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Abstract

In the pursuit of developing artificially intelligent systems there is much to be gained
from dually integrating further physiological features of biological neural networks
and knowledge of dynamical systems into machine learning environments. In this
Thesis such a two-armed approach is employed in order to translate ‘multifunc-
tionality’ from biological to artificial neural networks via the reservoir computing
machine learning paradigm. Multifunctionality describes the ability of a single neu-
ral network that exploits a form of multistability to perform a multitude of mutually
exclusive tasks. The dynamics of multifunctional RCs are assessed across several
tasks and from this many new application areas are explored which include, data-
driven modelling of multistability, generating chaotic itinerancy, and reconstructing

dynamical transitions present in the epileptic brain.
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CHAPTER 1

Introduction

Advancements in machine learning often arise from a two-way street between
neuroscientific observation and mathematical representation. In this The-
sis, we stroll through such a street by conceptualising the neurological phe-
nomenon of ‘multifunctionality’ in the context of dynamical systems in order
to train an artificial neural network to perform multiple mutually exclusive
tasks. The main motivation behind translating multifunctionality from bio-
logical to artificial neural networks becomes clear through the topics discussed

in this Introductory Chapter.

1.1 Rise of the Machines

In modern times, the increasing power and widespread use of computers has
had an immensely profound impact on human society. From the way we
communicate and work, to how we enlighten and entertain ourselves, these
information processing machines have changed nearly every aspect of life.
Inspired by the work of Ada Lovelace who wrote the world’s first computer
algorithm in 1843E] and George Boole’s ‘Boolean algebraﬂ, it was Alan Turing
who combined these concepts during his time as a PhD student to conceive of
and subsequently construct a ‘universal computing machine’ capable of sim-
ulating any act of mathematical deduction [3,/4]. Turing’s machine triggered
a technological revolution that marked the beginning of new chapter in hu-

man history known as ‘ The Information Age’ and laid the foundations for the

!This algorithm appeared in [1] as the famous ‘note G’.
2These mathematical concepts were published in 1854 in The Laws of Thought [2].
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computers used today.

Although there are various historical references to constructions of artifi-
cial beings with intelligence dating back to times of antiquity EL these notions
suddenly became more tangible after the invention of the first computer. This
led many individuals, including Turing, to pose questions on whether these
machines can think or could acquire a form of intelligence or even gain con-
sciousness ﬁ It is thoughts like these that brought together John McCarthy,
Marvin Minsky, Nathaniel Rochester, and Claude Shannon in 1956 to or-
ganise a conference where a new academic research area known as ‘Artificial
Intelligence’ (AI) was born [7].

Research in Al has come a long way since 1956, enduring many winters
over the years that have been thawed by the progress made across several
branches of Al in particular, in the area of Machine Learning (ML) where the
focus is on developing tools that enable computers to learn and perform tasks
requiring a certain level of intelligence. Today, it is through these ML tools
that Al is recognised as an umbrella term referring to a suite of technologies

that mimic and outperform humans on a growing list of tasks.

1.2 Two-way street

Throughout the history of ML, the brain, and insight into its inner workings,
has been a constant source of inspiration in the design of new ways in which
a machine can learn. Numerous mathematical models of how the brain pro-
cesses information have provided the conceptual foundations needed to build
a bridge from the brain to new ML paradigms. It is through this ‘two-way
street’ between Neuroscience and Mathematics that several key advancements

in Al and ML technologies have emerged from.

3The earliest known example of these was Talos, the giant automaton (a moving me-
chanical device made in imitation of a human being) forged out of brass by Hephaestus, as

documented in Apollodorus’ compendium of Greek myths, Bibliotheca [5).
4Turing played an important role again in consolidating these ideas and proposed the

‘The Imitation Game’ (also known as ‘The Turing Test’) in [6] as a means to measure a

machine’s level of intelligence.
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At the core of many ML methods is an ‘artificial neural network’ (ANN)
which is a mathematical abstraction of the basic building blocks of biological
neural networks (BNNs) that the brain relies on for computation. ANNs
typically consist of various interconnected artificial neurons that mimic how
biological neurons process information and, for the purposes of ML, several
techniques have been developed to train ANNs to perform a given task.

The study of ANNs began in 1943 with Warren McCulloch and Walter
Pitts who, inspired by how the brain performs calculations using many cells
that are connected together, constructed a network of artificial neurons based
on threshold activation functions connected by directed weighted paths [8].
While this ANN was capable of performing only simple logic operations it
set the stage for researchers to develop ANNs which, on one hand, more
accurately modelled dynamical processes in the brain, and on the other hand,
could be exploited for computational purposes.

The recent explosion of interest in ML-based technologies is largely due
to the enormous progress made in the development of new techniques for
training ANNs to solve more and more sophisticated problems. From aiding
professionals in healthcare [9,/10] and agriculture [11-13], to advances in au-
tonomous vehicles [14-16], and beating world champions in the game Go [17],
various designs of ANNs have quickly become a dominating factor in driving
forward technological innovation.

While it is fair to say that the rapid increase in ML applications can also
be attributed to the wider accessibility of computers with sufficient process-
ing power to train large ANNs, the two-way street analogy has been central
to many of the developments mentioned above. For instance, the famous
AlexNet [18] and Inception [19] network architectures explored in [11] on ma-
chine vision problems in precision farming are based on ‘convolutional neural
networks’ (CNNs). CNNs are a type of ANN inspired by Hubel and Wiesel’s
insights into the structure of the visual cortex in a cat’s brain [20] that were
realised by making use of the convolution operation in functional analysis as
introduced by LeCun et al. in [21].

It is clear from the success of these technologies that there is much to be
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gained in the pursuit of developing artificially intelligent systems by articulat-
ing our current knowledge of the brain and mathematics in ML environments.
In this Thesis, we employ this bilateral rationale to broaden the computational
capabilities of certain ANNs with inspiration from ‘multifunctional neural net-

works’.

1.3 Harnessing Multifunctionality

Multifunctional neural networks are networks of biological neurons that are
capable of performing more than one task without changing any network con-
nections [22|. Multifunctionality is a well observed phenomenological feature
of BNNs found in the brain of humans and many other creatures [23-27].

In [22], Briggman and Kristan Jr. argue that the presence of multifunc-
tionality reflects the developmental history of the brain and that some mul-
tifunctional neural networks may have evolved from networks that initially
performed only one task. As multifunctionality is typically found in networks
with a relatively small number of neurons, it is thought that multifunction-
ality may naturally emerge from an efficient use of limited resources, in this
case neurons, in order for a given species to adapt to environmental changes.

It is natural to consider that many more network systems may have the
ability to achieve multifunctionality. Where this becomes immediately rele-
vant is in the domain of ML. If multifunctionality can be harnessed from a ML
perspective, it can be used to unlock additional computational capabilities of
certain ANNs which would otherwise have remained dormant.

Moreover, training ANNs to achieve multifunctionality is highly advan-
tageous from a practicality point of view as it has the potential to broaden
the networks functional capacity to solve multiple tasks using the same set of
trained weights. Many more advantages of multifunctionality and the doors
it opens to new ML application areas are discussed in Sec.[3.4]

Taking all of the above into consideration, the aim of this Thesis is to in-
vestigate how multifunctionality can be translated as a phenomenon of BNNs

to ANNSs using the ‘reservoir computing’ [28-30] approach to ML. In brief, a



Chapter 1. Introduction 5

‘reservoir computer’ (RC) is a dynamical system that can be realised as an
ANN and an overview of this ML paradigm is provided in Chapter[2]

As outlined in Sec.[3.1] the main breakthrough in this Thesis comes from
interpreting the characteristic features of multifunctionality through the lens
of dynamical systems. The critical insight that is needed to build the bridge
from the brain to design tools which enable RCs to achieve multifunction-
ality comes by realising that BNNs exploit a form of multistability in order
to exhibit multifunctionality. From this, the concept of ‘generalised synchro-
nisation’, which RCs rely on in order to learn, is extended to describe how
multifunctionality can be achieved in a RC in Sec.[3.2.1] In Sec.[3.2.2] a new
training technique is developed that enables RCs to perform tasks of a mul-
tifunctional nature throughout this Thesis.

In the Chapters that follow, some of the extent and limitations of what can
be achieved with a multifunctional RC are explored through several numerical
experiments. These experiments reveal key relationships between multifunc-
tionality and RC training parameters. This subsequently provides the founda-
tional knowledge required to develop application areas for multifunctionality
and paves the way for data-driven modelling of either known or suspected
multistabilities present in experimental real-world data.

Throughout these experiments and applications of multifunctionality a key
emphasis is placed on understanding how a RC learns to achieve multifunc-
tionality. In certain circumstances, the particular bifurcations the RC goes
through that are responsible for enabling learning, preventing learning, and
producing unintended functionalities are identified.

A more detailed breakdown on these contributions is provided in the fol-

lowing section.

1.4 Thesis Layout

The contributions made in each Chapter of this Thesis are outlined as follows:

e Chapter[2] highlights some of the main concepts and advancements made

in reservoir computing over the years. A well-known task is used to
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illustrate how to train a RC to reconstruct the dynamics of a chaotic
attractor. It is by exploring the dynamics of the trained RC from a
new perspective that fresh ground is broken on establishing how a RC
learns, these surprising results serve as additional motivation towards

pursuing the main objectives of this Thesis.

e Taking inspiration from examples of multifunctionality in the brain of
humans and other living creatures, the focus of Chapter[3]is the trans-
lation of multifunctionality from BNNs to ANNs. The steps involved
in training a RC to achieve multifunctionality are introduced and the
unique abilities and advantages of multifunctional RCs are compared

with several other related ML approaches.

e Multifunctionality is first realised in a RC in Chapter[d] and the results
presented here have been published in [31].

e The issues related to symmetry and multifunctionality are considered
in Chapter [f]] Much of the results presented in this Chapter are pub-
lished in [32]. Elements of discussions regarding symmetry and RCs are
adapted from [32] and were contributed by Joschka Herteux with input
from Christoph Rath.

e In Chapter[f]the issue of overlapping training data is explored across dif-
ferent RCs. The work regarding the ‘leaky integrator’ RC and ‘next gen-
eration” RC was carried out by Oliver Heilmann and Daniel K6glmayr
with input from Christoph Rath and appeared in [33]. The relationship
between multifunctionality and overlapping training data is then ex-
plored with the ‘continuous-time’ RC in a paradigmatic scenario using
the ‘seeing double’ problem. The insight gained from the results pre-
sented here led towards establishing the conceptual backbone behind
how multifunctionality is achieved in a RC in Chapter[3] By investigat-
ing the dynamics of the RC as it solves the seeing double problem the
bifurcations responsible for the rise and fall of multifunctionality are

identified. This work is presently under review, for a preprint see [34].
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e Chapter[7] continues on from the research in Chapter[f] by reinterpreting
an extreme case of the seeing double problem as a benchmark task to
test the limits of multifunctionality across different RCs. The results
presented in this Chapter are available in [33] and the work regarding
the ‘leaky integrator’ RC and ‘next generation’ RC was carried out by

Oliver Heilmann and Daniel Koglmayr with input from Christoph Rath.

e The research presented in Chapter[§| showcases the first application of
multifunctional RCs as the techniques developed in this Thesis are used
to model seizure dynamics. This work is from of an ongoing collabora-
tion with Cian McCafferty, Francois David, and Vincenzo Crunelli who
provided the experimental data and helped in framing the goals of the

numerical experiments carried out here.

e Throughout all of the research mentioned above that is either published
or still in preparation, the author of this Thesis is the first author on each
paper and also instigated and lead the collaborative work. Vassilios A.

Tsachouridis and Andreas Amann are co-authors in each of these works.



CHAPTER 2

Reservoir Computing

Presented in this Chapter is an overview of reservoir computing, an outline of
the main type of RC that is studied throughout this Thesis, and an example of
training this RC in time-series prediction problems. An analysis of the RC’s
dynamics after training provides new insight behind how this machine learns
and reveals the existence of ‘untrained attractors’” which serves as further
motivation towards addressing the main questions explored in this Thesis

regarding multifunctionality.

2.1 Overview

The reservoir computing approach to ML received its name from Verstraeten
et al. in 28] who coined the term reservoir computer as a means to unify
the shared philosophies of Echo-State Networks [29] (ESNs) and Liquid-State
Machines [30] (LSMs). These are two independently proposed designs of
ANNs with recurrent connections (RNNs) that were introduced in the early
2000s that have since become increasingly synonymous under the term RC

and are the pillars upon which this ML paradigm has been built.

2.1.1 RC Philosophy

While Jaeger’s ESNs were engineered in the context of machine learning and
Maass’s LSMs were developed from a computational neuroscience perspec-
tive, they share a similar philosophy. Instead of training all the weights in a

network it is sufficient to optimise only the weights of a readout layer to solve
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a given task. This innovation, which distinguishes RCs amongst other ML
approaches, arose as a means to avoid several issues associated with training
RNNs via back-propagation through time [29]. When comparing the perfor-
mance of RCs against other ML approaches across different benchmark tasks,
the common conclusion is that RCs can outperform other ML methods with
significantly less computational expense [35-37].

This ideological shift in training RNNs stems from the design of a suitable
internal layer, known as the ‘reservoir’, which does not need to be trained
according to a particular problem. Instead, so long as the reservoir enables
the state of the RC to become a representation of the history of driving inputs
then only a suitable readout layer needs to be found in order to project this

information out of the RC.

2.1.2 Opening the Black-Box

Another driving factor behind the popularity of reservoir computing in both
academia and industry is that a RC can be realised as both an ANN and a
dynamical system. By describing an artificially intelligent system as a dynam-
ical system then the same set of mathematical tools, that have dramatically
improved our understanding of the world around us, can in principal be used
to explain how these machines learn.

The success of examining the behaviour of RCs from a dynamical sys-
tems perspective is well documented in the literature with many key advances
that have improved our knowledge of how RCs learn such as those reported
in [38-42]. The results presented in this Thesis compliment these by es-
tablishing the particular bifurcations a RC goes through in order to achieve
multifunctionality in certain circumstances.

These results shed some light on how RCs learn and perform certain tasks
and these efforts relate to the problems of ‘explainability’ and ‘opening the
black-box’ that the much wider AI research community are focused on ad-
dressing [43-45]. The focus of ‘Explainable AT’ is to develop an understanding
of how the machine performs certain tasks at the level where a human can

understand decisions made by the machine. The aim of ‘opening the black-
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box’ is to tackle the Achilles’ heel of many ML methods that are considered
to be a black-box, a system where there is nothing known about how the
system produces a particular output for a given input. This results in little
being known about the internal mechanisms responsible for enabling learning,
preventing learning, or producing unintended biases or functionalities. The
growing need to address the widening gap between explainability and highly
disruptive innovations in ML and the problems this may produce for humanity
are discussed in Appendix[A]

Furthermore, through this lens of dynamical systems it is also highly fea-
sible to translate further behavioural features of BNNs to an artificial setting
and it is through this point of view that the realisation of multifunctionality
in a RC is achieved. To comment further, biological based learning rules have
also been developed for RCs by following this philosophy [46,47]. Biologically-
inspired RCs have also been created by integrating certain aspects of BNN
topologies into ANN designs such as the fruit fly connectome derived RC
in [48-50].

2.1.3 Application Areas

As interest in RCs has continued to grow over the years, many application ar-
eas have been developed. RCs have been trained to perform a large variety of
tasks, for example, decoding human emotions [51] and neuronal information in
brain-machine interfaces [52], model-free control of nonlinear systems [53}54],
predicting critical transitions [55,56], assisting in the diagnosis of Parkinson’s
disease [57], reconstruction and prediction of trajectories on chaotic attrac-
tors [58,59], visual identification tasks |60,61], real-time detection of epileptic
seizures [62], and inferring from limited time series data; unmeasured state
variables [63], Lyapunov exponents [64], and causal dependencies between
variables [65].

By training RCs to become multifunctional, this brings multistability into

the world of ML and opens the door for many new applications areas.
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2.2 Principle of Operation

The principle of operation shared amongst most RC setups, in particular
for time series prediction and attractor reconstruction tasks, is described as

follows. This description is adapted from Lu et al. in [59)].

2.2.1 Using a RC

Task description

Consider an autonomous continuous-time dynamical system that evolves ac-

cording to,

@(t) = g (x(1)), (2.1)

0 (2.2)

where, x(t) € RY is the state of the system at a given time ¢, g (-) : RX — RF
describes the governing equations of the system which may be unknown, and
o € Bz C RX where Bz is the basin of attraction of some attractor Z. An
attractor, Z, is defined as a closed, invariant, and minimal set that attracts all
@y € Bz such that the distance between x(t) and Z tends to 0 as t — oo [66].
Consider a vector u(t) € RP that describes the measurement of D variables

of x(t) at time ¢t. The relationship between w(t) and x(t) is given by,
u(t) = h(z(1)), (2.3)

where h (-) : RF — RP is the ‘measurement function’ that maps = (t) to u(t)
at each time ¢. The aim is to train a RC to predict future values of w(t)
beyond some time t = t; ain-

While it is possible that D < K, in most experiments carried out in this
Thesis D = K and h(-) is the identity matrix of the appropriate size, so
u(t) = x(t).
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Open-loop training

There are two stages involved in training the RC, a listening stage and a

training stage. In both stages the state of the RC evolves according to,

7(t) = f (r(t), u(t)), (2.4)
7(0) = 7o, (2.5)

where 7(t) € RY is the state of the RC at time ¢, f(-,) : RY x R? — R¥Y
describes the RC formulation and in general N > D. r( is typically chosen
as 07 = (0, ... ,O)T where 7" in this instance denotes the transpose operation.
This nonautonomous dynamical system is referred to as the ‘listening RC’
where u(t) is used as input in order to drive a response from the state of the
RC from t = 0 to ¢t = tiain-

The listening stage is described as the duration of time where the listening
RC is driven by w(t) for 0 < t < tjisten Where tiisten < firain is chosen such that
r(t) is determined by a history of driving inputs and is no longer dependent
on its initial condition, ry. The sequence of events that give rise to this
phenomenon are discussed in Sec.[2.2.2]

The training stage is described as the duration of time where the listening
RC is driven by wu(t) for tigten < t < tgain- Training consists of finding a
function 9 (-) : RY — R? that minimises,

/ Tl ) - w) e, (2.6)

t=tlisten Ltrain — Llisten

where '[p (+) is called the ‘readout function” and can, for instance, be computed
using a regression technique like the method outlined in Sec.[2.3.2

In order for a RC to achieve multifunctionality, the properties required for
the pair of functions (f, 1:0) are discussed in Sec. and elucidated through

several numerical experiments during Chapters]-[3]

Closed-loop predicting

After the training, w(t) is replaced by 4 (r(t)) in Eq. (2.4) and the evolution
of the state of the ‘predicting RC’ is described by the following closed-loop



Chapter 2. Reservoir Computing 13

system,

#(1) = £ (70 (1)) 2.1
”%(O) = 'r(ttrain)- (28)

While 7(¢) and r(t) are both € RY to distinguish the dynamics of #(¢) from
r(t), ©(t) is defined as 7(t) € S where S is referred to as the ‘RC’s state
space’ and is used henceforth when discussing the dynamics of the closed-
loop predicting RC.

By computing solutions of the above autonomous dynamical system, pre-

dictions of w(t) for ¢ > tiyaim, denoted as u(t), are given by,

alt) = § (1), 29)
Again, while both w(t) and @(t) are € R”, to distinguish the dynamics of
u(t) from w(t), u(t) is defined as w(t) € P where P is referred to as the
‘prediction state space’ and is used henceforth when discussing the dynamics
of the closed-loop predicting RC when projected via 12)

In the case where u(t) describes a trajectory on a chaotic attractor, A C
R, then no matter how perfect the fit that {p provides, u(t) will diverge from
u(t) after some finite time ¢ = ¢/ > tyain. As a result the predicting RC will
only ever be capable of providing reasonable short term predictions of w(t),
according to a chosen error criteria such as ||@(t) —w(t)||2 being close to 0, for
t <t where t' is the time where ||@(t) — w(t)||2 exceeds a chosen threshold.

However, even though @(t) # w(t) V¢ > ¢, if the predicting RC has
achieved ‘attractor reconstruction’ then the long term dynamical characteris-
tics of w(t) will be indistinguishable from w(t). By resembling the long term
dynamics it is meant here and in later uses of the expression that, for instance,
the dynamics of the attractors described by w(t) and w(t) will have nearly
identical Poincaré sections when computed for the same region of R and P
as t — oo for t > tirain.

When attractor reconstruction occurs we say that there exists an attractor
S C S such that when the state of the predicting RC approaches S and is

projected from S to P via {b (+), the dynamics of the ‘reconstructed attractor’,
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A C P, resembles the dynamics of A in the long term, ic., A and A will,
as mentioned above, have nearly identical Poincaré sections. A more precise

definition of what it means for a RC to achieve attractor reconstruction is
provided in the following Sec.[2.2.2]

2.2.2 Perspectives on Learning

There are a number of concepts that try to establish the particular mecha-
nisms of how 7(t) becomes dependent on a history of driving inputs from w(t)
during the listening stage and how attractor reconstruction is achieved. An

outline on some of these concepts are provided below.

Echo State Property

In [29], Jaeger put forward the ‘echo state property’ (ESP) as a means to
describe when it is possible for an ESN, which is a RC in the form of a RNN,
to be trained to reliably perform a given task. Jaeger proposes that, under
strict design criteria for an ESN and if ¢, is large enough then, at some time
trsp, where 0 < tgsp < tisten, the ESN possesses the ESP. The ESP describes
the scenario where the state of the ESN ‘forgets’ its initial condition and, for
t > tgsp, T(t) is dependent on a history of driving inputs from w(t).

On the other hand, if u(t) is removed from the listening RC for ¢ > tggp
then the state of the RC will converge to an original equilibrium solution
of the system. Furthermore, if the RC is designed according to the criteria

specified by Jaeger in [29] then the state of the RC will approach the origin.

Generalised Synchronisation

Building on the insight that the ESP provides, in [59] Lu et al. put forward
the concept of ‘generalised synchronisation’ (GS) as a means to describe the
learning process for the RC and specify a set of conditions in order for the
RC to provide accurate short-term predictions of w(t) and reconstruct the
long-term dynamics of the attractor it describes.

Synchronisation occurs where two or more coupled nonidentical systems
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evolve together in time such that the states of each respective system become
correlated or even identical. The multiple different ways in which dynamical
systems can synchronise are detailed in books such as |[67] and [68].

In [69], Pecora and Carroll made a significant breakthrough by demon-
strating that synchronisation can also occur even if the respective system’s
dynamics are chaotic. This result led towards Rulkov et al. introducing the
concept of GS in [70] to describe the scenario where two or more coupled
nonidentical systems can become synchronised even though the evolution of
these systems may be quite different. In [71], Kocarev and Parlitz describe
GS specifically in the context of unidirectionally coupled systems, these are
drive-response systems that can be written in the form of the response lis-
tening RC system described in Eq. and driving system in Eq. (2.1). In
both [70] and |71] the concept of a ‘functional relation’ is developed to describe
GS through the established dependency between the dynamics of the coupled
systems whereby the dynamics of the response system can be controlled or
influenced by the driving system.

Applying the formalism of GS developed in [70] and [71] to the case of the
listening RC that is driven by Eq. , the following definition clarifies what

it means for GS to occur in the case of the driven listening RC.

Definition 2.2.1 (Generalised Synchronisation for a listening RC). The uni-
directionally coupled system, defined by Eqgs. (2.1) and possesses the prop-
erty of GS between x(t) and r(t) if 3 a transformation, ¢ : RE — RY q
manifold M = {(x(t),r(t)) : v(t) = ¢ (x(t))}, and a subset B = By x B, C
RE x RY where M C B and B is the basin of attraction where trajectories
of the unidirectionally coupled system approach M ast — oo V (xg,10) € B.

Proofs on the existence of such a ¢ for a general class of unidirectionally
coupled systems are outlined in [70] and [71]. However, it is Pyragas’ com-
ments on these proofs in [72] that provides an immediate connection between
¢ and the ESP. Pyragas says, in the context of determining whether a given
unidirectionally coupled system (defined in a similar way to Eqgs. and
(2.4])) exhibits GS, there exists such a ¢ “if, under the action of driving per-

turbations, the response system ‘forgets’ its initial condition”. This aspect
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of the response system forgetting its initial condition is precisely the same as
what Jaeger calls the ESP.

The ‘auxiliary system approach’ introduced by Abarbanel et al. in [73]
is a method that is used to test whether GS occurs. This involves driving
a given response system and an identical ‘auxiliary’ system with the same
driving input but both response systems are initialised with different initial
conditions from the same basin of attraction. If the response from the response
system and the corresponding auxiliary system synchronise, then GS is said
to occur. Recently, in [74] Platt et al. showcased the success of the auxiliary
system approach when applied to RCs across different attractor reconstruction
tasks where the method is used to provide a prediction on when attractor

reconstruction can occur.

Achieving attractor reconstruction

As Platt et al. highlight in [74], the occurrence of GS does not guarantee
that attractor reconstruction can be achieved. It is only when the predicting
RC remains stable near the set ¢ (A) C RY that attractor reconstruction is
possible. This set ¢ (A) is defined as the image of the driving inputs during
the training stage.

In [59], Lu et al. make use of ‘transversal Lyapunov exponents’ to deter-
mine the suitability of the particular readout function, 1&, in reconstructing a
given attractor, A. In the case of unidirectionally coupled systems, like the
drive-response system defined by Egs. and (2.4), the transversal Lya-
punov exponents are the Lyapunov exponents of the response system under
the constraint that these Lyapunov exponents are calculated for a trajectory
of the response system under the influence of the drive. These Lyapunov ex-
ponents receive the name transversal as they correspond with assessing the
behaviour of infinitesimal perturbations in directions which are transverse to,
in this case, ¢(A). Lu et al. demonstrate that ¢ (A) is attracting if all
transversal Lyapunov exponents of the predicting RC on ¢ (A) are negative.
On the other hand, if there is any positive transversal Lyapunov exponents,

then ¢ (A) is not attracting. Lu et al. compute the transversal Lyapunov
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exponents of the predicting RC using data from the listening RC’s response
to the driving input signal during the training, where it is assumed GS occurs
and the state of the listening RC approaches ¢ (LA). These results show pre-
cisely when there exists a stable attractor in the predicting RC’s state space
that corresponds to ¢ (A).

Taking all of the above into consideration, the following set of definitions
and remark more clearly describe what it means for a RC to achieve attractor
reconstruction based on the concept of GS and the generation of the readout

function, 12), via the training technique.

Definition 2.2.2 (The Response Attractor). 3 a stable ‘response attractor’,
S C S that is associated with ¢ (A) if all transversal Lyapunov exponents of
the predicting RC on ¢ (A) are negative.

Definition 2.2.3 (Attractor Reconstruction with a RC). Attractor recon-
struction occurs if the response attractor, S, created by ¢ (A) and 1:b through
GS and the training stage, exists, is stable, and when the state of the predict-
ing RC on S is projected from S to P using P, then the long-term dynamics of
the reconstructed attractor, .,Zl, resembles the long-term dynamics of A, i.e.,
A and A will have nearly identical Poincaré sections when computed for the

same portion of RP ast — 0o fort > tirain.

Remark 2.2.1 (The role of ¢). If attractor reconstruction occurs, the trans-
formation, ¢, introduced in Definition|2.2. 1), is then referred to as the ‘lifting
operator’ as it effectively lifts A to a new attractor S in S.

The above definitions and remarks are later extended in Sec.3.2.1] to cater

for the case of multifunctionality where a single function, {b, is used to

project the dynamics of multiple coexisting attractors from S to P.

Returning to where the story of synchronisation in chaotic system began,
the reservoir computing approach to ML represents a realisation of Pecora
and Carroll’s intuitions as outlined in the closing statements made in [69]]

Pecora and Carroll point out that by designing systems to synchronise in

IThis statement comes from comments made by Lou Pecora during a seminar he gave

at University College Cork in September 2022.
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particular ways, this may open many new applications areas for dynamical
systems and that the process of synchronisation “could supplant the more
‘fixed-point’ view of neural networks” which was held at that time. In the
present context of reservoir computing, the means to design a readout function
is what enables the GS that occurs between a listening RC and its driving

system to be exploited for many different ML applications.

2.3 RC Formulation and Training Procedure

The particular RC that is studied throughout the majority of this Thesis
was presented by Lu et al. in [59] which is an ESN described according to
the same open-loop format as in Eqgs. . In this setup, the listening RC is
driven by an input signal, u(t) € RP, for 0 < t < tirain and its response to this
driving signal is found by generating solutions of the following nonautonomous

dynamical system,

7(t) =y [—r(t) + tanh (M r(t) + oW, u(t))], (2.10)
r(0) =0". (2.11)

In Eq. (2.10)), r(¢) € RY describes the state of the listening RC at a given time
t and N is the number of artificial neurons in the network. 7 is a decay-rate
parameter arising from the derivation of this RC from the initial ESN proposed
by Jaeger in [29]. The tanh ‘activation function’ is a pointwise operation and
is defined as tanh (-) : RY — RY. The topology of the network is described by
the adjacency matrix, M € R¥*¥. The input strength parameter, o, and the
input matrix, W;, € RV*P_ when multiplied together represent the weight
given to w(t), as it is projected into the listening RC. Solutions of Eq.
are computed using the 4" order Runge-Kutta method with time step 7. An
illustration of this open-loop RC setup is shown in Fig.[2.1]

A description of how this RC is trained to reconstruct the dynamics of an
attractor, A C R” described by u(t) according to the listening and training
stages described in Sec.[2.2.1]is outlined as follows.
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O-Win M
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Figure 2.1: Open-loop RC: The input signal u(t) is projected by oW, to drive a
response from the RC state, 7(t).

2.3.1 Listening stage

In the listening stage, w(t) is used to drive the listening RC in Eq. away
from its initial condition. Unless otherwise specified, Eq. is initialised
with 7 (0) as described in Eq. where 07 = (0,0,...,0)" and T denotes
the transpose operation.

As outlined in Sec., solutions of Eq. are computed up to t =
tisten Where tygien is chosen to be large enough such that for ¢ < tigen, the RC
exhibits the ESP and generalised synchronisation (GS) occurs between the

RC and the dynamical system where A originates from.

2.3.2 Training stage

There are many ways to design ¥ () for a given task. In most examples ¥ ()
is given by a ‘readout matrix’, W, € RP*¥ A brief history on the different
designs of W,,; that have been adopted over the years and the particular
technique that is used to compute W,,; for the numerical experiments carried

out in this Thesis is outlined as follows.



Chapter 2. Reservoir Computing 20

Readout matrix design/

There are many ways to design W,,; with respect to a given problem. While
originally it was mostly linear terms of r(¢) that were used to generate Wy,
in recent years the inclusion of quadratic terms of r(¢) in the training to pro-
duce a ‘square readout matrix’ has become popular after its introduction by
Lu et al. in [63], where it was employed to mitigate the influence of sym-
metries in the Lorenz system [75]. This ‘squaring technique’ was empirically
found to improve a RC’s performance in more general cases [35,[76]. In [77],
Herteux and Rath show that this can in part be attributed to the ability of the

square readout matrix to break harmful symmetries present in the equations

~

describing a RC, i.c., when f (—f*(t),fﬁ(—f(t))) —f (f*(t),zﬁ(rf*(t))). In
the context of attractor reconstruction, these harmful symmetries must be
broken in order to prevent the creation of a ‘mirror-attractor’, an inverted
version of the attractor that the RC was specifically trained to reconstruct.
The relationship between multifunctionality and symmetry in relation to

mirror-attractors and the readout matrix is studied extensively in Chapter[f]

Squaring technique

Taking the above into account, for the most part of this Thesis, 12) (+) is written

as,

~

Y (P(1) = u(t) = Woug(r(t)), (2.12)

where W,,; € RP*2V is the readout matrix and g(r(t)) € R?V is designed to
break the symmetry in Eq. using the ‘squaring technique’ described by,

q(r(t)) = ( ) > , (2.13)

2The comments made here are adapted from [32] where Joschka Herteux conducted the

literature review on the history of readout matrix designs.
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where 72(t) = (r2(t),72(t),...,7%(t))". From Eq. [2.13) it then follows that
Eq. (2.12) can be rewritten as,

P (7(t) = Woua(#(t) = (Wi, W) ( :f; t)) )

@) #2(1), (2.14)

out

Wl rt)+wW

out

(2)

out

where W(l)

out

matrix’ which breaks the symmetry in Eq. (2.10)).

is the ‘linear readout matrix’, and W, is the ‘square readout

Ridge regression

In this Thesis W,,; is determined by the ridge regression technique which

consists of minimising the following expression with respect to W,

tt

D I Wou a(r[il) — wlilll3 + 51 Woull3 | . (2.15)

i=t;

1
ty — 1

where 7[i] and w[i] are discrete-time samples of the continuous-time variables

r(t) and u(t) at discrete time ¢ = t/7 where in this Thesis 7 is chosen as

tt

the time step of the integration. The corresponding time series, [r[i]];_, and

[u[t]]?:tl, are constructed by sampling r(¢) and w(t) at intervals of length 7
(resulting in discrete-time intervals of length 1). To be more specific, the

time series are constructed as [r(¢)], = [r[t], r[ti +1],7[t;+2],...,7[t]]

i=t
and similarly for w(t) where the discretle—times t; = tiisten/T and t; = tipain/T-
B is the regularisation parameter and the purpose of the [ |[Woyul|l2 term
in Eq. is to modify the linear least-squares regression to reduce the
magnitudes of elements in W,,; in order to discourage overfitting.
Minimising Eq. involves taking the partial derivative of Eq.
with respect to W,,; and setting the resulting expression equal to 0. This
results in the following equation where the W,,; that minimises Eq. is

given by,

W, = YXT (XXT +81) ", (2.16)
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Figure 2.2: Predicting RC: The trained readout layer W, g(*(t)) replaces the

external driving input from the listening and training stages.

where,

X = [ g(rlt)) qlrlt+1) - qlrlt]) . (2.17)
is the ‘response data matrix’ and,
Y=[aft] wlt 1) - ult] |, (2.18)

is the ‘input data matrix’ and I is the identity matrix of the appropriate size.

2.3.3 Predicting stage

In the predicting stage solutions of the ‘predicting RC’ are computed accord-

ing to the following autonomous dynamical system,
?’(t) = [—7(t) + tanh ( M 7(t) + oW, W, q(7(2)) )] . (2.19)

If the training is successful then, according to Definition[2.2.3| when Eq.
is initialised with 7(0) = 7(¢yain) the long-term dynamics of the reconstructed
attractor, ./Zl, will resemble the long-term dynamics of A described by w(t) for
t > tirain. An illustration of this closed-loop predicting RC setup is provided

in Fig.2.2]
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2.3.4 Further comments
RC Topology

In generating many of the results presented in this Thesis, M is constructed
with an Erdos-Renyi topology where each of the non-zero elements are then
replaced with a random number between —1 and 1, the matrix is subsequently
scaled to a specific spectral radius, p. To elaborate, M is designed such that
each element is chosen independently to be nonzero with probability P (i.e.
sparsity = P or average degree = N/P) and these nonzero elements are
chosen uniformly from (—1,1). This random sparse matrix is rescaled such
that the spectral radius, which is the maximum of the absolute values of its
eigenvalues, is p. This topology is chosen in order to provide the RC with
enough dynamical flexibility to solicit multistable dynamics in tasks requiring
multifunctionality.

Similarly, the input matrix, W, is designed such that each row has only

one nonzero randomly assigned element, chosen uniformly from (—1,1).

Role of p

A key parameter involved in this RC setup is the spectral radius, p, of the in-
ternal connections described by M. One of the central discoveries reported on
in Chapter[6]is that multifunctionality is found to occur within a ‘Goldilocks
region” whereby, depending on the level of difficulty involved in a particular
task, multifunctionality is achieved within a certain range of p values and does
not occur if p is too large or too small. Similar results were also presented by
Jiang and Lai in [78] where a given RC was found to achieve optimal perfor-
mance within a specific interval of p values on several time-series prediction
problems. The connection between these results and the results presented in
this Thesis is discussed to a greater extent in Sec.[6.4.1]

RC design and parameters

It is important to highlight that there is currently no universally accepted

method for choosing, a priori, any given combination of RC design and train-
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ing parameters (N, P, p, 0, 7, 3, tiisten, and tiain) in order for the RC to solve
a given task.

To combat this, algorithms have been developed which optimise these
parameters in both local and global manners to reduce the error in time-
series prediction problems [79,80]. However, the drawback in using these
optimisation algorithms is that the set of training parameters that are found
to provide the longest short-term predictions of a given chaotic attractor may
not be suitable for reconstructing the long-term dynamics of the attractor.

Instead of adapting optimisation algorithms like those mentioned above
for the case of multifunctionality, throughout this Thesis there is an emphasis
placed on investigating the range of certain RC design parameter values in
which multifunctionality is achieved. This involves fixing most of the design
parameters and inspecting the dependency between a successful training out-
come and the remaining ‘free’ training parameters. This method provides
a map/grid whereby the relationship between certain parameters and multi-

functionality are identified in relation to a specified error criterion.

2.3.5 Other RC Formulations

In this Thesis, the performance of the continuous-time RC in Eq. on
tasks involving multifunctionality is assessed and compared with other RC
formulations to determine the advantages or disadvantages posed by each
of these RC designs. These include the original ESN formulation introduced
in [29] and the recently developed next-generation RC setup presented in [81].
The steps involved in training these RCs to perform attractor reconstruction
are outlined below, the same ridge regression approach outlined in Sec.[2.3.2]
is used to train both of these RCs. Furthermore, additional examples of RC

formulations which are not explored in this Thesis are also highlighted.

Original ESN

The continuous-time listening RC in Eq. (2.10)) is derived from the original

discrete-time formulation described by Jaeger in [29] and is given by rewriting
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7(t) as,

p(t) = Tl = rli] (2.20)

-
where 7 is the same integration time step used in computing solutions of the

continuous-time RC and »[i] is the state of the discrete-time RC at discrete
time i. From Eq.(2.20) it follows that the state of this discrete-time RC

evolves according to,
rrr[i + 1] = (1 — n)rrrli] + ntanh (M7 [i] + oWy, ufi]), (2.21)

where = v7 and ¢ = t/7. The parameter 7 € [0, 1] is known as the ‘leaky-
integrator’ parameter and is used to control the amount of new information
that the RC receives on each iteration of Eq. . As a result, this discrete-
time RC is known as the leaky-integrator RC (LI-RC), hence the relabelling
of r[i] as r1;[i]. In the original ESN design there is no contribution from the
leaky integrator term, which is the same as writing Eq. with n = 1,

resulting the following update equation,

r[i + 1] = tanh (M r[i] + oW, u[i]). (2.22)

Next Generation RC

Recently, Gauthier et al. introduced the ‘Next Generation RC’ (NG-RC)
in [81] which differs significantly from the RC formulations described so far.
The NG-RC is constructed as a linear reservoir with nonlinear readout and
in [81] it is shown to achieve remarkable results in time series prediction
problems.

When using this setup for time-series prediction problems, the input data
are transformed with a ‘polynomial multiplication dictionary’, Pl into a
higher dimensional state space consisting of the unique polynomials of orders,
O. For example, transforming a two-dimensional input data point, uli] =

(u1i], u[i]))T, with P for O = 1,2 is written as,

T

PUA(uli]) = (wli] uali] wii] ujli] wi[iJuzli]) (2.23)
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A ‘time shift expansion dictionary’, Ly, is used in [81] to shift the input
data in time in order to distinguish the NG-RC from nonlinear vector au-
toregression algorithms [82]. The k value defines the number of past data
points that the current data point is concatenated with, and the s value de-
notes how far these points are separated in time. Following the example of a

two-dimensional input data point, this time shift is written as,
L (wfi]) = (ua]i] uali] usli — 1] ugli — 1))7. (2.24)
The NG-RC'’s response to uli] during training is written as,
ryali + 1] = PIO(L (ufi])). (2.25)

Therefore, in this example where O = 1,2, k = 2, and s = 1, it follows that the
corresponding RC state consists of N = 14 ‘neurons’ where ry¢li + 1] € R

is written as,

(ul[@] ugli] ur[i—1] ugli—1] wi[i] wylilusli] wiliuy[i—1] wyli]ug[i—1]

uzli] uslilui[i—1] uglilugli—1] ui[i—1] wuli—1]usli—1] u%[i—l])T. (2.26)

In this setup, the reservoir state vector, 7 y¢[i], is projected using a readout

matrix, Wy, to resemble, Awuli] = wul[i] — u[i — 1], for ¢ > i where
itrain 1S the end of the training time. W, is found using Eq. (2.16)). The
input training data Y = [w[iwarm], - - - W[irain]] is transformed to the state

matrix X = q <P[O](LZ(Y))> where the same ¢ (-) from Eq. is used
here but it is not necessary to do so in all cases. Note, a warm up time of
lwarm = ks is needed, where entries of the state matrix at time 7 < Z,0mm
are not defined. The output target matrix used in Eq. for this setup
is written as, Y’ = Y[i] — Y[i — 1] in accordance with how Awl[i] is written.

The trained NG-RC evolves according to,

Fnali + 1] = PONLE (aneli — 1] + Wowq (nali]))), (2.27)

i—1

for #nc[0] = rNGlitrain] and Gncli — 1] = wlitrain] + D5 Wourq (Frgli])

estimates wli] for ¢ > i4qin.
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As the NG-RC requires tuning only O, k, s, and [, the issues which relate
to improper random initialisations of M and W;,, do not arise. On the other
hand, the results shown in Chapter[7] shed some light on the limitations to
what can be achieved with the NG-RC because of its design in comparison to

CT and LI-RCs on a benchmark problem for multifunctionality.

Additional examples of RC designs

Since the introduction of ESNs and LSMs, there have been many variations
of RCs both in terms of mathematical formulation and reservoir design. In
this section, many of these developments are highlighted, however, this is not
an exhaustive list of all RC designs.

Appeltant et al. presented a single-node time-delay based RC in [83].
Gallicchio et al. assembled a ‘deep RC’ consisting of many reservoir lay-
ers in [84]. New formulations have combined these time-delay and deep RC
philosophies to produce deep time-delay RCs [85]. Carroll and Pecora studied
how changes in reservoir topology effects the performance of polynomial and
hyperbolic tangent based RC architectures in [86].

Based on the promise of ML and data-driven models to ‘fill the gaps’ of
inaccuracies present in knowledge-based models of physical processes, in [87]
Pathak et al. combine the best of both worlds in order to produce a ‘hybrid
RC’ which is a RC that is designed to incorporate knowledge on the physical
process it is trained to model. This new reservoir computing paradigm is
shown to more accurately predict how a given process’ state variables evolve
for a much longer period of time than either of its constituents alone. Since
this hybrid RC approach was introduced, a variation called the ‘Combined
Hybrid-Parallel Prediction’ (CHyPP) method was presented in [88] which
has recently been combined with the Atmospheric Global Circulation Model
(AGCM) in [89] to produce improved longer term forecasts on how certain

atmospheric state variables evolve in time.
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Physical RCs

The premise of the RC approach to ML is for the internal dynamics of the RC
to provide a response to a history of driving inputs without needing to alter its
structure throughout the training. Based on this many physical mediums have
been used to play the role of an internal layer to a RC by taking advantage of
some material properties. Various constructions of these ‘Physical Reservoir
Computers’ have been developed which include optoelectronic systems [90],
neuromorphic chips [91], nanomagnetic systems [92], and examples of in ma-
terio designs such as protein molecules [93] and concrete building blocks [94],
octopus inspired soft robotic arm [95]. For recent reviews and discussions

which provide further insight on the scope of physical RCs, see [96-H100].

2.4 Attractor Reconstruction

The RC training procedure outlined in the Sec.[2.3] to train the continuous-
time RC defined in Eq. (2.10]) is now applied to the task of reconstructing the
dynamics of the chaotic Lorenz attractor [75]. Trajectories on this attractor,

L, are generated by computing solutions of the following set of equations,

(t) = w1(t) (28 — w3(t)) — wa(t), (2.28)

ba(t) = 21 (1) ma(t) — gxg(t),

from the initial condition (IC), (z(0),22(0),23(0)) = (1,1, 1), using the 4
order Runge-Kutta method with time step 7 = 0.01.

The three dynamical variables describing trajectories on £ are used to
provide the driving input to the RC during the training, in this case w(t) is
written as u,(t) = (z1(t), za(t), z3(t)) and the RC’s response to this input
is found by generating solutions of Eq. with the same 7 used to com-
pute trajectories on L. The RC is trained according to the steps outlined in

Sec.[2.3.2 with q(r(t)) as defined in Eq. (2.13). The RC design and training

parameters for the experiments conducted in the present section are specified
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N P g Y ﬂ biisten  Ttrain
100 0.05 0.2 10 10=* 100 100

Table 2.1: RC design and training parameters used to reconstruct dynamics of

Lorenz attractor.

201

=
—= 01
8

—201

Figure 2.3: Tllustration of the RC’s reconstructed Lorenz attractor, £, compared
with the true attractor, £, for p = 0.6.

in Table[2.1) and the influence of the spectral radius, p, on the RC’s ability to
reconstruct L is investigated for several values of p in the following sections.

The result of training the RC with p = 0.6 is shown in Fig.[2.3] Here the
RC’s reconstruction of £ is denoted as £ to be consistent with the prediction
of u(t) as it is defined as w(t) and ¢ in this case is the time from which
the listening stage begins. Trajectories on L are computed by generating
solutions of Eq. initialised with 7:(0) = 7 (ftyain) and projecting 7(t) to P
via Eq. . On the left of the figure are the RC’s short-term prediction of
all dynamical variables. Although the prediction breaks down for ¢ > 202.5,
which is 2.5 time units after solutions of the predicting RC are computed from
its initial condition, on the right of the figure the long-term behaviour of L

(when ¢ >ty in this case t = (400, 500)) is shown in the (21, z9, x3)-plane
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Figure 2.4: Dynamics of the predicting RC (trained to reconstruct £) when ini-
tialised from 100 random initial conditions. Left: Time trace of the predicted x3
variable. Right: Transient dynamics of the RC in the predicted (x1,x3)-plane.

Dotted black lines describe a trajectory on each of the resulting attractors in P.

and closely resembles the dynamics of the original L.

2.5 Untrained Attractors

The results presented in this Section help to further crack open the black box

by providing new insight into how a RC learns to reconstruct an attractor.

2.5.1 Global Reconstruction

While Fig.[2.3]illustrates that the RC successfully reconstructs the dynamics
of L, the next question to consider is: how well did the RC reconstruct the
global dynamics of the Lorenz system described in Eq. ? As L is the
only stable attractor present in the state space of Eq. then the same
should be the case for £ in P. However, it turns out that this is not always

the case.
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2.5.2 Probing P

In order to shed some light on the above and gain insight towards the structure
of P, solutions of the same predicting RC, as discussed in the previous section,
are generated when this RC is initialised from 100 random ICs. The resulting
dynamics are shown in Fig. which, to much surprise, reveals that £ is not
alone in P, there is also a limit cycle (LC}) present which was not part of the
training and will be referred to as an ‘untrained attractor’ (UA).

In the left hand side of Fig.[2.4] it is shown that within ~ 1.5 time units
of the simulation, the state of the predicting RC has settled down to either
attractor and on closer inspection it is found that the state of the RC tends
towards LCY from 23 of these 100 random ICs.

This interesting result is further exemplified in the right hand side of
Fig. where the transient dynamics in the (z1, z3)-plane provides an indi-
cation of how P is shared between £ and LC4. From this perspective the
basin boundary between £ and LC, in the (x1,x3)-plane is not a straight
line dividing P. In certain regions of the (z1,x3)-plane there appears to be
isolated nests of ICs which are arbitrarily close together from which the RC
tends to different attractors. Furthermore, there are a number of ICs that are
relatively close to LC4 from which the RC subsequently tends to L. While it
is only in S that the structure of the actual basins can be determined, inter-
preting the basin structure in P provides further insight into the dynamical

properties of the predicting RC.

UAs for p = [0.2,0.65]

The role of UAs and their coexistence with the desired reconstructed attrac-
tor in PP is not widely reported in the literature. In this Thesis, bifurcation
analyses of UAs in P provide vital insight in assessing how the RC solves a
given task and becomes multifunctional. Without introducing significant dis-
traction from the main focus of this Thesis, which is to explore the dynamics
and applications of multifunctional RCs, the above experiment is repeated
with the same set of random ICs for p = [0.2,0.65] in order to showcase the

wider influence of UAs on the RC’s ability to reconstruct £. The resulting
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dynamics of the RC for these p values are illustrated in Fig.[2.5| where the
same randomly initialised M and W;,,, that were used to generate the results
shown so far, are used in each of these simulations and M is rescaled to have
a particular spectral radius, p.
It is clear from Fig.[2.5]that there is a strong relationship between p, UAs,
and the reconstruction of £. By increasing p from the previous example of
= 0.6 to 0.65, LCY, becomes unstable and L is the only stable attractor
present in P. By decreasing p from 0.6, the influence of LC also diminishes
as the number of random ICs from which the state of the RC tends towards
LC; decreases from 20 when p = 0.55 to 6 when p = 0.35 until LC; becomes
unstable for p < 0.35. Even though this results in an increase in the number
of random ICs from which the RC’s state settles to £, there is a significant
difference in the lengths of the transient time from some of these ICs. This is
due to the presence of another UA, a limit cycle, LC5, which becomes stable
as p is reduced from 0.4 to 0.35. There is a coexistence between these three
attractors, /3, LCY, and LC, for p = 0.35 with the state of the RC converging
to LC, from 83 of the random ICs and £ from the remaining 11 random ICs.
This is in stark contrast to the dynamics of the RC when p = 0.4 as 90 of
the random ICs ended up on L. As p is further decreased, LC5’s basin of
attraction continues to increase in volume as 94 of the random ICs are in this
basin for p = 0.35.

Untrained Chaotic Attractor

From additional investigation, it was found that when decreasing p from 0.35
like in Fig.[2.5] before LC, disappears from P as shown for p = 0.3, LC)
becomes a chaotic attractor, C'A;, through an infinite sequence of period
doubling bifurcations. In Fig.[2.6] the coexistence between C'A;, LCy, and
L is shown for p = 0.3418 when the RC was initialised with the same set
of random ICs used in the experiment detailed in Fig.2.5 The state of the
RC approaches C'A; from only 4 of these random ICs and C'A; subsequently
becomes unstable for p slightly less than 0.3418. Despite the small change in
p from 0.35 to 0.3418, LC5’s basin of attraction goes on to grow further in
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Figure 2.5: Dynamics of the predicting RC (trained to reconstruct £) in the (x1, z3)-
plane of P when initialised from 100 random initial conditions with p values as
specified in each example. Dotted black lines describe a trajectory on each of the

resulting attractors.
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Figure 2.6: Dynamics of the predicting RC (trained to reconstruct £) in the (z1, z3)-
plane of P when initialised from 100 random initial conditions with p = 0.3418.
Dotted black lines describe a trajectory on each of the resulting attractors, C Ay,
LC5, and L.

volume with 86 of the random ICs now in its basin.

2.5.3 General comments on UAs

While the bifurcations responsible for the changes in the stability of these UAs
have not been determined, it is important to note from Fig.[2.5] that after a
given UA becomes unstable, a signature of its previously stable dynamics is
present in the RC’s transient dynamics for p values long after the associated
bifurcation takes place. In addition, prior to a given UA becoming unstable it
is found that less and less of the random ICs are within its basin of attraction.
While the RC is able to reconstruct the dynamics of £ for a broad range of p
values, it is clear that L is not always globally stable. As the RC’s trajectories
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remain bounded due to its design in Eq. , the UAs can also be thought
of as playing an important role by providing the state of the RC with a route
to exhibiting some stable dynamics before L becomes globally stable.

In the context of the black-box problem in ML discussed in Sec.[2.1.2]
and Appendix[A] these UAs can be seen as unintended functionalities of the
trained RCs. UAs are likely to be a widespread phenomenon which play an
integral role in how a RC learns. At the same time UAs pose an inherent
problem in terms of training a RC to become a digital twin of a dynamical
system like in [101] and obstruct a RC’s capacity to reconstruct global dynam-
ics from limited local information of a given dynamical system like in [102].
Despite these negative implications, there are further lessons to be learned

from the existence of UAs and these are discussed in the following section.

2.6 Reconstruction Capacity

Within the context of attractor reconstruction, the following question natu-
rally emerges, what is the reconstruction capacity of a given RC? In other
words, how many attractors can a given RC reconstruct?

While UAs are indeed an undesirable outcome of the training procedure,
their existence also provides a new perspective towards answering the ques-
tion posed above. If the nature of these UAs were instead seen to serve as
additional operational states of the RC, then the results shown in Figs.[2.4]
can also be reinterpreted as a multistable RC with multiple modes of com-
putation. In this instance, changing the state of the RC is sufficient in order
to switch between each of these computational modes without the need of
altering the RC’s connections. This gives rise to the following question, can a
RC be trained to specifically perform more than one task without the need of
retraining W,,; for each individual task? In other words, can a RC be trained
have more than one function and become multifunctional?

The above question is the central topic of this Thesis and in order to shed
some light on this, inspiration is drawn from the behaviour of ‘multifunctional

neural networks’ present in the brain of humans and other organisms.



CHAPTER 3

Multifunctional Reservoir Computing

In the pursuit of developing artificially intelligent systems, there is much to
be gained from dually integrating further physiological features of BNNs and
knowledge of dynamical systems into machine learning environments. In this
Chapter, such a two-armed approach is employed in order to translate the
main characteristic features of multifunctionality from biological to artificial

neural networks via reservoir computing.

3.1 Multifunctionality in the Brain

Definition 3.1.1 (Multifunctionality). Multifunctionality is the term used
to describe neural networks that are capable of changing their dynamics on
demand of a given duty without needing to alter their synaptic properties. See
Fig.[3.1] for an illustrative description of this phenomenon.

Multifunctionality is an essential element of certain BNNs and has been
an active area of research in neuroscience since the mid-1980s with seminal
work published by Mpitsos and Cohan in [23] and Getting in [24] followed by
further review papers [25,26] and more recently reviewed by Briggman and
Kristan Jr. in [22].

The emergence of multifunctionality as a recognised feature of neuronal
architectures improves upon previous notions that considered the brain to
consist of many neural networks which, on their own, are dedicated to per-
forming individual tasks. The existence of multifunctionality also indicates
that separate neural networks are not needed by the brain in order for it to

execute a certain behaviour or for each modification thereof.

36
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Figure 3.1: Ilustration of the basic working features of a multifunctional neural
network. For each input (A or B) the network executes a specific task (Task A or

Task B) without changing any network connections.

3.1.1 Examples in nature

The schematic in Fig.[3.1]illustrates the basic working features of a multifunc-
tional neural network. This diagram highlights that, based on a particular
task related input, A or B, a multifunctional neural network will perform ei-
ther Task A or Task B. Examples of the different tasks that multifunctional

neural networks are known to perform are outlined below.

Multifunctionality in animals

In the seminal examples of multifunctional neural networks mentioned previ-
ously, it was shown in [23] that by modulating an input to a network located
in the brain of the carnivorous sea slug, Pleurobranchaea californica, this gave
rise to a switching between ingestion and egestion oral behaviours.
Furthermore, it was found that a subset of the same bundle of neurons
in the brain of the medicinal leech, Hirudo medicinalis, can switch their ac-
tivity pattern, once a change in its surroundings is sensed, to drive either a

swimming or crawling motion [103]. Similar switching between swimming and
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crawling has also been found in a multifunctional neural network located in

the brain of the marine mollusk, Tritonia diomedea, in [104].

Multifunctionality in humans

Evidence of multifunctionality has also been observed in the human brain.
In [27] it is reported that a cluster of neurons located in the pre-Bdtzinger
complex, a region of the mammalian brain stem, is responsible for regulating
a switching between different respiratory patterns. Depending on a particular
input, these neurons can alter their activity pattern accordingly to elicit a

switching between eupneic (regular) breathing, sighing or gasping.

Origins of Multifunctionality

Multifunctionality is a fundamental feature of many neuronal architectures
and considered to be key to the survival of certain species over time. All in all,
multifunctionality is typically found in networks with a small number of neu-
rons. Based on this it is argued that multifunctionality may naturally emerge
from an efficient use of limited resources, which in this case is a short supply
of neurons [22|. What is more is that the ability of a given neural network
to become multifunctional can be considered as an evolutionary advantage in
enduring environmental changes, thereby reflecting the developmental history

of certain organisms.

3.1.2 Dynamical principles

In all uses of the term multifunctionality, the common factor is that multi-
functional neural networks are described as distinct pools of neurons capable

of performing a multitude of mutually exclusive tasks.

Multistability

What is ubiquitous amongst the examples of multifunctionality in nature de-
scribed in Sec. is that these networks in principle resemble a multistable

system. Multistability is the term that is used to describe a dynamical system
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that has a coexistence of multiple stable attractors in its state space and is a
common feature of numerous dynamical systems. For an overview on the his-
tory of multistability and examples of its prominence across several disciplines
of science, see [105].

Based on a particular input, there is a distinct activity pattern expressed
by the neurons in the network in order to perform one of the many tasks re-
quired of it. When needed, neurons in these multifunctional networks switch
to another activity pattern to collectively execute a different task while the
network connections remain fixed. Based on this, it is natural to consider that
the behaviour of a multifunctional neural network is analogous to the dynam-
ics of a multistable dynamical system whereby for each task that the network
performs there is, in this sense, an attractor associated with it. This attrac-
tor is in coexistence with several other attractors in the networks state space,
each of which are distinctly related to the tasks that the network performs.

In the context of the examples mentioned in Sec.[3.1.1], a multifunctional
neural network performs a multitude of mutually exclusive tasks by providing
a coexistence of: eupneic, sighing, and gasping attractors in the case of the
pre-Botzinger complex, swimming and crawling attractors in the case of Tri-
tonia diomedea and Hirudo medicinalis, and ingestion and egestion attractors
in Pleurobranchaea californica.

This multistability interpretation of events dates back to the seminal work
of Mpitsos and Cohen in [23], where the researchers use the term multi-
functionality to describe networks in which neurons have multiple dynamical
regimes but without altering the strength of the synapses. This type of be-
haviour is akin to a system with a coexistence of attractors. More recently,
in [22], there is a strong emphasis placed on interpreting the phenomenon of
multifunctionality through the language of dynamical systems, in particular
describing multifunctionality in connection with multistable neural dynamics.

In this Thesis, the focus is on translating multifunctionality to the reservoir

computing ML paradigm via the above prism of multistability.
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Other dynamical systems associations

The term multifunctionality has at times been used in association with differ-
ent dynamical phenomena. For example, in [24] the term is used to describe
networks that are ‘re-configurable’ meaning that they can have multiple modes
of operation by changing properties of certain synapses or neurons which is
in contrast to multifunctionality as defined in Definition[3.1.1] In this exam-
ple, by considering the network to be a dynamical system this description is
analogous to an attractor undergoing a bifurcation or having its dynamics
distorted by changing parameters in the system.

Further examples where the term multifunctionality was used in a context
outside of multistability can be found in [25,]26] where the term is used to
describe the different behaviours generated by the coupling of networks. This
again is in contrast to Definition[3.1.1] as only a single network is required to

perform multiple tasks without coupling to other networks.

3.1.3 From biological to artificial neural networks

The characterisation of neuronal behaviour regularly invokes the language of
dynamical systems [22,[106H108]. Furthermore, conceptualising certain traits
of neurons through the lens of dynamical systems can act as a bridge between
the worlds of biological and artificial neural networks where advancements in

one can contribute to the other.

Bridging the gap

In this Thesis, it is through connecting the principal characteristic of mul-
tifunctionality in BNNs to a mathematical metaphor of multistability that
allows multifunctionality to be realised in a ML environment via reservoir
computing. However, careful consideration is needed to achieve this as many
conceptual complications arise if multifunctionality is to be treated as directly
analogous to the phenomenon of multistability in dynamical systems. Nev-
ertheless, it is through exploring the limits of multifunctionality in paradig-

matic scenarios that these philosophical issues are resolved and as a result
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many practical applications of multifunctionality are identified and explored
throughout this Thesis.

Key concept

As a starting point, it is by recognising that a multifunctional neural network
can in principle resemble a system with a coexistence of attractors, and that
a RC can be trained to reconstruct the dynamics of an attractor as shown
in Sec.2.4] the following question practically manifests itself: can a RC be
trained to reconstruct a coexistence of attractors? Therefore, in the spirit
of the claims made during this Chapter, such a RC can be said to exhibit
multifunctionality.

In the next section, the steps involved in training a RC to become multi-

functional and reconstruct a coexistence of several attractors are outlined.

3.2 Multifunctionality in a RC

Having outlined the parallels between multifunctionality and multistablity
in previous sections, the mathematics that describes how multifunctionality
can be achieved with a RC is developed in Sec.[3.2.1] Following this a new
training technique for the continuous-time RC setup described in Eqgs.
and is developed in Sec.[3.2.2] as a means to realise multifunctionality
in an artificial setting. This new training step is also scalable to other RC
formulations mentioned in Sec.[2.3.5] The characteristics of multifunctionality
in a RC are compared with related works in Sec.[3.3] and the advantages of
multifunctionality are outlined in Sec.[3.4]

3.2.1 Achieving multifunctionality

In order for a RC to achieve multifunctionality in the context of attractor
reconstruction it is necessary for it to, in some way, inherit the ability to
perform multiple tasks using the same readout matrix, W,,;, and

without changing any other properties of the RC.
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The connection between a RC achieving attractor reconstruction and the
concept of generalised synchronisation (GS), as discussed in Sec., is now
extended to the case of multifunctionality where GS is required to occur be-
tween a listening RC like in Eq. and two or more drive systems in the

form of Eq. (2.1)).

Extending Generalised Synchronisation

Consider two vectors, ui(t) € RP and us(t) € RP, that describe trajectories
on two different attractors, A; C R” and A, C RP, that are from two differ-
ent D-dimensional dynamical systems. Let’s also consider a single listening
RC described according to Eq. where on different occasions wu;(t) and
us(t) are used as input to drive a response from the state of the listening
RC from ¢t = 0 to t = tyaim, these responses are written as r1(t) € RY and
ro(t) € RY.

In order to train a RC to achieve multifunctionality then, in accordance
with Eq. , training consists of finding a single readout function, 7:[) :

RY — RP”, that minimises,

L e (19 o)~ w0l + 19 (ra(0) — walt)| ] . (3.0

=tisten Lirain — Llisten

such that predictions of both w,(t) and wuy(t), written as, w,(¢) and uy(t) are

given by,

i (t) = o (i (1)) and@s(t) = 4 (72(1)) (3.2)

for ¢ > tiain where 71(t) € S and 75(t) € S describe the state of the result-
ing closed-loop predicting RC at time ¢ when initialised with 7 (tiam) and
79 (tirain). However, GS is required to occur between the listening RC and
each driving system in order for this {b to exist.

If GS occurs between the listening RC and each driving system where
wy(t) and wuo(t) originate from then, according to Definition[2.2.1] 3 two cor-
responding transformations ¢, and ¢, where each ¢ : RP? — R two cor-
responding manifolds My = {(u1(t),r1(t)) : 71(t) = ¢y (u1(t))} and My =
{(us(t), 2(t)) : Po(t) = @y (ua(t))}, and two subsets B; = By, X B,, C RP x
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RY and By = By, X By, C RP x RN where M; C B; and My C By, and B,
and By are basins of attraction, such that trajectories of the each unidirection-
ally coupled system approach M; and My ast — oo V (x1(0),7,(0)) € By
and V (x2(0),72(0)) € By respectively.

However, in the case of multifunctionality, there is an additional property
required of each ¢, and correspondingly each synchronisation manifold, M, in
order for multifunctionality to occur. It is necessary that ¢, (A1) N ¢y (Az) =
() and similarly M; N My = (), otherwise, 3 at least one common element of
A, and A, that is mapped to the same element in RY and there is no '{b that
can map any common element RY to two elements in RP.

Extending Definition[2.2.2] to the present case, if ¢, (A1) N ¢y (As) = 0
and both sets ¢, (A1) and ¢, (As) are attracting according to the transversal
Lyapunov exponent criteria discussed in Sec.m, then for the ib that is
computed in keeping with Eq. and the resulting predicting RC in Eq.,
3 two response attractors, S C S and S, C S, that are associated with
¢, (A1) and ¢, (Az) respectively. Here S is the same as in Sec.2.2.2] the
state space of the predicting RC.

Taking into account all of the above, it is now possible to extend Defini-
tion[2.2.3] to define what it means for a RC to achieve multifunctionality in
this context of GS.

Definition 3.2.1 (Multifunctionality with a RC). Multifunctionality occurs
if each response attractor, 81 and Ss, can coexist in S so that, when these
attractors are projected from S to P using ’(]), the long-term dynamics of both
reconstructed attractors, A; and ./212, resemble the long-term dynamics of A,
and As.

The key word in Definition[3.2.1]is coexist. In order for multifunctionality
to occur it is necessary that ¢, and ¢, lift A; and A, into regions of S that
facilitate a coexistence between the corresponding &7 and Sy. An illustration
of this process is provided in Fig.|3.2]

It is necessary to highlight that the above statement is true whether or not
AN Ay = 0, i.e., whether or not there is an overlap between the attractors

in RP. This crucial concept encapsulates the subtle difference between what
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_81CS kSQCS

Figure 3.2: Illustration of how ¢; and ¢ lift the chaotic attractors, A; C RP and
Ay C RP (for D = 3), onto the coexisting chaotic attractors, S; C S and Sy C S
(plotted here using the same 3 state variables from the N-dimensional predicting
RC), that can be projected back to R” using {b

it means for a RC to exhibit multifunctionality or solely multistability. For
instance, consider the case where A; N Ay # () and multifunctionality is
achieved, then AnA, # (). In this scenario the predicting RC is a multistable
autonomous dynamical system, however, this RC produces dynamics in the
D-dimensional prediction state space, P, that no D-dimensional multistable
dynamical system can.

While the sequence of statements which lead towards Definition[3.2.] are
based on attractors from two different systems, Definition[3.2.1] is still valid
if, for instance, A; and A, are attractors from the same multistable system.
Even though the driving system is the same there are two different trans-
formations ¢, and ¢, created by each driving input when GS occurs with
the listening RC. In this case A; N Ay = () by default which, as the results
presented in Chapter[d] show, poses less problems for a RC to achieve multi-
functionality as the training data describes attractors that normally coexist.
The reason why Definition[3.2.1]is not constructed from this perspective is to
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place a greater emphasis on the critical condition that S; and Ss are required
to coexist in S regardless of the training data.

Furthermore, Definition[3.2.1] and the statements which precede it, can
cater for training a RC to achieve multifunctionality with more than just
two attractors up to any number n € N of attractors, i.e., A;, As, ..., A,.
For multifunctionality to be achieved it is necessary that the corresponding
¢, (A;) satisfy the constraint,

and similarly for the corresponding response attractors,
(S =0. (3.4)
i=1

However, there is no such constraint on each A; and it is possible that,

n

(A #0, (3.5)

and similarly for the corresponding reconstructed attractors,
(A #0. (3.6)
i=1

This issue relating to how multifunctionality can be achieved when A; N
Ay # 0 is explored numerically to a great extent in Chapters [6] and [7] and it
is from the insights gained through these results that multifunctionality in a
RC can be exploited as a means to produce data-driven models of multistable

dynamics from the epileptic brain in Chapter [§]

3.2.2 Training for multifunctionality
Generating training data

Let’s consider the case of training the listening RC in Eq. (2.10]) to achieve

multifunctionality by reconstructing a coexistence of two attractors, A; C RP
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and A, C RP, by driving the listening RC with input from the following
vectors, uy(t) € Ay and us(t) € Ay for 0 < ¢ < tyaim. The response of the
listening RC to these driving inputs is found by computing solutions of the

following nonautonomous dynamical systems,

’I"l(t) =7 [—Tl(t> + tanh (M ’I"l(t) + O'Win ’Uq(t))] R (37)

r1(0) = 07, (3.8)
and,

7o(t) = v [—ra(t) + tanh (M ro(t) + oW, ua(t))], (3.9)

r5(0) = 07, (3.10)

using the 4 order Runge-Kutta method with time step 7. The same steps
involved in gathering the RC’s response data during the listening and train-
ing stages described in Secs.[2.3.1] and are applied. It is important to
highlight that M, W;,, and all training parameters remain identical when
generating the RC’s response to the driving input in order to be compati-
ble with the definition of multifunctionality from the biological perspective in

Definition|3.1.1] and the reservoir computing analogue in Definition|3.2.1

Blending Technique

The steps involved in computing 12) () from Sec. are now adapted for the
case of multifunctionality. The same readout function design as in Eq.
where ¥ (#(t)) = W q (#(t)) is used here, however, the ridge regression
approach for computing the readout matrix, W,,; € RP?*2V for the case of
reconstructing only one attractor in Eq. is modified to account for re-
constructing more than one attractor. An additional ‘blending’ parameter, «,
is also included in order to apply a different weight to the corresponding train-

ing data. This ridge regression approach consists of minimising the following



Chapter 3. Multifunctional Reservoir Computing 47

expression with respect to W,

1 L
t—t ;aQHWOM(Tl[ﬂ) = [i][[3
+ (]. — (1)2 Z ||Wout q('r’Z[Z]) — ’U,Q[Z]Hg —+ ﬁ ||Wout||g 7 (311)

1=t

where r1[i], w1 [i], 2[i], and us]i] are the discrete-time samples of the continuous-
time variables 7(t), wi(t), r2(t), and ws(t) at discrete-time . The corre-
sponding time series [rl[i]]?:tl, [ul[z’]]?:tl, [rg[i]]i’;tl, and [ug[i]]i‘:tl are con-
structed using the same convention outlined in Sec.[2.3.2 by sampling 71 (¢),
us(t), ro(t), and uq(t) at intervals of length 7, the time step of the integration,
resulting in discrete-time intervals of length 1. The regularisation parameter
S plays the same role as discussed in Sec.[2.3.2] by reducing the magnitudes
of elements in W,,; in order to discourage overfitting.

Based on Eq. , when @ = 0 or @ = 1, one data set completely
dominates the training and Eq. reduces to Eq. . The aim is to
find an « that will give rise to a W,,,; that enables the RC to reconstruct a
coexistence of A; and Ay. The motivation behind blending the data in this
way is to overcome any internal bias a given RC may have towards favouring
the reconstruction of one attractor over the other during the training. This
step is not necessary, however when the dynamical characteristics of A; and
Ay differ, for example if A; and Ay describe trajectories on a limit cycle
and a chaotic attractor, or for instance if A; and A, describe trajectories on
attractors from different dynamical systems, then applying different weights
to the respective attractors can help improve the outcome of the training.
The relationship between multifunctionality and « is explored in Chapter[d]

As outlined in Sec.[2.3.2] minimising Eq. with respect to W, in-
volves taking the partial derivative of Eq. with respect to W,,; and
setting the resulting expression equal to 0. This results in the following equa-
tion where the W,; that minimises Eq. is given by,

Wout = YCXg (XCXg + BI)il ) (312)
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where,
Xe = Xy, (1 - a)Xy), 3.13)
Yo =[aYy, (1—a) Y, (3.14)
and,
Xi = | qrift)) alrilt+1) - alrilt) |, (3.15)
Y, = [ wlt] wlti+1 - wilt] ] , (3.16)

and similarly for X5 and Y. I is the identity matrix of the appropriate size.

While the blending technique and training method described above focuses
on using a RC to reconstruct a coexistence of only two attractors, it is scalable
to include further attractors by using a different approach to the blending

technique or by applying the same weight to all attractors during the training.

3.2.3 Using the multifunctional RC

When the training is complete, the predicting RC is described by the same
autonomous continuous-time dynamical system as in Eq. . If the RC
achieves multifunctionality, then according to Definition[3.2.1] for each A,
and Ay 3 two attractors Sp, Sy € S. When Eq.[2.19] is initialised with either
7(0) = 71 (firain) OF 7(0) = 72(tirain) and the state of the multifunctional RC is
projected from S to P using 1&, the long-term dynamics of the reconstructed
attractors, A, and .,212, will resemble the long-term dynamics of A; and As,.
A schematic of a multifunctional RC in operation is provided in Fig.[3.3

3.3 Related works

It is important to stress that when a RC achieves multifunctionality, through
the method described in the previous section, the RC has learned how to
facilitate the coexistence of more than one attractor in S in such a way that
when these attractors are projected to P then the desired output patterns are

produced. This is the core research contribution established in this Thesis.



Chapter 3. Multifunctional Reservoir Computing 49

Aj
1C; /
1C, {V‘out

Ay

Figure 3.3: Ilustration of the basic working features of a multifunctional RC. For
each initial condition (IC), IC; and ICsq, the state of the multifunctional RC ap-

proaches its reconstruction of A; and As.

Nevertheless, there are many related works in the RC and wider ML com-
munity which consider training various ANNs designs to perform more than
one task [109-116]. Be that as it may, unlike the results presented through-
out this Thesis which focus on training RCs to achieve multifunctionality
through exploiting multistable dynamics, multistability is not considered in
the approaches cited above and is, in general, not widely explored in ML.

The works cited above can be divided into two categories, modular-weight
and fixed-weight neural networks (MWNNs and FWNNs), and their relation

to multifunctionality are discussed in the following Secs.|3.3.1] and [3.3.2]

3.3.1 Modular-weight neural networks

MWNNs are in general defined as networks which can either adapt their
weights or have a library of pre-trained weights to choose from in order to

solve a given problem and in doing so do not make use of multistability.

Systems within systems

Related to the concept of multifunctionality in ANNs is the notion of ‘systems
within systems’ whereby distinct sub-networks are assigned particular duties

within a larger network to collectively perform different behaviours. For ex-
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ample, the ‘modular selection and identification control’ technique proposed
by Wolpert and Kawato in [109] focuses on a ‘modular neural network’ setup
whereby a given trained network is singled out amongst others and brought
into operation by a responsibility signal in order to generate the specific be-

haviour required from it.

Conceptors

Modular type network structures have also been put forward within the RC
community, for instance, in the seminal work of Maass et al. [30] and Jaeger’s
work on ‘conceptors’ [111] similar principles are used to train RCs to perform
different tasks. In these setups, for a given M and W;,, a RC is trained on

multiple tasks with a different W,,; used to perform each corresponding task.

Adaptive W

Furthermore, RCs have also been trained to switch between learning different
chaotic and periodic attractors based on an external input like, for example,
in the work of Inoue et al. in [112] and Lu and Bassett in [113]. In these
scenarios, W,,; is updated online in response to a given driving input from
an individual attractor and only one attractor is shown to exist at each point

in time.

3.3.2 Fixed-weight neural networks

The FWNNSs discussed below, as the name suggests, have a fixed set of weights
and the network performs different tasks through either a time-varying control
input or change in some network parameter. However, in the works cited

below, the FWNNs are never at any time multistable.

Parametric Biases

Tani et al. demonstrated in [110] that multiple temporal patterns can be

learned using an RNN with a ‘parametric biases’ setup. Here the parametric
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biases act as bifurcation parameters which change the dynamical regime of

the network in order to generate a specific behaviour.

Parameter-aware RC

The defining characteristic of the RC approach to ML is that to train the RC
it is only necessary to determine a suitable readout layer, W, to solve a
given problem. However, since the first results regarding multifunctionality
in a RC have been published in |31], it has recently been discovered that a
given W,,,; can enable a RC to perform more than one task using different
principles. In this context, RCs have been trained to interpolate dynamics
and learn global bifurcation structures in ‘parameter-aware’ setups [114/]115],
and also to anticipate synchronisation between systems [116].

In these RC designs an additional parameter input channel is incorporated
into the RC’s architecture during training such that the RC will perform a
task associated with a given parameter value while W,,; remains fixed after
the training. What is more is that in these examples of parameter-aware RCs
it is possible for the RC to go through bifurcations similar to the attractor
from the dynamical system used to generate the training data without needing

to be trained on data after the bifurcation takes place.

Adaptive controller

Fixed weight RCs have also been used in adaptive control problems. For
instance, Oubbatti et al. demonstrate in [117] that a RC can be trained to
act as a controller to supply various inputs to a given system in response to a
changing environment. Several experiments have been conducted by Oubbatti
et al. which highlight how a trained RC with fixed weights alters its state in
order to provide an input to a system which, for example, enables the system
to track reference signals constructed from randomised parameter settings of
the system which are different to those experienced during the training in [118]

and control the motion of multiple robots in [119).
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Adaptive FWNNs

In the majority of the research cited in this section, a connection has been
made with the works of Feldkamp et al. [120], Prokhorov et al. |121] and
Santiago [122] on how fixed weight RNNs can produce adaptive behaviour
and act as ‘context discerning multifunction networks’ respectively. These
RNNs, in the form of recurrent multilayer perceptrons (RMLPs), are trained
on time-series generated from a system whose parameters change randomly.
After the training, the weights of the RMLPs remain fixed and the resulting
network is referred to as a FWNN. By changing the input to this FWNN to
correspond with changes in the parameters from the target system dynamics
(which are different from those used during the training), it is demonstrated
that the FWNN can successfully imitate the varying output patterns of the

target system.

3.3.3 Flip-flop task

The work of Ceni et al. in [123] is the exception to the above works as
the multistable dynamics of low-dimensional RCs (N = 2) are exploited to
subsequently solve the ‘flip-flop’” task. In this scenario, the state of the RC
must switch between different fixed points in response to a given input signal.
An example of a higher dimensional input-driven RC (N = 500) which is
specifically trained to solve the flip-flop task using a ridge regression procedure
is also investigated. The task was first investigated by Sussillo and Barak
in [38] when using a RC with N = 1000, the aim of the training is for the RC
to learn how to interpret whether a given input signal requires the state of
the RC to switch between different fixed points. However, in [123] and [38],
it was not demonstrated if the RC can be trained to become multistable in
the absence of the input signal during the training approaches used in each

of these works.
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3.3.4 Key differences to multifunctional RC

In contrast to the results cited in Secs.[3.3.1}3.3.3] the multifunctional RCs
studied in this Thesis are not modular nor require a conscious change in pa-
rameters or inputs in order to solve different problems. When the training is
successful, the multifunctional RC framework presented in this Thesis oper-
ates on a global scale where the artificial neurons exhibit multistable dynamics
and perform multiple mutually exclusive tasks.

Although Santiago refers to this type of RNN behaviour as having a ‘mul-
tifunction’ in [122], there is no reference made to how this relates to mul-
tifunctionality in the context of biological neural networks or multistability.
However, it is suggested by Santiago that ESNs may be a good candidate
for producing FWNNs with multiple functions thereby recalling information
from different memories. The significance of understanding how FWNNs ac-
complish this is also appreciated by Santiago and further theorised that this
aspect of ANNs having multiple functions is necessary in the construction of
machines that display more general intelligence.

Despite the differences between the works mentioned above on FWNNs
in Sec.[3.3.2] and the work presented on multifunctional RCs in this Thesis,
the question of, ‘what is the behavioural capacity of RNNs?’, also arises and
serves as further motivation towards investigating the limits of what can be

achieved with multifunctionality.

3.4 Advantages of multifunctionality

Aside from fusing ANNs with further characteristics present in their biolog-
ical counterparts, translating multifunctionality to a machine learning envi-

ronment opens the door for new application areas.

3.4.1 Data-driven modelling

Multistability is widely observed throughout nature and a prominent feature

of many dynamical systems, in particular where transitions between coexist-



Chapter 3. Multifunctional Reservoir Computing 54

ing attractors occur [105,/124,/125]. Despite the recent burst of interest in
data-driven modelling of systems and processes which evolve over time, there
is a lack of ML based solutions in modelling multistabilities in data and sec-
ondary phenomena related to multistability, for instance, transitions between
attractors, attractor merging crises or bistable hysteresis cycles.

Multifunctionality extends the modelling capabilities of RCs by incorpo-
rating multistability into the domain of attractor reconstruction. This not
only enables RCs to perform data-driven modelling of systems with multi-
stability and address the current gap of multistability use-cases in ML but
also to account for scenarios where multistability is suspected to play a role,
for instance, in the modelling of transitions between attractors or states of
operation. In the spirit of Barak’s beliefs expressed in [126], that RNNs can
serve as both hypothesis generation and testing tools, multifunctionality in
the context of ML can be exploited to produce exotic cases of multistabil-
ity that ordinarily no dynamical system can and subsequently allow for the
generation and testing of hypothesis on how transitions between trivial and
nontrivial coexistences of attractors occur.

While it is one thing to train an ANN to solve a single task, it may well be
the case that the network architecture has the potential for a much broader
functional capacity, hitherto underutilised, that can be unlocked to solve ad-
ditional tasks concurrently. Networks which achieve multifunctionality can
be seen as an efficient means of broadening the dynamical repertoire of arti-
ficially intelligent systems by taking greater advantage of the extent of their

latent computational capabilities.

3.4.2 Memory Recall

Storing and retrieving memories

Several solutions to various machine learning problems can, in theory, coexist
in a single multifunctional RC, whereby on demand of a given duty the cor-
responding learned memory, stored as an attractor in the RC’s state space,
is retrievable through changing the state of the RC via a suitably designed

control command input or intrinsic task switching process.
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Neuromodulators

The above discussion draws further parallels to biological neural networks,
where such control mechanisms are comparable to neuromodulators [127],
a hierarchical system of neurons which are believed to be involved in insti-
gating the switching of activity patterns in multifunctional neural networks.
Alternatively, as discussed in Sec.[3.3.2] it is also possible to alter the RC’s
state online by changing the RC’s parameters or sets of learned weights, how-
ever, this reintroduces many issues which RCs were originally designed to
avoid and multifunctionality naturally evades the catastrophic risks involved
in crossing a ‘tipping point’ whereby phenomena such as points of no return
or return tipping occur for certain parameter changes in nonautonomous sys-
tems |1254|128].

3.4.3 Computational Efficiency

In keeping with the theorised evolutionary origins of multifunctionality in
BNNs as discussed in Sec.[3.1.1], training an ANN to become multifunctional
and perform multiple tasks concurrently with a single network offers savings
in both computational efficiency and memory usage. For instance, the exam-
ples of MWNNSs discussed in Sec.[3.3.1] require either the storage of multiple
sets of trained weights or the simulation of multiple task specific networks in
order to switch between performing different tasks. Furthermore, as all mem-
ory storage and computational modes of operation are contained within the
one multifunctional network, multifunctionality provides a scaling solution for

novel computing schemes such as the physical RCs discussed in Sec.[2.3.5

3.4.4 Chaotic Itinerancy

Multifunctionality also presents itself as a suitable means to realise Tsuda’s
thoughts on the role of ‘chaotic itinerancy’ in cognitive neurodynamics in
[129]. Chaotic itinerancy describes the dynamical phenomenon of an au-
tonomous switching process whereby the state of a given autonomous dy-

namical system switches between several ‘attractor ruins’ or ‘quasi-attractors’
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which were previously stable and are now connected to form one global at-
tractor. These quasi-attractors retain much of their original features except
trajectories on these quasi-attractors leak into each other.

This type of behaviour is put forward by Tsuda as a potential dynamical
mechanism to describe how the brain transitions between performing different
tasks or recounting different memories characterised by each attractor ruin.
Achieving multifunctionality in a RC can be used as a precursor to generate
a specifically designed chaotically itinerant orbit between several attractor
ruins. This connection between multifunctionality and chaotic itinerancy is
first reported in Chapter |5 and used to model dynamical features of epilepsy
in Chapter [§



CHAPTER 4

Realising Multifunctionality

Considering the discussions from Chapters [2§3] that an ANN in the form of
a RC can be trained to reconstruct the dynamics of a single attractor and
that the behaviour of a given multifunctional BNN resembles a system with a
coexistence of many attractors, in this chapter these phenomena are brought
together in order for multifunctionality to be realised in a RC.

The ability of a RC to become multifunctional is highlighted through sev-
eral numerical experiments, each of these tasks require the RC to reconstruct
a coexistence of chaotic attractors in various circumstances. The dynamics of
the multifunctional RCs are explored and the roles of UAs are assessed.

In each numerical experiment the target attractors are chosen such that
there are no overlapping regions or intersecting trajectories between them in

state space, this issue is considered later in Chapters[p}3]

4.1 Outline of Numerical Experiments

The numerical experiments which form the basis of this Chapter are now

outlined. As motivated in Secs.[3.1.3| and [3.2.1] the aim of each experiment

is to train a RC to become multifunctional by reconstructing a coexistence of
attractors in S that resemble the target dynamics when projected to P. As a

source of training data, trajectories on chaotic attractors are generated from:

e Case I: a system which is already multistable.
e Case II: different parameter settings of the same system.

e Case III: two different systems entirely.

o7
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4.1.1 Choice of training data

A system which satisfies the aims of Case I and I was presented by Guan et

al. in |130] and is described by the following set of equations,

@1(t) = axi(t) —xa(t) z3(t) — x2(t) + 4,
LL’3(t> = —C LL’3(t> -+ l’l(t) Ig(t)

Here, @(t) = (21(t), 22(t), z3(¢))", defines the state of the system at a given
time t. a,b,c > 0, and d € R are the system parameters.

When setting (a, b, c,d) = (5, 15,3, 12) there is a coexistence of two single-
scroll chaotic attractors as illustrated in Fig. Initialising Eq. with
x41(0) = (1,1,1)", results in the state of the system settling on the attractor
A\, seen as the blue trajectory in Fig.[4.1l The other attractor, As,, indicated
by the orange trajectory in Fig., is arrived at once Eq. is initialised
from x#2(0) = (1,1, -1)".

Case 1

Trajectories on A; and A, are considered as the training data for Case 1. It
is important to note that these attractors are not symmetric to one another
and therefore symmetry is not a factor in training the RC here. The issues

regarding symmetry and multifunctionality are explored in Chapter

Case 11

In Case II the task for the RC is to reconstruct a coexistence of attractors
from different parameter settings of the same system. The chosen attractors
are A, from Fig. and a double-scroll chaotic attractor, By, which is reached
by initialising Eq. with 21(0) = (1,1,1)" and setting the system pa-
rameters as (a,b,c,d) = (5,8,2,2). A trajectory on By is shown in Fig.|4.2
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Figure 4.1: Coexisting attractors in the state space of Eq. (4.1) for (a,b,c,d) =
(5,15,3,12) and x4142(0) = (1,1, +1)".

Figure 4.2: The attractor, 1, approached by the system in Eq. (4.1)) when ini-
tialised from 51 (0) = (1, 1, 1)T with parameter values set to (a, b, ¢, d) = (5, 8,2, 2).



Chapter 4. Realising Multifunctionality 60

Case 111

In Case III the RC is trained to reconstruct a coexistence of A, and the
chaotic butterfly-shaped attractor, £, generated by the Lorenz system (de-
fined in Eq. (2.28)). Trajectories on £ are shown in previous figures through-
out Chapter 2] see Fig.[2.3] for an example.

4.1.2 Training Data Precautions

It is important to highlight that £, and the attractors, A;, As, By, generated
by Eq. share no common region in state space in each of the numerical
experiments specified above. Otherwise, this adds a further level of difficulty
in training a RC to distinguish which attractor a given trajectory belongs to.

In order to expose what criteria is needed for the RC to exhibit multifunc-
tionality in the case of overlapping training data, the effects of decreasing the
Euclidean distance between the attractors and target dynamics that the RC

is trained to reconstruct a coexistence of are explored in Chapter [6]

4.1.3 Motivation behind experiments

While the dynamics of multifunctional BNNs are not described by trajectories
on chaotic attractors or via some mathematical equation, the tasks considered
in the present Chapter provide a reasonable analogy to the chaotic and highly
variable behaviour which multifunctional BNNs have been reported to exhibit
as discussed in Sec.[3.1l

At the same time, the coexistence of chaotic attractors is a naturally occur-
ring phenomenon found in low-dimensional models of certain neural systems.
For instance, in [131], a bifurcation analysis of a dynamical system describing a
two neuron network with delay shows how two coexisting limit cycles undergo
period doubling routes to chaos resulting in a coexistence of two single-scroll
chaotic attractors which subsequently merge to form a double-scroll chaotic
attractor. In various parameter settings of a three neuron Hopfield neural
network studied by Bao et al. in [132], the network is capable of producing

either a coexistence of multiple limit cycles or chaotic attractors, and, in some
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instances coexistences of multiple limit cycles and chaotic attractors. There-
fore, by training a high-dimensional ANN in the form of a RC to acquire
particular multistable dynamics in S in order to achieve multifunctionality,
the results presented in this Chapter and throughout this Thesis are also of
relevance in the context of studying the dynamics of systems in the form of
neural networks.

Considering that the ‘attractors’ of multifunctional BNNs which are de-
scribed in Sec.[3.1.2] such as those associated with producing the swimming
or crawling motion of Hirudo medicinalis, are characterised by a set of corre-
sponding time series data, then these can also be reconstructed in the state
space of a multifunctional RC using the methods developed in this Thesis.
Through creating a data-driven model of a given multifunctional BNN this
in turn opens the door for new research avenues in neuroscience and enables
one to make further advances in assessing the differences between how biolog-
ical and artificial networks solve the same problem or exhibit similar dynam-
ics. Furthermore, considering the work presented in [52] where Sussillo et al.
demonstrate how RCs can be trained to act as brain-computer interfaces by,
for example, translating neural data into the corresponding movement and
positioning of a monkey’s limbs, there is an opportunity for multifunction-
ality to be integrated with this approach. A brain-computer interface which
incorporates a multifunctional RC provides new use cases of this technology
in scenarios where the particular organism’s brain activity relies on multi-
functional BNNs to switch between different modes of operation. However,
the above concepts related to multifunctional BNNs are not further investi-
gated in this Thesis due to the lack of readily available experimental data
but serve as directions for future work. In saying that, the above concepts
are explored to some extent in Chapter[§ in order to model the dynamical

features of transitions in epileptic brains using a multifunctional RC.

4.1.4 RC Training Specifications

The continuous-time RC setup described in Eq. (2.10)) is studied throughout
this Chapter and trained according to the steps outlined in Sec.[2.3.2| to re-
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Case N P a p o v B tisten ttrain

I 1000 0.04 [0,1] [0.1,1.1] 0.2 10 1072 200 400

II 1000 0.04 [0,1] [0.1,1.1] 04 10 1072 200 400

III 1000 0.04 [0,1] [0.1,1.1] 0.2 10 1072 200 400

Table 4.1: RC design and training parameters used in each of the specified cases.

construct a single attractor and in Sec.[3.2.1] to achieve multifunctionality.
The readout function, (r(t)), is designed as described in Eq. using
the squaring technique with g(r(t)) as defined in Eq. (2.13)). Solutions of the
RC are computed using the 4 order Runge-Kutta method with the follow-
ing integration time step, 7 = 0.01. The RC design and training parameters
used to perform the experiments outlined in the present section are provided
in Table[f.]] These parameters are chosen via a grid search method based
on assessing the RC’s long-term dynamics in order to provide some insight
towards the relationship between multifunctionality and certain RC training
and design parameters. A more precise understanding of these parameter re-
lationships is established in Chapters [6] and [7] The parameters of particular
interest in the present Chapter are the blending parameter, «, and the spec-
tral radius of the RC’s internal connection matrix, p. In each of the numerical
experiments conducted in this Chapter, the same randomly initialised M and
W,,, matrices are used and M is rescaled accordingly to a specific p.
Throughout the remaining sections of the present Chapter, the events in
which a RC was trained to successfully reconstruct the coexistence of attrac-
tors as specified in Case I, II and III are illustrated. There is a focus on
establishing the optimal a with respect to p in order to determine the regions
in which multifunctionality was achieved. Following these observations, the
circumstances in which the reconstruction of a given attractor fails are ex-
amined and a number of UAs are found. The evolution of these UAs with
respect to a and p are tracked and from this a number of ‘behind-the-scenes’

bifurcations are uncovered.
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4.1.5 Error Analysis

As mentioned in the previous section, the long-term dynamics of the RC are
analysed in order to determine whether multifunctionality was achieved or
not by reconstructing the dynamics of both attractors in Case I-I1II.

In order to compare the performance of a multifunctional RC that recon-
structs a coexistence of, for instance, two chaotic attractors, C'A; and C'A,, to

a RC that is trained to reconstruct only C'A;, the following notation is intro-

CAy,CAy

duced in order to distinguish the multifunctional readout matrix, W, )

CAy

from the ‘task specific’ readout matrix, W, /*.

There are many means of assessing the accuracy of a predicted time series

in comparison to the ground truth. In this Chapter, a Normalised Root Mean
Square Error (NRMSE),

WS = L 30, (WS, (4.2

i=1
is used in order to provide an indication of whether the RC reconstructs a

particular attractor, S, using the readout matrix W¢ , that is trained for a

out
specific § or in the case of multifunctionality for a specific number of attrac-
tors, and the NRMSE of each individual state variable, i = 1,2,..., D (where

D = 3 in this Chapter), is calculated as,

R ) — )
B \

out) |max; (u;(t)) — ming (u;(t))

0o, (W , (4.3)
where, u,(t), is the RC’s prediction of u,(t) for a given state variable i at
time ¢. For computational purposes, the integral in Eq. is converted
to a sum over j where, for instance, wu;(t) is evaluated at discrete times
t; = j+ (tpreaict — t*)/7 for 7 € (0,1,2,...,|t*/7]), where |z] is the ‘floor
function” which returns the greatest integer < x for € R. The prediction
end time, fpredict, 1S fixed as tpredicc = 600 for each result presented in this
Chapter and, fpredgict — t* is time that error sampling begins from. #,eqict 1S

chosen to be sufficiently large in order for 85(W?S ) to be evaluated from a

out

trajectory on the particular reconstructed attractor that the predicting RC’s
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state approaches. The max () and min () functions are measures of the max-
imum and minimum value of the time series evaluated from fpedict — t* to
tpredict- LThe closer QS(WS

out) 1s to 0 the more accurate the prediction of S.

It was found empirically that, in general, attractor reconstruction fails for
0s(WS,,) > 6 = 0.35.

While the above approach provides a reasonable indication on whether the
predicting RC reconstructs a given attractor, it does not guarantee if attractor
reconstruction was achieved. There are more robust methods like comparing
the predicting RC’s Lyapunov exponents on a given attractor to the dynam-
ical system which generated the training data in the first place or computing
the transversal Lyapunov exponents like in [59]. However, such an approach
is significantly more computationally expensive to employ than assessing the
error on the resulting predicted time series data with the approach outlined
above. Furthermore, since the RC training and design parameters are chosen
via a grid search method, in order to provide some intuition behind the nec-
essary ingredients for a RC to achieve this new concept of multifunctionality,
a stability study is not as feasible to conduct on a mass basis due to the

high-dimensionality of the RC and the density of the resulting W ;.

4.1.6 Reconstructing Individual Attractors

In order to determine if the attractors can be reconstructed in the usual sense
from the method described in Sec.[2.4] an error analysis of the predicted time
series is conducted when using the ‘task specific’ readout matrices, Wﬁjt,
W22 W5 and W, In Fig. the error analysis (with ¢* = 40) indicates
attractor reconstruction was achieved for all p € [0.1,1.1] using each of the

task specific matrices as s(W$,,) < & in Case I-ITI.

out
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0.32 — Casel: 0y, (Wg‘w — Casell: 04, (Wﬁft)
Case LIIT: 04, (W) Caselll: 0 (W5,)
0.30 ~ Casell: 65 (W5,
v § 0.28
= N
£ 0.26 .
0.22
01 02 03 04 05 06 07 08 09 1.0 1.1

p

Figure 4.3: 65(WS$,,) vs. p when using the task specific matrices to reconstruct a

given attractor S from Case I, II and III.

4.2 Reconstructing a Coexistence of Attrac-

tors

The next step is to search for values of o which give rise to a multifunctional

readout matrix defined as W , = W&41.042

out out

the previous section, that allows the RC to reconstruct a coexistence of C'A;

using the convention taken in

and C'As, or in the case of the current series of numerical experiments, a co-
existence of the attractors specified in Case I-111. After applying the blending
technique described in Sec. the following error measure, £s («), defined

es (@) = Os (W) /0s (W5,,) - (4.4)

provides an indication on whether W2, or W& , results in the associated RCs
producing a more accurate reconstruction of a given attractor, S, according
to Os (+) as if e (a) < 1, then the prediction of S was more accurate when

using W¢ , over W&

out

with the opposite being said if es () > 1.
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4.2.1 Casel

Starting with the task of reconstructing attractors from a multistable system
in Case I for p = 0.7, the resulting es (o) vs. o plot is shown in Fig.[4.44]
Here it can be seen that, on one hand, as « is increased from 0, there is large
decrease in €4, and it stays relatively close to 1 for o 2 0.22, while on the
other hand, €4, remains relatively near 1 for a < 0.88, and then grows as «
is increased thereafter. From this it can be deduced that multifunctionality
is achieved by the RC for 0.22 < o < 0.88.

Figs.[4.4b illustrate a successful implementation of the blending tech-
nique for = 0.5. The predicted trajectory on A; and A, when using the

task specific matrices, W=, and W22 are plotted in orange and the multi-
o LA

out cu 2, are plotted in green. A trajectory

functional readout matrix, W

on the actual attractors is plotted in blue in these figures.

4.2.2 Case II - I11

A similar analysis for Case II and III is conducted with Fig.[4.5] illustrat-
ing examples where the RC was successfully trained to be multifunctional.
Fig.[4.5a] shows that when training the RC to reconstruct both B; and A; in

Case II, where W¢,, = W54 the desired coexistence of chaotic attractors
is achieved for p = 0.3 and a = 0.5. For Case III, where W, , = Wf;jb, when

setting p = 0.85 the RC is successfully trained to express multifunctionality
as it can reconstruct both £ and A, for a = 0.65 as seen in Fig.[4.5b]

4.2.3 Additional Comments

Impact of results

The results illustrated in Figs.[4.444.5 show that a RC can indeed be trained
to exhibit multifunctionality which broadens the current set of applications
that a RC is capable of. These results establish that, for instance, instead of
having to change parameters in a system for it to exhibit a different behaviour,

separate modes of operation from various parameter choices of the system can
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Figure 4.4: Case I (p = 0.7) ; (a): €4, and €4, vs. .
struction using, W2 and Wﬁft and Wg,, = Wﬁ}t’AQ for a = 0.5.
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(a) Case II: Reconstructing attractors B; and As.

(b) Case III: Reconstructing the chaotic Lorenz attractor £ and As.

Figure 4.5: Tllustration of attractor reconstruction in; (a) Case II for («,p) =

05,03 where W¢ , = W 142 and (b) Case III for a,p) = 065,085 where
out out
We , — ‘Nrﬁ,AQ.

out out
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coexist in P. In addition, this combination of attractors is not limited to a
single system as it is possible to combine attractors from different systems
to coexist in one. Given this ability, there is the prospect of designing an
appropriate controller for Eq. to switch between attractors. For further

reading on ‘inter-attractor control’ see [133].

4.2.4 Parameter dependencies

Although Figs.|4.4 illustrate instances in which appropriate values of «
were found to give rise to multifunctionality, this cannot be said for all «
values nor for other choices of v, p, ¢ and 8. Moreover, relying on an er-
ror analysis alone is not sufficient enough to understand the dynamics of a
multifunctional RC or to classify the parameter regions in which multifunc-
tionality is achieved. As the RC used throughout this Chapter is designed
such that if attractor reconstruction fails then the predicted trajectory will
not blow up to infinity in a finite amount of time, however, the prediction
can decay toward some other stable attractor. Furthermore, given the nature
of these numerical experiments, it is also possible that the RC’s predicted
trajectory on one chaotic attractor can switch to the other chaotic attractor.
Following this argument, in the next section a means of characterising the
attractor that the prediction settles to is employed and from this the regions

of multifunctionality in the (a, p)-plane are identified.

4.3 Regions of Multifunctionality

In this section the long term behaviour of the RC in the prediction stage
(described by Eq. (2.19))) for each Case I-IIT is analysed.

4.3.1 Characterising Attractors

When the RC is trained for a given a € [0,1] and p € [0.1,1.1], and subse-
quently initialised with 7:(0) corresponding to A;, Ay, By or L for the appro-
priate Case, the particular attractor that the state of the RC subsequently
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settles on is classified. A colour is assigned to each point in the («, p)-plane
that characterises the prediction of a given attractor for #pedgict = 600 accord-

ing to the following criteria:

1. Yellow, if the predicted time series is periodicﬂ for tpredict — 40 <t <

tpredict, then the prediction has decayed to some limit cycle, LC.

2. Green, if the predicted time series remains constant for tyredqict — 10 <

t < tpredict, then the prediction has decayed to some fixed point, FP.

3. Magenta, if for t* = 40, 0s (We

out

) < ¢ for the predicted time series in
comparison to the target time series of the other chaotic attractor, then

the prediction has switched from one chaotic attractor to the other.

4. Blue, if conditions 1-3 are not fulfilled and if for t* = 40 that 65 (W?,

out

) <

0 for a given attractor S, then the dynamics of S was well reconstructed.

5. Red, if otherwise, in order to signal that closer inspection of the predic-

tion is needed.

In the interest of exploring the relationship between multifunctionality
and certain RC design and training parameters, the above criteria is used
to provide a rough picture on the dynamics of a given multifunctional RC.
More robust criteria would, for instance, involve computing the transversal
Lyapunov exponents to ensure the existence of stable response attractors in S
for a given task however this is significantly more computationally expensive

than the proposed criteria above.

Characterising Attractors for Case I

The result of applying the above prediction analysis for Case I is shown in
Fig.[4.6l It can be seen here that attractor reconstruction failed when ini-
tialising the predicting RC with 7(0) corresponding to A; in Fig.|4.6al (As in

f the location of all the maximum of the local maxima (up to a relatively small differ-
ence) of the time series of a given dynamical variable repeats every k steps, then the time
series is considered to be periodic. This convention is used throughout this Thesis to assess

if a given time series is periodic.
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Figure 4.6: (a)-(b):Long-term behaviour of prediction in the (a, p)-plane for Case
I. Each colour characterises the attractor the RC settles to from a particular IC:

Initial Condition. (c): Plotted in blue are the regions of multifunctionality.
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Figure 4.7: Regions of multifunctionality in the («, p)-plane for; (a) Case II and
(b) Case III.
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Fig.[4.6D)) for & = 0 (1). This is in contrast to the recent findings of Rohm
et al. in [102] which show that when a RC is trained to reconstruct only one
attractor from a multistable system it simultaneously inherits the ability to
reconstruct all the other attractors and provide a coexistence of these in P.
As depicted in Figs.[4.6al{4.6D] when oo = 0 or 1, the prediction consistently
decays towards some fixed point for all values of p. However, when increasing
(decreasing) « from 0 (1) there is a more varied sequence of events for a given
p. Prior to achieving attractor reconstruction, the predicted trajectory on
A; (As) at times tends towards some limit cycle or switches to Ay (A;).
Fig.[4.6a] also shows that for large p, the RC favours the reconstruction of A,
as opposed to A; where the prediction of A; mainly switches to A, until
some critical o value where attractor reconstruction is achieved.
Furthermore, as there are no red points found to occur in Figs.|4.6aH4.6b|
this on one hand indicates that closer inspection of the RC’s dynamics is not
required to assess its long term dynamics and on the other showcases the
robustness of the prediction assessment criteria in successfully characterising

the dynamics of the multifunctional RC.

4.3.2 Multifunctionality in the (o, p)-plane

Nevertheless, there is some middle ground where both attractors are success-
fully reconstructed for a given pair of a and p, this common blue area be-
tween Figs.|4.6a are the regions in which multifunctionality was achieved.
A separate picture in Fig.[1.6d is provided to show these regions explicitly.
Through the same reasoning in Fig. and Fig.the regions in the (a, p)-
plane in which the RC was successfully trained to express multifunctional
behaviour are shown for both Case II and Case III.

There is a relatively large common blue region in the (a, p)-plane for Case
I in Fig.[1.6d However, for Case II and III the regions of multifunctionality
in Figs.[4.7al{4.7b] are relatively much smaller. Case II and III require a higher
level of dynamical flexibility from the RC as not only do the chaotic attractors
come from different settings of Eq. and different systems entirely but also

vary characteristically, i.e. single-scroll and double-scroll. At the same time,
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a particular setup or random realisation of the RC may happen to favour
reconstructing one flavour of attractor over the other, thus a contributing

factor towards the reduced regions of multifunctionality seen here.

4.3.3 Issues with timescale

While in Case I-III the target chaotic attractors are separated in state space,
they do share some dynamical similarities which may be just as vital in order
to achieve multifunctionality. For example, the chosen attractors in all three
of the studied cases evolve along a similar timescale. Using the pair of chaotic
attractors in Case I as an example, the relationship between the RC’s ca-
pacity to exhibit multifunctionality when changing the timescale of A; while
keeping the timescale of A, fixed is investigated. To do this, a new timescale
parameter is introduced, A1, which is used to control the timescale of A;.
The RHS of Eq. is multiplied by A4t and the system is initialised with
xz41(0) = (1,1,1)" to generate solutions of A; with a modified timescale. If
A4 < 1 then the dynamics are slowed down and if A4t > 1 the dynamics are
sped up. An example of the effect this has on the dynamics of the training
data is provided in Fig.[4.§ for A4 = 0.6,1.0, and 1.4.

The regions of multifunctionality in the (A4, p)-plane for a = 0.5 are
identified using the same process which produced the results shown previously
in Figs.[4.6d and [4.7 The result of this is displayed in Fig.[4.9 which shows
that if A; evolves along a relatively longer or shorter timescale in comparison
to Ajg, then there is a point where multifunctionality is lost for all p values.
This reveals the limits upon which multifunctionality can be achieved in this
scenario by exposing the RC’s dynamical capacity to facilitate the coexistence

of increasingly dissimilar chaotic attractors in P.

4.3.4 Dynamics prior to reconstruction

Now, returning to the results shown in Fig.[4.6a] where the prediction of A;
for p = 0.7 as « is increased from 0, before multifunctionality is achieved the

prediction repeatedly falls to a fixed point. These fixed points for various val-
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Figure 4.8: Tllustrating the influence of different choices of A1 on the dynamics of

Ay in comparison to As.

ues of « are plotted in Fig.[4.10] Also seen here is a case where the prediction
switches from A; to Ay when a = 0.2.

In light of the results above the following question arises, what happens to
these fixed points in Fig.[4.10| as multifunctionality is achieved? Is it the case
that the successful reconstruction of A; entirely takes the place of these fixed
points in P or, do these fixed points still exist except they cannot be seen
from looking directly at the reconstructed attractor? Furthermore, are there
other attractors lurking in P? These questions are explored in the following
section and the important role of ICs in the prediction stage of the RC are
highlighted.

4.4 Detecting Untrained Attractors

4.4.1 Probing P

In order to get a broader picture of PP for a given p and a in Case I, the
same approach from Sec.[2.4]is used in the present section, the trained RC is

initialised with 1000 random ICs and its resultant dynamics are examined. A
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Figure 4.9: Regions of multifunctionality in the (AAl,p)—plane when changing the

timescale of A; in Case I with timescale parameter A1,
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result of this is shown in Fig.[4.T1} Plotted here are a number of trajectories,
xgi, which describe the time-evolution of the x3(t) variable as generated by
the RC starting from the i random IC, r%:(0), when p = 0.7 and the RC is
trained for a = 0.45, 0.50, and 0.55. For a = 0.5 there exists a stable fixed
point located within the middle of both reconstructed chaotic attractors. As
more weight is applied to the data from A, with @ = 0.45, another stable
fixed point appears closer to As. Similarly for o = 0.55 a stable fixed point
closer to A; is found. So while the RC was successfully trained to reconstruct
a coexistence of A; and A, there are several UAs populating P that have no

connection to the dynamical system described in Eq. (4.1)).

4.4.2 Considering p and a as bifurcation parameters

The results in Fig.[4.1T]show that small changes in « can give rise to a bistabil-
ity of UAs. This suggests that there are some ‘behind-the-scenes’ bifurcations
taking place in P. However, further discussion is needed in order to regard «
as a bifurcation parameter of the RC. While p is a parameter of the RC itself,
« is a parameter that is strictly involved in the training procedure. Therefore
to consider « as a bifurcation parameter of the RC it is necessary to assess if,
for a small change in « there is a relatively smooth change in the elements of
wWe = Wi generated from a specific combination of a and p. In other

out out

words, a continuous function which maps («, p) — W, needs to exist.

Assessing the relationship between o, p, and W, , = Wfﬁflz
In order to expand upon the above notion, elements of W¢, , = WA qre

chosen at random and their relationship with respect to changes in a and p
is examined. The result of this is shown in Fig.[4.12] for four randomly chosen
elements of W§, .

The smoothness of the surface plots in Fig.[4.12] indicate that a relatively
small change in a or p in turn gives rise to a small change in the elements of
we

outs b0 which in a generalised sense, contributes to an overall change in the

dynamics of the RC. From this result, « is now considered as a bifurcation

parameter of the RC. The blending technique and the training procedure can
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Figure 4.11: Time trace of reconstructed x3(t) variable for RC trained with o and p

as indicated in each plot and initialised with a given random IC, &, for ¢ = 1,2,....
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matrix with respect to changes in « and p.
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be seen as providing a smooth map from the hyperparameters p and « to a

(0%

matrix W9, in the RP**N gpace. Therefore by considering these hyperpa-

rameters, p and «, this mapping generates a two-dimensional structure in the
RP*2N gpace.

With p and a now identified as bifurcation parameters of the RC, the focus
moves towards tracking the evolution of these UAs and identifying some of

these ‘behind-the-scenes’ bifurcations.

4.5 Bifurcations of Untrained Attractors

In this section the behaviour of the UAs found in the previous section are
examined in the («, x3)-plane for a given p and then in the (a, p)-plane. It
is important to stress here again that in each of the numerical experiments
conducted in this Chapter the same randomly initialised M and W,,, matrices
are used and M is rescaled accordingly to a specific p.

The behaviour of these UAs are tracked by initialising the state of the RC,
trained for a certain o and p, with one of the corresponding fixed points shown
in Fig.[4.11] The evolution of this fixed point with respect to « is tracked by
repeating the process of incrementally changing «, retraining and initialising
the state of the RC with the fixed point corresponding to the previous «. If
there is a change in the dynamics of the RC, for instance, a bifurcation from
fixed point to limit cycle or a period-doubling bifurcation, then the dynamics
of the resulting stable attractor is tracked.

The above method of tracking the changes in the dynamics of the multi-
functional RC’s stable solutions is what is known colloquially amongst prac-
titioners of nonlinear dynamics as ‘poor man’s’ continuation due to its lim-
itations. More advanced techniques are used in software like AUTO [134]
that can track unstable solutions and capture further dynamical phenomena.
However these tools are not entirely straightforward to apply to RCs as the
training of the RC needs to be incorporated into the continuation procedure.
While this can be done, the continuation method used here provides some

insight into the dynamics of stable solutions of the multifunctional RC and
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adapting AUTO to incorporate RC type systems is left for future work.

4.5.1 Bifurcations in the (o, z3)-plane
p=0.7

The result of applying the above tracking procedure to the UAs from Fig.[d.1]]
for p = 0.7 is shown in Fig.[4.13a] where the extent of the bistabilities in
Fig.|4.11fcan now be seen. Additional branches of fixed points and bistabilities
closer to the end points of a are also uncovered. The evolution with respect
to « of the previously found fixed point located in between the reconstructed
chaotic attractors in Fig.[4.11] is now labelled as the branch FP; and the
evolution of the fixed points closer to le and /ll are labelled as FP, and
FP3 respectively. The evolution of the fixed points closest to & = 0 and 1
are denoted as the branch FP, and FPj; respectively. What generates these
bistabilities are the hysteresis cycles created here. When moving along the
FP, branch as « is increased, indicated by the arrows in Fig.[4.13a], there
is a point where the state of the RC jumps to the FP; branch. After this
transition, if a were instead decreased the state of the RC then remains on
the FP; branch to the point where the state of the RC returns to the FP,
branch, and so on.

Fig.[4.13a]also demonstrates that when the RC fails to reconstruct .4, then
the predicted trajectory falls onto the FP, and FP5 branches. The black points
plotted in Fig.[£.13a] are the fixed points that the predictions of A; decay
towards in Fig.[£.10l As these black points line up directly with the branches
of FP4 and FPs, it can be concluded that as attractor reconstruction of A; is
achieved, these fixed points do not suddenly disappear and their existence is
intrinsic to the dynamics of this RC setup. In modes of failure these branches
of fixed points provide routes to stability which also gives greater insight to

the behaviour of the RC at the boundaries of multifunctionality.
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Figure 4.13: Tracking the dynamics of untrained attractors in («, z3)-plane for; (a)
p=0.7and (b) p=0.77. In (a) black arrows indicate direction of hysteresis cycle
and black points correspond with the location of the fixed points in Fig.
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Evidence of bifurcations

The stable branches of equilibria depicted in Fig.[4.13| would ordinarily be con-
nected by branches of unstable equilibria but given the nature of the tracking
approach used here, these cannot be explicitly determined. However, as the
end points of these branches are seemingly being drawn closer together, i.e.,
the right and left end points of both FP, and FP, and likewise for FP3 and
FPs5, this can be inferred as a signature of the existence of unstable branches
of equilibria and evidence that at these end points are saddle-node (SN) bi-

furcations.

p=0.77

To help strengthen the above claim, the same tracking procedure is applied
to the RC when p = 0.77. The result of this is shown in Fig.[4.13b] where
the right and left end points of FP4 and FPy as well as FP3 and FP5 have
become connected thereby resulting in two branches of fixed points labelled
as FPy4 and FP35. As the branches connect this particular behaviour is
indicative of two cusp bifurcations taking place about a &~ 0.034 and 0.988 as
p is increased from 0.7 to 0.77. In addition, a region of ‘tristability’ is shown
here for 0.4867 < a < 0.5165 where there is an overlap between all three

branches.

4.5.2 Bifurcations in the («a, p)-plane

Given the insight that these behind-the-scenes bifurcations have provided so
far, the same method is used to explore and characterise the behaviour of

these UAs by tracking their evolution in the («, p)-plane. The result of this
is depicted in Fig.|4.14]
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Figure 4.14: Classification of untrained attractors in the (a, p)-plane. (FP: Fixed Point, LC: Limit Cycle, PDC: Period
Doubling Cascade)
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Cusp bifurcations

Here the previously mentioned cusp bifurcations can be seen taking place at
(cr, p) = (0.0337, 0.71) and (0.9875, 0.76). Another cusp bifurcation of the
FP; and FP, branches takes place at (o, p) ~ (0.48, 0.27). FP; is defined

as the branch of stable fixed points emerging from this cusp bifurcation.

Limit cycles (p = 0.21)

Fig.[4.14] also reveals the existence of several limit cycles in P. As p is de-
creased from 0.27, the bistability between FP3 and FPy 5 is lost at (a, p) ~
(0.5837, 0.2449). Fig.[4.17 also shows that as these branches begin to drift
apart for p = 0.21 a period-1 limit cycle, LCy, is born in this gap. Plotted
here is the evolution of the maximum and minimum values of LC; versus «.
As p is decreased further, the bistability between the FP3 and FP; » branches
resumes from («, p) ~ (0.577, 0.1965) resulting in the death of LCj.

Tristability

The extent of the region of tristability found in Fig.[4.13bis shown in Fig.[4.14]

Another relatively small region of tristability between FP; o, FP; and FP,4
is found in Fig.[£.15 While the left end of FP;, had at one time appeared
to be growing towards and potentially connecting to FP, in another cusp
bifurcation, instead it has broken off due to a cusp bifurcation taking place
on FPy5 at (o, p) =~ (0.087, 0.212), as shown in Fig.®.14] This results in a
new branch of fixed points FP; as seen in Fig.[d.15] The existence of FP; is
relatively brief as its own end points are quickly drawn together and disappear
entirely at (a, p) =~ (0.062, 0.179) in Fig.|4.14], This particular behaviour also
occurs on FP3 where a more detailed picture and explanation of these events
is provided later in this section. The beginnings of a branch of stable fixed
points can be seen emerging from the right hand side of Fig.[4.15 these are
denoted as FPg, some interesting properties emanating from this branch are

also shown later in the present section.
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Figure 4.15: Tracking untrained attractors for p = 0.21: Max and min values of
limit cycle, LCy, born at the right and left end points of the FP; 5 and FP3 branches.
Also seen are the FP4, FP5, FPg and FP7, branches of stable fixed points.

Bifurcations for large a and small p

Given the abundant variety of behaviour exhibited by the UAs for large «
and small p, as seen in the inset plot of Fig.[4.14, a more expansive picture is
provided in Fig.[4.16] which depicts the events leading towards certain bifur-
cations. The cusp bifurcation taking place at (a, p) = (0.965,0.185) gives rise
to a relatively small tristable region. This cusp bifurcation originates from a
buckling of the FP3 branch where a new branch of stable fixed points emerges,
labelled as FPg in Fig.[4.16] A limit cycle is born at the right end point of
FP; for p ~ 0.181. Fig.[4.16 shows the evolution of the maximum and mini-
mum z-values of this period-1 limit cycle, labelled as LCy. Close to this cusp
bifurcation it can be seen that for p = 0.18, LCs is contained within a Hopf-
bubble as it exists between two supercritical Hopf bifurcations. However, as
p is decreased further, the amplitude of oscillation of LCy increases and the
bubble bursts. It is also found that LCy undergoes period-doubling (PD) bi-
furcations, the first of which occurs nearby (a, p) = (0.959,0.166). These PD
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bifurcations contribute to the significant reduction in a-values for which LC,
can be tracked. Also shown in Fig.[4.16| are cases where LCy subsequently
encounters another PD bifurcation resulting in a period-4 limit cycle.

The existence of FPg throughout Fig.[4.16] is relatively brief, as p is de-
creased its end points are drawn closer together until this branch becomes
but a single point-like attractor at («, p) ~ (0.98,0.137) and can no longer be
tracked. This event and another mentioned earlier regarding FP7 is evidence
that further flavours of cusp-like bifurcations take place in P. A codimension-
3 bifurcation analysis (involving either o, 5 or 7) could, for example, unveil a
swallowtail bifurcation point (the point at which two cusp branches collide).
For reading on more cusp-like bifurcations see [135] or [136]. Alternatively, if
swallowtail bifurcation points were found to take place in lower dimensional
representations of Eq. (for N =2,3,...), then their existence could be
generalised to the higher dimensional picture. The benefit of reducing the di-
mension for such an analysis would allow for the use of numerical continuation
software like AUTO [137] on Eq. . Moreover, this approach would facil-
itate the study of unstable attractors and identify further dynamical features
inherent to Eq. .

As shown in Fig.[4.16, another branch of fixed points, labelled as FPy, is
found. For p = 0.135, at the right end point of FPy a limit cycle labelled as
LC, is born. Increasing p results in the loss of LC, as the end points of FPy
are being drawn closer together where eventually at (a, p) = (0.989,0.153) it

can no longer be tracked.

Untrained chaotic attractor

Shown throughout Fig.|4.16| is the evolution of FPg, the branch previously
mentioned regarding the discussion of Fig.[4.15] As p is decreased, a period-1
limit cycle, labelled as L.Cg, is born from the left end point of FPs. The brown
region in Fig.[4.14) depicts the coexistence of LC3, LCy, and FP5. However,
as the evolution of the local maxima and minima of LCs are tracked there
are certain points in the («, p)-plane where LC3 undergoes a PD bifurcation.

Furthermore, there at times at which one PD bifurcation leads to another
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and in turn triggers a period-doubling cascade (PDC) ultimately resulting in
chaotic behaviour.

Two relatively small regions in Fig.|[4.14| (coloured in black and cyan) high-
light where PD bifurcations of LC3 lead to PDCs. An example of this partic-
ular sequence of PD bifurcations is shown in Fig.[4.17] when setting p = 0.107
and highlights how FPg evolves as « is decreased from 1. Plotted here are
the evolution of the local maxima and minima of LCs which sprouts from the
left end point of FPg for a = 0.9986. The dynamics of LC3 are tracked as
a is reduced further. The first PD bifurcation occurs at a ~ 0.989 where
there are now two distinct local maxima and minima of LC3. This particular
behaviour is depicted below the bifurcation diagram in Fig.[4.17] with snap-
shots of LC3 as it travels along its route to a PDC in the (x, x3)-space of
P. Here, it can be seen how LCj transitions from period-1 at a = 0.9895 to
period-2 at o = 0.9885. Decreasing « further to 0.9875 an infinite number of
PD bifurcations has taken place resulting in the birth of an untrained chaotic
attractor. Periodic behaviour briefly resumes for decreasing o further before
entering another PDC as a second bout of chaos begins at a = 0.98618 and
ends at 0.98638.

Despite that multifunctionality is not achieved in the relatively small re-
gions in which the PDCs are shown in Fig.[4.14] it remains a remarkable
result which, similar to Fig.[2.6, shows that when attempting to train the RC
to provide a coexistence of two desired chaotic attractors it is also possible for
another chaotic attractor to exist in the background. Moreover, for a different
choice of the other RC parameters, these PDCs could play a larger role in P

and further influence the RC’s ability to reconstruct a given attractor.

General Comments

Overall, the long term characterisation of the RC’s prediction of a given
attractor in Figs.[d.6al{4.6D] combined with the classification of the UAs in
Fig.|4.14] provides a clear picture of P for a given a and p. When put to-
gether these describe the regions in which multifunctionality was achieved

and the type of untrained attractor that the RC can approach when attractor
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Figure 4.17: (p = 0.107): Evolution of FPg as it bifurcates to a limit cycle and then
to a chaotic attractor through an infinite sequence of period-doubling bifurcations.

Also shown are snapshots of this limit cycle along its route to chaos.
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reconstruction fails.

As a final comment, throughout the results in this Chapter, the random
topology of the RC matrices, M, and W;,, have remained fixed after an initial
realisation and the same matrices were used to generate the results regarding
Case I-III. Given a different initialisation of these matrices it is possible that
quantitative changes in these bifurcation figures occur. From further analysis
and results which are not shown here, it is found that the main qualitative

features of the RC’s dynamics continue to survive.

4.6 Conclusions

The results shown in this Chapter demonstrate that a RC can be trained to
exhibit multifunctionality whereby, for a given IC, the dynamics of more than
one chaotic attractor can be successfully reconstructed in P.

In order to train a RC to express multifunctional dynamics, the ‘blending
technique’ introduced in Sec.[3.2.1] is used as a means to combine and weight
data from two different sources. The flexibility of this technique is tested
by training the RC to reconstruct a coexistence of chaotic attractors from:
a system which already exhibits multistability, two parameter settings of a
system and, two different systems entirely.

The results in this Chapter illustrate that the coexistence of attractors
which the multifunctional RC reconstructs are not limited to the one system.
In Fig.[A.5D] it is shown that the RC was successfully trained to permit the
coexistence of the Lorenz butterfly attractor, £, and the chaotic attractor A,
generated from Eq. . From this comes the question on the amount of
attractors that can be successfully trained to coexist in P and steps are taken
to address this in later Chapters.

The ability to combine attractors from different sources to then coexist
in the same state space broadens the current set of RC applications. This
demonstrates that instead of having to change parameters in a system for
it to exhibit a different behaviour, the various desired modes of operation

can coexist in the state space of a multifunctional RC where an appropriate
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controller could in theory be designed to switch between attractors [133]. As
discussed in Sec.[3.4.2] such a control mechanism draws further parallels to
the role of neuromodulators in biological neural networks.

In order to achieve the desired training outcome, there is a crucial de-
pendence on certain RC design and training parameters, in particular the
‘blending’ parameter, «, and, p, the spectral radius of the RC’s internal con-
nection matrix. When varying these parameters, an abundance of nontrivial
transitions between multifunctionality and modes of failure occur as there is
a competition between attractors in P for a given choice of o and p. For ex-
ample, when attempting to reconstruct a coexistence of attractors there are
times when the RC is able to reconstruct the dynamics of only one chaotic
attractor or in further events of failure, the predicted trajectory on a given
chaotic attractor can tend toward a limit cycle or fixed point.

On closer inspection, it is found that even when the RC is successfully
trained to achieve multifunctionality there are also many UAs in P. These
attractors and their basins of attraction inhabit large regions of P but were
not part of the training and limit the regions in which multifunctionality is
achievable. Moreover, these UAs are shown to have dynamics of their own
and play a significant role in the event that the desired attractor cannot be
successfully reconstructed.

By tracking the evolution of these UAs with respect to o and p, a number
of ‘behind-the-scenes’ bifurcations have been identified. In particular when
tracking the evolution of FPg it is shown in Fig.[£.17 how this branch of stable
fixed points transitions to the limit cycle LC3 which subsequently undergoes
a series of period-doubling bifurcations to the point of provoking a period-
doubling cascade leading towards the creation of a chaotic attractor. So while
the objective is to train the RC to reconstruct a coexistence of two specific
chaotic attractors in P there is another chaotic attractor created in a sub rosa
fashion.

Much like the investigation of the UAs in P, there is also evidence of
similarly occurring events in the brain which influence and disrupt its nor-

mal behaviour. It is understood that neurological disorders like Parkinson’s
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disease or epilepsy occur as a result of certain active regions of the brain de-
viating from its normal state of operation and then becoming trapped within
some undesirable behaviour beyond which it may not be able to resume its
normal function. The effort is often made to model and control these events
in order to counteract the effects of these illnesses [138H140].

Overall, the results in this Chapter emanate from employing the dyadic
‘two-way street’ approach of framing neurological features in the context of
dynamical systems. Moreover, this work indicates that if other hypotheses or
known facets of the brain can be articulated in this manner then there lies

the potential to portray it artificially.



CHAPTER 5

Symmetry and Multifunctionality

Symmetry is a notorious issue in the training of a RC. For example, when
training RCs with symmetry in their designs to mimic trajectories on a given
attractor, a ‘mirrored’ version of the attractor is automatically created in the
RC’s state space. In this Chapter, the opposite scenario is considered by
including certain symmetries in the training data which as a result exposes

further fundamental properties of a multifunctional RC.

5.1 Issues related to Symmetry

5.1.1 Mirror-Attractors

An important property to consider when designing a RC is whether there is
a symmetry present in its formulation. Symmetry introduces certain prob-
lems which can stifle the RC’s learning capability and dramatically reduce

its reconstruction capacity. For example, if q(7(t)) = #(¢) instead of setting

q(7(t)) as in Eq. (2.13), a symmetry in Eq. (2.19) of the following form arises,
7 () = 7 [=7(t) + tanh ( M#(t) + 0 Wi Wou #(1)) )] (5.1)

which is invariant under inversion of the sign #(¢t) — —(¢). This results in a
symmetric partner for every solution of Eq.[5.1] whereby for any attractor, S,
in S there is a corresponding ‘mirror-attractor’, §’. Additionally, the linear
readout results in pairs of reconstructed attractors and corresponding mirror-
attractors (.,Zl and A’ ) appearing in P. Herteux and Réth were the first to

explore the issues related to mirror-attractors in [77].

95
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Mirror-attractors become most problematic when the location of the train-
ing data is not chosen correctly as the attractors in the S may merge with one
another. For instance, if a given A and the corresponding A’ share mutual
regions of P, i.e., An A # (), and the RC has not been trained to support
this form of multistable dynamics, the resulting dynamics of the RC could

resemble the results shown in Fig.2 in [77].

Breaking the Symmetry

This symmetry induced phenomenon and in particular how to overcome the
issues related to it was explored in great detail in |77]. Here it was proven
analytically, under the assumption that the RC has the echo state property
(see Sec. for further details), that by changing the sign of the input and
target data in the listening stage, this leads to a sign change in the resulting
RC state variables used as training data. As a consequence, the resulting
readout matrix W,,, will have the same weights independent of the sign
change.

There are numerous ways to break this symmetry and mitigate the re-
straints it imposes. For example, using a bias in the output, a shift in the
input, or including square terms in the readout. The focus of this Chapter is
on the square terms in the readout described by Eq. . In this case the

RC is not invariant under the change of sign like before as,

~

b (— (1) = Wiy (i) + W (—i+(t))?
= WO i) + W2, #2(t) £ —ib (7(1) | (5.2)

out out

and Wg)t 7%(t) breaks the symmetry which destroys the mirror-attractors.

Example with £

Using the same RC with p = 0.15 from Sec. as an example, the difference
between setting g(r(t)) as defined in Eq. and g(r(t)) = r(t) is shown
in Fig.. When the symmetry is broken, as in Eq. , the trained RC
reconstructs £ when initialised in the usual sense with 7(0) = 7 (fiam) and
when the RC is initialised with —#(0) then its state tends to the UA, LCs, like
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Figure 5.1: Hlustrating how different choices of g(7(t)) effects the RC’s dynamics

when initialised from 7(0) = 7rain and —7rain-

in Fig.2.5. However when q(7(t)) = r(t), then the mirror-attractor appears
when the RC is initialised with —#(0).

5.1.2 Symmetry and Multifunctionality

Based on this information regarding mirror-attractors discussed so far, the
following question naturally arises, is the opposite also true? More specifically,
what happens when a RC which does not have symmetry in its design is
trained on data related by symmetry?

In this Chapter, these symmetry associated phenomena are considered
from the perspective of multifunctionality by specifically training the RC to
reconstruct a coexistence of attractor and mirror-attractor pairs. In Sec., it
is proven analytically that, under certain conditions, symmetries in the train-
ing data prohibit W(()i)t from existing and the consequences of this analytical

result are explored in various numerical experiments.

5.1.3 Previous RC Symmetry studies

Before discussing the main results of the present Chapter, it is important
to highlight that the effect of symmetries in RC has been investigated in a
number of previous studies. Carroll and Pecora show in how symmetries

in the structure of the network lead to a lower covariance rank and negatively
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affect the training error. A permutation symmetry in the RC states was found
to severely impact the performance of a swarm based RC as studied in [141].
On the other hand, matching the symmetry of the input data with a suitable
handcrafted RC design was shown to cause drastic improvements in two tasks
in [142]. In contrast, the focus of this Chapter is to exam how a RC can adapt

to and take on the symmetry of the trained system spontaneously.

5.2 Analytical Results

In this section, it is proven analytically that, under certain conditions, a point
©))

out 1O exist.

or inversion symmetry of the training data forbids W

5.2.1 Anti-symmetric training data leads to W =

out —

Let’s now study the properties of the ridge regression formula in Eq. (2.16)) if
it is presented with anti-symmetric data. Assuming that X and Y both have

2n columns and are obtained from »(¢;) and w(t¢;) data with the property,

u(liyn) = —u(t), (5.3)
r(tipn) = —7(t;). (5.4)

() () () (22)]
r2(t1) r2(t,) r2(t1) r2(t,)
Y= ult), o (), —u(t), . —ult) | (5.6)

As a result, the YX? and XX” terms used in the calculation of W,,; in
Eq. (2.16) can now be written as,

YXT = [ 25 ) (r(t)7, 0 ], (5.7)

ti=tlisten

train T
XxX7T — 2 ;:thmn r(t;) (r(t:)) 0
- train T
O 2 Ziiztlisten r2(t2) (TQ (tl))
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Plugging Eqs.[5.7H5.8| into Eq. (2.16)) results in,
—1
Wou = [2( i:r;‘;‘;istenu(ti)(r(ti)):r> (2 St () (t))T + 51) , o} .
(5.9)

Therefore, whenever the training data fulfils the conditions in Egs. (5.3) and
(5.4)), it follows that,

w2 —o. (5.10)

out

5.2.2 Sources of anti-symmetric training data
Multiple trajectories related by symmetry

Since it has now been proven that anti-symmetric training data leads to a van-
ishing W(()i)t = 0, the next step is to investigate, under what conditions such
anti-symmetric training data naturally arises. In the context of multifunc-
tionality, this can happen if the RC is trained with input from two attractors

u;(t) and wuy(t) which are related by,

Time discretisation and concatenation of the two trajectories according to the
blending technique of Eq. with a = 0.5 then immediately shows that
Eq. holds. To show that Eq. is also fulfilled, both () and ry(¢)
are obtained from Eq. . Let’s define,

f(r,u)=~[-r+tanh ( Mr + oW, u )] = —f(—r,—u), (5.12)

where in the second equation the resulting f is anti-symmetric. If now 7 ()
is a solution of Eq. (2.10) for some IC, r1(0), then r(t) = —r;(¢) is a solution
for the following IC,

72(0) = —71(0). (5.13)
This is demonstrated by,

o(t) = —71(t) = = f(ri(t), wa(?)), (5.14)
= —[(=ra(t), —us(t)) = f(ra(t), ua(t)). (5.15)
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Therefore Eq. (5.4) holds. This means that if the RC is trained with two
distinct anti-symmetric trajectories, and the IC of the RC state is anti-
(2)

our Matrix automatically vanishes. This result

symmetric, the resulting W
can be easily generalised to any even number of distinct trajectories wy(t),

which are pairwise anti-symmetric, i.e., that are of the following form,
’Ll,gk(t) = —’u,21€+1(t). (516)

Single anti-symmetric trajectory

Another source of anti-symmetric data is the case of periodic trajectories of

period T" which are of the form,

u <t + g) = —u(t). (5.17)

As the RC’s state, r(t), is the response of the system to the periodic drive
u(t) according to Eq. (2.10), by the above symmetry there always exists a

solution of the form,

r <t + %) = —r(t), (5.18)

however, this solution is not necessarily stable. Later, in the results regarding
the numerical experiments in Sec.[5.3.3] it is found that the RC’s dynamics

is stable up to a certain value of p and in this case Eq. (5.4) is fulfilled which
(2)

again gives rise to vanishing W /.

5.3 Numerical Results

The analytical results from Sec.[5.2] are now used as a platform to extend the
study of the relationship between symmetry and multifunctionality through
several numerical experiments. These experiments consist of training the
RC to specifically reconstruct a coexistence of the Lorenz attractor and its
mirror-attractor. A paradigmatic example of anti-symmetric training data is

also explored numerically.
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Figure p o Y B @ listen Ttrain  Cpredict

9.2H5.95 0.2 0.2 10 1072 0.5 100 200 300
0.6 1.43 0.2 10 1072 0.5 100 200 300
5.7l 1.7 03 5 107 0.5 100 200 300
0.8 1.7 022 5 107' n/a 100 200 300

5.945.10, [1.4,2.4] 0.3 10 1072 n/a 30T 60T 90T

Table 5.1: Hyperparameters and time parameters used to generate the results dis-
played in each of the specified Figures. T is the period of the circular orbit described
in Eq. (5.20)). These parameters were chosen using a grid search method.

The RC hyperparameters used to produce each of the figures presented in
the present section are given in Table 5.1} Also note that in each case the
predicted trajectory for a given input/attractor, A, is represented by A which
is in keeping with the notation used throughout this thesis.

Furthermore, the numerical results illustrated in Figs.|5.2H5.8|are generated
using the same M and W,,, with N = 1000, in order to provide consistency
in the discussion of the following results when relating one result to another.
The argument near the end of Sec. also applies here where relatively small
quantitative changes occur in the results when using different initialisations
of M and W,,, however the main characteristics of the results remain similar.
The same is said for Figs.[5.9}5.10| however the dimension of W, is decreased

in order to take into consideration the lower dimensional training data.

5.3.1 Multifunctionality with mirrored attractors

The case described in Eq. is examined numerically by training the RC in
Eq. with the squaring technique in Eq. to reconstruct the chaotic
Lorenz attractor, £, and its mirror-attractor, £’. The input data is generated
using the 4" order Runge-Kutta method with time-step, 7 = 0.01. The
mirror-attractor is created by taking the negative of the Lorenz input time-
series, i.e., up(t) = —us(t) = (x1(t), z2(t), x3(t))T where x1(t), xo(t), z3(t)
are the dynamical variables of the Lorenz system described in Eq. .
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out out are

The methods outlined in Sec.|3.2.1{ to calculate W,; = (W(l) W(Q))

applied here again in order to train the RC to exhibit multifunctionality by

reconstructing either £ or L’ based on a given IC.

Reconstructing a coexistence of £ and L’

In Fig.|5.2althe reconstructed attractors, L and L' , are shown to coexist in the
prediction state space, P. The target attractors £ and L' are also plotted to
serve as a comparison. Fig.[5.2b[shows that despite breaking the symmetry in

the training by using the squaring technique defined in Eq. (2.13)), the square
(2)

outs does not come into existence. This in turn verifies the

readout matrix, W
analytical results in Sec.[5.2] the symmetry in the training data forces the RC

to also become symmetric.

Breaking Symmetry: Shifting Training Data

The effects of breaking the symmetry in the training data are now considered
by shifting £’ by a factor y in the z;-direction, the input data in this case
is written as wug (t) = (—z1(t) — x, —22(1), —x3(t))". The result of this ex-
periment is displayed in Figs.[5.2d[5.2d| for y = 2. Here it can be seen that
the RC exhibits multifunctionality as it can reconstruct both £ and £/ using
the same readout matrix. However, Fig.[5.2d| illustrates that once the sym-
metry in the training data is broken by slightly shifting the location of the

. . 2 . .
mirror-attractor in state space then Wgu)t comes into existence.

W,(j‘)t elements vs. x

The results from a more extensive study concerning the behaviour of W((?u)t

when shifting the location of the mirror-attractor for xy € [—5,5] are now
outlined. In Fig. histograms of W(()i)t as a function of y are presented.
Here, each colour represents the number of W((,i)t elements at a specific value,

the more elements there are at a certain value the darker the colour is. For
x = 0 the known result from Fig. occurs where all elements of W2

out

equal to 0. This figure also indicates that elements of Wg}t grow larger as
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Figure 5.2: Illustrating the behaviour of Woi)t when the RC is trained to exhibit

multifunctionality in cases of mirror-attractors. (a) Reconstruction of £ and its
mirror-attractor £’ and in (b) colour plot of the corresponding trained W ,,,; matrix
individual elements. Each of the i rows in W,,; is denoted by the variable it
reconstructs. Each column represents the weight, w; ;, given to the 4% component
of g(r(t)) = (r(t), r%(t))T. The distinction is made between which columns belong
to Wgz)t and W((,i)t. (¢) Reconstruction of £ and the slightly shifted £} and in (d)
the corresponding trained W, matrix. Note, the matrix plots may vary depending
on the PDF viewer used, it is recommended to use ‘Adobe Reader’ or ‘Chrome PDF

Viewer’ to see these images as intended.
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Figure 5.3: Histograms of ng)t as a function of .

the magnitude of y is increased. So the more the symmetry is broken in the

training data, the greater the contribution from ng}t in the dynamics of the

multifunctional RC.

Breaking Symmetry: Imbalance of Training Data

The conditions defined in Egs. (5.3))-(5.4) rely on the assumption that both
training data sets have precisely the same number of points. The behaviour

of W2

oy as the RC is trained with input from trajectories on £ and L using

. o . . / .
the respective training times £, and t£ . are now examined. The resultant

imbalance in the data sets is characterised by the new parameter x € [0, 1]
defined as,

ZftL‘r/ain

train train

Therefore, when x = 0.5, the conditions in Egs. (5.3)-(5.4]) are satisfied as
t£ = ¢£  which results in W = 0. Fig. illustrates the behaviour of

train train» out —

WS for k € [0,1] and t£_, +t£ . = 200. This shows that for a small change

out train train
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Figure 5.4: Histograms of W
in k away from 0.5 the histogram of ng)t elements is still strongly peaked at
Zero.

Fig.[5.4] also highlights the range of  values (0.1 < x < 0.9) in which the
RC is able to achieve multifunctionality. This indicates that even when there
is a strong imbalance in the training data used from each attractor, the RC

is still able to exhibit multifunctionality.

2)

To provide further detail on the changes of met away from x = 0.5, the

cumulative density function of the absolute values of the elements of Wg}t

for a number of k values is plotted in Fig.[5.5l This shows that for k = 0,
which corresponds to the case of training the RC with data only from L,
roughly 50% of the magnitude of Wg}t element values are greater than 0.08.
However, when 20% of the total amount of training data is taken from £’, i.e.
k = 0.2, then 50% of the magnitude of ng)t element values are less than 0.03.

This means that by including only a modest amount of data from £’ during
2)

out

the training, this reduces the magnitude of W, element values by nearly a
factor of 3. This trend continues as « is further increased, and for kK = 0.48,

which corresponds to a slight imbalance in the amount of training data more
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Figure 5.5: Cumulative density function of the magnitude of W

at particular x values.

than 50% of ng)t elements have a magnitude of less than 0.002. While ng)t
completely vanishes only when x = 0.5, it is still strongly suppressed even

when there is an imbalance in the amount of training data.

Chaotic Itinerancy

From an attractor reconstruction point of view, an interesting sequence of
events is found to occur when increasing p past the point of where multi-
functionality can be achieved. The dynamics of the RC remains relatively
consistent when it is trained to reconstruct a coexistence of £ and £’ from
the case shown in Fig.[5.2a] with p = 0.2 up to p = 1.43 shown in Fig.[5.6|
However, by increasing p from the value which was used to train the RC, in
this case p = 1.43, to 1.44, Fig.|5.6| shows that L and £’ begin to occupy
slightly larger regions of P as the state of the RC takes wider excursions

about the extremities of the butterfly attractor’s wings. For p = 1.45 there
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Figure 5.6: Illustrating the changes with respect to p in RC’s dynamics from ex-

hibiting multifunctionality to chaotic itinerancy.

is a drastic change in the RC’s dynamics as it is no longer multifunctional
and exhibits the dynamical phenomenon known as ‘chaotic itinerancy’, which
was previously described in Sec.[3.4.4] Furthermore, Fig.[5.6| also shows that
the number of transitions between the attractor ruins of £ and £’ on the
chaotically itinerant attractor, £, is seen to increase as p is also increased.
As the focus of the present Chapter is on investigating the relationship
between symmetry and multifunctionality, the connection between multifunc-
tionality and chaotic itinerancy is further explored in Chapter[§| where it is

used to model transitions which take place in the epileptic brain.

5.3.2 Multifunctionality with overlapping mirrored at-

tractors

Symmetry in the RC equations can oftentimes lead to catastrophic conse-
quences once the training data intersects with its mirrored version and this
symmetry induced phenomena was discussed in detail by Herteux and Rath
in and previously outlined in Sec. In the present section, these



Chapter 5. Symmetry and Multifunctionality 108

problems are considered from the perspective of multifunctionality.
The behaviour of W2

our 18 investigated in two different cases of overlapping

attractors. In the first case, the RC is trained to reconstruct a coexistence
of £ and £’ when sharing mutual regions of state space. In the second case,
the RC is trained to reconstruct two pairs of overlapping mirrored-Lorenz
attractors.

In Sec.[3.2.2]it is stated that a multifunctional RC creates a multistability
of attractors in S such that when these attractors are projected to P using
W ,.: they resemble the target behaviour. By introducing overlapping regions
between the different sources of input data, the importance of the above
statement comes to the fore and the results presented in this section help to
provide a greater perspective on what needs to happen in S in order for a RC
to achieve multifunctionality. In Chapter[6] the issues relating to overlapping

training data are explored in much greater detail.

One pair of overlapping mirrored attractors

In order to produce the overlapping regions in the training data, the location of
both £ and £’ are simultaneously shifted along the xz3-direction by a factor ¢ in
order to preserve the symmetry. In other words, the input data to train the RC
to exhibit multifunctionality is written as w, () = (21(t), v2(t), 3(t) + OF
and ug; (t) = —ur (t). The result of this for ¢ = —31 is shown in Figs.
5.7bl This shows that the RC is able to reconstruct the overlapping Lorenz
attractors. The particular W ,,; matrix that is used to achieve multifunction-
ality is shown in Fig.[5.7b] which illustrates that even in the case when the
attractors are overlapping, the symmetry in the training data eliminates any
contribution of ng)t to the RC dynamics.

The conditions on which W'?)

out Will come into existence are tested by shift-

ing the mirror-attractor along the zj-axis by a factor x like in Sec.[5.2.2
In this case the RC is now trained with w, (f) as before and u, (t) =
X<
(—21(t) — x, —x2(t), —23(t) — ¢)". In Figs.[5.7¢ the result of the training
for x = 8 and ( = —31 is shown. Figs.[5.7d precisely illustrates what the
analytical work in Sec.[5.2] predicts. Once the symmetry in the training data
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is broken then ng)t exists, even if there is an overlap between the different

trajectories described by the training data.

Two pairs of overlapping mirrored attractors

There are many ways to realise the extent of the analytical results in Sec.[5.2]
in a numerical setting. As long as the training data satisfies the condi-
tions in Egs. —, then, in general, from Eq. ‘symmetry kills the
square’ when training the RC to reconstruct any number of pairs of mirrored-
attractors. In order to illustrate this scenario in a numerical experiment, the
blending technique from Sec.[3.2.1] is adapted to train a RC to achieve mul-
tifunctionality with more than two attractors. Instead of using the blending
parameter « in the matrix concatenation step, the training procedure pre-
sented in [77] is used. In this approach, the resultant X and Y matrices,
which are used in the Eq. , are a concatenation of all the individual RC
and input data training matrices respectively.

The behaviour of ng)t is now analysed when training the RC to recon-
struct two pairs of mirrored Lorenz attractors with overlapping regions be-
tween all four attractors. Data from the chaotic Lorenz attractor £ is used
to generate the training input to the RC for these four attractors. Using
the shifting parameters, y and (, the input from the four Lorenz attrac-
tors is written as, uz, = (x(t) + x, y(t), 2(t) + Q)7 Ug = —Ug,, Ug, =
(—z(t) — x, —y(t), 2(t) + )", and ug, = —ug,. The result of training the
RC to reconstruct a coexistence of L1, Lo, and their mirrored counterparts
for y = —15 and ( = —40 is illustrated in Figs.[5.8aH5.8b| Here it can be seen
that the RC exhibits multifunctionality by successfully reconstructing each
of the four Lorenz attractors. The analytical results from Sec.[5.2] continue
to hold as Fig.|5.8b| demonstrates that w

out 18 prohibited from contributing

to the prediction due to the symmetry between each individual pair of the
mirrored Lorenz attractors in the training data.

To break the symmetry the location of only £} is shifted in the positive
1 and x3 direction. Figs.[5.8¢ show that despite the symmetry being

present for £, and L), it is sufficient to only break the symmetry between £,
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Figure 5.7: Illustrating the behaviour of ng)t when the RC is trained to exhibit
multifunctionality in cases of overlapping mirror-attractors. (a) Reconstruction of
the overlapping £ and its mirror-attractor £’C and in (b) plot of the corresponding
trained W, matrix. (c) Reconstruction of L¢ and the slightly shifted E;c,( and

in (d) the corresponding trained W,,; matrix. Description of W,; same as in

Fig.@
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Figure 5.8: Illustrating the behaviour of ng)t when the RC is trained to exhibit
multifunctionality in cases of two pairs of overlapping mirror-attractors. (a) Recon-
struction of the overlapping L1, £}, L2, and £} and in (b) plot of the corresponding
trained W ,,; matrix. (c) Reconstruction of overlapping L1, £}, L2, and the slightly

shifted £/, and in (d) the corresponding trained W ,,; matrix. Description of W,
same as in Fig.@



Chapter 5. Symmetry and Multifunctionality 112

. 2 . .
and L] in order for an}t to come into existence.

p and overlapping training data

As seen from Table[d.] the results presented in this section are significantly
dependent on an appropriate choice of the spectral radius, p, in particular,
once there is an overlap in the training data. The state of the RC must have
a sufficient knowledge of its previous states in order to avoid spontaneously
switching over to any of the other attractors when approaching a region of
overlap.

By increasing the value of p from 0.2 in Sec.[5.3.1] to 1.7 in this current
section, the RC was then able to distinguish between the different input data
sources in order to exhibit multifunctionality. When increasing the amount
of overlap between the attractors, the RC required larger values of p in or-
der to achieve multifunctionality. On the other hand, if p is too large then
there is a danger that the RC can be pushed beyond the edge of chaos and
exhibit dynamical phenomena like chaotic itinerancy as shown in Fig.[5.6| or
if pushed too far then the projected dynamics will bear no resemblance to
either attractor.

An investigation of the relationship between p, multifunctionality, and

overlapping data is the basis of the following Chapter.

5.3.3 W(i)t reappears at large p

O

In the numerical experiments presented so far in the present section, the
appearance of W' has been observed only when both Egs. (5.3)-(5.4) are

out

violated. In this section, it is shown that ng)t can also come into existence
in the case where Eq. holds but Eq. does not at critical values of
the spectral radius, p.

The remaining case identified in the analytical results in Sec.|5.2.2| where a
single source of input training data is already anti-symmetric as described by

Eq. (5.17) is now explored numerically using the following source of periodic
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Figure 5.9: Histograms of W, as a function of p. Also plotted is the largest

training data,

uc(t) = ( Deost ) : (5.20)

Hsint

which describes an orbit on a circle of radius 5 rotating anti-clockwise at
constant angular velocity with period 7' = 27. This u¢(t) has the symmetry
described in Eq. (5.17). Therefore, when uc(t) = (21(t), 22(t))", with y(t)
and x4 (t) redefined for the case at hand, is used to drive the RC in Eq.

and the state of the RC fulfils the condition in Eq. (5.18]) then Egs. (5.3])-(5.4)
are satisfied so W%

out 18 prevented from coming into existence.

Tuning the spectral radius, p, is crucial to a successful training outcome.
In this section it is found that if p is too large then Eq. does not hold
despite Eq. being fulfilled. The behaviour of W,()i)t is now explored when
the RC is trained with u¢(t) as input to Eq. for p € [1.4,2.4].

Fig. shows a histogram of the Wg}t matrix elements as a function of p.

The darker the colour each point is in Fig.[5.9, the more there are elements
of Wf’ at a given value. Also included in Fig. is the largest Lyapunov

ut
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Figure 5.10: Prediction of the circular trajectory C. (a) p = 1.6, (b) p = 1.75, (c)
p=22.

exponent of the predicting RC in Eq. , Amaz, a8 a function of p. Az
is computed using the method outlined in Appendix[C.1] For p < ps &~ 1.715
Fig. shows that all elements of ng)t are 0 and \,q, = 0, indicating that
the RC obeys the symmetry conditions specified in Sec.[p.2.2] However, for
ps < p < p. = 1.78 a small number of ng)t elements are now nonzero. At
the same time \,,,, &~ 0 within this range of p values. For p > p. the RC goes
beyond the edge of chaos and as \,,., increases from 0 and the elements of
w®

our begin to grow much faster.

The RC’s predicted trajectory on C at each of the above highlighted stages,
p < ps, Pps < p < pe, and p > p. are shown in Fig.[5.10, Here, it can be seen
that for increasing values of p, the reconstruction of C goes from good, to
bad, to ugly. For p = 1.6 the RC can successfully reconstruct trajectories on
C. However, when p = 1.75 the reconstruction of C as viewed in PP is neither
chaotic nor symmetric as the prediction begins to breakdown and a mismatch
between the RC’s dynamics and the ground truth occurs. The RC fails to

reconstruct trajectories on the cycle C for p = 2.2.
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5.4 Conclusions

Breaking the symmetry of certain RC formulations is necessary in order to
mitigate the influence of ‘mirror-attractors’ on the RC’s learning capacity [77].
The main focus of this Chapter is to investigate the role of the ‘squaring tech-
nique’ described in Eq. and in terms of its relationship with symmetry,
mirror-attractors, and multifunctionality. When using Eq. in the train-
ing of the RC described in Eq. , a ‘square readout matrix’, ng)t, is
created which breaks the symmetry in the RC’s readout layer and destroys
the mirror-attractors as depicted in Fig.|5.1] Throughout this Chapter, the

opposite scenario is considered as the behaviour of w2 s explored in the

out

case where there are already certain symmetries present in the training data.
In Sec.[5.2] it is proven analytically that when the RC is trained to re-
construct anti-symmetric training data using the ridge regression technique

described in Eq. (2.16)), it then follows that W(2)t must vanish. Examples of

ou

this are identified in Egs. (5.11]), (5.16)), and ((5.17)) of anti-symmetric training

data which can under certain circumstances ‘kill the square’ in the readout.
In Sec.[5.3] the scenarios mentioned above are investigated in a numerical

setting. To investigate the conditions imposed by Eq. (5.11]), the behaviour of

W

Lorenz attractor, £, and its corresponding mirror-attractor, £'. Fig.[5.2]shows

is examined when the RC is trained to reconstruct a coexistence of the

that when the location of one attractor is slightly shifted, which thereby con-
flicts with Egs. —, and only then does Wg}t appear. Furthermore, the
results in Figs. demonstrate that the conditions defined in Egs. (5.3))-
are robust to small changes in both x from 0 and s from 0.5 as the
majority of w®

out €lement values remain relatively close to 0. However, the

more x and k are varied from the above values, the larger the elements of
ng)t become.

In Fig.[5.6] it is shown that at large values of p the RC transitions from
multifunctionality to exhibiting chaotic itinerancy as both L and £’ have
become connected and now exist as one global attractor, £~, consisting of

quasi-attractors which resemble the previously stable £ and £’ that the state
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of the RC now transitions between.

The results illustrated in Fig.[5.7| show that Eq. holds even with
the added complication of overlapping regions between the pair of mirrored-
Lorenz attractors. This result demonstrates that multifunctionality can be
used to overcome the harmful properties of symmetry as described in [77].

To explore the square killing scenario described by Eq. in a numer-
ical setting, the RC is trained to reconstruct two pairs of mirrored Lorenz

attractors in Sec.[5.3.2] Fig.[5.8 demonstrates that it is sufficient to break the
(2)

symmetry between one pair of mirrored-Lorenz attractors in order for W,

to come into existence.

In Sec.[5.3.3] the case of a single anti-symmetric trajectory, as described
in Eq. (5.17), is explored numerically using a circular orbit described by
Eq. . Here, it is found that when the RC is successfully able to re-
construct a trajectory on this circular orbit there is no contribution from

W(Q)

out- However, once p is too large then the prediction breaks down as the

RC begins to exhibit chaos and ng)t emerges.

Overall, this Chapter demonstrates the benefits of studying the effects of
symmetries in a RC setup and serves as a route to better understand the
fundamentals of this ML paradigm. The two-armed approach of analytical
results together with numerical experiments provides a much greater insight
towards the relationship between symmetry and multifunctionality in a RC.
The inclusion of exotic cases like overlapping regions between attractors in
P and achieving multifunctionality with four attractors further increase the
robustness of the results discussed in this Chapter and showcases some of the

interesting dynamics a RC can be trained to simultaneously reconstruct.



CHAPTER 6

Seeing Double

The results presented in Chapters 4] and |5 provide a glimpse at some of the
interesting multistabilities that multifunctional RCs are capable of possessing.
These include examples of RCs reconstructing a coexistence of attractors from
the same dynamical system, different dynamical systems, and even when there
are overlapping regions in state space between the attractors.

The focus of this Chapter is to explore the relationship between over-
lapping training data and multifunctionality. It is through examining the
dynamics of the RC when solving the ‘seeing double’ problem that a funda-
mental understanding of multifunctionality is obtained.

The conceptual framework in Sec.[3.2.1) which describes the mise-en-scéne
on how RCs achieve multifunctionality is based on the knowledge gained from

the analytical and numerical results presented in this Chapter.

6.1 Issues with Overlapping Data

From both a philosophical and practical perspective, a natural question to
consider when training a RC to achieve multifunctionality is, what happens
when there are overlapping regions in state space between the different at-
tractors that the RC is required to reconstruct a coexistence of?

On one hand, no autonomous dynamical system is allowed to have coex-
isting attractors which share common points of its state space. On the other
hand, a dynamical system in the form of multifunctional RC is capable of re-
constructing a coexistence of attractors even if the attractors are overlapping

in state space. This apparent confliction imbues further motivation to clarify
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how, in general, RCs become multifunctional.

The results presented in Sec.[6.2] provide additional context behind the
issues highlighted above. However there is a limit to the level of insight
which can be gained from these results. This subsequently motivates the
need for the reductionist approach taken in Sec.[6.3| where the ‘seeing double’
problem sheds further light on the relationship between multifunctionality

and overlapping training data.

6.2 Reconstructing Lorenz and Halvorsen

The task outlined in Sec. is used to illustrate issues involving overlapping
training data which arise when training different types of RCs, namely the

continuous-time (CT), leaky-integrator (LI), and next generation (NG) RCs

specified in Egs. (2.10), (2.21), and (2.25) respectively.

6.2.1 Outline of task

Each of the CT, LI, and NG RCs are trained to reconstruct a coexistence
of the chaotic Lorenz attractor, £ and the chaotic Halvorsen attractor, H,
solutions of which are computed from the Halvorsen system described by the

following set of equations,

1 = —1.3x1 — 4xy — 45 — x%,
ity = —1.31y — 4wz — 4y — 23, (6.1)
.ft'g = —131’3 — 4£C1 — 41’2 — CC%

This pairing of attractors was studied in [77] when investigating the relation-
ship between symmetry and mirror-attractors.

The training data is obtained by generating a trajectory on £ and H from
Eqs. and using the 4" order Runge-Kutta method with time step
7 = 0.01. The input training data sets, Y, and Yy, which are used to drive
a response from each RC, describe a trajectory on £ and H which has been

normalised such that the furthest point from the origin on each attractor is
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RC »p o v n I5; O k s 4] b
CT 16 5 7 n/a 102 n/a n/a n/a 100 n/a
LI 09 12 n/a 02 1073 n/a n/a n/a 100 n/a

NG n/a n/a n/a n/a 3x107° 1,2,3,4,5 3 2 n/a 6

Table 6.1: Hyperparameters and time parameters used to generate the results dis-
played in Fig. t1 = tlisten a0 tw = twarm.-

less than 1. The resulting ‘normalised attractors’ are from now on referred
to as £ and H during this section. Both normalised attractor data sets are
moved equidistantly from the origin in opposite directions along the x3-axis
by a factor, dx3, known as the ‘shift parameter’ in order to examine how each
RC performs once the attractors are moved closer together or further apart

and begin to overlap.

6.2.2 Training parameters

The training parameters used in each RC setup were chosen using a grid
search method for the above task and are specified in Table[6.1] The adjacency
matrix for both ‘traditional’ RCs (the CT and LI-RCs) was designed using
N = 1000 with P = 0.05 and P = 0.012 for the CT and LI-RC setups
respectively. In each RC setup, the same blending technique from Sec.[3.2.]]
was used to construct the respective training data matrices and corresponding
W, with a = 0.5 and ti.4, = 200.

6.2.3 Comparing CT, LI, and NG-RCs

Each of the RCs’ reconstruction of £ and H is illustrated in Fig.[6.1] for
certain values of dx3 € [0,2]. Here it can be seen that all RCs reconstruct a
coexistence of £ and H for 0.75 < dxs < 1.25.

For the set of training parameters specified in Table[6.1] Fig.[6.1] shows
that no RC is capable of reconstructing a coexistence of £ and H for all dx3’s

and in particular for dxz = 0.



dxs3 =2, 1.75, 1.5, 1.25, 1, 0 éf
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Figure 6.1: Comparison of CT (continuous-time), LI (leaky-integrator), NG (next-generation) RC’s ability to achieve mul-
tifunctionality when trained to reconstruct a coexistence of £ (blue) and H (orange) which are separated by a factor of dx3

away from the origin along the x3-axis.

0cl



Chapter 6. Seeing Double 121

Fig.[6.1 highlights that in modes of failure there are significant operational
differences between the NG-RC and the ‘traditional’ CT and LI-RCs. In these
examples, when either £ or H cannot be reconstructed, the state of the NG-
RC tends to infinity whereas the CT and LI-RCs prediction decay to some
other attractor.

In addition, there are some noticeable differences in the performance of

each RC as the attractors are brought closer together and further apart from
5273 = 1.

Decreasing dx3 from 1

Fig.[6.1] shows that the NG-RC is unable to reconstruct both attractors in the
case of overlapping data, the CT and LI-RCs are able to provide a reasonable
reconstruction of both £ and H for dzs = 0.25 where large portions of the
attractors are already overlapping.

Furthermore, these results indicate that the relationship between multi-
functionality and overlap is not always linear as, for instance, the CT-RC
fails to achieve multifunctionality at times when there is less of an overlap
between the attractors, i.e., for dx3 = 0.5 the CT-RC only reconstructs £ but

for 0x3 = 0.25 both are reconstructed.

Increasing dx3 from 1

As £ and H are moved away from one another, both the CT and NG-RCs
fail to achieve multifunctionality with the CT-RC’s predicted trajectory on L
and ‘H decaying to different limit cycles and the NG-RC becoming unstable
as its state tends to infinity. The same occurs for the LI-RC as its state tends
to limit cycles for larger values of dx3 although it is not shown in Fig.[6.1]
As a further comment, in other experiments whose results are also not
shown in this section, it was found that the CT and NG-RCs achieve multi-
functionality for dx3 > 1.5 with different training parameters. However, by
keeping the parameters fixed, this provides further insight towards the com-

plex relationship between multifunctionality and overlapping training data.
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Insight limitations

While the above results shed some light on issues relating to overlapping train-
ing data, there is a limit to what can be understood about multifunctionality
from this arbitrary choice of attractors, £ and H.

As previously depicted in Fig.[4.7D] and discussed in Sec.[£.3.2] for an RC
to reconstruct a coexistence of attractors from different dynamical systems is
a difficult task in and of itself. Subtleties such as the variation between the
nonlinearities and structure of the dynamical systems which produce £ and
‘H therefore require the RC to become some manifestation of both in order to
achieve multifunctionality.

To combat this and mitigate the impact of the complications identified
above, the ‘seeing double’ problem is introduced in the following section as a
means to place increased focus on studying the relationship between multi-

functionality and overlap.

6.3 The Seeing Double Problem

A numerical experiment called the ‘seeing double’ problem is introduced in
this section. The experiment is designed as a means to systematically induce
the issues related to multifunctionality and overlapping training data in a
manner which avoids the complications caused by chaos in Sec.[6.2]

The task involves training a RC to reconstruct a coexistence of attractors
which follow trajectories on two circular orbits of equal radius that rotate in
opposite directions. A parameter is introduced that allows the centres of these
cycles to be moved either closer together or further apart in an equidistant
manner. When these orbits are overlapping, the RC is therefore required to
distinguish between points in space that are common to both cycles in order
to exhibit multifunctionality. Further specifics of the experiment are outlined
in Sec.[6.3.1]

By virtue of the seeing double problem’s simplicity, a greater emphasis
can be placed on examining how multifunctionality arises in a RC. At the

same time, despite this simplicity, an enormity of elaborate dynamics are
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encountered and studied in Sec.[6.4

6.3.1 Numerical experiment setup

The training data input sequences for the RC are computed via,

ult) = ( x(t) ) _ ( by c?s (t) + Zeen > | 62)
y(t) by sin (t) + Yeen

for t = 0,7,27,..., using the time-step 7 = 0.01 to discretise the data. The
resultant w(t) generated from Eq. produces time-series data which re-
sembles a trajectory around a circle of radius b = |b,| = |b,| and centered at
(Zeens Yeen)- Two sets, C4 and Cp, are produced using Eq. for a given
be, by, Teen, and yee, and the corresponding input time-series which are used
to train the RC are denoted by u¢, and uc,.

In this Chapter, b, and b, are set to b, = b, = 5 to create C4 and for Cp,
b, = —5 and b, = 5. The centres of C4 and Cp are brought closer together by
changing the values of (Zcep, Yeen) to bring about the issues of overlap. In order
to simplify the experiment further, C4 and Cp are designed to be centered at
(Zeen, 0) and (—Zcen, 0) respectively. Therefore, by changing ., the centres
of these cycles are moved equidistantly along the line y = 0. In this case, an
overlapping region between C4 and Cp exists whenever |z.,| < b =5, i.e.,
CanNCp # 0 V|xeen| < 5. Furthermore, C4 and Cp are said to be ‘entirely
overlapping’” when z.., = 0. In this extreme case, the only difference between
Ca and Cp is the direction of rotation on both cycles.

Using the terminology developed in Sec.[3.2.] regarding the steps involved
in achieving multifunctionality, in the seeing double problem, the aim for the
RC is to reconstruct a coexistence of two attractors which resemble C4 and
Cp when projected to P. These projected attractors are denoted by C4 and
Cp and are projections of the higher-dimensional limit cycles, A and B which

exist in S.



Chapter 6. Seeing Double 124

5.0 I —

Cp
2.9

Leen = _5&

Y 0.0 .

—2.5
—5.0

—10 -5 0 5) 10

T

(a) Disjoint Cycles

5.0 — — ¢

Cp
2.9

Leen = -3 \
—2.5
—5.0
—10 —5 0 5 10
T

(b) Cycles Intersect

Figure 6.2: Illustration of moving the centres of the C4 and Cp along the line y = 0
with parameter Z..,. In (a) orbits do not intersect for x.e, = —5.5, and in (b)
orbits are overlapping when z., = —3. Green arrows indicate a trajectory on

these cycles. Red arrows indicate a potential path to failure.
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6.3.2 Illustrating issues of overlap

The cycles C4 and Cp produced from Eq. are depicted in Fig.[6.2] with
uc, and uc, plotted for a given x..,. The green arrows indicate the direction
of rotation in which an orbit along these circles evolves upon in time.

Fig.[6.2a] shows that the cycles do not overlap when .., = —5.5. However,
when |z, | < 5, like in Fig.[6.2D] for z.., = —3, the orbits share similar regions
of the (x,y)-space. This presents a challenge for the RC to remain on the
correct path when its state approaches the point where these cycles intersect
as indicated by the green arrows at the crossing point in Fig.[6.2b] If the RC
fails to distinguish between these overlapping cycles then, for example, the
state of the RC may move onto a different path, i.e., by following the red
arrow and cross over to the other cycle.

Therefore, when there is an overlap between C4 and Cp then the RC must
have sufficient knowledge of its previous states in order to remain on the
correct path when approaching a crossing of the different cycles.

Later in this Chapter, it is found that by changing the spectral radius, p,
of the RC’s internal connections, which as a result tunes the weight given to
the RC’s previous states, it is possible to overcome the issues of overlap.

In the next Chapter, the extreme case of the seeing double problem where
Zeen = 0 18 considered as a benchmark task for testing the limits of multifunc-
tionality across different RC setups. However, these results show that a good
choice of p for a given random realisation of a RC setup may not work well for
all RCs. From further exploration a relationship between multifunctionality,

p, randomness, and dimensionality is identified.

6.4 Seeing Double with a Multifunctional RC

The focus of this section is to explore the dynamics of the CT-RC (defined
in Eq. (2.19)) when it is trained to solve the seeing double problem. The
difficulty of the seeing double problem is varied according to changes in x,
as the closer C4 and Cp are to one another the more memory is required of

the RC and consequently the spectral radius, p, plays a more significant role.
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N P 1Y g v ﬁ tlisten ttrain
1000 0.04 [0.1,2.5] 0.2 5 1072 200 400

Table 6.2: RC design and training parameters used to generate the results displayed

in Sec

A strong emphasis is placed on how the training is effected by changes in z.,
and p.

The results in this section are generated by training the CT-RC using the
method outlined in Sec.[.2.1] with o = 0.5 and the input data, uc,(t) and
uc, (t) constructed as described in Sec.[6.3.1] The RC training and design
parameters are specified in Table[6.2] and the same M and W),, matrices are
used to produce the results presented throughout this Chapter.

6.4.1 Exploring Multifunctionality in (z.,, p)-plane

The long-term dynamics of the predicting RC (described in Eq. (2.19)) when
initialised with #(0) = 7r¢, (tisten) and 7(0) = 7¢, (tisten) are explored, as
viewed from P, for a given z., € [—10,10] and p € [0.1,2.5].

Prediction Analysis

The method which is used to analyse whether the RC solves the seeing double
problem for a particular choice of z.., and p is similar to the approach used
in Sec.[4.3.1l and is outlined as follows.

After the training a number of outcomes are possible. If the training is
successful then C 4 ~ C4 and éB ~ Cp and the RC’s predicted trajectory
of either C4 or Cp will remain on C4 or Cg in the long term (t — o0).
However, given the nature of the seeing double problem, it is also possible for
the predicted trajectory to switch from C4 to Cp or vice-versa if the RC fails
to lift the corresponding driving input data, uc, () and uc, (t), into separate
regions of S. Furthermore, if the RC fails to reconstruct C4 or Cp then the
predicted trajectory can, for example, decay to a fixed point, some other limit

cycle, or never settle down to periodic behaviour and display evidence of the
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RC entering a chaotic regime.

To assess the accuracy of the RC’s prediction of a given orbit an error
metric known as the ‘roundness’ is used. The roundness of a given cycle, C, is
denoted by 6 (C) and is found by calculating the difference between the radii of
the maximum and minimum circles needed to enclose and inscribe the cycle.
For simplicity, the centres of these maximum and minimum circles are taken
to be located at the centre of the given target orbit. From multiple trial runs
it was found that if the relative roundness of a given cycle, 4, (C) = § (C) /b,

+

was < 0,; = 0.25, then the RC is in general able to successfully reconstruct the

desired orbit with a high level of accuracy. This error metric is typically used
in the production of circular shaped materials, like plastic tubes or copper
pipe, and the formula to calculate the roundness is found in most machining
manuals in line with the International Organisation for Standardisation (ISO).

The RC’s reconstruction of a given orbit, i.e., the long-term dynamics of
the RC when initialised with either r¢, (tisten) OF T¢y (fisten), 1S characterised
as the particular attractor which the RC’s dynamics is on for ¢ redict — t* <
t < tpredict Where tpregice = 600 and t* = 40.

The result of applying the following characterisation procedure is displayed

in Figs.[6.3a46.3b| where each point in the (z.,, p)-plane is coloured:

1. Blue, if the correct cycle is reconstructed and 6,¢ (C) < 8

rel*

2. Yellow, if the prediction switches to the other cycle.

3. Purple, if the prediction does not settle down to periodic motion and

label this as some attractor, S.

_l’_
rel’

4. Black, if the prediction tends to some other limit cycle or 6, (C) > 6
this attractor is labelled as, LC.

5. Green, if the prediction decays toward some fixed point labelled as FP.

In order to deduce the regions of the (Z.p,p)-plane in which multifunc-
tionality was achieved, an additional picture is provided in Fig.[6.4 whereby
the common blue regions of Figs.|6.3a are identified and the larger of

the two relative roundness values when assessing the accuracy of the RC’s
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).

~ ~

reconstruction of C4 and Cp, defined as 6" = max ((Lel (C A) , Orel (C’B>

rel

is plotted for each point in the (Z.en, p)-plane.

Regions of multifunctionality

The relationship between overlapping training data, multifunctionality, and p
becomes evident in Figs.[6.3H6.4] where a ‘Goldilocks effect’ is found to occur.
By this it is meant that if p is too small or too large then the RC fails to
reconstruct both orbits. When the orbits are furthest apart then the RC is
able to achieve multifunctionality even at small values of p. However, as the
orbits are moved closer together and C4 N Cg # 0, then the RC requires a
much larger memory in order to distinguish between the cycles and prevent
the predicted trajectories from decaying to a fixed point or some other limit
cycle. If p is too large the RC fails to reconstruct either orbit regardless of
the investigated values of x.., and displays evidence of chaos.

Furthermore, it is important to note that a near symmetric set of results
occur about ., = 0 in all Figs.[6.3 Further results on symmetry are
discussed later in Sec.[6.4.4l

C4 and Cp rotating in same direction

To provide a comparison, the same RC (constructed via the parameters in
Table is trained to reconstruct a coexistence of C4 and Cp where trajec-
tories on both cycles are instead rotating in the same direction, i.e., when
by, = b, =5 for both C4 and Cg.

The regions of multifunctionality in the (% cen, p)-plane are computed using
the same procedure which produced Fig.[6.4. The result of this is presented
in Fig.[6.5 where a similar phenomenon to Fig.[6.4] is shown to occur, once
the overlap is introduced then multifunctionality is achieved only when p is
sufficiently large. However, the main difference between Fig.[6.5] and Fig.[6.4]
is the trivial case for z.,, = 0 as C4 and Cp are the exact same and the RC
has no issue reconstructing the dynamics for p € [0.1,1.7]. For p > 2.1, the
RC fails to become multifunctional Vz.., € [—10, 10].
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Figure 6.3: Characterising the prediction of (a) C4 and (b) Cp in the (2 cen, p)-plane.
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Figure 6.4: Regions of multifunctionality with error §7%f* for C4 and Cp rotating

in opposite directions.
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Figure 6.5: Regions of multifunctionality with error §]%¢* for C4 and Cp rotating

in the same direction.
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Edge of Chaos

The smallest error, 077%, for a given e, and p in Figs.[6.4] and occur,
in many instances, before the transition from success to failure as the RC’s
behaviour becomes chaotic for large p. This transition is known in the RC and
wider research community as the ‘edge of chaos’ or the ‘edge of stability’. This
phenomenon has been the focus of many investigations which suggest that
RCs achieve optimal computational capacity at the edge of chaos [143-145].
However, Carroll shows in [40] that not all RCs perform best precisely at this
transition. Like the results presented in Figs.[6.4] and [6.5], Carroll provides
several numerical examples of RCs which perform better on certain problems
just prior to crossing the edge of chaos.

As a further comment, Fig.[6.5] shows that, the edge of chaos, which in
this instance is also the border between failure and success appears in the
same vicinity of p values as it does in Fig. for |Teen| 2= 1.5. As the same
RC is used in both cases, this suggests that the location of the edge of chaos
may also arise as an intrinsic property of the RC rather than solely being
related the nature of the task itself. At the same time, this comment is only
speculation and considerable investigation is required in order to shed further
light on this.

However, progress has already been made in answering questions of the
above nature. As mentioned previously in Sec.[2.3.4] Jiang and Lai conducted
many extensive experiments in 78] which provide significant insight towards
assessing the role of p in changes to the performance of the original ESN
design described in Eq. when training 100 random realisations of this
type of RC to reconstruct the dynamics of several different systems. The
central result from Jiang and Lai’s experiments is that, for a given RC, there
exists an interval of p values where optimal or near-optimal performance is
achieved. A similar phenomenon is seen to occur in Figs.[6.4] and which
compliments the work of Jiang and Lai and also offers additional information
as Figs.[6.4 and both show that as the difficulty of the task involved is
varied (by changing .., ) then the width of these intervals change accordingly.

Additional questions involving the role of p, randomness, and RC dimension
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are explored in Chapter[7]

6.4.2 Achieving multifunctionality when z.., =0

From a dynamical systems perspective it is remarkable that a RC can recon-
struct a coexistence of C4 and Cp when these share similar regions of state
space. However, the most striking result from Fig.[6.4]is that the RC is able
to reconstruct a coexistence of these orbits even when they are completely
overlapping, i.e., when z., = 0. In this extreme scenario, the RC achieves
multifunctionality for a small range of p values, specifically for 1.1 < p S 1.4.
The most accurate reconstruction of both orbits is achieved when p = 1.25.
Much of the remaining results in this Chapter focus on exploring the dynamics
of a multifunctional RC in this ‘simplest hardest’ case, ‘simplest’ in terms of
the dynamics being limit cycles and ‘hardest’ as the training data is entirely

overlapping.

Multifunctionality achieved

Fig.[6.6] provides examples of the short-term prediction of both x and y vari-
ables and trajectories on the reconstructed attractors, Caand C B, in compar-
ison to C4 and Cp as viewed from P for p = 1.1, 1.25, 1.4. The direction of ro-
tation on each cycle is indicated by the location of the large circular point and
the nearby smaller circular point and the colours of these points are related
to a given cycle. For instance, in the case of C4 which rotates anti-clockwise,
the small circular point follows the larger circular point in an anti-clockwise
direction. These figures highlight how values of /7" differ in regions where
multifunctionality was achieved, for instance, 0%/ ~ 0.062,0.019,0.125 for

p = 1.1, 1.25, 1.4 respectively. These account for the slightly off-circular re-
constructions of C4 for p = 1.1 and Cp for p = 1.4 as shown in Fig.[6.0]

Multifunctionality not achieved

Examples where the RC fails to achieve multifunctionality just outside the
small window of p values identified in Fig.[6.4] are given in Fig.[6.7] for p =
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Figure 6.6: Examples where the RC solves the seeing double problem for xce,, = 0

at specified p values where ¢ is the time after the prediction begins.
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1.7 and 0.8. Here, the chaotic-like behaviour of the RC is seen for p =
1.7. What is important to note in this example is that shape swept out
by the RC’s trajectories when initialised from both 7(0) = 7¢, (fiisten) and
7(0) = 7r¢, (tisten) 1S bounded to regions nearby the original circular orbits,
however the direction of rotation is not preserved as the RC switches between
oscillating in clockwise and anti-clockwise directions.

For p = 0.8, Fig.[6.7]shows that when the reconstruction of both C4 and Cp
fails, in correspondence with the result shown earlier in Fig[6.3] then the state
of the RC tends towards the same limit cycle which bears no resemblance to

either C4 and Cg. The role of this limit cycle is assessed later in this Chapter.

6.4.3 Projected basins of attraction for z., =0

The focus of this section is to provide some insight towards the nature of the
basins of attraction created by the RC in order to achieve multifunctionality

in the extreme case of completely overlapping orbits for x.., = 0.

Method of generating the basins

Considering the dimension of the RC’s state space, determining the precise
location of the basins of attraction for both A and B is highly expensive.
Instead, how the state of the RC evolves from its representation of different
points in R? is considered. From this it is possible to see how P is split to
accommodate for the coexistence of C4 and Cp when these are completely
overlapping.

To be more specific, after the RC has been trained for a given p and
Teen = 0, a point in RP is chosen to drive the corresponding listening RC
(Eq. (2.10)) with this point from ¢ = 0 to ¢ = fjisten. After this length of time,
the state of the RC converges to a representation of the point from R to R¥.
This response vector is labelled as rp = 7 (tjsten). The predicting RC is then
initialised with #(0) = rp and the long term behaviour of the prediction is

characterised from this IC.
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Figure 6.7: Examples where the RC fails to solve the seeing double problem for

Zeen = 0 at specified p values where ¢ is the time after the prediction begins.
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Figure 6.8: Basins of attraction for ¢ 4 and ¢ B, coloured in blue and orange respec-
tively, as viewed from P for p = 1.25. Shown in black is an outline of the attractors

location. In grey is the location of an unstable fixed point at the origin.

p =125

Fig.[6.8 provides a picture of the projected basins of attraction in P using the
above method when multifunctionality was achieved with the best accuracy
for p = 1.25. From this it can be seen how éA and éB share PP. Each
colour in this picture denotes which attractor the RC evolves towards when
initialised from a given representation of a point in R?. If the state of the
RC converges to C4 then the point is coloured blue and similarly for Cp the
point is coloured orange. There is one exception, when the RC is driven with

(0,0) the state remains at the fixed point at the origin, this is coloured grey.
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The reconstructed attractors, C4 and ¢ B, are both plotted in black.

Fig.[6.8)shows that the number of points which converge to either attractor
is not evenly distributed. In particular, most of the points closest to the
location of the reconstructed attractors in P tend towards C 4. Furthermore,
there is no single curve which entirely divides the boundary between the basins
of C4 and Cp in Fig., at the same time, a more regular or complex pattern
may be occur in S. Nonetheless, the method used to produce Fig.[6.§ provides
an indication that for p = 1.25, the basin of attraction for the attractor A
in S, which when projected to P describes C A, is of a larger volume than the
basin for B in S.

p = 0.9,0.8,0.4,0.3

In order to gain a broader understanding of the RC’s dynamics when it fails
to distinguish between C4 and Cg, the different basins of attraction which
exist before the RC exhibits multifunctionality are now studied. The same
procedure which generated the basins for p = 1.25 is now used to find the
projected basins of attraction in P when setting p = 0.9,0.8,0.4 and, 0.3 in
the case of z.., = 0.

Prior to achieving multifunctionality, Fig.[6.3]shows that the RC is able to
reconstruct Cg before C4. For p = 0.9, Fig. illustrates that in addition to
Cp there are other basins of attraction for a limit cycle labelled as L.C; and
a quasi-periodic torus labelled as T;. So while the aim is to train the RC to
reconstruct both C4 and Cp, there are other attractors which can be reached
from an abundance of 1Cs.

In the case where neither C4 or Cg can be reconstructed, for example, when
p = 0.8 as seen in Fig.[6.3 and Fig.[6.7], Fig.[6.9b]shows that there are basins of
attraction for two different limit cycles, LC; from Fig.[6.9a) and another limit
cycle denoted as LC,. So at one point before achieving multifunctionality
there is a coexistence of two different limit cycles in P.

When setting p = 0.4, Fig.[6.9¢ reveals that four fixed points FP;, FPs,
FP3, and FP, are the only stable attractors which populate P. Far away

from the origin it can be seen that P is split into nearly equal quadrants.
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Figure 6.9: Basins of attraction for éB, LCy, Ty, LCs, FPy, FPo, FP3, and FPy,
coloured in orange, brown, lavender, fuchsia, blue, yellow, green, and red respec-
tively, as viewed from P when setting zc, = 0 and (a) p = 0.9, (b) p = 0.8, (¢)
p=0.4, and (d) p = 0.3. Shown in black is an outline of the attractors location in

each figure. In grey is the location of an unstable fixed point at the origin.
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However, closer to the origin there is a greater interaction between the basins
resulting in the emergence of a fractal pattern. A similar result is found
when setting p = 0.3 in Fig.[6.9d] with fractal basins boundaries appearing
closer to the origin. For further reading on fractal basin boundaries and the
difficulties these cause in predicting the long-term behaviour of a dynamical
system see [146/148].

6.4.4 Symmetry and Seeing Double

It is important to note that in Figs.[6.8] and [6.9] there are certain symmetries

present in the different projected basins of attraction.
In Figs.[6.8[6.9a and [6.9b] the same attractor is reached whether the RC

is initialised with its representation of either the point (z',y’) or (—z', —y').

However, there is a slightly different situation in Figs.|6.9¢46.9d] Using the
terminology developed by Herteux and Réth |77] and used previously in Chap-
ter[y, when the RC is initialised with its representation of the point (2,
the state settles down to a particular fixed point, for example FP; or FPj, if
instead the RC was initialised with its representation of (—a’, —y’) then the
state of the RC settles on the ‘mirror-attractor’ of that fixed point, in this
case F'P, or FPy,.

Despite breaking the symmetry in this RC setup, by including the square
terms in Eq. in the RC design, there are certain properties of the seeing
double training data which allow for the emergence of mirror-attractors in
a similar way to some of the results presented in Chapter[f] regarding the
‘symmetry kills the square’ phenomenon. The manner in which these scenarios
arise in the case of the seeing double problem are outlined in the remainder
of this section.

Seeing Double and w® 0

out

In order for mirror-attractors to come into existence, the symmetry break-
ing terms in the RC setup studied here, i.e., the r?(t) term in q(r(t)) =
(r(t) 2(t))" and the corresponding Wg}t term in W, = <W$}t Wf)i)t),

cannot exist.
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In the case of the seeing double problem, there are two conditions which
2)

contribute to forcing W,

— 0 that need to be satisfied simultaneously.
These are the anti-symmetric nature of the individual circular orbits, as de-
scribed by Eq. , and the overall anti-symmetric nature of the combined
training data set described in Egs. and which determine W,;.

The first of the conditions identified above, which relates to Eq. ,
holds when the RC is trained to reconstruct only C4 or Cy as,

ue, (1) = —uc,(t+5) and uey(t) = —uc,(i+ ), (63)

is satisfied V¢ so long as the RC responds to this driving input such that,
T T
re,(t) = —re,t+5) and ro,(t) = —re,(t+5),  (64)

where T is the period of oscillation on each circular orbit.

However, complications arise with the second condition which concerns
the structure of the combined training data sets, Egs. and . On
one hand, this condition holds V., when C4 and Cp are rotating in the
same direction as the RC is effectively being trained to reconstruct mirror-
attractors. To be more specific, the input data, w(t), from, for instance, C4
when centered at (Zcen, 0), is equal to —u(t) when Cy4 is centered at (—xeen, 0),
denoted as C,. As the RC is trained to reconstruct a coexistence of C4 and

Cp for a given z.,, and Cp = C,; = —C4 then uc,(t) = —uc,(t) and

(ch@) ) _ (rgm) ) _ ( “re(t) > _ ( e, (1) ) 65)
2 (1) e, () (=rea (1) 8, (1)

Therefore, the resulting X and Y training data matrices are of the form
described in Egs. and and as a consequence, Wg}t =0.

On the other hand, when C4 and Cp are rotating in opposite directions
there is no mirror symmetry present in the combined training data sets. As
a result, it is only when z., = 0 that ‘symmetry kills the square’ as the
combined training data matrices from both C4 and Cp satisfy Eq. . As
a further comment, if instead the RC was trained to reconstruct a coexistence
of C4 and Cp when these are of different radii, so long as Eq. is satisfied
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for both wuc,(t) and wc,(t) then W = 0 as the RC is trained to pro-
vide a coexistence of attractors which are all anti-symmetric to themselves.
In return, this places no constraint on the behaviour of the corresponding
response attractors, A and B, in S as these do not necessarily need to be
mirror-attractors of one another as already shown in Fig.[6.8]

In addition, the above discussion provides further insight towards how
multifunctionality is achieved in the first place as, even though the only dif-
ference between the training data from both C4 and Cg is the direction of
rotation, the RC is required to respond to the driving input data in such a
way that the corresponding input driven attractors, A and B, can coexist in

S and resemble C4 and Cp when projected to P.
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p Vs. w®

out

Given the insight gained already from Fig.|5.9] and the role of p in the be-
haviour of W2
the seeing double problem (C4 and Cp rotating in opposite directions) when
ZTeen = 0 and the result of this is illustrated in Fig. . There is a threshold

value of p where W w comes into existence. However, since Wout = 0 for all

ours the same procedure is applied here for the present case of

p values less than this critical value, each solution of the predicting RC is re-
quired to either have a mirror-attractor or is anti-symmetric to itself, whether
or not multifunctionality is achieved.

Nevertheless, the existence of mirror-attractors in Figs. - and 6.9d]
which led towards this discussion in the first place, and that W = 0 for
the corresponding p values shown in Fig.[6.10a], together show that while both
driving inputs possess the symmetry described in Eq. and the RC may
respond to these driving inputs according to Eq.[6.4] then it is still possible
for Wout = 0 even if the resulting attractors that the RC reconstructs are not
periodic but are instead mirrored fixed points.

When 2., # 0 the symmetry in the training data is broken, which is much
like shifting the location of the mirror-attractors in Sec.[5.3] The effect this
o for p € [0.1,2.5] is shown in Figs.|6.10bt6.10d|
Similar to the results depicted in Fig.[5.3] the central message of Figs.
is that as the magnitude of x.., increases, from 1 to 10, so too does the

magmtude of many elements of Wout

1 1 2 2
(W) = (W) (W), =~ (W)

While it is shown in Fig. that W v = 0 for x.., = 0, there is another

W,.: related phenomenon which arises from the ‘symmetry kills the square’

has on the elements of W%

and mirror-attractor properties of the RC and structure of the seeing double
training data that is produced as follows.
Building on the statements made earlier which led towards the relationship

established in Eq. (6.5)), uc,(t) = —Ug- (t) and the resulting input training
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data matrix, Y, for a given .., and —x.., are related in the following way,

Y, =-Y_, . (6.6)

Tcen

Therefore, in order for the training to be successful and Ci=—C 4, where
C 4 is the reconstructed version of C4 centered at (Zeen, 0), then the following

is also required,

(Wout),.., ( o ) =~ (Wou) ., ( o EZ; ) .6

7, (1)

where (Wout)xm is the resulting W ,,,; matrix trained using data from C4 and
Cp when centered at (Zeen, 0) and (—2¢en, 0) respectively for a given xe,, and
similarly for (W,,)_, for the corresponding —c,.

Using the information from Eq. , this allows Eq. to be rewritten

as,

from which it follows that,

- <W$‘)t>x Te (t) + (W%)x 7"(23— (t)

e () o o
— ((Wﬁ?}t)w + (W) _) re (1)

- (W), -~ (W) o, (6.10)
(W) = (W) ana (W) = (WE) (61

The above analytical results in Eq. are confirmed numerically in
Fig. by examining the behaviour of the resulting (W),  matrices after
training the RC with data from C4 and Cp for x(, = 3 in Fig.[6.11aland z.,, =
—3 in Fig.[6.11b] where p = 1.2 in both cases. The elements of the result-

ing matrix from the element-wise addition of (W), _s and (Woy)

Tc Teen=-—3
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Figure 6.11: (Wout):ccen elements for x.e, = 3 in (a) and xce, = —3 in (b). Result

of element-wise addition of (Wou), —_3+ (Wou), __5in (c) and element-wise

Tcen

subtraction of (Wout), _3— (Wout),  __5in (d). Same convention of plotting

Tcen=

the elements of (th)mcen as described in Fig. is used here.

is depicted in Fig.|6.11c| which shows that (ng)t) + (ng)t) = 0.
Similarly, in Fig.|6.11(_jt the element-wise subtraction of (Wout)xcen:c: from
(Wout),,. _5 results in (W&D - (W,(Jz)t)i = 0.

While these results are interées%ing from an z(ieﬂlalytical and numerical per-

spective, their influence has been a common factor throughout many of the re-
sults presented in this Chapter. For instance, the symmetries seen in Figs.[6.3

m arise due to the constraint described in Eq. as imposed by the struc-
ture of the training data. These results regarding symmetry and the seeing

double problem continue to play a significant role in the following section.
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6.5 Seeing Double Dynamics

The results presented in Sec.[6.4] outline where multifunctionality is achieved
in the (Zen, p)-plane by assessing the long term dynamics of the trained RC.
However, from Figs.[6.3a] [6.3b] and it appears that the RC must over-
come the influence of several other attractors before either C4 or Cp can be
reconstructed. It is in this section that the interplay between these attractors
and the reconstructed attractors is investigated and the particular bifurca-
tions through which the RC learns how to solve the seeing double problem

are identified.

6.5.1 Bifurcation Analysis for z., =0

In Sec.[6.4.3] multiple fixed points, limit cycles, and a torus were found to
coexist in [P at different p values. The symmetrical properties of these at-
tractors were analysed in Sec.[6.4.4] However, according to the results shown
in Fig.[6.8 these attractors seemingly vanish from P as multifunctionality is
achieved. Moreover, for a small change in p there is also a small change in
the location of these fixed points and the nature of these limit cycles. This
intriguing behaviour warrants further investigation in order to establish the
suggested link between these attractors and the reconstructed attractors.

Taking the above statements into account, the evolution of the fixed points,
FPq, FPy, FP3, and FP,4, shown in Figs.|6.9cH6.9d|are now tracked with respect
to p using the same procedure described at the beginning of Sec.}4.5l The
results of this as viewed from P are shown in Fig.|6.12

Overall, Fig.[6.12 provides a clear picture on the challenges which the
RC must overcome in order to achieve multifunctionality. One of the most
distinctive features of Fig.[6.12] is the indication that, as p is increased the
dynamics of the RC begins to bear a stronger resemblance to C A and C B.

For small p, Fig.[6.12 shows that the RC is unable to create any time-
varying dynamics and instead produces two pairs of antisymmetric fixed
points. As p is increased, Fig.[6.12] establishes that these branches of mir-

rored fixed points are drawn closer together and two limit cycles are born in
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Figure 6.12: Bifurcation diagram of stable attractors in P for p € [0.01,1.47].
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Figure 6.13: Left and middle panels illustrate the bifurcations from FP; and FPs
to LCq, and from FP3 and FPy4 to LCq, for p € [0.2,0.8] in the (p, x)-plane. Right
panel shows the location of the fixed points and limit cycles in P just before these

attractors can no longer be tracked.

quick succession of one another. These are the same limit cycles, LC; and
LCa, that were found previously in Fig.[6.9b The role played by these fixed
points and limit cycles is akin to the formation of a memory in the brain. As
the RC learns the correct ‘memory’, in this case the correct attractor, along
the way its dynamics becomes more similar to the attractor as the influence
of the training data grows until attractor reconstruction is achieved.

Once p is sufficiently large, Fig.|6.12 shows that the RC is first able to re-
construct Cp and subsequently for larger p, the RC achieves multifunctionality
by reconstructing a coexistence of C4 and Cp.

A more comprehensive breakdown on each of the major events described

above is provided in the remainder of the present subsection.

Bifurcations of FP; and FP, to LC;, and of FP3 and FP,4 to LC,

Fig.|6.12] shows that as p is increased from 0.01, the branches of mirror fixed
points, FP; and FP,, FP3 and FP,4, behave according to the dynamical re-
straints imposed by the ‘symmetry kills the square’ phenomenon as ng)t =0
for p < 1.44 as shown in Fig.|6.10a]

Fig.[6.13] provides a more detailed picture on the bifurcations from FP;
and FPy to LCy at p = 0.4935 in the left hand panel and from FP3 and FPy
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Figure 6.14: Period, T(:), of LC; (in brown) and LCs (in fuchsia) in units of

seconds/2m versus p.

to LC; at p = 0.4931 in the middle panel. Plotted here are the location of
the fixed points and the local maxima and minima of the limit cycles in the
(p, x)-plane. When tracking the evolution of these limit cycles for decreasing
p, it is found that LCs can no longer be tracked for p < 0.4905 and similarly
for LC; for p < 0.4847

The panel on the right of Fig.[6.13] displays the location of the fixed points
and limit cycles just before and after the respective bifurcations take place
on each fixed point and limit cycle. It also appears here that the location of
the fixed points just prior to the bifurcation are related to the amplitude of
oscillation for both limits cycles after the bifurcation.

In Figl6.14] it is shown that as p approaches the point at which LC; and
LCs can no longer be tracked, at p =~ 0.4847 and 0.4905 respectively, the
period, T(+), of both limit cycles tends to infinity. T(-) is plotted here in units
of seconds/27 to provide a comparison to the period of the driving input
signals from C4 and Cp which correspond to T(-) = 1.

Fig|6.14| also shows that as p increases, T(LC}) and T(LCs) converge to
1. This provides further indication that while there does not appear to be
a smooth transition from either LC; or LCy to éA or éB, these ‘untrained

dynamics’ bear a stronger resemblance to the desired dynamics as p increases.
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Taking all of the above information on LC; and LC, into account, there
are two potential bifurcations which describe how these transitions from two
fixed points to one limit cycle takes place. On one hand, since there ap-
pears to be a small range of p values where FPy, FPy, and LCy coexist
for p € (0.4905,0.4935) and similarly where FP3, FP,, and LC; coexist for
p € (0.4847,0.4931), then a heteroclinic bifurcation may be responsible for
the birth of these stable limit cycles. On the other hand, since these windows
of multistability appear for only a small range of p values, their existence
may be an artefact of the tracking procedure used to compute the evolution
of these fixed points and limit cycles with regard to changes in p. If there
is no window of multistability then a saddle-node infinite period (SNIPER)
bifurcation may instead be responsible for the transition from antisymmetric
pairs of fixed points to the corresponding limit cycle.

The above quandary identifies a pitfall of this tracking procedure as it is
unable to detect precisely when, for instance, an attractor becomes unstable.
Instead this approach relies on a suitably chosen step size of the bifurcation
parameter, in this case p, to account for when a bifurcation takes place. If
the step size is sufficiently small then this method of tracking the evolution
of attractors can, for example, continue to track unstable solutions of the
given dynamical system for a certain range of the bifurcation parameter val-
ues. There are of course other potential sources of error involved in these
numerics which may effect how these windows of multistability occur close to
a bifurcation. Despite these issues, the results presented in this section pro-
vide significant insight towards how the RC solves the seeing double problem

and achieves multifunctionality.

Bifurcations of LC; and LCs and the birth of Cg

Fig.[6.12] also illustrates how the limit cycles, LC; and LCy, evolve in P with
regard to changes in p. An extensive account of this behaviour and the events
which result in the death of these stable limit cycles and the creation of the
first reconstructed cycle, C B, is provided in Fig..

The evolution of the local maxima of the RC’s stable solutions in the
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Figure 6.15: Top left panel illustrates how the local maxima of LC;, LCs, and ¢ B
change in the (p,z)-plane. Top right panel shows the attractors present in P for
p = 0.9. The panels in the second, third, and fourth rows depict the dynamics of

C B, LCs, and LC; respectively just before these attractors can no longer be tracked.
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projected x coordinate for p € [0.848,0.948] is plotted in the top left panel of
Fig.|6.15] Here it can be seen that the quasi-periodic torus, Ty, shown earlier
in Fig.[6.9a] comes into existence due to LCy undergoing a torus bifurcation
at p = 0.8746. In light of this, the top right panel provides an updated
picture on the stable attractors which, in Fig.[6.9al were shown to coexist in
P for p = 0.9. The colour scheme in the top right panel is consistent with
the bifurcation diagram shown in the top left panel instead of assigning the
lavender colour to the torus as in Fig.[6.9a]

The second row of images in Fig.|6.15] provides additional insight towards
the sequence of events which result in the creation/destruction of Cp as p
increases/decreases. Moving from left to right, these images show the result
of the tracking procedure when tracking the evolution of Cp as p decreases. As
indicated by the dashed trajectory in the middle panel, Cp is found to either
become unstable or no longer exist between p = 0.8937 and 0.8936 and the
state of the RC is on a transient to LC;. The RC then remains on LC; when
p is decreased further as illustrated by the image on the right for p = 0.8935.

The third row of images in Fig.[6.15] depicts the previously mentioned torus
bifurcation and the subsequent death of this torus as p increases. By increas-
ing p from 0.9073 to 0.9074, the torus can no longer be tracked. Following
this bifurcation the state of the RC converges from the torus (as illustrated
by the dashed line) to Cp and, according to the tracking algorithm, remains
on Cp when p is increased as shown in the right panel for p = 0.9075.

The bottom row of images show that by increasing p from 0.9419 to 0.9420
LC; can no longer be tracked. As Cp is the only remaining stable solution of
the RC for p = 0.9420, the state of the RC has no choice but to embark on
a transient trajectory from the previously stable LC; to Cs (plotted as the

dashed line) and remains on Cp as p is increased to 0.9421.

The rise and fall of multifunctionality

The range of p values where the RC achieves a coexistence of Ciand Cpin P
are also shown in Fig.[6.12} To expand on this, Fig.|6.16| shows how the rise
and fall of multifunctionality begins with the arrival of Ca at p = 1.0831 and
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death of Cy at p = 1.4297.

The top panel of Fig. picks up where Fig.[6.15]leaves off by continuing
to track the evolution of Cp with regard to changes in p. The second row of
images in Fig.m highlights the circumstances in which Cp can no longer be
tracked. By increasing p from 1.4296 to 1.4297 it is shown here that Cr no
longer has a fixed amplitude of oscillation. Following this, by increasing p to
1.4298, Cp is no longer a stable limit cycle and the state of the RC is instead
on a transient to C4 and remains on C4 for increasing p.

The third row of images in Fig. depicts how C4 is born. Shown from
left to right is the result of tracking the evolution of Ca for decreasing p.
Here it can be seen that between p = 1.0831 and 1.0830, C4 can no longer be
tracked and the state of the RC subsequently tends towards Cp and remains
on Cp for smaller p values.

While the top panel of Fig.[6.7] shows an instance in which the RC fails to
achieve multifunctionality for p = 1.7, the top panel of Fig.|6.16| reveals the
means in which this comes about. Following the death of Cp at p = 1.4298,
C4 is the only stable solution present in P. However, C4 is found to undergo
a torus bifurcation at p = 1.4711. Following this, several windows of periodic
and chaotic behaviour appear and the RC remains chaotic for p > 1.6. As p
is increased beyond this point, the range of local maxima in the x variable,
as plotted here, continues to grow. As a result, the dynamics of the RC loses
its resemblance to the original driving input.

Furthermore, the bifurcation diagram presented in Fig.|6.16|provides addi-
tional information on the results shown previously in Fig.|6.7. Fig.|6.16|shows
that the trajectories taken by the RC when initialised with either r¢, (tisten)

or r¢, (tisten) for p = 1.7 are trajectories on the same chaotic attractor.

Floquet analysis

The results presented thus far in this section illustrate some of the hurdles
which the RC overcomes in order to achieve multifunctionality. However,
given the nature of the seeing double problem, it is also possible to provide

some quantitative insight into how multifunctionality is achieved by conduct-
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Figure 6.16: Top left panel illustrates how the local maxima of Cp and Cy4 change
in the (p, z)-plane. The panels in the second and third row show show the dynamics

of Cp and Cy respectively just before these attractors can no longer be tracked.
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ing a Floquet analysis.

This involves computing the eigenvalues of the ‘monodromy matrix’, Q,
which is obtained by solving Eq.[C.8 These eigenvalues, u;, are called the
Floquet multipliers and the information which they reveal depends on the
choice of driving periodic signal in Eq.[C.8 The steps involved in determining
the Floquet multipliers are outlined in Appendix [C.2]

In the case of the problem at hand, by solving Eq.[C.§ with input of one
period from, for instance, C4 then the largest multiplier, uy, will have mag-
nitude = 1 and all other |y;| < 1. While this provides information on when
C4 and Cp are stable at certain p values and compliments results shown pre-
viously in the present Chapter, the particular bifurcation through which the
attractors become stable/unstable can also be determined. The criteria under
which each bifurcation is identified is outlined in Appendix[C.2] Furthermore,
dynamical features which the tracking algorithm fails to notice may be un-
earthed by conducting such an analysis.

Taking this into account, Fig.|6.17| shows how the 5 largest Floquet multi-
pliers evolve with respect to changes in p when solving Eq.[C.§ using a drive
of one period on C4 and Cp in the top and bottom panels respectively. In
each case, |u1] = 1 at all p values where C 4 and C g were found to exist as
stable attractors.

As p decreases, Fig.|6.17| shows that Re(us) — 1 and since all Im(u;) =0
it can be deduced that C 4 and C p are born through a saddle-node bifurcation.

For Cp, Fig. demonstrates that Re(uz) and Re(us) become equal at
p = 1.3690 and beyond this point the corresponding imaginary components
of us and pg grow according to Im(us) = — Im(us) until |ue| and |pus| tend to
1 resulting in Cr becoming unstable at p = 1.4927. Based on this informa-
tion and the results shown in Fig.[6.16} Fig. indicates that Cp becomes
unstable through a subcritical torus bifurcation.

The behaviour of the Floquet multipliers computed for C 4 in Fig.|6.17
establishes that a supercritical torus bifurcation is responsible for the C A’s
change in dynamics from stable limit cycle to stable torus at p = 1.4711 as
illustrated in Fig.|6.16
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Figure 6.17: Changes in the magnitude, real part, and imaginary part of the first
1 = 5 largest Floquet multipliers, p;, with respect to changes in p when driving
the RC with input from €4 (top row) and Cp (bottom row). Dashed vertical lines
highlight the p values where Ca and Cp were found to exist between.
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Figure 6.18: RC dynamics in the (75, 7'50)-plane nearby a symmetry breaking bifur-
cation. Red points depict the location of (75(t),750(t)) and (—75(t), —750(t)) at a

time t. Dashed curves illustrate the corresponding dynamics of the RC in training.

The Floquet multipliers also reveal further information about the RC’s
dynamics which Fig.[6.16] fails to capture. A symmetry breaking bifurcation
on Cy4 is found to occur at p = 1.4450 as Re(pz) sharply increases to 1 and
quickly decreases from 1. Fig.[6.18]illustrates the dynamics of some of the RC’s
individual neurons, specifically 75 and 750, nearby this bifurcation in order to
highlight the emergence of symmetry broken states. Prior to the bifurcation,
Fig.[6.18] shows that for p = 1.43 and 1.44, (75(t), 750(t)) = (—75(t), —F50(t))
Vt. However, after the bifurcation this relationship no longer holds as seen
here for p = 1.45 and 1.46.

In light of these results, it now becomes apparent that the small but notice-
able reappearance of ijjt in Fig. occurs due to this symmetry breaking
bifurcation and its rebirth is not solely a feature of the RC exhibiting chaos.
At the same time, the magnitude of W,()i)t
once the RC exhibits chaos.

The dynamics of the same neurons, 75 and 75, during the training stage
are also plotted in Fig.[6.1§ for a given p. The behaviour of these neurons

demonstrates that the symmetry breaking bifurcation at p = 1.445 does not

's elements begin to grow rapidly

violate the criteria outlined in Sec.[5.2] which describes the circumstances that
enables the ‘symmetry kills the square’ phenomenon to occur. As a further
note, Fig.|6.18| also shows that as p increases, 75 and r5 behave less like one

another, and the same is said for 75y and r5q.
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6.5.2 Bifurcation Analysis in the (z.,, p)-plane

The results presented in Sec.[6.5.1] provide an extensive account of the partic-
ular bifurcations the RC goes through in order to achieve multifunctionality
when .., = 0. These results suggest that for increasing p, on one hand, the
dynamics of FPy, FPy, FP3, and FP, which lead to the creation of LC; and
LC,, symbolise a set of challenges for the RC to overcome in order to achieve
multifunctionality. On the other hand, as p increases it can also be argued
that the role these fixed points and limit cycles play is to sculpt P for the
arrival of C 4 and C B.

At the same time, what these results also bring into focus is the strong
level of interaction between these fixed points and limit cycles as Figs.[6.12
and [6.13] show that these six attractors coexist for a small range of p values
when x..,, = 0. In this section many of the same tools that were applied in
Sec.[6.5.1] are used to explore the dynamics of the RC in the (e, p)-plane.

The results presented in this section reveals how the relationships be-
tween the fixed points and limit cycles mentioned above evolve with respect
to changes in z..,, and provides insight on the different roads to C4 and Cg’s

reconstruction as conceivably carved out by these fixed points and limit cycles.

Tracking stable solutions in the (Zcen, p)-plane

The result of tracking the changes in the dynamics of the RC’s stable solutions
for p € [0.48,0.52] and x.,, € [0.575, —0.575] are presented in Fig.m These
results are generated by tracking the evolution of LC; and LCy for changes
in ., beginning nearby the bifurcations at p = 0.4847 and 0.4905, which
spawn LC; and LC,y respectively when z.., = 0, as illustrated in Figs.|6.12]
and Similarly, the evolution of FP;, FPy, FP3, and FP, are also tracked
with respect to changes in z., nearby the bifurcations at p = 0.4935 and
0.4931 resulting in the death of these fixed points. Once these attractors can
no longer be tracked for changes in x..,, this location in the (z.,, p)-plane is
recorded and added to the corresponding curve in Fig.[6.19, The same process
is repeated for incremental changes in p for p € [0.48,0.52] and for regions

where C4 or Cp are encountered.



Chapter 6. Seeing Double 158

The labels and colour scheme of each curve in Fig.[6.19] are consistent
with illustrations of the attractors studied in the previous section. While,
for example, the stable period-1 limit cycle, LCy, is found to undergo period-
doubling bifurcations at several locations in the (Z.e,, p)-plane, the resulting
stable period-2 limit cycle is also referred to as LC;. This convention, which
was also taken in relation to LCy and T, in Fig.|6.15] is applied even when,
for instance, an infinite sequence of period-doubling bifurcations have taken
place when tracking the dynamics of the original period-1 limit cycle.

The colour scheme of the filled regions in the portion of the (zce,, p)-plane
shown in Fig.[6.19] as defined by the area the above curves enclose, describe
the nature of the RC’s stable solutions in P for a given x.., and p.

Furthermore, what is not shown nor highlighted along the curves men-
tioned above in Fig.|6.19| are the corresponding codim-1 curves and codim-2
bifurcations which take place on certain attractors in the (zce,, p)-plane. This
decision was taken in order to avoid overcrowding Fig.[6.19| with excessive in-
formation, which may diminish the impact of its main message. Instead, a
more detailed breakdown on some of the bifurcations which take place in

Fig.[6.19|is provided later in the present section.
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General comments on RC’s dynamics in the (Zcen, p)-plane

The primary message of Fig. continues the central narrative of this Chap-
ter, the greater the overlap between C4 and Cpg, the more memory the RC
requires in order to achieve multifunctionality and the greater the influence
of these fixed points and limit cycles until reconstruction occurs.

In Fig.[6.19 the above statement is further substantiated through exami-
nation of the behaviour of the stable solutions in P for the selected z..,, and
p values. What this reveals is the wider role these limit cycles, and the fixed
points which create them, play in terms of how the RC solves the seeing
double problem.

A detailed account on the behaviour and bifurcations of each of the RC’s
stable solutions in P, for the specified range of z.., and p values in Fig.[6.19]
is outlined throughout the remainder of the present section.

However, before discussing the dynamics of each of the stable solutions
in Fig.[6.19, it is important to note that one of the main features of Fig.[6.19
is the symmetry in the RC’s dynamics about x., = 0. In the case of each
fixed point, for a given pair of (Zcen, p), the corresponding mirrored fixed
point exist for (—Zcen, p). Furthermore, in the case of limit cycle and chaotic
attractor, the same attractor exists for each +x.,. This behaviour comes as

another corollary of the results regarding symmetry outlined in Sec.[6.4.4]

Behaviour of FP3 and FPy4

Concentrating first on FP3 and FP,, Fig.[6.19|reveals that as the magnitude of
Zeen increases these fixed points play a diminishing role in the RC’s dynamics.

Fig.[6.19 shows that at p = 0.48, these fixed points cease to coexist for
|Zeen| > 0.055 and both no longer exist for |zge,| > 0.13.

The inset plot on the right hand side of Fig.[6.19/highlights that for increas-
ing p along the FP3 and FP, curves from x.., = 0.13 and —0.13 respectively,
FP3 and FP4 become single point-like branches at x.., ~ —0.035 and 0.035
respectively and can no longer be tracked for p > 0.495.
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Behaviour of FP; and FP,

Fig.|6.19| reveals that as the magnitude of x.., increases, FP; and FPy begin
to play a more prominent role in the RC’s dynamics in comparison to FP3
and FP, for the particular p values explored here in the (z.e,, p)-plane.

While Fig.|6.19) shows that at p = 0.48, the coexistence of FP; and FP,
comes to an end for |z..,| > 0.07, these fixed points exist far beyond the limits
of the x.,-axis displayed here. What is more is that, together, these fixed
points occupy the largest combined area in the portion of the (xe,, p)-plane
shown here. For increasing p along the curves which enclose the regions of
the (Zeen, p)-plane where FP; and FPy are both stable, the same fate as FP3
and FP, awaits FP; and FP, as these become single point-like branches at
ZTeen =~ 0.34 and —0.34 respectively.

As a further comment, the inset plot on the right hand side of Fig.[6.19
provides additional insight to the bifurcation diagrams in Figs.[6.12] and
and draws attention to how the coexistence between FP; and FP,, and FPj3

and FP, at z., = 0 unfolds with respect to changes in x.,.

Behaviour of LC;

Focusing next on LCy, Fig.[6.19 illustrates the limited role this limit cycle
plays in the RC’s dynamics as the magnitude of x.., increases from 0. For
decreasing p, the range of .., values where LC; is stable also decreases. By
increasing/decreasing Z e, from 0 for p = 0.48, a region in the (x,, p)-plane
where all four fixed points coexist, L.C; is first encountered as a stable solution
at Teen &~ +0.05. LC; briefly coexists with these four fixed points until FP3
and FP4 can no longer be tracked as previously mentioned at x.., = F0.055
and likewise for FP; and FP, at z.., = +0.07. This leaves LC; in coexistence
with FPy and FP3 for z.., € [0.071,0.097] and in coexistence with FP; and
FP, for z., € [—-0.071,—-0.097]. LC; can no longer be tracked for |zge,| >
0.097 at p = 0.48.

As a further comment, as p decreases, the brown curves on either side
of x.en = 0, which outline where LC; is stable, appear to be converging to a

point along the FP3 and FP, curves. This suggests that a codim-2 bifurcation
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Figure 6.20: Illustrating the evolution of LC; in P with respect to changes in Zcep,
for p = 0.515. From left to right, each image depicts LC; at specified e, values

after successive period-doubling bifurcations which gives rise to chaos.

takes place in the (¢, p)-plane outside of the regions explored in Fig.[6.19

Prior to no longer being able to track LC; for increasing the magnitude
of Zeen, Fig.[6.19] also illustrates that LC; begins to exhibit chaos along the
dotted brown curve V p values shown here. The extent of this chaos in the
(Zcen, p)-plane is described by the area enclosed by this dotted curve and the
LC; curve, and is further emphasised by the hatched pattern. It is shown
here that, on one hand, these windows of chaos widen as p increases, on the
other hand, the inset plot on the left hand side of Fig.[6.19 provides a more
detailed picture on how, this small region of chaos narrows as p decreases.

Fig.[6.20|sheds some light on the change from periodic to chaotic dynamics,
as characterised by this dotted curve, when tracking the evolution of the
original stable period-1 limit cycle. For p = 0.515, it is shown here that as x..,
increases, LC; undergoes a series of period-doubling bifurcations. An infinite
sequence of these bifurcations occurs between ., = 0.1301 and 0.1302 which
gives rise to the chaotic dynamics shown in Fig.[6.20] for 2., = 0.1303.

Behaviour of LC,

Fig.[6.19 lays bare the intricate relationship between LCs, p, and z.e,. As
the magnitude of .., increases several events occur along the LCy curve.
The inset plot on the right hand side highlights the first of these incidents

with the loss of coexistence between the four fixed points, LCy, and LCs. This
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continues with larger |z..,| values and at p = 0.502, LCs is in coexistence with
only FP; for z.., < —0.115 and FP, for z.., > 0.115 until Cp is reconstructed
at larger x.., values.

It is also shown in Fig. that nearby these points in the (2, p)-plane
where LC, loses its coexistence with LCy, the LCy curve itself reaches its first
of several local maxima. In order to continue tracking L.LCy beyond this point,
p is required to decrease as |T.e,| increases until the curve reaches its first
of several local minima at (Zeen, p) = (£0.16,0.49) where a period-doubling
bifurcation occurs. Subsequent period-doubling bifurcations are encountered
along the LCy curve for slightly increasing |z..,| and p. The hatched region
of the (z, p)-plane enclosed by the LCy curve and the nearby dotted curve
characterise the small window of chaotic solutions produced by an infinite
sequence of these period-doubling bifurcations.

Fig.|6.21] provides an example of the RC’s dynamics nearby one of these
period-doubling cascades for p = 0.501. It is shown here that when tracking
the evolution of the original stable period-1 limit cycle, successive period-
doubling bifurcations are encountered for increasing x.e,. Fig.[6.21] shows
examples of the corresponding period-1 dynamics at z., = 0.1500, period-
2 dynamics at ., = 0.1660, and period-4 dynamics at z., = 0.1665. In
this scenario the period-8 limit cycle, whose dynamics are shown here for
Zeen = 0.1667, undergoes an infinite sequence of period-doubling bifurcations
for a small increase in x..,. This produces the chaotic dynamics shown here
for Tee, = 0.1669.

This region of chaos in Fig.[6.19 ends once the LC; curve and dotted curve
meet at (Zeen, p) = (0.178,0.507). For increasing |x..,| beyond this point, it
is found that LCs is a period-2 limit cycle before it can no longer be tracked.
However, subsequent period-doubling bifurcations occur along the LC, curve
for increasing |Zcen|.

Following an infinite sequence of these period-doubling bifurcations, what
Fig.[6.19 also shows is that along the LCy curve, its dynamics become chaotic
again at (Zeen, p) = (£0.35,0.508). The dotted purple curve which stems from

this point distinguishes between when LC, is periodic or chaotic as further
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Figure 6.21: Illustrating the evolution of LCy in P with respect to changes in Zcep
for p = 0.501. From left to right, each image depicts LCqy at specified e, values

after successive period-doubling bifurcations which gives rise to chaos.

Teen = 0.1500, 0.2000, 0.3300, 0.3330, 0.3395

ot

Figure 6.22: Illustrating the evolution of LCs in P with respect to changes in xcen,
for p = 0.511. From left to right, each image depicts LCq at specified e, values

after successive period-doubling bifurcations which gives rise to chaos.

emphasised by the hatched pattern. Furthermore, although it is not shown
here, these period-doubling bifurcation do not only occur along the LC, curve,
there is a locus which connects each given set of period-doubling bifurcations
points in the (Zee,, p)-plane in a similar way to the dotted purple curve men-
tioned above. An example of this particular route to chaos is provided in
Fig.[6.22

What Fig.[6.22] depicts is the result of tracking the evolution of LCy’s
dynamics for changes in x.., when p = 0.511. The remnants of the previous
small window of chaos, which occurs after the first local minima along the LC,
curve, are visible here with a period-2 limit cycle found for z.., = 0.2000. The

major difference between this period-2 limit cycle and the example illustrated
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in Fig[6.21] for p = 0.501 is the prominence of the sharp turn around the max
y value on the period-2 limit cycle in Fig.[6.22] This remains a distinctive
feature of LCy when tracking its dynamics as .., is further increased and
persists after each of the subsequent period-doubling bifurcations which give
rise to chaos. It is also worth noting that this kink along LCs’s dynamics
occurs nearby the location of FP, and FP; for the corresponding positive and
negative .., values respectively.

LC, remains chaotic as |x,| increases from 0.35 and, depending on the
sign of x..,, continues its coexistence with either FP; or FP, for the range of
Teen values shown in Fig.[6.19] Much like LC; with FP3 and FPy, Fig.[6.19
also suggests that the LCy curve may connect with the FP; and FP, curves
beyond the range of x.., values shown here.

As p increases along this dotted curve of chaos, which begins at (cen, p) =
(£0.35,0.508), there is a point where these sequences of period-doubling bifur-
cations are no longer directly responsible for the onset of chaotic dynamics.
For instance, Fig.[6.23a] shows that when tracking the evolution of LCy for
p = 0.515, by increasing ., from 0.3623 to 0.3624, there is a sudden change
in dynamics from a period-2 limit cycle to a chaotic attractor. The same
is shown Fig.[6.23D] for p = 0.517 and e, increases from 0.3558 to 0.3559.
The only difference between these examples of LCy’s dynamics prior to the

dawning of chaos is the lack of a period-4 limit cycle for p = 0.517.

Behaviour of C B

Lastly, Fig. also illustrates regions in the (xce,, p)-plane where Cp comes
into existence. For much of its presence in Fig. Cp is in coexistence with
either, LC,, or one of FP, or FP; depending on the sign of x..,, or both LCy
and one of these fixed points.

At the limits of the z.,-axis in Fig. i.e., when |2.,| = 0.575, the
nature of C p differs greatly depending on p. In particular, the dotted orange
curve describes the boundary between when Cp exhibits periodic or chaotic
behaviour, and it is within the hatched region that Cp is chaotic. For decreas-

Ing |Zeen|, these two curves approach one another and the window of chaos
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Figure 6.23: Illustrating the evolution of LCs in P with respect to changes in Zcep,
for p = 0.515 in (a) and p = 0.517 in (b). From left to right, each image depicts

LC, at specified ey values.
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Figure 6.24: Illustrating the evolution of Cp in P with respect to changes in xcen
for p = 0.504. From left to right, each image depicts (fB at specified x.e, values

after successive period-doubling bifurcations which gives rise to chaos.

becomes arbitrarily small at |zee,| = 0.45. Furthermore, it is from this point
in the (Zcen, p)-plane that by slightly decreasing |zc.,| a sudden increase in p
is required in order to reconstruct C B-

Fig. illustrates the changes in Cy’s dynamics when tracking its evo-
lution for decreasing x.., when p = 0.504. Here it can be seen that ég is
a period-1 limit cycle for x., = 0.7000 and is also not perfectly circular.
C p undergoes several period-doubling bifurcations with examples of period-2,
period-4, and period-8 dynamics shown here for x.., = 0.6400,0.5200, and
0.5205. An infinite sequence of period-doubling bifurcations occurs as T, is
decreased further resulting in the chaotic dynamics like those shown here for
Teen = 0.4965.

Above all, what Figs.|6.24| and |6.19| show is that while Cp is stable its

dynamics do not always resemble Cpg even to the point when Cp is not in

any way circular, has a much larger period, or even exhibits chaos. At the
same time, it is also worth noting that after a number of period-doubling
bifurcations, for instance the period-4 limit cycle shown in Figs.[6.24], portions
of the trajectory on Cs begin to resemble a more circular orbit with similar
characteristics to Cg. This suggests that these period-doubling bifurcations

may play an important role in how the RC improves its reconstruction of Cp.
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6.6 Conclusions

While it is known from previous Chapters that RCs can exhibit multifunction-
ality in exotic cases involving multiple overlapping chaotic attractors, these
examples make it difficult to ‘open the black-box’ and understand the funda-
mentals of how the RC achieves multifunctionality in the first place. These
examples also make it more challenging to address the complications which
arise due to overlapping data as discussed in Sec.|6.1}

The results presented in Sec.[6.2] make some progress on addressing the
above issues by examining the difficulties encountered by different RC designs
when tasked with reconstructing a coexistence of chaotic attractors which are
moved closer together. However, there are certain limitations to what can be
inferred about multifunctionality in a more general sense with this approach.
It is by introducing the issue of overlapping training data via the the seeing
double problem in Sec.[6.3] that the results presented in this Chapter help to
provide a deeper understanding of how RCs achieve multifunctionality and
overcome the problems posed by overlap.

The results presented in this Chapter show that in order for the RC to
achieve multifunctionality there is a crucial dependence on p, the spectral
radius of the RC’s internal connections. The intricacies of this relationship
are revealed in Sec.[6.4.1when the cycles C4 and Cp are moved closer together.
As C4 and Cp begin to overlap, Fig. shows that the RC requires a greater
amount of memory in order to successfully distinguish between the orbits. A
‘Goldilocks’ effect is also found to occur whereby if p is too small or too large
then the RC will fail to learn.

Sec. focuses on how the RC constructs the basins of attraction for C4
and Cp when they are entirely overlapping from the perspective of P.

The nature of P prior to the RC achieving multifunctionality is also ex-
plored. Fig.[6.9] unveils the coexistence of several fixed points, limit cycles
and tori in P, attractors which were not involved in the training. This dis-
covery provides the basis for conducting the bifurcation analyses carried out
in Sec.[6.5]in order to determine the role these attractors play in how the RC
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solves the seeing double problem.

This bifurcation analysis is divided into two studies, the results of the
first are outlined in Sec.[6.5.1] which explores how changes in p effects the
RC’s dynamics in the case of x.,, = 0. The results of the second study are
presented in Sec. where the RC’s dynamics in a portion of the (Zcen, p)-
plane are assessed. Here the role of these fixed points and limit cycles in the
learning dynamics of the RC becomes apparent. The particular bifurcations
which result in the rise and fall of multifunctionality are identified through
the results of the Floquet analysis shown in Fig.[6.17] The main take home
message from both of these bifurcation analyses is the same, the more Cu
and Cp overlap, the more memory the the RC requires in order to exhibit
multifunctionality and the greater the influence of these fixed points and limit
cycles until reconstruction occurs.

Despite the insight gained from the results presented in this Chapter, there
are still many unanswered questions concerning the interesting dynamics a
RC can be trained to produce. For instance, how much multifunctionality
can a RC have? Are there certain network topologies or RC formulations
which enhance multifunctionality? From an applications perspective, how

can multifunctionality be exploited as a data-driven modelling tool?



CHAPTER 7

Limits of Multifunctionality

In this Chapter the extreme case of the seeing double problem studied in
the previous Chapter is reinterpreted as a benchmark task for exploring the
limits of multifunctionality across different RCs. The relationship between
multifunctionality and several RC parameters are assessed. These results
reveal when certain RCs reach their optimal performance in this simplest but
hardest case of overlapping training data, thereby providing guidance on how

to train RCs to achieve multifunctionality in challenging circumstances.

7.1 Seeing Double Benchmarking

It is clear from the results presented in the previous Chapter that while the
seeing double problem is a tough task to solve it provides a straightforward
framework to understand the principles of how a RC achieves multifunction-
ality. The extreme case of the seeing double problem, as it is referred to
throughout the previous Chapter, encapsulates the issues of overlapping train-
ing data in a paradigmatic setting which epitomises the difficulties posed by
overlap in the hardest but simplest of scenarios.

Moreover, the seeing double problem provides elucidation on what are
some of the necessary attributes a RC must possess in order to become mul-
tifunctional. One of the most highly influential of these is the relationship
between multifunctionality and p. In the case where C4, and Cp are com-
pletely overlapping (i.e., when ., = 0), Fig.[6.4] provides some insight on
how the limits of the relationship between multifunctionality and p are tested

as multifunctionality is achieved for only a relatively small range of p values.

170
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From a different perspective this task, of training a RC to reconstruct a
coexistence of C4 and Cp when .., = 0, provides a suitable testing ground to
assess what are the essential ingredients for a RC to become multifunctional.

Taking all of the above into consideration, in this Chapter the extreme
case of the seeing double problem is used as a benchmark task to explore the
limits of multifunctionality across different RCs.

Given the success of the prediction analysis procedure outlined in Sec.
which reliably detects whether multifunctionality was achieved (application
of this method shown in Fig., another aim of this Chapter is to take this
analysis a step further by investigating the suitability of different tools to de-
termine whether a given RC can achieve multifunctionality without explicitly

examining the nature of the reconstructed attractors.

7.1.1 Exploring the limits of multifunctionality

In order to gain a greater understanding of the limits of multifunctionality, in
this Chapter, the critical effects that certain parameters have in the training of
different types of RCs are assessed when tasked with solving the seeing double
problem. Furthermore, it is by exploring these limitations that advancements
are made towards establishing the extent of the dynamical functionality a
given RC can be trained to harness. This Chapter explores some of the
differences in the performances of the continuous-time (CT), leaky-integrator
(LI), and next generation (NG) RCs, described in Egs. (2.10), (2.21), and
(12.25)) respectivelyﬂ

The training data is generated according to the steps outlined in Sec.|6.3.1}
Each of these RC setups are trained according to the blending technique from
Sec.[3.2.1] The respective training data matrices and corresponding W,,; are
computed with the blending parameter, «, set at 0.5.

What is common amongst the CT and LI-RC setups is the random realisa-
tion of the input and internal connection matrices, W;,, and M. A key aspect
of the studies conducted in Sec.[7.2]is the exploration of the issues which arise

Most of the results presented in this Chapter are published in [33], Oliver Heilmann and
Daniel Koglmayr conducted the experiments regarding the LI-RC and NG-RC respectively.
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due to this element of randomness in both of these RC setups. In the case of
the CT-RC, the relationship between randomness, p, N, and v are assessed.
Similarly, for the LI-RC setup, the relationship between randomness, p, and
n are explored. As all RCs are trained using Eq.[2.16] in Sec.[7.2] the perfor-
mance of each RC is assessed at different values of § and compared with one

another.

7.1.2 Analysis Tools

In Sec.[7.2] the following analysis tools are used to assess the performance of
the different RCs when tasked with solving the seeing double problem in the

case of x.., = 0.

Roundness criteria

To determine whether a given RC achieves multifunctionality, a similar round-
ness analysis procedure described at the beginning of Sec.[6.4.1] is used here.
To assess how well a given RC reconstructs both cycles, the first step is to
determine if the prediction of a given cycle is indeed periodic, and then if it
is rotating in the correct direction. Following this the roundness is computed
as the difference between the radius of the largest and smallest circle needed
to enclose and inscribe the predicted cycle. If the maximum roundness of
both roundness values is less than a threshold value = 0.25 (determined from
empirical testing), then the RC has achieved multifunctionality.

At the same time there is a level of arbitrariness associated to the above
approach as it requires a number of trail runs to determine an appropriate
threshold roundness value. However, once a suitably robust threshold is iden-
tified this approach is highly reliable and relatively computationally cheap
which therefore enables mass investigations on the relationship between mul-

tifunctionality and randomness in a given RC’s design.
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Short Term Memory capacity

As the particular data points which describe C4 and Cp are effectively the
same, it is plausible to consider that the RC needs to have a sufficient ‘mem-
ory’ of its previous states in order to remain on the correct circular orbit and
preserve the sense of rotation. The ‘short-term memory’ (STM) metric was
proposed by Jaeger in [149] and is used to compute the ‘memory capacity’
of a given RC. This metric is computed without involving any information
on the RC’s performance of a given task. For the purposes of this study, the
STM is calculated to assess if, in this sense, a given RC’s memory is a valid
indicator of whether the RC achieves multifunctionality.

The STM characterises the capability of a RC to remember past inputs. It
is measured by training the RC to fit an input signal, v[n], at time n to its time
shifted signal, v[n — j], with each point in v chosen from a uniformly random,
independent, and identically distributed set of real numbers in [—1, 1]. Instead
of ‘closing the loop’ after training, the RC is driven with the input signal v.
The STM is then calculated as the square of the correlation between the RC

output W7, ,r[n] and the true values given by v[n — j] summed over all 7,

STM = Zj cor? (V[n — 71, mer[n]> (7.1)

J
Wout

Note that, M, is shared by the RC used during prediction and the RC used

to measure the STM while the input and output matrices are different.

depends on j since for every j the training process needs to be repeated.

It is important to note that this concept of short term memory is different
to how memory has been discussed in relation to the spectral radius, p, so far
in this Thesis.

Floquet analysis

In the previous Chapter, the result of computing the Floquet multipliers pre-
sented in Fig.[6.17] show precisely the range of p where the reconstructed
attractors, C A and éB, are stable. These results also provide clarity on the
bifurcations responsible for the birth and death of both C 4 and C B.
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In this Chapter, the same procedure from Appendix[C.2] which generated
the results discussed above is repeated but instead of using input from Ca
and (fB to calculate the Floquet multipliers, solutions of Eq. are com-
puted using one period of data from the RC’s response to C4 and Cp during
the training stage as input. In this case if py, the largest of the resulting
i;’s, is 1 and all other p; have magnitude < 1 for both C4 and Cp this pro-
vides an indication (as these yu;’s are not the Floquet multipliers and are just
computed using the same procedure) that the RC’s response to the driving
input is stable. This is turn provides evidence of whether or not a given
configuration of an RC can support the coexistence of both C4 and Cp after
the training. However, the resulting pu;’s will not verify if the reconstructed

attractors satisfy the roundness criteria described previously.

7.2 Parameter sensitivity testing

In this section, the performance of each RC when tasked with solving the
extreme case of the seeing double problem is compared and the effects that
different training parameters have on multifunctionality are assessed. The
training parameters used to generate the results shown in each Figure in this
section are provided in Tables|7.1H7.3

7.2.1 CT-RC: Randomness, p, and N

In this section the relationship between changes in the CT-RC’s dimension
and its ability to achieve multifunctionality are assessed. To be more spe-
cific, for 100 random realisations of M and W, the regions in the (N, p)-
plane where the CT-RC exhibits multifunctionality are computed using the
roundness analysis procedure outlined in Sec.[7.1.2] Each M and W, are
constructed according to the method outlined in Sec.[2.3.4l The sparsity and
range of element values of these matrices are the same for each random realisa-
tion. The reasoning behind this is to gain further insight into the relationship
between N, p, and multifunctionality while reducing the influence a given

random realisation of the respective matrices has on multifunctionality.
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Fig N P P o ¥ B i ty
see Fig 0.05 seeFig 0.2 5 1072 6T 15T
500 0.05 seeFig 0.2 5 1072 6T 15T

7.4a 500 0.05 1.4 0.2 see Fig see Fig 67 15T

Table 7.1: CT-RC training parameters in the specified figures. ¢; = tiisten, tt = ttrain,
T = period.

Fig N P p o n 15} t t;
500 0.05 see Fig 0.2 seeFig 1072 6T 15T

7.4b 500 0.05 1.4 0.2 see Fig see Fig 67 15T

Table 7.2: LI-RC training parameters in the specified figures. t; = tisten, tt = ttrain,
T = period.

Fig O k s B tw Ut
1,2 2 1 seeFig 2 157

Table 7.3: NG-RC training parameters in the specified figures. t, = twarm, t+ =
tirain, 1 = period.
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The result of the above experiment for N € [10,2000] and p € [0.5,2.5] is
presented in Fig.[7.I] for the case of training the CT-RC to reconstruct only
Ca or Cp, or a coexistence of C4 and Cp. Each point in the (N, p)-plane
represents the number of times out of 100 that the CT-RC successfully solved
the given task.

In Fig.[7.1a] the result of training the CT-RC to reconstruct only Cy4 is
illustrated. Here it shows that even when N = 10, the CT-RC is capable
of reconstructing C4 for p € [0.5,2.5] with > 60% success ratio. When N
is increased then an upper bound to p appears where for N > 500 the re-
construction of C4 is not possible for p > 1.7. However for p < 1.5, using
N > 500 the CT-RC achieves reconstruction with > 90% success ratio. A
similar result is also seen in Fig.|7.1b| when the CT-RC is trained to only re-
construct Cp. Above all, what Fig.[7.1a] and show is that a CT-RC with
N = 50 performs just as well as a network of 2000 neurons for p < 1.5.

There is a dramatic change in these success rate plots in the (N, p)-plane
when the CT-RC is trained to reconstruct a coexistence of C4 and Cp as
shown in Fig.[7.1c| These results show that in order to solve the seeing double

problem with > 90% success then it is only possible in a significantly smaller

region of the (N, p)-plane in comparison to Figs.[7.1a] and [7.1bl Once the

CT-RC is tasked with reconstructing a coexistence of C4 and Cp, there is a
clear lower bound in N established whereby for N = 10, multifunctionality
is not achieved for any of the tested p values. Increasing N to 100 provides
little improvement with < 25% of the tested random initialisations of M and
W,,, giving rise to multifunctionality. It is only for N > 1000 that > 90%
success becomes possible, albeit for only a small range of p values.

It is also clear from Fig.[7.1d that a lower bound to the p values emerges
as it is only for p > 1 that multifunctionality is achieved regardless of N. In
addition, the upper bound to p from Figs.[7.1a] and remains a feature of
the (N, p)-plane in Fig.[7.1d as multifunctionality is not achieved for p > 1.7.

Fig.[7.1d is also in good agreement with the results shown in Fig.[6.4] as
the N = 1000 CT-RC studied in the previous Chapter was shown to achieve

multifunctionality in the case of .., = 0 for p € [1.1,1.4].
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Figure 7.1: Success rate in the (N, p)-plane of 100 random realisations of the CT-
RC when trained to reconstruct either C4 in (a), Cp in (b), or a coexistence of C4
and Cp in (c).
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Overall, the results presented in Fig.[7.1] highlight the important role that
N and p play in whether a given CT-RC achieves multifunctionality, however,
many questions remain. The motivation behind the experiments carried out
in the following sections are two-fold. The first is to determine if the STM
metric or Floquet analysis procedure outlined in Sec.[7.1.2]are capable of iden-
tifying whether a given random realisation of a LI and CT-RC are capable of
achieving multifunctionality. The second is to explore whether different pa-
rameter settings of these RC’s can provide improved performance at smaller

N values.

7.2.2 LI-RC: Randomness, p, n, and memory capacity

In this section, the performance of the LI-RC setup with N = 500 is examined
at different p and n values to determine if the STM metric is successful at
distinguishing between whether different random realisations of the LI-RC
can give rise to multifunctionality.

Fig.[7.24] illustrates the number of times out of 100 random realisations
of M and W, that a given LI-RC achieves multifunctionality for different
values of p as determined by the roundness analysis procedure described in
Sec.[T.1.2l For n = 0.05 it is shown here that these LI-RCs outperform the
LI-RCs with n = 1 resulting in not only a broader range of p values where
multifunctionality was achieved but also a greater probability of success.

The STM metric is used here to assess if, in this sense, a given LI-RC’s
‘memory’ is critical to achieving multifunctionality. The rationale behind this
metric and how to compute it is outlined in Sec.[7.1.2]

The result of computing the STM for 10 LI-RCs which are known to
achieve multifunctionality and for 10 LI-RCs that do not solve the seeing
double problem, as chosen from the results shown in Fig.[7.2a], are illustrated
in Figs.[7.2b7.2d] for n = 0.05 and n = 1 at different p values. What is shown
here is the relationship between j and STM;, the STM computed for a given j,
and the standard deviation of STM; across the different random realisations
of the LI-RC.

What is common across Figs.[7.2Dl[7.2d]is that there is no significant differ-
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Figure 7.2: LI-RC: (a) Success rate vs. p of 100 random realisations of the LI-RC
when trained to solve the seeing double problem. (b)-(d) STM of RC’s that fail and
succeed to solve the seeing double problem with error bars given by the standard
deviation. j is the time shift used in calculating the STM. MF describes when

multifunctionality was achieved.
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ence V the computed STM;’s amongst successful or unsuccessful realisations
of the LI-RCs. This shows that there is no correlation between whether a
given LI-RC achieves multifunctionality and its STM.

Furthermore, there is a significant difference in the evolution of STM; as
j increases for the n = 1 and n = 0.05 curves for the p values studied in
Figs.[7.2b[[7.2d] At small j the corresponding STM; for 7 = 0.05 tends to 0
relatively quickly, it is only for large j that the STM, for n = 1 goes to 0.
For both n = 1 and 0.05, the rate of convergence of STM; to 0 decreases as
p increases. Given that the LI-RC performed much better for n = 0.05 as
shown in Fig.[7.2a] the above discussion provides further clarification that the
STM metric gives no indication on whether a given RC has the capacity to

perform well on the seeing double problem or achieve multifunctionality.

7.2.3 CT-RC: Randomness, p and Floquet analysis

In this section, the performance of the CT-RC setup with N = 500 is exam-
ined at different p values to determine if the Floquet-type analysis procedure
outlined in Sec.[7.1.2]is successful at distinguishing between whether different
random realisations of the CT-RC can give rise to multifunctionality.

The same information from Fig.[7.I] for N = 500 is illustrated from a
different perspective in Fig.[7.3a] to more easily compare the performance of
the CT and LI-RCs for changes in p. In contrast to the LI-RCs with n = 0.05,
these CT-RCs with v = 5 are able to achieve multifunctionality with a success
ratio > 50% for a smaller range of p values but still performs much better
than the LI-RCs with n = 1 as indicated by the area under these curves.

Using the information which Fig.[7.3a] provides on whether a given CT-
RC achieves multifunctionality, Figs.[7.3b show that there is a direct
correlation between CT-RCs which solve the seeing double problem and the

results of the corresponding Floquet analysis at different values of p.
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Figure 7.3: CT-RC: (a) Success rate vs. p of 100 random realisations of the CT-
RC when trained to solve the seeing double problem. (b)-(d) Corresponding two
largest p;’s, p1 and pe, for both C4 and Cp for these M and W, at specified p.

MF describes when multifunctionality was achieved.
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Figure 7.4: Success rate in the ((3,7)-plane and the (3, 7n)-plane for 100 random
realisations of the CT and LI-RCs.

7.2.4 CT & LI RCs: Randomness, v, n, and [

Based on the results presented in Fig.[7.1c the aim of the present section is
to determine whether the performance of the LI and CT-RCs with N = 500
and p = 1.4 is improved at different values of n, v, and /.

Fig. illustrates the number of times out of 100 that a given pair of (3, 7n)
or (f,7) values give rise to multifunctionality using the roundness criteria as
described in Sec.[7.1.2]

Fig.[7.4a] shows no significant improvement in the performance of the CT-
RC for different # and v values. In particular, for v > 40 the majority of
random realisations of the CT-RCs do not solve the seeing double problem.
Whereas for the LI-RC, in Fig.[7.4b| its best performance occurs for the same
1 = 0.05 studied in Sec.[7.2.2] with 80% success rate for 3 € (1078, 10').

Furthermore, Figs.[7.4a] and [7.4D] show that the limit of n = 7 for 7 — 0,
which relates the CT-RC to the LI-RC as discussed earlier in Sec.[2.3.5] holds
for only small values of 1 and ~.

Overall, Fig.|7.4] shows that there is a much wider range of n and 3 values
where over 70% of the tested LI-RCs achieve multifunctionality in compari-
son to the corresponding v and [ values tested across the different random
realisations of the CT-RC. What is common between both Figs.[7.4a] and [7.4b]
is the role of 5. If £ is too small then both RCs have a success rate < 10%
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Figure 7.5: 8 vs. wp, ,,, the elements of Wy, for the NG-RC setup. The region
enclosed by the vertical dotted lines highlights the 8 values where multifunctionality

was achieved.

and while larger § values prevent overfitting, if 3 is too large this also inhibits

the RCs from learning the correct dynamics.

7.2.5 NG-RC: g and W,

The performance of the NG-RC is now assessed when tasked with solving the
seeing double task with parameters specified in Table[7.3] Note the square
readout function, q(-), is not used to obtain W,,,. As a result, the trained
W, is € R2*14. The relationship between each element of this W, denoted
as wy, ,, and 3 is illustrated in Fig.[7.5]

The vertical dotted lines in Fig.[7.5 indicate the range of S values where
the NG-RC reconstructs both C4 and Cg. For 3 < 4 x 1078, the state of the
NG-RC tends to infinity, and for 3 > 10~° the system tends to the fixed point
at the origin.

Fig.[7.5]shows that when multifunctionality is achieved there are four W,
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Figure 7.6: Examples of the trained NG-RC’s output dynamics for different choices

of initial conditions.

elements, w{; = 0.99989995, w?; = —0.99999995, w5, = 0.99990005, and
wy , = —1.00000005 which are % 0. Given the architecture of the NG-RC it

is possible to write the trained system as,

2t +1) = 2(t) + An(t) = (L+uf,)a(t) + wf ya(t - 1),
y(t+ 1) = y(t) + Ay(t) = (1 -+ ug,)y(t) +wgy(t — ).

The resulting governing equations of the NG-RC are uncoupled and linear,
like the driving input described in Eq.[6.2] As a consequence, the NG-RC has
not reconstructed limit cycles but has produced a set of equations that can
mimic the input training data. As a further consequence, Fig.[7.6] shows that
by initialising the trained NG-RC with two consecutive points on a circle of
any given radius it produces the corresponding circular trajectories.

It is also important to note that despite, w?; ~ 1,w?; ~ —1,ws, =~ 1,
and wg , ~ —1, the NG-RC becomes unstable if the values 1 and —1 are used

for the weights.
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7.3 Conclusion

The results presented in Sec.[7.2 highlight that the LI-RC is the most capable
of the tested RCs to solve the seeing double problem for the case of .., = 0.
At the same time, the LI-RC has an advantage over the CT-RC at solving
tasks which involve overlapping training data as the state of the LI-RC is able
to intersect itself whereas the CT-RC’s state cannot.

Despite stipulating that memory is a key element for the RCs to achieve
multifunctionality in the case of overlapping training data, Figs.[7.2b}7.2d|
demonstrate the shortcomings of a commonly used ‘short term memory’ met-
ric as it cannot be used to distinguish between whether a given random realisa-
tion of the LI-RC can give rise to multifunctionality. Instead, Figs.[7.3b
show that the Floquet analysis procedure outlined in Sec.[7.1.2] provides a
more rigorous assessment.

At the same time, the results on memory shown in Sec.[7.2.2] subsequently
motivates the need to design a metric which sufficiently describes the degree to
which a given RC can achieve multifunctionality. While this goes beyond the
scope of this Thesis, from the results presented in this Chapter and previous
Chapters, it is clear that such a measure would need to take into account not
only the amount of attractors a given RC can reconstruct a coexistence of
but also the relationship between these attractors like the timescale of each
attractors dynamics and whether the training data is overlapping.

There are many other avenues of exploration in terms of following on
from the results presented in this Chapter. Aside from assessing additional
parameter relationships in the CT and LI-RC designs such as tuning the
input strength, o, or changing the networks sparsity, P, the major hurdle to
overcome, in particular for the CT-RC, is to decrease the dimension of the RC
in order to reduce the computational cost but without compromising on the
success rate of high dimensional RCs like those shown in Fig.[7.1d Additional
motivation towards moving beyond straightforward parameter sensitivity tests
comes from Fig.[7.4] which shows no major improvements to the N = 500 CT-

RC for changes in v and 5. A more fortuitous approach may be to apply the
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methods used in [150] where Carroll and Hart demonstrate that by training
a model of an opto-electronic delay-based RC using time-shifted copies of its
outputs significantly improves the performance of low-dimensional versions of
this RC on tasks involving model-free inference of unmeasured variables.

Furthermore, in terms of pushing back the lower bound of p values where
multifunctionality is first achieved in Fig.[7.1d progress may also be made
through reconsidering how the RC ‘sees’ the seeing double problem by chang-
ing the design of Wy,,. For instance, the influence of each row in Wy, only
having one randomly chosen nonzero element is clear from Figs.[6.12] and
[6.13] given the diagonal nature of the RC’s solutions until multifunctionality
is achieved at sufficiently large p values. Therefore by choosing a different
initialisation scheme for W, which incorporates the circular nature of the
training data, such as using the Marsgalia polar method to generate random
numbers on a disk, this may decrease the role these untrained dynamics play
and allow the RC to solve the seeing double problem at smaller p.

The differences between how each RC solves the seeing double problem
also comes to light in this Chapter. In order for the CT-RC and LI-RC to
achieve multifunctionality in this scenario, these RCs are required to convert
this overlapping driving input data into attractors with two distinct basins of
attraction that can be projected to resemble the desired coexistence. While in
Sec.[7.2.5] the NG-RC is found to solve the seeing double problem in a different
way due to its design. Despite configuring the NG-RC with quadratic terms
in its design, the trained NG-RC is an uncoupled set of linear equations. As
a consequence, instead of generating trajectories on limit cycles, this linear
system produces centers of any given radius as shown in Fig.[7.6]

Most importantly, the results presented in this Chapter establish a guide-
line for choosing RC design and training parameters not only for solving the
seeing double problem but as this task encapsulates the issues of overlap in
the hardest but simplest of scenarios, these results provide a template for

training RCs to achieve multifunctionality in various circumstances.



CHAPTER 8

Modelling Seizure Dynamics

The results presented in this Chapter demonstrate how multifunctionality can
be exploited as a tool to produce data-driven models of physical phenomena.
By translating the behaviour of epileptic neurons to the language of dynamical
systems and multifunctionality, this Chapter demonstrates how to train a RC
to reconstruct a coexistence of the seizure and non-seizure states present in
experimental data. It is found that by destabilising the multifunctional RC to

exhibit chaotic itinerancy the dynamical features of epilepsy can be modelled.

8.1 Multifunctionality as a modelling tool

Deciphering the inner workings of the brain remains one of the most chal-
lenging problems in science which exhausts and extends much of our current
knowledge of dynamical systems [106,/151]. Fortunately, mathematical de-
scriptions of neurological conditions have led towards improved modelling of
certain ‘dynamic diseases’ [152]. Furthermore, with the increasing advance-
ments in ML, training ANNs to model phenomena from experimental data
provides researchers in neuroscience with a range of new tools to generate and
test further neural hypotheses [126].

In this Chapter, the above rationale is employed in order to model dynam-
ical transitions present in experimental data obtained from epileptic rodent
brains using a multifunctional RC. This work establishes the first ML appli-

cation of multifunctionality as a modelling tool.

187
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8.1.1 Obtaining the dat

Electrophysiological data were acquired from male Genetic Absence Epilepsy
Rats from Strasbourg (GAERS) aged between 4-7 months. This involved
using silicon-site electrodes to sample voltages from the wventrobasal thala-
mus while the rats were able to move freely and alternate between waking,
sleeping, and spontaneously seizing states. This data was processed with a
Plexon HST/32V-G20 VLSI-based preamplifier and associated digitization
system at 20000 samples/second and subsequently down sampled to 1000
samples/second. For more information see [153].

An example of the voltage activity patterns obtained from the above exper-
iment is shown in Fig.[8.1] This plot illustrates the recordings of a number of
measurement channels, labelled as ‘K1M’, “T8C’, and ‘K3A’, which are taken
from different GAERS nearby a transition from non-seizure activity to seizure
activity. A small amplitude slow oscillation about 0 mV (i.e., deviations from
long term mean of 0.1 V) is a distinctive feature of the non-seizure activity
while the seizure activity patterns oscillate with a much larger amplitude on
a much faster timescale. These GAERS are not subject to external stimuli
which directly trigger these transitions, instead this switching behaviour occur

spontaneously and is a natural feature of the GAERS neural activity.

8.1.2 Dynamical interpretation of the data

The data shown in Fig.[8.1] is now reinterpreted from a dynamical systems
perspective in order make use of the tools developed Sec.[3.2.2] to produce
a data-driven model which incorporates multifunctionality to simulate the

neural activity patterns from these GAERS.

!The experimental data discussed here was obtained by Cian McCafferty, Francois
David, and Vincenzo Crunelli, all of whom are co-authors on a paper with the author
of this Thesis, Vassilios A. Tsachouridis, and Andreas Amann. This paper is titled, ‘Mod-
elling dynamical features of epilepsy with a multifunctional reservoir computer’ and is still
in development at the time this Thesis was written. The details on the experimental data

discussed in this section was written by Cian McCafferty.
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Figure 8.1: Example of the neural voltage data near the transition between non-
seizure and seizure activity taken from the measurement channels, K1M, T8C, K3A

with the timescale and amplitude of oscillation as indicated.

Seizure and non-seizure attractors

The ‘K1M’, ‘T8C’, and ‘K3A’ measurement channels shown in Fig.[8.1]are now
rewritten as variables which are functions of time, T8C(t), K3A(¢), K1M(¢),
that describe the evolution of the respective measurement channels in time.
The minimum of the single longest time spent in seizure from the three
variables is determined in order to form the time series data set Yp, =
[up, (t) .. up,(t,)] where this minimum time was found to be 90 s, u(t) =
(T8C(t), K3A(t), KIM(t)), and these measurements are down sampled at ev-
ery 7 = 0.001 s and the resulting discrete-time interval is defined from ¢,, = 1
to t, = 90001. Yp, is considered to represent a sufficient amount of informa-
tion of a trajectory on a ‘seizure attractor’, P;. The same procedure is used
to select neural data representing a trajectory on the ‘non-seizure attractor’,
Ps, for the same length of discrete-time interval, [t,,,t,].

By interpreting the non-seizure and seizure dynamical regimes as trajec-
tories on different attractors, it becomes possible to train a RC to reconstruct
a coexistence of these attractors. However, the key dynamical feature of the
neural data is not the coexistence of these attractors but rather the switching

dynamics between these attractors. There are many dynamically plausible
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mechanisms which can in principle describe these transition and examples of
this are discussed later in Sec.[8.2

Nevertheless, in order to accurately model the transitions observed in these
GAERS, this requires the resulting model to produce transitions between
seizure and non-seizure activity without using an external stimulus. At the
same time, Fig.[5.6[shows that a RC can produce this behaviour as, in this ex-
ample, when the RC loses its ability to exhibit multifunctionality it enters into
the dynamical regime of chaotic itinerancy. For further information on chaotic
itinerancy, and how multifunctionality presents itself as a suitable means to
realise it, see the discussion in Sec.[3.4.4 Furthermore, while chaotic itiner-
ancy serves as a useful means to generate the transitions between seizure and
non-seizure behaviour, the results presented in this Chapter are by no means
intended to insinuate that chaotic itinerancy plays a role in the dynamics of
the epileptic brain.

The results presented in Sec.[8.3] demonstrate how the dynamics of a mul-
tifunctional RC can be destabilised to produce chaotic itinerancy and thereby
bring about transitions between ruins of the reconstructed seizure and non-

seizure attractors.

Generating the training data

The voltage time series data sets, Yp, and Yp,, are used drive a response from
the continuous-time RCs described in Eqgs. and in order to generate
the corresponding response data matrices, Xg, and Xg,, to compute W,
according to the blending technique outlined in Sec.[3.2.2] for a given blending
parameter, «.. In this instance, S; and Sy, describe the RC’s response to the
seizure and non-seizure driving inputs.

Referring back to the discussion in Sec.[3.2.1] the role of the each trans-
formation function, ¢, and ¢,, in the present task is to lift P; and P, to
attractors S; and S, that are able to coexist in the RC’s state space, S, after
closing the loop with W,,;. Multifunctionality is achieved when this W,
is able to project trajectories on &7 and Sy to resemble P; and P, in the

prediction state space, P.
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Figure 8.2: Non-seizure (in black) and seizure (in orange) neural dynamical regimes
of the experimental data in a three dimensional space described by the voltage
measurement channels. The transition between non-seizure to seizure and back to

non-seizure is plotted in red.

Why use multifunctionality?

In Fig.[8.2) Yp, and Yp, are plotted in black and orange respectively in the
corresponding T8C-K3A-K1M space. When the data is viewed from this per-
spective, the motivation behind using multifunctionality in this data-driven
modelling approach becomes clear as the ‘attractors’, P; and Py, appear as
if they are in coexistence with one another.

The data plotted in red in Fig.[8.2] depicts what the transition between
the non-seizure, seizure, and back to the non-seizure regimes looks like in this
state space. This red data is labelled as ‘Epilepsy’ to indicate the difference
between the behaviour of a healthy brain, whose activity is confined within
the non-seizure data, and an unhealthy brain, whose activity patterns switch
between seizure and non-seizure activity.

In an analogous sense, the dynamics of a multifunctional RC resembles
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the behaviour of a healthy brain whereby there are no transitions between
the coexisting attractors. However, there remains a possibility that a transi-
tion can indeed occur if the system receives input from an external stimulus
which can force the state of the multifunctional RC away from the non-seizure

attractor to the seizure attractor.

8.2 Existing dynamical models of epilepsy

There are many existing dynamical systems models which focus on describ-
ing the transitions between non-seizure and seizure neural activity from the
perspective of multistablity.

In [154-157] the first multistable dynamical systems model of transitions
in the epileptic brain was studied. In [154] and [155], different mechanisms
are put forward which describe how transitions between a ‘non-seizure’ and
‘seizure’ attractor (with variables described in terms of voltage activity pat-
terns from neurons) can occur from a biological perspective. These results
stem from a biological data informed model presented in [156], and further
explored in [157], which are an extension of the transfer function based model
studied in [158].

The model in [156] and [157] is a ‘lumped model’ meaning that the explicit
behaviour of individual neurons is not simulated and instead the ‘mean mem-
brane potential’ (voltage) of a particular type of neuron (pyramidal) from
populations of interacting neurons (pyramidal, interneurons, thalamocorti-
cal, and reticular thalamic), integrating neuronal and network properties into
the model simulated in Simulink. The bifurcation analysis presented in [156]
shows that by varying the ‘cortical input’ parameter, a hysteresis cycle in
the system’s mean membrane potential between a fixed point (describing the
non-seizure attractor) and a limit cycle (describing the seizure attractor),
is found to occur as a result of a subcritical Hopf bifurcation. Transitions
between non-seizure and seizure attractors in the bistable region mentioned
above are seen to occur by introducing noise into this model. The distribu-

tion between different durations of time spent on each attractor are recorded
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and compared to electroencephalogram (EEG) data from epileptic ‘Wistar
albino Glaxo from Rijswijk’ (WAG/Rij) rats and are shown to have quali-
tatively similar exponential decay distributions, spending more time on the
non-seizure attractor.

In [157] the above study is extended to incorporate data from GAERS.
Counter-stimuli methods are also investigated in [156] and [157] in order to
control the occurrence of seizures and these are shown to perform effectively.
The authors highlight the scope and limitations of their model in [156] and
[157], and pose interesting questions on whether their model can account for
seizures in humans, be used to predict the onset/existence of seizures, and
study the effects of antiepileptic drugs.

The connection between epilepsy and multistable dynamics was also ex-
plored by Breakspear et al. in [159] using a mean field neural model presented
in [160]. Similar to the previous example, a hysteresis cycle is also found by
varying a cortical input parameter and the transitions between seizure and
non-seizure attractors are induced by varying this parameter as the model
evolves in time. The behaviour of this model also aligns with EEG recordings
from epileptic humans.

A multistable network model was presented in [161] which is designed with
bidirectional nearest neighbour synaptic coupling between neurons and the
dynamics of the individual neurons are governed by the 4-dimensional ‘neo-
cortical model” developed in [162] which is derived from the Hodgkin-Huxley
model [163]. In [161] the researchers investigate the dynamics of coupled neu-
rons in the case of 2 and 20 neurons. An independent Gaussian white noise
term is added to each membrane potential evolution equation in the network
which gives rise to noise induced transitions between the coexisting attractors.

In [164] the dynamics of a 10-dimensional model was investigated. This
model is based on an 8-dimensional model introduced in [165] and is con-
sidered as an extended version of the previously mentioned model presented
in [159]. The model in [164] is capable of producing different types of EEG-
like dynamics over much wider regions of parameter space than the delay-

differential equation (DDE) model in [165]. In particular, a broad region of
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bistability between a non-seizure (fixed point) and seizure (spike-and-wave
limit cycle) attractor is found in [164] which is more representative of the
clinical recordings shown in the paper.

The ‘two compartment model” was introduced in [166]. This model con-
sists of 8 ODEs that describe the behaviour of a given population of neurons
and these populations are coupled via a weighted contribution of excitatory
input from all other populations. This model is derived from the cortical
neural mass activity model presented in [167,168]. A bifurcation analysis of
a single node, two node, and 25 node network with homogeneous coupling re-
veals broad regions of parameter space where a bistability between non-seizure
and seizure attractors are found. The greatest difference in the dynamics of
this model in comparison to those mentioned previously is that instead of
the non-seizure attractor being described by a fixed-point (in the case where
there is no external noise added to the system) it is a low-amplitude high-
frequency period-1 limit-cycle. The seizure attractor is a limit-cycle with a
much larger amplitude and smaller frequency of oscillation with multiple har-
monics, which is similar to the previous examples. By adding noise to the
system, transitions between these attractors occur and the researchers inves-
tigate the nature of these transitions through the lens of intermittency. Fol-
lowing the intermittency analysis of EEG signals in [169,/170], the researchers
examine the distribution of a given duration of time spent on the non-seizure
attractor over many transitions and find that this form of intermittency is not
consistent with the power law distribution indicative of on-off intermittency
(as found in [170]) or those which follow indications of type-III intermittency
(inverse period-doubling bifurcation) as found in [169]. Instead this form of
intermittency is more in agreement with intermittencies associated with a
global bifurcation. The authors admit that they cannot confirm this as their
model may allow for different types of intermittent solutions which have not
yet been rigorously characterised.

In order to shed some light on the above and explore the dynamic mecha-
nisms underlying this form of intermittency, in [171] Goodfellow and Glendin-

ning investigated the dynamics of a low dimensional model which preserves
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fundamental properties of the system studied in [166]. Bistability remained
a key dynamical property of this reduced model and intermittency was pro-
duced through additive homogeneous coupling in a 3 neuron network. Over
a long simulation of the model, where many transitions occurred, a U-shaped
distribution of the duration of time spent on the non-seizure attractor was
found which is indicative of type-I intermittency (saddle-node bifurcation).
There have also been a number of other investigations which assess EEG
data for evidence of intermittency as a mechanism to describe the transition

between non-seizure and seizure attractors in the epileptic brain [172,/173].

8.3 Modelling dynamical features of epilepsy

In this section the results of training the RC to reconstruct a coexistence of
seizure and non-seizure attractors are presented. Following this, a route to
generating chaotic itinerancy with this multifunctional RC is identified. The
resulting RC’s state wanders between ruins of the seizure and non-seizure at-
tractors thereby resembling the signature dynamical features of the transitions

present in the experimental data.

8.3.1 Preparing the data and RC

Prior to training the RC, the voltage time series data sets, Yp, and Yp, are
first filtered using the ‘savgol filter’ function from the scipy.signal library in
Python. This is the Savitzky-Golay filter which fits a polynomial of a given
order to successive intervals of data points. In the case of the non-seizure
and seizure data, window lengths of 201 and 51 data points are taken and
polynomials of order 5 are fitted to these data points. This step smoothens
the training data and was found to improve the RC’s ability to reconstruct a
coexistence of both attractors.

To highlight the differences between the experimental data and the filtered
data used in the training of the RC, the original and filtered versions of Yp,
and Yp, are illustrated in Fig.[8.3] Here it can be seen that certain aspects

of the original neural data are lost, most notably, the filtered data occupies
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Figure 8.3: Unfiltered experimental data vs filtered data used to train the RC.

a slightly smaller volume of the state space. Despite eroding some of these
features, the main characteristics of the non-seizure attractor resembling a
slow oscillation about 0 mV and the much faster and larger oscillation of the
seizure attractor remain.

At the same time, filtering the data is not totally unreasonable as Fig.[5.0]
shows that prior to a given system exhibiting chaotic itinerancy the respective
attractors occupy an increasingly larger volume of state space.

However, there are two further traits of the training data which are known
to inhibit RCs from achieving multifunctionality, the large amount of overlap
and the different timescales between the seizure and non-seizure attractors.
The issue of overlapping training is explored at length in Chapters[d] and
[7, Fig.[4.9 demonstrates the difficulties posed for the RC when tasked with
reconstructing chaotic attractors with increasingly different timescales. Be
that as it may, since the training data has already lost some of its original
attributes from the filtering process, by reducing or removing the overlap
between the data or tweaking the timescales to match one another further
dilutes the connection between the experimental and training data.

Taking the above into account, an alternative approach to mitigate these
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N P P o Vmin Tmaz r B Q tl tt
1000 0.1 1.35 5 107%* 10%'2 135 200 0.1025 10 50

Table 8.1: Hyperparameters and time parameters used to generate the multifunc-
tional RC. Note, t; = tjisten and t; = tirain-

issues is to adapt the RC from its design in Eq. (2.10)) to include a term that
infuses more diverse timescales into the RC’s dynamics like in the method
introduced in [174]. This adapted RC is described according to,

7(t) =y [—r(t) + tanh (M r(t) + oWy, u(t))], (8.1)
r(0) = 07, (8.2)

where the elements of v € RY are drawn from a log-uniform distribution
with Y and Y4 chosen to reflect the training data in order to introduce
further multiscale dynamics in the RC. The resultant log-uniform distribution
is multiplied by a scalar, I'. From preliminary tests, this technique is found
to improve the performance of the RC without making further compromises
in preparing the training data for the RC.

M and W,, in Eq. are constructed according to the method outlined
in Sec.m. To train the listening RC in Eq. to become multifunctional
and reconstruct a coexistence of P; and Py, the blending technique outlined
in Sec. is used. Solutions of Eq. in response to the driving inputs
from P; and P, are computed using the 4"* order Runge-Kutta method with
integration time-step, 7 = 0.001, which is the same as the measurement in-
terval of the time-series data that describes P; and P,. The RC training
parameters used to reconstruct a coexistence of P; and Py are specified in
TableR.1l

8.3.2 Reconstructing a coexistence of P; and Ps

The result of training the RC described in Eq8.1] with the parameters given
in Table[8.1fis shown in Fig.|8.4]
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Figure 8.4: Multifunctional RC’s reconstruction of the seizure and non-seizure attractors where t is the time after the

prediction begins.
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The dynamics of the trained multifunctional RC when it is initialised with
either 7s, (firain) OF T8, (tirain) is illustrated in Fig.[8.4 The bottom panels
demonstrate that the multifunctional RC successfully reconstructs the dy-
namics of the non-seizure and seizure attractors for a long period of time.

The top panels in Fig.[8.4]illustrates a portion of the multifunctional RC’s
short term predictions of data from the K3A channel where the time is la-
belled here as the time after the RC begins its predictions from. These high-
light that the RC closely imitates the dynamics of this variable during this
period of time for both the non-seizure and seizure attractors. Although it
is not shown here, this multifunctional RC was initialised from a number of
random initial conditions and the non-seizure and seizure attractors are the
only attractors which were found to exist in P, in other words, there are no
untrained attractors present after the training.

An extensive parameter sweep of the RC was conducted in order to find
a combination of parameters which gave rise to multifunctionality. However,
the large amount of overlap between the non-seizure and seizure neural data as
seen in Fig.[8.3] presented similar difficulties to those experienced in Chapters
6] and [7] when the RC was tasked with solving the seeing double problem in the
extreme case of ., = 0. The results presented in Figs.[7.1d and provided
a guideline for choosing the RC training parameters specified in Table[S.1]

8.3.3 Generating transitions between attractors

To generate transitions between the non-seizure and seizure attractors of the
multifunctional RC, the same sequence of events which gave rise to the regime
of chaotic itinerancy illustrated in Fig.[5.6] are followed here. In this case, in
order to destabilise the multifunctional RC, the spectral radius, p, is increased
from the value used in the training of 1.35 to 1.36. Note, it is only that M is

rescaled here and the RC is not retrained at this new p value.
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The result of this is depicted in Fig.[8.5] which shows, in red, a trajectory
of the RC that closely resembles the dynamical features of the training data.
Here it can be seen that this small change in p is sufficient to destabilise the
multifunctional RC and bring about chaotic itinerancy. The panels on the
left hand side illustrate the RC’s abrupt transition from the non-seizure to
seizure and back to non-seizure attractor ruins. In the long-term, the length
of time spent in seizure is characteristic of the experimental data, however,
what is not shown here is that this property has a dependency on the choice
of p.

The panel on the right hand side of Fig.[8.5]illustrates the itinerant trajec-
tory overlaid on the original reconstructed attractors from the multifunctional
RC. Here the RC’s trajectory when visiting each attractor ruin closely resem-
bles the dynamical features of the original coexisting attractors.

The best results were achieved by choosing the training parameters to be
close to where chaotic itinerancy was first noted and the transitions began.
While it was found that it is possible to achieve multifunctionality for slightly
smaller values of p this required a larger increase in p in order for the RC to
begin exhibiting chaotic itinerancy. This large gap between p values resulted
in the respective attractors occupying larger and larger volumes of the state
space before the transitions between them began. By training the RC with a p
value just prior to the onset of chaotic itinerancy, this prevents the seizure and
non-seizure attractor ruins from growing too large and retaining less features

of the original training data.

8.4 Conclusions

The steps involved in training a RC that incorporates multifunctionality to
successfully simulate the transitions between non-seizure and seizure dynam-
ical regimes found in epileptic rodent brains are presented in this Chapter.
To be more specific, a RC is trained using experimental neural voltage data
obtained from GAERS to reconstruct a coexistence of non-seizure and seizure

attractors. The dynamics of this multifunctional RC are destabilised in or-
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der for it to exhibit chaotic itinerancy. In this scenario the RC’s dynamics
captures the characteristics of the transitions observed in the experimental
data as its state wanders chaotically between ruins of non-seizure and seizure
attractors.

The results presented in this Chapter can also be extended to model
the transitions between the non-seizure and seizure attractors using differ-
ent mechanisms. For instance, by including an additional input variable in
the trained multifunctional RC, a control signal can be designed to supply
the RC with a sufficient input to force its state from one attractor to the
other. Similarly, by driving the multifunctional RC with an external input,
an excitable network attractor of the RC which describes the minimal input
needed to switch from one attractor to the other could be established by ex-
tending the method presented in [123] to cases beyond fixed points. However
this goes beyond the scope of the current Chapter.

Furthermore, as this RC successfully simulates characteristic features of
the experimental neural voltage data from different rats, in future work the
aim is to move into the ‘patient specific’ realm by modelling the dynamical
traits of epilepsy in individual rats. Further ambitions of this work is to
include additional ‘non-seizure’ attractors, such as the sleep state, in the
training in order to determine if transitions can take place more easily between
certain non-seizure attractors and seizure attractors.

As a final note, this Chapter marks a significant milestone in the story
of multifunctionality as it establishes that not only is multifunctionality an
interesting development to study from a theoretical perspective but it is also
highly useful from an applications point of view. The results presented in this
Chapter could not have been produced without the culmination of several key

concepts and results developed throughout this Thesis.



Conclusion and Future Work

The results presented in this Thesis flow from a two-way street between neuro-
scientific observation and mathematical representation. Inspired by the ability
of multifunctional neural networks to perform multiple tasks without chang-
ing any network connections, it is through recognising that these networks
exploit a form of multistability that it becomes possible to translate multi-
functionality from the biological to artificial neural networks via the reservoir
computing ML paradigm.

The fundamentals of reservoir computing are outlined in Chapter[2]and the
concept of ‘generalised synchronisation’ (GS) is used to describe the particular
mechanisms that enable a reservoir computer (RC) of a particular form to
learn how to reconstruct the long-term dynamics of a given attractor. In
Chapter[3] the concept of GS is extended to cater for the case of training a
RC to achieve multifunctionality by reconstructing a coexistence of several
attractors. Here, the ‘blending technique’ is introduced as a means to train
the RC for tasks involving multifunctionality. These concepts which underpin
how a RC achieves multifunctionality are elucidated through several numerical
experiments during Chapters[]-[8|

More specifically, the initial focus of Chapter[]is to test the flexibility of
the blending technique by using it to train a RC to reconstruct a coexistence
of chaotic attractors from a system that already exhibits multistability, two
parameter settings of a system, and two different systems entirely. Upon the
discovery of multiple other ‘untrained attractors’, attractors that exist in the
state space of the trained RC but were not present during the training, the

foucs shifts to exploring the relationship between these untrained attractors
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and the trained attractors using a bifurcation analysis.

Chapter[5] demonstrates the benefits of studying the effects of symmetries
in a RC setup and serves as a route to better understand the fundamentals
of this ML paradigm. Overall, the two-armed approach of analytical results
together with numerical experiments provide a much greater insight towards
the relationship between symmetry and multifunctionality in a RC. The in-
clusion of exotic cases like overlapping regions between attractors, chaotic
itinerancy in the prediction state space, and achieving multifunctionality with
four attractors further increases the robustness of the results presented in this
Chapter and showcases some of the interesting dynamics a RC can be trained
to simultaneously reconstruct.

The relationship between overlapping training data and multifunctional-
ity comes to light in Chapter[] by exploring the dynamics of a RC as it is
trained to perform the ‘seeing double’ problem. The results presented in this
Chapter reveal the particular bifurcations responsible for enabling a RC to
achieve multifunctionality in a paradigmatic setting. Moreover, the concep-
tual framework that describes how RCs achieve multifunctionality outlined in
Chapter[3]is based on the knowledge gained from the analytical and numerical
results presented in this Chapter.

The seeing double problem is reinterpreted as a benchmark task for ex-
ploring the limits of multifunctionality across different RCs in Chapter[7] The
results presented here provide some further guidance on how to train RCs to
achieve multifunctionality in challenging circumstances and outline the key
differences between how certain RCs achieve multifunctionality.

Multifunctionality opens up new application areas for RCs, for instance, in
producing data-driven models of real-world phenomenon where multistability
is thought to play a role. The first application of multifunctionality to a real-
world problem is established in Chapter[§ where it is used to model seizure
dynamics using experimental data from the brain of epileptic rodents.

While this Thesis introduces the theory of how RCs achieve multifunction-
ality, explores the dynamics of how multifunctionality is achieved in several

numerical experiments, and lays the groundwork for future applications of
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multifunctionality, there are a growing number of question to answer and av-
enues for future work. Many of these questions and opportunities for future
work are highlighted throughout this Thesis, the following discussion provides
a general overview on how to address some of these.

One of the most outstanding questions that remains is, how much mul-
tifunctionality can a given RC achieve? From the results presented in this
Thesis, it is clear that there’s at least two factors to consider here, the num-
ber of attractors and the relationship between these attractors. The current
record for the most amount of attractors reconstructed by a multifunctional
RC is held by Joschka Herteux who trained a RC to reconstruct a coexistence
of seven chaotic attractors as shown in [175]. Acknowledging that it is possible
to compose systems with ‘infinitely many’ coexisting chaotic attractors like
in [176], then the same could be explored for a RC. The benefits of pursuing
such endeavours in terms of memory recall and computational efficiency are
discussed in Sec.[3.4l At the same time, Fig.[7.1d illustrates that even when
the relationship between two limit cycles is highly complicated then RCs with
much higher dimensions are required in order for multifunctionality to be
achieved.

A key element of this Thesis is the study of the interaction between un-
trained attractors and trained attractors with examples of these presented in
Chapters [2] i and [6] Based on these studies it seems that untrained attrac-
tors prepare the state space of the RC for the arrival of the trained attractors.
However, further investigations are required in order to establish the root and
the role of untrained attractors in a RC.

While the bifurcation analysis tools used in this Thesis provide significant
insight into how RCs learn and perform certain tasks and their interaction
with untrained attractors, it is likely that only half the story is being told as
the unstable solutions are not accounted for due to the inherent limitations
of the approach used to explore these dynamics. As mentioned in Chapter[d]
these issues can be alleviated by adapting well-known continuation software
like AUTO [134] to the case of reservoir computing. Bifurcation analysis on
ANNSs similar to the CT-RC studied throughout the majority of this Thesis
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have so far mainly concentrated low dimensional ANNs such as the work of
Doya in [177], Beer in [178/179], and Ceni et al. in [123] where the results from
a bifurcation analysis of the LI-RC provides the insight needed to solve the
flip-flop problem. By conducting a bifurcation analysis of low-dimensional
RCs and studying how the dynamics of the RC changes as the dimension
increases may provide further insight into the behaviour of higher dimensional
RCs and establish how much multifunctionality a given RC can have.

From an applications perspective, multifunctional reservoir computing can
also be used to model further neurological conditions involving the transition
between different regimes in competition with one another. Furthermore,
using a multifunctional RC to bring about transitions between states in an
autonomous system is not limited to modelling neural dynamics. In principle,
when there is an interaction between a number of distinct modes of operation,
the modelling method outlined in this paper is applicable.

It would also be interesting to investigate if multifunctionality can also
be translated to Physical RCs like those mentioned in Sec.[2.3.5 to increase
the range of their applications. The work presented in this Thesis may be of
particular interest to researchers designing on-chip RCs to be deployed in em-
bedded devices as some applications of these may benefit from incorporating
multifunctionality.

All in all, the work presented in this Thesis indicates that if other hy-
potheses or known facets of the brain can be articulated using concepts from
dynamical systems, then therein lies the potential to portray it artificially.
Moreover, the brain may also hold many more secrets that can push the

boundaries of what a given ANN can be trained to achieve.



APPENDIX A

The Explainability Elephant

Confronting the divergence between the ability and explainability of Al

Throughout history, humans have developed a multitude of tools and ma-
chines which have changed our relationship with the world. From the earliest
implements used by our ancient ancestors to the technologies of today, math-
ematics has played a crucial role in the development and understanding of
these inventions. However, the rate at which highly disruptive machine learn-
ing innovations have advanced in recent times has proven to be difficult for
mathematics to keep pace with explaining how these machines learn. The
growing need to address this widening gap and a means to tackle this prob-
lem become clear through the topics considered in the following discussion

that’s directed to a more general audience.

A.1 From picking stones to the Singularity

While the first known tools used by our early ancestors mainly consisted of
carved stones shaped for specific tasks [180], these innovations arose from our
growing awareness of how we can interact with our immediate surroundings.
However, in order to perform tasks beyond the physiological and computa-
tional capabilities of the body and mind, this ultimately required a basic
understanding of several physical phenomena and mathematical concepts.
This story is still more or less the same over 3 million years later. For
instance, the invention of the steam engine during the Industrial Revolution
required a deep understanding of thermodynamics and mechanics. These
years of tremendous scientific and technological advances marked a turning

point in human history as machines began to replace us in jobs previously

207



Appendix A. The Explainability Elephant 208

done by hand, ergo, resulting in extensive social and economic changes.

In more modern times, the increasing power and widespread use of com-
puters has had an immensely profound impact on human society. From the
way we communicate and work, to how we enlighten and entertain ourselves,
these information processing machines have changed nearly every aspect of
life. However, it is only in last number of years that questions on whether
computers can think or could acquire a form of intelligence or even gain con-
sciousness have become commonplace and entered the collective societal con-
science thanks to advances in the research area of ‘Artificial Intelligence’ (AI).

Today, Al is recognised as an umbrella term referring to a suite of tech-
nologies that mimic and outperform humans on a growing list of tasks.

In recent years, there has been an explosion of interest in these tech-
nologies. This is largely due to the enormous progress made across sev-
eral branches of Al in particular, in the area of Machine Learning (ML)
with the development of new techniques for training ‘artificial neural net-
Worksﬂ (ANNSs) to solve sophisticated problems. From aiding professionals
in healthcare [9,/10] and agriculture [11H13], to advances in autonomous ve-
hicles [14-16], and beating world champions in the game Go [17], various
designs of ANNs have quickly become a dominating factor in driving forward
technological innovation.

These ML breakthroughs have generated immense economic growth and
companies around the world are looking to incorporate Al into multiple dif-
ferent products and services. Al based technologies are projected to expand
the world economy by up to 14% during the present decade, however, this
progress may sweep across many professions like a double-edged sword as
significant job displacement and creation are also expected [181].

Despite any of these potential opportunities, with every transformational
discovery this brings with it many new challenges which cannot be wholly
anticipated. To put this in greater perspective, let us turn to Seneca, the
Stoic philosopher, who said, “non est ad astra mollis e terris via” (“there is
no easy way from the Earth to the stars”). In the case of Al and ML, there

Mathematical abstractions of the basic building blocks of biological neural networks.
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is still much work to be done, not only in terms of assessing the long-term
reliability of artificially intelligent systems but also in developing certification
guidelines, before a widespread adoption in industry can occur [182].

Central to these concerns is the lack of explainability on how many of
these ANNs operate [43H45]. In response to this, there is a growing empha-
sis placed on the advancement of ‘Explainable AI’ in order to construct a
Rosetta stone that enable humans to understand the decisions or predictions
made by an artificially intelligent system. However, what is just as troubling
is that, despite the remarkable achievements made in Al, there is a tendency
to ‘shoot first and ask questions later’ as many ANNs are considered to be
‘black-boxesf] This oftentimes results in little being known about the in-
ternal mechanisms responsible for enabling learning, preventing learning, or
producing unintended biases or functionalities.

As the gap between advances in Al and our awareness of how these ma-
chines operate continues to widen, and the line between human and machine
intelligence continues to blur, where does this momentum lead us to? It is
natural to imagine a stage whereby this line between humans and machines
becomes sharply redefined. This event, is what John von Neumann conceived
of as the ‘Singularity’ - a point in time at which the intelligence of machines
surpasses human intelligence and fundamentally changes the nature of civili-
sation. Discussions on this event has entered into the public domain thanks
to books such as Ray Kurzweil’s, The Singularity is Near [183], where he

outlines his reasons for predicting the Singularity to occur by 2045.

A.2 A Singularity survival guide

For many years the woes of wild post-Singularity visions of human civilisa-
tion have captivated audiences worldwide. Several Sci-Fi fiascoes have asked
questions such as, whether humans will begin crusades against computers and

outlaw Al as in Denis Villeneuve’s recent adaption of Frank Herbert’s Dune,

2 A black-box is a system whereby there is nothing known about how the system produces

a particular output for a given input.
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reverse roles and become slaves to machines like in the Wachowski’s Matriz,
fall victim to rogue robots and Als such as HAL 9000 in Stanley Kubrick’s
2001: A Space Odyssey, James Cameron’s Terminator, Ava in Alex Garland’s
Ex Machina, or attempt to coexist amongst our sentient creations like Rid-
ley Scott’s dystopian dream of Los Angeles in Blade Runner that ultimately
juxtaposes what it means to be human in the first place. These fantastical fig-
ments manifest from subtle perturbations of technological potentialities from
our world and failed attempts to create utopia resulting in either radical so-
cietal shifts or collapse E| All in all, these nightmares serve as warning signals
towards the importance of building ‘our final inventionﬁ correctly.

In reality, it is difficult to fully imagine what our place in the world will
entirely look like after human-level Al is achieved and cognition as we know
it is liberated from its current biological limitations. However, many psy-
choanalysts are questioning not only what will be the societal impact of an
increasing dependence on Al but also how our present belief systems will func-
tion if the mind and machines coalesce in the ‘wired brainﬂ For instance, in
Slavoj Zizek’s recent book, Hegel in a Wired Brain [186], he outlines how our
current understanding of human ideology as well as different schools of phi-
losophy require radical rethinking in a post-Singularity society consisting of
multiple competing forms of intelligent agents such as humans, post—human&ﬁ,
human developed Al, and non-human developed Al

At the same time, in Mark O’Connell’s book, To Be a Machine [187], he

recounts of several encounters with advocates of the Transhumanistl’] move-

3Through William Gibson’s 1984 debut novel, Necromancer, he’s credited with iden-
tifying that these artistic movements have spawned a new subgenre in Sci-Fi known as
Cyberpunk, where questions on humanity’s place in a technologically advanced transcul-

tural ecosystem are explored [184].
4A term coined by James Barrat to describe the potential future impact of Al in his

book, Our Final Invention: Artificial Intelligence and the End of the Human Era |185].
5A term synonymous with a brain-computer interface (BCI), a device implanted in the

brain which creates a dialogue between signals in the brain and, for example, a computer,

robotic limb, or another BCI.
6 A person or an entity that exists in a state beyond being human resulting from potential

enhancements to human nature generated through science and technological developments.
"A movement, popularised by biologist Julian Huxley (brother of the author Aldous
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ment who proclaim that our destiny is to transcend to post-human lifeforms,
extract ourselves from the biological bounds imposed on us by nature, and to
ultimately return to our place in the Garden of Eden. O’Connell details how
certain body hacking fanatics claim to have become cyborgf] by implanting
antennae and sensors into themselves with many more enthusiasts counting
down the days to the Singularity fueled by hopes of future technologies which
can be used to avoid death by uploading their mind to a computer.
Regardless of what side anyone is on, the bottom line is that there is an
increasing amount of ML applications creeping into components of everyday
life and there is still relatively little known about how these machines actu-
ally learn and perform certain tasks. Therefore, as our dependence on Al
based technologies continues to grow, it is paramount that we practice some
prescience and develop the mathematics required to describe the dynamics of
these machines before their behaviour becomes incomprehensible to us. Zizek
can offer further guidance on the mindset needed to confront these issues with
his final message in First as Tragedy, Then as Farce [188], by realising that
“we are the ones we have been waiting for”. Through this it becomes clear
that, even though the promise of Al is to improve the human condition it
may well be a Trojan Horse waiting at the gates, and the only way to prevent
Sci-Fi apocalypse dreams from becoming a reality is to perceive it as our fate

and to act proactively in order to avoid it.

A.3 Follow the dynamical road

Fortunately, it is possible to simultaneously push the boundaries of Al and
address the explainability elephant in the room by employing the interdisci-
plinary mathematical language of dynamical systems.

In a nutshell, dynamical systems is a branch of mathematics that focuses

Huxley and step-brother of the Nobel Prize-winning physiologist Andrew Huxley), which
is predicated on the idea that we are already machines that just happen to run on what
Earth provides and that we can and should use technology to change the basic aspects of

the human condition, such as the certainty of death, to ultimately become immortal.
8 A cybernetic organism with organic and biomechatronic body parts.
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on studying the behaviour/dynamics of systems that evolve over time accord-
ing to a set of equations. From Henri Poincaré’s pioneering approach to the
three-body problem [189], to Edward Lorenz’s discovery of ‘deterministic non-
periodic flow’ [75] and the boom years of nonlinear dynamics and chaos that
followed [190], to the broad-spectrum of phenomena studied by dynamicistsﬂ
worldwide today, our growing knowledge of dynamical systems has enabled
us to navigate our way to new frontiers of science.

Therefore, by describing an artificially intelligent system as a dynamical
system then the same set of mathematical tools, that have dramatically im-
proved our understanding of the world around us, can in principal be used to
explain how these machines learn.

In this Thesis, several concepts from dynamical systems are used to ex-
plore how a ‘reservoir computer’ (RC) [28-30] learns and solves particular
tasks. Reservoir Computing is just one ML approach which can be rigorously
assessed through the lens of dynamical systems as a RC can be realised as a
type of ANN that is also a dynamical system. The success of examining RCs
from a dynamical systems perspective is well documented in the literature and
there has been many key advances made which help to ‘open the black-box’
such as [38-42]. The results presented in this Thesis help to crack open the
black-box even further by identifying, in certain circumstances, the particular
bifurcationd’] a RC goes through that are responsible for enabling learning,
preventing learning, and producing unintended functionalities.

Another benefit of working within this dynamical systems viewpoint of
ML is that well-known concepts in dynamical systems can also be exploited
to establish new ways in which a machine can learn [114/115]. As this Thesis
demonstrates, this also facilitates the integration of known dynamical features
of the brain into ML environments which reinforces the bridge between the
biological and artificial neural networks in order to develop artificially intelli-
gent systems that are more closely aligned with operational characteristics of
the brain.

9A person who investigates and researches dynamics.
10A qualitative change in the behaviour of a dynamical system that occurs by varying a

parameter of the system.
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RC calculations

B.1 Computing the Jacobian matrix

The Jacobian matrix is calculated by evaluating the derivative of the predict-
ing RC from Eq. (2.19) with respect to the state of the RC, 7(t) € RY. In

other words,

0

I =57

(1), (B.1)

where J(t) is the Jacobian matrix of the predicting RC evaluated at time t.
Applying this to Eq. (2.19)) results in,

0

or
0

—~vIy+7 PR tanh ( M #(t) + oW, W q(7(2)) ). (B.2)

{v[=7(t) + tanh ( M 7(t) + oW, W q(7(2)) )]} =

where M € RV*N W, € RV*P W, € RPN q(7(t)) is defined as in
Eq. (2.13)), and Iy denotes an N x N identity matrix.

In order to make further simplifications of Eq. (B.2)), it is necessary to use

the chain-rule, 2 f(g(x)) = %f(g(a:)) x 2 g(x). In the case of the second

term in Eq. (B.2)), by using the chain-rule it follows that,

ai tanh (M 7(t) + 0 W3, Wy, q(7(1))) =
9]

0 (M ’f’(t) + O'Winwout q<,,ﬁ.<t)))

tanh (M #(t) + oW, Wou q(7(1)))

X

D (M#(1) + oW W ali (1)) B3
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Focusing first on the derivative of the tanh (-) term in Eq. (B.3)), the following
substitution, s(t) = M 7(t) + oW, Wy q(7(t)) = (51 ... sn), is made for a

greater ease of computation. This derivative term is now written as,

5 %tanhsl %tanhsl
gtanhs = : : . (B.4)

9 L. 0
Bor tanh sy Bem tanh sy

All off diagonal elements of the above matrix are 0 which allows Eq. (B.4)) to

be written as,
0 0 0
98 tanh s = diag (8_31 tanh sy . .. Do tanh SN) : (B.5)

where diag (-) denotes a diagonal matrix constructed from the elements of a

given vector. By computing the derivative of the above, it follows that,
0 1
di —tanhs | =di
iag <83 an s> iag <Cosh 32) ,

1
= diag < - - 2) . (B.6)
cosh ( M7 (t) + oW, W,.q(7()) )
The other derivative term in Eq. (B:3)), & (M #(t) + oW, Wy q(7(1))),

is evaluated as,

0 0
(%M 7(t) + =W, W q(7(1)),

or
=M

0 . o .
37zr(t) +oW,;, W s %q(r(t)),

MIy +oW,;, W Iv (B.7)
= N O VWWin out . N . .
2 (diag (7(t)))

Combining the simplifications made in Egs. and and substi-
tuting these into Eq. (B.2)) allows the Jacobian of the predicting RC at a given
time ¢ to be written as,

1
| )w
cosh (M#(t) + oW, Woeq(7(1)))
1 I
N N 2) WinWout . NA .
cosh (M#(t) + oW, W,,.q(7(1))) 2 (diag (7(t)))

J(t) = =9Iy + v diag (

+ yo diag (
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Numerical methods

C.1 Lyapunov exponents

In 1892, in his doctoral thesis, The general problem of the stability of mo-
tion [191], Aleksandr Lyapunov introduced several groundbreaking ideas to
investigate stability in differential equations. These concepts, including Lya-
punov functions and Lyapunov exponents, are collectively known as Lyapunov
Stability Theory.

Since their discovery, Lyapunov exponents (LE) have proven to be one of
the most useful tools in the analysis of dynamical systems, in particular for
quantitatively describing the behaviour of a given system. These exponents
are an exponential measure of divergence or convergence of nearby orbits in
the systems state space. If the largest Lyapunov exponent (LLE), A4, of a

given attractor is:
e Positive, implies the system exhibits chaos.

e Zero, suggests the system is at a bifurcation point or is on a stable limit

cycle.
e Negative, indicates that the system is on a stable fixed point equilibrium.

The following process is used to compute the largest Lyapunov exponent

of a given continuous-time dynamical system,

a(t) = £ (@(t)). (1)
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After the system has settled down to some attractor, A, after some time ¢
when initialised with, 2(0) = x 4, then the solution of Eq. can be written
as x A(t).

To test the local stability of @ 4(t) and compute the LE’s to determine if
nearby trajectories converge to or diverge from @ 4(¢), the system is linearised
about @ 4(t) and the evolution of a small perturbation vector p(t) beginning

nearby @ 4(t) is written as,
x(t) =z A(t) + p(t). (C.2)

Substituting the above into Eq. (C.1]) results in,

Swalt) + 5p(0) = £ (@alt) + plH)) (3

dt
= f (za(t) I (za(®)) P(t) + O (P*(1)) . (C4)

where J (x4(t)) is the Jacobian matrix of the system described in Eq. (C.1)
evaluated at @ 4(t). The evolution of the perturbation vector p(t) from initial

condition, p(0) = p,, can be written as,

p(t) = I (zalt) p(t). (C.5)

To compute the LLE of the system, solutions of both Egs. (C.1)) and (C.5))
are calculated simultaneously, first allowing Eq. (C.1]) to settle to an attractor
and then letting p(t) grow for some short interval of time, ¢’ to avoid p(t)

growing too large. The following is then computed,

ﬂ:%mmw, (C.6)
p(t)

and p(t’) is rescaled as p(t') — preserving the direction of the vectors

()]

orientation of convergence/divergence from the attractor. This method is

n

repeated multiple times to calculate {2,13,...,I" with n chosen sufficiently

large for to converge to the LLE, \,,.., where,

1 e
Aoz = — " C.7
n; (C.7)
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C.2 Floquet multipliers

In 1883, Gaston Floquet introduced the concept of Floquet multipliers to
analyse the periodic behaviour exhibited certain differential equations [192].
Floquet multipliers characterise the stability of a dynamical system’s response
to a periodic driving input signal. In addition to this, and in contrast to Lya-
punov exponents, through tracking the evolution of the Floquet multipliers
in response to changes in the dynamical system’s parameters, it is also pos-
sible to determine what type of bifurcation a dynamical system undergoes at
certain parameter values.

The Floquet multipliers are the eigenvalues of the ‘monodromy matrix’,
Q, which is the solution of,

Q(t) =J(1)Q(t), Q(0) =1y, (C.8)

after one period, T'. J(t) is the Jacobian matrix of a dynamical system which
exhibits periodic dynamics. Iy is the identity matrix of size N x N.

The eigenvalues of Q provides information on the stability of the driven
system. Given a periodic attractor, if the absolute value of any Floquet
multiplier, p;, is > 1 then the attractor is unstable. On the other hand, if
the absolute value of the largest Floquet multiplier, 1, is 1 and all other p;’s
have absolute value < 1 then the attractor stable. There will always be one
eigenvalue of Q which equals 1, this is called the ‘trivial’ Floquet multiplier.

Further information about the dynamics of the system can also be de-
termined from examining the evolution of the Floquet multipliers in corre-
spondence to changes in system parameters. For instance, as a given system
parameter is varied, if the largest Floquet multiplier, written as py = x + iy,

changes such that,

r>1,y=0 —> saddle-node/symmetry-breaking bifurcation,
r<—-1,y=0 = period-doubling bifurcation,
lz+iy>1, z,y#0 = Hopf/Torus bifurcation.

The level of insight which Floquet multipliers provide about dynamical

systems in the form of RCs is highly valuable. Not only do the Floquet
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multipliers identify when a RC’s response to a periodic driving signal is stable,
and therefore when attractor reconstruction is possible, but also the particular
bifurcation through which attractor reconstruction is achieved.

In order to compute @Q in the case of the CT-RC presented in Eq.[2.10]
its dynamics over one period, T, is recorded. In this instance, J(¢) is the

Jacobian matrix of the predicting RC defined in Eq. (2.19)) which is computed
in Appendix[B.1]
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