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Abstract

Abstract

As electronic devices shrink to sub 5 nm dimensions, issues such as dopant vari-
ability as well as quantum confinement begin to hamper traditional metal oxide
silicon field effect transistor (MOSFET) designs. A proposed alternative design,
the confinement modulated gap transistor (CMGT), employs semimetals to over-
come these hurdles. By taking advantage of the quantum confinement effect
inducing a band gap in confined semimetals, a thick-thin-thick configuration can
be used to create a set of monomaterial back-to-back Schottky barriers, which
can then be gated. Ge;_,Sny, a material which has garnered much interest in
the photonics community for its indirect to direct band gap transition with rising
Sn content, has been shown to become semimetallic as Sn content is further in-
creased. The aim of this thesis is the investigation of Ge;_,Sn, alloys in terms of
their miscibility as well as their electronic structure, to assess which compositions
and strains would be of use in the fabrication of semimetal-based devices. We
employ LDA DFT to calculate the alloy structural properties and meta-GGA to

calculate band structures.

First the miscibility and structural properties of the alloy are studied. The evo-
lution of the equilibrium lattice constant, the elastic constants, and the bond
lengths are predicted across the full alloy composition range. Through use of
the cluster expansion formalism and Monte Carlo simulations, an equilibrium
phase diagram of the solid phase is generated. The formation energies of these
alloys are also investigated and decomposed into their constituent components,
and this is then repeated for biaxially strained bulk cells, which are allowed to
relax perpendicular to the strain direction. We consider three virtual substrates:
Ge, ZnTe and CdTe. The critical thicknesses of these alloys are also predicted

using an elastic continuum model.

The electronic structure of the relaxed alloys is investigated, and the evolution of
the band gap found to agree well with previous experimental results. This is then
repeated for the same biaxially strained cells previously discussed, to understand
how strain affects the band gap, and the semiconducting to semimetallic transition
which occurs as Sn is added. The semiconducting to semimetallic transition is
then plotted for increasing tensile strain, as well as the critical thickness at the
required strain and composition. Deformation potential theory is employed to
understand the behaviour of the band gap as strain is added. This is then used

to generate a model which predicts the band gap over the composition range for
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a large tensile strain range.
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Chapter 1

Introduction

Integrated circuits (ICs) are the cornerstone of modern electronic engineering.
They have penetrated virtually every industry, as well as increased the quality
of life. They can be found in devices, including massive industrial machines,
medical modules like pacemakers, communications devices such as smart phones,
and in computing from laptops to cloud resources. Analogue ICs are also used for
reading and processing signals from sensors, and for communication applications.
Digital ICs perform mathematical operations through use of Boolean logic gates,
which are implemented using transistors, such as the field effect transistor (FET).
FETs are three terminal devices which consist of a source, a drain, and a channel
with a gate. The gate modulates the flow of current through the channel (L) from
the source to drain. Figure depicts a cross section of a metal oxide silicon

field effect transistor (MOSFET).

Reducing the size of transistors leads to many benefits. Smaller transistors are
desirable as they draw less power, and as channel length is smaller, the gate
has more control in inFET and gate-all-around (GAA) architectures and less
voltage is needed to switch the device [2]. Smaller transistor sizes also allow
for incorporation of more transistors onto a single die, leading to increases in

processing power for electronic devices such as laptop and desktop computers.



1. INTRODUCTION

Oxide Gate

Source

Body

Figure 1.1: Cross section of an n-type MOSFET. Reproduced from .

However, issues with doping, as well as quantum confinement, have been shown
to cause issues in traditional device designs as they reach sub 5 nm dimensions.
As these devices are scaled down, only tens of dopant atoms, and possibly fewer,
can influence transistor properties . Keeping the number of dopants consistent
between devices becomes extremely challenging, leading to undesired variability
in device characteristics. As critical dimensions are further reduced, junctions
between n-type and p-type regions present a problem. Typical transistor designs
make use of n-type and p-type doped regions and the junctions formed between
them. However, at these small length scales, dopant diffusion between different
regions becomes a key issue in the fabrication of these devices, reducing the

abruptness of a junction .

Another issue with shrinking transistors is that of quantum confinement. Typ-
ically, at sub 10 nm dimensions, band gaps of semiconductors increase due to
quantum confinement. The quantum confinement effect is the increase in the
band gap of a material as the cross-sectional dimensions become comparable to

the de Broglie wavelength of an electron [3]. The change in energy (AE,) of a

Germanium Tin for Use in Semimetal 2 Conor O’Donnell
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1. INTRODUCTION

band due to confinement can be estimated from:

h2k2
T omr

AE, (1.1)

where £ is the reduced Plank’s constant, and m* is the effective mass of the band

from the parabolic band approximation, and k, the wave number, is given as:

k=T (1.2)

where [ is the thickness of the confining direction and n = 1,2,3... [2]. As [ is
reduced, the valence band decreases in energy and the conduction band increases

in energy, leading to a wider band gap.

As well as widening band gaps in semiconductors, quantum confinement has been
shown to open up band gaps in semimetals. Semimetals are materials with a low
or vanishing density of states at the Fermi level. Semimetals fall into two classes,
those with a "zero" band gap and those with a "negative' band gap. A "zero'
band gap semimetal has a conduction and a valence band which touch but do
not cross, whereas a "negative" band gap semimetal’s conduction band is lower
in energy than its valence band at a given point in k space, but the two do not
overlap. These two cases are both represented in fig. Examples of elemental
semimetals include bismuth (Bi), a-tin (a-Sn), arsenic, antimony, and graphene.
Semimetallic properties can also be brought about via alloying, for example in
Bi;Tes—Sb, BiSb, and Ge;_,Sn,. The semimetallic nature of the Ge;_,Sn, alloy
above the transition composition allows for potential applications in electronic

devices, as will be discussed later in this chapter.

Band gaps brought about by the quantum confinement effect in semimetals
have been previously demonstrated in simulations of bismuth [4] and a-Sn [5]
nanowires. This has also been demonstrated experimentally for bismuth [6].

Germanium Tin for Use in Semimetal 3 Conor O’Donnell
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a) b)

Figure 1.2: Representation of a semimetallic band structure where (a) the con-
duction and valence bands meet but do not cross, and (b) where the conduction
band is lower than the valence band but does not cross it.

Ansari et al. [5] have theoretically demonstrated the increase of the band gap
of @-Sn as nanowire diameter decreases. This study also demonstrates the varia-
tion in band gap with nanowire orientation. At such small diameters surface area
is increased, meaning the impact of the different surface chemistries associated
with each orientation plays a heightened role in the determination of the band

gap [719].

The change from semimetallic to semiconducting electronic structures as a func-
tion of thickness opens up new avenues for device design. In 2008 Li et al. [10]
proposed using nano-patterned graphene nanoribbons as the channel material in
a FET. By confining the graphene nanoribbons, a band gap is formed as a result
of quantum confinement, removing the need for doping. This also uses quantum
confinement as an aspect of the design, instead of it interfering by widening the
band gap of a bulk semiconductor. A dopant free monomaterial device proposed
by Ansari et al. [5], the confinement modulated gap transistor (CMGT), makes
similar use of quantum confinement. This is done by inducing Schottky barriers
between thin and thick portions of a semimetallic wire comprised of a-Sn. A

Schottky barrier is the potential barrier created at a metal-semiconductor inter-
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metal semiconductor

Figure 1.3: Band profile of a Schottky barrier, where ®y is given as the barrier
height, Fq is the energy gap in the semiconductor, and Ff is the Fermi level.

face leading to diode (or rectifying) behaviour. This is depicted in fig. . By
patterning the Sn nanowire, a thick-thin-thick structure can be arranged which
leads to a semimetal-semiconductor-semimetal band profile with the thin section

having a quantum confinement induced semiconducting behaviour, as shown in
fig.

This band alignment, between the thick and thin regions creates a pair of back-
to-back Schottky barriers. When gated, as in the CMGT, this acts as a Schottky
barrier transistor [11], with the gate allowing current to flow in the ON state

through capacitive coupling between gate and the channel. An atomic illustration

of such a device is depicted in fig.

The concept for a CMGT nanowire transistor was demonstrated using density

functional theory (DFT) [12] in conjunction with a non equilibrium Green’s
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Figure 1.4: Diagram of how a thick-thin-thick configuration of nanowires can
produce a Schottky barrier transistor.

function (NEGF) charge transport scheme [13]. Transistor-like behaviour was
demonstrated, with emphasis on the subthreshold slope, a measure of how easy
it is to switch the device between its ON and OFF states. The theoretical ideal
subthreshold slope is approximately 60mV /dec at room temperature , and for
an average state-of-the-art MOSFET it is approximately 70 mV /dec. The a-Sn
CMGT is predicted to exhibit a subthreshold slope of 73 mV /dec at a thickness

of 3 nm in a GAA architecture.

An alternative method has also been shown to induce the desired band profile in
semimetals. At a crystal surface, there are dangling bonds which must be termi-
nated. By abruptly changing the terminating atomic species along the length of
the wire, segments of wire with varying bandgaps can be created . When

suitable terminations are chosen, this can also lead to a semimetal-semiconductor
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Figure 1.5: Atomic illustration of an a-Sn CMGT. Reprinted (adapted) with
permission from Ref. . Copyright 2021 American Chemical Society.

interface and the formation of Schottky barriers. This is depicted in fig.

This concept has also been simulated in DFT and has been shown to allow for the
creation of a semimetal based rectifier, where it was reported that fluorine ter-
minated <110> oriented Sn nanowires with a diameter of 1.5 nm were predicted
to be approximately semimetallic, with a band gap of 30 meV. The hydrogen
terminated wires of the same size and orientation were demonstrated to have a
680 meV bandgap . The simulated diode was shown to have a low reverse
current, with the diode exhibiting high current for positive voltages above 0.6
V. A representation of such a device is depicted in fig. [1.7(a), with fig. [L.7|(b)

showing the local density of states (LDOS) of the device.

Small amounts of Sn have previously been used as stressors in germanium (Ge)
to add compressive strain to regions of electronic devices ,. In recent years

Gej_Sny alloys have also garnered much interest in the photonics community as
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Figure 1.6: Band profile of a Schottky barrier induced by an abrupt change in
surface termination along the length of a semimetallic nanowire, where E¢ is the
energy of the conduction band in the semiconductor and Ff is the Fermi level.

a silicon compatible group-1V direct band gap material allowing for the creation
of a silicon compatible laser . Experiments have demonstrated lasing at
temperatures up to 273 K . This is made possible due to the indirect to direct
electronic band gap transition that is shown to occur in both theoretical and
experimental measurements between alloy compositions in the range of 0.065 $x
$0.11 [28432]. As Sn is added to Ge, the T'; state of Ge, depicted in fig. (a),
lowers in energy at a higher rate than the L* state. As the Sn content increases
to between 0.2 $x < 0.4, it has also been predicted that a semiconducting to

semimetallic transition occurs, with the material remaining semimetallic as the
composition increases up to x=1 [28}[33,[34].

Gey_Sny promises significant advantages over a-Sn based semimetal device de-
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Figure 1.7: (a) Visualization of the junction between the fluorine and hydro-
gen terminated segments of the a-Sn nanowire (b) Contour plot of the predicted
LDOS of the diode. Reprinted (adapted) with permission from Ref. [16]. Copy-
right 2021 American Chemical Society.

signs. The alloy nature of the material allows for an extra parameter, composi-
tion, to be selected in order to achieve suitable band gaps at varying thicknesses.
However, Ge;_,Sn, has been shown to have its own issues which need to be un-
derstood and overcome. The elemental constituents of Ge;_,Sn, exhibit a large
difference in ionic radii (~v15%), which results in a low solid solubility of Sn in
Ge (» 1%) . However, non equilibrium growth techniques, such as molecular
beam epitaxy (MBE) and chemical vapour deposition (CVD), have been em-
ployed to overcome this limit and allow growth of alloy films epitaxially [39}45].
Lattice matching in particular has shown great promise in increasing the Sn

composition of alloys. Utilizing MBE, realization of thin films with thicknesses
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Figure 1.8: Band structure of (a) Ge and (b) a-Sn. Experimental results are
indicated with blue [35], green [36] and red [37] bars.

up to 300 nm, compositions up to x=0.5, and lattice matched to GaSh has been
achieved [39]. However, it is acknowledged in Ref. [39] that under "practical MBE
growth conditions" it would be difficult to reach even 100 nm due to the impact
of compositional fluctuations on the critical thickness. The choice of substrate is
known to be important, as a Ge substrate severely limits the thickness as well as
the achievable alloy composition, allowing growth up to a thickness of just 3 nm
for a film with an alloy composition of x=0.46. At this thickness, strain energy
prohibits continued growth [46]. A central aim of this thesis is to theoretically

investigate the most appropriate conditions, in terms of strain and composition,
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to produce Ge;_,Sny alloys which are suitable for use in the creation of semimetal

based devices.

To date, Ge;_Sny, has primarily been investigated in the low composition ranges
at which the indirect-to-direct band gap transition occurs, in order to take ad-
vantage of its lasing properties. The focus of this thesis is to provide insight and
motivation to explore Ge;_,Sn, alloys across a broad range of compositions and
substrates. This will be done through the application of first principles calcu-
lations, using DFT in order to gain an understanding of the alloy’s electronic
structures at various compositions and strains. As well as this, miscibility mod-
els, such as the Bragg-Williams model and the cluster expansion formalism, will
be introduced and employed to assess the miscibility of Ge;_Sny, alloys, with
analysis of the formation energies as calculated within DFT. Through a com-
bination of analysing the band gaps and miscibility as a function of strain, the
ideal strains and compositions for creating bulk semimetallic Ge;_,Sn, will be
predicted. The identification of these material parameters provides the details
necessary for growth of thick semimetallic structures and thin semiconducting

structures, such as films or wires, for use in semimetallic device designs.
The remainder of this thesis is laid out as follows:

Chapter 2 contains an overview of the theoretical methods employed in the sim-
ulations in later chapters. Density functional theory, the ab initio method which
forms the basis of many of the calculations in this work, is described as well as
the theory behind the miscibility and band gap models that are employed. The
details of the calculations themselves are contained in the chapters describing the

results.

Chapter 3 discusses elemental Ge and a-Sn. This chapter serves to analyse the
material properties of the two alloy constituents, as well as provide a benchmark

for later alloy band gap calculations.
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Chapter 4 focuses on the miscibility and stability of the Ge;_,Sn, alloy. Epitaxial
strain is considered as a means of boosting miscibility, and this is investigated
and compared with the decreased critical thickness which is caused by strain.
This is done through calculations on different substrates inducing epitaxial strain

on the alloy which are then compared to relaxed structures.

Chapter 5 contains calculations of the electronic structure of Ge;_Sn, alloys
over the full composition range, 0 <x< 1. The indirect/direct nature of the band
gap is discussed, as well as how epitaxial strain affects the band gap in order
to ascertain which compositions and strains allow for suitable thicknesses to be
reached so that both thin, semiconducting and thicker, semimetallic regions can

be fabricated together.

Chapter 6 provides a conclusion to the thesis as well as an outlook to future

avenues of research which may be undertaken on the subject.
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Chapter 2

Methodology

2.1 Introduction

A brief summary of the key methods utilised in subsequent chapters to analyse
the miscibility and electronic structures of the Ge;_Sn, systems is provided in
this chapter. Emphasis is placed on the underlying theory behind the methods
and how they will be utilized in subsequent chapters to investigate Ge;_,Sny

alloys.

Density functional theory (DFT) is described first, because it is employed as the
basis for simulations of periodic Ge;_ Sn, simulation cells. DFT is chosen to
calculate structural and elastic properties, as it has previously been shown to
produce accurate results when compared to experimental results [1-H4]. DFT is

also used to estimate band gaps.

Special quasirandom structures (SQSs) are then discussed, as they provide a
means to accurately represent the random nature of alloys at cell sizes that allow
for achievable computational times. As DFT implementations used to calcu-
late the elastic properties and electronic structure of solids and thin films make

use of continuous boundary conditions, we employ SQSs as a way of imposing

20



2. METHODOLOGY 2.1 Introduction

quasirandomness with a relatively small supercell (a cell of a crystal with larger
volume than the primitive cell, in this case considered to be the primitive cell of
a diamond latice). This allows for calculation of electronic band structures and
also provides a means for obtaining key parameters, such as binding energies and
elastic constants. Elastic constants that are calculated employing SQSs show an
average error on the order of 1% when compared to those calculated with much
larger statistically generated random cells [5]. These parameters are then used in

models to analyse the miscibility and stability of Ge;_ Sny structures.

Two miscibility models are described in this chapter, the first of which is the
Bragg-Williams (BW) model [6/8]. This is a simple model which makes use of
nearest neighbour binding energies to calculate the formation energy of random
alloys. We employ this model as a first pass, as it is very computationally efficient,
requiring no more than a handful of first principles calculations to extract the
necessary data. The Bragg-Williams model has, however, been shown to predict
inaccurate phase diagrams compared to more rigorous models, such as the cluster
expansion model (CE) |9]. The CE is the second model employed to calculate
alloy miscibility, as this has been shown to accurately predict formation energies

of different lattice types (fcc, bee and hep) compared to SQS calculations [10].

The methods employed for estimating vibrational and electronic contributions
to the free energy are discussed. These properties can also be described with a
cluster expansion, and combined with the cluster expansion of the internal energy
to produce a temperature dependent model. This can then be coupled with Monte
Carlo techniques, allowing for the generation of phase diagrams which compare

favourably to previous methods for a number of materials, including SiGe [11].

As well as varying alloy composition, the effects of strain on the alloy are also
investigated. By straining the supercells biaxially and letting the direction nor-

mal to the strain field relax, a film grown on a substrate is simulated. This
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section discusses the models used to analyse the suitability of achievable strain
magnitudes for use in devices. The critical thickness model calculates the thick-
ness at which dislocations are energetically favourable in a film, by comparing
the energy of the film with and without dislocations. We find in later chapters
that this model shows agreement with calculations on the SQSs. Another strain
model employed is deformation potential theory (DPT), which allows analysis of
the effects of strain on band structures by utilizing deformation potentials and

elastic constants.

2.2 Density functional theory

Density functional theory (DFT) is utilized to analyse the structural properties
of Ge;_«Sny. DFT, employing the local density approximation (LDA), is widely
used for calculating the elastic and lattice constants of materials, and has been
shown to reproduce those of germanium and a-tin accurately |1,12], which will be
demonstrated in subsequent chapters. It is therefore employed for the structural
relaxations of all the simulation cells in this work. DFT is also used to calculate
the energetics required for the miscibility models which are described in later
sections. DF'T is routinely used in the calculation of phase diagrams using CE
methods [11}[13}/14], and typically exhibits an accuracy on the order of 10 meV per
atom in total energy calculations across different phases [13]. This translates to
an accuracy of 100K in the prediction of transition temperatures, however this
will be shown to be sufficient to correctly identify phase orderings and analyse

possible trends in the phase diagrams.
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2.2.1 The Schrodinger equation

The aim of ab initio calculations of electronic structure is solution of the time-

independent, non-relativistic Schrodinger equation [15]:
HU = B, (2.1)

where H is the Hamiltonian, ¥ is the wavefunction, and FE is the energy of the

system.

The Hamiltonian for a system of electrons and nuclei in atomic units (A = m, =
e = 1) is given as [16]:

J_, W1 13 1 Nl Z, 13 Z,Z
- P L R TR
|Ti_rj| |Ti_Ra| 2a¢b|Ra_Rb|

i,a

(2.2)

where N, and N,, are the number of electrons and nuclei, respectively; VZ and V2
are Laplacian operators taken with respect to the coordinates of the ¢th electron
and ath nucleus, respectively; Z, is the charge on nucleus a; and r; and R, are

the coordinates of the electron ¢ and nucleus a, respectively.

The first term on the right hand side of eq. corresponds to the kinetic energy
of the electrons (T), and the second term to the kinetic energy of the nuclei (7,).
The third term is the interaction between electrons (V..), while the fourth term
is the interaction between electrons and nuclei (V,,), and the last term is the

interaction between nuclei (V,,,). This Hamiltonian can be rewritten as:

H=T,+T,+ Vi + V. + V. (2.3)

However, this is difficult to solve explicitly for anything but simple systems, as
the large number of particle interactions becomes mathematically complex and

computationally intractable. Thus, approximations must be made in order to
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simplify the problem and to enable more complex systems to be studied.

2.2.2 The Born-Oppenheimer approximation

The first such approximation is the Born-Oppenheimer approximation [17]. This
is the decoupling of the motion of the electrons and the nuclei, made possible due
to the mass of a nucleon far exceeding that of an electron. Therefore, electrons

react, in relative terms, instantaneously to changes in the positions of the nuclei.

This allows the term in eq. dependent on m% to be ignored, as well as the
nuclear-nuclear interactions, as these are fixed for a given set of atomic coordi-
nates. As the Coulomb interaction between nuclei is a constant scalar term for
fixed nuclei, it can be ignored for calculations of electronic energies but must be

included for calculations of total energies.

The electronic Hamiltonian is then given as:

A

Helec = Te + ‘/ee + ‘/en7 (24)

where V,,, is also known as the external potential (V.,), as it is external to the
problem considering only the electrons. This leads to the many-electron time-

independent Schrodinger equation:

A

AU = [T, + Vie + Vit ] 0. (2.5)

The total energy of the system (E;y), at a fixed position of nuclei, or geometry, is
then given as the sum of the energy of the electrons (E.) and the nucleus-nucleus
repulsion term (V,,,):

Etot = Eelec + Vnn- (26)
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2.2.3 The Hohenberg-Kohn theorems
At the heart of density functional theory there are two theorems which were put
forward by Hohenberg and Kohn in 1964 [18]:

o The first theorem states that, up to an additive constant, the electron den-
sity p(r) is a unique functional of the external potential V_,;. All properties

of the system are determined by the external potential.

e The second theorem states that the total energy can be defined as a func-
tional (F') in terms of the density for any V... It follows that the density

that minimizes the total energy is the ground state density for a given V_,;.

Since the ground state energy is a functional of the ground state electron density,

so too are the individual components. As such, it follows that:

Eq[p] = T[p] + Veat[p] + Veel p]- (2.7)

Terms which are universal (T'[p] and V..[p]), and those which are system depen-
dent ( V.u[p]), can then be separated out. The system independent quantities

are then merged into Fp g, the Hohenberg-Kohn functional:

FHK = Vvee[p(r)] + T[p(?“)], (28)

with Eeyi[p(r)] = [ p(r)Vewdr we arrive at:

Elp] = Farlp(r)]+ [ p(r)Veudr. (2.9)

Frk is universal, and were it known explicitly, the total energy as a functional of
the electronic density can be solved, with the ground state energy and electron

density obtained by minimizing F[p] with respect to the charge density. However,
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the explicit form for the universal function of the electron density Fyi[p(r)] is

not known, and as such approximations must be made.

2.2.4 Kohn-Sham DFT

The Ansatz of Kohn and Sham is to replace the original many-electron system
with a reference system of non-interacting electrons [19]. This allows for a de-

composition of eq. (2.8]) as:

Fu(p(r)] = Trs[p(r)] + Exariree[p(1)] + Ezc[p(r)]. (2.10)

where Tk s[p(r)] is the independent kinetic energy of a system of fictitious par-

ticles described by wavefunctions ¢;(z) and is given as:

=5 2l V?1), (2.11)

[\Dlr—l

TKS (T)

and Eygriree|p] is the Hartree energy (the electrostatic electron-electron interac-

tion) is given as:
E_Hartree[p] — %f d3 d3 Ip(/r‘)p(r ) (212)

T

E..[p(r)], the exchange correlation energy, consists of the many body terms,
which cannot be exactly obtained and is the difference of the kinetic energy and
the electron-electron interaction terms between the true system and the fictitious

non-interacting system, proposed by Kohn and Sham:

Exc[p] = (T> - TKS[p(T)] n (‘Zae> - EHartree[p]‘ (213)

If the exact exchange correlation (XC) energy were known, the exact ground state
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energy and density of the system could be obtained from the KS equations, and
the electron density would determine the total energy from the time independent

Schrodinger equation for a many body system would be solvable.

The variational principle, with respect to the fictitious single-particle orbitals,

applied to eq. (2.10) yields the Kohn-Sham(KS) equations:

Hycs|di) = €ilés), (2.14)
~ 1 ~
Hgs = —§V2 + Viks, (2.15)
2 > 5E artree 5E
Vics = Voy + —rt <

op(r) op(r) (2.16)

= Vext t VHartree + VXC-

The KS equations take the form of independent particle, Schrodinger like equa-

tions. The ground state density is given as a function of the KS orbitals(¢;):

p(r) =2 léi(r)P, (2.17)

where N is the number of occupied states. This method is limited only by the

accuracy of the approximation to the XC functional.

2.2.5 Approximations to the exchange correlation energy

The earliest and simplest approximation to the XC functional is the local density
approximation (LDA). First put forward by Kohn and Sham in their original

DFT paper [19], the LDA involves calculating the exchange and correlation of a
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uniform electron gas. The exchange correlation energy is given as:

B0l = [ p(r)exclo(r)]dr, (2.18)

where €x¢ is the exchange-correlation energy per particle for the uniform electron
gas of density p. Therefore, the XC energy in this approximation is a function
of only the charge density. Throughout this thesis, the LDA is employed when
using DFT to calculate elastic and structural properties. A number of approxi-
mations to the XC functional have previously been compared for the accuracy of
which they reproduce the elastic properties of materials, including the group IV
materials [1]. In this study, the LDA has been shown to provide greater accuracy
than the generalized gradient approximation (GGA) at reproducing experimental
values for elastic constants. The LDA is also shown to have comparable accuracy
to the much more computationally demanding hybrid functionals for group IV

materials, such as C, Si, and Ge, for the elastic constants.

The electronic band structures of materials can also be calculated using the Kohn-
Sham approximation eigenvalues as single electron energies. Though DFT, using
the Kohn-Sham eigenvalues, is well known to underestimate band gaps [20], the
modified Becke-Johnson (mBJ) meta-GGA functional has been shown to produce
these accurately compared to experimental results |21], and as such is used in
our electronic structure calculations. Though meta-GGA calculations do require
the fitting of a "c-parameter' to experimental data if it cannot be found self

consistently.

Whereas LDA approximations include the local density, and generalized gradient
approximations (GGA) include the gradient of the density, meta-GGA function-
als, such as mBJ meta-GGA, also include the kinetic-energy density (7") in the
XC functional. mBJ meta-GGA has been previously shown to accurately repro-

duce band gaps for a variety of materials, including the group IV materials, C, Si,
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and Ge, and shows a comparable accuracy to hybrid functionals and even GW
calculations [21]. Due to the derivative discontinuity in the exchange correla-
tion when approximated by the LDA, DFT with LDA is known to underestimate
bandgaps [20]. As such, mBJ meta-GGA is employed, as put forward by Tran
and Blaha, in almost all of the calculations of electronic band structures in this

work [21].

The correlation potential employed in the mBJ approximation is the LDA corre-

lation. The exchange potential is given as:

v™BI (1) = coBR(r) + (3¢ - 2)%\/5\ ‘ QZ;%), (2.19)

where T'(r) = 1/2 %N, |Vab;(r)[? is the kinetic energy density, and ¢;(r) is the i’th

Kohn-Sham orbital. vB% is the Becke-Roussel exchange potential. This is an
approximation of the potential generated by the exact exchange hole, known as

the Slater potential [22,23].

¢ in eq. (2.19) can be solved for during the self-consistency cycles required to

solve the Kohn-Sham equations, based on the following equation:

(2.20)

1oriwee)l, T
0 Jo plr) d] ’

c=a+ﬁl
where () is the volume of the cell, « = - 0.012, and § = 1.023 Bohrz. « and
[ were obtained from fitting to experimental band gaps of a variety of semicon-
ductors and insulators. The c-parameter can also be obtained through fitting to
experimental data, as is the approach taken in this work. This approach is chosen
as it provides accurate band structures for the alloy components, as demonstrated

in later chapters.
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2.3 Special quasirandom structures

A recent theoretical study has suggested that short range ordering (SRO) may
be present within the Ge;_,Sny alloy [24], such that there is an energetic penalty
associated with the formation of Sn-Sn nearest-neighbour bonds, with this SRO
then acting to increase the band gap at fixed Sn composition x by up to 0.1
eV at Sn compositions relevant to the semiconducting to semimetallic transition.
However, it is of note that the Monte Carlo simulations that displayed this SRO
were conducted at temperature T = 300 K, approximately 350 K lower than
the temperature range in which Ge;_Sn, alloys are grown. As temperature is
increased, the aforementioned energetic penalty driving the emergence of SRO
in these Monte Carlo simulations is likely to be suppressed. The penality is
raised to the power n~! when the simulation temperature is raised by a factor
of n. Therefore, at temperatures relevant to Ge;_,Sn, alloy growth SRO will
be strongly suppressed, with minimal deviation from statistically random alloy
disorder expected. As such, in this thesis, the distribution of Ge and Sn atoms in
the Ge;_,Sny alloy is taken to be fully random. Random, in this case, meaning
that for the binary Ge;_,Sn, alloy, each lattice site has a probability 1-x of being
occupied by a Ge atom, and a probability x of being occupied by a Sn atom,
with the probabilities being independent of any crystal site. This approach is
commonly employed in theoretical calculations for Ge;_Sn, alloys which have
demonstrated good, quantitative agreement with experimental measurements.

[12,25/129].

Density functional theory for the description of infinite or semi-infinite materials
makes use of periodic boundary conditions in order to model crystalline materials.
However, capturing properties of a truly random alloy would require an extremely
large supercell to ensure the site correlation functions are converged. Calculations

on simulation supercells large enough to reproduce the correlation functions for a
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random alloy are computationally intractable in DFT, particularly if these are to
be used in conjunction with Monte Carlo techniques. This is due to the extremely

large simulation cell required to represent a random alloy.

To overcome this limitation, special quasirandom structures (SQSs) have been
developed . These structures provide a way of mimicking a true random alloy
with a much smaller simulation cell by replicating lower order multisite correla-
tion functions of an ideal random alloy. This greatly reduces the computation
resources required to obtain alloy properties while also producing reliable results.
It has previously been shown that an SQS as small as 32 atoms can accurately
represent the elastic constants of face-centred cubic (FCC) aluminium titanium
(AlITi) alloys, with an average error of 1% when compared to those obtained from
averages over ten DFT calculations for randomly generated 4000 atom cells across

the full alloy composition range [5].

The correlation functions of a cell are obtained by assigning a value of -1 and +1
to each lattice site, dependent on which of the alloy components occupies a site,

analogous to an Ising spin model. A two dimensional (2D) representation of this

is depicted in fig.

N
4.4

Figure 2.1: Representation of a 2D Ising lattice, with spin up and spin down
sites. The correlation functions for the random alloy are analogous to the spin
correlations.
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For a given cluster at location [ (I also including orientation), with configuration
o, the multiplication of the Ising "spin" variables of the lattice sites in this cluster
is denoted as I1.(c,1). The cluster outlined in fig. is an example of a triplet
cluster. Through multiplication of values assigned to each atom within the cluster,

it is shown to have Il.(o,l) = -1.

Figure 2.2: Representation of a 2D Ising lattice, with a triplet cluster outlined.

An average is taken of II.(o,l) over all values of [ to provide the correlation

function for a specific cluster type.

Using Monte Carlo techniques many quasi-random lattice configurations may be
compared to the ideal random correlation functions. These are derived from
the fact that in a truly random alloy the probabilities of site occupancies are
independent, but correlations between lattice sites will arise related to the al-
loy composition when averaged over a large number of configurations. As such,
the probability of a site having a "spin" of +1 is x and having a "spin' of -1
is 1 —x. A site in a random configuration has an average "spin" value given as
(1)(x) + (-1)(1-x), which is the sum of "spin" values multiplied by their respec-
tive probabilities. This simplifies to 2x — 1. For a cluster with k vertices (lattice
sites) and a range (maximum distance between two atoms) of m, the random

correlation function is given as:
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My = (2x - 1)E. (2.21)

Once a desired level of accuracy is reached between the calculated and ideal
correlation functions, the cell can then be utilized in DFT calculations for both

electronic and structural properties of a random alloy .

Figure 2.3: An example of an x=0.5, 64 atom Ge;_,Sn, SQS, with yellow atoms
representing Ge and blue atoms representing Sn, or vice versa if radii are ignored.

SQSs are used to represent alloys in all of the DF'T calculations presented in this

work. A representation of one such SQS, a x=0.5, 64 atom structure is depicted

in fig. 2.3

2.4 Binary alloy miscibility

To analyse the miscibility of a system, the key quantity to be determined is the
free energy. In particular, the Helmoholtz free energy (F) is of interest [32]; that

is, the available work in a system at constant pressure and volume. This is given
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by:
F=FE-TS, (2.22)

where E is the internal energy of the system, T is the temperature, and S is the

total system entropy.

If two alloy configurations at constant composition and temperature are com-
pared, the configuration with lower F' is more stable. To calculate the miscibility
of a system over a composition range, an intractable number of first principles
calculations are required to determine the needed energies. The following sec-
tions will describe how to approximate F using efficient computational methods,

as well as the other contributions to the free energy of binary alloy systems.

2.4.1 The Bragg-Williams miscibility model

The Bragg-Williams model [6-8] is a simple model that can be applied to estimate
the free energy of an alloy system. It predicts the mean field average of internal
energy (FE;) and then takes into consideration only the configurational entropy
(S.) to calculate the free energy of a random alloy. The shape of the free enery
curve with respect to composition indicates the miscibility of alloy. A concave
free energy curve denotes the ability for the two alloy components to form a solid

solution. Convex portions of the curve indicate miscibility gaps.

E; is determined by the binding energy within the system. If Vj; is the binding

energy between atoms of type ¢ and j, then:

E; = NgegeVaeGe + Nsnsn Vansn + NGesn Vaesn, (2.23)

where N;; is the number of nearest neighbour bonds between atoms of type ¢ and
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type j. Equation (2.23) can be simplified to:

Nz
EZ':—
51

(1 - X)VGeGe + X‘/Snsn + 2X(1 - X)V}, (224)
where x is the concentration of Sn atoms, z is the number of nearest neighbours
of each atom, and N is the total number of atoms. V is the relative binding
energy of the system, this is the difference between the energy of a GeSn bond

and the average energy of a GeGe bond and a SnSn bond, given as:

1
V= VGeSn - §(VGeGe + VvSnSn)‘ (225)

This is a simple indication of the miscibility of the system. Negative V' indicates
that GeSn bonds are energetically favourable relative to forming SnSn and GeGe
bonds. A positive V indicates that segregation is preferred, in order to maximise
the number of SnSn and GeGe bonds. This is only strictly true at 0 K, as the
entropy contribution to the free energy can overcome a positive relative binding

energy and drive the system towards randomness.

Now that an approximation for £ in eq. has been obtained, the entropy
must be estimated. The Bragg-Williams model takes into account only the con-
figurational entropy. The configurational entropy is based solely on the number of
possible configurations of the atoms in the lattice. For N total particles there are
N! different ways of distributing the atoms over IV sites. Configurations which
differ only by interchanging one Ge atom with another Ge atom are indistinguish-
able, and the same holds true for Sn atoms. This leads to the total number of

distinguishable configurations to be:

N!
Q= ———. 2.26
Nge! Ngp! ( )
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Assuming that the weighting of each configuration is approximately independent
of how the atoms arrange in the system, then the configurational entropy is given

as:

S. = kIn(Q) = k[In(N!) - In(Nad!) - In(Nea!)]. (2.27)

Applying Sterling’s approximation In(N!) = Nin(N) - N to this results in:

Sc = k?[Nl?’L(N) —NGeln(NGe) —NSHZH(NSH)], (228)

which can be simplified to:

S. = —kN[xIn(x) + (1 -=x)In(1 -x)]. (2.29)

Substituting eq. (2.29) and eq. (2.24) into eq. (2.22) allows for a simple method

for approximating the free energy.

The Bragg-Williams approximation is valid for analysing the miscibility of a sys-
tem when nearest neighbour interactions dominate, providing data on how the
alloy is expected to behave with a very low computational cost, and requiring
just a minimal set of DFT calculations. However, as will be shown in later chap-
ters, the model lacks accuracy when compared to models which extend to beyond
nearest neighbours. While nearest neighbour interactions tend to be the largest
contribution, longer range couplets and all interactions are ignored in the BW
model. Including these interactions increases the accuracy of predicted internal
energies, and this can be achieved through the use of a cluster expansion of the

system.
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2.4.2 The cluster expansion formalism

The cluster expansion (CE) formalism is a standard approach for calculating the
internal energy of an alloy configuration in order to obtain the free energy [11]. A
cluster expansion allows for a predictive way to calculate the internal energy of a
system, taking in to account longer range interactions beyond nearest neighbours

as well as clusters containing more than two atoms.

The main principle behind the cluster expansion is that a configuration depen-
dent property of an alloy can be written in terms of the clusters present in each
configuration. To do this, the correlation function II, for each cluster type ()
is first calculated. As in the SQS method, a variable is assigned at each atom
site. For a binary alloy the variable is either 41 or -1, depending on the atom
type occupying the site, similar to the Ising model. The correlation function is
again found for a given cluster by multiplying the "spins" of each instance of that
cluster, and then averaging over the number of instances of that cluster in a given

configuration (¢). The energy per atom of the configuration is then given as:

E(o) =Y Jull(0), (2.30)

where J, gives the averaged interaction for a cluster type «, also known as effective

cluster interactions (ECIs).

Knowing the value of every ECI of a system yields the ability to predict the
internal energy for any configuration. However, as the magnitudes of the ECI
decrease with cluster range, not every ECI is required. The required ECI can be
determined by fitting to a relatively small number of simulation cells of known en-
ergy, in this case from DF'T calculations. This is known as the structure inversion

method, or the Connolly-Williams method [13].
The implementation utilized in this work, the Alloy Theoretic Automated Toolkit
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(ATAT) [10,/14], uses a least squares fit to calculate the ECI, while also using a
cross validation (CV) score to assess the predictive power of the fit of the cluster
expansion to the alloy energies. The CV score is analogous to root mean square
error. However, it is adapted to estimate the error for structures not included in

the least squares fit. It is given as:

V= (%i(ﬂ—@(i))z)?, (2.31)
i=1

where n is the number of structures, E; = the energy of structure ¢ as calculated
from DFT, and E(i) is the predicted value of the energy of structure ¢ obtained
from the least-squares fit to the (n -1) other known energies, excluding structure
i

A module of ATAT, the MIT Ab-initio phase-stability (maps) code [11], can be
used to automatically construct a cluster expansion for an alloy. To do this, it
first determines which clusters to include. This is done with the intent of lowering
the CV score, as well as applying two rules. The first rule is that a cluster can
be included only if each of it subclusters has already been included in the CE.
If this rule is not followed it leads to a merging of the ECI of that cluster with
the subcluster’s ECI, leading to inaccuracy in the cluster expansion. The second
rule is that for a cluster with m vertices to be included, all clusters with m
vertices encompassed in a smaller diameter must also be included. As shorter
range interactions are usually of larger magnitude than long range interactions,

addition of shorter range clusters has more of an impact on the calculated energies.

The next step in the automatic construction of the cluster expansion is the choice
of structures from which to extract the ECIs. Selecting random structures might
introduce a bias into the ECI as well as create a variance around the mean
ECIs. Bias cannot be determined without knowledge of the energy of a candidate
structure, requiring a first principles calculation. As such, the focus is placed on
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reducing the variance about the mean when selecting the structures. The CE can
also be performed by choosing the structures and ECI manually, however care
must be taken that the CV score of the fit is reasonable in order for the CE to

produce reliable predictions.

The strength of the cluster expansion is in its ability to predict the energy (or
any other configuration dependent property) of a large number of structures at
a very low computational cost. With a cluster expansion, the calculation of the
energy of a cell is reduced to calculating the correlation functions, which is a
comparatively trivial computational operation. As such, a cluster expansion can
then be used as a Hamiltonian for a Monte Carlo simulation. This allows for
the comparison of free energies between a large number of cell configurations
over the full composition range of the alloy, leading to the calculation of free
energy versus composition phase diagram to determine the temperature transition

between miscibility and immiscibility.

2.4.3 Finite temperature effects in the cluster expansion

As already discussed, configurational entropy has been estimated from Boltz-
mann’s expression for entropy by accounting for all of the possible ways of ar-
ranging atoms in a cell given its composition, as described in [2.29, However, this
term is not necessary for phase diagram calculations. The Monte-Carlo techniques
already account for configurational entropy, as the simulation samples accessible

configurations at a given temperature.

Other finite temperature effects are incorporated into the study by estimating free
energy contributions arising from vibrational and electronic degrees of freedom.
Electronic contributions to the free energy are computed within the one-electron
and temperature-independent bands approximations by employing the electronic

density of states (DoS) as computed from the Kohn-Sham eigenvalues obtained
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from the DFT calculations [33]. Electronic entropy S.(7') is the entropy associ-
ated with an electron’s probabilistic occupation of states, and is related to the

DoS g(e€) by [34]:

Se(T) = <k /[fmT(E)ln(fmT(e)) + (1= fur(€)in(l = fur(€))]g(e)de, (2.32)

where f, r(€) is the Fermi-Dirac distribution given by:

€

RN
fur(e) =1+ o (E}L)) , (2.33)
where 4 is chemical potential, given as the solution of [ f, 7(€)g(e)de = n., where

n. is the total number of electrons.

Vibrational contributions, including entropy and zero point energy, are computed
using the bond stiffness versus bond length approach. This involves estimating
the phonon frequencies in the alloy via a nearest-neighbour bond length versus
bond stiffness model, where the bond length dependent force constant tensors are
obtained by computing reaction forces on crystalline structures perturbed with
strain and atomic displacement [35,36]. This model has previously been shown
to give reliable results for gold-palladium (AuPd) alloys, and copper-palladium
(CuPd) alloys, compared to models which use full-force constant matrices and all
nearest neighbours. This model also accurately produces results for copper-gold
(CuAu) systems compared to previous theoretical and experimental work [37].
This has also previously been used to calculate the vibrational contributions to the
free energy of palladium-vanadium(PdV) and nickel-aluminium (NiAl) alloys [35],
with both materials showing very good agreement with a more rigorous first-
nearest-neighbour spring model. The bond stiffness versus bond length model
has previously been employed to estimate the vibrational contributions to free

energy for variable band gap semiconductor alloys such as indium gallium nitride
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(InGaN), aluminium gallium nitride (AlGaN), and aluminium indium nitride

AlInN; all systems which exhibit larger lattice mismatch than GeSn [38].

Three crystalline structures are chosen to calculate the stretching and bending
terms: i) elemental Ge; ii) elemental Sn; and iii) a fictitious GeSn zinc-blende
structure. The maximum distance between perturbed atoms is set as 1.2 nm,
allowing for the use of 64 atom supercells. The maximum atomic displacement
is limited to 0.02 nm, relative to relaxed geometry, and the perturbations are
performed at 10 differing strain values. Figure shows the stretching and
bending terms for each of the bond types that can be present in Ge;_,Sn, alloys:
Ge-Ge, Ge-Sn, and Sn-Sn. The proximity of the polynomial fit to the calculated

values shows the predictive power of the fit in these materials [33].

Once a vibrational DoS of a structure is calculated, the vibrational contributions

to the free energy(F,;) can be calculated from [34]:

Foip = kBTf (23mh 2: T))g(v)dv (2.34)

where v is the frequency, and g(v) is the phonon density of states.

2.4.4 Monte Carlo method

To calculate phase boundaries, the "phb" code [39}|40] from the ATAT package is
employed. The cluster expansion reduces the calculation of the internal energy
(and vibrational entropy) to a simple linear equation on an Ising like lattice,
allowing many alloy configurations to be calculated in a short amount of time and
making it an ideal Hamiltonian for Monte Carlo calculations. The phb code makes
use of semi-grand canonical ensemble (SGCE) Monte Carlo methods. In the
SGCE, the number of atoms is fixed while the composition and energy are allowed

to vary, based on an externally imposed temperature and externally imposed
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Figure 2.4: Stretching and bending terms of the nearest neighbour spring model
as a function of bond length for (a) Ge-Ge, (b) Ge-Sn, and (c) Sn-Sn bonds.

Circles show the values calculated with DFT while lines correspond to a three-

parameter polynomial fit.
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2. METHODOLOGY 2.4 Binary alloy miscibility

difference in chemical potential between the two atom types (u = pi, — ). 1 is
also defined as the rate of change in free energy with respect to change in alloy

composition.

In the SGCE the thermodynamic potential is given as:

1
006,10 =~ 5in (AN E - ) ) 239
where F; and x; are the internal energy and alloy composition of alloy state 7, N
is the number of atoms, and g = kBLT The Helmholtz free energy is related to the
thermodynamic potential through ¢ = F —ux = E =TS — ux. A lower ¢ indicates

a more stable phase. At an equilibrium point, ¢ is equal for both phases [40L/41].

To determine ¢, the semi-grand canonical ensemble Monte Carlo method is used.
In the semi-grand canonical ensemble the number of atoms is fixed, with the
energy and composition allowed to fluctuate based on an externally imposed dif-
ference in chemical potential between the two atom types as well as an externally
imposed temperature [41]. Equilibration are excluded from measurements to al-
low for the system to reach convergence for a given set of externally imposed
variables. Averaging passes are those following the equilibration passes, over
which the thermodynamic quantities in question are averaged. The number of
averaging and equilibrium passes are chosen automatically based on the algo-
rithms described in Ref. [41] with a chosen precision. The equilibration process
is stopped, and averaging is begun once the targeted average change in the ther-
modynamic quantity in question has achieved the desired precision. Averaging
of the quantity is stopped once the variance about the average of the quantity

decreases below a threshold based on the target precision.

Changes in phase are detected by fitting a polynomial to a thermodynamic quan-

tity, such as a short range order parameter. This polynomial is then extrapolated
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for the next step in the simulation, with significant deviations between the ex-
trapolated value and the calculated value signalling a phase transition [41]. The

order of this polynomial is determined by making use of the CV score described

by eq. ([2.31).

2.5 Alloy strain

The application of strain to a semiconductor or semimetal is known to alter both
the miscibility and the band gap energy. In germanium, tensile strain has been
shown to induce an indirect to direct band gap transition at a tensile epitaxial
strain range between 1.5% and 1.9% [27,42,/43]. Thus, the role of strain on the
band gap can be a major aid in achieving desirable electronic band structure

properties.

However, strain can also hinder the growth of alloy structures. Ge;_Sny films
of x=0.46, grown on Ge(100) have previously been reported in the literature,
but the large compressive strains limit the thickness of these films to just 3
nm [44]. Lattice matched substrates have been reported to allow growth of alloys
with compositions 0.26 < x < 0.99 and can even stabilize pure a-Sn films with

thicknesses in excess of 100 nm and temperatures up to 343 K [45-50] .

This section will describe the models employed to assess the impact of strain
on the stability and band structure of the material to investigate its effects on
the miscibility energetics and electronic structure calculations. In chapter [3| it
is found that epitaxial strain in the plane perpendicular to the (100) direction
decreases the epitaxial softening function of the materials. The epitaxial soft-
ening function quantifies the degree that out-of-plane relaxation can stabilise an

epitaxially grown thin film. As such, only strain along this plane is considered.
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2.5.1 Ciritical thickness

To measure the impact of epitaxial strain on the growth of the alloys, the crit-
ical thicknesses for thin films are calculated. This is the thickness that plastic

relaxation via the formation of dislocations and related crystalline defects first

becomes energetically favourable, as depicted in fig. [51-53].

st

dis

Energy

T

c

Film thickness

Figure 2.5: Representation of the strain energy in a layer, (Eg), and the energy
of the layer with a disclocation (Egs) as a function of layer thickness. ¢, here is
the critical thickness.

Eg in fig. the areal strain energy density of the film without dislocations, can
be obtained from elastic continuum theory. Within elastic continuum theory, the

elastic energy per unit volume (U) is given as [54]:

U =50n(a 46y + &
+ Cro(€ra€yy + €xa€ss + €yy€sz) (2.36)
+ 2044(632% + Ezz + 632
where € denotes the components of the strain tensor in Voigt notation and C'
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denotes the elastic constants of the material, which have been obtained from

DFT calculations. For the case of biaxial strain, €, = €, €., = —%em and

€xy = €4z = €, = 0. This reduces eq. (2.36) to:

2 2
011 + 011012 - 2012 9
C E:ca:?
11

(2.37)

Ci2

. : : ,
o +e; 1s Poisson’s ratio for

where G = %(011 — () is the shear modulus and o =

the layer. By multiplying by the thickness ¢, this reduces to [51}55]:

E. = 2G ( L+ ‘7) e t. (2.38)

l-o) ™

To compute Ey, the method put forward by Voisin [52] is chosen, which, for
an epitaxially strained layer of a diamond or zinc-blende structure grown on an

(100)-oriented substrate, leads to the critical thickness ¢. given as:

B as 4—-0 V2t
tc—8\/§ﬁ|€m|(1+a)(1+ln( 2 )) (2.30)

where ag is the substrate lattice constant.

While there exist many approaches [51] to compute ¢, eq. has been demon-
strated to produce estimates which are in good agreement with experimental mea-
surements for a range of semiconductor materials, including group-IV Si,Ge;_ ,
III-V In,Ga;_4As alloys [51,/52], and highly-mismatched III-V alloys containing
nitrogen and bismuth [53/56]. An example of such a calculation is shown in fig.
for GaAs alloyed with Bi to introduce compressive strain and GaAs alloyed with
As to introduce tensile strain, both on a GaAs substrate. The critical thickness
model will be utilized in this work in a similar manner, to track how the critical

thickness changes on a given substrate as alloy composition varies.
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Figure 2.6: Critical thickness of GaAs;_«Bi, and GaNyAs;_, as a function of alloy
composition, grown on a GaAs substrate. Reproduced from [56].

This method for calculating the critical thickness is shown to give lower val-
ues when compared to experimental results. This is due to a metastable region
where layers of the material above t. can be grown, and as such the experimental
thickness is dependent on growth rate and temperature [51]. Figure shows
the calculated critical thicknesses of GaAs;_Biy and GaNyAs;_, as a function
of alloy composition as grown on a GaAs substrate. The strain-thickness limit
calculated for these layers on the GaAs substrate [56] was found to be consistent

with previously obtained experimental data for GaAs;_,Biy [57].

The critical thickness is relevant to this work as it provides a guideline to the
maximum thicknesses that can be reached as strain is applied to the alloy. This
is an important factor when choosing alloy and strain parameters, as it must be
possible for films to be grown to thicknesses above which confinement effects do
not cause the opening of a band gap, in order for semimetallic alloy structures to

be grown on a chosen substrate.
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2.5.2 Deformation potential theory

Deformation potential theory [58-60] makes use of elastic constants and deforma-
tion potentials to predict band gap shifts due to epitaxial strain. These shifts are
composed of two components: the shift brought about due to the volume change

of a cell and the valence band splitting as a result of axial strain.

To calculate the band gap shift due to volume change, first the volume change
itself must be obtained from the elastic constants. For a material with an equilib-
rium lattice constant (ag) biaxially strained to a difference lattice constant (),
the fractional change in lattice parameter parallel to the surface (e,,) can be given
as:

a

€xe = — — 1. (2.40)
Qo

The fractional change in lattice parameter normal to the surface (e,,) is given as:

€2z = ~-D x €xzs (241)

where D is dependent on the elastic constants C4q, Cio, and Cyy, as well as the
orientation of the strain. For biaxial strain in the plane perpendicular to the [100]

direction, this is given as:

Cin

D' =212,
Cll

(2.42)

The band gap energy FE, brought about by the fractional volume change % =

€zz + €yy + €2, can then be calculated from:

AQ
Eg = ES + (JLQF7 (243)

where Eg is the unstrained band gap and a4 is the deformation potential of the

Germanium Tin for Use in Semimetal 48 Conor O’Donnell
Electronics



2. METHODOLOGY 2.5 Alloy strain

gap-.

The second component, the valence band splitting, is caused by the out of plane
relaxation and the spin orbit splitting, resulting in the heavy hole (HH), light
hole (LH), and spin split off bands shifting relative to each other. The HH and
LH bands are marked as I'y and the spin split off band is marked as I'7 on
fig. in chapter . For biaxial strain along the (100) plane, the HH splitting
(AE, ), the LH splitting (AE, 1), and spin split off splitting (AE, 3), relative
to the unstrained LH and HH bands in terms of the deformation potentials, can
be obtained from diagonalizing the 8 band k - p Hamiltonian matrix for k =

0 [61,/62] and are given as:

1
AE, = —§5E100, (2.44)
1.1 1 9 .
AEv,l = —éAo + Z(SEloo + §[AO + Ao(SEloQ + Z_l((SElOO) ]2, (245)
1.1 1, 9 b1
AE%g = —§A0 + ZéElOO - §[A0 + AO(SElOO + Z((SENO) ]2 . (246)

where b is the uniaxial deformation potential, Ay is the spin orbit splitting pa-

rameter, and 0 Fgg is given as:

(5E100 = 2b(6zz - sz). (247)

The above equations return values of 0, 0 and -4 for AE, 5, AE, 1, and AE, 3
respectively for a zero strain system. By observing which of these band expe-
riences the greatest upwards shift in energy and combining this with the value
obtained from the volume deformation, the effects of epitaxial strain on the band

gap can be estimated.

Elastic constant bowing parameters obtained from SQS calculations are employed

to produce predictions of how the "indirect" and "direct" band gap would behave
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were there no band mixing in the electronic structure. For an alloy, the uniaxial
deformation potentials (b) are approximated by linear interpolation. This has
been shown to be a good approximation for SiGe alloys [63/64]. a, for the energy
separation of the I';- I'y derived states is obtained via fitting of the DPT band
gap values to those calculated within DFT for strained SQS cells. The fitted
value is compared to a4 as calculated from a linear interpolation between the
pure o-Sn and Ge value. By analysing the fitted a4, conclusions can be drawn
for the behaviour of the band gap under strain and how it is affected by band
hybridization. Deformation potential theory is also used in later chapters to con-
struct a model for the prediction of the band gap of epitaxially strained Ge;_,Sny

across the full alloy composition range.
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Chapter 3

Elemental germanium and tin

crystals

3.1 Introduction

To study the electronic and thermodynamic properties of Ge;_,Sn, alloys, the
constituent components of the alloy must first be analysed. The structural and
electronic parameters of the pure crystals are of interest as they give a reference
point relative to the behaviour of the alloy systems. An alloy is expected to act
somewhat intermediary to the two components, though properties do not always
interpolate linearly between the properties of the alloy’s elemental constituents.
An example of this is when bowing is present for the band gap energy as a
function of alloy composition. Germanium (Ge) and tin (Sn) are well studied
experimentally, and this allows for a direct comparison to parameters calculated
in this work. This allows for a preliminary assessment of the methodologies used

in analysing the Ge;_,Sn, alloy to be considered in later chapters.

Density functional theory (DFT) with the local density approximation (LDA),

as presented in chapter [2, is employed to obtain the structural properties and
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relaxed atomic coordinates for determination of geometries for the simulation
cells. The LDA calculations allow the lattice parameters and elastic constants
of the materials to be obtained. The critical thicknesses of the materials are
then calculated from these parameters, which give an estimation of the reachable
thicknesses of films in the presence of external strain. The modified Becke Johnson
(MBJ) meta-GGA functional is implemented for electronic structure calculations
using the DFT/LDA relaxed cells, allowing for the extraction of band gaps and
effective masses. By applying strain to the simulation cells, the deformation

potentials can also be extracted from the band structures.

The band gaps, deformation potentials, and elastic constants are then combined
using deformation potential theory (DPT), which allows for a prediction of how
the band gaps of the materials will behave under strain. This allows for a com-
parison to the DFT/LDA results, which can be obtained from simple calculations
on the primitive cells. DPT is also utilized in later chapters to investigate the

effect of band mixing on the alloy and structures.

Sections of this chapter have been submitted for publication [1] or have been

published [2].

3.2 Structural properties

3.2.1 Computational details

DFT, as described in chapter [2, within the usual Kohn-Sham framework is em-
ployed in an implementation using norm-conserving pseudopotentials and linear
combination of numerical atomic orbitals (NAO) basis sets [3-7] for the deter-
mination of simulation cell geometries. For germanium, a s4p4d3f2 basis set is

employed, where the notation indicates the number of s;p,d and f type orbitals
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centered about atoms of a given species. The pseudopotential includes the four
4¢?, and 4p? valence electrons. For tin, a s2p3d3f2 basis set is utilized, includ-
ing the fourteen 4d'°, 5s2, and 5p? electrons. Brillouin zone integrations are
performed over a grid generated according to the Monkhorst-Pack [8] scheme,
maintaining a density of at least 7 k—points/Afl, whilst real-space quantities are
discretized on a grid with a corresponding energy cut-off of at least 100 Hartree.
The convergences of these parmeters as calculated from the primitive cells of Ge
and a-Sn are shown in fig. 3.1} The LDA presented in chapter 2] was employed for
the exchange-correlation potential in all geometry optimisation calculations [9).
This method is shown to accurately calculate the structural properties of both
germanium and tin, and these are compared to experimental values in the fol-
lowing sections. Including spin-orbit interactions in our simulations was found
to have a negligible effect on the geometry for these systems, consistent with
the findings of another recent study on these materials [10], and has thus been
neglected for structural relaxations. Structural relaxations are performed on all
simulated structures until forces acting on atoms are below 5x 102 eV /A and all

stress tensor elements are below 0.1 GPa.

Germanium Tin for Use in Semimetal 61 Conor O’Donnell
Electronics



3. ELEMENTAL GERMANIUM AND TIN

CRYSTALS 3.2 Structural properties
(a) Ge

—~ 0.010 - -
% T 0.000
55 0.005 - %
O (D)
= 5 —0.005 -

0.000

10 20 0 100
k-point grid density Cut-off (Hartree)
(b) a—Sn

0.010
. . 0.000 A
= >
L L
> 0.005 1 >
% 55 —0.005 -
O O
= =
€2 £

LU == —0.010 .

10 20 0 100
k-point grid density Cut-off (Hartree)

Figure 3.1: Convergences of the k-point grid density and energy cut-off for the
primitive cell of (a) germanium and (b)a-tin. The zero of each graph is the
converged value that has been employed in the calculations.

3.2.2 Lattice parameters and elastic constants

The lattice constant of a material is a fundamental parameter when analyzing
structural and electronic properties. The LDA has been shown to slightly under-

estimate the lattice parameter of materials relative to other functionals (such as
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the generalized gradient approximation), which tend to overestimate lattice pa-
rameters [11]. The lattice constants of tin and germanium’s diamond structures
that have been computed within the LDA approach are shown in table These
equilibrium lattice parameters show agreement with previous calculations in the
literature, as well as agreeing with experimentally reported values to within 1%.
The lattice constant is one of the fundamental properties of crystalline materials,
and its accurate determination is required for predicting subsequent electronic,

mechanical and, thermodynamic properties.

Table 3.1: Calculated equilibrium lattice constants (ag); c11, ¢12, and cyq elas-
tic constants; and bulk moduli (By) of germanium and a-tin, as calculated in
the DFT/LDA model, compared to previous theoretical calculations as well as
experimental values.

Ge This work Theory Experiment
(DFT/LDA)
ag (A) 5.64 5.646 [12] 5.657 [13]
cp (GPa)  122.96 122 [10], 142.5 [14] 128.53 [15], 128.9 [16]
c1p (GPa)l  49.75 47 [10], 58.5 [14] 48.25 [15], 48.3 [16]
cu (GPa)  60.83 86 [10], 58.7 [14] 66.8 [15],67.1 [16]
B, (GPa)|  74.15 72 [10], 86.5 [14] 75.8 [17], 75.01 [15]
Sn
ag (GPa)|  6.47 6.49 [12] 6.489 [18:19]
c1(GPa)|  68.27 68 [10], 72.53 [14]
c12(GPa)|  36.59 34 [10], 29.73 [14]
cuu(GPa)|  28.98 53 [10], 29.9 [14]
B, (GPa)|  47.16 45.33 [10], 44 [14] 42.5 - 53.1 [20,[21]

When straining a material, the elastic constants (C;;) paramaterize how a ma-
terial reacts to an applied strain. These are computed by analyzing the internal

stress vectors of two atom unit cells as external strains are applied in the form

Germanium Tin for Use in Semimetal 63 Conor O’Donnell
Electronics



3. ELEMENTAL GERMANIUM AND TIN
CRYSTALS 3.2 Structural properties

of slight deformations to the structures [6]. Results from these calculations are
presented in table The elastic constants calculated in this work are shown
to be in reasonable agreement with both previous theoretical work as well as

experimental measurements, as referenced within the table.

The bulk modulus (By) of a cubic material is related to the elastic constants by
By = (C11 +2C15) /3. The bulk modulus, also given in table , as computed for
germanium exhibits a deviation of less than 3% with respect to experimentally
reported values obtained via ultrasound. The bulk modulus of tin’s a phase,
is shown to lie within previously reported values obtained by fitting of neutron
scattering data. Both of the predicted bulk moduli calculated within this work

are consistent with previous theoretical work.

Structural parameters for both alloy components are thus reasonably represented
in our LDA approach. This is important as inaccurate elastic constants lead to
strain affecting the material in unrealistic ways, introducing error into the struc-
tures, and in turn, the electronic structures. Previous theoretical work has shown
that the alloy elastic constants are intermediary to those of the alloy compo-
nents, with some reporting non-negligible bowing [10},22]. In later chapters the
alloy elastic constants are calculated in a similar manner as the elemental compo-
nents, however special quasirandom structures (SQSs), as discussed in chapter ,

are used in place of two atom primitive cells.

3.2.3 Strain direction

In this work, the effects of strain are modelled by biaxially straining the 64
atom SQS cells and allowing out of plane relaxation. As the simulation cells are
periodic in all three directions, the application of this epitaxial strain is likened
to a thick strained layer grown on a substrate. The simulation cells are biaxially

strained to a substrate lattice parameter, and relaxation is allowed away from the
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surface. Surface effects are therefore ignored, implying relaxation of a thin film in
which the surface/substrate interface energies are small relative to the bulk-like

component of the film.

In order to determine along which crystallographic plane to simulate growth we

compute the epitazrial softening function of both germanium and tin as:

AEi(ag, )

Q(&Sa G) = AEbulk(aS) )

(3.1)

which is the ratio between the increase in energy due to biaxial strain as a re-
sult of epitaxial growth along a direction G on a substrate with lattice constant
ag, and the increase in energy due to hydrostatically straining to the substrate
lattice constant ag. This dimensionless parameter quantifies the degree of out-of-
plane relaxation exhibited by a material that is grown epitaxially; it is desirable
to minimize ¢(ag,G) (and thus AEPi(ag, G)) for a given substrate in order to
avoid or reduce dislocations and other strain-induced film/surface defects [23].
Figure [3.2 shows the epitaxial softening functions of germanium and tin as com-
puted with DFT. We exclude data about the equilibrium lattice parameters as in
a previous study [23]. This is done as the differences in energy between AEP(ag
and AEYk(qg) are too small, and as such the values for ¢(ag, G) contain a lot of
noise. The values for the epitaxial softening functions at zero strain are calculated

from harmonic continuum elasticity theory with the formula [23]:

B

Gharm (é) =1- )
Cll + A’Yharm(G)

(3.2)

where B and (7 are as before, respectively, the bulk modulus and the elastic con-
stant. The elastic anisotropy parameter, A = 044—%(011 -C12). Yharm( G ) is a geo-
metric function of the spherical angles formed by G and are given for the principle

growth directions as gaarm((100)) = 0, Grarm({110)) = 1 and guarm ((111)) = 3 [24].
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The open green circle in the figure are the epitaxial softening functions for the
(100) growth directions as calculated from continuum elastic theory (CET) using
eq. (2.40), eq. (2.41)), eq. (2.42) and eq. (2.36). This is done for only the (100)
growth direction as the off diagonal components of the strain tensor are not zero
in the (110) and (111) directions. Without knowledge of these the elastic en-
ergy cannot be calculated. The CET values obtained for the (100) do show good
agreement with the DFT data, particularly at low strains. However, they deviate

for high strains, due to anharmonic effects not captured by CET.

The (100) direction is observed to be the softest direction for both constituents
about their equilibrium lattice constants. This conclusion is retained at all com-
positions if the alloy epitaxial softening function is estimated as a weighted sum
of the elemental softening functions. This suggests that (100)-oriented films will
tend to minimise internal strain energy, and thus structural defects for epitaxially
coherent Ge;_,Sn, films, and is consistent with at least one experimental analy-
sis [25]. However, it is of note that in this study the strain relaxation values were
calculated at different compositions for different film orientations, and as such it

is difficult to compare between orientations.
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Figure 3.2: Epitaxial softening functions for (a) Ge with an equilibrium lattice
constant (aj) of 5.64 A, and (b) Sn with an aj, of 6.47 A, as computed employ-
ing DFT simulations. The empty green circles indicate the epitaxial softening
functions obtained through CET for the 100 direction.

3.2.4 Strain induced growth limitations

The calculated lattice parameters and elastic constants can be used in a critical
thickness model [26] to estimate the thickness limit of a material. The critical
thickness of a film is the thickness above which dislocations induced by the ap-
plied epitaxial strain are energetically preferred to a crystalline structure [26],
as described in section [2.5.1] If strain is to be employed in the fabrication of
semimetallic Ge;_,Sn, alloys, this can be an important factor. If the critical

thickness is below the thickness at which quantum confinement begins to take
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effect, then a semimetallic structure cannot be fabricated without dislocations
present. Films with thicknesses below the critical thickness would have confine-

ment induced band gaps.

The critical thicknesses for Ge and a-Sn are presented in Fig. 3.3 as a func-
tion of lattice parameter. When strained, tin allows for slightly larger reachable
thicknesses than germanium due to softer elastic constants. This results in a
marginally broader peak on the critical thickness graph. Care must be taken
when considering what magnitudes of strain to apply, as the achievable thickness
reduces drastically as small amounts of strain are added; a 1% strain on these
materials leads to a critical thickness of between 23 nm and 27 nm. This does not
allow for large magnitudes of strain to be used in the fabrication of semimetallic
films, as sufficiently large strains would lower the critical thickness to a point
where only structures which have band gaps induced by quantum confinement

could be fabricated.

=~
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)
]
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Figure 3.3: Critical thicknesses of Ge (ag = 5.64 A) and a-Sn (ap = 6.47 A) as a
function of substrate lattice parameter.
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3.3 Electronic properties

In this section the electronic properties of the pure alloy constituents are as-
sessed. Of particular interest are their band gaps, which are calculated within
the DFT/mBJ method described in chapter 2| and used in later chapters to cal-
culate alloy band gaps. As well as examining band gaps, parameters such as the
deformation potentials and the effective masses are also calculated and compared
to experimental and previous theoretical studies. These allow for estimates as to
how the band gaps of the materials behave when strain and confinement, respec-
tively, are introduced. The deformation potentials are used within deformation
potential theory as a means of estimating the effect of strain on the band gap of
Ge and a-Sn. The effective masses provide a way of estimating the shifts of the
bands as the material is confined, however this is dependent on the quality of the

effective masses extracted from the band structures.

3.3.1 Computational Details

DFT is also used to study the electronic properties of Ge;_,Sny alloys. The cells
used are those that were relaxed in the previous section, however, mBJ meta-
GGA [27] is employed when calculating the electronic structure of the alloys. The
same cutoffs and pseudopotentials as used in the LDA calculations for structure
determination are applied to these band structure calculations, however spin-
orbit interactions are included. The c-parameter for the meta-GGA functional
employed in these simulations has been determined to be cg.=1.1 for Ge, and
csn=1.225 for a-tin, as the results in the following section indicate that these

accurately reproduce the electronic band structure of these materials.
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3.3.2 Electronic structures

Figure[3.4]shows the calculated electronic band structure of germanium and a-tin
as calculated within the meta-GGA approach. The predicted germanium band
structure displays energy separations between the I'y state and the L and I'7
states that show good agreement with the indicated experimental results [28§].
The calculated a-tin band structure exhibits a I'; and I'§ separation, referred to
as the negative gap, between the values obtained from experiment [29,[30]. The
energy differences of both materials show good agreement compared with both
previously calculated energy differences, as well as experimental results, presented

in table 3.2
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Figure 3.4: Band structures of (a) germanium and (b) a-tin, calculated within
the meta-GGA/DFT model. Experimental results are indicated with blue [28§],
green [29], and red [30] bars.

Table 3.2: Calculated I'; - I'j and L - I's, energy differences of Ge and the I'7 -
I’} energy difference of a-Sn. All values are in units of eV.

Ge this work theory experiment
Ir;-Tg 0.89 0.879 [31], 0.892 [32] 0.898 [28]
L-Tg, 0.784 0.71 [31], 0.744 [32] 0.744 [28]
Sn
- -T¢ -0.589 -0.39 [31], —0.408 [32] -0.413 [30], -0.634 [29]7
-0.64 [33]
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3.3.3 Confinement effects on the band gap

As explained in chapter [I} confinement effects allow for an opening of the band
gap in semimetallic materials. It is important to understand how the bands shift
as a result of confinement in order to understand which bulk alloy compositions

are suited for use in semimetallic electronic device designs.

The magnitude of the shift of an energy level can be estimated from the effective
mass. By likening the system to a quantum well, the energy of the confined band
can be estimated as:

(3.3)

where m* is the effective mass and k = 5, where [ is the width of the well, or in

this case, the thickness of the structure [34].

The effective masses can be obtained by fitting the band minimum or maximum

to a parabola and solving the equation [35]:

(3.4)

2E71?
]

mx = h? [
The effective masses obtained from the mBJ band structures are presented in
table [3.3]  While the germanium effective masses show good agreement with
previously calculated mBJ effective masses, they are not as accurate as many
of the HSE hybrid calculations when compared to experiment. This is to be
expected, as mBJ meta-GGA has previously been shown to exhibit as much as
20% error when calculating effective masses on III-V semiconductors [36]. The
a-tin effective masses show a large deviation from experiment, which is likely
due to the complicated band structure exhibited by the material, displaying a
so-called "inverted band structure' caused by the I'7 state being lower in energy
than the I'{ states, causing the light electron (LE) band to change direction of
curvature [29,137,138]. The complexity of the a-tin band structure indicates that
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a simple approximation, such as the one given in eq. (3.3)), is not sufficient to

predict the shifts of the bands as a result of confinement.

While this model is not sufficient for predicting the band structure of alloy com-
positions where the I'7 is lower in energy than the I'{ states, it does help illustrate
how the band gap evolves at low thicknesses. This is illustrated in fig. for
a theoretical material that in bulk has a zero band gap, but has the m*[I'};]
and m*[I'7] of pure germanium. This shows that as the thickness of the film
decreases below 5 nm, the band gap increases rapidly, which has also previously

been shown for a-tin nanowires [39].

However, Ge;_,Sn, alloys are not expected to have these Ge like effective masses
over the full composition range, as the addition of Sn changes the band structure.
From the four band k-p model with zero spin orbit splitting, it can be observed
that m*[I'#] varies approximately linearly with band gap [40]. As the addition of
Sn reduces the band gap of the alloy, so too will the effective masses be reduced.
As such, at narrower band gaps, m*[I'f] will be lower than that of pure Ge,
leading to confinement having a magnified effect on these alloys. As such, for
zero band gap Ge;_Sny alloys, it would be expected that a band gap would open

up at larger thicknesses compared to the example given in fig. [3.5
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Figure 3.5: Band gap vs thickness for a theoretical material that has the m*[I'%;,;]
and m*[I'7] of pure Germanium and a zero band gap as calculated using eq. (3.3).

However, to gain a detailed understanding of how confinement affects the more
complex band structure of a-tin, ab initio calculations are required. Of particular
interest is the I'; state. Calculations of Sn nanocrystals have shown that this
state increases in energy as the material is confined |41]. This has been further
confirmed through calculation of an orbital resolved band structure for a hydrogen
terminated a-tin film. This film is displayed in fig. [3.6) which represents a twelve
atom simulation cell periodic in the x- and y-directions (with the z-direction

normal to the surface).
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Figure 3.6: 1.3 nm thick, thin film, confined in the [001] direction. The white
atoms represent hydrogen, and the blue atoms represent tin.

The projected density of states (PDOS) of this film is presented in fig. This
demonstrates the conduction band in the film comprising of mainly s-type states,
associated with the I'7 state in group IV materials, including o-tin . The
valence band displays none of this character, indicating that the I'; state has

risen in energy.
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Figure 3.7: Orbital resolved band structure of a 1.3 nm thick, hydrogen termi-
nated a-tin thin film, confined in the [001] direction.
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The magnitude of the shift of the I'; state is of course dependent on direction
and magnitude of confinement [34]. It is possible through confinement in other
directions that this state remains part of the valence band. However, as shown in
fig.[3.7], it can play an important factor in deciding the band gap of confined struc-
tures, and as such, should be taken into account when analyzing the electronic

structures of alloys for use in semimetallic devices.

Germanium Tin for Use in Semimetal 76 Conor O’Donnell
Electronics



3. ELEMENTAL GERMANIUM AND TIN

CRYSTALS

3.8 FElectronic properties

Table 3.3: Calculated effective masses (m*); deformation potentials of the I'; - I'}
energy difference (argifs); the L - I's, gap (arairs); and the splitting parameters
of the valence band due to uniaxial strain, shear strain, and spin-orbit effects (b,
d, and Aq respectively) of the Ge and a-Sn band structures. All effective masses
are given in units of the electron rest mass (m,), and all other are given in units
of electron volt (eV).

Ge This work Theory Experiment
(DFT/LDA)

m*[I';] 0.056 0.034, 0.047 [43] 0.037 [44]
m* [Ty ] 0.226 0.203, 0.233 [43] 0.28 [44]
m* [T ] 0.058 0.043, 0.059 [43] 0.0438 [44]

m*[T'}] 0.096 0.097, 0.122 [43] 0.095 [44]

ardgif s -9.54 -8.6 [44]

Ldif f -3.36 -2.78 [45]

b -2.78 -2.66 [33], -2.16 [46] -2.2 [44]
d -5.95 6.06 [46]

Ag 0.28 0.27 [43], 0.3 [33] 0.296 [44]
Sn

m*[T-] 0.032 0.058 [44]
m* [T ] 0.508 0.21 [44]
m* [ ] 0.074 0.0233 [44]

m*[T#] 0.033 0.041 [44]

ardgify -6.68 -9.1 [44], -6.97 [47]
Ldiff -1.53
b -2.39 -2.31 [33]
d -5.23 4.1 [48]
Ao 0.68 0.8 [33] 0.8 [29]
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3.3.4 Predicting band shifts due to strain

Strain offers, in addition to quantum confinement, another parameter which can
be used to adjust band gap energies. The deformation potentials allow for an
efficient way of estimating how the electronic band structure of a material acts
under small strains. These are extracted from DFT, by applying strains of 1%
and -1% to the materials and measuring the energy shifts for idividual energy
bands. Hydrostatic strains allows for the extraction of the a deformation po-
tentials, while uniaxial and sheer strains allow for the extraction of b and d,
respectively. The deformation potentials calculated within the meta-GGA XC
functional are presented in table [3.3] Where possible in Table [3.3] the results
of our DFT calculations are compared to experimental measurements. Our TB-
mBJ-calculated direct and indirect band gaps are in good quantitative agreement
with previous calculations and with low-temperature experimental measurements.
For the hydrostatic, axial and shear deformation potentials, little experimental
data are available. Here, to evaluate the accuracy of our calculated hydrostatic
deformation potentials a4, it is noted that the corresponding measurable band gap
pressure coefficient % is given by % = —%‘(’) [47]. Using the values from table
and table , % =12.87 and 4.53 meV kbar~! are computed respectively for the
pressure coefficients associated with the direct I'>-I'; and indirect (fundamental)
Lg-I'f band gaps of Ge. These values are in excellent quantitative agreement with
the quoted values of 12.9 and 4.3 meV kbar~! for Ge [49], as well as with previous
experimental measurements [50-52] and theoretical calculations [47]. To apply

the deformation potentials to the calculation of band gaps under strain, DPT is

applied [45] as described in section [2.5.2]

The results of the DPT calculations are summarised in fig. [3.8(a) and [B.§(b),
respectively. In each case, closed green circles show the TB-mBJ DFT-calculated

direct I'7-I'{ energy gap, calculated as a function of in-plane strain €,,, with in-
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plane strain values < 0 (> 0) corresponding to compressive (tensile) strain. Closed
red circles in fig. [3.8(a) and fig. |3.§|(b) show the TB-mBJ DFT-calculated indirect
L{-I'y energy gap. The green and red lines in fig. [3.8(a) and fig. [3.8|(b), respec-
tively, show the corresponding energy gaps calculated by DPT as described in
section [2.5.2] using the parameters listed in tables B.1][3.2] and Solid and
dashed lines respectively show the band gaps calculated with respect to HH- and
LH-like I'} VB states, where Eyy > Erp for €,, < 0 (and vice versa), so that solid
(dashed) lines represent the direct I'; and indirect L band gaps involving HH-
(LH-) like I'} VB edge states in the compressive (tensile) strained regime. Closed
blue triangles in fig. |3.8|(a) show experimental measurements of the direct band
gap of tensile-strained Ge epitaxial layers. [53] Then, good quantative agreement
is noted in fig. [3.8(a) and fig. [3.8(b) between the full DFT and deformation po-
tential theory calculations, reflecting the accuracy of our DFT-calculated elastic
constants and deformation potentials. The increased deviation between the DFT-
calculated and deformation potential theory results at high compressive strain in
Ge is attributed to increasing non-linear strain contributions, which are not cap-
tured by DPT. The experimental measurements of the Ge direct band gap of
Ref. [53] were performed at room temperature. In order to compare these data to
our zero-temperature DFT calculations, the experimental data are rigidly shifted
so that the measured and calculated direct band gaps coincide at zero strain.
Good quantitative agreement is observed between theory and experiment, with
our DFT-based deformation potential theory calculations quantitatively describ-

ing the tensile strain-induced reduction of the direct band gap.

Beginning with Ge, our calculations predict that pseudomorphic tensile strain
can produce an indirect L§-I'g to direct I'7-I'§ band gap transition, highlighted
by the crossing of the dashed red and green lines in fig. 3.8 for in-plane tensile
strain €., ~ 1.4%. This transition is mostly driven by a downward shift of the
I'Z zone-centre CB edge energy due to the hydrostatic component of the pseudo-
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morphic tensile strain, with an upward shift in energy of the LH-like I'j VB edge
states due to the biaxial component of the pseudomorphic tensile strain further
reducing the band gap. This is in line with previous predictions [12}54,55] of
an indirect- to direct-gap transition for €., ~ 1.5% and 1.9%. For larger tensile
strains, further narrowing of the direct band gap is observed, and it is expected
that a semiconducting to semimetallic transition can be achieved for tensile strain
€zz # 4.4%. Under compressive strain an increase (decrease) of the direct I'--I'}
(indirect L-I'Y) band gap is computed. Here, emphasis is placed on the fact that
Ge under applied pseudomorphic strain is considered. Under purely hydrostatic
applied compression it would be expected that both the direct and indirect band
gaps increase in magnitude, as reflected by the negative values of the associated
band gap hydrostatic deformation potentials (cf. table. Here, under compres-
sive pseudomorphic strain, the upward energy shift of the HH-like I'; VB edge
states is faster than the upward energy shift of the L CB edge states, leading to

a net reduction of the indirect band gap.

Considering our calculated results for a-Sn in fig. |3.8(b), qualitatively similar
behaviour is observed, as well as good quantitative agreement between the TB-
mBJ DFT and deformation potential theory-calculated strain-dependent band
gaps. However, while it would be expected that it should be possible to open
up the inverted (negative) I'>-I'} energy gap under applied hydrostatic pressure,
the splitting of the HH- and LH-like I'{ states in the presence of pseudomorphic
strain prevents this. Specifically, it is observed that the biaxial component of
the pseudomorphic strain pushes the HH-like I'{ states higher in energy at a rate
which is approximately equal to the upward energy shift of the I'; states, due to
the hydrostatic component of the strain. As such, the computed inverted direct
band gap in fig. [3.8(b) remains approximately constant as a function of com-
pressive in-plane strain (closed green circles and solid green line). Therefore, our
TB-mBJ DFT calculations suggest that while it is in principle possible to drive a
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semiconducting to semimetallic transition in highly tensile strained pseudomor-
phic Ge, it is not possible to achieve a semimetallic to semiconducting transition

at realistic strains in pseudomorphic a-Sn bulk-like epitaxial layers.

(a) [001] pseudomorphic Ge
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Figure 3.8: (a) meta-GGA DFT-calculated indirect (fundamental L§-I'g; closed
red circles) and direct (I';-I'y; closed green circles) band gaps, as a function of
in-plane strain (lattice mismatch), €,, = “>*, in pseudomorphically strained Ge.
Solid and dashed lines represent band gaps calculated via deformation potential
theory, as described in section [2.5.2|in conjunction with the data of tables 3.2,
and Solid (dashed) green lines indicate the direct band gap between I'- CB
and HH- (LH-) like I'} VB states. Solid (dashed) red lines indicate the indirect
band gap between L CB and HH- (LH-) like I'; VB states. Closed blue triangles
denote room-temperature experimental measurements [53]. (b) Same data as (a),
calculated for a-Sn.
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3.4 Conclusions

In this chapter, DFT-LDA calculations are performed on unit cells of elemen-
tal germanium and a-Sn for geometry optimisation as well as to obtain lattice
parameters and elastic constants. These parameters show good agreement with
previous theoretical and experimental values. By applying the structural prop-
erties to the critical thickness model, growth limits are calculated, with a 1%
strain lowering the achievable thicknesses to approximately between 24 nm and
27 nm for both materials in the (100) direction. This is found to minimise in-
ternal strain energy brought about by biaxial strain through calculation of the

epitaxial softening functions of the two materials.

The electronic properties are also shown to be in agreement with previous work,
and as such verify the meta-GGA approach in calculating the electronic properties
for these materials. By combining the structural and electronic properties using
DPT, a computationally efficient model is achieved which can predict how the
bands of germanium and a-tin behave under strain. This has been shown to

agree with the meta-GGA calculations of the band gap at strains as high as 4%.

DFT calculations indicate that the I'; - I'{ energy difference of bulk a-tin can
be an important factor in the resultant band gap when the material is confined.
DPT and DFT demonstrate that this energy difference is mostly unaffected by
compressive strain and increased by tensile strain. As a-tin’s stability relative to
[-tin has been shown to increase as a function of cell volume [56], tensile strain
offers a means of increasing the I'; - I'§ overlap in bulk a-tin, therefore decreasing
the band gap in confined structures, dependent on confinement direction. In
section it will be shown that small amounts of Ge have little impact on the
negative band gap of relaxed bulk a-Sn. As such the required tensile strain could
be applied by adding small amounts of Ge to an a-Sn film, such as InSb or CdTe,

as has already been shown to improve the thermal stability of a-Sn [18] The
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addition of the Ge would not alter the negative band gap directly, but the strain
induced by the addition of the Ge into the Sn film grown on a substrate lattice

matched to Sn would apply tensile strain.

While DPT does predict a semiconductor-to-semimetallic transition in bulk ger-
manium at strains greater than 4%, the calculated critical thickness of such a film
would be less than ~3.8 nm. At this thickness band gaps on the order of mag-
nitude of electron volts are estimated to be induced through confinement. This

strongly suggests that semimetallic pure germanium cannot be readily fabricated.
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Chapter 4

Structural properties and
miscibility of strained and

unstrained Ge;_,Sny alloys

4.1 Introduction

Ge;_xSny alloys have a solid solubility limit of 1% tin in germanium [1], primarily
due to the large difference in their atomic radii (15%). However, non-equilibrium
growth techniques have been shown to enable larger incorporation of tin; signifi-
cant progress has been made in past decades towards fabricating germanium-tin
alloys by employing non-equilibrium epitaxial growth techniques, such as molec-
ular beam epitaxy (MBE) and chemical vapor deposition (CVD), allowing real-

ization of thin alloy films with thicknesses up to hundreds of nanometres [2-9)].

Fabrication of crystalline Ge;_,Sn, alloys in the range predicted to exhibit semimetal-
lic behaviour in bulk form has also been experimentally achieved. Recently, atom-
ically flat epitaxial films grown on Ge (100) with tin content as high as x = 0.46

were reported in the literature [10]. However, in this study, the high levels of
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compressive strain resulting from the incorporation of such high tin content into
films epitaxially strained to germanium substrates resulted in maximum crys-
talline film thicknesses of 3 nm. Such a low thickness might not be suitable for a
device relying on semimetallic behaviour, as quantum confinement could open a
band gap, depending on surface termination [11]. In contrast, the use of lattice-
matched substrates has been reported to allow growth of alloys with compositions
of 0.26 <x <0.99, and even stabilization of pure a-tin films with thicknesses in
excess of 100 nm [2,|12-16]. As the semiconducting to semimetallic transition
is predicted to occur at approximately 20% tin [17,[18], the reduction of strain
associated with growth on lattice-matched substrates should allow fabrication of
semimetallic Ge;_,Sn, with thicknesses on the order of hundreds of nanometers,

well above the length scales required for semimetal structures.

The aim of this chapter is to investigate the structural properties and thermody-
namic stability of bulk and epitaxial Ge;_,Sn, alloys in order to explore relative
stability across the full alloy composition range. This allows us to devise strategies
for maximizing the miscibility of Ge;_,Sn, as well as the thicknesses of Ge;_,Sny

films.

Sections of this chapter have been submitted for publication [19] or are published

[20].

4.2 Computational details

Density functional theory (DFT) calculations are employed to obtain the param-
eters associated with alloy miscibility and stability, such as lattice parameters,
elastic constants, and the alloy interaction energies described in section 2.4, As in
the last chapter, a s4p4d3f2 basis set is employed for germanium and a s2p3d3f2

basis set is used for tin. Brillouin zone integrations are performed over a grid
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generated according to the Monkhorst-Pack [21] scheme, maintaining a density
of at least 7 k—points/A‘l, and real-space quantities are discretised on a grid
with an energy cut-off of at least 100 Ha. Spin orbit interactions are, as previ-
ously stated, not included in these calculations, although all alloy electronic band

structure calculations reported in this thesis include spin orbit coupling.

Minimisation of the total energy with respect to ionic positions and periodic cell
dimensions (geometry optimisation) is performed on all supercells to determine
relaxed geometries, which are defined as having a maximum force acting on an
atom less than a threshold of |5 x 10-2eV/A |, and with all elements of the corre-

sponding stress tensors less than 0.1 GPa.

Special quasirandom structures (SQSs), as described in section , are imple-
mented to mimic the site correlation functions of random alloys [22,23]. A set of
64-atom cubic SQSs (2 x 2 x 2 simple cubic) have been generated stochastically
using a simulated annealing procedure [24]. The dimensions of generated SQS
allow targeting the site-site correlations of clusters found to be most relevant by

the cluster expansion formalism, as will be seen in section [4.4.1]

The Bragg-Williams (BW) model, discussed in section 2.4.1] is used as a first
approximation to estimate the Helmhotz free energy. To determine the nearest
neighbour interactions in the BW model, energies for the homonuclear bonds
Ge-Ge and Sn-Sn are obtained from the DFT total energies for relaxed diamond
cells and for isolated Ge and Sn atoms, respectively. For the heteronuclear bond
energy, a DF'T total energy calculation is performed for a fictitious zinc-blende
germanium tin alloy and taking the aforementioned isolated atom simulations as

reference energies.

The most severe limitations inherent to the BW model can be overcome by in-
cluding interactions beyond nearest neighbours through the cluster expansion

(CE) formalism, as described in section 2.4.2, In order to define an optimal set
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of clusters to include when building the CE for the germanium tin alloys, a set of
47 crystalline test structures with a maximum of 8 atoms per supercell are gener-
ated following an algorithm designed to maximise the predictive power of the fit
whilst minimising the computational effort of the required first principles calcu-
lations |25]. The total energies for the test structures are used to extract the ECI
coefficients for two atom clusters with a maximum range of 1 nm and for three
atom clusters with a maximum range of 0.52 nm. The selection of clusters to
include in the CE applies a statistical measure relying on a cross-validation score
and variance minimisation techniques to reproduce the supercell energies for the
test structures [26]. The resulting cross validation score is 5 meV /atom, which is

comparable to the error expected from the DFT energies used to determine the

ECI values.

The temperature dependence of the free energy requires determination of the con-
figurational, electronic, and vibrational contributions to the entropy. The con-
figurational entropy is estimated in a first approximation by enumerating unique
atomic configurations for a random alloy at each composition, as detailed in sec-
tion [2.4.1 The models employed for electronic and vibrational contributions to
the free energy are outlined in section [2.4.3] The electronic band calculations
employed for calculation of the electronic contributions are performed with the
previously mentioned 64 atom SQSs. These cells are also used for estimating the

vibrational contributions to the free energy.

Two cluster expansions are defined: the cluster expansion of the configurational
energy from a set of 47 crystalline cells as described previously, and a second ex-
pansion for the temperature-dependent vibrational contributions to free energy
computed from 64-atom SQS. These two expansions can then be merged to pro-
duce a set of temperature dependent ECI (TECI). In section [4.4.3] it will be shown

that the electronic contributions to the free energy are negligible, and as such are
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ignored. Once the TECI are determined, they can be implemented in semi-grand
canonical ensemble Monte Carlo simulations, described in section [2.4.4] to calcu-
late a phase diagram. Configurational entropy contributions are readily included
in the MC method as the simulation samples accessible configurations at a given
temperature. Supercells based on a face-centred cubic primitive cell (84 x 84 x 84)
and with a corresponding lattice constant of 26 nm and 1,185,408 atomic sites
are employed for an improved description of long-range order and ensemble aver-
ages. The number of equilibration passes and the averaging passes are determined

based on a target precision of one part in a thousand for the atomic composition

of the phase.

4.3 Structural and elastic properties of bulk (Ge;_,Sn,

4.3.1 Lattice constant bowing

Many of the structural and elastic properties of the a-tin and germanium mate-
rials have been presented in the previous chapter. It is next investigated how the
structural and elastic properties change over the alloy composition range 0 < x < 1.

This serves to verify the SQS plus DFT approach to calculating alloy properties.

To do this, the lattice constants and elastic constants from 64 atom SQSs across

the composition range are fitted to:
P (x) = pe(1 - x) + p™x + b(p)x(1 - x), (4.1)

where pGe1-5nx(x) is the alloy property p at composition x, p&° is the property
for elemental germanium, pS* is the property for elemental a-Sn, and b(p) is the
bowing parameter. By fitting the data, it is then possible to generate continuous

values of the properties over the composition range, allowing for the use of these
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Figure 4.1: (a) Lattice constant of bulk 64 atom Ge;_,Sn, cells as a function
tin content (x), with the blue line (b) representing the fit to eq. (4.1). The
experimental value (c¢) and the theoretical value (d) from Beeler et al. [27] are
represented by the green and red lines respectively.

properties in models employed in later sections and chapters.

A small lattice constant bowing parameter of b(a) = 0.056 A is found, in agree-
ment with other values reported in recent theoretical and experimental works:
0.047A [27], -0.066A [27], 0.041A [3] and —-0.083A [17]. The data and fit to
eq. (4.1) are represented in fig. . It is of note that the experimental data gives
a bowing parameter of opposite sign to our theoretical calculations, however this
could be as a result of compressive strain from the Si substrate on which the alloy
was grown. These results lend credence to the SQS plus DF'T approach, verifying
that the cells reproduce one of the most fundamental material properties for these

alloys.
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4.3.2 Bond length analysis

Another method of verifying the SQS plus DFT approach is by analysing the
bond lengths within the relaxed cells and comparing these to previously obtained
theoretical and experimental results [28,29]. The difference in atomic radii be-
tween the two alloy components results in the atomic positions in the relaxed
SQS cells to exhibit a maximum root-mean-square deviation from ideal lattice

sites of 0.157 nm at x =0.5.

The Ge-Sn bond lengths presented in fig. show good agreement with those
obtained from previous studies. For previous DFT data obtained from cells of
x = 0.0625 , average bond lengths of 2.583 A and 2.584 A are obtained, using
the Heyd—Scuseria—Ernzerhof for solids (HSEsol) and local-density approxiation
(LDA) exchange-correlation functions, respectively [28]. The value obtained from
the corresponding SQSs in this work is 2.579 A, showing good agreement with
both of these previous models, deviating by less than 1% from the previous theo-
retical work. The previous study found that the standard deviation of the Ge-Ge
bond lengths at this composition to be 0.014 A, while in our calculations it was
found to be 0.0128 A, and the single Sn-Sn bond at this composition was found
in HSEsol to be 2.704 A, whereas our calculations show 2.706 A.

The experimental extended X-ray absorption fine structure (EXAFS) data [29)
on these bond lengths covers the 0.06 to 0.125 composition range and indicates
Ge-Sn bond lengths ranging between 2.585 A and 2.599 A(including only the
most strain relaxed films). The generated SQS cells within this range include the
x = 0.0625, 0.09375, and 0.125 compositions, and exhibit average Ge-Sn bond
lengths of 2.579 A, 2.584 A, and 2.591 A, respectively, deviating from the average
experimental bond lengths by less than 1%. Though the data does lie on the
smaller side of the experimental range, this is to be expected as the LDA has

been shown to cause an overestimation in binding energies, typically resulting in
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Figure 4.2: Bond lengths of 64 atom Ge;_,Sn, SQSs for (a) x = 0.0156, (b) x =
0.0625, and (c) x = 0.125. The bond lengths have been sorted into bins of width
0.01 A. The relaxed Ge-Ge bond length in germanium and the relaxed Sn-Sn
bond length in a- tin are found to be 2.45 A and 2.81 A respectively.
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smaller bond lengths [30].

The previous experimental and theoretical analysis has been performed for bond
lengths at stoichiometries of x < 0.125. Going beyond the previously studies at
low Sn compositions, fig. presents the bond lengths across the full composition
range of 0 <x <1 for the 64 atom SQS plus DFT/LDA model applied to fully
relaxed cells. As is to be expected, the bond lengths increase as tin is added to
the system, with the standard deviation increasing as x approaches 0.5, at which
point the atoms displace away from the ideal fcc lattice sites, thereby increasing
the deviation in bond lengths. This data ideally would be compared with EXAFS
data of high tin content random Ge;_,Sn, alloys, however, no such experimental

data exists currently in the literature.

4.3.3 Elastic properties of (Ge;_,Sn, alloys

As stated in the previous chapter, the elastic constants parameterise how the ma-
terial deforms with applied strain. While there are no experimental data for how
the elastic constants vary as a result of alloying, there are conflicting theoretical
studies [17,31]. One previous study reports that the bowing parameters of the
elastic constants are negligibly small [17], as calculated by DFT/LDA. However,
Bouarissa et al. [31] shows that the elastic constant bowing is not negligible, al-
though their calculations utilized the virtual crystal approximation (VCA). This
involves creating a small cell of atoms, the pseudopotentials of which consist of
a linear interpolation of the pseudopotentials of the alloy constituents, weighted

by the alloy stoichiometry.

The elastic constant bowing parameters are obtained with the SQS plus DFT/LDA
model and, in the same manner as the lattice constants, by fitting to eq. .
Non-negligible bowing parameters of: b(Cy1) = —40.875 GPa, b(Ci) = -4.824
GPa, and b(Cyy) = -30.408 GPa are obtained. The effects of the bowing pa-
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Figure 4.3: Average (a)Ge-Ge, (b) Ge-Sn, and (c¢) Sn-Sn bond lengths of 64 atom
Gej_xSny from the SQS plus DFT/LDA model across the full composition range.
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rameters are compared to linear interpolations in fig. [4.4, The negative bowing
parameters imply the material is softer relative to a linear interpolation, over the
composition range. Of note is the C;5 bowing parameter, which is shown to ex-
hibit a composition dependent bowing, which becomes linear at high Sn content.
The bowing parameters will be seen to be essential for predictions of the alloy
critical thicknesses as well as for use in deformation potential theory, which will
be applied in later chapters to predict alloy band gaps. Both of these methods

are described in chapter [2|

4.4 Miscibility of bulk Ge;_Sn,

4.4.1 Approximations to the formation energy

As discussed in chapter [2, the configurational dependence of a random alloy’s
energy across the composition range is required to analyse an alloy’s miscibility
through the generation of a phase diagram. However, generating such a dia-
gram requires knowledge of a sizeable number of large simulation cells. This is
computationally intractable using standard DFT methods. To circumvent this,
alternative models are used to calculate the formation energies of the simulation
cells. Two models are employed, the Bragg-Williams model and the cluster ex-
pansion formalism, as a means of estimating the free energy. The Bragg-Williams
(BW) model, as discussed in section , is used to gain an understanding of
the approximate behaviour of the alloy based on short range interactions, and
the cluster expansion (CE) formalism, described in section , is used to pro-
vide a more accurate but more complex method of estimating the formation
energy. Both of these models are compared to a small number of random SQS

plus DFT/LDA calculations in order to gauge their accuracy.
The BW model requires obtaining nearest-neighbour interaction energies. In or-
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Figure 4.4: (a) Cy3, (b) Cia, and (c) Cyy elastic constants obtained from Ge;_,Sny
64 atom SQS cells. Blue solid lines represents the fits to eq. (4.1]), and black
dashed lines indicate a linear interpolation.
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der to approximate these energies, the formation energy of germanium and tin’s
a phase, and an x = 0.5 alloy in a zincblende structure are found from DFT/LDA
calculations, and the atomic energies are subtracted. A drawback to this pa-
rameterisation is that the bonds present in the zincblende structure of Geg5Sng 5
are not representative of those found in a random alloy. However, this method
provides a starting point for analysis of the miscibility of the system. Values of
Vansn = —2.189 eV for the Sn-Sn bond, Vgege = —2.396 €V for the Ge-Ge bond, and
Vaesn = —2.281 €V for the Ge-Sn bond are found from these calculations. These
parameters can be used to estimate the relative binding energy (V'), described in

section 2.4.1], given as:

1
V= VGeSn - i(VGeGe + ‘/SnSn)- (42)

These interaction energies predict a positive relative binding energy Vigesn = 11
meV, indicating the alloy’s preference to segregate at zero temperature. The

internal energy E; is calculated from:

N
E = {{(1 — 3)VaeGe + XVansn + 2x(1 - x) V1, (4.3)

where x is the concentration of Sn atoms, z is the number of nearest neighbours
of each atom, and N is the total number of atoms. The formation energy (AH)
is given as:

AH = El - [(1 - X)EGe + XESH], (44)

where Eq. is the energy of a pure germanium cell and FEg, is the energy of a
pure a-tin cell. The formation energy over the composition range is depicted
in fig. and displays a positive formation energy at 0 K. However, when the
configurational entropy is taken into account, as temperature reaches 300 K the

miscibility gap vanishes, contrary to what is observed physically.
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Figure 4.5: Formation energy of Ge;_Sny per atom as calculated using BW model
at 0 K parameterized from two atom primitive cells.

Figure [4.6] shows the formation energy per atom of random alloys with respect
to spinodal decomposition across the concentration range, as predicted with the
Bragg-Williams model, a nearest neighbour CE parameterised using the same
cells as the BW model, a nearest neighbour cluster expansion as parameterised
using the 64 atom SQSs, and as directly computed from DFT/LDA energetics
for structurally optimized SQSs. Our BW model is observed to correctly predict
immiscibility, however it significantly underestimates the formation energy of
random alloys compared to results obtained with nearest neighbour CE fit to the
SQSs and energies extracted from the SQS plus DFT/LDA model. As the BW
model agrees, to within 1 meV, with the nearest neighbour CE fit to the same
cells, the poor representation of the formation energy is deduced to be as a result
of utilizing as few as three two atom simulation cells in obtaining the binding
energies. By fitting the nearest neighbour CE to the 64 atom SQSs, it is found

that it can reasonably reproduce the alloy formation energies, as long as it is fit to
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Figure 4.6: Formation energy of random Ge;_,Snyalloys at zero temperature as
calculated from (a) 64-atom SQSs as predicted by DFT simulations, (b) The BW
model, (c¢) a nearest neighbour cluster expansion fit to the same three structures
as the BW model, and (d) a nearest neighbour cluster expansion fit to the 64
atom SQSs.

a reasonable number of structures. This implies that the issue with the BW model
is not with the model itself, but with how the bonding energies are obtained. The
underestimation of the formation energy by the poor parameterisation over alloy

composition is the cause of the predicted miscibility at 300 K by the BW model.

A more accurate description of alloy energetics has been obtained by fitting the
energy of 47 crystalline structures with up to 8 atoms per cell to a cluster ex-
pansion including atomic pair interactions up to 1 nm apart, and atomic triplet
interactions with a range up to 0.52 nm. Figure [4.7(a) shows fitted values of
effective cluster interactions (ECIs), where ECIs are observed to decay rapidly
with cluster diameter, and number of sites in the cluster from approximately 20
meV /atom, for nearest-neighbour pairs, down to less than 5 meV /atom for longer
range pairs, and with even lower values associated to triplets included in the fit.

The signs of these ECI, particularly the nearest neighbour ECI, have been ob-
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served to flip depending on how many clusters are included in the fit, and which
structures are used in the fit. As such, it is important to note that a cluster’s
contribution to the formation energy of a structure is dependent not only on the
ECI but of the correlation function associated with that cluster. The CE cross-
validation score, a measure of its predictive power analogous to the root mean
square error [25], is 5 meV /atom, indicating a level of accuracy similar to that of
DFT simulations used in the construction of the fit. In accordance with observed
experimental behaviour and results from the BW model, CE results predict ger-
manium and tin to be immiscible at zero temperature as no ordered structures
were found to be energetically favourable with respect to segregation into each of
the pure components across the entire composition range, or spinodal decompo-
sition, reflected by the formation energies in fig. 4.7(b). It is of note that these
ordered structures have a much higher formation energy than those of the SQSs.
This is a reflection of our positive relative binding energy. As these small ordered
simulation contain more Ge-Sn bonds, their formation energies are much higher
than the SQSs, which contain a mixture of all three bond types, with like-like

bonds being the energetically preferred bond type.

Figure [4.8] shows the formation energy per atom of random alloys, with respect
to spinodal decomposition, across the concentration range as directly computed
from DFT/LDA energetics for structurally optimized SQS, as predicted by a CE
including triplet interactions applied to statistically random correlation functions,
as well as the same CE applied to the same quasi-random correlation functions
found within the SQSs. The higher accuracy and predictive power of the CE,
achieved including longer range and triplet interactions, is reflected by its signif-
icantly smaller deviations away from formation energies directly computed from
SQS plus DFT/LDA, where an RMS error of 2 meV /atom between both datasets
has been computed. The CE predicted formation energies for quasi-random struc-
tures with site correlations corresponding to those of the previously generated
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Figure 4.7: (a) Magnitude of effective cluster interactions (ECI) obtained in the
cluster expansion fit for bulk alloys and (b) predicted and directly computed
formation energies per atom for all structures included in the fit.

SQSs shows closer tracking of formation energies from SQS plus DFT/LDA calcu-
lations, especially around intermediate compositions where larger deviations are
found. This highlights the impact of the imposed periodicity on SQS energetics.
The inclusion of the triplet interactions also allows asymmetry in the formation
energy curve. This is forbidden in the BW model as the formation energy reduces
to AEeons = V[x(1 -x)], which is symmetric about x = 0.5. Asymmetry is also

forbidden in cluster expansions which only include two atom clusters. This is due
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Figure 4.8: Formation energy at zero temperature of (a) random alloys and (b)
quasi-random alloys as predicted by the cluster expansion; and (c¢) 64-atom SQSs
as predicted by DFT simulations.

to the formula describing the ideally random correlation functions (ﬁkm), given
as I, = (2x— 1), for a cluster with k vertices (lattice sites) and a range (maxi-
mum distance between two atoms) of m. This formula is always symmetrical for
even values of k. As such, at least triplet interactions must be included to allow

for asymmetry in the formation energy of a random alloy as predicted by the CE.

4.4.2 Decomposition of the formation energy

The asymmetry of the formation energy, visible in fig. is investigated by

decomposing the formation energy as calculated in DFT/LDA simulations as:
AH = ABEyp + B + §E™ (4.5)

where the volume deformation energy AFEy p corresponds to the energy required

to hydrostatically strain each of the constituents to the alloy’s equilibrium lattice
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parameter given as:

AFEyp = (1 -x)[Ece(age,_sny) — Eae(ace) ] + %[ Fsn(ace,_sn,) = Fanlasa)],

where E;(a;) is the energy for i= {Ge,Sn} at the equilibrium lattice constant a;
for j={Ge, Sn, Ge;_,Sny}. The chemical or spin-flip energy (§ ESS™) corresponds
to the energy gained when both components already constrained to the relaxed

alloy lattice parameter bond together to form the alloy, given as:

5E8h}%m = EGel,XSnx(aGel,xSnx) - [(1 - X)EGe(aGel,xSnx) + XESn(aGel,XSnx)]a

in the same notation as eq. (4.6)), with the atomic positions still at their ideal
lattice sites. The internal relaxation energy (JE™) from eq. (4.5)) is the energy

gained when atomic positions in the alloy are allowed to relax, given as:

GE™ = Ege,_,sn, (AGe, 1500 )| R = FGey_ySne (Ge; 50 )|UR,

where R and U R indicate whether the atomic positions are relaxed or constrained

to the ideal diamond lattice sites, respectively.

Figure [4.9] shows the dependence of each contribution as computed for 64-atom
SQS across the composition range, and table lists their magnitude at com-
positions x=0.25, x=0.50, and x=0.75. The large difference between the Ge and
Sn equilibrium lattice parameter results in the volume deformation energy domi-
nating and destabilising the alloys, and the marked asymmetry observed for this
quantity can be ascribed to the significant difference between the components’
bulk moduli; the volume expansion required to accommodate Sn into Ge-rich
alloys increases the formation energy significantly more than the correspond-
ing volume contraction associated with incorporation of Ge into Sn-rich alloys.

Contributions arising from chemical interactions between different atomic species
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Table 4.1: Formation energy (AH) decomposed into contributions listed in
eq. , the volume deformation energy AEy p, the chemical or spin-flip energy
(6EGe™), and the internal relazation energy (6E™), for bulk alloys with varying
composition as calculated from DFT/LDA simulations of bulk alloys employing
64 atom SQSs.

Composition AH AFEyp dEehem JEnt
(x) (meV /atom)
0.25 36 192 -88 -67
0.50 41 207 -90 -76
0.75 28 128 -52 -48
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Figure 4.9: Decomposition of the formation energy obtained from DFT/LDA
simulations of bulk alloys employing 64 atom SQSs.

and the relaxation of internal coordinates are of a similar magnitude and act to
stabilise the alloys, partially offsetting the effects of the volume deformations. Al-
though the magnitude of stabilising contributions correlates with the magnitude
of volume deformation energies, the asymmetry present in the latter dominates
formation energies and thus results in larger destabilisation for germanium-rich

alloys compared to tin-rich alloys.
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4.4.3 Finite temperature effects

The model is extended to finite temperatures by estimating the magnitude of
configurational, electronic, and vibrational entropy contributions to alloy free en-
ergy, as described in section 2.4.3] In order to verify the bond stiffness versus
bond length model employed to calculate vibrational contributions to the free en-
ergy in this work, we first present the phonon dispersions and phonon density of
states computed with the bond stiffness versus bond length model, compared to
experimental data. Figureshows the phonon dispersions for germanium (Ge)
and a-tin (@-Sn) as calculated using the model, with experimentally measured
frequencies at high symmetry points marked with blue circles. The general fea-
tures of phonon dispersions are reproduced reasonably well by the bond stiffness
versus bond length approximation. Although the frequency of optical phonons
at the Brillouin zone centre are reproduced within 5%, frequencies at some high
symmetry points exhibit deviations of up to 20% with respect to experimentally

measured values [32,33].

Figure depicts the frequency evolution of the Ge-Ge-like longitudinal optical
(LO) vibrational mode in Ge;_,Sn, alloys as a function of composition. Re-
sults obtained with the bond stiffness versus bond length model are compared
to Raman spectroscopy measurements from Ref. [35]; calculated frequencies de-
viate less than 3% from measured values, and a similar linear decrease in Ge-Ge
mode frequency is observed for increasing Sn composition. Figure [4.12 shows the
evolution of the phonon density of states with Sn composition; a general trend
whereby all peaks broaden and shift towards lower frequencies with increasing
Sn content is observed. However, these films from which the experimental data
were obtained are only partially relaxed, so this must be taken into considera-
tion when comparing the obtained bulk theoretical values and the experimental

data. In these experimental films it is likely that compressive strain increases as
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Figure 4.10: Phonon dispersions and phonon density of states for (a) Ge and (b)
a-Sn computed with the bond stiffness versus bond length model. Experimental
values for Ge [34] and a-Sn [33] are shown as blue circles.

Sn content increases. This would in turn increase the frequency of the Ge-Ge
longitudinal mode, and as such the slope of line (a) in fig. would be steeper

if these films were fully strain relaxed.

As can be seen from the analysis of the dispersions and the evolution of the
Ge-Ge LO mode as a function of Sn composition, the bond stiffness vs bond
length model correctly reproduces the main qualitative features of Ge, a-Sn,
and Gej_,Sn, reported in the literature. Even though accuracy is not enough
for detailed quantitative predictions, the model provides an adequate description
for identifying trends in the evolution of the vibrational properties of Ge;_,Sny

alloys.
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Figure 4.11: Frequency of Ge-Ge like longitudinal optical phonon modes in re-
laxed Ge;_Sny alloys as a function of Sn composition (a) computed from the
bond stiffness versus bond length model and (b) from Raman spectroscopy mea-
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Figure 4.13: The total free energy of mixing (AF’), the configurational free energy
(AF.ons), the difference between AE,,,r and the vibrational contributions to
the free energy (AF,;) and the difference between AFE.,,; and the electronic
contributions to the free energy (AF,..) as estimated from the CE of the Ge;_,Sny
alloy as a function of temperature for (a) x = 0.25, (b) x =0.50, and (c) x =0.75
alloy compositions, normalized to the total free energy of mixing at 0 K.
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Figure shows the temperature dependence of the free energy of mixing rel-
ative to the unmixed alloy constituents (AF') for structures at compositions of
x = 0.25, 0.5, and 0.75. Configurational contributions dominate alloy stabiliza-
tion while vibrational entropy of mixing contributes to a lesser degree, with values
approximately an order of magnitude lower at temperatures above 200 K in com-
positions shown in the figure. The electronic contributions to the alloy free energy
have been found to be negligible, with computed values varying within a range of
1 meV /atom at temperatures up to 1000 K across the entire concentration range,
as expected for non-metallic alloys. Predicted critical temperatures, i.e. temper-
atures at which the disordered phase becomes energetically favourable, indicated
by a negative AF', are observed to decrease for larger tin compositions in a result
attributable to the asymmetry observed in the alloy’s configurational energy of

mixing AH (see fig. 4.8)).

4.4.4 Phase diagrams calculations

The impact of the asymmetry on the system’s critical temperature is revealed by
the phase boundary between the disordered phase (i.e. random alloy) and decom-
position into the elemental phases. Lattice model Monte Carlo simulations em-
ploying the CE fit enable larger supercells than tractable with DFT to be studied,
resulting in a much-improved treatment for ensemble averages over large numbers
of alloy configurations. Temperature effects are included by combining ECIs de-
scribing the internal configurational energies with configurational and vibrational
free energy contributions. The resulting phase diagram for Ge;_,Sny is shown in
fig. 1.14] where two horizontal lines indicating the temperatures for the o - 3
phase transition and melting point of tin have been included for reference. The
higher transition temperatures found with this method, when compared to those

shown in fig. are attributed to a more accurate treatment of configurational
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entropy contributions, as the MC simulation accounts for energy variations across
alloy configurations. Germanium-rich alloys with compositions up to x = 0.005
are predicted to be stable below the eutectic temperature, in agreement with pre-
vious reports |36]; for tin-rich alloys, stability is only observed for compositions
x > 0.995 at temperatures where a-Sn remains stable. It is worth noting that
only the thermodynamic properties of alloys based on cubic structures have been
simulated when computing the phase diagram. Since neither the liquid phase nor
[B-Sn have been considered in the model, deviations from experimentally derived
phase diagrams are to be expected at temperatures above the a-Sn — [3-Sn tran-
sition temperature. The predicted stability of tin-rich alloys in the temperature
range where 3-Sn is stable is an artefact due to considering cubic structures only.
At intermediate compositions, predicted critical temperatures are well above the
melting temperature for tin; experimental literature reports no such alloys in a
solid state. These results support previous reports that growth of bulk equilib-
rium Ge;_,Sn, alloys at technologically relevant compositions is not possible at
standard pressure. It is worth noting that inclusion of vibrational free energy
contributions reduces predicted critical temperatures, with larger reductions for
germanium-rich compositions. This can be attributed to a stabilising effect asso-
ciated from softening of phonon modes by addition of tin, partially counteracting

the destabilising effects of volume deformations [35}37}38].

4.5 Ge;_Sn, under epitaxial strain

4.5.1 Formation energy of strained cells relative to coher-

ent segregation

The primary factor leading to the high critical temperatures has been shown to

arise from the large difference in equilibrium volumes for germanium and tin.
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Figure 4.14: Phase diagram of bulk alloys as computed using a lattice model
Monte Carlo simulation based on a cubic structure. CE fits constructed includ-
ing (dashed line) and excluding (solid line) vibrational degrees of freedom have
been employed. Regions above the curves represent stability for random alloys.
Horizontal lines indicate temperatures at which phase transformation and melting
occurs for Sn.

Although these findings can be anticipated based on the large difference between
the atomic radii of germanium and tin, the purpose of this work is to quantify
the magnitude of the energies required to be overcome to stabilise thin films. By
coherent epitaxial growth, the lattice spacing parallel to a substrate can, to a large
extent, be constrained within a thin film and result in stabilisation |[39-41]. The
extent to which coherent growth can stabilise germanium tin alloys is examined
by constraining lattice parameters for the SQS along a selected plane to mimic
the effect of growth on substrates for which epitaxially stable films of a-Sn and/or
germanium-tin alloys have already been demonstrated, namely: Ge (0.564 nm),
ZnTe/GaSb (0.610 nm), and CdTe/InSb (0.648 nm) [2,(12,(15,/16,42,43]. The
CdTe/InSb substrate corresponds to the lattice parameter of Sn, and ZnTe/GaSb
corresponds to approximately the average of the Ge and Sn lattice parameters.
The strain imparted by the Ge substrate to the Ge;_,Sn, alloy is compressive,

starting at 0 strain at x= 0 and ranging as high as 15% at x= 1. This 15% limit
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is set by the lattice mismatch between Ge and Sn. The reverse is true for the
CdTe/InSb substrate, being able to apply a maximum tensile strain of 15%, on
an x= 0 alloy. ZnTe/GaSh, being intermediary in lattice constant to the previous
two substrates, can impart a maximum of approximately 7.5% compressive or

tensile strain, for x=1 or x=0 alloys, respectively.

As stated in section [3.2.3] (100)-oriented films tend to minimise internal strain
energy, and thus structural defects for epitaxially coherent Ge;_Sn, films, com-
pared to other film orientations. Epitaxial growth on (001)-oriented substrates
is simulated by constraining the lattice constants of 64-atom SQSs in the two
axes perpendicular to the [001] direction to match the lattice spacing of each of
the substrates while allowing the cell to relax along the [001] direction. While
this scheme neglects the potentially large role of surfaces and interfaces inher-
ently present in thin films, it provides a baseline for the energetics of the alloy

compositions independent of these effects.

Figure[d.15]shows the computed epitaxial formation energy relative to constituents
strained to the substrate lattice parameter, referred to here as coherent segrega-

tion. This can be represented as:

A}[coherent = Ealloy(aepi) - (1 - X)EGe(aepi) - XESn(aepi)a (46)

where Ej(aep;i) is the energy of material ¢ epitaxially strained to the substrate lat-
tice parameter and allowed to relax out of plane. Relaxations within the SQS plus
DFT/LDA model of alloys constrained to Ge(100) substrates with compositions
above x =0.56 resulted in amorphous structures, and have thus been excluded
from the analysis. These highly compressively strained SQSs do not exhibit a
face-centered cubic structure, as can be seen in fig. [1.16] Figure [£.17) compares
the bond lengths in this compressively strained cell to those of the relaxed cell.
From this comparison an overall broadening is observed in the spread for each
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Figure 4.15: Formation energy with respect to coherent decomposition as calcu-
lated from DFT plus SQS, a cluster expansion using random correlations (CE),
and a cluster expansion using quasi-random correlations (CE-SQS) as a function
of composition, for alloys grown on (a) Ge, (b) ZnTe/GaSh, and (¢) CdTe/InSb.
Formation energies for alloys grown on Ge are only shown for x < 0.56, as above
this alloy composition the cells became amorphous.
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Figure 4.16: Gegog15n0.719 SQS epitaxially strained to the lattice parameter of
Ge, exhibiting an amorphous structure as opposed to the expected face-centered
cubic structure. Blue atoms represent Sn and yellow atoms represent Ge.

bond length. It is also of note that each type shows an increase in length for
many of the bonds present, despite the applied compressive strain. This may be
as a result of the atoms relaxing so far from their ideal lattice parameters that

their nearest neighbours change.

The strain-induced increase in energy of the alloy constituents imposed by the
substrate is observed to result in the miscibility of the alloy over the full composi-
tion range, even at zero temperature. Formation energies obtained from ab-initio
simulations have been fitted to CEs, as described in section in order to
investigate the case of random alloys and eliminate variations arising from the
use of quasi-random correlations in the SQS +DFT/LDA model. The CE fits

predict all Ge;_Sny alloys to be energetically favourable with respect to coher-
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Figure 4.17: Bond lengths for (a) a relaxed Gegag1Sn0.719 SQS and (b) the same
SQS epitaxially strained to the lattice parameter of Ge.

ent segregation on each of the three substrates. The results show a trend where,
for a given composition, miscibility decreases within this approximation along the
(ZnTe/GaSb)-(CdTe/InSb)-Ge sequence, with the maximum difference in stabil-
ity at x = 0.5, indicating growth on germanium to be the least favourable across
the composition range. However, as we will see in section Gey_Sny alloys
with too large a lattice mismatch to the simulated substrate cannot reach us-

able thicknesses when grown. As such, while the Ge substrate may cause poorer

miscibility for low Sn content Ge;_,Sny alloys when compared to the ZnTe/GaSh
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substrate within this approximation, the ZnTe/GaSb substrate would not be suit-
able for these low x compositions due to the large strain imparted by the substrate

lowering the mechanical stability of the Ge;_«Sn, alloy.

From analysis of the vibrational contributions to the free energy in a manner
similar to fig. [4.13] it is found that the aforementioned sequence in pseudomor-
phic alloy stability is maintained at finite temperatures, although we note that
the bond stiffness versus bond length model and harmonic approximation em-
ployed in this work are inadequate to describe the vibrational properties of pseu-
domorphic germanium and tin with up to 15% biaxial strain, as evident from
the ceq calculations employing continuum elastic theory (CET), as described in

section £.h.4l

4.5.2 Decomposition of epitaxially strained formation en-

ergies relative to coherent segregation

Decompositions of epitaxial formation energies akin to those defined for bulk al-
loys in eq. are presented in table[4.2)for alloys with composition x = 0.5. The
effects of growth on lattice-matched substrates can be observed in the formation
energy decomposition corresponding to ZnTe/GaSb substrates. While computed
epitaxial spin-flip (0 E<hemepi) and internal relaxation (§E™P) energies remain
similar to the values for the corresponding bulk alloy, volume deformation energy
relative to epitaxially coherent decomposition AEP! is reduced by 37%, resulting

in a significantly enhanced stability.

By comparing results across substrates it is observed that coherent segregation
results in an overall reduction of AE?}E as substrate lattice parameter increases.

The formula for calculating this parameter has been altered from eq. (4.5)), and
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Table 4.2: Epitaxial formation energy decomposition for alloys with composition
x = 0.5 grown on each of the substrates included in this study.

Substrate A Hepi AE‘C,pj_i) 5E5};§m’0pi o Eyint.epi
(meV /atom)
Ge -10 195 -107 -97
ZnTe/GaSh -32 131 -89 -75
CdTe/InSb -24 114 -76 -62

now takes the form:

AE\O/pé = [EGe(aalloy) - E(}e(aepi)](1 - X) + [ESn(aalloy) - ESn(aepi)]X7 (47>

where Ej(@aloy) is the energy of material i = {Ge, Sn} with the in plane lattice

parameter of the epitaxially strained alloy.

By comparing results across the different substrates, it is observed that destabil-
isation of component segregation results in an overall reduction of AE{“}% with
increasing substrate lattice parameter due to germanium’s larger bulk modulus.
However, the magnitudes of stabilising contributions 5Ef]h§m’epi and dE™teri are
observed to also decrease with increasing bond lengths associated with alloys
grown on substrates with larger lattice spacings. This leads to the ZnTe/GaSbh

substrate exhibiting the lowest value of AEsgrilf across the three substrates.

4.5.3 Formation energy of strained cells relative to re-

laxed segregation

The relative stability of alloys grown on different substrates in fig. are com-
pared by computing epitaxial alloys’ formation energies with respect to spinodal

decomposition into their bulk components, given as:

Af]relaxed = Ealloy(aepi) - (1 - X)EGe(aGe) - XESn(aSn)a (48)
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where AH,elaxed is the formation energy, Eanoy(@epi) is the energy of the epitax-
ially strained Ge;_Sny alloy, Fge(age) is the energy of Ge at the Ge lattice
constant, and Fs,(ag,) is the lattice constant of Sn at the Sn lattice constant.
The substrate providing the lowest formation energy (and thus highest stability
with respect to non-coherent decomposition) is observed to depend on alloy com-
position. Within the chosen set of substrates, Ge is preferred for compositions
below x = 0.25, CdTe/InSb for compositions above x = 0.76, and ZnTe/GaSb for
0.25 < x < 0.76, indicating the latter to be energetically favourable across most of
the composition range where the alloy exhibits semimetallic behaviour. These re-
sults are consistent with the most energetically favourable substrate matching to
the relaxed lattice parameter. The asymmetry discussed for bulk alloys whereby

tin-rich compositions exhibit increased stability is also observed for alloys grown

on ZnTe/GaSb, as can be clearly seen in fig. [4.18]

However, decomposition into completely relaxed alloy components is unrealistic,
as strain would be applied by the substrate. Varying local strain would also be
exhibited as a result of Sn rich and Sn poor regions of the film. As such, the
approximation of relaxed segregation highlights behaviour in an idealised model

where these effects are ignored.

4.5.4 Out-of-plane relaxation of strained cells

Figure [£.19) shows the magnitude of the out-of-plane lattice parameter c.q for
each substrate as computed with SQS plus DFT/LDA and as predicted by con-
tinuum elasticity theory (CET) [40], which is utilized in the deformation poten-
tial theory described in section [2.5.2] and the critical thickness model described
in section Good agreement between both methods is obtained across most
of the composition range in Ge and ZnTe/GaSb substrates, whereas significant

deviations are observed below approximately x = 0.5 tin content alloys coherent
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Figure 4.18: Formation energy of epitaxially grown Ge;_,Sn, alloys with respect
to decomposition into bulk components.

with CdTe/InSb substrates. This is likely due to the magnitude of strain exceed-
ing the range at which CET is an effective approximation. Alloy compositions
of x =0.5 epitaxially strained to this substrate lattice parameter undergo 7.5%
tensile strain, leading to anharmonic effects not accounted for in CET. This agree-
ment sheds some light on the accuracy of the critical thickness model, the results
of which will be presented in the subsequent section, and deformation potential

theory, which will be discussed in the following chapter.

4.5.5 Critical thickness of epitaxially strained Ge;_,Sn, al-

loys

As discussed in the previous chapter, the critical thicknesses of a material under
strain allow us to assess the stability of a material grown on a lattice mismatched
substrate. If the critical thickness of the material is lower than the threshold
thickness for a band gap to emerge through quantum confinement, a thickness
corresponding to a semimetallic film is not achievable on the given substrate.

To compute the critical thickness t. for Ge;_,Sn, grown on Ge, ZnTe and CdTe
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Figure 4.19: Out-of-plane equilibrium cell parameter c., for alloys grown on (a)
Ge, (b) ZnTe/GaSh, and (c) CdTe/InSb, as calculated from SQS plus DET/LDA
and continuum elastic theory.
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Figure 4.20: Calculated Sn composition-dependent critical thickness ¢. of pseudo-
morphically strained Ge;_,Sn, grown on [001]-oriented Ge (solid red line), ZnTe
(dashed green line), or CdTe (dash-dotted blue line) substrates. Closed red circles
denote the critical thicknesses inferred in Ref. [10] based on structural character-
isation of Ge;_,Sn,/Ge epitaxial layers.

substrates the DFT-calculated lattice and elastic constants are employed, utilizing
the bowing parameters presented previously in this chapter. The results of these
calculations are shown in fig. [4.20, The critical thicknesses at |e,,| = 1% are
calculated in order to provide guideline strain-thickness limit estimations. The
estimated strain-thickness limits are, respectively, t. x €4, = 22.8 nm % and 24.4
nm % for Ge;_,Sn, grown on Ge and CdTe. For Ge;_,Sn,/ZnTe, which is under
compressive (tensile) in-plane strain for = 2 0.54 (x < 0.54), a strain-thickness

limit ¢, x |€;,| = 23.3 nm % (23.5 nm %) is estimated.

To compare the different substrates, we choose a reference critical thickness of 5
nm, as this is approximately the thickness for which a band gap begins to open
for the fictitious system with a zero band gap and effectives masses corresponding
to germanium, described in section . For Ge;_,Sn, /Ge, we compute that the
critical thickness reduces to 5 nm for Sn composition = = 0.234, corresponding

to an in-plane compressive strain of magnitude |e;,| = 3.4%. In section [4.5.1]
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we predicted based on LDA-calculated SQS total energies that it is energetically
favourable for Ge;_,Sn, to become amorphous for x 2 0.56. These 2 x 2 x 2 simple
cubic supercells have a thickness of 2 x a(z) = 1.2 nm, where a(x) is the relaxed
alloy lattice constant along [001]. Indeed, we calculate ¢. < 2a(z) for x > 0.566.
This excellent quantitative agreement between DFT alloy SQS total energy cal-
culations and the critical thickness method employed here provides confidence in
our predicted strain-thickness limits for Ge;_,Sn,. We also compare our calcu-
lated Gej_,Sn, /Ge critical thickness to experimental data which were estimated
based on structural characterisation of Ge;_,Sn,/Ge epitaxial layers and mea-
sured elastic constants for Ge and a-Sn [10](closed red circles in fig. and
obtained from secondary ion mass spectrometry [44](red crosses in fig. [4.20)).
While our calculations slightly underestimate the experimental values, particu-
larly at low Sn content, we note otherwise excellent qualitative agreement across
the composition range for which data are available. It is likely that the increased
critical thickness in the experimental data is brought about from non equilibrium
effects creating kinetic barriers, preventing the formation of dislocations [45]. For
Gej_,Sn, /ZnTe we compute that . is reduced to 5 nm for z = 0.334 (x = 0.808),
corresponding to a tensile (compressive) in-plane strain of magnitude |€,.| = 3.1%
(|€xz| = 3.4%). Finally, for tensile strained Ge;_,Sn,/CdTe, we compute t. =5 nm
for x = 0.759, corresponding to a tensile in-plane strain of magnitude |€,.| = 2.8%.
We therefore note that growing Ge;_,Sn, on these three substrates allows . > 5
nm to be achieved across almost the entire composition range with the exclusion
of a gap for 0.234 < x < 0.334, corresponding to relaxed lattice constants in the
range a(z) ~ 5.84 — 5.92 A. Experimental data are not included for the ZnTe
substrate, or the CdTe substrate. Utilizing ZnTe as a substrate for Ge;_,Sny
is not common in the literature and as such there is no such critical thickness
data. While there do exist experiments on high Sn content Ge;_,Sny films lattice

matched to CdTe, obtaining the critical thickness is problematic as at a certain
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thickness there is a thermodynamic phase transformation from a to . As such
it is difficult to ascertain whether there are dislocations, or whether the thickness

limit is reached as a result of this phase change.

4.6 Conclusions

The lattice constants and bond lengths of the 64 atom Ge;_,Sn, SQS cells are
shown to match previously obtained experimental and theoretical work, thereby
indicating consistency for the SQS approach to random alloy calculations for
this work. The elastic constants calculated across the composition range for use
in critical thickness and MST calculations are shown to exhibit significant al-
loy bowing. A study for the thermodynamic stability of GeSn alloys has been
undertaken with models for both relaxed and pseudomorphic thick GeSn layers.
A CE fit is performed and demonstrated to be capable of reproducing energies
from DFT calculations for SQS across the full alloy composition range. From
the CE, an asymmetry in the formation energies of random alloys as a func-
tion of alloy composition is identified, whereby introduction of Sn into Ge-rich
alloys results in larger formation energies relative to the case of introducing Ge
into Sn-rich alloys. A decomposition of the formation energy into a volume de-
formation, chemical, and relaxation terms reveals the volume deformation en-
ergy dominates the zero-temperature formation energies and drives immiscibil-
ity for these alloys with the chemical and relaxation energies serving to reduce
the formation energies. Evaluation of free energy at finite temperatures reveals
the configurational entropy dominates stabilising contributions, with vibrational
terms contributing to a lesser extent, and the electronic contributions having a
negligible impact in the temperature range of interest. CE fits describing con-
figurational and temperature-dependent vibrational properties are employed to
calculate the system’s phase diagram using lattice Monte Carlo simulations. It
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is shown that the critical temperature for stability of Ge;_Sny alloys generally
decreases at higher Sn compositions as a result of the aforementioned asymmetry
in the formation energy versus composition. As well, vibrational terms introduce
an opposing asymmetry in the phase diagram, whereby the stability of Ge-rich
alloys is enhanced at finite temperatures due to the softening of phonon modes
associated with incorporation of Sn into the lattice. The phase diagram identifies
critical temperatures between the range of the melting temperatures for Sn and
Ge for essentially the entire composition range, in good agreement with known
experimental properties for bulk GeSn alloys. It should be noted that relaxation
in thin films or nanowires can be enhanced by strain relaxation normal to the

surfaces and can serve to stabilise nanostructures.

The influence of pseudomorphic growth on stability was considered by studying
alloys biaxially strained along the (001)-orientation to the lattice spacing of sub-
strates previously used for coherent epitaxial growth of Ge;_,Sn,, which provide
lattice matching at compositions x=0, and approximately for x=0.5 and x=1.
Analysis of the formation energies reveals that pseudomorphic growth enhances
alloy stability by impeding coherent segregation, resulting in alloy stability even
at zero temperature. Growth on ZnTe/GaSb substrates is predicted to provide
the greatest epitaxial stabilisation across most of the composition range. Com-
paring pseudomorphic formation energies across substrates with respect to inco-
herent segregation reveals ZnTe/GaSb to be energetically favourable across ap-
proximately half of the composition range (0.25 < x < 0.76), with Ge (CdTe/InSb)
substrates providing greater stability for x < 0.25 (x > 0.76). This result correlates
with the calculations of thin film critical thicknesses using continuum elasticity

theory.

Results presented in this work emphasise built-in strain to be the driver of immis-

cibility in Ge;_,Sny alloys. Strategies for stabilisation must thus be directed at
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tackling this issue by balancing several complementary effects, such as relaxation
normal to surfaces in nanostructures, by targeting Sn-rich compositions, and by
choice of substrates that induce epitaxial stabilisation of alloys while delivering
suitable critical thicknesses and electronic properties. In the context of materials
engineering, selection of alloy composition, strain, film thickness (quantum con-
finement), and surface chemistry enable a wide range of options for the tailoring
of the thermomechanical and electronic properties of GeSn alloys for technological

applications.
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Chapter 5

Engineering the semiconducting
to semimetallic transition in

Ge;_Sny alloys via strain

5.1 Introduction

In this chapter the electronic structure of Ge;_Sn, alloys is investigated across
the full alloy composition range, including the impact of strain on the electronic
band gap. Previous theoretical investigations of the Ge;_,Sny electronic struc-
ture spanning the full composition range have revealed the evolution of the alloy
from being an indirect-gap semiconductor (x $0.1), to a direct-gap semiconduc-
tor (0.1 $x $0.2), and a semimetal (x 2 0.2) [143]. The evolution of the alloy
band gap suggests broad scope to exploit a combination of alloying (a-Sn incor-
poration in Ge) and strain (choice of substrate) to engineer the semiconducting

to semimetallic transition in Ge;_Sn, alloys.

Previous theoretical calculations have identified the semiconducting to semimetal-

lic transition as occurring for Sn compositions x in the range of 0.2 to 0.4 in
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unstrained alloys [113]. However, due to the low solid solubility of Sn in Ge, [4]
growth of Ge;_,Sn, alloys with sufficiently high Sn compositions to bring about
a semimetallic band structure is challenging. Recent investigations have demon-
strated that this limitation can be overcome with non-equilibrium growth con-
ditions, allowing higher Sn compositions to be achieved in nanostructure growth
than in the growth of bulk-like epitaxial layers [5H8]. Sn incorporation has been
demonstrated to correlate with thickness in thin film growth, with high Sn com-

positions x ~ 0.46 achieved via growth of films having thickness of ~» 3 nm [6].

Though the previous chapter indicates that growth on a lattice-matched substrate
enhances miscibility, growth of strained Ge;_,Sn, thin films can be exploited to
reduce the Sn composition required to induce a semiconducting to semimetallic
transition. Application of tensile strain has been predicted to induce an indirect
to direct band gap transition in Ge [9-11]. While, in theory, application of high
tensile strain could induce a semiconducting to semimetallic transition in Ge,
the required strains, corresponding to ~ 4.5% lattice-mismatch, as presented in
chapter [3| for a pseudomorphically strained, (001)-oriented epitaxial layer, are
sufficiently large that critical thickness limitations would impede growth. This
strain requirement is reduced by Sn incorporation, suggesting the possibility to
simultaneously exploit Sn composition and strain to engineer the semiconducting

to semimetallic transition.

Sections of this chapter have been published [12].

5.2 Computational details

Special quasirandom structures (SQSs) are again implemented within density
functional theory (DFT) in order to calculate alloy properties. Structural re-

laxations are carried out in the local density approximation (LDA) [13] in the
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same manner as the previous chapter, employing the same s4p4d3f2 basis set
for germanium and s2p3d3f2 basis set for tin. The density of the employed
Monkhorst-Pack grid is again at least 7 k-points/A, and the corresponding en-
ergy cut-off is at least 100 Ha. The electronic structure calculations are performed
using the TB09 meta-GGA (Tran-Blaha modified Becke-Johnson LDA) exchange-
correlation functional [14], as in chapter |3 in order to overcome the band gap
underestimation inherent in the LDA. To simulate Ge;_,Sn, alloy supercells the

Becke-Roussel mixing parameter c is interpolated as:

(1 - (E)QGQCGE + $CSnQSn
(1 — CL’)QGe + ZEQSH

c(x) = (5.1)

where (g, and {2g. are the equilibrium volumes of the a-Sn and Ge primitive unit
cells, respectively. This interpolation scheme interpolates between the values of
cae and cg, based on the fraction of the total volume each element occupies in a
Ge;_xSny, alloy supercell, reflecting the extended nature of exchange-correlation
effects in terms of the difference in covalent radius between Ge and Sn. Due to the
large relativistic effects associated with Sn, the electronic structure calculations

explicitly include spin-orbit coupling.

The same 64 atom SQS simulation cells are utilized as in the previous chapter,
targeting disordered-state pair and triplet correlations with a range up to one
nanometre. These cells are relaxed in the same manner as the previous chapter
and to the same tolerances. To simulate epitaxial growth of Ge;_(Sn, layers,
pseudomorphic strain is applied in the same manner as the previous chapter: by
restricting the lattice constant in the plane perpendicular to the growth direction
to be equal to that of the chosen substrate material, and allowing the lattice
constant to relax along the growth direction. The internal atomic degrees of
freedom (ionic positions) are allowed to relax freely so as to minimise the lattice
free energy [15].
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5.3 Overcoming band folding in supercells

The use of disordered alloy supercells results in (i) local relaxation of the crystal
lattice, which breaks the underlying cubic symmetry of the diamond structure
and hence lifts band degeneracies present at high-symmetry points in the band
structures of Ge and a-Sn [16},/17], and in (ii) folded electronic band structures,
due to the reduced size of the supercell Brillouin zone compared to that associated
with a primitive unit cell. These factors complicate interpretation of the alloy
electronic structure. To overcome these limitations and track the evolution of
the CB and VB edge states in disordered alloy supercells, overlaps between alloy
states and selected states of unperturbed Gegy supercells are calculated. This
approach, which is similar to the computation of the spectral function (at a single
k-point) employed in popular zone unfolding schemes, enables the evolution of
both the energy and character of the alloy band edge states to be identified and

tracked in a quantitative manner [18].

An example of this analysis is presented in fig. for a GeysSnyg (x=0.25) SQS.
The left-hand panel in fig. shows the folded supercell band structure, while
the right-hand panel shows the (squared) overlaps calculated by projecting the
zone-centre CB edge (I';), heavy-hole (HH) and light-hole (LH) VB edge (I'}),
and spin-orbit split-off (SO) VB edge (I';) states of a Gegy supercell on to the
full spectrum of GeygSn;¢4 alloy supercell zone centre states. This allows the iden-
tification of (i) the Ge I'; CB edge character residing primarily on two supercell
states, reflecting Sn-induced alloy band mixing which transfers direct (Ge I'7)
character to the hybridised alloy CB edge [19], (ii) SO band edge remaining com-
paratively unperturbed for x ~ 0.25, reflecting that for low x, Sn incorporation
tends primarily to impact the CB structure [3,/19,20], and (iii) splitting in energy
and hybridisation of the LH- and HH-like VB edge states, reflecting a loss of

cubic symmetry due to short-range alloy disorder and associated local relaxation
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of the crystal lattice [18]. In the presence of pseudomorphic strain the biaxial
component of the strain further reduces the lattice symmetry, acting to push
HH-like states upwards and the LH-like downwards in energy in the presence
of compressive in-plane strain, and vice-versa for tensile strain (as described in
section . Despite short-range alloy disorder driving hybridisation between
HH- and LH-like VB states it is generally found, as expected for a pure (unal-
loyed) semiconductor such as Ge, that the state at the alloy Fermi level possesses
more Ge HH I'j character in the presence of compressive in-plane strain, and

more Ge LH I'} character in the presence of tensile in-plane strain (eq. (2.44)

and eq. ([2.45)), respectively).

The presence of reduced lattice symmetry and alloy-induced hybridisation com-
plicates interpretation of the alloy electronic structure. Generally no single alloy
supercell state possesses, for example, 100% 'z or I'{ character. To identify an
appropriate I'Z-I'{ energy gap in these calculations, the lowest energy supercell
state possessing appreciable Ge I'; character, and the highest energy supercell
state possessing appreciable Ge I'j character, are selected as the conduction and
valence band, respectively. In the case of semiconducting Ge;_(Sn, (x $0.2), this
identifies the fundamental band gap, while for higher Sn compositions it identifies
the maximum inverted energy gap that must be overcome by quantum confine-
ment to open up a direct band gap above the Fermi level. For reference, calculated

overlaps for relaxed (unstrained) and pseudomorphically strained Ge;_,Sn, SQSs

are provided as fig. 5.2

5.4 Bulk Ge;_Sn, band gaps

A key parameter for the assessment of the suitability of a material for optoelec-

tronics and electronics is the band gap. Germanium has been shown to have

Germanium Tin for Use in Semimetal 143 Conor O’Donnell
Electronics



5. ENGINEERING THE SEMICONDUCTING TO
SEMIMETALLIC TRANSITION IN GEj_xSNy
ALLOYS VIA STRAIN 5.4 Bulk Gey_xSny band gaps

1.0

%
0.5 1 -
0.0 - -

—0.5 -/\ e |

~1.0 § 4

L r X0 1
Overlap

Energy (eV)

Figure 5.1: Left-hand pane: meta-GGA DFT-calculated band structure of a
GeysSnig (x = 0.25) SQS. Right-hand pane: calculated squared overlaps between
the alloy SQS zone centre states and the SO (I'7, solid black lines), HH (I'{, solid
red lines), LH (I'{, solid blue lines), and CB (I'7, solid green lines) states of a
pure (Sn-free) Gegy supercell.

an indirect gap (L - I'f), while a-Sn has been shown to have a negative, direct,
optical gap (I'; - I'f). a-Sn exhibits a vanishing density of states at the Fermi
level and is thus characterised as a semimetal. This is due to the negative I'7 - I'§
energy difference, known as the inverted band gap. a-Sn has previously been pre-
dicted to have suitable electronic properties for semimetal devices [21}23]. This
is made possible by the ability for a band gap to be induced in a-Sn through
quantum confinement, when the I'; state is raised above the I'j state [24], which
was demonstrated in section [3.3.3] As such, depending on confinement direction,
it is evident for a band gap to be induced through confinement, a Ge;_,Sn, alloy
with a zero I'; - I'j energy difference must overcome a smaller energy separation
than that of a-Sn. This indicates that a band gap would be induced at larger
film thicknesses at a composition where these states are degenerate, dependent
on the effective masses and the direction of confinement. It follows that I'; - I'j
energy difference is an important factor to take into consideration when designing

semimetallic Gej_,Sn, devices.
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Figure 5.2: Calculated squared overlaps between the alloy SQS zone centre states
and the SO (', solid black lines), HH (I'{, solid red lines), LH (I'§, solid blue
lines), and CB (I'7, solid green lines) states of a Gegy supercell. Columns in-
dicate alloy substrate (Relaxed, Ge, ZnTe and CdTe) and rows indicate alloy
composition (x =0.25,0.5 and 0.75).

Previous theoretical calculations have predicted the evolution and nature of the
Gey_Sny alloy band gap across the full composition range from Ge to a-Sn
[1,13,[25]. Beginning with the indirect-gap semiconductor Ge, Sn incorporation
drives rapid band gap reduction and an indirect- to direct-gap transition for x
< 0.1. Beyond this composition, the direct band gap decreases in magnitude until
it closes for x ~ 0.21, at which point the alloy becomes a zero-gap semimetal
possessing an inverted I'7-I'§ state ordering. Throughout the remainder of the
composition range the alloy band structure remains semimetallic. TB-mBJ DF'T
calculations have been employed to verify the evolution of the Ge;_,Sn, band
gap, using unstrained 64-atom SQSs in which all lattice vectors and ionic coordi-
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nates are freely relaxed, as described in section [5.2] This is presented in fig. [5.3],
closed red circles denote the calculated fundamental alloy band gap. The solid
black line shows the corresponding fundamental band gap calculated via a cluster
expansion approach [26], allowing for prediction of alloy properties as though the
SQS lattice correlation functions correspond exactly to those of truly statistically
random substitutional alloys. This cluster expansion approach is based on that
employed in the previous chapter for 64 atom SQSs. To obtain this CE, the band
gaps of the relaxed bulk Ge;_,Sn, SQSs are fit to the quasirandom correlations
functions present in the cells, as described in section [2.4.2] This is then used
to predict the band gap for fully random correlation functions, in order to get a
smooth band gap curve. The dashed black line in fig. denotes zero band gap,
highlighting the semiconducting to semimetallic transition, with negative values

referring to an inverted (negative) I'--I'; energy gap.

At low Sn compositions x < 0.21, a rapid band gap reduction with increasing x is
calculated (discussion of the indirect- to direct-gap transition in this composition
range is postponed until section . The calculated band gaps are also com-
pared to experimental measurements in fig. [5.3] Generally, Ge;_,Sny is grown as
a thin strained, or thick relaxed, epitaxial layer on a substrate having a lattice
constant close to that of Ge. The resultant pseudomorphic strain complicates
comparison between calculated and measured band gaps, due to the impact of
strain on the magnitude of the band gap, as described in section [2.5.2] In fig.[5.3
the results of the TB-mBJ DFT calculations are compared to experimental data
in which the impact of pseudomorphic strain is minimised. Specifically, our cal-
culations are compared to the results of photo-modulated reflectance (Ref. [27];
open green triangles) and optical absorption (Refs. [28] and [29]; open pink tri-
angles and blue squares, respectively) spectroscopic measurements. The photo-
modulated reflectance measurements of Ref. [27] were performed on epitaxial lay-
ers grown on nominally lattice-matched InyGa;_,As buffer layers, so that strain
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Figure 5.3: Meta-GGA DFT-calculated band gap as a function of Sn composition
x of Ge;_,Sn, alloy SQSs across the full alloy composition range. The solid
black line represents the corresponding cluster expansion calculation. Open green
triangles, pink triangles, and blue squares denote measured low temperature band
gaps in the semiconducting regime [27-29], and the light blue triangle denotes the
experimentally measured inverted gap of a-Sn [30]. The horizontal dashed line
denotes zero band gap, demarcating between semiconducting and semimetallic
band structure.

should be minimised. The absorption measurements of Ref. [28] were performed
on strained Ge;_,Sn, epitaxial layers, but the data were then corrected to account
for the strain-induced change to the band gap, based on strain values extracted
from x-ray diffraction measurements. The absorption measurements of Ref. |29]
were performed on thick, relaxed epitaxial layers grown on Si substrates. Excel-
lent quantitative agreement between the calculated band gap evolution and that
measured by Lin et al. [27] and by Tran et al. [28] is noted. However, our calcu-
lations deviate from the measurements of Xu et al. [29] for 0.15 < x $0.25. While
spectroscopic ellipsometry (SE) measurements have been shown to be accurate in
the past, agreeing with photoluminescence measurements of SiGeSn samples to
within ~ 30 meV [31], it is possible that the disagreement between the calculated
and experimental results are caused by experimental factors. Firstly, given the

large lattice mismatch between Ge;_Sn, and the Si substrates employed by Xu
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et al., it is possible that there remains residual compressive strain associated with
partial relaxation in these samples, which would act to increase the band gap, po-
tentially explaining why our calculations underestimate the measured band gaps
for these samples. Secondly, it is possible that inaccuracy is introduced when
fitting the raw SE data, however no information on the estimated error of the fits
is given. Another area of uncertainty mentioned in this study is brought about
by the not fully understood line shape present in the direct band gap transi-
tion of a-Sn, which would have more of an impact in obtaining transitions for
high Sn content alloys. It is also possible that the disagreement is as a result
of assumptions made in the theoretical model. For example, if the alloy struc-
tures are not truly random and were to exhibit some short range ordering, this
would increase the band gap by » 100 meV [32]. However, it is of note that the
calculations that predicted this short range order were conducted for room tem-
perature, whereas the growth of the experimental films was conducted between
545 K and 590 K, and as such short range order would be drastically decreased
at these higher temperatures. The closed light-blue triangle represents the a-Sn
inverted direct I';-I'j energy gap, measured by Booth and Ewald [30] via mag-
netoresistance. Overall good agreement between our theoretical calculations and

comparable experimental data is noted.

The unstrained Ge;_,Sn, band gap is predicted to close for x ~ 0.21. Analysis
of the alloy supercell electronic structure for SQSs having x> 0.21 demonstrates
vanishing DOS at the Fermi level, verifying that the alloy remains semimetallic
for 0.21 < x < 1, in agreement with recent theoretical calculations [3}25]. For
Sn compositions x2 0.5 it is predicted that the magnitude of the inverted I'7-I"]
energy gap remains close to the value —0.589 eV calculated for a-Sn (given on
table . There are, however, divergent predictions in the literature regarding
the precise nature of the semimetallic band structure for x> 0.2. Using empirical
pseudopotential calculations in the virtual crystal approximation, Lan et al. |25]
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predicted that the band ordering remains topological in this composition range,
i.e. with I'; states respectively lying lower and higher in energy than I'j and
I'y states. Conversely, by applying zone unfolding to DFT calculations for SQS
supercells, Polak et al. [3] predicted the presence of a non-topological inverted SO
band structure for 0.45 $ x < 0.85, in which the I'; states drop below the I'} states
in energy. However, it is noteworthy that the quadratic composition dependent
band gap fit applied by Polak et al. to extract this conclusion is poorer in quality

for xz 0.3 compared to its accuracy at lower Sn compositions.

To resolve these conflicting predictions, a direct analysis of the alloy supercell
zone-centre states has been undertaken, via projection onto reference I'z, I'y, and
I't states calculated for an unperturbed, Sn-free Gegs supercell as described in
section [5.2] Applying this quantitative approach, it is found that the alloy state
retaining the largest calculated I'; character reduces in energy with increasing x,
approaching the state retaining the largest calculated I'; character. At x =0.625
(GeasSnyp SQS) it is calculated that these Ge I's- and I'i-derived alloy states
become approximately degenerate, remaining so for higher Sn compositions up
to x = 0.875 (GegSnzg SQS), beyond which composition the relative energy of the
Ge I'z-derived alloy state increases to reach its value in a-Sn (i.e. lying ~ 100 meV
above '} in energy). In only one of the supercells analysed was a Ge I';-derived
alloy state found to lie lower in energy than a I'7-derived state, and in that case did
so by only 10 meV. Our calculations therefore suggest that Ge;_,Sn, most likely
retains topological band ordering for 0.2 < x <1, but it is noted that the specific
band ordering close to x = 0.6 in small supercell calculations is determined in part
by the impact on alloy-induced band hybridisation of the precise alloy disorder

and lattice relaxation present in a given disordered alloy supercell.

Deviations between previous predictions are attributed to the simplified man-

ner in which the alloy band structure was analysed, generally based on either (i)
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assumed virtual crystal-like behaviour and simple polynomial fits to composition-
dependent band gaps obtained from theoretical data, or (ii) extrapolation of low
x experimental data across the full composition range. In particular, large uncer-
tainties associated with extrapolation of experimental data have produced diver-
gent predictions, including [29] (i) that the magnitude of the inverted I'z-I'} alloy
energy gap exceeds that of a-Sn by up to 0.2 eV [3], or (ii) that the direct I';-I'}
band gap remains open and of a constant magnitude ~ 0.1 eV up to x = 0.7. Con-
versely, emphasis is placed on the fact that our conclusions are based on direct
interrogation of the character and evolution of hybridised alloy supercell eigen-

states calculated from first principles and without simplifying approximations.

From fig. the I'; - I'§ energy gap can be seen to not decrease below the value
for a-Sn. It follows that alloys of composition above x ~0.21 would be suitable
in the creation of confinement modulated semimetal devices, as a similar energy
would need to be overcome by confinement to induce a gap. By keeping the tin
content as low as possible to avoid immiscibility, but above this threshold, band
gaps can be realized at larger thicknesses as there is less of a negative energy

difference to overcome with confinement.

5.5 Electronic structure evolution in pseudomor-

phically strained SQSs

Strain allows for another parameter, aside from composition, that can be modified
to modulate the I'; - I'} energy gap. Previously the effect of compressive strain
has been shown on the band gap of Gegg3Sng7 alloys [33]. This study has
shown that when compressive strain imparted by a Ge virtual substrate is relaxed
via releasing them from the substrate via patterning as microdisks. The in-

plane biaxial compressive strain, measured from reciprocal space mapping, was
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given as -1.3% for the as grown samples, and as —=0.2% in the microdisks. The
reduction in compressive strain is observed to cause a decrease in the band gap

of approximately 50 meV.

By epitaxially straining the 64 atom bulk SQSs, epitaxially coherent films con-
strained to a substrate lattice parameter are approximated, as in the previous
chapter. The same lattice parameters are utilized: Ge (5.64 A), ZnTe (6.1 A),
and CdTe (6.48A). These substrates allow for an insight into how the energy gap
of random Ge;_(Sny alloys are modified by compressive strain (germanium, up
to 15% tensile strain) and tensile strain (tin, up to 15% tensile strain), and an
intermediary lattice parameter (ZnTe). The I's - I'} energy differences for these

cells are then calculated, in a similar manner to the unstrained cells.

The I'; - I'{ energy differences are displayed in fig. [5.4l There are two effects
at work in these cells. Strain works to decrease or increase the I'; - I'j energy
difference, depending on whether it is tensile or compressive strain, respectively,
consistent with the pure germanium and a-tin calculations in chapter [3} Alloying
also affects the gap, as incorporating more tin lowers the gap, as observed in

relaxed structures.

Comparing the calculated relaxed Ge;_Sn, cells and the cells compressively
strained to the Ge lattice constant in fig. [5.4] it is noted that the latter closely
track the former for x < 0.3. The strained Ge;_,Sn,/Ge band gaps are calculated
to slightly exceed those of relaxed Ge;_Sny in this composition range, reflect-
ing that compressively pseudomorphic strain acts to increase the band gap, as
demonstrated in chapter [3] As the Sn composition is increased above 0.3, it is
noted that the calculated magnitude of the inverted I';-I'j energy gap of strained
Gej_xSny/Ge exceeds that in relaxed Ge;_xSny, i.e. the Ge I';-derived alloy state
is lower in energy relative to the Ge I'g-derived state that defines the alloy Fermi

level. This is contrary to the expected trend based on the compressive strain
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present in these two Ge;_Sn,/Ge SQSs. Based on the analysis of the character
of the eigenstates in these two SQSs (as seen in fig. , this unusual behaviour
is attributed to alloy-induced hybridisation, which distributes Ge I'; character
over an energy range $ 1 eV in width. Computing the weighted average energy
of the supercell eigenstates, using the computed Ge I'; character of each state as
the weight for that state’s energy, reverses this trend and leads to Ge;_,Sn,/Ge
inverted band gaps which are smaller in magnitude than in relaxed Ge;_,Sn,, as

expected.

The cells epitaxially constrained to the lattice spacing of CdTe substrate exhibit
a significant negative energy separation between the I'; - I' states over the com-
position range. This indicates that the tensile strain, applied by incorporating
germanium into the alloy on this substrate, overcomes the effect of reducing the
tin content in the cell. As a result, overall the I'7 and I'{ energy difference de-
creases as the tin content is reduced. As such the magnitude of the inverted
band gap increases to below that of a-Sn, causing the opening of a band gap
through quantum confinement to become more challenging. Constraining the
cells epitaxially to the ZnTe lattice constant is shown to cause a similar energy
separation of the I'7 and I'} states to a-Sn across the composition range. As
such, this presents the possibility of similar band gaps brought about by confine-
ment, dependent on the curvature of the bands and other surface effects, such
as interactions with the substrate and termination used on the film [22]. It is
important to note that as these strained cells are comprised of the same SQSs as
those in section [5.4] the same fluctuations brought about by the periodicity and
specific correlation functions present in the relaxed calculations are also present
in the strained calculations. Also, while we assume randomness in these simu-
lation cells, it is possible that short range order could be exhibited if these cells
are fabricated at low enough growth temperatures [32]. As well as this, utilizing
< 102-atom supercells limits the number of states that can hybridise as a result
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Figure 5.4: Lowest energy gap (the L - I'{ or the I'; - '} gap) across the full
composition range for Ge;_,Sny alloys epitaxially strained to the Ge, ZnTe, and
«a-Sn lattice constants.

of alloying. As such, the observed Sn-induced I'-L. band mixing observed in the
conduction band persists across the entire composition range as a result of the

supercell size [34].

5.6 Effect of tensile strain on the alloy band gap

Due to the critical thickness limiting the dimensions at which the above alloys
could be fabricated on the suggested substrates, knowledge of the least amount
of strain and tin content required for the semiconducting to semimetallic tran-
sition is of importance when designing devices. By employing tensile strain,
the amount of tin required is reduced, thus reducing possible segregation during

growth. However, the critical thickness is lowered by the applied tensile strain.

The composition at which the band gap of Ge;_,Sn, vanishes, becoming semimetal-
lic, has been calculated across a tensile strain range from 0% to 4% strain. This

is presented in fig. [5.5(a). The data were obtained by calculating the lowest
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Figure 5.5: (a) Composition at which Ge;_,Sny becomes semimetallic versus ten-
sile epitaxial strain required at this composition, and (b) critical thicknesses of
these structures as a result of the epitaxial strain.

composition at which the I'; and I'{ states become degenerate at 0.5% strain
intervals. Where the zero band gap did not fall on one of the compositions avail-
able from the 64 atom SQS, the composition was linearly interpolated between
the two compositions either side of the semimetallic transition. While this shows
the semimetal /semiconducting boundary, compositions and strains that are above
this might still be suitable for semimetal electronics if a band gap can still be
opened with confinement in the same manner that a band gap is predicted to

open in a-Sn. Figure [5.5(b) shows the critical thickness of these structures, this
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indicates that care must be taken when utilizing strains higher than 2-3% as the
reduced critical thickness above these strains might limit growth to thicknesses
below those at which quantum confinement opens a band gap, depending on the

chosen substrate [22].

The effect of tensile strain on the valence band is also of interest here. Epitaxial
strain splits the valence band in these materials, as discussed in section [2.5.2]
Specifically, tensile strain shifts the light hole band upwards and the heavy hole
band downwards in energy, with the reverse being true for compressive strain, as
observed in fig. [3.8] where a 1% tensile strain the valence band splitting is on the
order of 100 meV for both Ge and a-Sn. The light hole band exhibits a much
smaller effective mass than the heavy hole band, approximately 1.5 times that of
the electron effective mass, from k-p theory [35]. As such, the light hole band
is shifted downwards in energy as a result of confinement at larger dimensions
than the heavy hole band, from eq. . This allows for higher band gaps to
be opened through quantum confinement at larger thickness. This holds true
as long as the light hole band is at a higher energy level than the heavy hole
band. Eventually, confinement will cause the light hole band to decrease below
the energy of the heavy hole band, and the widening of the band gap as a function
of thickness will abruptly slow down. This would not occur in the presence of
compressive strain, as the heavy hole band is already at a higher energy than
the light hole band, and as such will be affected by confinement similarly to an
unstrained material. This behaviour indicates that strain is not only useful in the
modulation of the band gap of the bulk material, but also influences the band
gap induced through quantum confinement. As such, care must be taken when
choosing strain parameters for the construction of semimetallic devices, as the
rate at which the band gap opens, as a function of thickness, can differ to that

of the relaxed material.
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The in-plane lattice constants of the alloys presented in fig. all lie within
the range of 5.804 A to 5.885 A. So, to attain an alloy with the least amount
of overlap between the I'; and I'{ states, substrates within this range should be

experimentally investigated for growing semimetallic Ge;_Sn, structures.

InP has a low-temperature direct band gap of 1.42 eV and a lattice constant of
5.87 A [36], lying within the range described above, making it an ideal candidate
for such a substrate. A structure with a slight tensile strain could also be fabri-
cated by growing Ge;_,Sny on a substrate of InyGa;_yAs, an alloy already utilized
as a substrate experimentally [27]. In,Ga;_,As has a lattice constant of 5.65 A at
y=0and 6.06 A aty =1 [37], covering the lattice parameter range required to
fabricate the alloys along the semiconducting to semimetallic boundary given in
fig. [5.5] This also allows the In,Ga;_yAs alloy to match the lattice constant of
Gej_xSny up to x = 0.5. The band gap of InyGa;_yAs ranges from 1.44 eV at y
=010 0.36 eV at y = 1, and as such it is desirable to minimize the In composition

in the substrate in order to maximize the substrate band gap.

5.7 Deformation potential theory (DPT)

5.7.1 Analysis of band edge shifts with strain

To analyze the shift in the band gap brought about by strain in these cells,
deformation potential theory (DPT) has been employed. The strain-dependent
band gaps of pseudomorphic Ge;_Sny alloys grown on Ge, ZnTe, and CdTe
are investigated, and an analysis is performed on the combination of alloying
and strain in the engineering of the semiconducting to semimetallic transition.
Closed blue circles in fig. [5.6{a), fig. [5.6(b), and fig. [5.6]c) respectively show the
DFT-calculated direct band gaps for pseudomorphically strained Ge;_,Sny/Ge,
Gej_xSny/ZnTe, and Ge;_Sn,/CdTe alloy SQSs. Results for Ge;_,Sn,/Ge are
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shown only for x< 0.56, beyond which composition the 64-atom SQSs exceed the

calculated critical thickness and become amorphous upon LDA relaxation.

These DFT calculations are compared to deformation potential theory calcula-
tions in which the hydrostatic band gap deformation potential arg; s is obtained
via (i) linear interpolation between the values for Ge and a-Sn at each value of
x (dashed red lines), or (ii) fitting to the results of the DFT calculations (solid
black lines). In both cases, the VB edge axial deformation potential b for the
alloy is determined by linear interpolation between the corresponding values for
Ge and a-Sn (given in table [3.1)). The solid black lines in fig. [5.6{a), fig. [5.6(b),
and fig. [5.6(c) correspond to a best fit value argisr = —5.34 €V, obtained by
fitting to the DFT-calculated inverted direct energy gap of Ge;_Sny/ZnTe in
fig. [5.6(b). It is noted that the fitting of apg;rs is relatively insensitive to either
Sn composition or choice of substrate, with similar values obtained by fitting
to the DFT results for Ge;_Sny/Ge or Ge;_Sn,/CdTe. It is also noted that
this composition-independent best-fit value for arq; s produces good quantitative
agreement between the full DF'T and model deformation potential calculations,
tending only to break down in the presence of large in-plane strains |e,.| 2 5%,
where linear-in-strain deformation potential theory would be expected to lose ac-
curacy, respectively at high and low x in fig. [5.6(a) and fig. |5.6(c). Here, the
calculations predict (a) that the semiconducting to semimetallic transition oc-
curs for x ~ 0.26 in compressively strained pseudomorphic Ge;_,Sn,/Ge, (b) that
Gej_,Sn, /ZnTe is semimetallic across the full composition range, with the mag-
nitude of the inverted I';-I'{ energy gap lying in the range 0.45 — 0.71 eV, and
(c) that growth of Ge;_xSn, on CdTe (or, equivalently, a-Sn) increases the mag-
nitude of the inverted I';-I'j energy gap, making it more challenging to open up

a band gap via quantum confinement than in a-Sn.

It is noted that the best-fit value arq;r¢ = —5.34 eV for the hydrostatic deforma-
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tion potential associated with the Ge;_,Sn, direct band gap is not intermediate
between the values of —-9.54 and —6.68 eV, calculated respectively for the I'7-I"}
band gaps of Ge and a-Sn (given in table [3.2)). This suggests that alloy-related
band mixing effects play a key role in determining the nature of the band gap
in Ge;_xSny alloys. Indeed, the best-fit value for arg;f¢ is intermediate between
the values associated with the direct I';-I'{ and indirect Lg-I'"{ band gaps of Ge,
reflecting that band folding in the 64-atom supercell calculations allows for hy-
bridisation of Ge I'- and L-point states in response to Sn incorporation. This is in
agreement with recent theoretical analysis [19] suggesting that Sn incorporation
in Ge drives strong hybridisation of Ge I'- and L-point CB edge states, leading to
a band gap that is neither purely indirect nor direct in nature, and which evolves
continuously from indirect to direct in nature for x $0.1% via alloy band mixing
effects. This conclusion is supported by pressure-dependent measurements [38],
which demonstrate that the pressure coefficient % associated with the Ge;_,Sny
fundamental band gap starts out equal to that of the indirect L-I'§ band gap of
Ge at x =0 (4.3 meV kbar™!), and increases continuously with increasing x until it
reaches a value close to that associated with the direct I';-I'§ band gap of Ge by x
~ 0.1 (12.9 meV kbar~!). Converting the best-fit value arg; s = —5.34 €V to a pres-
sure coefficient, an intermediate value % ~ 7 meV kbar~! is obtained. It is noted
that the limited band folding present in the < 10%-atom supercells accessible using
meta-GGA DFT calculations limits the number of states that can hybridise in
response to alloying. As such, the observed Sn-induced I'-L. band mixing observed
in these calculations persists across the entire composition range as an artefact
of the supercells employed in the calculations [34]. Overall, our calculations then
support the emerging re-evaluation of the nature of the indirect- to direct-gap

transition in Ge;_,Sny alloys in terms of alloy band mixing effects |19}|3§].
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5.7.2 Predicting the alloy band gap under pseudomorphic

strain

Figure demonstrates calculated band gaps across the composition range, using
the relaxed band gap energies as starting points, with DPT employed to estimate
the shift due to strain. However, if an accurate continuous depiction of the
relaxed band gap were obtained, then it would be possible to estimate band gaps
of strained Ge;_,Sn, across the full composition range without the need for DF'T,
thus drastically cutting computational time. To represent the relaxed band gap,
the cluster expansion of the relaxed SQSs, presented in fig. [5.3] has been chosen.
To calculate the band gap shift as a result of strain, DPT is employed, using the
fitted value of argirr = —5.34 eV. As previously stated, the limited band folding
present in the 64 atom supercells limits the number of states that can hybridise
in response to alloying. As such, the Sn-induced I'-L. band mixing observed in
our calculations persists across the entire composition range as an artefact of the
supercells employed in our calculations |34]. Therefore, the accuracy of the model

can be improved through fitting of arg; sy to larger alloy cells.

Figure shows a comparison of the semimetal to semiconducting boundary, as
calculated within this approximation and, as seen in fig. [p.5|(a), obtained from
DFT. The two models display very close agreement, to within less than x = 0.01,
at tensile strains up to 2.5%, at which point the semiconducting to semimetallic
boundary deviates by less than x = 0.025 from the DFT values. It is noted that
this deviation is in large part due to the disagreement between the cluster expan-
sion of the relaxed alloy band gap and the DF'T calculated values, and as such is
caused by the quasirandom nature of the cells. Beyond 2.5%, it is possible that
the low critical thickness would inhibit the growth of semimetallic films, as the
films would only be able to be grown to thicknesses at which quantum confine-

ment would open a band gap, as indicated by the calculations in section |3.3.3]
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Figure 5.7: Semiconductor to semimetal transition as a function of tin composi-
tion and tensile strain, as calculated from the DFT and DPT models.

By extending this model it is possible to calculate at what strains and compo-
sitions the magnitude of the negative I'; - I'j gap exceeds that of pure a-Sn.
This allows for an estimation of the usable composition range of Ge;_,Sn, for
semimetal devices. The calculations represented in fig. uses this method to
calculate the band gap of the Ge;_,Sn, alloy over a tensile strain and composition
range. The strain magnitude is limited to 2.5% in this figure, beyond which the
critical thickness is below 7 nm. The black line indicates the DFT data from
fig. (a), showing close agreement between the two methods. The green area
on the plot depicts compositions at which the I'7 - I'j energy difference is less
than zero and greater than that of a-tin, highlighting the most suitable choices

for semimetal devices.
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Figure 5.8: Band gap as a function of composition and tensile strain, as calcu-
lated with a mixture of deformation potential theory and the cluster expansion
formalism. The black line indicates the semiconducting to semimetallic transi-
tion as calculated from the meta-GGA/DFT plus SQS method, showing good
agreement between the two different approaches.

5.8 Conclusions

The band gap of the Ge;_Sny is calculated over the full composition range us-
ing an SQS plus DFT/meta-GGA model. The calculated band gaps show good
agreement with previous experimental work and indicate a crossover from semi-

conducting to semimetallic at x ~ 0.21.

These same cells are then epitaxially strained to the same substrate lattice pa-
rameters as in the previous chapter. The ZnTe substrate is shown to counteract
the effects of alloying, enforcing a I'; - I'j energy difference similar to a-Sn over
the full composition range, although many of these compositions are not realistic
due to the large strains imposing too small a critical thickness. The CdTe and
Ge substrates are shown to offer no improvement to semiconductor-to-semimetal
transition at any composition, however they clearly demonstrate the effects of
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tensile and compressive strain on the band gap, respectively.

The semiconducting-to-semimetal transition is calculated from DFT as a function
of strain and composition. This is compared to the critical thickness of the same
compositions, showing that beyond ~ 2.5% tensile strain the critical thickness
could be too low to fabricate a semimetallic device. However, a 2% tensile strain is
shown to lower the transition from x ~ 0.21 to x ~ 0.12. This degree of strain could
be applied through growth on an In,Ga;_yAs substrate, with the composition of
the substrate tuned to a suitable lattice constant. However, In,Ga;_yAs is shown
to have a large 1.44 eV band gap at y = 0, which reduces to 0.36 eV at y = 1.
As such, minimizing the amount of indium is desirable in order for there to be a
suitable substrate band gap. The InP 5.87 A lattice constant and low-temperature
indirect band gap of 1.42 eV also make InP a suitable substrate to allow for
the fabrication of a composition/strain combination on the semiconducting to

semimetallic border.

DPT is then used to analyse the character of the I'; - I'j energy difference. The
deviations of the meta-GGA calculations away from the DPT predictions indicate
clear hybridisation between the conduction band states, with the deformation
potentials behaving intermediary to that of the L - I'{ and I'; - I'{ gap. Using a
fitted I'; - I'y deformation potential, DPT is combined with a cluster expansion
of the relaxed I'; - I'{ energy difference over the composition range, in order to
make predictions over a large range of strains and compositions. This allows for
the estimation of the suitable strains and compositions which can be implemented

to fabricate semimetallic Ge;_Sn, alloys.
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Chapter 6

Conclusion

6.1 Conclusion

In this thesis the miscibility and structural properties of Ge;_Sn, alloys have
been investigated across the composition range. The evolution of the electronic
band structure of Ge;_,Sn, alloys as a result of alloy stoichiometry and strain has
also been explored. Both of these tasks were undertaken with the aim of finding
the ideal conditions for the fabrication of semimetallic Ge;_Sn, alloys, with a

view to use these in confinement modulated devices.

Chapter 3 is concerned with characteristics of the two alloy components, germa-
nium (Ge) and a-tin (a-Sn). Density functional theory (DFT) was employed to
predict structural and electronic properties, such as the elastic constants, lattice
constants, and electronic band gaps, in order to provide baseline results for alloy
calculations in later chapters, as well as for use in models applied to the materials
in order to investigate their behaviour under strain. The calculated elastic con-
stants were used to estimate the critical thicknesses of the two materials, showing
how even small values of strain drastically reduced the maximum growth thick-

ness. Although electronic band gaps and deformation potentials showed good
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agreement with experimental results, the effective masses of a-Sn did not agree
with the literature [1], likely due to the complicated nature of the band structure
of the material which displays an inverted band gap, with the I'; state lower in en-
ergy than the I'} states, causing the light electron (LE) band to change direction
of curvature [2-4]. As such, in order to calculate which bulk bands correspond
to the confined bands in a thin film, the band structure of a single a-Sn thin
film was calculated and band character was analyzed. The results showed that
the I'; is pushed above the conduction band when confined, in agreement with a
prevous study [5] indicating that this is a key state to observe when calculating
alloy band structures. The behaviour of the electronic states was studied under
applied strain, within both DFT and deformation potential theory (DPT), which
were shown to agree with each other as well as with experimental results. The
plane perpendicular to the <100> direction was chosen as the plane to epitaxially
strain the alloy in as it is shown to exhibit the greatest capacity for strain relax-
ation. It was predicted that the amount of strain required to induce a semimetallic
transition in germanium was too high to allow for a critical thickness above the
minimum confinement thickness. This implies that pure germanium would not be
a suitable material for semimetal based devices, even with the addition of tensile
strain. In a-Sn, tensile strain is shown to lower the I'j state relative to the I'7
states, indicating that strain could be used to gain additional control over the
band gap in confined structures. This has been previously demonstrated in Sn

nanowires [6].

In chapter 4 the structural properties and miscibility of the alloys were analysed.
First the evolution of the structural properties of materials, such as lattice con-
stant, elastic constant, and the bond lengths present within the simulation cells,
were analysed. The low lattice constant bowing parameter was shown to agree
with the results from previous studies. Though there is some disagreement in the
literature as the to bowing parameters of the elastic constants, those calculated
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in this work are shown to exhibit non-negligible bowing over the composition
range. The bond length data presented in this work is shown to agree with both
previous theory and experiment for low Sn content alloys, while also predicting
how the bond lengths change across compositions not yet present in the litera-
ture. Two miscibility models were compared with results from DFT: the Bragg-
Williams (BW) model and the cluster expansion (CE) formalism. Although both
models predicted immiscibility of the alloy components at 0 K, the BW model
underestimated the formation energy. Through comparison to various differently
parametrised CEs, this was brought about by the simplistic method employed in
this work to calculate the interactions energies of the BW model. The BW model
was shown to be unable to predict asymmetry in the calculated formation energy
curve. This effect can be captured by the CE through the inclusion of triplet
interactions. The asymmetry points towards Sn rich alloys being easier to attain
than Ge rich alloys. When formation energies calculated from DFT are analysed,
they indicate that the largest contributing factor to immiscibility is the volume

deformation term.

The alloys were then studied under epitaxial strain. The critical thicknesses of the
alloy under strain indicated similar results to those of the pure alloy components,
presented in chapter [3) with a slight increase in critical thickness for the Sn
rich alloys. As well as this, the results of the miscibility models indicated that
lattice matching the relaxed alloy to the substrate lattice constant is energetically
preferable relative to a relaxed decomposition. While the assumption of coherent
segregation showed that a substrate with an intermediate lattice constant would
aid miscibility, this would also drastically reduce the critical thickness of such a
strained film. As such, it is evident that in order to grow semimetallic films to
the required thickness so that confinement does not open a gap, strain should be
kept to a minimum in order to ensure a high critical thickness and to maximize
miscibility.
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In chapter 5 the bulk alloy band gaps are studied and the crossover from semi-
conducting to semimetallic behaviour was shown to be x~0.2. These cells were
strained to the same lattice parameter as in the previous section and the band
gap behaviour was shown to be similar to the pure alloy components: compres-
sive strain had a negligible effect on the energy separation, while tensile strain
decreased the I'j state relative to the I'; state. This indicates that germanium
offers no benefit as a substrate for growth of semimetallic alloy films, a CdTe sub-
strate increases the magnitude of the negative band gap, and a ZnTe substrate
offsets the effect of alloying, with a consistent negative band gap value similar
to a-Sn. The semiconductor to semimetallic boundary was calculated in DFT as
a function of both composition and strain. This would be achievable through a
substrate with a variable lattice parameter, such as In,Ga;_yAs. In,Ga;_yAs has
a lattice constant of 5.65 A at y = 0 and 6.06 A at y = 1 [7], indicating that it
would be capable of lattice matching Ge;_Sn, up to compositions of x~ 0.5, and
would be able to apply tensile strain on compositions below this. However, the
band gap of In,Ga;_yAs ranges from 1.44 ¢V at y =0 to 0.36 ¢V at y =1 [7], and
as such the In composition of the InyGa;_yAs should be kept to a minimum in
order to maximize the substrate band gap. The band characteristics of Ge;_,Sny
alloys were studied using deformation potential theory in a similar manner as in
chapter 3. Fitting the DPT calculations to DF'T results shows a band gap de-
formation potential consistent with that of a hybrid L. and T" band gap, agreeing
with a previous study [8]. Through combination of deformation potential theory
and the cluster expansion, a model was developed which accurately reproduced
the 64 atom SQS data. This was then used to efficiently estimate which alloy
compositions exhibit a favourable I'j - I'; energy difference. Although some of
the alloy compositions would be difficult to achieve due to growth limitations as

a result of strain and immiscibility.

As an overview, it is evident that unstrained Ge;_,Sn, alloys exhibit suitable
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electronic structures for use in semimetal based devices at compositions of x>0.2.
The addition of Ge to lattice matched a-Sn has been previously shown experi-
mentally to increase temperature of the transition to $-Sn [9], and the band gap
calculations in this work indicates that this does not impact the semimetallic
nature of the band structure, suggesting high Sn content alloys would be suitable
for the fabrication of semimetallic Ge;_,Sn,, if the temperature of the transition
to §-Sn is increased sufficiently by the addition of Ge. Lattice matching the sub-
strate of these alloys would allow for the greatest miscibility as well as critical

thickness.

With regards to the use of strain as a means for creating semimetallic Ge;_,Sn,,
compressive strain was shown to provide little benefit to modifying electronic
structure while decreasing the critical thickness of both the pure alloy components
as well as the Ge;_,Sn, alloys themselves. Compressive strain was also shown
to negatively impact the miscibility of these systems and, as such, should not
be considered when creating semimetallic Ge;_,Sn, structures. Tensile strain
however, is shown to lower the Sn content required for the alloy to transition
to semimetal, thus assisting with the suppression of Ge and Sn segregation, as
compositions farther from the x=0.5 composition have lower formation energies.
However, this is at the cost of a decreasing critical thickness, and as such strains
should be minimized in order to ensure that alloy thicknesses can be achieved

beyond which quantum confinement opens a band gap.

6.2 Outlook and further work

The continuation of this work would be based on nanostructure calculations, such

as thin films or nanowires.

The alloy nature of these structures adds a large computational cost to the calcu-
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lations, requiring either large quantities of compute power or time. The structures
themselves can easily be obtained by cleaving them from larger bulk SQS cells,
if randomness is assumed, however an average over a number of structures at
each composition would be required to remove any band structure discrepancies
created by the effects of randomness on the surface of the film. As an extreme
example: if cleaving the film created a structure where the surface lattice sites
were fully occupied by germanium, the band structure would not be indicative
of a random alloy. However, it is possible that depending on the surface termi-
nation used, the structures may energetically prefer one atomic species over the
other at the surface. As such three main questions are brought up when study-
ing nanostructures comprised of Ge;_,Sny alloys. First there is the question of
which terminating species would be suitable. Total energy calculations could be
used to predict which surface terminations would be stable on the Ge;_,Sn, alloy,
relative to dissociation. Secondly, there is the question of how the presence of
a surface, as well as a surface termination, modifies the thermodynamics of the
alloy. Monte Carlo calculations, as described in Cao et al. [10] can be used to
measure the effect of these on the alloy correlation functions. This would then
reveal any ordering or segregation presenting in the nanostructures. Finally the
impact of nanowire orientation should be considered, as this has a large effect
on the surface area of the wire. As such, certain orientations would magnify the

surface effects on the thermodynamics of the alloy.

As well as taking the structural and thermodynamic details into consideration,
the metaGGA /DFT parameters must also be considered. The TB-mBJ exchange-
correlation potential applied in our analysis of bulk-like Ge;_,Sn, supercells is not
applicable in thin film calculations, as the potential becomes singular in the pres-
ence of vanishing charge density. [11]. As such, a new method for overcoming the
underestimation of the band gap would need to be found. One possibility is the
GW approximation. However, requiring multiple calculations of alloy supercells
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would be highly computationally demanding within the GW approximation.

By varying the surface termination on nanostructures, the band gap of these
materials can be further modified in order to create desirable band profiles for
use in semimetal based device designs, as was shown to be the case for a-Sn
nanowires [12]. This warrants investigation in Ge;_,Sn, alloys, as it would add yet
another variable parameter for the control of their electronic structure. Allowing
for control over the band gap through alloy composition, strain, thickness, and

finally surface termination.

Once nanostructures with appropriate electronic structures are identified, the
next step would involve device calculations, such as transport calculations, giving

insight into the performance of a Ge;_,Sn, alloy based semimetal device.
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