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Hydroelastic interaction between water
waves and an array of circular floating
porous elastic plates

Siming Zheng'f, Michael H. Meylan?, Guixun Zhu?,
Deborah Greaves! and Gregorio Iglesias3:!

'School of Engineering, Computing and Mathematics, University of Plymouth, Drake Circus,
Plymouth PL4 8AA, United Kingdom

23chool of Mathematical and Physical Sciences, The University of Newcastle, Callaghan 2308,
Australia

3MaREI, Environmental Research Institute & School of Engineering, University College Cork,
Cork P43 C573, Ireland

(Received xx; revised xx; accepted xx)

A theoretical model based on linear potential flow theory and an eigenfunction matching
method is developed to analyse the hydroelastic interaction between water waves and
multiple circular floating porous elastic plates. The water domain is divided into the
interior and exterior regions, representing the domain beneath each plate and the rest,
which extends towards infinity horizontally, respectively. Spatial potentials in these two
regions can be expressed as a series expansion of eigenfunctions. Three different types
of edge conditions are considered. The unknown coefficients in the potential expressions
can be determined by satisfying the continuity conditions for pressure and velocity at the
interface of the two regions, together with the requirements for the motion/force at the
edge of the plates. Apart from the straightforward method to evaluate the exact power
dissipated by the array of porous elastic plates, an indirect method based on Green’s
theorem is determined. The indirect method expresses the wave-power dissipation in
terms of Kochin functions. It is found that wave-power dissipation of an array of circular
porous elastic plates can be enhanced by the constructive hydrodynamic interaction
between the plates, and there is a profound potential of porous elastic plates for wave-
power extraction. The results can be applied to a range of floating structures but have
special application in modelling energy loss in flexible ice floes and wave-power extraction
by flexible plate wave-energy converters. (doi:10.1017/jfm.2020.508)

Key words: wave-structure interactions, surface gravity waves, wave scattering

1. Introduction

In recent years, due to industrial and residential applications, the demand for the
development and utilisation of artificial marine structures nearshore and offshore has
increased significantly (Lamas-Pardo et al|2015)). Among the wide variety of nearshore
and offshore artificial structures, some can be identified as floating porous elastic plates
with small draught relative to their horizontal dimensions, e.g., floating flexible break-
waters (Michailides & Angelides |2012)), artificial floating vegetation fields (Kamble &

T Email address for correspondence: siming.zheng@plymouth.ac.uk



39

40

41

2

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

7%

76

7

78

79

80

81

82

83

84

85

86

87

88

[2 S. Zheng, M.H. Meylan, G. Zhu, D. Greaves, G. Iglesias |

and extensive aquaculture farms (Wang & Tay][2011). The floating elastic
plate model is the basis for understanding this process . In particular, the
scattering characteristics are best analysed by considering multiple ice floes to account
for interactions (Bennetts et al.|2010; Montiel et al.[2015a),[2016; Montiel & Squire(2017)).
However, these elastic plate scattering models cannot account for the loss of energy, and
there are several models which propose that a porous or equivalent layer can account for
the observed energy loss (Zhao & Shen|2018; |Sutherland et al|[2019). These models
motivate the study of flexural deformations of floating porous elastic plates subject
to water waves and to evaluate carefully the wave-energy dissipation caused by their
porosity.

The water—wave scattering of floating elastic plates has been comprehensively investi-
gated by numerous researchers , and there are several reviews that relate to this topic
(e.g., [Squire||2008|, 2011} 2020). To evaluate the interaction of waves with a horizontal
floating semi-infinite elastic plate, Sahoo et al| (2001)) used the analytic representation
based on the eigenfunction expansion method of [Fox & Squire| (1994), in the context
of two—dimensional (2-D) linear potential flow theory. The influence of various edge
conditions, i.e., a free edge, a simply supported edge and a built—in edge, on the
hydrodynamic behaviour was investigated. The free—edge condition was shown to result
in the maximum plate deflection. [Squire & Dixon| (2000) studied wave propagation
across a narrow straight—line crack in an infinite thin plate floating on water of infinite
depth with a Green’s function model. The reflection and transmission coefficients were
observed to depend significantly on the wave frequency. [Evans & Porter| (2003)) provided
an explicit solution for the wave scattering of an infinite thin plate with a crack for finite
water depth. They obtained a more straightforward approach by splitting the higher—
order conditions to be satisfied at the edge of each plate into the sum of even and odd
solutions. These models (Squire & Dixon/2000; [Evans & Porter|[2003)) for the single-crack
problem were later extended to an elastic plate with multiple cracks
2001} [Porter & Evans|[2006), but where all the plates have identical properties. Then,
Kohout et al.|(2007)) studied a 2-D fluid covered by a finite number of elastic plates, which
were of arbitrary characteristics. Williams & Porter| (2009) introduced an eigenfunction
expansion method based on deriving an integral equation, which was then solved using
the Galerkin technique, to determine the problem of wave scattering by two semi—-infinite
plates. These two semi-infinite plates can have different properties, including variable
submergence following Archimedes’ principle. A similar problem was later investigated
by |Zhao & Shen| (2013) in which the plates were considered to have viscoelastic material
properties. More recently, [Kalyanaraman et al.| (2019) considered wave interactions with
a land—attached elastic plate of constant thickness and non-zero draught. The solution
was found to be strongly influenced by the draught. Koley et al|(2018)) investigated wave
scattering of a flexible plate composed of porous materials floating in water of finite and
infinite depths employing the Green’s function procedure. The porosity was modelled
using Darcy’s law, and the porous—effect parameter was taken as a complex number to
account for both the resistance and inertia effects. The dissipation of the wave power due
to structural porosity reduced the wave transmission on the lee side of the plate, which
led to the creation of a tranquil zone.

In order to understand the hydroelastic problem of elastic plates floating in ocean
waves when the plate length along the crest line of the incident waves is not much larger
than the wavelength, three—dimensional effects must be considered. Meylan & Squire|
studied the behaviour of a solitary, circular, flexible ice floe brought into motion
by the action of long-crested sea waves. Two independent methods were developed in
their model, i.e., an expansion in the eigenfunctions of a thin circular plate, and the
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Hydroelastic analysis of floating porous elastic plates 3

more general method of eigenfunctions used to construct a Green’s function for the
plate, enabling a check to be carried out on the model. |Zilman & Miloh! (2000) developed
a three-dimensional closed—form solution based on the angular eigenfunction expansion
method for water—wave interaction with a circular thin elastic plate floating in shallow
water. Their method was based on the roots of the dispersion equation. Since the shallow—
water approximation was considered, only three roots in the plate-covered region and
one root in open water were required in their model. The potential was matched at the
edge of the plate, and the plate boundary conditions were applied to solve the wave
scattering problem. Peter et al|(2004) extended the earlier study (Zilman & Miloh|2000)
to a theoretical solution for a circular elastic plate floating in finite-depth water, i.e.,
without the restriction of the shallow-water approximation. Therefore, more roots of the
dispersion equation for both the plate-covered region and the open—water region were
required. The potential throughout the water depth, rather than at a point, was matched
and the plate boundary conditions were applied. Since the plate geometry was circular
(Zilman & Miloh||2000; [Peter et al.|[2004), the angular eigenfunctions can be decoupled.
Hence each angular eigenfunction can be solved separately, and the matching problem
becomes 2-D, similar to the method of [Sahoo et al| (2001) and others. Montiel et al]
(2013alb) reported a series of wave basin experiments and analytical simulations that
investigated the flexural response of one or two circular floating thin elastic plates to
monochromatic waves. The plate—plate hydrodynamic interactions were observed in the
two—plate tests. Recently, [Meylan et al| (2017) carried out an analytical study on wave
scattering by a circular floating porous elastic plate. A quantity proportional to the
energy dissipated by the plate due to porosity was calculated by integrating the far—field
amplitude functions, but the exact dissipated power was not given. The hydroelastic
characteristics of elastic plates in other situations, such as a horizontal elastic plate
submerged in the water (Mahmood-Ul-Hassan et al2009; [Mohapatra et al.|[20184)), a
submerged horizontal flexible porous plate (Behera & Sahoo|2015; [Renzi|2016; Mohapatra,

et al.||2018b), submerged multilayer horizontal porous plate breakwaters (Fang et al.
017)), multiple floating elastic plates with a body floating or submerged in the water (]E

et al. 2018a|,|:b have also been investigated.
The methods used to calculate the scattering from a single body can be extended to

multiple bodies, but there is a rapid growth in the computational cost. For this reason,
methods based on a scattering matrix (or diffraction transfer matrix) have been developed
to solve for multiple floating bodies, using the theory of Kagemoto & Yue| (1986). This
has been particularly true for the case of floating elastic plates used to model ice floes.
The first application of this theory was by [Peter & Meylan| (2004) and this remains
the only application of the theory to ice floes where they were not assumed circular.
The circular floe case has been extended in a number of steps, first by considering arrays
(Peter & Meylan|2009; Bennetts et al.[2010) and then to random layers using a quasi-2-D
representation (Montiel et al.|20154}, 2016; Montiel & Squire|2017)).

Although water—wave interaction with floating elastic plates has been widely stud-
ied, most of these plates were non—porous. Until now only a few research works on
porous elastic plates have been reported, among which the investigation carried out
by Koley et al| (2018); Meylan et al| (2017); Zheng et al| (2020) was focused on
a single porous elastic plate. For an array of such porous elastic plates, especially
with the individual plates deployed close to one another, the hydrodynamic interaction
between them can significantly influence their responses. To the best of the authors’
knowledge, the hydrodynamic interaction between multiple floating porous elastic plates
has not been investigated yet. In this paper, a theoretical model is developed based on
linear potential flow theory and an eigenfunction matching method to investigate wave
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FIGURE 1. Schematic of an array of circular floating porous elastic plates: (a) side view; (b)
plan view.

scattering by multiple circular floating porous elastic plates with three different types of
edge conditions, i.e., free edge, simply supported edge and clamped edge. Two methods
for evaluating the exact power dissipated by the array of porous plates are proposed.

The rest of this paper is organised as follows. §-f2] outlines the mathematical model
for wave scattering problem. §-[3] presents the theoretical solutions of spatial velocity
potentials in the water domain. The methods for evaluating the scattered far-field
amplitude function and power dissipation are supplied in §-f4 Validation of the present
theoretical model is presented in §-f5] The validated model is then applied to carry out a
multiparameter study, the results of which can be found in §{6] Finally, conclusions are
outlined in §-{7]

2. Mathematical model

The scattering problem of an array of circular floating porous elastic plates is consid-
ered (Fig. [I). The water domain is divided into two parts, (a) interior region, i.e., the re-
gion beneath each plate and (b) the exterior region, i.e., the remainder extending towards
infinite distance horizontally. A Cartesian coordinate system Oxyz is applied to describe
the wave scattering problem with z = 0 at the mean water surface and Oz pointing
upwards. Here, IV local cylindrical coordinate systems O, r,0,z forn=1,2,3,--- | N
are also introduced corresponding to the n—th plate (see Fig.[lb). Additionally, one more
cylindrical coordinate system Orpfpz (not plotted in Fig. s defined with its origin
coinciding with the Cartesian coordinate system. The mean wetted surface of the n—th
plate is denoted by §2,.

An array of circular porous elastic plates are set in motion by a plane incident wave.
The water is assumed to be homogeneous, inviscid and incompressible, and its motion
irrotational and time harmonic with a prescribed angular frequency w. The velocity
potential in the fluid domain can be expressed as Re[¢(x,y,z)e”“!], where ¢ is the
complex spatial velocity potential, i denotes the imaginary unit and ¢ is the time.

The spatial velocity potential ¢ is a solution of the governing equations

(02 + 82+ 0%)p =0 in the fluid domain (2.1)
with
0.0=0, on z=—h (2.2)
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Hydroelastic analysis of floating porous elastic plates 5
and
—w?p+g0.6=0, on z2=0 (2.3)

at the water surface of the exterior region.

The floating porous elastic plate is modelled as a thin plate of constant thickness and
shallow draft, which is assumed to be in contact with the water at all times following
Meylan| (2002)). Kirchhoff-Love thin—plate theory, modified to include porosity, is used
to model the plate motions. The velocity potential is coupled to the plate displacement
function via kinematic and dynamic conditions, respectively,

0.0 = —iwn™ +ico, gxA?+1— (W /g™ —iwp =0, for 2, (2.4)

where 7™ denotes the complex vertical displacement of the lower surface of the n—
th plate; g represents the acceleration of gravity; ¢ = wKp/(uh) denotes the porosity
parameter, in which K represents the permeability of the plate, p and p are the density
and dynamic viscosity of water, respectively; v and y denote the mass per unit area and
the flexural rigidity of the plate, respectively, scaled with respect to the water density; A
is the Laplacian operator in the horizontal plane. With the employment of the Laplace
equation as given in Eq. , the kinematic and dynamic conditions as given in Eq.
can be combined into

(W?/9)¢ = [x0F + 1 — (w*/9)1] (0 — ic)o. (2.5)

Additionally, in the far—field horizontally, the scattered wave potential, ¢s = ¢ — ¢1,
where ¢p is the velocity potential of the undisturbed incident waves whose expression
will be given in §{3] is subject to the Sommerfeld radiation condition.

The boundary conditions at the edge of each plate should be satisfied as well, which
are dependent on the type of plate edge. In this paper, three different edge types, i.e., a
clamped edge, a simply supported edge and a free edge, are considered.

For a clamped edge, both displacement and slope vanish at the edge, providing

77(") =0 and 3n77(") =0, (2.6)

where 7(") can be expressed in terms of ¢ by using the first component of Eq. and
O, represents the derivative operator corresponding to the normal vector on the edge
71 = (Co8 @, sin av, ), in which «,, is a function of the parameter s defining locations on
the boundary of the n—th plate (Meylan et al.||2017)).

For a simply supported edge, both displacement and moment vanish at the edge,
providing

n™ =0 and FJS;) =0, (2.7)

(n) _ n o (ny . doy o) 9™ v 2™y op™
P = Anl )(lv)<5sn( )+Ka”77( >) =5t TR o

» (2.8)

in which v denotes the Poisson ratio, ds represents the derivative operator corresponding
to the tangential vector on the plate edge § = (—sina,, cos ay,).
For a free edge, both moment and shearing stress vanish at the edge, providing

F" =0and F™ =0, (2.9)
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where
F = 9,An™ + (1 — v)9,0,0,7™
- o3 RZ 0Or,002 R, Or2 R3 897% R2 0rn

3. Theoretical solution to velocity potentials

The velocity potentials in the exterior region and interior region beneath the n—th plate

are denoted by ¢ext and gb respectively. Expressions for them are given as follows.

int »

3.1. Exterior region

Here

Doxt = ¢I+Z Z ZA m(krn) Z(2)e ™0 (3.1)

n=1m=—oo [=0

where the accumulative term denotes the scattered wave potential, ¢g; A (n)l are the

unknown coefficients to be determined; Z;(z) = %W ko € Rt and k; € iRT for
l=1,2,3, - support the propagating waves and evanescent waves, respectively, and
they are the positive real root and the infinite positive imaginary roots of the dispersion

relation for the exterior region
w? = gk, tanh(k;h); (3.2)

H,, is the Hankel function of the first kind of the m—th order; ¢; denotes the undisturbed
incident wave velocity potential, which can be expressed as

igA . ) .
QSI({E, Y, Z) = _7Z(]( ) lk(x cos Bty 5111,@)’ (33&)
A . . > . )
¢I(Tn7 on’ Z) _ 7&2 ( ) ik(xy cos B+yn sin B) Z in”beflrnﬂJm(krn)elmﬁ,17 (33b)

m=—0o0

where Egs. ) and ) are written in the general Cartesian coordinate system Ozxyz
and the local cylindrical coordinate systems O,,r,0,z, respectively, in which J,, denotes
the Bessel function of the m—th order. The second term on the right-hand side of Eq.
, i.e., the accumulation term, represents the scattered wave potential, g = ¢ — ¢y,
as mentioned in §-2] which is subject to the Sommerfeld radiation condition.

After using Graf’s addition theorem for Bessel functions (Abramowitz & Stegun|[1972;
Zheng et al.|2018/2019)), Eq. can be rewritten in the cylindrical coordinates O, 7,6, 2
as

<Z5cxt(7"n,9n,z o1 + Z ZA(n)H klrn)ZZ(z)eimG"
m=—o00 [=0

N oo

Z S N A9 2z S ()™ e (kiR ) Ty (ki )0 n = ) im0
: m

75

=—00 [=0 m/:—oo

for r, < min R, ;.
j=1,N;
J#n
(3.4)
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Hydroelastic analysis of floating porous elastic plates 7

3.2. Interior region

Here
qSi(:t)(rn,Qn,z Z Z B T (k) Yi(2)e ™0 (3.5)
m=—oo [=—2
where Bfg )l are the unknown coefficients to be determined; Y; = %; Ky for
l=-2,-1,0,1,2,--- are the roots of the dispersion relation for the interior region
[x#i + 1 — (@®/g)y][m tanh(rih) — ic] = w?/g. (3.6)

For c =0, kg € RT and k; € iR* for I =1, 2, 3,--- can be obtained, which support the
propagating waves and evanescent waves, respectively. The remaining two roots, x_s and
k_1, support damped propagating waves, and satisfy x_1 € Rt +iRT and x_5 = —k* |,
in which * denotes the complex conjugate. For ¢ # 0, the structure of k; is perturbed.
Generally, neither pure real nor pure imaginary roots exist, and the symmetry between
k_g and k_p is not valid either (Meylan et al.|[2017). The method to compute them
efficiently is given in |Meylan et al.|(2017) and [Zheng et al.| (2020).

Note that the spatial velocity potentials as given in Egs. and already
satisfy all the governing equation and boundary conditions as listed in §-2} except at the
plate edges. In addition, continuity of pressure and the radial velocity at the interfaces
between the exterior region and interior regions should also be satisfied. These continuity
conditions can be expressed as follows.

(i) Continuity of pressure at the boundary r,, = R,,:

Gextl, . = O], _p. —h<z<O. (3.7)
(ii) Continuity of radial velocity at the boundary r, = Ry:
0oy (n)
e g , —h<z<0. (3.8)
(97“n rn=Rn (97“n rn=R,

The continuity conditions, i.e., Egs. (3.7)—(3.8]), together with the edge type dependent
edge conditions, i.e., Eq. (2.6), (2.7) or (2.9), can be used to derive a complex linear

matrix equation by using the orthogonality characteristics of Zl( ) and ™% and

the eigenfunction—matching method. The unknown coefficients A( 7 and B(n)l can then

be calculated by solving the complex linear matrix equation. Detalled derivation and
calculations for the unknown coefficients are given in Appendix [A]

4. Far—field coefficients, Kochin functions and wave-power dissipation

We present here two derivations of the wave-power dissipation due to the porosity.

4.1. Wave-power dissipation—direct method

The energy dissipated by the N plates due to the porosity, Pgiss, can be calculated by

N N
c pwe 9
P = — E 2qs = &= E
diss 2Pw 4 //_Q |p| ds 2 — M) ‘¢| ds

pch// Z Z Bn)J (Kirn)e im0y,

m=—00[=—-2
where p denotes the hydrodynamic pressure under the plates, p = iwpe.

) (4.1)

ds,
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The dimensionless quantity of Pgiss can be defined by
Ndiss = kPaiss/ Pin, (4.2)
in which P, is the incoming wave power per unit width of the wave front given by

pgA w <1 2kh )

P = e
2 2k sinh(2kh)

(4.3)
4.2. Wave-power dissipation—indirect method

We present here another, more general, derivation of the power dissipation identity.
In this expression, we use the very general equations of motion which govern a floating
elastic plate of arbitrary geometry.

Firstly, let us consider the far—field coefficients and Kochin functions. In the fluid
domain, far away from an array of porous elastic plates, only the propagating modes
exist in the scattered waves. With the asymptotic forms of H,, for ro — oo,

H,, (kro) = \/2/me™{mm/247/4) (kpg)=1/261km0  for g — oo, (4.4)

where k is employed to represent kg for simplification, the scattered wave potential, i.e.,
the accumulative term in Eq. (3.1]), can be rewritten as

N [eS)
s =\ 2/7Zy(2) Z Z A$7)Oe_i(m”/2+”/4)(krn)_l/geikr"eime”, ro — 00, (4.5)

n=1m=—oo

which can be further expressed in the global polar coordinate system Ogrofyz as

N )
¢S _ \/2/771'(]67’0)71/26ikro ZO (Z) Z Z Ag:’)oeiikRO*" cos(ao,"790)efi(m7r/2+7r/4)eim90

n=1m=-—oo
= AR(Q(])(k?”o)_l/2eikTDZO(Z), o — 00,
(4.6)

where Apg is the so—called far—field coefficient that is independent of ry and z, and can
be expressed as

N [e%e}
90) — /2/77 Z Z A,E:;)Oe_ikRo’" COS(ao,n—90)e—i(m7"/2+77/4)eim90. (47)

n=1m=-—oo

The Kochin function, Hg, which is a scale version of the far—field coefficient, can be
obtained from Ap as follows (Falnes|2002):

HR(Q()) =V 27Te_iw/4AR(9())

N 0o
—9 Z Z Ag’;’)oefikngn cos(ao,n—00) (_i)erleimGo )

n=1m=—o0

(4.8)

In the water domain enclosed by 2, U {2, U---U 25 U 25, free water surface and the
sea bed, using Green’s theorem (Falnes |2002; |[Flavia & Meylan||2019), we have

FE o)
B (e ] (4 e

(4.9)
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where (2 represents an envisaged vertical cylindrical control surface with its radius
denoted by rg = Ry, which is large enough to enclose all the plates.
With utilisation of the first component of Eq. (2.4)), Eq. (4.9) can be rewritten as

Z// {lw<¢n(”>*+¢> n“”) 21C|¢|2]d8+// ( 90" _ 4 a¢>d =0. (4.10)

We are setting out to show that the accumulation of the terms within the first
parentheses in Eq. vanishes.

The response of the n—th plate can be expressed by a series of natural modes of
vibration of the plate in vacuo as (Meylan et al.||2017))

Q
7 a3 ufy, (4.11)
qg=1

where the modes nén) satisfy the eigenvalue problem for the biharmonic operator

Al = A, (4.12)

together with the edge conditions as given in § nq") are orthogonal for different
eigenvalues )y, and @ denotes the truncated numbers of the infinite modes.
The dynamic motion of the plates can be coupled with the hydrodynamics by

(K LCc— M)u - lwp// énds, (4.13)

Q5um

where Qsum = LUK U---U Ry, K, Cand M are (NQ) x (NQ) square matrices that
represent stiffness, hydrostatic-restoring and mass matrices, respectively,

K = <X)\q> ; c=1I, M =1, (4.14)
(n—1)Q+q

in which (c¢;); denotes a diagonal matrix with diagonal entries ¢; at the position (3, 5), /
is the identity matrix and

u = [ug")] , n = {77((1")} , (4.15)
(n=1)Q+q (n—1)Q+q

where [¢;]; represents a vector with entries ¢; at the j—th row.
With the employment of Egs. (4.11)) and (4.13]), it can be proved that

Z// (on s ¢*”(")>d5—2 /I (¢Zu(”>*nq”>+¢ Zu(" ) as

[, o] (k- Ta) W// ]
+¢*(X)KK+C_M> lwp//nm s] n(x )}ds

=0,
(4.16)
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-1
where we used the symmetry of the matrix <K +C - ";QM) and reversed the order

of integration.

Therefore, Eq. (4.10]) reads

,é//nn <—2ic|¢|2)d8+//QR <¢a§ —¢*g(f)ds:0, (4.17)

hence the power dissipation can be expressed as

N
_ pue 245 = 22 09" _ ;90
Pdiss—Q;//nn|¢| ds = 7. //QR <¢ o ¢ (%)ds, (4.18)

which, from the view of energy identities, presents an approach to evaluate the power
dissipation based on the spatial potentials in the exterior region.

When rog = Ry — oo, Eq. holds as well with the control surface {2r replaced
by {2, i.e., o — oo. An expression for the integral in Eq. in terms of Kochin
functions (Falnes|2002]) is

o™ G, 21AgD(kh iD(kh) [**
Il ) (¢> - —¢*8j;>ds = ZAIDEN) g5y AR | o) Pt (419

where
2kh
sinh(2kh)
Therefore, the power dissipated by the array of porous elastic plates can be evaluated
by using an indirect method based on Kochin functions

Py, = PP kR) <AgRe[HR(ﬂ)} _ 1 /O% |HR(90)|2d90>. (4.21)

D(kh) = [1 + } tanh(kh). (4.20)

k 2w 8

Compared with the straightforward method, i.e., Eq. , which includes the surface
integrals over all the plates with both propagating and evanescent waves considered, the
indirect method as given in Eq. consists of only one angular integral regardless
of the number of plates, and uses the propagating waves only to achieve an accurate
evaluation of the wave-power dissipation. Moreover, Eq. is derived without any
employment of the “circular—shape” restriction, therefore the indirect method applies to
the floating porous elastic plates with non—circular shapes as well. Finally, the existence
of two different identities gives a method to check the accuracy of the numerical solution,
in much the same way that energy conservation can be used in the case of a floating
body which does not dissipate energy.

5. Validation

If the spacing between the porous elastic plates is large, the hydrodynamic interaction
between them can be neglected. Therefore the response of every plate will be close to
that of the plate in isolation. Figure [2| presents the comparison of the displacements of
a circular porous elastic plate in isolation (Meylan et al.[[2017) and a pair of the same
plates arranged far away from one another, where ¢, x and -y are non—dimensionalised with
respect to the water depth as & = ch, ¥ = x/h* and 4 = v/h, respectively. Additionally,
the energy dissipated due to porosity as a function of ¢/N is provided in Fig.|3] where FE
is a quantity proportional to the wave-energy dissipated due to the porosity, which was
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b
c=0

0 0 0
517 <R Z I <R I R

FIGURE 2. (a)—(c) Displacements of a circular plate in isolation (Meylan et al.|2017)), where a typo
of the incident wave direction existed (i.e., 8 was typed as 0 rather than m); (d)—(f) and (g)—(i)
displacements of plate-1 and plate-2 in a pair of plates (present results) at ¢ = 0 for different
porosity parameter ¢ = 0, 0.5 and 1.0. (R1 = R2 = R, z1 = 22 = 0, y1/R = —y2/R = 50,
R/h =20, 8=m, hw?/g =2.0 and ¥ = 7 = 0.01, free edge.)

calculated by integrating the far-field amplitude functions based on a coupled boundary—
element and finite element method (Meylan et al.||2017). The present results agree well
with those of Meylan et al.| (2017) and Zheng et al.| (2020).

We have also compared our model with the experimental data in the case of non—
porous plates. Montiel et al.| (2013a)) carried out a series of wave basin experiments on
a pair of circular floating elastic plates and observed strong hydrodynamic interaction
between them. One of the cases tested by [Montiel et al| (2013a)), is plotted in Fig. [4]
where four motion tracking markers were placed on each plate. Figure [ illustrates the
theoretical and experimental deflection of the four markers for the two plates. The results
show that the present conceptual model can be used to predict the response of the two
elastic plates accurately and that it provides insights into the interaction between the
two plates.

In addition to the comparison of the present theoretical results with the published data,
wave-power dissipation by two porous elastic plates is evaluated by using both direct and
indirect methods (Fig. [6]). The excellent agreement of the results (Fig. [6]), together with
those plotted in Figs. and [p] gives clear validation of the present theoretical model for

—

—
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8
1.2
6 o
Ea b 0.8 “w\q
Eagl — /N, present &
X M /N, Zheng et al. (2020)
2 o E/A,Meylanetal. 2017) | 04
0 L L L 0.0
0 1 2 3 4
c

FIGURE 3. Wave-power dissipation by floating circular plates with a free edge versus the porosity
parameter for R/h = 2.0, 8 =, hw2/g = 2.0 and x = 7 = 0.01 (lines: present results with
N =2 R =Ry =R, 1 =22 =0, y1/R = —y2/R = 50; symbols: [Zheng et al| (2020) and
[Meylan et al.|(2017)) with N =1).

Ri=R,=0.72m incident waves
h=19m
M4 B=n M4
________________ M3 Ml
R12 =3.0m

™~

~
>

FIGURE 4. Deployment of two circular elastic plates. Four markers are labelled in each plate
for reference. (=0, ¥ = 3.55 x 107, 5 = 2.79 x 1073, free edge.)

o Front (exp) + Back (exp) Front (th)  ------- Back (th)|
®1.0 ©1.5 11— D1.0 =T
- B 1 F + N
°3
* \‘\
= | Tyo
=05 =05 # .
‘\‘ o
+‘\‘\
\ | ; VA t ¥
O-I PR BT R -}:(. ] 00 | IR .\-]-*’(. 00 -l PR BT Ry «l:“. 00 | PR I I\V.
0.6 0.8 1.0 1.2 14 0.6 0.8 1.0 1.2 1.4 0608101214 06 08101214
J(Hz) S (Hz) J(Hz) J(Hz)

FIGURE 5. Deflection of (a) marker 1; (b) marker 2; (c) marker 3 and (d) marker 4 for the
two—plate arrangement as given in Fig. [l] as a function of frequency. Each figure contains the
present theoretical results and the experimental data (Montiel et al|[2013a) associated with
both plates. (=0, ¥ = 3.55 x 107*, ¥ = 2.79 x 1073, free edge.)

1 solving wave scattering and evaluating wave dissipation by an array of circular floating
x%2  porous elastic plates.
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FIGURE 6. Wave-power dissipation of two plates with different edge conditions evaluated by
using direct method (lines) and indirect method (symbols): (a) variation of naiss with ¢ for
B = w/6; (b) variation of ngiss with 8 for ¢ = 1.0. (N = 2, —z1/h = z2/h = 3.0, y1 = y2 = 0,
R/h = 2.0, hw?/g =2.0, x =7 = 0.01.)

6. Results and discussion
6.1. Effect of porosity and incident wave direction

The response of an array of circular floating porous elastic plates and their performance
in terms of wave-power dissipation are strongly affected by both the porosity, ¢, and the
incident wave direction, 8. In this subsection, a pair of plates deployed along the z—axis
with R/h = 2.0, Ry 2/h = 6.0, x = 7 = 0.01 and hw?/g = 2.0 is taken as an example
to examine the influence of ¢ and 3. Figure [7] presents how 74iss varies with the incident
wave direction  and also with the porosity parameter ¢ for the cases with free edges,
simply supported edges and clamped edges.

When ¢ — 0, the plates become non—porous and no power will be dissipated. When
¢ — 00, on the other hand, there is no resistance to flow by the plate, and in this limit,
there is also no dissipation of power. For this reason, there exists an optimal porosity
parameter ¢ to maximise the dissipated wave power. As shown in Fig. [7] for any given
wave incident direction, the more strictly the plate edge is constrained, the larger the
optimal ¢ for maximising wave-power dissipation. Although 74;ss varies dramatically with
the change of ¢ for ¢ < 0.5 for all the three cases, it becomes less sensitive to ¢ for
1.0 < ¢ < 4.0 compared with ¢ < 1.0, especially for the simply supported and clamped
edge cases.

For the pair of plates with a fixed porosity, the wave-power dissipated is minimum
when incident waves propagate along the two plates, i.e., § = 0. This minimal case
results from the significant reduction of the wave power dissipated by the leeward plate
due to the “shadowing effect” of the wave-ward plate. For Ry o/h = 6.0, as (3 increases
from 0 towards /2, n4iss first increases and then decreases after reaching its peak value,
regardless of the types of edge conditions. The wave incident direction corresponding to
the maximum wave-power dissipation, as illustrated in Fig. [7| remains around /7 = 0.3
for all three cases. The largest wave-power dissipation in terms of 74;ss for these cases are
15.79, 12.24 and 11.63, occurring at (¢, 5/m)= (1.05, 0.30), (1.35, 0.31) and (2.10, 0.32),
respectively.

6.2. Effect of the distance between the plate centres

The distance between the plate centres is a pivotal parameter affecting the response and
wave-power dissipation of an array of porous elastic plates. The two plates, as studied in
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(b) (©
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FIGUrRE 7. Contour plot for the variation of nmaiss as a function of porosity parameter ¢ and
incident wave direction 8: (a) free edge; (b) simply supported edge; (c) clamped edge. (N = 2,
—z1/h=22/h=3.0,y1 =y2 =0, R/h =2, hw?/g = 2.0, x =7 = 0.01.)

§ with their centre distance R; 2/h ranging from 5.0 to 8.0, together with different
porosity parameters in wave condition hw?/g = 2.0, 8 = 7/2, are examined in this
section, the results of which are plotted in Fig.

In the computed range of ¢ and R 2/h there are two peaks of nqiss, one occurring at
Ry2/h =5.0 and the other at Ry o/h = 8.0, in which the former one is higher than the aft
one regardless of the types of plate edge condition. More specifically, the largest values of
Ndiss are 16.49, 12.79, 12.38, for the free, simply supported and clamped cases, occurring
at (¢, R1,2/h)=(1.25, 5.0), (2.25, 5.0) and (3.00, 5.0), respectively, which are caused by
the hydrodynamic interaction between the plates — the so—called array effect. Different
regimes of wave interaction with the pair of plates are obtained as the spacing changes.
The second peak is an effect of constructive interference, which can be analysed from
the infinite array problem (see e.g., [Peter et al.| (2006)). As Ry 2/h continues to increase
until it is large enough, hydrodynamic interaction between the plates will be negligible,
and each of the plates will ultimately work as a plate working in isolation (see §.
Case studies will be carried out with the centre distance between two adjacent plates as
R j+1/h = 5.0 due to the corresponding larger wave-power dissipation compared with
the other values of R; j11/h.

6.3. Effect of the number of plates

Figure [9] presents the variation of the wave-power dissipation of a line array of porous
elastic plates in terms of 7)qiss/N with the porosity parameter ¢ for hw?/g = 2.0, B = 7/2
and Rj7j+1/h =5.0.

For ¢ < 0.25, the curves of nqiss/N with different values of N nearly overlap with
each other, denoting the negligible impact of the number of plates in the array on wave-
power dissipation. This is a case of the long array behaviour (see e.g.,
(20150))) being well approximated by a small array. For the rest of the computed range
of ¢, i.e., ¢ > 0.25, the ngiss/N — ¢ curve rises with an increase of N. The most significant
improvement of 7)giss/N occurs when N increases from 1 to 2. For larger values of N,
the increase in ngiss/N is weaker. This holds for all the edge conditions, i.e., free edges,
simply supported edges and clamped edges, as plotted in Fig. [0} For instance, in the
free—edge case with ¢ = 1.0, the ng4iss/N corresponding to N =1 ~ 5 are 7.40, 8.19, 8.45,
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FIGURE 8. Contour plot for the variation of naiss as a function of porosity parameter ¢ and
distance between the centres of the plates Ri2: (a) free edge; (b) simply supported edge; (c)
clamped edge. (N = 2, —z1/h = x2/h = 0.5R12/h, y1 = y2 = 0, R/h = 2.0, hw?/g = 2.0,
B=m7/2, x =5 =0.01.)
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FIGURE 9. Variation of nqiss/N with porosity parameter ¢ for different number of plates in the
array, N: (a) free edge; (b) simply supported edge; (c) clamped edge. ((zj+1 — z;)/h = 5.0,
y; =0, R/h =20, hw?/g =20, 8=n/2, x =7 =0.01.)

24 8.56 and 8.63, with the increasing percentage 10.7%, 3.1%, 1.3% and 0.9%, respectively.
35 It can also be observed that the more plates the array contains, the larger the value of
w6 ¢ required to achieve maximum wave-power dissipation. The peak value of 7qiss/N and
37 the corresponding optimal ¢ for the array consisting of different numbers of plates with
2 different edge conditions are listed in Table [I]

329 Figure [I0] presents the frequency response of the wave-power dissipation of an array
s of porous elastic plates in terms of 7giss/N for ¢ = 1.0, § = 7/2. For the free—edge
sn condition (Fig. ), the naiss/IN increases monotonically as kR increases from 0 towards
s 8.0 regardless of the plate numbers included in the array. While for the N = 5 cases with
33 the simply supported and the clamped-edge conditions (Figs. and ), a flat valley
s can be observed around kR = 6.0. As shown in Fig. [I0] the array which contains more
15 plates is found to lead to a larger value of 74iss/N for the whole computed range of wave
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TABLE 1. The peak value of wave-power dissipation and the corresponding optimal porosity
parameter, (naiss/N, ¢), for the array consisting of different number of plates with different edge
conditions. ( (zj4+1 —x;)/h = 5.0, y; =0, R/h = 2.0, hw?/g =2.0, 8 =7/2, x =7 = 0.01.)

N=1 N =2 N=3 N =4 N =5

Edge condition |

free (7.40,1.0) (8.25, 1.2) (8.55, 1.3) (8.69, 1.4) (8.79, 1.4)
simply supported | (5.21, 1.7) (6.40, 2.2) (6.82, 2.5) (7.02, 2.6) (7.15, 2.6)
clamped (4.95, 2.5) (6.19, 3.0) (6.63, 3.2) (6.84, 3.2) (6.97, 3.3)

(b) (c)
12 T T T T T T T 12 T T T T T T 12 T T T T T T
i 5 i ] i
10} 4 [,...—-‘/ 10} {1 10
8 F £ - 8t . 8 F
3 B
6 [ /\2 6 " _-':‘.!.q-a.av,ﬂ_“f:/" 6 I
49 _ .
- - 4 - 4
. 2 1 2
1 1 O 0
4 6 8 8
kR

FIGURE 10. Variation of ndiss/N with wave number kR for different number of plates in the
array, N: (a) free edge; (b) simply supported edge; (c) clamped edge. ((zj+1 — z;)/h = 5.0,
y; =0, R/h =2.0,¢=1.0,8=n/2, ¥ =5 = 0.01.)

conditions, except for the very long waves, e.g., kR < 1.0, where, on the contrary, the
largest value of 14;ss/IN is obtained when N = 1. Similar to the results illustrated in Fig.
EI, the frequency response of nqiss/N as given in Fig. indicates that for most of the
computed range of wave conditions, e.g., kR > 1.5, the most apparent increment of the
wave-power dissipation in terms of 74iss/N is obtained when N increases from 1 to 2.
The variation of ngiss/N with incident wave direction S in the range of 0 < 8 < 0.5 for
different numbers of plates in the array, N, with hw?/g = 2.0, ¢ = 1.0 is plotted in Fig.
[[1} As expected, the wave power dissipated by a single circular porous elastic plate, i.e.,
N =1, is independent of 3, regardless of the edge conditions. For the cases with NV > 2,
an overall growth of 7q;ss/IV is observed as § increases from 0 to 0.57. For 8 varying from
a specified value, e.g., 0.297 for the free—edge condition, to 0.57, the more plates included
in the array, the larger wave-power dissipation per plate, n4iss /N, becomes. Whereas when
[ is smaller than the specified value, the number of plates plays a negative role in the
wave-power dissipation. It means that for the incident direction roughly perpendicular to
the row of plates, the hydrodynamic interaction between the plates plays a constructive
role in dissipating wave power. Moreover, this effect gets stronger as more plates are
included in the array. However, if the incident waves propagate along the row of plates,
a destructive effect of hydrodynamic interaction on wave-power dissipation is obtained,
and the negative influence gets stronger correspondingly as the number of plates in the
array increases. This is reasonable from the point of view of the shadow effect. The front
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FIGURE 11. Variation of n4iss/N with incident wave direction 8 for different number of plates in
the array, N: (a) free edge; (b) simply supported edge; (¢) clamped edge. ((zj4+1 — z;)/h = 5.0,
yj =0, R/h =2.0, = 1.0, hw?/g = 2.0, x =7 = 0.01.)

plate creates a shadow, and the plates behind it do not respond as much. The more plates
included in the array, the stronger the shadow effect for the plates at the back.

To demonstrate the effect of the number of plates on their response, the plate deflec-
tions for different edge conditions for various values of N with ¢ = 1.0, hw?/g = 2.0,
B = 7/2 are plotted in Figs. For the sake of simplicity, only the results of the first
half of the plates in the array are displayed, including the middle one if N is odd.

As shown in Fig. for the isolated single plate with free—edge condition, the largest
deflection (|7 |max/A = 0.93) occurs at the front edge, i.e., the wave-ward edge.
Moreover, there is an internal region near the leeward edge, where the response is weaker
than the other regions of the plate, with the smallest deflection (™ |, /A = 0.02. When
another plate with the same physical properties is placed nearby (i.e., N = 2), the weak
response internal region shifts towards the array side slightly. The largest and smallest
deflection (i.e., [7(™|max/A = 0.99 and [7(™|,,in/A = 0.03) are both larger than those for
N = 1. What is more, apart from the largest deflection at the front edge, there is a second
peak response (|n(™)|/A = 0.78) observed at the edge close to the other plate, which is
excited by the hydrodynamic interaction between them and contributes to the increase of
Naiss/IV. For the three-plate array, the side plates response is similar to those of the array
with N = 2. The central plate holds a larger overall deflection with [(™ |, /A = 1.05,
17 | min/A = 0.07 and two other peak responses (|n(™)|/A = 0.79) occurring at the edges
close to the two side plates. As N increases, responses of the two side plates remain
approximately the same, as do the remaining plates in the middle.

Similar changes also apply to the array of plates with a simply supported or clamped-
edge condition as shown in Figs. [[3] and [I4] In contrast to the free-edge condition, the
largest deflection for the simply supported and clamped-edge conditions occurs in the
interior of the plate. For the cases of simply supported and clamped edge conditions with
N > 3, there is an obvious valley of the deflection contour at the central region of each
plate except the two side plates, and this valley disappears for the plate with a free—edge
condition.

In this paper, a porosity parameter is used to consider the resistance effect induced by
the porosity. In fact, this “resistance effect” acts in much the same way as the “damping
effect”, which has been widely employed to simulate the power takeoff (PTO) of wave-

0 n 1 " " 1 n 1 " 0 " 1 n 1 n 1 " 1 n 0 n " 1 " n 1 "
00 01 02 03 04 05 0.0 01 02 03 04 05 0.0 01 02 03 04 05
pin LOln Yok
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FIGURE 12. Deflection of the plates with a free edge in different cases for different number

of plates in the array, N: (a) N = 1; (b) N = 2; (¢) N = 3; (d) N = 4; (¢) N = 5.
((zj41 —2j)/h=5.0,y; =0, R/h =2.0, ¢ = 1.0, hw?/g = 2.0, 8 =7/2, x =7 = 0.01.)
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F1GURE 13. Deflection of the plates with a simply supported edge in different cases for different
number of plates in the array, N: (a) N =1; (b) N =2; (¢) N =3; (d) N =4; (¢) N =5.
((zj+1 —x;)/h =5.0,y; =0, R/h =2.0, ¢ = 1.0, hw?®/g = 2.0, B = w/2, X =7 = 0.01.)

energy converters (WECs). It should be pointed out that the present model for porous
elastic plates may be used to simulate the performance of elastic plate-shaped WECs,
provided that a special PTO system is designed, which satisfies the surface boundary
condition, i.e., Eq. or Eq. . Indeed, the surface boundary condition employed
here is similar to the one derived for a piezoelectric plate WEC and also the
one [Garnaud & Mei (2010)) derived for arrays of small buoys. Thus, the corresponding
wave-power dissipation can be used to denote the corresponding wave-power absorption of
the elastic plate—shaped WECs being consumed by the PTO damping. For a conventional
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FIGURE 14. Deflection of the plates with a clamped edge in different cases for different number
of plates in the array, N: (a) N = 1; (b) N = 2; (¢) N = 3; (d) N = 4; (¢) N = 5.
((xj+1 — x5)/h =5.0,y; =0, R/h =2.0, ¢ = 1.0, hw?/g = 2.0, B = /2, x =7 = 0.01.)

single WEC consisting of an axisymmetric rigid body with heave motion as the only mode
of oscillation, the maximum relative absorption width, i.e. 7qiss, is 1.0 (see, e.g., Budal
& Falnes| (1975)); Evans| (1976)). Note that when a porous elastic plate works as a WEC,
Naiss > 2.0 and even ng;ss > 4.0 are obtained over a large range of circumstances, such
as porosity parameters (Fig. E[), wave frequencies (Fig. and incident wave direction
(Fig. , absorbing more than twice, and even four times, as much wave power as
a conventional heaving cylinder can ever achieve. The wave-power absorption can be
further enhanced when several elastic circular plates deployed in an array due to the
constructive hydrodynamic interaction between them (i.e., the wave power absorbed by
the array is larger than that produced by those plates working in isolation), indicating
the profound potential of elastic plates for wave-power extraction.

A typical case of an elastic plate—shaped WEC is the piezoelectric plate WEC, which
consists of piezoelectric layers bonded to both faces of a flexible substrate. The tension
variations at the plate-water interface can be converted into a voltage by the piezoceramic
layers owing to the piezoelectric effect, and in this way, the elastic motion excited by water

waves is transformed into useful electricity (see e.g., (2016)).

7. Conclusions

A theoretical model based on linear potential flow theory and the eigenfunction
matching method has been developed to investigate the interaction of waves with an array
of circular floating porous elastic plates. This model can be used to represent artificial ma-
rine structures, such as floating flexible breakwaters, artificial floating vegetation fields,
and large aquaculture farms with small draught relative to their horizontal dimension.
It also provides a possible model for ice floes or flexible plate WECs in which the energy
dissipation or wave-power absorption and scattering can be included in a unified way.
Graf’s addition theorem was applied to consider the hydrodynamic interaction between
the plates. The edge condition of the plates can be free, simply supported or clamped.

The response of a pair of porous/non—porous elastic plates predicted by the present
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theoretical model agreed well with the published theoretical and experimental data, which
gave confidence in the current model for solving wave scattering by an array of circular
floating porous elastic plates.

Using Green’s theorem, it has been proved that the exact wave power dissipated by
the plates due to porosity can be evaluated indirectly by using the spatial potentials
in the exterior region in terms of the Kochin functions, without consideration of the
evanescent waves. This indirect method was shown to produce the same wave-power
dissipation as the straightforward method, which takes the area integrals of the unit
area dissipated power over all plates with the effect of both propagating and evanescent
waves included. The excellent agreement between them gives confidence in the ability of
the present theoretical model to calculate wave dissipation by multiple circular floating
porous elastic plates.

A multiparameter impact analysis was carried out by applying the validated theoretical
model. The main findings are as follows.

(i) For a pair of plates with R/h = 2.0, Ry 2/h = 6.0 and hw?/g = 2.0, the wave
incident direction corresponding to the maximum wave-power dissipation remains around
B/m = 0.3 for all the three different edge conditions.

(ii) In the computed range of ¢ (i.e., ¢ < 4.0) and R;2/h (ie., 5.0 < Ry 2/h < 8.0)
with R/h = 2.0, hw?/g = 2.0, 8 = 7/2, the largest ngiss occurs at Ry 2/h = 5.0 regardless
of the types of the plate edges.

(iii) For a row of plates with R/h = 2.0, R; j+1/h = 5.0, hw?/g = 2.0 and 8 = 7/2,
the 74iss/N—C curve rises with the increase of N. The most significant improvement of
Naiss/IN occurs when N increases from 1 to 2. This also applies to the frequency response
of ndiss/N with ¢ = 1.0.

(iv) For the incident waves incoming roughly perpendicular to the row of plates,
hydrodynamic interaction between the plates plays a constructive role in dissipating wave
power, and the effect strengthens with more plates included in the array. By contrast, if
the incident waves propagate along the row of plates, a destructive effect of hydrodynamic
interaction on wave-power dissipation is obtained, and the negative influence becomes
stronger as the array size increases.

(v) There is a profound potential of elastic plates for wave-power extraction provided
that a special PTO system is designed. An elastic plate-shaped WEC is found to
capture more than twice, and even four times, as much wave power as a conventional
axisymmetric heaving cylinder can ever achieve over a large range of circumstances. Due
to the constructive hydrodynamic interaction between the plates in an array, wave-power
absorption of the plates can be further enhanced.

Finally, we note that the present theoretical model is developed in the framework
of potential flow theory; hence it may not be suitable for the extreme wave—structure
interactions.
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«  Appendix A. Derivation process of the formulas and calculation for
a2 the unknown coefficients Afg)l and Bf: )l

Here we take the case of an array of circular floating porous elastic plates with free—
edge condition as an example to show how to determine the unknown coefficients A(")
and B( ;- Inserting the expresswn of the spatial potentials for both the exterior and
mterlor reglons i.e., Egs. (3.4)—( , mto continuity COHdlthnS at the interfaces and the
free—edge boundary conditions, Eqs and ( . , gives

igA . . i . .

_ 720(2)61/6(% cos B+yn sin B) Z ime_lmﬁJm(kRn)elmO"

m=—0oo

oo o

+ Z Z A(n) H,, kan)Zl(z)eime"

m=—oo [=0

N o0 oo o0
+ Z Z ZA(J) Z (_l)m Hypr (kanJ) m/(klR ) i(mozj,nfm’om,j)eim’on
1, m=—o0 [=0 m’'=—o0
?;en
Z Z B( )J (ki Rp)Yi(2)e ™o, —h<z<0,
m=—00|=—-2
(A1)
i0A . ) > . .
o iZo(Z)elk(z" cos B+yn sin B) Z imeflmﬁkJT/n(kRn)elmG,L
+ 3 S AWk H (kiR Zi(2)e ™0
m=—00 [=0
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+3° 3 Y AP kZiz) ST (1™ Hyp (ki Ry ) Ty (i Ry )05 = ) im0
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Z Z B mJ (ki Rn)Yi(2)e™fn —h<2z2<0,
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oo oo B(nlfM(nml) im0,
Z Zx*ﬁﬂrl—( 2/g)7° =0 (43)

s l vin,m,l) .
e =, A4
m;w ZZ 1= (@) (A4)
where
far(ny,m, ) = R262J" (ki Ry) — mP0Jy, (kiR + Rukpvd), (ki Ry), (A5)

fv(n,m,l) = REx}J" (kiR,) — (2 — 0)Rym?ryJ), (k1 Ry)

A6
+ R2R2I! (kiR,) — (v — 3)Ym2 T (ki Ry) — Rk ), (k1 Ry). (A6)
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After multiplying both sides of Eqs. (A1)—(A2) by Z¢(z)e™ '™, integrating in 2 €
[~h,0] and 6,, € [0,27] and using their orthogonality characteristics, Eqgs. (A 1)—(A 2)
can be rewritten as

A n)H AC + Z Z Am (AC H,,_ -r(kCR J)JT(kCRn)ei(mOéj,n—T(xn,j)
j=1, m=—c
j#n

_ Z Brl KIR )Y*l c= 7’450 CACelk(zn cos B+yn sm,(i’) _ITBJT(kRn)7
l==2
(A7)

N [’}
A ke HL (ke R)Ac + 3" 3 AV Ac(=1) Hyor (ke R ki JL (i Ry )l (05 =7 00m0)
j=1, m=—o00
J#n
_ Z BE’Z)HZJ;'(KIR")}/LC _ %507414(6%(1” cos B+yn Smﬁ)iTeﬂTﬁkJJ_(k’Rn),
1=—2

(A8)

where

Z3(2)dz =

/O Sinh(klh) COShQ(klh) + k‘lh, (A 9)
_h 2k cosh(kih)

ky sinh(kh) cosh(keh) — k¢ cosh(kih) sinh(kch)

0
Yie= [h Yi(2)Z¢(2)dz = (7 — 2) cosh(sh) cosh ke h) . (A10)

In a similar way, after multiplying both sides of Eqs. (A3)-(A4) by e 7% and
integrating in 6,, € [0, 27], Eqgs. (A 3)—(A 4)) can be rewritten as

i BY) far(n,7,1)

=0, A1l
= xml + 1= (w?/g)y (A11)

i B fy (n,7,1)

o xk] 1= (w?/g)y =0 (#12)

)

In order to evaluate the unknown coefficients A( )l and B\" (n we truncate all infinite

m,l’
series of vertical eigenfunctions at L, i.e., (L + 1) terms (I = 0, 1, L) for A("
and (L + 3) terms (I = -2, -1,0,1,---, L) for B! )l, and we take (2M + 1) terms
(m=-M,---,0,---, M), resulting in 2N(2M + 1)(L + 2) unknown coefficients to be
determined. After taking (r = —-M, ---,0,---, M)and ((=0,1, ---, L) in Eqgs. (A 7)—

and (A11)-(A12), a 2N (2M + 1)(L + 2)-order complex linear equation matrix is
obtained, which can be used to determine the exact same number of unknown coefficients.
Here, M and L should be chosen large enough to lead to accurate results. In all the
theoretical computations as given in this paper, M = 10 and L = 10 are used.
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