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Preface

To the reader who wants to dip a toe in the water: read chapter 1. The
reader who continues on to chapters 2 and 4 will pick up the rest of the tools.
Subsequent chapters prove the theorems. We assume that the reader is familiar
with elementary differential geometry on manifolds and with differential forms.
These lectures explain how to apply the Cartan—Kéahler theorem to problems
in differential geometry. Given some differential equations, we want to decide
if they are locally solvable. The Cartan—Kéhler theorem gives a linear algebra
test: if the equations pass the test, they are locally solvable. We give the
necessary background on partial differential equations in appendices A, B, and
the (not so necessary) background on moving frames in appendices D, F, G.
The reader should be aware of [4], which we will follow closely, and also the
canonical reference work [3] and the canonical textbook [19].

I wrote these notes for lectures at the Banach Center in Warsaw, at the
University of Paris Sud, and at the University of Rome Tor Vergata. I thank
Jan Gutt, Gianni Manno, Giovanni Moreno, Nefton Pali, and Filippo Bracci
for invitations to give those lectures, and Francesco Russo for the opportunity
to write these notes at the University of Catania.
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Chapter 1

Exterior differential systems

We define exterior differential systems, and state the Cartan—Kéahler theorem.

Background material from differential geometry

By the expression analytic, we mean real analytic. We assume that all of our
manifolds, maps, vector fields and differential forms are analytic. (In a few
exercises, we describe some such thing as smooth, i.e. C°°, not necessarily
analytic.) A submanifold is an immersion of manifolds, defined up to diffeomor-
phism of the domain. Denote the dimension of a manifold M by dim M. The
codimension of a submanifold S of M is dim M —dim S. A hypersurface in a
manifold M is a submanifold of codimension one. A hyperplane in a vector
space V' is a linear subspace W C V so that dim(V/W) = 1.

Differential equations encoded in differential forms

To express a differential equation 0 = f (x, u, %), add a variable p to represent
the derivative g—g. Let ¢ := du — pdx, w := dx. Let M be the manifold
M = { (z,u,p) | 0= f(z,u,p) } (assuming it is a manifold). Any submanifold
of M on which 0 =9 and 0 # w is locally the graph of a solution. It is easy to
generalize this to any number of variables and any number of equations of any
order.

Exterior differential systems

An integral manifold of a collection of differential forms is a submanifold on
which the forms vanish. An exterior differential system on a manifold M is an
ideal Z C £2* of differential forms, closed under exterior derivative, and graded,
i.e. splitting into a direct sum

I::Zl@"'@:[dim]\/[
of forms of various degrees: ZF := T N QF.

1.1 Prove that any collection of differential forms has the same integral mani-
folds as the exterior differential system it generates.



Exterior differential systems

Some trivial examples: the exterior differential system generated by
a. 0,
b. 2%,
c¢. the pullbacks of all forms via a submersion,
d. dx' Ady' + dz? A dy? in R?,

e. dy — zdx on R3.

1.2 What are the integral manifolds of our trivial examples?

By definition Z° = 0, i.e. there are no nonzero functions in Z. If we wish
some functions to vanish, we can replace our manifold M by the zero locus
of those functions (which might not be a manifold, a technical detail we will
ignore).

Integral elements

An integral element of an exterior differential system Z is a linear subspace of
a tangent space, on which all forms in Z vanish. Every tangent space of any
integral manifold is an integral element, but some integral elements of some
exterior differential systems don’t arise as tangent spaces of integral manifolds.
A 1-dimensional integral element is an integral line. A 2-dimensional integral
element is an integral plane.

1.3 What are the integral elements of our trivial examples?

1.4 Suppose that the 1-forms in an exterior differential system span a subspace
of constant rank in each cotangent space. Prove that there is an integral curve
tangent to each integral line.

1.5 Give an example of an embedded integral manifold, whose every tangent
space is a hyperplane in a unique integral element, but which is not a hyper-
surface in an integral manifold.

1.6 Prove that a k-dimensional linear subspace of a tangent space is an integral
element of an exterior differential system Z just when all k-forms in Z vanish
on it.

The polar equations of an integral element E are the linear functions
w € Ty M — Hw, e, ea,...,ex)

where ¢ € ZF! and e, es,...,e; € E, for any k. They vanish on a vector
w just when the span of {w} U F is an integral element. The set of polar
equations of E is a linear subspace of T, M. If an integral element E lies in



Integral elements as points of the Grassmann bundle

a larger one F, then all polar equations of E occur among those of F': larger
integral elements have more (or at least the same) polar equations.

1.7 What are the polar equations of the integral elements of our trivial exam-
ples?

An integral flag of an exterior differential system is a sequence of nested
integral elements
OZE()CElCEQC"'CEp

with dimensions 0,1,2,...,p. Danger: most authors require that a flag have
subspaces of all dimensions; we don’t: we only require that the subspaces have
all dimensions 0,1,2,...,p up to some dimension p. Successive subspaces have
successively larger space of polar equations. The characters sg, s1,. .., s, of the
flag are the increments in rank of polar equations: Fj has polar equations of
rank sg + s1 + - + Sg.

Consider all flags inside a given E,,. Polar equations remain linearly indepen-
dent under small motions of a flag. So if a flag in £, has maximal dimensional
polar equations, i.e. character sums sg, 59 + S1,...,80 4 - - - + 5p, then so do all
nearby flags in E,. The characters of the integral element F, are those of any
such flag.

1.8 What are the characters of the integral flags of our trivial examples?

Integral elements as points of the Grassmann bundle

The rank p Grassmann bundle of a manifold M is the set of all p-dimensional
linear subspaces of tangent spaces of M.

1.9 Recall how charts are defined on the Grassmann bundle. Prove that the
Grassmann bundle is a fiber bundle.

The integral elements of an exterior differential system Z form a subset of
the Grassmann bundle. We would like to see if that subset is a submanifold,
and predict its dimension.

The Cartan—Kahler theorem

An integral element, say of dimension p and with characters so,...,s,, pre-
dicts the dimension dim M + s + 2s3 + -+ 4 psp,. It predicts correctly if the
nearby integral elements form a submanifold of the Grassmann bundle of the
predicted dimension. (We will see that they always sit in a submanifold of the
predicted dimension.) An integral element which correctly predicts dimension is
involutive. An exterior differential system on a manifold M is involutive if each
component of M contains an involutive maximal integral element. (We will
see that involutivity of an exterior differential system implies that involutive
integral elements occur at a dense open subset of points of M.)



Exterior differential systems

Theorem 1.1 (Cartan—Kéhler). Every involutive integral element of any ana-
lytic exterior differential system is tangent to an analytic integral manifold.

1.10 Give an example of an exterior differential system whose characters are

not constant.

Example: Lagrangian submanifolds

We employ the Cartan—Ké&hler theorem to prove the existence of Lagrangian
submanifolds of complex Euclidean space. Let

= dat Adyt +da® Ady? + -+ da™ A dy™.

Let Z be the exterior differential system generated by ¥ on M := R?". Writing
spans of vectors in angle brackets,

Flag Polar equations Characters
EO = { 0 } { 0 } S = 0
El = <8m1> <dy1> S1 = 1

E, = (041,042, ...,0zn) <dy1,dy2,...,dy”> s, =1
The flag predicts
dimM +s1+2s2+--4+ns, =2n+14+24+---+n.

The nearby integral elements at a given point of M are parameterized by
dy = adzx, which we plug in to ¥ = 0 to see that a can be any symmetric
matrix. So the space of integral elements has dimension

n(n+1) :2n+n(n—|—1)

dim M
im + 5 5 R

correctly predicted. The Cartan—Kéahler theorem proves the existence of La-
grangian submanifolds of complex Euclidean space, one (at least) through each
point, tangent to each subspace dy = a dz, at least for any symmetric matrix a
close to 0.

1.11 On a complex manifold M, take a Kéhler form ¥ and a holomorphic
volume form ¥, i.e. closed forms expressed in local complex coordinates as

V=1

Y = Tgﬂpdz“ N de/,
U= f(2)dz' NdZ2 A N d2",

with f(z) a holomorphic function and g, a positive definite self-adjoint complex
matrix of functions. Prove the existence of special Lagrangian submanifolds, i.e.
integral manifolds of both ¥} and the imaginary part of ¥.



The last character

The last character

We always look for integral manifolds of a particular dimension p. For simplicity,
we can assume that our exterior differential system contains all differential forms
of degree p + 1 and higher. In particular, the p-dimensional integral elements
are maximal. The polar equations of any maximal integral element F, cut out
precisely E,, i.e. have rank dim M —p on E,. We encounter sg, s1, ..., s, polar
equations at each increment, so rank sop + s1 + -+ + s,. We can find s, from
the other characters:

so+ 5814+ 5p_1+ 5, =dimM —p.

For even greater simplicity, we take this as a definition for the final character
sp; we only pretend that our exterior differential system contains all differential
forms of degree p 4+ 1 and higher.

Example: harmonic functions

We will prove the existence of harmonic functions on the plane with given value
and first derivatives at a given point. On M = Ri,y,u,uz,uyv let Z be the exterior
differential system generated by

¥ = du — u, dr — uy dy,
O = duy Ndy — duy N dx.

Note that
d¥ = dx A dug + dy A duy

also belongs to Z because any exterior differential system is closed under exterior
derivative. Any integral surface X on which 0 # dx A dy is locally the graph of
a harmonic function v = u(x,y) and its derivatives u, = g—;, Uy = %.

Each integral plane FE, (i.e. integral element of dimension 2) on which

dz A dy # 0 is given by equations

iy = UzedT + Ugydy,

diy = Uy, dx + Uyydy,

for a unique choice of 4 constants ., Ugy s Uyz, Uyy subject to the 2 equations
Ugy = Uyg and 0 = Uy, +uy,. Hence integral planes at each point have dimension
2. The space of integral planes has dimension dimM +2=5+2=7.

Every integral line is the span E; = (v) of a vector

U= (ia Y, Uz T + Uy?% UgaT + Umyya Uya:x. + Uyyy) .
Compute

o dy\ [ dug + yduy — (Uga@ + Ugyy) Az — (Uya@ + Uyyy) dy
O ) \ydug — & duy + (Upep@ + Ugy) dy — (Uya® + uyyy) dz )



Exterior differential systems

and
Flag Polar equations Characters

Eo={0} (V) sp=1
Ei=v) (%v2dd,va0) s =2

We are only interested in finding integral surfaces; we compute the final char-
acter from
S0+ 81+ 8o =dim M — 2.

The characters are sg, s1,s2 = 1,2,0 with predicted dimension dim M + s; +
259 =5+ 2+2-0=T: involution. So harmonic functions exist near any point
of the plane, with prescribed value and first derivatives at that point.

1.12 What are the integral elements and integral manifolds of the exterior
differential system generated by du A dx, dv A dx, v du A dv on R?

CRIRTRIN
1.13 Consider the partial differential equation
Uze = [(Z,Y, Uy Uy, Uy, Ugy, Uyy ).
Apply the Cartan—Ké&hler theorem to the associated exterior differential system.
1.14" Take a coupled system of two 2nd order partial differential equations
Ugy = f7
Ugy = 9,
where
f = f(x?y7uauw’ Uy, Uyy),
g = 9(5573/, U»uzauwuyy)'

Find the integral lines and integral planes. Under what conditions on the first
partial derivatives of f, g is there more than one integral plane at the generic
point on which dz, dy are linearly independent?

Background material from differential geometry

1.15 Prove: constant rank linear equations, depending analytically on parame-
ters, have a local solution depending analytically on those parameters.

Lemma 1.2 (Cartan’s lemma). Suppose that &1,&2,...,& are linearly inde-
pendent analytic 1-forms on some manifold M. (They need not form a basis.)
Suppose that a1, as, ..., a are analytic 1-forms satisfying 0 = a3 A& + as A
&+ -+ ag AN&g. Then there is a unique symmetric matrix A = (a;;) of
analytic functions so that a; = a;;&;.

1.16 Prove Cartan’s lemma using the solution of problem 1.15.



The Frobenius theorem

The Frobenius theorem

The pullback of an exterior differential system by a map is the ideal generated
by the pulled back forms.

1.17 Prove that the pullback of an exterior differential system is an exterior
differential system.

A exterior differential system is locally generated by forms with some prop-
erty if every point lies in an open set so that the pullback to that open set is
generated by forms with that property.

Theorem 1.3 (Frobenius). Suppose that I is an exterior differential system
on a manifold M. The following are equivalent; if any, hence all, hold we say
that T is Frobenius.

a.

Every integral element of T lies in a unique p-dimensional integral ele-
ment.

There is a constant so that T has a p-dimensional integral element at
each point of M, with character sq equal to that constant, and all other
characters s1, 82, ..., s, vanishing.

. T has an involutive p-dimensional integral element at each point of M. T

is locally generated by dim M — p linearly independent 1-forms.

T is locally generated as an ideal of differential forms by dim M —p linearly
independent 1-forms.

. I is locally generated by linearly independent 1-forms 0, 02,...,09 with

do* = -3, ﬁ; A7 for some 1-forms §;

. T s locally generated by linearly independent 1-forms. The vector fields

on which all 1-forms in T vanish are closed under Lie bracket. They span
a p-dimensional linear subspace in each tangent space of M.

. Each point of M has coordinates x*,...,xP,y', ..., y? so that T is locally

generated by dy',dy?, ..., dyd.

. The p-dimensional T-integral manifolds form the leaves of a foliation F

of M. T is locally generated by the 1-forms vanishing on the leaves.

1.18 Use a statement of the Frobenius theorem from a differential geometry
textbook, or lemma 7.5 on page 57, to prove the Frobenius theorem.

To solve both u, = f(z,y,u) and u, = g(z,y, u), note

Ugy = fy + fuuy = Uyzy = gz + Julz,

the compatibility condition between these equations. The exterior dif-
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ferential system generated by 6 = du — f dr — g dy contains

df = (fy + fug — 9z — guf)dz A dy + (fudz + gudy) A 0,

so takes the compatibility condition into account. By the Frobenius
theorem, f, + fug = g» + guf everywhere just when there are solutions
with arbitrary initial condition w(zo, yo) = uo.

1.19 Suppose that ¢: P — @ is a surjective continuous map of manifolds, and
that P carries a Frobenius exterior differential system, on each leaf of which
 restricts to a local homeomorphism to ). Suppose that, for any two points
of P above the same point of ), there is a ¢-invariant homeomorphism of a
neighborhood of one to a neighborhood of the other, which takes leaves to leaves.
Prove that every leaf is a covering space of Q.

1.20* Recall from problem 1.14 on page 6 the study of a coupled system of two
2nd order partial differential equations

Ugy = fa
Ugy = 9,

where

f= f(xvyvuvumauya Uyy)»

g = g(JC,y, Uyuxvuyvuyy)~

If fu,, # gzyy, prove that there are no integral surfaces.

Let Z be the exterior differential system generated by linearly indepen-
dent 1-forms 6%, 02,6> on a 6-dimensional manifold M. At each point
m € M, they vanish on a 3-dimensional linear subspace V,,, C T;, M.
So V,,, contains all integral elements at m; all lines in V,,, are integral
lines. There are infinitely many integral curves through each point. The
differentials d@*,d8?,d03 are 2-forms on V,,; we want to “draw” them.
Pick a non-zero 3-form {2 on V,,,. Each 2-form £ on V,,, is identified with
a vector u € V,,, by
§(v,w) = Q(uv U, U/),

for any v,w € V,,. A 2-form £ vanishes on a 2-plane in V,, just when
the associated vector u lies in the 2-plane. Our three differentials are
identified with three vectors in the 3-dimensional vector space V,,,; inte-
gral planes are those which contain all three. If those three vectors have
span of dimension:

0: All planes in V,,, are integral planes; this holds throughout M just
when Z is Frobenius, so that M is foliated by integral 3-manifolds.



Example: surfaces with constant shape operator

1: There is a circle of integral planes: the planes passing through the
line spanned by uq, us, u3 in V,,,. Take an integral line, say the span
of some vector v, and suppose that v is not in the span of these
u1, Uz, u3. The polar equations of that integral line vanish only on
the plane spanned by v and these uq,ug,us, so a 1-dimensional
space of polar equations added to the sy = 3 we had. So s; =
1, s5 = 0. By the Cartan—Ké&hler theorem, if this occurs throughout
M, T is involutive, with infinitely many integral surfaces through
each point.

2: There is a unique integral plane through m: the plane spanned
by w1, us,us in V;,. The generic integral line doesn’t lie on it, so
s1 = 2,89 = 0, and the Cartan—Ké&hler theorem is silent about the
integral surfaces.

3: There are no integral planes nor integral surfaces near m.

Example: surfaces with constant shape operator

In this section, we assume familiarity with appendix D. Use the Frobenius
theorem:

1.21 Prove that, for point x € E3 and plane P in E3 through x, any connected
and embedded surface with zero shape operator passing through x and tangent
to P at x is an open subset of P.

1.22 An oriented surface is c¢g-round, for a constant ¢y > 0, if it has shape
operator II (u,v) = cou - v at every point. Prove that, for each constant ¢y € R,
point z € E? and oriented plane P through z, there is a co-round oriented
surface passing through z, with oriented tangent space at = equal to P. If
co # 0, prove that any such surface, if connected and embedded, is an open
subset of a sphere.

1.23 Prove that any connected and embedded surface in E3 with constant
principal curvatures is an open subset of a plane, sphere or cylinder.

1.24 Prove that any connected embedded curve in E? of constant curvature
and torsion is an open subset of a line, circle or helix.

1.25 An umbilic point is a point of a surface in E? where the shape operator
is a multiple of the dot product: I(u,v) = cu - v, for some number c. Find
all connected and embedded surfaces in E3 which are everywhere umbilic, with
perhaps varying value of c.

1.26 Find every connected and embedded surface in E3 whose every geodesic
is planar.
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Background material from differential geometry

A collection of 1-forms w?, ..., w" on a manifold M coframes M, or is a coframe
) b )

or coframing of M, if, at every point m € M, w}, ... ,w" are a basis of T/ M.

Example: triply orthogonal webs

A triply orthogonal web is a triple of foliations by surfaces whose leaves are
pairwise perpendicular.

Images: Daniel Piker, 2015

Theorem 1.4. There are infinitely many triply orthogonal webs, depending
on 3 functions of 2 wvariables, defined near any given point of 3-dimensional
Euclidean space.

Proof. Picture a triply orthogonal web. Each leaf is perpendicular to a unique
unit length 1-form 7);, up to £, which satisfies 0 = n; A dn;, by the Frobenius
theorem. Denote 3-dimensional Euclidean space by X. Let M be the set of
all orthonormal bases of the tangent spaces of X, with obvious bundle map
x: M — X, so that each point of M has the form m = (z, 1, e3, e3) for some
x € X and orthonormal basis eq, es, e3 of T, X. The soldering 1-forms w1, wa, w3
on M are defined by
(vow;)e; = x,0.

Note: they are 1-forms on M, not on X. Let

As explained in appendix D, there is a unique matrix-valued 1-form 7, valued
in antisymmetric 3 x 3 matrices and known as the Levi-Civita connection, so
that dw = —m A w, ie.

w1 0 —73 T2 w1
dlwy | =— 3 0 -1 | A | w2
w3 —T2 ™1 0 w3



Generality of integral manifolds

Our triply orthogonal web is precisely a section X — M of the bundle map
M — X on which 0 = w; A dw; for all i, hence an integral 3-manifold of the
exterior differential system Z on M generated by the closed 3-forms

w1 A dwh wa A doJQ, ws A dwg.
Using the equations above, 7 is also generated by
m3 Awiz, M Awzz, T2 /Awsi.

The integral manifolds coframed by wi,ws,ws are locally precisely the triply
orthogonal webs. The reader can find the characters: s1,s2,s3 =0,3,0. The
integral elements coframed by wi,ws,ws form a manifold of dimension 12 (pa-
rameterized by choice of a point of M and 6 coefficients to determine values of
71, T2, T3 at each point of M): involution. O

The reader familiar with Riemannian geometry will note that this proof works
just as well for any 3-dimensional Riemannian manifold. For more on orthogonal
webs in Euclidean space, see [7, 9, 35, 39].

1.27* A question of Alin Albu-Schéffer: suppose we are given an analytic
foliation of an open subset of 3-dimensional Euclidean space by surfaces. Is
there, at least locally, a triply orthogonal web which has this as one of its three
foliations?

Generality of integral manifolds

This section can be omitted without loss of continuity.

If T describe some family of submanifolds as integral manifolds of an exterior
differential system, you might find a different description of the same subman-
ifolds as integral manifolds of a different exterior differential system, perhaps
on a different manifold, with different characters.

A function f(z) of one variable is equivalent information to having a
constant f(0) and a function df /dz of one variable.

We will solve V xu = f—u for an unknown vector field v in 3-dimensional
Euclidean space two ways: an elementary approach on page 85, and fol-
lowing Cartan’s strategy in problem 2.6 on page 23. The first approach
uses 1 function of 1 variable and 2 functions of 2 variables. The second
approach uses 3 constants, 3 functions of 1 variable and 2 functions of
2 variables.
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Lagrangian submanifolds of C™ depend on 1 function of n variables:
those which are graphs y = y(x) are of the form

08

Y= o

for some potential function S(z), unique up to adding a constant. On
the other hand, the proof of the Cartan—Ka&ahler theorem builds up each
Lagrangian manifold from a choice of 1 function of 1 variable, 1 function
of 2 variables, and so on.

We will see that Cartan’s proof of the Cartan—Ké&hler theorem constructs the
general solution of any involutive exterior differential system, using sg constants,
s1 functions of 1 variable, sy functions of 2 variables, and so on. We “trust” the
last nonzero s, of an involutive exterior differential system to give the generality
of integral manifolds: they depend on s, functions of p variables, but we don’t
“trust” S50,815---,Sp—1-

Immersed plane curves are the integral curves of Z = 0 on M = R2.
Any integral flag has sg,s; = 0,1. Immersed plane curves are also the
integral curves of the ideal J generated by

¥ :=sin ¢ dx — cos ¢ dy

on M = Ri,y X Sé. Here sg,s; = 1,1.

What could go wrong?

On M = Rfc,y,z’ take the ideals Z generated by dx A dz,dy A dz and J
generated by dx A dz,dy A (dz — ydz). At the origin, these differential
forms are identical, so the integral elements and characters are the same
at that point. But Z has integral surfaces z = constant, while J does
not have integral surfaces.

1.28 Compute characters and dimensions of spaces of integral elements for
these. Show that the Cartan—Ka&hler theorem does not apply. Find their
integral surfaces.

Generalizations

The Cartan—Ké&hler theorem also holds for holomorphic exterior differential
systems on complex manifolds, formal power series exterior differential systems,
and Denjoy—Carleman exterior differential systems, with the same proof. In



Generalizations

particular, any involutive smooth exterior differential system is also a formal
power series system about each point, so has formal power series solutions,
perhaps divergent. The theorem also holds for certain smooth systems [21, 22,

38].
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Chapter 2

Tableaux

A tableau is a matrix encoding an exterior differential system, a computational tool
to organize the linear algebra needed to uncover the characters.

Recall triply orthogonal webs on page 10: an exterior differential system
generated by 1-forms 6 and by 3-forms of the form

W2 A3 W3 A T2 W2 AL

with coframe 6%, w?, 7. Write these 3-forms as rows of a matrix wedge

product:

™ 0 0 Wz
0 72 0 |A|w!
0 0 =t w23

Definition

Take an exterior differential system Z on a manifold M. We are looking for
p-dimensional integral manifolds. Take a point m € M. Let

Iy i={Vm e A", M|9€T}.

We carry out all of our work below modulo the ideal (Z},) C Z,,,.
a. Take a basis w?, 7 of T* M/T},.

b. Write a set of forms generating Z,,/(Z},) in a column

191
192
19 =

197’

15



Tableaux

c. Let w" :=w’ Aw?, and so on. Let

a column vector of all wedge products of the w?. Arrange by grades:
grade j consists of all forms w7 which are wedge products of 1-forms
from among w', ...,w’, and must contain w’. We sometimes mark grades
with horizontal lines. (We can drop any entry of w if it doesn’t appear in
the forms 9% in our generating set, expanded in our basis.)

d. Write out ¥ = wAw+. .. for a matrix w, the tableau, so that each matrix
entry is a linear combination of 7%, and the ... consists of

1. terms with only w in them, no 7% 1-form wedged into them, the
torsion and

2. terms with two or more 7 1-forms wedged into them, the nonlin-
earity.

We sometimes draw vertical lines in w, marking out grades at widths
matching the grade heights in w. The nonlinearity we assign grade p.

e. A polar is an entry of w linearly independent of all entries found in all
earlier grades and above or to the left in the same grade. Highlight all
polars. In practice, each polar is often one of the 7® of our basis; we can
always change basis to arrange this.

f. Take any basis ¢ of Z},; declare the basis elements to be polars of grade
Z€ero.

The character s; of the tableau is the number of polars in grade j.



Definition

Suppose Z is an exterior differential system spanned by
1-forms 0%, 6%, 63,
a 2-form 6' Aw? +w! At + W AT+ WP A and
a 3-form 723 — w2 A3 + WB A2 — WB AT,

for a coframing

01,02, 0% W', w2, w3, 7, 72, 0.

Dropping multiples of the 6:
no 1-forms
a 2-form w! A ! + w? A7 + w? A 73 and

a3form —w2AR+wB AT —wB AT+ ...

So modulo #', 62, 63:

9 — w ATl +w Ar? 4 wd AT 0
T w2 AT W A2 — w2 Al + 7123 |

w
w2
1 2 3 12
_ [ s 0 |« 0 0 Al . n (
0 0  x 0 —n2 7t &
13
S1 S92 S3 w23
1 2 0

Recall that Lagrangian submanifolds are integral manifolds of

9= dxt Adyt +dx® Ady? + -+ dz" A dy”,

w
w2
:—( S R 71'”)/\
S1 S2 ... Sp oJn
1 1 ... 1

with w? := dz?, 7t == dy’.

7.‘_123

).

17
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On M =R let 7 be generated by

Ty, Uy Ug Uy ?
0 = du — u, dr — u, dy,
¥ = dug A dy — duy A dx,

and note
df = —dug N dz — duy A dy

also belongs to Z. An integral surface X on which 0 # dx A dy is locally
the graph of a harmonic function v = u(x, y) and its derivatives u, = g—g,
Uy = %Z' Taking

wl = d:];’wQ = dy,ﬂ'l = duw,7r2 = —de,

gives tableau

2.1 As in our example of triply orthogonal webs, construct an exterior dif-
ferential system whose integral 4-manifolds are foliations of open subsets of
3-dimensional Euclidean space. Write out the tableau and find the characters.

Torsion

The tableau is adapted to the flag
Ej=(0=0"=7%=u/t! =... = uP).

Any flag has many tableau adapted to it.

2.2 What are the polar equations of each E;7 Prove that the characters as
defined above are the characters as defined in chapter 1, and the polars are a
basis of the polar equations.

2.3 Prove that torsion vanishes just when the flag is integral.

Take an exterior differential system generated by 1-forms 6',6? with

1 1 1 12
d <92> |7 v A (w2> + (w ) mod 6%, 62
0 2 a3 w 0

Note that df', df? generate Z/(Z'). The term w!? is the torsion, as it
has no 7 in it.



Borrowing

Let 7'l = 7! + w?:

1 7't 1
d (92> _ 0 1A (“’2> mod 61,6
0 2 3 w

we absorb the torsion.

Changing bases to arrange that torsion vanishes is absorbing the torsion
A tableau can only examine integral elements coframed by the w?. Torsion
absorbs just when there is such an integral element.

The exterior differential system Z is the true fundamental geometric object;
the choice of tableau is like a choice of coordinate system: a magnifying glass
with which to examine 7.

2.4 Take a vector space V and a linear subspace £ C V. Denote by A*V*
the exterior algebra of V, i.e. the constant coefficient differential forms on
V. Consider the ideal P := (E+) C A*V*. A tableau at E is an ideal 7 C
AZ2V*/ P? which is graded, i.e.

= 7_2 Q- EBTdimV.
Explain how to associate to any integral element of any exterior differential

system a tableau, its torsion, its characters, and how it relates to our definition
above.

Borrowing
Recall triply orthogonal webs on page 10 had exterior differential system
generated by 1-forms #® and by 3-forms of the form
W2 A3 WA T2 B AT
with coframe 02, w?, 7:

12

b 0 w
0olx2 o [A]| &
00 w?
S9 S3

1 2

Warning: these s1, so, s3 are not the characters we computed in chapter 1.

19
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Reconsider the same example, with new choices of 1-forms w’. Let

W= wh, Ww?=w?, W3 = w' —w?+ w3. Write this as
Wl W'
G2 = W2
o‘)3 _wll —l—le +w/3

In these 1-forms, the tableau is:

™0 0 w
20 o A w3
a0 0 W'
S2 53

3 0

These are the characters we computed in chapter 1. We have borrowed
polars from later grades into earlier. We change the choice of integral

flag from
B = (0=uw?=uw®=6°=17%),
By = (0 =w® = 6% = 7%),
E3 = (0 0* 7'1'01)7

to

12(0:&)/2:&)’3:9“:71'&)
Bl =(0=uw"=9¢%= 7%,
E; = (0 = 0% = n%) unchanged.

2.5 Prove that the characters depend only on the flag.

Borrowing as many polars as we can, and perhaps permuting the coframe,
the integral flag has largest s; among all integral flags at that point. Subject
to that s1, it has largest so, and so on.

Take a row which represents a k-form. Permuting the w?, we can get any
polar in that row to appear in grade k — 1: 7 A w! ¥~ If there is another
polar in that row, say in grade £, add a multiple of w”* to w’ to borrow it to
grade k. Continue in this way: for one particular row, representing a k-form in
7T, we arrange polars in successive grades, starting at grade k — 1, all followed
by any nonpolar entries in that row.

Write wedge products w® % with i; < --+ < i,. Order any two wedge
products by last entry 7,, then by next to last, and so on. Borrow to have
polars arising in sorted order before any other entries.
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Since this occurs for some linear transformation of w?, it also occurs for all
linear transformations of w* except for those with certain minors vanishing. We
can thus borrow simultaneously for all rows, by generic linear transformation.

1 o . w2
0 71'1 w3
0 |xt A W213

7l 0 &

The torsion is absorbable just when there is an integral element E = (7 =
pw). Absorb the torsion by subtracting pw from 7. Thus there is a torsion free
tableau just when there is a generic torsion free tableau.

1 1 4 2
™ 0\ A <w2> n ( 7t A )
2 73 = 0
with a polar in the nonlinearity. Add w? to 72 to get the polar to appear
in the tableau:

71'1 7T4 wl 3 0 7'('4/\7'('/2
<71'12 s : w? w'? " 0 .

This produces torsion, but we can absorb it.

puts it in grade 1.

Take a tableau

1
(71—1 7T2)/\<WZ)+ 7T3 /\ﬂ—Q
w

has a polar in the nonlinearity, but we absorb it by w'? := w? — 73.

Some tableaux have nonabsorbable polars in the nonlinearity:

1
<7r1 71'2)/\<52)+7T3/\7T4.

Any polar in the nonlinearity can be demoted to a new w® 1-form, but
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we won’t need to do so.

Integral elements

Picture a tableau

al e 76
1
w
2 5
7T 7T 7wl — 7® Al w?
3
71' 2 7l aF 2 w3
7wl — 72 0 73

Take any 3-dimensional linear subspace E of a tangent space of M
coframed by w',w?,w?® and on which §* = 0. Then E has coefficients
7t = plw! + piw? + piw? and so on. Plug in to the tableau to find
equations for integral elements. Since w” = —w’?, each tableau entry
in column 4 has coefficient of w? exactly equal to the tableau entry in
column j coefficient of w:

p; = pi, p3 =15, p3 = pb,

P =p%, p3 =pi —pi, P3 =ps — D,

p3 =pi, p3 =pi +pi, p3 = p3 + D,
p; —p3 =0, p3 —p3 = i, 0= pj.

Again imagine an exterior differential system generated by 1-forms 6¢
and by 3-forms of the form

w2 Al w3l A 72w A,
with coframe 6%, w?, 7®. (E.g. triply orthogonal webs; see page 10.) The
tableau:

0|0 #t wl?
0lx2 o |N]| ¥

23
™0 0 e
S9 S3
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Example: Lie's third theorem

3-dimensional integral elements:

! 0 p5 pi\ [w!
|l =(p 0 p3 w?
m pi p3 0/ \*

a 6-dimensional space of integral elements at each point.
s1+2s2 +3s3 =0+2(1)+3(2) =8> 6,

involution fails.

The same example, but borrow:

Wl W
G2 = W2 7
w3 W'l 4+ W2 + w3
yielding tableau:
7 0 a3 w'?
/113
_ 2| n2 0 A w
123
7 | 0 0 w
52 S3
3 0

S1 +282 +383 = 0+2(3) +3(0) =S 6,

involution: there are 3-dimensional integral manifolds.

2.6 Write the equation V x u = f — u, which we unravel in detail on page 85,
as an exterior differential system. Find a tableau. Can you absorb torsion?
What submanifold contains the integral manifolds? Is the exterior differential
system in involution on that submanifold?

Example: Lie's third theorem

This section can be omitted without loss of continuity.

In this section we assume familiarity with Lie groups [33]. Lie’s third theorem:

every Lie algebra g, say of dimension p, is isomorphic to a Lie algebra of vector
fields spanning every tangent space on a p-dimensional manifold. This theorem
is a first step in constructing a Lie group with a given Lie algebra. Since we
employ differential forms, it is easier for us to prove the dual statement about

23
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the dual 1-forms to those vector fields. A Maurer—Cartan form is a 1-form &
valued in a Lie algebra g, defined on an open subset U C RP, so that, at every
point z € U, & : R? — g is a linear isomorphism and d¢ + 1[¢¢] = 0.

2.7 Explain how a Maurer—Cartan form determines such vector fields and vice
versa.

Theorem 2.1 (Lie Il). Any Lie algebra has a Maurer—Cartan form.

Proof. Choose a basis e1,...,e, € g and write out the Lie bracket in the basis:
leie;] = c?jek. Any such £ will then be & = £%e;, for a coframing &' = g;»(;v)dxj,
with g;(x) an invertible matrix for each x € U. We want these £’ to satisfy
0= de + %cgkfj A EF. Let M = RP x GL(p,R) with coordinates xi,g;-. Take
the exterior differential system Z generated by the components ¥ of the 2-form

1
¥ =d(gdz) + 5 [gdz, gdx].
2.8 Use the Jacobi identity, either in components or directly, to see that 0 = dd.
Let w' == da’.

2.9 If we want ¥ = 7r§ Aw?, then 7T§ = dgj + q;k(c)dxk where ¢ = ¢(c) is some
quadratic polynomial expression in the coefficients cfj. Prove this by computing

q(c).

1 1 1
s T T,

191 1 2 p wl
¥? 72 w2 71'12, w?
= A
9P : oo P

p p D
T Ty ... T,
S1 S2 ... Sp
p p ... D

Integral elements of dimension p: 77§ = pz-kwk with pék = pl j» SO the space of
integral elements has dimension dim M + p(p + 1)/2: involution. O

2.10 Uniqueness: prove that any two Maurer—Cartan forms for the same Lie
algebra are locally identified by a diffeomorphism.

Example: surface invariants

This section can be omitted without loss of continuity.



Example: surface invariants

We suppose that the reader has read appendix D. Does every quadratic form
on a plane through a point arise as the shape operator on the tangent plane of
some surface? If we had such a surface, its adapted frame bundle would satisfy

w3 = O7
Y13 = a11W1 + G12wW2,

Y23 = Q21W1 + G2owW2,

with a;; = aj;. Let V' be the set of all symmetric 2 x 2 matrices, with typical

element written as
a a
0= [ 12
a21 Aa22

On the manifold V x T3, take the exterior differential system Z generated by
W3,713 — @11W1 — A12W2, 723 — G21W1 — A22W2.
Every surface in E3 has frame bundle an integral manifold.

2.11 Prove that any Z-integral manifold coframed by wy,ws,y12 is locally the
frame bundle of a surface.

Summing over i, j, k, £ = 1,2, let

Da;j = da;j — aixvkj — ajeVri,

w3 0 0 0 w1
d | ms—anwr —aw2 | = | ‘Day; Dajs 0 A w2 |,
V23 — A21W1 — G22W2 Days Dagy 0 Y12
S1 S9 S3
2 1 0

Integral elements coframed by wy,ws,y12 are
Da;j = aijrwi + Aijyiz.

Plug into the tableau: integral elements have a;;; symmetric in all 3 indices, and
A;j = 0. Each integral element is identified with Il := esa;jrw;w;wy, the third
fundamental form on any integral manifold arising from a surface. The space
of integral elements is 4-dimensional at each point of our manifold, involution:
therer is an integral manifold coframed by w,ws,y12 through every point of
V x E3.

Theorem 2.2. Shape operators are arbitrary. To be precise, take a point of E3,
a plane through that point, a symmetric bilinear form and a symmetric trilinear
form on that plane, valued in the perpendicular line. There is a surface in E>
through that point, tangent to that plane, and with that bilinear form as shape
operator and that trilinear form as third fundamental form.

25
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2.12 Prove that there are surfaces in 3-dimensional Euclidean space preserved
by no rigid motions except the identity.

2.13 Are the shape operators of the leaves of a triply orthogonal web arbitrary?



Chapter 3

Example: almost complex structures

This chapter can be omitted without loss of continuity. As an application of the Cartan—
Kahler theorem, we demonstrate the integrability of torsion free almost complex
structures.

Example: the Cauchy—Riemann equations

This section can be omitted without loss of continuity.

Take several complex variables z!, ..., 2", with real and imaginary parts z/ =
a# + iyt A holomorphic function is a complex valued function f(z!,...,2")
satisfying the Cauchy—Riemann equations [8, 15, 18, 32, 34]

of . o0f

=1,2

(%cl‘_zayﬂ’ I ,2,...,m.

In real and imaginary parts f = w + iv, this becomes

ou v
dxk — dyn’
v Ou
dxr — dyr
Let M := Rint2 on which we take the exterior differential system Z

TH YR U0, PG

generated by

0! == du — pudat — q,dy",
0% .= dv + qudx’ — pudy".

dxt
dr?
1 d d o dpn  d o dgn :
d <22> _ p1 D2 D a1 q NP
—dqu —dga ... —dg, dpr ... dp, dy!
S1 S92 . Sn Sn+1 . Son :
2 2 .. 2 0 ... 0 dy"

27
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Example: almost complex structures

So
dim M + 81 + 283+ -+ + 2ns9, = 4dn+ 2+ n(n + 1).

Integral elements at each point (z,y,u,v,p,q) are

dpu [ Tur —Suv dx”
dq,, Sy Tuw dy”
with r, s symmetric in lower indices. So the space of integral elements has
dimension 4n + 2 + n(n + 1), involution with general solution depending on 2
functions of n variables.
For a complex notation, let w# := dzt+idy*, 0 := 0' +i6?, 7, := dp, +idg,
and w” = wF = da* — idy*. A tableau in complex differential forms will have

terms expressed in wedge products with w#,w”. But for the Cauchy-Riemann
equations we find

with no w” terms. The characters count complex polars, so double them to count
real and imaginary parts: sg, s1,S2,...,8, = 2,2,...,2. Integral elements are
T, = Puw”, with complex numbers p,,,, = p,,, so n(n+1)/2 complex numbers,
hence n(n + 1) real and imaginary parts.

Example: almost complex structures

This section can be omitted without loss of continuity.

We can turn a real vector space into a complex vector space, just by picking a
real linear map J so that J2 = —I. An almost complex structure on an even
dimensional manifold M is a choice of complex vector space structure on each
tangent space, analytically varying, in that is described by an analytic map
J: TM — TM, acting linearly on each tangent space, with J? = —1.

Complex Euclidean space has its usual almost complex structure J(z,y) =
(—y, ), preserved by biholomorphisms (i.e. holomorphic diffeomorphisms) be-
tween open sets, as their derivatives are complex linear maps. Any complex
manifold M has an almost complex structure, defined by using holomorphic
coordinates to identify locally with complex Euclidean space.

On an even dimensional manifold, a complex coframing is a collection of
complex valued 1-forms w* so that their real and imaginary parts coframe. It
is complex linear for an almost complex structure if each w* is a complex linear
map on each tangent space, i.e. w" o J = /—1w" for every u.

3.1 Prove that every almost complex structure has, near each point, some
complex linear complex coframing.



Example: almost complex structures

3.2 Prove that every complex coframing is complex linear for a unique almost
complex structure.

Complex coframings are a useful way to exhibit almost complex structures.

The complex coframing

w! = dz,
w? == dw — wdz

yields a unique almost complex structure on the space parameterized by
two complex variables z, w.

3.3 Prove that any two complex coframings w*,w’* yield the same almost
complex structure just when w'# = glw” for a unique matrix g = (g¥) of
complex-valued functions.

Any complex differential form is expressed in any complex coframing w# as

a sum of wedge products of w* and &*. Following convention, write 0" as w”.
A (p,q)-form is a differential form expressed with p factors of w* and q of wH.

For example, w* is (1,0) while w# is (0,1). In particular,
dwt = th,w” Aw” +thyw” Aw” +th,w” Aw” +thw” Aw’,

for unique complex valued functions ¢, antisymmetric in lower indices. The
exterior derivative of any (p, ¢)-form is uniquely expressed as a sum of forms
with (p, ¢) raised by (2,—1),(1,0),(0,1) or (—1,2). We thus split up

d=74+04+0+7:

Twh =0, owr =th w” Aw?,
= o M v o AV Y 1) v o y o v
T =t5w" Aw?, Owh =thw” ANw? +15, w7 Aw”.

Let w := (w*). Expanding out in the coframing, we find that 0 =7 = 7 on all
differential forms if and only if 7w = 0. Change coframing: replace w by some

gw:
d(gw) = dg Aw + gdw,

expands out to
7(gw) =0, d(gw)= (99) Nw + g 0w,
T(gw) = g Tw, d(gw)= (0g) Aw + g Ow.

Hence Tw = 0 just when 7(gw) = 0. So vanishing of 7 is a property of the
almost complex structure.

3.4 Prove that 7 = 0 just when 7 = 0.

3.5 Construct a tensor whose vanishing is equivalent to 7 = 0.

29
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The complex coframing

has
7wl =0,
Tw? = —wdw A dz,
= wwi N wé,
# 0.
Therefore the associated almost complex structure is not a complex
structure.

A complex valued function f: M — C on an almost complex manifold is
holomorphic if df is complex linear.

Lemma 3.1. An almost complex manifold which admits holomorphic functions
with arbitrary complex linear differentials at each point has T = 0.

Proof. Denote by 2n the dimension of M as a real manifold. Since this problem
is local, we can assume that M has a global complex linear coframing w*.
Take the manifold M’ := M x C, x C%, and the exterior differential system
generated by dz—Z,w". Any integral manifold on which w* are complex-linearly
independent is locally the graph of a holomorphic function, and vice versa. The
tableau

dldz — Zw) = —dZ Nw — Z dw,

=—-DZNw— 77w,
where )
DZ, =dZ, + Zs(t],w" + 2t7 w").
The torsion, where Z # 0, consists of the expression Z 7w = Z,7w". O

3.6 Find all holomorphic functions for the almost complex structure of the
complex coframing

wl = dz,

w?i=dw—wdz

Any wedge product 7 A w of complex valued 1-forms can be rewritten as a
real wedge product in real and imaginary parts

P - A wl  —w?
w2 gl w? Wt )



Example: almost complex structures

If m Aw occurs in a tableau, at some grade, it contributes 2 linearly independent

1-forms:
1
m —72 A (wl w2>
2 1 /-
7'('2 71_1 w w

Count with a complex tableau as if it were real linear, but double the characters.

Theorem 3.2. An analytic almost complex structure has T = 0 just when it
arises from a complex structure.

This theorem remains true with milder assumptions than analyticity [17].

Proof. On a complex manifold with holomorphic coordinates z*, the 1-forms
wH = dz" are complex linear for the standard almost complex structure, and
have dw* = 0, so no torsion.

Take an almost complex structure J which has 7 = 0. Our problem is
to construct local holomorphic coordinate functions locally identifying J with
the standard complex structure on complex Euclidean space. Again take the
exterior differential system generated by 0 := dz — Zw:

wl
w2
d9=—(DZ1 DZy ... DZn)/\ _
S1 S9 Sn wn
2 2 ... 2

Integral elements are DZ,, = p,,w”, Puw = Puyu, n(n +1)/2 complex constants,
so n(n + 1) real constants, involution. So there are holomorphic functions with
arbitrary differentials at a point, i.e. local holomorphic coordinates. O

The complex coframing

w! =dz,

w? = dw — wdz,
determines a complex structure.
The expression Tw” = t5-w” Aw? is antisymmetric in 7, 5. It vanishes if

M has complex dimension 1, i.e. real dimension 2: every almost complex
manifold of real dimension 2 is a Riemann surface.

In this example, we assume familiarity with matrix groups [33]. The
manifold SUj3 is the collection of all 3 x 3 complex unitary matrices
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z = (zup) of determinant 1. Write 2z, to mean Z,;, so that z* has
entries zz,; = 2py. Unitarity is 2,525 = 0,5. Note that SUj is a real
submanifold, not a complex submanifold, of the 3 x 3 complex matrices,
as this unitarity equation is not complex analytic.

Since SUj is a submanifold of matrices, each tangent vector to SUg
is a matrix. The tangent space 77 SU3 at the identity matrix, denoted
sug, is the set of all traceless skew adjoint 3 x 3 complex matrices.

It is traditional to write the identity function on any group as g, so
g(2) = z. The Maurer—Cartan 1-form w := g~1'dg is a 1-form on SUj,
valued in sug, i.e. to each tangent vector v € T, SUs, which we identify
with a matrix A, vow = 2z~ 'A. Write out w as a matrix of complex
valued 1-forms

Wit Wia Wig
W= | Woy Wi Ws3
Wen iy Whg

with Wpp = —Wop-
3.7 Prove that w is invariant under left translation.
3.8 Calculate that dw = —w A w.

In matrix entries, dw,; = —w,s A wep. Consider the coframing
W11 + Wa3, W13, W13, Wa3,

3.9 Take exterior derivatives and find torsion vanishing: SUj3 has a left
invariant complex structure.

3.10 On the other hand, if we conjugate one of the last three 1-forms
in the coframing, prove that we arrive at a left invariant almost complex
structure which is not complex.

3.11" Prove theorem 3.2 on the previous page by complexifying variables locally,
and applying the Frobenius theorem.

Almost complex submanifolds

This section can be omitted without loss of continuity.

An almost complex submanifold of an almost complex manifold M is a subman-
ifold whose tangent planes are complex linear subspaces. Suppose that M has
real dimension 2(p 4 ¢). Let’s look for almost complex submanifolds of dimen-
sion 2p. Take a complex linear coframing w', ..., w?, 7', ..., 7% Take an almost
complex submanifold of real dimension 2p on which w',...,w? have linearly
independent real and imaginary parts. Then on that submanifold, 7 = pw for
a complex matrix p. Our almost complex submanifold is an integral manifold



Almost complex submanifolds

of the exterior differential system m = pw on M x CP?. Let 6 := 7w — pw. On
any integral manifold 0 = 70 = 77 — p Tw.

3.12 Prove that, for any p > 1, if there is an almost complex submanifold of
real dimension 2p tangent to any complex linear subspace of complex dimension
p in any tangent space, then M is a complex manifold.

A holomorphic curve, often called a pseudoholomorphic curve, in an almost
complex manifold M is a map C — M from a Riemann surface, with complex
linear differential.

3.13 Prove the existence of embedded holomorphic disks, i.e. embedded holo-
morphic curves C — M where C is the unit disk in the complex plane, in
every analytic almost complex manifold, tangent to every complex line in every
tangent space.
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Chapter 4

Prolongation

In our next example, we will see what to do when the Cartan—Ké&hler theorem does
not apply to an exterior differential system.

Notation
In this chapter, for convenience of notation, we drop our convention of writing

w'? to mean w!' A w? etc. We use freely the notation and terminology of
appendix D.

Example: isometric immersion, involution fails

Take a surface S in 3-dimensional Euclidean space E3. Naturally we are cu-
rious to bend the surface, without stretching it or squishing it. An isometric
immersion p: S — E3 is a map preserving the lengths of all curves on 9, i.e.
not stretching or squishing.

This surface (viewed from various angles)

<V
'Y Y.L

is the image of an isometric immersion of a piece of this paraboloid

On the frame bundle 'S of oriented orthonormal frames, denote the soldering
forms as w = wy + iwe and the connection by 1-form) a so that dw = i A w
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and da = (i/2) Kw Aw. On E? there is a soldering 1-form w] and a connection
I-form 7}, so that dw; = —v;; Awj and dv;; = =7, Ag,- Let o =715,

Suppose that there is an isometric immersion ¢: S — E3. Its adapted frame
bundle X == X, C M :="S x E? is the set of all tuples

/ ! / /
(1'761,6271' 761762763)

where z € S with orthonormal frame e, es € T,,S and 2’ € E3 with orthonormal
frames €], ), e € T,/E?, so that ¢.e; = €} and p.ez = €. Let T be the exterior
differential system on M generated by the 1-forms

01 Wi — wy

Oz | == | wh —wa
/

03 UJ3

Along X, all of these 1-forms vanish, while the 1-forms wq,ws, a coframe.

4.1 Prove that all integral manifolds coframed by wq,ws, a are locally frame
bundles of isometric immersions.

For the moment, we concentrate on asking whether we can apply the Cartan—
Kahler theorem.

0, 0 o —« 0 w1
dl6by] =— — (o’ —a) 0 0 A | wo mod 61, 05,03
93 ’ ’ (6
—713 —V23 0
S1 S92 S3
2 1 0

Each 3-dimensional integral element has w’ = w, so is determined by the linear
equations giving 41, ¥4, 74 in terms of wy, we, @ on which df = 0:

"3 a b 0\ [w
Vs | =1b ¢ 0] w2
o —a 0 00 o

Therefore there is a 3-dimensional space of integral elements at each point. But
$1+2s9 =4 > 3: not involutive, so we can’t apply the Cartan—Ké&hler theorem.

4.2 Is the existence of a p-dimensional involutive integral element precisely the
condition that p 4+ s9 + s1 4+ -+ + 5, < dim M on every integral element of
dimension p?

There is another way to look at the failure of involution. In chapter 7, we
will see that the Cartan—Kéhler theorem can only apply if the generic integral
line sits in an integral plane. The equations on integral lines are wj = wy,
wh = we, wh = 0. On any integral plane o’ = a. The generic integral line does
not sit in an integral plane, because it doesn’t have to satisfy o/ = a.



What to do?

What to do?

On every integral element, we said that

Y3 a b 0\ [fw
Yoy | =10 ¢ 0] [we
o — 0 00 !
Make a new manifold M" = M x R}, ., and on M’ let T’ be the exterior
differential system generated by
04 Vs a b 0 w1
O] = s | —1b ¢ 0f[ws
O o —« 0 00 o

Prolongation

What should we do if there are no involutive integral elements? Take an exterior
differential system Z on a manifold M. We can always suppose, without loss
of generality, that all maximal integral elements have the same dimension, say
p. Denote by Gr, M the Grassmann bundle of p-dimensional linear subspaces
of tangent spaces of M. Take the subset M’ C Gr,M of all p-dimensional
integral elements. Cut out any point of M’ near which M’ is not a submanifold
of Gr,M. Write out a tableau in 1-forms 6,w,n. Write each linear subspace
coframed by w as the solutions of the linear equations 7 = pw, § = qw for some
constants p,q. On an open subset of Gr, M, p, ¢ are functions valued in some
vector spaces. Pull back the 1-forms 6,w, 7 to that open subset via the map
(m,E) € Grp,M — m € M. The subset M’ is cut out by the equation ¢ = 0
and various equations among the p. On M’ let #' := m — pw The exterior
differential system Z’ on M’ generated by 1 is the prolongation of Z.

More abstractly, without choosing a local basis of 1-forms: a 1-form 6 on
Gr,M is contact if, at each point &/ € Gr, M, 0 is the pullback of a cotangent
vector vanishing on E. The ideal Z' is generated by the restrictions to M’ of the
contact 1-forms. Any integral manifold X C M determines an integral manifold
x € X — T,X € M'. Recall that the fibers of a map are the preimages of
points. All integral manifolds on M’ nowhere tangent to the fibers of M’ — M
arise in this way.

Roughly speaking, prolongation is differentiation:

4.3 Write an exterior differential system associated to the partial differential

equation u, = uy,. Consider the system of differential equations obtained by
differentiating both sides of the equation once in each of the variable:

Uy = Uyy
Uzz = Uyyx Uzy = Uyyy

Explain why the prolongation is associated to that system.
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Some theorems prove that, under some hypotheses, exterior differential
systems become involutive after sufficiently many prolongations [3] p. 255
theorem 3.2, [26] p. 68 theorem 4.11.

Example: isometric immersion, prolonging

Returning to our example of isometric immersion of surfaces, prolong:

04 Vi3 a b 0 w1
95 = 7&3 — b ¢ 0 w2
O¢ o —« 0 0O «

Note that 0 = d#1, dfs, dfs modulo 84,05, 05, so we can forget about them.
Calculate the exterior derivatives:

0, Da Db 0 Wi 0
d 95 = — Db Dec 0 A | we + 0 mod 017-”706
O¢ 0 0 0 « twi A wo
where
Da da + 2ba + aqwy + aswo,
Db = db + (a — C)Ol + blwl + bQLL)Q,
Dc dec + 2ba + ciw + cows,

where a4, as, b1, b2, c1,co can be chosen as we like, as long as

az = by,

b2 =C1.

(We will take advantage of the freedom to choose the remaining aq, b1, ¢, co
quantities later; see chapter 8.) The torsion is

t:=ac—b>—K.

This torsion clearly has to vanish on any 3-dimensional Z’-integral element, i.e.
every 3-dimensional Z'-integral element lives over the subset of M’ on which
K = ac — b%. To ensure that this subset is a submanifold, we let M} C M’ be
the set of points where this equation is satisfied and at least one of a, b, ¢ is not
zero. Clearly M} C M’ is a submanifold, on which we find Da, Db, D¢ linearly
dependent. On M|:

n Da Db O w1
d| 05| =— Db Dc 0 A | we mod 61,...,0g.
6 0 0 0 “

S1 S92 S3
2 0 0



Example: isometric immersion, prolonging

There are 2 dimensions of integral elements at each point, involution: there is
an integral manifold through each point of M{, and in particular above every
point of the surface. The prolongation exposes the hidden necessary condition
for existence of a solution: the relation K = ac — b? between the curvature of
the surface and the shape operator.

4.4 Prove that any integral manifold of the exterior differential system con-
structed above coframed by w1,ws, « is locally the frame bundle of a isometric
immersion.

The reader familiar with Riemannian manifolds can easily generalize these
computations:

Theorem 4.1. Toke any surface S with Riemannian metric and a point xg € S.
Denote the Gauss curvature by K. Take any 3-dimensional manifold X' with
Riemannian metric, a point x{,, and a linear isometric injection @: Ty, S —
T, X'. Let R’ be the sectional curvature tensor of X' on the image of ®. Pick
a nonzero quadratic form q on the tangent plane Ty, S so that detq = K — R’.
Then there is an isometric immersion @ of some neighborhood of xy to X', so
that ¢’ (xg) = @ and so that ¢ induces shape operator q at xg.

4.5 Prove that every sufficiently small spherical cap on the unit sphere admits
an isometric embedding to E3 not contained in a surface of revolution.

For more on isometric immersions, see [16].
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Chapter 5

Cartan’s test

We explain how involutivity can be seen as having the generic integral line lie in an
integral plane and so on.

Generic points and generic submanifolds

When we say that the generic point of some manifold has some property, we
mean that those points which fail to have that property lie in a closed, nowhere
dense set. The generic submanifold has some property if the property holds for
all submanifolds whose tangent spaces avoid some closed, nowhere dense subset
of the Grassmann bundle. The definition of generic in analysis is usually more
sophisticated; we could use a more sophisticated definition without changing
any of our proofs or results, but we won’t need to.

Cartan’s strategy

Draw a point, an integral curve through that point, an integral surface through
that curve, and so on up to some required dimension. We fail unless the integral
curve is extendable, i.e. lies inside an integral surface, and so on. Integral curves
are not always extendable. Don’t try to draw all integral curves, surfaces, and
so on, but only the generic ones: ask whether the generic integral curve is
extendable, and the generic integral surface, and so on.

Cartan’'s test

An integral line is extendable if it lies in an integral plane, and so on. We can
imagine that extendability of generic integral manifolds is related to extendabil-
ity of generic integral elements.

5.1 Prove that any integral element is extendable just when its codimension in
the tangent space of the manifold exceeds the rank of its polar equations.

A 0-dimensional integral element is regular if its polar equations have locally
maximal rank. Locally maximal rank is the same as locally constant rank, as
linearly independent polar equations remain linearly independent nearby.

An integral element is ordinary if it contains a regular hyperplane, and
reqular if in addition its polar equations have locally maximal rank. Regularity
and ordinarity are difficult to test directly, so we will prove:
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Theorem 5.1 (Cartan’s test). An integral element is involutive if and only if
it is ordinary.

Corollary 5.2. In each component of the space of integral elements, either
none are involutive or the generic one is involutive.

Ordinarity occurs precisely when the generic integral line sits in an integral
plane, and so on:

5.2 Prove that an integral plane Fs is ordinary just when, for any integral line
FE1 C FEs, every integral line close enough to E; sits in an integral plane.

5.3 Recall from problem 1.14 on page 6 the study of a coupled system of two
2nd order partial differential equations

uwx:f7

Ugy = 7,

where

f = f(x7y7u7ul’7uyau’yy)v

g = g(xaya Uaumvuyvuyy)~

Suppose that f,,, =g, —and

0= fy—gatfutly—gutiatfu, 9= Gu, f+fuy Uyy = Guy, 9~ Guy, (gy+guuy+gumg+guy uyy)

Prove that there are infinitely many integral surfaces through every point.

Differentiating on the Grassmann bundle

Each differential form ¢ yields an equation 0 = 4, satisfied by the integral
elements of the exterior differential system it generates. At any given point
mo € M, integral elements are points of the Grassmannian Gr,T5,, M.

5.4 Identify the polar equations at an integral element with the differentials
of those equations on the Grassmannian.

Corollary 5.3. Take an involutive integral element E of any exterior differ-
ential system I. Take a subsystem I' C I and a flag in E. If the T'-characters
of that flag are the T-characters of E, then T and I’ have the same integral
elements near E, and so the same integral manifolds with tangent spaces near E.

Proof. The T'-integral elements lie in a submanifold of the Grassmann bundle,
with codimension equal to the number of linearly independent polar equations,
by problem 5.4. This submanifold has the same dimension as the set of Z-
integral elements, which it contains. O



Extending integral elements

Extending integral elements

Lemma 5.4. Fvery ordinary integral element is involutive.

Proof. Impose p—1 generic linear constraints; they cut down our given ordinary
integral element F to an integral line. They also cut down nearby integral
elements to nearby integral lines. On the other hand, a line satisfying those
generic constraints is integral just when it satisfies sg linearly independent
polar equations. Pick another p — 1 generic linear constraints. A line satisfying
these will sum to our integral line to span an integral plane, just when it

satisfies the sy + s linearly independent polar equations of our integral line.

By induction, the general p-dimensional integral element near E is cut out by
solving pso+(p—1)s1+- - -+sp—1 equations. Solutions form an analytic manifold
by problem 1.15 on page 6, of dimension dim M + s1 4 252 + - - - 4 ps,. O

5.5 Prove theorem 5.1 on the preceding page.

5.6 Prove that the generic linear subspace Ej, C FE, of dimension k of an
involutive integral element is involutive with the same characters s1, so,..., sk
as E,, up to dimension k.

5.7 Take a subset & of a Grassmann bundle of a manifold. Let & be the set
of all differential forms vanishing on all elements of €. Use the Cartan—Kéhler
to prove that € is an open subset of the set of involutive integral elements of
an exterior differential system if and only if £+ is the unique maximal such
system.

View from a tableau

5.8 Prove that, for any involutive integral element £ C T},,, M of an exterior
differential system Z, there is a tableau defined near mq, with characters equal
to those of Z, generating an exterior differential system with the same characters
and integral elements as Z near F.

5.9 Prove in addition that locally (not just at a point) some change of coframing
absorbs torsion.

Put all polars 7® of grade i into the entries of a column vector 7, with s;
rows. Write the equations for integral elements by plugging % = péwj into the
tableau. The grade of pz- isi—7.

For the moment, suppose there is no nonlinearity. Plug into the tableau to
get linear equations solving for all coefficients pé for 4 < j in terms of various
coefficients pf , with a smaller subscript. Inductively, we solve for all negative
grade coefficients in terms of semipositive grade coefficients (where semipositive
means not negative). (There may be other equations as well, from entries that
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are not polars; ignore these.) We solve for p}, for i = 2,3,...,p, hence (p—1)s;
equations. Similarly for the other grades, a total of

(p—1Ds1+(p—2)s2+ - +5p-1

equations at least, on p(s; + s2 + --- + s,,) variables. Each integral element
at this point is determined by the values of its semipositive coefficients. The
number of semipositive coefficients is the difference between number of variables
and number of equations:

$1+ 289 + -+ -+ psp.

We assumed no nonlinearity. Each nonlinearity term puts a quadratic or
higher order expression into each of these equations. By the implicit function
theorem, near an integral element, say arranged to be at the origin, higher order
terms do not alter the possibility to solve the equations locally analytically.

This tableau is only computed at one point. Extend the 1-forms in which it
is expressed to be defined nearby as well. Careful: there might be differential
forms in Z which vanish at the point where we computed the tableau; we are
ignoring them. So when we extend the forms of the tableau to nearby points,
we obtain a tableau for some subsystem of Z, but maybe not all of Z.

The space of integral elements thus locally lies in a submanifold of the
Grassmann bundle of dimension

dim M + s1 + 253 + -+ - + psy,

parameterized by choices of point of M and semipositive grade coefficients. Near
a given integral element, the space of integral elements is a submanifold of that
dimension just when the tableau is involutive at that integral element. Involutiv-
ity holds just all other equations arising on integral elements are consequences
of those above which solved for negative grade coefficient. The semipositive
grade coefficients can then vary in some open set.

Differential equations

All polars are linearly independent at our starting point, so we can assume that
at some given point they are differentials of coordinate functions 7% = du®,
and that w’ = dz’. We can extend the w’ to anything we like at nearby points,
so can assume w’ = dz’ nearby. We can only arrange that the polars at nearby
points are various multiples of dz?, du®. Careful: at nearby points, some other
tableau entries might become linearly independent, i.e. more polars, and so
more equations. Careful: there need not be any actual integral elements near
this one; the equations we generate are only necessary conditions for an integral
element. Nonetheless, by the implicit function theorem again, each equation of
negative grade coefficients of each polar 7® can be written as an equation of
negative grade coefficients of some du®, and vice versa, hence as functions of
the semipositive ones and the coordinates z, u.



Differential equations

Let u? be the column vector of functions u® associated to polars 7@ of grade
1. The equations become differential equations

o’ . ow’
- = some function| z,u, —— |,
ox>* o0x<J

for negative grade derivatives in terms of semipositive grade. We see one
differential equation for each polar equation on each integral element in our
flag.

So far, we have not assumed involutivity: every integral manifold of every
exterior differential system satisfies such equations. Involutivity is the condition
that the tableau yields no more differential equations on integral manifolds.

Choose any initial values

so s; functions of ¢ variables, i = 0,1,...,p. The differential equations become
determined, so have local solutions near the origin by the Cauchy-Kovalevksaya
theorem (theorem A.2 on page 82).
The first differential equation solves for u° along the z! axis, from initial
values at the origin.
U

72

The second solves for u° and !, in the z', 22 plane, from initial values along

the z! axis.
u

1,2

But is the first differential equation still satisfied by u°, at any constant value
of 227
U

372

In other words, we need to see that these equations are compatible with one
another.
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5.10 Suppose that these differential equations are compatible, i.e. the final
resulting u(x) functions have graphs integral manifolds, subject only to open
conditions on values and first derivatives of the initial value functions. Explain
how to construct a manifold of p-dimensional integral elements, of the expected
dimension.

5.11 Write out these differential equations for the exterior differential system
of the Cauchy—Riemann equations in two complex variables. Can you solve
these differential equations, by specifying initial data as above?

5.12 Prove that any involutive integral element of dimension p, whose charac-
ters all vanish except perhaps s,_; and s,, is tangent to an integral manifold.

5.13 Use the Cartan—Ké&hler theorem to prove that every involutive integral
element of any exterior differential system lies tangent to a leaf of a foliation
by integral manifolds, foliating some open set. How many functions of how
many variables do such foliations depend on? Prove that any involutive integral
manifold is covered in open sets, each of which is a leaf in a foliation by integral
manifolds, foliating some open set.

Compatibility and involutivity

Geometrically, we sweep a point into an integral curve, sweep that into a surface,
and so on. Compatibility asks that the surface is an integral surface, and so
on. Suppose that the differential equations are compatible, i.e. we can pick any
initial values in the domain of our coordinates, and obtain an integral manifold.
Then we can also pick initial values for the same differential equations nearby
in those coordinates. The space of integral elements, parameterized by the
semipositive derivatives

ou?

Ox=i’

has the predicted dimension at all nearby points. So compatibility implies
involutivity.

An incompatibility, arising as an additional differential equation, might
vanish, perhaps to high order, at the particular point where we are working,
but obstruct at nearby points. So we check the dimension of the space of
integral elements nearby.

Incompatibilities can arise from commuting partial derivatives in our dif-
ferential equations. Any exterior differential system is closed under exterior
derivative, expressing the commutativity of first partial derivatives. So we ex-
pect that all incompatibilities are already present in the differential equations.
So we expect that incompatibilities force the dimension of nearby integral el-
ements below the predicted dimension. So we expect that compatibility is
involutivity; chapter 7 gives a proof.



Generality of integral manifolds

Generality of integral manifolds

This section can be omitted without loss of continuity.

As above, Cartan’s strategy constructs integral manifolds of an involutive system
by solving a sequence of determined equations, with initial data s; functions of 4
variables, © = 0,1,2,...,p. Count Taylor coefficients of initial data: the Taylor
series of order k of integral manifolds, at a chosen point in our coordinates,
form a manifold of dimension

k k+1 k+p—1
80+(0>51+( 1 )82+"'+< p—1 >8p.

As we vary k, these dimensions of determine all of the characters.

Any other choice of determined systems of differential equations, giving rise
to the same integral manifolds (or at least to the same Taylor series of integral
manifolds at each order), injectively on each order of Taylor series, also has
general solution depending on sq constants, s; functions of one variable, so
functions of two variables, and so on.

Deformation

This section can be omitted without loss of continuity.

A local deformation of an integral manifold X is an analytic map ¢ defined
on an open subset of X X R containing X x {0} so that, for each constant
t, © — ¢(x,t) is an integral manifold, where defined, with ¢(z,0) = z. The

velocity of the deformation is the projection of %—f‘ to the normal bundle

of X. By deforming initial data, any integral manifold of any determined
system is covered in open sets admitting local deformation with velocity any
solution of the linearization. We have not yet justified Cartan’s strategy to
prove the Cartan—Ké&hler theorem, but we can already see that, since the
strategy is a sequence of determined problems, we can apply the same reasoning;
any involutive analytic integral manifold of any exterior differential system is
covered in open sets admitting local deformation with velocity any solution of
the linearization. Local analytic velocity fields exist in the same generality as
integral manifolds, solving linear determined problems.

The Holmgren uniqueness theorem [20] p. 80 proves that, on any analytic
involutive integral manifold, any continuously differentiable velocity field is
uniquely determined by its continuously differentiable initial data at each step in
the sequence of linear determined problems. However, existence of continuously
differentiable velocity fields is not guaranteed.

Prolongation

This section can be omitted without loss of continuity.
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When we prolong, we form new equations 7 = pjw’ for each polar. Only the
semipositive coefficients p’; can vary freely. (For noninvolutive systems, not all
of them vary freely.)

at —plw! dpt = * ... % wl!

72 — p2w! dp? dp2 x ... % w?
d . =—1 . T A

7P — phw dpi dpy ... ... dph wP

modulo torsion, since we haven’t included dr? terms and dw’ terms. The *
terms are dpé of negative grade, each solved for in terms of semipositive grade,
so generate no polar. There is no nonlinearity. Some of these dp might be
linearly dependent, due to noninvolutivity, so we don’t know where to highlight
polars, but the polars lie in some spots in among these semipositive dp, on or
below the diagonal.

Consider the characters s;» of the prolongation. There are s; 4+ s34 -+ -+ 5,
rows to this tableau, one for each polar, each representing a 1-form in Z’. Grade
zero in 7’ also includes !, so

50 =80+ 81+ + 5p.
In the first column, there is at most one dp polar in each row:
sp<s1+sa+ -+ 8,

In the second column,
sy < so+ 83+ -+ 8y,

and so on, with finally s; < s, the last nonzero character cannot increase.
These inequalities are equalities just for involutive exterior differential systems.



Chapter 6

The characteristic variety

We give a geometric description of the characteristics of the associated partial differ-
ential equations of exterior differential systems.

Linearization

The reader unfamiliar with linearization of partial differential equations, or
characteristics, might look at appendix B. Take an exterior differential system
7 on a manifold M, and an integral manifold X. Suppose that the flow of
a vector field v on M moves X through a family of integral manifolds. The
tangent spaces of X are carried by the flow of v through integral elements of Z.
Equivalently, the flow pulls back each form in Z to vanish on X. So 0 = £,9|
for any ¥ € 7.

6.1 Prove that all vector fields v tangent to X satisfy this equation.

More generally, suppose that £ C T,,M is an integral element of Z. If
a vector field v on M carries E through a family of integral elements, then
0= L,9|y for each ¥ € Z.

6.2 Compute £,9|, in coordinates.

Take any submanifold X. Suppose that a differential form 1 vanishes on
the linear subspace E :=T,,X. Writing X as the graph of some functions, the
expression 9|y, as a nonlinear first order differential operator on those functions,
has linearization ¥ — £,9|,. That linearization is applied to sections v of the
normal bundle TM|, /TX.

6.3 In coordinates, prove that the linearized operator at the origin of our
coordinates depends only on the integral element £ = T,, X, not on the choice
of submanifold X.

Linearize any exterior differential system about any integral element by
linearizing its differential forms, i.e. by linearizing the differential equations
given by asking that those forms vanish on submanifolds. The linearization at
a p-dimensional integral element depends only on 7P : the set of all values ¥,
of forms in ZP.
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6.4 If P .= (EY) C A*T) M, identify the linearized exterior differential system
with (Z,, + P?) /P? C P/P? = E+ ® A*E*.

In a tableau, P is generated by the polars, so the linearization is precisely
the same tableau, modulo the nonlinearity, as in problem 2.4 on page 19. So
the linearization about an involutive integral element is involutive. On the
other hand, the linearization at a noninvolutive integral element may or may
not be involutive.

6.5 Compute the linearization of uzy = wyy + v +u926 around v = 0 by setting
up this equation as an exterior differential system.

6.6 For a section v of the normal bundle of X which vanishes at a point m,
compute the linearization £,9|y.

The symbol

6.7 Compute the symbol of the linearization of a differential form 9 about an
integral element E of that form, to find

ag@v=~EN(va9)|g-

The same works with a column ¢ of differential forms arising in a tableau
for an exterior differential system. To compute the symbol from a tableau:

a. Drop the nonlinearity.
b. Turn each polar 7@ into a formal expression v®¢ where & = &w'.
c. Expand out the tableau, and collect up terms in each w?.

d. Write out these terms, each a linear expression in the variables v®, as a
product of a matrix row with a vector of components of v: the symbol

a(§)v.

To see this, compute £ A (v-9)|, by plugging in v to each polar 7%, yielding
v®, and wedge in a factor of £&. Danger: in the recipe above, we are missing a
part of the symbol: the §*-components v® of v also show up in { Av-9|g, in
expressions

ENV LB, =" = v’

Each yields an expression v%¢;, giving a row to the symbol matrix, with one
nonzero entry &; in column a, for all ¢,a. We will ignore these rows in our
computations because, as we will see, they make a trivial and predictable
contribution to the symbol and the characteristic variety, so we can just assume
that v® = 0 for each 6°.

6.8 Find the symbol of the prolonged isometric embedding exterior differential
system from chapter 4.



The characteristic variety

More invariantly, without choosing any tableau, the symbol of an exterior
differential system Z at an integral element E C T,, M is

c: (€ E veT,,M/E, 0 €Il — (N (vad)|p € APEY,

SO
o€ E® B o (DI @ APE".
p

The characteristic variety

An integral element is noncharacteristic if it is a hyperplane in precisely one
integral element. An integral manifold is noncharacteristic (or characteristic)
if all of its tangent spaces are. A characteristic hypersurface in an integral
manifold could perhaps lie in more than one integral manifold, a potential
nontangential intersection of integral manifolds. Glue along such an intersection,
to create a “crease” along an integral manifold. So we imagine that integral
manifolds are more flexible along characteristic hypersurfaces, although there
is no theorem to prove that.

6.9 Find the characteristics of the wave equation as an exterior differential
system. Show creasing of solutions along characteristics, and not along non-
characteristic curves.

Lemma 6.1. Take an integral manifold X of an exterior differential system T,
a point x € X, and let E :=T,X. The characteristic variety =, C PE* of the
linearization is the set of characteristic hyperplanes in E.

Proof. The characteristic variety =, is the set of hyperplanes [£] = (£ = 0)
associated to nonzero cotangent vectors £ € E* for which there is some section
v of the normal bundle of X with v(z) # 0 and 0 = o(&) v.

(&) (W) =& A (v=9)|e.

for every ¥ € IP . This says precisely that the vector v can be added to
the hyperplane E N (0 = £) C E to make an integral element enlarging the
hyperplane. O

This lemma allows us to define the characteristic variety of any integral
element, even if not tangent to any integral manifold: the characteristic variety
of an integral element FE is the set of characteristic hyperplanes in E, denoted
Eg CPE".

If the symbol matrix has more columns than rows, then (linear algebral)
some such v exists for any &: the characteristic variety consists of all hyper-
planes in the integral element. If the symbol matrix has at least as many
rows than columns, then the determinants of the minors of the symbol matrix
are the equations of =, as the existence of such a section v is precisely the
noninvertibility of any submatrix.
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6.10 Continue problem 6.8 on page 50 by computing the characteristic variety
of the prolonged isometric immersion system.

Note: as in this problem, when we compute characteristic variety of a
tableau, the peculiar 1 x 1 blocks v*¢; of the symbol, occuring for every v* and
&;, can be dropped from the computation of =, since they just put in products
of all ¢; into the determinants, and at least one of the &; must be nonzero, so
we can just assume that all v® vanish for all %, and simplify the symbol to
omit those columns.

6.11 For an involutive integral element, prove that the following are equivalent:
a. the integral element contains a noncharacteristic hyperplane,
b. every regular hyperplane is noncharacteristic,
c¢. the final character is zero.

6.12 More equations, fewer characteristics: if J C Z, prove that =7 C Z 7.

6.13 What is the characteristic variety of a Frobenius exterior differential
system?

Determined systems

A p-dimensional integral element E C T,,, M of an exterior differential system 7
is determined if E contains a noncharacteristic hyperplane and Z?, has constant
dimension sg + 51 + - -+ + 5,1 for m near mg. Note that then s, = 0.

Theorem 6.2. Tuke an analytic exterior differential system. FEvery noncharac-
teristic analytic integral manifold X, whose every tangent space is a hyperplane
in a determined integral element, is a hypersurface in an analytic integral man-
ifold. Any two analytic integral manifolds containing X as a hypersurface share
a set, open in both, containing X.

Proof. As above, the symbol o(&) at each p-dimensional integral element E is
a linear map in
TnwM/E — TP @ APE™,

square at each determined integral element E. The dimension of ZP, cannot drop
below sg + s1 + - - - + sp, because it generates that many polar equations at F,
and hence near E. Pick out that number of linearly independent p-forms from Z:
they span ZP at every point nearby. The determined exterior differential system
they generate has the same p-dimensional integral manifolds, polar equations,
and symbol. O

6.14 Prove that every real immersed curve in an almost complex manifold lies
in an immersed holomorphic disk.

6.15 Prove that if £ C E. is characteristic, and E; has dimension p then
s, > 0.



Determined systems

For the tableau of triply orthogonal webs

3 0 0 iz
0 ’/T2 0 A W13
0 . ol W23
we find
v3 0 0 w!? v® 0 0 &3
0 v2 0 |&EA|w!d 0 »2 0 —& | W%,
0 0 ot w?3 0 0 ot &1
0 0 & vl
0 =& 0] [|0?]|w?,
& 000 v3
U(E)UWIQ?)

So det o (§) = £1£2€5: the characteristic variety = is the triple of lines
(& =0), (&2 = 0) and (£&3 = 0). Any 3-dimensional integral element
coframed by w', w?,w? has characteristic hyperplanes 0 = & w! + &w? +
&3w? for any one of the three coefficients vanishing, i.e. containing any
one of the three axes.

Theorem 6.3. Take an embedded analytic surface S C E3. Pick or-
thonormal analytic vector fields e1,eq,es along S, none tangent to S.
Then there is a triply orthogonal web near S in E® with leaves perpen-
dicular to ey, eq,es at each point of S. Any two such agree near S.

The reader familiar with Riemannian geometry may recognize that
this proof works identically replacing E? by any analytic Riemannian
3-manifold. Any symmetry of S and ej,es,e3 on S is shared by the
triply orthogonal web, by uniqueness.

In proving Lie’s third theorem, we had tableau

1 1 1
™ T2 7rp w 1
2 2 2 2
Us U 7Tp w
A . ,
wP
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ie. 0= 71'; Aw’. We plug in 7T§' = v, to get
L s i kj
0= i(ngk — v w.

Our linear expressions are vi{, —vj.€;. One particular solution v to these
equations is vj- = ¢, for all 7. So every hyperplane in every p-dimensional
integral element is characteristic. This is not surprising: any diffeomor-
phism takes every Maurer—Cartan form to a Maurer—Cartan form; we
can pick a diffeomorphism which is very close to the identity except
along a hypersurface “bending” every Maurer—Cartan form “along” that
hypersurface.

6.16 Find the characteristic variety of V x u = u — f.

6.17 Find the characteristic variety for the exterior differential system of har-
monic functions in the plane. Show that it doesn’t satisfy the conditions of the
Cauchy—Kovalevskaya theorem as described in theorem 6.2 on page 52. (Harder:
can you “fix it”, i.e. use the Cauchy—Kovalevskaya theorem to nonetheless prove

the existence of local integral surfaces?)



Chapter 7

Proof of the Cartan—K3ahler theorem

Cartan's strategy |l

This section can be omitted without loss of continuity.

Pick a hypersurface, a hypersurface in the hypersurface, and so on, a flag of sub-
manifolds, stopping at codimension p. Imagine that the generic p-dimensional
integral manifold locally intersects each submanifold of our flag transversally:
intersecting the smallest in a point, the next smallest in an integral curve, the
next smallest in an integral surface, and so on.

Construct an integral manifold by Cartan’s strategy: draw a point inside the
smallest submanifold of the flag, an integral curve through that point inside the
next smallest, an integral surface through that curve inside the next smallest,
and so on. Trouble: there might be many integral curves, passing through that
point, lying on that flag submanifold. Inside the flag submanifold, pick a smaller
submanifold, a restraining manifold, cutting down dimensions so that our point
lies on a unique integral curve in the restraining manifold. We choose nested
restraining manifolds, one in each flag submanifold, starting from the largest
and going down in dimension. Start from the smallest and go up in dimension:
pick a point in the smallest restraining manifold, sweep out an integral curve
through it in the next restraining manifold, and so on. We will see that each
restraining manifold is locally the choice of s functions of k variables.

Fix a flag. Construct integral manifolds by varying the restraining manifolds
inside the submanifolds of that fixed flag. We will see that different selections
of restraining manifolds give rise to a different integral manifold in the final
stage. In this sense, integral manifolds depend on sg constants, s; functions of
one variable, and so on.

We wrote out differential equations on page 45. The flag:

M;=0=z""=... = zP)

is the choice of the variables over which to solve differential equations.
The restraining manifolds are the initial data:

R, = (v = uP(2!,...,2P))
and, fori=p—1,p—2,...,2,1,0,
Ri :Ri+1ﬁMiﬂ(ui :ui<$1,...,$i,0,...,0>).
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Proof of the Cartan—Kahler theorem

7.1 For the equation V xu = f —wu from problem 2.6 on page 23, write flag and
restraining manifolds in coordinates, and the associated differential equations.

Chapter summary

Theorem 7.1 (Cartan—Kéhler I). Take an analytic exterior differential system
and a moncharacteristic analytic integral manifold X with locally maximal rank
polar equations in every tangent space. Then X is a hypersurface in an analytic
integral manifold, locally unique in that any two analytic integral manifolds in
which X is a hypersurface both contain a subset, open in both and containing X .

A submanifold R of M restrains an integral manifold X of an exterior
differential system if the exterior differential system pulls back to R to make X
noncharacteristic, with each tangent space of X having locally maximal rank
polar equations.

Corollary 7.2. If an analytic manifold restrains an analytic integral manifold
of an analytic exterior differential system, then the integral manifold is a hy-
persurface in a locally unique analytic integral submanifold of the restraining
manifold.

Take an integral element ' C T, M of an exterior differential system. A
linear subspace V C T, M restrains £ if E CV and

a. all nonzero polar equations of E, being linear functions on T, M, pull back
to nonzero linear functions on V' and

b. the vectors in V on which those polar equations vanish form a subspace
containing F as a hyperplane.

Theorem 7.3 (Cartan-Kahler ). Take an exterior differential system T on
a manifold M and an integral manifold X with locally mazimal rank polar
equations. Take a submanifold R containing X so that, for each x € X, T, R
restrains T, X. Then R restrains X, corollary 7.2 applies.

Proof. When we pull back to R, the polar equations of integral elements near
T,X also pull back without losing rank. So polar equations on 7, X have
locally maximal dimension among all nearby integral elements tangent to R.
At each z € X, T, X is a hyperplane in a unique integral element in T, R: the
vanishing locus of the polar equations. So X is noncharacteristic in R; apply
theorem 7.1. O

Corollary 7.4. If the tangent spaces of an analytic integral manifold of an
analytic exterior differential system have locally mazimal rank polar equations,
then the following are equivalent:

a. that rank is less than the codimension of the integral manifold,



Extending an integral manifold

b. the integral manifold is covered in open sets, each of which is a hypersur-
face in an analytic integral manifold.

Proof. In one tangent space T, M, pick covectors, linearly independent modulo
the polar equations of T, X, so that the subspace on which they and the polar
equations vanish is a hyperplane containing 7, X. That hyperplane can be any
one that contains 7, X and satisfies the polar equations of T, X, so in particular
we can make T, X noncharacteristic in it. Pick any submanifold R normal to
those covectors. O

Extending an integral manifold
Proof of theorem 7.1 on the preceding page.

Proof. Let p := 14 dim X; denote X as X, _1. At each v € X,,_1, there is a
unique p-dimensional integral element E, C T, M containing F,_1 = T, X,_;.
By the solution of problem 6.11 on page 52, s, = 0 on Ej,.

By problems 5.8 and 5.9 on page 43, we can take a torsion-free tableau for
Z, defined in some open set, adapted to a generic flag which includes £,_; and
E,. Each polar

V=47 Al +...

has I € {1,2,...,p—1}, since s, = 0. Let J := {1,2,...,p—1} — I, and
¥ =9 Aw’. So ¥ is ¥ “raised up” to become a p-form of grade p — 1, shifting
its polar to that grade. Similarly, if 9 is one of the coframing 1-forms 6%, let

19/ — ga /\wl...pfl.
Let Z' be the exterior differential system generated by these p-forms .
7.2 Prove that X,,_; is a hypersurface in some Z’-integral manifold X,.

We need to see that Z = 0 on X,,. The 1-forms w', ..., wP coframe X, near
z. Every p-form in Z? on X, is wedged up a form 9 € Z by some w”’. If p ¢ J,
then ¥ A w’ € I’ vanishes on X,. So every p-form in ZP on X,, is a multiple of
wP. We will see in lemma 7.6 on the following page that Z =0 on X,,. O

Background material from differential geometry
Lemma 7.5. For any (p + 1)-form ¢ and vector fields vy, ..., vp,

d9(vo, ... vp) = (—1) v (I(v, . . ., Diy .., 0p))
+ Z(*l)”jﬂ([vi,vﬂ,vo, e 7171‘, ce ,ﬁj, NN 7Up).

i<j

7.3 Prove lemma 7.5.

o7



58

Proof of the Cartan—Kahler theorem

Compatibility

Cartan’s strategy picks out a determined subset of differential equations, sweep-
ing an integral curve into a surface, and so on. Why is the surface integral?
In other words, why are the differential equations sweeping out the surface
compatible with those which swept out the curve?

Lemma 7.6. On a connected p-dimensional manifold X, take a locally finitely
generated analytic exterior differential system T. Suppose that T has an analytic
integral hypersurface. Suppose that IP = IP~1 A w for some 1-form w. Then
IZ=0.

Proof.
7.4 Why does it suffice to prove that ZP~! = 0?
7.5 Why does it suffice to assume that w # 0 everywhere on X7

Denote w as wP. Perhaps replacing X by an open subset, choose analytic
1-forms w',...,wP~! on X, which coframe X so that w!,... ,wP coframe X .
Pick differential forms ¢® € ZP~! generating Z. In particular, d¢®, ¢ A w' €
IP = IP~ 1 AwP. Let ¢ be the column vector with entries ¢2:

dop = hp N WP,
PAW =hipAWPi=2,...,p—1

for matrices h, h’ whose entries are analytic functions.
Denote the vector fields dual tow®, ..., wP by ey, ..., e,. Becausew
coframe X, e, is not tangent to X. Write e; to denote

1 -1

P
e, W

€1y---5,€4,...,€p.

7.6 Use lemma 7.5 on the previous page to find a determined linear system
satisfied by f := ¢(ep).

By the Cauchy—Kovalevskaya theorem (theorem A.2 on page 82), there is
a unique solution f near X with given values on the noncharacteristic hyper-
surface X; these values are f = 0, so the solution is f = 0. So ¢ AwP =0, so
¢ Aw' =0 for all i, so IP~1 = 0. O



Compatibility
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Chapter 8

Cauchy characteristics

Often an exterior differential system can be written in a smaller number of variables
than we would at first expect.

Redefinition of exterior differential system

A symmetry vector field of an exterior differential system is a vector field whose
flow preserves the system. It might seem natural to define a symmetry vector
field as one whose flow permutes integral manifolds, but we have no test for this.
The flow of a vector field might not be defined globally, while all of the forms
in an exterior differential system are defined globally. Moreover, we want to
test whether a vector field is a symmetry by local computation. So we consider
a different concept of exterior differential system, in which the forms need only
be defined locally.

An exterior differential system I on a manifold M is an ideal Zyy C §2; of
differential forms on each open set U C M so that

a. d-closed: the exterior derivative takes 7y — Zy and

b. restricts: if U C V C M are open sets, then restricting forms takes
IV — IU, and

c. glues: if U =, Uq, then a differential form belongs to Zyy just when its
restriction to each U, belongs to 7y, , and

d. graded: Ty :Irlj EBIIQJ PD--- @I((}imM, I[]} =Ty N .Q[@

All of our theorems so far hold, with the same proofs, for this definition of
exterior differential system.

8.1 Give an example of an exterior differential system J in the sense of the
old definition which is not the ideal Z,; of an exterior differential system Z in
the sense of the new definition.

Take any collection of differential forms defined on various open subsets of

a manifold. Without changing the submanifolds on which they vanish, we can
add forms to our collection until we obtain an exterior differential system.
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Convergence

Differential forms converge when their component functions do in local coordi-
nates, as analytic functions p. 99.

Theorem 8.1. Fvery exterior differential system is closed under convergence.

Proof. Take a convergent sequence ¥; — 9, with 9; € Z. Take coordinates with
origin at some chosen point. A differential form 9 = f;da’ is a vector valued
map, valued in A*R™. Germs of forms from Z constitute a submodule of the
germs of forms. By theorem C.4 on page 100, the germ of ¥ is among those
germs. So ¥ € Zy for some open set U around the chosen point. O

8.2 Give an example of an exterior differential system, according to our old

definition, not closed under convergence.

Symmetries

8.3 Prove that, for any vector field v and differential form ¥ defined near some
point, the point lies in an open set in which

tk
tvx g __ k
e’y = E —klﬁvﬁ.

8.4 For any exterior differential system Z and vector field v, prove that the
following are equivalent:

a. v is a symmetry of Z,

b. L,Zy C Iy for all open sets U,

c¢. LIy C Iy for some open sets U forming a basis for the topology of M.
8.5 What are the symmetry vector fields of a Frobenius system?

8.6 Prove that the symmetry vector fields of any exterior differential system
form a Lie algebra.

8.7 Give an example of a smooth exterior differential system Z and a complete
analytic vector field v, so that £,7 C Z but the flow of v does not preserve Z,
nor permute integral manifolds.

8.8 Give an example of an analytic exterior differential system Z with no
nonzero smooth symmetry vector field, so that the smooth exterior differential
system it generates has a nonzero smooth symmetry vector field.

8.9 Give an example of a complete vector field whose flow preserves the integral
elements of an exterior differential system, but does not preserve the exterior
differential system.

8.10 For a smooth exterior differential system Z, prove



Finite type

a. if 7 is locally finitely generated, v is a nowhere vanishing vector field, and
L,Z CZ, then v is a symmetry.

b. if 7 is closed under uniform convergence on compact sets with all deriva-
tives, and v is a symmetry, then £,Z C 7.

Finite type

An exterior differential system Z on a manifold M has finite type if every point
of M lies in an open set U C M on which there are finitely many forms ¥; € Zy
so that, for any point m € U, and form ¢ from Z defined near m, there are
forms ¢; defined near m, so that 9 = > ¢; A ¥; near m.

Any exterior differential system generated by finitely many globally de-
fined differential forms has finite type; this includes all of our examples.

8.11 Give an example of an infinite type exterior differential system. Is your
example in involution?

8.12 Prove that, in the definition of finite type, we can always assume that
these ¢; are functions, i.e. O-forms.

8.13 Prove compatibility (lemma 7.6 on page 58) for finite type exterior dif-
ferential systems. Give an infinite type counterexample.

8.14 Give an example of an infinite type involutive exterior differential system.

8.15 Prove that, for any finite type exterior differential system, a vector field
v is a symmetry just when every point lies in an open set U on which a finite
set of forms ¥; generate Zy with £,¢; € Zy.

Pointwise linear independence

This section can be omitted without loss of continuity.

An exterior differential system Z is bundled if it is generated by forms in certain
degrees, and in these degrees is locally spanned by pointwise linearly indepen-
dent forms.

Any exterior differential system generated by finitely many globally de-
fined differential forms, all of the same degree, everywhere linearly inde-
pendent, is bundled; this includes all of our examples.

8.16 Prove that every bundled exterior differential system is of finite type.

8.17 Give an example of an unbundled finite type exterior differential system
7 on a manifold M.
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8.18 Solve problem 8.4 on page 62 for bundled smooth systems.

8.19 Give an example of an unbundled finite type involutive exterior differential
system.

8.20 We assume familiarity with vector bundles [6]. Prove that an exterior
differential system Z is bundled just when there are vector subbundles 1P C
APT* M for various values of p = p1,pa,...,pe and M is covered by open sets
U, € M on which

a. Zf]a is the collection of differential forms from I” on U,, p = p1,p2, ..., Pk
and

b. Ty, is generated by these sections.
Cauchy characteristics

The exterior differential system generated by dy — pdx on M := Ri,y% q
doesn’t make use of the variable q. We can build a quotient manifold
M = Riﬁy’p, map (z,y,p,q) € M +— (x,y,p) € M. Maximal integral
manifolds in M are locally the preimages of maximal integral manifolds
of dy —pdx on M. Our aim in this section is to find “unused variables”,

and quotient them out.

A vector field v is Cauchy characteristic for an exterior differential system
TifvsITCT.

8.21 Prove that the Cauchy characteristic vector fields of an exterior differential
system form a Lie subalgebra of the vector fields.

Denote by Z,, the set of values ¥,,, € A*T,,, M* of forms 9 € Zy; for some open
set U with m € U. A Cauchy characteristic vector of an exterior differential
system Z is a vector v € T,,M so that v -Z,, C Z,,. The rank of Cauchy
characteristic vectors at each point is their dimension as a vector space.

8.22 We assume familiarity with vector bundles [6]. Prove that Cauchy char-
acteristic vectors have constant rank just when they form a vector subbundle
of the tangent bundle T'M.

8.23 Prove: if the Cauchy characteristic vectors have constant rank then a
vector field is a Cauchy characteristic vector field if and only if its value at each
point is a Cauchy characteristic vector.

8.24 Give an example of an involutive exterior differential system, on a connnected
manifold, whose Cauchy characteristic vectors do not have constant rank.



Cauchy characteristics

The retracting space of an exterior differential system Z is the collection of
1-forms vanishing on its Cauchy characteristic vectors. A Cauchy characteristic
is an integral submanifold of the retracting space. The pullback 77 by a map
7w M — M of an exterior differential system Z is the exterior differential system
generated by pullbacks 7*1 of differential forms 9 from Z.

8.25 If T = 7n*7 is the pullback by a submersion 7, prove that a submanifold
of M is the m-preimage of an Z-integral manifold just when it is an Z-integral
manifold and contains any of fiber of 7 it touches.

8.26 How do characters behave when we pull back?

Clearly the pullback of a finite type system is finite type. The pushforward
7.Z by a map m: M — M of an exterior differential system Z is the exterior
differential system consisting of the forms ¥ on M whose pullback 7* lies in
T

8.27 Prove that 7 C mr*T.
8.28 Prove that m*n,Z C 7.

8.29 Prove that the vectors on which 7, = 0 are Cauchy characteristic vectors
for 7 := n*Z, and that 7* Q]lw lies in the retracting space of Z.

8.30 Take an exterior differential system with characters s; at an integral
element transverse to the fibers of a map. Suppose that its push forward by
that map has characters s;. Prove that the restriction to each preimage of each
integral manifold has characters s; — ;.

8.31 Suppose that Z is an exterior differential system on a manifold M, and
that the retracting space of Z has constant rank. Prove:

a. The retracting space generates a Frobenius exterior differential system
lying inside Z and

b. every point of M lies in an open set U so that the retracting space of
Iy is the pullback W*erj of a surjective submersion 7: U — U to some

manifold U.

8.32 Give an example of a finite type exterior differential system on a manifold
M, and a submersion 7: M — M with Cauchy characteristic fibers, so that
T # 1.

Theorem 8.2. Suppose that T is a finite type exterior differential system on a
manifold M. Take a submersion w: M — M with Cauchy characteristic fibers.
Suppose that for any two components of any fiber of w, there is a diffeomorphism
of M preserving T and w and interchanging these components. Then T = w*m, T
and m.Z has finite type.
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Proof. Let 7 = m,.Z. We know that m*m,Z C 7T, i.e. that 71 C T.

If we can cover M in open sets so that every element of Z defined on one of
those sets lies in 7*Z, we glue. So we need only prove that the elements of Z
defined near an arbitrary point lie in 7*Z, i.e. are multiples of pullbacks from
7.

Take an open set U C M. Take a Cauchy characteristic vector field v defined
and nonzero near some point of U. Shrink U if needed to arrange that v is
defined in U and, by finite type, that the forms in Z near any point of U are
generated by finitely many forms 9*. But Zy is £,-closed, so, after perhaps
shrinking U again,

L9 = f;ﬁi,

for some functions fj’ on U; denote this equation £,9 = f1. Pick a hypersurface
H C M through mg transverse to v. After perhaps shrinking U, we can define
functions g = (g%) by g = I along H and

Log = —gf.

If ¥ .= g € Ty, £L,9 = 0, and ¥ = g~ 9 so Iy is generated by v-invariant
forms.

Similarly, for any finite set of commuting and nonvanishing vector fields
v1,..., Vg, after perhaps shrinking U, we can generate Zy by forms invariant
under all of these. In particular, after perhaps shrinking U, we can pick these
vector fields to give a basis of local sections of the kernel of 7/, i.e. of the vertical
vector fields. Generators become invariant generators.

Take coordinates 2, y® on M so that these z coordinates are pulled back
from M. Taking as v the various Oy, we have seen that Zy is generated by
invariant differential forms, i.e. forms which, expanded out as ¥ = fradax! Ady?,
have fra = fra(xz). We need to arrange that there are no dy® terms in our
generators. Since ¥ € Zy, we know that v 29 € Zy for each v = Jya, and
similarly if we wedge several dy« vector fields in, so fra(x)dz! € Ty, for each
dy*, so we can replace ¥ by the various fra(x)dz!.

So Z is locally generated by pulled back differential forms. Since Cauchy
characteristic vector fields are symmetries, these pullback forms continue to
generate on open sets invariant under Cauchy characteristics. O

8.33 Finish the proof.
8.34 Does theorem 8.2 on the preceding page generalize to infinite type?

8.35 Prove that, for any surjective submersion 7: M — M and exterior differ-
ential system Z on M, 7 = w,7*L.

8.36 Under the hypotheses of theorem 8.2 on the previous page, prove that 7
is bundled just when 7,7 is.

8.37 Under the hypotheses of problem 8.35, prove that 7 is bundled just when
T is.



Example: surface invariants

8.38 Give an example of an exterior differential system which is pulled back
via a map with connected Cauchy characteristic fibers, but not locally spanned
by pointwise linearly independent forms.

8.39 A exterior differential system is local if it is closed under locally finite sums.
Prove a variant of theorem 8.2 on page 65, for smooth local exterior differential
systems, using either the old or the new definition of exterior differential system.
Give an analytic counterexample, for the old definition.

To find Cauchy characteristics: in some local coframing, write out a set of
differential forms which span an exterior differential system. Any 1-forms of
the coframing which do not appear in the spanning set of the system are dual
to Cauchy characteristic vector fields.

Example: surface invariants

Return to the study of surface invariants on page on page 25. Note that Z has
a Cauchy characteristic: the vector fields v on which 15 # 0 but

0=w) =ws = w3 =73 — a;;w; = Day;.

We can quotient locally by this Cauchy characteristic, so that each integral
manifold X coframed by wi,ws,v12 projects to a surface S in the quotient
space of M = T3 x V by the orthogonal group of the plane. We can in addition

quotient by a reflection e3 — —es, A — —A. The quotient space M is the set of
all choices of point x € E3, plane P through z, and symmetric quadratic form
A valued in the normal line to P at x.

Example: isometric immersion, Cauchy characteristics
Recall the isometric immersion notation:
o S is a surface in E? with Gauss curvature K,

o 'S, 'E? are the orthonormal frame bundles,

o Identify R3, with the set of 2 x 2 symmetric matrices

a,b,c
a b
A:(b )

o« M)C'S x B3 x R? , . is the subset on which A # 0 and K = det A.

e wi,ws are the soldering forms on S, and « is the connection form,

o W}, wh,wh are the soldering forms on B, and 7/, 743,74, are the connec-
tion forms; we let o := ~},.
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We let
Da da + 2ba + aywy + aswo,
Db | = | db+ (a — c)a+ bywy + baws,
Dc de + 2ba + ciwy + cows,

with ai,as, b1, b2, c1, co any functions chosen so that

az = by,

b2 = C1,

Write dK = K1w1 + KQWQ.
Note that we still have some freedom to pick these aq,as, by, bo, c1, c; it is
convenient to pick them to satisfy in addition

Ky =2bby — acq — caq,

K2 = 2bb2 — acCg — Cag,

so that 0 = ¢ Da + a Dc — 2b Db, a simple relation among the differential forms
in the exterior differential system. (we can write this formally as D(ac—b%) = 0,
although, to be precise, we haven’t really defined an operator D, so this is just
formal nonsense.) We can always pick such a choice of ay, as, b1, ba, c1, c2, near
any point of M/, using the fact that one of a,b, ¢ is not zero.

The ideal for isometric immersions on M| is generated by the 1-forms

. a b
2)-( 0 )
o —« 0 0 “2

which have exterior derivatives

Da Db 0 9%
—| Db Dc 0 | A ws mod 64, ..., 6.
0 0 O «

How do we spot Cauchy characteristics? On M), the 1-forms

! / / / / / /
W1, Wa, W] —W1, We—W1, W, & —, Y13— (aw1 +bws), y93— (bwi+cws ), Da, Db, De, a+a

form a basis, except for the one relation ¢ Da + a Dc = 2b Db. When we write
out the tableau in our basis, we don’t use the last basis element: o + o’. So in
this basis, a + o’ is dual to a Cauchy characteristic vector field v, i.e. v hooks
to zero in every l-form appearing in the tableau, and so hooks the exterior
differential system into itself.

We can do a little better. Let G be the group of all orthogonal 3 x 3 matrices
g preserving the vertical axis:



Example: isometric immersion, noncharacteristic data

with £ = 0 or 1, h an orthogonal 2 x 2 matrix. Recall that 5w’ = ¢ 'w' and

riy' =g~ '7g. Extend the G-action to Mg:
re(x,e,a’ e’ A) = (z,eh, 2’ €'y, (—=1)kn=1AR).

Problem D.g on page 110 shows that this action preserves M/, and the exterior
differential system. Check that

where
cost —sint
g(t) = (Sint cost ) ’

The quotient space M}, of M} by the G-action is the space of choices of
linear isometry F': T,,S — T,/ E? together with a quadratic form ¢ # 0 on TS
so that K = detq. By problem 8.33 on page 66, Z' on M is pulled back from
a unique exterior differential system Z' on M. But, unlike Mg, the manifold
My does not have a canonical choice of coframing. We would struggle to write
out the quotient exterior differential system Z’. Except for a, the other 1-forms

in our tableau vanish on the Cauchy characteristics, so define a tableau for the
quotient exterior differential system:

04 " a b
05 | = ¥ e (Zl>7
Os o —a 0 0 2
04
dl05 )| =— Da Db A\ <w1> mod 6, , 06
06 Db Dc “2
S1 S9
2 0

Example: isometric immersion, noncharacteristic data

The asymptotic curves of a surface are those on which the shape operator
vanishes.

8.40 Show that the characteristic curves of the isometric immersion problem
on any integral surface are the asymptotic curves.

Since we have assumed that a,b,c¢ do not all simultaneously vanish, the
shape operator is nowhere zero, so not every curve is asymptotic.

A ribbon is a choice of curve, its spine, and a ruling line at each point
of the spine, perpendicular to the tangent line to the spine, and analytically
varying along the spine. A ribbon is nondegenerate if the ruling line is nowhere
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perpendicular to the curvature vector of the spine. A nondegenerate ribbon has
a unit tangent vector along its spine, and a curvature vector, and their cross
product, so imposes a basis, orienting the perpendicular space to every ruling

line.

Take a surface S in E? and an embedded connected curve C in S with an
orientation of S defined along C. Take a nondegenerate ribbon in E3, with
spine C’, and an isometry ¢: C' — C’. Use the isometry to identify an orientation
of C' with one of C’. Use the orientation defined along C to extend ¢, to a
linear isometry of each tangent plane to the perpendicular to each ruling line.

Theorem 8.3. The isometry of curve to spine extends to a locally unique
isometric immersion normal to the ruling lines of its ribbon.

Draw an infinitely long curve on the peel of an orange, accumulating
only toward two points, so embedded in the sphere with those points
deleted. Slice the peel close that curve, and lay out the peel tangent to
an infinitely long ribbon: an isometric immersion.

Take a Mobius strip S and a closed curve C' so that S is not orientable
in any neighborhood of C. Take a nondegenerate ribbon whose spine
has the same length as C. An isometry of curve to spine exists, but
cannot extend to an isometric immersion. It can’t even extend to an
isometry of tangent spaces of the surface to perpendicular planes to the
ruling line, as the ruling lines are oriented.

Proof. Take €} to be the unit tangent to C’ and e} to be the unit tangent vector
to the ruling lines. Locally extend e/, e5 into an orthonormal basis €], e, ef,
giving an immersed curve in B3, on which 74, = aw/| and 4, = bw| for some
functions a,b. The ruling lines are nowhere perpendicular to the curvature
vector, i.e. e} is nowhere perpendicular, i.e. a # 0. Clearly we must then let

¥ - K

a

c:=

at every point. Since a # 0, this curve in M’ is not characteristic:
2 2 _ 2
awy + 2bwiwy + cw; = awi # 0.
O

An isometric immersion arises as in this theorem precisely when it has
nonzero shape operator everywhere.



Chapter g

Example: conformal maps of surfaces

We use the Cartan—Kéhler theorem to prove the existence of local conformal maps
between surfaces. We assume familiarity with appendix D.

Conformal maps

A conformal map is a local diffeomorphism ¢: S — S’ between surfaces in E3
preserving angles between curves.

Mercator projection, a conformal map of an open subset of the sphere.
By Strebe - Own work, CC BY-SA 3.0,
https://commons.wikimedia.org/w/index.php?curid=16115307!

Theorem g9.1. Given two surfaces S,S" in E®, and points o € S,z) € ',
there is a conformal map ¢: U — U’ from an open set U C S containing xq to
an open set U' C S’ containing xf, so that ¢(xg) = xy.

See [10] for an elementary proof for smooth surfaces.

9.1 Prove that a linear isomorphism of the plane preserves angles just it is
uniquely expressed as a product of a rotation, a rescaling, and perhaps a

reflection:
. [ cos 0 —sind
sinf  cos6

cosf) —sinf 1 0
"\sing cosh 0o -1/

9.2 Given two surfaces of revolution, show that we can explicitly compute a
rotationally invariant conformal map from one to the other by solving a first
order ordinary differential equation for one function of one variable. If one of

or
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the surfaces is a cylinder or a sphere, explain how to reduce the construction of
the conformal map to solving an integral, rather than an ordinary differential
equation.

The graph of a conformal map as an integral manifold

It is convenient to write the conformal scaling factor not as r but instead as e™".

Suppose that ¢: S — S’ is a conformal map. Inside the 7-dimensional manifold
M :="8 x'S" x R,, consider the 3-dimensional submanifold X consisting of
points (z,e,2’, ¢’ u) with (z,e) € 'S and (2/,¢’) € 'S’ so that

¥ = ¢(x),
ey = e "¢/ (z)er,

eh =e "¢ (x)es.
Recall the structure equations dw = i Aw on S and dw’ = ia’ Aw’ on S’.

9.3 On X, show that w’ = e “w and du+i(a’ — ) = v'w for a unique function
u on X.

On the 7-dimensional manifold M, take the exterior differential system
T generated by w’ — e %w. Any conformal map ¢: S — S’ has associated
submanifold X of 'S x 'S’ an integral manifold. The tableau is

dw' — e "w) =e “(du+i(a/ —a)) Aw.

In real and imaginary parts, the tableau du + i(o/ — «) is

du —(d — )
o —« du

S1 52
2 0

The integral elements are the complex numbers u’ so that du+i(a/ —a) = v'w,
i.e. the real and imaginary parts of these numbers, s; +2s9 =242(0) =2 = s,
involution: an integral manifold X C M exists through any point of M.

Finally, we need to prove that our integral manifold is actually constructed
from some conformal map ¢. Since w is real, du + i(a/ — a) has real part du
and imaginary part o’ —a. Note that Z has a Cauchy characteristic: the vector
fields v on which a # 0 but

0=wi=wy=wj =wh=du=a"—a.

We can in addition quotient by a reflection e; — —ea, €5 = —e5. The quotient
space M is the set of all conformal linear maps from tangent spaces of S to
those of S’, as we are quotienting out by conformally changing the frame e, eo



Characteristics

and correspondingly the frame ¢/, ¢e). So M is a 3-manifold, and X projects to
a surface X in M. As wy,ws, v are linearly independent on X, X has wy, ws still
linearly independent, since both w; and wy vanish on the Cauchy characteristic
vectors. Therefore X projects to S by a local diffeomorphism. Similarly, X
projects to S’ by a local diffeomorphism. So X injects into S x S’, as the graph
of a local diffeomorphism, say ¢: S — 5’.

We need to prove that ¢ is conformal. Take some tangent vector v € T,,S.

Pick a point

(z,e,2',¢') € X.
Write the vector v as v = vie; +vse3. We make a vector © on X which projects
to v, by asking that

w1 U1
0 w2 = V2
« 0

Then ¢ projects to S” to a vector v' with v' = vje] + vhe, given by

/ /

N w v
,UJ( /1> - ( }>.

W2 U2

But on X, w} = e "wy, wh = e *ws 80

/
’U1 ) V1
;) =e .
Vo (%)
In other words, v' = e “v1€] + e “vqe), so that ¢ is a conformal map.

Characteristics

Theorem 9.2. Take any two surfaces S, S’ in E3, and embedded curves C C S
and C' C S’'. Every local diffeomorphism ¢: C — C' extends to a conformal
map ¢: U — U’ from an open set U C S containing C to an open set U’ C S’
containing C'. Any two such maps agree on any connected open neighborhood
of C on which both are defined.

Note that the curves C,C’ may be closed curves here; the result is global as
regards the curves, but local in that we only construct a conformal map near
the curves.

Near each point of any surface, there is a conformal map to the plane,
i.e. there are coordinates x,y, called isothermal, identifying angle mea-
surements with those of the plane

Proof. Our tableau:
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To find its characteristic variety, replace each polar 7% in the tableau with v®&:

0= < vt v > A (W1> _ (1)251 —0152) W12 (—fz §1> <Ul> 12

—v%¢ ¢ w? V& + 0% &1 &) \0? '
The characteristic variety equation is the determinant of the symbol matrix:
€2 + €2 =0, i.e. there are no real characteristics, an elliptic determined system
after we mod out the Cauchy characteristics. So any integral curve in M lies in
a unique integral surface. A curve in the 6-dimensional manifold M is a choice
of curve C'in S, a curve C’ in S’, a diffeomorphism between the curves, and a
conformal factor e along the curve. Such a curve is an integral curve of the
system just when w; = e “w;, i.e. u is determined by the ratio of the lengths
of the tangent vector to C' and that to C’. O



Chapter 10

Example: Weingarten surfaces

Weingarten surfaces

A Weingarten surface is an oriented surface S in E? whose Gauss and mean
curvature satisfy some relation, i.e.

(H,K): S — W,

for some curve W in the plane. For example, we could ask that K =1 or H = 0.
The “generic” surface has no such relation, as we saw on page 25. Every surface
of revolution has such a relation: the Gauss and mean curvature are invariant
under the revolution, so have values determined along any one meridian.

Weingarten surfaces as integral manifolds
10.1 Prove that, on any surface in E3, H? > K with equality just at umbilic

points.

If a surface consists entirely of umbilic points, it is a plane or sphere. So
suppose that W is a curve in the plane, lying in the open set of points (x, %) € R?
so that 2 >y, and S is a Weingarten surface associated to W. On its frame
bundle S in 'E3, we have

Cd3:0,

713\ _ (411 412 w1
Y23 Q12 A22 wa )’
0 =ai2 —ao,
2
K = aj1a22 — ajs,

a1l + a2

H= ’
2

(H,K) e W.

Let W be the set of symmetric matrices

so that
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Then X := 'S is a 3-dimensional integral manifold in M := E3 x W of

90 w3
01 ] = | M3 — (@G11w1 + a12w2)
02 Y23 — (a21w1 + agowa)

on which wy,ws, w12 are linearly independent. Calculate the tableau:

0 0 0
00 w1
d 91 = — il 2 0 AN wa
0 T s 0 Y12
where
T a1 0 2 0 ail
m | =dlap|+|[-1 0 1 a12 | 7e-
T3 as2 0 -2 0 az2

Locally, we can write W as the set of solutions of an equation f(z,y) = 0 in
the plane with df # 0. So on S,

O-f(t;a,deta>.

Let
_of af

Ji= g I = o

Compute out that this gives

(dan + dass
0= (ot

) fu + (a22dair + aridass — 2a12dar2) fx.

In terms of mq, w0, w3 this relation is

T + 7
0:( ! 5 B)fH-i-(azzm +a117m3 — 2a12m2) fi

This equation has coefficients of 71, mo, w3 given by
anfx + fu,a2fx + fu,a12fk.

10.2 Prove that all of these vanish, i.e. there is no addition linear relation
among 7, T, T3, precisely when a1; = ags and ajo = 0, i.e. an umbilic point.

Since our curve W lies inside H? > K (“away from umbilic points”), our
exterior differential system has characters s; = 2, s5 = 0, s3 = 0 so involution.



Cauchy characteristics

Cauchy characteristics

The Cauchy characteristics are the rotations of frame tangent to the surface.
The 6-dimensional quotient manifold M is the set of choices of point in E3,
plane through that point, unit normal vector to that plane, and symmetric
bilinear form on that plane, with half trace and determinant lying in W. On
M, the exterior differential system is determined. Each Weingarten surface S
gives an integral surface of that exterior differential system, mapping each point
of S to its tangent plane and shape operator on that tangent plane.

Characteristic variety

The symbol matrix is

—&2 &1
f7H§1 + fx (a22é1 — a12€2) %152 + fx (a11€e — a1261)

which has determinant

fu

—Ir (anfg —2a126180 + a2efl) — > (f% +§§) .

Recall that the characteristic variety consists of the hyperplanes
0= Z giwi = 07
i

satisfying these equations. A vector v = v1e1 + voes lies in such a characteristic
hyperplane just when 0 = & vy + &2v2, so then, up to scaling

(€1, &2) = (v2, —v1).
Plug this in to see that the characteristics are
_ 2 2 JH /o 2
0= fx (a11U1 + 2a12v1v2 + GLQQUQ) + > (U1 + Ug) .

i.e. in classical notation,

0= frll + %HI.

So the characteristics are the curves on S with velocity v satisfying this
quadratic equation. Since we have assumed that our surface contains no umbilic
points and that df # 0, not every curve is characteristic.

Initial data

Take a ribbon along a curve C in E3. At each point of that curve, draw the
perpendicular plane to the ruling line of the ribbon. On that plane, take a
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symmetric bilinear form II with two distinct eigenvalues, analytically varying
along C. Let H := trII/2, K := det II. The form II is nondegenerate if, on
every tangent line to C, the homogeneous cubic form

dK
dHH—l—TI

is not zero, where I is the Euclidean inner product.

Consider what a noncharacteristic curve looks like in the 6-dimensional
manifold M = E? x W. Such a curve consists of a ribbon z(t), es(t), together
with the additional data of e;,e; and the values a;;. The curve z,e,a is an
integral curve of the exterior differential system, i.e. w3 = 0 and ;3 = a;jw;.
The equation wz = 0 is just the requirement that es | #, i.e. a ribbon. Since
we can rotate the frame ej, ea, we can ask that e; be tangent to the curve z(t).
So then 7;3 = a;jw; just when

de
5(61761) = —€3- dftla

de
II(e1,e0) = —es - d—:

So the shape operator is partly determined by the ribbon. Noncharacteristicity

is precisely that

de
€3 - Tng # %J

10.3 Prove that the Weingarten equation f = 0 locally recovers the coefficient
as2, hence the entire shape operator, from the data of the ribbon.

Parameterize a curve C by arc length as z(s), and let e; := &. Take a ribbon
on that curve and write the direction of the ruling line as e3. Let es be the vector
so that ej, es, es is a positively oriented orthonormal frame along C. A form I
is compatible with the ribbon if II(e1,e1) = —e3 - é1 and I (e1,e2) = —es - éa.
Compatibility is independent of the choice of arc length parameterization and
of rotation of ey, e5. Define H and K, the trace and determinant of II. Define
an immersed curve W: the image of the s — (H(s), K(s)).

Theorem 10.1. Take an analytic ribbon along a connected curve C in E3, and
a symmetric bilinear form II, defined in the perpendicular plane of the ruling
line of the ribbon at one point of C, nondegenerate and compatible with the
ribbon. Then II extends uniquely locally to be defined along an open subset
of C, analytically varying, nondegenerate and compatible with the ribbon. If I
extends to all of C, then there is an analytic Weingarten surface S in E3
containing C' whose shape operator is Il at each point of C and whose Gauss
and mean curvature lie in the image of C in the plane under the map (H, K).
Any two such surfaces agree near C.

10.4 Which analytic curves in E? are geodesics on minimal surfaces?



Appendix A

The Cauchy—Kovalevskaya theorem

We prove the Cauchy-Kovalevskaya theorem: analytic determined systems of partial
differential equations have local solutions, with arbitrary initial conditions.

Formal Taylor series

For x1,x9,..., 2, real variables and a1, as, . .., a, nonnegative integers, let
x:= (x1,Ta,...,Tpn),
a = (al, ag,y ..., an),
=it e,

al'=a1!...a,! and
o Q%

—
ox{'  Oxp"

i

A formal Taylor series is an expression Y ¢, (x — xg)" with real constants c,,
not required to converge.

A.1 Prove that the formal Taylor series >, (2n)!t™ diverges for t # 0.

We add, subtract, multiply, differentiate and compose in the obvious way:
finitely many terms at a time. Crucially, each output term depends only on input
terms of lower or equal order (or, for the derivative, on just one order higher),
so on only finitely many input terms. When we add, multiply, differentiate or
compose, each step is only adding or multiplying coefficients. In particular, the
sum, product, derivative (in any variable) and composition of formal Taylor
series with positive terms has positive terms.

A formal Taylor series Y b,2® majorizes another > c,x® if by > |cq| for all a.
If a convergent series majorizes another, the other is absolutely convergent. If f
majorizes g and u majorizes v then fou, f+u, fu, 9*f majorizes gov, g+v, gv, 0%
respectively.

The geometric series

1
—  =14t+t24...
— +t+t2 +

has a Taylor series with positive coefficients. A formal Taylor series cg+cit+. ..
with all |¢;] < 1 converges absolutely for [¢t| < 1, because the geometric series
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converges and majorizes it. Rescaling ¢ and our series, we see that if a formal
Taylor series is majorized by a geometric series, then it converges near the origin,
i.e. if |¢;| are bounded by a geometric series, in other words |¢;| < MrJ for
some M,r > 0, then ¢y + c¢1t + ... converges absolutely near the origin. An
analytic function is one which is locally the sum of a convergent Taylor series.

Lemma A.1. A formal Taylor series converges to an analytic function just
when it is majorized by a product of geometric series in one variable each.

Proof. We give the proof for one variable around the point = 0, and let the
reader generalize. Take any analytic function f(z) with convergent Taylor series
f(x) =" epa™. Since it converges absolutely for  near 0, Y |e,| ™ converges
for r near 0, so the terms of this series are bounded. Rescale to get a bound of
1, i.e. |ep|r™ < 1 for all n. Therefore

1
len| < ey

i.e. f(z) is majorized by 1/(1 — x). O

A.2 Prove that any two formal Taylor series which converge near the origin to
the same analytic function agree.

A.3 Prove that an analytic function given by a convergent Taylor series around
some point is also given by a convergent Taylor series around every nearby point.

A.4 Prove that any two analytic functions defined on a connected open set
which agree near some point agree everywhere.

The derivative and composition of analytic functions is analytic, and the
analytic inverse and implicit function theorems hold with the usual proofs

[24, 31].

Complexification

Every Taylor series converging in some domain of real variables continues to
converge for complex values of those variables, with small imaginary parts, by
the same majorization. Hence every analytic function of real variables extends
to an open set in a domain of complex variables. By elementary complex
analysis [1], sums, differences, products and derivatives of analytic functions on
an open set are analytic, as are quotients, wherever the denominator doesn’t
vanish, and the analytic inverse and implicit function theorems hold.

Solving for Taylor series using a differential equation

Let’s solve a simple partial differential equation u; = u,. Think about the
vector field X = 9, — 0, in the tz-plane.



Solving for Taylor series using a differential equation

Clearly Xu = 0 just when u satisfies our equation; but this happens just when
u is constant along the flow lines of X. The flow lines of X are the diagonal
lines, i.e. t + x constant, so the solutions of our partial differential equation are
u(t,x) = U(t+x) for any function U. Solutions of partial differential equations
can involve arbitrary functions, as in this example. Each solution wu(t,z) is
determined by its value at “time” t = 0. If we pick our initial data function U
not smooth at a point, then u(t,x) is not smooth along the flow line of that
point. So solutions can be worse than the initial data from which we construct
them.

A.5 Suppose that X is an analytic vector field on a manifold M and that
H C M is an embedded analytic hypersurface and X is not tangent to H at
any point of H. Pick analytic functions v: H — R and f: M x R — R. Prove
that there is an analytic function u: open C M — R so that u(m,0) = v(m)
for m € H and Xu(m) = f(m,u(m)) wherever u is defined. Prove that any
two such functions u = u; and v = uy agree near H.

Take the differential equation u; = u? + t. Differentiate both sides:

U =2uus + 1,

=2u (u2 + t) + 1.

Our differential equation allows us to replace differentiation in ¢ with
some expression without any derivatives.

The differential equation u; = u?u,, + sin(u) allows us, using the chain
rule, to replace any number of ¢ derivatives by complicated expressions
in « derivatives. We can calculate any Taylor coefficient in any power of
t as a function of finitely many Taylor coefficients involving only powers
of z, i.e. Taylor coefficients of u(z,0). Danger: after we compute all
of the Taylor coefficients, we have no guarantee that they sum up to a
convergent Taylor series.

A formal solution of an analytic differential equation is a formal Taylor
series so that expanding out the compositions term by term, all terms in the
equation turn to zeroes. As above, for any formal Tayor series u(0,z), there
is an associated formal Taylor series solution u(t, ) of each partial differential
equation u; = f(t, @, u, Uy, Ugg, - - -, Uy, ) for any smooth function or formal
Taylor series f.
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The heat equation u; = u,,; has a unique formal Taylor series solution
with intial condition

_ 1
u|t:0 - 1+$27
given by
u(t,z) = }Ooj (c1yEG + R e S
=] 71 (2k)!

which doesn’t converge anywhere except at t = 0.

The method of majorants

Theorem A.z (Cauchy—Kovalevskaya). An analytic system of partial dif-
ferential equations of the form w, = f(t,x,u,u,), defined in an open set of
t € R,z € R",u € RP, with any analytic initial conditions u = U(x) at t = to,
has an analytic solution near t = tg. Any two solutions agree near t = tg.

Proof. Instead of looking at Taylor series of solutions, look at Taylor series of
equations. Start with a simpler problem: take a differential equation u; =
f(t,u) with initial condition u(0) = ug. Go back to our expressions for Taylor
coefficients:

ut(o) = f(Ovu()) )
u(0) = f2(0,u0) + fu(0, uo) ut,
= ft(ov U'O) + fU(O’ UO) f(O, uO) )
um(O) = ....
If ug > 0 and all of the Taylor coefficients of f are > 0 then inductively all of
the Taylor coefficients of u are > 0. In other words, if ug > 0 and f majorizes
0 then w majorizes 0.

By the same reasoning, if we have two differential equations u; = f(¢,u)
and vy = g(t,v) with initial conditions «(0) > v(0), and if f majorizes g, then
by the same induction, v majorizes v. In particular, if the Taylor series of u
converges, then so does that of v.

A.6 Check that the function

u(t) =1—+/1+2log(l —1t)
satisfies the toy equation
1
(1-t)(1—u)

with initial condition © = 0 at ¢ = 0.

Uy =



The method of majorants

Don’t expand the unpleasant function u(t) but expand the toy equation

1
1-t)1-u)’
=(1+t+2+.)(1T+utu®+...),

Uy =

a geometric series. Suitable rescaling of ¢ and uw produces any convergent
geometric series we like. By lemma A.1 on page 80, any analytic function
f(t,u) is majorized by a geometric series in ¢, u. So the equation u; = f(¢,u) is
majorized by the toy equation, after some rescaling of variables. So the solution
u(t) to ug = f(¢t,u) with u(0) = 0 is majorized by the toy solution, so has
convergent Taylor series.

We will generalize this toy example several times, to get a larger class of
examples of majorizing equations. The function

ult,z) =1—z—+/(1—2)%2 —2¢
satisfies

14 ug
1—=x

Uy =

with u = 0 at t = 0. With suitable rescalings of z, ¢, u, this equation majorizes
any equation of the form u; = f(x,u) + g(x,u) u, for any analytic f, g, with
z,u € R in a suitable open set. Therefore all such equations have local analytic
solutions so that v = 0 when ¢ = 0.

To allow more x variables: if u(t, s) is the function above

u(t,s) =1—s—+/(1—9)2 -2t
and we let v(t,x) = u(t, s) where we let s = >, x; where z € R", then

; _1—}—%21@
e 1—Z$i

and v = 0 at ¢t = 0. Again, with a little rescaling, this equation majorizes any
equation of the form w; = f(x,u)+ g(z, u) u, for any analytic f, g, and ¢t,u € R,
x € R™ in some open set. Of course the same trick works even if we allow many
u functions, i.e. u € RP.

To allow the t variable to enter into the right hand side, we add a new
equation v; = 1 with initial condition v = 0 at ¢ = 0, so we are just forcing
v =t everywhere. Then any system like uy = f(¢,z,u) + g(t, x, u)u, withu =0
when t = 0 is equivalent to

Ut :f(U,I',U) + g(v,x,u)ux,

(0 :17
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with v = v = 0 when ¢ = 0. We have already seen that such systems have
solutions near the origin,

If we want to solve a system of the form u; = f(¢,x,u,u,), invent a new
variable v and solve instead

Ut = f(t,x,u,v),
v = fo(t,z,u,v) + fu(t,z,u,v) v+ fo(t, z,u,v) vy,

with v = v =0 when ¢ = 0, to force v = u,.

Suppose that we want to solve a system u; = f(t, z,u,u,) with u = U(x)
at t = 0 instead of u = 0 at ¢ = 0. Replace the system by the system v; =
ft, z,v+U,v,4U,) withv = 0 at t = 0 and then let u(t,x) = v(t,2)+U(z). O

Given a solution u to the wave equation us = ug, with initial conditions
u=U and uy =W at t =0, let

o(t,z) = W(x)dx—I—/O Uz (s, ) ds

so that v; = u,. Differentiate under the integral sign and apply the
fundamental theorem of calculus to find that v, = u;. Therefore u,v
satisfy

Ut = Vg,

Vg = Uy

with initial conditions v = U and v = W at t = 0. Conversely, any
solution to this system of equations recovers our solution u to the wave
equation. An analytic solution of the wave equation is uniquely deter-
mined by the initial height and velocity of the waves.

To solve a second order system

Ut = f(t7x7uaul‘a utauxxauxt) )

with initial conditions v = U(x) and u, = W(x) at t = 0, let p = u, and g = u.
Then

ur = ¢,

bt = 4z,

qt = f(t, z,u,p, q7pw7qr) )
with initial conditions v = U(z), p = U'(z), ¢ = W(z) at t = 0. Any solution
or formal solution of this system arises from a solution or formal solution to

the original system and vice versa. This same trick reduces any system of any
order to a first order system in more variables.



The method of majorants

Is there a vector field u so that V x u = f for a given vector field f in
E3? Write u = (ul,uQ,u3) and f = (fl,fz,f?’) and let

1 u' t
u = —, etlcC.
" 3$2’

Our equation V x u = f expands out to

Ug, — Uz, = f,

uig - Uil = fzv

2, —ul, = £
3 first order equations for 3 unknowns. By analogy with the Cauchy—
Kovalevskaya theorem, we expect to find a unique solution with initial
values of u',u?,u® given on some surface in E3, , . This expectation
is not correct. Taking V- on both sides of our equations reveals 0 = V- f.
If 0 # V- f then there is no solution w. If 0 = V- f then the solutions are
u = ug+ V¢ for any one fixed solution ug and for any twice continuously
differentiable function ¢. So the local solutions depend on one function
¢ of 3 variables, not on initial data from a surface in E3.

We might spot trouble on the horizon when we notice that we can’t
solve our equations for the derivatives with respect to x1, since there are
only two of them, and similarly for x5 and for x3. Nonetheless, we can
easily make more complicated examples of systems of partial differential
equations to which the Cauchy—Kovalevskaya theorem does not apply,
with complicated “compatibility conditions” needed to ensure existence
of a solution.

Is there a vector field u so that V x u = f — u for a given vector field
f in E3? Our equation V x u = f — u expands out to

3 2 _ gl _ 1
Uy, — Uy, = " —u,

1 3 _ g2 _ 2
Uy, — Uy, = f°—u”,
2 1 _ 3 _ 3.
Uy, — Uy, = [ —u”:

3 first order equations for 3 unknowns. Again we might expect to find a
unique solution with initial values of u!, u?,u® given on some surface in
Eil,rz,xa' Again this intuition is not correct. Taking V- on both sides
of our equations reveals 0 =V - f — V - u, i.e.

1 2 3 1 2 3
uocl +u$2 +ux3 = fxl +fx2 +f3c37

a fourth first-order equation which is linearly independent of the other
three.

85



86

The Cauchy—Kovalevskaya theorem

Split the four equations as:

3 2 _ gl 1

Uy, — Uy, = " —u,
and

1 3 _ g2 _ 2

Uy, — Uy, = 7 —u”,

2 1 _ ¢3_ .3

Uy, — Uy, = 7 —u”,

1 2 3 1 2 3
u$1+uw2+ua:3:fw1+fa:2+f$3‘
Solve the first of these equations:

ui2 — uig = fl—ul,

but just along the surface z; = 0, using the Cauchy—Kovalevskaya
theorem in the variables xs, x3, starting with any choice of functions
u', u? on the surface ; = 0 and any function u3 on the curve z; = zy =

0. Apply the Cauchy—Kovalevskaya theorem to the last 3 equations:

1 3 _ g2 2
Uy, — Uy, = 7 — 07,
% 1 _ 3 3
Uy, — Uy, = 7 —u”,

1 2 3 _ rl 2 3
um1+uz2+um3* x1+fm2+fz3'

in all 3 variables z1, €2, x3, by treating x; as the variable we differentiate
in:

2 3
! —u2, —ud, + V- f
u? _ ul + f3—ud,
3 U2, 2
u/ Uz, — f5+u

The tricky question is whether the resulting functions actually solve the
original problem. In fact, they do: we have solved the first equation

3 2 _ gl _ 1
Uy, — Uy, = " —u,

at 1 = 0. But if we differentiate that expression in z1, check that

(uz, —uz, = f' +u'),, =0

modulo the 3 other equations, so vanishes by construction. The general
solution to V x u = f — w is given by picking one arbitrary function
of one variable, and 2 arbitrary functions of two variables, again not
what we would guess from familiarity with the Cauchy—Kovalevskaya
theorem.

Again, we might spot trouble on the horizon when we notice that
we can’t solve our equations for the derivatives with respect to x, since
there are only two of them, and similarly for x5 and for z3.



Smooth counterexamples

Smooth counterexamples

For functions which are not analytic, there are numerous theorems to prove the
existence of solutions, under a wide variety of hypotheses, but there are some
surprising counterexamples:

a. The Cauchy-Riemann equations admit only analytic solutions: no solu-
tion has smooth nonanalytic initial data.

b. Some linear determined equations Lu = f with analytic L have no solu-
tions for any smooth f unless f is analytic [25].
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Appendix B

Symbol and characteristic variety

We define the notion of symbol of a system of partial differential equations.

The problem

The Cauchy—Kovalevskaya theorem says that we can solve a system of differen-
tial equations, if we can write it as solving for the highest derivative in a single
variable ¢ in terms of all other derivatives, in all variables, and the values of
independent and dependent variables. If we can’t do this in the variables we
are given, we might be able to do it after a change of variables. So we need
a coordinate free description of “how many derivatives” are taken in a given
direction.

The Laplace operator in the plane: u — uzq + uy,. At first glance,
it appears to take two derivatives along each coordinate axis, and no
derivatives in any other directions. But the Laplace operator is invari-
ant under rotation, so it actually “feels” the second derivatives in all
directions.

The symbol of a linear operator

If you differentiate a high frequency wave in a direction in which it oscillates,
it gets bigger. If you differentiate in a direction in which the wave is constant,
it gets killed. We can detect the derivatives taken by a differential operator by
plugging in waves.

Take a large number A and any function f(x) vanishing at the origin. Near
the origin, the function e looks like a high frequency wave: expand f in a
Taylor series f(z) = > &xi+ ...,

N — 6»\25@#...'
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Symbol and characteristic variety

Any linear differential operator,

P= Z cq(x)0®

la]<m

is a polynomial P = P(x,0) in the operators 0,,; the coefficients are functions
of x. Write this polynomial

P(z,8) = Z cq(x)E°.

la]<m

Let P,, be the highest order terms, also called the symbol:

Pm($,§)= Z Ca(x)faa

laj=m

also denoted op(€), for € = &dxt € T*M a 1-form. To see “how many deriva-
tives” P takes in some direction, expand:

P [ei’\fu] = Z e_i’\fca(a:)ﬁa (ei)‘fu) ,
|

al<m

Every time a derivative hits e?*fu, it either hits the exponential factor, pulling
down a power of A, or hits the u, so no power of A\. So the leading order term
in Ais
e~ M p [e”‘fu] =M\ Z Ca(2)E%u + O(N)™ L,
lal=m

= i"A" P, (z,&)u + ON)™ L.
where & = df (z). Without taking coordinates,

efi)\fp [eiAfu]

= 1.
7Pl = i

for any continuously differentiable function f vanishing at z. The symbol
vanishes on the momentum df of a high frequency wave e*u(z) at a point
x = z¢ just when that wave solves P = 0 to leading order in wave frequency A.



Background material from projective geometry

The heat operator in the plane is
Pu = uy — Ugy — Uyy

for a function w = u(t, x,y), and the symbol is op(cdt + adx + bdy) =
—a? — b2,

All along we could have allowed u to be valued in, say, R%, and allow the
coefficients ¢,(x) to be p x ¢ matrices. Then op(§) is a p X ¢ matrix. The
matrix entries are functions of x and polynomials of degree m in &.

B.1 Find the symbol of the Cauchy—Riemann operator
u| (U — vy
P[] -G

B.2 If we are interested in a linear system of equations 0 = Pu, rather than
an operator P, the equations have the same solutions if we rescale both sides
by some invertible matrix g(x). Similarly, we could rescale the u variable by a
matrix h(x). Check that

agpn(§) = gop(§) h.
9y,

If we change variables by a diffeomorphism y = h(z), then 9,, = > 92Oy,

and for any 1-form § =3, {idy; = >, &; %dwi, so when we substitute &; for
ayw

on.p(§) =op(h’E).
We knew this already: the symbol op(€) is defined independently of coordinates.

Taking exterior derivative d as our differential operator,
e~ Md(e™) = iMdf Aw + dw,

so the symbol is

O'd(f) = 5/\3

i.e. the symbol is the linear transformation w — & A w, where £ is a
1-form.

Background material from projective geometry

The projective space PV of a vector space V, over any field, is the set of lines
through the origin of V' [29]. If V has dimension n+ 1, we may write PV as P".
For any v € V with v # 0, [v] € PV is the line through v. Any nonzero linear
function f on V vanishes on a hyperplane in V. This hyperplane determines f
up to rescaling, and vice versa. So each point [f] of PV* is naturally identified
with a hyperplane in V.
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Symbol and characteristic variety

The characteristic variety

The characteristic variety of a linear differential operator P is
Epm={[] €PT; M |kerop(§) #0}.

Let TS*M = T* M ®C. The complex characteristic variety consists of complex
lines in a complex vector space:

Ebm ={ 16 €EPTL"M | kerop(€) #0 }.

A 1-form £ belongs to the characteristic variety just when the operator P takes
“exceptionally few” derivatives in the direction of &.

For the heat operator, the characteristic variety is the set of [c, a, b] € P?
so that a? + b? = 0, i.e. the single point [c,a,b] = [1,0,0] € P?, while
complex characteristic variety consists of the complex number solutions
to the same equations: [c,a,*al, i.e. b = ia and b = —ia, a union of
two complex lines.

Take exterior derivative d on k-forms as our differential operator. The
symbol is 04(§) = €A, so the characteristic variety is the set of all lines
[€] spanned by 1-forms £ # 0 so that £ Aw = 0 for some w # 0. If
we work with only O-forms w, then this forces £ = 0: the characteristic
variety is empty. If £ > 0, then any & has £ A w = 0 for some w # 0:
take any w of the form £ A7n. So the characteristic variety of the exterior
derivative on k-forms is

= —
—

dm —

empty, if k=0,
P> M, itk >D0.

The same calculation computes the complex characteristic variety:

—c _ )empty, if k=0,
TAm T APTE M, if k> 0.

For the heat operator, the characteristic variety at each point consists
of the single hyperplane dt = 0. This hyperplane is the tangent plane
to each surface representing space at constant time.

For a vector field X, thought of as a differential operator Pu = Xu, the
characteristic variety is the set of [¢] so that £(X) = 0, i.e. the set of all
hyperplanes containing the vector X.



Linearization

For the wave operator, Pu = Uz — Uggy — Uyy, the symbol is
op(t,z,y,c,a,b) = 2 —a? — b?. Up to rescaling, we can arrange ¢ = 1,
so the characteristic variety is a circle [1,a,b] € P? so that a? + b = 1.
As a family of hyperplanes, this circle is the set of hyperplanes tangent
to the “light cone” dt? = dx? + dy?.

Points of the complex characteristic variety are complex hyperplanes in the
spaces of complexified tangent vectors.

B.3 Find the characteristic variety of Maxwell’s equations in the vacuum.
Linearization

Take a nonlinear differential equation, say u; = uz,u+sin(u,), and take
a solution (¢, z). Take a function v(¢,x) and plug in u + v instead of
u to both sides, supposing that v + €v is also a solution, at least up to
an error smaller than e:

Ut + vy = (Ugy + EVzz) (U + €0) + sin(uy + evy) ,
=Ulgy + si0(Uy) + € (Uzg¥ + Vazt + cos(uy) vy) + 0(5)2
using the Taylor series of sin. Since u satisfies the differential equation,

we can cancel off u; = uug,, + sin(u,) from both sides, and divide by &
and send ¢ — 0:

Vg = Ugg¥V + Vgt + cos(ug) Vg,

a linear differential equation in v, but with coefficients which depend on
the solution u that we perturbed about.

More generally, for any expression Plu] = F(z,u, u,) (a differential operator,
perhaps nonlinear), and any function u for which Plu] = 0, the linearization of
P about u is the linear differential operator

P'lulv = Fy(z,u,uz) v+ Fy, (T, u, uz) Uy,
and similarly for higher order operators.
B.4 Let A = 9,,+9,,. Linearize the equation Au = |du|? around the solution
u=1.

2

B.5 Let A = 0,4+ 0yy. Linearize the Liouville equation Alogu = —u* around

. 1 4
the SOluthn u = 5 log <W) .

When we take about a differential equation 0 = F(x,u,u,), defined for
r € R", u € R¥ u, € R™ lying in some open set (z,u,u,) € U C R*EF1F e
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Symbol and characteristic variety

implicitly assume that F is analytic and that the set M of all (z,u,p) € U C
R HE+1E where F(x,u,p) = 0 is a manifold and that the map (z,u,p) € M
(z,u) is a submersion (so the differential equation doesn’t, locally, constraint
the value of the independent or dependent variables).

If we are given the values of u and wu, at just one point x, then we can
calculate F'(x,u,u,) at that one point, and if 0 = F(z,u, u,) then we can also
calculate the linearization P’[u] at z, or in other words we can calculate the
coefficients of the linearization at x:

F.(z,u,u,) and Fy,_(z,u,uy) .

Therefore we can calculate the characteristic variety =y 4 ., of our differential
equation, by which we mean that of the linearization at (z,u, u,).

The linearization of u; = gy +Uyy +u? IS vy = Vlgy + Uy + Vyy +2uv,
so the characteristic variety is 0 = 0 + u&2 + 55 + 0, if we write the
components of a 1-form § as & = &, dt + &, dx + &, dy.

Initial value problems

A differential equation is determined just when the symbol matrix o (£) is square,
and invertible for some &.

Lemma B.1. A differential equation 0 = F(x,u,us) can locally be written in
the form of the Cauchy-Kovalevskaya theorem in some coordinates just when it
is determined.

Proof. If we linearize the equation around some point (z, u,p), we get the linear
equation
0= Fy(z,u,uz)v + Fp(z,u, ug)vs,

with symbol o (&) v = F,(z,u,u;)év. So if we write coordinates as z?, u®, p¢,
then the symbol matrix is

We want to see when we can somehow smoothly solve, at least locally, the
equation 0 = F(z,u,u,) for some u,, as a function of z,u and the other u,;.
By the implicit function theorem, we can do this just when F},, is an invertible
square matrix. Note that

o(dx;) = Fp,.

On the other hand, if o(§) is an invertible square matrix for some £, we can
linearly change variables to arrange that £ = dx; and reverse our steps. O

The problem of specifying initial data for nonlinear equations is much more
complicated than for linear equations. Take a hypersurface H C R" of the
x-variables and maps u(z) and p(x) defined along H so that p(x)v = u/(z)v for



Initial value problems

any tangent vector v to H. The maps u(z), p(z) are noncharacteristic initial
data if (z,u(z),p(z)) € M for each x € H and T, H is noncharacteristic for the
the linearization of our equation at each point (z,u(x),p(x)).

Lemma B.2. A determined system of equations has some analytic noncharac-
teristic initial data through any point (z,u,p).

Proof. Since the symbol matrix is somewhere invertible, the characteristic va-
riety =, is not all of PT,x M, where m = (z, u,p). O

Theorem B.3. Take a determined system of differential equations and non-
characteristic initial data along an embedded hypersurface, all analytic. There
is an analytic solution to the differential equations agreeing with the initial data
along the hypersurface. Any two such agree near the hypersurface and agree in
any connected open set where both are defined.

Proof. If we can prove uniqueness of local solutions, then we can glue them
together to get a unique global solution. So it suffices to prove the result locally.
By an analytic change of variables, arrange that our hypersurface is ¢ = 0 in
some (t, z) variables. By the implicit function theorem, if we have a smooth map
F(t,z,u,p,q), we can locally smoothly solve F'(t,x,u,p,q) = 0 for a variable p
as a function of the other variables just when F}, is a matrix of full rank. We
can rewrite the equation F(t,x,u,us, u,) = 0 in the Cauchy—Kovaleskaya form,
i.e. solve for u; as a function of the other variables, just when F,,, is a matrix
of full rank, i.e. when ¢ = 0 is not characteristic for the linearization of the
differential equation. O

Corollary B.4. A determined analytic system of differential equations has a
local analytic solution near any point.

Take the equation uf + u2 = 1 with initial data u = 0 at ¢t = 0. Differ-
entiating the requirement that u = 0, we require u, = 0 too at t = 0, as
part of our initial data. The differential equation then says that u; = +1
at t = 0. The linearization at any point is

2uvy + 2ugzv, = 0.
Along our initial data, this is
2’Ut =0.

The linearization is determined, so the nonlinear equation is, and our
theorem guarantees a solution near ¢ = 0. Easier: we could have just
solved

Ut = +4/1 — u%

without using the theorem above, and then any initial data (0, z) with
—1 < u, <1 all along t = 0 would give rise to a unique solution w(¢, )
near ¢t = 0.
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Symbol and characteristic variety
Higher order differential equations

Consider a linear differential operator Pu = u,; its symbol is op(§) =
—&2. Take a first order operator with the same kernel:

u Vg 0 1 U
o(2)- ()= @ o))
The symbol of @ is
w0©= (g §)-

The characteristic variety is 5¢g = (52 = O) =Zp.

If there are many functions u of many variables z, this op is a matrix-valued
quadratic form, and the same steps tell us that =g = Zp and Z¢(C) = Zp(C):
replacing a system of differential equations by its equivalent first order system
doesn’t change the characteristic variety.

The minimal surface equation

representing surfaces which have locally least area with given boundary,
has empty characteristic variety at every point. If we pick any embedded
real curve in the plane, and along that curve pick functions f,p, g, there
is a unique solution near that curve so that v = f,u, = p,u, = ¢ along
the curve.

B.6 Find the characteristic variety of the Euler—Tricomi equation usy = ttgs.

B.7 If P = Oy, + 0y, then the associated equation Pu = 0 is the equation
of an electrostatic potential energy u: the Laplace equation, and A := P(D)
is the Laplace operator. Show that the characteristic variety is cut out by the
equation 0 = &2 4+ 7%, which has (£,1) = (0,0) as its only solution.

B.8 Calculate the linearization, symbol and complex characteristic variety of
the minimal surface equation around a solution u(z,y).

B.9 Suppose that 0 = F(x, u, u,) is an analytic system of partial differential
equations, and the symbol of the linearization about any point (z,u,u,) has
a covector & for which o(&) is a surjective linear map, with kernel of rank k
say. Prove that we can locally add k£ additional equations to make the system
determined, and conclude that there are local solutions. What is the correct
notion of noncharacteristic initial data?



Counterexamples

Counterexamples

Linear analytic scalar equations which are not determined fail to have either
existence or uniqueness of solutions, with analytic initial data [23]. For functions
which are not analytic, uniqueness can fail even for determined equations:

a. Some smooth linear determined equations have smooth solutions which
agree on one side of a noncharacteristic hypersurface and disagree on the
other [2].

b. Some analytic nonlinear determined equations have smooth solutions
which agree on one side of a noncharacteristic hypersurface and disagree
on the other [28].

There are some results ensuring analytic local solutions of analytic differential
equations with initial data characteristic at some points [11].
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Appendix C

Analytic convergence

Convergence

A sequence fi, fs,... of analytic functions of real variables, defined on some
open set, converges to an analytic function f just when that set lies in an open
set in complex variables to which f and all but finitely many f; extend and
where f; converge uniformly to f on compact sets. By the Cauchy integral
theorem [1] p. 120, convergence is uniform with all derivatives on compact sets.

C.1 Prove: a sequence fi, fs, ... of analytic functions converges to an analytic
function f just when we can cover their domain in compact sets, and cover each
compact set by an open set in complex variables, to which f and all but finitely
many f; extend and are bounded, and on which f; converge uniformly to f.

Commutative algebra

A graded ring is a ring R which is the direct sum of abelian groups Ry, R1, ... so
that R;R; C R;1;, elementary if generated by Ry and R;. An R-module M is
graded if a direct sum of abelian groups M; with R;M; C M, ;; asymptotically
simple if Ry My = M1 for all sufficiently large k; elementary if each M is
finitely generated as an Rg-module.

Lemma C.1 (Phat Nguyen [30]). An elementary graded module over an ele-
mentary graded Ting is finitely generated if and only if asymptotically simple.

Proof. Suppose M is finitely generated over R, hence by My + M7 + - -+ + Mj.
For any j > k,

Mj1 = RjpaMo+ RjMy + -+ + Ri M.
Since R is elementary
Mjy1 = R Mo + R)M; + -+ R M; C Ry M.

But RiM; C Mjy1, s0 Mjy1 = RiM; for all j > k. Therefore M is asymptoti-
cally simple.

Conversely, assume M asymptotically simple: Ry M; = M;4, for any j > k.
As an R-module, M is generated by My + My + --- + M. Because M is
elementary, we can select a finite set of generators from each of My, ..., M} as
an Rgp-module, hence as an R-module. O
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Analytic convergence

A module M over a ring R is Noetherian if every R-submodule is finitely
generated; R is Noetherian if every ideal is finitely generated.

Theorem C.2 (Krull Intersection Theorem [30]). Suppose that R is a Noethe-
rian commutative ring with identity, I C R an ideal, M a finitely generated
R-module, and

N := ﬁ I'M.

=0

Then there is an element i € I so that (1 +4)N = 0. If all elements of 1+ 1
are units of R, then N = 0.

Proof. Write R, I, M, N as Ry, Iy, My, Ny. Define elementary graded ring and
modules:

R=Rya®l, &k ...,

M= My® IeMy® IZMy® . ..,

N:=No@®Ny ®Ny P....

Since M is asymptotically simple, M is finitely generated over R. Since Ry is
Noetherian, R is Noetherian, so M is Noetherian as an R-module. Because
No C I}My for j = 1,2,..., N is a graded R-submodule of M, so finitely
generated over R. By lemma C.1 on the previous page, N is asymptotically
simple, so IgNg = Ny.

Take generators n, € Ny. Then n, = ), japnp for some jo, € Ip. Let
J = (Jab), @ matrix, and n = (n,) a vector. So (I — J)n = 0. Multiply by
the adjugate matrix (the transpose of the matrix of cofactors) of I — J to get
det(I — J)n =0; set 1 +4 = det(I — J). O

Germs

The germ of an analytic function at a point is its equivalence class, two functions
being equivalent if they agree near that point. A sequence of germs converges
just when it arises from a convergent sequence of analytic functions. By ma-
jorizing, this is just when the Taylor coefficients converge to those of an analytic
function. Germs form a ring, under addition and multiplication of functions.
Pick a finite dimensional real vector space. Germs of analytic maps to that
vector space form a module over that ring.

Theorem C.3 (Hilbert basis theorem [8] p. 81 theorem 2.7, [18] p. 161 lemma
6.3.2, theorem 6.3.3, [34] p. 44 theorem 3.4.1). Every submodule of that module
is finitely generated.

Theorem C.4 (Henri Cartan [5] p. 194 corollaire premiere, [12] p. 46, [15] p.
85 theorem 3, [34] p. 274 theorem 11.2.6). Ewery submodule of that module is
closed under convergence.



Germs

Proof. Pick a submodule S. Take a convergent sequence f; — f of map germs,
with f; € S. We need to prove that f € S. Let R be the the ring of analytic
function germs at the origin, I C R the germs vanishing at the origin, 7" the R-
module of analytic map germs, which we identify with their Taylor series. The
k-th order Taylor series are the elements of 7/I*T!T, and form a vector space
of finite dimension, containing a linear subspace S/I**1S, which is therefore a
closed subset, so contains the k-th order Taylor coefficient of f. Let M :=T/S,
so f € I*M for all k=1,2,.... The set 1+ I is the set of germs of functions
equal to 1 at the origin, so units in R. By Krull’s intersection theorem, f = 0
in M,ie. feSs. O
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Appendix D

The moving frame

In most chapters of these notes, we study geometry that is invariant under diffeomor-
phisms. In this chapter, we study geometry that is invariant under rigid motions of
3-dimensional Euclidean space. We want examples of exterior differential systems.
For simplicity, we look to surface theory: differential equations governing surfaces in
3-dimensional Euclidean space. Naturally, we demand that our differential equations
be invariant under rigid motion. But there are no differential forms on Euclidean
space invariant under rigid motion. We will instead find invariant differential forms
on the frame bundle of Euclidean space.

Notation

Warning: We use the notation E? instead of R? to mean Euclidean space, i.e.
R? with its usual metric.

Warning: In this chapter, e, es, e3 denotes an arbitrary orthonormal basis of
E3, not necessarily the standard basis.
Orthonormal frames
An orthonormal frame is a pair (z,e) where x € E3 and
e=(ey eg e3)
is an orthonormal basis of E3 arranged into the columns of a matrix.

€1

\ s
S e

€2

D.1 For any two frames (x,e), (2',€’), there is a unique rigid motion ¢, i.e.
a distance preserving transformation, taking one to the other: z’/ = ¢(x),

I
€; = Pxb;.
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The moving frame

Each rigid motion ¢ has associated frame (z, e) which is the frame that arises
when we apply ¢ to the standard basis frame at the origin. Let O(3) be the set
of 3 x 3 orthogonal matrices. To each orthonormal frame (z,e) € E?, associate

the matrix
B (1 0>
T e

h: (z,e) € E3 — h(z,e) € E3 x O(3).

giving a map

D.2 Let ¢ be the origin and ey the standard frame, consisting of the standard
basis vectors. Associate to each rigid motion ¢ this matrix h(z,e) = hp(xo, o)
as above. Prove that this association is an isomorphism of groups from the
group of rigid motions of Euclidean space to the group O(3) x E? of such
matrices. We see a matrix description of the rigid motion that takes the origin
to x and the standard basis to e. Prove that

h(z,eq) = h(z, e) (é 2)

for any orthogonal 3 x 3 matrix g.

Frames on curves

Take a curve in E3

o/

%

and consider all of the frames (z, e) with  a point of the curve.

N2
\_/

At each point z of the curve, any two such frames agree up to orthogonal
transformation; the set of all such frames is a 4-dimensional manifold. If a rigid
motion takes one curve to another, it takes these frames along the one curve to
those along the other curve. If the curve is immersed, a frame (z, e) is adapted

if e; is tangent to the curve.
®\/

%



Frames on surfaces

At each point x of the curve, any two adapted frames agree up to changing
the direction of e;, and rotating or reflecting es, e3 in the plane normal to the
tangent line; the set of all such frames is a surface inside that 4-dimensional
manifold. This surface of adapted frames is built by attaching to each point
of C four circles: take any one adapted frame, and then rotate es, e3 to form
one circle, then reflect the plane of es, e3 to form another, and then reflect e;
to carry those into two more. We will carry out computations directly inside
this surface. For a connected curve, this surface has 4 components.

Every rigid motion is determined by where it moves any chosen frame. Any
rigid motion preserving an immersed curve takes any frame adapted to the curve
to another frame adapted to the curve. So we can guess that the group of rigid
motions preserving an immersed curve is at most a 2-dimensional submanifold
of the 6-dimensional group of rigid motions. If the curve is a straight line,
we can slide a frame along the line, and rotate around the line, so we see a
2-dimensional group of rigid motions.

Frames on surfaces

Similarly, a frame is adapted to a surface if x is a point of the surface and eg is
normal to the surface.
- 4 ﬁ

The set of adapted frames (z, e) of a surface is a 3-dimensional manifold, as we
can move the point = along the surface, and rotate ey, es around e3. Hence the
group of rigid motions preserving an immersed surface is at most a 3-dimensional
submanifold of the 6-dimensional group of rigid motions.

The frame bundle

The frame bundle E? of Euclidean space E? is the set of all orthonormal frames.

Any rigid motion ¢ of E3 takes e, ez, e3 to @.e1, pe2, pres. If you pick an
orthonormal frame (x,e) and I pick another one, say (z,¢’) at the same point
x, then yours and mine must agree up to a unique orthogonal matrix, because
they are orthonormal bases of the same vector space E3. So e;- =", gije; for

a uniquely determined orthogonal 3 x 3 matrix g = (g,;); denote this e’ as eg.

An orthonormal frame (z,e) with e = (e; ea e3) has e € O(3) an orthogonal
matrix, so B3 = E? x O(3) and the expression eg is matrix multiplication.
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The moving frame

Adapted frames for a curve

Take a curve C in E3. At each point ¢ € C, take e; to be a unit vector tangent
to C. We can pick an adapted frame (z, ), uniquely up to replacing (z,e) by
(z,eg) for any orthogonal matrix

9= <f)l 2>,h60(2).

The curvature vector of C' at a point is the acceleration as we move along C at
unit speed. The choice of unit speed parameterization is known as an arclength
parameterization. The arclength parameterization is unique up to adding a
constant or changing the direction of motion, i.e. the sign. Changing direction
changes the sign of velocity, but we hit two sign changes when we take two
derivatives, so the curvature vector is independent of the choice of arclength
parameterization. In particular, the curvature vector is defined without selecting
any orientation of the curve C.

Write the (perhaps local) inverse of an arclength parameterization as a
function s on an open subset of C', uniquely determined up to sign and adding a
constant. The identity function « — 2 on E? restricts to a function z: C' — E?,

and clearly
dx

%a
when we take e; to point in the direction of increasing s, i.e. use s to orient C.
Differentiating again, the curvature vector of C' is

o de
T ds”

ey =

If kK = 0 at every point of the curve then the curve is a straight line. If k # 0 at
some point, then we can uniquely determine a unit normal vector es to C' by

K
€2 = 0,

|~

and then define the curvature to be k := |k|. Having chosen e1, e5 at each point
of our curve, eg is determined up to sign, and can be chosen smoothly.

D.3 Calculate that

d d
2 _ —key + tes, o _ —teo,
ds

for some function ¢, the torsion.

The sign of t depends on the choice of ez, which is unique up to sign, so tes
is defined independent of choice of e3. But tes still depends on the choice of
sign of ey, i.e. the direction of motion. So we could say that the complicated
expression teg ds, a 1-form valued in the normal line to the curve, is an invariant
independent of any choices.



Adapted frames for a curve

The frame ey, e, e3 of an oriented curve of nonzero curvature is the Serret—
Frenet frame. Note that we can change sign of e;, i.e. change orientation,
and independently change sign of e3. So the frame bundle of C' contains four
Serret—Frenet frames above each point of C. As we move along C, these four
points trace out four curves in the frame bundle. The torsion changes sign if
we change the sign of ez, so it is not really a function on the curve C. We can
pick out one choice of Serret-Frenet curve by orienting both C' and E3. We can
guess that the isometries of E which preserve a nonlinear curve are at most
1-dimensional.

D.4 For a curve with nonzero curvature vector, prove that its torsion vanishes
if and only if the curve lies in a plane.

Intuitively, torsion controls the rate at which the curve twists out of its
tangent plane, while the curvature controls the rate at which the curve
twists in its tangent plane.

With only rigid motions, we can turn a circle around, slide a line along
itself, and twist a helix along itself, and allow reflections in direction.
The adapted frames of these curves are taken one to another by these
rigid motions. So the curvature and torsion functions are constant,
except that the torsion changes sign if we change the choice of es, or of
direction of motion along the curve.

D.5 Compute the curvature and torsion of a helix. Prove that any constant
values of curvature and torsion can arise for a suitable choice of helix.

Theorem D.1. Take an interval I C R. Given a continuous positive function
k: I — (0,00) and a continuous function t: I — R, there is a curve C in E3
with twice continuously differentiable unit speed parameterization x: I — E3
and with curvature k and torsion t. Any two such curves are identified by a
unique rigid motion of E3.

Proof. To each adapted frame (x e), associate the matrix

-1 0).

This g maps each adapted frame (z e) of the curve to the rigid motion g(x e)
which takes the origin to  and the standard basis to e. For the adapted frames
of a curve, the above gives

00 0 0
dg 1 0 -k O
as Jlo ko —t

00 t 0
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These equations are linear, so there are global continuously differentiable solu-
tions, by the existence and uniqueness theorem for linear ordinary differential
equations, with any initial data. Expand out to

dx
% = €1,
d 0 -k O
df (61 €9 63) = (61 €2 63) k 0 —t
iy 0 t 0

If e1, €9, e3 are orthonormal at one point sg € I, then

—€1 €1 = 261 . keg = 0,

ds

etc., so remains an orthonormal frame. The choice of initial conditions at a
single point determines the curve and the frame. If we translate x or rotate
x,e1, e, ez by a constant rotation, check that this takes us to another solution.

Since ey (s) is continuously differentiable and dz/ds = ey, x is twice continuously
differentiable. O

Any curve of constant positive curvature and constant nonzero torsion is
a helix, by existence (from the problem above) and uniqueness. Similarly,
any curve of constant positive curvature and zero torsion is a circle, and
any curve of zero curvature is a line.

D.6 For a given curve in 3-dimensional Euclidean space, with nowhere van-
ishing curvature vector, find every other curve so that, parameterized by arc
length, points on the two curves which have the same arclength parameter also
have the same direction of curvature vector.

Adapted frames for a surface

An adapted orthonormal frame (or just frame for short) on a surface S in E? is
an orthonormal frame (z,e) € TE? so that x € S and ey, ey are tangent to S at
x, and therefore ez is normal to S.

If S is the unit sphere in E2, we can write the points of S as
a1

r = X9
T3



The soldering forms

with 1 = 2% + 22 + 2%. Away from the north or south pole, we can take

1T
1 1
— (a1 + 23)

— 0 €2 = —F———
2 2 ’ 2 2
VII 23 \ g V] + 3 To3

Z3
e =

tangent and
T
€3 = | I2
T3

normal. Alternatively, we could instead have taken e to be the negative
or this, and we could also have taken e; and ey to be any rotation or
reflection of these in the tangent plane.

The frame bundle 'S is the set of all adapted orthonormal frames for S. The
manifold 'S is a 3-dimensional submanifold of E? = E? x O(3).

D.7 Explain why, if S = S? C E3 is the unit sphere around the origin, then 'S
is diffeomorphic to two disjoint copies of O(3), given by the equation x = +es.

Each orthogonal 3 x 3 matrix g preserving the horizontal plane

(k0
9=\o n
with h € O(2) and n € O(1) = {£1}, acts on 'S as (z,e)g = (z, eg).

The soldering forms

If v is a tangent vector on the manifold E?, we can write v as (&,¢), an
infinitesimal motion & of the point z, and an infinitesimal rotation é of the
frame e. We can write out any tangent vector & in terms of the basis ey, es, €3,
say as & = ajej + ases + ages. The soldering forms are the 1-forms wy, we, w3
on E3 given by (,€) sw; = a;. So the soldering forms measure, as we move a
frame, how the base point of the frame moves, as measured in the frame itself
as a basis.

The identity function on E3, which we write as x, is defined as x(p) = p
for any point p € E3. Of course dx(v) = v for any vector v, i.e. dr = I is the
identity matrix. We define z also on E? by x(p,e) = p. We can write the
1-forms wy,ws, w3 on E3 as wy = e1 - dr,ws = €y - dr,ws = ez - dz. On our
vector v = (&, €), we have v ow; = ¢; - & = a;.

The connection forms

When we move a frame (z, e), the soldering forms measure the motion of the
underlying point z. We want to measure the rotation of the vectors ey, ez, e3.
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Infinitesimal rotations are complicated. Write the inner product on E? as
Ty = T1Y1 + T2Y2 + T3y3. SO

1 ifi=j,
e;-e; =
710 ifi #£ .

If we rotate an orthonormal basis e, es, e3 through a family of orthonormal
bases e1(t), e2(t), e3(t), along some curve x(t), these still have the same constant
values of e;(t) - e;(t) at every time ¢. Differentiate: 0 = é;(¢) - e;(t) +e;(t) - €;(¢).
Therefore we can write any infinitesimal rotation of frame as é; = ). aj;e;
for an antisymmetric 3 x 3 matrix A = (a;;). The quantity a;; measures how
quickly e; is moving toward e;.

The Levi-Civita connection forms are the 1-forms v;; = e; - dej, i.e. vy =
aj;: S0 7;; measures the tendency of e; to move toward e; as the frame moves.
In particular, 0 = 7;; + 7;;. These w; and +;; are defined on E?, not on E3,
because they depend on x and e. If we move a frame, we said it moves by a
velocity vector v = (&, ¢é) with é; = Zj aj;e; for an antisymmetric matrix a,;,
SO

V%5 = VL€ ~dej = €; 'éj = Qjj-

So the 1-forms w; restrict to any “moving frame” (x(t), e(t)) to describe how the
velocity of the moving point x(t) is expressed in the moving frame e(t), while
the 1-forms ~;; describe how the infinitesimal rotation of the moving frame e(t)
is expressed at each moment in the moving frame e(t).

Write our soldering forms as w, thought of as a column of 1-forms

wi
w = wo
w3
and our connection 1-forms as
Y1 Y12 713 0 Y2 M3
Y=17%1 Y22 Y23 | =[-—712 0 o3
Y31 Y32 V33 —v13 —723 O

an antisymmetric matrix of 1-forms, the Levi-Civita connection.

D.8 Prove that the soldering and Levi-Civita connection forms satisfying the
structure equations of Euclidean space:

dw; = —Z’yij‘ Awj,
J

dyij = =Y Yik N k-
k

D.g For g any 3 x 3 orthogonal matrix, if we write r4(x, e) to mean (z, eg), and
g" for the transpose of g, prove that Tow = g'w and Ty = g"vg. Expanding

out, this means 7jw; = Zj gjiw; and 75y = >y GhiVkege; -



Curves and forms

Curves and forms

In this section, we adopt the notation that 4,3, k,¢ = 2,3. Take a curve C in
E3. At each point of 'C, es, e5 are perpendicular to T,C, so 0 = wy = w3 on 'C.
Note that wi = e1 - dx = ds, if we pick e; to agree with the direction in which
the arclength function s increases. So dw; = 0. From the structure equations
of Euclidean space,

0 = dLUQ = —721 /\wl.
0= dw;), = —731 /\wl.

Therefore 91 = kads,y31 = kzds for unique smooth functions ks, k3 on 'C', but
these change sign if we change the direction in which we measure arclength s.
We can move any adapted frame (z,e) of C' with  moving along C, or with
the e; rotating among frames of the tangent line. The 1-forms measuring those
motions wy, 23 are all linearly independent, together forming a coframing on
'C', i.e. a collection of linearly independent 1-forms spanning the 1-forms at
each point. We obtain the structure equations of a curve C in E3:

dwl = 0,
drya3 = 0.

Each of the 4 curves in the frame bundle, from the 4 Serret—Frenet framings,
have their own arclength function s, defined to agree in direction with ey, but
only defined up to adding a constant. In other words, since dw; = 0, locally
wy = ds for a function s defined up to a constant. On the frame bundle of C,
we can turn e, e3, so have a nonzero 1-form ~o3.

D.10 Prove that the vector kqes + kses is actually defined down on C'; and
equals the curvature vector.

If the curvature vector is nonzero, we can define the Serret—Frenet frames to
be those on which ks > 0 and k3 = 0. The set of Serret—Frenet frames consists
of 4 curves in the frame bundle. It has k3 = 0, so 31 = 0, and 21 = kw;y # 0,
so differentiate 0 = y31 to get

0= —v32 A21,
= —kvy32 Aws.

S0 32 = tw; for a unique function ¢ on those 4 curves. We can see a gen-
eral pattern emerging: write out the structure equations, get the geometry to
impose some relation on the 1-forms in the structure equations, and differen-
tiate repeatedly, applying Cartan’s lemma when possible, until the invariants
pop out, and the structure equations reduce down to having only the linearly
independent 1-forms in them.
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Surfaces and forms

The expression dz - dz is the Euclidean inner product in Euclidean space, so is
well defined on tangent vectors to any curve or surface in Euclidean space. Take
a surface S in E3. The unit normal e; is defined up to sign at each point of S.
Hence des is also defined up to sign, as is des - dx, and so e3(des - dx) is defined
on S, called the shape operator, or the second fundamental form, denoted II.
Let us find a different way to write this.

As we move along a curve in S, take e; to be tangent to that curve, and
travel at unit speed; pick es, e3 to give an adapted frame along the curve. The
vector es moves in the direction of ey, i.e. the curve turns in the tangent plane
to the surface, as the w; component of e; - des = v15. So this component is the
curvature of the curve in the surface. Recall that es is normal to the surface;
stand on the surface, with e3 pointing straight upward. The vector e3 moves
down toward ej, i.e. the surface bends down as we move along the curve, as
the wy component of ey - des = y13. The vector e3 moves toward e, i.e. the
surface twists like a screw, as we move along the curve, as the w; component
of €9 - d@g = 7Y23.

From here on, adopt notation 7,j,k, £ = 1,2. At each point of 'S, e3 is
perpendicular to TS, so ws = 0 on 'S. From the structure equations of
Euclidean space,

0:dw3:*273i/\wi.

Therefore 73, = — > ; @ijw; for unique smooth functions a;; = aj; on "S. So
a;; measures the tendency of e; to move toward e3 as we move in direction of
ej, i.e. we measure how the surface twists like a screw. This measurement is
(not obviously) symmetric in ¢, j: if the surface twists as we move in a certain
direction, it twists just as much if we move in the orthogonal direction. These
a;; are the components of the shape operator:

We can move any adapted frame (z,e) of S with £ moving along S and the
e; rotating among frames of the tangent space. The 1-forms measuring those
motions wy,ws, 12 are all linearly independent, together forming a coframing
on 'S, i.e. a collection of linearly independent 1-forms spanning the 1-forms at
each point. On our surface, 0 = w3, so often forget w3 and let w = wy + iws.
To simplify notation, let o := 15 (because the letter « looks like v rotated in
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the plane). We obtain the structure equations of a surface S in E3:
dw =ia A w,
i
da = §K wAw

where K is the Gauss curvature. From the structure equations of Euclidean
space, da = dyi2 = —v13 A Y32, 50 K = a11a22 — CL%2~

Rotate the frame

This section can be omitted without loss of continuity.

Recall that we write each orthogonal 3 x 3 matrix g preserving the horizontal

plane as
_(h O
9=\0 n

with h € O(2) and n = 1. Write h as a product of a rotation matrix e and
zero or one complex conjugation matrices, which we write as C'. Expanding out
the equation 7w = g'w with ws = 0 gives rjw = h'w. In complex notation

* —10
riew =e "w,

rew = w,

ThW = w.

Expanding out the equation reY = g"vg into 3 x 3 matrices gives

ryo = (det h)a,
r* 713\ _ nh’ Y13 _
9\ 23 V23
0 (1 012
as ax)’

then rja = nh'ah. In our complex notation, with a := 712,

If

*

e = a,
rha = —a,
rroa=q.

Mean curvature

The mean curvature is H = % (a11 + agz). The mean curvature vector is Hes.
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D.11 Prove that the mean curvature vector is defined on the surface, a vector
field pointing normal to the surface. Why might the mean curvature not be
defined as a function on the surface?

The sphere E? of radius 7o has frame bundle consisting of the (z,e) € E?
so that = +rpes. Therefore ;5 = e; - des = *e; - dx/rg = *w; /T, so
a = +I/ro depending on orientation. Gauss curvature is 1/r3. Mean
curvature is H = £1/rg, depending on orientation. The mean curvature
vector is 2x/r¢, independent of orientation.

For a flat plane, ez lies perpendicular to the plane, while z, e, e are
tangent to it, so 0 = e3 - dxz = e3 - de; = e3 - des, i.e. 0 = w3 = Y31 = Y32,
so a = 0.

D.12 Compute the shape operator and mean and Gauss curvature of a cylinder
of radius rg.

D.13 We know that II is defined on tangent vectors to .S, independent of frame;
check this again using the rules above for how a;; change when we change frame.
Principal curvatures

The shape operator of a surface is a symmetric bilinear form on the tangent
place T,S valued in the normal line to the tangent plane, so orthogonally
diagonalizable. Its eigenvalues are the principal curvatures. If it has only one
principal curvature, i.e. a is a multiple of the identity matrix, the point x is
an umbilic of the surface. On the other hand, if it has two distinct principal
curvatures then its two perpendicular eigenlines are the principal directions.

Higher fundamental forms

D.14 Let

2a12 a2 — a11
Da = da+ « .
azs — a1 —2apo

Differentiate the equations v;3 = a;;jw; to reveal that Da;; = >, aijrwy where
a;;k is symmetric in all lower indices.

The third fundamental form is I := e3a;;pw;w;wy.

Local picture of a surface

Take a point xg of a surface S and let n be a unit normal vector to S at z,
say n = —es at xg. Fixing that constant value of n, take the linear function
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f(z) :=n-x. The differential of f is
eiadf =e;od(n-x)=n-e,
for ¢ = 1,2, vanishing at x¢. The second derivative matrix of f at xg is

I (ei,ej) =ei=d(n-e;),
=e;2n-dej,
= —e€¢; €3z " dej,
= —€; 73y,
= aji.
Similarly f"’(e;, ej,er) = a;jx. Translate the surface to get x( the origin, and

T,,S the horizontal plane, and n the unit vertical vector. Then S is locally the
graph of x5 = f(x1,22), and f has a critical zero at the origin, so

1
T3 = 5 i Ti; + G Lidk it Tk +0()".

We can pick the frame e;, es at our point to diagonalize the shape operator, say
with eigenvalues (i.e. principal curvatures) ki, ka:

k k 1
x3 = Elx? + ?2335 + g LiakTiTiTh +0(x)*.

So if we can match up tangent spaces, first, second and third fundamental forms,
we can match surfaces up to third order (viewed as graphs of functions).

D.15 Prove that, if the Gauss curvature is positive at g then S lies on one
side of its tangent plane near zg, and if the Gauss curvature is negative then it
doesn’t.

D.16 Prove that every compact surface in E3 has a point of positive Gauss
and mean curvature.

Take a smooth function f defined in an open subset of E3. Let M C E3 be
a level set M := (f = ¢p) of f on which df # 0.

D.17 Compute that on the frame bundle of M,
~ €; - D2f
i3 =
|df|

So the shape operator of each level set M = (f = ¢y) of f, at each point
x € M where df # 0, is

D2f|T1M

I = vyjgw; = ———"—.
|df |
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If f is a polynomial function of degree at most two, then D?f on each
tangent plane T,,M of M = (f = c¢y) is just the quadratic terms in
f- The nonzero level sets of a positive definite quadratic function have
positive mean and Gauss curvature.



Appendix E

Curvature of surfaces

Example: surfaces of revolution

Take a curve C in the plane, and rotate it around a line in that plane (the
azxis of revolution) to create a surface of revolution S. Suppose for simplicity
that the curve doesn’t touch the axis of revolution. Place the axis of revolution
vertically. Write the points of E? in cylindrical coordinates (7 cosf,7sin 6, 2).
Our plane is 8 = 0, and our axis of revolution is » = 0. Our plane curve C' is
arclength parameterized as z'(s) = (r(s),0, 2(s)). Take adapted frames (z',¢’)
for the curve in the plane, but swap e}, and e} so that €} is normal to the plane
and e} tangent to the plane but normal to the curve:

ei(s) = % = (cos ¢(s), 0,sin p(s)),
esr(s) = (0,1,0),

63(8) = (—sin(s),0,cos ¢(s)).

Let p(6) be the rotation matrix rotating E* about the axis of revolution by
an angle 6. Make an adapted frame at each point of the surface as

z(s,0) = p(0)x'(s) = (rcosf,rsinb,z),
e(s,0) = p(0)e’(s),
E.1 Find all w;, vij.

The shape operator:

Y13 _ —¢ 0 w1
V23 0 -2 \w/)’

So the Gauss curvature of a surface of revolution is

o esine T

r r

)

while the mean curvature is

=1 (<p+ Sin‘/)).
2 r
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Take a function H(s) and try to construct a curve 2’(s) in the plane, so
that the associated surface of revolution has mean curvature H(s). To
do this, we have to solve the equations

7(s) = cos p(s),
sin (s)

r(s)

with » > 0. Each initial value r = r9 > 0 and ¢ = ¢ at some
s = Sg determines a unique local solution, by the existence and
uniqueness theorem for ordinary differential equations. Solve for z by
z(s) = [sin(s)ds, again unique up to adding a constant.

p(s) = —2H(s) —

E.2 If we want H to be constant, say equal to a constant Hy, can you integrate
this coupled system of ordinary differential equations? Hint: is rv/1 — 72+ Hor?
constant along solutions?

Similarly, we can prescribe Gauss curvature K (s) arbitrarily by solving
the equation # 4+ Kr = 0. For example, the surfaces of revolution with
zero Gauss curvature are the circular cones given by rotating a line
segment. More generally, for constant Gauss curvature K = K, the

solutions are (with ko i= /| Kp|)

acos kgs + bsin kgs, if Ko > 0,
r(s) =< a+ bs, if Ko =0,
acosh kgs + bsinh kgs, if Ky < 0.

For Ky > 0, translate s to arrange b = 0, so write
r(s) = ro cos kos,

so that
22 =1-72=1-r5Kysin® kgs,

z= / \/1 — r¢ Ko sin® kos ds,

an elliptic integral, usually denoted F(kqs|73Ko)/ko. Similar remarks
apply to Ky < 0.

giving

E.3 Take a curve Cj in the plane R2?. Prove that there is a curve C; in the
plane E? whose associated surface of revolution satisfies (H, K) € Cy at every
point.



Orientations

Orientations

We could have used only positively oriented frames e, es, e3 of E3. We could
then look at an oriented surface, and define its adapted frames to have ey, es a
positively oriented basis of the tangent plane, and ey, es, e3 a positively oriented
basis of E3. The expression
_(h O
1=(0 2)

simplifies to having h a rotation matrix, and n = 1, so

cosf —sinf 0
g=|sinfd cosf® O],
0 0 1

which we just write as e®.

E.4 Over an oriented surface, prove that the 2-form dA := w; A wy is the
pullback of a unique 2-form dA on the surface, the area form.

E.5 Over an oriented surface, prove that the mean curvature is the pullback
of a unique function on the surface.

E.6 Prove that, on any surface, oriented or not, the shape operator admits a
unique expression as

H
gw2 + E(MD + ow) +

for functions ¢: 'S — C, H: 'S — R. How are the a;; related to ¢, H?

o2

N | Q)

The expression qw? is the Hopf differential.

E.7 If the surface is oriented, prove that the Hopf differential descends to the
surface, as a complex valued quadratic form on tangent vectors.

The Gauss map of a surface is e3, mapping the frame bundle to the unit
sphere.

E.8 Prove that the Gauss map of an oriented surface is the composition of the
map (z,e) € 'S — z with a unique map = € S — ez(x), also called the Gauss
map.

Recovering a surface from its inner products and shape operator
This section can be omitted without loss of continuity.

Theorem E.1 (Bonnet). If two connected oriented surfaces in 3-dimensional
Euclidean space are identified by a diffeomorphism preserving orientation and
the inner product and shape operator on every tangent space, then the diffeomor-
phism is induced by an orientation preserving rigid motion of 3-dimensional
FEuclidean space.
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Proof. Note that we use the orientations of the surfaces in identifying the shape
operators: we have a well defined normal vector on each surface, so we treat
the shape operator as a symmetric bilinear form on tangent spaces. Such a
diffeomorphism S — ', clearly identifies positively oriented orthonormal frames
e1, e of tangent spaces of S with those of §’. Taking the usual orientation of
E3, these extend uniquely into positive oriented orthonormal frames eq, eo, €3 =
e1 X eg, a diffeomorphism of the adapted frames, clearly identifying the soldering
1-forms w1y, ws and wz = 0. Differentiate to find that the Levi—Civita connection
1-form 12 matches. Having the same shape operator ensures precisely that
731,732 match. It then follows by antisymmetry of +;; that all connection

1-forms agree. Let
h=h(z,e) = Lo
=hze)={_ .

as above, and h’ in the same way for the corresponding surface:

hldh = Wl = (O 0) ,

w «

under the diffecomorphism. So h and A’ satisfy the same first order linear
ordinary differential equation
dh = (0 O) h
w o«

along any curve in the frame bundle 'S. Apply a rigid motion to one of the
two surfaces, so that their frame bundles contain at least one frame in common.
By existence and uniqueness for linear ordinary differential equations, h = A’/
along any curve in 'S starting at that frame. The adapted frames which are
positively oriented for E? and with eq, es positively oriented on the surface form
a connected manifold. Hence h = h'. O

Parallel surfaces

This section can be omitted without loss of continuity.

Start with a surface S with a chosen normal direction, i.e. a unit normal
vector ez at each point, smoothly varying. Let S’ be the translation of S
in that direction by a distance ¢t. So then =’ = x + tes, do’ = dx + tdez and
e3-dx’ = e3-dr+tes-des = 0, so ez is still normal to S” at x’. Hence TS’ = T,.S
is constant in ¢, and the Gauss map is unchanged. Identify 'S” = 'S by
G: (v,e) — (2',€¢') = (x + tes, e).

The soldering 1-forms are
wi =e;-dz’,

=e¢; - dx + te; - deg,

= w; + s,

= W; + taijwj,
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which we can write as w’ = (I + ta)w. The Levi-Civita connection 1-form is
M2 = €1 dez = 2.
The shape operator is
Vis = €; - des,
= i3,
W5

If we write this as 7,3 = aw, then
Vs = aw = a(l +ta) W',

so
a = a(l+ta)t.

In any frame in which a is diagonalized, so is a’:

o — ki 0
S \0 ko
in principal curvatures, so

k
(k o>< 0 )
_ (M0 o
0 k2 0 1+t2k‘2

Hence Gauss curvature
;L det a _ K
~det(I +ta) 1+ 2Ht+ Kt2

and mean curvature

;L H+ Kt
14+ 2Ht+ K2
In particular, the parallel surface will not be smooth enough to compute such
quantities at any point ' = x + tez where 1 + tky or 1 + tky vanish. But if
these don’t vanish, then the differential of the map is

di’ = dx +tdes = w; e; + tawje;

an immersion. Surfaces parallel to a Weingarten surface are also Weingarten,
but for a different relation between mean and Gauss curvature.

Constant mean curvature surfaces

This section can be omitted without loss of continuity.

On an oriented surface, a complex differential is an expression of the form fw*
on the frame bundle, but which is in fact defined on the surface. In other words,
it doesn’t transform as we right translate by e*’. Since w transforms by =%,
we need f to transform by e**?:

T:ief _ eik@f'
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E.g Differentiating this, show that
df +ikfoa = Dfw+ Dfo,
for unique complex functions D f, Df.

A holomorphic differential is one for which 0 = Df, i.e. df +ikfa is complex
linear.

A holomorphic chart on an oriented surface in E? is a chart on an open
subset of the surface with differential dz a holomorphic differential. Any two
such charts locally agree up to complex analytic transition maps. The Korn—
Lichtenstein theorem says that any oriented surface is covered by domains of
holomorphic charts. Hence any oriented surface in E3 is a Riemann surface.

E.10 Compute that the Hopf differential satisfies
dq + 2igae = Dqw + Dqw,

where Dg = 2(Hy — Hai) where H is the mean curvature, and dH = Hyw; +
Hyws. Thereby, prove:

Theorem E.2. An oriented surface has constant mean curvature just when its
Hopf differential is holomorphic.

The Riemann—Roch theorem [13] p. 99 shows that a compact Riemann
surface of genus ¢ has a space of quadratic differentials of complex dimension:

0, g=0,
1, g=1,

It is well known that there is precisely one genus zero compact Riemann surface,
up to holomorphic diffeomorphism: the Riemann sphere [13] p. 125. Applying
Bonnet’s theorem:

Corollary E.3. For any constant Hy # 0, the sphere has at most one immer-
sion in B3 with constant mean curvature equal to Hy, up to rigid motion: as a
round sphere of radius 1/|Hy|, with suitable orientation.

Away from umbilics

Recall that principal curvatures of a surface are the eigenvalues of its shape
operator. Suppose that they are distinct k; # ko, i.e. there are no umbilic
points. A Darbouz frame is one in which e, es are eigenvectors of the shape
operator with eigenvalues k1 < ko. The set of Darboux frames of the surface is
a surface, as each Darboux frame is uniquely determined up to signs. On that
surface ;3 = k;w;, for i =1, 2.



Away from umbilics

E.11 Differentiate the equations of a Darboux frame to see that

d k1 _ ki1 ka2 w1
ko ko1 koa) \w2)’
for some functions k;;, perhaps not symmetric in lower indices, while

_ k1w + kaiwe
12 T ke —k

Expand 0 = d?k; to find that, if we let

Dk = dk;1 + ki1,
Dkio = dkio — ki112,
then Dk;; = k;jpwy, with ki, = Kir;. Recall that Gauss curvature is K = k;ks.

Plug into the equation
d’}/lg = le N wa.

to get

d k1awi + kaiwe
ko — Ky

) = k1kowy A wo.
Expanding this out gives

 kip — ko | 2K7, + 2K3,

— k1ko.
0 ko — ky (ko — k1) Rk

Lemma E.4. If a surface bears a point at which the larger principal curvature
is maximal and the smaller minimal, then either the point is umbilic or the
Gauss curvature is not positive at that point.

Proof. We can assume that ks > k; near that point, and then adapt frames
as above. At a critical point of k2 and ki, 0 = dk; = dks, so k;; = 0 and so
v12 = 0, so Dk;; = dk;j = kijrwi. Since kg is maximal, along the flow of ey,
k211 < 0. Since k7 is minimal, along the flow of es, k122 > 0. Plug in above to
get K = k1ko <0. ]

Theorem E.5 (Liebmann). Suppose that S is a connected compact surface
in B3 of (i) constant Gauss curvature or (i) constant mean curvature with
Gauss curvature not having any critical zeroes. Then S is a round sphere.

Proof. By problem D.16 on page 115, there is a point of positive Gauss and
mean curvature, so the constant is a positive constant. At any point at which
the principal curvatures are as far apart from one another as possible, one is
maximal and the other minimal, as their product is constant. Apply lemma E.4
to find a point of nonpositive Gauss curvature where the Gauss curvature is
critical. O
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E.12 Suppose that S is a connected surface in E? and that one principal
curvature is a nonzero constant, and always distinct from the other. Prove that
S is a union of circular arcs of constant radius, with centres on a curve.

We define completeness in appendix G; for the moment, we only need know
that on a complete surface, every bounded vector field is complete.

Theorem E.6 (Hilbert). No complete surface in E® has constant negative
Gauss curvature.

Proof. Take a surface of constant negative Gauss curvature; rescale to make
the Gauss curvature equal to —1. We can assume the surface is connected,
and replace it by its universal covering space if needed, so assume it is simply
connected. Let u be half the angle between the asymptotic curves, so 0 < u <
/2.

€2

€1

A surface of negative Gauss curvature has no umbilics. Check that the principal
curvatures are — cot u, tan u. Differentiate the equations

Y13 = —cotuws,

Y23 = tanuwa.
Differentiate both of these equations, using the structure equations, to find

Yi2 Awp = —tanudu A ws,

Y12 Awg = —cot udu A w.

Check that wy/sinu and we/ cosu are closed 1-forms; noting that 0 < u < 7/2,
so the denominators don’t vanish. Because the surface is connected and simply
connected, there are functions sy, s so that

ds; = wy/sinu,

dsy = wa/ cosu,

unique up to constant and with ds;, dss linearly independent.

The surface is complete, so eq, ea have complete flows. The indefinite integral
f w1 along curves we = 0 is an unbounded function, defined up to constant. But
s1 grows at least as fast, so is also unbounded along curves on which dss = 0,
and vice versa. So the map (s1, s2) from our surface to the plane is onto, and
a local diffeomorphism.

The vector fields 05, = sinu ey, 05, = cosu e are complete and commuting.
Flows of these for times s1, so invert our previous map, hence a diffeomorphism.



Away from umbilics

Let x := (s2—81)/2, y := (81 + s2)/2. The level sets of x and y are precisely
the asymptotic curves. Check that vy19 = —ugzdx + uy,dy, and that the relation
dy12 = Kwi A ws becomes the sine-Gordon equation for the angle 6 = 2u:

0y = sinb.

Note also that 0 < § < 7, so sinf > 0.
Apply Stokes’s theorem to a rectangle R in the zy-plane, using the zy-

coordinate orientation on R:
/ Y12 = / dma,
OR R

0(z,y) — 0(0,y) = 0(x,0) — 0(0,0) + /sin@dw dy.

to find

Two observations from this equation:

o The difference in values of 8 along the top of any rectangle is at least as
large as the difference along the bottom since sin 6 > 0.

e The area of R is the integral of w; A ws, in the orientation of the surface.
In the zy-plane orientation, it is

_/Wl/\WZZ/d'Yl27
R R

= /sinﬁdac dy,
=0(x,y) — 6(0,y) — 0(x,0) + 6(0,0).

Since 0 < 6 < m, the area of the rectangle, in the geometry of our surface,
is less than 2.

Our coordinates are global, so any measureable subset of the surface has
area no more than 2w. Let us compare to the area as measured in the Euclidean
metric of the xy-plane. Each set of infinite Euclidean area has only at most
27 area in the surface geometry, i.e. at most 27 integral of sinf. So that set
contains sets of large Fuclidean area where sin 6 gets small, so 6 gets close to 0
or .

Suppose that 6 is not constant on some horizontal line. Change the sign of
x and y if needed, to arrange that 0 increases along a horizontal line segment.
Split that line segment into three line segments. On the leftmost, suppose that
0 increases by some amount &7, and on the rightmost by some amount ep.

L

€L €R
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Draw the half strips above the line segments. So 6 increases by at least £, across
each parallel line segment across the left half strip. But 6 > 0 everywhere, so
in the middle strip, 6 > 1. Similarly, in the middle strip, 8 < m —eg. So sinf
is bounded away from zero in the middle strip, a contradiction to the infinite
Euclidean area of the strip.

Hence 0 is constant on every horizontal line, i.e. 0 = 0,, so 0 = 0, = sin6,
a contradiction. O

E.13 Use the Frobenius theorem to construct a surface of constant negative
Gauss curvature out of any smooth solution of the sine-Gordon equation, re-
versing the story in Hilbert’s theorem.



Appendix F

The Gauss—Bonnet theorem

We prove that the integral of Gauss curvature over a compact oriented surface in
3-dimensional Euclidean space is a diffeomorphism invariant.

Length and curvature of curves

F.1 Suppose that x(t) is a smooth curve in E? so that 2/(t) # 0 for every ¢
with ¢g < ¢ < ¢;. Prove that there is a reparameterization y(t) = z(7(t)) for
some function 7(t) so that y'(¢) is a unit length vector, i.e. y(¢) has unit speed.
Prove that 7(t) is uniquely determined up to adding a constant. Prove that the
length of y(t) for a <t < b is equal to the length of x(t) for 7(a) <t < 7(b).

Take an oriented curve C', in other words an oriented 1-dimensional manifold,
smoothly immersed in a surface S. An adapted frame for C' at a point ¢ € C'is
a pair (c,e) for S, where (z,e) € 'S and x is the point of S at which the point
c € C lies, and e; is a positively oriented basis of the tangent line to C' at m.
Let "Sc be the set of all adapted frames for C.

F.2 Prove that the set 'S¢ is a curve in C x 'S..

Map (c,e) € 'S¢ — (z,e) € 'S. Using this map to pullback wy,ws and
a = 2. If we parameterize C, say as z(t), then ey (t) is the unit vector in
the direction of 2/(t), so that wi = e1(t) - dz = e1(t) - & dt = |i(s)| dt. So
w1 is a well defined 1-form on the curve C' and fC wy is the length of the
curve C. Meanwhile ey is perpendicular to the tangent line to C, so on 'S¢,
we = eg - dr = ey - %dtzo. Therefore 0 = dwy = a A wy.

Applying Cartan’s lemma, @ = —ko w; for some function k. The 1-form
w1 is a basis for the 1-forms on 'S¢. The equations wy = 0 and @ = —kowq are
precisely the linear equations that cut out the tangent spaces of "S¢ inside 'S.

F.3 Prove that kqes, the geodesic curvature of the curve C at the point ¢, is the
projection of the curvature vector of C' (as a space curve in ]E3) to the tangent
plane of S.

F.4 Prove that the geodesic curvature of an oriented curve is unchanged if we

reorient the curve.
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A flat plane P C E? is perpendicular to a constant unit vector es, so
0 = des = e3-dx = ez -de; = e3 - dey. Therefore on P, the shape
operator vanishes. Given a curve in the plane, the adapted frames have
we = 0 and o = —kow;. If the curve is given by s — (21(s), 22(s)) in
an arclength parameterization then we write the velocity vector as a

e1 = (&1,@2) = (cos @, sin @) ,
and then, rotating by a right angle,
e = (—&o,d1) = (—sin ¢, cos @),

so that .
—a=ey-de; = ¢(s) ds,

i.e. kK = ¢(s), the curvature is the rate of rotation of the unit tangent
vector. We can recover a curve from its curvature , by integrating  to
find ¢, and then integrating

dx .

— = (cos ¢, sin

= (cosysing)

to recover the curve. Constants of integration represent rotation and
translation of the curve.

To get a curve of constant curvature k = k¢ in the plane, we integrate
to find ¢ = ks, up to a constant, and then up to a constant,

1
x(s) = — (—sin ks, cos Kos) ,
Ko

a circle.

Lemma F.1. Take a curve C on a surface S in E3. Suppose that C has
curvature vector as a space curve nowhere perpendicular to S. Take 0 to be
the angle between that curvature vector and its projection to the surface S. Its
surface invariants (geodesic curvature vector k and shape operator a) are related
to its invariants as a space curve (the curvature k and torsion t of C) by

k=kcosf ey geodesic curvature
a(z,2) =ksinf e; normal curvature
a(z, &)= (0 +t) e3 geodesic torsion

where & is its unit speed velocity in either orientation, and & is the unit tangent
vector to S normal to C which is closest to the curvature vector.

Proof. Write the Serret—Frenet frame to C' as ey, €5, €4, and all adapted frames
to the surface S for which e; is tangent to the curve C' as ey, ez, e3. Since



The Gauss map

ey is the same for both frames, the other two pairs of legs are orthogonal
transformations of one another:

e, = cos ey F sin feg,
e = sin fey + cos fes.
The angle 6 is at most 7/2, and equal just when the curvature vector as a

space curve is perpendicular to the normal line on S, which we suppose never
happens. Pick es so that £ = 4. The Serret—Frenet equations are

T = €1,
él = k‘€/2,
ey = —key + tey,
e'3 = —tel.
Geodesic curvature is kds = —«. The connection forms are
-« V21
—ands | =731 ],
—ai2ds Y32
€2€1
= 63é1 dS,
€3€2
kcos @
= +ksin 6 ds.

63% (cos Oely + sin fef)
F.5 Expand out the last line to finish the proof.
O

F.6 Suppose that a surface has a straight line on it, through every point, in
every tangent direction through that point. Prove that it is a plane.

The Gauss map

Consider first a surface S in E3. On its frame bundle we have w;,ws and 7,2,
so that

dwy = =712 A wa,
dwy = 12 A wy,

d’)/12 = le A wa.

where K is the Gauss curvature of the surface. We can find a geometric
description of Gauss curvature. Take the unit vector ez, which is uniquely
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determined at each point of S up to sign, being normal to S. Differentiate this
vector, and write its derivative in the frame itself:

des = (e1 - des) e1 + (e - deg) ea + (e3 - des) es,
= Y13€1 + Y23€2 + ¥33€3,
but 33 = 0 because 7 is antisymmetric,
= (anwr + ajpws) €1 + (ajawi + azws) ea.

So if we move in the e; direction, the unit vector e3 moves by aj1e; + aizes,
while if we move in e direction, the unit vector es moves by ajse; + asses.
The unit square e; A e2 in the tangent plane 7,5 maps by e} = des to the
parallelogram
63*(61 A 62) = (a11a22 - a%Q) e1 N\es.

But the Gauss curvature is K = aj1a92 — afg. Therefore the Gauss curvature
is the area stretch factor of the Gauss map e3. While eg is only defined on the
frame bundle of S, nonetheless it is defined locally on S up to sign; the sign
doesn’t alter the value of the area stretch factor. Gauss curvature also doesn’t
depend on orientation.

The Gauss—Bonnet theorem

Take a vector field X on an oriented surface S. Away from the zeroes of X, the

unit vector field
X

| X|
is defined. Extend it to an oriented orthonormal basis eq, es. This choice of
orthonormal frame gives a section of 'S — S over the points where X # 0.

Take a point o € S at which X has an isolated zero. In any positively
oriented chart near xg, draw a circle Cy around xg, so that zq is the only zero
of X inside the circle. The index of X at zg is the number of times that the
frame ey, es turns around the origin, as measured in some choice of orthonormal
frame e}, e}, defined near zy. Write

er)  [cosf —sind)\ (¢}
ea) \sin@ cosf eh

near Cy. The angle 6 varies by a multiple of 27, say 27ng, around Cp, and the
index of X at zy is ng. Clearly the index doesn’t change if we continuously
vary X while the surface S moves continuously in space E2. The sum of indices
is the Fuler characteristic x x.

€1

F.7 Prove that the vector field

0 0
X =ax— +by—
axax + yé‘y
on the plane has index 1 if a,b > 0 or a,b < 0 and index —1 if a and b have

opposite signs.
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F.8 Calculate out that
a=ey-de; =ey-def —df =o' —db.

The Fuler characteristic of a compact oriented surface S is

1
XS i= — K dA.
2T S

Theorem F.2. Suppose that X is a vector field on a compact oriented surface S
with only isolated zeroes. Then xx = Xs-

Proof. Take a set Dy, diffeomorphic to a closed disk in some chart around each
zero zy, of X and let Cx = 0Dy. The framing eq, eo lifts

S’ ::S—UDk
k

to a compact surface with boundary in 'S. Integrate:

/KdA da
:/ Oé,
a8’
:*Z/ N
k JCr
:_Z/ 61'd€2,
k YOk

:—ZL e/1'd612+z

ko Ok k

:_Z/ KdA+ ) 2mindex,, X,
& JCk k

so that

/ KdA =21 index,, X
3 k

Degree

Suppose that ¢: P — @ is a continuously differentiable map between two
oriented manifolds of equal dimension, perhaps with corners. The sign of ¢ at
a regular point p € P is 1 if ¢ is orientation preserving near p, and —1 is ¢ is
orientation reversing near p. Suppose that gy € @ is a regular value and that
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there are only finitely points p € P mapped to gy by ¢. The degree of ¢ above
qo is the sum of signs at these points p:

deg,, ¢ = Z (sign of ¢ at p).
¢(p)=a0
The following two theorems are proven in [27].

Theorem F.3. Consider a proper continuously differentiable map p: P — Q
between oriented manifolds (perhaps with corners). Suppose that Q is connected.
The degree of ¢ is the same at all reqular values.

Theorem F.4. Suppose that ¢: P — Q is a proper continuously differentiable
map between two oriented manifolds (perhaps with corners) of the same dimen-
sion, say n, and that Q is connected. For any n-form w on Q, which vanishes

outside some compact set,
/(p*w:deggo / w.
P Q

The Gauss map

For any oriented surface S in E3, the Gauss map e3 taking each point € S its
unit normal vector, a point of the unit sphere, has degree

deA:XS

d = =.
c8es 4m 2

Theorem F.5. On any compact oriented surface S in E3 with Gauss map
es: S = S?, 2deges = xx, for any vector field X on S with only isolated
zeroes.

Theorem F.6. Every compact oriented surface S in E3, twice continuously
differentiable, has a continuously differentiable vector field X with only finitely
many zeroes, each of index 1 or —1.

Proof. The Gauss map is onto: take any unit vector n, and look at the points
x € S on which the linear function f(z) := (n,z) has its maximum value.
By Sard’s theorem, almost every point n in the unit sphere is a regular value
of the Gauss map. For such a value of n, the differential of the Gauss map
has full rank. Its differential has determinant given by the Gauss curvature,
so the Gauss curvature is nonzero at every point = € S for which v(z) = n.
The function f restricted to S has critical points at the points z where n is
perpendicular to 7,,S. Again by Sard’s theorem, we can arrange that these
points are regular values of the Gauss map, i.e. have nonzero Gauss curvature.
In any orthonormal framing ey, es, e3, the differential of f is

e;vdf =e;0(n-x)=n-e;



The Gauss map

for i = 1,2. The second derivative matrix of f at a critical point is

f'(eirej) = ei=d(n-e;),
=e;2n-dej,
= €; - (ieg) . dej,
= te; 4735,
= :Fajl'.
So the function f has f” a rank 2 quadratic form on each tangent space where
f is critical. In particular, if we write df = fiw; + fowa, then the vector field

X =Vf=fiei+ faez

has only finitely many zeroes. Since we can vary our surface continuously
without changing indices, we can see that the index doesn’t change as we vary
S and f so that f remains critical at some point zg with f” nondegenerate
at xg. In particular, we can arrange that S is flat near zy with f a quadratic
function instead, without changing the index. But we saw above that the index
of X = V[ at x is then 1 if det f”(xo) > 0 and —1 if det f”(z¢) < 0. O

Corollary F.7. Diffeomorphic surfaces have equal Fuler characteristic.
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Appendix G

Geodesics on surfaces

Geodesics are locally shortest paths on a surface. We prove that they exist and that
they are smooth.

Geodesic flow

Each point (2°,e°) € E? moves along a path z(t) = 2°+te$, e(t) = €. In other
words, don’t rotate the frame, but slide the base point x along the direction of
the first leg of the frame.

Define a vector field X(z,e) := (e1,0) on E3; these paths are its flow lines.

Imitate this vector field on the frame bundle of a surface S in E3. Write
points of 'S x E? as (z,e,y) for y € E2. The geodesic spray of S is the vector
field ¥ on 'S x E? given by

X2 (w,a,dy) = (y,0,0)

This expression does not involve 713 or ~s3, since these are not linearly in-
dependent 1-forms on 'S. The flow of X is the geodesic flow. The vector
field X moves every frame (z,e), moving = in the direction of Y y;e;, and
“not rotating” the frame e, since X -~ = 0. Intuitively, X twists frames
only in the normal directions (in the 713,723 directions), not tangentially
(the a@ = 712 direction), while keeping e1,es tangent to the surface S. Map
(r,e) €S — (z,6,(1,0)) € 'S x E2, so that 'S is identified with a submanifold
of 'S x E?, making 'S invariant under the geodesic flow. Write a' for the
transpose of a matrix a. Let g € O(2) x £1 act on 'S x E? by

(z,e,9)9 = (z,eg,a'y).

= (5 )

Lemma G.1. On 'S x E?, 7} (w,v12,dy) = (9"w,m12,9" dy) while 14, X = X.
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Proof. The reader can check how the 1-forms pull back. The equations defining
X imply invariance under O(2) x +1. O

Let p: (z,e,y) € 'S x E? — (z,v) € TS by v = > ye;.

Proposition G.2. There is a uniquely determined vector field X on TS, also
called the geodesic spray, so that p.X = X.

Proof. Calculate that at a point z = (x,e,y), for any g € O(2) x £1,

P'(29)X(29) = p'(29)r(2)X(2),
= (pory) (2)X(2),
='(2)X(2).

The reader can check that O(2) x £1 acts transitively on the points z = (x, e, y)
lying above a given point (z,v) = p(z). Therefore the vector p’(2)X(z) is
independent of the point z, depending only on (x,v) = p(z). O

A geodesic is a curve in S which is a projection to S of a flow line of X in
TS.

G.1 Take a surface S in E3. Prove that any geodesic z(t) of S, as a curve in
[E3, has geodesic curvature a(i, ). Prove that a = 0 just when all geodesics of
S are geodesics of E3, i.e. straight lines, so that S is locally an open subset of
a plane.

Lemma G.3. A smooth curve C on a surface S in E® has vanishing geodesic
curvature just when it is a geodesic.

Proof. The geodesic spray vector field X points along the tangent line cut out
by the equations wy, = 0 and o = 0 and has X -w; = 1. The tangent spaces of
'S¢ are cut out by the equations wy = 0 and o = —kow;. The geodesic spray
X lies tangent to 'S¢ just when the geodesic curvature of C' vanishes, which
therefore occurs just when the projection of the flow lines of X lie along C), i.e.
C is a geodesic. O

First order deformation

Take a plane curve (z(s),y(s)) € R2. Draw a vector field along this curve:
a vector (u(s),v(s)) at each point (z(s),y(s)). The smooth homotopy s,t
(z(s) + tu(s),y(s) + tv(s)) pushes out each point (x(s), y(s)) in the direction of
our vector field. In the same way, if we have any compactly supported vector
field v(s) along a curve x(s) in an open set in E3, we can let x:(s) = z(s) +
tv(s), and then x;(s) will be defined for some interval of time ¢. Alternatively,
we could create many other smooth homotopies z;(s) with zo(s) = z(s) and
%’t:o x+(8) = v(s); we say that v(s) is the first order deformation of x¢(s). A
vector field v along a curve x(s) on a surface S is a smooth choice of vector
v(s) € Ty(s)S at each point. As long as the vector field v(s) has compact



Smooth homotopies and variation of length

support in a single chart, we can use the chart to identify an open set of the
surface with an open set in the plane, the curve with a plane curve, and each
vector field along the curve with a vector field along a plane curve, so create a
homotopy with given first order deformation.

Lemma G.4. Take a curve C (perhaps with boundary) on a surface S in
E3, and a compactly supported vector field v along C. Then v is a sum v =
vy + vg + - - + v of vector fields along C, so that each vector field v; is the
first order deformation of a smooth homotopy of C.

Proof. Cover C by charts and take a partition of unity. O

Smooth homotopies and variation of length

Lemma G.5. On a surface S in E3, take a vector field v(s) along a unit-speed
curve x(s) on S. Suppose that v vanishes at s = sg and at s = s1. Let k(s) be
the geodesic curvature of x(s). Suppose that there is a smooth homotopy :(s)
with first order deformation v(s) along xo(s) = x(s), so x; (so) = x (s¢) and
x¢ (s1) = x (s1) for all values of t. Then

dt

length z; = /n -vds

t=0

Proof. Our homotopy is a map xz: X — S for some domain X C R? in the s, ¢-
plane. Since z(s) has nowhere zero velocity, by continuity the curve s — x(s)
has nonzero velocity for ¢ near o. If we restrict ¢ to a small enough interval,
we can ensure that % £ 0 for all (s,t). An adapted frame for the homotopy
x(s,t) is a frame e so that % is a positive multiple of e;, and therefore is
perpendicular to eg,e3. So e; = ei(s,t) is a field of vectors, pointing in the
direction of each curve in the homotopy. Since e; = ei(s,t) is actually now
defined on the st-plane, wy; = e; dz becomes well defined as a form on the
st-plane as well. At each point (s,t,€e) of the adapted frame bundle, we can
write the first deformation v = % of each of the curves x; as g—f = vi€e] + vges.
Denote the set of adapted frames of the homotopy by S, ; we leave the reader to
check that this set is a manifold. On 'S, , we have wy = vy dt. Taking exterior

derivative of both sides of this equation,

O:dLUQ—d’UQ/\dt,
=a Awip — dvy A dt.

By Cartan’s lemma (lemma 1.2 on page 6), there are unique smooth functions
K2, a2,by on 'S, so that

—a = Kow1 + ag dt,

dvy = ag wy + by dt.

Checking dimensions, the tangent spaces of 'S, are cut out by the equations
we = Vo dt and —a = Kowq + as dt.
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Let £(t) = lengthz; and let w(s,t) = ¢t. Write 7, for integration over the

fibers of 7.
o) :/m\ ds,

= /x*wl,

= T2 wi.
Therefore

dl = mex*dwn,

=ma" (—aAws),

= me* (kowi A v dt),
i

=ma" (k- vwy Adt),

([ewa)

Along t = 0, since our curve is unit-speed, w; = ds. O

Lemma G.6. If a smooth curve locally minimises length between its points,
then it is a geodesic.

Proof. If C is a smooth curve of minimal length between two points, then
0= f K - vds for any first order deformation v. Any vector field v along C is
a sum of first order deformations, so again 0 = [ -wvds. In particular, we
can take v a positive multiple of x near some point of C, and zero away from
there. O

The exponential map

Write the flow of X on the tangent bundle as (z,v) — e*(z,v), defined for all
(z,v) with v close enough to zero. The projection map is wg: (z,v) € TS
x € S. For each point z € S, the exponential map is exp,: v € open C TS —
ms(e*(x,v)) € S. The exponential map might only be defined near v = 0.

G.2 Prove that 75 (z,v)X(x,v) = v.

Lemma G.7. The exponential map on a surface S in E> has derivative
exp’(0) = id: TpyT,S =TS — T,.S.

Proof. Going back to the definition of X, for any constant ¢ € R, cX(z,e,y) =
X(z,e,cy). Therefore the flow satisfies e!*(z, e, cy) = e“**(z,e,y) for any con-



The exponential map

stant ¢ € R. In particular,

d
%(xa evy) = %

d

dt

(&
t=0

F(z,e,y),

eX(z,e,ty).

t=0

Taking the projection down to TS,

d

(U:%

mg o eX(z,tv).
=0

This gives us

exp; (O)U = = €XPy (t’U),

O

We need locally uniform control on geodesics. The injectivity radius of a
surface S in E3 at a point x € S is the supremum of numbers » > 0 so that
exp,, is a diffeomorphism on the ball of radius r in 7,,S.

Lemma G.8. For any compact subset K C S of a surface S in E> there is a
lower bound r = rx > 0 on the injectivity radius of all points x € K. If v € K
and y € S is within distance v of x then there is a unique geodesic of length
less than r from x to y.

Proof. Consider the map f: T'S — S x S given by f(z,v) = (x,exp,v). As
above, f'(z,0)(u,v) = (u,u + v), so f is a diffeomorphism of an open neigh-
borhood of Upg C T'S of { (x,0) | z € S} to a open neighborhood Ugys of
{(z,2) |z €S} CSxS. Take any compact set K C S. Consider a sequence
of points x;,y; with z; € K and y; € S with distances between z; and y; get-
ting small. By compactness, after replacing with a subsequence, our sequence
converges to a point (z,x), which lies in Ugxs. But Ugxs is open, so all but
finitely many pairs (z;,y,) belong to Ugxg. Suppose that there are arbitrarily
close points x;,y; with z; € K with no unique shortest geodesic. Then (z;,y;)
is not in the image of f, i.e. not in Ugx g, a contradiction. Similarly, we cannot
find arbitrarily close points z;,y; with z; € K where f~! is not defined. But
fY(x,y) = exp; 'y, so exp, y is defined for near enough points x and y, and
is a diffeomorphism because f is a diffeomorphism. O
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Geodesic polar coordinates

G.3 Suppose that 71,72 are an orthonormal coframing of an oriented surface S
in E3, i.e. 11,72 yield an orthonormal basis of each cotangent space. Let uy, us
be the dual vector fields, also orthonormal, and take us to be the positively
oriented normal vector field. Defineamap f: z € S +— (z,ui(x),us(x),usz(z)) €
'S. Prove that f*w; = n;.

For this reason, we prefer to just denote any choice of orthonormal coframing
M1,72 as wi,ws, and the associated 1-form f*vio as just 712, which we say is
the connection 1-form of this coframing.

Take the exponential map exp,  and use it to identity 7,5 with an open
set around z in S. Make an isometric linear isomorphism 75,5 = E2. Take
polar coordinates on E2. The direction 0, is, by definition of the exponential
map, the direction of the geodesics moving at unit speed away from xq, so is
a unit vector field. Take wy,ws an orthonormal coframing so that w; = 1 and
w9 =0 on 0,. So

w1 =dr +a(r,0) do,
wo = h(r,0)do.
Differentiate, denoting % as h,, and so on, to find that

arwy + hpwy

h

o =

The curves we = 0 have geodesic curvature a,./h, which vanishes because they
are geodesics, so a = a(#).

G.4* Prove that a(f) = 0 and h(r,0) — 0 and h,.(0,0) — 1 as r — 0. Differ-
entiate a to find the Gauss curvature K.

Summing up:

Lemma G.9. Any surface, in geodesic normal coordinates, has orthonormal
coframing, connection form and curvature:

w = dr + ih(r,0)do,

o = —h,df,
h’["l‘
K=-=,

h(r,0) = 0 asr — 0,
hr(0,0) = 1 as r — 0,
h(r,0 + 27) = h(r,0).

The equation h,.+ Kh = 0 is linear in A, and uniquely determines h subject
only to h =0 and h, = 1 at » = 0. By uniqueness h(r,0 + 27) = h(r,0).



Geodesics are locally minimal

For example, if K = 1 is constant along a geodesic ray, then h = sinr along
that ray. (Note that h cannot be zero as we = hdr, so the exponential map is
not a diffeomorphism and geodesic polar coordinates are not defined for r > .
Similarly, if K = 0 along a geodesic ray, then h = r along that ray, just as on
a flat plane. Similarly, if K = —1 along a geodesic ray, then h = sinhr along
that ray.

A length preserving diffeomorphism of surfaces is a diffeomorphism preserv-
ing the lengths of all curves.

Theorem G.10. Any surface of constant Gauss curvature K = Ky is locally
length preserving diffeomorphic to any other.

Proof. In our geodesic normal coordinates,
w1 =dr,wy = h(r)df
where ko := /|Kp| and

sinkor - if Ko > 0,

0

h(r) =4, if Ko =0,
spkor - if Ko < 0.

Matching up the values of 7,6 on our two surfaces then matches up wy,ws and

so matches up lengths of any curves, as the length of a curve (r(¢),0(t)) is
p) 2

JVwi +ws.

More generally, the function h(r, ) is constant in 6 just when the surface
admits “rotations”, i.e. rotation of 8, as symmetries, fixing the point about
which the geodesic coordinates are computed. One easily checks that the surface
is then length preserving diffeomorphic near that point to a surface of revolution,
with that point fixed under the revolution: an intrinsic description of the shape
of a surface of revolution. The length of the circle of radius r around the fixed
point is ¢(r) = [ws = 27h(r), and the curvature is K = —¢"(r)/{(r): two
surfaces of revolution are length preserving diffeomorphic near fixed points just
when their curvatures are equal as functions of distance from fixed point.

Geodesics are locally minimal

Theorem G.11. Geodesics are locally minimal, and every locally minimal
curve is a geodesic.

Proof. In geodesic polar coordinates, r increases at unit rate as we move along
the radial curves given by constant 6, and at less than unit rate as we move at
unit speed in any other direction. Note that these are geodesics, by definition
of the coordinates. Hence the length of a piece of curve increases by at least
the increase in 7 across its end points, and exactly by this amount precisely for
the radial curves. So the shortest curves of given increase in r, i.e. shortest
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paths between circles of constant r, are these radial curves. For any path, any
two points on it sufficiently close together are each in the injectivity radius
of the other, so the geodesic polar coordinates are defined, and the unique
shortest path between those points is the unique geodesic between them in
those coordinates. O

The length metric distance between two points p, ¢ € S of a surface S in E3
is the infimum of lengths of paths from p to ¢q. As above, the geodesics between
sufficiently close points have minimal length, so their length achieves the length
metric distance.

G.5 Prove that if the length metric distance between points goes to zero, then
the distance in E? also goes to zero.

Corollary G.12. Every invertible map ¢: P — Q of surfaces P, Q in E3 which
preserves lengths of curves is a diffeomorphism.

Proof. The map takes geodesics to geodesics, since they are precisely the locally
shortest paths. The map identifies each point pg € P with a point ¢g € @, and
the circle around pg of a given radius with the corresponding circle around gq
of the same radius. The lengths of geodesic segments are preserved, so if a
point moves at unit rate along a geodesic on P then its image in @) does the
same. Indeed, the same is true for a point moving along any curve (for example,
along a circle), because the path is approximated by piecewise geodesic paths.
Therefore at every point near pg, except at pg itself, p.e; = e; and p.ea = eq.
Therefore ¢ is continuously differentiable at all those points. By lemma G.8 on
page 139, every point p € P is near enough but not equal to some such point
Ppo to use this argument to prove that ¢ is continuously differentiable at p. The
same applies to ¢~ !. O

Corollary G.13. On any connected surface S in E3 the following are equiva-
lent:

a. The surface S is complete in the length metric, i.e. length metric Cauchy
sequences converge.

b. The surface S is proper in the length metric, i.e. all length metric balls
are compact.

c. The exponential map on S has flow defined for all time through all points.

d. Every geodesic on S defined on an open interval extends uniquely to a
geodesic defined on a closed interval.

e. There is a point xy € S so that every shortest path x: [a,b) — S with
xz(a) = xo extends uniquely to a continuous path x: [a,b] — S.

In particular, if S is a closed subset of E3, then all of these hold.



Theorema Egregium

Proof. Every geodesic on S, parameterised by arc length, is defined on a maxi-
mal open interval, since the geodesics are the solutions of an ordinary differential
equation.

We recall some facts about metric spaces [14]. A length space is a metric
space in which the distance between points is the infimum of lengths of paths
between them. A minimal geodesic in a length space X is a path x(¢) on which
the distance between points z(to), z(¢1) is |[t; — to]. A geodesic is a path which
is locally a minimal geodesic. By the Hopf-Rinow theorem for metric spaces
[14, 27], any locally compact length space is complete just when any geodesic
defined on an open interval extends to be defined on a closed interval.

In any complete surface, geodesics then extend further to be defined on
larger open intervals, since they continue to solve their differential equation. So
if S is complete, geodesics are defined for all time. But if geodesics are defined
for all time, they extend, so by Hopf-Rinow S is complete. O

G.6 Prove that, on any complete surface, vector fields of bounded norm are
complete.

Corollary G.14. Any two local isometries f,g: P — Q of the length metric
between two connected surfaces are identical just when there is a point py € P

at which both f(po) = g(po) and f'(po) = g'(po)-

Proof. Each vector v € T, P is taken to the same vector f'(po)v = ¢'(po)v, so
exponentiates to the same point of @, if v is small enough. Because f and g
are local isometries, they locally identify the geodesics of P and @, and the
exponential maps, so

foexp, =exp, of (po) = expy, og'(po) = g o exp,,,

and since the exponential map is a local diffeomorphism, f = g near py. So the
set of points where f = g is both open and closed. O

Theorema Egregium

A circle on a surface is the set of points at given length metric distance from
a given point of the surface. We would like to see that the Gauss curvature
controls the speed at which circles grow with radius. Along each geodesic
coming out of a given point o, erect a frame with e; tangent to the geodesic
and es normal, a point of the frame bundle associated to each point near (but
not equal to) o. Motion along e; takes us away from o at unit speed, while
motion along es spins us around the circles around o at unit speed.

h(r,0) =r — @rz +o(r)*.

The length of the circular arc of radius r about o between two angles 6, 6, is

/w2 - /: h(r,0)d0 = (61 — 6o|r <1 - K(QO)T) +o(r)?.
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Theorem G.15 (Theorema Egregium). Any isometry of length metric between
analytic surfaces is analytic and preserves Gauss curvature.

Proof. Distances are preserved, so circles (points of given distance) are pre-
served. Lengths are preserved, so lengths of circles are preserved, so Gauss
curvature is preserved. Geodesics coming out of a given point are mapped to
geodesics out of the corresponding point. The geodesics coming out of o have
constant values of 6, and these are preserved. So 6 changes under isometry only
as a function of 6, independent of r. Since r is preserved, lengths of circular
arcs are preserved, so the absolute differences of values of 6 are preserved. So
all isometries have the form r, 6 — r, +0 + ¢, for some constant c¢. Arrange by
choice of coordinates that the rays § = 0 are matched, and the direction of
increasing 6 is matched: r,0 — r, 0. O

G.7 Suppose that S is a surface in E? diffeomorphic to a triangle in the plane,
say with interior angles «, 3,7, and with geodesic sides (a “geodesic triangle”).
Prove that

oz—&—ﬁ—i—fy:ﬁ—f—/KdA.
5

In particular, negatively (positively) curved geodesic triangles have larger
(smaller) angle sums than Euclidean triangles.

The Hessian

We will prove:

Theorem G.16. Take an open set on a surface in E3, with smooth boundary
of nonnegative geodesic curvature. Whenever a geodesic enters the interior of
that open set, it is not tangent to the boundary.

Take a function f: S — R. Pulling f back to the frame bundle of S, because
df is semibasic, df = fiwi + fows for some functions fi, fo. Differentiate to find

d(fl) " ( 0 a) (fl) _ <f11 f12) <w1>
f2 —a 0)\/f2 J21 fe2) \we
for unique functions f;; = fj;. Check that the operator

D*f = fijwiw;

is a symmetric bilinear form on tangent spaces of S, the Hessian of f. The
differential df restricts to any curve to become

df = Las = freos
ds

measuring the rate at which f increases along the curve, and the Hessian

becomes
*f  dh

@_E:fll,



Abstract surfaces

the acceleration of f along the curve. Any curve on which the Hessian is positive
has f accelerating, so at any point of that curve, if df vanishes at that point
of the curve, i.e. the curve is tangent to a level set of f, then f increases on
either side of that point, i.e. the curve stays outside of the sublevel set.

If df # 0, we can pick out a particular choice of frame: make e; tangent
to level sets of f. So df = fows, i.e. fi = 0, on this subbundle of the frame

bundle, adapted to f. We can further orient the surface by requiring f; > 0.

Our equations simplify to

foa = friwr + fiawo,
dfs = forwi + foows.

On any one level set wy = 0 so

Ju

= —RoW1 = ———

fo’
so the geodesic curvature of the level set is

_Ju
f2’

so the sign of the geodesic curvature of each level set is the sign of the acceleration

of f along that level set. In particular, the level sets are geodesic just when the

Hessian vanishes along all of them.

Given any curve C, we can locally make a function f with that curve as
level set. Take two curves Cy and C tangent at a point. Suppose they are both
oriented, and lie on an oriented surface. Write each as a level set of functions f
and f1, with differentials pointing on the positive side of the oriented tangent
line. At the point of tangency, both functions have vanishing differential on
both curves. Clearly fo has larger Hessian on that tangent line just when Cj
has larger curvature. So then fy — f; has positive Hessian on that tangent line,
and so fo — f1 grows nearby on Cy. But f; is constant on C;. So fy grows on
C1 at all points nearby. So C'; has just one point of tangency with Cy near that
point, and everywhere else nearby leaves the sublevel set of fy. In particular,
if C; is a geodesic, f; has vanishing Hessian along Cy, proving theorem G.16
on the facing page.

K2

G.8 Suppose that M is a complete surface in 3-dimensional Euclidean space,
and f is a smooth proper function on M whose only critical point is a single
local minimum. Suppose that all level sets of f are positively curved. Prove
that every geodesic on M enters each compact set only finitely many times.

Abstract surfaces

A surface is a manifold of dimension 2. A Riemannian metric on a surface is a
choice of inner product in each tangent space, so that inner products of locally
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defined analytic vector fields are analytic functions. For simplicity of notation,
write inner products as dot products. An orthonormal frame (z,e) is a choice
of point x of S and a choice of orthonormal basis ey, e5 of the tangent plane
T,S. The tangent frame bundle of S is the collection of orthonormal frames of
tangent spaces of S. Note that for a surface S in E2, this is not the same as
the frame bundle we constructed previously in appendix D on page 103, which
we could refer to as the bundle of ambient adapted frames. The tangent frame
bundle of a surface in E3 is the quotient of the ambient adapted frame bundle
by ignoring es, giving a 2 — 1 covering map. Nonetheless, we will use the same
notation 'S for the tangent frame bundle.

Take any two linearly independent vector fields on an open subset U C S
of our surface. Apply the Gram—Schmidt orthogonalization procedure to them
to construct orthonormal vector fields, say €], ej, defined on U. Over U, any
orthonormal frame ey, e5 is uniquely expressed as

e1 = cosfe] sinf ey,
ea = —sinfe] & cosf eh.
In this way, we identify U = U x (S' U S!), so the tangent frame bundle

becomes a manifold. Let p: (z,e) € 'S — x € S. The soldering forms wy,ws
on 'S are defined by

p'(m,er,ex)v =wi(v)er + wa(v)es.

If the dual 1-forms to €}, e} on U are wi,w) then

w1\ [ cosf  Esinf\ (w]
we)  \—sin@ Zcosf) \wh)"

Suppose henceforth that the surface S is oriented. We pick out only the
positively oriented frames, to get rid of + so (using the same notation to also
denote the bundle of positively oriented orthonormal frames) U = U x S'. Let
w = w1 + iws, and write this as

w= e
The area form dA := w] A w} pulls back to dA = wy A we, independent of the

choice of €/, ¢}, so globally defined on S. Since dA is a nonzero area form,
dw, dwl are multiples of it, say

dw] = —a1dA,
dwy = —agdA.
Let o := ajw] + asw). Take exterior derivative of both sides to see that

dw’ =i’ ANw' on U, and that

dw =i (o' +df) N w.



Abstract surfaces

The real-valued 1-form o’ on U is uniquely determined by 0 = dw’ — i/ A W'.
So the real-valued 1-form « := o’ + df is as well, giving 0 = dw — i A w for a
unique real-valued Levi-Civita connection 1-form a. Take exterior derivative
of that equation to see that da = Kw; A ws, for a unique function K on the
tangent frame bundle. But on U, do = d(a + df) = do’ is the same for any
choice of framing, i.e. K is a function well defined on the surface S.

G.9 Suppose that S is not orientable. Prove that K is nonetheless well defined
on S, while the area form dA = wi A ws is not. Prove that the curvature form
K dA is well defined on S if and only if K = 0.

Theorem G.17 (Theorema egregium). The Levi-Civita connection 1-form and
the Gauss curvature of a Riemannian metric on a surface depend only on the
Riemannian metric, not on any choice of isometric immersion into Euclidean
space.

Geodesic normal coordinates work out exactly the same. But on abstract
surfaces, we can reverse their construction. Take any function K (r,0); there is
a unique solution h to h,, + Kh = 0 with h =0 and h, = 1 at r = 0: every
function K defined near the origin of the plane is the Gauss curvature of some
abstract Riemannian metric dr? 4+ h%df? near the origin.

G.10 Prove that this metric is smooth at the origin.

If K <0 then h,, = —Kh >0 for h > 0, so h > r; if K is defined in the
entire plane, r, 6 are geodesic normal coordinates, so this metric is complete.

Theorem G.18. Any connected surface bearing a complete metric of negative
Gauss curvature has exponential map at any point a smooth universal covering
map from the plane.

Proof. The exponential map is defined in the plane by completeness, but h
has no zeroes so the exponential map is a local diffeomorphism. The pullback
metric is complete:

wi +wi = dr® 4+ h2do* > dr® + r?do>.

Take a closed disk on the surface, say of radius r. Its preimage is a union of disks
in the pullback metric, closed by completeness. Each sits in a FEuclidean disk of
smaller radius. If, no matter how small we make r, some of these disks overlap,
then there are points of arbitrarily small Euclidean distance mapping to the

same point of the surface. Take a convergent sequence of these, a contradiction.

So the exponential map covers each small enough embedded closed disk on the
surface with disjoint embedded closed disks, and so is a covering map. O

Smoothness of isometries and the Gauss—Bonnet theorem follow, with the
same proof, for any oriented surface with Riemannian metric.
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1.3.

€.

Hints

1l ne me suffit pas de lire que les sables des plages sont douz ; je veur que
mes pieds nus le sentent ... Toute connaissance que n’a pas précédée
une sensation m’est inutile.

It is not enough for me to read that the sand on the seashore is soft.
My bare feet must feel it ... All knowledge that is not preceded by a
sensation is useless to me.

— André Gide
LES NOURRITURES TERRESTRES

All submanifolds.
Any discrete set of points.

Take a 0-dimensional submanifold of the image. Its preimage is a submanifold.
Take any submanifold of that submanifold.

If dz' A dz® # 0, these are locally y; = %; in general the integral surfaces are
the Lagrangian surfaces.

If dz # 0 these are y = y(z), z = dy/dz; in general they are Legendre curves.

All linear subspaces of all tangent spaces.
The zero subspaces of all tangent spaces.
The linear subspaces tangent to the fibers.

If de* A dx® # 0, these are dy; = a;jdx; with a;; = aj;; in general they are zero
subspaces, lines, or Lagrangian planes.

If dx # 0 these are dy = zdz, dz = adx for any real numbera.

1.5. M =R, Z=(zdz), X ={0}

1.9. Take any local coordinates on M, say z°,u®, near a point mg. Every p-plane
E C T M, with m near mo, and with dz* A--- AdaP # 0 on E, is the set of tangent
vectors on which du® = ¢¢ dz’, for uniquely determined numbers ¢¢. As a short hand,
write this as du = ¢dz. The functions z*,u®, ¢¢ on Gr, M are local coordinates. The
map (m,E) € Gr,M — m € M is (z,u,q) — (z,u), a submersion. We leave the
change of coordinates to the reader.

1.10. If § = du — ¢° dx then df = —2q dq A dz.

151



152

Hints

1.13. Take M := R;,y,u,ux,uy,um,uyy with the exterior differential system Z generated
by
01 == du — uy dx — uy dy,
02 == duy — fdx — uay dy,
03 = duy — Ugy dx — Uyy dy.
The polar equations of the zero dimensional integral element (0) are (61,62, 6s). Com-
pute
db, = —duy N\ dx — duy A dy,
dbz = —df N dx — duzy N dy,
df3 = —dugy N dx — duyy AN dy
where
df = fadz + fydy + fudu + fu,dus + fu,duy + fu,, ey + fu,, duyy.
A 1-dimensional integral element is the span of some nonzero vector v so that

O0=v260; =v20y =v203.

We are only looking for integral surfaces which are graphs of x,y. So we can suppose
that v has nonzero 9, or 9, component, i.e. projection to the z, y-plane. If we write
out

vzaax—l—bay—l—cau—&—e@um—I—gauy—i-ka + £ 0,

plug in to find precisely the equations

Uy yy?

¢ = aug + buy,
e=af + bugy,
g = QUgy + buy,y.
So the 1-dimensional integral elements on which dz # 0 are parameterized by, scaling
to get a = 1, the values of b, k, ¢, or for those with dy # 0, scaling to get b = 1, the
values of a, k, £.
The polar equations of a 1-dimensional integral element (v) on which dz # 0 are
spanned by 61, 02, 03 together with
vadby = dug — fdx — ugydy + b(duy — Ugydr — uyydy),
= 0> + b3,
vadly = (fy — k)dy — Adx + fudu + fu, dus + fu,du,
+ (fuzy + b)duzy + fuyy duyy,
vadls = —kdr + duzy — £dy + bduyy

where

A= fyb+ fulus +buy) + fu, (f + buay)
+ fuy (Uay + buyy) + fumyk + fuyyg'

With generic choice of k, we find linearly independent du., dy, du,, components. So
the generic integral line has a 5-dimensional space of polar equations. The polar



Hints

equations have increased from 3 to 5, so s1 =5 —3 = 2. So so = 3,s1 = 2; by our
general recipe if we want to enforce that the maximal integral elements will have
dimension 2, s + s1 + s2 = dim M — 2, so so, s1,s2 = 3,2,0.

Each 2-dimensional integral element on which dx A dy # 0 is parameterized by
choosing two such vectors, one with a = 1,b = 0 and the other with a = 0,b = 1, say

v =0z + Uy Ou + fau, + Uzy auy + ka“my +£a“yy’
w = Oy + Uy Ou + Uzy Ou,, + Uyy Ou,, + K Ou,,, + L O,

Uyy *

But these coefficients are not arbitrary: they still have precisely to pass the test of
making 0 = df; = df2 = dfs so that the span (v, w) is an integral plane. Plug in to
see that

db1 (v, w) =0,
d92(v,w) = fy + futly + fu,Uay + fuyuuu + fuzyK + fuyyuuu -k,
dfs(v,w) = K — £.

So (v, w) is an integral plane just when these vanish, giving an equation for k and one
for ¢, hence the values of K, L are arbitrary, a 2-dimensional space of integral elements
at each point of the 7-dimensional manifold M. The space of integral elements has
therefore dimension 9. The generic flag predicts dimension dim M + s1 4+ 2s2 =
7+ 24 0=29. The predicted dimension equals the dimension, so the Cartan-Ké&hler

theorem applies: the generic integral plane lies tangent to an analytic integral surface.

There is an involutive integral element at every point of M, so at each point, the
generic integral plane lies tangent to an analytic integral surface, so there are integral

surfaces through every point.
1.14. Let
M :=RS

T, Y, Uy U Uy s Uy 3

with the exterior differential system Z generated by

0o = du — uzdx — uydy,
01 = duz — Uz dT — Uy dy,
=duy — fdr—gdy
02 = duy — Uzydr — Uyydy,
=duy — gdxr — uyydy.
The integral surfaces of Z on which dx, dy are linearly independent are precisely the
local solutions of the coupled system.

Consider the integral lines, i.e. 1-dimensional integral elements. Any integral line
is the span of some nonzero vector

0 = 00 + 90y + U0 + 10Oy + Ty Ou, + Ty O

Uyy *
The span of v is an integral element just when 0 = 6y = 61 = 02 on v, i.e.
U= Uz T + UyY,
Ue = fE + gy,

Uy = g& + Uyyy.
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Each integral line is determined by choosing #, ¥, 1y, arbitrarily, not all zero. These
choices are uniquely determined then by the integral line up to scaling all three by
any nonzero constant. So there is a 2-dimensional space of integral lines at each point
of the 6-dimensional manifold M, and this space is a real projective plane.

Before we find the integral planes, we need the exterior derivatives of 6g, 61, 0>.
Compute modulo 6o, 01,02: dfp = 0 and

dfy = —df Ndx — dg N dy,
=dz N df + dy A dg,
=dx A (fadx + fydy + fudu + fu,duz + fu,duy + fu,,diy,y)
+ dy A (gzda + gydy + gudtc + gu, dite + Gu, dity + Gu,, duyy),
= (fy — ge)dz Ndy
+ (fudz + gudy) A du
+ (fur dz + gu, dy) A dus
+ (fu, dx + gu, dy) A duy
+ (fuyy dr + Guyy dy) A duy,
= (fy — ga)dx N dy
+ (fudz + gudy) A (uzdz + uydy)
+ (fun dx + gu, dy) A (f dx + g dy)
+ (fuy dz + gu, dy) A (9 dz + uyydy)
+ (fuyydx + Guy, dy) A duyy
=(fy — ga + futy — gua + fu, 9 — Gu, f + fuyuyy - gu@,g)dl’ Ady
+ (fuyy dT + Gu,, dy) A duyy
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and

dO2 = dx A dg + dy A duyy,

=dx A (gzdz + gydy + gudu + gu, dus + gu, duy + gu,, duy,)
+ dy N duyy,

= gydx N dy
+ gudzx A du
+ Gu,dx A duy
+ Gu, dx A duy
+ (Guyy dx + dy) A duy,

= gydx N dy
+ gudz A (ugz dx + uy dy)
+ gu,dz A (f dz + g dy)
+ gu, dz A (g dx + uyydy)
+ (Guy, dz + dy) A duy,

= gydz AN dy
+ guuydz A dy
+ gu,9dz N\ dy
+ Gu, Uyydr A dy
+ (Guy, dz + dy) A duy,

= (9y + Gutly + Gu, g + Gu, Uyy)dz A dy
+ (Guyy dz + dy) A duyy

Each integral plane, i.e. 2-dimensional integral element, is spanned by a pair of
vectors X, Y which themselves span integral lines, and which together satisfy

0 =dfy = db = db.

Since we are concerned only with integral curves and integral surfaces that project
by local diffeomorphism to the zy-plane, we need consider only the integral planes
that project by linear isomorphism to the xy-plane. Any basis of the xy-plane has a
unique basis of the integral element projecting to it. So we take the standard basis of
the zy-plane, and insist that X,Y project to it. This gives us the 0,0, components
of X,Y, and the equations on integral lines determine the

8u7 6uz7 8uy
components as above. Putting this together,

X = az + u:cau + faum + gauy + aauyy7
Y = 0y + uyOu + gOu, + UyyOu, + b0

Uyy

for two constants a,b, which have to satisfy some more equations. So far, we have
only ensured that X,Y project to the standard basis and each separately spans an
integral line. To in addition span together an integral plane, we need them to satisfy

0 =dfy = db = db.
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‘We check that
do(X,Y)=1-g—1-9g=0.

Then

d61(X,Y) = (fy — 9o + futty — gutie + fu, g — Gu, [ + fuyuyy - guyg)dl’ Ndy(X,Y)
+ (fuyy A2 + Guy, dy) A duyy (X,Y),
= fy = ga + futly — Gutz + fu, g — Gu, f + fuyuyy — Gu, g
+ fuyy0 = Guyy 0,

while

d62(X,Y) = (gy + Gutly + Gu, g + Gu, Uyy)dx A dy(X,Y)
+ (Guyy dz + dy) A duyy (X,Y),
= gy + Gully + Gu, 9 + Gu, Uyy
+ guwb —a.

This equation solves for a:

a = gy + Gully + Gu, g + Guy Uyy + Guy, b.

So there is at most a 1-dimensional space of integral planes at each point of the
6-dimensional manifold M.

To have a 1-dimensional space of integral planes, we need precisely that this choice
of a satisfies the previous equation on a,b coming from 0 = df:

0= fy— 9o + futly — guts + fu, 9 — gu, [ + fuyuyy — Gu, 9
+ fuyyb = Guy, (9y + gutly + Gu, 9 + Gu, Uyy + Gu,, b),

= fy — gz + futly — Guls + fu,9 — Gu. f + fuyuyy — Gu, g
+ fuyyb = Guyy (9y + Gutly + Guo g + Gu, Uyy) — giyy b),

= fy = 9o + futly — gutte + fu, 9 = Guo f + fu,Uyy — Guy 9 — Guyy (9y + Gutly + Gu, g + Guy Uyy)
2
+ (fuyy - guyy)b7

The space of integral planes at each point is 1-dimensional just when the linear term
vanishes so that it doesn’t constrain b:

2
f"yy = g“yy

and the constant term vanishes, so that every b solves:

0 = fy—gat+futly—gutie+ fu, 9= Gu, [+ fuy Uyy —Guy 9= Guy, (Gy+Gutby +Gu, G+ Gu, tyy)-

If the linear term in b doesn’t vanish then, at every point of M, there is a unique
integral plane on which dxz,dy are linearly independent. We will reconsider this
problem in problem 1.20 on page 8.

If the linear term vanishes, and the constant term doesn’t, then there are no
integral planes on which dx, dy are linearly independent: any choice of X, Y will not
span an integral plane. Tangent planes of any integral surface are integral planes. So
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there are no integral surfaces on which x and y are local coordinates. So there are no
local solutions u = u(z,y) to the original pair of partial differential equations.

If the linear term and the constant term both vanish, we don’t know if there are
any integral surfaces. We will reconsider this problem in problem 5.3 on page 42.

1.15. Suppose that, to each point z € M of a manifold M, we have an associated p X ¢
matrix ¢(z), with entries analytic functions on M. Let K be the set of pairs (z,v) so
that € M and v is a vector in the kernel of p(z). If ¢(z) has rank independent of
x, let us prove that K is an embedded submanifold of M x R?. Let’s also prove that,
for any map w: M — RP, the following are equivalent:

a. At every point x € M, there is a vector v so that ¢(v) = w(z).

b. Near every point z € M, there is an analytic vector valued function v on an
open subset of M, so that ¢(v(z)) = w(x); if ¢ is 1-1 at every point z € M,
then v is unique.

We can change ¢ by multiplying by arbitrary invertible matrices of analytic functions.

Since ¢ has constant rank, for any chosen point of M, we can permute rows and
columns to get the upper left corner to be invertible at that point, and hence near
that point, of the same rank as ¢:

(A B
Socha
A7 0
0 1)’

with A invertible. Multiply by

to get A = I. Having rank exactly that of the upper left corner is precisely D = CB.

Multiply:

(L )¢l 7)=( 1)

The reader familiar with vector bundles [6] may generalize.

1.16. We prove it in each tangent space separately. Real analyticity then follows

from the uniqueness of solutions of the linear equations by problem 1.15 on page 6.

So we prove it for constant coefficient 1-forms in R?. Choose basis in R? so that in
coordinates
L1, X2y« ThyY1,Y2, -+ - Yp—k

our l-forms are & = dx;. Write o = Zaijdxj + Zbigdy[, say. The equation
O=a1 A& +as AN+ -+ ag A& is precisely

0= Z aijdxj A dx; + Z bi[dyg Adx;,

j ¢

= % Z (aij — llji) dCCj A dx; + Z bmdyg Adx;,
J Y4

Plugging in the unit vectors pointing along various coordinate axes, we find a;; = a;;
and b;y = 0.

1.19. Take a point go € @ and a leaf L. Take some point po € P so that ¢(po) = qo-

Then ¢ is a homeomorphism of some open subset U C L containing po, to some open
subset U C . We can assume that U is connected, by perhaps replacing U by its
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component containing go and replacing U by its intersection with ¢~ *U. Composing
¢ with any ¢-invariant automorphism of the Frobenius system allows us to vary U
with the choice of po, but keep the same U for the given go. The inverse image of U up
in L is therefore a union of open subsets of the leaf L. Suppose two of these overlap,
say Up,U; C L both contain some point p1, and are both mapped homeomorphically
to U by ¢. Let @o = go\UO and @1 = <p|U1. Since o is a homeomorphism to a
connected topological space U, Uy is connected. The map (pfl opo: Up — Uy is a
homeomorphism equal to the identity map precisely in Uy N Uy, which is an open
set. But the points where a continuous map is the identity form a closed set, hence a
component, hence all of Up.

1.20. Recall from the solution of problem 1.14 on page 6, there is precisely one integral
element through each point of the 6-dimensional manifold
M = Rg,y,u,uz JUy ,Uyy

From the Frobenius theorem, there is at most one integral surface through each point,
and there is one through every point just when the 2-forms dfy, df1, df2 vanish modulo
0o, 01,02. We already found 0 = dfp modulo 6y, 01,02. When we mod out 6o, 01, 02, we
are left with three linearly independent 1-forms dz, dy, duy,. Expressing our 2-forms
in these 1-forms, the 2-forms vanish just when their coeflicients vanish. The dy A duy,
term of df> is 1, so the Frobenius theorem never applies: if fu,, # gﬁyy, through the
generic point of M there is no integral surface on which x and y are local coordinates.

1.21. This is already clear geometrically: the shape operator is the curvature of
geodesics. Let M := E?® be the frame bundle of E*>. The frame bundle 'S of any

surface S in E® satisfies w3 = 0 and

Y13} _ (G111 Q12 w1
Y23 a1  a22 w2

for some smooth functions ai1,a12 = a21,a22. To have vanishing shape operator,
0= a1 = a12 = a2, 80 0 = w3 = Y13 = Yo3.

Consider on M the exterior differential system with equations Y9 = ws,h =
Y13, %2 = y23. The frame bundle 'S of any surface with vanishing shape operator is a
3-dimensional integral manifold. To be precise, each component of 'S is an integral
manifold, since S might have more than one orientation, so 'S might have more than
one component. Check that the exterior differential system is Frobenius, so there is a
unique integral manifold through each point of M. But we already have an example
of such an integral manifold, so that must be the only one.

1.22. Again take M = E® with the exterior differential system

w3, Y13 — CoWwi, Y23 — Cow2,

Again the system is Frobenius, so there is only one 3-dimensional integral manifold
through each point. Rotate and translate a sphere of suitable radius to see one such
integral manifold through each point of M, the frame bundle of that sphere.

1.23. Problem 1.22 on page 9 handles the case of one principal curvature, so assume
that there are two principal curvatures. After picking a frame on a surface S so that
e1 and e are in the principal directions, we find 0 = w3 = y13 — kiw1 = Y23 — kawa, for
constants k1, k2. Differentiate all three equations to find that 0 = (k1 — k2) yi2 Awz =
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(k1 — k2) y12 A w1, forcing y12 = 0 by Cartan’s lemma. Differentiating the equation
Y12 = 0, we find 0 = k1kawi1 Awsz so that either k1 = 0 or k2 = 0. We can assume that
k1 =0, i.e. v13 = 0. But then

der = (e1 - der) er + (e2 - de1) e2 + (e3 - der) es,
= Y11€1 + Y2162 + Y31€3,
=0.

Therefore e; is constant as we travel along the surface. So the surface is a collection
of straight lines, in this e; direction, all placed perpendicular to a curve in the es, e3-
plane. On that curve, w1 = 0, and dw2 = 0 so we can write locally ws = ds for some
function s. Then we find

des = (61 . dez) e; + (62 . dez) e + (63 . dez) es,
= Y12€1 + 7Y22€2 + ¥y32€3,

= —k2 dseg .
and

des = (61 . d€3) e1 + (62 . de3) e + (63 . deg) es,
= 713€1 + 7y23€2 + y33€3,
= k2d5€2.

Check that the vectors Fa = ko cos(s)ez + k2 sin(s)es, Es = —kz sin(s)es + ka2 cos(s)es
are constant. Rotate so that E1 = e1, F2, F3 are the standard basis vectors of IE3, to
see that the surface S is a right circular cylinder of radius 1/ |k2|.

1.27. Start by looking at the geometry of the given foliation. Suppose that the
foliation is of an open subset U of 3-dimensional Euclidean space. Consider the 4-
dimensional manifold M of all orthonormal frames e, e2, es at points € U for which
e3 is perpendicular to the leaf through = of the given foliation. By the Frobenius
theorem,

0:(.03/\dOJ3,
= w3 A (713 Awr + Y23 A w2),
=713 Aw1 A ws + Y23 A wa A ws.

w1

Y13 ailr a2 a3
= w2

VY23 a1 a22  a23
w3

for some functions a;; on M. Plugging these in above, we find that a12 = a21. Clearly
auwf + a1owiws + as1wowi + a22w§ is the shape operator of each leaf of the foliation.

Now consider the problem of constructing a triply orthogonal web incorporating
this foliation as one of its three. We need to find a choice of e, e2 at each point to
construct a frame, so that e; will be perpendicular to the leaves of the first foliation,
and ez perpendicular to the leaves of the second foliation, and the third foliation will
be the one we started with, already perpendicular to e3. So we will need to solve the
exterior differential system

So on M,

0=wi Adwi = wa A dws

159



160

Hints

on M, i.e. with the equations
w1
Y13 ail  aiz2 ais
= w2
Y23 a21 Q22 a23
w3
already in force.

Note that on M, w1, w2, ws,y12 are linearly independent 1-forms. We are looking
for an integral 3-manifold X of that exterior differential system, on which we want
w1,ws2,ws to be linearly independent, i.e. X projects by local diffeomorphism to
3-dimensional Euclidean space.

It might be simpler to write our foliation shape operator as

%%
Y13 @131 Q132 @133
Y23 a231 Q232 G233
w3
and then we are imposing only the relations ai32 = a231, i.e. symmetry in these two
outer indices.

Differentiate the equations of our exterior differential system to find that on any
integral 3-manifold X:

0 = w; Adw;,

= —w; A\ Z%‘j A wy,
J
which forces «;; to be a linear combination

Yij = E AijkWk,

k

with a;jx = —ajik since v;; = —v;;. But plug in to get

0=w; A Z(aijk — Cbikj)wk N wj
jk

so that a;;k = air; if 4, j, k are all distinct. So for distinct indices, a;ji is symmetric in
jk, but antisymmetric in ij. These two involutions generate the permutation group,
and so the sign of a;;1 is a representation of the permutations on 3 letters. But any
two involutions are conjugate in the permutation group, so they must force the same
sign change. Hence a;j, = 0 for ¢,j, k distinct. This is precisely the demand that
the shape operators of the leaves of all three foliations are thus diagonal in the frame
e1, e2,e3. In other words, each leaf of each foliation lies normal to each leaf of each
other foliation, and intersects tangent to a principal direction, i.e. along a principal
curve.
We can assume that U is connected. Either

a. the leaves of the given foliation are everywhere umbilic, hence each leaf is an
open subset of a sphere or plane, and so a132 = 0 and a131 = a232, or else

b. the vectors ej, e2 have to be chosen in principal directions and this determines
them up to 4 choices, at least on a dense open subset of U.
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Suppose that the leaves are spheres or planes, so aiz2 = 0 and a131 = a232, say.
The exterior differential system is generated in dimension 3 by yi2 A wi A wa = 0,
so every line or plane in any tangent space of M is an integral element. Planes, i.e.
integral planes, generically have w1, ws linearly independent on them, so are generically
of the form

Y12 = piwi + pawa,

w3 = Qw1 + qaw2,

so lie in a unique 3-dimensional integral element 12 = piwi + pew2. The polar
equations of any integral point or line are trivial, but the generic integral plane has
polar equation vyi2 — piwi — paws, so s1 = 0,52 = 1,s3 = 0, solutions depend on 1
function of 2 variables.

We can explicitly construct the web: take any leaf of our given foliation, the
initial leaf, and draw on it any foliation by curves. On that same surface, draw the
orthogonal foliation by curves. Drag each leaf of each of those foliations along the
flow of es, through space, to trace out a surface.

We want to see that this construction always creates a triply orthogonal web. Any
triply orthogonal web containing the given foliation has to arise from this construction:
the leaves of the other two foliations intersect the initial leaf in curves, and the vector
field es is tangent to every leaf of the other two foliations.

Conversely, take a foliation of the initial leaf by curves. Locally pick any orthonor-
mal vector fields e;, e2 tangent to that leaf, with e; tangent and ez perpendicular to
that curve foliation. Drag, as above. We produce two more foliations of Euclidean
space, defined near that leaf. But it is not clear whether they remain perpendicular.
The leaves of the two new foliations both contain es, and they start off perpendicular
along the initial leaf.

Compute the change in the Euclidean metric along the flow of es:

LESUJiwi = 2a¢3jwiw]-.

So umbilicity of the given leaves is precisely the condition that the Euclidean metric
varies only by scaling as we flow along es, on the perpendicular vectors to es, and so
any pair of planes in a tangent space which start perpendicular will remain so. Hence
the construction always succeeds.

Suppose now that the leaves are nowhere umbilic. We will see that each foliation
by nonumbilic surfaces lies in at most one, and typically no, triply orthogonal web.
We need ej, ez to diagonalize the shape operator, i.e. to lie in principal directions.
Imagine drawing the principal curves, i.e. the curves in those directions, on each
leaf. Our given foliation by surfaces has now, on each surface, two foliations by
perpendicular curves. We want to see whether, when we flow along the unit normal
vector field es of the foliation, these principal curves flow into one another. For a
generic foliation by surfaces, the flow of e3 will spin the principal curves of one leaf
around into various curves on other leaves, not necessarily principal.

We need ai32 = 0, so the shape operator is diagonalized, i.e. e1,e2 point in
principal directions, and we suppose the leaves are not umbilic, so ai131 # a232. Our
frames form a 3-manifold X in the frame bundle. We have to decide whether X is an
integral manifold. On X, v;; = Zk a;jrwi, for some functions a;;, = —ajix. To have
a triply orthogonal web, we need precisely that a;;x = 0 if ¢, j, k are distinct, i.e. the
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shape operators are diagonalized. This is precisely the condition that the prinicipal
curves flow into one another.

2.1. We can ask that e; be perpendicular to the leaves of our foliation. (If you use
e3 instead of e; here, you will find it more complicated to write out the tableau.) So
then w1 A dwi = 0 on the foliation. Expand out

dwi = —7y12 Awa — Y13 A ws

to arrive at the tableau

(g ) » (-2

so s1 = 0,82 = 1,83 = 1, foliations of open sets of 3-dimensional Euclidean space
depend on 1 function of 3 variables. We can see them as the level sets of 1 function of 3
variables, but the function is defined only up to composition with a strictly increasing
or strictly decreasing function.

2.2. The polar equations of E; are given by plugging into each k-form k — 1 vectors
from among ey, ...,e; dual to w',... ,w’, and then seeing what 1-form is left over:
the polar equation. Since E, is an integral element, the polar equation vanishes on
E, so is a linear combination of 7% 1-forms. All terms with 2 or more 7w vanish as
do all terms with any w® for i > j. So set w’ = 0 for i > j, and plugging in, with
7 = 0 on Ej, and kill all nonlinearity: we are left precisely with the polars in grades
0,1,2,...,7j as a basis of the polar equations of E;. Hence the characters of E, are
the numbers of polars in each grade.

2.4. The torsion of a tableau 7 is 7+ P C A*V*/P. Let 7 be the preimage of T in
A*V*. To any
VR (e1 A Ney) € ¥ @ AVE”

associate the covector in E1 which maps
weV = de,...,exw)

a linear map

P QA E* — BT
The covector will be zero if ¥ € P?. Therefore we can replace # by 7 = # + P?. Pick
aflag0=FE9 C E1 C--- C E, = E. Restrict our map

e A'E; - E*.

The characters of this flag are the increments in dimensions of images of these maps.
The characters of the tableau are the characters for flags for which those dimensions
are maximal.

Pick a point m € M in a manifold M with an exterior differential system Z. On
the linear subspace V := (Z1,)* C T;, M, we have an ideal J = Z,,/(Z}) C AZ?V*.
Pick a linear subspace E C V|, say of dimension p. (We will picture that whe v
can be any covectors that restrict to E to give a basis for E* and that 7% can be any
basis for E C V*, but we prefer not to pick any bases.) The torsion of F is clearly
the pullback to the subspace E C V:

J— A"E",
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vanishing just when £ C V C T, M is an integral element; equivalently, the torsion is
J + P. (In terms of differential forms, we are setting all 7 to zero, i.e. pulling back
to E, and then asking if there are any nonzero forms left, i.e. terms left purely in w®.)
The torsion vanishes just when J C P. The nonlinearity is J N P2. The tableau is

:=7J/(JNP?) C AV /P>

The torsion vanishes just when

T C P/P2.
Suppose that the torsion vanishes. The polar equations of any element of P2 NZ,,
vanish (having two or more 7 in them, each of which vanishes on E). (In terms of
the forms, this plugs in vectors dual to the w’ on which the 7* vanish, and splits out
elements in the span of the 7%, giving those linear combinations of ©w® which appear
in the rows of the tableau. We don’t really need any more of 7 than just any set of
generators, since every m% which appears in any element will already have to appear
somewhere in any generating set. The image of this map is the collection of linearly
independent w® that appear in columns 1,2,. .., of the tableau.) The ranks of these
linear maps are precisely the dimensions of polar equations, so their increments are
precisely the characters of the flag. (In terms of differential forms, these ranks are
precisely the numbers of linearly independent w® in columns 1,2, ..., when we pick
our w’ to have E; = (w’ = 0);s:.)
2.6. Take R with coordinates z?, u’, u§ for 4,7 = 1,2,3. Note that our differential
equations, spelled out as algebraic equations

uz —uj = f1—ul,
ug —uj = f* —u?,
ui —uy = f* -,
cut out a submanifold M C R of dimension 12. Take w® := dz*, 0% := du’ — ué- dax?,
and 7r§ = dué. It Will.help to denote ng; by f; The equations of M force 3 linear
relations among the 7;:
dul — dui = (fll — ull) dz’,
modulo 61, 62,603, and so on, i.e.
"=l - (7 - ud) o,
my = m + (ff i),
TI'% = w% — (ff fu?) wh

Our tableau: modulo 6,62, 63,

1 1 1

01 T T T3 wl
a{e* ]| =-| =3 2 w2 | A w?
3 3
’ m B m

W% Wf Tr? Wt -

= — 7['% 71'% ﬂ-g A w2 + T2

3 3 3 w? 0

Vs o T3
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where the torsion is

<> _ (ff’ - ) S <u% - ff) S ( — f - f§> 23
2 0 fi =l 1 -

We can try to absorb torsion, for example by using

/1 1 2 2 1

st st 0 0 uy — fl w
/2 2 3 3 2

s = T + uy — fl 0 0 w 5
2 2 1 1

T T 0 0 fi—us w?

which we denote as 7 instead of 7’ to simplify notation. Our tableau: modulo ', 62,63,

1 2 3
1 T 1 i i
0 voomo w ui = ff
. 23
d{e*|=-|a # = |r|?]+ 0 )
3 3
0 3 3 3 w 0
1 Uy 3

The torsion is ul — f} (Einstein notation: implicitly summed over ). Take the
submanifold M’ C M cut out by the equation u! = ff. For simplicity, denote this
submanifold as M henceforth. On M,

0=d(u; — fi) = m — fiw.
Our tableau: modulo 6,62, 63,

1 2 3

o' ™ m1 1 w?
2 2 2 3 2
d 03 61 ™5 P A w3
0 3 3 . . w
1 2
UST Ty —m — 7w+ fw’

Let

()=

T

2=

3
)w’

and once again just write these as 7 instead of #’. Our tableau: modulo 6*, 62, 63,

k

Integral elements 7T;' = p; W
chapter 5:

it

m3
3

52

2

1
i w
3 A w?
Ty 3
1 2 w
—Tp — T2
S3
0

We highlight certain coefficients, to be discussed in
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plz = p% (2
p}3 = p:ﬂ
P%3 = p?Q

p%Q = P21

3 3
Pi2 = p5,

3 1 2
P13 = —p11 — o1

)

(2)

(3)

(4)

Pis = p3 (5)
(6)

(7)

(8)

3 1 2
P23 = — P12 — p3s.

These coefficients are solved for in terms of others, except for the 3rd and 8th equations.

But we use the 6th equation to fix up the 3rd, and the 1st equation to fix up the
8th, to solve for highlighted coefficients in terms of others. Hence the space of
integral elements at each point of the 11-dimensional manifold M’ has dimension
given by counting the other coefficients: 7 dimensions of integral element at each
point. Involution, with the general solution depending on 2 functions of 2 variables.
2.9. G = Ce (9795 — 95" 91)

2.12. Choose the third fundamental form so that the Gauss curvature and the squared
mean curvature have linearly independent differentials. Replace the surface by an
open subset on which the Gauss curvature and the squared mean curvature are global
coordinates invariant under rigid motion of the surface. Pick the eigenvalues so that
the mean curvature is not zero; the surface is not symmetric under reflection in the
tangent plane. So rigid motions fix every point of the surface, and also fix a normal
direction, so are trivial.

3.5. If uy, v, are the vector fields dual to the real and imaginary parts of the w*, the
torsion tensor, or Nijenhuis tensor

T := (up + tvu)TW"

depends only on the almost complex structure, a section of ng RTM ® C.
3.7. Consider left action of SUs on itself: Lz = hz. The identity function g(z) = z
behaves like (L}, g)(z) = g(Lnz) = g(hz) = hz = hg(z), so Lyg = hg. Thus for any
constant matrix h € SU3,
Liw = Li(g" ' dg),

= (Lng)~'dLig,

= (hg)~"d(hg),

=g 'h”"hdg,

=g~ " dg,

= W.
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3.8. Differentiating w = g~' dg, i.e. dg = gw,

0=dgANw+ gdw,
=gwAw+ gdw,

dw = —w A w.

3-.11. [36] pp. 36-37
4.1. Take an integral manifold X coframed by w1, w2, «. We need to prove that every
point of X lies in an open subset of X which is also an open subset of a frame bundle
of an isometric immersion. Note that X C M :="S x E?.

We use a slightly imprecise notation: the map taking

/ / / /
(xvelae27x 761782763) =T
we will simply denote by x, and so on. At each point
! ! / /
(w,61,62,$ 361362a63) € Xa

the vectors ey, es € TS are an orthonormal basis of T,S. Since wi,w2 are linearly
independent on X, there are vectors tangent to X on which wi,w2 take any given
values. But w1 = e; - dx and wa = ez - dxr measure dot products of dx with e1,es. So
there are tangent vectors to X for which the map z: X — S has differential dz taking
these vectors to have any given values of dot products with e;,e2. Hence z: X — S
has rank 2, i.e. full rank, a submersion. We can replace X by an open subset of X,
and S by an open subset of S, so that this submersion is a fiber bundle map with
connected fibers. Moreover, wi,ws vanish just on the directions where dr = 0, i.e.
the fibers.

On X, wi = w1, wh = wa and w} = 0. So dz’ = 0 just on the tangent vectors to
X on which 0 = w} = w}, i.e. on which 0 = w; = wo, i.e. on which dz = 0, i.e. on
the fibers of x. So 2’ is constant on each fiber of x. So 2’ is defined and smooth on
the base S of the fiber bundle map z: X — S, i.e. 2’ factors through z. Write this
factorization as &’ = p(z), p: S — E*, a commutative diagram of maps:

Compute
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But

So finally on X,
Z eéwi = Z Px€is.

By linear independence of w1, wa:
/
€; = Px€i.

Each point x € S lies in the image of some point

/ / / /

(1:,61,62,1’ ,61762,63) eX
and
’ . ro
@ (z): e1,e2 — ey, €y,

so ¢ (x) takes some orthonormal basis e, ez to an orthonormal basis e, e5. Hence ¢
is an isometric immersion. Moreover, X consists of isometrically matched orthonor-

mal bases, i.e. X C X, an open subset since both X and X, are 3-dimensional
submanifolds of M.

5.3. By problem 5.2 on page 42, to prove involution, we only have to show that the
generic integral line lines in an integral plane. Recall from the solution of problem 1.14
on page 6, the span of a nonzero vector v is an integral line just when

v =20z + Y0y + (Ut + uyy)Ou + (f& + gy)Ou, + (g2 + Uyy"g)auy + uyyauyy

where &, 7, Uy, are arbitrary except for not being all zero.
Each integral plane coframed by dx, dy is the span of

X = 81 + uzau + fauL + gauy + aauyy7
Y = 0y + uyOu + gOu, + UyyOu, + b0y

Yy

where
a =gy + Gutty + Gu, g + Gu, Uyy + Guy, b
and b is arbitrary; write this as @ = ao + gu,,b. The space of integral elements
at a point has positive dimension, so if the system is involutive, it has at least one
Cartan character positive, and therefore has an infinite dimensional family of solutions
through each point.
So then once v is given, we are given , ¥, tyy, and we compute
v—2X —gY = (lyy — Ta + yb)o

Uyy *

To be able to acheive an arbitrary value of ,,, we need the linear function

b da+yb
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to acheive arbitrary values, i.e.
Taop + (33 + guyyy)b

to have a nonzero coefficient of b, i.e. & + gu,, 9 # 0. Since we only need this for the
generic integral line, we can arrange it by choice of &, 3.

5.4. Take a J-integral element
E() = <€1,€2,...,6p>.

Move it:
E, = <€1 +twr +O(t)%, ..., ep + twy + O(t)2> .

Every motion through p-dimensional subspaces has this form locally. Expand:

ﬂ‘Et = tZ§(61, ey €1, Wi, €41, . - .,ep) —+ O(t)2.

The differentials, i.e. linear terms, are sums of polar equations. Set all but one
w; to zero: every polar equation is a differential. In coordinates, Fo = (du = 0),
E; = (du = q(t) dz), let w;(t) := ¢ (t)Oya.

5.5. If an integral is not ordinary, we can find integral elements nearby with characters
“borrowed” downward, so larger so, or the same so but larger s;, or some such. As
p+ so+ -+ sp = dim M, borrowing raises one character and lowers some later
character, decreasing the dimension

dim M + s1 + 2s2 + - - - + psp,

of the submanifold containing all nearby integral elements.

5.6. Generic linear subspaces are regular, so ordinary, so involutive. The polar
equations along a generic integral element are the same.

5.7. Clearly &+ is an ideal of differential forms, and homogeneous (i.e. the direct
sum of its intersections with forms each degree). But & might not be d-closed. Take
its d-closure &; it has the same integral manifolds as &*. Suppose that there is an
exterior differential system Z with & among its integral elements:

Tcetce.

Every Z-integral manifold has tangent spaces from &, so an &*-integral manifold, so
an &V-integral manifold. So Z,&*, &Y share the same integral manifolds.

Suppose now that € is an open subset in the set of involutive maximal dimensional
T-integral elements. Every element of £ arises as the tangent space of an Z-integral
manifold, by the Cartan—Kihler theorem, so as the tangent space of a &"-integral
manifold. So € lies among the €-integral elements, which lie among the Z-integral
elements. The differential of any form vanishing on € lies in €Y, so also vanishes on
€ So &t =¢v.

Consider an &€"-integral element E. Being an Z-integral element, if E lies close
enough to a linear subspace E’ of some element of &, then E lies in a maximal
dimensional involutive Z-integral element, so an element of £, so in a maximal dimen-
sional &-integral element. So £V is involutive near &. But &"-integral elements near
elements of € are Z-integral elements, so elements of £.
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5.8. Pick a tableau at mo which is generic in the usual sense: having maximal s;
among all tableaux for the same system, and maximal s subject to that s;, and so
on. Let 7' C 7 be the exterior differential system generated by the 0% and the rows
of the tableau. It is possible that various forms in Z vanish at mo, and near myo lie
outside Z'. Note that the characters of 7' at any Z-integral element are no larger than
those of Z since 7' C 7.

Suppose now that Z is involutive. The characters of Z are locally constant by
problem 5.6 on page 43. The characters of Z' are at least as large as those of the
tableau, which match those of Z at mo. So Z’ and Z have the same characters, and
both are involutive on all of their integral elements, with the same dimensions of
spaces of integral elements. Hence they have the same integral elements where the
tableau maintains those same characters.

5.9. “Generic” is just a condition on linear independence of 7 1-forms, so holds locally.

Torsion is absorbable at a point just when there is a torsion free integral element
coframed by w?, ..., wP. Absorbing torsion is solving a system of linear equations of
constant rank; apply problem 1.15 on page 6

5.10. We get to pick u’ (31717 ..,2h0,. .. ,0) arbitrarily, so get to pick the values of
the semipositive grade derivatives

Aut Aut

Ozl Ozt

at a single point, arbitrarily, a total of is; numbers. The resulting integral manifold,
the graph of u(z), has tangent space at that point given by those values, with the
values of all other first derivatives of u(z), the negative grade, at that point solved
for using our differential equations. So there are si; + 2s2 + - - - + ps, numbers we can
freely choose to construct each p-dimensional integral element.

6.2. Take local coordinates z!,z2,..., 2", y',v?, ... 4%, where E is the graph of

dy = 0. If 9 = crada’ A dy?, we will see that

a aCI I

L, = aLcIadIIj + v dx

dxi oy~

Let (=1)" mean (—1)™ if I consists of m indices. Write

Note that

I J i JK
vacrdr = (=1)"v'crpixdz” ™.

Commuting with exterior derivative,

i Gvi j (%i b
Lydr' = c%cjdm + aybdy’
a_ OU" 5 O0UT
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By the Leibnitz rule,

8c1A aCIA

L, = dz' A d dz’ A d
i A y +v aye A y
+ cqiradz” A (gvjd T4 gidy ) A dz™ A dy?
ov ov*
+ CIBaC’de A dyB A <<9Jd J + Wdy ) A dyc.
On E, dy =0 so
aCI aC[ I
LY, = da’ —dx
|E 8 i +v 8

+ chde‘] A 8—.dxj A dz®
oxJ
o |
I J
+ crodx” A £ dz’.

This is not quite the same as

BCI 86[
vadld|g = G ay —dz’
L, 0c )
R R Y24 1Lk JIK
+ (=1 BT dz?" 7.
Write the tangent part of v as
v =0’ 9
Oxt’
Let A be the linear map A: E — E given by
i 8’Ui
Aj = oxI

and apply this by derivation to forms on E as
(A8)(v1,y...,vk) = E(Av1,va, ..., vE) — &E(v1, Ava, vs, ..., nUE) + .. ..

Then

L] = 2dd| +v %d + A9, + cradz’ A g _da? .
Since 0 = Y|, = di|, we find
o Ocr o |
L) p=v 8—(11’ + cradz’ A o —da’.
6.3. Take local coordinates z!,z2,..., 2", y',y?, ...,y where E is the graph of

dy = 0. Write ¥ = crada’ A dy”?. Write X as the graph y = y(x), so

al .
Iy = cralz,y)da’ A %dw“ A gyﬂ dat.

so
B 801 ov®
L9, = 8 dz! + crada’ A B

_da?
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depends only on knowledge of the point m where we compute coefficients of ¥ and of
FE =T,X, so that we drop dy terms.

6.4. In coordinates, the linearization of an exterior differential system Z about an
integral element £ C T, M does not involve any dy A dy terms but depends on the
terms with no dy and with one dy explicitly. But P = <EJ'> = (dy®).

6.6.

L9 5 = cradz! A gixjdmj
6.7.
. eii/\f[/eufv’l?
o(df)v = Ahﬁrr;o —
(o) ¢ M)
A—o0 A ’
- (ixdf € Av a9+ e d(v29) + v add)
A—o0 iA ’
~ lim @Adf ANvad 4+ d(v=9) +vadd)
A—00 i\ ’
=df Nvad

This holds for any df, so for any linear combinations of such, so for any 1-form . In
our coordinates above, we compute the symbol of the associated system of partial
differential equations by replacing %’;? by v¥¢;. We immediately see that it agrees
with this result: £ Avod. l

6.8. Recall the tableau:

w1
d<z4>__ Da Db 0 A | wa m0d01,...,06
5 Db Dc 0 @
S1 S92 S3

2 0 0

(skipping zero rows) on the manifold M on which ac — b? = K and not all of a,b, ¢
are zero. Since the matrix

a b

b ¢

is symmetric and nonzero, and conjugated by rotation of frames, we arrange that
a # 0 at the point where we are working. We find

2
De=—<Da+ Do,
a a
To fit our notation better, write Da, Db as 7', 72 and « as ws. So the tableau is

1

4 0 w
d(05> =- o " Al w? mod 6',...,6°
0 T2 —<m —|—2§7T2 0 w3

S1 52 53
2 0 0
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skipping zero rows. Write a vector v € T,, M /E with components V¢ = °(v), written
with a capital V to avoid confusion with components v& = 7% (v). We compute the
symbol for each of the forms

0',...,6% do*, do°

and then stack these symbols on top of one another as one big matrix, the symbol of
the exterior differential system. For an arbitrary & = &1w! + &aw? + &sw?,

EAV0" = Voiw' + V6w + ViEw®,

contributes rows for each of the six 6%, one row for each w’, so 6 - 3 = 18 rows:

&£ 0 0 0 0 0 0 0
& 0 0 0 0 0 0 0
& 0 0 0 0 0 0 0
0 & 0 0 0 0 0 O
0 & 0 0 0 0 0 O )
0 & 0 0 0 0 o0 of [V
0 0 & 0 0 0 0 ofV?
0 0 & 0 0 0 o0 o[V
0 0 & 0 0 0 0 O Vv
0 0 0 & 0 0 0 0f]ws
0 0 0 & 0 0 0 0f]yse
0 0 0 & 0 0 0 0f [,
000 0 0 & 0 0 0]\,
0 0 0 0 & 0 0 0
0 0 0 0 & 0 0 0
00 0 0 0 & 0 0O
0 0 0 0 0 & 0 0
0 0 0 0 0 & 0 0

These are the trivial and predictable rows, as we said above. (We also said that
they can be ignored when we compute the characteristic variety.) They are the only
rows containing any V¢ components. (So all V* components are irrelevant to the
characteristic variety, since these rows will just force all V* components to vanish,
as we will see.) The remaining rows come from working out the various w® A w’
components of { Avdf®|g, a =4,5,6. For example,

ENvaddt = (1w + E2w” + E0°) A (VW' +0v7W?),
2

— (£10° — £30M)w'? + G300 + £50%w
We add a row representing &;v% — &xv?, i.e.

Vl
V2
V3
V4
V5
V6

1

(000000 —& &)

”02
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We add two more rows representing £3v?, &3va:
0 00O O 0 & O
0 00O 0O 0 0 &

Similarly, d#® yields rows

000 00 0 —%& 224-6
000 0O0O0 0 —&
00 00 0 0 <& —22¢
Finally, the symbol is
& 0 0 0 0 0 0 0
& 0 0 0 0 0 0 0
& 0 0 0 0 0 0 0
0 & 0 0 0 0 0 0
0 & 0 0 0 0 0 0
0 & 0 0 0 0 0 0
0 0 & 0 0 0 0 0
0 0 & 0 0 0 0 0
0 0 & 0 0 0 0 0
00 0 & 0 0 0 0
0 0 0 & 0 0 0 0
0 0 0 & 0 0 0 0
7@=1lo 0o 0o 0 & 0 o 0
00 0 0 & 0 0 0
0 0 0 0 & 0 0 0
00 0 0 0 & 0 0
00 0 0 0 & 0 0
00 0 0 0 & 0 0
00 0 0 0 0 —& &
00 0 0 0 0 & 0
00 0 0 0 0 0 &
0 0 0 0 0 0 —-%4 224-¢
00 0 0 0 0 0 —&
0 0 0 0 0 0 2&  —22¢

6.10. We can make a submatrix of the symbol, cutting out various rows, which has
determinant &5, so &5 = 0 on the characteristic variety. So plug in &3 = 0 to the
symbol matrix and start again. We can similarly pick out 8 rows whose determinant

is
a &b _52 51
det
& <p1§1 p2b1 — 52)

for any a + b = 6: pick any a rows which have £; as their only nonzero entry, all in
different columns, and similarly for £2. We must have £ # 0, i.e. one of &1, &2,&3 is
not zero. We know &3 = 0, so one of £;1,&2 is not zero. Therefore the vanishing of
these determinants is precisely the vanishing of

- 1
det (;21 2%5?1* §2> - E(Cﬁ = 266162 + a&3).



174

Hints

We have assumed that a # 0. So the characteristic variety is the set of hyperplanes

€] for
£ = 1w + Lw® + &30P

for which &3 = 0 and 0 = c£7 —2b€1 62+ a&Z. The equation & = 0 cuts out a projective
line in the projective plane PE*, while the quadratic equation cuts out zero, one, or
two points in that projective line, depending on the determinant of

the proposed shape operator of the surface associated to an integral manifold.

6.11. Suppose E C E is a noncharacteristic hyperplane. By uniqueness of extension
FE4, the polar equations of E cut out precisely Fy inside T, M, i.e. the dimension of
polar equations of E is the dimension of T, M/E . The polar equations of any regular
hyperplane in E are satisfied on E4, so have same rank. So the regular integral
elements are also noncharacteristic. If p := dim E, the rank of polar equations of F
is so + s1 + -+ + sp—1, while the dimension of T, M/E is so + -+ + sp. So sp =0
on F4 just when every regular hyperplane in E is noncharacteristic.

6.12. Any hyperplane F_ C F is Z-characteristic just when it lies in some other
Z-integral element E' of same dimension as E. But then E’ is also a J-integral
element, so E_ is J-characteristic: % C Eg

6.13. At each point, there is a unique maximal integral element, so every hyperplane
in it lies in that unique maximal integral element: =g is empty.

6.15. The choices of p-dimensional integral element arise from the semipositive grade
coefficients: k coefficients of each polar in grade k, so ks in that grade in all. So if
sp = 0 then there is a unique p-dimensional integral element containing E. If E is
involutive, then the semipositive grade coefficients pj* are arbitrary. In an adapted
tableau, E is determined by p{* for ¢ < p, which are all of the coefficients just when
sp = 0.

6.16. In terms of the tableau we gave previously in solving problem 7.1 on page 56,
the complex points in the projective plane satisfying the equations of the minors are

[0,1,0], [i, 1,0], [~,1,0], [3,0,1], [~4,0,1], [1,1,v/2i], [1,1, =v/2i].
The real ones for the characteristic variety as defined above, i.e. just [0,1,0] corre-
sponding to the hyperplane 0 = dz?.
6.17. For the harmonic function exterior differential system Z,
I, (©,dV,9 A (de, dy, dug, duy))

7y7u11uy) =
has dimension 6. The characters are sg, s1,s2 = 1, 2,0, summing to 3, as we see from
the tableau

duy | —dug A dx

dug | duy dy

So the symbol is not square: so +s1 +52 =3 <6 = dimIfm’y’u”uw.
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Here is a way to “fix” this problem. Let Z’ be the ideal generated by the 2-forms
9 Adx,©,dd. The tableau of 7' is

v 0 da
duy | —duy A dy

duy duy

with characters s, 7,5 = 0,3,0. But now

7% (©,dV,9 A dx)

WUa,Uy) T

has dimension 3. Take an Z’-integral surface S coframed by dx,dy and containing
an Z-integral curve C' on which dz # 0, say with y = y(z). On S, 9 Adx = 0 so
9 = f(z,y)dz locally. On C, 0 = 9 = f(z,y(z))dz. So f(z,y(z)) = 0. On S,
0=dd =df Ndz, so f = f(z) and f(z,y) = f(z) = f(z,y(x)) = 0, hence ¥ = 0 on
S. We conclude that any Z-integral curve C' on which dx # 0 lies in a locally unique
integral surface S. The problem with directly applying the Cauchy—Kovalevskaya
theorem is that Z-integral curves are not arbitrary curves.

7.1. The exterior differential system lies on an 11-dimensional manifold M with tableau
modulo 01,62, 63

1
ot Ust ﬂ% ﬂf Wt
2| _ 2
d| o = - 7r% 71'% ﬂ-g’ Nl w
3 3
0 3 3 1 9 w

1 T2 —m] — s

Denote our manifold as M*'! to indicate that it is 11-dimensional. Take the flag
M§ c MY ¢ My° ¢ M given by

Mg = (02331 = X2 =:E3),
M} = (0 = z2 = x3),
M210 = (0 = 133).

We have w' := dzt, §° = du’ — uj»d:rj, and 7r§~ = du§ modulo 6%, w'.
Pick a submanifold RS C M,° of codimension sy = 2 given by equations

us = u3(a,z”),

a submanifold R} C RS N M7 of codimension s; = 3 given by equations
1 1,1
up =uy(z),
2 2 1
Uy = Ul(l’ )7
3 3,1
ul = ui(z),

and a point RY C R} N Mg of codimension so = 3 given by equations
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for functions ué- and constants ¢!, ¢, ¢3. Since there are no free derivatives to restrain
in the final column of the tableau, there is no further restraining manifold.

So R is a point. On R{, the equations 0 = #* = #? = 6% become ordinary
differential equations for functions u',u?, u® of x', which have a unique solution
through the point RY. Check that on R, all of the tableau vanishes, so we don’t have
to solve any other equations than 0 = #* = 62 = 6% to produce an integral curve.

One RS, the tableau expands out to give derivatives in z?:

OU} auf 3 3
@Z@‘F?ﬂ—fh
o _ oud
0x2 ~ Oxl’
oul _ ot
0x2 ~ Ozl

The last two have right hand sides expressed in terms of the restraining manifold data:

63
') =it + [ G

3
aUQ

ui’(ml,ﬁ):u?(;cl)+/axldm2.

With these solved for, the first equation then solves:

2
u}(w%x%:/(?ﬁ—!—u?—f{’) da”.

It is not clear that the graph of these functions is an integral surface.
Finally, we expand out the tableau to find equations for derivatives in z*:

oul _ out
ox3  Oxl’
ot oud
ox3  Oxl’
au% aug 1 1
900 " 0w T

o _oul 0w of
Ox3 oxt 9Ozt Oz’
o _ _oul ot | o
Ox3 Ox2 0z2  Ox2’

Any 3-dimensional integral manifold will arise by solving this determined system, with
initial data from the integral surface. The proof of the Cartan—Kéahler theorem shows
that this procedure always constructs a 3-dimensional integral manifold, which is not
obvious.

7.2. Two proofs:

a. Writing out Z in local coordinates as differential equations:

ou’ . o’
- = some function| z,u, —— |,
813)1 61‘53




Hints

as on page 45, Z' yields only the subset of those differential equations which
have the form

ou’ _ functi ou’
Erie some function | x, u, 907 )

Apply the Cauchy—Kovalevskaya theorem to these equations.

b. The I’'-polar equations on E,_; are precisely those of Z. The Z'-integral el-
ements containing F,_; are therefore those of Z. So E,_; lies in a unique
integral element of 7', which is E,. The characters of Z' are

/ / ! /
So S1 . SP,Q 5p71 Sp
0 0 0 So+ -+ Sp—1 0

Apply theorem 6.2 on page 52.

7.4.For k <p, if I =0 then Z¥ " * A2 C 7% 50 0 =Z" P A 2! and so 0 = ZF L.

7.5. If w is identically zero, then ZP~! A 2 = 0 so ZP~! = 0. Assume that w is not
identically zero. Write X locally as X = (0 = f) for some function f with df # 0. If
w = 0 at every point of X, replace w by w/ f, and repeat until w # 0 at some point of
X. Replace X+ by the open subset of X} containing a point of X at which w # 0.
7.6. Since e; form a basis, [e;,e;] = cfjek for some functions cfj. Write e, e;, €35 to
denote

€1,...,€p, €1,...,€i,...,€Ep, €1,...,€4,...,€5,...,€Ep.

By lemma 7.5 on page 57,

dp(e) = (1) e (s(e) + D d(leir €], exy).

i<j

Plug in d¢ = h¢ Aw? and ¢(e;) = (—1)P ¢ A w'(e) and similarly that

b(ex, €3)
= (—1)Ptitd (6j=k¢ Aw' = iz A wj) (e)
to get
epf ==Y elh'f)+H,
i<p
where

Ho= (=1 h Y (cl;h' = ciyh?).
i<j
8.1. Pick a noncompact manifold M of positive dimension, and a discrete infinite

set D C M. Let J° be the set of functions f: M — R so that f vanishes at all but
finitely many points of D. Let J% = 2%, for k > 1.

8.2. On M := R, let Z° be the analytic functions vanishing at all but finitely many
integers, and 7' := £23,. Recall the infinite product expansion

. oo 2
sin Tz x
- 1-Z

T kl_[( k2>’

=1
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convergent in the complex plane [1] p. 197, [37] p. 239 12:14. So
fal@) =[] <1k2) -1
k=n+1
as analytic functions, but f,(z) = 0 for x integer, except at ¢ = —n, —n+1,...,-1,0,1,...

1,n.

8.3. Where v # 0, straighten out, i.e. take coordinates in which v = 0,1. Where
v = 0, add a small multiple of a nonzero vector field and take a limit. For a more
detailed proof: recall that for any function f,

8 * vk
aetv f = et va.
Apply induction, to get
ak * vx
@etv f = et Lﬁf.

Taylor expand in ¢ in any coordinates, so the result holds for any function f. Taking
exterior derivative, the result holds for df. If the result holds for two differential forms,
then it holds for their wedge product: expand. Any differential forms are locally
obtained by repeated wedging and exterior differentiating on functions.

8.4. If v is a symmetry then

Lo, = ey

da
dt |1=0
so L,Z CT.

If £,Z7 C Z, then in problem 8.3 on page 62, each term lies in the ideal. By
closure under convergence (theorem 8.1 on page 62), v is a symmetry.

8.5. For simplicity, let us just consider the system Z on the plane M = Ri,y generated
by dy. A vector field v = a(x,y)0z + b(z,y)0y is a symmetry vector field just when
L,dy = f dy for some function f.

Lydy = dLyy,
= db,
= by dx + by dy,

we see that b(z,y) depends only on y, i.e. v = a(z,y)0: + b(y)dy. Geometrically,
v flows points with equal y-value to points with equal y-value, i.e. its y-component
depends only on y.

8.7. Take any nonzero compactly supported function f on any manifold M. (We
could even take M = R.) Take any nonzero complete vector field v, with the support
of f contained in the interior of the support of v, so that the flow of v takes some
point in the support of f outside of the support of f. (We could even take v = 9;.)
Generate Z with f, L, f,.... Each of these functions is supported in the support of f,
so under the flow of v is taken out of Z.

8.8. On M = R, for each open set U C M, let Zyy be generated by all analytic
functions vanishing at the points x = 1,1/2,1/3, ... which lie in U. So if 0 € U, then
Zu = 0. A vector field v vanishing at those points, and at the origin, and having
compact support, is a symmetry of the smooth exterior differential system. Any
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analytic symmetry of Z has to vanish at all of those points, so vanishes to all orders
at the origin, so vanishes.

8.10. Pick local generators ;. Write £,9; in those generators: L£,9; = afﬁi. Pick
an embedded smooth hypersurface H on which v # 0. Make a function g = I on H
and extend g off of H as a local solution of £,g9 = —ga. By straightening out, such a
function g exists, at least near each point of H. Check that £,(g¥) = 0, so g9 is a
v-invariant collection of local generators of Z.

For a symmetry v,

8.11. Take any manifold M of positive dimension and a foliation defined in some
open set. Take an open set W so that the foliation is defined on the closure of W,
and a point mo on the boundary of W near which the boundary of W is an analytic
hypersurface of M. For any open set U C M, define Zyy to be

a. the forms pulling back to zero on each leaf of the foliation, if U intersects W,
and

b. Ty = f; otherwise.

Every point of W lies in a unique integral manifold: its leaf.
Every open set U C M containing my intersects W, so Zy consists of the forms
vanishing on the leaves. The foliation extends beyond W. If the leaf through mg

is tangent to the boundary of W near mg, then it is an integral manifold near my.

Otherwise there is no integral manifold through mg, although there is an integral
manifold with boundary. At every point outside the closure of W, there are no integral
manifolds of dimension p. So the union of the integral manifolds might be neither
open nor closed.

The space of integral elements is a manifold with boundary near mg, so the system
is not involutive, as the definition of involution requires the integral elements to form
a manifold without boundary.

8.14. Let M := Ri,u,u» W C M an open subset not equal to M. For any open set
U C M, define Zy to be

a. generated by du A dx,dv A dz if U intersects W,
b. generated by du A dx,dv A dz,du A dv otherwise.

For any point on the boundary of W, and open set U containing that point, we don’t
have du A dv in Iy, so for an open set U’ C U not intersecting W, du A dv € Ty is
not generated by any generators of Zyy. The 1-dimensional integral elements du =
v’ dx,dv = v’ dx are involutive.

8.17. xdx

8.18. The problem is local: we can assume that Z is globally generated by pointwise
linearly independent differential forms ;. The flow of v acts on the differential form
bundle, as linear transformations of its fibers. We need to prove that the flow of v

preserves the vector subbundles. Take a pointwise basis ¥, 9! of the differential forms.

Write £,9 = a?, for a block matrix

i
_(a 0
a= ; -
ay aj
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Then
et Y = gv,

for a unique smooth function g(x,t) for (z,t in some open subset of M x R:

a _ 8 tux
ETARr TA

= L,e™*0,
= e 0,0,
= """ (a0),
= (¢""a)gd,

so that 5

7187.2 — etv*a’
has derivative lying in a block matrix of the prescribed form. Since g(0) = I is also
such a block matrix, g(¢) is such a block matrix for all ¢.

8.19. du Adx,dv Adzx,udu A dv on Ri,y,u,v

8.21. Apply the Cartan formula £,9 = d(v2¥) + v 2d¥ to a Cauchy characteristic
vector field v, so see that v is a symmetry vector field. If v and w are Cauchy
characteristic vector fields, then

[v,w] 29 = Ly Ly — LwLly?,
=Ly(d(w-9) +wadd) —...

we expand out L =d -+ ~d.

8.22. Fix a point m. Take a set of forms ¥* € Zyy on some open set U containing m,
giving a basis of Z,,. In particular, the forms are linearly independent at m, so span
a vector subbundle of the differential form bundle near m. Pick additional forms 9"
so that 9%, 9" is a basis of the exterior algebra at m. These forms remain linearly
independent nearby, so form a basis of the differential forms near m. Every tangent
vector v has v 49 = Af(v)9” + A& (v)9*, for unique A\f, A% € Ty M, hence linearly
independent. The Cauchy characteristic subspace at m is exactly the kernel of the
various Aj;. For nearby points, the same linearly independent forms have a kernel of
the same rank, containing the Cauchy characteristics. By constancy of dimension of
Cauchy characteristics, this kernel is still the space of Cauchy characteristics.

8.23. Suppose constant rank. As in problem 8.22 on page 64, the equation of Cauchy
characteristic vectors becomes a kernel of a constant rank vector bundle map, and
so the local sections of that vector bundle are the local sections in the kernel of that
map. The vector bundle map is the map quotienting v 2 9% by 9¥°, so the kernel lies
inside the set of Cauchy characteristic vector fields. But each Cauchy characteristic
vector field lies in the kernel.

8.24. dx A du,dz A dv,ydy A du A dv has involutive integral plane (9, 0y).

8.29. Note that m.v = 0 just when v 79 = 0 for any ) € £27;, so v is a Cauchy
characteristic of Z.

8.30. Consider a push forward. Take a generic tableau for the push forward, and
pull it back. Add forms to it as needed, and make their rows generic as well. So we
treat it, locally, as a part of the tableau for the original system. Take an integral
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manifold for the push forward. Restrict the original system to the preimage of the
integral manifold. The rows in the tableau that were pulled back are now zero. But
the polars of the other rows are still linearly independent.
8.31. By problem 1.15 on page 6, the space of Cauchy characteristics is a vector
subbundle of the tangent bundle. Above we saw that Cauchy characteristics are
bracket closed. Problem 1.18 on page 7 shows that the retracting space is therefore
Frobenius, so 7 exists locally.
8.33. Invariance of our generators under the flows of the Cauchy characteristic vec-
tor fields extends their definition to the largest set invariant under those flows and
containing their domain. Each diffeomorphism ¢ preserving Z and 7 interchanging
components allows us to extend that domain further, so that it becomes the preimage
of an open set in M.
8.35. Let Z := 77 and J = m.Z. Easily Z C J. Take some ¢ € J, a differential
form on M. On M, 9= bi N 9 for some forms ¢; and some forms 9; from Z.

Suppose that 7 is a surjective submersion. Take coordinates ' on some open
subset of M. Pullback and extend to coordinates z*,y® on some open subset of M.
So

0= fr(z)de’ = ¢i A" = gya(z,y)de’ Ady® A fi(z)da'.

Average over y: all coefficients are functions of = only. Drop any terms with dy in
them, as they must cancel out.
8.38. For example, on M = ]Ri,y,z’w, the exterior differential system Z generated
by dy — 2% dx is generated by pullbacks of forms in the exterior differential system Z
generated by dy — 2% dz on M = Ri,y,z- But Z? consists of the 2-forms z f(z,y, 2) dz A
dzx, all of which vanish at z = 0.
8.40. The characteristic variety for the isometric immersion problem emerges from
plugging Da = v®¢, Db = v°¢ and De = v°€ into the tableau, but with a De+ ¢ Da =
2b Db, s0 av® + cv® = 2bv?, giving

0= v 2 ENwr
T\t e ENwa ]’
— (”a(—&) +Ub§1>
v (=&) +0°&

_ —v%€ + Ubfl w
—P& 4+ 1 (200" — cv®)& 2

a

—&2 &1 v®
B (—;& —& + %fgl) <vb> e

After we drop the Cauchy characteristics, the characteristic variety is the determinant
of this matrix, i.e.

0= —c£} + 26&162 — a&l.
Recall that the characteristic variety consists of the lines

0= Z&wl :O,

satisfying these equations. A vector v = vie; + v2e2 lies in such a characteristic line
just when 0 = &1v1 + &2v2, so then, up to scaling

(€1,82) = (v2, —v1).
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Plug this in to see that the characteristics are the curves whose velocities satisfy

0= av% + 2bvivg + cv%.

9-3-
wy =€} -dx’,
= (¢ (2)er) - do(),
=e " (¢ (2)er) - ¢ (2) da,
=e “ep - dz,
=e "wi,
and similarly wh = e “wa. So w’ = e “w. Differentiate to get
dw' =id' Aw' = d(e”"w),
which we expand out to find
(du+i(a' —a)Aw' =0.

By the complex linear form of Cartan’s lemma (which the reader can state and prove),
we get the result.
10.1. If the eigenvalues of the shape operator at a point are A1, A2, then

1
H=3 A+ %), K = A,

SO
0< (M —X)’=4(H-K).
10.3.
of , oH oK
daze Ju Dazs T dazs’
= %I + frait,
d
£0.

A.2. [31], p. 68.
A.3. [31], p. 69.
B.1.

Or —0,
P(%y:@:ﬂﬂ = (ay azy)

so turning derivatives 0., dy into Greek variables &, n:
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B.3. If we write each antisymmetric matrix

0 z -y
-2z 0 T
y —x 0

as [z,y, z], Maxwell’s equations become

Ol = [azaayaaz]H7
O%H = —[0,,0,,0.]E.

plE]_( a0 —10.,0,0.]
H| = \[0:,0y,0:] o

so if we write 1-forms as £ dz 4+ ndy + ¢ dz + 7 dt, the symbol matrix is

; _( 71 —[s,n,c])
P\ I

a square matrix with determinant

As an operator

(7_2 752 . 172 o C2)2T2-

The characteristic variety consists of the hyperplanes tangent to the light cone and
the hyperplane 7 = 0 tangent to space at constant time.
T 1 T

D.3. Since e is orthogonal, its transpose ise =e™ ", ie. e e=1,1ie. e;-e; =1if
i = j, 0 otherwise. Differentiate: ¢" e +e'¢ =0, ie. e ¢=—¢"e=—(e'¢), ie e'¢

is antisymmetric, with entries e; - é;. Since é; = kea,

By antisymmetry,

for some t.

D.5. For any constants «, 3,7, let

T a cos 3s
<m2> = <asinﬁs> .

T3 vs

1 —qf3sin s
(3’&2) = (aﬁcosﬁs ) ,
:'83 Y

|1«:‘2 — a2ﬁ2 +'Y2

SO
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So we need this to equal 1. Clearly a =0 or § = 0 is a line, and v = 0 is a circle. We
ignore those cases and so the equation o2 4+~ = 1 can be solved for any of these
three constants in terms of the other two. We can reflect in the x122 plane to arrange
that «, 8 > 0 and in the z3 axis to arrange that v > 0. We get

—afsin Bs
e = < afi cos Bs >

0
SO
—aB? cos Bs
é1=kes = | —af%sinfs | ,
0
SO
k= ap?
and
cos s
ey = — (sin Bs) .
0
Differentiate
[Bsin Bs
= (—ﬂ cos ﬁs)
0
SO
B~? sin Bs
tes = éa + ke = tez = | —f~2 cos fs
af®y
Finally,
t=4p7,
and
v sin Bs
e3 ==+ (—*y cos Bs) .
af

So if we set

6=k +e,

_k
Q= ?,
t
=4,
TR

we get a helix with prescribed constant values of k, ¢.

D.6. If e) = ey, then e1, es and e}, es are orthonormal bases of the same plane ex .
Choose the sign of es to get

el +ieh = e (e1 + ies)
for some angle 6. Differentiate to get

del + idely = 0e' (e1 +ies) + € (é1 + ies).
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Expand to get
(K" —it')es = 0 (e1 +ies) + ' (k — it)es
Differentiate ez = e to get —k’e} + t'ef, = —ke; + tes. Hence
K +it' = e Ok +it).
So 6 = 0, a constant rotation.
On the other hand, we can now pick any constant 6, and define:
el +iey == eie(el + ies),
eh = eq,

K+ it o= e " (k +it),

/ /
xz/elds

and check that the Serret—Frenet equations are satisfied, so these yield the Serret—
Frenet frame of a curve.

D.8. The proof requires some unwinding of notation: the expression w; = e; - dz
means that w; = Zj ejidx;, which allows us to unwind the following formal steps:

dw; = d(e; - dx),
= de; N dx,
= Z(ey ~dei) A (e - dx),
J

= Z’Yﬁ A wj.
J

Similarly, the expression 7;; = e; - de; means that v;; = Y x Ekiderj, SO
dyij = d(ei - dej),
= de; N dej,

= Z (er - dei) N (ex - dej)

= ZW N Vg -
k

D.g. Here are two proofs:

a. If we think of z and e as functions on E?, then ryx =z, rye = eg. Hence
ride = dz and r}de = (de)g. So rjw = r}(e’ dz) = (eg)'dx = g'e'dr = g'w
and 7}y =1} (e de) = (eg)' d(eg) = g' e deg = g'vg.

b. The action is r4(z, e) = (x, eg), where (eg); = Zj gjie;. Hence

rp(w,e) (@, €) = (i, Y gjics)-
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(rg@) (w.e) (&5 €) = Wy (2,)7g (T, €) (&, €),

= Weeq) (&, Y 95i€5);
J

= (6g) : :ty

= Zgjiej -,
j

= ZgﬂW(z,e)(i» é).
j

D.13. For any tangent vectors u,v € T, S,

I (u,v) =I(v,u) = Zaijuwjeg,

ij
We can write I as II(u,v) = > a;jw;(w)w;(v)es, i.e. I =w' awes, so
rall = riw’ awes = (h'w) (nh' ah)(h' w)(nes) = w' awes = 1T,

i.e. vyl = II so I is invariant.

D.16. Take any point po € E3. At a point zo where the surface acheives maximal
distance from some point py € E?, differentiate distance to see that T.,S is perpen-
dicular to the ray from po to x¢. Translate xo to the origin, and rescale and rotate to
get po a unit vector above the origin. Apply our local picture of surfaces to see that S
being inside the unit sphere around po forces S to be locally the graph of a function
with critical zero at the origin, and eigenvalues of the second derivative both at least

1.
D.17. Let
_of . _ 0
Jir= 8mi’f” o 8xlmj2
Note that
o fjazj
€3 = —/————.
VIR
So

fi
des =d | —L2— ) a,,,
_'/2
5y () 2 fuadzitn, +

D2f fjkdmk
=—|(e3= es + O -
(3 Idf|> A

Note that e; - e3 =0 for ¢ = 1,2, so

fjkdxk (9

Nl

e¢4D2f
laf|

Vi3 = e; - dez =
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E.1. Note that p rotates the point ' of our plane around on a circle perpendicular
to e1, e3 and tangent to ez, with radius r, so that

d
EPy = res.

dé

Therefore

w1 = e -dx,

=e;-d (pm/) ,

=e ~pdw'+61 . @x'dQ,
df

=e -pe/lds +e1 - readh,

—e1-e1ds

=ds.

Similarly, w3 = 0 and

w2 = ez - dx,

=esx-d (p:c/) ,
= e2 ~pdw'+62 . @m'de
df ’
=ey-pel +ea-resdd,
=rdo.
Note that
de}| = ¢esds,
deb =0,
dely = —peds,
and
0 -1 0
dp=p|1 0 0]do.
0 0 O
Compute

der = d(pey),

=dpey + pde},
0 -1 0O

=p[1 0 0]eidd+ ppesds,
0 0 O

0 -1 0 Cos
=pl1l 0 O 0 df + pesds,
0 0 O sin ¢

0
=p <cos go) df + pesds,

0
= cos peadf + pesds.
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and similarly

dea = d(pes),
=dpes,

0 -1 0
=p[1 0 0]ehdd
0 0 O
1

=—p|0]do
0
cos 0

= — | sinf | d6.
0

Finally,
des = d(pes),
= dpes + pdes,
0 -1 0
=p[1 0 0]esdd— ppeids,
0 0 O
0 -1 0 —singp
=pl1 0 O 0 df — perds,
0O 0 O cos ¢
0
=p | —sinp | df — peids,
0
= —sinpeadf — peids.
Therefore
Y12 = —721,
= —e2 del,

= —e2 - (cos p eadf + Pesds),
= —cospdf.

Y13 = e1 - des,

= 730 dS,

Vo3 = ez - des,

= —sinpdf.
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E.2. If sin ¢ = 0 everywhere, the curve is a horizontal line and the surface of revolution
an annulus. Suppose that sin ¢ is not everywhere zero; pick an interval on which
sin # 0, and let € be the sign of sin ¢. Differentiate to find that the function

B:=ery/1—172+ Hor?

is constant along solutions, say equal to y. Solve for 7:

~ Bo— Hor?

.2
re=1 5

T

= 2+/Hou? + u — fo.

/ du s
2 H0u2+u—ﬂo .

This integral can be solved in elementary functions giving s = s(r); for example, if
Hy > 0,

Substitute u = r%:

Integrate:

(4ﬁ()H() -+ 1) IOg (2\/ Hov/Hou? +u — Bo + 2Hou + 1)
16HY?
(45()[‘.[0 + 1) log (2\/ Hor/Hor* +r2 — Bo + 2H0T2 + 1)

- )

16HS

S = 5

The surfaces of revolution of constant positive mean curvature are obtained by solving
implicitly for r = r(s).
E.6. Taking real and imaginary parts ¢ = ¢1 + iqa:

ann a2\ _ (H+q —q2
a2 a2 - H-q)
So H = (a11 + a22)/2 is the mean curvature, and
_a11 —a — 2iai
2
Note that |¢|* = ¢ = H?> — K, so ¢ = 0 precisely at umbilic points.

E.g. In our complex notation, we are identifying the matrix

0 -1 0
1 0 0
0o 0 O
with the complex number i. The fibers of 'S — S have the form
(@(1), e(t)) = (o, eoe™).

So if we write out v = e' de in our complex notation, on each fiber,

v =1dt,

189
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so a = y12 = —dt. We are given that
f(a(t),e(t)) = f(zo,e0e™) = ™" f(xo, €0),

so on the fiber

af .
a - Zkf7
ie.
df +ikfa=0.

So in complex notation, df + ik fa vanishes on vertical vectors for 'S — S, i.e. is a
multiple of w,®.

E.10.

Dq = ai11 — 3a122 + i(a222 — 3a112),

Dq = 2(H1 - ZHQ)

713 - k?1w1
d(y23 — kaw2)

12 A y23 — dk1 A wi + k1y12 A wa
’721 A y13 — dka A wa + kay21 A w

E.11.

—v12 A kawa — dk1 A w1 + ki1yi2 A we
Y12 A kiwi — dka N\ wa — k2’}/12 N w1

_ _ (dk Awr 4 (k2 — k1)yi2 Awa
(k2 — k1)y12 Awi + dk2 A wa

E.12. Arrange e, e2 to diagonalize the shape operator, so

Y13 = k1w,
Y23 = kaw2,
with ki constant. Differentiate to find that 12 is a multiple of w2. So then along the

flow of e1, 712 = 0 and 23 = 0 i.e. ez is constant, so e1, e3 rotate in the plane, with
Y13 = k1, so at a constant rate, i.e. on a circle.

E.13. Suppose that 6(x,y) is a smooth solution of the sine-Gordon equation
Ory = siné,

on an open subset U C R? of the z,y plane. Take the exterior differential system
generated by

w1 —sin(6/2)d(y — x),

wa — cos(0/2)d(z + y),

w3,

2712 + 0y dx — 0y dy,

Y13 + cos(0/2)d(y — x),

Y23 — sin(6/2)d(z + y)



Hints

on U x E*. We want to prove that this system is Frobenius. It is invariant under
rigid motion, so its integral surfaces are permuted by rigid motion. We want to prove
that its maximal integral surfaces are immersed into R® by the obvious projection.
Hence it determines a unique surface in Euclidean 3-space, up to rigid motion, with
constant negative Gauss curvature equal to —1.

To prove that the system is Frobenius, take exterior derivatives, modulo the 1-
forms written above, and plug in that our given 0 satisfies the sine—Gordon equation.
So the 8-dimensional manifold U x E? is foliated by integral surfaces of these 6 linearly
independent 1-forms, leaves of a foliation. Each integral surface has dz, dy linearly
independent, and so has w1, w2 linearly independent. So it projects by immersion to
3-dimensional Euclidean space. Proceed as in the solution of problem 4.1 on page 36.
Careful: on a multiply connected domain U C R?, it is possible that a solution 0(z, y)
of sine—~Gordon might give rise to a surface which is a nontrivial covering of U.

F.5.

egdii (cos Oeh + sin 96/3) =e3 (—9 sin feh + cos fe’s + 0 cos fey + sin Gé’g) ,
=e3 (—9 sin fe5 + cos O(—ke1 + tes) + 6 cosfey — tsin 06'2) ,
=e3 (79 sin @es + t cos ey + 6 cos fes — tsin 6‘6'2) ,
= §sin? Ot cos® 06 cos> 0 + tsin’ 0,

=0+t

F.6. We get é; = 0 along such a curve, at that point, so 0 = y21 = 731, so ai1 = 0.
Since this occurs in all directions, a = 0.

G.4. The fact that eXp;C0 = I means that at the origin,
Wi + ws = dz® + dy?,
in rectangular coordinates, i.e. near the origin
WP+ wi —dr® — r? do?
is smooth. Expand out, and plug in
rdf = cos0dy — sin 0 dx

to see that
h 2
wi +ws =dr* +r*do* + (() — 1) r2do?,
T

2
=da’® 4+ dy® + ((h> — 1) (cosOdy —sinfdzx) .
T

In particular,

ﬁ—>1
r

asr — 0. Hence h -0 asr — 0 and

Orh — lim ﬁ =1.

r—=0 T
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G.7. Gauss—Bonnet

G.8. If our geodesic is z(t), then f(z(t)) has local minima as its only critical points.
Moreover, they are isolated, as f(x(t) is critical only where z(t) reaches the minimum
of f or becomes tangent to a level set of f. If f(z(t) stays bounded as t — oo, then
z(t) stays in a compact sublevel set of f. But f(z(t)) increases for large enough ¢,
so z(t) approaches the boundary of that sublevel set, i.e. a level set. Geodesics near
each level set enter or leave soon, a contradiction.

G.10. The differential equation forces h = r — Kr3/3! 4+ O(r)*, and inductively forces
dk95h = O(r)*. Note that

0z = cos 00, — 51:989,
8, = sin 09, + Cofeae.

So h? — 72 is a smooth function of x, % at the origin.

dr® + h*d0* = dr® + r°de” + (h* — r%)do?,
h —r?)(—zd d
:dr2—|—7"2d92+( T)(T;U y+yda)

K@ +9*) +0(r)®
3

)

=dz® + dy® — (—zdy + ydz)

is smooth at the origin.
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