V1L
Y21 Y22 ..o 2L

I' = ) (4.3)
Y1 YrL2 .- YLL

Consider an SDE with Markovian switching (SDEwMS) of the form
dX(t) = f(X(t),r(t)dt + g(X(t),r(t)dW(t), 0<t<T (4.4)

with initial data X(0) = 29 € L%, (%R?) and 7(0) = ro, where 7o is an
S-valued F} -measurable random variable and

f:R*xS—R? and ¢:R?xS— R>™

Definition 4.1.1. An R%valued stochastic process (X (t)):ejo.r] is called a

solution of equation (4.4) if it has the following properties:

33



L. (X(t))tejo,r] is continuous and Fi-adapted

2. (F(X(),t.7(t)))icpory € L1([0,TT; RY) while
(9(z(t),t,7(1)))ecor) € L2([0, T]; R>™)

3. for any t € [0, T], equation

X(t) = X(O)+/0 f(X(s),s,r(s))ds—l—/O g(X(s),s,7(s))dW(s) (4.5)

holds with probability 1.

4.1.1 Existence and uniqueness of solutions of It6 type

SDEwMS

Here we will extend the minimal conditions defined for f and ¢ in Chapter
2, that ensure the existence of unique solutions over each interval [0, T, to
include Markovian switching We require that both satisfy a local Lipschitz
condition:

Assumption 4.1.1. For every integer k > 1, there exists a positive constant

hy such that, for all i € S and those z,y € R? with |z| V |y| < k

1 (e, ) = fQy D)7V g, ) = gy, DI < hullz =yl (4.6)
Consider also the following linear growth condition:

Assumption 4.1.2. f and g satisfy a linear growth bound if for all (z,7) €

R? x S there exists a constant 0 < K3 < oo such that

1f (2, DIV llg(z, D” < Ka(1 + [|z]). (4.7)

Under Assumptions 4.1.1 and 4.1.2 there exists a unique solution to (4.4)
on each [0, T]: See Mao & Yuan [14, Theorem 3.16].

It is possible to replace the linear growth condition with a weaker con-
straint. If Assumption 4.1.1 holds, so that f and ¢ satisfy a local Lipschitz
condition, and they also satisfy the following monotonicity condition
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Assumption 4.1.3. There exists a positive constant K such that for all (z,7) €

R? x [0,7T] x S,
o' f(w,i) + %Hg(ﬂ?, DIF < K1+ |z (4.8)

Then there exists a unique solution X to Eq. (4.4) on each [0,7]. Under
the same conditions (Assumption 4.1.1 and either Assumption 4.1.2 or 4.1.3)
solutions of (4.4) also satisfy uniform moment bounds and Hélder regularity
bounds as outlined in Chapter 2.

4.1.2 Characterisation of waiting times

From (4.2) we see that Z]L:Z vij = 1for all i =1,..., L. Denote the k' time
at which the Markov chain switches between distinct states as 7. Then
(7:)i>0 is an increasing sequence of non-negative random variables which can
be written

(Ti)izo = Z Tk, (4.9)

where 7, denotes the waiting time between the £ and (k + 1) such tran-
sitions. In practice, as long as we keep track of the current state ¢ € S of the
Markov chain, these waiting times may be computed as the holding times
associated with each i, and these are modelled as exponentially distributed
random variables with state-dependent rates \;: see Section 5.1.

Associated with the Markov chain r is a process (N;)¢>o that counts the
number of switches that take place over the interval [0,7] for all ¢ > 0,
written

Ny=#{i>1,7,€0,T]} (4.10)

Since the state space S is a finite set, N; is almost surely (a.s) finite on any
interval [0, T]: see for example [15, Theorem 2.7.1]. However N;(w) is not
uniformly bounded from above across the sample space 2 for any t € [0, T,
and this presents a significant challenge in our main convergence result. A
key to overcoming this challenge is the following.

Assumption 4.1.4. We suppose that (F;);>0 can be decomposed such that
Fi =0 (G UHr) for all £ > 0, where W is adapted to the filtration (G;):>o,
r is adapted to the filtration (H;);>0, and moreover the o-algebra G is

independent of Hyp for all ¢ € [0, T7.
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Assumption 4.1.4 holds if r is independent of W, and in practice it allows
us to simulate trajectories of (4.4) by precomputing trajectories of r and
incorporating switching times into an adaptive mesh.

4.2 Constructing the numerical method

4.2.1 Structure of an adaptive mesh

Let {hni1}nen be a sequence of strictly positive random timesteps with
corresponding random times {t, := > | h;}nem (0}, Where tg = 0. We set
up a framework by which nodes in this mesh can be generated procedurally

as a function of the solution at the start of each step, while also ensuring
that the timepoints at which the Markov chain switches between distinct
states are included.

Assumption 4.2.1. For each term of the sequence of random timesteps {11 }nen

at least one of the following three possibilities holds:

1. there are constant values hpax > hmin > 0, p > 1 such that hy. =
Phumin, and
0 < hmin S thrl S hmax S 1;

2. there exists a switching time 75, as defined in Section 2, such that

tni1 = Tk, SO that

O<hn+1:7—k_tn§hmax§1;

3. tpe1 =T, so that

O<hn+1:T_tn§hmax§1-

In addition we assume each h,q is JF;, -measurable.

It was shown in [9] that as long as h; can be computed from the initial
data, and successive adaptive timesteps hy.; are computed on each trajec-
tory as a deterministic function of the numerical approximation at time ty,
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then each ¢, on a mesh satisfying the conditions of Assumption 4.2.1 is an
Fi-stopping time.

Definition 4.2.1. Let N® be a random integer such that
N :=max{n € N {0} : t,_, < t}, (4.11)

and let N = N® and ¢ty = T, so that T is always the last point on the mesh

Let Definition 4.2.1 be satisfied with N = [t/hmax] and Ny =
[t/ huwin+ N;] We ensure that we reach the final time by taking hy = T—ty_1
as our final step, and use the backstop method if Ay < hyin. Recall that
N; < 0o a.s for all t € [0, T], where S is a finite set, therefore N is an a.s

finite random variable.

4.2.2 An explicit discretisation scheme for an SDEwMS

While the main result in this dissertation applies for any strongly conver-
gent numerical method, in this section we give the example of the explicit
Euler-Maruyama and Milstein methods, and show how may be adapted to
numerically solve an SDEwMS.

The explicit Euler-Maruyama scheme

We may extend (3.2), presented in Chapter 3, to solve an SDEwMS over an
adaptive mesh {t,} as

Xn+1 = Xn + hn+1f(Xn7 r@n)) + g(Xna T(tn))AWnJrL (412)

Then the continuous approximation for all s € [t,,t,.1] is

X(s) =X, + /ts F(X(tn),r(tn))dr + /tsg(X(tn),r(tn))dW(r). (4.13)

Notice that since switching times are included in the adaptive mesh as con-
structed in Section 4.2.1 we can simply fix the value of the Markov chain r
to the value observed at the beginning of each step.
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The Milstein scheme

Again, we extend (3.4), in the case where d = m = 1, to solve an SDEwMS
over an adaptive mesh {¢,} as

Xt = X+ o (X, 1(6) + 9o 7(02) AW
450 (X7 (1)g (X (1)) (AW2y = ), (414)

with corresponding continuous version

=X, +/ f ))dr—l—/tsg()_((tn),r(tn))dW(r)
+[[ﬂmmmmuwﬂmmmmmwum

A full description of the Milstein scheme applied to (4.4) in the more general
d-dimensional case with m independent Brownian noise terms requires the
simulation of Lévy areas. Details are in [8]. When m = d = 1, the Milstein
method (3.5) may be expressed as a map ¢ : R xS x [0,T] X [0, hpax] — R
over each step [t,,tni1]:

Wz ity s —t,) =x 4+ (s—t,)f

+/t: ,1)dW (v / / (2,1)g(x,i)dW (p)dW (v). (4.16)

Finally, note that if we modify the second term on the RHS of (4.14)
to be hy11f(X,11) we arrive at the implicit Milstein scheme, which will be
used later in Chapter 5. A strong convergence analysis of this scheme for
SDEs with non-globally Lipschitz continuous coefficients is contained in [4].

4.2.3 A hybrid adaptive numerical scheme: general

form

Constructing our scheme we will use two maps M : R? x S x [0,7T] x
[0, hrnax] — R and B : R? x S x [0,7] x [0, hpax] — R? where M is the
main or default map and B the backstop map. M corresponds to an effi-
cient scheme with is convergent as an adaptive method and B corresponds
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to a method which is convergent as a fixed step method but which may be
inefficient or may induce distortions in solution dynamics, with the aim that
B will be rarely used.

We characterise M and B through their action over a single step, requir-
ing them to satisfy a certain mean-square consistency bound.

Definition 4.2.2. Let {h,1 nen satisfy Assumption 4.2.1. We define the
continuous form of hybrid adaptive numerical scheme associated with the

timestepping strategy {h,.1}nen to be

Y(S) = M<Y(tn)7 r(tn>7 tn’ §—= tn) : I{hmin<hn+1ghmax}
+ B(Y(tTL)v T<tn)7 tnv S — tn) ' I{hn+1Shmin}' (4'17)

Now define the global error of the scheme

Definition 4.2.3. For any s € [0, T, we define the global error acquired by
the scheme (4.17) to be

E(s) = X(s) — Y(s) (4.18)

where X (s) satisfies (4.4) and Y (s) satisfies (4.17).
Then we make the following assumption
Assumption 4.2.2. For s € [t,,t,41], n € N and any z,y € RY, let
EDV(s) = a — M(y,i,tn, s — tn);
W) ( ) )
Eg?"(s) =x — B(y,i,tn, s — tn).

Assume that E5{" and Ej¥" satisfy, for some § > 0, both 1 = M or ¢ = B,
any i € S, and any a.s. finite F, -measurable R%valued random variables
ATL? Bn

An,Bn i
E[HEw B (tn+1)||2|"rtn} < ||An—Bn||2

tn+1 )
+1 / E[||E," P (r)|*|F, ] dr + Tanh28E (4.20)
tn
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In (4.20), for any h,+1 < hpi, in the case where ¢ = B and for any hp,;, <
hnt1 < hmax in the case where ¥ = M, I'y < oo is a constant, I'y,, is a
scalar JF; -measurable random variable with finite expectation denoted I'y,

and both I'y and I'y,, are independent of Ayax.

4.2.4 A hybrid adaptive numerical scheme: particular

form

To ensure the appropriate bound to satisfy Assumption 4.2.2 we use a par-
ticular kind of adaptive time-stepping strategy such that, whenever hy;, <
hn+1 S hmaxa

1Y (t,)|| < R. (4.21)

Lemma 4.2.1. Let Y(s) be the hybrid scheme (4.17). Fix n =0,...,N — 1
and k > 0. Then, in the event that hpin < hyt1 < Bmax, Ry satisfies (4.21)

hmax
= : e T - 4.22
hn+1 (hmm \% (HY(tn)Hl/k A hmax)) N ( N, +1 zfn) ( )

For a proof, see Lemma 4.2 in [9]. Since the mesh {¢,} has been con-
structed so that the value of the Markov chain r cannot change between
meshpoints, conditions under which the Milstein map (4.16) satisfies (4.20)
over a single step with 6 = 1 are independent of ¢ and the same as those
provided in [9, Section 4].

4.3 Main theorem on strong convergence

For any adaptive numerical scheme composed of main and backstop maps
that satisfy the bound (4.20) in Assumption 4.2.2, our main result demon-
strates strong L? convergence when extended to an SDEwMS via a switching
time adapted mesh. The proof is a modification of that of [9], though the
change of setting from SJDEs to SDEwMS allows for the analysis to be
simplified. We also point to the Milstein method 4.15 as an example of a
method leading to a specific scheme of order § = 1.
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Theorem 4.3.1. Let (X(t))icjor) be a solution of (4.4) with initial value
X(0) = zo € R? and suppose that Assumptions 4.1.1, 4.1.2 and 4.1.3 hold.
LetY be an adaptive numerical scheme as characterised in Definition 4.2.2
with Yo = xg such that Assumption 4.2.2 holds with some > 0. Then there
exists a constant C(T) > 0 such that

max (E[|X(0) - v()IY])* < cmms

t€[0,T] max?

(4.23)

where C does not depend on hyay.

Proof. The proof naturally divides into four steps which successively show
how conditional mean-square errors accumulate, first over the steps between
successive switching times, then from the initial time to the final switching
time before a fixed time ¢, then from the last switching time to ¢, and finally
over the full interval [0, ¢]. We may then apply the Gronwall inequality (see
Lemma 3.4.1) to complete the proof.

Step 1: cumulative error bound over the interval between succes-
sive switches. Over a single step, we obtain from map error in Assumption
the following error bound regardless of whether the scheme uses the main
map or the backstop map over a single step of length 0 < h,,.1 < Apay, and
regardless of whether or not a change in the state of the Markov chain r

occurs at either endpoint of the timestep: a.s,

tn41
E[| E(tn0)lI*1 7] < IEE)]” + Fl/ E[|| B (u)||*| F, Jdu + T n 224
t’!L
(4.24)
Let 7, and 7541 be successive switching times. Subtract the first term

on the RHS of ref one step error from both sides of the inequality and sum
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both sides over all the steps from 7; to 7441. Then we get
N("k+1)_1
2 2
K= 2 (BBl = LB ) Tninany
n=N(%)
N("k+1)_1

tn+l
> (n [ BB T ) iy
tn

n=N(%)

IN

N<Tk+1) 1
- n Y [T EE@PIET ey
n=N(%) tn
N("k+1) 1
+ Z F2 nhi(irl N(T’“+1)>n}’ a.s.
n=N(%)
By Definition, the filtration F;, may be written as ‘ENWLN for all u €

[ty tns1) and n =0,..., N® — 1, so we can rewrite the inequality as
N("k+1) 1
e 2641
Kp <T [||E WP Fr l]dr + Y TP s, (4.25)
Tk n=N%)

where all indicator variables on the RHS have been bounded above by 1.
Step 2: cumulative error from time ¢t = 0 to the time of the last

switch before time ¢. Fix any ¢ € [0, T]. Summing over k for all switching

times on the interval (0,t] and denoting Q(t) := Nt o' Ki, we have a.s,
Ny—1 Ny— 1N<Tk+1) 1
o<rid [TRE@EE,, o XS
Tk k=0 p=N(%)
(4.26)

Set 79 = 0 to include time from 0 to the first switch 7; and take the expec-

He| W2, a.s.

tation with respect to Hy

Ne—1
Z/ HE H "FtN(u)71:| du

Ne—1 NTht1) 1

+E Z Z Lo nhngt

k=0 p=NO&)

E[Q)|Hr] <THE
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Since N, is Hr measurable we can take all of the summations on the RHS

out of the conditional expectations.

E[Q(t)mT]grlNilEUM [||E )| <u>,1] du\HT}

k=0 Tk
Ne—1 [ Nr+1) 1

+ ZE Z Lonhni
k=0

n=N%)

HT hmax? a.s.

Since Hr C EN(U)—l for any u € [0,7], an application of the tower

property of conditional expectations yields a.s,

E[Q(¢)|Hr]
Ni—1 Ni—1 Nk 1
<T Z/ E[|E@|*Hr]du+ Y E| Y Tonhnp|Hr| i,
Tk k=0 n=N("&)
- Ne—1 | Nkt 1
<t [T EE@PH] et 3B | S Taahue|Hr| B2 as
k=0 n=N(%)

(4.27)

Step 3: error bound from the time of the last switch to time ft.
Fix t € [0,T]. If ty =t this step can be omitted. Therefore suppose that
tyw < t. Replacing t,, with ¢y _; and ¢,41 with ¢ in ref one step error, we

have a bound on the error over the last step to time t as

EIE®IIF, | < 1B

t
LT / E{|E)|?1F, Jdu+ Tonlt — tyeo . (428)

En(t)_y

Now summing up to ¢ with the error bound over the last step satisfying ref

and taking the expectation conditioned on Hy we have, for all ¢ € [0,T] and
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N® _2

=E| Y (EEC)I*1F] = IEGI) Tivwsniy

N

FE[IBOII7y_] - 1B I Hr

N® 2
<t S [T EIB@IFE Tyosyd
(TNt)
t
+ [ E[IB@IR,, ] H]
NG
N® _2
+h2 E | Y Tonhngr + Tonwilt — tyw o ||[Hr| . (4.29)
:N(T‘Nt)

Summing the integrals on the RHS of ref, bounding the indicators on
the RHS above by 1, and again applying the tower property of conditional

expectations we get

R() <y [ BB Hr] du

t

N® 2
h?rfaX]E Z Fg’nhn_t,_l + FQ’N(t)—l |t — tN(t)_1| HT s t - [0, TL a.s

(T§,)

=N N¢

(4.30)

Step 4: cumulative error bound from time ¢ = 0 to time t. Adding
the error bound associated with the steps that occur after the last switch

(4.30) to the error bound at the last switch (4.27) we have a.s,
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E[Q(t)[Hr] + R(t) < T /0 (1) || ] du

N® _9
h‘IQIfax Z F2n n+1 +F2 N@®)— |t —tnm_ 1| Hr|, te [O,T]. (4.31)
n=0

Next lets simplify the LHS of (4.31):

E [Q(t)’HT] + R(t)

Ni—1 [ NO®) -1

- B> | X (BB

k=0 n=N(%)

| = IBEI) Ty

N®_2
+ 3 (E[IEG)IP|FL] = 1EE)I?) Zivosn
n=N"N)
VE [IEOI]F] = 1B o DIF|r
N®_2
= E| Y (E[IBCu) | F| = IBEIP) Zivosnn

n=0

+E (| B Fy 1] - ||E<tNm_1>||2‘HT} e[0T, as.

As N, = [t/hmin + N;] is Hr measurable, we can bound N® by N,

and move the sum out of the conditional expectation. Again applying the
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tower property and now the telescoping sum with E(0) = 0 we see that

E[Q(1)|Hr] + R(t)
N —2
= Z E [E U|E(tn+1>||QI{N(f>>n+1}{]:tn] - HE(tn)HQI{N(t>>n+1}

n=0

S [IB@) ] Fy 1] = I o)1 [#]
He| — E [ E(O))[#r)

+E [|E®) P [Hr] - E I E(tyo 1) IP[Hr]
= E[[|E®)|*|Hr]. t €[0,T], as.

— E [IB(tyo-)I

Substituting (4.32) into (4.31) we have

t
E[IE@®*[Hr] <T1 | E[|E@W)|Hr] du
0
N® 2
+ h2 E Z Lonhnt1 + Doyt —tyw g |[He| , t €[0,T], a.s.
n=0

(4.32)
Now let’s consider the second term on the RHS of (4.32). On each

trajectory w € €2 we can define a step function

Ty(s)(w), where s € [t(w),ts1(w)); n=0,--- , NO(w).

Then write the summation as an integral and take the expectation to get

N®_2
]E hfrfaxE Z F2,nhn+1 + PQ’N(t)—l |t - tN(t)_1| HT
n=0
t —
=12 R [IE[ / [y(s)ds ”HTH
0

As Ty(s)(w) = Top(w), s € [ta(w), thr1(w)) and E[l'y,,] < Ty < 0o we see
that

h® E [E { /0 t [y(s)ds ’HT” = h® [ /0 tE [T(s)] ds} < B 1T, (4.33)
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Substitute (4.33) back into (4.32) and take expectations on both sides to get
E[E[|E@®)|*|Hr]] <E {rl /OtE (12 (w)||?|Hr] du] + A2 1Ty, (4.34)
and again it follows from the tower property that
E[|E@|| <1y /tE[HE(u)HQ] du+h% Ty, t€[0,T].  (4.35)
0
Now we can apply the Gronwall inequality (see Lemma 3.4.1) to get

(sfizon]) < (rnamen{r, [o)

< \/h2 Ty exp{l'1t} (4.36)
< /Dot eXp{Flt}hme

<CHm.,., telo,T)].

N

Taking the maximum over ¢ € [0, 7] on both sides, the bound (4.23) and

therefore the statement of the theorem follows. O]

47



Chapter 5

Numerical Analysis

In this chapter we will apply the convergent adaptive method outlined in
Chapter 4 to a theoretical biological model as described in [2]. The chosen
SDE models the shortening of the telomere length found in DNA replication,
of a nest of 75 jackdaws over a time period of thirty days. We introduce
an element of Markovian switching to the model by allowing the model to
switch between the maximum and minimum observed values based on a
Markov chain with a specified generator matrix.

5.1 Implementation of an adaptive numeri-

cal method for SDEwMS

First, we simulate the trajectory of a given Markov chain r with state space
S and generator matrix I' (see Eq. (4.3)). For each sampled w € ), we
wish to compute the value of r(7;,w), along with the respective switching
times 7;, for i = 0,1,..., Np. For a trajectory that has just transitioned
to state S;, the holding time before transitioning to a different state is an
exponentially distributed random variable with parameter \;, where \; =
Yi1+Yi2+-..+YiL —Vii- The conditional transition probabilities are computed
using the entries of I' as

Yir + Yi2 + oo+ Vi — Vi

Dij
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Then for each state ¢ we can create a probability mass function with these
transition probabilities and sample from it to simulate which state S; is
chosen at each switching time. We store the switching times (7;);>0 and the
states selected (5;);>0 as two separate vectors for each trajectory w to use
in the main algorithm.

Then we can begin to construct the mesh, with specific timestepping
strategy as described in (4.22). The step size, h,,, taken for each step dictates
whether we implement the main map M or the backstop map B as per (4.17).
In this section we choose as our main map the Milstein map (4.16) and as
our backstop map the map associated with the implicit Milstein method.
Therefore our adaptive method will be strongly convergent in mean-square
with order § = 1.

Running this method for a specified number of trajectories w with initial
starting point Ly, we plot the final values on each trajectory Lp(w) as a
density histogram.

5.2 Example: a stochastic model of telomere

length with Markovian switching

Consider the following variant of the SDE (1.2)

dL(t) = — (C(t) + A(t)L(t)?) dt + ,/%A(t)L(t)%W(t), (5.1)

where the random pair (C(t), A(t))i>0 evolves according to a Markov chain
that is independent of W and with state space S = {1,2,3,4}. Here, eachi €
S corresponds to an element of the set S = {(c1, a1), (¢1,a2), (¢2,a1), (c2,a2)},
where a; and ¢;, 7, j = 1,2 are constants calculated from data in [2]. There,
different estimation methods provided different values for these constants
and so we can consider the use of Markovian switching in this context to be
a form of robustness testing. The estimates we will use for our numerical
analysis are (ci,a;) = (4.5,0.22 x 1079), and (co,a2) = (7.5,0.41 x 107),
and we will switch between the corresponding states in S’ according to r
generated with the algorithm described in Section 5.1. For the purposes of

49



our numerical demonstration the generator is chosen to be

-03 01 01 0.1
01 -03 01 0.1
01 01 =03 0.1
01 01 01 -=0.3

I =

For the adaptive mesh, we set Apq, = 3 x 1072, k = 10 and p = 15 through-
out.

5.2.1 Numerical Results: Fixed Initial Length L,

For our fixed initial length we have chosen Ly = 1000 and 7" = 30. In Figure
5.1 we display a histogram of 1000 values, with E[L3] ~ 814.33 base pairs
(bp).

In Figure 5.2 we display density histograms produced when the param-
eters are fixed at (¢,a) = (c1,a;1) (top) and (c¢,a) = (cg,as) (bottom). The
means are computed to be E[L3y] &~ 862.69 bp and E[Lsg| ~ 770.75 bp
respectively.

5.2.2 Numerical Results: Uniformly Distributed Ini-
tial Lengths L

Next we randomly generated 1000 initial lengths from a uniform distribution
with range [4000,8000] and ran the algorithm 100 times for each starting
length. In Figure 5.3 we display a line graph comparing initial lengths, and
for each initial length the final value of a single trajectory as well as the
mean value of each end length.

And finally in Figure 5.4 we display a histogram which shows the mean
change in length of the telomere. We calculated the mean change for all
1000 initial lengths, over 100 simulations. The mean change observed over
all initial lengths and across all simulated trajectories was found to be
E[Ls — L3o] = —350.74 bp. The distribution of the simulated data presented
here may be compared to the data presented in [2], and we note a qualita-
tive similarity in the mean change histograms. The difference between our
estimated mean change and that given in [2] (E[L; — Lsy] ~ —223.68 bp)
may be the result of using a model with Markovian parameters (including
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Figure 5.1: Histogram of Lsy(w) for 1000 samples.
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Figure 5.2: Histograms of Ljp(w) for 1000 samples for the SDE without

switching and choosing (¢, a) = (c1,a1) (top) and (¢, a) = (cq, as) (bottom).
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Figure 5.3: Initial telomere lengths ordered (blue), actual final length for a

single trajectory (orange), and the mean change in length over all trajectories

for a given initial value (green).
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Figure 5.4: Density histogram of the mean change in telomere lengths be-

tween day 5 and day 30.

potentially the choice of T'), as well as possibly reflecting sampling variation
and deviations from a uniform distribution of initial values in the real-world
data presented in [2]. A more detailed investigation of this is suggested as
a future line of research.
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Chapter 6

Conclusions

In conclusion having worked up from the construction of a filtered probability
space, to the definition and solution of an SDE with Markovian switching, to
then proving the strong convergence of a broad class of methods satisfying
a one-step error bound, in the non-switching case, over an adaptive mesh, I
believe this was a successful and enriching project.

In Chapter 5 many functions were developed to analyse SDEwMS, in-
cluding a state switching function, a switching-time generator and an SDE
solver for SDEs over an adaptive mesh, in the coding language python. The
generator matrix (5.2) was chosen as it gave the best number of switching
times to conduct a meaningful test of the method within the given time
interval. The reasoning behind the choice of hy., k¥ and p were similar, the
idea was to minimise the use of the backstop map, ensure a range of values
similar to those see in [2] and to be mindful of computational time. The
simulations for 1000 samples with and without switching produced density
histograms very similar to those in [2], but it was noted that the mean change
was larger than what was seen in the original data. This could be explained
by a difference in real world and simulated data or it could be due to the
fact that we were switching between the maximum and minimum values for
a and c. Further investigation, especially with future models, could focus on
the choice of generator matrix and the effect of this on the outputs. It was
noted, when running the model with simulated data on single trajectories,
that the telemore lengths sometimes finished with a larger value than that of
their initial value. Concerned this may be an error in the code, investigation
led to Figure 5.3 which shows the average final length across the full 100
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simulations ordered and projected onto a graph with the corresponding
ordered initial lengths. This showed a noticeable decrease in value, mean-
ing the code was behaving as expected. A possible area to explore is for
which initial values, or in which time intervals, does the model stop working.
Overall this analysis showed that this new convergent method is accurate
and useful.

The highlight of the project was the acceptance of the main result for
publication in Delay and Stochastic Differential Equations in Modelling in
Finance ICIAM2023-3. The next steps for this project is to attempt to
implement this approach in the context of multilevel Monte Carlo methods.
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