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ON LP-IMPROVING FOR AVERAGES ASSOCIATED TO MIXED
HOMOGENEOUS POLYNOMIAL HYPERSURFACES IN R?

SPYRIDON DENDRINOS AND EUGEN ZIMMERMANN

ABSTRACT. We establish LP — LY estimates for averaging operators associated
to mixed homogeneous polynomial hypersurfaces in R3. These are described in
terms of the mixed homogeneity and the order of vanishing of the polynomial
hypersurface and its Gaussian curvature transversally to their zero sets.

1. INTRODUCTION

This article deals with the fundamental problem of determining the precise
amount of LP-improving under convolution with surface measure supported on hy-
persurfaces in R3, given by graphs of mixed homogeneous polynomials.

This problem has been studied in various forms over a number of years going
back to Littman [11], Stein [14] and Strichartz [16]. More closely related results
to the present work are found in the work of Ferreyra, Godoy and Urciuolo who
give necessary and sufficient conditions for LP — L? boundedness of convolution
operators associated to homogeneous polynomials [7, 17] and specific cases of mixed
homogeneous polynomials [4, 5, 6], and Iosevich, Sawyer and Seeger [10] who give
sufficient conditions for L? — L9 boundedness of convolution operators associated
to convex functions. Our aim is to look beyond convex functions. To this end the
consideration of mixed homogeneous polynomials is a first step which should lead
to further results for general polynomials and real analytic functions. Our results
do also improve the known results of [10] for cases where the mixed homogeneous
polynomial happens to be convex.

In parallel to the aforementioned work, there has been work on weighted ver-
sions of the problem, where instead of considering the Riemannian surface measure
of the hypersurface, one considers the so-called affine invariant surface measure,
introducing a weight which is a power of the Gaussian curvature, and one tries
to obtain the same LP — LY boundedness as for the most well-curved case corre-
sponding to nowhere vanishing Gaussian curvature. This was done by Oberlin [12],
who proved restricted weak type endpoint estimates, and Gressman [8], who proved
strong type endpoint estimates. These weighted estimates might be expected to be
in some sense stronger and to imply the unweighted ones, as is the case when the
underlying manifold is a curve, in both the Fourier restriction and the convolution
problems (see e.g. [1, 3]). However, even though these weighted estimates prove to
be extremely useful in our proof, in the case of hypersurfaces they do not contain
all the information. This may indeed be expected by making the simple observation
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2 SPYRIDON DENDRINOS AND EUGEN ZIMMERMANN

that in the homogeneous case there are nontrivial LP — L? bounds for operators as-
sociated to hypersurfaces whose Gaussian curvature even vanishes identically, hence
for which the corresponding weighted operator is the zero operator.

2. STATEMENTS OF RESULTS

Let K = (k1,k2), k1,62 > 0. A function g on R? is called x-homogeneous of
degree a if g(r*t-,r"®2.) = r%g for all » > 0. Such functions are also called mixed
homogeneous. The exponent a is called the k-degree of g. The function g is called
homogeneous if k1 = k2. The convolution operator under consideration is defined,
initially for f € S(R3), by

Af(z) = [ flz —2(y))P(y)dy, (2.1)

R2
where 1) € C§°(R?) satisfies
0<¢ <1, suppy C[-1,1%, ¢ =1on[-1/2,1/2)%

The function ® parametrises the associated hypersurface in R and has the form
D(y) = (y1, 92, ¢(y1,y2)), where ¢ is a mixed homogeneous polynomial. We will
exclude from our analysis the cases where ¢ is a homogeneous polynomial (in par-
ticular when it is a pure monomial of the form ¢(y1,y2) = cyi*y?) since these
cases have been dealt with in [7, 17] and they are somewhat special (see the dis-
cussion directly after Theorem 2.3). Hence, from this point onwards, whenever we
use the term mixed homogeneous, we will assume without loss of generality that
k1 < ke2. In addition, if V(0,0) # (0,0), then after a linear transfomation in the
ambient space which does not change the LP — L4 norm of A (cf. Lemma 2.4),
¢ becomes a monomial and can be treated as in [7]. Therefore in Theorem 2.3 we
only consider the cases with V¢(0,0) = (0,0). Note that with this definition, it
is not possible that the Hessian determinant of a mixed homogeneous polynomial
vanishes identically (as will be shown later in Corollary 8.2).

We first quote parts of a proposition and its corollary from [9] (Proposition 2.2
and Corollary 2.3 in that article) which give us further information on the structure
of mixed homogeneous polynomials and will aid us in formulating our theorem. Here
ged stands for the greatest common divisor.

Proposition 2.1 (Ikromov and Miiller). Let ¢: R? — R be a x-homogeneous
polynomial of degree one. Assume that o is not of the form ¢(yi,y2) = cyiyZ,
ceR, A, B € Nyg. Then k is uniquely determined by the polynomial ¢ and we have
K1, ko € Q. Furthermore,

s T
k= (K1,Kk2) = (E’ E) ,  ged(r,s) = 1.
The polynomial ¢ can be factorised as
M
ey y2) = Cyye® | | (U5 — Ajwi)™, (2.2)
j=1

with M € N, v1, v, € Ny, distinct \; € C\ {0} with multiplicities n; € N, j €
{1,...,M}, and C € R\ {0}. If we put n := 3"

=11, we also have

1 1S+ vor +nrs

K1+ Ko r+s
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For the rest of this article we fix the notation introduced in Proposition 2.1 and
denote the Hessian determinant det ¢ by w. Without loss of generality (cf. Lemma
2.4), we may assume that C = 1. We define, for any polynomial ¢ as in Proposition

2.1, its homogeneous distance
1
d = .
n(¥) K1 + Fog

The quantity dp,(¢) will be written as dp, when no confusion arises. We also define
the height of ¢ by

h((p) = maX{dh(gO)7I/1’l/27 ’I’L]},

max
N ERI<j<M
in the case where ¢ is not a monomial and by

h(@) = ma’x{ylv V?}»
in the case that it is. This definition of the height will be sufficient for our purposes.
There is a well-known link with the Newton polyhedron of ¢ in terms of which the

height is usually defined, for which we refer the interested reader to [9] (in particular
Corollary 3.4 in that article).

Corollary 2.2 (Ikromov and Miiller). Let ¢ be a (K1, k2)-homogeneous poly-
nomial of degree one as in Proposition 2.1 and consider the representation (2.2) of
®.
(a) If ko/k1 € N, dce. if s > 2, then n < dp(p). In particular, every real root
Ty = )\;/Sazq/s of ¢ has multiplicity n; < dp(p).
(b) If ke/k1 € N, d.e. if s = 1, then there exists at most one real root of ¢
on the unit circle S* of multiplicity greater than dy(p). More precisely, if

we put ng = vi,Nar41 = va, choose jo € {0,..., M + 1} so that n;, =
max{nog,...,nm41} and assume that n;, > dp(p), then n; < dp(p) for
every j 7 jo-

In light of the above proposition and its corollary, our main theorem is as follows.

Theorem 2.3. Let ¢ be a (K1, k2)-homogeneous polynomial of degree one, not of
the form o(y1,y2) = cyity?, c € R, A, B € Ny, and with

K1 # K2, V(,O(O, O) = (070)

Let N be the highest multiplicity of any real root of ¢ that is not along one of
the coordinate azxes and T be the highest multiplicity of any real root of the Hessian
determinant det ©”. Then the operator A, defined by (2.1), is bounded from LP(R?)
to L1(R®) for p and q satisfying the conditions below (here dj, = dy, () ):

1 1
- < -, 2.3
R (2.3)
1
153 (2.4)
q P
1 1
> 2.5
P (2.5)
1 1 1
S : 2.6
q p dp+1 (2:6)

and
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(a) if N >dy +1/2,

1 1 1
1 N+21 2
LS , (2.8)
q N+1p N+1
1 N+11 1
LS , (2.9)
q N+2p N+2
(b) if N <dp+1/2 and max{vy, v} > dp,
1 1 1
- (2.10)

>
q  p max{v,n}+1

(¢) if N < dp + 1/2, max{vy, e} < dp, and the real root of det ¢’ with the
highest multiplicity is either along one of the axes or coincides with a real

root of ¢,
1 2Tr+51
- > ol , (2.11)
g T+3p
1 T+31 1 (2.12)

— > —_ — s

q 2T+5p 2I'+5

(d) if N < dp+1/2, max{v1,2} < dp, and the real root of det” with the
highest multiplicity is not along the axes and does not coincide with a real

root of ,
1 51 2T+12

e 2.1
q>3p 3T + 12’ (2.13)
1 1 4

-> 31_ —_—. (2.14)
q dS5p T+4

Note that the conditions (2.5), (2.9), (2.12), (2.14) are “dual” to (2.4), (2.8),
(2.11), (2.13), respectively. Also conditions (2.11), (2.12), (2.13) and (2.14) are
redundant in parts (c) and (d) of Theorem 2.3 if T' < 2dj(¢) — 2. This is the case
for instance if the real root of det ¢’ with the highest multiplicity is along one of
the axes and ¢ vanishes along that axis as well or if the real root of det¢” with
the highest multiplicity is not along the axes and it coincides with a real root of ¢
with multiplicity greater or equal to 2.

Comparing this theorem with the results of Ferreyra, Godoy and Urciuolo [7, 17]
for the homogeneous case, one observes that the LP — LY boundedness regions
corresponding to homogeneous polynomials are not obtained simply by substituting
K1 = Ko in the mixed homogeneous case. The latter regions are in general larger
than the former.

In the case where the hypersurface is also convex, Iosevich, Sawyer and Seeger
[10] have made a conjecture (they have actually made a more general conjecture
for Sobolev spaces) that describes the LP — L? boundedness region in terms of the
“multitype”, which they define. Comparing the examples ¢(y1,y2) = y3 + yi2 and
o(y1,92) = y5 + y3y$ — y2y) + yi? one may observe that they are both convex and
have the same multitype, hence those authors obtain the same L? — L? boundedness
region for both. However, using the notation of Theorem 2.3, we have d;, = 3 in
both examples, T' = 10 for the first example and 7' = 4 for the second, hence we
obtain a larger region for the second example than the conjectured one in [10]. The
LP — L7 bounedness region for the first example, dictated by Theorem 2.3, is the
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same one as in [6, 10] and it is sharp. These examples show that, at least for LP — L¢
boundedness, the Iosevich, Sawyer and Seeger [10] conjecture is not appropriate.

In Section 3 we provide necessary conditions for parts (a), (b) and (c) (in certain
cases, see Lemma 3.4). The sharpness of the conditions in the remaining cases of
parts (c) and (d) is not known, nor are any examples, that show that the conditions
in (c¢) and (d) are not sharp, known to the authors at this stage.

We organise our proof in three parts: N > dp + 1,dp, +1 > N > dj +1/2,
and N < dj, + 1/2; the last part splitting further. In each part, we exploit the root
structure of w = det ¢”. After performing dyadic decompositions and rescaling, the
key step is to identify two LP — LP" estimates (p’ is the dual exponent to p) on the
dyadic pieces after which the rest of the proof follows naturally by interpolation on
the pieces and summation. One of these two estimates is an L*/? — L* estimate,
which is in fact a direct consequence of the weighted L*/? — L* estimate for
convolution with hypersurfaces of Gressman [8]. The other key estimate is mostly
an L3/2 — L3 estimate, except in the last case where an L8/5 — L%/3 estimate is
used, which we obtain using decay estimates for certain oscillatory integrals and
which depends on the root structure of ¢ itself.

Weighted boundedness estimates from L3/2 to L3 for the operators in question
also appear in Gressman [8] as a consequence of Theorem 6 in that article. However,
that theorem seems to be insufficient for our purposes and therefore not to be
optimal in the way that the weighted L*/3 — L* estimates are. This can be
demonstrated by looking at the simple example ¢(y1,y2) = (y2—y?)?. The required
estimate in this case amounts to satisfying the condition of Theorem 6 in [8] with
the weight w(x,y) = |z2 —y2 — (21 —y1)?|71, for all € > 0. In turn, if that condition
were satisfied, it would imply that, for all ¢ > 0 and some a,b,a € R,

dy
oo > sup)\/ /
S Jcores Lorconeriys (o ¥ )1+ IA2a ¥ dbyn) (32 — 527

2 Y1

1
z s [ dy
aek Jo<yi<t Jypayciyz (2 YD) L+ A2 — w1
1 BN
3B 1
e [ [ :
AeR 0 yz+2(|/\\2y1) Nl +yg)
1/2
e [T "
A>4 0 1 (y2+2(/\7y1)2)1’€(1+y§“)
e Sup Az €
A>4

which is not true for e < 1/2.
In addition to the notation introduced above, we need the following. For a mixed
homogeneous polynomial

we denote by
T(p) ={(G k) €NG: ai # 0}
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the Taylor support of ¢ at the origin. Finally, if A and B are two nonnegative
quantities, we write A < B if A < ¢B for some constant ¢, which will be allowed
to change from line to line. By A ~ B we mean A < B < A.

We will also need the following lemma. The proof is very easy and is therefore
omitted.

Lemma 2.4. Let S be a linear operator mapping from the space of Schwartz func-
tions to the space of all measurable functions and let A € GL(n;R). For f € S and
x € R, let Saf(x) = S(f o A)(A™tz). Then

1_1
||SA||LP_)LQ = |detA\q P||S||Lp_>Lq.

We start in Section 3 with some necessary conditions for LP — L? boundedness and
we continue in Section 4 with a simple interpolation argument that gives estimates
on the line 1/¢ = 3/p — 2. Sections 5 and 6 deal with part (a) of Theorem 2.3,
Section 7 deals with part (b), Sections 8 and 9 deal with parts (c) and (d) for the
cases where s > 2 and s = 1, respectively. As mentioned above, the proofs in all
sections follow the pattern of performing a bidyadic decomposition, using oscillatory
integral estimates and the weighted estimate for convolution with hypersurfaces of
Gressman [8] on each piece, interpolation on each piece and summing up the pieces.
We conclude in the final section with a proof of a lemma that is used in Sections 5
and 6 and a discussion of the relation between the height of the mixed homogeneous
polynomial ¢ and the height of its Hessian determinant w.

3. NECESSARY CONDITIONS

We give here some necessary conditions.

Lemma 3.1. Suppose A is bounded from LP(R3) to LY(R®). Then (2.3), (2.4),
(2.5) hold.

Proof. To show (2.3), let fx = 1j_an2njs for large N. If 2 € [N, NJ3, then
x —®(y) € [-2N,2N]? for any y € [-1/2,1/2]? and so T fx(z) = 1 for any such z.
Hence . .
Na S AN laws) S Ifnlloe@s) ~ N7,
which in turn implies (2.3).
To show (2.4) we consider for § small the set
X ={x € R®: (21,29) € [-1/4,1/4]?, |x3 — (w1, 72)| < §/2}
and fs = 1{_s 3. Clearly |X|~ ¢. For any z € X, let
)
Y, = ye_l 2,122:y—(x1,m2)§ }
{ AR | 2+ 2|Vl oo -1.212)

Then for any sufficiently small §, any € X and y € Y, we have z — ®(y) € [-4,]?
and so T'fs(x) = 6%. Thus

1 3
8962 S A fsllpaws) S I fsllorcmsy ~ 87,

implying (2.4). Inequality (2.5) follows by duality, since A is essentially self-adjoint.

Lemma 3.2. Suppose A is bounded from LP(R3) to LY(R3). Then

1 S 1 1 (3 1)
q — p max{yv, v, dp}+1° .
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1 : . . .
— 5.7 assuming v > 1, otherwise there is nothing
1

Proof. We first show that %
1
P vi+1
et

1>

72

to prove. The condition % >
factorise ¢(y) = y52 P(y) and 1
fo=1

where K = 1+ ||P|| 1o ([—1,12). Then any sufficiently small 0, for any = € [-1,1] x
[—61/v2, §1/v2) x [~6, 0] and any y € [—1/2,1/2] x [~6/72,6/72] we have z — ®(y) €
supp fs. Thus
11 11
(6"F72)56% S| ASsll o) S I fsllzoey ~ (87772)7,

which gives the desired result.

1< 1 1
To show that 7 > S~ @ e let

can be shown in a very similar way. We

1 1
[—2,2]x[—26 72 2672 | x [~ K §,K 5]

Jo = L[_asx1 26%1]x[—26%2 ,26%2] x [~ (M+1)6,(M+1)5]»

where M = )" |aqs| and aqp are the coefficients in the Taylor expansion of ¢ around
a,p

0. Then any sufficiently small §, for any x € [—§%*, §"1] x [—6"2, §%2] x [—4, ] and

any y € [—d"%1,5"1] x [—0"2,6"2] we have x — ®(y) € supp fs5. Hence

1 K K K K i
(51+m+f€2)q5 1+K2 5 ||Af5||Lq(]R3) 5 ||f6HLP(R3) ~ (51+ 1+ 2),,7

which gives
L1 mtm 11
g~ p kitre+l p dy+1
concluding the proof of the lemma. d

Condition (3.1) reduces to conditions (2.6), (2.10) and partly (2.7) in the various
cases of Theorem 2.3, with strict inequalities replacing the inequality in (3.1).

Lemma 3.3. Suppose ¢(y1,y2) = (y2 — Ayy)NP(y1,y2) for some A € R\ {0},
N € N and some polynomial P, and A is bounded from LP(R3) to LY(R3). Then

11 1

s> 3.2
i Zp N (3:2)
1 _N+21 2
Z > Z_ . 3.3
q N+1p N+1 (3:3)
1 _N+11 1
-> R , (3.4)
q N+2p N+2

Proof. Let M = ||P| po([—2,2)2). To show (3.2) we let

Jo = 1222 (M+1)6N,(M+1)5N]

and

1

Y ={ye[-1/2,1/2: y1 € [0,(IA +1)77], lyo — Myi| < 6}
For any (z1,22,73) € [-1,1]% x [-0V,6V] and y € Y we have 2 — ®(y) € supp fs.
Thus N N
0900 S IASslLarsy S |1 fsllesy ~ 67,
for all sufficiently small §, implying (3.2).
To show (3.3), let

J5 = L{zer3: [21<6, [22]<2(1+ AP, |25 <(M+1)5N}-
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For x € R? with |z1| < 1, |22 — A\2l| < 8, |z3] < 6V consider
Y, ={y€[-1/2,1/2]*: y1 € [w1 = §,a1], lyo — Myi| < 0}

Observe that for all sufficiently small 6 and y € Y,,, we have 2z — ®(y) € supp fs and
hence

Nl N+2
o a 62 5 H-Af(S”LQ(]RL") 5 HféHLP(RS) ~d P
proving (3.3). Condition (3.4) follows by duality. 0

The last lemma in this section shows that the conditions of part (¢) of Theorem
2.3 are necessary in certain cases, namely those dealt with in Section 8 and part of
Section 9, where the root of the Hessian determinant with the highest multiplicity
is the ys-axis.

Lemma 3.4. Let (A,B) € T(yp) be such that if (o, 8) € T(p) and o < A, then

a=0. If A is bounded from LP(R3) to L4(R3), then
124411
- > -—1 3.5
g A+1p (3:5)

and
A+11 1

Proof. To show (3.5), let
Jo = L_o51/4 251/4]x [—6,5] x [~ K5,K5]»

for some sufficiently large K. For x € R? with |z;]| < 6Y/4, 2o € [0,1/4], |z3 —
o(x1,22)| < 6 consider

Y, ={ye[-1/2,1/2]? : y1 € [-6Y4, 64, |yp — x2| < 0}
Observe that |Y,| ~ ¢ “+ and for all sufficiently small § and y € Y., we have

lz3 — (Y1, 92)] < w3 — (o, 22)] + |01, 72) — ©(Y1,92)]

8+ laor||z5 —y3 | + > e AR A
(BT ()02 A

IN

S 0

where aop # 0 if (0, F') € T(¢). Hence for this choice of x,y, we have z — ®(y) €
supp fs and thus

A+l A+l 2A+41
A6 A S| Afsllpawsy S 1fslloemsy ~ 6 4
proving (3.5). Condition (3.6) follows by duality. O

4. A PRELIMINARY ESTIMATE

Let H be the height of the mixed homogeneous polynomial w. We show here
that A is bounded from LP(R?) to L(R?) for all (3, ;) satisfying ; = 2 — 2 and

p?
H+3 _ 1
ora <3 For ¢ > 0 let

Aef@) = [ 1= S@)ulu)] .
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where v = % +%. Using the strong type endpoint estimate of Gressman (Theorem 3

in [8]) we obtain || A" f||Lags) < ||fHL%(R3). On the other hand, changing variables
and using the mixed homogeneity of w, we see that
[ vl ey < oo (11)
R

for every € > 0, which clearly implies that [|A®f[|z1ms)y S [ fllr@s) ((4.1) also
generalises to real-analytic functions, see Pramanik [13]). By analytic interpolation
(see e.g. [15]) we conclude that A°(1=9+% is bounded from LP¢(R?) to L% (R3) for

1 3 1 0
—=1-0+20, —=1-0+-.
Do 4 e 4

Observe that for § = % we have A=+ — A ie A is bounded
from LP(;)(R3) to LI)(R3), where p(la) =1- (4+H§(1_6) + 1o and % =
1_

3_¢ 1 1 H+3 H+1 o
(AT H)(1—¢) + 11-¢" Note that (@,@) — (Hi4’ Hi4) as ¢ — 0.

5. N >dp(p)+1

Here by Corollary 2.2 s =1, N = ny, for some 1 <1 < M, and this is the only
multiplicity of a real root greater than dj(p) hence h(p) = N. We write A = \;.
We observe that dp, > 2. This is seen as follows. Since V¢(0,0) = (0,0) implies
dp > 1, we first observe that

dp =1=> @(y1,12) = ayry2 + by; 7', a#0,bER,
for which N < 1, which is a contradiction. On the other hand, dj, > 1 = N > 3,
since N is an integer. We obtain a contradiction by
v +rva+rn m_ 3r N 3-2
r+1 Tr4+1 7 r4+17 241
Therefore dj, > 2 and N > 3. Lemma 10.1 shows that w(y) = (y2 — M\y?)*N 3Q(y),
where Q(y1, Ay]) # 0 for y; # 0.
Since w is 2(17:;52)7 2(17:1@))—homogeneous of degree one and

2>d, = = 2.

N >dp +1/2 <= 2N — 3 > dp(w),

we can conclude that the multiplicity of any other real root of w is bounded by
dp(w) = 2dp, — 2. In particular, this implies that the height of w is H = 2N — 3.
Let n € C*°(R) with

suppn € [-2,2], 0<n<1, p=1on][-1,1],
and let € > 0 be small. Let
Y2 — Ay|
Ay f@) = [ fla—o@w)un( L)y,
R2 Eyl
where A = )\;. Let

Aoy s@) = [ 1o = o@et)(1—n(2) Jay

The operator Ac, - is bounded on a bigger region than Ac,. In fact, it is bounded
on the trapezium given by the lines £ <1 1 >3 9 1> 1 apq1 51 1
P q’ q P q 3p q p  dn+l



10 SPYRIDON DENDRINOS AND EUGEN ZIMMERMANN

This is seen as follows. If € > 0 is chosen sufficiently small, then for any § > 0 we

have
— g3 +0 1— Y2 — Ay| dy <
/RQ lw(y)| 2 d)(y)( "(7@/; )) y < 0.

fre [ 16 =2 (1-n( =) )ay

1

The operator

is bounded as an operator from L3 (R3) to L*(R3). A simple interpolation argument
as in Section 4 yields the desired result. Next, we turn our attention to A¢, . Change
of variables gives

Y2 ) d

eyp )

Acsf(z) = | flo—yr, g2+ My1)v(yr, 2 + /\yi")n(
R
In this case we decompose bidyadically. For this purpose consider a dyadic partition
of unity

ZXk(S):L for s € [-27F,0)U (0,27, LeZ.

The function y is a smooth positive function supported in [-2, -] U [3,2] and we
set xx = x(2%-). Then for some L = L(\,r) we obtain

Ae, f( ZZ/ f(@—@(y1, 92 + Ay1))n ( )Xj(yl)Xk(y2)dy

k=L j=0

k —J —k —jr,r 2_ky2
= ZZQ - fﬂ?— P27y, 27 ya + X277 yl))n( — T)x@x(y)dy

2-Jr
ijO € Y1

IA

Z >, 2t 2 fl@=@277y1, 27y + A2777y]))x © x(y)dy,

k=L 0<j<k/r

where x ® x(y) = x(y1)x(y2). We remark that j is indeed much smaller than k/r
and this can be achieved assuming ¢ to be sufficiently small. Observe that

suppx @ x € {y1: 27" <fyn| <2} x {y2: 27" < yo| <2}
We have

tr

270y
D(279y1, 27 ys + A277y)) = 2=k + A27ITyT ,
givi—km—jrva—ir(nn) gl ()
where
M
of (W) =y s 27y + Ny TT@F7 e — (A = A)yh)™
=1
il

Recall that n; = N. We conclude

Ac, f( Z > 27k AL (fo D) (D5 ),

k=L 0<j<k/r

AL f(x)
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where
Al (@)= | T =B @)X © Xy = f 14 ()
and
@)1 () = (51,27 7y + Ayl 051 (1)),
Dj (21, 22,23) = (Q*jzl, 2797 2, Q*j’“*j”(”ﬁ”*N&*kN).
Lemma 5.1. We have
1 (O] S (1+ €D 2. (5.1)

Proof. Let 6, = 27%+I". Clearly,
— ) ] r 1
ph (61,62, &) = /2 e GO AT W)y @ X (y)dy.
R

We can clearly assume that |£] > 2. If |&] > |&f + |&s], then [&1] ~ |€].
Integration by parts in the y; variable then gives even a better estimate

- 1 1
L <~

We can therefore assume that [£1] < [€2] + |3

Case 1: |&a| > |€&5]. In this case 0 # |&2| ~ €] and %@ék(y) is small on supp x ® x
in any C¥-norm in (y1,%2). Since r > 2, we have

|5§1)\1yf| 2L
Therefore we can apply van der Corput’s Lemma in the y; variable and obtain

L <~ .
O % (o~

Case 2: |3] 2 |&2|. This gives 0 # |&3] ~ |¢]. If 0, is sufficiently small, then
\852 goljk(y)\ > 1, since N > 2 (recall that N > 3). If we apply van der Corput’s
Lemma in ys we obtain

l, < ~J -
NS T T

This concludes the proof of (5.1). d

It is well-known (see [11, 16]) that if we convolve with a measure whose Fourier
transform decays to the order (1 + |£]|)™”, then the corresponding operator is

bounded from LP to L for
1 1
Z=c (1 + p) .
p 2 p+1

A5

Hence estimate (5.1) gives

<
L3 Ry 13RS

Together with Lemma 2.4, this implies that
A5 i

o L vi4rvgtr(n—N .
. < 9il §1)+J(%<))+%'
L2 (R3)— L3(R3) ™~
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Estimate ||/i§ el @s)—r1@s) S 1 and complex interpolation then give

0 r41 | vi+rvotr(n—N) 0
HAJk||Lp9(R3)—>Lq9(]R3) <973 3 2.7( +—— 3 ) ,

where

1 2 1 1
—=1-0+-0 and —=1-6+ =6.

Do 3 q 3
We conclude that

oo
g BN igi(rEly vitrrgdr(n=N)
||AC>\HL1"9(R3)~>L79(R3) 5 § :2 k+25-0 E D) JH+it5+ 3 )0.

k=L j<k
It is enough to show that
I S R
j<k

for any 6 € (0, 2). Recall that since N > 3, we have indeed (0, 2) C (0,1). Then
for each 6 € (0, %) C (0,1) we have

_1+9(T+1+V1+7';2+T(H—N)) < -1+ %('f—&-l—&-ul—krgz-&-r(n—N))

_ r+14+(r+1)dp—rN
= 1+ —_—N

The last expression is lower or equal to zero if and only if N > dj + 1. Therefore
we have for the inner sum

i4g(rtly vidrvadr(n=N) 3
Zz—yﬂ( T+ )9§J1 for any 6 € (O’N>’
i<k
and so
kN r+1 vy trv +T(" N)
22 k+EN GZQJ-H( L T )<ZQ kR0 .
j<k

This shows that the sum in (5.2) converges for every 6 € (0, 2.
Observe that, as § — =, (= L) — (1 -+, 1~ N)7 Wthh is the point of

N’ Ypg? qe N
i 1_1_ 1 1_ N4+21 2
intersection of the lines {=5 N and s = Ntip N+1 The rest of the proof of

part (a) of Theorem 2.3 in the case N > dj,(¢) + 1 then follows by the argument of
Section 4, using that the height of w is 2N — 3, duality and interpolation.

6. dn(p) +1/2 < N <dp(p) +1

Although this case might look quite specific, it turns that there are ‘many’ mixed-
homogeneous polynomials satisfying this condition. To see this first observe that

dp+1/2< N <dp+1

u1+:ugl+rn + 1/2 < N < u1+ru2+rn + 1

— Ne[m+rmm+rin—N)+ vi+rs+r(n—N)+r+1).
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If we let without loss of generality n; = N, then for any given numbers vy, vy, T,
na,...,ny € N with

M M

r+1
1/1+r1/2+7'2m+r+1 >N > +r1/2+r2ni+ +
i=2 i=2
M
and A\; € R\ {0} the polynomial ¢(y1,y2) = y7'ys? [1 (y2 — \iy])™ satisfies the
i=1

assumption dp, +1 > N > dj + 1/2.
We present here a lemma that characterises the mixed homogeneous polynomials
with dj, € [1,2) and s = 1. This will also be used later in Section 9.

Lemma 6.1. Let ¢ be given by (2.2) with s =1 and 1 < dp(¢) < 2. Then one of
the following three holds:

(a) n=1,1n=0and1<v; <r+1,

(b) n=1, v =1 and v, € {0,1},

() n=2,v3=0 and v, € {0,1}.

Proof. We have 2(r + 1) > dp(r + 1) = v4 + rvg + rn which implies that v +n <
2+42/r <3, ie. vy+n < 2. This leaves us with three choices for the pair n, v,
since n = 0 would mean that ¢ is a monomial.
(a) n=1land v =0,then 2r+2>v;+r>r+1and thus 1 <vy <r+41.
(b) If n =1 and vp =1, then 2r +2 > 14 + 2r > r + 1 and thus 14 € {0,1}.
(¢) If n =2 and v =0, then 11 € {0,1} as above.
O
The only polynomials that are under consideration in this section and have

dp, € [1,2) are contained in part (¢) of Lemma 6.1 for v, = 0. This is because, first
of all, d, < 2 implies 3 > N > 3/2 and therefore N = 2 = n. Then, if 11 = 1,

dp, = 2:4:_11 > g and so do not satisy the inequality N > dj, + 1/2. This leaves us
with n = 2, vy1 = v = 0. In that case
1 2r 1
d = = - <2<<=re{2,3}.
hty =i e s re{2s)

Simple computations show that if p(y1,y2) = (y2 — Ay})?, then
w(y) = —4Xr(r — Dyoy} 2 + 4X2r(r — 1)y 2

This implies that w(y) = —8A(y2 — Ay?) for r = 2 and w(y) = —24\y1 (y2 — \y3)
for r = 3.
The LP — L9 estimates on the line segment

ON 2N -2
= 20 (11
((2N+1’2N+1)’(’ )]

(i.e. all points on the line segment joining (2]2\,111, 3%;?) to (1,1), including (1,1),
but not including (21%111, g%ﬁ)) follow by the argument of Section 4. Therefore

we are only left with establishing estimates on the line segment

2dp,+1—-N 2dp, — N
1,1 1
(P2 =) ). (6.1)
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: : 1 _ 1 1 _ N+421 _ _2 .
since the lines . = T and = = Niip w1 intersect at the point

(%#7 23;;{\[) The proof of the full region described in part (a) of Theorem
2.3 then follows by duality.
The proof is again based on an appropriate decomposition of the domain of

integration. We focus on the analysis of the case, where w vanishes along the curve
Cr={(y1,\y]) eR*:yy €R}, A=)\ R\ {0}, withn; =N, l€{l,...,M}.
We know that w vanishes to the order 7" = 2N — 3 along the curve C. We need to
show that the operator

defte) = [ fla = etywn( ) dy

€Y1

is bounded on the line (6.1) provided € > 0 is chosen to be sufficiently small. That
this is sufficient to conclude that A is also bounded on this line is seen as in the
first case, namely A = A¢, + Ac,, where

Aeset@) = [ 1o = 2w (1-n( 2221 Y ay.

The operator Ac, e is even bounded on the trapezium given by the lines % < 2

q?
1 3 1 1 . . . .
FiE- 2,1 s 2 3 and 1 > 5 — @77 Which is a larger region, since for any 6 >0,

we have ‘
S — | (Y2 AU du <
== o) (1 (222 ) ay < o

Thus we only need to focus our analysis on Ac,. A change of variables gives

Ae, f( / Jlx =@y, y2 + Ay1) V(Y1 y2 + Ay (g;l)dlﬁ

Observe that

M
D(y1,y2 + Myl) = | y1.y2 + M, by (2 + Ayp)” H(y2 = Xiy)" ]

=1
il

where \; = \; — A € C \ {0}. Then decomposing bidyadically we have, for some
integer L = L(A, p),

Ac, f(z) < ZZ/ f(@—@(y1, 92 + Ayi))n ( )Xj(yl)Xk(y2)dy
k= LJ 0

Z > 2k [ a= B2y, 2 s + X277y )y @ Y (y)dy.
k= Lj<<’:

IA

We also have
fla—®(277y1, 27 yy + A2777y))x @ x(y)dy = Ajr(f o Dj)(Dj ),

Aj i f(x)

R2

where

Ajrf(x / (@ = (y1,056y2 + M1, 056 (¥))) X @ x(y)dy = f* pj (),
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M
i) =y yY (G102 + M) [Ty — AyD)™,  8j0 = 275097 < 1,

=1
il

Dj,k(zl, 22, Z3) = (2_j21, 2_jTZQ7 2—ju1—jru2—jr(n—m)—knlZS).
In order to see the boundedness along the line (6.1) first recall that n; = N.
Since min{r, N} > 2, taking second derivatives in the y; and the ys variables and
using van der Corput estimates for oscillatory integrals as in the case N > dp, + 1
(similar oscillatory integrals have also been considered in [18]), we have |11, x(§)] S
(1 +1£])~/? which implies

1A«

<
L3 (R3)SL3(R3) ~ 1

Using the weighted strong type L*/? — L* estimate of Gressman [8] for the hyper-
surface given by

10 O
=10 1 0 P
00 6
and using the reparametrisation invariance of the Gaussian curvature, we have
Il 5 <o

L3 (R3)—LA(R3) ~ "5k

Interpolation then gives

N—dj—1
H-AJ k” 2(N—dj)+1 2(N—dy)+1 < ;(kNithl.

N — d,+1 (Rs)—)L N—dh (R‘S)

Remark 6.2. We observe that indeed we have

2 N-ditl _3
3°2N—dy)+1 4

since it is equivalent to the assumption dp + 1/2 < N < dj, + 1.
By Lemma 2.4 we have

[E JECEEY 2Nyt
Rt (R3)LT N-dn o (R3)
N—dp—1 )
2(N—dp)+1 )T 2(N—dj)+1
< 0 (det D; )~ T¥ =77
N—dp—1 . . R R
—h - _](T‘+1)+]T‘V2+JV1+J’F‘(n7N)+kN
= (5].2(ICN*dh>+12 2(N=dp)+1
N—dp—1  j((r41)(dy+1)—rN)+kN
- 5]?%\’*%)*12 2(N—dp)+1
—k

N—dp—1 . N—dp—1  §((r+1)(dp+1)—rN)+kN
2(N—dj,)+1 T3 = dh)+12 2(N—dp)+1

= 2
Since,
A kllorms) s wsy S 1,
it suffices to see that the sum

dp+1
§ § 9 k 1- 92(1\7 d,,)+1]2 JT{I o= dh)+1]
)
k=00< <k
2(N—dp)+1

converges for any 0 < , which is clear.

dp+1
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Remark 6.3. We observe that indeed Q(Ndii"l)ﬂ € [0,1]. Because of the assumption

N > dp, + 1/2 we have clearly % > 0.
On the other hand,
AN —dn) +1 3
dp +1 - 2
That N < 3‘;" is true, if dp +1/2 < N < dj + 1 is seen as follows. First, observe
that dp > 2 implies % > dp + 1, and therefore N < MT’”. On the other hand, if
dp, < 2, then by the discussion directly after Lemma 6.1, we have dj, > 4/3. Thus

3d,/2 > 2 = N, giving 28+ ¢ [0, 1],

7. max{vy, 2} > dp(p)

In this case we have h(p) = max{vy,v2} and in this section we will drop the
assumption that k1 < ko. This allows us to assume without loss of generality that
1Z1 2 Vy.

Lemma 7.1. Suppose that o(y) = y7Q(y1,y2), n > 1, where
Q(y1,y2) =cyy' + O(y1), c¢#0, m>1.
Then w(y) = 2" 2Q(y), where
Qy) = Enm(l —n—m)ys™ 2 + O(y).

Proof. Case n =1 is easy to see, so we may and shall assume that n > 2. Simple
computations show

oy, y2) =y~ 2(n(n—l) Qy) + 2ny101Q(y) + y; 07 Q(y))

01020(y1,12) = y1~~ (n02Q(y )+y18132Q( )
52@(1/1,.1;2) = y1 9% Q(y),

wy) = FRp(y)de(y) — (01029(y))?
yi" 72 (n(n — 1)Q1)ABQ(y) + O(y1)) — yi" 2 (ndQ(y) + O(y1))
= y1" 2 (n(n — D)Q(y)32Q(y) — n?(8:Q(y))* + O(y1)) -

Furthermore, we have
n(n = 1)Q)HQ(y) — n*(3:Q(y))* = Emn(l —n —m)ys™ > + O(y),
which gives w(y) = ¥2"2Q(y). U

By assumption we have ¢(y) = y}* (y521*" + O(y1)) and v; > max{1,d}.

Lemma 7.1 gives
w(y) =y vi(vo + sn)(1 — vy — vg — sn)ys> 22 4 O(y1)].

Obviously v (v 4 sn)(1 — vy — vo — sn) # 0, which gives that w has a zero of order
2v1 — 2 along the axis y; = 0. If w is not a monomial, then dj(w) = 2d,(p) — 2 <
217 —2. If w happens to be a monomial, say w(y) = cy2”1 2y2 , then by considering
the mixed homogeneity of derivatives of mixed homogeneous polynomials, we should
have

2v1— 2[

(2v1 — 2)Kk1 + Bko
2(1 — K1 — HQ)

:17
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which is equivalent to v1k1 + (1 + B/2)ke = 1. Since we have also assumed that
vy > dp(p) © vk > 1 — v1ke, we have 1 — (1 4+ B/2)ky > 1 — v1ko which is
equivalent to B < 27 — 2. Hence, whether w is a monomial or not, h(w) = 21y — 2.
By the argument of Section 4, we obtain the boundedness of A on the line segment

2 1 21y -1
AT A ) ).
2V1 —+ 2 21/1 + 2
: 2v1+1 2v7—1 1\ ¢ : : : 1 _ 1 1 1 _ 3
The point (21/1”, 21’1”) is the intersection of the lines 1T p o and 175

—2.
The boundedness on the rest of the region described in part (b) of Theorem 2.3,
follows by interpolation.

8. N <dp(p) +1/2, max{vy,va} < dp(p), s > 2

We split our analysis in several subcases starting from the simpler ones. Here,
by Corollary 2.2, we have n < dj(¢). We will require the following lemma.

Lemma 8.1. Suppose that o(y1,y2) = y3" +y{'Q(y1,2), A, M € N, min{A, M} >
2 and Q(y1,y2) = cy? + O(y1), ¢ # 0, B € Ng. Then

w(y) =12 (cA(A = )M(M = 1)y ™72 + O(y1)) -
In particular, w vanishes to the order A — 2 transversally to the line y; = 0.
Proof. Computations show
By y2) = AA = D)y 2Q(y) + 24y1 ' 01Q(y) + v 97 Q(y),
010200(y1, y2) = Ay 02Q(y) + yi 010:Q(y),
B3e(y1,y2) = M(M — 1)y % + 41 83Q(y).
This gives
0te(y)03e(y) — (010200(y))?
=y (A - 1DQW) + 0y (MM = 1)y 2+ O(y))
2
— 43472 (40,Q() + O()) -
Clearly, 2A — 2 > A — 2 and
(A4 = DQW) + Oy (MM = 1)y~ + Ow))
= A(A-1DMM - 1)Q(y)ye" >+ O(y1)

w(y)

= CA(A— MM = 1)yF M2+ Oy).
We conclude that
w(y) = yi 2 (cA(A = )M (M — 1)y ™% + O(y1)) -

Since min{A, M} > 2, we have cA(A — 1)M(M — 1) # 0 and this shows that w
vanishes to the order A — 2 transversally to the line y; = 0. (]

Before continuing with the analysis in this section, we note a corollary of Lemmas
7.1 and 8.1 which was mentioned in the introduction.

Corollary 8.2. Let ¢ be a mized homogeneous polynomial. Then w % 0.



18 SPYRIDON DENDRINOS AND EUGEN ZIMMERMANN

Proof. We only need to consider the case 11 = vy = 0 otherwise Lemma 7.1 would
apply and give us a form for w which clearly cannot satisfy w = 0. Given that
v1 = vy = 0, and because ¢ being mixed homogeneous implies that A > 2 in
Lemma 8.1, this lemma applies and gives a form for w which again cannot satisfy
w = 0. (I

8.1. Case min{vy,v2} > 1. Here we first observe that Lemma 7.1 shows that w
vanishes to the order 2v; — 2 transversally to the line y; =0, i = 1,2. If w were a

monomial, then w(y) = cy?”* " 2y3*2~2 and
(21/1 — 2)%1 (21/2 — 2)%32 . V1iR1 + VoRo — K1 — R2 -1
2(1—&1—,‘{2) 2(1—%1—,‘62)7 1—/61—/432 S

implying v1 K1 + 2k = 1. However that contradicts the assumption max{vy, 15} <
dn(p), so w cannot be a monomial. In addition, max{vy,12} < dp(¢) = h(y),
implies
max{2v; — 2,2vy — 2} < 2dp, — 2 = dp(w).

Since s > 2, we know that the multiplicity of any other root of w which does not lie
on a coordinate axis is bounded by the homogeneous distance of w, which is equal
to 2dp(¢) — 2. We conclude that the multiplicity of any root of w is bounded by
its homogeneous distance. This clearly shows that A is bounded on the trapezium

: 1 1 1 3 1 1 1 1 1
2 2 2 >2 = > 4 = = — .
given by 3 2, 3 and > ] 1

8.2. Case min{vy, o} = 0. We split this case into two subcases. We first discuss
the simpler subcase.

8.2.1. Subcase vy > 1, v = 0. In this subcase we have (v1+rn,0) € T (). Since the
Taylor support 7 (¢) consists of at least two points, we find a point (A, B) € T (¢)
with 1 < B < g for all (o, 8) € T(¢)\{(v1+7n,0)}. Since r/s ¢ N, we have B > 2.
Lemma 8.1 then shows that w vanishes to the order B — 2 transversally to the line
y2 = 0. We will need to show that B — 2 < 2d, — 2, i.e. B < 2dj. This is seen as
follows. Observe first that clearly B < sn and 2d;, = 2”?‘% Furthermore,

2d;, > sn <= 2svq + 2rsn > rsn + §2n < 2u1 +rn > sn,
and the last statement is true, since » > s. Hence 2d;, > sn > B. Here w is not a
monomial because, if it were, then
(2v1 — 2)Kk1 (B — 2)ka
21— k1 —kK2)  2(1 — K1 — K2)
implying 1 = 1K1 + Bka2/2 < (k1 + k2)/dn = 1. Therefore h(w) = 2d;, — 2 and A

: : : 1 11 3 1 1 1 1 1
= = = > 2 = > = = = — .
is bounded on the trapezmm given by q ’ q 2, q 3p and q > ? dnt1

:1’

8.2.2. Subcase v1 = 0, v > 0. Then (0,12 + sn) € T(p) and there is a point
(A,B) € T(p) with 1 < A <« for any («, 3) € T(p) \ {(0,v2 + sn)}. Since r > s
we have A > 2. We conclude using Lemma 8.1 that w vanishes to the order A — 2
transversally to the line y; = 0. The method of proof resembles the proof in Sections
5 and 6, but we will need the following lemma that characterises polynomials under
consideration here with d; < 2.

Lemma 8.3. Let ¢ be given by (2.2) with s > 2, 1 =0 and 1 < dp(p) < 2. Then
one of the following three holds:
(a) n=1,v,=0, s=2 and r is odd,
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(b) n=1,1=0,s=3 and r € {4,5},
(c)n=1,1,=1,s=2andr =3.

Proof. First observe that we have

TV + TrSn rsn n n
2> d) = —> > >t > 1 = -n.
r+s r+s T o +<  5+3 9
This gives n = 1, which in turn gives
Vor + 18
d = ——-"
r+s

We have v, € {0, 1}, since if vo > 2, we have a contradiction by
TVy + T8 2r +rs 2s + 2r

2>dy = > > =2.
r+s r+s r+s
If v =0, then
rs 1 4
2> —=1—7 1:> >1=s<3.
r+s otz
If s =2, r has to be odd since ged(s,r) = 1. Ifs:3,then
3
" =s<r<bs.
r+3
If 5 = 1, then
r4+rs 1 2
2> 5> -—4+->1=s<2=s<r <3
r+ S S T

(]

8.2.2.1. A < 2dp. In this case we observe, as in the previous subcase, that A < 2d,
implies that w is not a monomial and A is bounded on the trapezium given by

1 153 _ 9 1 11 1
Sp’qZ 2, Z?rpandq>p dp+1°

1
q
8.2.2.2. A > 2dj,. Here the region is then determined by

1
q
1 24411 A4l 1
E>5_dh+1’q>A+1p 1 and >2A+15—2A+1 This is contained in part (c)
of Theorem 2.3 for T'= A — 2 (cf. Lemma 8.1). We need to show the boundedness

of the operator A along the line segment

(A+1)dy, dp(A+1)— A
((A(dh‘Fl})L, hA(dh+1) >’(171)}7 (8.1)

the point ((‘?;rhl_)i_dfs, dhé‘(éxdti_)l)‘q) being the intersection of the lines é =~ o1

and ; = 2A£L _ 1 The rest of the proof then follows by the argument of Section

(A+1)p
4 and interpolation. Observe that line (8.1) is parametrised by % = fodh L A

—d, p A—dy
and intersects the off-diagonal at the point
2A —d, A—d,
3A—2d,’ 3A—2d;, )’
It suffices to show that for ¢ > 0 sufficiently small the operator
y'r
Aeif@) = [ sa= oo (L)
R2 €Yo
is bounded as an operator from LP(R?) to L(R?) for every (,1) on the line in

P’
(8.1). The “remainder part” A — A¢, of the operator A is bounded on the larger
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L. Bidyadic

trapezium given by £ < 1 1 >3 _9 1> Loand 1> 1 o

S —pr q TP 7 g — 3p
decomposition and change of variables gives

Ac, f(z) < ZZ/ flz—®y)n (yls)xy'(yl)m(yz)dy
0 k=0 €Yz
J
< Z do2 [ fe— (277,27 )X @ x(y)dy
j*O k< it R
= Z > 277K 454 (f 0 D) (D ),
J=0 g Ir N
Aj e f(x)
where
Ajpf(x) = . flx—(y, 256(¥)x @ x(y)dy,
M o
oi) =vs> | |z = Xi(Ge01)")™ S =27 "7,
=1

Djﬁk(Zl, Z2, 23) = (2_j,217 2_k22, 2—](71/2—’4787123).
Observe that ¢; r(y1,%2) = ¢(0;,£Y1,y2) and that d;; < 1. This gives

2+A 2 _ A
~ 07 =07

det o 1. (y1,y2) = 87 pw (8551, y2) ~ on suppx ® x.

A
This implies [|A; k|, 4 (RS)— L4 (BS) S0, - Because 1o + sn > 2, taking two deriva-
tives in the y, variable we obtain, using van der Corput estimates in the same
manner as in Sections 5 and 6, that

1A &

L3 (R3)—L3(R3) ~

Interpolation then gives

4 dAdzd —Adn

-4 h 3A—2d

A ]l sa—za, sasa, < (@k) =5,
L 2A=dp, dh (R3)—L A dh (R3) ’

Remark 8.4. We observe that indeed the point (32;‘4:2% , 3‘2:;(’;} ) lies on the open
line segment joining the points (7, 5) and (Z i), since

2 2A —dj, 3 A
L2 T B d s
“3A-ad, “1 T 0y
Applying Lemma 2.4, we have

_ Ady,

[|A; 3A-2d), 3A-2d, N ]:A 2dn det D, 5| 3A—2an S,
s L 2A—=dy, (R3)—>L A—dp, (R3) Js
Ady
- 5 kSA 2dh (2J+k+k(ug+sn))3A 2dh
J

Adp s
9J 3a-2a;, ’jdh gFatzy, (AT Az tsn)—Adn3)

A(dp+1)
— 23 34 hzdh23A 2dy, 1+

e dy, —dp, 2)

jA(dh+1) A(dp+1)
= 9J)34a-2dq, 9¥FA-2d,
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Clearly ||Aj7kHL1(R3)_>L1(R3) < 1. Simple computations show that for § = fx?d;%:lf’)
we have
24 —d A+1 d
1-6+6 ho_ At
3A — 2dy, A dp+1
and

A—dp dpn(A+1)— A
3A—2d,  A(d,+1)
Therefore, we only need to show that

1-0+0

oo

_il1— a9 LdntD) ol ap (dy)
S ol-asi] g p-wd]
i=0 0<k< I

converges for every 6 < %7 which is obvious.

Remark 8.5. We notice that j?djidf) € [0,1]. Because of the assumption A > 2dy,
3A—2d),

we clearly have Aty > 0. Furthermore,
3A — 2dy,
- — ——<d
A(dy +1) — Atz ="
and the last inequality is obviously true if dj > 2. On the other hand, if d; < 2,

we use Lemma 8.3. Observe that then in all cases A = r. In the case where
o(y1,y2) = y2(y3 + M\y?), the assumption A > 2d, is not satisfied, because

18
A:r:3<€:2dh.
In the other cases we always have for any r > s > 2
2A 2r rs

frng < :d.
A+2 r42"r+s "

This gives fl?d;i—df) <1

9. N <dp(p) +1/2, max{vy, 2} < dn(p), s=1

We first focus on the case where w vanishes on the y;-axis or the ys-axis to the
order T. This puts us within part (¢) of Theorem 2.3. By a similar argument to
the one in Section 8.2 we see that if w were a monomial then T" > 2d;, — 2. Hence if
T < 2dj, — 2, then h(w) = 2d;, — 2 and the proof is simply the argument of Section

4 and interpolation. Note that for T' < 2dj, — 2, the line % = 2$j35 % — 1 for instance
1 1

is redundant since it lies below the line % = T

For T > 2d;, — 2, clearly v; = 0 or v, = 0 if the vanishing is along the ys-
axis or the yj-axis, respectively. An example of this is the polynomial ¢(y1,y2) =
Y? + Y2y} + 25y3y1, for which T = 2 and dj, = 5/3. The proof is almost identical to
the previous section and we therefore omit the details. The only difference is that
for the last step we require the corresponding double sum to be convergent for all

? << %m and we should check that % < 1. This is equivalent
o)

0< T(dh — 2) + 4dp, — 4, (91)
which is easy to see if dj, > 2. For dj, < 2, we use Lemma 6.1. The polynomials
that fall under part (a) of Lemma 6.1 have dj, = ’;}TJT < vy and therefore are not



22 SPYRIDON DENDRINOS AND EUGEN ZIMMERMANN

among those considered in this section. For the polynomials that fall under parts
(b) and (c) of Lemma 6.1 with 1 = 0, we have T'=1r — 2 and d}, = % and (9.1)
can be verified directly. Also, a direct computation shows that the polynomials
that fall under part (b) with v; =1 do not have Hessian determinants that vanish
along the axes. Finally, the polynomials that fall under part (¢) with 1 = 1 have
T <2 and dj, > 5/3 and so also satisfy (9.1).

We next focus on the analysis of the case, where w vanishes along some curve
Cx = {(y1,\y}) € R? : y; € R}, A € R\ {0}, to some order T > 2dj, — 2 (if
T < 2dj, — 2, the estimates follow by the usual interpolation arguments). We need
to show that the operator

deyf(w) = [ 1t =a@)wiwm( L)y

is bounded, for sufficiently small € > 0, on the line segments

(T+3)d,  T(dy — 1)+ 3dj, — 2
(Trom sy Ty ) ®y)
if A\ =\, for some | € {1,..., M}, in which case n; = 1, or
T(2dy, — 1) + 6dy, T(2dy, — 3) + 12dy, — 8
((2(T+4)(dh+1)’ 2(T +4)(dn + 1) ) (1 1)]

. . T+3)d T(dp—1)+3dn—2) -
if A # N for any I € {1,...,M}. The point ((T(Jr;(d)hil)’ ((TT'JFQ))(Z}LJr”l’) ) is the

intersection of the lines % = (2;;-;)5 —1 and 1 = % — m, whereas the point
(g((;ﬁg)(l;:f?;ﬁ T(g?;;i;&iff)fg) is the intersection of the lines % 3517 Sri7s and
T=i— W. Changing variables we obtain

Ac, f( / f(@ = @Y1, 92 + 21)) (Y1, y2 + Ayi)n (‘Z)dy-
Note that

M
(y1,y2 + Ayp) = (yuyz + T (w2 + )" [ (we - Awf)’”) ,

i=1

where \; = A\; — A € C. Then, for some integer L = L(\,r), we obtain using a
bidyadic decomposition

Acte) < S5 [ st o+ (2 )y

k:L]O

Z > 2k G B(277y1, 2 *ys + A2777y1))x @ x(y)dy.

k=L j<k

IN

We treat the two cases separately.

Case 1: N\, = 0 for some [ € {1,...,M}. This case is equivalent to A = \; for some
le{l,...,M}, and clearly n; = 1. We then have

fx— @277y, 27 Fys + X277y x @ x(y)dy = A, 1 (f o Dj,k)(D;;iI),

=:A; p f(z)

R2
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where
Ajrf(z) = /Rz f(@ = (y1,05.6y2 + Ayt @5 (1)) X @ x(y)dy,
M ~ .
ik () = ¥ Y2050y + M) [ [ (Grhme = AyD)™, 60 =277 < 1,
ot
and

Dj (21,22, 23) = (279 21,2797 29, 271 mIrvamir(n=1) =k o)
Using van der Corput estimates for oscillatory integrals as in Lemma 5.1 (the only
difference being the use of a mixed second derivative at the last step instead of a
second derivative in the yo variable) it can be seen that
MGkl 3 sy s gsy S 1
Using the weighted L*/3 — L* convolution estimate of Gressman [8] and arguing
as in Section 6 we have

T42
) < s A
||A]7k |L%(R3)%L4(R3) ~ 5_],]6
Interpolating between the last two estimates gives
___4dy (T+2)d),
A, < 5,# 3T —2dp, +6 75—m
|| k” 3T —2dj,+6 3T —2dj, +6 N k =0, .
LR T Y —dp, (R3) =L TH2=d, (R3) I T»
Using Lemma 2.4 we have
_w T+2
1 3T—2d}, +6 — 3757 7%
[ Aj il s7—244+6 3724, 16 S o0 M (det D) ST
2(T+2)—dy, (]Rs)—>L T+2—dy, (Rg) ’
(T+2)d SO 1) jrva i 4ir(n_
_ 6—Wdhi62<T+2)<J<w+1>§%r_v2zd+::é+mn 1D+k)
- ik
_ _(T+2)dp  (5(d, rtdy, +1)+k)(T+2)
_ 5.;T—2dh+62 A P
J,

(T+2)(dp+1) . (T+2)(dp+1)
= 92V 73T-2d,+6 9/ 73T—2d,+6

Clearly ||Aj,k||L1(R3)—>L1(]R3) < 1. In order to have the desired result we observe
that
g T2y +1) g (T+2)(dy+1)

i > D e e DRl B e P

k=00<j<%

for any 0 < 0 < %m < 1. Note that the last inequality is the same as (9.1)
which again is clear when dj, > 2. For d}, < 2, we use Lemma 6.1 and observe that
the only part of that lemma that contains polynomials under consideration in this
case is part (b) for v; = 1. In this case, considering the degree of the yo variable,

one can see that T < 2, dj, > 5/3 and (9.1) can then be verified directly.

Case 2: N\ # 0 for any | € {1,...,M}. In this case we have A # )\; for all
l€{1,...,M}. An example where this occurs is ¢(y1,y2) = y1(y2 + ¥3)(y2 + ay}),
where a = % Then w(y) = —4(y2 — by3)?, where b = ”T\/ﬁ In this example
dy=T/4and 2d, —2<2=T.
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‘We have
- Flo = @277y, 2 s + X277y )x © x(y)dy = Aj(f o D; ) (D )
Aj i f(z)
where
Ajif(x) = f( = (Y1, 65,192 + M1, 05,k (Y))) X @ x(y)dy =: f* pjr(z),
M ~ .
06 (W) = vt Oy + M) [[G50m2 = Ay))™, 650 = 27K <1,
=1

D k(Zl,Zg,Zg) (2 jzl 2” ]TZQ 27 Jvi—jrvz— ]rn23)
Considering the sum of the absolute values of the second and third derivative in
the y; variable and using van der Corput estimates of Bjork type (see Lemma 1.6
in [2]) for oscillatory integrals it is easily seen that

_1
5RO S (L4 1€)73,

which implies that
1A,k

L5 (®3)—L5 (R3) ~
Using the weighted L*/3 — L* convolution estimate of Gressman [8] and arguing
as in Section 6 we have

_T4a
) < 5T
4 .
||'A]7k |L§(]R3)—>L4(]R3) ~ Y5k
Interpolation between the last two estimates gives
_ (T (dy+1)
(T —dp,+3)
||./4] k” 8(T—2d;,+3) 8(T—2d;,+3) < 6]' k " .
L 3T=3d, FT6 (R3) [, 3T—4d, ¥8 (R3) ’
Then, using Lemma 2.4, we have
(T+4)(dp+1) T4
1 4(T—dp+3 AT — . 13
| A kIl ser—2ay+3) 8(T—2d)+3) N k:( nts) (det D ) *T=dn¥3)
L 5T, 716 (R3) [, 3T—4d, 18 (R3) 7
(T+4)(dp+1)
- 5 k4(T dj, +3) 2g(dh+1)(r+1)m
7,
LD (A +D) L (dy +1)(T+4)

QN I(T—d}, +3) 21 HT—dp+3)

Clearly ||«‘Ij,k||L1(R3)—>L1(R3) < 1. In order to have the desired result it is sufficient
to observe that

1 0(T+4><dh+1)}2 [1 g {dp (T +4)

§ § 27 H(T—dp+3) A(T— dh-f—&)} < 00

k=00<j<k

for any 0 < 0 < (4(T7dh+3) < 1. Note that

(T+4)(dn+1)
4(T —dn+3)
(T +4)(d,+1)

which is clearly true if dp > 3. For dj < 3, assume for a contradiction that

<1 <= T(dy—3) +8(dp — 1) >0,

T > S(d” ) . Then, since here w cannot be a monomial,

rT 8r(dp — 1) 16(dp, — 1)
r 1 A DB —dn) = 3B —dn)

2y — 2 = dy(w) >
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Thus
8

1 -
7 3B—dy)’

i.e. 1 > 3dp, which is false.

10. A RELATION BETWEEN THE HEIGHTS OF A MIXED-HOMOGENEOUS
POLYNOMIAL AND ITS HESSIAN DETERMINANT

Lemma 10.1. Assume that p(y) = (y2—y7)VQ(y), A € R\{0}, r > 2, N > 2 and
Q(y1, M) # 0 foryr # 0. Then w(y) = (y2 = Myi)*" > Q(y), where Qy1, Ay) # 0
for y1 # 0.

Proof. Simple computations show that
3t [(y2 — M)V Q(y)] (y2 = A1) VPN (N = 1Ay 2 Q(y)
—NXr(r = 1)(y2 = Ayi)yy 2Q(y)
—2NXr(y2 — Ayi)yi~ 91Q(y)
+(y2 = )9 Q)],

D[y — MDVQW)] = (v — MDY H-N(N — DAyl ' Q(y)
+N(y2 — M\yi) 1 Q(y)
—NAr(y2 — Ay))yi~ 9:Q(y)
+(y2 — M1)?010:Q(y)],

and
By = D) QW)] = (2 — )V 2NN = 1)Q(y)
+2N (y2 — Ay1)02Q(y)
+y2 — M7)*05Q(y))-
We may clearly factor out (y2— Ay} )2~ from the determinant defining w, therefore
it has to be shown that exactly one more factor (y2 — Ay}) can be factored out of

the remaining determinant. Using the multilinearity of the remaining determinant,
we observe that the term which is constant in the factor (yo — Ay7) is

N(N = D)Xr2y7"2Q(y) —N(N — 1)Aryl ' Q(y)
—N(N - 1)xryi ' Q(y) N(N -1)Q(y)

which is equal to 0. We next consider the terms which contain a single factor in
(y2 — \y7). These are

)

(4o — Ag]) —NXr(r—1)Q(y) — QN)\ryI*lalQ(y) ~N(N — DMy ' Q(y) ‘
2T N0O1Q(y) — NAry; " 92Q(y) N(N -1)Q(y)
(o — ) N(N = D)Ar2y7"2Q(y) NowQ(y) — Nary; ' 9:Q(y)
LAV NN - DAy Q) 2ND,Q(y)

= N?(y2 = My))[=Ar(r = 1)(N = Dy *Q(y)* — 22 (N — 1)y ' 01Q(»)Q(y)
+ (N = DArgi ' 01Q(y)Q(y) — Nr?(N — 1)y 28:,Q(y)Q(y)
+2(N = DAy 20,Q(1)Q(y) + Ar(N — 1)y 01Q(y)Q(y)
= NN = 1)y ?02Q(y)Q(y)]

= — N*(N = DXxr(r —1)(y2 — Mi)yi2Q(y)*
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Under the assumptions of the lemma, the last expression is a nonzero multiple of
(y2 — Ay7). Note that in the homogeneous case r = 1, the expression is equal to
zero and one may factor out an additional power of (yo — Ay7) as in [7]. The rest
of the terms are of higher order in (yo — Ay]) and so the proof of Lemma 10.1 is
complete. O

The above lemma, together with Lemma 7.1 and the discussion in Section 8,
allows us to deduce a relation between the height of w in terms of the height of ¢
or in terms of the Taylor support of ¢ in certain cases. For ¢ a mixed homogenous
(and in particular not a homogeneous) polynomial, if N > dj(p)+1/2, then h(w) =
2N =3 =2h(p) —3. I N <d(p) +1/2 and max{vy,va} > dj(¢), then h(p) =1,
for i € {1,2} and h(w) = 2v; — 2 = 2h(p) — 2. If N < dp(p) +1/2, s > 2 and
max{vy,va} < dp(p), then h(w) = 2d,(p) — 2 = 2h(p) — 2, unless the conditions
of 8.2.2.2 hold in which case h(w) = A — 2.
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