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Abstract

Compliant mechanisms achieve motion and force transmission through elastic deformation,
offering advantages of compactness, precision, low friction, and structural simplicity.
These properties make them attractive for a wide range of applications, including precision
engineering, biomedical and surgical devices, aerospace and space systems, and robotics.
However, their reliance on large elastic deformations introduces highly nonlinear behavior,
which poses significant challenges for accurate analysis and design. Conventional finite
element simulations, while reliable, are often computationally expensive and provide
limited capability of being applied in structural optimization, whereas over-simplified
analytical models may fail to capture the essential nonlinear characteristics. Accordingly,
this dissertation aims to further contribute to the development of the field of compliant
mechanism design by addressing these key challenges, thereby laying a foundation for
future theoretical development and engineering applications. Guided by this mission, the

dissertation advances along three mutually reinforcing parts.

First, an energy method based on high-order smooth curvature model (High-order SCME) is
proposed, in which high-order Legendre polynomials are employed to approximate curvature
and derive bending energy expressions. The model provides low-dimensional, differentiable,
and efficient solutions for large-deformation compliant mechanisms, achieving high accuracy

with significantly reduced computational cost.

Second, recognizing that high-order SCME method neglects axial deformation, a Com-
prehensive SCME (CoSCME) method is further developed to resolve this issue. By
incorporating axial strain energy and bending-axial coupling into a unified framework,
CoSCME enables precise predictions of nonlinear responses across pre-buckling and
post-buckling regimes. Its accuracy and generality are validated in scenarios including
compresural beams, tensural beams, bistable mechanism, general lumped-compliance
beams and initially-curved beams. The modeling results are in strong agreement with the

finite element analysis results.



Third, a bi-level optimization framework driven by CoSCME is established for systematic
mechanism design. The upper-level optimization aims to achieve mechanism configuration
search through genetic algorithms, while the lower-level optimization evaluates kinetostatic
behavior using the CoOSCME method. This bi-level optimization framework successfully
achieves optimal designs such as bistable mechanisms with symmetric switching forces
and constant negative-stiffness behavior, thereby broadening the functional landscape of

compliant mechanisms.

Together, these contributions deliver not only efficient modeling tools and a practical
optimization paradigm but also a unifying framework that bridges theoretical modeling,
numerical simulation, and experimental validation. By systematically advancing the smooth
curvature modeling approach and extending it into comprehensive and optimization-oriented
formulations, this thesis deepens the theoretical understanding of large-deformation me-
chanics in compliant mechanisms. At the same time, it provides engineering methodologies
capable of guiding the design of complex, multi-functional, and programmable compliant
systems. Collectively, these outcomes underscore the dual significance of this work:
establishing a solid theoretical foundation for compliant mechanism research and enabling
practical engineering applications across robotics, biomedical devices, and deployable

structures.
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Introduction

1.1 Compliant mechanisms

Compliant mechanisms are mechanical systems that achieve motion or force transmission
through the elastic deformation of structural components [2]. Unlike traditional mechanisms
that rely on rigid links and discrete joints such as hinges or sliders, compliant mechanisms
leverage the flexibility of their material to enable continuous, smooth motion. Historically,
rigid-body mechanisms have been favored in engineering practice due to their modularity
and simplicity in analysis. However, nature offers an alternative design paradigm. Biological
systems such as the human heart, insect wings, elephant trunks, and flowering plants
demonstrate how compliant behavior enables compact, efficient, and multifunctional

motion.

These natural systems have inspired renewed interest in compliant mechanisms. Early
human inventions, including the bow, exemplify the use of stored strain energy through
structural flexibility. Leonardo da Vinci’s mechanical sketches include various compliance-
based designs, and the Wright brothers initially controlled flight by warping aircraft wings.
These examples underscore the long-standing value of compliance in motion generation.
Recent technological advancements have greatly expanded the design space for compliant
mechanisms. The emergence of soft robotics has introduced new classes of systems that
rely entirely on compliance to interact safely with humans and uncertain environments.
Multimaterial additive manufacturing allows for the fabrication of structures with spatially
varying stiffness, enabling tailored mechanical responses. Biocompatible and stretchable
materials have accelerated the development of wearable and implantable compliant systems,
bridging mechanics with biology.

In parallel, computational advancements have made it possible to simulate large deformation
behaviors with high accuracy, allowing for the design of highly nonlinear compliant systems.
Topology optimization, bio-inspired design algorithms, and artificial intelligence (Al)-
guided synthesis frameworks now support the creation of compliant mechanisms with
unprecedented complexity and functionality. These tools are critical in fields such

as microscale actuation, adaptive structures, and low-power devices, where traditional



2

mechanisms face limitations. While compliant mechanisms often offer reduced part count,
weight savings, and increased reliability, they also pose challenges. The integration of
multiple mechanical functions within a deformable body complicates the design process.
Nonlinear geometric effects, fatigue behavior, and material creep must be carefully
addressed.

Despite these difficulties, the potential advantages in energy efficiency, miniaturization,
and multifunctionality make compliant mechanisms a popular research direction across
multiple disciplines. The following content briefly reviews the applications of compliant
mechanisms in distinct fields, including precision engineering and micro/nano systems,

biomedical and surgical devices, aerospace and space systems, and robotics.

Biological Structure ] Applications in daily life W
Engineering applications
Precision engineering Biomedical and surgical Aerospace and Space .
. . Robotics
and micro/nano systems devices systems

Fig. 1.1.: Bio-inspired compliant mechanisms and their applications. Natural structures such as the
heart, flower petals, insect wings, and elephant trunk demonstrate intrinsic compliance,
which inspires functional designs in daily objects (e.g., clips, caps, nail clippers, and
buckles). These principles are further applied into engineering domains including
precision micro/nano systems [3, 4], biomedical and surgical devices [3, 6, 7], aerospace
systems [8, 9], and robotics [10, 11, 12], underscoring the versatility of compliant
mechanisms.
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1.2 Applications of compliant mechanisms

The applications of compliant mechanisms can be classified into distinct categories
according to their primary functional objectives and usage contexts. These categories
typically include precision engineering and micro/nano systems, biomedical and surgical
devices, aerospace and space structures, and robotic systems. Each category is characterized
by unique performance requirements and associated challenges. For example, precision
and miniaturization in micro/nano devices, biocompatibility and safety in biomedical
applications, structural robustness in aerospace, and adaptability in robotics. Despite
these differences, all categories benefit from the core advantages of compliance, such
as compactness, precision motion, and reduced mechanical complexity. The following
sections present representative cases that demonstrate the diverse applications of compliant

mechanisms.

1.2.1 Precision engineering and micro/nano systems

Compliant mechanisms are inherently well suited to precision engineering and micro/nano
systems due to their jointless characteristic, which eliminates backlash, friction, and
lubrication requirements. The transfer of motion through elastic deformation ensures
predictable and repeatable displacement at extremely small scales, while structural mono-
lithicity minimizes assembly-induced errors. In precision engineering, these properties are
leveraged to achieve sub-micrometer positioning accuracy, high dynamic response, and
reduced parasitic motion, which are essential for tasks such as optical alignment, lithogra-
phy, scanning probe microscopy, and ultra-precision machining. In micro and nanoscale
systems, compliant designs facilitate motion amplification, displacement guidance, and
integrated sensing/actuation within Micro-Electro-Mechanical Systems (MEMS), enabling
compact and multifunctional platforms that cannot be easily achieved using traditional
rigid-body joints [13, 14].

In precision engineering, the most representative applications of compliant mechanisms
are found in nanopositioning and optical alignment systems. Early research introduced a
parallel-kinematic XY stage with symmetric flexure modules [15], achieving both high
resonance frequency and low coupling error, which set a baseline for “high stiffness-high
speed” designs. This concept was further advanced through the development of a fully
decoupled parallel structure [16] that further suppressed cross-axis interference, providing

greater margin for control accuracy. For applications requiring large vertical travel, an

1.2 Applications of compliant mechanisms
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integrated Z-stage was proposed [17] that combined displacement amplification, guiding,
and decoupling, thereby maintaining stiffness while significantly extending range. In
high-precision optical alignment, a compliant remote-center-of-motion stage was designed
[18] to reduce lateral errors, particularly suitable for parallel coupling and fiber-optic

alignment.

Precision Engineering and micro/nano systems 1
(, —

Voice coil motor-driven micro
positioning stage[18]

. ) h V.

Fig. 1.2.: Applications of compliant mechanisms in precision engineering and micro/nano systems.

From the aspect of actuation, a voice-coil motor with flexure guidance [19] was employed to
balance millimeter-scale travel with submicrometer resolution, while more recent work [20]
applied multi-level spatial flexure hinges to enhance guiding performance and minimize
parasitic motion. The trade-off between travel range and precision was addressed through
serially arranged planar flexure guides [21], enabling +10 mm stroke with high straightness,
and through a compound decoupling-guiding scanner [22] that optimized bandwidth and
reduced crosstalk. In addition, modular high-bandwidth flexure units [23] were developed

for integration into multi-axis platforms.

At the system level, a fully decoupled XYZ parallel nanopositioner [24] resolved both
input-output decoupling and integrated amplification challenges, while a constant-force XY
stage [25] was introduced to enhance force uniformity in microassembly and contact-based
processes. Advances in manufacturability have also played a role, with a monolithic
3D-printed flexure stage [26] achieving sub-100 nm fiber alignment at reduced cost and

improved reproducibility. Collectively, these advances establish the fundamental design
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pathways through which compliant mechanisms deliver precision, decoupling, and stability

in precision systems.

1.2.2 Biomedical and surgical devices

In biomedical and surgical contexts, compliant mechanisms offer compelling advantages
due to their monolithic, jointless structures, which inherently reduce tissue trauma, eliminate
lubrication and debris, and improve sterilization compatibility. Thomas et al. classified
surgical compliant mechanisms into grasping, steering, force transmission, sensing, and
implantable or deployable devices, providing a systematic overview of the design strategies
and clinical requirements [1]. In addition, Frecker et al. presented a multifunctional
compliant mechanism capable of both grasping and cutting, integrating multiple end-
effector functions within a single device [27]. Halverson et al. designed a compliant
total disc replacement that replicated physiological torque-rotation behavior, offering
an alternative to fusion surgery [28]. In addition, a NiTi-based compliant mechanism
enabled a 4 mm laparoscopic prototype with two degrees of freedom to deliver over
15 N grasping force for minimally invasive surgery [29]. Compliant mechanisms are
also utilized to develop programmable multistable devices for safe surgical puncturing,
exemplified by a retinal cannula that decouples puncturing stroke from operator input to

prevent overpuncturing [30].

Beyond surgical manipulation, compliant mechanisms have also advanced medical sensing.
A study integrated a compliant mechanism to create a biocompatible tip force sensor,
enabling real-time measurement with 0.01 N resolution in the 0.1-0.5 N range [31].
Additionally, Kumar et al. utilized topology optimization to fabricate large-deformation
compliant devices for controlled tissue strain, demonstrating the adaptability of compliant
mechanism based designs for biological experimentation [32]. These studies illustrate that
compliant mechanisms provide a unique combination of compactness, multi-functionality,
sterility compatibility, and mechanical precision that is difficult to achieve with conventional
rigid-body designs.

1.2 Applications of compliant mechanisms
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Fig. 1.3.: Overview of compliant mechanism applications in biomedical and surgical devices.
Figure adapted from a literature review in [1].

1.2.3 Aerospace and Space Systems

In aerospace and space systems, compliant mechanisms are leveraged to achieve reliable
shape change and deployment with fewer parts, lower mass, and no lubrication, which
is critical under harsh environments and tight weight budgets. Distributed-compliance
morphing wings replace discrete hinges with selectively compliant internal structures or
skins to provide smooth, gap-free camber/twist changes: laboratory-to-flight evidence has
shown aerodynamic benefits and robust operation [33, 34]. Compliance can be combined
with variable-stiffness or bi-stable laminates to expand attainable shapes and reject loads
[35], while corrugated/compliant skins enable large recoverable strains without compromise
to load-bearing capability [36]. Passive approaches that exploit elastic instability further
demonstrate wing-twist authority without actuators at the control surface scale, highlighting
the efficiency potential of compliance-driven morphing wings [37]. In addition, a compliant
pivot design for space pointing and scanning mechanisms is proposed, offering minimal

parasitic displacement, high angular resolution, and proven long-term durability [38].
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Fig. 1.4.: Representative applications of compliant mechanisms in aerospace and space systems.

For deployable structures in outer space, compliant mechanisms underpin tape-spring
hinges and ultrathin composite booms that fold elastically for stowage and self-deploy by
releasing stored strain energy, an approach that improves precision and reduces part count
relative to traditional hinge-spring trains [39, 40, 41]. Beyond monostable deployments,
compliant bi-stable mechanisms (latches, pin-pullers, cutters) have been tailored in space-
compatible materials, offering power-free holding states and friction-free releases that
enhance reliability of space deployables [42]. At the materials-system interface, aero-
structural design methods couple compliant topologies, smart actuation, and control
to achieve repeatable morphing under aerodynamic loading, including piezo-composite
bi-stable panels configured as wing-shaped elements [43]. Collectively, these studies
establish compliant mechanisms as a unifying design route for morphing aerostructures
and deployable structures, delivering smooth kinematics, reduced mechanical complexity,

and flight-relevant performance.

1.2.4 Robotics

In addition to previous introduced scenarios, compliant mechanisms are also widely used
in robotics due to their inherent flexibility, structural simplicity, and precise motion. Recent
review studies have summarised the diverse applications of compliant mechanisms across
various type of robotics [44, 45, 46, 47, 48]. These applications can be broadly classified
into several key directionos. Compliant grippers utilize structural compliance to adaptively

grasp objects of varying shapes and fragilities, making them well suited to unstructured

1.2 Applications of compliant mechanisms

7



8

environments. Compliant joints replace traditional bearings or hinges to deliver smooth,
backlash-free motion with reduced maintenance [49]. Compliant actuators integrate
actuation and structural elements, resulting in compact, lightweight, and energy-efficient
motion generation. Compliant sensors exploit deformation-induced responses to measure
forces, displacements, or tactile feedback within a structurally integrated design. Compliant
end effectors, beyond grippers, encompass tools for cutting, polishing, and manipulation
with enhanced contact compliance. Compliant suspension and isolation systems improve
stability and safety by mitigating vibrations and absorbing impacts in mobile or aerial
robots. Finally, compliant continuum robots employ continuous flexible structures to
achieve high flexibility, safety, and adaptability in confined or complex environments.
Collectively, these categories demonstrate the critical role of compliant mechanisms in

enhancing the performance, safety, and versatility of modern robotic systems.

Robotics

Continuum manipulator [79]

Scott—Russell mechanism-based H
grippers [58,59]. | Mechanisms for Sensor Applications [68]
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B
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Fig. 1.5.: Representative applications of compliant mechanisms in robotics.

Among these categories, compliant grippers have attracted particular attention for their
ability to combine adaptability, precision, and structural efficiency in robotic manipulation
tasks. Leveraging the elastic deformation of their structural elements, they can adapt
to diverse object shapes, provide protective gripping, and handle delicate items without
complex control schemes [50, 51, 52]. Recent developments span constant-force designs
for stable grasping performance across varying object sizes [50, 53, 54], multimode jaws
enabling multifunctional operation [55, 56], and integrated sensing for position, force, or
interaction monitoring [57]. Innovative configurations include mechanisms based on the
Scott-Russell linkage [58, 59], distributed-compliance layouts [60], flexure-guided parallel
jaw motion [61], and soft composite hinge actuators [62]. Other advancements feature

modular systems for micromanipulation [63], variable stiffness implementations via layer
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jamming [64], and optimisation-based approaches for grasping unknown or fragile objects
[65]. These diverse strategies highlight the versatility and ongoing evolution of compliant

gripper technology for addressing the challenges of robotic manipulation.

Beyond their role in compliant grippers, compliant mechanisms have also been extensively
integrated into various sensor designs, where their inherent elasticity enables precise
force-to-deformation transduction without friction or backlash. Such mechanisms have
been utilized in fiber-optic sensing systems to achieve large-strain measurements with
high sensitivity and immunity to electromagnetic interference [66]. They have also been
exploited in force and weight sensing, where the compliant structure is optimized to
enhance measurement accuracy while maintaining mechanical robustness [67]. In addition,
displacement-amplifying compliant mechanisms have been systematically evaluated and
designed to boost the resolution of sensing elements, enabling the detection of minute

displacements and forces in diverse applications [68].

Compliant mechanisms further facilitate the development of multi-range and multi-degree-
of-freedom sensing systems. For instance, strain gauge-based force sensors employing
compliant structures have been designed with multiple measurement ranges to cover both
fine and coarse force detection [69]. At the microscale, compliant mechanisms enable
precise measurement of micro/nanoscale planar motions in three degrees of freedom [70],
as well as micro-Newton forces through vision-based displacement amplification [71].
Fully decoupled compliant parallel mechanisms have been adopted in multidimensional
acceleration sensors to minimize cross-axis interference and improve accuracy [72], while
compact three-axis force sensors based on compliant mechanisms have been developed
for high-precision manufacturing tasks [73]. These examples illustrate the versatility of
compliant mechanisms in sensor applications, offering tailored mechanical responses to

meet specific sensitivity, range, and integration requirements.

In continuum robotic systems, compliant mechanisms are widely employed to achieve
delicate motion, variable stiffness, and integrated sensing. Mechanical models have been
established to capture the complex interactions between compliant joints, tendon actuation,
and external forces, providing a foundation for accurate motion prediction and control [74].
Novel designs, such as twin-pivot compliant joints, have been developed and validated to
enhance workspace and payload capabilities [75], while additive manufacturing techniques
have enabled the fabrication of flexible joints with presettable stiffness tailored for surgical

applications [76].

1.2 Applications of compliant mechanisms
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Beyond actuation, compliant mechanisms facilitate intrinsic sensing capabilities, allowing
force estimation without dedicated external sensors [77]. Cable-driven manipulators
incorporating large open lumens have been realized for minimally invasive procedures,
demonstrating both functional integration and application-specific adaptability [78]. Other
innovations include double-layer planar springs for achieving high compliance with
improved structural support [79] and snake-arm robot architectures interconnected by
compliant joints to achieve enhanced maneuverability in constrained environments [80].
Monolithic compliant continuum manipulators have also been demonstrated as proof-of-
concept platforms, highlighting the feasibility of integrating actuation, compliance, and
sensing into a single structural form [81]. Collectively, these developments showcase the
potential of compliant mechanisms to advance the design and performance of continuum

robotic systems across medical, industrial, and exploratory domains.

Most of the aforementioned applications rely on beam-based compliant designs, which are
widely adopted due to their simplicity and versatility. However, their inherent nonlinear
behavior poses significant challenges for accurate analysis. To address this, extensive
research has been devoted to the modeling and characterization of beam-based compliant
mechanisms. The following section reviews the main modeling approaches that have been

developed for this purpose.

1.3 Modeling methods

The broad spectrum of applications of compliant mechanisms, from precision sensing
to continuum robotic manipulation, highlights their ability to deliver large, continuous
deformations with high repeatability and minimal mechanical complexity. These advantages
inherently arise from significant elastic deformation of the structure, often beyond the
small-deflection assumptions used in conventional beam or frame theories. In such regimes,
pronounced geometric nonlinearity governs the structural response, and accurate prediction
of deformation, stress distribution, and force-displacement behavior becomes essential for

ensuring reliable performance in demanding applications.

Finite element analysis (FEA) has long been regarded as a powerful and versatile tool
for modeling compliant mechanisms under large deformation, providing high-fidelity
predictions through numerical discretization. However, its reliance on meshing, substantial
computational resources, and case-specific setup can limit its efficiency for iterative design

and rapid evaluation. Analytical models, by contrast, offer explicit relationships between

Chapter 1 Introduction



design parameters and mechanical responses, enabling fast performance assessment,
sensitivity analysis, and optimization without the computational burden of full-scale
simulations. When tailored to capture bending, axial stretching, shear, and torsion in the
large-deformation regime, these analytical models serve as an indispensable bridge between

conceptual design and high-fidelity numerical validation [82].

Developing analytical models for large-deformation compliant mechanisms presents
substantial challenges due to inherent strong geometric and material nonlinearities. The
presence of geometric nonlinearities invalidates the linear relationship between displacement
and strain, while flexible materials with nonlinear constitutive behavior introduce additional
coupling between geometric and material nonlinearities. Furthermore, large deformation
processes often involve strongly coupled multi-degree-of-freedom deformation modes,
making closed-form solutions particularly difficult to obtain. Addressing these challenges
requires analytical formulations that accurately capture the key nonlinear effects while
maintaining computational efficiency, thereby supporting the systematic design and

optimization of compliant mechanisms for advanced engineering applications.

In prior studies, numerous modeling methods have been proposed for the analysis of
compliant mechanisms. These methods can be broadly categorized into four main
categories: smooth curvature model (SCM) [83], pseudo-rigid-body model (PRBM)
[84], beam constraint model (BCM) [85, 86], and elliptic integral solution (EIS) [87].
The majority of compliant mechanisms have been subjected to modeling, analysis, and
optimization using these four fundamental methods and their respective branch methods.
The application of these approaches has significantly advanced the development of compliant
mechanisms. An in-depth review of the strengths and weaknesses of these methods is

presented in the following sections.

1.3 Modeling methods
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Fig. 1.6.: Representative kinetostatic modeling methods for compliant mechanisms. The pseudo-
rigid-body model approximates flexible deformations using rigid links and torsional
springs. The beam constraint model captures large deflections through force-moment
relations at beam ends. Elliptic integral solutions provide exact analytical descriptions for
certain beam configurations, but require discussion on number of inflection points. The
smooth curvature model describes the continuous deformation of compliant members with
a small number of parameters, offering a balance between accuracy and computational
efficiency.

1.3.1 Pseudo-rigid-body model

The pseudo-rigid-body model (PRBM) employs rigid-body components with equivalent
force-deflection characteristics to predict system deflection and force-deflection relation-
ships. The 1R-PRBM consists of two rigid links joined at a pin joint and a torsion spring
along the beam [84, 88, 89]. However, the approximation error becomes significantly large
when the tip inclined angle exceeds a certain bound. The 3R-PRBM was proposed to
overcome this weakness, consisting of three revolute joints, each accompanied by a torsion
spring [90, 91, 92]. To reduce the complexity and computation time of the 3R-PRBM
while increasing the accuracy of the IR-PRBM, the 2R-PRBM emerged in [93]. To more
accurately predict the behavior of compliant beams, the SR-PRBM and Chained PRBM
(CPRBM) have been proposed in recent years [94, 95]. Although PRBM is well-applied
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in designing various mechanisms [96, 97, 98], there are still some weaknesses in this
modeling method, including unable to obtain accurate deformation shapes, simplified

dynamics, and limited accuracy.

1.3.2 Beam constraint model

An alternative modeling approach, the beam constraint model (BCM), provides closed-
form solutions for fixed guided beams. The innovation of BCM lies in its capacity to
depict the relationships between comprehensive loads and end-displacements, covering
both translational and rotational movements, across a wide range, all while maintaining
simplicity and accuracy [85, 86]. The Timoshenko BCM (TBCM) expands this framework
to account for shear effects, thereby improving prediction accuracy [99, 100]. Furthermore,
another modeling technique, the Bi-BCM, involves dividing a fixed-guided beam into
two distinct beam elements. The BCM is then independently employed for each beam
element and subsequently combined to yield a closed-form load-deflection solution. In
this approach, the tip loads are represented as functions of tip deflections. This method
particularly excels in modeling compliant beams with a single fixed end, making it well-
suited for the analysis of compliant bistable mechanisms [101, 102, 103, 104]. In addition,
accurately predicting the effects of significant axial forces presents a challenge for BCM.
This challenge was addressed by increasing the order of the BCM [105]. Moreover, a
General Lumped-compliance Beam Model (GLBM) was introduced to address modeling
challenges posed by complex compliant mechanisms [106]. Moreover, the dynamic beam
constraint model (DBCM) addresses nonlinearity in intermediate-deformation compliant

mechanisms, aiding kinetostatic and large-amplitude vibration analyses effectively [107].

The BCM and its derivative models, as previously stated, are limited to small deflection
assumption, making them unsuitable for modeling compliant mechanisms undergoing
large deformation. To tackle this challenge, researchers developed various alternative
methods. Chained BCM (CBCM) is proposed for modeling large deflections in both
straight and curved compliant beams and mechanisms [108, 109]. It aims to provide a
versatile method for efficiently addressing a wide range of large deflection problems in
such systems [61, 110, 111, 112, 113]. Besides, chained spatial BCM (CSBCM) was
proposed to address the challenge of modeling spatial deflections in compliant mechanisms
[114, 115]. While the CBCM and CSBCM methods successfully address the issue of
handling large deformations, they introduce increased complexity into the modeling process.
This complexity arises from their approach of dividing the beam into multiple sub-beams

and applying the BCM to each of these segments. As the number of sub-beams increases,

1.3 Modeling methods
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the computational complexity escalates, and the calculation process starts resembling
finite element analysis (FEA). Moreover, these methods are unable to provide specific

deformation shapes for compliant beams.

1.3.3 Elliptic integral solution

The elliptic integral solution (EIS) is widely recognized for its accuracy in analyzing large
deflections in thin beams within compliant mechanisms [87, 116, 117]. The comprehensive
elliptic integral solution (CEIS) also extends the elliptic integral solutions to be suitable for
any beam end angle and further considering axial deformation[118]. Within the framework
of the EIS method, inflection points consistently constitute a central topic of discussion.
These points are characterized by changes in curvature sign on a smooth plane curve,
shifting between concave and convex shapes. The number of inflection points plays a
pivotal role in the modeling process. Consequently, the modeling process necessitates
case specific considerations under different circumstances. This causes an increase in the

complexity of the modeling process while simultaneously reducing its universality.

1.3.4 Smooth curvature model

The advent of the smooth curvature model (SCM) has brought the modeling complexity
to a lower level, which efficiently describes compliant beams by approximating beam
curvature with low-order polynomials [83]. The smooth curvature model and its derived
models aim to address the inherent limitations of the previously mentioned methods,
which include their restricted applicability to small deformations, complex modeling
requirements, lack of consideration for deformation shape, the necessity of inflection point
analysis, and suitability only for straight beams.The Multiple SCM (MSCM), an extension
of the fundamental SCM which split compliant structure into multiple beam elements
and apply SCM to each of the beam element. This method is proficient in modeling
intricate, highly compliant mechanisms [119]. Pongsiri et al. integrated the SCM with
Lagrange multiplier and Newton-Raphson methods and applied Castigliano’s principle of
minimum strain-energy, resulting in a novel approach to address the grasp stability problem
[120]. This energy method is based on SCM and now referred to as the 2nd-order SCME
method.

In addition to the Newtonian methods discussed above, previous studies have established

the groundwork for utilizing energy-based methodologies for the kinetostatic analysis
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of compliant mechanisms. A previous work has proposed an energy-based method
utilizing three commonly used models (BCM, PRBM, and linear Euler-Bernoulli beam
model) towards a generalized framework for kinetostatic analysis of planar compliant
mechanisms [121]. Besides, another model integrates the screw theory with the energy
method for accurate and efficient kinetostatic analysis of general compliant mechanisms
[122]. As mentioned earlier in [95], a method combining the energy approach and
Chained Pseudo-Rigid-Body Model (CPRBM) is proposed to address the nonlinear contact
problem in contact-aided compliant mechanisms. In [123], an energy-based framework
is proposed, in which both strain energy and complementary strain energy are integrated
into the nonlinear kinetostatic modeling of compliant mechanisms passively. Within this
framework, the strain energy and complementary strain energy are expressed using the
BCM and integrated through two nonlinear energy theorems, namely Castigliano’s first

theorem and the Crotti-Engesser theorem.

A comparative analysis is conducted to clarify the strengths of each modeling method,
which are summarized in Table 1.1. The high-order SCME and CoSCME methods, both
proposed in this thesis, are also included in the comparison to highlight their scope and

capabilities relative to existing approaches.
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Tab. 1.1.: A comparative analysis of kinetostatic modeling methods for compliant mechanisms is
presented. The High-order SCME and CoSCME methods proposed in this thesis are
introduced in the following chapters.

Output Beam type Deformation type

Modeling method
Deformation shape Strain energy Stress Straight Curved Bending Axial
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1.4 Compliant mechanism optimization

Compliant mechanism optimization refers to the process of systematically improving the
geometric configuration, topology, and material distribution of compliant mechanisms to
achieve specific performance objectives. Optimization in this context often aims to enhance
attributes such as motion precision, force transmission efficiency, energy storage capacity,
or multi-functional adaptability, while satisfying constraints related to strength, stability,
and manufacturability. Depending on the design requirements, the optimization process can
be classified into shape optimization, geometric optimization, and topology optimization, or
into single-objective and multi-objective formulations. Common computational algorithms
include gradient-based algorithms, genetic algorithms, particle swarm optimization, level-
set methods, and topology optimization frameworks, often integrated with analytical models
or finite element analysis to ensure accurate modeling of large deflections and nonlinear
behavior [126].
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Fig. 1.7.: Classification of optimization approaches and algorithms for compliant mechanisms.

1.4.1 Optimization methods

Optimization methods for compliant mechanisms can be generally classified into four
principal categories: size optimization, shape optimization, topology optimization and
hybrid optimization methods such as geometric optimization. Size optimization focuses
on adjusting dimensional parameters, such as beam length, thickness, width, or cross-
sectional radius, while keeping the overall geometry and topology fixed. This approach is
straightforward, computationally efficient, and easy to integrate with analytical models, but
it offers limited design flexibility. Shape optimization modifies global shape parameters,
including curvature distribution, component positioning, and connection angles, without
altering the number of components or topology. It provides greater design freedom and
can significantly improve kinematic and mechanical performance, although it requires
careful parameterization to manage the large design space. Topology optimization operates
at the highest level of design freedom by adding, removing, or rearranging structural
members to produce entirely new topologies. It can yield highly innovative designs but
typically involves high computational costs and post-processing to achieve manufacturable
geometries. Hybrid geometric optimization such as geometric optimization combines

the principles of size and geometric optimization, simultaneously adjusting dimensional
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and geometric parameters within a fixed topology. This method balances computational
efficiency with design flexibility, making it well suited for achieving substantial performance
improvements while maintaining manufacturability. Each of these approaches offers distinct
advantages and trade-offs in terms of design flexibility, computational complexity, and
manufacturability, and their selection depends on the desired performance objectives and
practical constraints [127, 128, 129].

(a) Size optimization

Size optimization in compliant mechanisms plays a crucial role in fine-tuning key di-
mensional parameters, such as beam or hinge thickness, width, length, and fillet radius,
within a fixed topology to improve performance under operational constraints. Adjusting
these parameters can improve displacement amplification, expand the usable workspace,
balance input and output stiffness, suppress parasitic motions, reduce peak stresses, extend
fatigue life, and optimize dynamic characteristics such as natural frequencies and energy
consumption. Compared to geometric or topology alterations, size optimization involves
fewer design variables and often allows for analytical derivation, enabling rapid convergence

and seamless integration with distinct models.

Although size optimization in compliant mechanisms is less frequently studied as a
standalone topic compared to shape or topology optimization, a few notable works have
focused primarily on dimensional parameter tuning. Wang et al. optimized the thickness,
length, and width of bridge-type flexure hinges to maximize displacement amplification
while controlling stress, achieving experimental errors below 6% [130]. Hetrick developed
a methodology that, although described as size and shape optimization, is largely driven by
dimensional variables such as member length and thickness, incorporating stress constraints
to improve durability and flexibility [131]. Similarly, De Bona and Munteanu optimized
the neck radius and thickness of micro-fabricated flexural hinges using spline-based notch
modeling in a finite-element framework to satisfy both strength and kinematic requirements
[132]. These studies demonstrate the value of size optimization for refining compliant
mechanism performance within fixed topologies, while also highlighting its relatively
modest representation in the literature compared to more widely explored topology or
geometric approaches.
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(b) Shape optimization

Shape optimization modifies the global geometric parameters of a compliant mechanism,
such as component positions and connection angles, without changing the number of
components or the overall topology. Compared to size-only optimization, it provides a much
broader design space and enables substantial improvements in kinematic performance (such
as motion accuracy, displacement amplification, range of motion) and mechanical behavior
(such as stiffness distribution, stress concentration reduction, fatigue resistance). This
flexibility makes shape optimization a powerful tool for tailoring the force-displacement

response, enhancing motion precision.

The concept of obtaining an layout of a structure using frame elements has been referred
to as shape optimization of skeletal structures [133]. While early work focused on such
skeletal layouts, more recent research has increasingly emphasized determining the optimal
boundaries of two- and three-dimensional structures, with numerous innovative methods
proposed; a comprehensive review can be found in [134]. Among the various approaches,
Zienkiewicz and Campbell [135] defined the nodal coordinates of the finite element model
as design variables, a strategy that complicates optimization since arbitrary changes in
nodal positions may produce invalid topologies or shapes. To address this, other studies
have employed a limited set of key points or master nodes to represent geometric entities
[136, 137]. More recently, parametric and feature-based CAD geometric modeling has
emerged as a powerful tool, enabling shape control through key dimensions that define
the locations of control points. In the context of compliant mechanisms, Hetrick and Kota
[138] demonstrated a related approach by varying the coordinates of selected master nodes

within a finite element model composed of frame elements to achieve shape variation.

(c) Geometric optimization

Geometric optimization in the context of compliant mechanisms refers to a hybrid design
strategy that simultaneously optimizes dimensional parameters (as in size optimization)
and global geometric features (as in shape optimization) within a fixed topology. By
combining these two levels of control, geometric optimization significantly expands the
design space compared to either size-only or shape-only methods, enabling the designer to
refine both local stiffness distribution and overall kinematic behavior in a single unified
process. This approach allows targeted improvements in performance metrics such as
motion amplification, stiffness tailoring, stress reduction, and displacement trajectory

accuracy, while maintaining manufacturability and structural integrity.

1.4 Compliant mechanism optimization
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Several works have introduced geometric optimization strategies for compliant mechanisms
that enhance performance through boundary refinement within fixed topologies. One study
applies three-dimensional wide-curve representations to refine the spatial geometry of
compliant structures, enabling enhanced motion precision and stress distribution without
altering the underlying topology [139]. Another methodology employs free-form wide-
curve parameterizations to jointly optimize both shape and dimensional attributes of flexure
segments, yielding smooth boundaries and improved performance via a compact set of
control parameters [140]. Extending this concept, multilayer wide curves have been used
to model and optimize multimaterial compliant mechanisms, enabling distinct material
zones and geometric control across the structure for tailored stiffness and deformation
characteristics [141]. Although specific details of other related approaches, such as
multi-objective optimization of linear compliant mechanisms [142] and bend-and-sweep
mechanism design [143], are not elaborated here, these studies collectively demonstrate how
geometric optimization, particularly through wide-curve parameterization, can significantly

expand the design flexibility in compliant mechanism synthesis.

(d) Topology optimization

Topology optimization for compliant mechanisms operates at the highest level of design
freedom, allowing the addition, removal, or redistribution of material within a prescribed
design domain to achieve a desired function, often without preconceived geometric con-
straints. Unlike size or shape optimization, which refine existing configurations, topology
optimization can generate entirely novel structural layouts capable of achieving speci-
fied kinematic or force-displacement responses. This approach enables the synthesis
of mechanisms with enhanced performance metrics such as displacement amplification,
motion precision, stiffness tailoring, and multi-functional integration. The most com-
mon optimization objectives include compliance minimization, mechanical advantage
maximization, and output displacement maximization, often under stress, displacement,
or frequency constraints. While its design space richness facilitates highly innovative
solutions, topology optimization also poses challenges, such as high computational cost,
non-unique solutions, and the need for post-processing to convert conceptual layouts into

manufacturable geometries.

Topology optimization has been extensively applied to the synthesis of compliant mecha-
nisms, with various formulations targeting different performance criteria. Foundational
studies establish continuum-based approaches for compliant mechanism design [144, 145],

and reviews have consolidated advances in material distribution methods, objective func-
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tions, and computational strategies [144]. Several works address nonlinear elasticity
to capture large-deformation effects, improving prediction accuracy and functional per-
formance [146]. Stiffness-targeted formulations aim to achieve prescribed structural
compliance or stiffness distribution by adjusting topology while meeting displacement
requirements [147]. Multi-objective frameworks have been developed to balance conflicting
goals such as maximizing output displacement and minimizing input force or structural
volume [ 148, 149]. Constraint-driven methods explicitly limit stress to improve durability
[150] or maintain manufacturability. Evolutionary algorithms offer heuristic search ca-
pabilities for conceptual topology generation [151]. Boundary-accurate representations
such as the level-set method enable smoother geometries and more precise stress control
[152]. Robust optimization frameworks incorporate load uncertainties to ensure stable
performance [153]. Applications extend to domain-specific designs, including flapping-
wing mechanisms [154], constant-force output devices [155], and planar compliant parallel
mechanisms [156]. Additional contributions involve sparse monolithic configurations
[157], integrated link and support modeling [158], design-dependent pressure loading [159],
and meshless element-free Galerkin formulations for enhanced geometric adaptability
[160]. Collectively, these studies demonstrate that topology optimization remains the most
powerful generative tool for compliant mechanism synthesis, with a broad spectrum of

formulations tailored to performance, robustness, and manufacturing considerations.

1.4.2 Optimization algorithms

Optimization algorithms have become indispensable tools in modern engineering design,
enabling systematic and quantitative exploration of high-dimensional design spaces to
identify solutions that achieve the best trade-off between performance, cost, and other
constraints. By formulating the design task as a mathematical optimization problem, these
algorithms provide a structured way to search for optimal or near-optimal configurations,
even when intuitive or trial-and-error approaches become impractical due to the complexity
of the system. Currently, optimization algorithms can be also broadly classified into
deterministic and heuristic approaches, each offering distinct advantages for different
classes of problems. Deterministic algorithms rely on exact mathematical rules to guide
the search process, producing the same solution when initialized under identical conditions.
These methods, such as gradient-based techniques, Newton-type methods, and sequential
quadratic programming, typically exploit derivative information to achieve rapid and
precise convergence, making them well-suited for smooth and differentiable problems.
In contrast, heuristic algorithms incorporate stochastic components inspired by natural

phenomena, enabling flexible exploration of complex, multimodal, or non-differentiable
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design spaces. Representative examples include evolutionary algorithms, such as the
genetic algorithm and differential evolution, and swarm intelligence methods, such as

particle swarm optimization and ant colony optimization.

(a) Deterministic algorithms

Deterministic algorithms refer to optimization procedures that follow a well-defined,
repeatable sequence of steps, producing identical results when initialized with the same
conditions. Their search trajectory is fully determined by the mathematical formulation
of the problem, often exploiting gradient or higher-order derivative information to guide
the search towards an optimal solution. These methods are particularly effective for
smooth, continuous, and differentiable objective functions, where they can achieve rapid
convergence with high numerical precision. Representative approaches include but are
not limited to the steepest descent method, the conjugate gradient method and Newton’s
method. Despite their efficiency, deterministic algorithms may converge to local optima in
nonconvex landscapes and are sensitive to the quality of the initial guess, making them less

robust for highly irregular or discontinuous problems [161, 162].

The steepest descent method, also referred to as the gradient descent method, is a classical
iterative optimization approach that updates the solution in the direction of the negative
gradient of the objective function, corresponding to the direction of maximum local
decrease [163]. A suitable step length is typically determined through line search at
each iteration. While originally developed for single-objective unconstrained problems,
the method has been extended to handle multicriteria and vector optimization problems
by generalizing the descent direction to account for multiple objectives simultaneously
[164, 165]. Further developments include hybrid steepest descent schemes that incorporate
additional operators, such as projection steps, to address variational inequalities and
improve convergence properties [166]. Previous literature reviews indicate that steepest
descent methods can be competitive for well-conditioned problems but may converge
slowly for ill-conditioned landscapes, motivating adaptive variants and hybridization with
stochastic approaches such as random search [167]. These adaptations enhance robustness,
broaden applicability, and maintain the conceptual simplicity that has made steepest descent

a foundational tool in deterministic optimization.
The conjugate gradient method is another iterative technique for solving large-scale

systems of linear equations and unconstrained optimization problems, particularly when

the coeflicient matrix is symmetric and positive definite [168]. Unlike the steepest descent
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method, which may suffer from ill-conditioned problems, the conjugate gradient constructs
a sequence of mutually conjugate search directions, leading to faster convergence in at most
n steps for n-dimensional problems in exact arithmetic. The method has been extended to
the nonlinear conjugate gradient framework, which adapts the direction-update rules to
handle general nonlinear optimization problems [169]. Applications also include optimal
control problems, where conjugate gradient provides an efficient approach for solving
large-scale discretized systems arising from control constraints and partial differential

equations [170].

The Newton’s method is a classical iterative approach for solving nonlinear equations
and optimization problems, based on approximating the objective or residual function
with a second-order Taylor expansion and updating the solution using first and second
derivative information [171, 172, 173]. In optimization, it achieves quadratic convergence
near the optimum when the Hessian is positive definite, and it has been extended to handle
multiobjective optimization [174] and problems with constraints through projected and
modified Newton schemes [175, 176]. Variants of the method have been applied across
disciplines, including decision sciences, education, and nonlinear finite element analysis,
often referred to as the Newton-Raphson method in engineering contexts [177, 178]. While
Newton’s method is powerful, its efficiency depends on accurate derivative information
and a good initial guess, and it may require globalization strategies such as line search or

trust regions to ensure convergence.

(b) Heuristic algorithms

Heuristic algorithms encompass a broad class of optimization methods that incorporate
stochastic elements or problem-specific rules to guide the search process, often drawing
inspiration from natural phenomena, social behaviors, or biological evolution. Unlike
deterministic algorithms, their search trajectory is not entirely predetermined and can vary
across runs even under identical initial conditions, allowing them to explore the design space
more broadly and reduce the risk of premature convergence to local optima. These methods
do not require derivative information, making them well-suited for complex, multimodal,
discontinuous, or non-differentiable objective functions. Representative approaches include
genetic algorithms, differential evolution, as well as particle swarm optimization. While
heuristic algorithms generally require greater computational effort and may converge more
slowly, their flexibility, robustness, and capacity to navigate highly irregular search spaces
make them indispensable for challenging real-world engineering optimization problems
[179].

1.4 Compliant mechanism optimization
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The genetic algorithm (GA) is a population-based metaheuristic inspired by the principles
of natural selection and genetics. It operates by evolving a set of candidate solutions,
referred to as the population, through successive generations in search of improved solutions
to the optimization problem. Each candidate solution is encoded as a string of variables,
similar to genes in biological systems. Genetic algorithms have been widely applied
in mechanical engineering to address complex, nonlinear, and multimodal optimization
problems. Applications include compliant mechanism synthesis and design [180, 181],
optimal synthesis and balancing of planar and leg mechanisms [182, 183, 184], and
cam profile optimization [185]. Genetic algorithms have also been used for composite
material optimization [186], structural topology optimization [187], and reduced kinetics
mechanism optimization [188]. Broader reviews and studies highlight their role in general
mechanical design [189, 190] and evolutionary mechanism design [191], demonstrating
their versatility in efficiently exploring large design spaces and accommodating multiple

performance objectives.

Differential evolution, proposed by Storn and Price, is a population-based stochastic method
for solving continuous, nonlinear, and multimodal problems. It evolves candidate solutions
via mutation, crossover, and selection, with mutation achieved by adding the weighted
difference between two randomly chosen vectors to a target vector. This algorithm enables
adaptive step sizes and effective global search without gradient information. Owing to its
simplicity, few parameters, and robustness, it is widely applied in engineering optimization
and control tuning, though performance depends on parameter settings and convergence
may slow in later stages [192]. Particle swarm optimization, introduced by Kennedy and
Eberhart, is a population-based heuristic inspired by the social behavior of flocks and
schools. Each particle adjusts its position based on its own best solution and the swarm’s
best solution, balancing exploration and exploitation. It is simple to implement, requires
few parameters, and converges quickly, but may suffer from premature convergence in

complex search spaces [193].

1.5 Motivations

Building on the preceding review of compliant mechanisms, their applications, and
structural optimization foundations, this thesis is driven by two primary motivations, which

are outlined as:
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1. Lack of accurate and highly efficient methods for large-deformation modeling

Despite the extensive applications of compliant mechanisms, their modeling remains
fundamentally constrained by the persistent trade-off between accuracy and efficiency.
Large deflections induce pronounced geometric nonlinearities and strong coupling
between bending and axial deformations. Classical models struggle to capture these
effects in a unified and tractable manner. Simplified approaches such as the pseudo-
rigid-body model provide computational efficiency and intuitive formulations, but at
the expense of accuracy, particularly under conditions of large deflection or complex
boundary constraints. More advanced formulations, such as the BCM or EIS, improve
accuracy but introduce substantial mathematical complexity and a large number of
design parameters, which hinder their efficiency and practical applicability. Finite
element analysis, although capable of providing highly accurate results across diverse
scenarios, is computationally prohibitive for iterative optimization or large-scale
parametric studies. Consequently, there exists a clear research gap: the absence
of a modeling framework that simultaneously achieves computational tractability,
modeling fidelity, and broad applicability to large-deformation compliant mechanisms.
Addressing this gap is essential not only for enabling efficient optimization-driven
design but also for advancing the theoretical foundations of nonlinear structural

mechanics.

2. Lack of a systematic optimization frameworks for exploring compliant mecha-

nism configurations

The design of compliant mechanisms inherently involves multiple, often conflict-
ing, objectives such as stiffness, displacement capacity, energy transmission, and
stability. Conventional optimization strategies struggle to address these competing
requirements in a systematic way. In particular, heuristic algorithms used in global
exploration are prone to local optima, and attempts to improve robustness come at
a substantial computational cost. Consequently, existing methods cannot reliably
provide scalable and efficient optimization solutions when higher performance or
multifunctionality is required. This highlights the gap for advanced optimization
strategies that can balance global search capability with convergence efficiency
under complex design constraints. In addition, current design frameworks for
compliant mechanisms are largely confined to geometric-level parameter tuning

within fixed structural layouts. While effective for refining specific shapes, such
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approaches inherently restrict the diversity of potential solutions and may overlook
unconventional or functionally superior designs. Many emerging applications, such
as multi-stable devices, motion amplification, or spatially adaptive systems, demand
exploration beyond pre-defined geometries. The lack of systematic configuration
search constitutes a significant research gap, restricting the generative capacity of
existing design methodologies and limiting innovation in compliant mechanism

design..

1.6 Contributions

To address the aforementioned challenges and research gaps, this thesis develops a series of
novel modeling and optimization approaches for compliant mechanisms. First, an energy
method based on the high-order smooth curvature model (high-order SCME) is proposed to
capture large deformations and nonlinear behaviors with improved accuracy while avoiding
the excessive complexity of traditional models. Second, the comprehensive energy method
based on the smooth curvature model (CoSCME) is introduced to extend applicability and
enhance robustness across different classes of compliant mechanisms. Third, a bi-level
optimization strategy is formulated to effectively decoupled global configuration exploration
and kinetostatic modeling, thereby improving both design efficiency and performance.
The detailed motivations for each of these contributions are presented in the following

sections.

1. High-order SCME Method

Conventional smooth curvature models, such as 2nd-order SCME, often lose accuracy
when compliant mechanisms undergo large deflections. In such cases, the inability
to properly capture the influence of higher-order curvature leads to significant errors
in predicting energy and mechanical behaviors. This reveals a theoretical gap,
since many complex compliant structures require precise modeling of nonlinear
large-deformation responses, but existing frameworks remain inadequate. To address
this, the high-order SCME method was developed, which incorporates high-order
Legendre polynomials into smooth curvature representations. This allows for a
more accurate description of geometric and mechanical characteristics, ultimately

improving the modelinng accuracy of nonlinear large deformation. In addition,
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owing to the utilization of explicit expressions of gradient formulations, the modeling

speed is hundreds of times faster than that of classical methods.

. Comprehensive SCME Method

Although the high-order SCME method demonstrates effectiveness in modeling
compliant bistable mechanisms, it still suffers from important limitations: the neglect
of axial deformation, which reduces accuracy under large-deformation conditions,
and its restricted applicability mainly to bistable systems. These shortcomings
highlight the need for a more general and accurate modeling framework. To address
this, the CoSCME method is developed, which incorporates both bending and
axial deformations and explicitly accounts for their coupling effects. The CoOSCME
achieves higher accuracy and broader applicability across a wide range of planar
compliant mechanisms, including compresural beams, tensural beams, bistable

mechanisms, general lumped-compliance beams and initially-curved beams.

. Bi-level Optimization

To address the lack of systematic optimization in compliant bistable mechanism
design, this thesis introduces a bi-level optimization framework that integrates
geometry-level parameter tuning with analytical performance evaluation. The
optimization aims at tailoring the kinetostatic behavior of compliant bistable mecha-
nisms, which is challenging due to their inherent nonlinear characteristics. Compliant
bistable mechanisms are generally designed through distributed compliance, lumped
compliance, or topology optimized configurations, each presenting distinct trade-offs
in design flexibility, computational cost, and manufacturability. Distributed designs
are simple and easy to fabricate but severely limited in tunability, while topology-
optimized designs offer maximal freedom at the expense of excessive computational
complexity and fabrication difficulty. Lumped compliance mechanisms, by contrast,
provide a balanced design space: their intermediate rigid frame expands the number
of controllable parameters, supports enhanced stiffness, facilitates integration with
actuators or stoppers, and maintains structural clarity for analysis and fabrication.
This balance makes them particularly suitable for optimization-driven design. Within
the proposed bi-level framework, the upper-level problem adjusts geometric parame-

ters, and the lower-level problem evaluates equilibrium and performance, thereby

1.6 Contributions
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enabling systematic tailoring of bistable behavior without resorting to overly complex

topological approaches or sacrificing manufacturability.

1.7 Thesis Organization

This thesis is organized into six chapters, each addressing key aspects of the modeling and
optimization of compliant mechanisms. The logical flow of this dissertation is illustrated

in the form of a flowchart (Figure. 1.8) and is summarized as follows:

Chapter 1 introduces the fundamentals of compliant mechanisms, highlighting their advan-
tages, applications, and the challenges associated with their nonlinear large-deformation
behavior. This chapter also critically reviews existing modeling approaches, such as PRBM,
BCM, EIS and FEM, and then identifies their limitations, thereby defining the research

gaps and outlining the motivations of this work.

Chapter 2 presents the theoretical background, including the detailed derivation process
of strain energy and the fundamentals of the smooth curvature model. These two aspects

establish the foundation for the kinetostatic models proposed in this thesis.

Chapter 3 proposes the high-order SCME method, which provides an efficient yet accurate
approach for capturing the nonlinear behavior of compliant bistable mechanisms. The
theoretical formulation, implementation details, and validations against finite element
analysis and experiments are presented, followed by discussions on its accuracy and

computational benefits.

Chapter 1 Introduction



Chapter 1: Introduction

* Reviewing applications, modeling, and optimization of compliant mechanisms
* Highlighting the motivations of this thesis

Chapter 2: Theoretical background

* Deriving formulations of strain energy in detail.
* Introducing the smooth curvature model in detail.

Chapter 3: High-order SCME

* Modeling large-deformation behavior of compliant bistable mechanisms.

e Leveraging minimum strain energy and deterministic optimization for kinetostatic modeling.

* Achieving hundredfold speedup over classical methods through explicit expressions.
* Modeling bistable mechanisms with arbitrary inclination angles ranging from 0° to 90°.

Chapter 4: Comprehensive SCME

* Accounting for both nonlinear large axial and bending deformations

» Adapting to diverse mechanisms under distinct boundary conditions.

* Modeling beams with arbitrary shapes, including straight and curved geometries.

* Determining generalized coordinates of curved beams via multiple linear regression.
* Deriving distinct configurations from general lumped-compliance beams.

Chapter 5: Bi-level Optimization framework

* Proposing a modular bi-level optimization framework.

* Employing high-fidelity displacement-driven modeling method.

* Focusing on geometric-driven optimization.

» Supporting various optimization objectives.

» Exhibiting strong extensibility through methodological extensions.

Chapter 6: Conclusion

e Summarizing the overall thesis.
* Exploring future research directions.

Fig. 1.8.: The flowchart of thesis organization

Chapter 4 introduces the CoOSCME method, which incorporates both bending and axial
deformations into the modeling process. This enhanced method addresses the limitations
of SCME in cases of large axial strains. Its broad applicability to diverse compliant
mechanisms is demonstrated through modeling, verification, and comparative studies with
FEA.

Chapter 5 presents a bi-level optimization framework for compliant mechanism design. The
framework integrates accurate nonlinear modeling with hierarchical optimization strategies

1.7 Thesis Organization

29



30

to effectively navigate the trade-offs between performance objectives, computational
efficiency, and design feasibility. Two distinct case studies are provided to demonstrate
the methodology’s robustness and practical utility. The proposed bi-level optimization
framework is particularly applied for tailoring the kinetostatic behavior of compliant
bistable mechanisms.

Finally, Chapter 6 summarizes the major contributions of the research, reflecting on
the advancements in nonlinear modeling and optimization of compliant mechanisms. It
highlights the theoretical and practical impacts of the developed SCME, CoSCME, and
bi-level optimization framework, and proposes promising directions for future research in
compliant systems.
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Theoretical Background

This chapter provides the theoretical foundations essential for the subsequent developments

in this thesis. In particular, it presents the detailed derivations of two fundamental concepts:

the strain energy formulation, which serves as the basis for analyzing the deformation and
mechanical behavior of compliant mechanisms, and the smooth curvature model, which

enables kinetostatic modeling of slender beams.

2.1 Strain energy

In this thesis, all kinetostatic modeling methods are developed on the basis of the minimum
strain energy principle. The central idea of these approaches is to determine the equilibrium
configuration by identifying the state that minimizes strain energy under prescribed
boundary conditions. Consequently, the definition and derivation of strain energy play a
fundamental role in these models, serving as the core concept upon which all subsequent
analyses are built. To provide a clearer and more intuitive understanding, the following
section presents the detailed derivation of the strain energy formulation. These formulations

and theories originate from classical mechanics of materials, as documented in [194].

In the present work, the strain energy formulation is restricted to bending and axial
components, which are the dominant deformation modes in the considered beam-based
compliant mechanisms. The bending strain energy per unit length is governed by the
deformed curvature and the initial curvature, leading to an integral form that depends
on Young’s modulus and the second moment of inertia. From a continuum mechanics
perspective, this energy results from strain gradients across the beam thickness due to fiber
stretching. In this context, a fiber refers to an infinitesimal material element within the
beam that resists deformation mainly through axial loading. In contrast, axial strain energy
arises from elongation or compression along the beam neutral line and is expressed in terms
of axial strain and cross-sectional area. Other types of strain energy contributions, such as
those arising from torsional or warping deformations, local buckling, and lateral-torsional
effects, are not taken into account. This simplification allows the modeling framework to
remain tractable while still capturing the primary mechanical behavior relevant to bistable

mechanism design.
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2.1.1 Bending strain energy

In a upward bending beam, the upper fibers are subjected to compression while the lower
fibers are in tension. These compressive and tensile strains lead to variations in arc length
among fibers located at different distances from the neutral axis. Before deformation, the
arc length of any fiber coincides with that of the neutral line (located at z = 0). After
bending, the beam can be locally approximated as a circular arc, and the arc length of a
fiber becomes a function of the radius of curvature. A schematic illustration of compressive

and tensile fibers is shown in Fig. 2.1.

——@ Center of curvature

\ Compressive fiber (+z)

Tensile fiber (-z)

Neutral axis (z = 0)
Arc length: ds

--"

Fig. 2.1.: Tllustration of compressive and tensile fibers in beam bending deformation.

In differential geometry, the arc length of a circular segment is expressed as:
ds = pdo, 2.1

where p is the radius of curvature, and d6 is the differential change in the tangent angle,
measured in radians. It is important to note that d6 denotes an infinitesimal increment in
the rotation angle of the tangent vector along the arc length, and should not be confused
with the absolute angle 6 at a given point. For the neutral axis (z = 0), the arc length
element remains pdf. For a fiber located at a distance +z from the neutral axis, the radius

of curvature becomes p — z, resulting in the arc length:
ds** = (p —z) d#. 2.2)

In classical mechanics of materials, bending strain is defined as the relative change in
length of a fiber with respect to its original (undeformed) length. Under the assumption

of pure bending, the neutral axis is strain-free, and its arc length is taken as the reference.
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Therefore, the bending strain at a fiber located a distance +z from the neutral axis is given

by:
(p—2)d0—pdo
pdo B

where w(s) = 1/p denotes the curvature of neutral line at position s. This leads to the

ep(s,z) = —z% = —zw(s), (2.3)

classic result:
ep(s,2) = —zw(s), 2.4)

which describes a linear distribution of normal strain across the cross section, with zero

strain at the neutral axis and maximum tensile/compressive strains at the outermost fibers.

Building upon this strain formulation, the corresponding bending strain energy can be
derived by integrating the strain energy density over the cross-section and along the length
of the beam. The strain energy density per unit volume is defined as the internal work done

per unit volume by the stress through the strain, which can be written as:

ub(s, Z) = A O'b(sb)dé‘b. (2.5)

The current model assumes the material follows Hooke’s law, and the material is linear
elastic and isotropic. Moreover, material nonlinearity is not taken into account. Thus the
stress-strain relationship is:

ob(s,2) = Eep(s, 2). (2.6)

Substituting Eq. (2.4) and (2.6) into (2.5), the following expression of strain density per

unit length of beam can be derived:

&p(5,2) 1
up(s,z) = E/ epdey = §Ez2w2(s). 2.7
0

Integrating the strain energy density over the cross-sectional area A at position s, we can

obtain the following formulation:

Up(s) :/u(s,z)dA: lsz(s)/zsz. (2.8)
A 2 A

The second moment of area about a given axis (commonly the neutral axis) is a geometric
property that describes how the area of a cross-section is distributed with respect to that
axis. For a 2D cross-sectional area A, the second moment of area (/) about the horizontal

axis is defined as:

I= / Z2dA. (2.9)
A

2.1 Strain energy
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Thus, substituting Eq. (2.9) into (2.8), we can obtain the following expression of bending

strain energy per unit length:

Up(s) = %Elwz(s). (2.10)

Finally, integrating along the beam length L, the total bending strain energy of the beam

1S: L £l L
U :/ Up(s)ds = 7/ w*(s)ds. (2.11)
0 0

When modeling an initially curved beam, the initial curvature must be incorporated into

the strain energy formulation. The complete expression is:

L
Uy = % /0 (w(s) — wo(s))? ds, (2.12)

where, wq(s) denotes the curvature function of the beam neutral axis in its undeformed
(initially-curved) configuration. The derived expression for bending strain energy charac-
terizes the elastic potential stored in the beam. However, in many practical applications,
particularly in cases involving large deformations of compliant beams, axial deformation
also contributes significantly to the total strain energy. In the following content, the
formulation of axial strain energy arising from longitudinal stretching or compression

along the neutral axis is further introduced.

2.1.2 Axial strain energy

Axial elongation and compression along the neutral axis also contribute to the total strain
energy of the structure. While the bending strain varies linearly with the distance from the
neutral axis, the axial strain is uniform across the cross-section and arises from changes in
the axial displacement along the beam. A schematic illustration of arc length change in

slender beams is shown in Fig. 2.2.

Deformed arc length
[1+e&a(s)]ds

Unit arc length: ds

Fig. 2.2.: Tllustration of stretching and compression of the neutral axis during axial deformation of
a beam.
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Under the assumption of linear elasticity, the axial strain at arc-length position s is denoted

as £,(s). According to Hooke’s law, the corresponding axial stress is:
0a(s) = E g,(s). (2.13)

The strain energy density per unit volume associated with axial deformation is:

u,(s) = %O'a(s) £a(s) = %E ag(s). (2.14)

To obtain the axial strain energy per unit length, the energy density is integrated over the

cross-sectional area A:

Ua(s) = /ua(s) dA = %EAsﬁ(s). (2.15)
A

Then, the total axial strain energy over the entire beam of length L is given by:

L L
1
Ua:/ Ua(s)ds:EEA/ g2(s) ds. (2.16)
0 0

This expression represents the total energy stored in the beam due to axial deformation. It
is widely used in variational formulations and energy-based modeling of flexible structures
[195].

2.2 Smooth curvature model

The smooth curvature model was developed as a low-dimensional and accurate repre-
sentation of large deformation bending of compliant beams to enable computationally
efficient modeling of planar robots with flexure-based joints [83]. It is based on the
assumption that the curvature of a compliant beam is smooth and can be approximated
using low-order polynomial basis functions. By expressing the deformation of the beam
as a homogeneous transformation between rigid links, SCM serves as a direct substitute
for traditional joint models, allowing accurate and analytical computation of kinematics,
Jacobians, and Hessians. With only a few parameters, SCM can faithfully reproduce the
deformation, compliance, and buckling behavior of compliant beams under various loading
conditions. Originally proposed for robotic applications, this model provides the theoretical
foundation for the high-order SCME and CoSCME methods developed in this thesis.

2.2 Smooth curvature model
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2.2.1 Curvature function derivation

Curvature plays a central role in the modeling of compliant beams, as it directly characterizes
beam deformation and can be used to derive the associated bending strain energy. Therefore,
parameterizing the curvature function is a meaningful approach for both kinematic
and energetic analysis. In the SCM, the curvature profile along the beam neutral axis
is approximated using a low-order polynomial basis, which provides a compact and
differentiable representation of deformation. Specifically, the curvature function is
expressed as a linear combination of orthogonal polynomials. Legendre polynomials are a
natural choice due to their smoothness, orthogonality, and closed-form expressions [196].
The standard Legendre polynomials P,(x) are defined over the interval [—1, 1] and satisfy

the orthogonality condition:

/1 P,(x)P,(x)dx =0 form # n, (2.17)
-1

where, the terms P,,(x) and P, (x) denote the m-th and n-th order Legendre polynomials,
respectively. Each P, (x) is a polynomial of degree n, defined over the interval [-1, 1].
The orthogonality condition implies that the inner product (or weighted integral) of any two
Legendre polynomials of different orders is zero. This property ensures that the Legendre
polynomials form an orthogonal basis for function approximation on the interval [—1, 1].
Each Legendre polynomial P, (x) can be generated recursively using the relation:

2n+1
PO(X) = 17 Pl('x) :xa Pn+1(x) =
n+1

XP,(x) = —— P, (x). (2.18)
n+1
Alternatively, the first few polynomials can be written explicitly as:

Po(x) =1,

Pi(x) =x,
Pa() = 53~ 1), (219)

P3(x) = %(5x3 - 3x).

Based on the explicit expressions derived above, the first six Legendre polynomials are
visualized in Figure 2.3 over the interval x € [—1, 1]. The figure highlights the increasing
oscillatory behavior with polynomial order, which underlies their capability to represent

higher order deformation modes.
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Fig. 2.3.: The first six Legendre polynomials Py(x)—P5(x) defined on the interval x € [—1,1].

Different colors are used to distinguish polynomial orders.

To apply these functions to a beam of length L, the domain is shifted from [—1, 1] to [0, L]

via a linear transformation:

2s
=— -1 2.2
x=—-1 (2.20)

The shifted Legendre polynomials are then defined as:

Yn(s) = Py (% - 1), (2.21)

Using this definition, the first few shifted Legendre polynomials become:

2s

Yi(s) = Po f—l =1,
2s 2s

Ya(s) = Py f—l =f—1, (2.22)

2 2
2s 1 25 6s 6s
=P |—-1]== —— 1] -1|=—-—+1
Y3(s) = P2 {7 3 3(L ) ] -7 th

These shifted polynomials form an orthogonal basis over [0, L] and are used in the SCM

to express the curvature function as:

W(s) = T dn(s) + T vals) + - Uss). (2.23)

2.2 Smooth curvature model
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The expanded expression for the curvature is:

2 65> 6
w(s) =W B2 ) 2220 20 ), (2.24)
L L\L L\L2 L

where, the coefficients a, a3, and a3 in the curvature function act as modal parameters
that govern the contribution of each corresponding basis function to the overall curvature
distribution along the beam. Specifically, they represent the weights associated with the
shifted Legendre polynomial basis and collectively define the spatial variation of curvature.
From a geometric perspective, these coefficients characterize the deformation mode of
the beam. In the context of the smooth curvature model, the vector @ = [a1, a2, 0/3]T
is referred to as a set of generalized coordinates, as it uniquely determines the beam
configuration within the reduced-order model. These parameters provide a foundation for

analytical formulations of strain energy, beam kinematics, and other physical quantities.

2.2.2 Strain energy derivation

After establishing the curvature distribution in terms of the generalized coordinates «, the
bending strain energy of the compliant beam is derived within the SCM framework. As
shown in Eq. (2.12), by substituting the curvature function given in Eq. (2.24) into the
strain energy formulation, the expression can be analytically evaluated as a quadratic form
with respect to the generalized coordinates. The strain energy formualtion can be further
expressed as:

2
ElI (LS o
U== i (Z‘ T:,b,-(s)) ds. (2.25)

Expanding the square results in both square and cross terms:

El 3 3 a’i_la’j_l L
UZTZZT/O i(s)W;(s)ds. (2.26)

i=1 j=1

Due to the orthogonality of the shifted Legendre polynomials, the following equation can

be obtained:

0, N
L .

Jo wi(s)*ds, i=j

The integrals of the cross terms evaluate to zero. As a result, all cross terms vanish, and

L
/O Yi(s)yi(s)ds = (2.27)

the strain energy expression simplifies to a sum of squares of the individual coefficients «;,
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each scaled by the squared norm of the corresponding basis function. The expression is

further simplified to:
3

2 L
U= % Z %/0 w2 (s)ds. (2.28)

=1

For the first three shifted Legendre polynomials, the integrals are:

L
/ w%(s) ds =1L,
0

L L
/ w3(s)ds = =, (2.29)
0 3
L
L
/ w%(s) ds = —.
0 5
Therefore, the final expression for the strain energy becomes:
2 2
EIf, @ @
U=— + =+ —=]1. 2.30
20|73 TS ) (2-30)
For the initially curved beam, the expression of strain energy is:
2 2
EI » (e-a})” (- )
U=— —ay) + + , 2.31
57| (@0~ ) 3 5 (2.31)

where «,, denotes the generalized coordinates defining the initial beam curvature, which is

assumed to remain constant.

2.2.3 Kinematic Derivation

Having defined the curvature function w(s) as a polynomial parameterized by the generalized
coordinates «, the smooth curvature model further allows for the derivation of key kinematic
quantities such as the tangent deflection angle ¢(s), the tip angle ¢y;p, and the Cartesian
tip position (xp, yiip). The deflection angle ¢(s) is obtained by integrating the curvature

function over the arc length:
N
o(s) = / w(s)ds. (2.32)
0

Given the polynomial form of w(s), this integration yields a closed-form cubic expression

for ¢(s). The formulation of the deflection angle is:

S S2 S S3 S2 )
¢(s) = @ + a1 (ﬁ - Z) +an (25 - 3§ + Z) , (2.33)

2.2 Smooth curvature model
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and the tip angle simplifies to:
$ip = ¢(L) = ao. (2.34)

The Cartesian coordinates of the beam tip (xp, yip) are computed by integrating the

tangent vector over the beam length:

L
xtip:/ cos (¢(s)) ds, (2.35)
0

L
ytip:/o sin (¢(s)) ds. (2.36)

Since ¢(s) is a nonlinear function of «, the resulting integrals are transcendental and
generally not solvable in closed form. However, thanks to the smoothness of the curvature
profile, numerical integration methods such as Gauss-Legendre quadrature can be employed
to accurately and efficiently compute the tip position. Gauss-Legendre quadrature is a
numerical integration method widely employed to approximate definite integrals [197].
It relies on the principle of estimating the integral through a weighted sum of function
values at specific points within the integration interval. Renowned for its accuracy and
efficiency in numerical integration, Gauss-Legendre quadrature finds particular utility in
integrating smooth functions over finite intervals. Its applications span diverse disciplines,
encompassing physics, engineering, and numerical analysis, where precise numerical
integration holds paramount importance. The expression for Gauss-Legendre quadrature is

as follows:

1 i=n
/ S = ) Wif (), (2.37)
- i=1

i=n
1

i=

where, f(x) is the function being integrated. dx denotes the differential element.
represents the sum over the quadrature points. x; represents the quadrature points within
the interval [-1, 1], W; represents the corresponding weights assigned to each quadrature
point. The Legendre polynomials, originally defined on the interval [-1, 1], serve as the
foundation for Gauss-Legendre quadrature. However, to apply this quadrature method to a
general interval [a, b], a transformation process is required. This transformation involves
mapping the original interval [-1, 1] to the desired interval [a, b]. The expression for

Gauss-Legendre quadrature on the interval [a, b] can be formulated as:

b bh—a 4 b-a a+b
/Qf(x)dxz 5 ;Wif( S+ — ) (2.38)

In the context of the smooth curvature model, the variable is denoted as s/L, where s

represents the distance along the curve and L is a length of compliant beam. In this model,
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s/L is constrained within the interval [0, 1]. Therefore, for the specific case of integrating
over the interval [0, 1], the Gauss-Legendre quadrature can be expressed as follows, where
a=0and b = L:

(2.39)

To determine the appropriate number of sampling points for the Gauss—Legendre quadrature,
tests with different numbers of integration points were conducted. After observing
insufficient accuracy with 5 points, the quadrature order was progressively increased to 7, 8,
and up to 10 points, as well as to higher orders such as 15 and 20 points. It was found that
the results converged at 10 points, while further increasing the number of points did not
noticeably improve accuracy but led to significantly more complicated explicit expressions.
Therefore, 10 integration points were selected as a compromise between accuracy and
analytical tractability. In the smooth curvature model, when using the Gauss-Legendre
quadrature with 10 points to calculate integration over the interval [0, 1], the corresponding

weights and quadrature points are listed as follows:

Tab. 2.1.: The weights and quadrature points

n quadrature point (x;) weight (W)

1 -0.9739065285171717 0.0666713443086881
2 -0.8650633666889845 0.1494513491505806
3 -0.6794095682990244 0.2190863625159820
4 -0.4333953941292472 0.2692667193099963
5 -0.1488743389816312 0.2955242247147529
6  0.1488743389816312  0.2955242247147529
7 0.4333953941292472  0.2692667193099963
8  0.6794095682990244  0.2190863625159820
9 0.8650633666889845 0.1494513491505806
10 0.9739065285171717 0.0666713443086881

Hence, when we aim to integrate the equations Eq. (2.35) and Eq. (2.36) and subsequently
obtain the tip position and orientation, we can employ the Gauss-Legendre quadrature
method by substituting the function f(x) with the target trigonometric functions in Eq.

(2.35) and Eq. (2.36). By utilizing the appropriate weights and quadrature points, we

2.2 Smooth curvature model
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can approximate the integral and derive the desired tip position and orientation using Eq.
(2.40) (2.41) and (2.42):

¢ip(@) = ¢(a, L) = ¢o + o, (2.40)

10
Xip(@) ~ L ; W; cos [ao (%(xl- + 1)) + a (%(x,- +1)2 - %(xi + 1))

+ @ (%(x,-+1)3—%(x,~+1)2+%(xl-+1)) , (2.41)
: ~ L 3 W; si ! 1 ! 1)? ! 1
yip(@) ~ ; i SIn [@o E(XH‘ )| + a1 Z(xi+ ) —§(Xi+ )
1 ; 3 , 1
+ Z(x,-+1) —Z(xl-+1) +§(x,-+1) : (2.42)

The above content summarized the concept of strain energy and the smooth curvature
model, outlining their theoretical background and derivation process. However, when
applied to complex large-deformation behaviors, the SCM is limited in accuracy. In
an earlier stage of this work, the SCM was employed to describe the large deformation
of compliant beams. However, based on the modeling results, it was observed that the
polynomial fitting adopted in second order formulations cannot adequately capture curves
with multiple inflection points, thereby significantly limiting modeling accuracy. This
drawback challenges both the applicability and reliability of SCM in advanced design tasks.
To overcome this challenge, a high-order SCME approach based on high-order Legendre
polynomials has been proposed. This method successfully addresses the deficiencies of the
original SCM, enabling accurate modeling of complex large-deformation problems, and
has been further applied to the analysis of compliant bistable mechanisms. The following

chapter discusses this method in detail and validates its effectiveness.
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High-order SCME: Modeling
Large-deformation Behavior of

Compliant Bistable Mechanisms

In this chapter, the energy method based on the smooth curvature model (SCME) and
its high order formulations is presented, where the energy method refers to Castigliano’s
principle of minimum strain energy. This well-established principle indicates that for
a structure subjected to external loads and constraints, the equilibrium configuration is
achieved when the total strain energy in the structure is minimized [198]. The main content
of this chapter has been published in [124]. As a fundamental concept in static analysis,
the minimum strain energy is normally used to analyze and design various structures such
as beams, trusses, frames, and shells. By minimizing the strain energy, the distribution of
stress and deformation shape within these structures under different loading conditions
can be determined. Pongsiri et al. integrated the SCM with Lagrange multiplier and
Newton-Raphson methods and applied Castigliano’s principle of minimum strain-energy,
resulting in a analysis approach to address the grasp stability problem [120]. This energy
method is based on the 2nd-order SCM and now referred to as the 2nd-order SCME
method.

Among compliant mechanisms, compliant bistable mechanisms stand out due to their ability
to maintain two distinct stable equilibrium configurations without continuous external
energy input. This energy-efficient behavior is especially advantageous in power-constrained
environments such as outer space and deep-sea applications [8, 199]. Bistable mechanisms
have been widely applied in areas such as energy-absorbing mechanical metamaterials
[200, 201], programmable structures [202], and multistable systems [203, 204, 205, 206].
They are also key structural components for deployable structures [207] and mechanical

logic devices capable of binary operations [208].

However, the aforementioned 2nd-order SCME method has significant limitations in
modeling the large-deformation buckling behavior of compliant beams due to the low
fitting accuracy arising from a low-order polynomial basis. This limitation can lead to

inaccurate predictions of equilibrium configurations and mechanical responses, particularly
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in cases involving strong geometric nonlinearity. This inaccuracy is not characterized by a
moderate quantitative error, but rather by a qualitative failure of the model. Specifically,
for strongly nonlinear systems such as bistable mechanisms, the second order SCME
method fails to capture the existence of multiple stable equilibrium states. Therefore,
improving the fitting accuracy is crucial for enhancing the reliability and applicability of
the model in practical design scenarios. To address this issue, the SCME method has been
enhanced in this study by elevating it from 2nd-order to Sth-order, enabling it to model
more intricate buckling behaviors and provide an accurate kinetostatic model for compliant
mechanisms. This method is referred to as the high-order SCME method. The high-order
SCME method inherits all the advantages of the conventional 2nd-order SCME approach.
These advantages encompass the accurate prediction of various aspects, such as bending

strain energy, deformation shape, reaction forces, and stress.

A detailed description of the full implementation process is provided, which includes:
section 3.1 introducing the high-order smooth curvature model; section 3.2 constructing
a Lagrangian function for strain energy minimization; section 3.3 modeling a compliant
bistable mechanism as a case study, given its typical geometric nonlinearity, along with
a problem description; section 3.4 introducing the Newton-Raphson method as the root-
finding algorithm; section 3.5 implementing the high-order SCME in modeling compliant
bistable mechanism; section 3.6 validating the model via FEA and experiments; section
3.7 comparing the method with alternatives and across different polynomial orders; and

section 3.8 discussing the limitations and underlying assumptions of the current model.

3.1 High-order smooth curvature model

Building upon the foundational 2nd-order SCM introduced in the theoretical background,
this work employs a high-order extension, referred to as the high-order SCME method,
to improve the accuracy of deformation modeling in compliant mechanisms. While
the original SCM captures beam deformation by representing curvature with 2nd-order
polynomial approximations, it suffers from limited fitting capability when modeling large
deformations or highly nonlinear responses. To address this, the high-order SCME method
incorporates higher-degree polynomial basis functions into both the curvature and axial
strain representations. This extension allows for greater flexibility in approximating
complex deformation profiles while maintaining analytical tractability. This improved
fidelity is particularly important for optimization and design tasks where precise control

over the equilibrium path and force-displacement characteristics is critical. The curvature
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approximation function for the neutral axis in the high-order SCME (5th-order) is given in
Eq. (3.1):

1n:5
o(@.s) ~ 7Y aun(s). 3.1
n=0

As described in subsection 2.2.1, the derivation process of the shifted Legendre polynomials
is presented in detail. Following this procedure, the expressions of the shifted Legendre
polynomials up to the fifth order, along with their integrals, are listed in Table 3.1 and
Table 3.2, respectively. In the formulation of the SCME method, the point s is defined
on the compliant beam, and thus s/L = [0, 1]. The expressions of the shifted Legendre

polynomials and their integrals are listed in Tables 3.1 and 3.2.

Tab. 3.1.: The shifted Legendre polynomials

N Shifted Legendre polynomials
0 1

1 ()

: o) o(3) e

3 2(2) (3 +3) -

4 70(%)4— 140(%)3+9o(%)2—20(%) +1

5 252(%)5 —630(%)4+560(%)3 —210(%)2+30(%) ~1
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Tab. 3.2.: The integration of shifted Legendre polynomials

N Integration of shifted Legendre polynomials
0 s
L
| (5)2_1
SL L2
2 2(3) —3(1) +1
4 L 3L 2
3 5(5) —10(5) +6(i) _2
o o) L)L
S S S S S
4 14(z) -3s(7) +30(7) - 10(3) + ()
6 5 4 3 2
5 42(5) —126(3) +14o(3) —70(1) +15 (5) —(i)
L L L L L L

Building on this, the full expression of curvature is:

2
w(a,s) = @+ﬂ é-] +% 6i_§+1
L L\L L\L? L

as (2053 30s% 125 s (70s*  140s®  90s%  20s
+ —|l—-"—+—-1]+— — + -—+1
L\ L3 L2 L L\ L4 L3 L2 L
252s°  630s*  560s° 210s% 30
+ B > g > > LR ). (3.2)
L\ L3 L4 L3 L2 L

As explained in the previous chapter, the deflection angle can be derived by integrating the
curvature along the beam neutral axis. Thus, based on Eq. (2.32), the full expression of the

deflection angle in the high-order SCME method is:

s(a.s) s N s2 s N 253 32 N S
S w—+a|l—m—-—|+om|— - —+—
’ L7l VR Bl W PR )
55 105 6s% s 145> 35s* 30s° 10s% s
il—-—+—=-——|+a - + - +—
L4 L3 L?> L

—+

L3 L4 L3 12 L
(42s6 126s° 140s* 7053 1552 & )
as + - +

L6 L> L* L3 L? L

—+

After applying Gauss quadrature, the expression for the tip position is approximated as:

¢tip(a’) = ¢((I, L) = o, (34)
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10
xip(@) = L ; W; cos [ao (%(xi + 1)) + (%(xi +1)% - %(xi + 1))

+ (%(xi+1)3—§(xi+l)2+%(xl-+l))

+ s (116()6[+1)4—§(x,-+1)3+%(x,~+1)2—%(x,~+1))

+ay (% xi+1)° - %(xi + DY+ 14—5()61- +1)° - %(xl- +1)%+ %(xl- + 1))

+ s (%(xi+1)5—%(xi+l)5+§(xi+l)4—?(xi+1)3+§(x,-+1)2—%(xi+l)) ,
(3.5)

S 1 1 1
Yiip(@) ~ L;Wi sin | g (E(xi + 1)) +a (Z(xi +1)2 - 5+ 1))

+a/2(£—1t(x,-+1)3—%(x,~+1)2+%(x,-+1))

+ a3 (15—6(x,-+1)4—Z(x,-+l)3+%(xi+1)2—%(x,-+l))

+a4(;—4(x,~+1)5—?—Z(xi+l)4+14—5(x,~+l)3—g(x,-+1)2+%(xi+1))

+as (i—;(xi+1)5—?—2(xi+1)5+34—5(x,~+1)4—?(xi+1)3+$(xi+1)2—%(xi+1)) ,

(3.6)

where x; denotes the Gauss quadrature points listed in Table 2.1 and corresponds to
s/L, defined on the interval [0, 1]. Given that both the weights and quadrature points
maintain a constant magnitude, it is noteworthy that the tip position and orientation depend
exclusively on the generalized coordinates . Furthermore, as derived in subsection 2.2.2,

the expression for the strain energy arising from the high-order SCME is given by:

2 2 2 2 2
EIf, a @ a3 @ a5
Up(@) = —|og+ 5 +—=+—=+—+

2L 375 7 9 11| 3.7

To summarize, this section establishes all the necessary expressions derived from the
high-order SCME method, including the polynomial-based curvature and deflection angle
formulations, as well as the Gauss quadrature-based approximation of the tip position
and orientation. The strain energy expression has also been obtained in a closed form
as a function of the generalized coordinates @. These formulations collectively provide

a complete mathematical description of the compliant beam’s kinematics and energy

3.1 High-order smooth curvature model
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characteristics. In the following section, these expressions will be utilized to construct the
Lagrangian function, which forms the basis for determining the equilibrium configuration

through energy minimization.

3.2 Constructing Lagrangian function

The Lagrange multipliers approach is a classical optimization technique used to determine
the local extrema, both maxima and minima, of a function subject to equality constraints
[209]. In the context of constrained optimization, this method introduces auxiliary variables,
known as Lagrange multipliers, to incorporate the constraint conditions directly into the
objective function. The resulting Lagrangian function combines the original objective with
the constraint functions, allowing the problem to be treated as an unconstrained one in an

augmented variable space.

To find an optimal solution, the Lagrangian must satisfy the necessary conditions for static
equilibrium, which include the vanishing of gradients with respect to both the original
variables and the Lagrange multipliers. Importantly, the solution must also strictly satisfy
all the given equality constraints. In this work, the Lagrangian function is constructed by
combining the strain energy expression derived from the high-order SCME method with
the geometric constraints imposed at the beam tip. The Lagrange function is expressed in
Eq. (3.8):

£L(q, 1) = f(q) + - g(q), (3.8)

where, f(q) is the objective function, g(q) is the constraint function, q denotes generalized
coordinates. The variables need to be solved are q and A. This function can be explained
from an alternative expression: find the maximum or minimum of objective function
f(q) when g(q) = 0. In the bending strain energy minimization process, the Lagrangian

function is constructed as in Eq. (3.9):

Xg — xtip(a)
L(a,2) =Up(@)+ 11 2 23] |ye = yip(@)|. (3.9)
¢g - ¢tip(a)

The constraint equation specifies that the tip position and orientation of the compliant
beam should be aligned with the given tip position and orientation [xg, y,, ¢g]T. The
formed Lagrangian can be understood as follows: finding the minimum strain energy of

the compliant beam when the tip position and orientation is predetermined. When the
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objective function reaches its stationary point, indicating a local extreme value, the partial
derivatives of each individual parameter are zero. Consequently, the stationary condition

can be derived as in Eq. (3.10):
oL oL _,
da 01
By applying the stationary conditions to the Lagrangian function with respect to both the

(3.10)

generalized coordinates and the Lagrange multipliers, a system of nonlinear equations is
obtained. This system simultaneously satisfies the energy minimization criterion and the

imposed geometric constraints. The constructed nonlinear equation system is given as

follows:

8_.5 _ ECYO B laxtip —/lzayﬁp _/135¢tip _o0,
oag L 0y 0 oayg
TN
I MY T
3 MY
Vi B,
ST =X~ xip(a) =

ST = e - vipla) =0,

S = - i) =0

Before proceeding to the next stage, it is necessary to conduct the second partial derivative
test [210]. This technique, commonly used in multivariable calculus, is employed to
determine whether a critical point of a function corresponds to a local minimum, maximum,
or a saddle point. If the Hessian matrix (i.e., the matrix of second-order partial derivatives)
is positive definite at the stationary point, it indicates a local minimum. This condition

is satisfied when all eigenvalues of the Hessian matrix are positive, implying that the

3.2 Constructing Lagrangian function
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function curves upward in all directions around the critical point. The Hessian matrix of

the Lagrangian function with respect to « is presented in Eq. (3.12):

[ v, v, . 2o | [ 0 0 0 0 0]

0(ap)? dapda dapdas 0 % 0 0 0 0
) 8*Up P U, 8*Uy £l
0 Ub _ a1 day (90'% da0as _ 0 0 5L 0 0 0 (3 12)
0(a;)? 0 0 0 £Z 0o o '

0 0 0 0 £ o
8*Up P Uy 8*Uy El

| dasdag dasda aag | | 0 0 0 0 0 11L |

In the resulting diagonal matrix, all eigenvalues are strictly positive and remain constant,
as each diagonal entry corresponds to a positive coeflicient of the generalized coordinates
in the strain energy expression. This definiteness directly reflects the positive curvature of
the strain energy function in all directions of the variable space. Consequently, the Hessian
matrix is positive definite, and it follows that the stationary point obtained via the Lagrange
multipliers method corresponds to a local minimum of the strain energy. This confirms the

physical validity and stability of the computed equilibrium configuration.

3.3 Case study: modeling compliant bistable mechanism

Modeling compliant bistable mechanisms under large deformation is particularly challeng-
ing due to the presence of strong geometric nonlinearity, especially after buckling occurs.
These bistable mechanisms exhibit snap-through behavior, multiple equilibrium config-
urations, and nonlinear force-displacement responses, which make analytical modeling
and numerical simulation considerably difficult [211]. To ensure numerical stability and
control the solution path, modeling is often performed in a displacement-driven manner,

where a prescribed trajectory is imposed and the corresponding reaction force is derived.

The choice of a bistable mechanism in this study is deliberate. Its inherent strong
nonlinearity makes it an ideal benchmark problem for evaluating the capability of advanced
modeling approaches. In particular, it serves as an excellent example to showcase the
effectiveness of the Sth-order SCME method in capturing large, nonlinear deformations
with high accuracy. This section presents the detailed modeling procedure of the compliant
bistable mechanism using the Sth-order SCME formulation, highlighting its advantages in

handling complex geometries and nonlinear responses.
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In preparation for the modeling process, a series of fundamental considerations must
be addressed. Firstly, it is essential to establish a well-defined coordinate system that
will serve as the foundational reference frame for the following analysis. Subsequently,
determining the trajectory of the beam tip is necessary to simulate the movement of
the center shuttle. Following these preparations, the modeling of the compliant bistable
mechanism is conducted. The following Fig. 3.1 illustrates the definition of local and global

coordinate system and also the definition of trajectory points and geometric parameters.

(a) (b)
1y (%)
S RO
m,(13) Y
o)
X
'Ay

(d)
1 1=0— ("L'g.()vyg,Ov (bg,O)
» i =1 (Tg1,Yg1s Pe 1)
; 1=2— (Iglv Yg,25 ¢g.2)

Fig. 3.1.: Explanation of local and global coordinate systems, trajectory points, and geometric
parameters of compliant beams.(a) Definition of local coordinate system. (b) Definition
of global coordinate system. (c) Definition of discrete trajectory points. (d) Definition
of geometric parameters.

In the local coordinate system, the XL axis is aligned with the initial shape of the beam,
while the YL axis is perpendicular to the XL axis. The origin, OL, is fixed at the root
of the compliant beam. The initial inclined angle of the compliant beam in the global
coordinate system is denoted as 6 and remains constant throughout the modeling procedure.
The forces fx and fy, together with the moment m;, are determined using the Lagrange
multiplier method and are defined in the local coordinate framework, with their positive
directions indicated by blue arrows. In the global coordinate system, the origin O is also
located at the beam root, with the horizontal X axis and the vertical Y axis. The global
forces Fy and Fy, as well as the moment M, are obtained by transforming the corresponding

quantities fx, fy, and m from the local coordinate system. The positive directions of
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forces and moments in the global coordinate system are indicated by black arrows. For the
discrete trajectory representation, the overall displacement Ay is discretized into N; evenly
distributed points along the trajectory. The coordinates of the i-th trajectory point are given
by [Xg,,Ye,:], with the corresponding deflection angle denoted as ¢¢;. The geometric
parameters, as illustrated in Fig. 3.1, include the beam length L, the in-plane thickness 7',

and the out-of-plane thickness W.

Following the establishment of both material and geometric properties, the subsequent step
involves determining the trajectory of the beam tip. The tip trajectory is defined to move
along the negative direction of the Y-axis in the global coordinate system, as shown in Fig.
3.1 (c). The straight trajectory is discretized into finite trajectory points, and the amount
of these points is denoted as N;. The index of these discrete points is denoted as i. The
coordinates of each trajectory point in local coordinate system O X1 Y1, can be calculated
using Eq. (3.13), Eq. (3.14) and Eq. (3.15).

Aysinf
Xg; = L—i N, (3.13)
Aycos6
Yei = _l—N,- ) (3.14)
boi = 0, (3.15)

where, [Xg;, Vg, ¢si] represents the coordinates of i-th given tip poses in the trajectory.
Ay is the hypothetical length of trajectory. The inclined angle 6 of the compliant beam
is initially defined and remains constant in this formulation. In Fig. 3.1 (d), W, T and L
represent the out-of-plane thickness, in-plane thickness, and length of the compliant beam,

respectively.

Typically, a second-order polynomial, which has been previously used in the modeling of
compliant grippers, can effectively approximate a beam with two inflection points [120].
However, when modeling compliant bistable mechanisms, such lower-order polynomials
become inadequate due to the complex post-buckling deformations commonly observed
in compliant beams. These deformation profiles often exhibit multiple inflection points,
exceeding the representational capacity of low-order basis functions. Since the number of
inflection points that a polynomial can represent is inherently limited by its order, low-order
polynomials lack the flexibility to capture deformation patterns involving a greater number
of curvature changes. Therefore, higher-order representations are necessary to accurately

model the geometric nonlinearity in bistable systems.
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To further model the kinetostatic behavior of the compliant bistable mechanism, the full

expression of the Lagrangian function is given as:

T Y S B Xgi — Xiip(@)
El| , a @ a3 @ ;5
L(a,A) = 3L %+?+?+ - + 9 + T + [/11 A /13] Yei — YVip(@)
¢g,i - ¢tip(a)
(3.16)

where, the position constraints are updated in each iteration to correspond to the target beam

tip position. Typically, Lagrangian multipliers assume distinct meanings when addressing

optimization problems. In the context of modeling compliant beams, it can be assumed

that the Lagrange multipliers A represent the applied force and moment at the tip. To verify

this assumption, the proof procedure is demonstrated as:

a)

b)

Based on Eq. (3.11), the solution (a*and A1) to the Lagrangian function can be treated
as a function of xg ;, ys;, and ¢ ;, denoted as @ (xg i, yg i, dgi) and 1™ (Xg i, Ygi» Po,i)-
The obtained minimum bending strain energy which denoted as Uy (@) can be further
reformulated as U, [a*(xg,,-, Ve,is ¢g,,-)]. The expression of the Lagrange function at

the stationary point is reformulated as in Eq. (3.17):

L[a'* (xg,i’ Ye,is ¢g,i)a A (xg,i’ Ye,is ¢g,i),xg,i» Ye,i» ¢g,i] = Uy [a'* (xg,ia Yg,is ¢g,i)]
= Up(xg,is Ygi> Pgi), (3.17)

where, the constraint components are eliminated due to g(x) = O at stationary point.

Derive the partial derivative of Uy (Xg,, yg,i» $gi) With regard to xg, ¥, ¢g; at the
stationary point and based on the multivariable chain rule, Eq. (3.18), (3.19) and
(3.20) can be obtained as:

an(xg,i, Ye,is (bg,i) _ 0L[a" (xg,i, Yais ¢g,i), A (xg,i, Yais ¢’g,z‘),xg,ia Yeais ¢g,i]

Eg %gaa* oL dvgi 0L dygf 9L ddyd
@ dxg; O Oxg;  Oxg;dxg; ayg,;&g, Oy dAxg;’

(3.18)
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an (xg,i’ yg,i’ ¢g,i) _ a‘£ [a*(xg,l" yg,i, ¢g,i)’ /l* (xg,i9 Yg,i, ¢g,i)’ -xg,i’ )’g,i’ ¢g,i]

HYg,i 0)’gi

Z.g Egaa* 0L digf 0L dysi 0L dbof

a)’gl 6}’gz axgz%gz a)’g,i d)’g,i 0¢g,i Yei

(3.19)

an(xg,iaYg,i’¢g,i) _ al:[a*(xg,i,)’g,i,¢g,i)’/l*(xg,i,)’g,ia¢g,i),xg,ia}7g,i’¢g,i]

6¢g,i a¢gi

Zg %gaa* 0L dxga’ 0L dyed’ 0L digi

a¢gz /la(bgz axgl/{pgl aYgz/]{Pgl a¢gzd¢gz

(3.20)

c) At the stationary point, both d£/da and d.L/0A equal zero. Furthermore, the
coordinates xg ;, yg i, $g; are mutually independent. Hence Eq. (3.18-3.20) can be
simplified to:

an(-xg,ia Ye,is ¢g,i) _ oL dxg,i

Oxg.i B 0xg,; dxg = A1, (3.21)
OUn(xgir yoi ui) _ OL dygi _ (3.22)
0yg.i 0ygidyg.i , |
ﬁUb(Xg,[, Ye,is ¢g,i) _ 0L dpgi = 13. (3.23)
0y, O¢gi ddy,i

d) Castigliano’s first theorem indicates that, the first partial derivative of the total
internal energy (strain energy) in a structure with respect to any particular deflection
component at a point is equal to the force applied at that point and in the direction
corresponding to that deflection component. In derivation process, the Lagrangian
multipliers indeed represent the first partial derivative of the internal energy. Conse-
quently, it can be proven that the obtained Lagrange multipliers A correspond to the
applied forces and moment on the beam tip. Specifically, 41, 4> and A3 denote the

applied forces fx, fy and moment m; on the beam tip in the local coordinate system.
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The aforementioned procedure is commonly referred to as the interpretation of Lagrange
multipliers [212]. Eq. (3.24), Eq. (3.25) and Eq. (3.26) can be employed to transform
the reaction force and moment from the local coordinate system to the global coordinate

system as:

Fxy = —fxcosO+ fy sin@ = —/IT cos 6 + /1; sin 6, (3.24)
Fy = —fxsin@ — fy cosf = —/lT sinf — /1; cos 6, (3.25)
M, = mi= 2, (3.26)

Determining the applied force on the beam tip is crucial for assessing stress in the modeling
of compliant bistable mechanisms. This evaluation is essential to ensure the structural
integrity, performance, and safety of these mechanisms. After determining the stationary
point, the generalized coordinates are thereby determined, and the curvature of the beam
can be easily obtained by substituting the ™ into Eq. (3.2). In addition, the maximum
bending stress at point s, occurring at the extreme fiber of the beam (the fiber farthest from

the neutral axis), is calculated using the SCME method as given in Eq. (4.10).

M T Elw(s) T ETw(s)
R A

where, oy, (s) represent the bending stress at the extreme fiber of compliant beam at point

(3.27)

S.

The above content outlines the detailed modeling procedure for the compliant bistable
mechanism, including the formulation of the Lagrangian function and the definition of
relevant constraints. The following section presents the implementation procedure, which
is carried out in MATLAB using a customized Newton—Raphson method tailored for the

efficient solution of the nonlinear equilibrium equations.

3.4 Implementation procedure

The minimization of the strain energy function necessitates the use of optimization

algorithms. Given that the smooth curvature model is formulated as a continuous function,
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deterministic approaches are particularly appropriate, as they ensure reliable performance
and offer rapid convergence. In this study, the Newton-Raphson method is adopted to carry
out the minimization, owing to its well-established efficiency in solving nonlinear problems
through iterative refinement. The Newton-Raphson method starts with an initial guess
for the root of the equation and then iteratively refines this guess to approach the actual
root. It is based on the idea of using the tangent line approximation to the function at the
current guess to find a better approximation for the root. During the process of seeking the
minimum bending strain energy, the primary objective is to determine the stationary point
of the nonlinear equation system in Eq. (3.11). The root-finding algorithm can be seen

from the flow chart in Fig. 3.2. The algorithm proceeds through the following steps:

1. Preprocessing Step:
Before the iteration begins, the analytical expressions of the Jacobian matrix J and
the Hessian vector H with respect to the optimization variables @ and Lagrange
multipliers A are derived. These derivatives are essential for evaluating the Newton-

Raphson update.

2. Initialization:
An initial guess vector Sg = [a@, 4] = [££,0,0,...,0] is provided to start the
iteration. This vector serves as the starting point for solving the root of the nonlinear

system at each target beam tip position.

3. Iterative Update:
At each iteration step k, the Jacobian and Hessian are evaluated using the current

estimate Sy, and the solution vector is updated via the Newton-Raphson rule:
Sie1 =S —yJ'H

where y € [0, 1] is a relaxation factor introduced to enhance convergence stability.

4. Convergence Check:
The iteration continues until the norm of the Jacobian (representing the residual of

the gradient) falls below a predefined threshold €, indicating convergence.
5. Saving and Iterating Over Trajectory Points:

Once convergence is achieved for a given target beam tip position (indexed by 7), the

corresponding solution S is saved. The algorithm then checks whether all trajectory

Chapter 3 High-order SCME



points have been processed. If not, the solution S; is used as the initial guess for the

next target point by setting So = S;, and the process is repeated.
. Termination:

The loop continues until all N; trajectory points are processed, at which point the

algorithm terminates.
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of Jacobian matrix J and
Hessian matrix H with
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[ Given a vector of initial guess for
solution Sg = [, 1] =
[+££,0,0,0,0,0,0,0,0]

Substitute @ and A into J and H

Iteratively refines the root:
Siv1 =Sk —yJH

Relaxation factor y € [0, 1] aims to
achieve stable convergence.

|

Transferring the

value of S’ to So:
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Save the converged root of
nonlinear equation system when
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(i refers to the i-th trajectory point)
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No
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Fig. 3.2.: The flowchart of the root-finding algorithm. Before conducting the iteration, the explicit
expressions of the Jacobian matrix J and Hessian matrices H need to be derived and
used as part of the formulation during the iteration process. Then, the root-finding
algorithm begins with a given initial guess So. The Newton-Raphson method is then
applied to determine the root of the Lagrange function as demonstrated in the flowchart.
The iteration stops when the norms of the gradients have converged to the threshold €.
Subsequently, the iteration process is applied to each trajectory point sequentially, until
the last trajectory point.
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When using the Newton-Raphson method, providing an initial guess of the root is vital,
which influences the deformation shape as it determines the starting point for the iteration
process. The iterative root-finding process relies on updating this initial guess. Notably,
choosing an initial guess of zero can entirely lead to matrix singularity, making iteration
difficult or impossible and obstructing convergence toward the root of the nonlinear equation
system. The distinct deformation shapes, as shown in Fig. 3.3 (a) and (b), do not affect
the mechanical characteristics of the mechanism. This problem can also be seen as a

multi-solution problem, where a deformation shape corresponds to a valid solution.

(a) (b)

Fig. 3.3.: Two possible deformation shapes exist in modeling results. The distinct deformation
shapes are induced by setting the initial guess of the root in the root-finding procedure.
The sign of ¢ affects the deformation shape (buckling direction). (a) Possible deformation
shape A: when a positive £ is given in initial guess Sy. (b) Possible deformation shape
B: when a negative £ is given in initial guess So.

Moreover, in real-world scenarios, both aforementioned buckling directions are plausible and
challenging to predict due to various influencing factors such as manufacturing inaccuracies,
load deviation, minor plastic deformations, and surface defect. However, only one buckling
direction will be seen usually in a real-word application. Integrating these factors into
mathematical models poses a significant challenge. In mechanisms design, achieving a
desired deformation shape may involve inducing deformation based on designing an initially-
curved small shape or applying small deviation load to the mechanisms. In the proposed
SCME method, the specified initial guess set as So = [a@, 1] = [££,0,0,0,0,0,0,0,0]
effectively meets the requirement of providing an initial guess used to be updated while
ensuring that compliant beams deform as intended. The magnitude of £ would not influence

the modeling result.

The implementation procedure of the proposed modeling framework has been detailed

in this section, including both the formulation and numerical solution process. In the
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following section, modeling results are further validated through FEA simulation and

experiment.

3.5 FEA and experimental validation

This section focuses on validating the accuracy of the Sth-order SCME method through
FEA simulations and experimental tests. The FEA simulations and experimental tests
serves to further ensure the reliability of the proposed Sth-order SCME method. Details
on setting up the FEA simulations and experiments are demonstrated in the following

content.

3.5.1 FEA validation

The modeling is exemplified through the analysis of an inclined compliant beam with
a length of 100 mm and an inclined angle of 20 degrees. This subsection focuses on
examining the model by comparing it with FEA simulation results. The FEA simulation is
conducted in Strand7 R2.4.4, a powerful commerical FEA simulation software that focuses
on addressing complex issues in structural engineering and civil engineering [213]. Its
modeling and simulation capabilities enable the accurate simulation and analysis of the
behavior of various structures and materials. The procedure of conducting FEA simulation

is listed as:

a) Define and subdivide the compliant beam

This part involves designing the compliant beam with an initially straight shape. The
beam length is set at 100 mm, and the inclined angle is designed to be 20 degrees,
consistent with the modeling in the SCME method. Initially, the coordinates of the
beam ends are defined as [0,0,0] and [100 cos 20°, 100sin 20°,0]. The beam is
then created by connecting these two nodes. When applying finite element method,
the beams are normally subdivided into finite amount of beam elements (denoted as
nrea). This amount (npga ) s a key factor influence the convergence and efficiency.
The element used for simulation in Strand7 refers to the conventional beam element
with six degrees of freedom at each node: three translations and three rotations.
The undeformed element is a straight line between the two nodes to which it is

connected. The beam carries axial force, torque, shear forces, and bending moments
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b)

d)

in its principal planes. For modeling slender beams, the FEA simulation conducted

in Strand?7 is based on the planar stress assumption.
Define the constraint

The constraint is the same as the constraint set in the SCME method. The beam root is
fixed, restraining all degrees of freedom, while the other end is set to have movement
only along the y-direction. All other degrees of freedom, including rotation along

X.Y,Z axes and translational movement along X and Z axes, are fully constrained.
Define the mechanical properties of material

For consistency with the SCME method, Young’s modulus is set to 2800MPa. As the
effect of plate stress is neglected, the Poisson’s ratio is not required for subsequent
calculations. The beam cross section is identical to that used in the SCME method,
with a width W = 10 mm and a thickness 7 = 0.6 mm. All sub beams are defined

with identical material properties.
Conduct nonlinear static simulation

The nonlinear static simulation only considers geometric nonlinearity while ignoring
material nonlinearity. In the modeling process, 201 vertical trajectory points are
defined to obtain the applied force-displacement relationship along the vertical
trajectory. To maintain consistency, the nonlinear FEA is defined with 201 steps, and
each step solves for the same equilibrium configuration of the compliant beam as in
the SCME method. The solver for nonlinear static simulation is also based on the
Newton-Raphson method. The convergence of displacement and force is set to be
the same as in the SCME method, which is 10~'%. To avoid singularity, the function
of the sub-step is applied to obtain a more accurate result when the model is hard to

converge.

The accuracy of FEA simulations plays a vital role, as it directly reflects the performance of
the high-order SCME method. Increasing the number of elements is critical for improving
modeling accuracy; however, an excessively large number of elements significantly reduces
computational efficiency. Therefore, a convergence analysis is essential to determine the

optimal number of beam elements for FEA simulations.
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To investigate the impact of varying the number of beam elements, several FEA simulations
were conducted and compared. Convergence was evaluated by examining the variation in
the local minimum of F), as this point poses the greatest challenge for accurate modeling.
Once the force stabilizes around a specified value, the simulation is considered to have
converged efficiently. The optimal number of beam elements is then selected based on a

trade-off with computational efficiency. The comparison results are shown in Fig. 3.4.
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Fig. 3.4.: Convergence analysis of FEA simulation via modeling compliant beams with varying
numbers of beam elements. The amount of beam elements varies from 5 to 800. (a) The
local minima of the force-displacement curve (Fy;,) obtained from FEA simulations
against distinct beam elements. The convergence of the simulation is evaluated by
examining whether the magnitude of Fy,j, converges. (b) Computational efficiency
comparison, which is measured in seconds.

nEEA | Fiminl (N)  npEA  [Finin| (N)
5 0.308527 150 0.238559
10 0.254951 200 0.238478
20 0.241803 300 0.238479
40  0.239930 400 0.238433
60 0.239110 600 0.238456

100 0.238652 800 0.238423

Tab. 3.3.: The values of Fy,;, obtained from FEA simulations when the beam are subdivided into
distinct amounts of beam elements.

In Table 3.3, it can be observed that as the number of beam elements exceeds two hundred,
the force begins to converge to the fourth decimal place (converging to 0.0001N). Since
the FEA simulation result is used as a reference for comparison, a discretization with 200
beam elements is adopted to ensure higher accuracy and reliability. It is also noted from
Fig. 3.4 (b) that, the computational efficiency at nppa=200 is relatively high, however,

when npga = 600 or nppa = 800, the computational efficiency decreases significantly.
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The procedure for conducting the FEA simulation is outlined above, and the results obtained
from the FEA simulation are compared with those from the Sth-order SCME method in
Fig. 3.5.
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Fig. 3.5.: The modeling result comparisons between 5th-order SCME method and FEA simulation
result. The parameters used in modeling and simulation are: L=100mm, §=20°, E=2800
MPa, W=10mm, 7=0.6mm. (a) Comparison of deformation shape. (b) Comparison of
bending strain energy Uy,. (¢) Comparison of Fy (d) Comparison of Fy. (¢) Comparison
of M;. (f) Comparison of maximum stress oax.-

As shown in Fig. 3.5, the deformation shapes of the beams exhibit a high degree of
similarity. Additionally, in Fig. 3.11, lower order polynomial models fail to accurately
capture the large deformation behavior, leading to noticeable deviations from the reference
results. Other key aspects, including bending strain energy, applied forces, and moments,
also show strong agreement. Further evaluation of compliant mechanisms over a broader
range of inclined angles is provided in Section 3.6. Although Fig. Fig. 3.5(d) exhibits
a deformation shape similar to that shown in Fig. 3.6, the two figures correspond to
different modeling objectives and parameter settings. Fig. 3.6 focuses on validating the
proposed linear compensation method using an increased beam thickness to emphasize

axial deformation effects, whereas Fig. 3.5(d) assesses the modeling accuracy over the
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entire displacement range by comparison with finite element analysis using a thinner

beam.

In addition, prior to buckling, the beam experiences linear axial deformation while
maintaining its equilibrium configuration. However, once the critical buckling load is
reached, the structure loses its stability and the internal stresses are no longer sufficient to
balance the applied load. As a result, the structure begins to buckle laterally and its axial
stiffness decreases, causing the load to be redistributed throughout the structure. As the
high-order SCME method neglects the axial deformation, it cannot directly capture the

prior buckling deformation.

To compensate the initial linear deformation occurs before the buckling happened, a
nonlinear equation system is set up to solve for the initial buckling position Ay,. The

geometric relationship can be seen from the Fig.3.6.

Fig. 3.6.: The variables and geometrical parameters defined to derive the critical buckling position
and force. The initial configuration of the beam is represented using the red dashed
line. The critical buckling configuration is represented using the red continuous line.
The buckled configuration of the beam line is represented using a half-transparent red
continuous line.

The critical axial buckling force P is dependent on the geometrical shape, material
properties, and boundary conditions applied to the compliant beam. When modeling the
compliant bistable mechanism, the critical axial buckling force P, has a component force
Fy¢r along the moving direction. The component force Fy.; can be determined through the
first point on the force-displacement relationship obtained from the SCME method. By
applying the Pythagorean theorem and Hooke’s law, a system of two nonlinear equations

can be established to solve for the critical buckling position Ay, and the axial deformation
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AL. The axial deformation AL can be calculated by dividing the critical buckling force Fyc;
by the axial stiffness k, which can be formulated as EA/L; where E represents Young’s

modulus and A denotes the cross-sectional area of the beam:

~ EAsing), EA(Lsinfy— Ayy)’ (3.28)
(L — AL)? = (Lcos8y)* + (Lsinfy — Ayp)>.

AL =

Per PL  PL(L-AL)
k

To verify the accuracy of this model under small deformation conditions, a case study was
conducted on a beam with a length of 100 mm and a thickness of 2 mm. The inclined angle
was 0y = 20°. The Young’s modulus used in this case study is 2800 MPa. The response
of the compliant beam is modeled within the range of Ay = [0, 1]. The comparison
between linear deformation compensation and FEA simulation results can be seen from
Fig. 3.7. The comparison indicates agreement between the FEA simulation result and
linear compensation, demonstrating the feasibility of the approach for determining the

critical buckling position and force.
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Fig. 3.7.: Comparison between the modeling result considering linear compensation and FEA
simulation. The overall force-displacement curve is displayed on the left, while the
displacement range [0,1] is zoomed in to provide a clearer visualization of the linear
deformation compensation result, as demonstrated on the right.

3.5.2 Experimental validation

In this subsection, the primary objective is to conduct an experiment test aimed at

validating the accuracy of the proposed high-order SCME method. Through this empirical
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investigation, the emphasis is on providing robust confirmation of the method’s accuracy

in modeling the applied force and deformation shape.

The designed bistable mechanism for experimental validation is composed of four inclined
compliant beams, exhibiting symmetry along the central shuttle with two beams positioned
on each side. The inclusion of four beams in the design serves the purpose of mitigating the
prevalent issue of rotational imbalance that often encountered in bistable mechanisms that
employ only two beams. This mitigation is achieved by constraining the degrees of freedom
of the mechanism, thereby ensuring its operation as a single-degree-of-freedom (DOF)

mechanism. The shape and dimensions of the 3D model are illustrated in Fig. 3.8.

Compliant bistable mechanism 4\
(3D printing, PLA)

W =5mm

|

Bottom plate
(3D printing, PLA)
W = 5mm

210 mm

Bolt
connection

Assumed rigid region P

Top plate )
(Laser cutting, Acrylic)
W = 5mm

160 mm

Fig. 3.8.: A prototype with three layers used for experimental validation. The bottom plate and
top plate are designed to ensure sufficient stiffness of the rigid components while
maintaining the entire mechanism in a relatively compact size. The middle layer is
compliant bistable mechanism. Laser cutting is applied to manufacture the top plate,
and transparent acrylic material is used to guarantee the visibility of deformation. The
geometric parameters of the compliant bistable mechanism can be observed on the right
side. Fillets are applied to the roots of beams to avoid stress concentration problems.
The beam in-plane thickness 7 is designed to be 0.8mm.

In the high-order SCME method, it is assumed that the root of the compliant beam 1is
fully fixed. However, during experiments, the root is not fully constrained due to slight
deformations within the assumed rigid region and further cause experimental errors. To
address this, a three-layer layout is implemented to improve the stiffness of the assumed
rigid region. To guarantee visibility of the deformation in the compliant bistable mechanism,
the top plate is made from transparent material Acrylic, manufactured using laser cutting
machine, while the bottom plate is 3D printed using Tough PLA material in black to

enhance contrast and further improve visibility. These three layers are connected via bolt
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connections. The center shuttle of the compliant bistable mechanism is designed to be
sufficiently long to prevent interference between the mechanism and the testing machine

fixture.

The 3D printing process is accomplished using the UltiMaker S3 which is a fused
deposition manufacturing device. This budget-friendly desktop 3D printer provides reliable
performance and high-quality prints, making it ideal for prototyping. The 3D model
is sliced to be further printed in UltiMaker Cura. The printing settings, including the
compliant bistable mechanism and bottom plate, can be found in Tab. 3.4.

Tab. 3.4.: Configuration for 3D printing

Print core ~ Material Infill density Infill pattern Temperature  Speed  Layer height Adhesion

Compliant bistable . .
. AA 025 Tough PLA 80% Grid 210° 60mm/s 0.Imm Skirt
mechanism

Bottom plate AA 04  ToughPLA 40% Grid 210° 60mm/s 0.2mm Skirt

Tough PLA was chosen as the preferred 3D printing material for compliant bistable
mechanism due to its advantageous combination of strength, rigidity, and moderate
elasticity. UltiMaker Tough PLA for S series is a technical PLA material with a toughness
similar to ABS. The mechanical properties of Tough PLA are listed in Table 3.5, and

are obtained from the material properties manual provided by the manufacturer [214].

It is ideal for printing functional prototypes and tooling at larger sizes, without fear of

delamination or warping.

Tab. 3.5.: Mechanical properties of tough PLA.

Young’s modulus (MPa)  Yield stress (MPa) Density (g/cm3) Hardness (Shore D)

Tough PLA 2800 (2797+151) 45.3£2 1.22 Shore D 80

The top plate is chosen to be made of transparent acrylic material for visualization purposes.
It is cut from an acrylic plate using a laser cutting machine (Laserscript LS1290 Pro)
equipped with an 80W CO2 laser. The bed size of the laser cutting machine is 1200 x
900mm. In the cutting process, the speed is set to Smm/s, and the laser is adjusted to 60%
of its maximum power. The resulting top plate exhibits high accuracy compared to the

designed model.
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The experiment was conducted using the TA HD plus texture analyzer. Texture analysis
involves studying how materials change mechanically, such as deforming, breaking, or
undergoing other alterations when forces are applied. In this study, the texture analyzer

assesses the force-displacement of a compliant bistable mechanism.

The TA HD plus can execute a single DOF movement while maintaining high accuracy in
measuring force or displacement. Due to the inherent snap-through behavior in bistable
mechanisms, the experiment focuses on a displacement-driven test. The prototype is
positioned at the center of the texture analyzer, and displacement occurs from top to bottom.

As the displacement increases, the bistable mechanism begins to deform.

The test machine records forces from sensors and to achieve a higher-resolution experimental
result, a SON load cell is chosen for the texture analyzer, with a force sensor resolution of
0.001IN. Although the nominal force resolution of the sensor is 0.001 N, the experimentally
recorded force values are output with higher numerical precision, reaching up to ten decimal
places due to digital acquisition and post processing. The input displacement resolution
is 0.00lmm. To minimize dynamic effects, the movement speed is set at 0.1 mm/s. The
experimental procedure is repeated five times to obtain an average value. The experimental
set up can be found in Fig. 3.9.

Compliant bistable mechanism

Bottom plate

Fixture

TA HD plus texure analyser

Fig. 3.9.: The experiment setup and 3D printed prototype. The experiment is conducted on the TA
HD plus texture analyzer. The 3D printed prototype consists of three layers, including
top and bottom plates, which are used to enhance the lateral stiffness. The middle layer
is the 3D printed compliant bistable mechanism.

In the experiment, force—displacement data were acquired while the deformation process of

the compliant bistable mechanism was simultaneously recorded. The deformation shapes
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at displacements of 5 mm, 10 mm, and 15 mm were examined and compared with those
predicted by the SCME method, showing a high level of agreement. In addition, the
experimentally measured force—displacement response of the compliant bistable mechanism
agrees well with both the FEA simulations and the SCME method predictions. These
results demonstrate strong consistency between the experimental observations and the
predicted mechanical behavior of the mechanism. The comparison of results is shown in
Fig. 3.10.

—— 5th-order SCME method D
— — — Experiment result
10 1 O FEA simulation result

F, (N)

0 10 20 30
Displacement Ay (mm)

Fig. 3.10.: Experiment result comparison. The red continuous line represents the predicted
deformation shape obtained from the SCME method. (a) Deformation shape comparison
when Ay = Smm. (b) Deformation shape comparison when Ay = 15mm. (c)
Deformation shape comparison when Ay = 25mm. (d) Force-displacement relationship
comparison among the SCME method, experiment, and FEA simulation. Note that
the total force obtained through the Sth-order SCME method is four times the force
calculated for a single compliant beam. This is because the designed prototype
incorporates four beams.

The primary source of error stems from the insufficient rigidity of the support structure
in the experiment, where deformation within the rigid region contributes to a flatter

experimental force-displacement curve.
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3.6 Method comparison

3.6.1 Comparison across SCME with distinct orders

Order of a smooth curvature model is defined as the highest order of Legendre polynomials
employed in the curvature representation process. While low-order models offer improved
computational efficiency, they fundamentally fail to capture the large deformation behavior
of beams. Generally, when dealing with intricate curvature profiles necessitating fitting,
selecting a higher-order model is often the preferable choice. This preference stems from the
fact that higher-order Legendre polynomials can closely approximate the actual curvature,
particularly in cases where curvature exhibits complexity. Although the higher-order model

leads to more accurate results, it would cause complex mathematical expression as well.
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Fig. 3.11.: Force-displacement relationship comparison between 2nd-order, 3rd-order, 4th-order
and Sth-order SCME method. The parameters used in modeling and simulation are:

L=100mm, E=2800 MPa, W=10mm, 7=0.6mm. (a) 8 = 10°. (b) 8 = 20°.(c) 8 = 30°.

(d) 8 =40°. (e) 8 =50°. (f) 6 =60°. (g) 0 =70°. (h) 6 =80°. (i) 6 =90°.

The compliant bistable mechanisms, with inclined angles varying from 10 to 90 degrees,
are modeled using the 2th-order, 3th-order, 4th-order and Sth-order SCME methods. The

modeling outcome demonstrates that the 2nd or 3rd order SCME methods are unable to

3.6 Method comparison
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capture the nonlinear large deformation behavior and are thus unsuitable for modeling
compliant bistable mechanisms. For the 4th-order SCME method, the overall accuracy is
high and stable in the interval of angles varying from 0 to 40 degrees. However, when the
beam inclined angle exceeds 40 degrees, the accuracy starts to decrease, although it can still
accurately predict the force-displacement relationship in the initial region of displacements.
When the order of the SCME method is increased to the Sth order, its accuracy would be
much higher than the 4th-order SCME method over the full range of incined angles. The

modeling results and comparison can be seen in Fig. 3.11.

The modeling error is further assessed using normalized mean absolute error (NMAE)
which is a metric used to evaluate the accuracy of models [215]. NMAE is calculated by
dividing the MAE by the range of the observation values. NMAE values can range from 0
to 1, with a lower value indicating a better fit. The NMAE can be formulated using Eq.
3.29:

i=N;

N 21 |F; — Fil

NMAE = ! ,
max (F;) — min(F;)

(3.29)

where, F; represents the modeling results from the various modeling methods; £; represents
the observed value, which is the FEA simulation result. N; denotes the amount of data
points, corresponding to the amount of trajectory points. The NMAE has been measured

for each SCME method, and the resulting data are demonstrated in Fig. 3.12.

Chapter 3 High-order SCME



40

[ 2nd-order SCME method
[N 3rd-order SCME method
30 I 4th-order SCME method
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Fig. 3.12.: Modeling error comparison among 2nd-, 3rd-, 4th-, and 5th-order SCME methods.
The error is measured using normalized mean absolute error. The comparison result
indicates that the Sth-order SCME method is the most accurate. (a) The range of
NMAE varies from 0% to 40%. (b) The range of NMAE varies from 0% to 1%.

The Sth-order SCME method has a decreasing accuracy after 40 degree but a stably high
accuracy over 0 to 40 degrees. The bar chart in Fig. 3.12 confirms that the Sth-order SCME
method is more accurate than the 4th-order in terms of accuracy over the range of angles.
Although the NMAE is similar for the 4th order and 5th order SCME methods, the 4th
order model exhibits higher accuracy in capturing extreme response values. In particular,
differences become more pronounced at critical points such as the extreme minimum force
and the displacement at the second stable configuration. These extreme states are key
performance indicators in the analysis and design of compliant bistable mechanisms and
are therefore of greater practical importance than the average error over the full deformation
range. Consequently, despite the increased computational cost, the 5th order SCME model
is still adopted to ensure reliable modeling. Overall, as the inclination angle increases, the
accuracy decreases across all SCME methods accordingly, including 2nd, 3rd, 4th, and 5th

order.

3.6 Method comparison
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Tab. 3.6.: Computational efficiency comparison among SCME methods with distinct orders when
the trajectory has 200 sampling points (N; = 200).

Inclined angle (0) 10° 20° 30° 40° 50° 60° 70° 80° 90°  Variable Count
2th-order SCME method 0.054 0.052 0.056 0.058 0.064 0.066 0.068 0.075 0.065 6
3th-order SCME method 0.209 0.052 0.049 0.053 0.051 0.048 0.046 0.022 0.034 7
4th-order SCME method 0.115 0.021 0.018 0.022 0.024 0.022 0.023 0.022 0.018 8
5th-order SCME method 0.075 0.074 0.079 0.081 0.085 0.096 0.105 0.111 0.097 9

The computational efficiency is measured by seconds. The computation is implemented by MATLAB R2022b.

Higher-order SCME methods generally require more computation time compared to lower-
order methods. Table. 3.6 compares the computational efficiency of SCME methods at
various inclined angles, using a trajectory with 200 sampling points. Table. 3.6 suggests
that the 5th-order SCME method can offer the best accuracy without compromising the

computational efficiency too much.

3.6.2 Comparison across modeling methods

Performing comparative analysis is crucial when proposing a novel method against existing
modeling methods. In this subsection, the SCME method was compared with CBCM[108]

and CPRBM[95], focusing mainly on modeling accuracy and computational efficiency.

In the SCME method, bending strain energy is modeled using a constructed continuous
function of curvature, where the equilibrium configuration is obtained by minimizing
the strain energy. The number of variables depends on the order of SCM, requiring i+3
variables for an i-th order SCM. Additionally, the SCME method provides explicit gradients,

significantly speeding up the computation process.

For CBCM, the beam is divided into n elements, and BCM is applied to each element.
CBCM can account for axial deformation and bending strain energy, making it better suited
for modeling large deflection compliant mechanisms in which the beam undergoing axial
deformation. Typically, CBCM accounts for 6n variables, encompassing load variables
(Fx, Fy, M) and displacement variables (X,Y,#). However, when applying CBCM to
model compliant bistable mechanisms, the number of variables to be calculated reduces to
3n: Fx, Fy and My). This is because the displacements are constrained, meaning that X, Y,

0 serve as inputs to the model.
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CPRBM, used for modeling large-deformation beams, treats each element as a rigid rod
with a torsional spring attached to its end. The total strain energy is calculated by summing
the strain energy stored in each torsional spring. CPRBM simplifies the modeling process
compared to SCME and CBCM because all strain energy formulations are linear. The
determination of minimum strain energy is based on an optimization strategy, with the
number of variables being the deflection angle of each element. If the beam is divided into

n elements, n variables need to be solved.

The compliant beams, with inclined angle ranging from 0 to 90 degrees, are modeled using
these three methods mentioned above. Then, the obtained modeling results are compared
to provide a clear visualization of modeling accuracy for each method. When modeling the
beams with the CBCM and CPRBM, 10 and 20 elements are employed for each model
plotting to assess the computational effort and accuracy of these models. The comparison
of modeling results is illustrated in Fig. 3.13. These results are obtained separately using
the 5th-order SCME method, CBCM, and CPRBM.

3.6 Method comparison
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Fig. 3.13.: Force-displacement relationship comparison between Sth-order SCME method, CBCM,
CPRBM, and FEA simulation. Ten and twenty beam elements are used in CBCM and
CPRBM. The parameters used in modeling and simulation are: L=100mm, E=2800
MPa, W=10mm, 7=0.6mm. (a) 6§ = 10°. (b) 6 = 20°.(c) 8 = 30°. (d) 6 = 40°. (e)
6 =50°. (f) 6 =60°. (g) 6 =70°. (h) 6 =80° (i) 8 =90°.

The bar errors for each method can be observed in Fig. 3.14.
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Fig. 3.14.: Modeling error comparison among the Sth-order SCME method, CBCM, and CPRBM.
Ten and twenty beam elements are used in CBCM and CPRBM. The inclined angles
gradually increase from 10 to 90 degrees.

The computational efficiency is measured by the computation speed of the model codes
running on the same computer. The computer utilized for this research comprises a desktop
equipped with an Intel Core 17-9700 3.0GHz processor, 32GB of DDR4 RAM, and an
AMD Radeon RX 550 graphics card. The MATLAB version is R2022b, operating on
Windows 10 enterprise edition. The running time can be seen in Table. 3.7.

Tab. 3.7.: Computational efficiency comparison between different methods when the trajectory
has 200 sampling points (N; = 200).

Inclined angle (6) 10° 20° 30° 40° 50° 60° 70° 80° 90° Variable Count
Sth-order SCME method 0.075  0.074  0.079 0.081 0.085 0.096 0.105 0.111 0.097 9
FEA simulation 64 66 86 74 68 74 77 69 94 -
CBCM (n=10) 23.166 23.712 24768 23.614 24291 25889 24267 22996 21.794 30
CBCM (n=20) 56.013 58.814 59.699 59.712 56.023 59.015 59.462 62.535 56.043 60
CPRBM (n=10) 11.946 11.892 11.794 11.193 11.463 11.497 11.062 10.953 10.934 10
CPRBM (n=20) 20.107 21.451 21.328 20.842 20.646 20.872 21.133 20.773 18.922 20

The computational efficiency is measured by seconds. The computation is implemented by MATLAB R2022b.

The comparison results demonstrate that the SCME method offers the advantage of the
fastest modeling speed while maintaining a high level of accuracy. However, while the most
accurate method is CBCM with 20 elements, the Sth-order SCME method exhibits a speed
advantage of approximately 750 times faster than CBCM (n=20). The modeling speed of
5th-SCME method is fast due to two main reasons: Firstly, there are fewer variables to

solve compared to CBCM, CPRBM, and FEA simulations. Secondly, the explicit gradient

is provided when applying the Newton-Raphson method to solve for the approximate root.

Thus, utilizing the SCME method can significantly reduce the time cost in the design and

optimization of compliant mechanisms.
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3.7 Basic assumptions and limitations

The limitations of the proposed high-order SCME method are discussed in the following

content.

3.7.1 Plane kinetostatic modeling

For kinetostatic modeling, previous methods outlined in the literature have been reviewed,
which primarily focus on plane kinetostatics for modeling mechanisms deformed in a 2D
plane. Additionally, for specific applications such as MEMS, there is focus on in-plane
fabrication and kinetostatics. If investigating out-of-plane deformation becomes necessary,
spatial modeling technology should be considered instead of relying solely on plane
modeling technology. It is essential to recognize that the current high-order SCME method
lacks the capability to model spatial deformation, including spatial twist and bending, thus

rendering it inadequate for spatial kinetostatic modeling.

3.7.2 Neglection of out-of-plane buckling

Out-of-plane buckling refers to the buckling behavior that occurs outside the principal
deformation plane of a structure. It can result from various factors such as non-axial loads,
surface defects in the beam, and material anisotropy caused by uneven material distribution.
This type of buckling typically exhibits complex nonlinear characteristics, making accurate
prediction challenging using mathematical methods. Many existing modeling approaches
simplify analysis and design by disregarding out-of-plane buckling [108, 95, 118]. The
assumption of neglecting out-of-plane buckling also applies to the SCME method.

3.7.3 Neglection of axial, shear and twist strain energy

In the process of minimizing strain energy, the optimization process is confined to bending
strain energy. When modeling the post-buckling behavior of slender compliant bistable
mechanisms, axial strain energy is neglected due to its small magnitude compared to
bending strain energy. In the linear deformation stage, axial deformation dominates, and
we compensate using Hooke’s Law and the Pythagorean theorem. Shear strain energy is
accounted for in modeling thick beams but ignored in slender beams. The Timoshenko-

Ehrenfest beam theory, commonly used for thick beams, incorporates shear deformation
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and bending effects. However, in modeling compliant bistable mechanisms, the shear effect
is negligible due to the use of the slender beams. Twist strain energy is not considered in
modeling compliant bistable mechanisms, as all deformations are assumed to occur within

a single plane, neglecting out-of-plane effects.

3.7.4 Planar stress assumption

In this work, the modeling process relies on the planar stress assumption where the
Young’s modulus E of the material is adopted, as reported in most papers in the literature
[216, 217, 218]. In the planar stress assumption, stress occurs only in the bending plane
(XY-plane), and the beam’s out-of-plane thickness W is qualitatively assumed to be small
enough. Both the proposed high-order SCME method and FEA simulations utilize Young’s

modulus when modeling compliant bistable mechanisms.

When the out-of-plane thickness W is qualitatively large enough, the planar strain assumption
should be considered, where the plate modulus E’ = E/(1 — v?) is adopted [219, 220]. In

the planar strain assumption, the strain perpendicular to the bending plane is negligible.

3.8 Chapter Summary

The development of high-order SCME method offers significant practical implications and
contributes to the broader field of compliant mechanism design. The proposed method,
which focuses on accurate planar kinetostatic modeling with broad applicability to large
deformation beams, offers new opportunities for innovative design. Additionally, the high
efficiency of the SCME method, facilitated by utilizing a low-dimensional model (without
discretization) and providing explicit expressions of gradients, can save substantial time in

optimization processes, potentially reducing costs and increasing productivity.

Beyond its application in modeling compliant bistable mechanisms, the high-order SCME
method is also employed to model and design a flexure-based constant force polishing
platform, as detailed in [221]. The proposed mechanism provides a stable reaction force
over a prescribed displacement range, which helps maintain consistent polishing pressure
and improve surface finishing quality. This additional application further demonstrates
the suitability of the high-order SCME method for analyzing and designing compliant

mechanisms exhibiting large deformation and nonlinear force response.

3.8 Chapter Summary
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The novelties of the proposed high-order SCME method are summarized as follows:

(1) Accurate modeling of strongly nonlinear mechanical behavior:
This study employs the high-order SCME method for modeling compliant bistable
mechanisms, yielding accurate results for all performance characteristics including
deformation shapes, forces, strain energy, and stress. Furthermore, these results have

been validated through FEA simulations and experimental tests.

(2) Efficient modeling:
Benefiting from the continuous smooth curvature model (without discretization),
deriving bending strain energy, along with offering an explicit expression of the
gradient of Lagrange function during the root-finding process, the SCME method
enables quick/efficient modeling. This approach is comprehensively compared with
FEA simulations, CBCM, and CPRBM. The comparison results prove that the

modeling speed is much quicker without compromising modeling accuracy.

(3) Applicability in full angle range:
The high-order SCME method (5th order) is capable of modeling compliant bistable
mechanisms with varying inclined angles from O to 90 degrees without the need for

discretization. This feature simplifies the process of modeling the compliant beams.

The high-order SCME method does not extend the design space itself, but provides a
more accurate and robust modeling framework within the existing design space, partic-
ularly for compliant bistable mechanisms undergoing large deformation. Moreover, its
computational efficiency enables faster design iteration and significantly improves the
efficiency of structural optimization. The proposed high-order SCME method enables
accurate kinetostatic modeling, providing engineers with reliable insights into the nonlinear
behavior of compliant mechanisms, which is essential for performance optimization and
reliability assessment in precision engineering applications. Furthermore, the proposed
method shows potential for modeling nonlinear energy behavior in lattice based mechanical
metamaterials, such as transition wave phenomena. By capturing the complex interactions
within these materials, the proposed modeling framework contributes to the development

of artificial mechanical metamaterials with programmable properties and functionalities.
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Comprehensive SCME: 4
Enhanced High-order SCME

considering Axial Deformation

Although the high-order SCME has proven effective for modeling compliant bistable
mechanisms, it still has several limitations that motivate further development. One major
limitation is that the SCME neglects axial deformation, reducing accuracy when beams
undergo large axial deformations. While this simplification causes negligible errors in
cases of small deformation, it becomes significant under large deformation conditions,
resulting in inaccurate predictions of the nonlinear behavior of mechanisms, such as the
pre-buckling stage in compliant bistable mechanisms, as discussed previously in Chapter
3. Another limitation is that the SCME has primarily been applied to compliant bistable
mechanisms, highlighting its capability to handle strong nonlinearities, but its potential

applicability to a broader range of scenarios remains unexplored.

Therefore, this chapter aims to address the limitations of the previous high-order SCME by
introducing an enhanced modeling approach termed the Comprehensive energy method
based on the smooth curvature model (CoSCME), applicable to diverse planar compliant
mechanisms. The CoSCME significantly extends the original SCME by incorporating both
bending and axial deformations and explicitly accounts for the coupling effects between
these deformation modes by integrating axial elongation into the bending deformation anal-
ysis. Both axial and bending deformations are modeled using Legendre polynomial fitting,
where curvature is fitted for bending deformation and axial strain for axial deformation.
Equilibrium configurations are determined by minimizing the total strain energy within an
optimization framework, subject to appropriate boundary conditions. To demonstrate its
broad applicability, the CoOSCME is applied to various compliant mechanisms, including
beams subjected to compresural or tensural displacement loads, translational and rotational
bistable mechanisms, general lumped-compliance beams, and initially curved beams. The

primary contributions of this work are summarized in Fig. 4.1.
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The structure of this chapter is organized as follows: section 4.1 introduces the detailed
modeling framework of planar compliant mechanisms using CoSCME, emphasizing its
capability to incorporate both bending and axial deformations. Section 4.2 presents
various case studies, demonstrating the applicability of CoOSCME in modeling different
types of compliant mechanisms, including compresural beams, tensural beams, bistable
mechanisms, general lumped-compliance beams, and initially curved beams. Section
4.3 conducts detailed discussion on the modeling results and provides an comparison
analysis among different modeling methods. Finally, section 4.4 summarize the findings

and potential future directions of this work.

Contributions of this work: [ Case studies: Validating the universality and robustness of COSCME
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Fig. 4.1.: Overview of this chapter: Proposal of the CoOSCME method with additional consideration
of axial deformation, enhancing modeling accuracy and comprehensiveness; validation
of the universality and robustness of the proposed method through various case studies.

4.1 Formulation of CoOSCME

Drawing from the limitations of the high-order SCME method outlined in the previous
chapter, enhancing the high-order SCME by incorporating axial strain energy is crucial for
expanding its application scenarios. Inspired by the modeling method proposed in [222],
which accounted for axial deformation in the modeling process, further enhancements to

the high-order SCME are detailed in the following content.

Similarly to fitting the curvature function using shifted Legendre polynomials, as in Eq.

(3.2), the axial deformation is also fitted based on Legendre polynomials. Utilizing
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Legendre polynomials as a basis offers the advantages of global approximation and
possesses orthogonality and normalization properties. Therefore, models based on
Legendre polynomials are well-suited for numerical computations. Furthermore, adjusting
the order of Legendre polynomial basis provides flexibility in balancing modeling accuracy

and computational efficiency.

In the high-order SCME, constraints are applied at the beam tip. In the present modeling
methodology, a more general form of position constraint is provided, which applies position
constraints to an arbitrary point Ps. The arc length from the fixed end of beam to the point
P is s. The definition of terminologies can be found in Fig. 4.2. The coordinates and
deflection angle of point P} on the initial shape of the beam are denoted as (x{, yi, ¢7).
When adding position constraint to point Pj, the compliant beam deforms, and the position
and deflection angle of point s are transformed to (xs, ys, ¢s). When s = L, the displacement
is exerted on the beam tip. The reaction force is the force generated by the deformed
structure to maintain equilibrium configuration. The force/moment derived from CoSCME
is the reaction force/moment. When the position constraint is exerted on point Pj, the
reaction forces and reaction moment at point P, are denoted as Fy, F, and M;.

(x5, ¥s» 95)
R Initial shape

Deformed shape

Fig. 4.2.: Terminologies employed in the CoOSCME.

4.1.1 Fitting axial deformation with Legendre polynomials

In the previous high-order SCME formulation, the beam curvature was expressed using
the generalized coordinates « in conjunction with shifted Legendre polynomials. This
approach effectively fits the beam curvature. To further incorporate axial deformation, a
similar construction method is applied. Specifically, a new set of generalized coordinates,
B, is introduced to construct an expression for the axial strain, maintaining consistency
with the formulation used for the beam curvature. To ensure the accuracy and efficiency
of the proposed CoSCME, the selection of the appropriate order of polynomials becomes
crucial. In previous work [124], the impact of polynomial order on model accuracy was
thoroughly examined. The results of this comparison indicated that higher-order models

yield greater accuracy. However, the use of higher-order polynomials also introduces

4.1 Formulation of CoOSCME

83



84

increased complexity in the derivation processes and formulations. As a result, the
5'"-order polynomials were determined to be the optimal choice for balancing accuracy
and complexity. Similarly, in the present study, the CoOSCME method is based on the
same modeling foundation as the high-order SCME. Therefore, we adopt the 5 order
polynomial for the CoOSCME method as well. The axial strain &, is thus formulated in Eq.
4.1):

n=N
‘9a(ﬁa S) ~ Z,ann(s)
n=0

70s*  140s° 90s* 20s
+ B4 T E + 2 _T+1) 4.1)
p 25257 630s* N 560s3 210s? N 30s .
S\TLs L4 L3 12 L ’

where, B, are generalized coordinates used for formulating axial strain, L is the beam
length. The n-th order shifted Legendre polynomials in interval [0, 1] are denoted by
Yy (s). The accumulated axial deformation of the beam segment from the fixed root to
point P can be derived by integrating the axial strain, denoted as ALs. The formulation of

this accumulated axial deformation in the beam segment is expressed in Eq. (4.2):

AL(B.5) = /0 £a(B.5)ds

Bos + 52 e 253 3s2 b
= pos — = —
0 1 I 2 LZ L

+B 554 10s3 N 652

N\ T
14s°  35s* 305 10s2
+ B4 T E + 2L +s) 4.2)
.\ 42s% 12650 N 140s*  70s3 s 1552
e S R R A

The accumulated axial deformation along entire beam is denoted as ALy,.The formulation

is expressed in Eq. (4.3):
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The aforementioned content introduces the fitting process of axial strain and accumulated
axial deformation. The following sections demonstrate the procedure for incorporating
axial deformation into the original high-order SCME, and the approach to dealing with

coupling effect between axial and bending strain.

4.1.2 Deriving coordinates and deflection angle

In the original high-order SCME, the coordinates and inflection angle of point s are
derived from the integration of beam curvature, as demonstrated in Egs. (2.34) (2.35)
and (2.36). However, when considering axial deformation, the formulations of inflection
angle at point s need to be updated by extending the interval of integration from [0, s] to
[0, s + ALs(B, s)]. Additionally, the integrand needs correction when accounting for the
coupling effect among axial and bending deformation. The revised function of deflection

angle at point s, based on Eq. (2.32), is formulated in Eq. (4.4):

s+ALg(B,s)
6y(a, B.s) = / (@, s) [1 +&.(B, )] ds, 4.4)
0

where, w(a, s) represents the beam curvature as a function of the generalized coordinates
a and the position s along the neutral axis. Then the coordinates of point s can be further
derived by integrating the inflection angle along the beam. The formulation can be seen as
in Egs. (4.5) and (4.6):

s+ALg(B,s)
xs(a, B,s) = / cos [¢s(a, B, s)]ds, 4.5)
0

s+ALs(B,s)
V(@ B.s) = /0 sin [6, (., B )] ds. 4.6)

At this stage, the formulation for the coordinates and deflection angle of point s has been
derived. Subsequently, the focus shifts to constructing the formulation of strain energy,

which serves as the objective function of optimization.
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4.1.3 Formulating the strain energy function

According to the principle of minimum strain energy, the equilibrium configuration is found
when the strain energy is minimized. Therefore, to determine the equilibrium configuration,
it is necessary to formulate the total strain energy, which encompasses both bending and
axial strain energies, and find its minimum value. The formulation of bending strain energy
is shown in Eq. (3.7). The axial strain energy U, is formulated in Eq. (4.7) based on the
elastic strain theory [223].

EA [t ,  EAL(, BY B B3 By B;
Ua(ﬂ)ZT/O Sa(ﬁ,S)dS:T ﬁ0+?+?+7+3+ﬁ . (47)
Hence, the expression of total strain energy is formulated in Eq. (4.8):
2 2 2 2 2
T B I I B
U(a',ﬁ)— 2L (QO+?+?+7+?+H
EAL ( BB B BB “5)
2 "3 5 7 9 11 '

4.1.4 Identifying kinetostatic modeling

In this subsection, the strain energy minimization progress is described in the framework
of optimization. The objective of the optimization is to find the minimum of the strain
energy U(a, B), in order to determine the equilibrium configuration of the compliant
beams. The decision variables in the optimization are the generalized coordinates & and S.
The domain of the decision variables belongs to the set of real numbers R. The constraint
of the optimization problem is to ensure that the coordinates and deflection angle of point
s are equal to the given coordinates and deflection angle. The optimization process is
performed using the finincon function in MATLAB with the ’interior-point’ algorithm,
which is well-suited for large-scale nonlinear constrained optimization problems. The
solver is configured to ensure efficient computation and reliable convergence. To reduce
unnecessary printing and improve computational efficiency, the display option is set to
‘off’. The maximum number of function evaluations (MaxFunEvals) is set to 1 x 109,
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allowing extensive exploration of the solution space. The step tolerance (StepTolerance)
and optimality tolerance (OptimalityTolerance) are specified as 1 x 10719, ensuring that the
optimization process achieves a satisfactory level of precision in determining the minimum
strain energy. The constraint tolerance (ConstraintTolerance) is set to 1 x 10712, enforcing
stringent satisfaction of nonlinear constraints. Analytical gradients are not provided
because the complexity of the analytical expressions makes their inclusion inefficient. The

mathematical expression of the optimization objective is demonstrated in Eq. (4.9).

minimize U(a,pB)
a, BeR

subject to xg(a, B,s) = xqg,

ys(@, B,s) = yg, (4.9)
(]5:(0, B.s) = bg,
O<s<L.

Then, the generalized coordinates can be determined by solving this optimization problem.

4.1.5 Post-processing

After obtaining the generalized coordinates corresponding to stable configurations, the
next step is to post-process the complex nonlinear behavior of compliant mechanisms. This
post-processing involves deriving the deformation shape of the slender beam, calculating

the corresponding applied force, and determining the bending and axial stresses.
* Deformation shape

Deriving the deformation shape is crucial for visualizing the nonlinear behavior of
compliant beams. One straightforward approach to visualize this deformation is by

calculating the positions of points along the beam.

Specifically, deriving the deformation shape requires the prior determination of
generalized coordinates (@ and f) relative to the equilibrium configuration. Then,
based on Egs. (4.5) and (4.6), the node positions of each subbeam can be determined.

By selecting a sufficient number of points along the beam, the deformation shape
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can be represented by connecting these points with straight lines. This allows the
neutral line of the deformed compliant beam to be identified. The representation of

beam thickness depends on the specific requirements of the analysis.
Reaction force

Aside from interpreting the nonlinear behavior through deformation, another critical
aspect is the nonlinear force-displacement relationship. Establishing this relationship
is essential in the design and modeling of compliant mechanisms as it allows for
accurate prediction of their force-displacement response, ensuring the mechanism
functions as intended. This relationship is also key in design parameter optimization to
improve overall performance. Furthermore, precise modeling of force-displacement
relationship guarantees the controllability and precision of the mechanism, which
is crucial for high-precision applications. It also assists in the selection of suitable
materials and geometric configurations, facilitating the optimal design of compliant

mechanisms that meet specific performance criteria.

When the optimization problem is solved using ‘fimincon’, the output includes the
values of ‘lambda’, which are the Lagrange multipliers obtained from the optimization.
These lambda values represent the forces or moments corresponding to the applied
constraints, depending on the type of constraint. The interpretation of these Lagrange

multipliers has been proved in previous work in [124].

When the beam is subjected to multiple position constraints, the derived forces/moments
correspond to each other. For example, if position constraints (xgp(a, B8, L) =
Xo—tip» Yiip(@, B, L) = ye_iip) are applied at the beam tip and another set of position
constraints (xmiq(@, B8, L/2) = Xg_mid, Ymid(@, B, L/2) = ys_miq) is applied at the
middle of the beam, the obtained lambda values sequentially represent the forces cor-
responding to each constraint, i.e., F_tip, Fy_tip, Fx—mid> Fy—mid at their corresponding

positions.
Stress evaluation
The CoSCME accounts for axial deformation, providing an advantage over the

original high-order SCME by being capable of deriving axial stress, which allows

for better evaluation of the maximum stress and further helps avoid structural failure.
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For a beam subjected solely to bending deformation, the maximum stress at point P

occurs at the outermost fiber of the beam, as shown in Eq. (4.10).

ETw(a*,s)
2 b

where, the beam in-plane thickness is denoted by 7. Since the axial strain is

op(s) = (4.10)

considered in the model, the axial/normal stress can be directly evaluated using the

linear stress-strain relationship, as shown in Eq. (4.11).

oa(s) = Eca(B*,s) (4.11)

Hence, when evaluating the maximum stress for avoiding structural failure, the stress

will not exceed the boundary oy« defined in Eq. (4.12).

Omax = |O-b(s)|max + |0-a(s)|max, (4.12)

where, the maximum absolute value of bending stress and axial stress are denoted by

|0-b(s) |max and |0-a (S) |max-

In summary, this section presented the integration of axial strain into the SCME, leading
to the development of the CoOSCME approach. The construction and solution of the
optimization problem were also discussed. Additionally, post-processing methods were
introduced to derive the deformation shape, applied forces, and stress. The following

section presents several case studies to validate the wide applicability of the CoOSCME.

4.2 Case studies

Several representative compliant mechanisms are analyzed and modeled using the CoOSCME
in this section, which were not studied in the SCME in previous work [124]. By modeling
diverse compliant mechanisms, the modeling performance across various application
scenarios can be comprehensively assessed. The selected case studies include compresural
beams, tensural beams, bistable mechanisms, general lumped-compliance beams, and

initially curved beams. These cases exhibit differences in structural complexity and
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boundary conditions, allowing for a comprehensive evaluation of the modeling applicability

in various scenarios. The structure type, research focus and study objectives of each case

study are summarized in Table. 4.1.

Tab. 4.1.: Overview of case studies covering various application scenarios, all presented in the
following section. Each case is introduced with its structure type, along with the
corresponding research focus and study objectives.

Structure type

Research focus

Study Objectives

Compresural beam

Beams under compressive load;

Critical beam buckling;

o Assessing the capability of modeling beams
under compressural loads.

o Focusing on the critical buckling condition.
Modeling results are validated using Euler’s

critical load.

Tensural beam

Beam under tensural load;
Beam elongation;

Parasitic movement

o Assessing the capability of modeling beams under
tensural loads, including nonlinear reaction,
beam elongation and parasitic movement.

o Investigating the nonlinear response of basic
parallelogram mechanisms and compound basic

parallelogram mechanisms.

Bistable mechanism

Strong nonlinear behavior;
Large deformation;

Preloaded structures

o Demonstrating the capability to capture complex
nonlinear responses of bistable mechanisms
under large deformations.

o Validating the accuracy of CoOSCME in predicting
snap-through behavior and force-displacement
relationships.

o Applying the method to analyze the nonlinear

behavior of preloaded structures.

General
lumped-compliance
beam

Multi-beam mechanisms;
Coordinate transformation;

Configuration derivations

o Exploring CoSCME’s ability to model serially
connected beams with rigid connections.

o Revealing the potential capacity for modeling
complex structures involving multiple beams.

o Validating the universality and robustness
by modeling various distinct configurations

of general lumped-compliance beams.

Initially curved beam

Cosine-shaped beam;
Circular-arc beam;

Arbitrary shaped beam

o Introducing the application of CoOSCME in modeling
cosine-shaped beams and circular-arc beams.

o Proposing a modeling method for arbitrarily shaped
beams based on multiple linear regression.

o Evaluating and analyzing the fitting accuracy of
multiple linear regression results with various

amounts of sampling points.

In the following text, all material properties are theoretically assumed and are not specific

to any particular material. Since material nonlinearity is not considered, the Young’s

modulus E is set to 2800 MPa in all subsequent modeling. The Poisson’s ratio used in

90 Chapter 4 Comprehensive SCME



the modeling is 0.35. For straight beams, the geometric parameters are fixed, with their
definitions provided in Fig. 4.3. The geometric parameters for curved beams are redefined

in later content.

w

Fig. 4.3.: Definition of geometric parameters: L is the beam length, W is the beam width, and T is
the beam thickness. In the following case studies involving initially straight beams, all
beams are defined with L = 100mm, W = 10mm, 7 = 0.8mm.

Besides, the modeling errors are measured by normalized relative error (e,). This criteria
reduces the risk of error amplification caused by singular values in the data. For example,
relative errors near zero can be greatly magnified, even when the original error is relatively

small. The formulation of normalized relative error is evaluated by Eq. 4.13:

_ |F; — F|
€n

= ~ —, (4.13)
max (F;) — min(F;)

where, F; represents the modeling results derived from the CoOSCME; F; represents the
reference value, which is the FEA simulation result. To further analyze the error distribution,
error bands are incorporated into the result figures. The error band is defined as a region
surrounding the modeling result. The upper and lower boundaries of the error band (e})
represent the magnitude of the modeling error in comparison with FEA simulations. The
usage of the error band facilitates a clearer visualization of the modeling error distribution.

The boundaries of the error band (ej) are determined using the following Eq. (4.14):
ep = by |F; — Fi| - A, (4.14)

where A. is the amplification coefficient, introduced to magnify the error and enhance the
clarity of error distribution in the plots. The error band is shaded in light blue in the figures,

and the amplification coefficient is indicated in each plot.

The FEA simulation was conducted in Strand7 R2.4.4 using the nonlinear static analysis

solver, which accounts for geometric nonlinearity while ignoring material nonlinearity.
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This solver employs the Newton-Raphson method to iteratively resolve the equilibrium
equations. Convergence is defined when the displacement is lower than 1 x 107! mm,
with the displacement norm tolerance set to 1 x 107! mm. The maximum iteration count
is 50. To avoid singularities and improve numerical stability, the sub-step function was

activated, incrementally scaling the loads to ensure stable convergence.

The 2D simulations are based on a beam element model. As demonstrated in chapter
3, subdividing beam elements into 100 segments ensures results converge to the fourth
decimal place, achieving sufficient accuracy. Accordingly, all beams in this study were
discretized into 100 segments. Material properties and boundary conditions were tailored

to each case study.

To assess the accuracy of these 2D FEA simulations, 3D FEA serves as an ideal benchmark,
since it captures spatial deformations and stress distributions more comprehensive. For 3D
simulations, geometries were first modeled in SolidWorks and imported into Strand7. The
AutoMesh function converted these geometries into solid elements using Quad4 (4-node
quadrilateral) elements, with a maximum edge length constraint of 2% of the beam length.
Material properties matched those used in the 2D model. Boundary constraints were
applied to the beam’s end face, and a displacement-driven analysis was performed. The
total reaction force was extracted as the sum of nodal forces on the constrained surface. As
same with the 2D simulations, the convergence criterion is defined as the displacement

being lower than 1 x 10~!9 mm.

A comparison between 2D and 3D FEA simulations is conducted, and the results are
illustrated in Fig. 4.4. The presented results are obtained from simulating the nonlinear
behavior of compound basic parallelogram mechanisms (CBPMs), which were chosen due
to their significant axial deformation during the deformation process. A basic introduction
to CBPMs can be found in case study 2 in section 4.2.2. All geometric parameters, material
properties, and boundary conditions are consistent. Despite some discrepancies between
the 2D and 3D simulation results, the errors fall within an acceptable range (with e, < 1%).

Thus, the comparative analysis confirms the reliability of 2D simulations.
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Fig. 4.4.: Comparison of 2D and 3D FEA simulation results for CBPMs under nonlinear static
loading. The 2D model uses beam elements with 100 segments per beam, while the 3D

model employs Quad4 elements with a maximum edge length of 2% of the beam length.

Both models share consistent material properties and boundary conditions.

3D FEA simulations are computationally more expensive than 2D FEA simulations due
to several factors. First, 3D simulations involve a higher number of degrees of freedom
(DOF) per node, resulting in a larger system of equations to solve. Additionally, accurately
capturing 3D geometries requires a finer mesh, which increases the number of elements
and nodes, raising both memory usage and computational time. The calculation of
element stiffness matrices is also more complex in 3D, demanding more processing power.
Furthermore, nonlinearities and longer convergence times contribute to the computational

burden, making 3D simulations much more resource-intensive.

When comparing computational efficiency, 2D and 3D simulations show significant
differences. Although both simulations use the same number of load steps (50), the
computational scale of the 3D simulation is much larger: the number of equations increases
from 594 in 2D to 3861 in 3D, and the number of nodes rises from 101 to 1327. This
increased complexity results in a significant rise in computational time, with the 3D
simulation taking 34.750 seconds compared to only 8.766 seconds for the 2D simulation.
Clearly, the 3D simulation is far less efficient due to its higher degrees of freedom and

more complex mesh discretization.

Additionally, it is important to note that the proposed CoSCME is based on several
key mechanical assumptions. Firstly, the cross-section of a beam remains planar after
deformation, with no warping. Secondly, the cross-section stays perpendicular to the beam’s
neutral axis. Furthermore, any in-plane distortion of the cross-sections post-deformation is

disregarded. These assumptions are generally valid for isotropic, homogeneous, slender
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beams with simple cross-sections. Besides, the proposed CoSCME is only applicable to

slender beams instead of short or thick beams.

Moreover, the CoOSCME relies on the plane stress assumption, which states that a solid
element, infinitesimal in size, only experiences stress in the x and y directions, parallel to
the coordinate axes, while no stress is present in the z direction. When modeling compliant
mechanisms using CoSCME, the material adheres to the linear elasticity assumption,
i.e. Hooke’s law. In linear elasticity, stress and strain share a linear relationship: the
material deforms under load and returns to its original shape once the load is removed. In
addition, the proposed CoSCME neglects the Poisson effect and thermal effects. Under
large deformations, material nonlinearity becomes significant, reducing model accuracy.
For materials with nonlinear responses, such as plasticity in metals or hyper-elasticity in
rubbers, the stress-strain relationship deviates from linearity, leading to discrepancies in

predicted mechanical responses.

In the following case studies, a color representation is used in the deformation plots, where
gray represents the initial beam configuration, light blue indicates the intermediate shape,
and dark blue signifies the fully deformed state. This representation enhances clarity and
facilitates understanding of the deformation behavior. Please refer to the colored PDF

version for optimal visualization.

4.2.1 Case study 1: Compresural beams

In this subsection, the proposed CoSCME is used to model two classical beam large
deformation behaviors with different end constraint conditions, i.e. the fixed-fixed beam
and fixed-pinned beam. Under ideal conditions, a perfectly straight beam subjected
only to axial load would deform axially without bending. Nevertheless, beams in real-
world scenarios often have initial imperfections due to manufacturing errors and material
nonuniformity. These imperfections cause the beam to bend under compressive load.
Neglecting these imperfections would prevent the beam from buckling and lead to exclusively

axial shrinkage.

Beam buckling is a structural instability phenomenon that typically occurs in slender
members, such as beams or columns, under compressive load. Specifically, when the
compressive force exceeds the critical load, the beam may suddenly bend or twist instead

of continuing to deform axially. When modeling beam buckling behavior, the linear
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deformation prior to beam buckling cannot be accurately captured if the model only
considers bending deformation while neglecting axial deformation. Hence, the high-order
SCME, which considers only bending deformation, fails to accurately capture the pre-
buckling behavior and can only model it using linear compensation. Therefore, applying a
model that considers both bending and axial deformation is crucial for modeling instability

problems. The CoSCME is capable of addressing this challenge efficiently.

To better simulate real-world scenarios, a small artificial offset is introduced into the model
to simulate these initial imperfections. These offsets are typically very small but can induce
buckling instability under critical loads without significantly altering the post-buckling
behavior of beams [224]. For the fixed-fixed beam, the artificial offsets are typically
added at the beam tip in the form of deflection angle, denoted as ey. Meanwhile, for the
fixed-pinned beam, the artificial offset is usually applied to the translational displacement
in the y-direction, denoted as e,. The objective function of the optimization problem when

dealing with the buckling problem can be summarized in Eq. (4.15) and Eq. (4.16).

For fixed-fixed beam:

minimize U(a,p)

a, BeR

subject to xs(a, B,s) = L — Ax,
ys(aaﬂ7s) :0’ (415)
¢s(a, B, s) = eg,
s=1L.

For fixed-pinned beam:

minimize U(a, B)

a, BeR

subject to xs(a, B,s) = L - Ax, (4.16)
ys(a,ﬁ7 S) = eya
s =1L,

where, Ax is the displacement along x axis. The direction of Ax is marked in Fig. 4.5.
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Fig. 4.5.: Modeling result of fixed-fixed beam and fixed-pinned beam. (a) Fixed-fixed beam.
(b) Fixed-pinned beam. (c) Fy-Ax curve for fixed-fixed beam. (d) Fyx-Ax curve for
fixed-pinned beam.

Furthermore, in classical mechanics of materials, Euler-Bernoulli beam theory serves as a
important fundamental concept for analyzing the stability and buckling behavior of beams.

The expression for the critical buckling load can be simplified as in Eq. (4.17).

n2El

_ el 4.17
(KL)? (4.17)

cr
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where, P, represents the critical longitudinal compression load. When the applied load
exceeds this critical value, the beam begins to buckle. The effective length factor is
denoted as K and its value depends on the constraint conditions applied to the beam. For
a fixed-fixed beam, K is 0.5, whereas for a fixed-pinned beam, K is 0.7 [225]. Based on
the critical buckling load and incorporating with Hooke’s law, the critical buckling axial

deformation Ax., can be calculated by solving Eq. (4.18).

_P,L  n’T?

Ax,, = = , 4.18
¢ EA  12K2L (4.18)

The critical Euler buckling load serves as a reference to evaluate the accuracy of the
proposed CoOSCME. Besides, FEA simulation, as a highly accurate numerical modeling
approach, is also used to validate the accuracy of the proposed modeling method. The beam
tip constraint is set according to the objective function (4.15) and (4.16). The modeling
result and accuracy validation can be found in Fig. 4.5. The right part of Fig. 4.5 (c)
and (d) zooms in on the results, providing more details around the critical buckling point.
As can be found in the result comparison, the modeling results demonstrate remarkable
agreement with FEA simulation results when different artificial error eg and ey, are applied
to the beam tip. In addition, the comparison results demonstrate the capability of accurately

modeling the behavior of compresural beams.

As demonstrated in this case study, even minor initial imperfections can lead to variations
in structural response, highlighting the influence of geometric deviations (e.g., beam length,
thickness, and curvature), material properties, assembly errors, and surface treatment.
These imperfections can significantly impact the reliability, fatigue resistance, and overall
structural behavior of compliant mechanisms. Given that the functionality of compliant
mechanisms relies on elastic deformation, small defects in geometry or material may
result in noticeable performance differences. These imperfections are inherently present in
real-world fabrication processes and are often difficult to predict. This study focuses on
modeling compliant mechanisms under theoretical conditions; therefore, manufacturing

imperfections are not considered in the proposed CoSCME.

4.2.2 Case study 2: Tensural beams

Basic parallelogram mechanisms (BPMs) are fundamental compliant components applied in
many designs of mechanism. These mechanisms typically consist of two compliant slender
beams, with one end fixed and the other end connected to a moving shuttle. BPMs are

capable of performing single-direction translational movement while eliminating parasitic
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rotational motion due to their unique geometric layout. Consequently, parallelogram
mechanisms are commonly used in high-precision x-y translational positioning platforms
and guiding mechanisms, as their utilization can minimize the adverse effects of rotational
movement. In addition to the rotational parasitic motion, there is another type of translational
parasitic motion that is perpendicular to the direction of motion. This parasitic motion
can be eliminated by combining two BPMs. The resulting combined structure is known as

compound basic parallelogram mechanisms (CBPMs).

For a theoretical scenario that neglects beam axial deformation, the compliant beams in
CBPMs are fully constrained and thus cannot deform. Therefore, mathematical models
neglecting axial deformation, such as the high-order SCME, cannot be applied to analyze the
nonlinear behavior of CBPMs. Consequently, enhancing the original SCME by considering
axial deformation is important, as it makes the method more universally applicable to
multiple scenarios. The modeling of BPMs and CBPMs can be achieved by modeling
single beam with specific position constraints and then linearly superimpose the obtained
modeling results according to the amount of flexible beams and layout. The objective
function of modeling BPMs and CBPMs are shown in Eq.(4.19) and Eq.(4.20). Due to
the neglect of tensile fractures and material nonlinearity in the CoOSCME, the beams can

theoretically elongate and shrink infinitely.

For basic parallelogram mechanisms (BPMs):

minimize U(a, B)

a, BeR
subjectto  yy(a, B,s) = —Ay, (4.19)
¢s(a,B.s) =0,
s =L

For compound basic parallelogram mechanisms (CBPMs):
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. Ula.
mtllr’lgrelﬁze (a, B)
subject to  xs(a, B,s) = L,

ys(a’ ﬂa S) = _Ay’ (420)

¢s(a, B,s) =0,
s =1L

Modeling results and corresponding FEA validation can be found in Fig. 4.6. The
conducted modeling and analysis examine the nonlinear force-displacement relationship of
BPMs and CBPMs, the parasitic movement and maximum stress in BPMs, as well as the

elongation of a single beam in CBPMs.

4.2 Case studies

99



100

(@) (b)

YA YA
Fy Fy
0] X 19) X
A
y Ay
Fi Fx
Axp
(c) (d) (e)
T T T T T T T T
0.6 — CoSCME — CoSCME
_ ° E 20 [ ° FEA
Z 04 S
- o
R 3 L i
g 10
0.2 |- A. = 1000 S A. =30
E, <0. 03% E, <O0. 62%
0 Po 0 | | 0 ¢ |
0 10 2() 30 40 0 10 20 30 40 0 10 20 30 40
Ay (mm) Ay (mm) Ay (mm)
(f) (h)
O .
g g _50 [ AC = 20
L:\ L{f E, <1.24%
— CoSCME
-100 - o FEA N
O 0 | | | |
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10
Ay (mm) Ay (mm) Ay (mm)

Fig. 4.6.: Modeling results for BPMs and CBPMs. (a) BPMs. (b) CBPMs. (c¢) Fy-Ay curve for
BPMs. (d) Ax,-Ay curve (parasitic movement of the moving shuttle) for BPMs. (e)
Omax-Ay curve for BPMs. (f) Fy-Ay curve for CBPMSs. (g) AL,-Ay curve for CBPMs.
(h) Fyx-Ay curve for CBPMs.

4.2.3 Case study 3: Bistable mechanisms

In this study, the capability of modeling nonlinear large-deformation beams is evaluated
through the analysis of compliant bistable mechanisms. The following section introduces the
modeling procedure for two types of bistable mechanisms: classical translational bistable
mechanisms and pre-loaded rotational bistable mechanisms. The classical translational

compliant bistable mechanism consists of multiple symmetrically aligned inclined slender
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beams, a center moving shuttle, and fixed supports. When a vertical displacement load
is applied to the center shuttle, the inclined beams buckle and start bending. As the
displacement increases, the strain energy stored in the mechanism increases until it
reaches a local maximum point which is corresponding to a zero-stiffness configuration.
After that point, the strain energy starts to decrease. This decrease continues until
the mechanism reaches its second stable state, where the strain energy attains a local
minimum. Different from classical compliant bistable mechanisms, which primarily focus
on translational bistability, the pre-loaded rotational bistable mechanism explores off-axis
rotational bistability. A rotatable shuttle is designed to connect two beams and is preloaded
to a position where the beam has already buckled. The position of the central shuttle is then
fixed, and different rotational loads are applied to the shuttle to investigate the nonlinear
relationship between the moment and the rotational angle. Previous experiments have
demonstrated that the pre-loaded bistable mechanism indeed exhibits rotational bistability,
as shown in [226].

For modeling classical compliant bistable mechanism, the optimization objective function

can be expressed as in Eq. (4.21).

rg{r%rréi%e U(a, B)

subject to xls“(a',ﬁ, s) =L —Aysin0,
y (@, B.s) = —Aycosb, (4.21)
¢ (@, B.s) =0,
s=1L,

where, the x and y coordinate of point P; in local coordinate system is denoted by x\ and
yk. Similarly, the deflection angle at point Py is ¢-. The angle between the x-axis of
local and global coordinate system is 6. In this case study, the angle 6 is given by 40°.
Applied displacement load is Ay, which is described in global coordinate system. Since
the obtained forces (f; and f;) are described in the local coordinate system, they have to be
converted to the global coordinate system when deriving the modeling results, using Eqgs.
(4.22-4.23):

F, = frcosf — f,sin6, (4.22)

Fy = fysinf + fycos@. (4.23)
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The definitions of the terminologies used for modeling the compliant translational bistable
mechanism are provided in Figure 4.7, along with the modeling results compared to FEA

simulations.
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Fig. 4.7.: Modeling results for the classical translational bistable mechanism. Results are verified
by FEA simulations. (a) Coordinate systems and terminology used for modeling the
classical translational bistable mechanism: Parameters defined in the global coordinate
system (O — xy) include the displacement exerted on the center shuttle, denoted as

Ay, and the reaction forces in the global coordinate system, denoted as F, and F).

Parameters defined in the local coordinate system (Op, — xpyL) include the reaction
forces, denoted as fy and f,. (b) The force-displacement relationship of the translational
bistable mechanism. The figure on the right zooms in on the results, providing more
details around the critical buckling point. (c) Energy-displacement curve for translational
bistable mechanism. (d) Maximum stress during deformation obtained from both
CoSCME and FEA simulation.
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For the preloaded rotational bistable mechanism, the modeling process needs to be divided
into two steps. The idea of pre-loaded rotational bistable mechanisms originates from
previous work in [226]. Step 1 is preloading the stage, and step 2 is applying the rotational
load on the center shuttle. The optimization objective function for step 1 can be obtained
from Eq. (4.24).

rg{r%rréiﬁe U(a, B)

subject to xH(a, B,5) = L — Ay*sin®,
Yo (@, B, s) = —Ay* cosb, (4.24)
¢ (@, B.s) =0,
s =1L,

where, the preloaded displacement is denoted by Ay*, which remains constant during the
modeling process. Similarly, the angle 6 serves as a constant in the optimization process.
In this case study 3, the value of Ay* is given by 25mm. After obtaining the preloaded
configuration, the step 2 is conducted. Step 2 begins after obtaining the equilibrium stable
configuration from step 1, followed by applying rotational load on the central rotatable
shuttle. The optimization objective function for step 2 is provided in Eq. (4.25):

minimize U(a,p)
a, BeR

subject to xM(a, B,s) = L — Ay*siné,

yh(a@, B, s) = —Ay* cos ), (4.25)
¢\ (e, B.5) = AO,
s=1L,

where, the rotational angle of center shuttle is denoted by A# and it serves as a input
variable in the step 2. The existence of rotational bistability is evaluated based on whether

there is more than one configuration in which the strain energy reaches a local minimum.

The definitions of the terminologies used for modeling the compliant torational bistable
mechanism are provided in Figure 4.8, along with the modeling results compared to FEA
simulations. it is demonstrated that the proposed mechanism exhibits rotational bistability.
Furthermore, this has been confirmed experimentally in previous work [226]. Additionally,

the modeling results for reaction forces, strain energy, and maximum stress are derived and
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verified through FEA simulations. A comparison of the results and an explanation of the

terminology can be found in Fig. 4.8.
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Fig. 4.8.: Modeling results for the pre-loaded rotational bistable mechanism. Results are verified
by FEA simulations. (a) Coordinate systems and terminology used for modeling the
preloaded rotational bistable mechanism. The mechanism is preloaded by applying a
translational displacement Ay* (25 mm) to the center rotatable shuttle. After preloading,
the position of the moving shuttle is fixed, while allowing it to rotate. The rotation
angle of the center shuttle is denoted by Af. The positive direction of A6 is defined in
Figure. The angle between the x-axis of the local and global coordinate systems is 20° in
this case study. (b) The moment-angle relationship of the preloaded rotational bistable
mechanism. The figure on the right zooms in on the results, providing more details
around the snap through behavior. (c¢) Energy-rotation curve for preloaded rotational
mechanism. (d) Maximum stress during deformation for the preloaded rotational bistable
mechanism.
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4.2.4 Case study 4: General lumped-compliance beams

Numerous designs of compliant mechanisms consist of multiple interdependent beams

connected by rigid blocks, which is known as general lumped-compliance beams [106].

Therefore, modeling a single beam is insufficient for comprehensively investigating the
nonlinear response of these beam-based mechanical systems. The previously proposed
high-order SCME is limited by its reliance on single-beam models, making it applicable
only to mechanisms with a single beam or symmetric beams. In this work, the CoOSCME
successfully addresses this limitation and is applied to model general lumped-compliance
beams. This is achieved by incorporating the planar transformation matrix into the modeling
process, constructing a mechanical system with two distinct beams, and then finding the

minimum strain energy for this system to determine the equilibrium configuration.

Similar to the modeling of single compliant beams, the kinetostatic modeling of general
lumped-compliance mechanisms also relies on the principle of minimum strain energy,
as mentioned earlier. It is worth noting that this method can be expanded to model more
complex mechanism configurations with a finite number of beams by establishing a similar
optimization framework. In this subsection, a simple example with only two compliant

beams is presented for clarity. The modeling steps are outlined as follows:

(1) Establishment of coordinate systems:

Establishing coordinate systems is crucial when modeling general lumped-compliance
beams, as it clarifies the geometric relationships between each beam. For the case
study demonstrated in Fig. 4.9 (a), two coordinate systems R” — Oaxaya and
RB_Opxp yp are defined to describe the beam deformation. Besides, an intermediate
coordinate system R — Piip-ax;y; s defined to describe the geometric layout between
coordinate system R” and RE, where, Piip—a denotes the tip position of beam A.
The position of Ogp in the coordinate system R’ is (xf;, yf:), which remains constant
during deformation, demonstrating the rigid connection between the two beams.
Similarly, the angle 0, which denotes the deflection between Xg and X;, remains
constant as well. In this specific case study, the value of x¢, yg and 6¢ are defined as
in Eq. (4.26):

xf = 100 cos (22.5°) mm
i = 1005sin (22.5%) mm (4.26)
O = 45°
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2)

During the deformation process, the positions and orientations of the coordinate

systems R’ and R® within the fixed-to-ground coordinate system R* change along

with the tip position Py, of beam A. The coordinate systems for initially undeformed
£ * *k

coordinate system are denoted by R™* — Pt*ip_ AX;y; and RB* — OgXpVg-

Formulation of position constraints:

In the previously defined coordinate systems, R** is designated as the fixed-to-
ground reference coordinate system. Therefore, to derive the expression for beam
tip constraints, all deformations and deflections must be transformed and described
within the framework of R**. Before conducting the coordinate transformation,
the beam tip position Pp_p (xgp, ygp) of beam B in the coordinate system R® is
formulated as in Eqgs. (4.27-4.28):

& B B Lp+ALy(B® Lg) 5 B
xtip—B(a ’ﬁ 7LB) = / COS [¢S(a’ ’ﬁ ’ LB)]dS’ (427)
0
% . B B Lp+ALy(B".Lp) -
o aa® B L) = [ sin [4,(a®, 8%, Lu)|ds,  (4.28)
0
where, xff;_B and nyI]j_B denotes the beam tip coordinates of beam B in the coordinate

system RB. The generalized coordinates @® and 8% are used to model the beam
curvature and beam axial strain. The tip deflection of beam B can be formulated as
in Eq. (4.29):

B Lg+AL(B®.Lp)

¢tip_B(aB’ﬁB’LB) = / w(aB9LB) [1 + ga(ﬁBaLB)] ds9 (429)
0

where, ¢§§_B denotes the beam tip deflection of beam B in the coordinate system

RB. A planar transformation matrix T]‘? is formulated in Eq. (4.30) to transform all

the coordinates from RB to RA.
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cos (qbff; ATt er) sin (¢§: N Hfr) X a + Xfr
Tf? = |sin (¢§;_A + Hfr) cos (¢§;_A + Hfr) yff;_A + Ve | ? (4.30)
0 0 1
where, fo;_ A ny:_ A and ¢RA denotes the beam tip position and deflection in the

tip—A
coordinate system R”*. They are formulated in Eq. (4.31):

RA . A oA LA+ALy(B* L) A A
xtip_A(a' P, LA) = / cos [gbs(a , B ,LA)]ds,
0
N La+ALy(BA.LA) A oA
ytip—A(a aﬁ aLA) = / sin [¢S(a 9ﬁ aLA)]dSa (431)
0
RA A oa LA+ALs(B*.La) A N
¢tip—A(a B, La) = / w(a”™, Ly) [1 + (B ’LA)] ds,
0

After deriving the expression of transformation matrix, the tip position of beam B

can be formulated as in Eq. (4.32):

[ A ) [ B .
xﬁp_B (aA, aB,ﬁA,ﬂB’ LA’ LB) fop_B(aBaﬁB, LB)
A _ A B
nyp—B(alA’ aB, B B La,Lp)| = T yffp_B (aB, BB, Lp)| - (4.32)
1 1

In terms of the beam tip deflection of beam B in the coordinate system R*, the

formulation can be obtained from Eq. (4.33):

A A B
¢Z§p—B (aA’ aB,ﬁAa ﬂB’ LA’ LB) = ¢§p_A(aA’ BA’ LA) + Hfr + ¢t7i€p—B (aBaﬁB’ LB)
(4.33)

At this stage, the formulation of optimization constraint function has been derived.
The next step is to derive the objective function, which is to minimize the strain

energy for the entire system.
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(3) Formulation of strain energy:

In the framework of using the energy method to solve static problems, the optimization
objective is to minimize the total strain energy in the mechanical system. Therefore,
to model the nonlinear behavior of general lumped-compliance beams, it is essential
to derive the expression for the total strain energy U™ in the system, as formulated
in Eq. (4.34):

UTOtal(aA’ aB,ﬁA,ﬂB,LA, LB) — UA(aA,ﬂA,LA) + UB((IB,ﬂB, LB)

LB ) () (@) @y (o)
2LA (V7O 3

+

TN TR I )

(4) Definition of optimization objective function:

The position constraint and objective formulation have been previously derived. At
this stage, the objective function of the optimization problem will be clarified, which
involves minimizing the total strain energy when the tip of beam B is aligned with a
specified position and deflection angle. In the case sudy demonstrated in Fig. 4.9 (a),
the beam length LA and Ly are the same and given by L = 100mm. Based on this

case study, the formulation of the objective function can be seen in Eq. (5.7):

minimize U™ (a?, o, B, B8, LA, Lp)
a, BeR

X A
subject to xﬁp_B (a/A, aB,ﬂA,ﬂB, La,Lg) = La + xi + Lg cos(6g) + tAx,

(4.35)
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A .
yt?p_B (aA’ aB’ﬁA’ ﬁB7 LA’ LB) = yfr + LB Sln(eﬁ') + tAy’

A
o8 (@™ a® BA BB La. Lp) = 65 + 106,

where, ¢ serves as a normalized scale parameter to describe the deformation process.
This is necessary because distinct type of displacement loads are exerted on the tip
of beam B, and to comprehensively describe the deformation of a general lumped-
compliance beam, the normalized scale parameter is adopted. The range of ¢ is from
Oto 1.

The above content comprehensively demonstrates the modeling procedure for a general
lumped-compliance beam with two sub-beams. The used terminologies are explained in
Fig. (4.9) (a). In this case study, displacement loads along the xa-direction (Ax = —30) and
ya-direction (Ay = —120), as well as a rotational load (A6 = —45°), are simultaneously
applied to the tip of beam B. The modeling results are shown in Fig. (4.9) (b), which is
verified by FEA simulation.
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Fig. 4.9.: Case study of modeling a general lumped-compliance beam, which is composed of two
compliant beams. A displacement load and a rotational load are applied to the tip of
beam B. The deformation result is derived from the modeling using the CoSCME. (a)
Terminology used for modeling the general lumped-compliance beam. The deformation
process is described using the parameter ¢ € [0, 1]. Coordinate systems are defined in
the figure, and all the coordinate systems for the initially undeformed configuration are
marked with *. (b) Modeling results obtained from the CoOSCME and FEA simulations,
including reaction forces along the x- and y-directions, and the tip reaction moment M,.

By systematically adjusting the key frame parameters (xf, yfr, and 6g), twelve distinct
configurations of general lumped compliance beams were obtained, as illustrated in Fig.
4.10. Each configuration exhibits a unique combination of compliance and stiffness,

effectively covering a broad range of design scenarios and practical applications.
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Fig. 4.10.: Twelve distinct configurations of general lumped-compliance beams. These beams are
developed by adjusting frame parameters (xg, Y, and ), which is inspired by the
position-space-based compliant mechanism reconfiguration approach. The undeformed
configurations are represented in grey, while the deformed configurations are shown in
blue. The deformations are obtained from modeling results of the CoOSCME. A vertical
displacement load is applied to all of these general lumped-compliance beams, with
the tips of each beam B free to rotate.

The obtained configurations not only serve to illustrate the versatility of the position-space-
based design approach [227, 228], but also validate the universality and robustness of
the proposed CoSCME. The ability to model various configurations demonstrates that
this approach is not restricted to a single type; rather, it can reliably predict the nonlinear
behavior of compliant mechanisms under different conditions. This adaptability emphasizes

the method’s applicability to diverse design requirements.

Furthermore, the analysis of these configurations provides valuable insights into design
optimization. By evaluating different combinations of parameters, we can identify those
that yield superior performance in practical applications, thereby establishing quantitative
criteria for the optimal design of compliant mechanisms. This capability not only enhances
the precision of structural design but also contributes to the development of lightweight,

high-performance engineering structures.
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4.2.5 Case study 5: Initially-curved beams

The above case studies primarily investigate the nonlinear behavior of initially-straight
compliant beams. The adopt of initially-curved beams in compliant mechanisms offers
several distinct advantages over initially-straight beams. These include a wider range
of mechanical behaviors under loading conditions and a more uniform distribution of
stresses. Consequently, initially curved beams have been extensive applied in the design
of compliant mechanisms [229, 230, 109]. The proposed CoSCME is well-suited for
modeling initially-curved beams, offering an approach that accurately captures their

nonlinear, large-deformation behavior under various loading conditions.

Modeling initially-curved beams requires consideration of their initial shape and formulating

*

its curvature using constant generalized coordinates @*, as mentioned in [231]. The

comprehensive formulation of bending strain energy can be found in Eq. (4.36).

L
Uy = /0 % (w (@,s) — " (a,s))* ds, (4.36)

where, the curvature function of initially-curved beam is denoted by w* (a*, 5), which is
shown in Eq. (4.37):

n=N
* 3k 1 %
W' (@"5) ~ 7 ) @as)
n=0
ar at (2 al 2
_0+_1 _s_l +_2 6i_§+1
L L\L
@; (205 30s%> 12s )

L\ L3 2 'L

@, (70s* 1405 90s> 20s
- + +1

L\ r* L3 L2 L

a; (2525° 630s4+560s3 210s>  30s )

(4.37)

+2— -1
L\ L5 L L3 2 L

where, the generalized coordinates used for formulating initially curved curvature functions
are denoted as a;. The amount of generalized coordinates depends on the highest order of

polynomials. These generalized coordinates «;, are used to describe the initial shape, which
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means their values are constant during the iteration process. Therefore, these constants

need to be determined before performing the numerical iteration.

Typically, continuous curves are used to describe the neutral line of an initially curved
beam. Common shapes for initially curved beams for compliant mechanisms include
cosine-shaped curves and circular arcs. These shapes can be described using mathematical
expressions. The formulations for cosine-shaped beam and circular-arc beams are listed
in Table 4.2. For the cosine-shaped beam, the shape is defined by a half-period cosine
curve with period T,.s, amplitude A.os (an absolute value), and frequency f.,s. For the
circular-arc beam, the shape is described by the radius Ry and the radian of circular 6.
These parameters are indicated in the beam shape diagrams. For the i-th evenly distributed
point on the beam, the x coordinate is denoted by u; and the arc length from the beam
root to i-th point is denoted by s;. The goal of evenly distributing points on the beam is
to set the curvature described by the function, w*(a*, s;), equal to the given curvature,
wg(ui), at i-th evenly distributed points, i.e., w* (@, s;) = wg(u;). Increasing the number
of distributed points (ngp) on the beam contributes to a more accurate result for the initial
generalized coordinates (@*). Notably, when calculating the x coordinate for the i-th point
in cosine-shaped beams, the equation provided needs to be solved to obtain the value of

u;.
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Tab. 4.2.: The formulations for cosine-shaped and circular-arc beams include shape functions,
beam length, curvature, and the x-coordinates of evenly distributed points along the
beam arc(denoted as u;).

Beam type Beam Shape Formulations

Shape function:

Teos
Y (1) = —Acos €OS(27 feos - ) + Acos, (u € [O’ CZOS])

Beam length:

Teos

2
2Acos L= /0 \/ 1+ (27 frosAcos)? SIN* (271 frosit) du.

z(th pcji
B nl: (Curvature:

Cosine-shaped

beams | _~
X Teos : 2 £2
- — A7 fios | Acos €OS (27 frostt) |
2 wg(u) = 73
(1 +4n2A2, f2 sin(2n fcosu))
The i-th point:
uj - 2 L
\/1 + (27 frosAcos)? sin” (27 frostt) du — — 0.
o _
Shape function:
y(u) = Rare — R;%rc - MZ, (u € [0’ Rarc])-
Beam length:
. L= Rarcgarc~
Circular-arc y
beams Curvature:
? . 1
i-th point we(u) = (constant).
x Ui )i g( ) Rarc

The i-th point:

. i0
Ui = Ry sin | —=—1.
ngp — 1

Due to the low-dimensional nature of the proposed CoSCME model, accurately fitting the
initial shape of the beam using polynomials presents challenges. Hence, the multiple linear
regression method is employed to better determine the generalized coordinates used for
describe initial shape. By setting up an overdetermined system of equations and using the
least squares method, the desired initial generalized coordinates can be determined. The
setup of multiple linear regression equations is mainly based on: w, (xi) = w* (@, s;) and

can be transformed into the standard linear regression matrix form as in Eq. (4.38):

1
wg = Zlﬁa* + €, (4.38)
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where, the € denotes the error between given value and calculated value. The expanded
form is shown in Eq. (4.39):

-ag-
wg(x1) Yo(s1) wils1) ¥als1) ¢a(s1) vals) ¢s(s)||ei| |a
wg(.xz) _1 lﬂo(.sz) ‘/’1(.52) l//2('S2) 1/13(‘S2) %04('S2) lﬁs('sz) a; s 6.2 | 439)
: L : : : : : : 01; :
wg(xn) Yo(sn) Wi(sn) Ya(sn) ¥3(sn) Yalsy) Ys(sn) Q/Z €n
a5

Then, the least squares method is applied to solve for this multiple linear regression problem.
The principle of the least squares method is to find a vector a@* that minimizes the Euclidean

norm of the error vector €, as expressed in Eq. (4.40).

T
minimize ||€||” = minimize €, | = minimize |wg — —Ya wg — —Ya
a*eR a*eR a*eR L L

(4.40)

After expanding the sum of squared errors, take the partial derivative with respect to a*.
Then, set the resulting partial derivative to zero since the derivative is zero at the minimum
value. The matrix Yy is invertible, thus, directly use Eq. (4.41) can successfully obtain

the value of a*.

=Wy Y w, (4.41)

After determining the values of initial generalized coordinates a*, the shape of the initially
curved beam is defined. At this stage, it is feasible to apply the CoSCME to model the
initially curved beam and derive the modeling results. To validate the proposed modeling
approach for the initially curved beam, the method is applied to a classical case: modeling
a compliant bistable mechanism with cosine-shaped beams. The modeling result can be
found in Fig. 4.11. The geometric parameters used for describing this cosine-shaped beam
is: 7 = 180mm, A = 25mm.
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Fig. 4.11.: Case study of modeling a compliant bistable mechanism with initially curved beams.
(a) Deformation results of the compliant bistable mechanism. The coordinate system,
displacement direction, and reaction force are shown in the plot. (b) The strain energy
curve during deformation. All results are validated by FEA simulations. The geometric
parameters used describing this cosine-shaped beam is: 7 = 180mm, A = 25mm. (c)
The modeling result of reaction force Fy. The figure on the right shows a zoomed-in
result for more detail.

Although the CoSCME has been proven to have high modeling accuracy, the beam shape
fitting accuracy has not yet been investigated. The most important factor that affects
the fitting accuracy is the number of sampling points. Hence, a convergence analysis is
conducted by evaluating the relationship between fitting accuracy and different numbers of
sampling points. The convergence results can be seen in Fig. 4.12. The results prove that
the fitting becomes more accurate when more sampling points are adopted in the fitting
process. The error is simplified by evaluating the tip position error (Ep). Additionally, the
convergence criterion is defined by the position error, which must be less than 0.01% of
the half period (90 mm) to be considered converged, specifically requiring it to be below
0.009 mm for this analysis. The values that meet the convergence criteria are highlighted
in red. A position error of 0.0087 mm was achieved in the convergence analysis using
100 sampling points. Consequently, 100 sampling points were determined to be optimal,

providing a good balance between fitting accuracy and complexity.
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Fig. 4.12.: Convergence analysis of beam shape fitting. (a) Error comparison between the standard
and fitted cosine-shaped beams. (b) Convergence analysis results.

Theoretically, any shape of an initially curved beam can be modeled as long as the shape
is a continuous curve and its curvature function can be expressed or calculated. Once
the curvature function is defined, the initial generalized coordinates can be determined
using multiple linear regression. Subsequently, the CoSCME can be employed to model
various types of beams, such as Bezier curves and other complex shapes. This approach
allows for a broader range of potential application scenarios beyond the commonly studied
cosine-shaped and circular arc beams, significantly expanding the versatility and scope of

beam modeling in practical applications.

4.3 Discussion

4.3.1 Discussion of Modeling Results

The results obtained using the CoOSCME demonstrate strong agreement with FEA simulation
results, confirming its accuracy in modeling large-deformation behavior in compliant
mechanisms. However, certain deviations from FEA results occur in specific cases,
particularly under extreme deformations. These deviations, as well as the model’s strengths

and limitations, are analyzed below in the order of the case studies.

The CoSCME model accurately predicts beam buckling behavior, capturing both the
critical buckling load and pre-buckling deformation. The predicted Euler buckling load
deviates by only 1.01% from theoretical and FEA results. The pre-buckling stage is well

approximated due to the incorporation of axial deformation, which was absent in previous
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SCME. However, post-buckling deviations arise where large deformations introduce strong
geometric nonlinearities. The largest normalized relative error in force prediction is 0.28%
for compresural beams, where polynomial fitting may struggle to capture sharp changes
in curvature. The Poisson effect is expected to have a tiny influence here since buckling
is dominated by bending instability. These results confirm CoSCME’s applicability for

stability and buckling analysis of slender beams.

The modeling results for BPMs and CBPMs demonstrate CoOSCME’s capability to handle
axially stretched compliant structures. CoOSCME successfully predicts force-displacement
relationships of BPMs, with FEA validation showing less than 0.03% error in force
predictions. The model also accurately captures the parasitic motion of BPMs, where
lateral deflection predictions align well with FEA results. For CBPMs, where axial stretch
is more pronounced, the largest deviation in force prediction occurs at highest beam
elongation (AL, = 0.5mm), which might due to the influence by Poisson effect, which
is neglected in the model but contributes to additional lateral contraction, affecting force
predictions. Overall, the results confirm that axial elongation effects are well captured, but
future work incorporating the Poisson effect would further improve accuracy, particularly

for highly tensile structures.

The CoSCME successfully models snap-through behavior in bistable mechanisms, accu-
rately predicting force-displacement relationships with an error below 1.33%. Near the
transition point, the deviation does not increase even with strong nonlinear behavior, where
the error is less than 0.37%. The energy barrier is predicted, confirming that the model
captures equilibrium configurations well. In preloaded rotational bistable mechanisms,
CoSCME correctly predicts rotational bistability, with error less than 0.15%. Despite these

minor deviations, CoOSCME maintains high modeling accuracy for bistable mechanisms.

The multiple beam modeling capability of CoOSCME is validated through the general lumped-
compliance beam case study, where it successfully predicts load response relationship
with high accuracy, while error is less than 0.02% compared to FEA. Different structural
configurations are well captured, confirming its adaptability across a wide range of boundary
conditions. The model effectively handles coordinate transformation effects, showing high
accuracy even in complex layouts. Overall, CoOSCME proves versatile and accurate in
modeling multi-beam compliant mechanisms.Besides, the case study of initially curved
beam demonstrates CoOSCME’s ability to model various initially curved shaped beams,
including cosine, circular-arc, and arbitrary shapes. The nonlinear force-displacement

behavior is also well captured with maximum error of 0.69%. The main sources of error
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include limitations in multiple linear regression for initial curvature fitting, which could
be improved by using a higher-order fitting function. Despite these limitations, CoOSCME

effectively captures the behavior of initially curved beams.

In summary, CoSCME achieves high accuracy across all case studies, validating its effec-
tiveness for modeling large-deformation compliant mechanisms. The largest deviations
arise in cases with significant deformations, particularly when axial elongation is pro-
nounced. To further improve the model, future work should focus on incorporating Poisson
effects to capture lateral contraction and improve axial deformation accuracy, enhancing
post-buckling modeling through higher-order curvature fitting, and extending the method to
include material nonlinearity, allowing for applications beyond linear-elastic materials. In
addition, future studies may explore the use of wide Bézier curve equations to describe the
beam neutral axis instead of polynomial representations, which could potentially improve

modeling accuracy [232, 233].

4.3.2 Method Comparison

To evaluate the performance of the proposed CoSCME method, the proposed method
is compared with CPRBM, CBCM, and high-order SCME using a translational bistable
mechanism with straight beams as the modeling target, as described in section 4.2.3.
The inclined angle () of the translational bistable mechanism is set to 80 degrees to
achieve significant large deformation. The geometric parameters of the beam are as
follows: T = 0.8 mm, L = 100 mm, W = 10 mm, and the vertical displacement is set to
Ay = 155 mm. The material properties are the same as those used in the case studies.
The CBCM and CPRBM models use 10 and 20 beam elements, respectively, where the
number of beam elements is denoted as ngga. The comparison considers key factors such
as modeling error (normalized relative error e,), time cost (modeling time in seconds),
bending and axial deformation, and the number of variables and beam elements. The
step tolerance (StepTolerance) and optimality tolerance (OptimalityTolerance) for these
methods are all specified as 1 x 10710, ensuring that the optimization process achieves a
satisfactory precision. All other parameters are kept at their default values in fmincon.
Time cost is measured using the embedded function in MATLAB. The computer used
for this comparison analysis is a desktop equipped with an Intel Core 17-9700 3.0 GHz
processor, 32 GB of DDR4 RAM, and an AMD Radeon RX 550 graphics card. The
MATLAB version is R2022b, running on Windows 11 Enterprise Edition. The comparison

results are presented in Table 4.3.

4.3 Discussion
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Tab. 4.3.: Comparison of different modeling methods for a translational bistable mechanism. The
comparison includes modeling error (normalized relative error E},), time cost (modeling
time in seconds), consideration of bending and axial deformation, and the number of
variables and beam elements.

E, (max) Time cost(s) Bending deformation Axial deformation Variables count Beam element count

FEA simulation - 125 v v - 100
CPRBM(n,=10) 6.209% 4.54 v 10 10
CPRBM(n,=20) 4.785% 7.17 v 20 20
CBCM(n,=10) 2.451% 7.62 v v 30 10
CBCM(1,=20) 0.125% 18.23 v v 60 20
SCME (5th-order) 2.072% 0.0375 v 6 1

CoSCME (5th-order)  1.003% 7.39 v v 12 1

The modeling error results show that CBCM (ny, = 20) achieves the highest accuracy, with
an error as low as 0.125%. The proposed CoSCME (5th-order) achieves 1.003%, which is
significantly lower than SCME (2.072%) and CPRBM (ranging from 4.785% to 6.209%).
In terms of time cost, SCME (5th-order) is the fastest, with a modeling time of 0.0375
seconds, but it sacrifices accuracy and does not account for axial deformation. Although
CBCM (n, = 20) provides the highest accuracy, it requires the longest modeling time
at 18.23 seconds. CoSCME offers a balanced performance, maintaining relatively high

accuracy with a moderate modeling time of 7.39 seconds.

All models capture bending deformation, but only CBCM (ny = 10,20) and CoOSCME
account for both bending and axial deformation. In terms of complexity, FEA has the
highest computational cost, with 100 beam elements. CoSCME (5th-order) reduces the
number of variables to 12 while using only a single beam element, achieving a balance
between accuracy and time cost. Overall, CBCM (n, = 20) is the most accurate but
computationally demanding, while SCME is the fastest but less accurate. CoSCME
achieves a favorable trade-off between accuracy and efficiency, making it a promising

approach for compliant mechanism modeling.

4.4 Chapter Summary

In this chapter, the CoOSCME was proposed and thoroughly reviewed, particularly high-
lighting its consideration of axial deformation compared to the original high-order SCME.
The significant contributions of the CoSCME lie in its successful application to model
various distinct mechanisms, demonstrating its versatility and effectiveness in accurately

capturing the behavior of complex compliant structures. By incorporating the effects of
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axial deformation, the CoOSCME expands the application scenarios and makes it a valuable

tool in the analysis and design of compliant mechanisms.

Despite its advantages, the CoOSCME has certain limitations that need to be acknowledged.
Firstly, the current method neglects spatial deformation, which can impact the accuracy
when dealing with three-dimensional structures or those subjected to significant out-
of-plane forces. Secondly, the plane stress assumption limits the applicability of the
method to specific loading conditions, potentially reducing its accuracy in complex stress
environments. Lastly, the CoOSCME does not account for the response behavior under
both displacement and force simultaneously, which restricts its ability to fully capture the
mechanical response in certain scenarios. These limitations suggest that while CoOSCME is

effective, there is room for improvement to enhance its modeling capabilities.

4.4 Chapter Summary
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Bi-level optimization framework:
Tailoring kinetostatic behavior of

bistable mechanisms

Although research interest in compliant bistable mechanisms has increased in recent years, a
critical review of the literature indicates that most existing studies are primarily application
oriented, with limited attention given to the systematic optimization of the structural
performance of the bistable mechanisms themselves [234]. For example, in applications
where bistable mechanisms function as mechanical switches, the force thresholds required
for forward and backward transitions are often asymmetric. This asymmetry compromises
reliability, as the system may more easily revert to the lower-energy state unintentionally
[235]. Several earlier works have proposed solutions such as applying prestress or using
multiple materials to balance switching thresholds [236, 237]. However, these methods often
increase design complexity and hinder miniaturization, thereby limiting their applicability
in compact scenarios such as MEMS. Therefore, proposing an integrated optimization

approach for single degree-of-freedom bistable mechanisms is of critical importance.

To address the absence of systematic optimization in compliant bistable mechanism design,
this study proposes a bi-level optimization framework aimed at tailoring their kinetostatic
performance using a single-material design without prestress. Bi-level optimization refers
to a hierarchical optimization structure in which one optimization problem (the upper level
optimization) contains another optimization problem (the lower level optimization) as a

subproblem or constraint [238].

Designs of compliant bistable mechanisms can be broadly categorized into three types:
distributed-compliance bistable mechanisms, lumped-compliance bistable mechanisms,
and topology-optimized bistable mechanisms. These types differ significantly in their
structural composition, design flexibility, computational cost, and manufacturing feasibility.

A comparative analysis of the three types is presented in Table 5.1.

Distributed-compliance bistable mechanisms typically consist of a single continuous
flexible beam in which deformation is distributed along the entire structure [239]. Owing

to their structural simplicity, these mechanisms are easy to fabricate using conventional
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techniques. However, the tunability is significantly limited by small number of design
variables, typically only the beam length and inclination angle, which restricts their ability
to achieve complex or highly customized kinetostatic responses. Consequently, their design
flexibility is inherently limited. Besides, the deformation range of such mechanism within

allowable stress range is relatively small as well.

In addition, topology-optimized bistable mechanisms represent the other extreme, wherein
the material distribution within a design domain is optimized to achieve desired response
[240]. This approach provides extremely high design freedom, enabling the customization
of complex force-displacement behaviors and tailored responses. Nevertheless, such
advantages come at the cost of high computational complexity and significant manufacturing
difficulty, as the resulting geometries are often highly intricate and incompatible with

traditional fabrication methods.

In contrast, lumped-compliance bistable mechanisms offer a favorable trade-off between
flexibility and practicality [106, 207]. These mechanisms consist of two flexible beams
connected by an intermediate rigid frame, which concentrates deformation in designated
regions while maintaining overall structural clarity. This configuration introduces additional
design variables, including the lengths and inclination angles of both beams, as well as
the dimensions of the rigid frame, resulting in a moderate total variable count. This
expanded design space significantly enhances the potential for performance optimization
compared with distributed-compliance designs, while still maintaining a structure that is
easy to analyze and fabricate. Although they do not reach the theoretical design freedom
of topology-optimized mechanisms, lumped-compliance mechanisms avoid the excessive
structural complexity and manufacturing constraints associated with the latter. It is worth
noting that, when the dimension of the rigid frame is reduced to zero, the lumped-compliance
model degenerates into a distributed-compliance beam. Therefore, the design domain
of the lumped-compliance model inherently includes that of the distributed-compliance

counterpart.

In addition, the lumped-compliance mechanism offers several distinct structural and
functional advantages beyond its suitability for optimization. First, the inclusion of an
intermediate rigid frame enables enhanced primary stiffness, which can contribute to
a reduced footprint and improved load-bearing capacity. Second, the rigid frame can
serve as a contact interface with other components, supporting applications such as
mechanical stoppers or variable stiffness elements. Third, it provides a convenient location

for direct actuation, simplifying integration with external actuators or control mechanisms.
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Furthermore, it facilitates internal connectivity with other counterparts, allowing for
performance enhancements such as increased bearing stiffness and reduced parasitic
motion. Importantly, this configuration extends the design space by introducing additional
intermediate parameters, offering greater flexibility for fine-tuning the mechanism’s

behavior according to specific functional requirements.

At the current stage, the proposed configuration employs a basic lumped-compliance
configuration consisting of two compliant beams and one intermediate rigid frame.
However, the framework is not limited to this specific topology. Building upon the
underlying principles and theoretical foundation established in this work, future designs can
incorporate more complex architectures featuring additional beams and rigid frames. Such
extensions would introduce a further greater number of adjustable geometric parameters,
thereby further enhancing the flexibility and applicability of the optimization framework.
Moreover, the beam-to-frame connection types are not restricted to fixed or rigid joints;
alternative connections such as pin joints or other compliant interfaces can also be
considered. These variations would further enrich the design space, allowing for tailored
mechanical behavior to meet diverse functional requirements across a wide range of

applications.

Based on these considerations, the lumped-compliance bistable mechanism emerges
as the most suitable configuration for optimization-driven design. It strikes a balance
between structural complexity and customizability, enabling effective bistable behavior to
be achieved through geometry-level parameter tuning, without resorting to computationally
intensive topology optimization or sacrificing manufacturability. In this work, the upper-
level problem determines the geometric parameters of the mechanism, while the lower-level
problem solves for the equilibrium configuration and evaluates mechanical performance

based on the analytical model.
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Tab. 5.1.: Comparison of single-beam, lumped-compliance, and topology-optimized bistable
mechanisms across multiple aspects, including structural complexity, design variables,
customizability, and manufacturing difficulty. All three compared bistable mechanisms
are based on single-material configurations. Among them, the lumped-compliance
bistable mechanism is selected for integration into the proposed bi-level optimization

framework.
Distributed-compliance bistable Lumped-compliance bistable Topology-optimized bistable
mechanism mechanism mechanism

Schematic diagram

- N

Two straight compliant beams

Component type Single straight compliant beam connected by intermediate rigid Discretized structural elements
frame
Structural .
X Low Moderate High
complexity

. . o Each beam’s length and inclination . o
Design variables Beam length and inclination angle . L. Material distribution
angle; size of rigid frame

Variable count 2 6 -
Customizability Low Moderate High
Manufacturing - . .
. Insensitive Insensitive Sensitive
sensitivity
. FEA, CoSCME, CBCM, CPRBM, FEA, CoSCME, CBCM, CPRBM,
Modeling methods . " FEA, SIMP, LSM, ESO, etc. [241]
etc. etc.

At the upper level, the optimization is primarily responsible for determining the geometric
configuration of the compliant mechanism by selecting key design variables, such as beam
lengths, inclination angles, and the position of the intermediate rigid frame. Serving as
the macro-level decision-making layer, it governs the overall structural layout and directly
influences the performance of the system. By decoupling geometric design from physical
behavior modeling, the upper level simplifies the optimization problem and significantly
reduces computational complexity. It treats the lower-level modeling process as a black-box
evaluator, relying solely on performance metrics returned from the lower level to guide the
search process. A global optimization algorithm, i.e. the Genetic Algorithm, is employed
to explore the design space efficiently without requiring gradient information, making
it suitable for non-convex and high-dimensional problems. This hierarchical structure
enables modular, flexible, and scalable optimization, enhancing the effectiveness and
generalizability of the overall design framework. The optimization variables are listed in
Tab. 5.2.

In this study, a uniform beam thickness is assumed throughout the optimization framework.

This choice is motivated by both practical and modeling considerations. From a fabrication
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perspective, compliant mechanisms with uniform thickness are easier to manufacture,
particularly when constructed by cutting flat sheet materials and assembling them with
rigid components. From a modeling point, the effect of thickness on beam stiffness
can be compensated by adjusting other geometric parameters, such as beam length, thus
allowing the design objectives to be achieved without explicitly including thickness as an

optimization variable.

Tab. 5.2.: Optimization variables and their corresponding symbols.

Variable name Symbol  Unit
Beam A length La mm
Beam B length Ly mm
Inclination angle of Beam A O deg
Inclination angle of Beam B [ deg
Lateral size of rigid frame Xer mm
Vertical size of rigid frame Vir mm

At the lower level, the optimziation objective is to determine the kinetostatic behavior of
compliant bistable mechanisms through displacement-driven analytical modeling. It is
worth mentioning that transitions between stable configurations typically involve snap-
through behavior, which is a rapid configuration change when the applied load exceeds a
critical threshold. This abrupt motion is governed by a complex coupling between geometric
parameters and kinetostatic response. Force-driven modeling techniques are particularly
challenging for capturing bistable responses due to the presence of snap-through behavior.
Numerous previously proposed methods have demonstrated the capability to resolve such
displacement-driven problems, and each can be integrated into the proposed lower-level
optimization [242, 95, 99, 124]. In this specific work, the analytical model employed is the
comprehensive energy method based on the smooth curvature model (CoSCME) [125].
CoSCME is a nonlinear large-deformation modeling approach that extends the smooth
curvature model by incorporating the principle of minimum strain energy while accounting
for both bending and axial deformations. It provides a reliable way to characterize the

equilibrium and force-displacement response of compliant mechanisms.

In summary, the objective of this optimization framework is to design bistable mechanisms
composed of lumped-compliance beams. The performance is evaluated using the CoOSCME
method, which captures nonlinear large deformations, aiming to enable tailored kinetostatic
responses for various design tasks. Compared to conventional bistable mechanisms, the
proposed lumped-compliance bistable mechanism offers more tunable parameters and

improved controllability of the kinetostatic behavior. In contrast to topology-optimized
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structures, it features geometrically regular beams, making it more suitable for practical
manufacturing. The key features and novelties of the proposed bi-level optimization

framework are summarized as follows:

1. Featuring a modular bi-level optimization structure:
The separation of geometry exploration (upper level) and mechanical evaluation
(lower level) allows efficient search in complex design spaces, while maintaining

modeling flexibility.

2. Employing high-fidelity displacement-driven modeling method:
The framework employs the CoOSCME-based analytical model that accurately cap-
tures both bending and axial effects, enabling high-fidelity simulation of nonlinear

responses under prescribed displacements.

3. Focusing on geometry-driven optimization:
By eliminating the reliance on prestress or multi-material construction, the framework
achieves advanced mechanical behaviors through single-material, fabrication-friendly

configurations.

4. Supporting various optimization objectives:
The framework supports both single and multiple optimization objectives, allowing
it to address various functional requirements such as achieving symmetric forces and

enhancing the linearity of the kinetostatic response.

5. Exhibiting strong extensibility through methodological extensions:
The proposed bi-level optimization framework exhibits strong extensibility, with
potential to be expanded toward topology-level configuration search, boundary
and load condition optimization, and surrogate-assisted multi-stage strategies for

enhanced computational efficiency.

Two representative case studies are conducted in this paper to investigate the potential for

functional effectiveness of the proposed bi-level optimization framework.

For the first case study, in bistable mechanisms, achieving equal forward and backward
switching forces allows bistable units to maintain stable equilibrium in both states, improv-
ing the robustness of large-scale assemblies and enhancing their practical applicability.

Achieving equal switching force in a bistable compliant mechanism is a significant op-
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timization objective. In classical bistable systems, the forward and backward switching
forces, corresponding to transitions from the first to second stable state and vice versa, are
often unequal due to structural asymmetry or energy landscape imbalance. This asymmetry
can complicate actuation control and limit the practical utility of bistable components in
applications requiring reversible and repeatable switching, such as soft robotics, mechanical
memory, and deployable systems [243]. In addition, a bistable mechanism with symmetric
switching force is generally considered more robust in its second equilibrium position,
which is crucial for structural stability. For example, in multi-mode morphing wing designs
composed of bistable units, asymmetric force responses of individual units have been

shown to compromise overall stability and limit practical applicability [244].

For the second case study, the bistable mechanisms exhibit inherent negative stiffness
during configuration transitions. This characteristics is often utilized by combining them
with components that have positive linear stiffness to design constant-force or zero-force
mechanisms [245, 246, 247]. Such constant stiffness systems are highly valuable in
compliant constant force grippers [50, 54] for protecting gripping objectives and harvesting
energy from the environment [248, 249]. Conventional bistable mechanisms suffer from
two major limitations: (1) the negative stiffness region often deviates from linearity,
resulting in reduced control accuracy; and (2) designs with stronger linearity typically
exhibit limited motion range. This case study conducts an multi-objective optimization
to deal with this problem, further demonstrating the scaleability of proposed bi-level

optimization framework.

With the motivations and novelties clarified, the remainder of this chapter is organized as
follows: Section 5.1 introduces the proposed bi-level optimization framework, detailing
both the upper-level geometric optimization and the lower-level kinetostatic modeling
based on the CoOSCME method. Section 5.2 presents two representative case studies
to demonstrate the effectiveness of the framework in achieving distinct performance
objectives, including symmetric switching force and constant negative stiffness. Section
5.3 discusses the application scope, limitations, and potential methodological extensions of
the proposed framework. Finally, Section 5.4 concludes the chapter and outlines future

research directions.
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5.1 Bi-level Optimization Framework

To better illustrate the interaction between design exploration and kinetostatic behavior
evaluation, a detailed flowchart is presented in Figure 5.1. In this framework, a set of
geometric parameters that guiding the structural configuration of the general lumped
compliant beam is determined first. These parameters are then passed to the lower-level
solver, where the CoOSCME method is used to determine the equilibrium configuration
by minimizing the total strain energy subject to kinematic constraints. The resulting
kinetostatic response is then evaluated against the specified performance objectives, such as
force—displacement relationship or energy-displacement relationship. The obtained results
are returned to the upper-level optimization as performance indicators. At the upper level,
the main objective is to continuously search for optimal parameter vectors that yield better
performance. This modular and hierarchical structure enables integration of mechanical

modeling and optimization, supporting extensibility across various design tasks.
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Fig. 5.1.: The flowchart of bi-level optimization.

The remaining content of this chapter provides a detailed introduction to both the upper and
lower levels of the optimization framework. The lower-level formulation is introduced first,
outlining the CoSCME-based modeling procedure for obtaining equilibrium configurations.
This is followed by the upper-level optimization, which focuses on the selection and
adjustment of geometric design variables to achieve target performance metrics. These
sections collectively provide an overview of the hierarchical strategy employed in the

design of compliant bistable mechanisms.

5.1 Bi-level Optimization Framework
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5.1.1 Lower-level optimization

The main focus of this section is the modeling procedure for the kinetostatic behavior of
general lumped-compliance beams defined by specific geometric design variables. The
kinetostatic model used in this study builds upon the formulation previously introduced in
chapter 4, i.e. the CoOSCME method, where it was applied to model the deformation of
compliant mechanisms composed of serially connected beam segments. In the original
formulation, beam A was assumed to be anchored at the origin, which limited the flexibility in
representing more general planar configurations. To overcome this limitation, an additional
coordinate transformation is introduced to allow beam A to rotate arbitrarily within the
plane. This enhancement enables the modeling of more diverse spatial arrangements
between connected beam segments, thereby improving the generality and expanding the
design space for optimization. The coordinate systems and key notations defined for

modeling general lumped-compliance beams are illustrated in Figure 5.2.

Vg

YA

A T T

)
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hs XA
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Fig. 5.2.: Definition of geometric layout and coordinate systems of lumped-compliance beam. The
beams are rigidly connected to each other without hinges.

As demonstrated in Figure 5.2, four coordinate systems are defined to describe the
deformation of the general lumped-compliance beam: the global coordinate system
(R — O¢xgYs), the local coordinate system for beam A (R — Oaxaya), the intermediate
coordinate system (R - 0;x;y;), and the local coordinate system of beam B (RB —OgxpyB).
The global coordinate system RY is fixed to the ground. The local coordinate system
of beam A (R?) is defined based on the initial inclination angle 65 of beam A in the

global frame. Specifically, the xa-axis is aligned with the axial direction of beam A in its
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undeformed configuration. This formulation allows the initial orientation of beam A to be
adjusted, thereby improving the model’s generality. An intermediate coordinate system
R! is introduced to describe the geometric relationship between beam A and beam B. Its
origin is located at the tip of beam A, and the xj-axis is aligned with the tip deflection
direction of beam A. The position and orientation of the local coordinate system R® of
beam B with respect to R! is denoted by (xf;, ys;) and an angle 6g. These quantities remain

constant during deformation, reflecting the rigid connection between the two beams. The

tip position of beam B in its own coordinate system is denoted as ng-B'

The tip position of the beam B expressed in the global coordinate system, denoted as
ng-B’ is obtained through a sequence of coordinate transformations. Specifically, the
transformation follows:

G B

xtip—B G xtip—B
G — A I B
Yiip-B =Ty Ty Ty Yiip-B | ° G.D
1 1
where, xg’p_B and thip_B denote the tip position of beam B within global coordinate system

RG . The aforementioned transformation matrices are defined as follows:

. Té transforms coordinates from local coordinate system of beam B (R®B) to the

intermediate coordinate system R'.

cosfp —sinfg xi
Ty = |sinfp cosfp yi (5.2)
0 0 1

. TIA transforms coordinates from the intermediate coordinate system R! to the local

coordinate system of beam A (RM).

A A A
cos ¢tip—A — sin ¢tip—A xtip—A
A_ | 1A A A
Iy =|singy, n  COSPi n Vip-a (5-3)
0 0 1

5.1 Bi-level Optimization Framework
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. TE’ transforms coordinates from the local coordinate system of beam A (R?) to the

global coordinate system RY.

cosfs —sinfp O
T/S' = |sinfp cosfp O 5.4
0 0 1

G
tip-B
transformation. To fully describe the beam tip configuration in the global coordinate system,

At this stage, the tip coordinates x and yg’p_B have been determined through coordinate

the orientation of beam tip with respect to the global frame is formulated as follows:

G _ A B
Dip-B = O + Pip_a + OB + Bp,_p. (3.5)

where, ¢SP_B denotes the orientation of beam tip in the global coordinate system.

The method used to determine the equilibrium configuration is based on the principle of
minimum strain energy, which states that equilibrium is achieved when the strain energy
reaches its minimum. Accordingly, the strain energy in the compliant beam is required to

be formulated, as expressed in:

EI [Fa EI ['»
U= > Wt (@, 5)%ds + > / wB(a®, 5)%ds
0 0
EA (I EA [I»
- saA(ﬁA, s)2ds + - /0 gaB (BB, s)zds (5.6)

At this stage, all the kinetostatic formulations required for the lower-level optimization have
been derived. For each design instance, the specified beam tip position and orientation serve
as position constraints, while the strain energy minimization serves as the optimization

objective. The overall objective function of the lower-level optimization problem is:

minimize U(a®, a®, g2, %)
a,feR
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Subject to xtip_B(a sa”, B BY) = xg,

G A B pA pB G

ytjp_B(a/ » @ ’ﬂ ’ﬁ ) = yg’

G A B pA pB G
¢tip—B(a’ , & 7ﬁ ’ﬂ ) = ¢ga (57)
where, xg, yg’ and ¢g’ denote the given beam tip position within global coordinate system,
serve as target beam tip position. In general lumped-compliance beams, straight beam
elements are employed as the fundamental structural units. Therefore, the initial tip position
in its undeformed configuration can be directly derived from geometric relationships, which

is provided as:

[ i i
xg = LacosfOp + xfr + y%r cosS (QA + arctan &) + L cos (QA + arctan Al + QB)
Xfr

Xfr
(5.8)
G . 2 2 . Yir . Yfr
Vg = LasinOp + w/xfr + g, sin (GA + arctan —) + Lp sin (HA + arctan — + QB) (5.9
xfr xfr
¢g = Oa + 0B (5.10)

The applied load is a prescribed displacement along the negative direction of y-axis in
global coordinate system. Accordingly, in the kinetostatic modeling process, the target
beam tip position is defined as that the xg and orientation ¢g remain fixed, while the yg
incrementally moves in the negative y-axis direction. Specifically, after each iteration,
the target value of yg is updated as yg’ — Ay. Following each updated configuration, the
maximum stress in each beam is evaluated. If the stress remains within the allowable
limit, the iteration proceeds. Otherwise, the process is terminated and all relevant data are

stored.

To solve the constrained optimization problem described in (5.7), the finincon solver from
MATLAB’s Optimization Toolbox was employed. The optimization was conducted using
the interior-point algorithm with the following settings: maximum number of iterations set
to 10%, function evaluations capped at 10'°, and a convergence tolerance of 10~® for the
design variables. The optimization procedure was iteratively executed while the maximum
stress remained below the yield limit. In each iteration, the beam tip position along the
y-axis in global coordinate system was incrementally updated in the negative direction,

while the position and orientation constraints were enforced through a nonlinear constraint

5.1 Bi-level Optimization Framework
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function. For each optimization step, the resulting structural configuration was analyzed to

extract the maximum stress.

The aforementioned procedure describes the kinetostatic modeling process used to determine
the equilibrium configurations of the general lumped-compliance beam. Through iterative
solving, the kinetostatic response corresponding to a given geometric configuration can
be obtained, including the reaction force—displacement and strain energy—displacement
relationships. These reaction forces are extracted from the Lagrange multipliers associated
with the position constraints, leveraging their physical interpretation as constraint forces. It
is important to note that several independent parameters are required to be predefined and
remain constant throughout this lower-level optimization process. These include the beam’s
width W, thickness T (which are not considered as decision variables in the geometric
optimization process), Young’s modulus E, yield strength oyielq, and the displacement

increment Ay. These parameters are fixed and not subject to updates during the iteration.

Once the complete kinetostatic response is obtained, various performance metrics or
penalty functions can be defined based on the specific design objectives. These penalty
functions serve as the output of the lower-level optimization and are used as the objective
function in the upper-level optimization framework. Since the design goals may vary, the
formulation of the penalty function is problem-dependent. The upper-level optimization
then aims to minimize the selected penalty function to guide the design towards improved

performance.

5.1.2 Upper-level optimization

In the bi-level optimization framework, the upper-level geometric optimization is respon-
sible for exploring and selecting design variables, which directly determine the overall
configuration and potential performance of the structure or system. Compared to traditional
single-level approaches, the bi-level structure effectively mitigates computational burdens
arising from high-dimensional and tightly coupled design spaces by decomposing the
problem into two hierarchically organized layers. The upper level governs the geometric
parameters, serving as the principal decision-making stage of the entire optimization

process.

From a modeling perspective, the lower-level optimization can be encapsulated as a function

that takes the geometric parameters of the beam as input and returns objective values
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defined by various performance metrics. In this sense, the lower-level optimization acts
as an ‘individual evaluator’ within the bi-level scheme, providing fitness values to guide
the search process at the upper level. This encapsulated design allows the upper level
to remain agnostic to the internal details of modeling and solving in the lower level,
focusing solely on the evaluation outcomes for decision-making. The modular nature of
this architecture enhances the flexibility of the overall optimization process. As geometric
parameters often play a decisive role in structural performance, the effectiveness of the
upper-level search significantly influences the quality of the final design. By separating
geometric variables from physical behavior-related variables, the bi-level structure reduces
the complexity of the optimization problem and decouples the variable sets. The upper level
governs macro-level decisions such as shape and size, while the lower level is dedicated to

performance analysis.

To achieve a globally optimal design of the structural geometric parameters, this study
adopts the Genetic Algorithm (GA) as the upper-level optimization strategy [250]. Inspired
by natural selection and genetic inheritance in biological evolution, GA performs efficient
global searches in complex design spaces by simulating the processes of reproduction and
evolution within a population. A notable advantage of GA is that it does not require gradient
information and possesses strong global search capabilities, compared with gradient-based

optimization strategies.

In this study, the design variables consist of the following geometric parameters:

d = [0, 0B, La, L, X, Yt ], (5.11)

where each variable is assigned appropriate lower and upper bounds to ensure the feasibility
and physical relevance of the design. The primary steps of the genetic algorithm are as

follows:

1. Initial population generation:
A diverse initial population is created by randomly sampling the design space. This

diversity helps ensure broad coverage of the search domain.
2. Evaluating individuals:

Each individual in the current generation is evaluated using a predefined objective
function, which models kinetostatic behavior through the CoOSCME method. The
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fitness value quantifies the design quality and typically incorporates structural

performance indicators and constraint conditions to ensure engineering validity.

3. Selection:
MATLAB?’s ga function employs the selectionstochunif method by default [251].
This stochastic uniform selection arranges individuals on a line according to scaled
fitness values, then steps uniformly along the line to choose parents. Compared to
roulette wheel selection, this method offers lower sampling variance and ensures
more stable propagation of individuals that better satisfy the optimization objective
[252].

4. Crossover:
Crossover-generated individuals are obtained by combining pairs of parents from the
current population. For each coordinate of the child vector, the default crossover
function randomly selects a gene from the corresponding coordinate of one of the

two parents.

5. Mutation:
Mutation offspring are created by introducing random changes to the genes of parent
individuals. In unconstrained problems, this typically involves adding a random

vector drawn from a Gaussian distribution.

6. Form next population:
A new generation is formed based on the results of selection, crossover, and mutation,

while maintaining a fixed population size.

7. Termination condition check:
Execution stops once the maximum number of generations, time limit, or convergence

threshold is reached. The best solution found is then returned.

Throughout the optimization process, real-time monitoring of the fitness curve of upper-
level optimization, i.e. tracking the best and average fitness values, facilitates the assessment
of convergence behavior and solution stability. By tightly coupling the genetic algorithm
with the lower-level numerical model (CoSCME method), this framework achieves global
optimization of complex geometric parameters. It offers strong adaptability and extensibility,
making it suitable for a wide range of multi-objective and multi-constraint structural

optimization problems, and serves as a powerful tool for compliant mechanism design.
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5.2 Case Studies

To demonstrate the effectiveness and flexibility of the proposed bi-level optimization

framework, two representative case studies are presented in this section. Both examples

focus on the design of bistable compliant mechanisms with distinct mechanical behaviors.

The first case aims to design a bistable mechanism with symmetric switching force,
where the required forces for snap through between the two stable states are equal in
magnitude. This task highlights the framework’s ability to precisely control force response
characteristics through structural optimization. The second case targets the design of a
bistable mechanism exhibiting approximately constant negative stiffness, which is desirable
for energy absorption and passive damping applications. Together, these two cases illustrate
the framework’s capability to explore complex design objectives involving nonlinear

force-displacement responses.

5.2.1 Bistable Mechanism with Symmetric Switching Forces

The purpose of this case study is to investigate how geometric configuration influences the
symmetry of switching forces, and to evaluate whether the proposed bi-level optimization
framework can identify designs that achieve this objective. The switching force ratio (Ry),
defined as the ratio between the backward and forward switching forces, and calculated
as:

|Fbackward|
Ri(d) = ———, (5.12)
G( ) |F f0rward|

where, the forward switching force, denoted by Fiorward, refers to the critical force required
to transition the structure from its first stable configuration (the manufactured state) to the
second. Conversely, the backward switching force, Fyackward, 1S the force needed to return
the mechanism from the second stable configuration back to the first. The definitions of
the forward and backward switching forces are illustrated in Figure 5.3 (a) and (b). In
Figure 5.3 (a), the light blue shape indicates the initial configuration, and the dark blue
shape represents the deformed configuration after snap-through. In Figure 5.3 (b) Forward
switching force refers to the critical force that leads to forward snap through behavior;
while the backward switching force refers to the critical force that leads to backward snap

through behavior.
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Fig. 5.3.: Forward and backward switching force analysis for conventional distributed-compliance
bistable mechanisms. (a) Schematic of forward and backward switching forces, with
beam inclination angle denoted by 6;. (b) Illustration of forward and backward switching
force from the force-displacement relationship. (c) Relationship between inclination
angle 6, and switching force ratio R;.

It is worth noting that prior studies have proposed bistable structures with approximately
equal switching forces [253, 254, 237]. However, these designs often rely on prestressed
configurations or multi-material assemblies. In addition, a prestress-free approach was
explored in [255], but it was based on a limited and non-generalizable design framework,
restricting both the diversity of achievable configurations and the overall optimization
potential. In contrast, the optimized design proposed in this study achieves equal switching
forces without relying on prestress or material heterogeneity. Notably, the structure exhibits
asymmetric energy barriers in the forward and backward directions while maintaining
a symmetric switching force profile. This confirms that balanced force transitions can
be realized purely through geometric optimization, offering a simpler, fully passive,
and fabrication-friendly solution. These findings highlight the capability of the bi-level
optimization framework to uncover non-intuitive yet practically advantageous designs

beyond conventional approaches.

To rigorously demonstrate the fundamental limitation of conventional distributed compliance
bistable mechanisms in achieving symmetric switching forces, a set of models with identical
beam lengths and varying inclination angles is analyzed. The switching force ratio (Ry) is
evaluated over an inclination angle range from 10° to 80°. The resulting curve is shown
in Figure 5.3 (c), with the corresponding numerical data summarized in Table 5.3. The
results clearly reveal that the desired switching force ratio of 1 is unattainable across the
entire range considered. This confirms that it is virtually impossible to achieve symmetric
switching behavior using conventional distributed-compliance designs. The main limitation

arises from the extremely narrow design space, as only two geometric parameters, the
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Tab. 5.3.: Switching force ratios of conventional distributed-compliance bistable mechanisms with
distinct inclination angles.

Inclination angle Switching force ratio

10° 0.324
20° 0.354
30° 0.373
40° 0.413
50° 0.474
60° 0.553
70° 0.636
80° 0.700

beam length and inclination angle, are available for tuning. In this study, the beam length is
fixed at 100 mm, the thickness at 0.8 mm, and the selected material has a Young’s modulus
of 2800 MPa.

The above mentioned results highlight the need for a more general design framework
with an expanded yet tractable design space. The general lumped-compliance beam
model meets this requirement by enabling control over a moderate number of geometric
parameters, sufficiently rich to allow exploration of diverse configurations, yet not so
excessive as to compromise convergence. This balance provides greater flexibility for
shaping force-displacement behavior and achieving targeted mechanical performance. To
fully leverage this capability, the objective function in the upper-level optimization is
formulated to drive the switching force ratio toward 1, thereby enabling the discovery of

geometrically driven designs with symmetric switching behavior.

To evaluate the performance of each configuration, a penalty-based objective function
is formulated with the primary goal of minimizing the absolute difference between the
backward and forward switching forces. To ensure that the resulting design exhibits
physically valid bistable behavior, three penalty terms are incorporated. First, a large
penalty is applied if the force—displacement curve obtained from the lower-level optimization
does not exhibit two distinct extreme values, specifically, one local maximum and one
local minimum, as this indicates the absence of bistability. Second, an additional penalty
is imposed if the minimum force is not negative, since a negative force is a fundamental
requirement for a bistable transition. Another penalty is that the lateral dimension must
be small enough to be printable by the Ultimaker S5 printer. These constraints guide

the optimization toward not only achieving symmetric switching forces but also ensuring
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minimize |R¢(d) — 1| + P(d),
deR

subjectto 10 mm < L < 80 mm,
10 mm < Ly < 80 mm,
0° < 05 <360°, (5.13)
0° < 6 <360°,
— 100 mm < xg < 100 mm,

— 100 mm < yg < 100 mm,

103 if the following conditions are not satisfied:
(i) force—displacement curve has exactly two extrema,
P(d) = (i1) local maximum > 0 while local minimum < 0,

(iii) lateral dimension < 140 mm,

0 otherwise,

that the resulting configurations possess true bistability. Thus, the objective function is

summarized in Eq. (5.13):

The penalty function is denoted by P(d). If any of the outlined conditions are not satisfied,
a large penalty is added to the objective value. As previously introduced the decision
variable d involves six geometric parameters. These decision variables are bounded within

physically meaningful limits, as introduced in the objective function.

The genetic algorithm (GA) is implemented using MATLAB’s built-in solver. The GA was
configured with a population size of 100 and a maximum of 50 generations. To prevent
unnecessary evaluations beyond convergence, the optimization was set to terminate once
the improvement in objective value fell below a threshold of 107*. The initial seed is
selected as d = [15°,0°,50 mm,50 mm,20 mm,0 mm] to ensure reproducibility and to
accelerate early-stage convergence. In addition, parallel computing was enabled to expedite
the evaluation of the objective function. The above-described optimization procedure has

been implemented and converges to a numerical optimum:

d = [357.849844°,193.405356°, 37.085252mm, 40.831394mm, 93.811297mm, 34.644826mm)].
(5.14)
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The high numerical precision reported for the optimized geometric parameters reflects
the continuous nature of the optimization process rather than the intended manufacturing
accuracy. In practice, these parameters can be rounded to realistic fabrication tolerances
with negligible influence on the predicted mechanical response. During the iterative
process, the optimal solution of each generation is recorded. These results are provided in
Appendix A.1, which includes the optimal value at each generation and its corresponding

geometric parameters.

The optimum design of the bistable mechanism is demonstrated in Figure. 5.4 (a). The
result is verified through FEA simulation conducted in Strand7, as shown in Figure. 5.4
(c). The FEA simulation is conducted with beam element and each beam is subdivided
into 100 beam elements to maintain accuracy. In addition, the convergence and accuracy
of the proposed 2D FEA approach for analyzing planar compliant mechanisms have been
discussed and demonstrated in [125], thereby confirming its effectiveness. Furthermore, an
experimental test was conducted using a texture analyzer (TA.XT plus Texture Static Test
System) to verify the accuracy of the modeling results. The experimental setup is shown in
Figure 5.4 (b). As shown in Figure 5.4 (c), the experimental results exhibit some deviation,

primarily due to the limited manufacturing accuracy of the 3D-printed prototype.

Table 5.4 summarizes the maximum and minimum values of force and displacement
obtained from modeling, finite element analysis (FEA), and experimental measurements.
These values are extracted from the corresponding force-displacement curves derived
through each approach.

Tab. 5.4.: Maximum and minimum values of force and displacement obtained from modeling,

finite element analysis (FEA), and experimental results, extracted from their respective
force-displacement curves.

F forward (N) F backward (N )

Analytical model 1.118 -1.118
FEA simulation 1.118 -1.117
Experiment 1.441 -1.270

The above-mentioned optimization procedure introduces the process of designing a
compliant bistable mechanism with symmetric switching force in detail. By integrating the
CoSCME model, bi-level optimization, and a genetic algorithm, the resulting mechanism
achieves nearly identical forward and backward switching forces, as confirmed by FEA
simulations. The result further demonstrates the effectiveness of the proposed optimization
framework. This case validates the capability of the framework in handling single-objective

optimization problems with high precision.
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Fig. 5.4.: Optimal design of the bistable mechanism with symmetric switching force. A double-
layer design is adopted to more effectively reduce the geometric size of the prototype.
(a) The first and second stable configurations of the optimized mechanism. The grey
block indicates the fixed part attached to the ground. The directions of the forward
and backward forces are marked. (b) Force—displacement curve of a single lumped-
compliance beam, validated by FEA simulation and experiment. (c) Experimental setup
for testing the static behavior of the optimized mechanism.
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To evaluate the effectiveness of the proposed optimization framework in achieving symmetric

switching forces, a comparative analysis is conducted against other optimization methods.

The comparison focuses specifically on the symmetry between the forward and backward
switching forces in the optimized mechanisms. For each method, the forward and backward
switching forces are extracted, and the relative error between them is used as a quantitative

indicator. The relative error ey is calculated using the Eq. (5.15).

g = |Fforward| - |Fbackward (515)
F forward

The extracted switching forces used for this comparative analysis are presented in Table
5.5.

Tab. 5.5.: Comparison of positive and negative switching forces from several previous studies,
including their associated errors.

Source Forward(MN)  Foackward(MN) e

[255] 1540.0 -1498.0 2.73%
[256] 2734.4 -2723.7 0.39%
[113] 2048.0 -2032.0 0.78%
This work 1118.644 -1118.645 0.000098%

As shown in Table 5.5, the proposed optimization method demonstrates a remarkable
improvement in achieving symmetric switching forces compared to existing approaches.
Among the previous methods, the best recorded relative error is 0.39% [256]. In contrast,
the proposed bi-level optimization framework achieves a relative error of only 0.000098%,
representing an improvement of nearly three orders of magnitude. This highlights the
method’s suitability for the design of bistable mechanisms requiring highly symmetric
switching behavior. Moreover, the method proposed in [255] yields a much larger error of
2.73%, further underscoring the advantage of the present approach in controlling switching

force symmetry.

It should be emphasized that the reported errors quantify numerical deviations within the
CoSCME-based formulation rather than the practically achievable experimental accuracy. In
practice, the observed switching-force symmetry is additionally influenced by manufacturing
tolerances, boundary-condition uncertainties, non-linear material properties, and other
experimental factors. Nevertheless, the ability to achieve near-perfect symmetry in the
ideal model provides a sufficient design margin, which is particularly beneficial for the
optimization and design of bistable mechanisms requiring robust symmetric switching

behavior.
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5.2.2 Bistable Mechanism with Approximately Constant Negative
Stiffness

In this case study, the proposed bi-level optimization framework is employed to identify
bistable configurations that exhibit a highly constant negative stiffness region, while
ensuring that this region is sufficiently wide. To effectively address this bi-objective
optimization problem, a multi-objective optimization strategy is necessary to be employed.
One approach is transforming multiple objectives into a single scalar function through the
introduction of penalty terms as implemented in 5.2.1. However, in the present optimization
problem, these two objectives differ significantly in both magnitude and physical units.
Consequently, determining the appropriate objective function becomes challenging, often
requiring multiple rounds of parameter tuning, which introduces uncertainty and increases

the complexity of the design process.

An alternative and more systematic approach to implementing such optimization problems
is to employ dedicated multi-objective optimization algorithms. Common strategies include
Pareto-based direct search methods, such as paretosearch, and evolutionary algorithms, such
as gamultiobj. Both are built-in functions provided by MATLAB’s Global Optimization
Toolbox, specifically designed for solving multi-objective optimization problems [257].
Through iterative optimization, a set of optimal solutions, known as the Pareto front, is

ultimately obtained.

The Pareto front refers to the set of non-dominated solutions in a multi-objective optimization
problem. A solution is considered non-dominated if no other feasible solution performs
better across all objectives. In other words, improving one objective necessarily results in
the degradation of at least one other. The Pareto front therefore represents an optimal set
of trade-offs among competing objectives. Unlike single-objective optimization, which
typically yields a single global optimum, multi-objective optimization naturally results in
a set of equally valid solutions, each representing a different compromise. This allows
decision-makers to select the solution that best aligns with their specific performance

priorities.

The two aforementioned methods differ in terms of their optimization strategies and
search scope. paretosearch is a derivative-free, pattern-based local search algorithm that
explores the design space near a given set of initial points. It is well suited for smooth,
low-dimensional problems where local refinement is of primary interest. In contrast,

gamultiobj employs a global, population-based evolutionary strategy that enables broad
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exploration of complex design spaces. Owing to its heuristic nature, the algorithm is
particularly effective at discovering non-intuitive and structurally diverse configurations,

while being less sensitive to the choice of initial design.

Given the complexity and nonlinearity inherent in the bistable mechanism optimization
problem, gamultiobj is preferred due to its superior global search capability. The algorithm
is based on the well-established Non-dominated Sorting Genetic Algorithm-II (NSGA-II)
framework, which maintains a diverse population of candidate solutions and evolves
them through crossover and mutation operations [258]. At each generation, solutions
are ranked by their level of non-domination, and diversity within each front is preserved
using a crowding-distance metric. This ensures that the resulting Pareto front contains not
only high-quality trade-off solutions but also spans a broad region of the objective space.
Candidate designs can then be selected from the Pareto set based on specific performance

criteria or further refined through local optimization techniques.

To quantitatively identify the negative stiffness region in the obtained force—displacement
curve, a regression-based approach is employed to detect regions exhibiting negative
stiffness. This method systematically examines all the continuous regions [Ay;, Ay ;] with
a minimum distance of 5Ay, i.e., Ay; — Ay; > 5Ay. The reaction forces corresponding to
the vertical displacements at Ay; and Ay; are denoted by Fy; and F),;, respectively. For
each defined displacement region, a regression line connecting these two boundary points

is formulated using the following function:

YAy + Fy (5.16)

where, Fy (Ay) denotes the estimated vertical reaction force at a given displacement Ay and
Ay € [Ay;,Ay;]. The lines identified with a positive slope ((Ay;Fy; — Ay;Fy;)/(Ay; -
Ay;) > 0) are excluded, as they indicate in this region, the mechanism has positive stiffness.
Furthermore, the linearity of stiffness in the region is evaluated and measured using the
root mean square error (RMSE) between the estimated reaction force and CoSCME derived

reaction force, which is formulated as:

1< .
RMSE = - D= fo)2, (5.17)
k=i
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where fi denotes the reaction force predicted by the CoOSCME model at the kth displacement
sample (k ranges from i to j), and f; denotes the corresponding value on the ideal linear

regression line constructed between the two boundary points (Ay;, f;) and (Ay;, f;).

RMSE is used because the goal of maximizing the constant stiffness region is not only
to match the slope at the two endpoints, but also to keep the entire force displacement
curve close to a straight line over the prescribed displacement range. RMSE provides a
single scalar measure of the overall deviation between the simulated force response and the
target linear interpolation by considering all sampling points in the region. In addition,
RMSE penalizes local fluctuations, which is important for achieving stable and practically
usable constant stiffness behavior. Therefore, minimizing RMSE directly promotes a
more uniformly linear response in the constant stiffness region and is well suited for

optimization.

Only regions satisfying RMSE < 0.005 are retained, ensuring that the negative stiffness
is approximately constant. In this case study, two objectives are defined: maximizing
the length of the constant region and minimizing the RMSE. Since the optimization is
carried out using a minimization strategy, the first objective is reformulated as minimizing
the width of the region, i.e., —(j — i)Ay. The complete formulation of the bi-objective

optimization problem is given in (5.18).

LA,LBI%LI,IGIHI;I,?&ZS& . {RMSE + P(d),-(j —i)Ay + P(d)},
subject to 10 mm < La < 80 mm,
10 mm < Lg < 80 mm,
0° < 05 <360°, (5.18)

0° < 0 < 360°,
— 100 mm < x5 < 100 mm,

— 100 mm < yg < 100 mm,

103 if the following conditions are not satisfied:
(i) stiffness in region [Ay;, Ay,] is negative,
P(d) = 4 (ii) local maximum > O while local minimum < 0,

(ii1) lateral dimension < 140 mm,

0 otherwise,

The optimization process described above is implemented to obtain a set of optimal solutions.

During the optimization, the algorithm is configured to display iteration information, utilize
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parallel computation, and visualize the evolution of the Pareto front. The total runtime is
limited to 360000 seconds. Each generation contains 100 individuals, and the maximum
number of generations is set to 50. The convergence criterion is defined using a function
tolerance of 1 x 1073. The optimization starts from a predefined initial population and
uses an output function to save the Pareto front at each generation. As a result, a Pareto
front consisting of nine non-dominated solutions is obtained. The corresponding data are
provided in Appendix A.2. A comparison of each solution in terms of RMSE and the width
of the constant negative stiffness region is conducted, and the results are listed in Table 5.6.
Among these, solution 4 is selected with the optimized design variables: d = [117.1000°,
2.8278°,70.3449 mm, 59.7228 mm, 52.3085 mm, 49.9021 mm)].

Tab. 5.6.: Optimization variables and their corresponding symbols.

Solution RMSE Width

1 0.00368868 32 mm
2 0.00461749 34 mm
3 0.00494399 72 mm
4 0.00495061 88 mm
5 0.00493980 45 mm
6 0.00494943 84 mm
7 0.00499963 93 mm
8 0.00499977 103 mm
9 0.00499977 106 mm

The compliant mechanism derived from this set of design variables is illustrated in Figure
5.5 (a). In this figure, the original manufactured configuration is labeled, along with the
configurations corresponding to the beginning and end of the constant negative stiffness
region. Figure 5.5 (b) provides a visual explanation of the multi-objective optimization
objectives including maximize the constant negative stiffness region and minimize the
RMSE. Figure 5.5 (c) the experimental setup used to test the static behavior of the optimized
mechanism. Figure 5.5 (d) presents a comparison between the modeling results, FEA
simulation and experimental results of the selected optimal design. The optimal solution 1
exhibits constant negative stiffness but over a limited range. In contrast, solution 4 shows a
significantly broader region of constant negative stiffness while maintaining a satisfactory

level of linearity. Thus, the solution 4 is selected as the optimal design.
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Fig. 5.5.: Tllustration and validation of the optimized mechanism with constant negative stiffness.
(a) Optimized configuration with labels indicating the original design and the constant
negative stiffness region. (b) Visualization of optimization objectives. (c) Experimental
setup for static testing. (d) Force—displacement curves of optimal solutions 1 and 4.

Kinetostatic behavior of optimal solution 4 is validated through FEA simulations and
experiment.
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5.3 Discussion

This section provides a critical evaluation of the proposed bi-level optimization framework,
highlighting its potential for broader application and future development. Beyond the
demonstrated case studies, the framework exhibits strong adaptability for a wide range of
design tasks. The following discussion elaborates on its applicability, extensibility, and
current limitations, offering insights into potential improvements and directions for future

work.

5.3.1 Application Scope

The two case studies presented in this work illustrate the application of the proposed
bi-level optimization framework to the structural design of compliant bistable mechanisms.
However, they do not capture the full scope of the framework’s capabilities. As discussed
below, it can also be extended to optimize a broader range of mechanisms beyond those

explicitly explored here.

1. Path-guided compliant mechanism design

The framework could be applied to design mechanisms whose output follows a
prescribed trajectory under deformation, such as vertical, horizontal, or curved motion
paths. This is particularly useful in applications involving motion transmission,
biomimetic joints, or compliant robotics, where specific output paths are essential

for functionality.

2. Constant-force and zero-force mechanisms
By leveraging constant negative stiffness behavior, the proposed framework can
assist in designing structures that exhibit nearly constant output force or zero-force
resistance over a range of displacements. Such mechanisms are valuable in precision
positioning stages, energy harvester and passive vibration isolation systems.

3. Adaptive grippers

The optimization framework is well-suited for designing soft or flexible actuators

with programmable deformation behavior. By shaping the force—displacement profile
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and mechanical stability, it can help develop compliant robotic grippers or adaptive

structures capable of safe interaction with soft or delicate objects.

In addition to the three potential application scenarios discussed above, there are other
practical scenarios where the proposed optimization framework may also be applicable.
These scenarios include, but are not limited to, deployable structures, energy-dissipative
metamaterials, and shape-programmable systems. The full range of applicability remains
to be further explored as the framework continues to evolve. While the proposed framework
demonstrates promising applicability across various compliant mechanism design tasks,
it is important to critically investigate its current limitations. A deeper understanding of
these limitations not only highlights the boundaries of the current implementation but also

provides valuable insights for future refinement and broader adoption.

5.3.2 Limitations

Despite the demonstrated versatility of the proposed bi-level optimization framework,
several limitations constrain its current implementation. These limitations stem from both
the modeling assumptions and the algorithmic strategies employed, and recognizing them

is essential for guiding future improvements.

First, the current framework operates within a fixed structural configuration composed of
two serially connected compliant beams. While this allows for a focused study on geometric
optimization, it inherently restricts the diversity of possible designs. Without the capability
to automatically explore or generate new topological configurations, the framework may
overlook structurally novel or functionally superior solutions. This limitation reduces the
exploratory power of the method, especially in applications demanding unconventional

configurations or multifunctionality.

Second, the upper-level optimization process relies on heuristic algorithms such as genetic
algorithms. Although these algorithms provide global search capabilities, they are inherently
prone to being trapped in local minima, particularly in complex or high-dimensional design
spaces. This susceptibility to local minima may lead to suboptimal design outcomes
and highlights the need for more robust global search strategies or hybrid optimization
approaches that combine global and local refinement. A potential strategy to avoid being

trapped in local minima is to increase the population size and the number of generations;
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however, this improvement in search robustness comes at the cost of a substantial increase

in computational expense.

Third, the computational cost of the framework remains a significant challenge. The lower-
level optimization is conducted using the CoOSCME method, which ensures high-fidelity
modeling by capturing both bending and axial deformations. However, this increased
accuracy comes at the expense of computational efficiency. Compared to simplified
alternatives such as the high-order SCME model, CoOSCME evaluations are considerably
more time-consuming. As the design space expands, the overall optimization process
becomes increasingly slow, potentially limiting its scalability to larger or more complex

design problems.

These limitations collectively underscore the trade-offs between modeling accuracy, search
robustness, and computational efficiency. Several potential strategies to address these

challenges are discussed in the following subsection.

5.3.3 Potential methodological extensions

To address the aforementioned limitations and enhance the generality of the framework,

several promising directions for methodological extension are outlined below.

1. Topology-level configuration search via graph theory

A natural extension of the proposed bi-level optimization framework involves
elevating the design space from geometry-level parameter tuning to topology-level
configuration search, thus construct a tri-level optimization framework. While the
current framework operates within a fixed structural layout and optimizes continuous
geometric parameters, many functional requirements in compliant mechanism design,
such as multi-stability, motion amplification, or spatial adaptation, can benefit
from exploring diverse structural topologies. By representing mechanisms as
graph-based models, where nodes denote connection points and edges represent
compliant elements, the design process can be reformulated to allow automated
generation and evaluation of alternative configurations. In this extended framework,
topological variables, such as the presence, connectivity, or type of beam elements,
can be incorporated into the upper-level optimization. For instance, introducing

a connectivity matrix enables the search algorithm to explore not only the shape

5.3 Discussion
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but also the structural layout of the mechanism. Coupling this with graph-theoretic
operations, such as graph expansion, merging, or pruning, opens the door to a
rule-based or data-driven structural growth process, where novel configurations are
synthesized and tested iteratively. This expansion from parametric to topological
exploration significantly enhances the generative capacity of the framework, enabling

it to address more design challenges.

. Boundary and load condition optimization

In practical design scenarios, boundary conditions and loading configurations
play a critical role in shaping the mechanical response of compliant mechanisms.
While the current framework optimizes geometry under fixed external conditions,
further improvements can be achieved by treating support locations, displacement
directions and magnitudes, and actuation types (such as single-point or multi-point
displacement input) as additional design variables. Parameterizing these factors
allows the framework to optimize both structural configuration and its interaction
with the surrounding environment, leading to more adaptive and application-specific
designs. This is particularly beneficial when actuator placement, space constraints,

or loading limitations are present in real-world implementations.

. Surrogate-assisted strategy for enhancing optimization efficiency

While the proposed framework employs CoOSCME as the core modeling tool to ensure
high-fidelity representation of beam-based compliant mechanisms, its computational
cost remains a limiting factor, particularly when scaling up to large configuration
spaces or structurally complex designs. Compared to CoSCME, the high-order
SCME model offers significantly higher computational efficiency. However, SCME
does not account for axial deformation, which can lead to notable accuracy loss
in certain deformation regimes. To address this trade-off between speed and
accuracy, a promising extension is to adopt a two-stage optimization strategy: first,
employ high-order SCME as a fast surrogate model to perform a coarse global
search using heuristic algorithms such as genetic algorithms, thereby identifying
approximate yet functionally feasible configurations; then, refine these candidates
through local optimization algorithms, such as gradient-based optimization or pattern
search, within a small geometric neighborhood. This hybrid approach has the

potential to significantly improve optimization efficiency without sacrificing solution

Chapter 5 Bi-level optimization framework



quality, making it especially attractive for high-dimensional or topology-level design

problems.

In summary, the proposed bi-level optimization framework offers a modular and adaptable
strategy for the design of compliant mechanisms. Its effectiveness in optimizing compliant
bistable mechanisms has been demonstrated through representative case studies. Further-
more, the framework holds strong potential for extension to topology-level configuration
search and high-efliciency multi-stage optimization, positioning it as a promising foundation

for future advancements in functional structure synthesis.

5.4 Chapter Summary

This chapter presents a bi-level geometrical optimization framework for the design of
compliant bistable mechanisms with tailored kinetostatic performance. The proposed
framework integrates a modular upper-level geometric optimizer with a displacement-
driven lower-level solver based on the CoOSCME model, enabling accurate modeling of
large deformations, including both bending and axial effects. Through two representative
case studies, achieving symmetric switching forces and designing approximately constant
negative stiffness, the framework demonstrates its capability to identify high-performance,

fabrication-friendly configurations.

The optimization results are validated through finite element analysis and physical experi-
ment, confirming both the accuracy of the CoOSCME-based modeling and the effectiveness
of the hierarchical optimization strategy. Compared with conventional bistable designs,
the framework offers significantly enhanced flexibility in shaping the force—displacement
response, thereby enabling broader application potential in domains such as soft robotics,

mechanical metamaterials, and deployable systems.

Despite its demonstrated performance, the current implementation is limited by its fixed
topology and the computational cost of lower-level evaluations. Future work will explore
topology-level configuration search, boundary condition optimization, and surrogate-
assisted strategies to enhance design diversity and efficiency. Overall, the proposed
framework establishes a promising foundation for behavior-driven mechanism design
and offers extensibility toward more complex multistable and programmable mechanical

systems.

5.4 Chapter Summary
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Conclusion

6.1 Conclusion

This thesis has systematically advanced the modeling and optimization of compliant
mechanisms, focusing on addressing the challenges of capturing nonlinear large-deformation
behavior and enabling efficient yet accurate design strategies. The research has bridged
the gap between classical simplified models and computationally expensive finite element
analysis, providing a set of methods that balance modeling accuracy and computational

efficiency.

Chapter 1 introduces the research background and motivation of this thesis, highlighting the
challenges in modeling and optimizing compliant mechanisms undergoing large nonlinear
deformations. It identifies the limitations of existing analytical models and numerical
approaches, thereby clearly defining the research gaps and objectives addressed in this

work.

Chapter 2 presents the theoretical background underlying the proposed modeling and
optimization frameworks. It reviews the kinematics of large deformations, strain energy
formulations, and existing smooth curvature-based modeling approaches, establishing the

necessary theoretical foundation for the developments introduced in subsequent chapters.

Chapter 3 introduces the high-order SCME for modeling compliant mechanisms undergoing
large deformations. By employing high-order curvature representations, this chapter
demonstrates that high-order SCME significantly improves modeling accuracy compared
with classical simplified approaches while achieving substantially reduced computational
cost relative to finite element analysis. The results confirm that high-order SCME provides
an effective balance between accuracy and efficiency, making it well suited for iterative

design and analysis of compliant bistable mechanisms.

Chapter 4 further extends this modeling framework by proposing the Comprehensive
SCME. By incorporating both bending and axial deformations, together with their coupling
effects, the Comprehensive SCME substantially enhances modeling fidelity under strong

159



160

geometric nonlinearity. The case studies in this chapter demonstrate that Comprehensive
SCME enables accurate prediction of complex nonlinear responses that are difficult to

capture using existing analytical models.

Chapter 5 builds upon the proposed modeling methods by introducing a bi-level optimization
framework for compliant mechanism design. By integrating nonlinear modeling into a
hierarchical optimization strategy, this chapter enables systematic exploration of the design
space while balancing performance objectives, computational cost, and manufacturability.
The results show that the proposed framework can achieve tailored kinetostatic behavior
and discover mechanism configurations that are not readily attainable using conventional

single-level optimization approaches.

Collectively, these chapters establish a coherent and progressive framework that advances
both the modeling and optimization of compliant mechanisms. By introducing advanced
curvature-based formulations and embedding them within a hierarchical optimization
framework, this thesis contributes both theoretical advancements in nonlinear mechanics
and practical tools for engineering applications. The contributions are not only validated
through finite element simulations but also benchmarked against existing methods, ensuring
robustness, reliability, and broader applicability. Overall, this thesis demonstrates that
advanced analytical and optimization frameworks can significantly enhance the design
capability of compliant mechanisms, paving the way for high-performance applications in

precision engineering, robotics, and biomedical devices.

6.2 Future Work

Looking forward, the work presented in this thesis establishes a solid foundation for
advancing the modeling and optimization of compliant mechanisms. The development
of high-order SCME, CoSCME, and the bi-level optimization framework not only fills
critical gaps in capturing nonlinear large-deformation behavior with high efficiency and
accuracy, but also opens up a wide range of opportunities for both theoretical research
and practical engineering applications. On the theoretical side, the proposed methods
provide a systematic way to integrate nonlinear mechanics with optimization, which can
be further extended to multi-physics, multi-scale, and data-driven modeling paradigms.
On the practical side, the methodologies developed here pave the way for next-generation
designs of compliant structures and devices that combine lightweight construction, high

performance, and functional adaptability. These future directions are outlined as follows:

Chapter 6 Conclusion



* Mechanical metamaterials and adaptive structures: Applying SCME and
CoSCME to design architected materials and deployable systems with tailored
nonlinear responses (e.g., bistability, negative stiffness, morphing) for vibration

isolation, energy absorption, and aerospace applications.

* Soft robotics and biomedical devices: Leveraging accurate nonlinear modeling
and bi-level optimization to develop efficient compliant actuators, manipulators, and

patient-specific biomedical tools and implants.
* Micro/nano and multifunctional systems: Extending the methods to MEMS/NEMS

and integrating coupled physical fields (piezoelectric, thermal, magnetic) for smart

compliant systems with sensing, actuation, and energy conversion capabilities.

6.2 Future Work 161
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Optimization Results

This appendix presents the optimization results for the case studies in Chapter 5, which
focuses on the bi-level optimization framework. It provides detailed convergence histories
for both the single-objective optimization (symmetric switching force), aiming to minimize
the objective function, and the multi-objective optimization (constant stiffness region),
aiming to identify an optimal set of Pareto candidates. The results are reported in detail,

together with the corresponding numerical values.

A.1 Convergence history of optimization case study 1

This appendix presents the convergence history for case studies in chapter 5 optimization.

The convergence history for the case study 1, optimizing bistable mechanism with symmetric
switching force is plotted in Fig. A.1 and the corresponding objective values and decision

variables are recorded in Tab. A.1.
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Fig. A.1.: Convergence history of the optimization for bistable mechanism with symmetric
switching force.
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Tab. A.1.: Optimal solution at each generation for bistable mechanism with symmetric switching
force.

Generation Objective 04 0p Ly Lp X Vir
1 8.1671x10792  359.268789 29.047632 46.342761 40.578867 92.809298 35.392690
2 7.7960x10792  359.268789  30.047632 47.342761 40.578867 94.809298 35.392690
3 7.4498x10792 358268789  30.047632 47.342761 40.578867 94.809298 35.392690
4 7.2696x107%%  358.268789  30.047632 48.342761 40.578867 93.809298 35.392690
5 7.1425x1079%  358.268789  30.047632 48.342761 39.578867 93.809298 35.392690
6
7
8

3.9803x10792  358.268789 193.154909 48.342761 40.578867 93.809298 35.392690
3.9803x10792  358.268789 193.154909 48.342761 40.578867 93.809298 35.392690
1281910792 358.268789 193.154909 37.070710 40.578867 93.809298 35.392690

9 3.4340x10°%  357.768789 193.154909 37.070710 40.578867 93.809298 34.392690
10 3.4340x10°%  357.768789 193.154909 37.070710 40.578867 93.809298 34.392690
11 3.4340x10°%  357.768789 193.154909 37.070710 40.578867 93.809298 34.392690

12 2.6819x107%  357.831289 193.279909 37.070710 40.766367 93.809298 34.642690
13 2.6819x10°%  357.831289 193.279909 37.070710 40.766367 93.809298 34.642690
14 2.6819x107%5  357.831289 193.279909 37.070710 40.766367 93.809298 34.642690
15 2.4491x107% 357768789 193.154909 37.070710 40.828867 93.809298 34.642690

16 1.7023x107%5  357.831289 193.389284 37.070710 40.828867 93.809298 34.642690
17 1.7023x107%  357.831289 193.389284 37.070710 40.828867 93.809298 34.642690
18 1.2734x107%  357.831289 193.404909 37.070710 40.828867 93.809298 34.642690
19 1.2734x107%5  357.831289 193.404909 37.070710 40.828867 93.809298 34.642690
20 1.2734x107%5  357.831289 193.404909 37.070710 40.828867 93.809298 34.642690
21 1.2734x107%5  357.831289 193.404909 37.070710 40.828867 93.809298 34.642690
22 1.2734x107%5  357.831289 193.404909 37.070710 40.828867 93.809298 34.642690
23 1.2734x107%5  357.831289 193.404909 37.070710 40.828867 93.809298 34.642690

24 5.2351x107%  357.846914 193.409304 37.082917 40.833750 93.809542 34.642690
25 3.4198x107%  357.831289 193.404909 37.070710 40.855234 93.778048 34.642690
26 3.4198x107%  357.831289 193.404909 37.070710 40.855234 93.778048 34.642690
27 3.1060x107Y7  357.846914 193.404909 37.082917 40.828867 93.809542 34.642690
28 3.1060x10797  357.846914 193.404909 37.082917 40.828867 93.809542 34.642690
29 3.0316x107Y7  357.846914 193.404909 37.082917 40.828867 93.809298 34.642690
30 3.0316x107Y7  357.846914 193.404909 37.082917 40.828867 93.809298 34.642690

31 3.0316x107Y7  357.846914 193.404909 37.082917 40.828867 93.809298 34.642690
32 3.0316x107Y7  357.846914 193.404909 37.082917 40.828867 93.809298 34.642690
33 3.0316x107Y7  357.846914 193.404909 37.082917 40.828867 93.809298 34.642690
34 3.0316x107Y7  357.846914 193.404909 37.082917 40.828867 93.809298 34.642690
35 1.9513x10797  357.850347 193.406862 37.084035 40.828867 93.813876 34.646394
36 1.9513x10797  357.850347 193.406862 37.084035 40.828867 93.813876 34.646394
37 1.9513x107%7  357.850347 193.406862 37.084035 40.828867 93.813876 34.646394
38 1.6607x10797  357.846914 193.402399 37.083417 40.828978 93.807345 34.642690
39 6.6235x107%  357.846914 193.404909 37.082917 40.828978 93.807345 34.642690
40 1.8476x107%  357.849844 193.405356 37.085252 40.831389 93.811541 34.644826
41 1.8476x107%8  357.849844 193.405356 37.085252 40.831389 93.811541 34.644826
42 1.8476x107%8  357.849844 193.405356 37.085252 40.831389 93.811541 34.644826
43 1.8476x107%8  357.849844 193.405356 37.085252 40.831389 93.811541 34.644826
44 1.8476x107%8  357.849844 193.405356 37.085252 40.831389 93.811541 34.644826
45 1.8476x107%  357.849844 193.405356 37.085252 40.831389 93.811541 34.644826
46 1.8476x107%  357.849844 193.405356 37.085252 40.831389 93.811541 34.644826
47 1.8476x107%8  357.849844 193.405356 37.085252 40.831389 93.811541 34.644826

48 9.1352x10"%  357.846987 193.405378 37.082917 40.831400 93.811541 34.644826
49 7.4608x10°%  357.849844 193.405356 37.085252 40.831394 93.811297 34.644826
50 7.4608x10"%  357.849844 193.405356 37.085252 40.831394 93.811297 34.644826
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This appendix showcases the optimization results of Case Study 2 in Chapter 3, i.e.

optimizing a bistable mechanism with approximately constant negative stiffness, which

includes a Pareto front scatter plot (Figure A.2) that illustrates the distribution of non-

dominated solutions in the bi-objective space, as well as a table (Table A.2) that records

the corresponding decision variables for each optimal design.
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Objective 1: RMSE

Fig. A.2.: Pareto front obtained from multi-objective optimization for a bistable mechanism with
approximately constant negative stiffness. Scatter plot of the Pareto front showing
non-dominated solutions in the objective space, where Objective 1 represents the RMSE
and Objective 2 corresponds to the vertical displacement difference —(j — i)Ay. The
red dot indicates the selected Pareto-optimal solution.

Tab. A.2.: Geometric parameters corresponding to each Pareto-optimal solution in the case study
of optimizing a bistable mechanism with approximately constant negative stiffness. The
term width refers to the length of constant negative stiffness region.

Solution RMSE Width(mm) 61 6, Ly Ly Xfr Vir

1 0.00368868 32 15.0206 0.0000 50.5310 50.2060 20.4855 0.0060

2 0.00461749 34 15.3537 0.0024 51.0944 49.0519 20.7746 0.1669

3 0.00494399 72 111.7998 1.4980 58.9928 69.4817 36.4274 34.0484
4 0.00495061 88 117.1000 2.8278 70.3449 59.7228 52.3085 49.9021
5 0.00493980 45 229991 0.0577 52.5346 49.1771 37.5883 -0.6239
6 0.00494943 84 123.4002 3.3238 67.5709 60.5960 51.7800 42.4672
7 0.00499963 93 119.6063 2.9857 70.5282 70.0944 50.7008 37.0442
8 0.00499977 103 115.8255 4.5979 70.8945 76.1186 52.0048 52.6197
9 0.00499977 106 113.3639 4.7032 72.2182 77.5495 52.3774 53.0506
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