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 A B S T R A C T

Extracting and isolating individual components of a multi-component signal is an important but challenging 
task in signal processing. Signal components can be buried in noise, time-limited without temporal overlap, 
and can have minimal separation in the frequency domain. This work presents two methods for decomposing 
multi-component signals that overcome the limitations of separating signal energy, jointly, in both time and 
frequency domains. These methods use established peak-tracking algorithms to extract instantaneous frequency 
(IF) laws from contiguous regions of local-energy concentrations in a quadratic time–frequency distribution 
(TFD). The novelty of this work is in the methods that convert these IF laws into signal components using either 
(1) time-varying filter banks or (2) sinusoidal model fitting with cross-TFD phase corrections. We validate these 
methods using simulated and real-world signals and compare their performance against existing techniques 
such as the time-varying empirical mode decomposition, variational mode decomposition, and synchrosqueezed 
transforms. The proposed methods achieve superior efficacy for decomposition over a range of nonstationary 
signals, do not require a priori knowledge, such as centre frequencies or component number, and perform well 
in the presence of noise.
1. Introduction

Decomposing a signal into a series of components is an important 
task within the field of signal processing. Decomposition provides the 
signal analyst with opportunities to highlight signal components that 
are relevant and information rich as well as opportunities to discard 
artefactual or irrelevant signal components. This process of obtaining 
key signal components has many applications across a wide range of 
fields, such as speech and image processing [1,2], communications [3], 
biomedical engineering [4], and power systems [5].

Signal decomposition extracts 𝐽 components from a signal of 𝑁
samples in duration. Two of the more successful methods of signal 
decomposition are the discrete-time Fourier transform and discrete 
wavelet decomposition [6,7]. These methods are, to a degree, based 
on projections of a signal onto a set of basis functions and show 
excellent decomposition performance across a wide variety of signal 
processing problems. In these cases, 𝐽 = 𝑁 with desirable decomposi-
tion properties such as high computational speed and complete signal 
representation, i.e. decomposition without a residual. It is possible to 
have 𝐽 ≫ 𝑁 when using methods with basis functions that are over-
complete such as atomic decomposition [8], but a more interesting case 
with potentially greater utility is the under-determined problem where 
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𝐽 ≪ 𝑁 . Here, several a priori assumptions about the type of signal 
under analysis guide the structure of the decomposition algorithm with 
the aim of extracting a minimum number of components that represent 
the maximum amount of information on the underlying signal emitting 
process. In this paper, we develop methods to decompose a particular 
class of nonstationary multi-component signals where 𝐽 ≪ 𝑁 .

Nonstationary signals complicate the interpretation of traditional 
methods reliant on stationary basis functions as the number of basis 
functions required to represent the signal is excessively large when 
the frequency content varies over time. Techniques such as the em-
pirical mode decomposition (EMD) have been developed to reduce the 
number of components extracted from nonstationary multi-component 
signals [9] with the aim of simplifying the interpretation of decom-
posed signal components. This popular method has been widely applied 
to a range of problems and is capable of extracting signal components, 
or intrinsic mode functions (IMFs), with time-varying frequency content 
as well as preserving signal components with multiple harmonics that 
are typically generated by nonlinear systems when driven by simple 
forcing functions. Limitations of EMD, such as the propensity to com-
bine distinct signal components into a single IMF [10], have motivated 
the development of alternatives like ensemble EMD and time-varying 
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EMD (TV-EMD) [11–13]; mode decomposition remains an active area 
of research [14].

Another popular alternative to EMD is variational mode decomposi-
tion (VMD) [15], an iterative method that minimizes the bandwidth of 
each component in the frequency domain. VMD has proven effective in 
separating signal components with overlapping frequency content and 
has been applied to a wide range of signal processing problems [15]. 
Like EMD, VMD has inspired several variants [15,16], most notably 
variational nonlinear chirp mode decomposition (VNCMD), which is 
specifically designed to decompose signals with time-varying frequency 
content. VMD methods, however, are sensitive to the a priori selection 
of parameters, such as the number of components and the approximate 
centre frequency of each component—information that may not be 
readily available with nonstationary multi-component signals.

An alternative to the methods of mode decomposition is an
approach that identifies components directly from the joint time–
frequency distribution (TFD) of a signal. These components are defined 
using their instantaneous frequency (IF) laws which are loosely defined 
as contiguous areas of similar energy in the time–frequency plane. IF 
laws, and therefore components, can be estimated directly from the 
TFD and the signal components reconstructed under the assumption 
that over a short-time analysis window, the derivative of the IF with 
respect to time is close to zero. TFDs which preserve phase information, 
such as the short-time Fourier transform (STFT) or the continuous 
wavelet transform, permit direct inversion from the time–frequency 
domain to the time domain. These TFDs, however, have limited time–
frequency resolution and require nearby signal energy to be focused 
around each component to sharpen the IF laws in the distribution; a 
process known as reassignment. After reassignment, signal components 
identified using the IF law are reconstructed using the synchrosqueeze 
method [17–19].

Quadratic TFDs (QTFDs) offer increased time–frequency resolu-
tion compared to the STFT or wavelet distributions [20–22]. Phase 
information, however, is lost in QTFDs and inversion to extract in-
dividual components in the time domain is not possible. We propose 
two methods that bypass this limitation. The first method passes the 
signal through an array of linear time-invariant filters with parameters 
derived from the estimated IF law to separate signal components. The 
second method uses sinusoidal model fitting with the IF laws and 
instantaneous amplitude estimated from the QTFD and then refines the 
model fit using the instantaneous phase of a complex-valued cross-TFD 
(XTFD) between the signal and initial fit. We show that both methods 
have a high level of efficacy when decomposing nonstationary multi-
component signals, particularly in the case of signals with components 
that are non-adjacent or disjoint in the joint time–frequency domain.

2. Background

2.1. Mode decomposition

The EMD decomposes a signal by iteratively removing the short-
time mean of the signal envelope from a residual, starting with the 
original signal [9]. This local mean is estimated as the average of 
an upper and lower limit of a signal, defined by fitting splines to 
all local maxima and minima. The local mean is subtracted from the 
current residual, and the process—known as sifting—is repeated on 
the resulting residual until the difference between successive sifted 
signals is minimized, or the number of extrema (maxima and min-
ima) approaches equality. Sifting ensures that the resultant IMF is 
amenable to calculating meaningful amplitude-modulated (AM) and 
frequency-modulated (FM) components of a typical multi-component 
signal model, such as 

𝑥(𝑡) =
𝐿
∑

𝑎𝑗 (𝑡) sin
(

2π𝜃𝑗 (𝑡) + 𝜙𝑗
)

(1)

𝑗=1

2 
where 𝑎𝑗 (𝑡) is the AM and sin(2π𝜃𝑗 (𝑡) + 𝜙𝑗 ) the FM term of the 𝑗th
signal component, and where the AM mean frequency is considerably 
lower than the FM mean frequency. The remaining residual after sifting 
defines an intrinsic mode function (IMF).

The EMD is a data-driven technique without analytic representation 
although several studies have revealed interesting properties of the 
EMD. Notably, components (IMFs) tend to be separated into loga-
rithmic frequency scales, when signal energy is sufficiently present 
to ensure signal extrema across the frequency scale. Also, continuity 
in time is enforced which can result in the merging of potential dis-
parate signal components together—the so-called riding waves problem 
[10,23]. An advantage of the EMD is that it merges harmonics into a 
single component, provided the harmonics do not generate additional 
extrema. This property is particularly useful when analysing signals 
from nonlinear systems with time-varying frequency content.

Variational mode decomposition (VMD) has emerged as a popular 
alternative to the EMD and its variants. VMD is an iterative optimiza-
tion method that extracts components, assumed to be compact in the 
frequency domain, by minimizing the bandwidth of each component. 
Unlike the EMD, VMD is a non-recursive method that optimizes all com-
ponents simultaneously. It also has a rigorous mathematical framework, 
in contrast to EMD’s heuristic approach [15]. However, the method 
does require the number of components and the approximate centre 
frequency of each component as input parameters, which in many 
instances may not be known or easily estimated.

2.2. Quadratic time–frequency distributions

Time–frequency signal analysis provides a suitable framework for 
analysing nonstationary signals. By transforming a time-domain signal 
into a joint time–frequency representation, the signal’s characteristics 
can be simultaneously tracked in both time and frequency. This trans-
formation enables the application of various time–frequency analysis 
techniques to effectively extract and process information from the 
signal [22].

Quadratic time–frequency distributions (QTFDs) are high-resolution 
representations with robust theoretical foundations [20–22]. This class 
of distributions has become a widely adopted and popular choice for 
time–frequency analysis. A QTFD, for signal 𝑥(𝑡) of infinite duration, is 
defined as 
𝜌𝑧(𝑡, 𝑓 ) = 𝑊𝑧(𝑡, 𝑓 ) ∗∗

(𝑡,𝑓 )
𝜙(𝑡, 𝑓 ) (2)

where 𝑊𝑧(𝑡, 𝑓 ) is the Wigner–Ville distribution (WVD) of the signal 
𝑧(𝑡), 𝜙(𝑡, 𝑓 ) is known as the time–frequency kernel function, and ∗∗
denotes the convolution operator, which is applied across time (𝑡) and 
frequency (𝑓 ) [22]. The WVD is defined as the Fourier transform of the 
time-varying auto-correlation function of the signal 𝑧(𝑡), 

𝑊𝑧(𝑡, 𝑓 ) = ∫

∞

−∞
𝑧(𝑡 + 𝜏

2 )𝑧
∗(𝑡 − 𝜏

2 )e
−j2π𝑓𝜏d𝜏 (3)

where 𝑧∗(𝑡) is the complex conjugate of 𝑧(𝑡). The complex signal 𝑧(𝑡)
is derived from the real-valued signal 𝑥(𝑡) to form the analytic signal 
𝑧(𝑡) = 𝑥(𝑡) + j{𝑥(𝑡)}, where j is the imaginary unit and  is the 
Hilbert transform [22]. The analytic signal has zero energy at negative 
frequencies which ensures that the distribution maintains important 
properties and avoids aliasing in the discrete case [21,24].

The WVD can provide a compact time–frequency representation of 
signal energy. For example, the WVD of a complex sinusoid and impulse 
signal are both represented as delta functions in the time–frequency 
domain as [21] 
𝑧(𝑡) = e𝑗2π𝑓0 , 𝑊𝑧(𝑡, 𝑓 ) = 𝛿(𝑓 − 𝑓0)

𝑧(𝑡) = 𝛿(𝑡 − 𝑡0), 𝑊𝑧(𝑡, 𝑓 ) = 𝛿(𝑡 − 𝑡0).
(4)

For a linear frequency modulated (LFM) signal, the WVD is a time-
varying delta function along the instantaneous frequency of signal, 

𝑧(𝑡) = e𝑗2π(𝑡𝑓0+𝛽𝑡
2∕2), 𝑊 (𝑡, 𝑓 ) = 𝛿(𝑓 − 𝑓 − 𝛽𝑡). (5)
𝑧 0
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Although the WVD has many desirable mathematical properties, 
such as satistying marginal constraints, it has some limitations, particu-
larly for multicompnent signals. Because of the quadratic nature of the 
WVD, the superposition of two signals results in the following: 

𝑊𝑧(𝑡, 𝑓 ) = 𝑊𝑧1+𝑧2 (𝑡, 𝑓 ) = 𝑊𝑧1 (𝑡, 𝑓 ) +𝑊𝑧2 (𝑡, 𝑓 ) + 2Re
{

𝑊𝑧1𝑧2 (𝑡, 𝑓 )
}

. (6)

for 𝑧(𝑡) = 𝑧1(𝑡) + 𝑧2(𝑡), where Re
{

𝑊𝑧1𝑧2 (𝑡, 𝑓 )
}

 is the real part of the 
complex-valued distribution 

𝑊𝑧1𝑧2 (𝑡, 𝑓 ) = ∫

∞

−∞
𝑧1(𝑡 +

𝜏
2 )𝑧

∗
2(𝑡 −

𝜏
2 )e

−j2π𝑓𝜏d𝜏 (7)

This cross-WVD 𝑊𝑧1𝑧2 (𝑡, 𝑓 ) consists of cross-terms components which 
introduces interference in the WVD 𝑊𝑧1+𝑧2 (𝑡, 𝑓 ), therefore making it dif-
ficult to extract information. Hence the addition of the kernel function 
𝜙(𝑡, 𝑓 ) in (2) for QTFDs—the kernel is designed to suppress these cross-
terms by smoothing the distribution in the time–frequency domain 
[22]. The class of QTFDs is therefore defined by different kernels 𝜙(𝑡, 𝑓 )
which act as time–frequency filters to remove unwanted cross-terms.

2.3. Estimating instantaneous frequency

For a monocomponent signal, the instantaneous frequency (IF) of 
a signal is defined as the derivative of the instantaneous phase of the 
signal [22]; that is, for a signal 𝑧(𝑡) = 𝑎(𝑡)e𝑗𝜃(𝑡), the IF is defined as 

𝑓 (𝑡) = 1
2π

d𝜃(𝑡)
d𝑡

. (8)

For the sinusoidal and LFM signals in (4) and (5), the IFs are 𝑓0 and 
𝑓0+𝛽𝑡, respectively. The IFs can also be estimated from the peak of the 
WVD, which for the LFM example would be 

𝑓 (𝑡) = argmax
𝑓

𝑊𝑧(𝑡, 𝑓 ) = 𝑓0 + 𝛽𝑡. (9)

Although the QTFD convolution in (2) introduces smoothing, the 
location of the peaks do not change and therefore the IF can be esti-
mated by tracking the peak of the distribution [22]. This peak-tracking 
method for IF estimation is prevalent in various time–frequency and 
time-scale methods [17,19,25–27]. There are different techniques for 
peak tracking, but the most common and straightforward approach is 
to estimate the local maxima of the QTFD and track the peak over time. 
For the discrete QTFD, local peaks are estimated across a frequency 
vector for each time instance (time-slice). Then an algorithm is used to 
link the peaks across time to estimate a track to represent the IF laws. 
The assumption is that the IFs are continuous and slow-varying over 
time.

There are a number of challenges with peak-tracking. First, the 
number of detected peaks can vary from time-slice to time-slice, with 
the disappearance of peaks and the appearance of new peaks. Second, 
as the IF changes over time, a simple ordering of the peaks per time-
slice may not be sufficient to track the peaks across time. Third, some 
peaks may belong to sidelobes or cross-terms between components, and 
therefore should not be included in the tracking process.

The following process describes an established algorithm, proposed 
by McAulay and Quatieri [25], for addressing these challenges. (As we 
are dealing with discrete signals and distributions, we switch notation; 
for signal 𝑥 for example, from 𝑥(𝑡) to 𝑥[𝑛].) The algorithm first estimates 
all local peaks per time-slice. Then, it sorts and links the peaks from 
time-slice 𝑛 to 𝑛 + 1 using the following process, where 𝑝𝑖𝑛 represents 
the 𝑖th peak at time-slice 𝑛:

• Step 1: determine if there are peaks 𝑝𝑖𝑛+1 within an allowable fre-
quency range (𝛥𝑘); that is, if 𝑝𝑖𝑛+1 ∈

{

𝑓𝑎[𝑛] − 𝛥𝑘∕2, 𝑓𝑎[𝑛] + 𝛥𝑘∕2
}

where 𝑓𝑎[𝑛] is an existing track (see Fig.  1a for an example). If 
so, a tentative match is made and 𝑝𝑖𝑛+1 is included in the track 
(𝑓 [𝑛 + 1] = 𝑝𝑖 ). If not, the track 𝑓 [𝑛] ends at 𝑛.
𝑎 𝑛+1 𝑎

3 
• Step 2: If another track 𝑓𝑏[𝑛] provides a better match to 𝑝𝑖𝑛+1, 
where |𝑝𝑖𝑛+1 − 𝑓𝑏[𝑛]| < |𝑝𝑖𝑛+1 − 𝑓𝑎[𝑛]|, then this track is updated 
to 𝑓𝑏[𝑛 + 1] = 𝑝𝑖𝑛+1. (In the case of a tie, when |𝑝𝑖𝑛+1 − 𝑓𝑏[𝑛]| =
|𝑝𝑖𝑛+1 − 𝑓𝑎[𝑛]|, 𝑝𝑖𝑛+1 is matched to the higher frequency track 𝑓𝑏[𝑛+
1]; see Fig.  1b for an example.) If not, then the tentative match in 
Step 1 is confirmed and the track is updated to 𝑓𝑎[𝑛+1] = 𝑝𝑖𝑛+1. If 
𝑓𝑎[𝑛+1] did not match with 𝑝𝑖𝑛+1, then a peak at lower frequency 
𝑝𝑖+1𝑛+1 is considered for 𝑓𝑎[𝑛 + 1] (re-assessing the procedure from 
Step 1).

• Step 3: If peak at 𝑝𝑖𝑛+1 has not been matched to an existing track, 
then a new track is created with 𝑓𝑐 [𝑛 + 1] = 𝑝𝑖𝑛+1.

This process is illustrated in Fig.  1 and described in more detail in 
Ref. [25]. An upper limit on the number of peaks per time-slice is 
enforced (peaks are ranked based on amplitude). Additional, after all 
tracks are created, a predefined parameter of minimum length is en-
forced to remove short-duration tracks. These two steps avoid including 
spurious tracks that are unlikely to represent real IF laws [22,25,28].

3. Methods

We define a discrete-time version of the multi-component nonsta-
tionary signal in (1) as the sinusoidal model as,

𝑥[𝑛] =
𝐽
∑

𝑗=1
𝑦𝑗 [𝑛] (10)

𝑦𝑗 [𝑛] = 𝑎𝑗 [𝑛] sin
(

2𝜋𝜃𝑗 [𝑛] + 𝜙𝑗
)

(11)

𝜃𝑗 [𝑛] = 1
𝑓𝑠

𝑛
∑

𝑚=0
𝑓𝑗 [𝑚] (12)

where 𝑛 is discrete-time for 𝑛 = 0, 1,… , 𝑁 − 1 and 𝑓𝑠 is the sampling 
frequency; to simplify notation we assume that 𝑓𝑠 = 1 hereafter. 
For the 𝑗th signal component, 𝑎𝑗 [𝑛] is amplitude modulation, 𝜃𝑗 [𝑛]
is signal phase, and 𝜙𝑗 is the phase offset. Time-varying phase 𝜃𝑗 [𝑛]
is derived through the integration (cumulative sum) of the IF, 𝑓𝑗 [𝑛]. 
This AM/FM model of 𝑦𝑓 [𝑛] is a common signal representation [22]. 
Although there are an infinite number of {𝑎[𝑛], 𝜃[𝑛]} combinations that 
will result in the same 𝑥[𝑛], there is a desired selection of {𝑎[𝑛], 𝜃[𝑛]}
that constrains the frequency content of 𝑎[𝑛] to be considerably lower 
than sin (2𝜋𝜃𝑗 [𝑛]

) [29]. The aim of signal decomposition methods are, 
therefore, to calculate 𝑦𝑗 [𝑛] via estimates of {𝑎[𝑛], 𝜃[𝑛]}.

Our approach to calculating 𝑦𝑗 [𝑛] in (10) involves three steps.

1. Generate a QTFD, 𝜌𝑥𝑥[𝑛, 𝑘]. QTFDs provide a high-resolution 
estimate of the distribution of signal energy in a joint time–
frequency domain. See example in Fig.  2a–b.

2. Identify signal component IF laws, 𝑓𝑗 [𝑛], and therefore 𝜃𝑗 [𝑛]. 
Contiguous areas of similar energy above the noise floor in 
a QTFD are collected together to define a signal component. 
We use peak-tracking algorithms to estimate the number of 
signal components 𝐽 and reconstruct their IF laws (described in 
Section 2.3 and illustrated in Fig.  2c).

3. Extract components 𝑦𝑗 [𝑛] for 𝑗 = 1, 2,… , 𝐽 . The two proposed 
methods are identical for step 1 and 2, but differ at this point. 
The first method uses time-varying filtering; the signal compo-
nent 𝑦𝑗 [𝑛] is generated by passing the signal through 𝐽 filters 
defined for each discrete-time sample 𝑛 (Fig.  2d). The second 
method constructs an approximation of the component using the 
sinusoidal model in (10) with the estimated IF laws 𝑓𝑗 [𝑛] and 
instantaneous amplitude 𝑎𝑗 [𝑛] as a basis and then refines this 
approximation by adjusting the instantaneous phase estimated 
from a XTFD (Fig.  2e).

We use a smoothed QTFD to form a representation of signal energy 
in the time–frequency domain. Rewriting the QTFD definition in (2) for 
the more general case of two discrete signals 𝑥[𝑛] and 𝑦[𝑛] as 
𝜌 [𝑛, 𝑘] = DFT

{

IDFT
{

DFT
{

𝑥[𝑛 + 𝑚]𝑦∗[𝑛 − 𝑚]
}

𝐻[𝑙]𝑔[𝑚]
}}

(13)
𝑥𝑦 𝑚→𝑘 𝑙←𝑛 𝑛→𝑙
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Fig. 1. Peak-tracking algorithm for estimating instantaneous frequency (IF) from a time–frequency distribution (TFD). Given a set of peaks 𝑝𝑖𝑛, for 𝑖 = 1, 2,… , 𝑃𝑛 at time 𝑛, the 
algorithm matches peaks to existing IF tracks, generates new tracks, or ends existing tracks. An example in (a) illustrates this matching process for time 𝑛 = 2 to 𝑛 = 3 for an 
existing IF track 𝑓𝑎[𝑛] and set of peaks 𝑃3 = 3. Black lines represent the IF tracks and dotted lines represent potential matches; black dots (∙) represent matched peaks and unfilled 
dots (◦) represent unmatched peaks. Only peaks within the predefined frequency range 𝛥𝑘 are considered for matching. Another example in (b) of searching for candidate peaks 
with two IF tracks in consideration. IF 𝑓𝑏[𝑛+1] matches to peak 𝑝13 and 𝑓𝑎[𝑛+1] matches to the lower frequency peak 𝑝23. Example in (c) illustrates four IF tracks (black lines) and 
includes the potential matches (dotted lines) made during the sorting procedure. The peaks that are not matched to an IF, as illustrated by the unfilled dots (◦), are discarded. 
TFD in (d) of a signal with 3 components together with the estimated IF tracks using the peak-tracking algorithm.
where 𝑛 is discrete-time, 𝑘 is discrete-frequency, 𝑚 is an additional 
variable of discrete-time (known as lag), 𝑙 is an additional discrete-
frequency variable (known as Doppler), DFT is the discrete Fourier 
transform and IDFT is the inverse DFT [30]. The separable kernel 
𝐻[𝑙]𝑔[𝑚] is defined in the Doppler–lag [𝑙, 𝑚] domain and defines the 
smoothness of the QTFD. The signals under analysis, 𝑥 and 𝑦, are 
analytic signals [24]. When 𝑥 = 𝑦 the QTFD is generated; when 𝑥 ≠ 𝑦, 
the XTFD is generated. The kernel acts as smoothing window, spreading 
energy in both time and frequency domains. The window tends to be 
longer in the time direction under the assumption that continuity in 
time will exceed variation in the frequency domain; an assumption that 
aligns with our perceptions of signal components as defined in (10).

Signal components are derived from contiguous concentrations of 
energy within the QTFD [25]. These sequences of [𝑛, 𝑘] coordinates 
correspond to the IF law of each signal component in the QTFD. The 
peak-tracking algorithm describe in Section 2.3 is applied to the QTFD 
to find the IF tracks. To conform with our concept of slowly-varying 
continuous components with a significant extent in time, potential IF 
tracks that are too short or vary too rapidly in time are rejected. In this 
case, we set the minimum IF duration to 4

√

𝑁 and maximum rate of 
change (𝛥𝑘 in Fig.  1) to 

√

𝑁∕2, assuming signal length 𝑁 and a QTFD 
of size 𝑁 ×𝑁 .

Once the QTFD is calculated and IF tracks extracted then signal 
components are reconstructed from the IF tracks using two independent 
methods. Code for both proposed decomposition methods is available 
at https://github.com/otoolej/tfd_decomp/.

3.1. Method 1: Time-varying filtering

The time-varying filter is implemented using finite-impulse response 
(FIR) filters [31] with specifications that vary at each discrete-time 
4 
point 𝑛. The filter specification is defined by the IF laws extracted from 
the QTFD. The filter for the 𝑗th component is defined as, 

ℎ𝑗 [𝑛, 𝑚] =
𝑤[𝑚]

𝜋(𝑚 − 𝛼)
[

sin(2𝜋𝑓𝑢[𝑛](𝑚 − 𝛼)) − sin(2𝜋𝑓𝑙[𝑛](𝑚 − 𝛼))
]

𝑓𝑙[𝑛] =

{

𝑓𝑗 [𝑛] − 𝐵1[𝑛] 𝑓𝑗 [𝑛] − 𝐵1[𝑛] > 0
0 otherwise

𝑓𝑢[𝑛] =

{

𝑓𝑗 [𝑛] + 𝐵2[𝑛] 𝑓𝑗 [𝑛] + 𝐵2[𝑛] < 0.5
0.5 otherwise

(14)

where 𝑀 is the filter length (𝑀 is odd and 𝛼 = (𝑀 − 1)∕2), 𝑚 and 
𝑛 are discrete-time, 𝑓𝑗 [𝑛] is the discrete IF law of the 𝑗th component, 
𝐵1[𝑛] and 𝐵2[𝑛] are the bandwidth of the filter at time 𝑛 and are defined 
as the midpoint between nearest components (if no component exists 
with lower or higher frequencies at 𝑛 then 𝐵1 and 𝐵2, respectively, 
are undefined), normalized frequency limits are defined as {0, 0.5}, and 
𝑤[𝑛] is a Hamming window of length 𝑀 .

The use of variable filter bandwidths as defined by {𝐵1[𝑛], 𝐵2[𝑛]}
ensures that the entire time–frequency plane is included in the decom-
position resulting in a complete decomposition (i.e. zero residuals). A 
further caveat for completeness is that the IF laws completely span the 
temporal extent of the signal and type I FIR filters are used [7] as low, 
high and band pass filters are all used in the decomposition. In practice, 
we found 𝑀 = 2

⌈
√

𝑁 + 1∕2
⌉

−1 to be a useful filter length. The instan-
taneous filter bandwidths {𝐵1[𝑛], 𝐵2[𝑛]} can be tightened/reduced if a 
non-zero residual is desired for noise rejection. The complete procedure 
is detailed in Algorithm 1.

3.2. Method 2: Model fitting using a XTFD

The second method directly estimates the parameters of the multi-
component nonstationarity sinusoidal model in (10). First, similar to 

https://github.com/otoolej/tfd_decomp/
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Fig. 2. Overview of the proposed signal decomposition methods. Signal in (a) is transformed to the time–frequency domain using a quadratic time–frequency distribution (QTFD) in 
(b) and the instantaneous frequency (IF) components are extracted as tracks in (c). Method 1 applies time-varying filtering to the signal; the series of time-varying impulse-response 
functions are presented in (d) for this example. Method 2, outlined in (e), generates a sinusoidal model of the signal using amplitude of the QTFD (instantaneous amplitude, IA) 
and the IF tracks. This is then used to generate a cross-TFD (XTFD). Instantaneous phase (IP) is extracted from the phase of the XTFD along the IF tracks. Each component is 
generated using the IA, IF, and IP terms.
Algorithm 1 TV Filtering Signal Decomposition
Input: signal 𝑥[𝑛] of length 𝑁
Output: 𝐽 components 𝑦𝑗 [𝑛]
Parameters: TFD kernel parameters

1: Generate the TFD 𝜌𝑥𝑥[𝑛, 𝑘] for signal 𝑥[𝑛]
2: Calculate 𝐽 IF laws 𝑓𝑗 [𝑛] from 𝜌𝑥𝑥[𝑛, 𝑘]
3: Ensure IF tracks span the entire duration of the signal
4: for 𝑗 = 1, 2,… , 𝐽 do
5:  Calculate time-varying filter cutoffs {𝑓𝑙[𝑛], 𝑓𝑢[𝑛]} defined in (14)
6:  Generate time-varying windowed FIR filter with 𝛼 = (𝑀 − 1)∕2

ℎ𝑗 [𝑛, 𝑚] =
𝑤[𝑚]

𝜋(𝑚 − 𝛼)
(sin(2𝜋𝑓𝑢[𝑛](𝑚 − 𝛼)) − sin(2𝜋𝑓𝑙[𝑛](𝑚 − 𝛼)))

7:  for 𝑛 = 0, 1,… , 𝑁 − 1 do

𝑦𝑗 [𝑛] =
𝛼
∑

𝑚=−𝛼
ℎ𝑗 [𝑛, 𝑚]𝑥[𝑛 − 𝑚]

8:  end for
9: end for

the time-varying filter method, we estimate the IF laws 𝑓𝑗 [𝑛] for each 
component using the QTFD. Next, we generate an initial estimate of 
the instantaneous amplitude 𝑎𝑗 [𝑛] as the QTFD amplitude along the 
extracted IF law (step 4 in Algorithm 2). The method then generates an 
initial estimate of the signal 𝑒[𝑛], using 𝑎𝑗 [𝑛] and 𝑓𝑗 [𝑛] in the sinusoidal 
model 

𝑒[𝑛] =
𝐽
∑

√

𝑎𝑗 [𝑛] sin(2𝜋
𝑁−1
∑

𝑓𝑗 [𝑛]). (15)

𝑗=1 𝑛=0

5 
In practice, we found that there was a time-varying phase discrepancy 
between 𝑒[𝑛] and the signal 𝑥[𝑛]. To correctly align the signal compo-
nents in time, we estimate the instantaneous phase for each component 
using the XTFD 𝜌𝑥𝑒[𝑛, 𝑘], generated between the signal 𝑥[𝑛] and the 
signal estimate 𝑒[𝑛]. The XTFD is a complex-valued function and the 
instantaneous phase for the 𝑗th-component is estimated along the IF 
laws 𝑓𝑗 [𝑛] as 

𝜙𝑗 [𝑛] = ∠𝜌𝑥𝑒[𝑛, 𝑓𝑗 [𝑛]]. (16)

In the TFD, the convolution of the lag kernel 𝑔[𝑚] smears the 
components in the frequency direction, thus expanding the bandwidth 
and reducing the amplitude. We do the following to correct for this 
process when estimating the instantaneous amplitude 𝑎𝑗 [𝑛]. First, we 
calculate the instantaneous bandwidth 𝑏𝑗 [𝑛] for each component using 
the QTFD. The bandwidth is defined as the width of the component 
−3 dB from the time–frequency peak (𝜌𝑥𝑥[𝑛, 𝑓𝑗 [𝑛]] at 𝑛). We then scale 
𝑎𝑗 [𝑛] with a normalized-version of 𝑏𝑗 [𝑛] to obtain 

𝑎𝑗 [𝑛] ←
𝑎𝑗 [𝑛] 𝑏𝑗 [𝑛]
𝑏𝑗 [𝑛max]

where 𝑛max = argmax
𝑛

𝑎𝑗 [𝑛] (17)

This process adjusts for the inherent time–frequency smoothing in the 
TFD and improves the estimate of 𝑎𝑗 [𝑛].

The components are then generated using the sinusoidal model 
with instantaneous phase, as shown in (18). This method, which we 
refer to as the XTFD method, is based on generating components using 
the sinusoidal model from IF components identified in the TFD, and, 
therefore, does not necessarily process the entire time–frequency plane, 
providing an avenue for noise reduction or suppression.

Both decomposition methods rely on an appropriate time–frequency 
representation of the signal. We defined the smoothing window of 
our QTFD using two kernel parameters, length of the lag and Doppler 
windows in (13) which control the time–frequency resolution. The 
specific parameters used for each test signal are presented in Table S1 
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Algorithm 2 Cross Time–Frequency Distribution (XTFD) Signal 
Decomposition

Input: signal 𝑥[𝑛] of length 𝑁
Output: 𝐽 components 𝑦𝑗 [𝑛]
Parameters: TFD kernel parameters

1: Generate the TFD 𝜌𝑥𝑥[𝑛, 𝑘] for signal 𝑥[𝑛]
2: Calculate 𝐽 IF tracks 𝑓𝑗 [𝑛] from 𝜌𝑥𝑥[𝑛, 𝑘]
3: for 𝑗 = 1, 2,… , 𝐽 do
4:  Calculate instantaneous amplitude: 𝑎𝑗 [𝑛] = 𝜌𝑥𝑥[𝑛, 𝑓𝑗 [𝑛]]
5: end for
6: Generate first estimate of the signal combining all components:

𝑒[𝑛] =
𝐽
∑

𝑗=1

√

𝑎𝑗 [𝑛] sin(2𝜋
𝑁−1
∑

𝑛=0
𝑓𝑗 [𝑛])

7: Compute the XTFD 𝜌𝑥𝑒[𝑛, 𝑘] between 𝑥[𝑛] and 𝑒[𝑛] using (13)
8: for 𝑗 = 1, 2,… , 𝐽 do
9:  Calculate instantaneous phase: 𝜙𝑗 [𝑛] = ∠𝜌𝑥𝑒[𝑛, 𝑓𝑗 [𝑛]]
10:  Adjust instantaneous amplitude (see (17) details)

𝑎𝑗 [𝑛] ←
𝑎𝑗 [𝑛] 𝑏𝑗 [𝑛]
𝑏𝑗 [𝑛max]

11:  Generate component: 

𝑦𝑗 [𝑛] =
√

𝑎𝑗 [𝑛] sin(𝜙𝑗 [𝑛] + 2𝜋
𝑁−1
∑

𝑛=0
𝑓𝑗 [𝑛]) (18)

12: end for

in the Supplementary Material. For the XTFD method for the first 
test signal, we over-sample the QTFD in the frequency domain to 
improve estimation of IF, instantaneous amplitude, and instantaneous 
phase. Oversampling is implemented using computationally efficient 
algorithms described elsewhere [30].

3.3. Test signals

We apply both methods of signal decomposition, as well as several 
existing methods, to a variety of simulated signals highlighting poten-
tial strengths and weaknesses. Firstly, the ability of the decomposition 
to extract stationary signal components with different frequencies is 
tested using a simple two-tone test. This is a common test signal for 
decomposition methods [13,32,33]. The two-tone test signal is defined 
as, 
𝑥[𝑛] = 𝑦1[𝑛] + 𝑦2[𝑛] = cos[2𝜋𝑛] + 𝑎 cos[2𝜋𝑘𝑛]. (19)

with signal length 𝑁 = 1, 024.
Secondly, the ability of the decomposition to extract signal com-

ponents with different finite-time extents is tested using a windowed 
two-tone test signal described as, 
𝑦1[𝑛] = 𝑤[𝑛] cos[2𝜋𝑛]

𝑦2[𝑛] = 𝑤[𝑁 − 𝑛]𝑎 cos[2𝜋𝑘𝑛]
(20)

where window 𝑤[𝑛] is defined as

𝑤[𝑛] =

{

𝑢[𝑛] for 0 ≤ 𝑛 ≤ 𝑁∕3
0 otherwise

and 𝑢[𝑛] is a Tukey window with 𝛼 = 0.2. The window 𝑤[𝑛] provides a 
smooth transition to time-limit each component. For (19) and (20), 𝑎
ranges from 0.01 ≤ 𝑎 ≤ 100 and frequency 𝑘 is varied from 0.012 ≤ 𝑘 ≤
0.975.

Thirdly, the ability of the decomposition to extract signal compo-
nents from a real-world nonstationary and multi-component signal is 
tested using a recording of an echolocation pulse from a bat. This signal 
is commonly used for testing in time–frequency signal analysis [22].
6 
Next, we test the ability of the decomposition method to extract 
signal components from a more complex, simulated multi-component 
nonlinear signal with three components: two nonlinear FM signals with 
slowly-varying and non-overlapping IF laws [34] and a time-limited 
linear FM signal, in the presence of fractional Gaussian noise with 
signal-to-noise ratios (SNRs) ranging from −4 to 10 dB. The QTFD of 
this signal is presented in Fig.  5b.

Finally, we examine the extracted signal components when the 
decomposition method is applied to white and fractional Gaussian 
noise. We use white Gaussian noise with zero mean and a standard 
deviation of one. We define fractional Gaussian noise as a stochastic 
signal with a 1∕𝑓 2𝐻−1 spectral response (setting 𝐻 = 0.2). Both signals 
are 𝑁 = 128 samples in duration.

3.4. Performance analysis

For the simulated two-tone signals, the error between the first 
estimated component (𝑐1[𝑛]) from the signal decomposition and the 
simulated component (𝑦1[𝑛]) was used to determine the decomposition 
efficacy over a range of amplitude and frequency ranges [13,32,33]. 
The relative error was defined as 

𝑒rel =
‖

‖

‖

𝑐1[𝑛] − 𝑦1[𝑛]
‖

‖

‖2
‖

‖

‖

𝑦2[𝑛]
‖

‖

‖2

(21)

where ‖ ⋅ ‖2 represents the 𝐿2 norm over the duration of the signal. 
In addition, we also include Pearson’s correlation coefficient as an 
additional accuracy measure.

For the multi-component signal, we used the average relative error 
across all three components to define the efficacy of the decomposition, 
i.e. 

𝑒rel =
1
3

3
∑

𝑖=1

‖

‖

‖

𝑐𝑖[𝑛] − 𝑦𝑖[𝑛]
‖

‖

‖2
‖

‖

‖

𝑦𝑖[𝑛]
‖

‖

‖2

(22)

where 𝑐𝑖[𝑛] is the extracted component and 𝑦𝑖[𝑛] is simulated com-
ponent. This nonlinear signal is also used to perform an analysis of 
decomposition efficacy in the presence of noise.

For real signals, efficacy is judged subjectively against components 
defined by visual interpretation of the TFD. For example the bat echolo-
cation signal shows three to four components in the time–frequency 
domain (see Fig.  4a) depending on the QTFD kernel and visualization 
process [19,22].

We also evaluate the compactness of the decomposition method 
by calculating the minimum number of extracted components 𝑀 that 
represent 90% of the total signal energy. Number of components 𝑀
is determined by summing the individual energy of each components 
until reaching at least 90% total signal energy. And lastly, we determine 
the computational speed for each method by evaluating 100 iterations 
of each test signal for each method. Simulations were performed using 
Matlab (version R2021a; The Mathworks, Natick, MA, USA) on a laptop 
computer with an Intel i7 processor (8 cores) and 16 GB of RAM.

We compare our proposed methods against several other methods, 
including empirical Fourier decomposition (EFD) [33], time-varying 
empirical mode decomposition (TV-EMD) [13], synchrosqueeze short-
time Fourier transform (SSFT) [35], variational mode decomposition 
(VMD) [12], and variational nonlinear chirp mode decomposition (VN-
CMD) [15]. We made every effort to maximize the performance of these 
methods across different signal types by setting appropriate internal 
parameters. For the SSFT, we used the Matlab function fsst() to 
estimate the synchrosqueeze transform and tfridge() and ifsst() 
to estimate the time–frequency tracks and generate the components; for 
all other methods we used code supplied by the authors.
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Fig. 3. Two two-tone tests using 6 different decomposition methods. Example signal with components C1 and C2 in (a) for the first test and example signal in (c) for the second 
test. For the first test, both components are present for the full duration of signal. Components are time-limited and separated in time for the second test. Frequency and amplitude 
of C2 is varied. Relative error is calculated for 6 decomposition methods for the estimate of the static tone and presented in (b) and (d). Amplitude- and frequency-ratios of C2 
to C1 are (2.3, 0.3) in (a) and (15.3, 0.1) in (b). Abbreviations: TV-EMD, time-varying empirical decomposition mode; VMD, variational mode decomposition; EFD: empirical Fourier 
decomposition; SSFT: synchrosqueeze short-time Fourier transform; XTFD: cross time–frequency distribution; TV-FILT, time-varying filtering.
4. Results and discussion

Fig.  3 illustrates the results of the two-tone tests from Section 3.3. 
For the first test (Fig.  3a), signal decomposition performance for the 
proposed XTFD and TV-filtering methods across a range of amplitude 
and frequency ratios is as good as, or better than, other methods with 
low relative errors across a large range of amplitude and frequency 
ratios. All methods perform poorly at very low amplitude ratios (< 0.03) 
and high frequency ratios (> 0.8). The EFD has superior performance 
at high frequency ratios. The challenge for the XTFD and TV-filtering 
methods is in estimating the IF laws from the QTFD at low amplitude 
ratios or high frequency ratios. The proposed methods show superior 
performance in signal decomposition for time-limited components com-
pared to all other methods (see Fig.  3b). Our decomposition methods 
provide near perfect reconstruction across all amplitude and frequency 
ratios. The TV-EMD and SSFT methods, in sharp contrast, fail to recon-
struct the time-limited components because of inherent mode mixing 
across time in these techniques. Over a limited range of amplitude 
ratios, the VMD performs well.

When applied to a real world, nonstationary multi-component sig-
nal, the proposed methods extract components that align with our 
visual interpretation of individual components within the QTFD: Fig. 
4 illustrates the proposed decompositions applied to a bat echolocation 
pulse. Individual components are well localized in the joint time–
frequency domain and a composite QTFD constructed of QTFDs of 
7 
individual components summed together shows close adherence to the 
QTFD of the original signal—see Fig.  4(a–c). This is not the case for 
other methods, such as the TV-EMD, EFD, and VN-CMD (see Fig. S1 
in the Supplementary Material). The EFD is limited to the extraction 
of only stationary components (Fig. S1g); the VN-CMD extracts com-
ponents with similar IF laws (Fig. S1j) while failing to represent the 
signal (large residual, Fig. S1l); and the TV-EMD extracts components 
with discontinuous IF laws (Fig. S1a). The SSFT provides an improved 
decomposition but is, nevertheless, corrupted by some mode mixing—
components four and five (Fig. S1d and Fig. S1e) for instance—and 
fails to represent the complete signal (large residual, Fig. S1f). Note, 
we included the VN-CMD and not the VMD in this example as the VN-
CMD was specifically proposed to address the limiting narrow band 
assumption of the VMD [15].

For a complex, simulated multi-component signal in the presence 
of noise, the residual of the XTFD more closely matches the noise com-
ponent of the simulated signal, whereas the TV-filtering decomposition 
spreads the noise throughout the components: see Fig.  5. This is because 
the TV-filtering attempts to span the entire TF domain using wide filter 
bandwidths to ensure a zero residual. As the XTFD focuses on the 
local energy peak it is, therefore, more narrowband resulting in a more 
accurate representation of signal components in the presence of noise. 
Both methods, nevertheless, provide an accurate representation of the 
underlying signal components (see Table S2 in the Supplementary 
Material). This performance is preserved across increasing SNR and is 
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Fig. 4. Signal decomposition with the bat echolocation signal for the proposed methods. Time–frequency distribution (TFD) of the signal in (a) and TFDs for components extracted 
using the proposed cross-TFD (XTFD) and time-varying filtering (TV-FILT) methods in (b) and (c). A TFD is generated for each component and then combined in (b) and (c); 
for example, the TFD in (b) is the sum of the TFDs in (d). A maximum threshold (0.3 of normalized TFD energy) is applied to each of these TFD plots to enhance visualization 
of the components. TFD of individual components in (d) and (g) for both methods; signal with extracted components in (e) and (h); and difference (residual) between sum of 
components and signal in (f) and (i). Amplitude of components are plotted relative to signal amplitude in (e) and (h).
Table 1
Performance of nonstationary signal decomposition methods. Results are presented as 𝑎∕𝑏(𝑐) where 𝑎 is the minimum number of components 
contributing at least 90% of the signal energy, 𝑏 is the reconstruction accuracy (relative error) of sum of the 𝑎 components, and 𝑐 is the ratio 
of the number of stochastic to deterministic components (SDR). The number of stochastic components is averaged across both noise processes 
(white and fractional). Signals are two sinusoids (2-sin), a multi-component nonlinear signal (nonlinear), fractional and white Gaussian noise 
(noise), and a bat echolocation signal (bat).
 2-sina 2-sinb Bat Nonlinear Noise Noise  
 (time-limited) (white) (fractional)  
 TV filtering  2/0.0 (5.3)  2/0.0  (5.3)  2/0.09 (5.3)  3/0.0  (3.5) 11/0.04 (1) 10/0.04 (1.1) 
 cross-TFD  2/0.0 (6)  2/0.0  (6)  3/0.2  (4)  3/0.18 (4) 12/0.17 (1) 12/0.21 (1)  
 EFDc 99/0.0 (0.3) 74/0.03 (0.4) 68/0.45 (0.4) 62/0.88 (0.5) 24/0.8  (1.2) 32/1.05 (0.9) 
 TV-EMD  2/0.0 (3.8)  1/0.0  (7.5)  3/0.01 (2.5) 50/0.0  (0.5)  8/0.07 (0.9)  7/0.08 (1.1) 
 SSFT  2/0.0 (1.8)  1/0.0  (3.5)  2/0.09 (1.8)  3/0.05 (1.2)  4/0.07 (0.9)  3/0.21 (1.2) 
 VMD  2/0.0 (1)  2/0.0  (1)  2/0.0  (2.0)  1/0.0  (1)  2/0.0  (1)  2/0.4  (1)  
 VN-CMD  1/2.5 (2.5)  2/1.46 (1.3)  1/4.93 (2.5)  3/0.18 (0.8)  4/0.61 (0.6)  1/2.48 (2.5) 
Key: TV, time varying; EFD, empirical Fourier transform; EMD, empirical mode decomposition; TFD, time–frequency distribution; VMD, 
variational mode decomposition; SSFT: synchrosqueeze short-time Fourier transform; VN-CMD, variational nonlinear chirp mode decomposition.
a Amplitude ratio of 0.91 and frequency ratio of 0.78.
b Amplitude ratio of 0.91 and frequency ratio of 0.19.
c Maximum number of components set to 100 for the EFD method.
maximal compared to other methods of decomposition, as illustrated in 
Fig.  6. The XTFD outperforms all other methods across a range of SNR, 
with the SSFT providing the best performance of existing methods (see 
Fig.  6).

The number of components extracted from our test signals for each 
of our decomposition methods is shown in Table  1. The majority 
of methods produce less components for deterministic compared to 
stochastic signals (SDR>1) with the exception of the EFD which, with-
out a priori knowledge of the number of required components, tends to 
overdecompose deterministic nonstationary signals. Only our proposed 
methods (XTFD and TV filtering) return the correct number of compo-
nents for both two-tone signals (Table  1). All methods have difficulty 
decomposing signals with wide support in both time and frequency 
domains such as stochastic noise, with the exception of the VN-CMD 
which does not decompose the signal at all. This is expected as stochas-
tic signals will not have continuity in either the time or frequency 
domain resulting in many IF laws in the QTFD. Fig.  7 illustrates that 
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the extracted components for the fractional Gaussian noise are compact 
both in time and frequency, in contrast to the TV-EMD for example (Fig. 
7e) which does not separate components in time. (Examples with other 
methods are presented Fig. S2 in Supplementary Material.) This is a 
desirable aspect of decomposition and permits the use of component 
number as a surrogate measure of compactness to highlight differences 
between deterministic and stochastic signals. It is also noted that the TV 
filtering method produces slightly less components (10 vs. 12 and 11 
vs. 12) than the XTFD when decomposing stochastic signals suggesting 
an XTFD measure of compactness may be more informative. This is due 
to the increased bandwidth of the time-varying filters compared to the 
XTFD permitting more accurate reconstruction of wide band signals 
such as noise. Nevertheless, both TV filtering and XTFD provide a 
more compact decomposition of nonstationary multi-component signals 
relative to wide band noise (see SDR in Table  1).

The computational efficiency of each method is evaluated across all 
test signals and is presented in Table  2. The processing required for 
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Fig. 5. Signal decomposition with a test signal consisting of 3 frequency-modulated components and fractional Gaussian noise. Time–frequency distributions (TFDs) in (b) of the 
test signal in (a) without (left) and with (right) noise. Methods: cross TFD (XTFD) in (c) and (d) and time-varying filtering (TV-FILT) in (e) and (f). Difference (residual) between 
sum of components and signal in (d) and (f). The noise component, at a signal-to-noise ratio of 5 dB, is also added to the these plots to illustrate the similarity between the 
residual and the noise for the XTFD method.
Fig. 6. Extracting the components of the multi-component nonlinear test signal presented in Fig.  5 from fractional Gaussian noise. Average relative error and average correlation 
of the 3 components against varying degrees of noise power. Comparing proposed methods (XTFD and TV-FILT) against existing approaches. Abbreviations: TV-EMD, time-varying 
empirical decomposition mode; VMD, variational mode decomposition; EFD: empirical Fourier decomposition; SSFT: synchrosqueeze short-time Fourier transform; XTFD: cross 
time–frequency distribution; TV-FILT, time-varying filtering.
the proposed methods includes estimating the time–frequency distri-
butions (QTFDs and XTFDs), detecting IF laws through peak-tracking 
algorithms, and time-varying filtering for each component. Efficient 
algorithms are used to compute the QTFD and oversampled QTFD [30]. 
Computational speed for our methods fall within the range of the others 
methods, with the EFD as the fastest method across all signal types. 
For the two-tone signals, the XTFD is closer to the VMD in terms of 
computational speed (the slowest method for these signals) because the 
TFD generated for this signal is over-sampled in the frequency direction 
by a factor of 8 (see Table S1 in Supplementary Material).

Our methods outperform stationary methods (EDF), sifting-based 
methods (TV-EMD), optimization methods (VMD and VN-CMD), and 
time–frequency methods (SSFT) in terms of accuracy and compact-
ness, particularly for signals whose components are disjoint in the 
time–frequency domain. Stationary methods are hampered by variable 
frequency content that spans a large frequency range. Methods based on 
sifting are limited by variable frequency content that cross the natural 
frequency-based division of the sifting process [10], components that 
are separated in time, and the presence of noise in the signal. The 
VMD is limited by the requirement for bandwidth optimization of each 
component and a priori estimates of component centre frequency which 
may be difficult to estimate.
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The superior performance of our methods is linked to the specific 
signal class we have analysed in this research. We have tried to incorpo-
rate a broad class of signals but it is certainly not complete. Therefore, 
the relative performance of our methods on a different class of signals 
may differ. For example, sifting-based methods perform intuitively for 
non-sinusoidal waveforms (e.g. Stokes waves) by combining harmonics 
into a single IMF. Although this makes sense from a physical perspec-
tive, it may not always be the most useful representation for a signal 
analyst. The bat echolocation pulse is an excellent counter-example as 
harmonics have different support in time (see Fig.  4) which are better 
captured by our decomposition methods (and, to a lesser degree, the 
SSFT—see Fig. S1 in the Supplementary Material).

While our work is primarily focused on methods of converting 
regions of a QTFD, identified through IF laws, into time-domain signal 
components, the earlier stages of the decomposition process, namely 
the QTFD and IF estimation are critical to this process. We expect 
that multi-component signals with wide band transients and compo-
nents that intersect in the time–frequency domain will be difficult to 
decompose with our method. Alternatives to our simple peak-tracking 
algorithm [25] may help overcome some of these limitations (for exam-
ple see [27]). Also, the smoothing applied when formulating the QTFD 
can greatly affect its ability to resolve energy in the time–frequency 
plane and therefore estimation of the IF laws. The extraction of the IF 
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Fig. 7. Signal decomposition with fractional Gaussian noise, comparing proposed methods (XTFD and TV-FILT) with existing method (TV-EMD). Left: cross time–frequency 
distribution (XTFD) in (a) and (b); middle: time-varying filtering (TV-FILT) in (c) and (d); and right: time-varying empirical mode decomposition (TV-EMD) in (e) and (f). Signal 
with components in (a), (c), and (e). Difference (residual) between sum of components and signal in (b), (d), and (f). Amplitude of components are plotted relative to signal 
amplitude for (a), (c), and (e).
Table 2
Computation time in milliseconds for a range of decomposition methods and test signals presented as mean 
(standard deviation) over 100 iterations. Empirical Fourier transform (EFD) is the fastest method for all 
signals; slowest method per signal is highlighted in bold. Signals are two sinusoids (2-sin), a multi-component 
nonlinear signal (nonlinear), fractional Gaussian noise (noise), and a bat echolocation signal (bat).
 2-sin 2-sin Nonlinear Noise Bat
 (time-limited)  
 TV filtering 220 (26) 177 (13) 65 (17) 20 (2) 62 (13)  
 cross-TFD 1416 (131) 1200 (95) 40 (4) 14 (<1) 48 (3)  
 EFD 13 (3) 12 (<1) 2 (<1) 1 (<1) 3 (<1)  
 TV-EMD 655 (77) 111 (8) 8253 (105) 711 (17) 1087 (22)  
 SSFT 407 (58) 197 (7) 71 (3) 38 (2) 105 (5)  
 VMD 1462 (195) 1211 (16) 199 (4) 106 (3) 328 (12)  
 VN-CMD 1352 (162) 1091 (236) 337 (17) 279 (4) 743 (15)  
Key: TV, time varying; EFD, empirical Fourier transform; EMD, empirical mode decomposition; TFD, time–
frequency distribution; VMD, variational mode decomposition; SSFT: synchrosqueeze short-time Fourier 
transform; VN-CMD, variational nonlinear chirp mode decomposition.
laws goes to the heart of how signal components are defined and how 
information is shared between 𝜃𝑗 [𝑛] and 𝑎𝑗 [𝑛] in (10) of which there are 
an infinite number of combinations that can generate the same signal 
component. We have attempted to select a set of default parameters 
based on heuristics defining the energy and span of signal components 
to ensure that no spurious signal components are output while pre-
serving our general intuition of signal decomposition, i.e. component 
numbers for deterministic signals should be considerably less than for 
stochastic signals. However, some manipulation of these parameters 
may alter the decomposition.

In conclusion, we present two new methods for decomposing non-
stationary multi-component signals. By defining a decomposition di-
rectly from a joint representation of time–frequency energy, we extract 
regions of localized energy that reflect the visual interpretation of 
components in a QTFD. We show that for the selected signals our 
methods show improved performance over several methods for ac-
curately representing signal components, particularly for signals with 
time-limited components. The key outstanding question is whether the 
application of these methods improves the accessibility of important 
information within a signal, particularly for tasks where nonstationarity 
confounds traditional methods.
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