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I. SPATIALLY CORRELATED DISORDERS

If the random disorder ensemble (characterized by its spatial refractive index fluctuations) drawn from a particular
probability distribution is considered as a spatial random process, then according to the Wiener—Khinchin theorem,
the randomness power spectrum of the disorder can be estimated by the spatial Fourier transform of its correlation
function. Therefore, to create a random disorder with a particular correlation length, either the spatial correlation
function (in real space) or the randomness power spectrum (in the spatial Fourier space) could be used. Here, we
use the Fourier space method (as described in the Supplementary Sec. TA), for generating a uniformly-distributed
Gaussian-correlated disorder. The disorder is represented in terms of the spatial dielectric-constant perturbation
0€:(z,y) defined such that it is uniformly distributed with zero-mean and has a Gaussian spatial correlation. To
characterize the disorder, variance is defined as vargisordger = (06,(r)%) —(6€,.(r))? = (66.(r)?). The spatial correlation
function can be defined as R(kyes7, krefro) = (06 (kresz, kresy)0€r(kresz0, kresyo)), where R(kresr, kresro) is the un-
normalized spatial correlation function. For a statistically homogeneous disorder, R(kye T, krefro) = R(kreg|r — 70])-
It can be noted from the definition of the disorder variance that R(kycs70, krefro) = R(0) = vargisorder. Therefore, to
represent the un-normalized spatial correlation function of the disorder, R(0) value can be combined with a normalized
correlation function Cyisorder(Kref|T — ro|) as given below

R(kref|r - TOD = R(O)Cdisorder(kre”r - rOl)a (1)
where the normalized two-point Gaussian spatial correlation function, Cyisorder (kres|r —70|) for d¢,.(r) as the following

Cdisorde?“(kref‘r - TO|) = ei(kmf‘rirOl)Z/(kgﬂfli) (2)

The power spectral density of the disorder (Ppsp(p:,py)) is defined as the Fourier transform (F) of the spatial
correlation function.

PPSD (pzvpy): f{R(kref|T - TOD} = ’Uardisorderf {Cdisorder (T7 lc)} (3)

where p, and p, are angular spatial frequencies. Having reviewed the essential concepts, using the numerical algorithm
given in supplementary Sec. I A, a uniformly distributed-spatially correlated disorder is modeled.

A. Method for generating uniformly-distributed spatially-correlated disorder

The steps for estimating the uniformly-distributed Gaussian-correlated disorder are given as the following.

1. Estimate delhite = £££2(5e?""¢(2, 1)) where ££t2 is the two dimensional Fourier transform and de*hit¢(z, y) is
the white-noise like uncorrelated disorder generated from a uniform probability distribution.

2. Take an element-wise product in the Fourier space to obtain §e52" = §e& ¢ F {Cuisorder (T, 1c)}

3. Apply inverse Fourier transform to estimate the correlated disorder in the real space with spatial correlation
length ., given by 0€2°""(z,y) = ifft2 (0€f2]") where ifft2 is the two dimensional inverse Fourier transform.

4. Normalize 0€2°""(z,y) by dividing it with the standard deviation of the matrix elements. This results in a

Gaussian distributed (with unit variance) and Gaussian correlated (with correlation length I.) disorder.
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5. To transform the Gaussian distributed-Gaussian correlated disorder to a uniform distributed-Gaussian correlated
disorder, a Gaussian cumulative probability distribution function (C.D.F) can be used. A zero mean Gaussian
C.D.F takes a normally distributed random variable and converts it into a transformed random variable between
(0,1) giving a uniform distribution. Hence, every matrix element of Gaussian distributed-Gaussian correlated
disorder can be transformed between (0, 1) using the Gaussian C.D.F. Such a uniformly distributed disorder
between (0,1) can then be scaled between min {(56“”1“‘3} and max {56“’}‘”5} to have similar spread in values
with that of the uncorrelated white-noise like disorder.

6. Real space spatial correlation of the obtained disorder can be numerically estimated and validated against the
l. value used for defining the correlation function by the following method. It involves the Fourier space method

for evaluating spatial autocorrelation of a 2D matrix. For an M x N correlated disorder §e°""(z, y),

Raisorder (kreg|r — ro|) = |1££t2 [£££2(0e”) (£££2(0€;°"))*] |/ (MN) (4)

where * denotes complex conjugation. Numerically estimated correlation length can be defined as the length at
which the correlation function decays from R(0) to R(0)/e.

II. NUMERICAL DISCRETIZATION SCHEME IMPLEMENTED

To represent the analytical functions presented in this paper as functions of z and y in numerical computations,
we use numerical grids from the finite difference methods. These numerical grids have a finite grid cell size, A, and
A,. For the analytical expressions given in the paper to be exact on the grid, A, and A, would need to tend to zero,
which is practically infeasible due to the memory and computational processing limitations. Therefore, A, and A,
are chosen as a trade-off (to be explained later) such that they are small enough to resolve wave states on the grids
(especially evanescent eigenmodes), but not so small as to exhaust available memory and the processing capacity. Let
there be IV, grid points/nodes along the z direction and N,, along the y direction so that the total number of grid points
is N.N,, with the grid spacing A, and A,. The longitudinal size of the region is then (N, — 1)A;, and transverse
size is (N, —1)A,. Let the indices be z; = [1,2,..., N;] and y; = [1,2, ..., N,]. Then, the discrete values of z and y are
given by z = (z; — 1)A, and y = (y; — 1)A,, respectively, which form an array of values for z and y. Additionally,

we define W = (N, — 1)A,. The analytical form of the propagating eigenmode, wﬁpr(z,y) = ﬁeiik?")zxm(y),
needs to be discretized as follows. Let the discrete version of 7/%,,”(2’17 y;) on the finite difference grid be written as
k() —
¢:@,pr(ziyyj) = C:_ne-sz A(z—1) Xm(yj) (5)
O pr(2:)

where the coefficient ¢;, is determined next, using the fact that the wave current injected by all normalized eigenmodes
are unity. Here,

2 m
om () = |30 kS A, (4 — 1)} (©
with the discrete form of orthogonality relationship given by

> X (U)X (U)Ay = Seron (m,n) (7)

Yi

The magnitude of the Z component of the flux density of the m** eigenmode is defined as
ém)(z,y) =TJm {wfn(z,y)%z/)m(z,y)}, where Jm refers to the imaginary part. Using the centered first-order finite

difference formula,

d (I);:,L r Z; + 1) — (I):’;L " Zi — 1
Lz = D) B G2 L) ®)
dz ™P 24,

the discrete version of the flux density along Z can be evaluated as

(m) Xm(yj)2 + « d + + d + *
Jz (Zzay]) = 722 {<I>m7pr(zi) %Qmmr(zi) — ém,pr(zi)$¢m7pr(zi) } (9)



which, upon simplification yields,

2 . (m)
(m) (5 oy = XmWi)™ J oo 2 [sin(ks"Az)
Jz (Zz7yj) 2% {22 Cm < AZ (10)

Next, we numerically enforce the wave current (or flux) injected by the propagating eigenmode to be unity. Integrating
the Jz(m)(zi, y;) along Y (using discrete summation) to get the total flux and equating to unity,

2 (sin(k]'A,
ZJ Zzay] Ay =1 = ZXm(ijAyCz—@ ((A)> =1 =
Y; i

k( 1
C+2 S’Ln me y =1 — ¢t = ——— (11)
mn / m sin(kim)Az)
A,

=1

Substituting for ¢;, into ;% (z;,y;), the discrete form of eigenmode is obtained as

oE (2:)

1 kAL (2 —
Ui o (20, 4)) = —m———==e™"" 25Dy (y)) (12)
sin(ki’”)AZ)
AZ

This discrete form of eigenmodes ensures flux conservation upon discretization and approaches the continuous analytic
1 k(™ sin(k{™A:) £

fOI‘IIl wmpr( ay) = \/W A,

. In

*Xm(y), in the limit A, — 0 and A, — 0, since lima, 0

numerical implementation, the product k(m)Ay is treated as a single term (dimensionless) to avoid precision errors

when evaluating x,,(y), since k:( ™ g significantly larger than A,. Similarly, k™A is also treated as a single variable.

For the evanescent modes where k(m) = zki 62,7 the analytical expression

i
fl)ﬁ,ev(z, 2L/R) = |k1(’")| e~k z=21ml gets replaced by its discretized form given as
z
1 (m) .
+ _ —k Az |zimzip
q)m,ev(ziv ZiL/R) - e LR (13)
sin(\kim”Az)
A,

Here, the subscript L/R denotes the left (L) or the right (R) boundary. Next, we discretize the continuous analytical
2
dispersion relation (kgm)) + (]4;3(]")) = k2, f)' By substituting the discrete form of eigenmodes in the discrete

Helmholtz wave equation, the discrete dispersion relation is obtained as

4 (KAL) 4 L (RTAN
stn( 5 +A—%sm 5 L) =kl (14)

z

Taking the limits, lima,—o and limA, — 0, the continuous analytic dispersion relation is recovered.

For ease of implementation in numeric computations, we set A, = A, = A and A is chosen such that it adequately
resolves the evanescent eigenmode with the highest transverse spatial frequency, kg(,n;”,),ax = Miotaim/W where Myorar =
M+ M., is the total number of eigenmodes considered. The discretization resolution is chosen such that kzg(,%axA =1.
Similar to that of eigenmodes, the unperturbed Green’s function is also discretized for numerical implementation
as follows :

Go(zi7yj7201,yoj~) =

Z d,, R 18 (i, )I\/;Sln (k(m)A (y; )) \/gsin (kém)(yoj - 1)) (15)



where,

1 .
P ETIGZ- VA for propagating modes, m < M,
dp = A (16)
W, for evanescent modes, m > My,
AZ

III. ESTIMATING THE PERTURBED GREEN’S FUNCTION G(r, 7o)

k=NFPNF
The discretized Dyson’s equation in 2D is G;; = GZ(»?) +> Ggg)VkAm«eaij where k is used as a index.

The entire computational domain which includes the disordered perturbation region and the surrounding region for
field visualization, has the size of [N, x N.]|. The disorder perturbation region has the size of [N?f x NF], which is a

subset of the computational domain [N, x N,]. Therefore, there are NI NI scatterer perturbation points. Here, the
index ¢ denotes the field evaluation location accessed linearly as a 1D array. Similarly, the index j denotes the source
location accessed linearly as a 1D array, placed on the boundaries I';, or I'g. The index k accessed linearly as a 1D
array, is associated with the locations at which the scatterer perturbation exists. Two methods are presented as the
following where the first method is the direct matrix inversion method. Such a method is easier to understand, but
it is memory intensive. The second method is the iterative method which requires iteration steps, but it is memory
efficient.

©)
1] ?
evaluation points of size N, N, for visualisation purposes, k spans all the IV P Nf scatterer position points where the

Both the methods start by estimating the free space Green’s function ng) and G;.’, where i spans all the field

perturbation is about to be brought in, and j the N, points associated with the left or the right boundary. Ggg) is of

the dimension [NyNZ X Nyp NF ] Other Green’s function terms to be appearing in the methods can be derived as a
subset from Ggg) and GZ(-?).

A. Direct method

Step 1 : Using the Dyson’s equation, solve for Gy; for different locations of k = k1, kz, ks, ..., kaNf and a given j
location '

Aarealej
[ 1 AareaGryj
_ ~(0) (0) (0) (0) area T ko j
Grij = lej + lelekl Gk1k2vk2 kikyp P Vkafo (17)
L y Nz 2
AareaGk(Népr)j
Aarealej
G _G(O) -G(U) Vi G(O) v, G(O) v | AareaGkgj 18
ki = k2j+ kaks V1 kaky V2 o kaknp P kaNf ( )
L y Nz 2
AareaGk(NéaNf)j
.
.
Aarealej
AureaGryj
- (0) (0) (0) (0) area T ko j
kovewpd = Ghopngyi T | Chovpwp i Vi Criypyp i Voo Ohip o g e Vinenp (19)
AareaGk

(Ngl’Nf)J



These set of equations can be written in a matrix form as

(0)
Gy j lej
' )
haJ @
Ckaj = Gy +
G np)i (0) .
v k(Nfo)J
(0) (0) (0)
Chaks Vi ks Via lekwfw%vk(Nfo) A G
(0) (0) (0) ' area*Thkyj
Gk2k1Vk1 Gk2k2Vk2 Gk2k(NPNP)Vk(NzPNP) AgreaGryj
0 (0) o ’ AureaG
areaTksj
GClighy Vi Gk Vo o GkSkmfwﬁv’“waJ’) . (20)
* ¢ : : AareaGk<Npr)j
(0) (0) v G v = Ny
NN TR konpopiko Vk2 oo knPNP R nP NPy F(NPNP)
(NPNP) (NPNP) (NPNPYR(NPNE) LN

M

Representing the same system of equations as a matrix equation, Gy; is solved involving an M matrix (M matrix
defined in the above given equation), as given below

(Grs) = |G| + M1 [Gry] —
(Gl = 11— 1)) 6] (21)

Step 2 : Once [Gy;] is obtained, evaluate [G;j] for a given j

0
G, el
1] Eb
& o
Gi3] — Gigj
Gi(Nsz (0)
LNz Ny)J
(0) (0) (0)
Gk, Vi Gy Vi inkovp oy VEGVENE) N
(0) (0) (0) area'Tkyj
Gizklvkl Gizk)szz ZZk(NfN}f) k(NfN;D) Aarea koj
(0) (0) (0) ‘ AoreaGrai
) > . J
Glgklvkl Glgkzvz€2 Glsk(Nfo)Vk(Nfo) ‘ 3 (22)
o ' V. qo v ' ao ’ v Aa"eaG’f(Nfzv;)j
i, Ny K1 k1 UN 5 Ny) K2 ko eee i(NzNy)k(NfN:f) k(NzPNf,D)

where there is IV, N, field evaluation points due to NNV it NyP scattering particles. With step 1 and step 2 evaluated for
different source locations j, G;; can be fully solved. Although the direct method presented in this subsection is short
and easy to understand, it is memory intensive because of the formation of the large non-sparse M matrix (of size
NZPNf X Nfo) and the associated inversion process in the Eq. 21. Also, the free space Green’s function Ggg) needs
to be evaluated for the i corresponding to the entire [N, x N,| grid for the purpose of visualization. The location k
needs to be spanned through all the scattering particle locations (to evaluate the M matrix), consuming memory. To
save memory the following iterative method is used instead.

B. Iterative method involving slices of scatterers

In the iterative method, the total scattering block is divided into slices and the Green’s function is updated
accounting the scattering effect of the slices taken one at a time. As an example, let’s say the entire scattering region



6

is divided into 10 slices. Ggg) needs to be evaluated like before for the source k location spanning all the particle

positions. GE?) is also evaluated where j is on I'y, or I'r. Accounting the scattering perturbation of slice number 1

yields the new updated Green’s function Gg;). While evaluating GE;), the source k locations needs to be only those
scatterer positions where the remaining 9 slices are to be brought in and also on the boundaries. One could overwrite
the ng) array data (only for the source locations of the particles to be brought in, corresponding to the remaining
9 slices) for saving memory. Now the second slice is brought in and Ggi is used to evaluate G(k accounting the

scattering effect of the second slice. For evaluating le , the source k locations needs to be only those scatterer
locations where the remaining 8 slices are to be brought in and also on the boundaries. The method is repeated by
bringing in the remaining slices one by one and updating the Green’s function by overwriting the previous version,
for the remaining particle positions. Therefore, the process becomes faster upon progressing through the slices.
First, let the first transverse slice of the scatterers be chosen, numbered 1 : N?f denoted as 1 — Nf . Solve the
Eq. 20 just for the first slice.
Main step 1 for the iteration method involving the first slice of scatterers

o Sub-step 1:
0 0 0
(1) (0) G;vl)kl Vkl G](Cl)kz Vk? o G](ﬁ)k P Vk NP (1)
lej Gk1j 0) (0) ( )<N“) "y Aarealej
0 0 0
G;(clz)y ch?j Glak, Vi Gy Ve oo Gk2k<w§> V’“<N§° ) AareaG/(le)j
(1) (0) 0 0 0 (1)
Gksj — Gk3j —+ G;Cg)kl Vk1 G/(Cg)kz VkQ cee G](CS),€<N5) Vk(N;o) AareaGij (23)
(1) (0) : : ' R
koo ko opi (0) (0) (0) DareaGy
(Nf’)] (N?f’)] Gk(NéD)kl k1 Gk(N;D)kQVk .ee Gk(N;’)k(Nf)Vk(Nf) ea (N?f)]

(0)
A=~

o Sub-step 2: Representing the above given system of equations as a matrix equation, Gg() oy is solved involving
1—

Y
the M((SL NP) matrix (defined in the previous equation), as given below

(1) _ | ~(0) (0) (1)
|:Gk(l~>N5)j:| - {Gk(HN,g)j] + [M(lﬁNf)} {G@HN{;)J
(1) _ (0) O
{kaw} = 1= M ]| [Gk(lw)j} (24)

e Sub-step 3: Once [G,(Cl(i NP>j] is obtained, evaluate [G(;)
— Ny

;'] for a given j

0
(1) O G Vi, G

(0)

] ik inky Ve e Gilkm;’) Vi) AgreaGl)

& (0) (0) 1
Gq(i 4 G(Og Gigk, Vi kaz Vi, oo Gi"‘ka) Vk(Nf,’) AareaGl(vlz)j

(1 © 0 0 o (1)
Gisj = Gls] + Gz(‘gl)cl Vi Gz(’gl)cz Vi, Gz('3l)c(Np) Vk(NP) AareaGksj
o) a0 : ‘ A G
) . i . (0) (0) (0) area I i
L(NzNy)J (NzNy)J Gi(NZNy)thl GZ(N N )kQsz Gi<NzNy>k(N5’)Vk<Nf) Py

e Sub-step 4: Before moving onto the next main iteration step (main iteration step number 2), the following sub-
| and [GE,? ] to be used in the next

step evaluations has to be performed to estimate [G(l
(NJ+1—-NIND)

(1—>NP) (NJ+1—-NENE)
main iteration step. Here (N §y+1— NPNP ) corresponds to the remaining scatter position where the perturbation is
brought-in in the future iteration steps by 1ntroducmg slice number 2,34 etc..

Using Eq. 24,

k

-1
(1) _ (0) (0)
Gk(lHNg)k(N5+1~>N5N§):| - [I [MUHNP)H |:Gk(1~>N5)k(N5+1~>N5N§) (26)



Taking Eq. 25 and substituting for j as k( NP41-NPNP), together with the above given equation,

] can be estimated. The estimated [Ggi

[G(l)

Zk(N‘E#»lA»N{;Nf)

0
taken by GZ(.k).

)

(NJ+1—>NINP)

Main step 2 involving the second slice of scatterers denoted by Nf +1— 2Nf,

e Sub-step 1:
2) (1)
G! , G .
kg 1)d kovp g
(2) A oW ‘
k(N5+2)j k<N§’+2)J
(2) G(l)
kovpand | Fovpamd | T
a? ‘ 1) .
kanpyi kanpyd
1) (1) (1)
el Vi G Vi G Vi
kovPankvp i PPy T Rve i kve e RvP+e) kv inkene)  Fevp)
1 1 1
I(c ) k Vi P I(c ) k Vi P .gc ) k Vi P
(NP+2)R(nP 1) TNy +D (NP R P 12y TV 42) (NP kenp) T TenD)
(1) . (1) Vi (1) A
kvpiakovp i "D TRvp s kvp ) T TV 42) kvpimbenp)  end)
G(l) A (1) A G(l) g
k(2N§)k(N5’+1) (NF+1) k(2N5)k(N§+2) (NP +2) k(zwg’)k(zz\rf) @NP)
)
(N,5+1—>2N5)

o Sub-step 2: Representing the above given system of equations as a matrix equation, fo

involving the M((l)

(2) — M
|:Gk(N5+l~>2N,5)j:| - |:Gk(N5+1~>2N5)j:| + |:

(2) _|r_ )
[Gk(N5+1_,2N5>j] = {I {M(NgjLHzNg)

e Sub-step 3: Once [G,(f)

(2) (1)

o o

e e

Giyj = Giyj +

@) O

LNz Ny)J UNzNy)J
(1) (1)

Gi1k<N5+1)Vk(N5+1> ik np o) Vk<N5+2)
1) (1)

G! G! Vi
i2k(Np 1) knpa) 2k (NP 2 knp+2)
(1) (1)
iSk(N5+1)Vk(N5+1) isk(N5+2) Vk(N§+2)

(1) (1)

Gi(N Ny k(P Vi NP i ko yp ‘/(k p
2Ny (NP +1) (N +1) (NzNy)F(ND +2) Ni+2)

N5+14>2N5)

(NP +1—2ND)T

G(l)

i

matrix (defined in the previous equation), as given below

} { (2)

(Ny+1=2N]) k(N5+1~>2N5)j
-1

" e

] is obtained, evaluate [GSJQ)] for a given j.

) _
k(N5+1—>2N5)]

(1)
Gilk(zNi)
(1)
G’Lgk‘(2N5)
(1)

i3k(2N§)

Vk(2N;’>

k(2N5)

Vk(2N;’>

NNy Fenp)

keanp)

2)
Ao
area k(Nerl)J

A (2)
area k(N5+2)J
A (2)
area k(N§’+3)J
2)
A (
area k(QNJ’)j
)
(NP +1—2NP)J
(2)
Agrea k(N5+1)j
(2)
Agrea k(N5+2)j
A (2) )
area k(N5+3)J
@)
AareaGk@N;:)j

] can be overwritten upon the existing memory

. is solved

(28)

(29)

e Sub-step 4: Before moving onto the next main iteration step (main iteration step number 3), the following

sub-step evaluations has to be performed to estimate [G 2
(NJ+1—2NE)

k(2N§+1—>N§N§)

| and [G

(2)
ik

@eNF+1->NINT

)] to be used



in the next main iteration step. Here (2]\75 +1— Nypr) corresponds to the remaining scatter position where the
perturbation is brought-in in the future iteration steps by introducing slice number 3,4,5 etc..
Using Eq. 28,

2) (1) (1)
el = [I [M , 30
k(N5+1—>2N§)k(2N5+1—>N§N§) (N5+1 >2N,5) k(N5+l—>2N5)k(2N5+1—»N5N§) ( )

Taking Eq. 29 and substituting for j as kunri 1Nz N7), together with the above given equation,
[G(Z) ] can be estimated. The estimated [G(2)

& & | can be overwritten upon the existing memory
R@aNP+15NPND) R@aNE 15 NEND)

taken by Ggi). Following the same logic, the main step 3 involving the slice of scatterers denoted by 2Nf +1— 3NyP
can be evaluated. The iteration process continues until the last slice of scatterers are brought in, obtaining the fully
perturbed Green’s function Gj; .

IV. HOMOGENEOUS BOUNDARY CONDITIONS SATISFIED BY THE GREEN’S FUNCTION AND
THE EIGENMODES

oo
G(Tv T0)|z<zo,(z,y)€FL = Z G 7yaZO7y0)|z<zo, (z,y)€l'L, — Z gm ZOvyO (Zvy)|z<zo,(z,y)€FL (31)

Gm(2,9,20,90)|2< =g, (z,v)er,

G(T‘, r0)|2220,(Z,y)€FR = Z GM(ZuyaZ(JayO)|zzzo,(z,y)€FR Z gm 2073/0 ( y)‘zzzo,(Z,y)el‘R (32)

m=1

Gm (Z Y,20, yO)'zzzo,(z,y)EFR

Both the propagating and the evanescent eigenmodes satisfy the following homogeneous boundary condition at the
boundaries 'y, and I'g,

0
55 Y (2 y) FIkTYL(2,9) =0, (33)

where in particular k:(m) = zk‘z .cv for the evanescent eigenmodes. As the disorder perturbation doesn’t change the
boundary conditions of elgenmodes associated with the outgoing Green’s function waves, the following homogeneous
boundary condition can be formed in terms of G,,(z,y, 20, yo) similar to that of Eq. 33.

) .

{&Gm(ra TO) + Zkg )Gm(r; TO)} |z<zo,(z,y)€FL =0 (34)
9 - om

{asz(ra TO) - Zki )G»m(’l“, TO)} |ZZZQ}(Z,y)€FR = O (35)

V. SIMPLIFYING KIRCHHOFF-HELMHOLTZ BOUNDARY INTEGRAL EQUATION

As there is no flux flowing out of the transverse boundaries I'y and I'p, the boundary integral equation Eq. 16 can
be simplified as

/ {E(r)azG(r, ro)és — G (7o) 2 B(r)é } [egpers - (—&2) dy+

95
0z
- o ~ 0 =~ R -
[ [E05-6 ) e = G rir0) 5 BG)ee | e - éxdy = E o) [y rco



There is a minus sign associated with the —é,dy on the first integral of the L.H.S in Eq. 36. This is due to the sign con-
vention that the surface normal 7 points outwards on I'z, which is in opposite direction to é, a% terms. The boundary in-
tegral equation Eq. 36, can be further simplified as both G(z, z, y, yo) and the total field E(z,y, 2o, Y0)l(z,y)erLor(z,y)eTx
can be expanded in terms of eigenmodes 1 (2, Y)(zy)ers . followed by the use of associated boundary conditions to
be explained as the following. Let the wave incidence be from the left side of the disorder onto I';,. The total wave
on T'y, is the sum of incident wave modes and reflected wave modes. As the E(z,y) in Eq. 36 is the total field, the
first step to simplify is to provide explicit expression for E (z,y) close to the boundary 'y, and T'g followed by the use
boundary conditions involving z derivatives of E(z,y) and G(z,y, 20, yo) to be explained in the following section. For
(z,y) €',

E(z,y) = E™(z,y) + E™!(2,y), (37)
Mtotal
where Eznc(z Yy |(z,y)€FL = Z Cme ( ) (38)
5 h <M
such that ¢ (2) = ¢m,pr(z) when m < Mpy and
¢y e0(2,21) when m > M,
Niotal B

2 " - - &5 o (2) when n < Np,
Er Iz = y h that = n,pr 20

efl(z y)|( vt ngl " X"(y)(b ! (Z>SUC a ('bn (Z) { ¢E,ev(z7 ZL) when n > Npr ( )

Mtotul

and r,, = Z Snm et o

Here, r;, is the reflection coeflicient. Substituting equations Eq. 38 and Eq. 39 in Eq. 37, and using the property of
the Kronecker delta function, the following is obtained.

Niotal Mtotal Niotat Mtotal

E(Z Yz yer, = Z Z O (2)Xom (Y) Oeron (1, m) |(zyers + Z Z ST Xn (Y) ¢y, (2 2)|(zyyer, (41)

Due to the Kronecker delta on the first term on the R.H.S of the above given equation, the index m can be replaced
by n to obtain

Ntotal I\Jtotal Ntotal
E(Z Yy ‘(z,y)EFL Z Z AS {¢+ Xn 5167‘0%(” m) + Sll Xn )QS;L(Z)} = Z En(zvy)‘(z,y)érz, (42)
n=1

En(zvy)l(z,y)EFL

Eq. 42 denotes that the total field on I';, can be written as a series summation involving En(z,y)|(z’y)€pL waves.

Next, the boundary condition associated with En(z7 Y)|(z,y)er,, waves for simplifying the boundary integral equation
is provided.

2ik Eine(2, ) eyery, i 1 <1 < Mygtar

: (43)
O, if n > Mtotal

%En(za y)|(z,y)€FL + zkﬁ")En(z, y)l(z,y)eFL = {
where Ein¢(z, Y| ers = bt (2,9)| (2 y)er,, is the n' eigenmode term associated with the incident wave incident

on the disorder from the left and ké”) = zk:g"e)v for evanescent waves. Next is to evaluate the transmitted total field
on I'r due to the wave incidence from the left side upon I';, and the associated boundary condition.

Niotal
E(Z, y>|(27y)€FR = Etmns<za y)|(Z,y)€FR = Z trt(br—t(z)Xn(y)‘(Z,y)EFR (44)

n=1
pr(2) when n < N,
4 eo(2, 2r) when n > Ny,

L
such that ¢, (2) = ¢"
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where the field transmission coefficient term ¢} is related to the transmission matrix Sa; by

th = S Mrotar gnm et (45)
Therefore,
Ntotal Mtotal
E(z9)|¢ypern = Y { Cﬁzsﬁlfﬂ} O (2)Xn (V) |(z)ern (46)
n=1 m=1

En(zvy)l(z,y)el"R

Z Z Y |(z,y)€FR (47)

Similar to that of Eq. 43, one could form a boundary condition for E,,(2,%)|(z,y)er, on the right boundary I'r as given
below, to be used to simplify the boundary integral equation given in Eq. 36. This homogeneous boundary condition
can be easily verified using equations Eq. 46 and Eq. 47.

9 - .
@En(zay”(zy)el‘a - Zkg )En(za y)|(z7y)€FR =0 (48)

A key aspect of simplifying Eq. 36 is to substitute the basis expansion for G(z, 29, y, yo) = E%”;“l G (2,9, 20, Y0)

and E(z, y)|(z7y)epL/R = Zg"’l’“’ En(z, y)‘(z’y)erL/R and their corresponding boundary conditions while simplifying.

f {Zn Eﬂ(zﬁy)% Zm G’m (Z7y7 20, Z/O) éZ - Zm G’m (Z7y7 20, ZIO) % Zn E’rb(zay)éZ} |(z,y)€FL : (_éz) dy +
f {Zn En(zvy)% Zm Gm (Za.% ZO>y0) éz - Zm Gm (Za.% 20>y0) 5% Zn En(za y)éz} |(z,y)€FR : ézdy

= E (20, %0) | (z0,50)€9 (49)

As there is a xm (y) in G (2,9, 20, %0) and a x,(y) in E,(z,y), due to orthogonality relation that I xXm (Y)xn(y)dy =
Okron(m,n), y integral of all the cross product terms where m # n, is zero. Hence only the terms m = n remains
non-zero. Therefore,

fzn {En(Z,y)%Gn (Za Y, ZOvyO) éz - Gn (Zaya ZO7y0) %En(za y)éz} |(Z,y)€FL : (7é2) dy +

fz { Z y) aan (Za Y, ZOaQO) € — Gn (Za Y, 207y0) %En(za y)éz} |(z,y)€FR : ézdy = E (ZO7y0) |(zo,yo)€Q (50)

Substituting the previously obtained boundary conditions (equations Eq. 35, Eq. 48, Eq. 34 and Eq. 43) in the above
given form of boundary integral, the following simplified expression is obtained after some simple calculations.

/ZQZ’{I(" E’an )Gn ( Z,Y, ZanO) |(z,y)EFLdy - (ZanO)‘(zo,yg)eQ (51)

One could safely add a summation )", = to the G,, (2,9, 20, yo) term in the above equation due to the orthogonality
relationship [ Xom (¥)xn(¥)dy = dkron(m, n). Therefore, the meaning of the integral given in Eq. 51 doesn’t change if
it is written in the following form

/ Z QZkgn)Equnc(Zv y) Z Gm (Zv Y, 20, yO) |(z,y)€1"L dil/ = E(Zm y0)|(zo,yo)EQ (52)
Replacing the expression for Y G, (2,y, 20, yo) as G(z, Y, 20, Yo) and changing the index n to m, the boundary integral

takes a simpler form as given below. For wave incidence only from the left to right of the disorder (incidence onto I'z,),

Miotal
Z 2Zk,(zm) /E;L:Llc( )G (Za Y, ZanO) |(z,y)€FLdy =K (307y0) |(zo,yo)€Q (53)

where E%Lc(z,y)|(z7y)€h = it (2,9)|zayery » kgm) = zkggq)) when m > My, and Mypqr = Mp, + M,,, the total
number of eigenmodes considered.
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VI. DERIVATION OF GENERALIZED FISHER-LEE RELATIONSHIPS

Generalized Fisher-Lee relations are obtained by substituting expression for the total field E (20, Yo) in the boundary
integral equation and solving for the reflection or transmission coefficients.

A. Derivation for So;

Let the wave incidence be from the left side of the disorder onto I';,. For estimating the transmission matrix Soq,
need to take (zp,yo) € I'r. Then the simplified boundary integral equation becomes,

Miotal Niotal

Z 2ik§m)/E:gc(zvy)G(Z7yaZO»yO)dy|(z,y)€FL&(zo,y0)61"R :E(207y0)|(20,y0)61"R = Z En (203y0)|(20,y0)€1"R
n=1

Nt,otal

= Z tr—tXn(yO)(bjL_(ZO)‘(Zg,yo)GFR
n=1
Niotat ( Mtotal

=SS s bt ol 69
n=1 m=1

Since this equation holds for any incident wave represented by any set of ¢, values, one can collect the terms
multiplied by ¢;}, and spanned by ZM“’“” on both the L.H.S and R.H.S, and solve for S5"

Niotat
2Zk,(zm) / ¢747_1, (Z)Xm (y)G <Z7 Y, 20, yo) dy'(z,y)GFL&(ZO,yo)EFR = Z SSIMXTL (y0)¢: (Z0)|(Zo,y0)€FR (55)

Using the orthogonality relationship involving x,(y) and integrating with respect to yo on both sides of the above
given equation,

2¢k§m>¢;(z)// Xm(y)G(ZvyaZOvyO)Xn’(yO)dydyO‘(Z,y)EFL&(zo,yo)EFR 2531/"@:/(30)&06% (56)
Yo

Simplification : Rename n’ as n and let z be positioned at 0 on the left boundary and zg = zr at I'g on the right
boundary. Therefore,

27’k.§m)¢n+1(z = O) // Xm(y)G (Z = ana 20 = ZRvyO) Xn(yO)dydy0|(z:O,y)EFL&(zozzR,yo)EFR =
Yo

Sglm(b'r_‘z—(zo = ZR)|(20:ZR)€FR (57)

Mathematically, there are 4 different possibilities with respect to the nature of incident and transmitted modes.
Case 1 : Both input and output modes are propagating m < M., and n < Npop

-7.(m 1 nm 1 ik(m) 2
2ik! )7( // Xm ()G (2,9, 20, Y0) Xn(Y0)dydyo| (z=0,y)er 1. & (z0=2n,y0)eTr = 521 ( )e+ RUER (58)
km n

Case 2 : Input mode and output modes are evanescent m > Mp,op and n > Nprop

QZki // Xm Z Y, 20, yO) Xn(yO)dydyOI (z,y)€rL&(20,90)ETR — 21 (59)
/ k(m Yo
Case 3 : Input modes are propagating and output modes are evanescent m < M., and n > Npyrop
2ik; W Xm ()G (2,9, 20, 90) Xn(90)dYdyo 2 yyer L&e(z0.00)Tr = 921 T (60)
kzm Yo kzn
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Case 4 : Input modes are evanescent and output modes are propagating m > Mprop and n < Nprop

. m 1 nm
20k )7// Xm(¥)G (2,9, 20, Y0) Xn (Y0)dydyol (2 y)er ;. &(20,y0)eTr = 521 —F— (61)
/ kgm)‘ y J Yo kgn)

)
Solving for Sa; for cases 1,2,3 and 4 (using the information that for evanescent modes ke = iy/ |k£m)|7 is

imaginary) are summarised in the Table III.

B. Derivation for Sy

Let the wave incidence be from the right side of the disorder onto I'g. For estimating the reflection matrix Sos,
need to take (zp,yo) € I'r. Then the simplified boundary integral equation becomes,

Miotar Niotal

Z 2ik,(zm)/Eirrzm(zvy)G (z,y,zo,yo) dy|(27y)€FR&(Zo,y0)€FR = Z E, (Zo’yo)l(zo,yo)GFR

n=1
Miotal Niotal

Z Z 6kron n m)(bT_L (ZO)Xn<y0) + Sgann(yO)(é:(ZO)] |(zo,y0)€FR (62)

Performing the same set of operations as used for the derivation of S7; and setting z = zg and zg = zg, the following
is obtained

2ik™ ¢, (2 = ZR)/ /xm(y)G (2 = 2R, ¥, 20 = 2R, Y0) Xn(Y0)| (2= 2r,y) €T r&(20=2r.y0) €T r WY AY0 =
Yo Yy
{(Skron(na m)(b (ZO - zR) + 52m¢+(20 = ZR } |zo:zR€FR (63)

Mathematically, there are 4 different possibilities with respect to the nature of incident and reflected modes.

Case 1 : Both input and output modes are propagating m < My, and n < Npop

oy € ZRRE
ZZkg [ — / /Xm(y)G (ZawaOvyO) Xn(yO)|(z:ZR,y)EFR&(zozzR,yo)EFRdydyO =
k‘,(zm) Yo Yy
—lsz(") —Hsz(")
Okron (12, M) Soa (64)
\/k(” \/k(”
Case 2 : Input mode and output modes are evanescent m > Mp,op and n > Nprop
amy 1
2Zkz I Xm(y)G (Za Y, 20, yO) Xn (yO)|(z:zR,y)EFR&(zo:zR,yO)EFRdydyO =
/ kgm) Yo vy
1
5kron TL ’ITL - (65)

k(" kY

Case 3 : Input modes are propagating and output modes are evanescent m < My,op and n > Nppop
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7Z‘ZRk(z‘m)

) ©
2k )()/ /Xm(y)G(ZayaZOvyO)Xn(yo)‘(z,y)eFR&(zo,yo)eFRdydyO =
kzm Yo JY

—zsz:<") g 1
22
A /k.(” kgn)

But dkron(n,m) =0, if m < Mpop and n > Npop.
Case 4 : Input modes are evanescent and output modes are propagating m > Mprop and n < Nprop

Okron (1, M) (66)

|
21]@2 )()/ /Xm(y)G(ZvyszayO)Xn(y())|(z,y)EFR&(zo,yo)eFRdydyO:
kzm’ Yo Yy

e-‘riszgn)

22 \/@

But dkron(n,m) =0, if m > Mprop and n < Npyop.

5kron ’I’L m
M

(m)
Solving Sz for cases 1,2,3 and 4 (using the information that for evanescent modes \/k|<7\ =i/ |k§m) |, is imaginary)

are summarised in the Table IV.

C. Derivation for Si»
Let the wave incidence be from the right side of the disorder onto I'g. For estimating the transmission matrix Sis,
need to take (zg,yo) € I'r.. Then the simplified boundary integral equation becomes,

Miotal Niotal
> Qikgm)/E%‘c(z,y)G(z,yﬂo,yo)dy\(z,y)erR&(zo,yo)erL = > En(20,%0) l(zop0)ers

m=1 n=1

Niotal ( Mtotal
5 { S m}xn<yo>¢n<z()>|<wem (%)
n=1 m=1

Performing the same set of operations as used for the derivation of S3; and setting z = zg and 2y = zr,, the following
is obtained

2k . (2 = 2p) / / )G (2 = 280 20 = 22, 90) X (W0 AYAY0 ] (s )T (o ep oyl =
Yo

S{gnqs;/(zo)kZo:ZL)EFL (69)

Mathematically, there are 4 different possibilities with respect to the nature of incident and transmitted modes.

Case 1 : Both input and output modes are propagating m < My,.o, and n < Nprop

—iszgm)

2 (m) € nm
2Zk,(z ) / / Xm(y)G (27 Y, 20, yO) Xn (yO)dydyO|(z:zR,y)€FR&(20:zL,yo)EFL = D12 (70)
\EM y Ty A

Case 2 : Input mode and output modes are evanescent m > Mp,op and n > Nprop

nm
S12

2'Lk \/T// Xm Z y»207y0)Xn(yO)dydy0‘(z zr,Y)ETR&(z0=2L,y0)ETL —
m Yo
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Case 3 : Input modes are propagating and output modes are evanescent m < Mpyop and n > Nprop

m eink( " nm 1
20k (™) —— // Xm (Y)G (2,9, 20, Y0) Xn (Y0)AYAY0| (=2 5,y) T n&e(20=21 y0)eTr = O12 —F—= (72)
k}(m Yo kg")

Case 4 : Input modes are evanescent and output modes are propagating m > M. and n < Npyop
s
k(n)

z

, 1
22762"”()// Xm (Y)G (2,9, 20, Y0) Xn (Y0)dYdYo| (z,y)er L &(20,y0) €T = (73)
k‘ m ‘ Yo

(m)
Solving S72 for cases 1,2,3 and 4 (using the information that for evanescent modes ke =1/ |k§m) |, is imaginary)

Vi

are summarized in the Table V.

SP”PV
1
'
%
0.8 §
X
%"’f
< 0.6 ,@r 1
] ¥ maz(r™”) = 0.9988
X min(T; prpr) = 1.144e—14
0.4/ % <> =0.1980 1
Xy
0.2~ K\ 1
0 M

0 50 100 150
FEigenchannel no

FIG. 1. Eigenchannel transmission coefficients of S5"*" are plotted for a disorder with the average eigenchannel
transmission of 0.198. Eigenchannel transmission coefﬁments contained in the diagonal of the matrix 717"?"  (obtained
from the S.V.D of the S5"P" matrix given in FIG. 2 of the main paper), is plotted. The maximum, minimum and average
values of 75,"P" are also given. The averaging is done with respect to all the eigenchannels of the given disorder. Some of the
correspondlng eigenchannels are plotted in the supplementary FIG. 2.

VII. VISUALIZATION OF TRANSMISSION EIGENCHANNELS

For accessing the propagating eigenchannels, singular value decomposition (S.V.D) of the components of the SP™P"
matrix is performed. As an example, the propagating transmission eigenchannels for wave incidence only from the

left-side of the disorder, is accessed by performing the S.V.D of SE/"P" = U21221V2T1 and using the first singular

vector of Va1 to maximize the transmission. 72" = (3577")? is the diagonal matrix containing the eigenchannels’

transmission coefficients ranging from 0 to 1 as shown in the supplementary FIG. 1. For the disordered slab shown in
FIG. 2(b) of the main paper, various eigenchannels, for the wave incidence from both the left side and the right side
of the disorder, are shown in the supplementary FIG. 2.

VIII. ADDITIONAL NUMERICAL VALIDATION OF THE GENERALIZED UNITARITY RELATION

In addition to the numerical validation of the compact form of the generalized unitary relation given in the FIG. 8(a)
of the main paper, additional validation is performed by decomposing the compact form into some of its individual
components as given in the supplementary FIG. 3.
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FIG. 2. Visualizing various eigenchannels of S5"*" and S7,"", containing 130 propagating eigenmodes and
30 evanescent eigenmodes, with (73]""") = 0.198, the transmission averaged over various eigenchannels of the

given disorder shown in FIG. 2(b) of the main paper. (a) Maximally transmitted (first) eigenchannel of S5"P",

where transmission, T = 0.9988 and reflection R = 0.0012 (b) An intermediate eigenchannel numbered 87 out of the 130
eigenchannel modes, of S57"P", where T' = 0.0013, R = 0.9987. (c) Minimally transmitted (last eigenchannel numbered 130)
eigenchannel of S5""", where T" = 1.1438¢ — 14, R = 1. Similarly, (d) Maximally transmitted (first) eigenchannel of S75*",
where T' = 0.9988, R = 0.0012 (e) An intermediate eigenchannel numbered 87 out of the 130 eigenchannel modes, of ST5*",
where T' = 0.0013, R = 0.9987. (f) Minimally transmitted (last eigenchannel, numbered 130) eigenchannel of ST5"*", where
T = 1.1438¢ — 14, R = 1. The transport paths associated with the maximally transmitted eigenchannel of S5"*" and S75P"
looks identical in the inside of the disorder. It is because the transport path taken from left to right with the maximum
transmission close to unity, is the same path taken from right to left for maximal transmission.
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FIG. 3. Additional numerical validation done for verifying the generalized unitarity relations. For those unitarity
relations where the R.H.S is a zero matrix analytically, the simulation code yields a numerical matrix close to be approximated
to zero (of the order of 107'%) as shown in the plots. For those unitarity relations where the R.H.S is a unit matrix analytically,
the diagonal elements are all unity.
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IX. S MATRIX CASCADING AND ENSEMBLE AVERAGING

(a)
657’(27 Z/) 657(27 y) 657(27 y) 66r(z7 y) 55r(z y)
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FIG. 4. Schematic to demonstrate the S matrix cascade rule and the ensemble averaged eigenchannel trans-
mission coefficient distribution obtained through cascading. (a) Schematic of cascading thinner slabs to form thicker
slab is shown. Cascade rule given in Eq. 76 is used to cascade the slabs. First, the first and the second thin slabs are cascaded.
It is followed by cascading the third slab with the cascaded result obtained from the first and the second slab. This pattern
is repeated, until the last thin slab is cascaded. (b) The ensemble averaged frequency distribution of 707°?" values after cas-
cading. It is compared with the bimodal distribution associated with the Random Matrix theory (R.M.T'). Note that here
the histogram is evaluated for individual cascaded disorders, followed by averaging the obtained histogram over many cascaded
disorder realizations.

This section explains the S matrix cascading method by which, a larger disordered slab can be formed, by cascading
an ensemble of thinner slabs. Cascading of the generalized S matrices of the thinner slabs, builds the sample along
the longitudinal dimension (z axis) step-by-step, as shown in the schematic given in the supplementary FIG. 4(a).
Different realizations of thicker slabs (1000 in number) can be formed from the same S matrices of the thinner slabs
(25 in number), taken in random order. This is particularly advantageous from a computational point of view that,
one need not model 1000 different large slabs, but could estimate the S matrices of a collection of smaller slabs once
and cascade them using random order of the slabs for obtaining different realizations of larger slabs. The well known
cascading formula for S matrices is given as the following.

A

S(a) = a a
S5y S

(74)
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and
(b)  q(b)
5 — (55) S@) (75)
S31 Sag
S(a) S(a) S(b) S(b)
Scadede _ S(a) S(b) — ( 1(11 1121 1% lg
® s s | O s s
a a b a -1 b a a b a -1 b
S +59 (1-s0sly)  sPsy s (1-50s)) s

(b) (@ o®) * qla ®) | ) (@) o®) " qla) a(b) (76)
521 (I_ 522 Sll) 521 522 +S21 (I_ 522 Sll) S22 512

where I is the identity matrix. The S matrices for a collection of the smaller slabs, are estimated serially using
the generalized Fisher-Lee relations, followed by the use of the cascading formula given in Eq. 76. This helps in
the ensemble averaging of the focusing results in the main paper. The ensemble averaged eigenchannel transmission
coefficients of S5"P" after cascading is given in FIG. 4(b).




