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Supplementary Material : Modeling scattering matrix containing evanescent modes
for wavefront shaping applications in disordered media

Michael Raju,1, 2, ∗ Baptiste Jayet,1 and Stefan Andersson-Engels1, 2

1Tyndall National Institute, Lee Maltings Complex, Dyke Parade, Cork, Ireland, T12 R5CP
2School of Physics, University College Cork, College Road, Cork, Ireland, T12 K8AF

I. SPATIALLY CORRELATED DISORDERS

If the random disorder ensemble (characterized by its spatial refractive index fluctuations) drawn from a particular
probability distribution is considered as a spatial random process, then according to the Wiener–Khinchin theorem,
the randomness power spectrum of the disorder can be estimated by the spatial Fourier transform of its correlation
function. Therefore, to create a random disorder with a particular correlation length, either the spatial correlation
function (in real space) or the randomness power spectrum (in the spatial Fourier space) could be used. Here, we
use the Fourier space method (as described in the Supplementary Sec. IA), for generating a uniformly-distributed
Gaussian-correlated disorder. The disorder is represented in terms of the spatial dielectric-constant perturbation
δϵ̃r(z, y) defined such that it is uniformly distributed with zero-mean and has a Gaussian spatial correlation. To
characterize the disorder, variance is defined as vardisorder = ⟨δϵ̃r(r)2⟩−⟨δϵ̃r(r)⟩2 = ⟨δϵ̃r(r)2⟩. The spatial correlation
function can be defined as R(krefr, krefr0) = ⟨δϵ̃r(krefz, krefy)δϵ̃r(krefz0, krefy0)⟩, where R(krefr, krefr0) is the un-
normalized spatial correlation function. For a statistically homogeneous disorder, R(krefr, krefr0) = R(kref |r − r0|).
It can be noted from the definition of the disorder variance that R(krefr0, krefr0) = R(0) = vardisorder. Therefore, to
represent the un-normalized spatial correlation function of the disorder, R(0) value can be combined with a normalized
correlation function Cdisorder(kref |r − r0|) as given below

R(kref |r − r0|) = R(0)Cdisorder(kref |r − r0|), (1)

where the normalized two-point Gaussian spatial correlation function, Cdisorder(kref |r−r0|) for δϵ̃r(r) as the following

Cdisorder(kref |r − r0|) = e−(kref |r−r0|)2/(k2
ref l

2
c) (2)

The power spectral density of the disorder (PPSD(pz, py)) is defined as the Fourier transform (F) of the spatial
correlation function.

PPSD(pz, py)= F {R(kref |r − r0|)} = vardisorderF {Cdisorder(r, lc)} (3)

where pz and py are angular spatial frequencies. Having reviewed the essential concepts, using the numerical algorithm
given in supplementary Sec. IA, a uniformly distributed-spatially correlated disorder is modeled.

A. Method for generating uniformly-distributed spatially-correlated disorder

The steps for estimating the uniformly-distributed Gaussian-correlated disorder are given as the following.

1. Estimate δϵwhite
fft = fft2(δϵwhite

r (z, y)) where fft2 is the two dimensional Fourier transform and δϵwhite
r (z, y) is

the white-noise like uncorrelated disorder generated from a uniform probability distribution.

2. Take an element-wise product in the Fourier space to obtain δϵcorrfft = δϵwhite
fft F {Cdisorder(r, lc)}

3. Apply inverse Fourier transform to estimate the correlated disorder in the real space with spatial correlation
length lc, given by δϵcorrr (z, y) = ifft2 (δϵcorrfft ) where ifft2 is the two dimensional inverse Fourier transform.

4. Normalize δϵcorrr (z, y) by dividing it with the standard deviation of the matrix elements. This results in a
Gaussian distributed (with unit variance) and Gaussian correlated (with correlation length lc) disorder.
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5. To transform the Gaussian distributed-Gaussian correlated disorder to a uniform distributed-Gaussian correlated
disorder, a Gaussian cumulative probability distribution function (C.D.F ) can be used. A zero mean Gaussian
C.D.F takes a normally distributed random variable and converts it into a transformed random variable between
(0, 1) giving a uniform distribution. Hence, every matrix element of Gaussian distributed-Gaussian correlated
disorder can be transformed between (0, 1) using the Gaussian C.D.F . Such a uniformly distributed disorder
between (0, 1) can then be scaled between min

{
δϵwhite

}
and max

{
δϵwhite

}
to have similar spread in values

with that of the uncorrelated white-noise like disorder.

6. Real space spatial correlation of the obtained disorder can be numerically estimated and validated against the
lc value used for defining the correlation function by the following method. It involves the Fourier space method
for evaluating spatial autocorrelation of a 2D matrix. For an M ×N correlated disorder δϵcorrr (z, y),

Rdisorder(kref |r − r0|) = |ifft2 [fft2(δϵcorrr )(fft2(δϵcorrr ))∗] |/(MN) (4)

where ∗ denotes complex conjugation. Numerically estimated correlation length can be defined as the length at
which the correlation function decays from R(0) to R(0)/e.

II. NUMERICAL DISCRETIZATION SCHEME IMPLEMENTED

To represent the analytical functions presented in this paper as functions of z and y in numerical computations,
we use numerical grids from the finite difference methods. These numerical grids have a finite grid cell size, ∆z and
∆y. For the analytical expressions given in the paper to be exact on the grid, ∆z and ∆y would need to tend to zero,
which is practically infeasible due to the memory and computational processing limitations. Therefore, ∆z and ∆y

are chosen as a trade-off (to be explained later) such that they are small enough to resolve wave states on the grids
(especially evanescent eigenmodes), but not so small as to exhaust available memory and the processing capacity. Let
there be Nz grid points/nodes along the z direction and Ny along the y direction so that the total number of grid points
is NzNy, with the grid spacing ∆z and ∆y. The longitudinal size of the region is then (Nz − 1)∆z, and transverse
size is (Ny − 1)∆y. Let the indices be zi = [1, 2, ..., Nz] and yj = [1, 2, ..., Ny]. Then, the discrete values of z and y are
given by z = (zi − 1)∆z and y = (yj − 1)∆y, respectively, which form an array of values for z and y. Additionally,

we define W = (Ny − 1)∆y. The analytical form of the propagating eigenmode, ψ±
m,pr(z, y) =

1√
k
(m)
z

e±ik(m)
z zχm(y),

needs to be discretized as follows. Let the discrete version of ψ+
m,pr(zi, yj) on the finite difference grid be written as

ψ+
m,pr(zi, yj) = c+me

+ik(m)
z ∆z(zi−1)︸ ︷︷ ︸

Φ+
m,pr(zi)

χm(yj) (5)

where the coefficient c+m is determined next, using the fact that the wave current injected by all normalized eigenmodes
are unity. Here,

χm(yj) =

√
2

W
sin{k(m)

y ∆y(yj − 1)} (6)

with the discrete form of orthogonality relationship given by∑
yj

χm(yj)χn(yj)∆y = δkron(m,n) (7)

The magnitude of the Z component of the flux density of the mth eigenmode is defined as

J
(m)
z (z, y) = Im

{
ψ∗
m(z, y) ∂

∂zψm(z, y)
}
, where Im refers to the imaginary part. Using the centered first-order finite

difference formula,

d

dz
Φ+

m,pr(zi) =
Φ+

m,pr(zi + 1)− Φ+
m,pr(zi − 1)

2∆z
, (8)

the discrete version of the flux density along Z can be evaluated as

J (m)
z (zi, yj) =

χm(yj)
2

2i
{Φ+

m,pr(zi)
∗ d

dz
Φ+

m,pr(zi) − Φ+
m,pr(zi)

d

dz
Φ+

m,pr(zi)
∗} (9)
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which, upon simplification yields,

J (m)
z (zi, yj) =

χm(yj)
2

2i

{
2i c+m

2

(
sin(k

(m)
z ∆z)

∆z

)}
(10)

Next, we numerically enforce the wave current (or flux) injected by the propagating eigenmode to be unity. Integrating

the J
(m)
z (zi, yj) along Y (using discrete summation) to get the total flux and equating to unity,

∑
yj

J (m)
z (zi, yj) ·∆y = 1 =⇒

∑
yj

χm(yj)
2∆yc

+
m

2
(
sin(kmz ∆z)

∆z

)
= 1 =⇒

c+m
2

(
sin(k

(m)
z ∆z)

∆z

)∑
yj

χm(yj)
2∆y︸ ︷︷ ︸

=1

= 1 =⇒ c+m =
1√

sin(k
(m)
z ∆z)
∆z

(11)

Substituting for c+m into ψ+
m(zi, yj), the discrete form of eigenmode is obtained as

ψ±
m,pr(zi, yj) =

Φ±
m(zi)︷ ︸︸ ︷

1√
sin

(
k
(m)
z ∆z

)
∆z

e±ik(m)
z ∆z(zi−1) χm(yj) (12)

This discrete form of eigenmodes ensures flux conservation upon discretization and approaches the continuous analytic

form ψ±
m,pr(z, y) = 1√

k
(m)
z

e±ik(m)
z zχm(y), in the limit ∆z → 0 and ∆y → 0, since lim∆z→0

sin(k(m)
z ∆z)
∆z

= k
(m)
z . In

numerical implementation, the product k
(m)
y ∆y is treated as a single term (dimensionless), to avoid precision errors

when evaluating χm(y), since k
(m)
y is significantly larger than ∆y. Similarly, k

(m)
z ∆z is also treated as a single variable.

For the evanescent modes where k
(m)
z = ik

(m)
z,ev, the analytical expression

Φ±
m,ev(z, zL/R) =

1√
|k(m)

z |
e−k(m)

z,ev|z−zL/R| gets replaced by its discretized form given as

Φ±
m,ev(zi, ziL/R

) =
1√

sin
(
|k(m)

z |∆z

)
∆z

e
−k(m)

z,ev∆z|zi−ziL/R
|

(13)

Here, the subscript L/R denotes the left (L) or the right (R) boundary. Next, we discretize the continuous analytical

dispersion relation

((
k
(m)
z

)2
+
(
k
(m)
y

)2
= k2ref

)
. By substituting the discrete form of eigenmodes in the discrete

Helmholtz wave equation, the discrete dispersion relation is obtained as

4

∆2
z

sin2

(
k
(m)
z ∆z

2

)
+

4

∆2
y

sin2

(
k
(m)
y ∆y

2

)
= k2ref (14)

Taking the limits, lim∆z→0 and lim∆y → 0, the continuous analytic dispersion relation is recovered.
For ease of implementation in numeric computations, we set ∆z = ∆y = ∆ and ∆ is chosen such that it adequately

resolves the evanescent eigenmode with the highest transverse spatial frequency, k
(m)
y,max =Mtotalπ/W where Mtotal =

Mpr+Mev is the total number of eigenmodes considered. The discretization resolution is chosen such that k
(m)
y,max∆ = 1.

Similar to that of eigenmodes, the unperturbed Green’s function is also discretized for numerical implementation
as follows :

G0(zi, yj , z0i, y0j) =
∞∑

m=1

dme
ik(m)

z |∆z(zi−z0i )|
√

2

W
sin
(
k(m)
y ∆y(yj − 1)

)√ 2

W
sin
(
k(m)
y (y0j − 1)

)
(15)
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where,

dm =


1

2i
(

sin(km
z ∆z)

∆z

) , for propagating modes, m ≤Mpr

1

−2
(

sin(|km
z |∆z)

∆z

) , for evanescent modes, m > Mpr
(16)

III. ESTIMATING THE PERTURBED GREEN’S FUNCTION G(r, r0)

The discretized Dyson’s equation in 2D is Gij = G
(0)
ij +

∑k=NP
z NP

y

k=1 G
(0)
ik Vk∆areaGkj where k is used as a index.

The entire computational domain which includes the disordered perturbation region and the surrounding region for
field visualization, has the size of [Ny ×Nz]. The disorder perturbation region has the size of [NP

y ×NP
z ], which is a

subset of the computational domain [Ny ×Nz]. Therefore, there are NP
z N

P
y scatterer perturbation points. Here, the

index i denotes the field evaluation location accessed linearly as a 1D array. Similarly, the index j denotes the source
location accessed linearly as a 1D array, placed on the boundaries ΓL or ΓR. The index k accessed linearly as a 1D
array, is associated with the locations at which the scatterer perturbation exists. Two methods are presented as the
following where the first method is the direct matrix inversion method. Such a method is easier to understand, but
it is memory intensive. The second method is the iterative method which requires iteration steps, but it is memory
efficient.

Both the methods start by estimating the free space Green’s function G
(0)
ik and G

(0)
ij , where i spans all the field

evaluation points of size NyNz for visualisation purposes, k spans all the NP
z N

P
y scatterer position points where the

perturbation is about to be brought in, and j the Ny points associated with the left or the right boundary. G
(0)
ik is of

the dimension
[
NyNz ×NP

y N
P
z

]
. Other Green’s function terms to be appearing in the methods can be derived as a

subset from G
(0)
ik and G

(0)
ij .

A. Direct method

Step 1 : Using the Dyson’s equation, solve for Gkj for different locations of k = k1, k2, k3, ..., kNP
z NP

y
and a given j

location

Gk1j = G
(0)
k1j

+

[
G

(0)
k1k1

Vk1
G

(0)
k1k2

Vk2
... G

(0)
k1kNP

y NP
z

VkNP
z NP

y

]
∆areaGk1j

∆areaGk2j

...
∆areaGk(NP

y NP
z )j

 (17)

Gk2j = G
(0)
k2j

+

[
G

(0)
k2k1

Vk1 G
(0)
k2k2

Vk2 ... G
(0)
k2kNP

y NP
z

VkNP
z NP

y

]
∆areaGk1j

∆areaGk2j

...
∆areaGk(NP

y NP
z )j

 (18)

...

Gk(NP
z NP

y )j
= G

(0)
k(NP

z NP
y )j

+

[
G

(0)
k(NP

z NP
y )k1

Vk1
G

(0)
k(NP

z NP
y )k2

Vk2
... G

(0)
k(NP

z NP
y )kNP

y NP
z

VkNP
z NP

y

]
∆areaGk1j

∆areaGk2j

...
∆areaGk(NP

y NP
z )j

 (19)
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These set of equations can be written in a matrix form as


Gk1j

Gk2j

Gk3j

...
Gk(NP

z NP
y )j

 =



G
(0)
k1j

G
(0)
k2j

G
(0)
k3j

...

G
(0)
k(NP

z NP
y )j


+



G
(0)
k1k1

Vk1 G
(0)
k1k2

Vk2 ... G
(0)
k1k(NP

z NP
y )
Vk(NP

z NP
y )

G
(0)
k2k1

Vk1
G

(0)
k2k2

Vk2
... G

(0)
k2k(NP

z NP
y )
Vk(NP

z NP
y )

G
(0)
k3k1

Vk1
G

(0)
k3k2

Vk2
... G

(0)
k3k(NP

z NP
y )
Vk(NP

z NP
y )

...
...

...
...

G
(0)
k(NP

z NP
y )k1

Vk1
G

(0)
k(NP

z NP
y )k2

Vk2
... G

(0)
k(NP

z NP
y )k(NP

z NP
y )
Vk(NP

z NP
y )


︸ ︷︷ ︸

M


∆areaGk1j

∆areaGk2j

∆areaGk3j

...
∆areaGk(NP

z NP
y )j

 (20)

Representing the same system of equations as a matrix equation, Gkj is solved involving an M matrix (M matrix
defined in the above given equation), as given below

[Gkj ] =
[
G

(0)
kj

]
+ [M ] [Gkj ] =⇒

[Gkj ] = [I − [M ]]
−1
[
G

(0)
kj

]
(21)

Step 2 : Once [Gkj ] is obtained, evaluate [Gij ] for a given j


Gi1j

Gi2j

Gi3j

...
Gi(NzNy)j

 =



G
(0)
i1j

G
(0)
i2j

G
(0)
i3j

...

G
(0)
i(NzNy)j


+



G
(0)
i1k1

Vk1 G
(0)
i1k2

Vk2 ... G
(0)
i1k(NP

z NP
y )
Vk(NP

z NP
y )

G
(0)
i2k1

Vk1
G

(0)
i2k2

Vk2
... G

(0)
i2k(NP

z NP
y )
Vk(NP

z NP
y )

G
(0)
i3k1

Vk1
G

(0)
i3k2

Vk2
... G

(0)
i3k(NP

z NP
y )
Vk(NP

z NP
y )

...
...

...
...

G
(0)
i(NzNy)k1

Vk1
G

(0)
i(NzNy)k2

Vk2
... G

(0)
i(NzNy)k(NP

z NP
y )
Vk(NP

z NP
y )




∆areaGk1j

∆areaGk2j

∆areaGk3j

...
∆areaGk(NP

z NP
y )j

 (22)

where there is NzNy field evaluation points due to NP
z N

P
y scattering particles. With step 1 and step 2 evaluated for

different source locations j, Gij can be fully solved. Although the direct method presented in this subsection is short
and easy to understand, it is memory intensive because of the formation of the large non-sparse M matrix (of size

NP
z N

P
y ×NP

z N
P
y ) and the associated inversion process in the Eq. 21. Also, the free space Green’s function G

(0)
ik needs

to be evaluated for the i corresponding to the entire [Nz ×Ny] grid for the purpose of visualization. The location k
needs to be spanned through all the scattering particle locations (to evaluate the M matrix), consuming memory. To
save memory the following iterative method is used instead.

B. Iterative method involving slices of scatterers

In the iterative method, the total scattering block is divided into slices and the Green’s function is updated
accounting the scattering effect of the slices taken one at a time. As an example, let’s say the entire scattering region
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is divided into 10 slices. G
(0)
ik needs to be evaluated like before for the source k location spanning all the particle

positions. G
(0)
ij is also evaluated where j is on ΓL or ΓR. Accounting the scattering perturbation of slice number 1

yields the new updated Green’s function G
(1)
ik . While evaluating G

(1)
ik , the source k locations needs to be only those

scatterer positions where the remaining 9 slices are to be brought in and also on the boundaries. One could overwrite

the G
(0)
ik array data (only for the source locations of the particles to be brought in, corresponding to the remaining

9 slices) for saving memory. Now the second slice is brought in and G
(1)
ik is used to evaluate G

(2)
ik accounting the

scattering effect of the second slice. For evaluating G
(2)
ik , the source k locations needs to be only those scatterer

locations where the remaining 8 slices are to be brought in and also on the boundaries. The method is repeated by
bringing in the remaining slices one by one and updating the Green’s function by overwriting the previous version,
for the remaining particle positions. Therefore, the process becomes faster upon progressing through the slices.

First, let the first transverse slice of the scatterers be chosen, numbered 1 : NP
y denoted as 1 → NP

y . Solve the
Eq. 20 just for the first slice.

Main step 1 for the iteration method involving the first slice of scatterers
• Sub-step 1:



G
(1)
k1j

G
(1)
k2j

G
(1)
k3j

...

G
(1)
k(NP

y )j


=



G
(0)
k1j

G
(0)
k2j

G
(0)
k3j

...

G
(0)
k(NP

y )j


+



G
(0)
k1k1

Vk1
G

(0)
k1k2

Vk2
... G

(0)
k1k(NP

y )
Vk(NP

y )

G
(0)
k2k1

Vk1 G
(0)
k2k2

Vk2 ... G
(0)
k2k(NP

y )
Vk(NP

y )

G
(0)
k3k1

Vk1
G

(0)
k3k2

Vk2
... G

(0)
k3k(NP

y )
Vk(NP

y )

...
...

...
...

G
(0)
k(NP

y )k1
Vk1 G

(0)
k(NP

y )k2
Vk2 ... G

(0)
k(NP

y )k(NP
y )
Vk(NP

y )


︸ ︷︷ ︸

M
(0)

(1→NP
y )



∆areaG
(1)
k1j

∆areaG
(1)
k2j

∆areaG
(1)
k3j

...

∆areaG
(1)
k(NP

y )j


(23)

• Sub-step 2: Representing the above given system of equations as a matrix equation, G
(1)
k(1→N

p
y )j

is solved involving

the M
(0)

(1→NP
y )

matrix (defined in the previous equation), as given below[
G

(1)
k(1→N

p
y )j

]
=

[
G

(0)
k(1→N

p
y )j

]
+
[
M

(0)

(1→NP
y )

] [
G

(1)
k(1→N

p
y )j

]
=⇒[

G
(1)
k(1→N

p
y )j

]
=
[
I −

[
M

(0)

(1→NP
y )

]]−1
[
G

(0)
k(1→N

p
y )j

]
(24)

• Sub-step 3: Once [G
(1)
k(1→N

p
y )j

] is obtained, evaluate [G
(1)
ij ] for a given j



G
(1)
i1j

G
(1)
i2j

G
(1)
i3j

...

G
(1)
i(NzNy)j


=



G
(0)
i1j

G
(0)
i2j

G
(0)
i3j

...

G
(0)
i(NzNy)j


+



G
(0)
i1k1

Vk1 G
(0)
i1k2

Vk2 ... G
(0)
i1k(NP

y )
Vk(NP

y )

G
(0)
i2k1

Vk1
G

(0)
i2k2

Vk2
... G

(0)
i2k(NP

y )
Vk(NP

y )

G
(0)
i3k1

Vk1
G

(0)
i3k2

Vk2
... G

(0)
i3k(NP

y )
Vk(NP

y )

...
...

...
...

G
(0)
i(NzNy)k1

Vk1
G

(0)
i(NzNy)k2

Vk2
... G

(0)
i(NzNy)k(NP

y )
Vk(NP

y )





∆areaG
(1)
k1j

∆areaG
(1)
k2j

∆areaG
(1)
k3j

...

∆areaG
(1)
k(NP

y )j


(25)

• Sub-step 4: Before moving onto the next main iteration step (main iteration step number 2), the following sub-

step evaluations has to be performed to estimate [G
(1)
k(1→N

p
y )k(N

p
y+1→N

p
yN

p
z )
] and [G

(1)
ik(N

p
y+1→N

p
yN

p
z )
] to be used in the next

main iteration step. Here (Np
y +1 → Np

yN
p
z ) corresponds to the remaining scatter position where the perturbation is

brought-in in the future iteration steps by introducing slice number 2,3,4 etc..
Using Eq. 24, [

G
(1)
k(1→N

p
y )k(N

p
y+1→N

p
yN

p
z )

]
=
[
I −

[
M

(0)

(1→NP
y )

]]−1
[
G

(0)
k(1→N

p
y )k(N

p
y+1→N

p
yN

p
z )

]
(26)



7

Taking Eq. 25 and substituting for j as k(Np
y+1→Np

yN
p
z ), together with the above given equation,

[G
(1)
ik(N

p
y+1→N

p
yN

p
z )
] can be estimated. The estimated [G

(1)
ik(N

p
y+1→N

p
yN

p
z )
] can be overwritten upon the existing memory

taken by G
(0)
ik .

Main step 2 involving the second slice of scatterers denoted by NP
y + 1 → 2NP

y ,
• Sub-step 1:

G
(2)
k(NP

y +1)j

G
(2)
k(NP

y +2)j

G
(2)
k(NP

y +3)j

...

G
(2)
k(2NP

y )j


=



G
(1)
k(NP

y +1)j

G
(1)
k(NP

y +2)j

G
(1)
k(NP

y +3)j

...

G
(1)
k(2NP

y )j


+



G
(1)
k(NP

y +1)k(NP
y +1)

Vk(NP
y +1)

G
(1)
k(NP

y +1)k(NP
y +2)

Vk(NP
y +2)

... G
(1)
k(NP

y +1)k(2NP
y )
Vk(2NP

y )

G
(1)
k(NP

y +2)k(NP
y +1)

Vk(NP
y +1)

G
(1)
k(NP

y +2)k(NP
y +2)

Vk(NP
y +2)

... G
(1)
k(NP

y +2)k(2NP
y )
Vk(2NP

y )

G
(1)
k(NP

y +3)k(NP
y +1)

Vk(NP
y +1)

G
(1)
k(NP

y +3)k(NP
y +2)

Vk(NP
y +2)

... G
(1)
k(NP

y +3)k(2NP
y )
Vk(2NP

y )

...
...

...
...

G
(1)
k(2NP

y )k(NP
y +1)

Vk(NP
y +1)

G
(1)
k(2NP

y )k(NP
y +2)

Vk(NP
y +2)

... G
(1)
k(2NP

y )k(2NP
y )
Vk(2NP

y )


︸ ︷︷ ︸

M
(1)

(NP
y +1→2NP

y )



∆areaG
(2)
k(NP

y +1)j

∆areaG
(2)
k(NP

y +2)j

∆areaG
(2)
k(NP

y +3)j

...

∆areaG
(2)
k(2NP

y )j


(27)

• Sub-step 2: Representing the above given system of equations as a matrix equation, G
(2)
k(N

p
y+1→2N

p
y )j

is solved

involving the M
(1)

(Np
y+1→2NP

y )
matrix (defined in the previous equation), as given below[

G
(2)
k(N

p
y+1→2N

p
y )j

]
=

[
G

(1)
k(N

p
y+1→2N

p
y )j

]
+
[
M

(1)

(Np
y+1→2NP

y )

] [
G

(2)
k(N

p
y+1→2N

p
y )j

]
=⇒[

G
(2)
k(N

p
y+1→2N

p
y )j

]
=
[
I −

[
M

(1)

(Np
y+1→2NP

y )

]]−1
[
G

(1)
k(N

p
y+1→2N

p
y )j

]
(28)

• Sub-step 3: Once [G
(2)
k(N

p
y+1→2N

p
y )j

] is obtained, evaluate [G
(2)
ij ] for a given j.



G
(2)
i1j

G
(2)
i2j

G
(2)
i3j

...

G
(2)
i(NzNy)j


=



G
(1)
i1j

G
(1)
i2j

G
(1)
i3j

...

G
(1)
i(NzNy)j


+



G
(1)
i1k(N

p
y+1)

Vk(N
p
y+1)

G
(1)
i1k(N

p
y+2)

Vk(N
p
y+2)

... G
(1)
i1k(2NP

y )
Vk(2NP

y )

G
(1)
i2k(N

p
y+1)

Vk(N
p
y+1)

G
(1)
i2k(N

p
y+2)

Vk(N
p
y+2)

... G
(1)
i2k(2NP

y )
Vk(2NP

y )

G
(1)
i3k(N

p
y+1)

Vk(N
p
y+1)

G
(1)
i3k(N

p
y+2)

Vk(N
p
y+2)

... G
(1)
i3k(2NP

y )
Vk(2NP

y )

...
...

...
...

G
(1)
i(NzNy)k(N

p
y+1)

Vk(N
p
y+1)

G
(1)
i(NzNy)k(N

p
y+2)

V(kN
p
y+2)

... G
(1)
i(NzNy)k(2NP

y )
Vk(2NP

y )





∆areaG
(2)
k(N

p
y+1)j

∆areaG
(2)
k(N

p
y+2)j

∆areaG
(2)
k(N

p
y+3)j

...

∆areaG
(2)
k(2NP

y )j


(29)

• Sub-step 4: Before moving onto the next main iteration step (main iteration step number 3), the following

sub-step evaluations has to be performed to estimate [G
(2)
k(N

p
y+1→2N

p
y )k(2N

p
y+1→N

p
yN

p
z )
] and [G

(2)
ik(2N

p
y+1→N

p
yN

p
z )
] to be used
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in the next main iteration step. Here (2Np
y + 1 → Np

yN
p
z ) corresponds to the remaining scatter position where the

perturbation is brought-in in the future iteration steps by introducing slice number 3,4,5 etc..
Using Eq. 28,[

G
(2)
k(N

p
y+1→2N

p
y )k(2N

p
y+1→N

p
yN

p
z )

]
=
[
I −

[
M

(1)

(Np
y+1→2NP

y )

]]−1
[
G

(1)
k(N

p
y+1→2N

p
y )k(2N

p
y+1→N

p
yN

p
z )

]
(30)

Taking Eq. 29 and substituting for j as k(2Np
y+1→Np

yN
p
z ), together with the above given equation,

[G
(2)
ik(2N

p
y+1→N

p
yN

p
z )
] can be estimated. The estimated [G

(2)
ik(2N

p
y+1→N

p
yN

p
z )
] can be overwritten upon the existing memory

taken by G
(1)
ik . Following the same logic, the main step 3 involving the slice of scatterers denoted by 2NP

y +1 → 3NP
y

can be evaluated. The iteration process continues until the last slice of scatterers are brought in, obtaining the fully
perturbed Green’s function Gij .

IV. HOMOGENEOUS BOUNDARY CONDITIONS SATISFIED BY THE GREEN’S FUNCTION AND
THE EIGENMODES

G(r, r0)|z<z0,(z,y)∈ΓL
=

∞∑
m=1

Gm(z, y, z0, y0)|z<z0,(z,y)∈ΓL
=

∞∑
m=1

g−m(z0, y0)ψ
−
m(z, y)|z<z0,(z,y)∈ΓL︸ ︷︷ ︸

Gm(z,y,z0,y0)|z<z0,(z,y)∈ΓL

(31)

G(r, r0)|z≥z0,(z,y)∈ΓR
=

∞∑
m=1

Gm(z, y, z0, y0)|z≥z0,(z,y)∈ΓR
=

∞∑
m=1

g+m(z0, y0)ψ
+
m(z, y)|z≥z0,(z,y)∈ΓR︸ ︷︷ ︸

Gm(z,y,z0,y0)|z≥z0,(z,y)∈ΓR

(32)

Both the propagating and the evanescent eigenmodes satisfy the following homogeneous boundary condition at the
boundaries ΓL and ΓR,

∂

∂z
ψ±
m(z, y)∓ ikmz ψ

±
m(z, y) = 0, (33)

where in particular k
(m)
z = ik

(m)
z,ev for the evanescent eigenmodes. As the disorder perturbation doesn’t change the

boundary conditions of eigenmodes associated with the outgoing Green’s function waves, the following homogeneous
boundary condition can be formed in terms of Gm(z, y, z0, y0) similar to that of Eq. 33.

{
∂

∂z
Gm(r, r0) + ik(m)

z Gm(r, r0)

}
|z<z0,(z,y)∈ΓL

= 0 (34){
∂

∂z
Gm(r, r0)− ik(m)

z Gm(r, r0)

}
|z≥z0,(z,y)∈ΓR

= 0 (35)

V. SIMPLIFYING KIRCHHOFF–HELMHOLTZ BOUNDARY INTEGRAL EQUATION

As there is no flux flowing out of the transverse boundaries ΓU and ΓD, the boundary integral equation Eq. 16 can
be simplified as

∫ {
Ẽ(r)

∂

∂z
G (r, r0) êz −G (r, r0)

∂

∂z
Ẽ(r)êz

}
|(z,y)∈ΓL

· (−êz) dy+∫ [
Ẽ(r)

∂

∂z
G (r, r0) êz −G (r, r0)

∂

∂z
Ẽ(z, y)êz

]
|(z,y)∈ΓR

· êzdy = Ẽ (z0, y0) |(z0,y0)∈Ω

(36)
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There is a minus sign associated with the −êzdy on the first integral of the L.H.S in Eq. 36. This is due to the sign con-
vention that the surface normal n̂ points outwards on ΓL which is in opposite direction to êz

∂
∂z terms. The boundary in-

tegral equation Eq. 36, can be further simplified as both G(z, z, y, y0) and the total field Ẽ(z, y, z0, y0)|(z,y)∈ΓLor(z,y)∈ΓR

can be expanded in terms of eigenmodes ψ±
m(z, y)|(z,y)∈ΓL/R

followed by the use of associated boundary conditions to
be explained as the following. Let the wave incidence be from the left side of the disorder onto ΓL. The total wave
on ΓL is the sum of incident wave modes and reflected wave modes. As the E(z, y) in Eq. 36 is the total field, the

first step to simplify is to provide explicit expression for Ẽ(z, y) close to the boundary ΓL and ΓR followed by the use

boundary conditions involving z derivatives of Ẽ(z, y) and G(z, y, z0, y0) to be explained in the following section. For
(z, y) ∈ ΓL,

Ẽ(z, y) = Ẽinc(z, y) + Ẽrefl(z, y), (37)

where Ẽinc(z, y)|(z,y)∈ΓL
=

Mtotal∑
m=1

c+mχm(y)ϕ+m(z) (38)

such that ϕ+m(z) =

{
ϕ+m,pr(z) when m ≤Mpr

ϕ+m,ev(z, zL) when m > Mpr
and

Ẽrefl(z, y)|(z,y)∈ΓL
=

Ntotal∑
n=1

r−n χn(y)ϕ
−
n (z)such that ϕ−n (z) =

{
ϕ−n,pr(z) when n ≤ Npr

ϕ−n,ev(z, zL) when n > Npr
(39)

and r−n =

Mtotal∑
m=1

Snm
11 c+m (40)

Here, r−n is the reflection coefficient. Substituting equations Eq. 38 and Eq. 39 in Eq. 37, and using the property of
the Kronecker delta function, the following is obtained.

Ẽ(z, y)|(z,y)∈ΓL
=

Ntotal∑
n=1

Mtotal∑
m=1

c+mϕ
+
m(z)χm(y)δkron(n,m)|(z,y)∈ΓL

+

Ntotal∑
n=1

Mtotal∑
m=1

c+mS
nm
11 χn(y)ϕ

−
n (z)|(z,y)∈ΓL

(41)

Due to the Kronecker delta on the first term on the R.H.S of the above given equation, the index m can be replaced
by n to obtain

Ẽ(z, y)|(z,y)∈ΓL
=

Ntotal∑
n=1

Mtotal∑
m=1

c+m
{
ϕ+n (z)χn(y)δkron(n,m) + Snm

11 χn(y)ϕ
−
n (z)

}
︸ ︷︷ ︸

Ẽn(z,y)|(z,y)∈ΓL

=

Ntotal∑
n=1

Ẽn(z, y)|(z,y)∈ΓL
(42)

Eq. 42 denotes that the total field on ΓL can be written as a series summation involving Ẽn(z, y)|(z,y)∈ΓL
waves.

Next, the boundary condition associated with Ẽn(z, y)|(z,y)∈ΓL
waves for simplifying the boundary integral equation

is provided.

∂
∂z Ẽn(z, y)|(z,y)∈ΓL

+ ik
(n)
z Ẽn(z, y)|(z,y)∈ΓL

=

{
2ik

(n)
z Ẽinc

n (z, y)|(z,y)∈ΓL
, if 1 ≤ n ≤Mtotal

0, if n > Mtotal

(43)

where Ẽinc
n (z, y)|(z,y)∈ΓL

= c+nψ
+
n (z, y)|(z,y)∈ΓL

is the nth eigenmode term associated with the incident wave incident

on the disorder from the left and k
(n)
z = ik

(n)
z,ev for evanescent waves. Next is to evaluate the transmitted total field

on ΓR due to the wave incidence from the left side upon ΓL and the associated boundary condition.

Ẽ(z, y)|(z,y)∈ΓR
= Ẽtrans(z, y)|(z,y)∈ΓR

=

Ntotal∑
n=1

t+nϕ
+
n (z)χn(y)|(z,y)∈ΓR

(44)

such that ϕ+n (z) =

{
ϕ+n,pr(z) when n ≤ Npr

ϕ+n,ev(z, zR) when n > Npr
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where the field transmission coefficient term t+n is related to the transmission matrix S21 by

t+n =
∑Mtotal

m=1 Snm
21 c+m (45)

Therefore,

Ẽ(z, y)|(z,y)∈ΓR
=

Ntotal∑
n=1

{
Mtotal∑
m=1

c+mS
nm
21

}
ϕ+n (z)χn(y)︸ ︷︷ ︸

Ẽn(z,y)|(z,y)∈ΓR

|(z,y)∈ΓR
(46)

=

Ntotal∑
n=1

Ẽn(z, y)|(z,y)∈ΓR
(47)

Similar to that of Eq. 43, one could form a boundary condition for En(z, y)|(z,y)∈ΓR
on the right boundary ΓR as given

below, to be used to simplify the boundary integral equation given in Eq. 36. This homogeneous boundary condition
can be easily verified using equations Eq. 46 and Eq. 47.

∂

∂z
Ẽn(z, y)|(z,y)∈ΓR

− ik(n)z Ẽn(z, y)|(z,y)∈ΓR
= 0 (48)

A key aspect of simplifying Eq. 36 is to substitute the basis expansion for G(z, z0, y, y0) =
∑Mtotal

m=1 Gm(z, y, z0, y0)

and Ẽ(z, y)|(z,y)∈ΓL/R
=
∑Ntotal

n=1 Ẽn(z, y)|(z,y)∈ΓL/R
and their corresponding boundary conditions while simplifying.∫ {∑

n Ẽn(z, y)
∂
∂z

∑
mGm (z, y, z0, y0) êz −

∑
mGm (z, y, z0, y0)

∂
∂z

∑
n Ẽn(z, y)êz

}
|(z,y)∈ΓL

· (−êz) dy +∫ {∑
n Ẽn(z, y)

∂
∂z

∑
mGm (z, y, z0, y0) êz −

∑
mGm (z, y, z0, y0)

∂
∂z

∑
n Ẽn(z, y)êz

}
|(z,y)∈ΓR

· êzdy

= Ẽ (z0, y0) |(z0,y0)∈Ω (49)

As there is a χm(y) in Gm (z, y, z0, y0) and a χn(y) in Ẽn(z, y), due to orthogonality relation that
∫
χm(y)χn(y)dy =

δkron(m,n), y integral of all the cross product terms where m ̸= n, is zero. Hence only the terms m = n remains
non-zero. Therefore,∫ ∑

n

{
Ẽn(z, y)

∂
∂zGn (z, y, z0, y0) êz −Gn (z, y, z0, y0)

∂
∂z Ẽn(z, y)êz

}
|(z,y)∈ΓL

· (−êz) dy +∫ ∑
n

{
Ẽn(z, y)

∂
∂zGn (z, y, z0, y0) êz −Gn (z, y, z0, y0)

∂
∂z Ẽn(z, y)êz

}
|(z,y)∈ΓR

· êzdy = Ẽ (z0, y0) |(z0,y0)∈Ω (50)

Substituting the previously obtained boundary conditions (equations Eq. 35, Eq. 48, Eq. 34 and Eq. 43) in the above
given form of boundary integral, the following simplified expression is obtained after some simple calculations.

∫ ∑
n

2ik(n)z Ẽinc
n (z, y)Gn (z, y, z0, y0) |(z,y)∈ΓL

dy = Ẽ(z0, y0)|(z0,y0)∈Ω (51)

One could safely add a summation
∑

m to the Gm (z, y, z0, y0) term in the above equation due to the orthogonality
relationship

∫
χm(y)χn(y)dy = δkron(m,n). Therefore, the meaning of the integral given in Eq. 51 doesn’t change if

it is written in the following form∫ ∑
n

2ik(n)z Ẽinc
n (z, y)

∑
m

Gm (z, y, z0, y0) |(z,y)∈ΓL
dy = Ẽ(z0, y0)|(z0,y0)∈Ω (52)

Replacing the expression for
∑

mGm(z, y, z0, y0) asG(z, y, z0, y0) and changing the index n tom, the boundary integral
takes a simpler form as given below. For wave incidence only from the left to right of the disorder (incidence onto ΓL),

Mtotal∑
m=1

2ik(m)
z

∫
Ẽinc

m (z, y)G (z, y, z0, y0) |(z,y)∈ΓL
dy = Ẽ (z0, y0) |(z0,y0)∈Ω (53)

where Ẽinc
m (z, y)|(z,y)∈ΓL

= c+mψ
+
m(z, y)|(z,y)∈ΓL

, k
(m)
z = ik

(m)
z,ev when m > Mpr and Mtotal = Mpr +Mev, the total

number of eigenmodes considered.
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VI. DERIVATION OF GENERALIZED FISHER-LEE RELATIONSHIPS

Generalized Fisher-Lee relations are obtained by substituting expression for the total field Ẽ (z0, y0) in the boundary
integral equation and solving for the reflection or transmission coefficients.

A. Derivation for S21

Let the wave incidence be from the left side of the disorder onto ΓL. For estimating the transmission matrix S21,
need to take (z0, y0) ∈ ΓR. Then the simplified boundary integral equation becomes,

Mtotal∑
m=1

2ik(m)
z

∫
Ẽinc

m (z, y)G (z, y, z0, y0) dy|(z,y)∈ΓL&(z0,y0)∈ΓR
= Ẽ(z0, y0)|(z0,y0)∈ΓR

=

Ntotal∑
n=1

Ẽn (z0, y0) |(z0,y0)∈ΓR

=

Ntotal∑
n=1

t+nχn(y0)ϕ
+
n (z0)|(z0,y0)∈ΓR

=

Ntotal∑
n=1

{
Mtotal∑
m=1

c+mS
nm
21

}
χn(y0)ϕ

+
n (z0)|(z0,y0)∈ΓR

(54)

Since this equation holds for any incident wave represented by any set of c+m values, one can collect the terms

multiplied by c+m and spanned by
∑Mtotal

m=1 on both the L.H.S and R.H.S, and solve for Snm
21 .

2ik(m)
z

∫
ϕ+m(z)χm(y)G (z, y, z0, y0) dy|(z,y)∈ΓL&(z0,y0)∈ΓR

=

Ntotal∑
n=1

Snm
21 χn(y0)ϕ

+
n (z0)|(z0,y0)∈ΓR

(55)

Using the orthogonality relationship involving χn′(y) and integrating with respect to y0 on both sides of the above
given equation,

2ik(m)
z ϕ+m(z)

∫
y

∫
y0

χm(y)G (z, y, z0, y0)χn′(y0)dydy0|(z,y)∈ΓL&(z0,y0)∈ΓR
= Sn′m

21 ϕ+n′(z0)|z0∈ΓR
(56)

Simplification : Rename n′ as n and let z be positioned at 0 on the left boundary and z0 = zR at ΓR on the right
boundary. Therefore,

2ik(m)
z ϕ+m(z = 0)

∫
y

∫
y0

χm(y)G (z = 0, y, z0 = zR, y0)χn(y0)dydy0|(z=0,y)∈ΓL&(z0=zR,y0)∈ΓR
=

Snm
21 ϕ+n (z0 = zR)|(z0=zR)∈ΓR

(57)

Mathematically, there are 4 different possibilities with respect to the nature of incident and transmitted modes.
Case 1 : Both input and output modes are propagating m ≤Mprop and n ≤ Nprop

2ik(m)
z

1√
k
(m)
z

∫
y

∫
y0

χm(y)G (z, y, z0, y0)χn(y0)dydy0|(z=0,y)∈ΓL&(z0=zR,y0)∈ΓR
= Snm

21

1√
k
(n)
z

e+ik(n)
z zR (58)

Case 2 : Input mode and output modes are evanescent m > Mprop and n > Nprop

2ik(m)
z

1√∣∣∣k(m)
z

∣∣∣
∫
y

∫
y0

χm(y)G (z, y, z0, y0)χn(y0)dydy0|(z,y)∈ΓL&(z0,y0)∈ΓR
= Snm

21

1√∣∣∣k(n)z

∣∣∣ (59)

Case 3 : Input modes are propagating and output modes are evanescent m ≤Mprop and n > Nprop

2ik(m)
z

1√
k
(m)
z

∫
y

∫
y0

χm(y)G (z, y, z0, y0)χn(y0)dydy0|(z,y)∈ΓL&(z0,y0)∈ΓR
= Snm

21

1√∣∣∣k(n)z

∣∣∣ (60)
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Case 4 : Input modes are evanescent and output modes are propagating m > Mprop and n ≤ Nprop

2ik(m)
z

1√∣∣∣k(m)
z

∣∣∣
∫
y

∫
y0

χm(y)G (z, y, z0, y0)χn(y0)dydy0|(z,y)∈ΓL&(z0,y0)∈ΓR
= Snm

21

e+izRk(n)
z√

k
(n)
z

(61)

Solving for S21 for cases 1, 2, 3 and 4 (using the information that for evanescent modes
k(m)
z√
|k(m)

z |
= i

√
|k(m)

z |, is

imaginary) are summarised in the Table III.

B. Derivation for S22

Let the wave incidence be from the right side of the disorder onto ΓR. For estimating the reflection matrix S22,
need to take (z0, y0) ∈ ΓR. Then the simplified boundary integral equation becomes,

Mtotal∑
m=1

2ik(m)
z

∫
Einc

m (z, y)G (z, y, z0, y0) dy|(z,y)∈ΓR&(z0,y0)∈ΓR
=

Ntotal∑
n=1

Ẽn (z0, y0) |(z0,y0)∈ΓR

=

Mtotal∑
m=1

Ntotal∑
n=1

c−m
[
δkron(n,m)ϕ−n (z0)χn(y0) + Snm

22 χn(y0)ϕ
+
n (z0)

]
|(z0,y0)∈ΓR

(62)

Performing the same set of operations as used for the derivation of S11 and setting z = zR and z0 = zR, the following
is obtained

2ik(m)
z ϕ−m(z = zR)

∫
y0

∫
y

χm(y)G (z = zR, y, z0 = zR, y0)χn(y0)|(z=zR,y)∈ΓR&(z0=zR,y0)∈ΓR
dydy0 ={

δkron(n,m)ϕ−n (z0 = zR) + Snm
22 ϕ+n (z0 = zR)

}
|z0=zR∈ΓR

(63)

Mathematically, there are 4 different possibilities with respect to the nature of incident and reflected modes.

Case 1 : Both input and output modes are propagating m ≤Mprop and n ≤ Nprop

2ik(m)
z

e−izRk(m)
z√

k
(m)
z

∫
y0

∫
y

χm(y)G (z, y, z0, y0)χn(y0)|(z=zR,y)∈ΓR&(z0=zR,y0)∈ΓR
dydy0 =

δkron(n,m)
e−izRk(n)

z√
k
(n)
z

+ Snm
22

e+izRk(n)
z√

k
(n)
z

(64)

Case 2 : Input mode and output modes are evanescent m > Mprop and n > Nprop

2ik(m)
z

1√∣∣∣k(m)
z

∣∣∣
∫
y0

∫
y

χm(y)G (z, y, z0, y0)χn(y0)|(z=zR,y)∈ΓR&(z0=zR,y0)∈ΓR
dydy0 =

δkron(n,m)
1√∣∣∣k(n)z

∣∣∣ + Snm
22

1√∣∣∣k(n)z

∣∣∣ (65)

Case 3 : Input modes are propagating and output modes are evanescent m ≤Mprop and n > Nprop
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2ik(m)
z

e−izRk(m)
z√

k
(m)
z

∫
y0

∫
y

χm(y)G (z, y, z0, y0)χn(y0)|(z,y)∈ΓR&(z0,y0)∈ΓR
dydy0 =

δkron(n,m)
e−izRk(n)

z√
k
(n)
z

+ Snm
22

1√∣∣∣k(n)z

∣∣∣ (66)

But δkron(n,m) = 0, if m ≤Mprop and n > Nprop.
Case 4 : Input modes are evanescent and output modes are propagating m > Mprop and n ≤ Nprop

2ik(m)
z

1√∣∣∣k(m)
z

∣∣∣
∫
y0

∫
y

χm(y)G (z, y, z0, y0)χn(y0)|(z,y)∈ΓR&(z0,y0)∈ΓR
dydy0 =

δkron(n,m)
1√∣∣∣k(n)z

∣∣∣ + Snm
22

e+izRk(n)
z√

k
(n)
z

(67)

But δkron(n,m) = 0, if m > Mprop and n ≤ Nprop.

Solving S22 for cases 1, 2, 3 and 4 (using the information that for evanescent modes
k(m)
z√
|k(m)

z |
= i

√
|k(m)

z |, is imaginary)

are summarised in the Table IV.

C. Derivation for S12

Let the wave incidence be from the right side of the disorder onto ΓR. For estimating the transmission matrix S12,
need to take (z0, y0) ∈ ΓL. Then the simplified boundary integral equation becomes,

Mtotal∑
m=1

2ik(m)
z

∫
Ẽinc

m (z, y)G (z, y, z0, y0) dy|(z,y)∈ΓR&(z0,y0)∈ΓL
=

Ntotal∑
n=1

Ẽn (z0, y0) |(z0,y0)∈ΓL

=

Ntotal∑
n=1

{
Mtotal∑
m=1

c+mS
nm
12

}
χn(y0)ϕ

−
n (z0)|(z0,y0)∈ΓL

(68)

Performing the same set of operations as used for the derivation of S21 and setting z = zR and z0 = zL, the following
is obtained

2ik(m)
z ϕ−m(z = zR)

∫
y

∫
y0

χm(y)G (z = zR, y, z0 = zL, y0)χn(y0)dydy0|(z=zR,y)∈ΓR&(z0=zL,y0)∈ΓL
=

Snm
12 ϕ−n′(z0)|(z0=zL)∈ΓL

(69)

Mathematically, there are 4 different possibilities with respect to the nature of incident and transmitted modes.

Case 1 : Both input and output modes are propagating m ≤Mprop and n ≤ Nprop

2ik(m)
z

e−izRk(m)
z√

k
(m)
z

∫
y

∫
y0

χm(y)G (z, y, z0, y0)χn(y0)dydy0|(z=zR,y)∈ΓR&(z0=zL,y0)∈ΓL
= Snm

12

1√
k
(n)
z

(70)

Case 2 : Input mode and output modes are evanescent m > Mprop and n > Nprop

2ik(m)
z

1√∣∣∣k(m)
z

∣∣∣
∫
y

∫
y0

χm(y)G (z, y, z0, y0)χn(y0)dydy0|(z=zR,y)∈ΓR&(z0=zL,y0)∈ΓL
= Snm

12

1√∣∣∣k(n)z

∣∣∣ (71)



14

Case 3 : Input modes are propagating and output modes are evanescent m ≤Mprop and n > Nprop

2ik(m)
z

e−izRk(m)
z√

k
(m)
z

∫
y

∫
y0

χm(y)G (z, y, z0, y0)χn(y0)dydy0|(z=zR,y)∈ΓR&(z0=zL,y0)∈ΓL
= Snm

12

1√∣∣∣k(n)z

∣∣∣ (72)

Case 4 : Input modes are evanescent and output modes are propagating m > Mprop and n ≤ Nprop

2ik(m)
z

1√∣∣∣k(m)
z

∣∣∣
∫
y

∫
y0

χm(y)G (z, y, z0, y0)χn(y0)dydy0|(z,y)∈ΓL&(z0,y0)∈ΓR
=

Snm
12√
k
(n)
z

(73)

Solving S12 for cases 1, 2, 3 and 4 (using the information that for evanescent modes
k(m)
z√
|k(m)

z |
= i

√
|k(m)

z |, is imaginary)

are summarized in the Table V.

FIG. 1. Eigenchannel transmission coefficients of Spr,pr
21 are plotted for a disorder with the average eigenchannel

transmission of 0.198. Eigenchannel transmission coefficients contained in the diagonal of the matrix τpr,pr
21 , (obtained

from the S.V.D of the Spr,pr
21 matrix given in FIG. 2 of the main paper), is plotted. The maximum, minimum and average

values of τpr,pr
21 are also given. The averaging is done with respect to all the eigenchannels of the given disorder. Some of the

corresponding eigenchannels are plotted in the supplementary FIG. 2.

VII. VISUALIZATION OF TRANSMISSION EIGENCHANNELS

For accessing the propagating eigenchannels, singular value decomposition (S.V.D) of the components of the Spr,pr

matrix is performed. As an example, the propagating transmission eigenchannels for wave incidence only from the

left-side of the disorder, is accessed by performing the S.V.D of Spr,pr
21 = U21Σ21V

†
21 and using the first singular

vector of V21 to maximize the transmission. τpr,pr21 = (Σpr,pr
21 )

2
is the diagonal matrix containing the eigenchannels’

transmission coefficients ranging from 0 to 1 as shown in the supplementary FIG. 1. For the disordered slab shown in
FIG. 2(b) of the main paper, various eigenchannels, for the wave incidence from both the left side and the right side
of the disorder, are shown in the supplementary FIG. 2.

VIII. ADDITIONAL NUMERICAL VALIDATION OF THE GENERALIZED UNITARITY RELATION

In addition to the numerical validation of the compact form of the generalized unitary relation given in the FIG. 8(a)
of the main paper, additional validation is performed by decomposing the compact form into some of its individual
components as given in the supplementary FIG. 3.
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FIG. 2. Visualizing various eigenchannels of Spr,pr
21 and Spr,pr

12 , containing 130 propagating eigenmodes and
30 evanescent eigenmodes, with ⟨τpr,pr

21 ⟩ = 0.198, the transmission averaged over various eigenchannels of the
given disorder shown in FIG. 2(b) of the main paper. (a) Maximally transmitted (first) eigenchannel of Spr,pr

21 ,
where transmission, T = 0.9988 and reflection R = 0.0012 (b) An intermediate eigenchannel numbered 87 out of the 130
eigenchannel modes, of Spr,pr

21 , where T = 0.0013, R = 0.9987. (c) Minimally transmitted (last eigenchannel numbered 130)
eigenchannel of Spr,pr

21 , where T = 1.1438e − 14, R = 1. Similarly, (d) Maximally transmitted (first) eigenchannel of Spr,pr
12 ,

where T = 0.9988, R = 0.0012 (e) An intermediate eigenchannel numbered 87 out of the 130 eigenchannel modes, of Spr,pr
12 ,

where T = 0.0013, R = 0.9987. (f) Minimally transmitted (last eigenchannel, numbered 130) eigenchannel of Spr,pr
12 , where

T = 1.1438e − 14, R = 1. The transport paths associated with the maximally transmitted eigenchannel of Spr,pr
21 and Spr,pr

12

looks identical in the inside of the disorder. It is because the transport path taken from left to right with the maximum
transmission close to unity, is the same path taken from right to left for maximal transmission.
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FIG. 3. Additional numerical validation done for verifying the generalized unitarity relations. For those unitarity
relations where the R.H.S is a zero matrix analytically, the simulation code yields a numerical matrix close to be approximated
to zero (of the order of 10−15) as shown in the plots. For those unitarity relations where the R.H.S is a unit matrix analytically,
the diagonal elements are all unity.
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IX. S MATRIX CASCADING AND ENSEMBLE AVERAGING

FIG. 4. Schematic to demonstrate the S matrix cascade rule and the ensemble averaged eigenchannel trans-
mission coefficient distribution obtained through cascading. (a) Schematic of cascading thinner slabs to form thicker
slab is shown. Cascade rule given in Eq. 76 is used to cascade the slabs. First, the first and the second thin slabs are cascaded.
It is followed by cascading the third slab with the cascaded result obtained from the first and the second slab. This pattern
is repeated, until the last thin slab is cascaded. (b) The ensemble averaged frequency distribution of τpr,pr

21 values after cas-
cading. It is compared with the bimodal distribution associated with the Random Matrix theory (R.M.T ). Note that here
the histogram is evaluated for individual cascaded disorders, followed by averaging the obtained histogram over many cascaded
disorder realizations.

This section explains the S matrix cascading method by which, a larger disordered slab can be formed, by cascading
an ensemble of thinner slabs. Cascading of the generalized S matrices of the thinner slabs, builds the sample along
the longitudinal dimension (z axis) step-by-step, as shown in the schematic given in the supplementary FIG. 4(a).
Different realizations of thicker slabs (1000 in number) can be formed from the same S matrices of the thinner slabs
(25 in number), taken in random order. This is particularly advantageous from a computational point of view that,
one need not model 1000 different large slabs, but could estimate the S matrices of a collection of smaller slabs once
and cascade them using random order of the slabs for obtaining different realizations of larger slabs. The well known
cascading formula for S matrices is given as the following.

S(a) =

(
S
(a)
11 S

(a)
12

S
(a)
21 S

(a)
22

)
(74)
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and

S(b) =

(
S
(b)
11 S

(b)
12

S
(b)
21 S

(b)
22

)
(75)

Scascade = S(a)
⊗

S(b) =

(
S
(a)
11 S

(a)
12

S
(a)
21 S

(a)
22

)⊗(
S
(b)
11 S

(b)
12

S
(b)
21 S

(b)
22

)

=

 S
(a)
11 + S

(a)
12

(
I − S

(b)
11 S

(a)
22

)−1

S
(b)
11 S

(a)
21 S

(a)
12

(
I − S

(b)
11 S

(a)
22

)−1

S
(b)
12

S
(b)
21

(
I − S

(a)
22 S

(b)
11

)−1

S
(a)
21 S

(b)
22 + S

(b)
21

(
I − S

(a)
22 S

(b)
11

)−1

S
(a)
22 S

(b)
12

 (76)

where I is the identity matrix. The S matrices for a collection of the smaller slabs, are estimated serially using
the generalized Fisher-Lee relations, followed by the use of the cascading formula given in Eq. 76. This helps in
the ensemble averaging of the focusing results in the main paper. The ensemble averaged eigenchannel transmission
coefficients of Spr,pr

21 after cascading is given in FIG. 4(b).


