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DRESSING PRESERVING THE FUNDAMENTAL GROUP

ABSTRACT. In this note we consider the relationship between the dressing action
and the holonomy representation in the context of constant mean curvature sur-
faces. We characterize dressing elements that preserve the topology of a surface
and discuss dressing by simple factors as a means of adding bubbles to a class of
non finite type cylinders.

Introduction. The equation for a harmonic map from a Riemann surface to
a Riemannian symmetric space has a zero-curvature representation, and so corre-
sponds to a loop of flat connections. Uhlenbeck discovered in her study [27] of
harmonic maps into a compact Lie group G that such maps correspond to certain
holomorphic maps into the based loop group of G' and used this to define the dressing
action of a certain loop group on the space of harmonic maps. Dressing, or the ves-
ture method [29], was first developed in soliton theory to generate new solutions from
old by solving a matrix Riemann problem. Unfortunately, the new solution does not
automatically inherit properties of the old, such as domain, periods or asymptotics
nor is it easy to control such properties when solving a matrix Riemann problem.

When the target is the two dimensional round sphere, harmonic maps are pre-
cisely the Gauss maps of surfaces with constant mean curvature [22]. In the article
[10] a generalized Weierstrafl representation was presented by which all conformally
immersed surfaces with constant mean curvature (CMC) can be obtained. The con-
struction involves solving a meromorphic linear differential system with values in a
loop group. Variation of the initial condition corresponds to the dressing action. The
second ingredient in the generalized Weierstrafl representation involves an Iwasawa
foctorization of the solution to obtain the extended unitary frame of the surface.
Both these steps make it difficult to keep track of the topology.

Not only can dressing be used to close periods, but also to generate new cmc
surfaces from old ones without altering the topology. In this work, we look into
the relationship between dressing and topology in the framework of meromorphic
ODE’s and loop group factorizations in the context of cMc surfaces. The question,
when a conformal cMC immersion factors through a given surface has been discussed
for tori [1], [6], [21], cylinders [9], [13], [16] and trinoids [2], [11], [16], [24]. It will
be interesting to see more results in this direction, with particular emphasis on
complete, non-compact surfaces with genus and compact surfaces of genus g > 2.

Sterling and Wente [25] discovered that one can add “bubbles” to a round cylinder
while preserving the mean curvature by Bianchi— Béacklund transformations. In
[13] it was shown that these “bubbletons” can be produced by dressing from the
standard round cylinder by the so called simple factors of Terng and Uhlenbeck
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2 DRESSING PRESERVING THE FUNDAMENTAL GROUP

[26]. Subsequently, it was shown in [18] that the simple bubbletons in [13] coincide
with those of Sterling and Wente [25]. Recently, A. Mahler [19] proved that indeed
Bianchi — Backlund transformations can be achieved by dressing. Further, it was
recently shown in [17] that it is also possible to dress cMC surfaces homeomorphic
to the n-punctured sphere with suitably chosen simple factors without changing the
topology.

Every ¢McC immersion of a Riemann surface M induces a 'monodromy represen-
tation’” y = x (7, A) of the fundamental group (M) of M with values in a unitary
loop group. Moreover, as a function of the loop parameter A\, the monodromy matri-
ces are holomorphic on C*. Dressing a given immersion with some arbitrary matrix
will in general destroy the topology and the dressed surface will have a trivial fun-
damental group. Thus a natural question is: For which dressing matrices will the
dressed immersion have the same fundamental group? We answer this question and
characterize such dressing matrices in the case when the underlying surface either
has at least one umbilic or is the round cylinder. For the general umbilic free case we
have, at this point, only partial results. Since no examples of umbilic free surfaces
with non-trivial topology that are not of finite type are currently known, it would
be interesting to learn whether we have in fact given a complete answer.

Acknowledgements. The second author wishes to thank F Burstall for many
useful discussions and the University of Bath for its hospitality while he was sup-
ported by the EDGE network under grant HPRN-CT-2000-00101 and the Engineer-
ing and Physical Sciences Research Council under grant GR/S28655/01.

1. NOTATION AND BASIC RESULTS

We begin by collecting some well known results on loop groups and the dressing
action. We shall use the following notation for diagonal and off-diagonal matrices:

diaglu, v] = (49), off[u, v] = (9%).

1.1. Loops. For real r € (0,1}, let C,. = {\ € C: |A\| = r} and denote the r—Loop
group of SL(2,C) by

A, SL(2,C) = {g : C, — SL(2,C) smooth}.
We have an involution on maps C, — gl(2, C) defined by
(1.1.1) o:g(\) = o39(=N)os !, o3 = diag[l, —1],
and denote the twisted r—Loop group of SL(2,C) by

ASL(2,C), ={g € A,SL(2,C) : 0g =g}.

Analogously, one can define the Lie algebras of these groups, denoted by A,s1(2,C), .
To make these loop groups complex Banach Lie groups, we equip them, as in [10],
with some H*® topology for s > 1/2 or some (possibly weighted) Wiener topology.
Elements of these twisted loop groups are matrices whose off-diagonal entries are
odd functions, while the diagonal entries are even functions of the parameter \. All
entries are in the Banach algebra A, of H*-smooth functions or of finite (possibly
weighted) Wiener norm on C,.. Furthermore, we will use the following subgroups of
A.SL(2,C),: Let I, = {\ € C: |A\] < r} and denote

ASL(2,C), = {g € A,SL(2,C), : g extends analytically to I,}.
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Let A, ={\ € C:r < |\ < 1/r}, and by abuse of notation we denote
ASU(2), = {g € A,SL(2,C), : g extends analytically to A, and g|s, € SU(2)}.
Let g : A, — SL(2,C)_ be analytic. Then g € A,SU(2), if and only if pg = g for

t—1

(1.1.2) (09)(N) 1= g(1/N)
or alternatively, g € A,SU(2),_ if and only if
(1.1.3) (0N == g(1/N) = gV~

For r = 1 we will always omit the subscript 7’. All the groups above are Banach Lie
subgroups of A, SL(2,C),_. The corresponding Banach Lie subalgebras of A,sl(2,C)_
are defined analogously.

1.2. Iwasawa decomposition. Of fundamental importance in our investigation is
a certain Loop group factorization. We modify a result from [20] to obtain:
Multiplication A,SU(2), x AFSL(2,C)_ — A,SL(2,C), is a real analytic surjec-
tion. An associated splitting ¢ = F'B of g € A,SL(2,C)_ with F' € A,SU(2)_ and
positive B € AJSL(2,C), will be called an Iwasawa decomposition of g. Note that

(1.2.1) ASU(2), NAFSL(2,C), = U(1).

If we demand that B(\ = 0) has positive real diagonal entries, then the multiplica-
tion map above is a real analytic diffeomorphism onto. We will call this decompo-
sition the "unique” Iwasawa decomposition.

1.3. Untwisted loops. We shall be primarily working with the twisted loop groups
and algebras. On occasion it is advantageous to switch to the untwisted setting via
the isomorphism between untwisted and twisted r—loops: let X, € A,SL(2,C) be an
untwisted loop. The corresponding twisted loop is given by X;(\) = D X, (\?) D!
where D = diag| VA, 1 / VA ]. In matrix notation, this isomorphism is given by

(1) (52, 480)

One technical issue in switching between untwisted and twisted loops is that under
this twisting isomorphism, an untwisted positive loop is not automatically positive
when twisted, since the untwisted loop at A = 0 need not be upper triangular. To
circumvent this issue, we must first perform a Gram-Schmidt orthonormalization at
A = 0 before twisting the loop.

More precisely, consider an untwisted loop ®, € A, SL(2,C) with an r-Iwasawa
decomposition &, = F, B, with untwisted F, € A,SU(2) and B, € AFSL(2,C).
Now consider the twisted loop ®;(\) = D ®,(\?) D~! obtained from @, via the iso-
morphism (1.3.1) and let &, = F; B, be an r-Iwasawa decomposition with twisted
F, € A,SU(2)_ and B, € ASL(2,C),. If B, has an expansion B, = By+AB;+.. .,
then as By € SL(2,C), we may write By = @ R via Gram-Schmidt orthonormaliza-
tion with @ € SU(2) and R € SL(2,C) upper triangular. Consequently, Q~'B, €
AFSL(2,C) and Q7 'B,|,_, = R and thus D Q™ 'B,(A\?) D' € AfSL(2,C),. Fur-
thermore, we then have that

(1.3.2) ®,(\) = (DF,(\) QD) (DQ'B,(\) D)
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with D F,(A*)Q D' € A, SU(2), and DQ'B,(\*) D! € AJSL(2,C),_ is an r-
Iwasawa decomposition. It is in this sense that we may carry an Iwasawa decompo-
sition in the untwisted setting over to the twisted setting.

1.4. Generalized Weierstrafl representation. Let (M) denote the holomor-
phic 1-forms on a Riemann surface M and define the

AQ(M) = QM) ® {§ : C* — sl(2,C) holomorphic : £(N) = Z &N, of = 5} :

j>—1

cMc surfaces come in S' families, the associated family. The method in [10] con-
structs all conformal cMC immersions of the universal cover M in the following three
steps: Let £ € AQ(]\AJ), Z € M and @, € A,SL(2,C), for some r € (0,1]. To avoid
totally umbilical surfaces, we assume det&_; # 0.

1. Solve the initial value problem

(1.4.1) AP = B¢, B(3,) = Py

to obtain a unique holomorphic frame ® : M — A.SL(2,C),.
2. Iwasawa decompose the map ¢ : M — A, SL(2,C)_ pointwise on M

(1.4.2) O(z, \) = F(z, z, \) B(z, z, \)

We will always assume that the factors F' and B in (1.4.2) are real analytic in z.
The map F : M — A,SU(2), will be called unitary frame. If we use the unique
Iwasawa decomposition, then the factors F' and B are automatically real analytic.
3. Let H € R* and 0\ = a%' Plug F' into the Sym-Bobenko formula

(1.4.3) H=—37 (A& F '+ LFo3F )

to obtain (possibly branched) conformal ¢McC immersions fy : M — Asu(2), with
mean curvature H, that is, for each \g € S' we have a conformal cMC immersion
fro - M — su(2) = R3. Note, fy(z) is branched at z if and only if for £_; = off[a, b]
we have a(zg) = 0.

1.5. Frames. We call € € AQ(M) a holomorphic potential. If &y = ¢u¢, is an
Iwasawa decomposition, then it is not hard to see that the immersions obtained
from (&, ®g, Zo) and (, ¢4, Zo) differ by a A-dependent rigid motion. Thus the choice
of initial condition may be restricted to A;SL(2,C)_. Further, if &, € A7SL(2,C),
then F(Zy) € U(1) and ® = FF(%) ' F(Z)B. Hence we may assume without loss
of generality that

(1.5.1) F(%) =1d for all A € S".

Let s1(2,C) = £@p be the Cartan decomposition induced by the involution ¢ defined
in (1.1.1). The specific form of £ ensures that the Maurer—Cartan form of I acquires
the form

(1.5.2) FUF =X 'a, + ap+ Aoy
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where a; and «; are (1, 0) respectively (0,1)-forms on M with values in p and oy

takes values in €. For each p € M, A — F (p, A) is holomorphic on C*. Maps
(1.5.3) F:M— Ac-SU(2), := (] ASU(2

re(0,1]

with the property (1.5.2) are called extended unitary frames and denoted by F(M).
We call the extended unitary frames for which (1.5.1) holds the normalized extended
unitary frames and denote these by

(1.5.4) Fua(M) = {F € F(M) : F(%) = Id for some %, € M} .

1.6. Gauge. The representation (£, ®g, %) — F(M) is a surjective map [10]. In-
jectivity fails since the Gauge group

(1.6.1) G.(M) = {G : M — ASL(2,C), holomorphic },

acts by right multiplication on the fibers of this map. On the level of the potential,
this gauge action is given by

(1.6.2) EG=GG+GdG.

A computation shows that if ® solves (1.4.1) with triple (&, o, %) and G € G,(M)
then the triples (&, @, Zp) and (£.G, oG (%)), Zo) induce the same CMC immersions,
assuming H # 0.

1.7. Dressing. For r € (0,1], h € A,SL(2,C),_ and Fy, € F(M) let
(1.7.1) hFy=FB

be a pointwise Iwasawa decomposition of hFy in A,SL(2,C)_, where every factor is
analytic in z. Then F € F(M).

Note that F' : M — A,SU(2), and B : M — AfSL(2,C),_ are not uniquely
determined, since for any smooth U : M — U(1), we again have an Iwasawa de-
composition given by hFy = FU U~*B. We shall write

(1.7.2) F € [h#F

to signify that F': M — A,SU(2), satisfies (1.7.1). We call [h#Fp] the dressing
class of Fy under h and say that F' € [h#Fy] was obtained by dressing Fy € F(M)
by h € A,SL(2,C),.

To preserve the base point condition (1.5.1), one needs to restrict to dressing with
elements h € AfSL(2,C)_.

Lemma 1.1. Let h € ASL(2,C),_ and Fy € }"Id(]\Aj) be a normalized extended
unitary frame. Then there exists a normalized extended unitary frame in [h# Fy) if
and only if h € AfSL(2,C). .

Proof. A straightforward computation, see Proposition 2.9 of [5], shows that the
Maurer—Cartan form of any element in [h#Fp] is again of the form (1.5.2). The
issue is that for Fy € Fiq(M) we have Fy(%) = Id, while for F' € [h#F)] we have
apriori only F(Z) € U(1).

If hFy = FB is an Iwasawa decomposition, then Fy(Zy) = F(Zy) = Id, implies
h = B(Z) € A*SL(2,C), .
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Conversely, if hFy = F'B is an Iwasawa decomposition, then so is

(1.7.3) hFy = FF(%) 'F(%)B.

Hence FF(%)~" € [h#F,] and satisfies (1.5.1). Thus FF(%)~! € Fa(M). O
We thus have a left action of A;SL(2,C), on Fiq(M) and shall write F = h#F,

to signify that F' € [h# Fy] with F(Z)) = Id. Evaluating hFy = h#Fy B at % also
gives h = B(Zy).

1.8. Isotropies. We denote the isotropy group of a map F : M — A,SU(2), under
dressing by

(1.8.1) Iso,.(F) ={h € A,SL(2,C), : F € [h#F]}.

For a holomorphic frame ® : M — A, SL(2, C), we define the isotropy under dressing
by

(1.8.2) Iso,(®) = {g € A,SL(2,C), : g® = &G for some G € G,(M)}.

If g € Iso,.(®) with g¢® = &G and & = F B is an Iwasawa decomposition of ®, then
gF = FBGB™! with BGB™! € A}SL(2,C),. Hence g € Iso,(F). Conversely, if

h € Iso,(F), and hF = FH is an Iwasawa decomposition, then h® = ® B~ H B and
thus

(1.8.3) Iso,(®) = Iso,.(F).
Further, using (1.2.1) it is straightforward to verify that
(1.8.4) Iso,(F) N A,SU(2), = U(1) for F € Fia(M).

Umbilic points occur naturally on compact ¢CMC surfaces of genus g > 2 as well as
on complete, open CMC surfaces with more than two ends. In this context, we quote

Theorem 1.2. [7] If the associated family of F € F(M) has umbilics, then Iso.(F) =
{+1d} for all r € (0, 1].

2. SYMMETRIES

The notion of symmetry for cMC immersions has been discussed in the articles
[6, 8]. It turns out that symmetry can be defined on various levels in the context
of the generalized Weierstrafl representation. Since symmetries associated with au-
tomorphisms Aut(M) of the universal cover are central to this article, we recall the
basic facts, retaining the notation of section 1.4.

2.1. Definitions. Let f: M — Asu(2)_ be a cMC H # 0 immersion generated by
a triple (&, ®g, Zp) with ® its holomorphic frame and F its unitary frame. In the rest
of this section we will always assume v € Aut(]\? ) and for a map G with domain M
we shall write 7*G' = G o 7.

Immersion level: A triple (v, X, T') with X € A,SU(2), and T' € A,su(2), is
called a symmetry of f if and only if

(2.1.1) VFE=XfX14T.

Unitary frame level: A pair (v, X) with X € A,SU(2), is called a symmetry of
F if and only if there exists a smooth map k € C*°(M,U(1)) such that

(2.1.2) vF=XFk
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Holomorphic frame level: A pair (v, X) with X € A,SU(2)_ is a symmetry of ¢
if and only if there is a map H € G,.(M) such that

(2.1.3) v =X H.

Potential level: A pair (v, G) with G € G,(M) is called a symmetry of ¢ if and
only if

(2.1.4) VE=EG.
where .G denotes the gauge transformation of £ by G as defined in (1.6.2).

Theorem 2.1. Let f : M — Asu(2), be a cMC H # 0 immersion generated by the
triple (&, ®g, Zo) with ® and F the holomorphic respectively unitary frame.

(i) If (v, X4, T1) and (v, Xy, Ty) are symmetries of f, then Xo = £X; and Ty = Ts.
(ii) If (v, Xy) and (v, Xg) are symmetries of F' then Xy = £X.

(iil) If (v, Xy1) and (v, Xg) are symmetries of ® then Xy = £Xj.

Proof. (i) If (v, Xy, T1) and (v, Xg, Ty) are symmetries, then v*f = Xy fX; ! + T} =
XofX51 + Ty implies X f X! + T = f with X = X;'X; and T = X; 1(T} — T1)Xo.
Since a cMC H # 0 surface in R? is never contained in an affine plane, X f X~ 14T =
f implies X = +Id and 7" = 0.

(ii) If (v, Xy) and (v, Xy) are symmetries of F, then v*F = X Fk; = XoFks.
Plugging X F'ky and X5 Fksy into the Sym-Bobenko formula and equating yields

leXIl - %(@XQXII - ngXQl - %(a)\XQ)Xgl

Now X3 'X; f XX+ 2:X5 " ((06X2)X5 " — (06 X1)X[ ') X, = f and part (i) implies
Xg == :l:Xl

(iii) If (y, Xy) and (7, Xz) are symmetries of ® then 7*® = X, P H = X,®G implies
X;'X;® = ®GH ! and shows that X;'X; € Iso(®). Let ® = FB be an Iwasawa
decomposition of . Then X;'X; € Iso(F), since Iso(®) = Iso(F) by (1.8.3). Hence
X;'X; = £1d by (1.8.4). O

For symmetries (v, X)) and (u, X,,) of F € F(M) and corresponding maps k-, k,,,
we have p*v* F = X, X, F'k, p*k, and if we assume that ((y o p), X,,) is a sym-
metry, then part (ii) of Theorem 2.1 implies X, = £X, X, and consequently

(2.1.5) ko = £k, i1tk

2.2. Symmetries of ®. We briefly investigate how symmetries of a holomorphic
potential descend to symmetries of the corresponding holomorphic frame and note
a simple consequence in case the potential is invariant. In view of these results and
our subsequent inquiry into the relationship with the dressing action, we allow sym-
metries on the level of holomorphic frames of the form (v, X) with X € A,SL(2,C),.

Proposition 2.2. Let v € Aut(M) and (v, G) be a symmetry of & € AQ(M). Let
¢ : M — ASL(2,C), be a solution to d® = ®E. Then there exists X € A,SL(2,C),
such that v*® = X ®G.

Proof. Since v*® and ®G both solve the differential equation dY = Y~*¢, there
exists X € A,SL(2,C), with 7*® = X®G. More explicitly, if ¢ solves d® =
@57 (I)(,go) = (I)(), then X = (I)(V(éo))G(go)_l@al OJ
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We shall again call a pair (v, X) with v € Aut(M) and X € A,SL(2,C), a
symmetry of a map ® : M — A,SL(2,C), if there exists a G € G,(M) such that
Vb= X G,

Corollary 2.3. Let v € Aut(M) and & € AQ(M) with v*¢ = &. Let ® be a solution
to d® = ®E. Then there exists X € A.SL(2,C), such that v*® = X .

2.3. Symmetries of F'. In view of the previous section, we now characterize how
symmetries of the holomorphic frame descend to symmetries of the corresponding
extended unitary frame and show that for open Riemann surfaces, the cocycle factor
in equation (2.1.2) can be gauged away.

Lemma 2.4. Let (v, X) be a symmetry of ® : M — ASL(2,C),. Let ® = FB
be an Iwasawa decomposition of ®. Then there exists an X € A, SU(2), such that
(v, X) is a symmetry of F if and only if there exists an element L € Iso,.(®) with
LX™' e A SU(2)

o

Proof. Let G € G,(M) such that v*® = X®G. If (v,X) with X € A,SU(2), is a

symmetry of F', then by (2.1.2) there exists a differentiable map & : M — U(1) such
that v*F = XFk. In combination with F' = ®B~!, after rearranging, we obtain

(2.3.1) X'X®=0B'ky*BG.

Then L := X 'X € Iso.(®) as B 'kv*BG~' € G.(M) and LX™ ! = X! ¢
ASU(2), .

Conversely, let L € Iso,(®) and L X! € A,SU(2),_. Then there exists an element
H € G, (M) with L® = ®H. By (1.8.3), L € Iso,(F) and LF = FV for V =
BHB™' € G,(M). Then v*® = X®G yields

(2.3.2) VF=XFBGy'B'=XL'FVBG~yB™".

Define X := X L=! and k := VBG~*B~'. On the one hand, k € G,(M) while on
the other hand k = F~'X"!4*F takes values in A,SU(2)_, since X € A,SU(2), by

assumption. From equation (1.2.1) we conclude that k : M — U(1). O

Theorem 2.5. Let M be an open Riemann surface with Fuchsian group I' and let
fr: M — R3 be an associated Jamily of cMC H # 0 immersions. Then there exists

an extended unitary frame F € F(M) for fn such that for every v € T' there exists
X e Ac:SU(2), such that v*F =X F.

Proof. First we apply [8], Theorem 2.3 and infer that there exists some extended
frame F € F(M) for fy such that for every v € T' we have v*F = X Fk, with
X € Ae-SU(2), and k : M — U(1) as in (2.1.2). Writing £ = ® B with & :
M — A,SL(2,C)_ holomorphic and B € G,(M), we obtain v*® = X& W with
W € G.(M). It is easy to see that W satisfies the cocycle condition. Therefore,
since the open Riemann surface M is Stein, by [3], W is a coboundary and whence
splits W = V~*V~1. Hence d = ®W satisfies 7*513 — X®. Iwasawa splitting
® = FB with B normalized such that the \° coefficient in B has positive real
entries we obtain v*F' = X F. 0J
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2.4. Symmetries & Dressing. Next, we characterize how symmetries between
two dressing equivalent unitary frames are related.

Theorem 2.6. Let Fy € F(M) have symmetry (v,Xo) and h € A,SL(2,C),. Then
F € [hit o] has symmetry (7, X) if and only if there exists a L € Iso.(F) such that
X = hXoh~'L~t. Furthermore, if both Fy, F € Fia(M), then L € A;SL(2,C),.

Proof. Writing hFy = F' B for an Iwasawa decomposition and using v*Fy = Xy Fyko,
we obtain hXoh™'F = v*Fy*Bky'B~!. If (7,X) is a symmetry of F then 7*F =
XFk, whence

(2.4.1) X 'hXoh™'F = Fky*Bk;' B

Set L := X 'hXph~! and H = ky*Bk;'B~. Clearly L € A,SL(2,C), and H €
G.(M), so equation (2.4.1) reads LF = FH and is an Iwasawa decomposition of
LF. Hence L € Iso.(F), and by construction X = hXoh 1L

Conversely, assume there exists a map L € Iso,.(F') such that LF = F'H for some
H € G.(M) and hXoh 'L~ € Ac=SU(2),. Defining X = hXoh 'L~! and k =
HBkyy*B™!, a computation yields v*F = XFk. A priori, k : M — AFSL(2,C),,
but as v*F, X and F take values in Ac+SU(2), so does k. Hence k : M — U(1) and
consequently (v, X) is a symmetry of F. d

Corollary 2.7. If in addition to the assumptions of Theorem 2.6, Iso,.(F) = {£Id},
then (v,X) is a symmetry of F if and only if X = +hXoh™ 1.

Proof. The assumption Iso,(F') = {£Id} implies that for the maps L, H in the proof
of Theorem 2.6 we have L = Id and H = Id, yielding the claim. U

2.5. Groups of symmetries. Extending the results of section 2.4 to groups I' C
Aut(M) of symmetries one obtains:

Theorem 2.8. Let Fy € F.(M) admit symmetries (v,Xo(7)) for all v € T' and
let h € A,SL(2,C),. Then F' € [h#F,] has symmetries (v,X(vy)) for all 7 el zf
and only if there exist maps L(vy) € Iso.(F) such that X(y) = hXo(y)h 'L(y)™!
Moreover, if Iso,(F) = {j:Id} then F' admits symmetries (v, X(7)) for ally € T zf
and only if X(v) = hXo(y)h™! for all v € T.

2.6. Symmetries & Isotropy. Let (7, X) be a symmetry of F' € F(M) and v*F =
XFk. If L € Iso,(F) and LF = F' B for an Iwasawa decomposition, then X' LXF =
Fky*Bk™t. As (ky*Bk™') is A} SL(2,C),—valued, X' LX € Iso,(F') and every sym-
metry (7, X) induces an inner automorphism S : Iso,(F) — Iso,(F), L — X1 LX.

Now consider Fy € Fiq(M), h € AFfSL(2,C), and let F' = h# ). Assume that
(7, Xp) and (v, X) are symmetries of Fy respectively F. If further h € Iso.(F),
then we obtain a map S : Iso,(F) — Iso.(F), h — X 'hXgh™! with the property
S(h1ha) = S(hy)h1S(ha)hit.

3. INVARIANT POTENTIALS & MONODROMY

We start our investigation of the relationship between monodromy and dressing
by defining the notion of monodromy on the level of holomorphic and unitary frames
in the generalized Weierstrafl representation.
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Definition 3.1. Let M be a connected Riemann surface with universal cover M and
A the group of deck transformations. Let &€ € AQ(M) and ® : M — A, SL(2, C), be
a solution of d® = ®& and T € A. A loop o(1) € A,SL(2,C)_ such that (1, o(7)) is
a symmetry of ® will be called a monodromy of ® with respect to 7. Let ® = F' B
be an Iwasawa decomposition. A loop x(1) € A.SU(2), such that (7, x(7)) is a
symmetry of F' is called a monodromy of F' with respect to T.

Remark 3.2. A monodromy of a normalized extended unitary frame F € ]:Id(M)
takes values in Ac-SU(2), .

3.1. Existence of monodromies. Apriori, it is not clear that for some 7 € A
there exist monodromies o(7) and x(7) as in the definitions above. In case the
corresponding potentials are invariant under A we can evoke Corollary 2.3 and
obtain the following sufficient conditions for the existence of monodromies.

Proposition 3.3. (i) Let ¢ € AQ(M) and ® be a solution of d® = ® ¢ with ini-
tial condition &y € A, SL(2,C)_ . Let 7 € A with 7§ = &. Then there exists a
monodromy o(1) € A,SL(2,C),_ such that 7*® = o(7) .

(ii) Let F : M — A,SU(2), and a = F~'dF. If T*a = a for 7 € A, then there
exists a monodromy x(7) € A,SU(2)_ such that T*F = x(1) F.

It is shown in [9] that cMC immersions of open Riemann surfaces M can always
be generated by A-invariant potentials £ € AQ(M ). If ® = FB is the Iwasawa
decomposition of a holomorphic frame ® : M — A,SL(2, C),, then we shall need
to study the monodromy of F' in order to control the periodicity of the resulting
immersion (1.4.3). Even if F' is obtained from a potential that is invariant under
A, we are a priori not assured that there exist loops x(7) € A,SU(2)_ and maps
k(t) : M — U(1) such that equation (2.1.2) holds for all 7 € A or even more
strongly, that for « = F~'dF we have 7*a = « for all 7 € A. In analogy to
Theorem 2.6, this issue is characterized by the following

Lemma 3.4. Let (£, ®y, %) generate the holomorphic frame ® : M — A,SL(2,C),

and extended unitary frame F € F(M). Let 7 € A and o(t) be a monodromy of ®.
Then the following are equivalent.

(i) There exists a monodromy x(1) € A,SU(2), of F with respect to .
(i) There exists an element L(7) € Iso,(®) with L(T)o ' (1) € A,.SU(2)

) o
Proof. We first show that (i) implies (ii). Let x(r) € A,SU(2), and k() : M —
U(1) such that 7*F = x(7)F k(7). Using F = ®B~! and 7*® = o(7)® and rearrang-
ing, we obtain x(7)'o(1) ® = ® B~'k(7) 7*B. Then L(7) := x(7) to(7) € Iso,(®)
and L(7)o(T)~! € A, SU(2),.

Conversely, let L(7) € Iso,(®) and assume L(7)o(7)"" € A,SU(2),. Then there
exists an element G(7) € G.(M) with L(7)® = ®G(r). Multiplying this last
equation on the right by 7*®~! and rearranging gives
(3.1.1) F'L(r)o(r) ' 7" F = BG(t) "B~
The left respectively right hand side of (3.1.1) takes values in A,SU(2), respectively
AFSL(2,C),. Hence, by (1.2.1), both sides are A-independent and U(1)-valued. Set
k() := F'L(7) o(r)'7*F and x(7) := o(7) L(7)~'. Then 7*F = x(7) F k(1) and
x(7) € A,SU(2),. O
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Corollary 3.5. Let (&, ®o, Zy) generate the holomorphic frame ® : M — A, SL(2, C),

and extended unitary frame F € F(M). Let T € A and o(t) be a monodromy of
® and x(7) a monodromy of F with respect to T € A. If Iso,(F) = {£Id}, then

x(7) = £o(7).

3.2. A factorization Theorem. In this section we work exclusively with untwisted
loops. Consider an analytic map H : C* — SL(2, C), for which trH is not indepen-
dent of A. The eigenvalues

pe = 3(trH £/(trH)? — 4)

of H need to be holomorphic on some open and dense subset S of C*. To this end
we slightly generalize the procedure used in [9].

Proposition 3.6. Let g : C* — C, g # 0 be holomorphic. Then there exists some
connected, open, and dense subset S C C* such that there exists a well defined square
root function \/g of g on S.

Proof. Since g(\) does not vanish identically it has at most finitely many roots on S*.
Moving slightly inside, if necessary, we can choose any 0 < r < 1 such that g does
not vanish on C,. We form a (scalar) Birkhoff splitting of gon C,: g = g_AVg,. It is
easy to verify that, since g is holomorphic on C*, also g_ and g, are holomorphic on
C*. Now we introduce some cuts: Consider the roots of g,. They are all contained
in the complement of I,.. We cut the Riemann sphere from every odd ordered root
of g, to infinity. Similarly we cut the Riemann sphere from each odd ordered root
of g_ to the origin. Thus g_ and g, have well defined root functions on the cut
domain. If N is odd, then we also need to introduce one further cut from the origin
to the point at infinity. This resulting domain will be denoted by S. U

Applying this to the function g(\) = trH?* — 4 we obtain

Corollary 3.7. The eigenvalue functions u+(\) of a loop H € Ac+SL(2,C) are
analytic on a connected, open and dense set S C C*, obtained by making radial
branch cuts from odd ordered roots o of trH? — 4 to the origin respectively the point
at infinity, depending on whether || < r respectively |a| > r. In addition there is
possibly a cut from 0 to oco.

For our approach it will be convenient to diagonalize Y HY ~! = diag[uy, p_]. If
the matrix entries H 5 and Hy; of H do not vanish identically, then one can choose
as diagonalizing matrix Y ( see e.g. (3.5.18) in [9])

T
(3.2.1) Y= (_ Hy uizv”;{;;’gl) )
2tv 2iv
where H;; denotes the (i, j)—coefficient of H and 2u = trH and v* = u? — 1. If one
of the off-diagonal coefficients vanishes identically, then we choose the corresponding
matrix Y listed in [9]. In this case the diagonal entries are uy. Note that this works
in our setting.(Not only in the somewhat more special setting of [9].)
From the specific form of the matrices Y mentioned above we infer that Y is
meromorphic on S, provided the trace trH of H is not independent of \.
The next result is crucial for our characterization of dressing matrices preserving
the fundamental group. As before, we denote an open annulus about S* by A, =
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{AeC:r< |\ <1/r}and by C,. ={\ € C: |\ = r} a circle of radius r. With

the above notations we have the following

Theorem 3.8. Let h € AfSL(2,C) for some 0 < r <1 and H € Ac+SL(2,C)
such that the trace of H is not constant. Let S be as in Corollary 3.7. If h Hh™" is
meromorphic on SN Ay for some 0 < s < r, then h can be factored, on a possibly
segmented circle C; NS for s <1 <r, into

(3.2.2) h=MC,

where C is SL(2,C)~valued on SN C; and [C, H] = 0 there. Moreover, M is
SL(2, C)—valued and meromorphic on the connected open set S N Aj.

Proof. Let Y be such that Y HY ! = diag[u,, ] holds, and write

(3.2.3) hy ! = (CC‘ Z) .

Computing h H h=! and evaluating the diagonal entries gives that both

(3.2.4) adp— — bepy,
(3.2.5) adpy — bep—

are meromorphic on S N A;. Multiplying (3.2.4) by u; and (3.2.5) by p_ and
subtracting the resulting equations, implies that bc(,ui — p%) is meromorphic on
S N As. Multiplying (3.2.4) by p— and (3.2.5) by u, and subtracting the resulting
equations, implies that ad(u? —p2 ) is meromorphic on SNA,. Assuming p? —p2 =0
would imply g4 = 1 and contradict the assumption that trH is not independent of
A. Since p4 are holomorphic on SN A, both ad and bc are meromorphic on S N A,.
Similarly, evaluating the off-diagonal terms of h H h=! we obtain that both ab and
cd are meromorphic on S N A;. R

If d # 0 on some circle Cj, for s <[ < r, then we may write h Y ! = hdiag[1/d, d]

with h meromorphic on SN Ay, given by

(3.2.6) = (Z‘g b{d) .

We define C := Y 'diag[1/d,d]Y and M := RY. Then h = MC with C = C(\)
defined on C;N'S and [C, H | = 0 there. Moreover, M is meromorphic on S N As.

If d =0 on an arc C; NS for some s < [ < r, then both ¢d = 0 on this arc and
consequently ¢d = 0 in SN I, and ad = 0 on this arc and consequently ad = 0 in
SN 1. Thus d =0 on C; NS implies that both b, ¢ # 0 on SN I, and we may write
hY ! = hdiag|c, 1/c] with h meromorphic on SN A,, given by

~ fa/c bc
(3.2.7) hi= ( | Cd).
Set C = Y 'diag[c,1/c]Y and M = hY. Then h = MC with [C, x] = 0 and M
is meromorphic on SN Aj. 0

Given an open dense subset S C C*, obtained by making branch cuts from the
points {a;} C C* to the origin respectively oo, depending on whether |a;| < r
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respectively |a;| > r, let S be the set obtained by making branch cuts according to
this rule from the points {1/a;}. Then the set

S*=SNS$

is invariant under A — 1/X. Note that if there are at least two distinct a; € S*,
then S* is not connected.
We now improve on these results by exploiting the reality of loops in Ac-SU(2).

Lemma 3.9. The eigenvalue functions p+ of a loop H € Ac-SU(2) are of the form
sy = u % v, where 2u = trH and v?> = 1 —u? = NV - 9% with N € 2Z and ¥
holomorphic on S. In particular, S' C S = S*.

Proof. A loop H € Ac-SU(2) is of the form
Ay
w0 = (57w z07)

with analytic functions z, y : C* — C. Hence u|s € [—1, 1]. Consequently, the
function v? is real and non-negative on S! and thus has only even roots on S*. If

{\1, ..., A} are the roots of v? on S, we may write
v? = (H()\ — /\j)2Kf) s
=1

where s : C* — C is analytic and s|g: # 0. We write s = ¢os_ AV s, for the
scalar Birkhoff decomposition of s on S!, with ¢y € C* and N € Z, such that
s_(00) = s:(0) = 1. With these normalizations, the reality condition u* = u
implies s = s_ as well as

N = —ZKj and ¢y = ¢y HA?Kj.
j=1 Jj=1
Whence also s* (c0) = 1 and v* = AV9? with

(3.2.8) ® =cps5_ s, H(/\ — ).

J=1

Since s is analytic in C*, both s are analytic in C*, in fact s, () is entire, and thus
also 92 is analytic in C*. There are two cases depending on the parity of N € Z. If
N is even, then making branchcuts from the odd ordered roots of s, to the point
at infinity and branchcuts from the odd ordered roots of s_ to the origin gives an
open and dense set S C C* on which 92 has an analytic square root. Since the roots
of 92 on S' are all even, we have that also v? has an analytic square root on S and
St C S. Further, s% = s_ implies S* = S.

Assume that N € Z is odd. Then S is the set obtained as above but with an
additional branch cut from the origin to the point at infinity. Now v = vtr’H — 4
has an absolutely convergent power series expansion on S! and is thus well defined,
so there can not be a branch cut through S!'. Hence N is even. 0
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Corollary 3.10. Let h € AFSL(2,C) for some 0 < r < 1 and H € Ac-SU(2)
with non-constant trace function and let S be as in Lemma 8.9. If hHA™! is
meromorphic on S N As for some 0 < s < r and in addition we require that

(hHh ) = (hHRM Y for all X € SN A,, then
(3.2.9) h=UC

with meromorphic loops U, C' on a cut but connected annulus respectively a possibly
segmented circle Cy for some s < | < r with [C, H] = 0 there, and U € A,» SU(2)
for some 1" € (0, 1).

Proof. Note that we have S' C S = S* under our assumptions. We apply Theorem
3.8 and decompose h = M C on C] for some s < [ < r with M meromorphic on
SN A, and [C, H] = 0. Consequently, we have h Hh™' = M H M~ on SN A, and
(hHRY* = (hHh ') is equivalent to

(3.2.10) [(M*M, H] =0

on SN A,. Next, we seek a loop L, meromorphic on a subset of SN A, of the form
L= fId + g M*M with meromorphic functions f, g on SN A, such that

(3.2.11) (ML =ML

Then h = ML7'LC is the desired factorization. Equation (3.2.11) is equivalent to
M*M = L*L and by setting P := M*M, yields

P=ff1d+ (f*'9+ fg )P +gg P>
=(ff"—g9)ld+ (f'g+ fg" +gg"tx(P))P

since P2 = tr(P)P — Id by Cayley-Hamilton. The Ansatz f = f* = g reduces
(3.2.12) to

(3.2.12)

B 1
24 trP’

If we denote the entries of M by m;;, then the function

(3.2.13) g

(3.2.14) rP(A) = Y my(A)mi;(N)

,j=1

is meromorphic on SN A, and is real and positive on S' C SN A, . With the help
of a scalar Birkhoff decomposition of ¢? it is straightforward to see that there exists
a well defined square root of (3.2.13) on S!, which extends meromorphically to the
set Sp C S, obtained by making branchcuts from the odd ordered roots of 2+trP in
the usual fashion. Note that S' C Sp and S = Sp. Now that g = (2 + trP) /2 is
meromorphic on Sp N A, we can set U := ML™!, which is meromorphic on Sp N A,
with U* = U™}, and C' := LC, which is defined on C; N Sp with [C, H] = 0. Tt
remains to show that there exists an ' € (0, 1) such that U € A,» SU(2).
We choose 0 < 7/ < 1 such that both of the following conditions hold:

(i) The only poles of M in A, NS are on S,
(i) Ay NSp = A,..
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Denote the pole set of M in A, by P = {p1,...,px} C S'. Let V; C A, be an
open neighborhood of p; such that V; NP = {p;}. Let V* = V; \ {p;}. Since U is
unitary on Sp N U NS ! its entries are bounded. Hence U extends analytically to
pj for all j = 1,..., K. Consequently, U is analytic in A,» with U* = U~!. Thus
U € A,» SU(2), concluding this proof. O

In the following sections we will apply the results of the present section to the
twisted loop groups.

3.3. Let F € Fiq(M) and h € AFSL(2,C), and let F = h#F. Then F € Fia(M).
Let 7 € A and x(7), x(7) be monodromies of F' respectively F'. Writing hF’ = F'B
for an Iwasawa decomposition and 7*F = x(7) F k(7) and 7F = x(7) F k(7), we
obtain

(3.3.1) () thx(r)hYE = Fi(r) (7" B) k(r)"'B~L.
Since k() (7*B) k(r) "' B~ € G,(M), this proves that
(3.3.2) R(T)thx (1) Bt € Tso, (F).

Since F(%) = F(%) = Id, evaluation of hF = FB at the basepoint Z, yields
h = B(%). Evaluating equation (3.3.1) at 2, and solving for x(7) gives

X(7) = hx(r) k(7, Z0) B (t(%)) " k(7, Z) ™"
(3.3.3) =hx(r)h 'L, L € Iso,(F)
= hx(7)bh™, b:=h"'Lh € Iso,(F).

This leads us to an application of Theorem 3.8 and shows that if a dressing matrix
preserves the topology, then it factorizes as in (3.2.2). We now denote by S = S*
the set obtained from the eigenvalues of a monodromy x.

Theorem 3.11. Let 7 € A and F € Fig(M) with monodromy x = x(7). We
assume that the trace of x is not constant. Let h € AFSL(2,C), such that hx h™*
is meromorphic on S N A for some 0 < s < r, where S is as in Lemma 3.9. If
F= h#F has a monodromy x with respect to T, and ifg 1s defined for x according
to Lemma 3.9, then h can be factored, on a possibly segmented circle C; NS N S for
L €ls,r], into h = MC where C = C(1, \) is twisted SL(2, C)-valued and defined
on ;NSNS and [C, x] = 0 there, and M = M(t, \) is twisted SU(2) valued and
meromorphic on the connected open set S' C SNSN A,.

Proof. By the above (3.3.3), for the dressed monodromy we have x = hx h™! L with
L € Iso.(F). Clearly, L is defined and meromorphic on S N A,. Moreover, we can
write Y = hxy Lh™!, where L € Iso,(F). From this we conclude that the eigenvalue
functions of y L are the same as those of x. At this point we undress every occurring
matrix and continue, until the very end of the proof, to work in the undressed
setting. We note that the domains of definition of the dressed and the undressed
matrices are in a natural correspondence and that unitary matrices are mapped to
unitary matrices, while the ”"positive matrices” almost correspond. For simplicity
of notation we will use the same notation as in the twisted situation. First we note
that we can apply Theorem 3.8 to hx h™'. Hence h = M C, where M has values
in SL(2,C) and is defined on S. As a consequence, Y = /\/lx./\/l_lﬁ = My L' ML
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From this expression we infer that L’ is defined and meromorphic on S. Now we can
apply almost verbatim the proof of 3.10, if we replace everywhere S by S N S=S§
and obtain that we can assume that M is defined and holomorphic on some open
neighborhood of S' and unitary on S!. Finally, twisting every occurring matrix
again we obtain the desired result. 0

When the associated family of F' € }"Id(N) possesses umbilic points, then, since

dressing preserves umbilic points [28], Iso,(F) = {£Id} for F' = h#F and (3.3.2)
implies

(3.3.4) ) =Fhx(r)h™! € AcxSU(2).,.
This allows us to restate Corollary 3.10 for the trivial isotropy case:

Corollary 3.12. Let F € Fiq(M) with Iso(F) = {#1d}. Let x = x(7) € Ac-SU(2),
be a monodromy of F' with non-constant trace. Let h € ASSL(2,C)_ for some

€ (0, 1]. If h#F also has a monodromy with respect to T, then h can be factored
into h = UC with [C, x] =0 and U = U(7, \) the meromorphic extension of an
element of A,y SU(2), for some " € [r, 1].

We were not able to prove the corresponding result for a general F' € Fiq(M)
without the isotropy condition. It turns out, that we do have an analogous result
for the dressing orbit of the vacuum, to which we now turn our attention.

4. DRESSING THE VACUUM

4.1. Definitions. The standard round cylinder (="the vacuum”) has the confor-
mal structure of the punctured plane C*. If we identify C* = C/qZ for some
q € C*, then w — 2z = exp(qw) is the universal covering map. The group of deck
transformations A = Z is generated by the translation

(4.1.1) Tyt W w4 q.
An extended unitary frame of the associated family of the vacuum is given by
(4.12) Fu(w, \) = exp((wA~" —wA) A) with A — ((1) é) .

A monodromy with respect to 7, of F. is given by

(4.1.3) Xe(1q) = exp((gA™" — q)) A).

The map F;. : C — Ac-SU(2), is obtained in the generalized Weierstra$ representa-
tion from the triple ((A~! + X)A dw, Id, 0). Note that we have chosen the basepoint
wo = 0. The corresponding holomorphic frame is

(4.1.4) D.(w, \) =exp((A" + \)w A)

with monodromy with respect to 7, given by

(4.1.5) 0.(14) = exp((A1 4+ X) g A).

Note that if ¢ € /R, then p.(7;) € Ac-SU(2), and o.(7;) = Xxc(74)-
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4.2. Monodromy. Let h € AfSL(2,C)_ and hF. = F'B the r-Iwasawa decompo-
sition of hF, such that at the basepoint wy = 0 we have F.(0, \) = F(0, A\) = Id
and h(\) = B(0, A). Let us assume that F' has symmetry (7,, x(7,)). From (3.3.3)
we obtain

(4.2.1) X(1q) = hxe(rq) Ba) ™.
For completeness of exposition we prove the following result, first obtained in sec-
tions 3.1-3.4 of [6].

Lemma 4.1. Let h € AfSL(2,C), and F, be as in (4.1.2). Assume that h#F, has
monodromy x(7,) € AcxSU(2),. Then there exists an odd function f, : C, — C
with a holomorphic extension to I, such that B(q)™" = exp(f,A) h™'. Setting

(4.2.2) Pg(N) = AT = gA + fa(N),

we may write the monodromy of h#F, as

(4.2.3) x(1,) = h exp(p,A) h 1.

Proof. Let x.(1;) be the monodromy of F, as in (4.1.3). Then
(4.2.4) Xe(rg)Fe = 7, F. = h™'x(7)hF.B~'7; B

in combination with (4.2.1) gives B(q)"'B(0)F. = F,7;B~'B.
Hence [B(q) *B(0), A] = 0 and for the matrix

(4.2.5) T = % (_11 })

we have TAT! = o3 and [TB(q)"'B(0)T',03] = 0. Thus TB(¢q)'B(0)T"! =
diag[s,, s, '] for some holomorphic function s, : I, — C*. Defining s, = exp(f,)
vields B(q)™'B(0) = exp(f,A). Since B(0) = h, this proves the claim. O

The point of Lemma 4.1 is that we can now write a monodromy of an extended
frame in the dressing orbit of the vacuum as

(4.2.6) cosh(p,) Id + sinh(p,) h AR~
and much of the analysis reduces to the study of the two scalar functions
(4.2.7) a = cosh(p,) and 8 = sinh(p,).

In analogy to Corollary 3.12 we have the following result for the monodromy repre-
sentation of surfaces in the dressing orbit of the cylinder.

Theorem 4.2. Let h € AfSL(2,C), and F. be as in (4.1.2). Assume that h#F, has
symmetry (14, xX(7,)). Then h = M(7,)C(7,) with M(r,) € A,SU(2)_ for suitable
r<r' <1and|[C(ry), Al =0.

Proof. For T defined in (4.2.5) and by Lemma 4.1, we may write
(4.2.8) X(14) = hT~" diag[exp(—p,), exp(py) | T h™".

for 0 <| A |< r. Let hT=' = (2%). The diagonal entries of x(7,) are analytic
functions in A € C* and given by

ad exp(—p,) — be exp(py),

(4.2.9) ad eXp(pq) —be eXp(—Pq)-
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Adding these implies that v = cosh(p,) is an analytic function on C*. More precisely,
a has an analytic extension from 0 <| A |< r to C*. Solving for exp(p,) we obtain
exp(py) = a + va? — 1. This is analytic on the set S C C* obtained by making
branchcuts from the odd-ordered roots of a® — 1 in the usual fashion. Note that
the equation (4.2.8) above implies that py = exp(+£p,) are the eigenvalues of x(7,).
Hence, by Lemma 3.9 we know that S is open, connected, and dense in C*. Moreover
we have S C S and S = S*.

Consequently, exp(—p,) is holomorphic on S. Multiplying the (1, 1) entry of x(7,)
by exp(p,) and the (2,2) entry of x(7,) by exp(—p,) and subtracting the resulting
equations implies that besinh(p,) is holomorphic on S. Note that 8 = sinh(p,) # 0.
Hence bc is meromorphic on S. Similarly one shows that ad is meromorphic on S.

The off-diagonal terms of x(7,) are 2abf and —2cdf3. Hence both ab and cd are
meromorphic on S. If d # 0 on the circle C,, then as in (3.2.6), we may write
hT~' = hD, with D, = diag[1/d, d] and h meromorphic on S.

Defining C(7,) = T~'D,T, M(r,) = hT yields h = M(7,)C(r,) with [C(r,), A] =
0 and M(71,) meromorphic on S. Arguing as in the proof of Theorem 3.8, d = 0 on
an arc Cs NS implies that both b, ¢ # 0 on S and we may write 7™ L = hD, with

= diag[c, 1/c] and h meromorphic on S. Defining C(ry) =T 'D,T, M(7,) = hT
yields h = M(7,)C(7,) with [C(7,), A] = 0 and M(7,) meromorphic on S in this

case. In either case, on C, we may write
(4.2.10) x(74) = M(7y) exp(pg A) M(Tq)A'

Introducing an additional cut from 0 to —co we obtain a simply connected domain
S = S*, on which we can take the logarithm of the holomorphlc function exp(p,),

thus defining p, on S. Then on § we combine y(7,)* = x(7,)~" with (4.2.10) to
obtain

(4.2.11) M (1) M(7y) exp(—pg A) = exp(p; A) M*(1,) M(7,).

For T defined in (4.2.5), recall that T AT~' = diag[l, —1]. Since T € SU(2),
the matrix X := T M*(7,) M(7,) T~! is hermitian and of the form X = W W*.
In particular, if we write X = (7%), then # # 0. We can rewrite (4.2.11) as
XT exp(—pg A) T =T exp(p; A) T~' X and obtain

(42.12) (Z g) (exp(o—pq) exp(zpq)) _ (expépé) exp(U_ p:;)) <9yc g)

Since x # 0, then exp(—p,) = exp(p;) on S and we conclude that cosh(py) = cosh(p,)

and sinh(p}) = —sinh(p,). Consequently exp(p; A) = exp(—p, A) on S and equation
(4.2.11) reads

(4.2.13) [ M (7,)M(7,), exp(—p, A)] = 0.

From the proof of Corollary 3.9 we now obtain some L(7,) and ' € [r, 1) such that
M(7,)L(7,) € ASU(2), and [L*(7,), C(7,)] = 0, and concludes the proof. O

Corollary 4.3. Let h € ASL(2,C), such that h exp(pyA) h™' € Ac-SU(2), for
some translation 7,. If h is diagonal, then h* is rational on CP' and h* is analytic
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in CP'\ ‘H, where H is the set obtained by making appropriate branchcuts from the
points lying in the set

(4.214)  H ={A € CP': || > r and p,(\) € TiZ} U{ singularities of p,(\)}
and h is unitary on S*.

Remark 4.4. Writing h = diag|a, 1/a], we have that x(7,) = ald + Soff[a?, a™?]
is analytic on C*. Hence a®> and a2 are analytic in H and even in \. Following
the procedure for splitting a matriz we first untwist h. The above procedure for
constructing the factorization h = MC gives

1 1+a* 1-d? 1 fa+1/a a—1/a
(4.2.15) M_ﬁ(—l—i—a_z 1+a2 ’C_E a—1/a a+1/a)’

where a really denotes the untwisted function. Now we need to twist again. This
way we obtain the original function a and in addition the off-diagonal terms are
multiplied by X (in the (12—)position) and by A\=* in the (21)—position respectively.
Clearly this leads to a matriz M which is twisted as required.

4.3. Delaunay Surfaces. As an example, we discuss how to dress the vacuum into
a Delaunay surface and compute the splitting of this dressing matrix according to
Theorem 4.2. It is proven in [14] that an associated family of the Delaunay surface
with neck radius w is generated by the triple (D dz/z, Id, 0), where

0 aX! 4+ BA
(4.3.1) D= <m1+aA 0 )

and o, f € Rwith o+ =1/2 and w = #(1 — /1 —16ap). The monodromy
of the unitary frame with respect to the translation 7, for ¢ = 2w is given by
exp(2miD). Therefore, to dress the standard cylinder into a Delaunay surface, it
suffices to determine a diagonal h = diag[a, 1/a] € ASL(2,C), for some suitable
r > 0 such that p,hAh~' = D, which is equivalent to the two equations

a (At = gA + f,) = 2mi(@AT + BATY).
Solving both equations for a? and equating gives
(4.3.2) 2min/ (o + BA2)(B + aX?) = ¢ — g\ + M f,,

which in turn yields a® = y/(a + 8A2)/(8 + aA?). Evaluating (4.3.2) at A = 0 gives

q =2miv/aB. If p:=min{|\/a/B|, |\/B/a|}, then h € AFSL(2,C), for 0 < r < p.
It is easily verified that p(A) = 2mwiv/— det D vanishes at the singularities of h. In
summary, the matrix that dresses the vacuum into a Delaunay surface with neck
radius w is given by

. a 2 a)2
(4.3.3) h(\) = diag] { ﬁj(ﬁ;, ¥ giB;]

Untwisting h, factoring h = MC as in (4.2.15) and twisting back gives

a+BA2 o+BA2
1+ B+al? A=A B+a)?

-1 [ B+ar? -1 B+ar?
A a+pBA2 A 1+ a+pBX22

(4.3.4) M =

N —
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Evidently M* = M~ so that this is actually the decomposition according to The-
orem 4.2. The domain of M is the genus one hyperelliptic curve p? + det D = 0,
the spectral curve of the underlying Delaunay surface.

4.4. Finite Blaschke Products. The function f; occurring in Theorem 4.1 is
not always as easy to deal with as in the above example nor can it generally be
explicitly computed. Nonetheless, even the trivial case f, = 0 is quite interesting
and the corresponding dressing matrices are of such a simple form that the involved
Iwasawa decomposition can be explicitly computed.

Lemma 4.5. Let h € AfSL(2,C)_ and F, be the unitary frame of the round cylinder
with monodromy x.(7,) = exp((gA\~t — gA\)A) for some ¢ € C* with

(4.4.1) Vi—+q¢ 7.
Assume F = h#F, has a monodromy hx.(r,) exp(f; A)h™' € Ac=SU(2), as in
equation (4.2.3). Then the following are equivalent
(1) hxe(ry) Bt € Ac-SU(2),.
(ii) f, = 0.
(iii) h AR~ is rational on CP' with only simple poles.

Proof. We first show that (i) implies (ii). The assumption (i) allows us to write the
monodromy of F' as h x.(7,) h~' - hexp(f, A) h~!, where the first group of factors is
unitary and the second group of factors is contained in A;SL(2,C)_ and has first
term I. Therefore the condition that the whole expression is unitary is equivalent
to hexp(f, A) h~! being unitary. But it is also in AFSL(2,C),_. Therefore it is in
U(1). But since it starts with I, it is identically equal to I. As a consequence
exp(fy A) = I. Hence f, = 2nk for some k € Z and k = 0, since f,; is an odd
function by Lemma 4.1. This shows that (i) implies (ii).
Let us prove that (ii) implies (iii). Recall from (4.2.6) and (4.2.7) that

hexp(p, A)h ' =ald+BhAh™.

Since f, = 0 we have p, = A\"'¢ — A\ and therefore 8 = sinh(A\~'q — A\g) is holo-
morphic on C*. By assumption, 3h Ah~! is holomorphic on C* so that h Ah~! is
meromorphic on C*. Let A\g € C* be a root of 3 = sinh(A\"tq — A\g), that is, it lies
in the set

(4.4.2) Si={ €A :Ng—\gemL}.

Then B'(Xg) = (N 2¢—q) # 0 if and only if Ay # j:i\/%. Our assumption (4.4.1)
ensures that +iy/q/q ¢ S?. Hence all roots of 3 in C* are simple. Therefore the
entries of h Ah™! can only have simple poles in C* which must lie in S?. Note also
that h Ah~! is holomorphic at A = 0. Hence h Ah~! is a holomorphic germ at the
origin with a meromorphic extension to C*. In Section 3.5 of [6] it is shown that
the squares of the entries of h Ah~! are finite at co. Hence h Ah~! is rational on
CP! and proves that (ii) implies (iii).

Finally we show that (iii) implies (i). By equations (4.2.6) and (4.2.7) we write
x = ald + BhAh™! and use the fact that 3h Ah~! is holomorphic on C*. With
assumption (iii) this implies that § is meromorphic on C*. Since « is holomorphic
on C*, so is o? and consequently 32 = a? — 1 is holomorphic on C*, therefore 3 itself
is holomorphic on C*. Further, from y* = x ! = ald — S hAh~! we deduce that «
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is real on S!, i.e. o* = a. And since 52 is real and non-positive on S, and since /3
is holomorphic on C*, we obtain 8* = —3. Consequently, (hAh™1)* = hAh™! and
thus h x.(7,) bt = exp((A g — Aq)h Ah™') € Ac-SU(2),. This proves that (iii)
implies (i) and concludes the proof of the lemma. O

Remark 4.6. 1. The result above seems to indicate that for every "type of f, ” one
obtains an associated type of dressing matriz.

2. In the case f, = 0 and the setting of [6], the hyperelliptic surface associated
with the dressing is simply the Riemann sphere S*. If this class would contain some
torus, then one would have an example for the ”singular tori question” of [1].

3. The set 81 in (4.4.2) is finite for fized r. Further ST C R if and only if q € iR,
in which case q also satisfies (4.4.1). Finally, it is easy to see that if A € S? then
also X\, 1/X\, 1/\ € 84, and in particular, (S9)" = S9.

We apply Lemma 4.5 to a class of diagonal dressing matrices for which f, = 0.

Corollary 4.7. Let h = diag[a, 1/a] € A}SL(2,C),. Then h has an extension to
A, for some ' € [r, 1] such that h* = h™' on A, and hy. ()b~ € Ac+SU(2)_ if
and only if a® is a finite Blaschke product
N2 2
ai—A
(4.4.3) a*(\) =] m a; € SI.
j

i=1

Proof. Assume h has a unitary branch on S* and hx.(7,)h™" € Ac=SU(2),. Then
by Lemma 4.5 we conclude that h A h™! = off[a?, 1/a?] is rational with simple poles
and zeroes located in 8?. Hence a? is of the form (4.4.3). The converse is proven by
direct verification. O

Dressing matrices characterized in the previous proposition are thus of the form

N
. a?—)2 1-a2x2
(4.4.4) h = Hdlag [\/1104?/\2’ \/a?_J/\2 ] , a; €S
j=1

and are a special instance of an interesting class to which we now turn our attention.

4.5. Simple factors, untwisted case. In this section we will deal primarily with
untwisted loops. The previous discussion has naturally lead us to a class of special
dressing matrices, the so called simple factors of Uhlenbeck [27] and discussed in
similar context in [26] and [4]. The main feature is that dressing with simple factors
is explicit. This construction, due to Terng and Uhlenbeck [26] goes as follows:

We decompose C?> =L @ Lt for L= C({). Then for all A € GL(2,C) we have

(4.5.1) AL L AL

The hermitian projection 7, : C* — L onto L is given by

o 1 la]?> ab
U Jar (e \ab (b))

Let « € I = {A € C: 0 < |A\] < 1}. Then the map
a— A
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is invariant under p. For given L and « € Iy, a simple factor [26] is a loop of the
form

(4.5.2) Var(N) = m, + 7o) 7p

By construction, 1,1, : CP'\ {a, 1/a} — GL(2,C) is analytic and since |a| > 0, we
have that ¢, € AJGL(2,C) for r < |af. Clearly, simple factors are not twisted.
Further, since ¢}, = ¢,] = m, + 7, '@, we conclude that 1,5, € A, U(2) for
r > |a|. For later use we also note the fact that for any A € U(2) we have

(453) ¢a,AL - Al/}oc,L A_l.

Let U € Ac+SU(2), @ € I} and L € CP? and 1,1 be the corresponding simple
factor. Then it can be shown, see e.g [17], that

-1
(4.5.4) YarUv b € AeSU)

Consequently, we have an explicit r—Iwasawa decomposition of ¢, 1, U for r < |a],
given by

_ -1
(4.5.5) Yo U = <1/}a,L U wa’@tlj wa,th'

For the geometric applications considered in this paper it is of great value to have
a simple and explicit formula for the dressed frame. Simple factors

(4.5.6) Yoy = Ty + Ta(A) (Id — mrey)

for which L depends on A\ will be called generalized simple factors. We would like
to present an analogous result to 4.5.5 for such generalized simple factors:

Theorem 4.8. Let L : C* — CP! be holomorphic and (L, L*) # 0 for all A € C*.
Let o € IT and 1,1\ be the corresponding generalized simple factor. Then for any

U € Ac-SU(2) we have
(4.5.7) VoL # U = Yarm @/)_ U(a)'L(a)

Proof. Fix A\g € C* and write L(A) = [a()\) : b(N\)]. Then for Ly = [1 : 0] and the

holomorphic map
(4.5.8) W(A) = (a(A) M)>
b(A) a(1/A)
we have L(A) = W(A) Ly and W(A) € Ac-U(2). Applying 4.5.3 to A = W(A), A €
C*, we obtain ¥, 1,0) = W(A) L, W(A) ™! and
Yary U = W o W) UR) = (W) e WO U Uy ) sy,

where L) = (W (a)~'U(a)) Lo. The right side is an Iwasawa decomposition. The
unitary part can be rewritten in the form

W(N) Yoo W UN) ¥y = Yooy UN Uy 1,

—t

It is straightforward to verify Ly = U(a) L(«), thus proving (4.5.7). O
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4.6. Twisting of simple factors. Since generalized simple factors are in general
untwisted, we need to modify the concept so that it can also be used for the twisted
case. We discuss two approaches to deal with simple factors in the twisted case by
firstly, taking a simple factor and applying the "twisting map’ and secondly, looking
for products of simple factors which happen to be twisted. Applying the 'twisting
map’ (1.3.1) to a simple factor we obtain

VoL = DN Yar2y DN = ta pon2)-

Lemma 4.9. (i) Twisting a generalized simple factor produces again a generalized
simple factor. (ii) Let ¢ be a simple factor (L is independent of \). Then the
corresponding twisted simple factor is again independent of X if and only if

(4.6.1) D, D' =m, or 7y

Remark 4.10. Since D = D()\) is diagonal, the only projections satisfying the
condition (4.6.1) above are those onto the canonical basis vectors.

4.7. Twisted products of simple factors. As mentioned earlier we also consider
products of two simple factors and determine, when such matrices are twisted. Recall
the two involutions g, o defined in (1.1.1) respectively (1.1.2).

Proposition 4.11. We have the following four properties:

a) Let g € A,SL(2,C). Then (0g)g is twisted if and only if [og, g] = 0.

b) If g € A,SU(2),, then (0g)g € A,SU(2),.

¢) Let vo,1 and ¢4 be simple factors. If o (tha,r) ¥y g is twisted, then 1,1 = 57
d) If 0(Ya1)%ar is twisted, then either o(m,) = 7y, or o(my,) = 71

Proof. a) The loop (0g)g is twisted if and only if o ((0g) g) = gog = (og) g, which
is equivalent to [og, g] = 0.

b) The loop g € A,SU(2), if and only if pg = ¢g. Then ¢ ((c9)g) = (009) (09) =
(009)(0g9) = (0g) g, since [p, o] = 0. Hence (0g) g € A,SU(2),.

¢) The product is twisted if and only if o(¢a,z) - Y57 = Yo, - 0(s7). Let us
abbreviate A = v, and B = ¢45¢. Then the pole of A is at 1/@, while the pole
of Bis at 1/3. On the other hand, the pole of o(A) is at —1/@ and the analogous
result holds for B. Thus comparing the two sides we obtain @ = 5. Expanding near
a pole and comparing the factors we derive L = L.

d) If (64a,1)Y0 1 is twisted, then by part (a), [0¢q 1, Y] = 0 which is equivalent
to the eigenspaces of 09,1, and 1,1, coinciding. Thus there are two possibilities:

(4.7.1) O3 05" = Ty, o T
This proves d) and concludes the proof of the proposition. O

We are going to evaluate the two possibilities in (4.7.1).

(i) Let us turn to the first case in (4.7.1): For the line L = C(}) we have ¢, 1, =
diag[1, 7,]. Using 7,(A\)7a(=X) = 742(A?) we obtain (0%a1)%ar = T + Ta2 (A1
Dividing by the square root of the determinant we arrive at all diagonal twisted
simple factors

(4.7.2) Gor.(A) = /T2 (A2) T+ /Ta2 (A2) i
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Then g,1.(A) € AfSL(2,C), for 0 < r < |a| and in matrix form is given by

(4.7.3) Jo,L(A) = diag {\/1;20:?22’ \/1"‘_25; }

Notice that g, r(A)™! corresponds to a factor of the matrix given in (4.4.4).

(ii) Let us turn to the second case in (4.7.1): 0510 ;' =7, For L = C(a, b)! and
hermitian projection 7, : C* — L we have oy, = 7 if and only if |a]? = |b]? = 1/2.
Setting a = \}5 exp(is) and b = exp(@t) and rescaling, we may assume without
loss of generality that L = C(e 29, 1) . Then m, = (Id + off[e, e7]) and for
Vo1, = T + Ta(A) 7 we have 01,1, = 7 + 7o (=) 7, and consequently

(0Ya,L)Var = Ta(N) WI% + Ta(=A) mL
=1 ((a—a)\2) Id+ A1 — |a| )Off[ _ZG]).

T—aza?

Normalizing, we arrive at the second class of twisted simple factors in A;"SL(2,C),
for 0 < r < |a|, given by

(4.7.4) gor(\) = V7o )7+ VTa(A) T (=A) i

In matrix form, these simple factors look like

a2 a—aXt A1 -—|al?)e?
479 g =y (e e )

The simple factors g, derived in (4.7.2) and (4.7.4) are uniquely determined by
their ’singularity’ o € I; and choice of line L. € CP!. Note also that in both cases
(4.7.2) and (4.7.4) we have that

(4.7.6) go. € A,SU(2), for |of <r < 1.

The key aspect is that dressing with simple factors is explicit. This idea is due to
Terng and Uhlenbeck [26] and has lead to variants as in [4] and [17]. The version
we need is proven by twisting Theorem 1.2 in [17] and is as follows

Theorem 4.12. Let M be a connected Riemann surface with universal cover M
and let F'(z,\) € F(M). Let go1, € AfSL(2,C), be a simple factor. Then

(4.7.7) Jor#F = 9ot F 9,1,

where I/ = F(z, a)tL and gglL, is, pointwise in z € M, a simple factor of the same
form as gu 1.

We use this factorization theorem to characterize when it is possible to dress an
extended unitary frame with trivial isotropy by a simple factor while retaining a
symmetry.

Corollary 4.13. Let x(7) € AcxSU(2), be a monodromy of an extended unitary
frame F € F(M). Let goy, € ASSL(2,C), be a simple factor. Then gy, X(T) gay, is
a monodromy of go 1. #F with respect to T if and only if

(4.7.8) X(a,7)L =L.
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Proof. Let F' = gy #F. Then F = g,y F g}, with L' = F(z,a) L by (4.7.7). Let
T*F = x(7) F k. Then

E = Gar (T°F) g_l

a,7*L/

—t

= gor X(7) F kg 1, with L = k' F(a) x(a,7) L =71
= 9o X(7) 9ot 9o F 9oy, k by (4.5.3)

where Ly = F(z, oz)t X (e, T)tL.
If go.r X(T) g1, is @ monodromy of F' and we write 7°F = go 1. X(7) g, 1, F k and

-1

combine with the above, we obtain g;i k=g k. Hence ga,ng;}d, is independent

a,L’
of A and since there exists a Ay € CP' at which 7,(\g) = 1 we obtain g1, g;i, = Id.
This implies that L' = L; which implies (4.7.8). The converse is proven by direct
verification. O

5. DRESSING NON-FINITE TYPE SURFACES

In this section we discuss a family of cMc cylinders found in [16] that arise as
perturbations of Delaunay surfaces. The resulting surfaces may possess an arbitrary
number of umbilics and are thus not of finite type and are cMcC cylinders with one
Delaunay end [15], see Figure 1. We can dress this class of cylinders with simple
factors, having the effect of adding bubbles to the surface, see Figure 2. Both images
were generated with Nick Schmitt’s cmclab [23].

Figure 1: A perturbed round cylinder. Figure 2: A perturbed and dressed round cylinder.

5.1. Dressing cylinders with umbilics. We modify a standard result from the
theory of differential equations with regular singular points. Since the eigenvalues
are \—dependent, we can avoid the assumption that two elements in the spectrum
not differ by an integer by working on an appropriate A—circle Ci.

Theorem 5.1. Let U; C C be an open neighbourhood of z = 0 and & € AQ(UY)
with a simple pole at z = 0 and residue reso = D where D has the form (4.3.1).
Moreover, we assume that D satisfies the first closing condition in (5.1.1). Then
there exists an r € (0,1) and a solution of d¥ = V¢ of the form ¥ = 2P P with
P : Uy — ASL(2,C), holomorphic. Further, ¥ has Delaunay monodromy and is
the holomorphic frame associated with (€, P(1), 1).
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Proof. Let Uy = Ug U {0} and write £ = D% + ) with n € AQy,. The differential
equation for P is dP = Pn+ [P, D%]. We will show that this differential equation
has a holomorphic solution. Expanding P = Y7 Ppz* and £ = (1D + Sn2*)dz
at z = 0, the coefficients are recursively given by

kPc+ (D, Pl = > P
r+s=k—1
By our Ansatz P, = 0 for £ < 0 and we are free to choose Fy € A,SL(2,C), with
[D, Py] = 0. (Note this freedom only means Py = ald+ D, since D is a semisimple
2 x 2—matrix with different eigenvalues.) The eigenvalues of D, are of the form 4y,
where 1 is a solution to the equation p? = —det D. Then the operators kId + adp,
k € Z, have spectrum o = {k, k + 2u}. We are only interested in k& > 1, in which
case 0 ¢ o if and only if 1 ¢ IN.

We need to show that there exists an 7 € (0, 1) for which p(X) ¢ IN for every
A € C,. A priori, u(\) € R if and only if either A € S* or A € R. Since we seek
r € (0, 1) we have p()\) € R if and only if A € R we need to ensure pu(£r) ¢ IN.
Since D satisfies the first closing condition by assumption, we know that p(1) = n/2
for some n € Z the winding number of the Delaunay surface. A direct computation
shows ,u(:l:r) ¢ 17 if and only if =2 +r? # £(k* — n?)/(4ab) + 2 for all k € N. The
sequences a; := +(k? — n?)/(4ab) + 2 are monotonic, hence we can always find an
0 < r < 1 for which r~ +7“2 ¢ {af}.

This proves the existence of a formal power series solving the differential equation
for P. The coefficients of this formal power series are defined for all z € U,. The
domain of analyticity of P is Uy by standard ODE arguments, see e.g [12]. It is
shown in [11] that P has the twisted A behaviour and that the coefficients of P as
functions of A are in A,. To show that ¥ has Delaunay monodromy, recall from 4.3
that the Delaunay monodromy is exp(27iD). For the translation 7(z) = z 4 2mi the
monodromy of W is 70U~ = 7*2P7*PP~1,7D = exp(27iD). O

For our purposes, the specific form of ¥ proven above is of great importance to
us, since it gives easy control over the monodromy singled out by the singularity
at D. In particular, if we dress the corresponding frame by some simple factor it
is easy to determine the dressed monodromy. From a geometric point of view this
is particularly interesting, since by a result of [19], the classical Bianchi-Béacklund
transformation does correspond to dressing by some simple factor. Actually, in the
twisted setup, our ’simple factors’ are in fact a product of two simple factors. These
correspond to the two step procedure of the Bianchi-Backlund transformation. As
a matter of fact, by making the right choice for the singularity of the simple factor,
is is possible to control the topology of the resulting surface.

In order to dress a ¢MC surface with non-trivial topology into a new CMC surface
with the same topology, we recall from [6] when for a given triple (£, ®, Zy) one
specific member of the associated family is invariant under A, thus characterising
the period problem in the our framework:

Let f\ be an associated family. Let F' be the extended unitary frame of the
surface with monodromy x : A — Ac~SU(2)_. Then there exists a Ay € S* such
that 7 f\, = f), for all 7 € A if and only if for all 7 € A, x satisfies both

(5.1.1) X(7, o) = £1d, x|y, X(1, ) = 0.
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Corollary 5.2. Let £ € AQ(C*) as in Theorem 5.1 and g.1, € AFSL(2,C), be a
simple factor. Choosing r € (0, 1) as above and o € C with |a| € (r, 1) such that

(5.1.2) det D(a) = 4§ for somen € Z,

then (€, g1, P(1), 1) generates a CMC cylinder (with winding number n).

Proof. Let ® = 2z P and F be the holomorphic respectively unitary frame gen-
erated by (¢, P(1), 1). Both have Delaunay monodromy x(7, A) = exp(2miD(\))
with respect to the translation 7(z) = z + 2mi. The condition (5.1.2) ensures that
x(7, a) = £Id and consequently (4.7.8) holds for any choice of line L. € CP!. Hence,
by Corollary 4.13, X(7) = ga,L X(7) g;lL is a monodromy of g, #F. The conditions
(5.1.1) for x are verified using the facts x(7,1) = £Id and O\x(7)|,_; = 0. O
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