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Abstract

A recent characterisation of Fock-adapted contraction operator stochastic cocycles on
a Hilbert space, in terms of their associated semigroups, yields a general principle for
the construction of such cocycles by approximation of their stochastic generators. This
leads to new existence results for quantum stochastic differential equations. We also give
necessary and sufficient conditions for a cocycle to satisfy such an equation.

0. Introduction

In this paper we study the functional equation
Vo=1I1, Vige=Veo. (Vi) forallrt>0

for a family of contractions on h ® F adapted to the Fock operator filtration. Here F is
the symmetric Fock space over L?(R; k), b and k are fixed but arbitrary Hilbert spaces,
and (0¢)¢>0 is the endomorphism semigroup of shifts, ampliated to B(h ® F). We call
such a family a left contraction cocycle on b with noise dimension space k.

Contraction cocycles may be constructed by solving quantum stochastic differential
equations of Hudson-Parthasarathy type. By means of a recent characterisation of such
cocycles, in terms of an associated family of semigroups (Theorem 1-6), we provide a
new method of constructing cocycles which in turn leads to new existence results for
QSDEs. When the driving noise is infinite dimensional the coefficient of a QSDE is
naturally given as a sesquilinear operator-valued map or, in terms of a coordinate system
for the noise dimension space k, as an infinite matrix [F§]. We show that if a process
satisfying such a form QSDE is contractive and strongly measurable then the coefficient
is necessarily given by an operator, equivalently the matrix must be semiregular. We
also give necessary and sufficient conditions, of weak differentiability type, for a strongly
continuous left contraction cocycle to satisfy a QSDE.

This paper builds on work of Accardi, Fagnola, Journé, Mohari and the authors
([Fag, Jou, Moh, AJL, FaW]), extending known results for Markov-regular cocycles
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and QSDEs with bounded coefficients ([HuP, HuL, LW;, LW5]|; see [Mey, L] and ref-
erences therein). Our development of the theory is coordinate-free, moreover a technical
feature of the work is that no separability assumptions are imposed on either the initial
space b or the noise dimension space k. This freedom is useful for certain applications
such as the stochastic dilation of quantum dynamical semigroups ([GS1]). A different ap-
proach to the characterisation and construction of cocycles through semigroup methods
has been outlined by Liebscher ([Lie]).

General notations

The algebraic tensor product is denoted ®, with & reserved for the tensor product
of Hilbert spaces and their operators. For a vector £ in a Hilbert space K, operators
:H—- H®Kand E¢ : H® K — H are defined by

Fu=u®¢ and E° = (E)%

with context indicating the Hilbert space H, and moreover the elementary tensor u ® &
is usually abbreviated to u{. Note that & — E¢ is an isometry. For Hilbert spaces H and
H’ and a dense subspace D of H, O(D;H’) denotes the linear space of operators H — H’
with domain D; O(D) abbreviates O(D; H). For f € L?(Ry;k) and I C Ry, f; denotes
the function that agrees with f on I and is zero elsewhere, and c¢; denotes the function
equal to ¢ on I and zero elsewhere, when c is a vector in k.

Fock space

We use normalised exponential vectors in F = T'(L*(Ry;k)), the symmetric Fock
space over the Hilbert space L?(R.;k). These are defined by w(f) := |le(f)|| ' e(f)
where e(f) = (1, f, (2))"Y/2f®2 ..) for f € L?(R;;k). The function

Xikxk=C, o (cd) = 5(llel? + 1dl*) = (e, d), (0.1)

which governs their inner product: (w(f),w(g)) = exp( I x(f ds), also plays
a role. The subspace £(S) := Lin{e(f) : f € S} is dense in F for various useful subsets
of L?(R;k), for example

St:={f€S: fis T-valued}

where S := Lin{cp ¢ : ¢ € k,t > 0}, and T is a total subset of k containing 0; we write
Er for £(St). Examples of such sets T include (not necessarily normalised) orthogonal
bases, augmented by 0.

We shall need a refinement of the basic estimate

l=(f) = @(9)]l < lle(f) — ()]l < IIf — glle 171+ lall® (0.2)
obtained by viewing L?(R;k) as a subspace of F, namely
le(r) —elg) = (f = )| < I.F = gll (171 + llgl) e 11+ s, (0.3)

Letting 7 denote the symmetric Fock space over L?(I;k), for a subinterval I of R,
the tensor factorisation F = Fg 4| ® F o[ I8 given by continuous linear extension of the
correspondence

@ (f) «— @(flio,e)@(flit,00)-
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Operator processes

A family of operators (X;)¢>0 in B(h ® F) is adapted if
Xt S B(h ® ]:[O,t[) ® I]:[t,oo[ fOI' all t,

that is, if each X only acts nontrivially before time ¢, and is called an (operator) process if
furthermore it is weakly measurable (i.e. if t — (£, X;() is measurable for all £, € hRF).
Here we are concerned with contraction operator-valued processes, which we refer to
simply as contraction processes on .

The right shift s; and time reversal map r; on L?(R,;k) are

0 if u < t,
flu—t) ifu>t,

ft—u) ifu<t,

(&ﬂ@”:{ Flw)  ifust

and  (ref)(u) = {

Their second quantisations ampliated to h®F are the isometry S; and self-adjoint unitary
R; respectively, given by

Spue(f) = ue(sef),  Ryue(f) = ue(ref). (0.4)
Thinking of s; as a unitary L?(R;k) — L?([t,00[;k) we get the Hilbert space isomor-
phism F = F; [, and the algebra isomorphism B(h @ F) = B(h ® F (). The latter
algebra is viewed as a subalgebra of the former:

B(bh® F) = B(h) ® Ir,, ® B(Fp,e) C B(h® F).

Then, for Y € B(h @ F), 0.(Y) € B(h ® F) denotes the result of carrying out these
identifications; more concretely it is determined by the identity

(ue(f), o1(Y)ve(g)) = (ue(s; f), Yve(sig))(e(froa): €(go.4))-

The family (0¢):>0 is a pointwise weakly continuous semigroup of normal endomorphisms
of B(h ® F).

Perturbation

We end this introduction by quoting a dissipative generalisation of the Kato-Rellich
Theorem whose symmetric form is well-suited to our purposes. Recall that a Cy-semigroup
is contractive if and only if its generator is dissipative.

THEOREM 0-1. Let A and B be densely defined dissipative operators on a Banach space
with the same domain D, and suppose that there are constants A\, u = 0 with A < 1 such
that their difference D = A — B satisfies

D]l < A Av]| + [ Bol]) + pllvll, v e D. (0.5)
Then Dom A = Dom B, moreover A is a Cy-semigroup generator if and only if B is.

This result is due to Gustafson (see [ReS, Theorem X.50]). Note that if (0.5) holds
then D is A-bounded with relative bound at most 2A\/(1 — \).

1. Cocycles and Semigroups

Left contraction cocycles on h have been defined in the introduction. An adapted family
of contractions U = (Uy)»0 on h @ F, satistying Uy = I and U,y = 0, (Up)U, for r,t > 0,
is called a right contraction cocycle. Thus U is a right contraction cocycle if and only if
U* := (U} )0 is a left contraction cocycle.
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The semigroup decomposition

For a contraction process V = (V;);>0 on b, define the following operators on b:
QP! = BTV By 0 cd €kt >0

These ‘sliced’ operators allow one to determine whether or not a process V is a left
contraction cocycle. Note that they are all contractions.

PROPOSITION 1-1 ([LW2]). Let V be a contraction process on b, and let T and TT be
any total subsets of k containing 0. Then the following are equivalent:
(i) V is a left contraction cocycle.
(ii) For each choice ofc € TV andd € T, (Qy’ d.= VQf’d)t>o is a contraction semigroup
on b, and for all f € St+ and g € St

E= o, t[)‘/;e Jon Qf(to) ,9(to) . QfEtn)ﬂ(tn) (1.1)

t1—to t—tn

where {0 =ty <t < - <ty < t} contains the discontinuities of flo 4 and gjo .,
and right-continuous versions are used for the evaluations.

We refer to {"Q%? : ¢, d € k} as the cocycle’s associated semigroups.

Remark. The same holds for right contraction cocycles except that the product in (1.1)
is in the reverse order. It follows that (U;)¢>o is a right contraction cocycle if and only

it (RiUiRy)e>0 defines a left contraction cocycle, where the operators R, are defined
n (0.4).

For a left contraction cocycle V', we refer to the left contraction cocycle defined by
(R V¥ Re)i>0 as the (Journé) dual of V ([Jou]), and denote it V. The associated semi-
groups of the dual cocycle are related to those of V' as follows:

Q! = (@) (1.2)
Continuity

The above proposition makes no continuity demands on the time variable of V' —
indeed it does not even require the weak measurability condition imposed on processes.
However the decomposition of a cocycle into its associated semigroups does provide a
useful handle on the continuity of a cocycle.

LEMMA 1-2. Let V be a left contraction cocycle on b and let {Q%¢ : c,d € k} be its
associated semigroups. Then, the following are equivalent:
(i) V is strongly continuous.
(ii) V is weakly continuous at 0.
(iii) For all c,d € k, Q%% is strongly continuous.
(iv) For some a,b € k, Q" is weakly continuous at 0.

Proof. Let ¢,d € k and suppose that V' is weakly continuous at 0. By adaptedness
(u, Q7™ = (@ (cper)), w(dp )~ (uw (e r), Vivw (djo 1)),

for 0 <t < T and u,v € b, and so the contraction semigroup Q¢ is weakly continuous
at 0 and thus also strongly continuous, by standard semigroup theory ([Dav, Proposi-
tion 1.23]). Thus (ii) implies (iii). Suppose now that Q®® is weakly continuous at 0 (and
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thus strongly continuous) for some a,b € k, and let ¢ > r and £ = vw(f) for v € h and
f € L?(R; k). Then by the cocycle relation, and contractivity and adaptedness of V,

Vi€ = Vi€l® < llow (Vir )€ — €]I°
< 2Re <§» (I - UT(thr))g>
=2Re <S:Uw(f[r,t[)v (I - W—T)Sr*vw(f[7',t[)>'

For any e € k let ¢f; = @(fie) — @(€[r¢]), 50 Syvw(fire)) = Srves , +vw(ep,e—r), and
thus the right-hand side of the above is no larger than

Al I Mg ol + el + b all} + 2| v ago ea), (T = VierJow (o)

The first term converges to 0 as t —r — 0, and the second term equals

2’<v, (I — Q?’_b,.)v> + ||v||2{exp(r —t)x(a,b) — 1}

)

hence ||(V; — V,.)€|| — 0 as t —r — 0 by the assumption on Q%°. Therefore, since the
collection of such vectors ¢ is total, the uniform boundedness of V implies that it is
strongly continuous. Thus (iv) implies (i). Since the implications (i) = (ii) and (iii) =
(iv) are trivial the proof is complete. [J

Thus, as for semigroups, strong continuity for a left contraction cocycle is equivalent
to weak continuity at 0, and also to any of its associated semigroups — in particular its
Markov semigroup Q%% — being a Cy-semigroup.

Remark. By the strong continuity of ¢t — R;, Lemma 1-2 is equally true for right
contraction cocycles.

Suppose that V is a strongly continuous left contraction cocycle on h. Then each Q¢
is a Cy-contraction semigroup by Lemma 1-2 and so has a generator sz. For immediate
purposes it is convenient to also work with the Cy-semigroups defined by

Vped .= geleoaly, Ee(p.) = etUlel®+ld]?) /2 ool e dek,
and their generators, which we denote HXd. The generators are related by
HXd — (¢, d) = GZd + x(e,d),

with equality of domains, where x is the function defined in (0.1).
Note also that, from (1.2),

Hl;=(HY,)" and Gy, = (G.)".

Operators associated with a cocycle

In this section the generators of semigroups associated with a strongly continuous
left contraction cocycle are compared. This will lead to natural sufficient domain condi-
tions for such a cocycle to be governed by a QSDE. First note two consequences of the
estimates (0.2) and (0.3). For locally bounded functions f and g in L*(R; k),

le(frs,e1) — €(grsep)ll = O(\/t — 8) and
le(fis.e) = €(gst)) — (f = Dol = Ot — 5), (1.3)
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as (t —s) — 0 with [s, ¢[ in some finite interval. In particular, for a,c € k,

lle(egse) — elags)l| = O(VE = s) and (1.4)
le(ets,t) — lagse) — (¢ — @) fll = Ot = s). (1.5)
The former refines to
(t—5)"lle(cpoa) — eapsapll < lle — al + Ot = 5). (1.6)
Viewing h @ k@ L*(R;) = h® L*(R,; k) as a subspace of h @ F, define two families of
operators associated with a cocycle V:
T (t): =t 'E'01V,E (g, ), and
Cv(t) - = tilEl[OYt[WEl[o,t[’

for d € k and t > 0. Thus T (t) € B(h;h @ k), and CV () € B(h ® k) is a contraction.
Since its associated semigroups satisfy

(u, (P =P ) — tlu(e — a), Ty (t)v)
= (u(e(ep,) = e(aqo) — (¢ = a)o,u), Vave(djo ) — ve(0))
and Vyve(d ) = ve(0) as t — 07, the estimate (1.5) implies that
tu(c — a), Ty (t)o) = (u, (“PF* =P )o) + oft) (1.7)
as t — 0; similarly
t(u(e —a),CY (t)v(d — b)) = {u, (PP = VPP — VPET L VPRI ) + O(t3/?). (1.8
Now define operators T} and CV by

Ty v =w-lim T) (t)v and CV¢ = w-lim CV (¢)¢
t—0+t t—0+
with domains equal to the subspaces on which weak convergence holds. Thus Dom CV
is a closed subspace of h ® k on which CV is a contraction. We shall see that each T(Y is
densely defined and obtain sufficient conditions for CV to be defined on all of h ® k.
For a subset S of k and element d of k, define

DV .= Dom G}ifd, and V% .= m Ve, (1.9)
cesS
Note that Dom H; = Dom GY, for all ¢,d € k.
In the next result we shall spare the reader a panoply of symbols by dropping the V'
and V superscripts, writing 7, for 7,/ and so forth.

PRrROPOSITION 1-3. Let V' be a strongly continuous left contraction cocycle on b with
noise dimension space k, let ¢, d € k.
(a) For each v € D% and f € (L?> N LS,
Holder continuous with exponent %
(b) For each a € k, Dom H, 4 = ®%. Moreover, for any dense subspace ® of D¢, D
is a core for H. 4 if and only if it is a core for Hgq.
(¢) For each e € Kk,

)(Rys k), the map t — Vive(f) is (locally)

E‘Ty; D Hc—i—e,d — Hc,d- (1.10)

In particular, the map ¢ — H. q is complez-conjugate affine linear.
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(d) For allb,e €k,

Hc,d — Hc,b C (Tc)*Edfb and Hc,d + (TC)*Ee C Hc’d+€7 (1.11)

and the maps d — H.q and d — T, are complex affine linear in the sense that,
forallbek and z € C, if e = (1 — 2)b + zd then

H.eD>(Q—2)Hep+2Heq and Te D (1—2)Ty + 21 (1.12)
(e) Forb,e €k
Ty —Ty CCE4y and Tg+ CE. C Tyye,
in particular the operator (Ty — Tp) is bounded on its domain. If Dom CEq = b
then (CEy)* D E?C. Also Dom C = h®k if and only if Dom C = h @k, in which

case C = C* and Dom Ty is independent of d.
(f) For each b € k, Ty, is H. q-bounded, with relative bound 0, on 94N Dom T, D
D4} in the notation (1.9).

Proof. First note that for v € ®¢, and \,t > 0,
(Ve = D (dig)1* < 267" Re (v, (T — QF“)v)
= —2t"'Re /0t<v, Qg’de,d’U> ds
2[[v[[[|[Ga,av]
2(|[v[l| Ha,avll + 1d]1?[v]?)
< (MHgavll + O+ V)
S0

t12)[(Vi = Dve(do )| < AllHa,avll + p(A)loll + O(t) (1.13)
as t — 0, where p(A) = A™! 4+ v/2||d||. In particular, since E'0E, g = 0, using (1.6)
I Ta(t)v]| < 12| Vive(dio o) — ve(0)
< M[Haavl + 1/ (Aol + O(t) (1.14)
where p/(A) = A™! + (1 + v/2)||d||. From (1.7) therefore
(P = PEoll < tlle = all | Ta(t)vll + o(t)
< tlle = al (M Haavll + 1w/ (N]oll) + ot). (1.15)
(a) Let v € D4, f € (L?NLX

o) (Ry;k)and T >t > s > 0. Then, from the estimate (1.3)
the function fs; := f + (d — f)[s,¢ satisfies

le(f) = e(fs)ll = O(VE = 5),
as (t — s) — 0. Using the cocycle and adaptedness properties of V,
(Vi = Vaoelfull < los (Vi = De(fu)
= lle(fis.ete)lllos(Vims = Dve(dpsz) |
< NeDMI(Vi—s — Dve(dpo,t—sp) |-
Therefore, by (1.13), if follows that ||(V; — Vi)ve(f)|| = O(v/t — s), and (a) follows.
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(b) By (1.15)

limsup ¢~ (PE? — P& < oo for v € D9,
t—0t+

By standard semigroup theory ([Dav, Corollary 1.39]) it therefore follows that Dom H, 4 D
D4 and (1.15) gives
|(He,a = Haa)vll < lle = dl|(M[Haavl + @' (M]v]]), v eD?.

We may therefore apply Gustafson’s Theorem (Theorem 0-1) with A = H, 4|04, B = Hgq
and an appropriately chosen A to conclude that

Dom A = Dom B = Dom B = Dom A

and that A itself generates a Cp-contraction semigroup. But Cy-contraction semigroup
generators are maximal dissipative ([Dav, Theorem 6.4] or [ReS, page 241]) so the
inclusion H, 4 D A is an equality — in other words Dom H, 4 = ©9. A further application
of Gustafson’s Theorem now shows that, for a dense subspace ® of ©¢, ® is a core for
H, 4 if and only if it is a core for Hy 4.

(c) Let v € D%. First note that, by (1.14), Ty(¢)v is locally bounded in ¢ in a neigh-
bourhood of 0. Thus, in view of (b) and (1.7), v € Dom Ty and E°Tyv = (Heqe,qa— He,a)v
for any e € k. Thus (1.10) holds.

(d) Let b € k,v € @9 and u € Dom T,. Then, for ¢ > 0,
(v(d —b), To(t)u) =t~ {v, (B — PP)u) + o(1) = t 7Y (P — Pyv,u) + o(1).

It follows that v(d — b) € Dom (T,)* and (T¢)*E4—pv = (Hc,q — Hep)v. This proves the
first inclusion in (1.11); (1.10) applied to V gives Hy .+ E°T, = Hiye, which yields the
second:

Hedve = (Hye+ E°T.)* D He g+ T7 E..
By (c), setting e = (1 — 2)b + zd,
(1= 2)Hep+ 2Heq C (1 —2)Hpe +ZHae)" = (Heo)* = He.

This gives the first of the inclusions (1.12); the second follows from the observation

1L = 2)T(t) + 2Ta(t) = Te(Oll <721 = 2)e(bo.) + 22 (dpo,ep) — (epo, )l
=O(t'/?).

(e) The first two inclusions follow from the observation
I1Ta() = Ty (t) = C(t)Easll < t72|le(djo,0) — £(bjo,er) — (d = b0,z
=0(t'/?),

by (1.5), and the rest follows from the fact that C(t) = C(t)* for each ¢ > 0.

(f) Let v € ®¢ and A > 0. From (1.15)

|(He.a = Ha,a)vll < lle = all (M| Ha,av]| + 1 (M)]0]])
Taking a = d it follows that
(1= lle = dllM [ Haavll < [[Heav]l + e = df|’ (A)]lv]|-
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But from (1.14) it follows that
[ Tav]l < A Ha,qv]l + 1" V)],

therefore T, is H, g-bounded with relative bound 0. Since (T — Tp) is bounded on its
domain (f) follows. This completes the proof. []

To a strongly continuous left contraction cocycle V' on b, with noise dimension space
k, we may therefore associate an operator on h @ (h ® k) by

FV o ZV MV
LY ocvV-1I

where ZV = HY,, LYV = T} |pv.o and MV = (TOV\,D‘;O)*. Thus ZV is a Cy-contraction
semigroup generator, LY has the same dense domain as Z"', MV is closed and CV is a
contraction operator. If 'V is densely defined then

(FV)* > FV. (1.16)
COROLLARY 1-4. For all c,d € k and S C k
Dom Gy, =D"% and DVATS = Vs
where Aff S denotes the complex affine span of S. Moreover,
Dom FV 5 @V g (9VAT S@D), (1.17)
where D = Lin (S — 5).

Proof. For convenience we drop the superscripts V and V as in the proposition. The
semigroup generators G.q and H,. 4 have the same domains, so the first equality follows
from part (b) of the proposition. For the second equality, if e € Aff S then D¢ > ®% by
the first inclusion in (1.12). But this implies that

P5c [ D =2*5cDf
ecAff S
For (1.17) note that if b,d € k then

ME;_, = (B4 Ty|90)* = (Hao — Hyo)* D Hoq— Hoy,

applying part (c) to the dual cocycle V. Also CEq_p D Ty—Tp, thus D104} is a subspace
of both Dom M E;_; and Dom CE,;_;. Therefore if e € S — S and v € ©° then ve €
Dom M N Dom C. The result follows since Dom L = Dom Z = ©°. [

For a cocycle V' and subspace D of k, Corollary 1-4 permits the following definition:

F¥P = FV|©0@(©@D) (1.18)
where Dy = D" and ® = ©"'P. Note that for any subset T of k containing 0
DV'T =DVl where D = Lin T. (1.19)

From the corollary we see that ©V{0% C Dom E°FVEj for all ¢,d € k, and by
parts (b)—(e) of the proposition,
E°FVE;=HY,— (c,d) = GY 4+ x(c,d) on DV %0}, (1.20)

For Markov-regular cocycles, that is cocycles whose Markov semigroup Q% is norm-
continuous, the situation is much simpler.
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COROLLARY 1-5. Let V' be a strongly continuous left contractive cocycle on § with
noise dimension space k and suppose that one of its associated semigroups Q% is norm
continuous. Then all of its associated semigroups are norm continuous and FV € B(h®k).

Proof. That all or none of the associated semigroups are norm continuous follows since
| PP — PEY = O(Vt) for a,b,c,d € k,

by (1.4). So if it is the case that all the semigroups are norm continuous then de € B(h)
for all ¢,d € k. In particular ZV = H(Yo € B(b), so that ®V:* = b, and hence LY = TY
which is bounded by part (f) of the proposition.

Since the semigroups associated to the dual cocycle are the adjoints of those associated
with the cocycle, and must also be norm continuous, MV = Ty* € B(h ® k; h), and
from (1.8) it follows that the contraction C'V is densely defined, hence CV € B(h®k). [

Cocycle characterisation through semigroups

In Proposition 1-1 we used the family of maps {VQf’d :¢,d € T,t > 0} defined in terms
of a given process V to determine whether or not it is a left cocycle. The following result
turns this around.

THEOREM 1-6 ([LW3]). Let Q1 = {Q%% : ¢,d € T} be a family of semigroups on b
indezed by a total subset T of k which contains 0. Then the following are equivalent:
(i) There is a left contraction cocycle V' on b whose associated family of semigroups
mcludes O.
(ii) For alln € N, Y € M,(|h)) = B(C™; ™), and positive invertible matrices A, B €
M,,(C), if |A~Y2Y B=1/2|| <1 then

[(Aewf) 2(Qf 0 YV)(Bewf) /2| <1, (1.21)
forallce Tt > 0.

This requires some explanation of terms: |h) := B(C;h), the column operator space
determined by b ([EfR, Pis)); given ¢, d € k, @ = (@(cloq)), @(djoq)) = exp —tx(c,d),
and given ¢ € k", w§ = "] € M,,(C) = B(C"), Q§ = [Q{"”] € My (B(h)) = B(b"),
the symbol e denotes the Schur product of matrices, so in particular if 7" = [|u;>] then
Qf o T = [|Q7"“ul)] € B(C™;h™); finally, the first matrix within each of the norms is
thought of as having entries of the form vIy for v € C, thus both norms are those of
B(C™;b").

What this result tells us is that if we can find a family of semigroups Ot on b, indexed
by a total subset T of k containing 0, which satisfies (1.21) then there is an associated
cocycle V on h. This condition, on a putative family of semigroups Qv, looks hard to
verify. However the strength of the result lies in the fact that it is manifestly stable under
pointwise limits.

THEOREM 1-7. Let Ot = {Q%% : ¢, d € T} be a family of semigroups on b, indexed by
a total subset T of k which includes 0. Suppose that there is a sequence (V("))n>1 of left
contraction cocycles on b whose associated semigroups satisfy

(”)Qf"d — Qf’d pointwise on b,

for all c,d € T and t > 0. Then there is a unique left contraction cocycle V' on b whose
associated semigroups include the family Q1. Moreover Vt(n) — Vi in the weak operator
topology for each t.
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Proof. The existence of V' is immediate from Theorem 1-6, uniqueness follows from
the totality of T, and the convergence V(") — V is a consequence of (1.1) and contrac-
tivity. O

2. Quantum Stochastic Differential Equations
_ Let k := C & k and, for any subspace D of k, let D=C®D =Lin{d: d € D} where
= (Cll) Also let eg = (é) € k and define
A=1I,® P
where P € B(IIZ) is the orthogonal projection with range {eg}+ = 0 @ k.
Consider now the form QSDE
dVy = ViFdAy, Vo=1, (2.1)
and the operator QSDE
dVy = Vt(F®If)dAt, Vo =1, (2.2)
for (bounded operator-valued) processes V on b, for which we need dense subspaces ©¢ D

D of b, and total subsets TT and T of k containing 0. Set D= Lm T and Df = Lin T,
In the first case, F is an operator-valued map defined on DT x D of the form

() [ ][] -t

d — Md is linear D — O(D)
, ( ) O(D) in general, and
) on Dy ® £(0) + DRET if, in

where K € O(9y), ¢ — L€ is conjugate linear DT — O0(Dy),
and (c,d) — N§ is sesquilinear DT x D — O(D) (thus F((?)
is O(Dg)-valued if d = 0) and V is a TT-T- solutzon of (2.1
the notation g(s) := g( ),

(ue(f), (Vi — Dvelg)) = / (ue( ), ViF(F(5), 3(s))ve(g) ds (2.3)

forallu € b, f € Sti, (v,9) € (Do x {0}) U (D xSt) and ¢ > 0. In particular V is weakly
continuous in an obvious sense.

In the second case F' € O(@o @ (@@D)), V;, stands for the operator on h ® ke F
obtained from V; ® I by tensor flipping, and there are two basic kinds of solution: V' is
a TT-weak solution of (2.2) on Dy ® £(0) + DRET if (2.3) holds for the component map
of F', defined by

F(¢,n) = ESFE,, ¢eDi,neD.
In other words, setting (s) = vepe(0) + wg(t)e(g),

(ue(f), (Vi = D){ve(0) + we(g)})
:/ (ue(f), VBT FRI£((s)) ds
0

:/O (ue(f), Ve{ (K + LI®))ve(0) + (K + L) + M, +Nf((ss)))wa(g)}>ds,

where F' = [ X M1 in block matrix form, and L¢ = E°L etc.
V is a strong solution of (2.2) on the same domain if the map

t e [V AFRIFCH)|? + VAL FRIFC ()]
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is locally integrable for each v € g, w € ©, and g € St, V is strongly measurable,
(and hence is stochastically integrable), and if it satisfies the quantum stochastic integral
equation

t
Vi=1+ [ Vi(Psiz)da.
0

In particular V' is strongly continuous on its domain ([L]), hence on all of h ® F by
contractivity, and the First Fundamental Formula of quantum stochastic calculus implies
that V is a k-weak solution on Dy ® £(0) + DRET.

We recall the basic implication for F' of contractivity of a strong solution of (2.2), and
include its short proof for the convenience of the reader (cf. [FaW]).

PROPOSITION 2-1 ([Faz, MoP]). Let F € O(Dy ® (D2D)) where Dy O D are dense
subspaces of h and D = Lin T for a total subset T of k containing 0, and suppose that (2.2)
has a strong contractive solution on Do ® £(0) + DREr. Then F satisfies the form in-
equality

2Re (€, FE) + | AFE|* <0, (2.4)

with equality if the solution is isometric.

Proof. Let £ € g ® (D@D). Then £ is expressible in the form ugeg + E?:l u;¢; for
some uy € Dg,n € N, uy,...,u, €D and ¢1,...,¢, € T. Let ¢ = upe(0) + >0, wie(fi)
and ((s) = upeoe(0) + D1y u,ﬁ(s)s(fl) where f; = cijop for i = 1,...,n and some
T > 0. Then, by the Second Fundamental Formula of quantum stochastic calculus,

0>t~ (| Vi¢|® = ¢I1?)
_ t—l/o {2Re (Vi((s), Vo(FRIF)((5)) + IV (AFRILF)¢(s)|*} ds,

with equality if V' is isometric. Using the continuity of the integrand at the origin, letting
t — 0 and then letting T — 0 now gives the result. [

Remarks. (i) If it is assumed further that all the T-components (E°FEj: ¢,d € T) are
bounded, then (2.2) may be solved by Picard iteration and Mohari and Fagnola showed
that (2.4) is also sufficient for contractivity of the solution. In fact boundedness of T-
components and contractivity of the solution implies that F' itself is bounded ([LWjq,
Theorem 7.5]) so that (2.4) simplifies to the operator inequality

F+ F*+ F*AF <0. (2.5)

The solution is also unique amongst Tf-weak solutions (cf. Theorem 2-3 below).

(ii) Since the integrability condition for being a strong solution is automatically satis-
fied by strongly measurable contraction processes, any strongly measurable weak solution
of (2.2) is necessarily a strong solution on the same domain.

We next show how the assumption of strong measurability renders form solutions into
strong operator solutions.

THEOREM 2-2. Let V be a strongly measurable contraction process on f) with noise
dimension space k, and let T be a total subset of k containing 0, let D9 DO D be dense
subspaces of . Set D = Lin T, and assume that D has an orthonormal basis. If V is a

T-T-solution of the form QSDE (2.1) on D9 ®¢(0) + DRET, and each map & — F(E,n)v
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is continuous then F is the component map of an operator F € (9(@0 & (@@D)) and V.
satisfies the corresponding operator QSDE (2.2) strongly on the same domain.

Proof. By the second remark above it suffices to show that F is necessarily the com-
ponent map of an operator F' € O(@o @ (@@D)). For any subspace h of k of the form
Lin T where Ty is a finite subset of T, define an operator F" € O(@o &) (@@h)) by

ZE (ea,€p)E?

where (e, ) is an orthonormal basis for E which includes the vector eg = ((1)) By sesquilin-
earity, F" does not depend on the choice of basis and, for £ € h and (v,m) € (CDO X (Ceo) U
(D x ﬁ),

ESFhop = F(& n)v.

Also let J" be the natural isometric embedding b ® F(LQ(]R+; h)) — b ® F, obtained
by second quantisation of the inclusion map h — k. Then it is easily verified that the
process V" := (Jh*VtJh)t>0 satisfies the QSDE dX; = )/(\'t(Fh@I) dAy, Xo = I, To-weakly
on Dy ® £(0) + DRET,. Since V" is contractive and strongly measurable it satisfies the
equation strongly. Therefore, by Proposition 2-1, F" satisfies

||AFhm7H2 < —2Re <vn,Fhv77> = —2Re(v,F(n,n)v) (2.6)

for (v,n) € (Do x Cep) U (D x ﬁ)

Now let (d;)ier be an orthonormal basis for k taken from D (with 0 ¢ I), and set
I= {O} U, eg = (j) and ¢; = (;i) so that (ea),c7 18 a basis for k. Then, for (v,n) €
(@ x C(9)) U (Do x Ceg) where d € T and Iy a finite subset of I, applying (2.6) with
h =Lin ({d} U{d; : i € In}) gives

2
S Bl = || 3 Ee B Fron|

i€ly i€lg

< JAF | < —2Re (v, F(n,n)v),

and so the orthogonal sum > . _; E.,F(e;,n)v is convergent. Thus an operator F' € (9(90@

iel
(D@D)) is defined by linear extension of the prescription

un Z E. F(eq,n)v.
aef

By the continuity assumption on F, E¢Fon = F(¢,n)v for € € D and vn as above, and it
follows that F' is independent of the choice of basis (d;);er, hence is the component map
of F: ESFE, =F(&,n) for £,n € D. This completes the proof. []

Remarks. Dixmier showed that a pre-Hilbert space need not have an orthonormal
basis ([Bou, V.70]); however the assumption on D is automatically satisfied if either the
Hilbert space k is separable or the set T contains a subset which is orthogonal and total.

Since contraction processes satisfying the form QSDE are weakly continuous, the strong
measurability assumption is redundant when h and k are both separable or, in view of
Lemma 1-2, when the solution is a left cocycle.

This connects with issues of uniqueness.
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THEOREM 2-3. Let F be a sesquilinear map Df x D — O(D), where © is a dense
subspace of b, DI = Lin Tt and D = Lin T for total subsets Tt and T of k that contain
0.

(a) Suppose that TT = RTT and T = RT. If K := F(eg, eq9) is a pregenerator of Co-
contraction semigroup on b then the form QSDE (2.1) has at most one contractive
TT-T-solution on DRET.

(b) If the form QSDE (2.1) has a unique contractive TT-T-solution V on DRET then
V' is a left contraction cocycle.

(c) If the form QSDE (2.1) has a TT-T-solution V on DRET which is a left contraction
cocycle then ® C DV'P and EEFVEJ|9 =TF(c, c/l\) for all c € DT,d € D.

Part (a) is Mohari’s Uniqueness Theorem ([Moh]). The invariance of T (and TT) under
scalar multiplication can be weakened to the following:

for each d € T there exists € > 0 such that [0,¢]d C T,

which is sufficiently strong to allow differentiation at a crucial stage in his argument. It
is clear from Meyer’s treatment ([Mey, page 191]) that the result remains valid in this
generality. Part (b) is proved by verifying that, for each ¢ > 0,

Vs if s <t
‘/tO't(Vg_t) lf s > t,

Vi
defines a contraction process V! which also satisfies (2.1). This is easily checked by
treating h ® Fjo ¢ as an initial space and using the explicit action of shifts on exponential
vectors.

Proof of part (c) Pickuchve®,cecTiandd € T, and set f = co,1] and g = dpg 1.
Then forall 0 <t < 1

~

(e, Vi = D) = [ (ue(1), Ve @Dt s
But, for the same ¢,
(o, (PE— Iy = (1), (Ve — Do) 4 (@9 1) (e, d) ),
and consequently

Jim ¢, (PP = 1)) = (u, (F(@,d) = (e, d))).

—

Since this holds for all u € b it follows that v € Dom HY, and that F(¢,d) — (c,d) ¢ HY,
for all ¢ € DT and d € D ([Dav, Theorem 1.24]). Hence ® € ®Y'P and so EEFVEJ|@ =

~

F(Z,d) by (1.20). O

3. Necessary conditions for contractive solution

In this section we explore necessary conditions on F' for the existence of contractive
solutions of (2.2). Recall that densely defined dissipative operators are closable with
dissipative closures.

PROPOSITION 3-1. Let F € O
D of k, have block matriz form [
c €k and d € D define Gg,d =F

—~

Do & (D®D)), for dense subspaces Do O D of b and
M| and satisfy the form inequality (2.4). For each

c-1
FE;—x(c,d). Then

==X

o)
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(a) C is a contraction and, for all u € Dy,

| Lul|® + 2 Re (u, Ku) < 0; (3.1)

(b) F and ng are dissipative; let Geq = G(C),d and Z = Gy = K;

(¢) Lis Gg,d—bounded, with relative bound 0, on Dom ng;

(d) for eacha € Kk, ng is a relatively bounded perturbation of ng with relative bound
0, Dom G, 4 = Dom G, 4, and G, q is a Cy-semigroup generator if and only if
Ge,q 18;

(e) Dom M* D Dom K and, for all u € Dy,

(L + CM*)u|® + || M*u||* + 2 Re (u, Ku) <0, (3.2)
in particular, M* is K-bounded with relative bound 0;

(f) F also satisfies (2.4), moreover F D F' where F' = [LZ, EFIJ, L' being the con-

tinuous extension (in the graph norm of Z) of L to Dom Z.
Proof. For & = (17;) €Dy @ (DRD), (2.4) is equivalent to
ILu+ Cll* < —2Re (u, Ku+ M) + [|n]]?, (3-3)

and setting u = 0, respectively 1 = 0, shows that (a) holds. Now abbreviate E°L, M Ey
and E°CE, to L¢, My and C respectively, and denote Dom Gg,d by DY, thus

Gy=K+ L+ Mg+ C§— §llcl® — 5ldII?,

where D9 = Dy if d = 0 and equals © otherwise.
If n = ud where d € D and u € DY then (3.3) reads

I(L + Ca)ul* < —2Re(u, (K + My — 5|d||*)u),
so, for c € k and d € D,
—2Re (u,ngu} = —2Re <u, {(K+ M- %HdHQ) + (Lf+C5— %||c||2)}u>
> ||(L + Ca)ul|* — 2Re (ue, (L + Cq)u) + |luc|]?
= [I(L + Ca — Ec)ul?

for all uw € Y. Thus G? , is dissipative, moreover

(L + Ca = Ec)ul| < \/—2 Re (A=, AGY ju) < A|GE gull + A7 ul]

for all A > 0 and so, since (Cy— E.) is bounded, L is ng—bounded with relative bound 0.
Since F is clearly dissipative, we have established (b) and (c). Since G&d—GS’d =FE*°L+
Ci+ 5(llell> = llall?) it also follows that GY , is a relatively bounded perturbation of
GY ; with relative bound 0, and so (d) follows from Gustafson’s Theorem.

Now let u € Do. Then, from (3.3), 2|(u, Mn)| < ||n||* -2 Re (u, Ku) for each n € DRD.
This implies that v € Dom M*. Thus Dom M* O @y and (3.3) reads ||Lu + Cn||? +
2Re(M*u,n) + 2Re(u, Ku) < ||n|?, now valid for u € Do and n € h ® k. Putting
1 = M*u gives (3.2), in particular

* _ 2
1M ) < 20w, Ku)| < (M Kul| + A7 ful])

for A\ > 0, showing that (e) holds. Since F' is densely defined and dissipative it is closable
and it is easily verified that its closure contains F’, and that it inherits the property (2.4)
from F. Thus (f) holds too and the proof is complete. [
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Remarks. (i) The form inequality (2.4) is therefore equivalent to (3.1) together with
contractivity of C;, Dom M* D ®g and the following inequality holding for v € ®y and
nebhk:

(M + CLyu,m)|* < (2Re (u, (= K)u) — | Lul?) ([Inl|* = [Cnl?).

If equality holds in (2.4) then C is isometric and || Lu||?> +2 Re (u, Ku) = 0 for all u € Dy,
in turn, if either of these conditions hold then M* D> —C*L.

(ii) In view of (f), the proposition still holds if K, L and C are replaced by Z, L' and
C respectively, and M is replaced by the restriction of M to any dense subspace of its
domain of the form DD’

PROPOSITION 3-2. Let F' and F' be as in Proposition 3-1. Suppose that Z is a gen-
erator of a Cy-semigroup and let F™) := [W*FIM) ywhere I = diag[J™), Iyg] €
B(b ®E), J™) being the contraction (I —n~*Z)~'. Then F") is bounded and its closure
satisfies the operator inequality (2.5), and F™) — F pointwise on Do ® (DRD).

Proof. Note first that I(™) leaves Dom F’ invariant, and that AI(™ = A. Thus for
€ € Dom F, putting &, = I™¢,

2Re (&, FME) + |AFM™E|? = 2Re (60, FE) + |AFE,|* <0,

by Proposition 3-1, thus F(™) satisfies the form inequality (2.4). Now let [IL(((R)) %4(,;]
be the block matrix form of F(. Since K™ = J™*ZJ" ¢ B(b) it follows from
Proposition 3-1 that L(™) and M (™* are bounded, and so F(" is bounded, hence extends
to h ® k. Thus F(™ satisfies the operator inequality (2.5). Now (J™) and (J(M*) are
sequences of contractions which converge strongly to I and, for v € Dom Z, J™v — v
in the graph norm of Z. Thus K — Z on ®g, L™ = L'J™ — L on ®g (since L’ is
Z-bounded) and M™ = J*M — M on D@D. In other words F(™) — F pointwise on
Do @ (DeD). O

4. Stochastic Hille-Yosida

In this section we obtain the stochastic generator of a strongly continuous left contrac-
tion cocycle — when it has one, an existence theorem for the QSDE (2.2) is established,
and some examples are discussed. We also briefly describe the situation when k is sepa-
rable and has a given orthonormal basis.

Stochastic generator of a cocycle

We first show that strongly continuous left contraction cocycles satisfy a quantum
stochastic differential equation under a minimal condition for the equation to make sense
— namely that there is an available dense domain for a coefficient operator to act on. It
amounts to a weak-differentiability condition (cf. [AJL, Faz]). Recall the notation (1.18)
and the identities (1.19) and (1.20).

THEOREM 4-1. Let V' be a strongly continuous left contraction cocycle on by with noise
dimension space k, let Tt and T be total subsets of k containing 0, and let D = Lin T,
Df = Lin Tt and Z = H(YO. If©V'T is dense in b then the following hold.

(a) For F = FV°T, the process V satisfies the operator QSDE (2.2) strongly on ®V:°®

£(0) + DV TR&p.
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(b) If ® is a core for Z contained in DV'7, then V is the unique contractive DT -weak
solution of (2.2) on DREp, for F = FV’T|©®6.

(c) If VT is also dense in b then (FV-T)* D FV. T

Proof. (a) Since V is strongly measurable and contractive it suffices to show that V' is
a k-weak solution by the second remark after Proposition 2-1. But this follows from the
semigroup representation as follows. Let u € b, f € S and (v, g) € (D0 x {0}) U (DV'P x
Sp). Then by adaptedness and the semigroup representation (1.1),

(u(f). Vive(g)) = u, PG00 PG00y =T alo ds,

and since ®V'P C Dom Hc‘fd for all ¢ € k and d € D by Corollary 1-4, the (a.e.) derivative
of this with respect to t is

(u, P PIG) (H ) g0, — (1), 9(0))v)el T a0 s,

in other words (ue(f), WEf(t)FEg(t)ve(g» by (1.20). Thus V satisfies (2.2) k-weakly on
DVO0 2 e(0) +DVPe&p.

(b) This follows from Theorem 2-3. B -

(¢) This follows from (1.16): (FV"T)* > (FV)* > FV > FV.T'. 0O

Remark. By Corollary 1-5 if V is Markov-regular then FV € B(h ® E), so DVk =
and hence V satisfies the operator QSDE on h ® & for this bounded operator — this is
Theorem 6.7 of [LWa].

The theorem also extends the main result of [AJL] to infinite dimensional noise. Note
that an application of the Banach-Steinhaus Theorem is needed there in order to show
that the form QSDE coefficient is actually the component map of an operator. In infinite
dimensions the same argument again leads to a form QSDE for V', however the Banach-
Steinhaus Theorem does not help in this case. The above result therefore also fills a gap
in the proof of Theorem 2.4 of [Faz].

From this result and part (c) of Theorem 2-3 we may now give necessary and sufficient
conditions for a contraction cocycle to satisfy a QSDE.

THEOREM 4-2. Let V' be a strongly continuous left contraction cocycle on by with noise
dimension space k. Then the following are equivalent.
(i) ©V°T is dense in b for some total subset T of k containing 0.
(ii) V' strongly satisfies a QSDE of the form (2.2) on some domain of the form Dy ®
£(0) + DREp.
(iii) V is a TT-T-solution of a form QSDE (2.1) on some domain of the form DRET.

Remark. Thus if V is a left contraction cocycle on h which satisfies a QSDE of the
type (2.2) on V% @ £(0) + DV-T®&p, then
F=F"P
where D = Lin T.

Coordinates

Suppose that k is separable with orthonormal basis n = (d;);>1, and set dy := 0.
Let V be a strongly continuous left contraction cocycle on h and suppose that © =
ﬂa’ﬁ Dom G, p) is dense in b, where G, g) denotes the generator ng for ¢ = d,, and
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d = dg. Then Theorem 4-1 ensures that V strongly satisfies a Hudson-Parthasarathy
equation

dV; = ViF§ dAL(t), Vo=1,

in which [F§]4 >0 is the matrix of components of an operator F' € O(D ® D) where D =
Lin  — in other words the matrix is semiregular in the sense that Za>0|\F§‘v||2 < 0
for all # > 0 and v € ®. Moreover the components are recovered from the associated
semigroup generators by the affine transformation

Fo0 = G(o,o)

Fy =G0 —Goo+3, =1

F} =Gy —Goo+sz J>1

Fj =Gy —Guo) — Gog +Goo =95 4,721,
6; being the Kronecker delta.

Cocycles from stochastic generators

Our treatment of the existence question for (2.2) is founded on the following infinites-
imal version of Theorem 1-7.

PROPOSITION 4-3. Let Q1 = {Q%? : ¢,d € T} be a family of Co-contraction semi-
groups on by, indexed by a total subset T of k containing 0 and let G, q denote the gener-
ator of the semigroup Q. Suppose that there is a sequence of strongly continuous left
contraction cocycles (V™) on b and, for each c¢,d € T, a core Dec,a for G q such that

(a) Dca C VT for each n € N, and

(b) ECFMEZ — x(c,d) — Geq pointwise on D q, for all c,d € T, where F™ =

FVeLT,
Then there is a unique strongly continuous left contraction cocycle V' whose associated
semigroups include Qt. Moreover V™ — V in the weak operator topology.

Proof. We use the notation Q%% and Ggld) for semigroups and generators associated
with the cocycle V(™). Condition (a) and Corollary 1-4 imply that C‘Dc,d@B C Dom F(™),
where D = Lin T, so each F(") is densely defined, and also EEF(”)EdAf x(c,d) C ng;
by (1.20). Hence, by the Trotter-Kato Theorem ([Dav, Corollary 3.18]), assumption (b)
implies that

: . (n)e,d c,d
lim sup [[(Q; - Q¢ ull =0
N0 ¢c[0,T)]
for all ¢,d € T, u € h and T > 0. The result therefore follows by Theorem 1-7 and
Lemma 1-2. [

Remark. This result is a stochastic generalisation of the Trotter-Kato Theorem. In the
usual version pointwise convergence of the generators implies convergence of the sequence
of semigroups in the strong operator topology. However a similar strengthening of the
conclusion for cocycles is not possible — as can be demonstrated using the conditions
for isometricity of cocycles given in terms of conservativity of an associated quantum
dynamical semigroup. See [LW] for details.

THEOREM 4-4. Let F' € 0(9@6) where © is a dense subspace of h and D = Lin T
for a total subset T of k containing 0. Assume that
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(a) for eachec,deT, EEFEJ—X(C, d) is a pregenerator of a Cy-contraction semigroup
Q%?, and

(b) there is a sequence (F™) in B(h®k) satisfying the operator inequality (2.5), such
that, for all c,d € T,

EEF(”)EJ — EEFEJ pointwise on 3.

Then F C FY°T for a unique strongly continuous left contraction cocycle V on . More-
over, for allc ek and d € T,

GY4=E°FE;—x(c,d), and (4.1)
QY. > EF B~ x(d,c). (4.2)

Proof. By Theorems 2-3 and 4-1, assumption (a) (with ¢ = d = 0) implies uniqueness.
Let G4 be the generator of Q“¢ and let V(") be the strongly continuous left contraction
cocycle generated by F(™) (see the remark following Proposition 2-1). Then the hypothe-
ses of Proposition 4-3 are satisfied with ®. 4 = © for each ¢,d € T. Let V be the resulting
cocycle. Then Gvd = G4 50 E°FE C Gvd+x(c d) and therefore ®V"T O ®. This gives
FV'T 5 F and so GV D E°FE;— x(c,d) for all ¢ € k and d € D, by (1.20). Now D is a
core for GV e.d When ¢, deT so, by part (b) of Proposition 1-3, it is also a core when ¢ € k.
The above lINIChlblOH is therefore an equality. It remains only to verify the inclusion (4.2),
but since G}ZC = (sz)* this follows by taking adjoints. [J

Remarks. Under the conditions of the theorem, if also Dom F™* @T®6\T for dense
subspaces DT and DT of h and k respectively, then DV:P" contains the dense subspace
©' so V strongly satisfies the QSDE (2.2) with coefficient FV-P" on V0 g £(0) +
V0! ®&pt, and F* O F VD' In particular, F* satisfies the form inequality (2.4) on
@VO (@V DT@DT).

Our next result extends Fagnola’s existence theorem ([Faz]). Whereas his proof re-
quires separability of both of the Hilbert spaces h and k, ours requires a strengthening
of his condition which amounts to K being a pregenerator of a Cy-semigroup. This dif-
ference in hypotheses reflects our difference of approach. Whereas he approximates the
solution process by adapting Frigerio’s diagonalisation argument with the Arzela-Ascoli
Theorem to cocycles constructed from bounded stochastic generators, we approximate a
sufficient number of the associated semigroup generators by exploiting the Trotter-Kato
Theorem and this demands stronger core requirements.

THEOREM 4-5. Let F € O(@@ﬁ), with block matriz form [ M|, where ® is a
dense subspace of h and D = Lin T for a total subset T of k containing 0. Suppose that

(a) 2Re (€, FE) + |AFE|2 <0 for all € € DRD, and

(b) K + MEg — %||d||? is a pregenerator of a Cy-semigroup, for each d € T.

Then F C FV'T for a unique strongly continuous left contraction cocycle V. on b, more-
over (4.1) and (4.2) hold.

Proof. By Proposition 3-1, assumption (a) implies that Gg’d = EEFEJ— x(c,d) is
dissipative and G.q4 = GTd generates a Cy-contraction bemigroup if and only if G4
does, for b,c € k and d € D. Since K + ME; — 1||d||* = G 4> this operator is dissipative
for each d € D and assumption (b) is equivalent to G q being a Cy-semigroup generator
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for each d € T. Therefore G 4 is such a generator for each ¢ € k and d € T. In view of
Proposition 3-2, Theorem 4-4 therefore applies. [

COROLLARY 4-6. If condition (b) of Theorem 4-5 is replaced by
(bi) Ran (Al — K) is dense in b for some A > 0, and
(bii) ME, is K-bounded, for each d € T,

then the conclusion of the theorem holds, moreover

Dom sz D Dom K for all e € k and d € D,
with equality when d is a sufficiently small multiple of an element of T.

Proof. Since K is dissipative (bi) is equivalent to K being a Cy-contraction semigroup
generator, by the Lumer-Phillips Theorem ([Dav, Theorem 2.25]). For « > 0 let T =
{(a + )7l s d € T}, where \; is the relative bound of M FE,; with respect to K,
thus Lin T = D and M FE; has relative bound less than one for each d € T®. Using
Proposition 3-1 once more this means that, for each e € k and d € T, EgFEE— x(e, d)
is a relatively bounded perturbation of K with relative bound less than one. Therefore,
by Gustafson’s Theorem, its closure has the same domain as K and is a Cyp-contraction
semigroup generator, so (b) of Theorem 4-5 holds (with T* in place of T) and the theorem
applies. We have

Dom G} ; =Dom K for e € k,d € T* and a > 0.
The proof therefore follows by Corollary 1-4 since D = Lin T*. []

Remark. By choosing suitable functions g and A in the example below, it is possible
to find an operator F' € O(D®D) satisfying the conditions of Theorem 4-5 but whose
coefficients M, are not K-bounded, so that F' is not covered by the corollary above.

Dualising we obtain alternative conditions.

COROLLARY 4-7. Let F € O(@@B) and F' ¢ (’)(@T@&) be densely defined operators

on b ® k with block matriz forms [IL( CAEI] and [1{2 C%il] respectively, satisfying F* D
Ft, where D = Lin T for a total subset T of k containing 0. Then the conclusions of
Theorem 4-5 hold under the conditions
(a) F and F' satisfy the form inequality (2.4),
(bi) KT is a pregenerator of a Cy-semigroup on by, and
(bil) D is a core for the operator (K' + EMT — £||d||)*, for each d € T.

Proof. In view of assumption (bi), Proposition 3-1 applied to FT shows that (KT +
E4MT— 2||d||?) is a pregenerator of a Cy-contraction semigroup. Assumption (bii) there-
fore implies that its closure is (K + MEy4 — £[|d||*)*, thus (K + ME; — $[|d||?) is a
pregenerator of a Cy-contraction semigroup and so Theorem 4-5 applies. [

Many examples are covered by the following consequence of Theorem 4.5, with C
typically being unitary.

THEOREM 4-8. Let H be a closed symmetric operator on b, L a closed operator t —
h®k, C a contraction operator on h @k and T a total subset of k containing 0, such that
® := Dom H NDom L*LﬂﬂdeT Dom L*CEy is dense in by, and let F = [IE *CL_IC

where K = iH — %L*L and D = Lin T. Then the following hold.

]|©@6
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(a) (1) F satisfies (2.4), with equality if and only if C is isometric.
i1 there are constants vq > € such that
i) If th 0 (deT) such th
(val + 3L*L + L*CE4 — iH)® s dense in b.

then F generates a strongly continuous left contraction cocycle on b.
(b) Suppose that D := Dom H* N Dom L*L N (\;cy+ Dom L*Ey is dense in b, and
let Dt = Lin Tt for another total subset of k containing 0.
(i) F* satisfies (2.4) on DT@D1, with equality if and only if C is coisometric on
h®k.
(ii) If there are constants vq > 0 (d € T) such that

(val + LL*L — L*Eq 4+ iH*)D' is dense in b
then F' .= F*

DD generates a strongly continuous left contraction cocycle.
Examples in which C = I and H = 0 have arisen recently in the problem of construct-
ing stochastic dilations of quantum Markov semigroups ([GSz]). In this case it suffices
for D to be a core for the positive selfadjoint operator L*L, and for L*E, (d € T) to be
relatively bounded with respect to L*L.
Let © be the linear span of the standard orthonormal basis of b := [2(Z), let

y(N)  W*A(N)

E=_\onyw 0

, where v(n) = iu(n) — 3|A*(n+1),

where W and N denote respectively the isometric right shift on h and the number
operator on b, and A : Z; — C and p: Z4y — R are arbitrary functions. Then F* + F +
F*AF and F + F* + FAF* both vanish on ©® & ®© and Theorem 4-5 applies. Models
of this type arise in the study of inverse harmonic oscillators interacting with a heat
bath in the singular coupling limit ([Wal]). Conditions on the pair (A, ) which ensure
isometry/unitarity of the resulting contraction cocycle are investigated in [FaW], from
the point of view of the right equation dU; = (F* ® I;)ﬁtdAt.

Classical birth and death processes have been constructed using quantum stochastic
calculus ([Fa;, FaW]). These are similarly covered by the above theorem, this time
working with the Hilbert space [?(Z) and two dimensional quantum noise. These examples
and others are treated in detail in [LW4].
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