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Abstract

The central theme of my thesis is to develop various analytical and numerical methods,
for the coherent control of waves to assist various wavefront shaping applications
in random disordered media. This resulted in the development of 2D scalar wave
transport modelling frameworks, analytically and computationally, from the scratch.
The modelling frameworks cover both frequency domain and time domain. In the
frequency domain, the generalised scattering matrix (S matrix) incorporating evanescent
modes is used to the study the transport properties. The wavefront shaping methods
in the frequency domain involve eigenchannels and iterative phase conjugation for the
enhancement of total transmission through slab disorders and disordered constrictions.
The generalisation of the conventional Fisher-Lee relations to incorporate evanescent
modes is presented in the thesis. S matrices of spatially correlated disorders are estimated
using the generalised Fisher-Lee relations, incorporating the Green'’s function perturbation
method. The comparison between the conventional diffusion theory and the wave
transport theory is presented, which involves the cascading of S matrices and the
transmission scaling law. The relationship between the spatial correlation of the disorder
and various transport properties are also investigated in this comparison. In the time
domain, using the finite difference time domain scheme, wavefront shaping involving
iterative phase conjugation onto a space-time modulated (STM) guide-star region
operating in the Raman-Nath regime, is investigated. The intention of studying the STM
is to investigate the potential of the acousto-optic effect for imaging through random
media. In the time domain, the effect of sample decorrelation due to Brownian motion on
the stability of the focussing is also studied using the Langevin equation. The discussion of
the analytical and numerical aspects of the developed models, along with the availability
of simulation codes written in Matlab, may be of interest to wavefront shaping researchers
interested in characterisation of various wave transport behaviours.
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Preface

The coherent control of waves in disordered medium through wavefront shaping has
been an actively researched topic in various physical domains such as acoustics and elec-
tromagnetics. The experimental coherent control for focussing light outside a disordered
medium[1], for enhancing total light transmission through a disorder[2, 3] and inside[4]
a region enclosed by disorder have been reported. Preferential deposition[5-7] of energy
inside a disorder has also been a potential application within the scope of the coherent
control of light. Access to the interferometric phase measurement systems and wave
shaping devices such as spatial light modulators have helped to accelerate the research on
coherent control experiments using light, especially using optical[8] or acousto-optical[4]
transmission matrices since the 2010s. On the other hand, the analytical aspects associated
with the theory of coherent wave transport have been in active research since the 1980s,
having roots from the scalar wave perturbation theory[9, 10] and the random matrix
theory[11, 12]. Theoretical developments which were initially used to address various
aspects of quantum transport, eventually got adapted into the realm of classical waves
since the 1990s. Phenomenon such as long-range correlation[13, 14] of multiply scattered
waves well researched through the 1990s, has been proved to play significant roles in total
transmission enhancement[2, 3, 15] and focussing contrast[16] associated with wavefront
shaping experiments in the 2010s. For better insights regarding these coherent transport
aspects, modelling of the scattering matrices (S matrices) and the wave field visualization
of the associated transport phenomena would be particularly helpful. The analytical and
numerical implementation of such simulation models used in the context of wavefront
shaping, is the central theme of this thesis.

Researchers coming from different fields who are new to the field of wave transport
through random media for wavefront shaping applications, usually would need to
do a literature review spanning the mesoscopic wave transport theory. It involves the
perturbation theory and the random matrix theory in the quantum or the classical contexts.
Publications such as [17-19] makes the aspects of mesoscopic wave transport theory
accessible to researchers from other domains. It is in this context that the thesis is placed
so that researchers new to the modelling of wavefront shaping, who are familiar with the
classical wave scattering theory, can leverage from the thesis without spending much time
for learning the coherent mesoscopic quantum transport theory. All the analytical and
computational modelling done for the thesis was done from scratch by me in MATLAB,
with an intention to be eventually published as open source code package with the
GNU General Public License. These studies involve both frequency domain and time
domain, addressing the 2D scalar Helmholtz wave equation without any absorption or
gain. The scalar Helmholtz wave equation was used mainly to maintain the generality of



the applications for a diverse range of physical domains. In addition to that, the transport
analysis was done as a 2D problem mainly for the computational easiness. Although
the analytical derivations presented addresses only the 2D scalar transport, the concepts
can be generalised to 3D without much difficulty due to the involvement of frequency
domain Green’s function, boundary integrals and the finite difference time domain
methods. All the computational modelling and the associated results presented in the
thesis were implemented using a desktop PC with a modest configuration of 64 GB of
RAM, an AMD Ryzen 7 2700X (eight-core, 16 CPU, 3.7GHz) processor and a NVIDIA
GeForce GTX 1050 Ti GPU. The time domain methods were accelerated using the GPU
in Matlab and the frequency domain methods were implemented only using the CPU
due to the larger memory requirement associated with the Green’s function methods. For
the analytic derivations presented in the thesis, Mathematica was used for the symbolic
computation of various expressions.

The modelling studies done in the frequency domain were about the numerical estimation
of the generalised scattering matrix (S matrix) containing both propagating and evanescent
modes. In the first chapter, the generalized S matrix proposed by Carminati et al.[20] was
numerically estimated by generalizing the conventional Fisher-Lee relations[21], based
on the 2D scalar wave equation. These evanescent modes are particularly significant
in the sub-wavelength focussing applications involving near-field scanning optical
microscopy probes[22]. The relationship between the Kirchhoff-Helmholtz boundary
integral formulation and the conventional Fisher-Lee relations was given by[23] in
the context of quantum particle scattering. Such a conventional relation is generalised
in this thesis to obtain the Fisher-Lee relations involving the evanescent modes. For
implementing the Fisher-Lee relations, the Dyson’s Green’s function perturbation method
is used, which is usually a memory intensive process. An attempt to save memory is
implemented by iteratively solving the scattering problem, by taking slices of scatterers in
the each iteration step. The modelled S matrices satisfy the extended or the generalized
unitarity and reciprocity relations proposed in[20, 24] as well. The S matrix contains the
transmission matrices of the disorder with the wave incidence from both the left side and
the right side. The propagating part of the transmission matrix is used to visualise and
estimate transmission eigenchannels from both left side and right side with enhanced
transmission. These transmission matrices are also used for iteratively phase conjugating
the waves from both sides of the disorder for focussing applications. The S matrices of
thinner slabs are cascaded to create thicker slabs using the S matrix cascading rule. Such
a cascading method helps in easy generation of ensembles of S matrices by randomly
shuffling the order of cascading. Spatially correlated disorders were used for estimating
the S matrices. This is because the spatial correlation of scatterers is common among
biological tissue samples[25]. The spatial correlation also helps to tailor the transport
properties such as the scattering mean free path (I), the transport mean-free path (I*) and
the anisotropy of the disorder as demonstrated in chapter 2. The two parameter scaling of
total transmission with respect to various transport properties are also discussed. Such a



scaling law implies that one may not always need to model large samples with millions of
scatterers to understand the transport physics. Instead, one could model smaller samples
and express the transport in terms of L/I* where L is the longitudinal thickness of the
sample in a flux conversed scattering system.

The frequency domain methods presented in the thesis have the general advantage being
analytically tractable to a certain extend. Although the contents of the thesis is only about
steady state wave transport, some of the interesting topics to be researched was tough
(although not impossible) to be implemented in the frequency domain. Hence, the finite
difference time domain (FDTD) methods were also studied to address some of the time
dependent phenomena such as the disorder decorrelation due to the Brownian motion
during single speckle focussing and the space-time modulation (ST M) (an example being
the acousto-optic effect).

Wavefront shaping in general is always in competition against the random motion inside
the disordered sample, leading to the scrambling of the shaped wavefront. Therefore
a quantitative study on the effect of the Brownian motion on single speckle focussing
through phase conjugation, is presented in chapter 3. Such a study involves the Langevin
equation of motion for the Brownian scatterers. An FDTD method to simulate the
Langevin dynamics, is used together with the wave transport FDTD method to simulate
the effect of the Brownian motion.

The STM region surrounded by the disorder could be used as a “guide-star"[26-28] to
focus light inside random media. Inspired from various experiments[4, 29], the iterative
phase conjugation through a STM region is modelled in chapter 4 to focus light inside a
disordered region. This is to demonstrate the breaking of the acoustic diffraction limit in
the conventional acousto-optic imaging. In addition to that, various aspects regarding
the STM diffraction are also reviewed in chapter 3 to demonstrate the two regimes
of operation, namely the Bragg regime and the Raman-Nath regime. It needs to be
emphasised that the exact modelling of the acousto-optic effect in the time-domain, could
be challenging due to the huge difference in the temporal frequency of light and sound
waves. This would naturally lead to the need for a large number of time-stepping in
the FDTD scheme. Hence the term STM is used in this thesis, where the temporal
frequency of the modulation (w,,4) is very high compared to that sound waves. As an
example, in this chapter w,,4 is a fraction of the light temporal frequency (wo) such that
Wmod [ wo = 0.2. As STM is a generalisation to the acousto-optic effect, the basic transport
physics remain the same. Therefore, the term acousto-optics is purposefully avoided in
this thesis and instead the term space-time modulation is used. The relation between
eigenchannels (shown in chapter 1) with that of the iterative phase conjugation method,
is validated in chapter 4 using a disordered constriction.

Much care is given to develop and validate models to ensure the flux conversation such
that the transmission and reflection adds to unity. This is because the physics of the
problem and the scalability of the models with respect to the size, can be explained in terms



of flux conservation principles involved. There are no arbitrary or free parameters (which
cannot be analytically tracked to a first principle equation) defined in the thesis. Hence,
all the terms used in the thesis, derives their existence from the fundamental principles
involved. To ensure the flux conservation easily by estimating the transmission and
reflection at only two surfaces, reflecting (mirror) boundary conditions are implemented
at the transverse boundaries for both the frequency domain and the time domain wave
transport models. One could also use the periodic boundary condition with ease in the
frequency domain instead of the reflecting boundary condition, but such a periodic
boundary condition becomes cumbersome in the time domain models. Therefore, for a
unified outlook on both the frequency domain and time domain, the same transverse
reflecting boundary condition is implemented. For comparing the results and trends in
this thesis against an experiment, the assumption of flux conservation has to be strongly
held. This is because the wave modelling of the samples of similar size used in the
experiments are prohibitively harder to implement due to the limited computational
capacity one has.

These methods presented in the thesis may be of interest to the wavefront shaping
researchers to explore the modelling aspects of the associated transport theory.






The methods in Frequency
Domain for wavefront shaping

1.1 Introduction

The main objective of this chapter is to discuss in detail, the analytical
formulations and the numerical implementations, involved with the
frequency domain modelling of the wave transport phenomena in 2D
random media, for wavefront shaping applications. The scope of this
study with respect to the transport phenomena, is within the ballistic
and the diffusion regimes. The central theme of this chapter is the
computational estimation of the generalised[20, 24] scattering matrix
(S matrix), involving both propagating and evanescent wave modes
associated with the wave scattering problem, through non-absorbing
random media. Using such a generalized S matrix for studying the wave
transport problem, is particularly advantageous due to the following
reasons. 1) The generalised S matrix, completely characterises the wave
scattering response of any arbitrary wave, incident on the random slab.
Therefore, one could use the information contained in the S matrix,
to directly estimate an incident wave state, which yields the desired
transport behaviour through the medium. 2) It is possible to cascade
several S matrices associated with thinner slabs, to obtain the total
effective S matrix of the thicker slab formed by cascading of the thinner
slabs.! 3) The flux conservation and the reciprocity properties of the
transport phenomena, cause the S matrix to have the generalised unitarity
and reciprocity properties, which can be used as a benchmark to test
the accuracy and the correctness of the developed coding framework.
4) The random S matrix (which is covered under the theory of random
matrices) provides us an abstraction layer encapsulating the macroscopic
transport behaviour, without being concerned much about the finer
(microscopic) details of the scatterer configuration. The first half of the
chapter explains the methods used to estimate the generalised S matrix
for the quasi-1D transport problem. This is followed by the extension of
the methods to account for the 2D transport problem, incorporating the
transverse diffusion within the slab. Before we get into the estimation of
the generalised S matrix containing evanescent modes, several concepts
have to be discussed and the best place to start is at the nature of wave
equation used for modelling.

The wave transport phenomena in random media, observed in various
domains of physics such as quantum, electromagnetic, acoustic and
seismic physics, share very similar properties with respect to their trans-
port behaviour. This could possibly be due to the similar mathematical
form of the governing wave equations? and the ability to use various
statistically averaged transport parameters, such as the scattering (I) and
transport mean free (I*) paths, to address wave transport across many
different fields of physics. To maintain the generality of the wave trans-
port modelling across various physical domains, this thesis adopts the
use of the scalar Helmholtz wave equation[18] as the governing equation

1.1 Introduction ........... 1
1.2 Geometry of the problem and the
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1.5 Estimation of the generalised
Scattering Matrix from G(r,rp) 16
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1.7 2D transport problem : Account-
ing transverse diffusion . . . . . 33
1.8 Cascading of the generalised scat-
tering matrices. . . .. ... ... 35
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validation of the developed code 37
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[20]: Carminati et al. (2000), ‘Reciprocity,
unitarity, and time-reversal symmetry
of the S matrix of fields containing
evanescent components’

[24]: Byrnes et al. (2021), ‘Symmetry
constraints for vector scattering and
transfer matrices containing evanescent
components:  Energy  conservation,
reciprocity, and time reversal’

1: The cascading of S matrices relaxes the
computational memory requirement to
solve a large scattering problem, by solv-
ing the problem piecewise.

2: Refertosection II of [18] or2.1 of [17] for
details regarding the similarity between
wave equations in different physical do-
mains such as electronics and optics.

[18]: Rotter et al. (2017), ‘Light fields in
complex media: Mesoscopic scattering
meets wave control’

[17]: Akkermans et al. (2007), Mesoscopic
physics of electrons and photons
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for exploring the mesoscopic[17] transport phenomena. Also, the wave
scattering problem presented in the thesis, is analysed as a 2D transport
problem instead of analysing it in 3D, mainly to get around the need for
large computational power to estimate the S matrices in 3D. The scalar
Helmholtz wave equation[18] in the temporal frequency domain is given
as

Scalar Helmholtz wave equation

[V2+ K2u, & (n]E(r) = 0, (11)

where E (r) denotes the complex valued 3 scalar wave field as a function
of the position r = (z,y), ko = 21/Ap is the free space wave vector
magnitude, Ay the free-space wavelength, €,(r) the relative dielectric
permittivity constant forming the scattering strength of the random
media and u,, the relative permeability constant which is usually taken
as unity for a non-magnetic medium. As E(r) corresponds to the complex

field value at a certain position, the time harmonic dependence* can

be explicitly brought in as E(r, w) = E(r)e"'®! where w is the temporal
frequency and t the time. In the 2D electromagnetic wave scattering
problems, the Maxwell’s equations for the E field (polarised perpendicu-
lar to plane of incidence) simplifies® to the scalar Helmholtz equation
(given in equation 1.1). This reduces the computational complexity in
2D compared to the vector wave equation related to the electromagnetic
wave transport in 3D.° Hence, it is safe to address the 2D electromag-
netic wave transport problem using the scalar Helmholtz equation, still
covering rich physics in regards to the transport phenomena.

Given a partial differential equation such as the wave equation, the main
objective in the next sections would be to solve this equation to uniquely
estimate the total field E(r) for a given scattering medium characterised
by €,(r) and a given incident wave, by specifying the desired boundary
condition. For formulating the solution to such a problem in the frequency
domain, the concept of Green’s function will be extensively used in this
chapter. The Green’s function in the random medium, together with
the Kirchhoff-Helmholtz boundary integral formulation of the wave
equation, will be used to uniquely solve the wave scattering problem in
the following sections. Eventually, such a boundary integral formulation
will be used to visualise the total field inside the disordered region
and also to estimate the generalised S matrix containing the evanescent
modes. The overview of the contents for this chapter, is given in Figure
1.1. The logical flow of the description of the theory (as given in the
flowchart) is contained in this chapter and any digression to this main
logical flow, is provided in the appendix. These digressions are mainly
the derivations to be served as proofs for the assertions made in the
chapter. Such an appendix would be useful for pedagogical purposes
and also for the completeness of the thesis. As per the flowchart, first,
the geometry of the modelling region and the associated eigenmodes
satisfying the boundary conditions of this geometry, are explained. The
chapter starts by exploring the quasi-1D transport problem. Towards
the end of the chapter, the conventionally addressed quasi-1D problem
is modified to the 2D transport problem, incorporating a finite sized

3: The tilde symbol ~ over E implies
that the field is analysed in the frequency
domain and can be complex valued. In the
Chapter 3, the ~symbol is dropped as the
E field is real in the time-domain models.

4: Usually in physics and particularly in
this thesis, the time harmonic dependence
is taken as e ~'! where i is the imaginary
number. On the other hand, in some of the
engineering disciplines, the sign conven-

tion used for the harmonic dependence is
e+i wt

5: The analytical proof for the statement
that the Maxwell’s equations in 2D media
(where the E field is polarised perpendic-
ular to the plane of incidence) reduces to
the scalar Helmholtz equation, is given in
the Appendix Section A.2.

6: In case of the electromagnetic wave
transport experiments in 3D random me-
dia involving the electric (E) and the mag-
netic (H) vector fields, it can be assumed
that the polarisation state of the scattered
electric/magnetic wave field components
would be considerably randomised with
respect to the polarisation state of the inci-
dent wave due to the random scattering.
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incident beam, accounting transverse diffusion inside the disorder. The

eigenmodes’ (defined with respect to the disorder-less region) serves as a 7: The term “eigenmode" should not be
basis set (called as the eigenmode basis set) for representing any arbitrary confused with the term “eigenchannel
c o e S . mode" to be defined later in the chap-
wave mode satisfying the boundary condition within the region. In other . .
) o ] 4 ter. The eigenchannel modes are linear
words, the linear superposition of the basis wavestates (eigenmodes), combinations of the eigenmodes.

weighted by their complex coefficients forming a basis expansion, is
used to decompose (or synthesise) any wave pattern observed within
the region, with or without the disorder. These eigenmodes could be
propagating modes or evanescent modes in general.

ave equation + Quasi 1D geomet Appendix
A \ —
Analytical derivations involving Discretised form due

Propagating and evanescent eigen modes
(Basis wave states)

Green's function without disorder Analytical derivations involving Green's function
in terms of eigenmodes without disorder and its discrete form

Dyson's perturbation method for Green's function
in presence of disorder

Perturbed Green's function X | X
Wm‘ / in presence of disorder /;v—)/Propemes of perturbed Green's functlon/

Kirchhoff-Helmholtz boundary Integral formulation
of the scattering problem in terms
of the perturbed Green's function

7

Generalised Fisher-Lee relations from the |+ 3] Derivations for the generalised Fisher-Lee relations
Kirchhoff-Helmholtz boundary integral formulation | '-———————————————————————————————————————————————

v

Generalised Scattering Matrix Modifying Quasi 1D to 2D geometry Cascading of Scattering matrices
(contains propagating & evanescent modes), (accounting transverse diffusion) using an ensemble of disorder

N v v

Visualising eigenchannel Visualising eigenchannel basis Validation and testing
basis (Quasi 1D) (2D) of the code

1) Eigenmodes and estimating ! to numerical grid
2) its current

Y

Generalised reciprocity
and unitarity relations

> Larger samples

Figure 1.1: The chapter overview is shown. Any digression to the logical flow of the main chapter contents, is provided in the Appendix.
The first part of the chapter deals with the smaller samples for visualisation and testing purposes. Towards the end of the chapter, larger
samples are obtained using the S matrix cascading method.

It is followed by the definition of the Green’s function without any
disorder Gy(r, ro) (also referred as the unperturbed Green’s function),
in terms of this eigenmode basis set containing both propagating and
evanescent eigenmodes. As the Green’s function is formed as a linear
superposition of the propagating and the evanescent eigenmodes, the
Green'’s function also satisfies the same boundary condition satisfied by
the eigenmodes. Once Gy(r, 1p) is known, then the disorder perturbation
method using the Dyson’s equation, is employed to estimate the Green’s
function in presence of disorder G(r, rp), also referred to as the perturbed
Green’s function. An iterative method involving a block of particles taken
together, to solve the Green’s function perturbation problem, is described
in the thesis. Next, as given in the flowchart, the scattering problem
is formulated as the Kirchhoff-Helmholtz boundary integral equation
involving the perturbed Green’s function. This is particularly convenient
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in estimating and visualising the total field in the computational domain
due to an incident wave field. It is to be noted that the total field is
the superposition of the incident field and the scattered field. As the
Kirchhoff-Helmholtz boundary integral formulation of the scattering
problem connects 1) the total field in the computational domain, 2) the
perturbed Green’s function and 3) the incident wave, the field trans-
mission and the reflection coefficients associated with the transmitted
and the reflected waves, can be evaluated. Such a method of estimating
the complex reflection and transmission coefficients by matching the
reflected and the transmitted fields with the total field estimated can
be connected to the formalism of the Fisher-Lee relation[21]. Although
the conventional Fisher-Lee relation was published for addressing the
electronic conductance involving only the propagating modes, it is con-
textualised and generalised in this chapter, suiting to the development of
wavefront shaping methods containing the evanescent eigenmodes as
well. The derivation of the extended/generalised Fisher-Lee relation to
estimate the generalised S matrix, forms the corner stone of the flowchart
and also of the chapter. The estimated S matrix also satisfies the gener-
alised reciprocity and unitarity relations, involving both propagating and
evanescent modes. The rest of the chapter is regarding the estimation of
the eigenchannel basis, which involves the singular value decomposition
(5.V.D) and the S matrix. Such a change of basis from the eigenmode ba-
sis to the eigenchannel basis, is advantageous in understanding the wave
transport phenomena in terms of the eigenchannels. These eigenchannels
are characterised by their transmission coefficients, ranging from 0 to
1 for the quasi-1D geometry. The statistical aspects of the transmission
matrix contained within the S matrix is discussed towards the end of
the chapter and also serves the purpose of testing the developed coding
framework, with respect to the known random matrix theory results.

1.2 Geometry of the problem and the boundary
conditions

First, the slab geometry and the boundary conditions used in this chapter
are defined, as shown in the Figure 1.2. In this thesis, there are always re-
flection (also referred as mirror or Dirichlet) boundary conditions placed
along the transverse boundaries (y = 0 and y = W) so that the wave
power doesn't leak out, crossing the transverse boundaries. The bound-
aries along the longitudinal dimension (along z) axis are completely open
for the wave propagation and the corresponding boundary condition is
called as the outgoing boundary condition. Such a confined geometry
has the convenience that the total reflection (R) and the total transmission
(T) can be estimated with respect to the longitudinal boundaries (I';
and I'r) as there is no wave flux crossing the transverse boundaries.
This simplifies the analysis, compared to the scenario of open transverse
boundaries. W indicates the transverse size (along the y axis) of the
disorder and L denotes the longitudinal size (along z axis) as shown
in the Figure 1.2. In this thesis, the term quasi-1D transport problem
implies that W > L with the transverse mirror boundary condition and
the incident wave modes have a transverse size of W extending all the
way along the slab, exciting the entire slab surface. Later® in the chapter,

Figure 1.2: The geometry of the scattering
problem is given. The boundary around
the disorder (AOBCA) is denoted by T,
which is the union of four boundary seg-
ments I'1, I'p, I'gr and 'y where L stands
for left, R stands for right, U stands for
up and D for down sides of the disorder.
The 2D region enclosed by T, is referred to
as Q). The transverse boundaries I';; and
I'p have the reflection(mirror) boundary
conditions. The transverse size of the slab
is W and the longitudinal thickness is L.
Note that the eigenmodes are defined with
respect to the same region QO bounded by
AOBC, without any disorder perturba-
tion. I';, and T'g also serves as the source
planes from which, both the propagating
and the evanescent eigenmodes are inci-
dent onto the disordered slab region.

8: To summarise :

» Quasi-1D transport problem :
Transverse width of the incident
wave = D;;; = W, (exciting the en-
tire slab surface along Y axis) and
W >> L (slab medium).

» 2D transport problem : D;;, < W
and W > L.
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the 2D transport problem will be addressed such that the incident basis
wave modes have a finite beam width D;, < W, to account for the
transverse diffusion within the disorder. Next, the eigenmodes in the
context of the quasi-1D transport problem are defined. These eigenmodes
are defined with respect to the disorder-less waveguide, without any
scatterers present. The relative dielectric constant of the disorder, €,(r) is
defined as a spatially dependent perturbation 6€;(r), against a spatially
independent(uniform) reference (background) dielectric constant value

of Ezef as given below.

E(r) =& 4 5¢.(r) (1.2)
Substituting the perturbed disorder in the wave equation 1.1 yields,
[V2 + K2u{& + 66, (nNE(r) =0, (13)

If there is no disorder, then the perturbation 6€;(r) = 0 and the wave
equation for the disorder-less region takes the form

2 2
[V°+ kmf

1E(r) =0, (L4)
where kfe F= kg lu,é’:ef such that k;. is the wave vector in the spatially
uniform reference (background) dielectric medium. As the refractive

index7(r) = y/&,(r) and taking ur = 1, kyef = kotjrer Where s = ﬂé:ef

is the refractive index of reference (background) dielectric medium.

1.3 Propagating and evanescent eigenmodes :
The eigenmode basis

The eigenmodes for the quasi-1D geometry can be considered as the basis
waves states (without any disorder) such that the modes are independent
and orthonormal to each other and satisfies the Helmholtz wave equation
with the given boundary conditions. There are two kinds of eigenmodes.
1) The propagating eigenmodes’ and 2) the evanescent eigenmodes. The
propagating eigenmodes are defined to be existing everywhere in the
computational domain. On the other hand, the evanescent eigenmodes
emerge-out/inject-in from the disorder surface boundaries I';, and I'g,
and generally die out within few wavelengths from the surface bound-
aries. Unlike the propagating eigenmodes, an evanescent eigenmode
by itself doesn’t radiate the wave current (flux) out of the disorder. The
evanescent eigenmodes physically exist only in the presence of the disor-
der and hence don't exist independently in a disorder-less computational
domain unless there is a wave source injecting the evanescent wave com-
ponents into the computational domain. An example for such a situation
is the Green’s function in the disorder-less region, where the source
vicinity has evanescent components associated with it. Nevertheless, ex-
amples of the evanescent eigenmodes are plotted for the representational
purposes (without any disorder present in the computational domain)
as shown in Figure 1.5 and Figure 1.6. These eigenmodes (propagating
+ evanescent) form a complete basis set such that any arbitrary wave
existing inside the region can be expanded/decomposed as a linear

9: Two examples of the propagating eigen-
modes are plotted in Figure 1.3 and Figure
1.4, for m = 3 and m = 20.
+
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Figure 1.3: The real part of the third propa-
gating eigenmode is shown, where m = 3.

m,prop
O
MR ORT AR RO O
AR RO
LT
TLHINHTHALT |4 0.04

real[v! . (2,9)]
400

0.06

0.02

-0.02

-0.04

S
" | -0-06

!
F
k
i
!
F
i

O =

50 100
km fz
Figure 1.4: The real part of the 20" prop-

agating eigenmode is shown, where m =
20.
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superposition of the eigenmodes with their corresponding complex basis
expansion coefficients. For a given geometry as shown in Figure 1.2 with
transverse size W, there exist a finite number (217,,W /Ao) of propa-
gating eigenmodes and an infinite number of evanescent eigenmodes.
For the computational purposes, all propagating modes are accounted,
while the number of evanescent modes are truncated for a pre-defined
number. Two examples of evanescent eigenmodes are plotted in Figure
1.5 and Figure 1.6. The relevance of using this eigenmode basis wave
set is that any arbitrary wave (including the Green’s function) can be
expressed as a basis expansion of the individual eigenmodes with their
corresponding complex expansion coefficients. The right travelling and
the left travelling propagating eigenmodes ¢, are defined with respect
to the same coordinate axis YOZ given in the Figure 1.2 as the following
(as a variable separable form)

The right travelling propagating eigenmodes (along +z direction)

gb;,pmp(zl y) = (D:r—z,prop(z))(m(y) (15)

_ 1 iK™ — (2 i m)
where @, .., (z) = We“ = Zand xm(y) = /wysin(k, y)

The left traveling propagating eigenmodes (along —z direction)

w%,prop(zl y)= q)r_n,prop(z))(m(y) (L6)
where @;,, ,.,,(2) = %B_"kgmz and x(y) same as before.
kzﬂl

such that k(ym) = mm/W is the magnitude of the transverse wave vector

component of the m'" eigenmode along the y direction and kgm) is
the magnitude of the longitudinal wave vector component of the m*"
eigenmode along the z direction. () as the superscript of k(ym) denotes the
integer index number for the m*'" wave vector. + symbol as a superscript
of @, ,r0p(z, y) and Y5, 1,1, (2, y) denote the wave propagation along +z
direction (from the left to the right of the computational domain) and -
symbol denote the propagation along —z direction (from the right to the
left). The function x,,(y) is the transverse component of the eigenmode
satisfying the mirror boundary conditions and it obeys the orthogonality
relationship (X (V)| xn(V)) = Okron(m, n),where Sirop is the Kronecker
delta function (for more details refer Appendix Section A.3.2).

The eigenmodes satisfy the Helmholtz equation

[V2+ K, Jgm(z, y) = 0, 1.7)
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Figure 1.5: The third evanescent eigen-
mode emerging from I';, propagating
rightwards is shown. Attenuation towards
the right side can be observed.
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Figure 1.6: The third evanescent eigen-
mode emerging from I'g, propagating left-
wards is shown.
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2 2
such that (kgm)) + (k;m)) = k? ., which is the dispersion relation.

ref’

The wave vector magnitude components k(ym) and kgm) obey the dispersion
relation.’ Here, only the scenario of monochromatic wave transport
through a stationary disorder is studied and hence k. is fixed as a
constant due to the reason that the w value is fixed. For the evanescent

2
eigenmodes, kg’") = kfe I (k(ym)) =1 kg’?wn are purely imaginary,
2
where the real number kg?vun =4/ (k(ym)) - k2, ;- Hence, the evanescent

eigenmodes defined with respect to I'r, and I'r (refer Figure 1.5 and Figure
1.6) are given as the following.

The evanescent eigenmodes defined with respect to I';, where the
wave emerges to left (—) or right (+) of T';

Ebrin,evun(zl y) = q);,evan(Z/ZL)Xm (]/) 1.8)

1 p-ik{"|z-z| = __1
VI Ko

z,evan

_1.(m) _
where q)i,evgn(Z,ZL) = e kz,evanlz zr|

The evanescent eigenmodes defined with respect to I'r where the
wave emerges to left (—) or right (+) of I'g

¢rir-z,evan(zl ]/) = q)ﬁq,evan (z, ZR)Xm(]/) (1.9)

1 pmikMlz—zrl = 1
k") NC#

z,evan

_lm
where @y, ..., (2, zr) = e~z evan|z=2r|

One may note that both the propagating and the evanescent eigenmodes

Yy include a normalisation factor 1/+/ |k§m)|. The reason for including
such a normalisation factor is explained in the sidenote!! after defining
the wave current density (also known as flux density) associated with

eigenmodes. Let T(r) denote the flux density vector field associated with
the scalar wave equation.!

The flux (current) density of the m'" wave eigenmode

= 1
"G y) = AWV Ym = YV} = Imagly], Vil
= 1"z, y)é. + 15"z, )8, (1.10)

where * denotes complex conjugation, Imag denotes imaginary part
of, &, and &, the unit vectors along z and y. There is no flux crossing
the mirror reflection boundaries I'y; and I'p along éy (boundaries are
shown in Figure 1.2). The surface integrated flux density normal to &,

2 2
10: The relation (k;")) + (kgm)) = k%ef
is called as the "dispersion relation” as it
relates the ¥ component k(ym) and z compo-

nent kgm) of the wave vector with respect to

the fixed temporal frequency of the wave
as kyef = 2mNyef /Ao = ey /c.

11: For the propagating modes, the nor-
1

flux (the current) component flowing
through a given boundary region I';, or
I'r, perpendicular to the surface is unity
as given in the equation 1.11. Such a flux
normalisation is essential in defining the S
matrix later in the chapter, as it is required
as a standardisation condition that all the
propagating basis modes inject unit flux
normal to the boundary under considera-
tion. For the evanescent modes, as there is
no flux crossing the boundaries, physically
there is no need for defining a normalisa-
tion factor. Nevertheless, a normalisation

factor —— = 1 isincluded in the

K K
definition for the evanescent eigenmodes.
This is mainly for the numerical conve-
nience of making the propagating modes
and the evanescent modes, of the same
order. If (:") is not included in the

z,evan
definition of the evanescent eigenmodes,
then the evanescent modes will be several
orders larger compared to the propagating
modes, leading to numerical multiplica-
tion precision errors while estimating the
S matrix.

malisation factor ensures that the

12: Refer page 84 of [30] or [31] or equation
2.39 of [19] for the expression of the current
density.

[30]: Frish (1968), ‘Wave propagation in
random media’

[31]: Cazé et al. (2015), ‘Diagrammatic and
asymptotic approaches to the origins of
radiative transport theory: tutorial”

[19]: Carminati et al. (2021), Principles of
Scattering and Transport of Light
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direction on I’y or I'g,

(flux)y, = /];m)(z, Y)é; - €;dy =1 for the propagating modes
r

= 0 for the evanescent modes
(1.11)

where z, y € T, or I'r. Refer the Appendix Section A.4 for the proof
that the net flux crossing a boundary surface I', is unity for the
propagating eigenmodes. For the evanescent eigenmodes, 1, is a real
expression and hence according to the equation 1.10, the flux is zero.

1.3.1 Discrete form of eigenmodes on a computational grid

For representing the analytical functions presented in the chapter as a
function of z and y while coding, numerical grids (shown in Figure 1.7),
similar to the ones used in the finite difference methods[32], are used.
These numerical grids always have a finite grid cell size A, and A,. For
the analytical expressions given in the chapter to be exact on the grid, A,
and A, have to tend to zero, which is practically impossible due to the
memory and the computational processing capacity limitations. Hence,
A; and A, take a trade-off size such that they are small enough to resolve
waves on the grids (especially the evanescent eigenmodes), but not too
small consuming all the available memory and the processing capacity.
For a review on the influence of grid sizes on the accuracy of finite
difference schemes and its effect on the dispersion relationship, refer [33]
. Let there be N, grid points/nodes along the z direction and Ny along
the y direction so that there are N;N,, grid points with the grid spacing
being A; and A,. Hence, the longitudinal size of the region is (N, —1DA,
and transverse size is (N, — 1)A,. Let z; = [1: N ] and y; = [1 : Ny/]
which are represented in the Matlab notation system.!> Then, the discrete
z values are given as z = (z; — 1)A; and y = (y; — 1)A, which form
an array of numbers for z and y. In addition to that, W = (N, — 1)A,.
Therefore, the analytical form the eigenmodes (given in the equations 1.5
and 1.6) take the following discrete!* form (For the derivations, refer to
the Appendix Section A.6).

The discrete representation of eigenmodes on a computational grid

@y, (zi)

. 1 ik ™A (.
w%,prop(zir ]/]) = Te_ﬂcz Aa(zi1) Xm(]/]) (112)
sin(ky™ A,
A;

Here,

xm(yj) = \/%Si”{k;m)Ay(yj -1} (113)

Ny -1

0 1 2 .. Np-1

Figure 1.7: Schematic for a typical compu-
tational grid of size [Ny X N] is shown.

[32]: Taflove et al. (2005), Computational
electrodynamics: the finite-difference time-
domain method

[33]: Harari et al. (1995), “Accurate finite
difference methods for time-harmonic
wave propagation’

13: In Matlab, the operator : gives integer
step values between 1and N or Ny

14: The discrete form of eigenmodes ap-
proaches the continuous analytic form,
upon taking thelimit A; — 0and Ay, — 0.

. (m)
Note that the lima, M = kgm).
While implementing the coding for the
modelling, the product k;m)Ay is treated
as a single term (dimensionless) of the
order of unity, mainly to avoid the preci-

sion errors, while evaluating x;. This is
(m)
Yy

nitude compared to Ay. Similarly, kg’") Ay
is also treated as a single variable, of the
order of unity.

because k;,” would be very large in mag-
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with the discrete form of orthogonality relationship being

DL XYYy = Bron(are, 1) (114)
Yj

Similarly, for the evanescent modes given in equation 1.8 and 1.9,

q)rin,evan(zr ZL/R) =

1L -ikMlz—zyel = 1
VI K

z,evan

e_k(zr:*)van |Z_ZL/R I gets

replaced by
1 Y T
+ — ; Zi—2
q)m,evan(zi/ZiL/R)_ @ AHREEAETER (1.15)
sin(|k§m)|Az)
Az

L/R as a subscript denotes the left(L) or the right(R). Substituting the
discrete form of eigenmodes in the wave equation, the discrete version
of the dispersion relation (For derivations, refer to the Appendix Section
A7) is obtained, as given below.

The discrete dispersion relationship

= k?

e e Ay 2 g (116)

Set A; = Ay = A, then the above given equation can be re-written as

kroA)?
2—cos (kgm)A) - cos (k(ym)A) = (””% =
krefA)
K™A = cos™1{2 - cos(k(ym)A) - % (117)

The discretised dispersion relationship is used to evaluate ki.’")A for
a given k(ym)A. For the propagating eigenmodes containing real kgm) ,
the argument inside cos™! has to remain between (—-1,1) I implying
0 < (krefA) < 2V2in free space. For practical coding purposes, especially
in the presence of disorder and the evanescent modes, k;.fA < 1 such
that it resolves the evanescent eigenmode with the highest'® transverse

spatial frequency, k(yt”,,)m - Hence, A is chosen such that kwﬂ)m +A =1.Next,
the analytical boundary conditions satisfied by the eigenmodes at I', or
I'r is given as the following.

1.3.2 Homogeneous boundary conditions for the
propagating and the evanescent eigenmodes

For both the boundaries I';, or I'z in the slab geometry (shown in figure
Figure 1.2), the following homogeneous!” boundary condition holds for
the propagating eigenmodes.

15: Simplifying the inequality relationship
for having ky, fA as a real term (applicable
only for the propagating modes),

(m) (krefA)z
-1<2-cos(k, A)——2 <1 =
2
krefA
3— cos(k(ym)A) > g >1- cos(k(ym)A))

As cos(k(ym)A) fluctuates between (-1, 1),
0< (k,EfA) < 2v2, in free space and in-
volving only propagating modes. In pres-
ence of disorder and also to include evanes-
cent modes, k;ofA < 1 such that it well-
resolves the evanescent eigenmode with
the highest transverse spatial frequency.

16: Analytically speaking, there are infi-
nite number of evanescent eigenmodes
possible. However in the coding frame-
work, the number of evanescent modes are
truncated at a certain number (For exam-
ple, 30 evanescent modes) in this chapter.
Larger the number of evanescent modes,
smaller should be the A value for resolv-
ing the evanescent modes with very high
spatial frequencies, thereby increasing the
computational burden with respect to the
memory and the processing power.

17: The word “homogeneous" implies that
R.H.S of the boundary condition involving
Y% (z, y) doesn't involve an extra source
wave term (is zero).
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Homogeneous boundary conditions for the propagating eigen-
modes

J L (m)
Z#’i,prap (z, ]/)l(z,y)EFL/R F ik, lnb:-_n,prap (z, ]/)|(z,y)€FL/R =0 (118)
For the evanescent waves, the homogeneous boundary conditions need to
be treated separately as given below. The main purposes'® /' of defining
the eigenmodes and their associated homogeneous boundary conditions
are given in the sidenotes.

Homogeneous boundary conditions for the evanescent eigenmodes

a) Let z = zp, + 6, where 6, — 0* (Slightly inside the box AOBC
(shown in Figure 1.2) closer to I'; denoted as I'}). The right going
evanescent wave closer to I', is then given by

e_(Z_ZL)ky,Z)vun

K

wjn,evan(zr y) = (1.19)

9

Jz
b) When z = z; — 6, (Slightly outside the box AOBC closer to I't
denoted by I')). The left going evanescent wave closer to I';, is

w;,evun(zl y)l(z,y)d"z + kg,ré)van w;,evun(zl ]/)|(z,y)erz =0 (1~20)

e+ E=2)K o

Hb;l,evan(zf y) = ; (1.21)

k(m)

z,evan
J (m) -
Ewm,evan (Z, y)l(z,y)El"Z - kz,evan wm,evan (Z, ]/)l(z,y)EFZ =0 (1.22)

Similarly, on the boundary at right side I'g,
c) Letz = zgr + 6 (Slightly outside the box AOBC closer to I'r denoted
as I'y). The right going evanescent wave closer to I'g, is then given by
e_(Z_ZR)kS,Z)van

Bbi-;;,evrm (z,y) = (1.23)

k(m)

z,evan

0
&lzb;z,evan(zl ]/)|(z,y)€l’1§ + kg,z)vunw;,evan(zr ]/)|(z,y)€l’1§ =0 (124

d) When z = zg — 6, (Slightly inside the box AOBC closer to I'r
denoted by I'; ). The left going evanescent wave closer to I'r is

1 (m)
- (Z, ) = —e+(Z_ZR)kz,evan (125)
m,evan Y

k(m)

z,evan

Jd  _ _
Elnbm,evan(zr y)l(z,y)EFi - kg,?vanlzbm,evan(zz y)|(z,y)€1"1§ =0 (1-26)

Therefore, the homogeneous boundary conditions for both the propa-
gating and the evanescent eigenmodes, can then be combined as the
following

18: The purpose of defining the eigen-
mode basis set. Any arbitrary wave E(z, y)
(or Green's function) that exist in the com-
putational domain could be written as
a linear superposition of ¥;,(z,y) and
¥;,(z,y). As an example, for wave inci-
dent only from the left side of the disorder,
the outgoing transmitted wave from a ran-
dom medium (on the right side of the dis-
order) could be expressed only in terms of
Y (z, y) eigenmodes. On the contrary, the
total wave on the incident side (left side) of
the sample would contain both reflected
and the incident wave, which requires the
total wave to be expanded in terms of
both ¢}, (z, y) and ¥;,(z, y) eigenmodes.
As any arbitrary wave E(z, y) can be writ-
ten in terms of eigenmodes Y% (z, y) as a
coefficient expansion, the homogeneous
boundary conditions given in equation
1.27 are also applicable for the total wave
E(z,y).

19: The purpose of defining the homoge-
neous eigenmode boundary conditions
atI'r and I'g. The main use of the eigen-
mode boundary conditions is to simplify
the Kirchhoff-Helmholtz boundary inte-
gral formulation of the scattering prob-
lem, to be defined later in the chapter. The
boundary integral formulation involves
the Green’s function and the total field
values along with their spatial derivatives,
at the boundaries I'; and I'g. As the total
field and the Green’s function in presence
of disorder can be expressed as a basis
expansion involving eigenmodes, the %
derivatives in the boundary integral (in-
volving the eigenmodes) can be simplified
using the boundary conditions.



1 The methods in Frequency Domain for wavefront shaping | 11

Combined homogeneous boundary conditions for both the propa-
gating and the evanescent eigenmodes

9 "
SV ) F iKYz, p) =0, 1.27)

where k™ = ik%)vun for the evanescent eigenmodes.

The discussions regarding the eigenmodes conclude here and in the
following sections, the essential concepts regarding the Green’s function
are reviewed.

1.4 Green’s function and the Dyson’s
perturbation method

The frequency domain Green’s function can be considered as the wave
impulse response at a field evaluation point 7 due to a Dirac delta? source
(continuous in time), 6(r, o) placed at ry. In the wave transport theory,
there are two kinds of Green’s functions. The first kind is the Green’s
function Go(r, rg) (note the subscript 0) in a homogeneous (uniform)
medium without any scatterers or disorder. The second kind would
be the Green’s function G(r, p), to be evaluated in the presence of the
disorder. To give a physical intuition to the concept of Green’s function,
the unperturbed Green’s function Gy(r, 1p) is analytically computed and
plotted in Figure 1.8, at various field positions r and a given source at ry.
Once Gy(r, rp) is evaluated analytically, then G(r, 1) (in the presence of
disorder) can be estimated by using Go(r, 1) together with the Dyson’s
equation, which will be explained towards the end of this section. Before
getting into the details of the Dyson’s equation and the perturbation
theory associated with it, Green'’s functions (both Gy(r, rp) and G(r, rp))
have to be defined as the following.

Consider a general differential equation

FE(r)=5(r) (1.28)
where & is a differential operator acting on E(r) and E(r) can be consid-
ered as a function 2 which needs to be solved for a given source term
S (). In the context of this thesis, let & represent the Helmholtz operator
(without the disorder) ie. £ = [V? + kfe f]' For a given arbitrary source

S(r), E(r) could be solved as the following convolution®?

E(r)z/Go(r,n)g(rl)drl, (1.29)

1
where Gy(r, 1) is the Green’s function for the operator & such that

LGo(r,r9) = 0(r — 1) (1.30)

real[Go(r,9)]

400 =
0.15
350
0.1
300
250 0.05
D
200 0
Y
150 -0.05
100
-0.1
50
-0.15
0
0 50 100
krepz

Figure 1.8: The unperturbed Green's
function Go(z, Y, 2o, Yo) is shown. The
real part of Go(z, ¥, zo, o) is plotted us-
ing the equation 1.40 for (z,y), where
the source location (kyfrzo, krefyo) =
(0,194.21). In addition to all the propa-
gating modes, 30 evanescent eigenmodes
are also used in implementing the equa-
tion 1.40, while coding.

20: Refer section 15 : "The 6 function” of
[34] for details.

21: The time or frequency dependence on

both E(r) and S (r)_ is harmonic in nature
with the factor:z”‘“t, implying E(r, w) =
E(r)e”i®t and S(r, w) = S(r)e @t

22: In 2D, r1 € R? and frl dry denotes
/Z fy dzdy and in 3D, r; € > and /71 dr

meansfxfyfzdxdydz.
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Next, consider the Helmholtz equation for Green’s function in the pres-
ence of disorder.

[V2 + k%yrér(r)]G(r, r9) = 0(r — rg) (1.31)

Express €;(r) as a spatially dependent perturbation 6e,(r) (as shown in
Figure 1.9), against a uniform background reference dielectric constant

value of é':ef independent of r[35, 36] .

E(r) =& +5¢.(r) (1.32)
Substituting the perturbation in equation 1.31,
[V2 + K2uAE)T + 66,(n}IG(r, ro) = 6(r — 10), (1.33)
which could be re-arranged to obtain
[V2 + kfef]G(r, ro) = 6(r —ro) + V(r)G(r, rg) (1.34)

where V(r) = —ké UrO€,(r) is the scattering potential and kfe ;= kg ,uréief
is the wave vector in the uniform reference (background) dielectric
medium. On comparing equation 1.34 with that of the general scenario

given in equation 1.28, the following is obtained.

[VZ + kfef] G(r,r9) = 0(r —ro) + V(r)G(r, o) (1.35)
M—’R/—/
) E 5(r)

In addition to that, comparing with equation 1.30 gives

[VZ + kfef] Go(r,1r9) = 6(r — 19) (1.36)
b\f—/H/—/
@ Go

Therefore, G(r, ry) could be solved, similarly to that of equation 1.29

G(V,70)=/G0(7,r1) o(r1 — 1) + V(r1)G(r1, o) ¢ dr1
n
S(r1)

=/Go(”,rl)é(h—f’o)d7’1+/Go(”rrl)V(”l)G(”l,ro)dﬁ
1 1 (1.37)

Using the sifting property of the Dirac delta function on the first term of
R.H.S, the well-known Dyson’s equation 2> for the Green’s function in
the disordered media is obtained, as given below for G(r, ).

Dyson'’s equation for Green’s function perturbation

G(r,rg) = Go(r,r0)+/ Go(r, 1)V (r1)G(r1, r9)dr (1.38)

"

[35]: Martin et al. (1994), ‘Iterative scheme
for computing exactly the total field
propagating in dielectric structures of
arbitrary shape’

[36]: Martin et al. (1995), ‘Generalized
field propagator for electromagnetic
scattering and light confinement’

400 25
350 [# 2
1.5
300 &
-1
250 105
D
T 200 B 0
e
150 --0.5
; -1
100 %
; -1.5
ok -2.5

Figure 1.9: An example for a random dis-
order realisation 0¢,(r) (refer equation
1.32) is shown. Here, k;ofL = 101.5368
and ky, W = 399.7005 such that the wave
vector for the background medium is
kref = 2mnpef/A and nyep = 1.9. The
number of grid points used for the sample
is Ny X Nz = 497 X 131 = 65,107. This
sample is a smaller sample, to be mainly
used for visualising the fields. Later in
the chapter, larger samples will be ob-
tained by the S matrix cascade rule. Here,
krefAz = k‘refAy = k‘refA = 0.8058 to
include 30 evanescent eigenmodes, in ad-
dition to the 130 propagating eigenmodes.
The disorder exists two unit cells (k,, £24)
away from the left and the right bound-
aries 'y and I'g. The disorder shown is
a spatially correlated disorder with the
dimensionless spatial correlation length
krefle = 1.9726 (along z axis). Various as-
pects of the disorder correlation and the
detailed method used to generate it, is
given in Chapter 2. The same disorder is
used for all the results of this chapter, until
Section 1.8.

23: Refer chapter 3.2 of [37], [35] or page
105 of [30]
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The Dyson’s equation has an iterative structure that the solution G(r, o)
appears both in the L.H.S and in the R.H.S of equation 1.38. Various
numerical schemes [35, 36, 38] exist for solving G(r, r¢) using the Dyson'’s
equation. As hinted before, the unique analytical or numerical form
of the Green’s functions, is dependent upon the boundary conditions
determined by the geometry of the problem. Before moving into the
details of the numerical implementation for solving G(r, 1), first Go(r, 10)
needs to be evaluated for a geometry as shown in Figure 1.9, without any
disorder present. The analytical expression for Go(r, rp) where ry € R2
and the wave polarised along X axis (perpendicular to YZ plane in
the direction of variation of dielectric fluctuations), is given as the
following.

1.4.1 Unperturbed Green'’s function G(r, o) without the
presence of disorder

The analytical expression[39] involving an infinite summation®* for
Go(r, r9) in 2D for a geometry as shown in Figure 1.9, is given as the fol-
lowing. (For the analytic derivation consistent with the sign conventions
used in this thesis, refer to the Appendix Section A.3.)

Unperturbed Green’s function

(o]

Go(z, ¥, 20, %0) = >, G (z, ¥, 20, 10)

m=1

o1 gy /2 o N [ 2 m)
= —e'= —sin(ky Yy —sin(k, yo)

%z:‘kg’” we wo

G (2,y.20,%0)

(1.39)

2
where k(ym) =mmn/W and (kgm)) = kfef

propagating waves and ki’”) = ikg,ré‘)van

(m)? 1.m)
- (ky ) .k, is real for the
(imaginary) for evanescent

waves as given before.

While implementing the code on a numerical grid, the discrete form?

of Go(r, rp) will be used, given as the following.

Discrete form of unperturbed Green’s function on a grid

Go(zi, yj, Z0i, Yo;) =

- KA, (2 2 . 2 .
Z}ldme’lkz Aeltr Z”i)lw/Wszn (k(ym)Ay(yj = 1)) Vs (k(ym)(yoj - 1))
m=

(1.40)

[39]: Felsen et al. (2004), “Wave propaga-
tion inside a two-dimensional perfectly
conducting parallel-plate waveguide:
Hybrid ray-mode techniques and their
visualizations’

24: Although the summation in the equa-
tion 1.39 runs from m = 1 to a large
number, the summation is truncated such
that it includes all the propagating modes
(Mprop ~ 217§ W /A propagation modes
in 2D and Myrop = (kyes W)? in 3D) and
a certain truncation number of evanescent
modes (Meyqn evanescent modes). Meyan
is taken as 30 in this chapter.

25: As the analytical form of Go(r, 7o)
needs to be implemented on a numerical
grid with finite grid size A; and Ay, the
discrete definition of eigenmodes given in
equation 1.12 are used for both the propa-
gating and the evanescent terms contained
in the analytical expression for Go(r, o).
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where

W, if propagating modes are involved m < M,
sy
1

sin(|k|Az) ) 7
(=)

dy =
if evanescent modes are involved m > M,

(1.41)

Until now, Go(r, 1p) the unperturbed Green’s function was discussed.
In the following section, estimation of the Green’s function G(r, o)
in presence of disorder, using Go(r, ry) and the Dyson’s equation, is
provided.

1.4.2 Numerical estimation of the perturbed Green’s
function G(r, ry)

On a [Ny X N.] grid domain, for different source position indices (j)
and field position indices (i), Green’s functions (say the unperturbed
Go(zi, vi, 20, ]/0]-)), can be represented as a 2D matrix of size [N, N, x

N:Ny]. Let Go(zi, yi, 20}, ij) be represented as GE?) where both the
indices 7 and j could generally take the value [1 : N;N,] (as in the Matlab
notation system) such that the position indexing is linear as in a 1D array.
i as in an index notation, always denotes the field measurement location
index and j denotes the source location index. Hence, the 2D spatial
Green’s function field for a given source location indexed at j is stored

as a single column of Gg.)). Thus scanning all possible j locations would

result in generating a 2D matrix Gg;)). Within the [Ny X N;] grid domain,

let there be a disordered slab region spanned by a grid of size [N 5 X NP]
where the superscript P denotes that it is the grid size referring only
to the particle perturbations. In the presence of disorder, the discrete
form[35, 36] of Dyson'’s equation for a 2D transport problem is given as

k=NPNP
0 0
Gij =Gy + kZ G VViAareaGrj (142)
=1
where V = —kgégr(rk) is the scattering potential at the position r

indexed linearly by k = 1,2,3.., NfN;3 and Agres = A;A, where
A, = Ay = As is the grid size along z and y. Index k is always used
to represent positions at which there are disorder perturbations. The
equation 1.42 forms a system of equations, in terms of Gj;, Gg?) and the
scattering potential. Solving such a system of equations is a computa-
tionally expensive process, as there is no approximations? involved.
In [35, 36], an iterative method is provided for updating G;;, starting

from GE?). Such an iteration method starts from the unperturbed Green’s
function Gg}q). In the first step, the method updates Gg}q) to GS), where
Gi]l.) indicates the Green’s function due to the scattering perturbation, just

at the first scattering grid point. Then, GI(?) is estimated, bringing in the
second scattering grid point and so on, until the final particle is brought
in, leading to the evaluation of G;;. In [35, 36], one scattering grid point
is taken per iteration, which is computationally tedious to update the

0.1
0.05
0
-0.05
-0.1
0 50 100
krefz

Figure 1.10: The perturbed Green’s
function G(z,y,z20,10) is shown. The
real part of G(z,y, zo, Yo) is plotted for
(z, y) where (kye 20, krepyo) = (0,194.21).
G(z,y, 20, yo) is numerically estimated by
following the iterative method given in
Section 1.4.2. The random disorder reali-
sation used is given in Figure 1.9.

26: Historically, the Born approxima-
tions[40] were first used to analytically
simplify the Dyson’s equation, taking only
the first or the second order of approxi-
mation. But, in this chapter, the system of
equations given in equation 1.42, is fully
solved incorporating all orders of multiple
scattering. In other words, in this thesis,
there are no approximations involved and
the Dyson’s equation is solved exactly and
fully (like that of [35, 36]), for all the mul-
tiple scattering orders.
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Green'’s function matrices, when large number of scattering grid points
are involved. Hence, in this chapter, an extension to[35, 36] is proposed,
by taking a block of particles together, per iteration step. Description
of such a method is provided in the Appendix Section A.8, for better
readability of the chapter. In the Appendix Section A.8, two methods
are given. First is the direct inversion method (no iteration involved)?
, where all the scattering points are taken together, followed by a large
matrix inversion. Second method in the Appendix Section A.8 is the
proposed iterative method, taking a block of scatterers together, which
requires comparatively lesser memory, in comparison with that of the
direct method. It is recommended that the reader may go through the
direct matrix inversion method first, which is simpler to understand, to
obtain a easier grasping of the iterative method. As an example, G(r, ro)
is plotted in Figure 1.10 for a given source location.

1.4.3 Properties of Gy(r, ry) and G(r, 1)

Some of the properties of the unperturbed Green’s function Go(r, ro)
and the disorder perturbed Green'’s function G(r, rp) are provided in
this section. These properties will be used later in the chapter for the
Kirchhoff-Helmholtz boundary integral formulation of the Helmholtz
equation.

Homogeneous boundary conditions for Gy(r, 19)

Any wave (which also includes the Green’s function) expanded in terms of
eigenmodes ¥ (z, i), also satisfy the homogeneous boundary condition
for eigenmodes. Hence, the basis expansion components of Go(r, 7o) also
satisfy the homogeneous boundary condition for eigenmodes, similar to
that of the equation 1.27, as given below.

Homogeneous boundary conditions for Gy(7,7))

d .
&Ggm)(Z, Z0, Y, y0)|2220,(z,y)€FR - lkgm)G(()M)(Z/ Z0, Y, y0)|2220,(z,y)€FR =0
(1.43)

d .
ZG(()m)(Z, ZO/ ]/, y0)|z<zU,(z,y)el"L + lk;n Ggm)(zl ZO/ y/ y0)|2<20,(2,y)EFL = O
(1.44)

where G(()m)(z, 20, Y, Yo) is given in equation 1.39.

Reciprocity of the perturbed Green'’s function G(r, r¢)
Both the unperturbed and the perturbed Green’s functions have the
property of reciprocity.?® Therefore, G(r, r9) = G(ro, 7).

Homogeneous boundary conditions for G(r, 1p)

The perturbed Green’s function G(r, rg) can also be expanded in terms
of the propagating and evanescent eigenmodes 1 (7), which forms a
complete basis set. On the leftboundary, G(r, rp) can be expanded in terms
of the left going eigenmodes and on the right boundary, G(r, o) can be
expanded in terms of the right going eigenmodes as given below.

27: Such a direct matrix inversion method
is memory intensive and it is mainly used
for testing the code, for comparing it
against the iterative method. The iterative
method is the preferred method, which
will be used for modelling the results given
in this chapter.

28: Reciprocity implies that one can ex-
change the source (r9) and the field (r)
locations, in presence of disorder and ob-
tain the same value for G. For proof in
1D, refer chapter 1.6.3.2 of [41] which is
provided for a different context of using ul-
trasound. For contextualising the proof for
a 2D problem with the relevant boundary
conditions presented in this chapter, first
refer the appendix Section A.9. After that,
refer the appendix Section A.10, which ex-
plains the reciprocity relationship using
the appendix Section A.9.

[41]: Kim et al. (2013), Sound visualization
and manipulation
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Perturbed Green’s function G(7,79) in terms of eigenmodes

G(T’, 70)|z<zo,(z,y)€FL = Z Gm (Z/ Y, 2o, y0)|z<zo,(z,y)EFL
m=1

Z Sm (2o, yO)'vb% (z, y)|z<20,(z,y)eFL (1.45)
m=1

G (2,Y,20,Y0)|2<zg,(z y)ery

[0
G(r, 70)'2220,(z,y)eFR = Z Gm(z, Y,Zo, yO)lzz,zU,(z,y)el"R
m=1
(o)

g;ﬁ (zo, yo)len(Z, y)lzz,zo,(z,y)el"R (1.46)
1

m=

Gm (Zryrz()ryo)lzzzU,(z/y)el"R

As the disorder perturbation doesn’t change the boundary conditions of
the eigenmodes associated with the outgoing Green’s function waves,
following homogeneous boundary condition can be formed in terms of
Gwm(z,¥, 20, Yo), similar to that of equations 1.27, 1.43 and 1.44.

Homogeneous boundary conditions for the perturbed Green’s
function G(r,rg)

d ;
Ecm(zr y/ ZO/ y0)|z<z0,(z,y)€FL + lk,(Zm)Gm(Z/ y/ ZO/ y0)|z<z0,(z,y)€1",_ = 0
(1.47)

d .
gcm(zl Y, Zo, ]/0)|ZZZU,(z,y)EFR - lkgm)Gm (Z/ Y, Zo, y0)|2220,(z,y)€FR =0
(1.48)

As of now, the discussions regarding the eigenmodes, Gy(r, rg) and
G(r,rg), are complete. Next section deals with the estimation of the
generalised scattering matrix (S matrix incorporating the propagating
and the evanescent modes) from the perturbed Green's function G(r, rp).
The analytical estimation is presented as the following and the discrete
formulation follows a similar logic.

1.5 Estimation of the generalised Scattering
Matrix from G(7, ry)

The estimation of the generalised scattering matrix of the disorder from
the perturbed Green’s function G(r, 1p) is explained in the following
subsections. The first section gives the Kirchhoff-Helmholtz boundary
integral formulation for the total wave estimated using the Helmholtz
equation. This is followed by the application of the boundary conditions
associated with the boundary integral to simplify the general formulation.
Finally, the last section estimates the complex transmission and reflection
coefficients of the wave scattering in terms of the transmitted and the
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reflected eigenmodes, by matching the total field at the boundaries. First,
the evaluation of Sp; and S1; components of the generalised S matrix,
where the incident wave is on the left side of the disorder, is explained.
Then, the same logic is applied for evaluating the S12 and Sy part of the
generalised S matrix, where the incident wave is on the right side of the
disorder.

1.5.1 Kirchhoff-Helmholtz boundary integral formulation

The relation between the Kirchhoff-Helmholtz boundary integral formu-
lation and the conventional Fisher-Lee relations was given by[23], in the
context of quantum particle scattering. In the following section, such a rela-
tionship is generalised to include the evanescent modes in addition to the
propagating modes. First, the goal is to establish the relationship between
the perturbed Green’s function G(z, y, zo, o) and the total wave field
E(z, y) existing inside and around a medium, due to an arbitrary wave in-
cident on the disorder. This helps to estimate the wave scattering response
of the disordered medium excited using an arbitrary incident wave. First,
let the case of the wave incidence on the sample from the left side be
considered, where E¢(z, y) (travelling from left to right) is the incident
wave, as shown in the Figure 1.11. On the left boundary I';, the total wave
is given as E(z, )l yrer, = E™ (2, Y)lzyer, + B2, )z yjer, such
that E"ef!(z, Y)|(z,y)er, is the reflected wave onto I'z.. On the right bound-
ary I'g, only the transmitted wave Etrans (z, y)l(z,y)erR exists, therefore the
total field E(z, Wl yerz = Etrans(z, Y|z y)ery - Inside the medium, the
total field of the wave is denoted as E(z, y) itself. Consider the random
media Green’s function equation (given in equation 1.31) and also the
source free Helmholtz equation (given in equation 1.1)

[Vz + kégf(zl ]/)]G(Z/ Y, Zo, yO) = 6(Zr 20)5(% yO)/ (149)
[V2 +k2é,(z,y))E(z,y) = 0, (1.50)

where V? is the Laplacian operator with respect to the field position
(z,y). In the equation 1.49, (zo, o) is the Dirac-delta source location.
Multiplying the equation 1.49 using E(z, y) and the equation 1.50 using
G(z,y, 20, Yo), followed by subtraction yields the following

E(Zr y)[vz + kggr(zl ]/)]G(Z/ Y,Zo, yO) = E(Z, y)é(zl 20)6(]/’ ]/0) (151)
G(z, Y, 20, Yo)[V* + k3é:(z, y)]E(z, ) = 0 (1.52)

@ - @ = E(z, y)VZG(z, ¥, 20, Y0) — G(z,y, 2o, yo)VZE(Z, y)
= E(z,9)8(z = 20)8(y — vo) (1.53)

Figure 1.11: The geometry used for esti-
mating the generalised S matrix is shown.
This involves the Kirchhoff-Helmholtz
boundary integral formulation of the scat-
tering problem. (a) For estimating S»1 and
S11, the wave incidence is from the left
side of the disorder. (b) For estimating S>
and Sq;, the wave incidence is from the
right side of the disorder. For the wave
incidence from left or right side, the YZ
coordinate system remains the same. E/"*¢
is the incident wave. ¢*¢ is a column vec-
tor, containing all the complex coefficients
used to represent the incident wave "¢
as a basis expansion, as given in equation
1.60. Similarly, ¢ and r are column vectors
containing coefficients for the transmitted
wave and the reflected wave modes, as
given in equations 1.62 and 1.72, respec-
tively. + and — as superscripts for  and ¢
denotes the propagation direction (+ im-
plies +z direction and — denotes —z direc-
tion) for the reflected and the transmitted
waves, respectively. The region enclosed
by AOBCA is denoted as Q.
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Now integrating in the region Q enclosed by AOBCA, with respect to
the field point z and y,

//{E(z,y)V2G(z,y,Zo,yo)—G(z,y,ZO,yo)VZE(z,y)}dzdy

E(ZOI yo)/ if (ZO/ ]/0) €Q
Or if (ZO/ ]/0) ¢ Q
(154)

= [)E(Z, Y)6(z — 20)8(y — yo)dzdy =

Particularly, the case of (zo, o) € Q is the main interest for the rest of
the chapter for evaluating the total field at a desired location (zg, o) €
Q.2 Using a vector calculus identity 3° , expression on the L.H.S of
equation 1.54 can be re-written as

E(z,y)V?G(z, v, 20, y0) — G(z, Y, 20, o) V’E(z, y) =
V- {E(z,y)VG(z, ¥, 20, ¥0) — G(z, Y, z0, Yo)VE(z, )} (1.55)

Substituting the above equation back in equation 1.54 and with the help
of 2D divergence theorem®! , the following is obtained.

/ / A\ {E(z, y)VG(z,vy,z0,y0) — G(z,y, 2o, yo)VE(z, y)} dzdy
= [{BOV.Glr,m) = Glr,ro)V, B} - T = Elan, s
(1.56)

As there is no flux crossing I';; and I'p, the above given boundary integral
involves only the terms containing I';, and I'r. The boundary integral can
then be simplified*? as

2D Boundary integral formulation of the wave scattering problem

~ d n Jd ~ o
/ {E(z,y)EG (z,9,20,Y0) €z — G (2, Y, Z0, Yo) EE(Z/]/)EZ} |z p)ery

- 0 " 0 = A
/ [E(z,y)EG(z,y, 20, Yo) €z — G (2, Y, 2o, Yo) EE(z,y)ez] |z, y)erx
(1.57)

The Kirchhoff-Helmholtz boundary integral equation implies that the
total field E(zo, yo) at a point (zo, yo) inside the closed region Q can be
estimated upon knowing the following entities, just at the boundaries.
1) The value of the total field E(z, Y|, yer 2) the Green’s function
G(z,y, 20, yo) and 3) the spatial derivatives of E (z,y) and G(z,y, 20, Yo)
just at the boundaries I'y, and I'z.

The Kirchhoff-Helmholtz boundary integral equation 1.57 can be further
simplified, asboth G(z, z, y, o) and the total field E(Z, Y, Zo, ]/O)l(z,y)el"L/R/
can be expanded in terms of eigenmodes ¢'%(z, Wz, yer, - followed by
the use of the boundary conditions defined before, in equations 1.27,
1.47 and 1.48. As the E(z, y) in equation 1.57 is the total field, the first
step to simplify is to provide explicit expression for E(z, y) close to the

31: By the 2D divergence theorem, the in-
tegral of the divergence of a vector field in
aregion ), can be replaced by a boundary
integral along the boundary I', evaluat-
ing the flux of the vector field crossing
T outwards along the surface normal 7
(as shown in Figure 1.11). The integral of
the equation 1.55 is also referred to as the
Green'’s second identity. The surface nor-
mal 71 points outwards from the surface
T'. Due to the reflection (mirror) boundary
condition, there is no flux terms cross-
ing the transverse boundaries I';; and I'p.
Hence, all the spatial derivatives associ-
ated with the boundary integral connect-
ing I'yy and I'p, can be safely set to zero.

29: From here (from equation 1.54) to the
rest of the chapter, the physical meaning of
(z0, Yo) changes within the context of the
Kirchhoff-Helmholtz boundary integral
formulation and the Fisher-Lee relations.
From here, (2o, yo) is not the source loca-
tion anymore, but the point where the field
is evaluated. Such a notion is consistent be-
cause of the reciprocity (Refer sec.1.4.3 for
the derivation that G(r, rp) = G(rg, r)) of
the Green'’s function, where one can safely
exchange the source position 7y with field
evaluation position r. Hence to prevent
ambiguity, it will be explicitly defined in
the main equations for the rest of the chap-
ter, where does (2o, yo) and (z, ) lie in.

- (=82) dy+

- e,dy = E (20, ¥0) lzo,50)e0

30: The used vector calculus identity is

V- (¢VY) = V- (YY) = ¢V — V2

where ¢ and ¢ are scalar fields

32: There is a minus sign associated with
the —&, dy on the first integral of the L.H.S
in equation 1.57. This is due to the sign con-
vention that the surface normal /i points
outwards on I', which is in opposite di-
rection to &, % terms.
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boundary I';, and I'r, followed by the use of the boundary conditions
involving the z derivatives of E(z, y) and G(z, y, zo, Jo), to be explained
in the following section.

1.5.2 Boundary conditions for simplifying the boundary
integral equation

For simplifying the equation 1.57, the eigenmode expansions for the inci-
dent wave field E"¢(z, Y)|(z,y)er, , the reflected wave field Erefl(z, Wz, yer,
and the transmitted wave field E/""5(z, Y)|(z,y)ery need to be defined,
which involves the definition 3* of the scattering matrix S in the following
block matrix form.

S = [ S Si ] (1.58)

So1 Sx»

Here, S11 and Sy are submatrices representing the complex reflection and
transmission coefficients associated with the wave incidence on the left
side of the disorder. Similarly, S» and Sy, are submatrices representing
the complex reflection and transmission coefficients associated with
the wave incidence on the right side of the disorder. In this chapter,
the conventional definition of S matrix is generalised to include the
evanescent modes as well, in addition to the propagating modes. For
the dimensions of the submatrices contained in the S matrix, refer the
sidenote.3* First, let the scenario of the wave incidence from the left side
of the disorder be considered, which involves the Sy; and Sy1 part of the S
matrix. OnI', there are right going wave (incident wave E inc(z, Wl,yers)
and left going waves(reflected wave, Erefl(z, Y)|(z,y)er,)- Hence, the total
wave field E(z, Yz y)er, is written as the following.

Total field on I'; due to wave incidence from left onto I';

E(Zr ]/)l(z,y)El"L = Eim(zl y)|(z,y)el"L + Erefl(zl ]/)l(z,y)El"L (1.59)

- Mtufal
Einc(zr ]/)l(z,y)EFL = Z CrJ;sz(y)¢r+n(Z)
m=1

b z)whenm < M
where () = {  Pmaror'?) o
o evan(Z,zL) when m > M rop

(1.60)
- Ntutal
Eves1z, Wl yer, = D taxXn(y)Py(2) (1.61)
n=1

where ¢;,(z) = Qb;,pmp(z) when n < Npmp
O evan(z,zL) when 1 > Npyp

and r;, is the reflection®® coefficient given as

Miotal

r,jzz

m=1

nm .+

et (1.62)

33: For the conventional definition of scat-
tering matrix, refer section II.A.4 of [18],
followed by the schematics given in Figure
111

34: The dimension of the transmission
matrix Sp; is generally given as [Nippq1 X
Miota1] where Myypq; is the number of
incident eigenmodes and Nj,; the num-
ber of transmitted eigenmodes. M;,t,1 =
Mprop + Mevan. Here, Mprop is the to-
tal number of propagating eigenmodes.
M_yan is the number of evanescent modes
taken numerically which is a truncation
number as said before. Similarly, Ny, =
Nprop + Nevan - For the quasi-1D transport
problem defined in the chapter, M;oq1 =
Niotar- For the reflection matrix Sq1, the
dimension is given as [M;otq1 X Miotall-
Similarly, the dimensions of the S12 and
S22 can be defined.

35: r, is the field reflection coefficient
term associated with the n'" reflected
eigenmode and cj, is the coefficient for
the right going incident eigenmode, where
S}" denotes the nt" row & mt" column
element of the reflection matrix.
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Substituting the equations 1.60 and 1.61 in 1.59, and using a property>°
of the Kronecker delta function, the following is obtained.

~ Niotal Miotal
E@ Yleyer, = D) D) ch®m(@)xm(y)Skron(n, M)z yyer, +
n=1 m=1
Ntotal Miotal
C;S??X”(y)gb;(z)l(z,y)en (1.63)
n=1 m=1

Due to the Kronecker delta on the first term on the R.H.S of the above
given equation, the index m can be replaced by 7 to obtain®

E(Z/ }/)|(z,y)el“L =

Niotal Miotal
Z Z Cn {(/J')n(z))(n(y)ékron(n m) + Sll X”(y)¢’;(z)} |(Z'y)€rL
n=1 m=1
En(z Y yrer,
(1.64)
N
E (Z y)|(z,y )el'L (169

Equation 1.64 denotes that the total field on I'; can be written as a
series summation involving E,(z, Y)|(z,y)er, waves. Next, the boundary
condition associated with E,(z, Y)l(z,y)er, waves, for simplifying the
boundary integral equation, is provided. For the proof, refer to the side
note.*

Inhomogeneous boundary condition on I'; for £,

d =~ )=
EEn(ZI ]/)|(z,y)el“L + lk,’(zn)EVl(Z/ ]/)|(z,y)el“L

_ Zikgn)E;m(Z/ }/)l(z,y)el“u if 1 <n < Myotar (1.70)
0, ifn > Mtotal '

which is the inhomogeneous® boundary condition, where

E(z, Pl yer, = iz Yz yyer, is the n'" eigenmode term
associated with the incident wave, incident on the disorder from the
left and k(") zki”ﬁm for the evanescent modes.

Next is to evaluate the transmitted total field on I'g, due to the wave inci-
dence from left side upon I';, and the associated boundary condition.

36: The Kronecker delta function has a
property that 3, fuOkron (1, m) = fur.

37: The total wave E(z, y)l(z,y)EFL is writ-
ten as a summation of En(z,y)l(zry)ErL
modes. The boundary conditions for
E(ny)l(z,y)EFL is equivalent to the esti-
mation of the boundary conditions for
En(z, y)|(z,y)erL modes.

38: Taking the partial derivative of equa-
tion 1.64,

J
ZEVI(Z, y)|(z,y)efl_ =

Miotal
Z Cm[(skron(n I’VZ) lpn(z y)+
m=1
S”’”iq)’(z y)] (1.66)
gz 7 ’
Using equation 1.27,

d
%En (z, y)'(z,y)EFL =
Myotal

>3 cinldwonn,m) {ik w2, ) +

m=1
s =ik )]

Miotal

= Z ik ¢} [Sxron(n, M5 (2, )

= S1" (2, y)] (1.67)

Using equation 1.64 once again,

ikgn)En (z, y)l(z/y)EFL =

Miotal (n)
Z z C:r—z[bkron(n m)an(Z y)+
m=1

Snmlp,1 (z, )] (1.68)

Therefore, adding the equations together,

a .
ZE” (z, Ylz,yyer, + lk;n)En(Zr Wl,yer, =

Miotal
Z 21k(n) ml m[Okron (11, m)lpn(z ¥l

(1.69)

Due to the Kronecker delta function, the
summation in the RHS fires up only when
m = n, hence the boundary condition
given in 1.70 is obtained.

39: One may note that on the R.H.S of
equation 1.70 contains the incident wave,
making it an inhomogeneous boundary
condition on the left boundary I';..
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Total field on I'z due to the wave incidence from the left onto I';

Niotal

E~(Z, y)l(z,y)efg = EtranS(zl y)l(z,y)el"R = Z t:z—(P;(Z)Xn(y”(z,y)el"R
n=1

qbz,prap(z) when n < Nprop
qbz,evun(zr ZR) when n > NPVOp
(1.71)

where ¢ (z) = {

where the field transmission coefficient term ¢t is related to the
transmission matrix Sy; by

Miotal

A (1.72)
m=1
Therefore,
- N!otul Mtotul
E(z, y)l(z,y)el“R = Z Z C:—nS;{n (?5;(2))(71(]/) |(z,y)el“R (1.73)
n=1 m=1
Eﬂ(zry)l(z/y)el"R
Ntutal -
= En(Z, y)l(z,y)el"R (1~74)
n=1

Similar to that of equation 1.70, one could form a boundary condition for
En(z, Y)|(z,y)ery on the right boundary I'r as given below, to be used to
simplify the boundary integral equation given in 1.57. This homogeneous
boundary condition can be easily verified using equations 1.73 and 1.74.

Homogeneous boundary condition on I'z for E.

0 ~ ) =
ZEH (Zr y)l(z,y)erg - Zk,gn)En(Z/ y)l(z,y)€FR =0 (1-75)

The next section explains the simplification of the boundary integral given
in equation 1.57, involving the homogeneous and the inhomogeneous
boundary conditions associated with G,(z, zo, ¥, ¥o) and E,(z, y), at 't
and I'g.

1.5.3 Simplified boundary integral equation for the total
field estimation

A key aspect of simplifying the equation 1.57, is to substitute the basis ex-
pansion for G(z, 20, ¥, o) = St Gu(2, Y, 20, yo) and E(z, )z yer, x =

Z;\]jf”’ E.(z, Wz, yer, /x and their corresponding boundary conditions.

21
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The equation 1.57 is then written as

ZEn(Z y) ZGm (z,Y,20, Yo) &z — ZG (z,¥, 20, 0) ZE (z, y)ez}kz per, - (=2) dy+

/{ZEn(Z Y5, ZG (2, 9,20, Y0) & — ZG (z,¥, 70, 0) o ZEn(Z y)ez}l(zy)el"R é.dy
E

(20, Y0) l(z,0)02 (1.76)

As thereis a xm(y) in Gy (2, ¥, 20, Yo) and due to the x,(y) in En(z, Y),
by the orthogonality relation that / X (W) xn(y)dy = Okron(m, n), the y
integral of all the cross product terms where m # 1, is zero. Hence, only
the terms m = n remains non-zero. Therefore,

~ 0 N d = A "
/Z {EH(ZI ]/)&Gn (Z/ y/ Zo, yO) e; — Gn (Z/ y/ Zo, yO) &El’l(z/ y)ez} |(Z,}/)€FL . (_ez) dy+

~ 0 . d = A R
/2 {En(Z/ y)an (z,Y,20,Y0) €z — Gu (2, Y, 20, Yo) ZEn(ZI y)ez} |z y)ery - €2y

= E (20, Y0) l(zo,90)c0 (1.77)

Substituting the previously obtained boundary conditions (equations 1.48,
1.75,1.47 and 1.70) in the above given boundary integral, the following
simplified expression is obtained, after some simple calculations.*’

/ > ,2ik§")f§;”c(z,y)6n (2, Y, 20, Y0) |z pyer, Y = E(z0, Y0)|(z0,y0)0
n
(1.79)

One could safely add a summation },, to the G, (z, ¥, zo, Yo) term in the
above equation, due to the orthogonality relationship f X xn(y)dy =
Okron(m, n). Therefore, the meaning of the integral given in 1.79 doesn’t
Change41 , if it is written in the following form.

/ 32k ER (2, 1) S G (2,9, 20, ¥0) e yer,dy = E(Zo, ¥0) |z yo)eo
n m

(1.80)
Replacing the expression for X,, G (z, Y, 20, Yo) as G(z,y, zo, Yo) and

changing the index n to m, the boundary integral takes a simpler form
as given below.

Simplified boundary integral formulation for the wave incidence
onto the left side of the disorder (incidence onto I'1)

Miotal

Z ZZk(m) / EZIC(Z/ }/)G (Zr Y, Zo, ]/O) |(z,y)eFLdy = E (ZO/ yO) |(zo,yg)eQ
(1.81)

where Ei;llc(zl y)l(z,y)eFL = Cr;lp:—n(zr y)|(z,y)el"L and kgm) = ik,(z’j:’)vun

when m > Mpyop

The above given boundary integral will be used for the visualisation of

40: The expressions used for simplifying
the equation 1.77, is summarised as the
following: The terms in the second curly
brace {...} in the equation 1.77 cancels off
each other to zero because for (z, y) € 'y,
(using equations 1.48 and 1.75),

J
EGW (z, Y, zo, yO) |(z,y)€FR =

ik Gy (2, ¥, 20, y0) |z, yyery

a .
zEn (z, ]/)|(z,y)el‘R = lk(zn)En (z, y)l(z,y)rR

Most of the terms in the first curly brace
{...} in the equation 1.77 cancels off each
other, except for the inhomogeneous in-
cident wave term which remains (using
equations 1.47 and 1.70)

0
55 Gm (z,¥,20, Y0) =
- ik,(zm)Gm (z,¥,20,Y0) |(z,y)FL

a . -~
SoEn(z ) = 2ikE (2, e or,

— ik En(z, Pz, (178)

41: Such a reformulation is justified be-
cause there is a )(,,,(y) in G (2, Y, 20, Yo)
and a x(y) in Einc(z, y). Due to the or-
thogonality relation f X)) xn(y)dy =
Okron(m, n),y integral of all the cross prod-
uct terms where m # n, is zero. Hence
only the terms m = n remains non-zero,
recovering the integral given in equation
1.79.
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the total field*? and also to evaluate the Sy; and Sq3 components of the
S matrix, when the wave incidence is from the left side of the disorder.
For estimating Sy and S1, components of the S matrix, where the wave
is incident from the right side of the disorder onto I'g, the simplified
boundary integral equation for the wave incidence from the right, has to
be defined as the following. In such a case, the equation gets modified
as

Simplified boundary integral formulation for the wave incidence
onto the right side of the disorder (incidence onto I'r)

Mtntal o -
> 2ik,(zm)/Eiﬁ“(z,y)G(Z,y,Zo,yo)|<z,y)eery = E (20, Y0) l(zo,0)e02
m=1

(1.82)
where E7(z, Y| yere = (@ Wleyer, and K = ik,

when m > Mp;op.

Next section explains how the reflection and the transmission matrices
can be obtained from the boundary integral equation presented in the
equation 1.81. The concept for implementing that is based on the Fisher-
Lee relations[18, 21, 23, 42] for electronic conductance. In this chapter,
the traditional Fisher-Lee method (incorporating only the propagating
modes) is generalised to include the evanescent wave modes as well.
These evanescent modes are particularly significant in the sub-wavelength
light focussing[22] experiments, involving the near-field scanning optical
microscopy probes.*3 Incorporating the evanescent modes will also
enable the cascading of the S matrices, to be discussed in the later part
of this chapter. The motivation for implementing the Fisher-Lee relations
is for directly estimating the S matrix from the Green’s function. Such is
relationship is derived from the simplified boundary integral equation
in the following section.

1.5.4 Generalised Fisher-Lee relation for estimating the
generalised S matrix containing evanescent modes

The boundary integral equation (equation 1.81) gives the value of the
total field E(zo, Y0)|(zo,y0)eq2, for a given incident field Ei"(z, Wl yers,
using the Green’s function G(z, y, 2o, Y0)|(z,y)er, Where (zo, yo) € Q. But,
the total field is known on the left boundary (zo, yo) € I'r (which is
still within Q), as the sum of the incident wave mode and the reflected
wave mode, involving the S1; matrix. As the total field is continuous
across I'r, one could estimate S1; by matching the total field estimated
on I';, using the boundary integral and the definition of the total field
on I'r, involving S11. Similar analysis can be performed on the total
field at the right boundary (zo, o) € I'r, involving S»1. Such an analysis
can be related to the conventional Fisher-Lee relation [18, 21, 23, 42].
In this section, generalisation to the conventional Fisher-Lee relation,
incorporating the evanescent modes, is discussed. The estimation of S1;
and Sy is discussed first and in the next subsection, estimation of Sy,
and S1; is covered.

42: The simplified boundary integral
equation will be used throughout in
the chapter for visualising the field
E(zo,yg), where (zo, o) is inside the
region (), for a given incident wave
Einc(z, Y(z,y)er, - For evaluating the field
E(zo,yg) at a certain desired location
(20, Yo), due to a wave incidence from the
left side of the disorder, the perturbed
Green’s function G(z,Y,20, Y0)l(z,y)er;
and the incident field at the left boundary
E'"(z,y,z0, yO)l(Z,y)EFL' is needed

[21]: Fisher et al. (1981), ‘Relation between
conductivity and transmission matrix’
[42]: Datta (1997), Electronic transport in
mesoscopic systems

[23]: Domotor et al. (2015), ‘Scattering of
a particle with internal structure from a
single slit: exact numerical solutions’
[18]: Rotter et al. (2017), ‘Light fields in
complex media: Mesoscopic scattering
meets wave control’

[22]: Park et al. (2017), ‘Time-reversing a
monochromatic subwavelength optical
focus by optical phase conjugation of
multiply-scattered light’

43: [22] used a subwavelength light
source (probe tip of a Near-field Scan-
ning Optical Microscope (NSOM)) in-
jecting evanescent modes onto random
nanoparticles, which gets scattered as
propagating modes in the far field. Such a
transmitted propagating wave is phase-
conjugated through the disorder to at-
tain sub-wavelength focusing back at the
source location.
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First, let the wave incidence be from the left to the right of the disorder,
for the estimation of S11 and Sy as given below. The associated proofs are
given in Section A.11.1 and Section A.11.2, respectively. For the estimation
of S11,(z = 0,y) € I, & (z0 =0, yo) € I'L. Let there be an integral**
defined as the following,

Gﬁlnll = / / XWI (y)G (ZI }/r ZO/ yO) X?l (]/O)dydyoI(z,y)eFL&(zo,yo)eFL (183)

Then, the elements of the matrix S11, in terms of Gi% are given in the
Table 1.1, where the terms under Inc(m) denotes the nature® of the m!"
incident wave mode and the terms under Re fI(n) denotes the nature of
the reflected wave mode.

Table 1.1: Matrix elements of S11

Inc(m) | Refl(n) S

prop prop —Skron (1, m) + 2iyJ kKK GEn
evan evan —Okron(n, m) + —2\/ Kl \/k§"> Gou
prop evan Zi\/kgm)\/ Km\Gon

CRNCe

evan prop —2\/

For the estimation of S»1, (z = 0, y) € I'L & (z0 = zRr, Yo) € 'r. Let there
be an integral defined as

Gzirlz = / / Xm (y)G (Z/ yl ZO/ ]/0) Xﬂ (yo)d]/dyo (z,y)eFL&(zo,yo)EFR (184)

Then, the elements of the matrix S,i, in terms of Gﬁi}i are given in the
Table 1.2.

Table 1.2: Matrix elements of Sy

Inc(m) | Trans(n) Sy

prop prop 21'\/k;m)\/kgn)e’isz(ZH)Gz%

evan evan —2\/ kfg”))\/ e
prop evan Ziﬂkgm)\/ S fele

Kozt 63,

evan prop —2\/

For evaluating Sy, and Sy, incident wave propagates from right side
onto I'r. Hence, the total field on I'r consists of the superposition of the
incident wave and the reflected wave. Total field on I';, is the transmitted
wave propagating to the left side of the disorder. For the estimation of
Sx», (z = zr,y) € Tr and (2o = zr, Yo) € I'r. Let there be an integral

44: The integral can be interpreted as a
double-Fourier-like decomposition in the
eigenspace, of the Green’s function com-
ponent used for estimating S11.

45: The incident wave modes can either
be propagating (prop) when m < Mpyop
or be evanescent (evan) when m > Mpyop-
Similarly, the reflected or the transmitted
wave modes can also be either propagat-
ing (prop) when n < Npyop or be evanes-
cent (evan) when n > Npyop.
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defined
Gi% = / / Xm (y)G (Z/ v, 20, yO) Xn (yO)dydyO|(Z,y)€rR&(Zo,y0)ErR (185)

Then, the elements of the matrix Sy in terms of Gﬁiﬁ are given in the
Table 1.3.

Table 1.3: Matrix elements of Sy
Inc(m) | Refl(n) Sy

P TN
prop prop —Okron(11, m)e IZR( 2T ) +

: (m)_ 1.(n)
2 Jk Jicm iz () s

evan evan ~Okron(n, m) + —2\/|k§m)’\/ ke
prop | evan +2i\/k§m)\/|k§")
evan prop —2\/ k;m)|\/k§”)e‘iszin)Gﬁ%

For the evaluation of Si2, (z,y) € I'r & (20, Y0) € I'L and define the
integral

S»
Gum

. (m)
—izrk G522
e R Gy

Gi}?zi = / /Xm(y)G (z, Y, 2o, ]/0) Xn (yO)d]/dyO|(z,y)eFR&(zo,y0)eFL (1.86)

Finally, the elements of the matrix S, in terms of Gi}% are given in the
Table 1.4.

Table 1.4: Matrix elements of S1

Inc(m) | Trans(n) S

prop prop 21\/kgm)\/kgn)e‘iszinl)Gm

evan evan —2\/ kgm)’\/ KM|GSe
prop evan 2i\/k£m)\/ kg") e‘isz;’")Gi}ﬁ

evan prop —2\/

CRNEerH

The tables 1.1, 1.2, 1.3 and 1.4 are the main results proposed in this section.

The numerically estimated S matrix using the given tables, is shown in
Figure1.12. Such a generalised S matrix containing evanescent modes, was
first described analytically by Carminati et al.[20] and later generalised by
Byrnes and Foreman[24]. The next section gives the numerical validation
of the generalised reciprocity and unitarity relations, involving the S
matrix.

(a) loge[|S|]

propagating(prop) evanescent(evan)
13 .

~
% 5
Q'
aH
Qo
g -10
ISH
&
8 -15
(8:
%]
-20

incident modes(m)

(b) phase(S)
propagating(prop) evanescent(evan)
¥y

incident modes(m) !

Figure 1.12: An example S matrix esti-
mated using the tables 1.1,1.2,1.3 and 1.4,
is plotted. (a) Squared magnitude of S ma-
trix (plotted in log, scale) given in equa-
tion 1.58, estimated using the generalized
Fisher-Lee relations given in Tables 1.1, 1.2,
1.3, and 1.4. The disorder shown in Fig-
ure 1.9 is used for the quasi-1D geometry
(obtained without any S matrix cascad-
ing). The number of propagating modes
involved for wave incidence and scatter-
ing is 130 and the number of evanescent
modes is 30. (b) Phase of the S matrix
elements is plotted.
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1.5.5 Numerical validation of the generalised reciprocity
and unitarity relations, involving the evanescent
modes

The S matrix estimated in this chapter, has the generalised unitarity
property, which is based on the conservation of wave flux. The analytical
form of the generalized unitarity relation, for a discrete angular spectrum
is provided in [24], where a partitioned S matrix (Spartitioned) is defined
to compactly evaluate the unitarity relationship. The Sps/titioned defined
in [24], rearranges the S matrix defined in equation 1.58, to the following
form

prop,prop prop,evan
artitioned artitioned

Spurtitioned = SgUZVlZ,];Vgﬁ gvanl,elvgg (1‘87)
partitioned partitioned

prop,evan
partitione
which have incident modes being evanescent and scattered modes being

propagating, grouped together as shown in Figure 1.13(b). Similarly,

Z ;(;ZZZ‘Z; ; represents the part of the S matrix, where both the incident

modes and the scattered modes, are propagating modes. It could then

be inferred that S;Zfztelzzz i contains both the incident modes and the

scattered modes, evanescent. Finally, S

As an example, S i contains those elements of the S matrix,

evan,prop
partitione
of the S matrix, which have incident modes being propagating and

scattered modes being evanescent. A selection mask matrix (of the
same size that of the S matrix) used to crop the S matrix, to yield the
Spartitioned, 18 given in Figure 1.13(a), where the blue colour denotes
unity and the white colour for zero. The selection mask shown in Figure
1.13(a) has four parts, each associated for extracting a certain part of the
S matrix. For example, using the Mask(prop, prop) for element-wise
multiplication with the S matrix shown in Figure 1.12, is used to extract the
propagating part(of the size, 2Nyop X2Mp1op) of the S matrix, where both
the incident and the scattered modes are propagating. Similarly, using the
mask Mask(evan, prop) results in extracting that part of the S matrix
(of size 2N,pyan X ZMPYOP ), where the incident modes are propagating
and the scattered modes are evanescent. Likewise, Mask(evan, evan)
extracts the purely evanescent part (of size 2N,pan X 2Mepan) of the
S matrix. Finally, Mask(prop, evan) results in extracting that part of
the S matrix (of size 2Np;op X 2Mepan ), where the incident modes are
evanescent and the scattered modes are propagating. All the extracted
sub-matrices, forms the Sp;;titioned, as shown in the Figure 1.13(b). Such a
partitioned S matrix is used to numerically validate (refer Figure 1.14(a)),
the unitarity relation, based on the analytical results given by[20, 24],
as shown in Figure 1.14. Next, the generalized reciprocity relations are
summarised, by comparing the expressions for S11, So1, S12, S22 between
tables 1.1, 1.2, 1.3 and 1.4, respectively. Comparing the expressions given
in the first two rows of all the tables, where m and n are either both
propagating or both evanescent, we get SY'" = S, S = SJI", and
Syt = §15". This is due to the perturbed Green’s function reciprocity
symmetry, such that G(r,r9) = G(r,r), implying Gum = Gun. On
the other hand, when m < My,,, and n > Nj,qp, then S{]" = iST["

11/
Sy =18y, STy = iS5 and SJ" = iS])", where a factor of i has to be

i contains those elements
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Figure 1.13: The partitioned S matrix. (a)
Plotting the sparsity of the selection mask
matrix (referred as Mask where the blue
colour stands for unity and the white
for zeros) used to re-arrange the S ma-
trix given in Figure 1.12 to form a par-
titioned S matrix (Spartitioned) based on
[24]. As an example, mask(evan, prop)
selects that part of the full S matrix which
contains only modes such that the incident
modes are propagating and the scattered
being evanescent. (b) Squared magnitude
of the partitioned S matrix[24] in log,
scale is shown where the matrix elements
of the S matrix given in Figure 1.12 is rear-
ranged using the selection mask given in
(a) to obtain a form given in equation 1.87.
Spartitioned Will be used later (as shown in
the Figure 1.14) to validate the generalized
unitarity and reciprocity relations.
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Generalized unitarity relation

C
(a) |S;artitionedfpropSpartitimed+ (b) I () 1,
. 70, evan
_Z(S;artitionedleva" - Ievanspartitioned)| = Iprop 1 e 1
1 I 1 32 32
327 1 65 65
ol 08 o7 97
I | 130 130
1%2: N ) 32
I 65 65
857) | 04 97 97
1301 1 oo 130 130
30" ] 30 30
e 30 30
30“%838%85888 0 TEEE3835383 TEEE3835383

Figure 1.14: Numerical validation of the generalised unitarity relation, involving the S matrix, is demonstrated. (a) Plotting the magnitude
of the numerically estimated generalized unitarity relation, based on the analytical result in [24]. All the non-zero diagonal elements
(indicative of the propagating modes), are unity, implying the flux conservation. t+ denotes conjugate transpose. Sparsity of the matrices (b)
Iprop and () Iepan, are also shown, where blue colour denotes unity and the white colour for zeros.

incorporated. It also implies that, when m > M,y and n < Njyop, then
mn _ rQnm mn _ sQnm mn _ sQnm mn _ sQnm

S = —1511‘, Syt = —iSy", STy = —iSy" and Sy = —iS])", where

a factor of —i has to be incorporated. The numerical validation of the

reciprocity relationship, is demonstrated in Figure 1.15.

Generalized reciprocity relation
) ; T
|Sprop,%an _ ’L( evan,prop ) | =0

partitioned partitioned
1 x10718
Generalized reciprocity relation 6
Sprop,prorp,evan,evan Sprop,prop,evan,evan T, _ 0 32
‘ ‘partitioned - ( partitioned ) | -
-15
1 R °
32
65 1.2 97 4 Generalized reciprocity relation
o7 , R G U e
130 N 5
130 08 3 =
32 32
0.6 = 0
65 : 2 ® L N O N O N~ O
© o ® m © O ™
97 0.4 65 ~ ~
130 1
30 0.2 97
30‘— NN ONWNOOO 0 : ;
N O OOHd»MHmMOO®®m® 130 0

Figure 1.15: Numerical validation of the generalised reciprocity relation, involving the generalised S matrix, is demonstrated. The
magnitude of the numerically estimated generalized reciprocity relations, in terms of Spartitioned, is plotted. T stands for the matrix

prop,prop,evan,evan P"UP,PVUPd and gevan.evan

transpose. Spurtitioned partitione partitioned’

denotes that part of the Spa;+itioned given in equation 1.87, which is a union of S

1.5.6 Time-reversal symmetry and the generalised S
matrix, containing evanescent modes

For a scattering system obeying the generalised unitarity (obeys energy
conservation, without any absorption or gain) and the generalised reci-
procity relations, it follows naturally that, such a system would then
possess the time reversal symmetry, even for the evanescent wave modes.



1 The methods in Frequency Domain for wavefront shaping | 28

For the formal proof, one may refer to[20, 24].The time reversal phe-

nomenon in the context of monochromatic waves, has to be understood as
phase conjugation. At this stage, it is good to define the phase conjugation
operation for the propagating and the evanescent modes.

Definition of phase conjugation for the eigenmodes at a boundary
plane

For both the propagating and the evanescent wavemodes, lets define a
phase conjugation operator, referred to as PC[..], defined with respect
to a boundary plane I'y /g.

PC[yy,(z,y)] = PC[D5,(2) xm(y)]
=05 (2)xm(y) (1.88)

where @7 (z) is given as

_1 ¥

,k(zm)
1

z,evan

ikg’")z, for the propagating modes
D;(z) =

(m)
e kzevanlz=2/R| for the evanescent modes at I’ or T'r
(1.89)

One may note that there is no F term associated with the evanescent
@7 (z) which is an attenuating real term, for both the cases when
(z—zr/r) > 0and (z — zy/g) < 0. Therefore, for both the propagating
and the evanescent modes,

D; (z) = (P;,(2)) (1.90)

where * denotes complex conjugation. Phase conjugation cause the
waves to retrace its original path in reverse order converging back at
the source, as if time was going backwards.

For a generalised unitary S matrix, time-reversal symmetry relations take
the same form as the relations defined for the reciprocity principle, which
was numerically validated, as shown in Figure 1.15. As reviewed in the
sidenote®® , such a time reversal symmetry relation, especially involving
evanescent wave modes, has paved the way to the sub-wavelength wave
focussing applications.

1.6 From the eigenmode basis to the
eigenchannel basis : Quasi-1D geometry

As given before in Section 1.5.2, for the wave incidence from the left
to the right side of the disorder, the incident wave was represented
as E"¢ = 3, ¢yt (z,y). The corresponding transmitted wave field
Etrans = 3, t+#(z, y) and the reflected wave field is given as E"*f! =
>n tn W (2, y). The coefficients can be arranged as column vectors

T T
inc _ inc .inc .inc .inc + [+ g+ g+ gt
¢!t = (cl 1Cy Coy ..CMWI) St = (tl'tzftn"tNmm) ,

r~ o= \ry,ry, Ty , where T denotes matrix transpose. Such a
1 2 n Nfotal

46: First, lets take the reciprocity relation,
involving only the propagating modes. As
given towards the end of Section 1.5.5, for
the propagating incident and transmitted
modes, S;’lm = Si”z”. In words it means, if
the m!" incident mode is excited at the
left side of the disorder and the corre-
sponding complex field transmission of
the n!" transmitted mode is measured,
that complex transmission value will be
the same, even if the same n!" mode is
excited as an incident wave from the right
side of the disorder, while measuring the
complex transmission associated with the
m*!" transmitted mode on the left. Simi-
larly, the reflectance reciprocity relation
S{" = SY}", can also be put into words.
Thus, for a flux conserved scattering sys-
tem, without any absorption or gain (with
aunitary S matrix), the reciprocity relation
then naturally implies that, if the reflected
and the transmitted modes are excited
(as in phase conjugation) sending back
into the medium, the originally used inci-
dent wave can be regenerated. This is the
essence of the time-reversal symmetry re-
lation. Also, there exists[20] reciprocity re-
lations, even between the incident evanes-
cent modes and transmitted propagating
modes, as given towards the end of Sec-
tion 1.5.5. Hence, upon phase conjugation
of the propagating waves (in the far-field)
transmitted due to an evanescent incident
source (near-field), the original evanescent
light source can be regenerated, as in a sub-
wavelength time-reversed focussing. For
the experimental demonstration, one may
refer to [22, 43] .

[43]: Lerosey et al. (2007), ‘Focusing
beyond the diffraction limit with far-field
time reversal’

[22]: Park et al. (2017), ‘Time-reversing a
monochromatic subwavelength optical
focus by optical phase conjugation of
multiply-scattered light’
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representation is convenient to describe the wave scattering, in terms
of the transmission and reflection matrices, as t* = Sy1¢iyc and ¥~ =
S11Cinc. Such a basis expansion47 or decomposition of wave scattering,
in terms of complex coefficients involving eigenmodes, is referred as
the eigenmode basis. As the ci/*® coefficients are generally complex, an

arbitrary wave inject unit flux if ZIZT” [cine|2 = ||cinepror||2 = 1, where
l|..]| denotes the Euclidean norm (%2 norm) of a column vector. The
flux normalisation is usually ensured when the incident wave is defined.
Although there exist the field transmission and reflection coefficients
associated with the purely evanescent incident modes, the corresponding
flux transmission and reflection coefficients are left undefined. This
is mainly because, the incident evanescent modes alone, as per the
mathematical definition, don’t inject any flux into the medium. Hence,
in this chapter, for flux transmission analysis, particular care is taken
not to include the evanescent incident modes. On the other hand, the
evanescent incident modes can be used for the estimation of the field
transmission and reflection for wavefront shaping applications, without
incorporating the flux transmission and reflection analysis.

For a flux normalised incident wave, the flux transmission on the out-
going side, is given as 7 = Zgirf‘” [t = ||t+P7P||?, as the outgoing
eigenmodes are also flux normalised. If one needs to excite all the possi-
ble incident propagating eigenmodes at the same time, one may define
an incident wave represented by the column vector ¢/"¢=*1P7°P where
C;;zc—all,prop — 1/\/% such that, Zi\:iflﬂﬂ |C1i1:1c—ull 2 _ ||Cinc—all,prop | |2 -
1. Such an incident wave given by ¢/"¢=#LP"°P helps to define the average
transmission (T), where the averaging of the transmission is performed

over all the equally-excited propagating modes.

Define average transmission (transmission averaged over all inci-
dent propagating eigenmodes excited equally)

For the incident wave (containing only propagating modes) being
represented by the column vector c*¢~P7%P  where the column

inc—all,prop M, inc—
vector elements c,, = 1/ Mprop, 2,,L7" lcii€ all|2 = 1 and

m=1
tt = Spccall then (7)*8 , the average transmission is given as

Nprup 1 MPTDP Nprop
2 2
=3 1P =g 3 3 Isy
n=1 ProP m=1 n=1
1
= L trace {(sEPIOryGIIRIORY (g,
prop

Arelated term, usually encountered in the mesoscopic wave transport the-
ory is the optical conductance g.*’ For estimating ¢, all the propagating
eigenmodes are equally excited.

Define optical conductance ¢ in the quasi-1D geometry

Mprop Nprop

rop,pro rop,pro
= D0 > ISP =Trace {{Sh 7 YSEYTY (92)
=1 n=1

m

47: Inthe optical transmission matrix mea-
surement setup[8] using Spatial Light
Modulators (SLM), the basis states (al-
though not a complete basis set) are the
Hadamard phase patterns.

48: The given Trace formula, is the main
result of [21], also called as the Landauer
formalism (refer equation 7.156 of [17]).

49: Refer section 3 of [12] for details. The
optical conductance (dimensionless) g,
gives an estimate of the total capacity of the
system to transport waves as in transmis-
sion, through all possible incident eigen-
modes being excited with equal weights.
Usually g >> 1 in diffusion regime and
& = Mprop (1) for the quasi-1D geometry.
For the 2D geometry with transverse diffu-
sion, g needs to be evaluated differently as
an “expanding waveguide" as given in [44,
45], as the wave transport has additional
degrees of freedom to diffuse out, increas-
ing the mentioned capacity, in comparison
to the quasi-1D geometry.
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1.6.1 Transmission eigenchannels from eigenbasis of
SPTOP,PVOP
21

Various aspects of the eigenmode basis were explained in the previous
section. The transmission and reflection matrices are transformation
mappings for the incident wave expressed in the eigenmode basis to the
reflected or the transmitted wave (defined again in the same eigenmode
basis). While considering matrix transformations in general, another
basis which is frequently used is the “eigenchannel basis", which is the
eigenbasis of the transformation matrix involved. As given in equation
1.91, the transmission properties of the sample are directly associated
with the {Sglmp’pwp }+S§1mp’pmp matrix and not just to the SZIDP’prOp
matrix explicitly (although depending implicitly). A clever way to relate
the transmission properties (and thereby to {SZI op-prop }*Sglr PPy the
transmission matrix (S;1) and the eigenchannel basis space, is by the
use of the Singular Value Decomposition (S5.V.D) [46] of Sglr oppToR,
Although the wave transmission was analysed in the context of the
eigenmode basis in all the previous sections, it would be valuable in the
following sections, to reformulate the wave transport in the eigenchannel
basis. The importance of the eigenchannel basis with respect to wave
transport was first put forward by Dorokhov[47] , within the context
of the coherent electron transport theory, where he proposed that the
coherent electron conduction in metals, is mainly due to few highly
conducting eigenchannels and most of the remaining eigenchannels
are localised (not taking part in the conduction process). This was later
explained within the context of the Random Matrix Theory (R.M.T)>
by Imry[49] , that the wave conductance is mainly due to a small number
of effective eigenchannel modes, approximately equal to g ~ My,opl*/L,
where My, is the total number of propagating incident modes as said
before, I* the transport mean free path and L, the longitudinal length
of the disordered medium. This concept of the eigenchannels, was later
extended to the wavefront shaping of classical waves such as light,
for enhancing the total transmission by coupling light into the highly
transmitting eigenchannels[2, 6, 50-52]. Next subsection, reviews the the
singular value decomposition, eventually leading to the formulation of
the eigenchannel basis.

1.6.2 Singular value decomposition and transmission
eigenchannels

The singular value decomposition (5.V.D) and the associated eigen-
channels are defined with respect to the transmission matrix SZ; oPprer,
which contains only the propagating modes. Sgly oppop

[Nprop X Mpropl, can be decomposed as

of dimension

[46]: Mello et al. (1988), "Macroscopic
approach to multichannel disordered
conductors’

[47]: Dorokhov (1984), ‘On the coexistence
of localized and extended electronic states
in the metallic phase’

[49]: Imry (1986), ‘Active transmission
channels and universal conductance
fluctuations’

50: For a detailed review of R.M.T within
the context of wave scattering in disor-
dered medium, refer to [11] or [48]

[11]: Stone et al. (1991), Random matrix
theory and maximum entropy models for
disordered conductors Mesoscopic Phenomena
in Solids ed BL Altschuler, PA Lee and RA
Webb

[48]: Garcia-Martin et al. (2005), ‘Statistical
properties of wave transport through
surface-disordered waveguides’
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Singular Value Decomposition (5.V.D)

ShorPrer = uzvt

Ui u12 UINprop op 0 0 O 11
_ Uny UDN prop 0 oo 0 O U1
0 0 0
uNpropl uNprapz uNproprrop 0 0 0 UMpropl
(1.93)

where U and V are matrices containing the left and the right singular
vectors™ of Sglnm’pmp and 01 = \/T1, 02 = T2, 03 = \/T3 ... are the
singular values such that, 7; > 7, > 73 ... are the transmission coefficients
of the eigenchannels. Therefore, various singular vectors being incident
on the sample, creates transmission channels called as eigenchannels
with their respectively transmission coefficients. At this stage, it is good to
emphasise that a given eigenchannel mode, with a particular transmission
(7i), is a linear combination of the eigenmodes. The steps taken for
visualising the eigenchannels, are given as the following

1.6.3 Visualising the eigenchannels, using the boundary
integral equation

Steps for visualising the transmission eigenchannels of Sy is given as the
following. A similar logic is followed for visualising the eigenchannels of
S 12.

Steps for visualising the transmission eigenchannels of Sy;

1. Estimate the generalised transmission matrix S1, using the Fisher-
Lee relations (refer table 1.2)

2. Perform S.V.D (refer equation 1.93) on the sub-matrix Sglr ovpror,
which contains only the propagating modes, for both the incident
side and the transmitted side.

3. Sort the eigenchannel flux transmission coefficients (7;), in the de-
scending order, together with their correspondingly sorted singular
vectors. An example for the 7 values, for the quasi-1D geometry, is
shown in the Figure 1.16.

4. Various columns of the sorted V matrix (or the rows of V), is
used for setting the coefficients for the incident wave, exciting an
eigenchannel of the medium, with its corresponding transmission
coefficient, 7. As an example, the coefficients of the maximum
transmitting eigenchannel on the incident side, is the first singular
vector (with the largest transmission coefficient), given as

cne =] vy (1.94)

O Mprop2

V12 lequp

U2Mpyop

UMpropMprop

51: The column vectors contained in
U and V are called as the left
and the right singular vectors of
Sglr OPPTP - The left singular vectors
are the orthonormal eigenvectors for
Sglmp’prw {Sglmp”m'p}~Jr and the right
singular vectors are the orthonormal
eigenvectors for {Sglrop”[mjp}Jr Sglrap'pmp.
The diagonal ¥ matrix contains the
same square root of eigenvalues, of
g;’ap,prop {Séflrap,prap}f
and {SLIOPPOPYTSITOPIIOP aq pe
Sglrozv,propcmc = uxvteine, vt trans-
forms the incident wavefront in the eigen-
mode basis space, couples it into the eigen-
channel basis space characterised by Z and
U transforms it back into the eigenmode
basis space.

both matrices S
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Figure 1.16: Eigenchannel transmission
coefficients, are plotted. Eigenchannel
transmission coefficients, obtained from
the S.V.D of the S matrix given in Fig-
ure 1.12, is plotted. Maximum value of 7 is
Tmax = Ti=1 = 0.9991, the minimum value
of TS Tyin = Tiz130 = 5.924x 10717 = 0
and the average transmission coefficient is
(1) = 0.1903.
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Figure 1.17: Visualising various eigenchannels of S>1 and S1, containing 130 propagating eigenmodes and 30 evanescent eigenmodes,
for the quasi-1D transport problem with (7) = 0.1903. (a) Maximally transmitted (first) eigenchannel of Sy1, where transmission,
T = 0.9991 and reflection R = 0.0009 (b) An intermediate eigenchannel numbered 86 out of the 130 eigenchannel modes, of S>1, where
T =0.0007, R = 0.9993. (c) Minimally transmitted (last eigenchannel numbered 130) eigenchannel of S>1, where T = 0, R = 1. Similarly, (d)
Maximally transmitted (first) eigenchannel of S12, where T = 0.9991, R = 0.0009 (e) An intermediate eigenchannel numbered 86 out of the
130 eigenchannel modes, of S12, where T = 0.0007, R = 0.9993. (f) Minimally transmitted (last eigenchannel, numbered 130) eigenchannel of
S12,where T = 0, R = 1. The maximally transmitted eigenchannel of S»1 and S1 looks identical in the inside. It is because the transport path
taken from left to right with the maximum transmission close to unity, is the same path taken from right to left for maximal transmission.
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such that, due to the orthogonal property of the V1 matrix

Ui
U1
+ _ qbrop,prop inc _ t inc _
tax = Sy Coax = UXV c)ln = Uz 01 (1.95)
uNpI’Upl

where 01 is the largest term in Z.

5. As the incident modal coefficients are estimated in the previous
step, the boundary integral equation (equation 1.81), is used for
visualising the eigenchannels, as shown in Figure 1.17. In addition
to that, the transmitted and reflected fields estimated with the
boundary integral equation, is compared>? with respect to the fields
estimated from the transmission and the reflection matrices. While
comparing, the evanescent part of the generalised transmission
and reflection matrices (on the scattered side), are also included,
as the boundary integral equation involves the Green’s function
containing evanescent modes.

Using the above steps, eigenchannels of Sy; are plotted in Figure 1.17
(a),(b) and (c) and eigenchannels of Sy, are plotting in Figure 1.17 (d),
(e) and (f) respectively, for a given single-realisation of the disorder.
As of now, most of the fundamental aspects regarding the formulation
of the quasi-1D problem have been discussed. In the following section,
the 2D transport problem, incorporating finite sized incident wave
modes for accounting transverse diffusion within the slab medium, is
discussed. Such a modelling, involving a finite sized beam is important
for comparing the results obtained with an experimental scenario, where
the beam size would occasionally be smaller than that of the sample
thickness L.

1.7 2D transport problem : Accounting
transverse diffusion

In order to model the effects of a finite sized incident wave, it is assumed
that the incident wave travels through a lead of transverse size D;, and
then get incident on the disorder, as shown in the Figure 1.18. The incident
lead region (region M N QP), has the reflecting boundary condition on
the transverse boundary (MN and PQ), to contain the wave inside.
Once the wave enters the disordered medium (enclosed by the region
ANQOBCA), it undergoes multiple scattering and transverse diffusion
within the slab, relative to the incident wave. The transmission matrix (S»1)
for the disorder, can be estimated for the quasi-1D geometry (without the
lead region M N QP) using the Fisher-Lee relation given in table 1.2. This
is followed by the estimation of the transmission matrix Séelad of the lead
region, without any disorder present anywhere in the whole domain, as
given in the following section. Then, the transmission matrix for the 2D
transport problem is effectively a matrix multiplication S%lD =Sy Séel“d.
Séﬁ”d is applicable only for the incident wave modes and not for waves
reflected from the region ANQO. In other words, the reflected wave

doesn’t interact with the lead region MNQP.

52: In the Figure 117, the magnitude
of the field distribution is plotted, as
per the Total-field /Scatter-field (TF/SF)
method[53]. The TF/SF boundary, which
is placed on the incident side of the slab,
is shown as a dashed green line. The in-
cident field is subtracted from the total
field, within the TF/SF region, so that
only the scattered field is shown. TF/SF
region is the region between the green line
and the closest boundary of the compu-
tational domain from which, the incident
wave emerges.

<[ >

Figure 1.18: Geometry of the 2D transport
problem with a finite sized beam incidence
is shown. The geometry of the lead region
(bounded by reflecting regions MN and
PQ) for the incident beam with transverse
size Dj,. Also shown is the mth eigen-
mode of the lead region (MNQP), emerg-
ing into the larger domain (AOBCA)
where m =3 and W/D;,, = 3.
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1.7.1 Finite sized incident wave modes : A Unitary
transformation

There are M ;lfrao‘;l, ~ 2N)refDin /A propagating eigenmodes within the lead
region, where 1,, f is the reference refractive index taken the same for
the lead region (.44 (enclosed by MN QP) and the disorder region )
(enclosed by ANQOBC), to avoid refractive index mismatch between
the two regions. There are My,op = 21yef W /A modes to be addressed
in the disorder region Q. As usually D;, < W in typical experiments,
the total transmission matrix ng = Sy Sé“l“d will be of the dimension

[Niotar X M;,%‘f,], where Ny, is the number of transmitted modes in the
main region (). Next, the methods for estimating Séelad is given. Let the
right going, incident propagating eigenmodes in the lead region ;.44

be represented as

w;,prop,lead(zl y)|(z,y)€(2md = (Dlrsfzpdrop(z)xllﬁad(y) (196)

The field value of the eigenmode at the boundary NQ is given as

l)[};;,pyop/lead(zL/ ]/) = ®$7pdrop(zL)X£§gd(y) (1.97)
For simplicity, it is assumed in the coding that the segment N Q is centered
within the segment AO, such that AN = QO for different values of the
lead width D;,. Any incident eigenmode has to be continuous at the
boundary NQ, which is overlapping with the boundary ANQO. Let the
eigenmodes in the main disorder region £ at the boundary ANQO be
given as

lp;,prop (zL, 3/) = (D?,prop (ZL)Xr?(y) (1.98)

Let the m!" eigenmode in the lead boundary NQ be expressed as a
summation of eigenmodes in the disorder region (€2)

Mprop
q)ist,zpdroy(zL)Xirfud(y) = djq)]g(ZL)X]Q(y) (1.99)
=1

]

Therefore, for a given eigenmode in the lead, d; can be estimated using
the orthogonality relationship involving )(]Q(y). Integrating the both sides

of equation using )(]g.,)(y) to invoke orthogonality,

<X]('/)(y)|q)£1§7pdrop(zL)X£:ad(y)> =

M
X7l ]le iR (zL)x () = dy D7 (z1) (1.100)
Therefore, the coefficient dj: can be estimated as
XN rop ZL X0 (1)) (1.101)

e q)?(ZL)

For a given m value, a column of coefficients d;; can be estimated. For

different m values, a matrix can be formed which is the S é‘i’”l( j’, m) matrix.

Séel“d( j’,m) is a unitary matrix, which preserves the norm of the incident
wave coefficients (a column vector), with respect to the transmitted wave
coefficients of 7. Hence, S¥%(j’, m) prevents any loss during this
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Figure 1.19: Plotting Sé‘iad for the 2D

transport problem. W/D;,, = 3, M;lfr%f; =

43 and Mpyop = 130. (a)Real part of S;el”d
(b) Imaginary part of Sé’i“d and (c) Show-
ing the unitarity property of the S;ﬁ“d lead

that ‘Sé‘i”dJrSé‘i”d = I, implying there is no
loss in the diffraction process from the lead
region MN QP to the region ANQOBCA.
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Figure 1.20: Eigenchannels for a finite sized beam, as in a 2D transport problem, obtained from the S.V.D of the S%P = SﬂSéEl“d matrix,
are plotted, where (7) = 0.1827. (a) Maximum transmitting eigenchannel(first eigenchannel) for a finite sized beam is plotted. Magnitude of
the total-field /scatter-field, due to the maximally transmitted eigenchannel is shown, where total transmission, T = 0.8243 and R = 0.1746.
(b) An intermediate eigenchannel (numbered 28) is shown, where T = 0.0149 and R = 0.9822 (c) Minimally transmitted eigenchannel
(eigenchannel number 43) is plotted, where T' = 0.0001 and R = 0.9998. Séel"d used, is shown in Figure 1.19, where W/D;,, = 3. For the

eigenchannel transmission coefficients, refer to Figure 1.21.

transformation, when the incident waves transforms through the lead,
diffracting into the disorder region. An example for SX%4(j’, m) estimated,
is plotted in Figure 1.19.

1.7.2 Eigenchannel basis for the 2D transport problem

Once the effective transmission matrix (Sng =S5y Séﬁ“d), incorporating
the finite size of the incident modes is obtained, then the S.V.D can
be performed on the matrix to obtain the eigenchannel basis for the
2D transport problem. The field profile associated eigenchannels (the
maximally transmitted, an intermediately transmitted and the minimally
transmitted) for a given single-realisation of the disorder, are shown
in Figure 1.20 (a), (b) and (c), respectively. As given in the Figure 1.21,
the maximally transmitted eigenchannel and minimally transmitted
eigenchannel, don't have the quasi-1D transmission values of 1 and 0,
respectively. This is due to the reduction in “controllability" as described
in [2, 3, 15], caused due to the transverse diffusion (spreading of waves
relative to the beam size and longitudinal thickness, L of the slab) of waves,
occurring inside the slab, in comparison to the quasi-1D wave transport.
Such of notion of wavefront shaping controllability[2, 3, 15] is conceptually
intertwined with the idea of long-range wave correlations[14] through
the diffusive medium.

1.8 Cascading of the generalised scattering
matrices

This section explains the S matrix cascading method by which, a larger
disordered slab can be formed, by cascading an ensemble of thinner slabs.
Cascading of the generalised S matrices of the thinner slabs, builds the
sample along the longitudinal dimension (z axis) step-by-step, as shown
in the schematic given in Figure 1.22. It can be seen from Figure 1.22(b)

0.8
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0.2

0 10 20 30 40
FEigenchannel no

Figure 1.21: Eigenchannel transmission
coefficients, for the 2D transport prob-
lem, obtained from the S.V.D of the
Sg? =Sy Séel“d matrix, are plotted. Max-
imum value of T is Ty = Ti=1 = 0.8243,
the minimum value of 7 is Tpj; = Ti=43 =
0.0001 and the average transmission co-
efficient is (t) = 0.1827. Séfl"d is shown
in Figure 1.19, where W/D;;, = 3. It can
be inferred that, the maximally transmit-
ted eigenchannel and minimally transmit-
ted eigenchannel, don’t have the quasi-1D
transmission values of 1 and 0, respec-
tively.
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Figure 1.22: Schematic to demonstrate the S matrix cascade rule is shown. (a) Schematic of cascading thinner slabs to form thicker slab is
shown. Cascade rule given in equation 1.104 is used to cascade the slabs. First, the first and the second thin slabs are cascaded. It is followed
by cascading the third slab with the cascaded result obtained from the first and the second slab. This pattern is repeated, until the last thin
slab is cascaded. (b) The ensemble averaged total transmission () of the cascaded slabs as a function of the step number of cascading (30
thin slabs are cascaded) is plotted. The ensemble averaged transmission profile is obtained by the random shuffling of the order of the thin

slabs taken for cascading.

that, the transmission profile as a function of cascading step size (or
the longitudinal sample size L), follows a diffusion law whose analytic
form is given in chapter 3. Different realisations of thicker slabs (200 in
number) can be formed from the same S matrices of the thinner slabs
(30 in number), taken in random order.>® Cascading method®* for S

matrices is given as the following
gla) —

and

st —

Scascade — S(a) ® S(h) —

(o
Sx

-1
(a) () (b) o(a) (b) g(a)
Slq + Slg (I - S11 Szg) 511 Sﬁ

-1
(b) (a) o (b) (a)
S21 (I - Szg 511 ) qu

where [ is the identity matrix® . The S matrices for a collection of the
smaller slabs, are estimated serially using the Fisher-Lee relations, as
explained before, followed by the use of the cascading formula given
in equation 1.104. Upon obtaining a comparatively larger sample along
the transverse dimension (y axis), the S matrix obtained would also be
larger, with respect to the number of propagating modes. This helps to
analyse the nature of the transmission matrix from a statistical point of

(a)  cla)
Sn o Sp
a
Sp

(b) (b)
o S
821 S22

-1
() (b) c(a) (b)
51’; (I - 511 Szg ) S12
-1
(b) (b) (a) c(b) (a) c(b)
Szz + S21 (I - 52; 511 ) 52‘; S12
(1.104)

view, which would be discussed in the following section.

(1.102)

(1.103)

53: This is particularly advantageous
from a computational point of view that,
one need not model 200 different large
slabs, but could estimate the S matrices
of a collection of smaller slabs once and
cascade them using random order of the
slabs, for obtaining different realisations
of larger slabs.

54: Refer 2.5.1.1 of [54] for the derivation.

[54]: Jin (2014), ‘New Methods and
Theory for Increasing Transmission of
Light through Highly-Scattering Random
Media.’

55: The cascading formula is particularly
stable, because of the identity matrix ap-
pearing inside the matrix inversion terms
contained within equation 1.104.
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1.9 Statistical aspects for testing and validation
of the developed code

This section reviews the ensemble averaged statistical properties associ-
ated with the propagating Sglr PPTOF of the larger cascaded slabs for the
quasi-1D transport problem, involving many realisations of the disorder.
The main goal of this section would be to use the statistical aspects of
the random Sglr PPTF matrix, for testing and validating the code devel-
oped for modelling. Although the quasi-1D transport problem is a very
important field of study, its experiment relevance in wave physics is
mostly restricted to microwave experimental geometries[16]. However,
in this chapter the importance of quasi-1D transport statistics is that,
the statistical aspects of the eigenchannel transmission distribution is
analytically known and could provide a method for testing and validating
the statistical aspects associated with modelled of Sglr oppTor.

1.9.1 Quasi-1D transport problem and random matrix
theory : Moments and cumulants

For the quasi-1D transport geometry, the eigenchannel transmission
distribution takes the form of a bimodal distribution, which is analyti-
cally known>® and can be estimated using the modelled Sglr PPIOP as
shown in the Figure 1.23. One way to characterise a probability density
function (such as the eigenchannel transmission distribution ) is by its
moments” or cumulants.”®® As the probability density function of eigen-
channel transmission distribution is analytically known for the quasi-1D
transport problem, the moments and cumulants of the eigenchannel
transmission distribution can also be estimated. As the values can be
estimated analytically, it could be used to validate the moments and
cumulants estimated from the modelled framework. Mathematica® is
used to estimate moments and cumulants of the analytical transmission
probability distribution, given in equation 1.105. The ensemble averaged
value of (7), estimated from the modelling, is substituted in the an-
alytically estimated expressions for the moments and the cumulants.
This is compared against the numerically estimated moments (using the
histogram of data) and cumulants (using the expectation operators on
the data), to validate the results. The ensemble averaged moments and cu-
mulants of the bimodal distribution (Quasi-1D transport problem using
cascaded S matrix), are given in the tables 1.5 and 1.6, respectively. 200
samples are used for ensemble averaging the moments and cumulants,
using the eigenchannel transmission values.

Table 1.5: Moments of the bimodal distribution

Moments | Expression | Analytical | Modelling
my (1) 0.1441 0.1456
1y (1) 0.0961 0.0954
ms = (1) 0.0769 0.0758
1y 2 (1) 0.0659 0.0647

56: Quasi-1D eigenchannel probability
density function from the Random Ma-
trix Theory (R.M.T)[18, 55]

10 1
p(t) =5+
2L \V1-7
1 1
~ = (1) (1.105)
2 TV1-1
2 mWave transport modellin,
10 —R.M.T ! !

Figure 1.23: Bimodal eigenchannel trans-
mission distribution for the quasi-1D
transport: Modelled data vs the analyt-
ical distribution, given in equation 1.105,
is plotted. Here, (1) = 0.144145 and the
disorder taken, is shown in Figure 1.22.
Average histogram of 200 samples are
taken for estimating the ensemble aver-
aged probability density function. The
histogram (no of bins taken is 150) ob-
tained from the modelling is normalised
such that f p(t)dt = 1. The compari-
son of moments and cumulants, between
the modelled distribution and the ana-
lytical distribution, are given in tables
1.5 and 1.6, respectively. There are 392
propagating modes involved and the av-
erage dimensionless correlation length of
krefle = 0.8613. The aspects of spatial cor-
relation will be covered in Chapter 2.

57: Moments of a probability density func-
tion p(7)

my :/Tp(T)dT

mz=/'r2p(’[)dr
m3:/T3p(T)dT

m4:/14p(7)d7 etc... (1.106)

58: Cumulants of p(7) in terms of mo-
ments

k1 = mean = E(1) = my
k> = variance = E {(T - E(’L’))z} =my — m%
ks = skewness = E {(T - E(T))3}
=m3 — 3mimy + 2mi’
k4 = kurtosis = E {(T - E(T))4} - 3k§

=1my — 3m§ —4dmyms + 12m%m2 — 611111
(1.107)

where E() denotes the expectation.
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Table 1.6: Cumulants of the bimodal distribution

Cumulants | Expression Analytical | Modelling
mean (1) 0.1441 0.1441
variance —(1)? + 3(1) 0.0753 0.0748
skewness | 2(1)® —2(1)* + £ (1) 0.0413 0.0407
kurtosis —6(T)* + 8(1)> — 2Z(1)? + (1) | 0.0152 0.0149

The modelled results® and the analytical results are within reasonable
agreement.

1.10 Conclusion

The main contribution of this chapter is the development of the analytical
and the computational code framework, for the estimation of the gener-
alised S matrix, using the extended (generalised) Fisher-Lee relations,
suitable for wavefront shaping applications. The generalised S matrix
enables to completely characterise the scattering response of a disorder,
inclusive of the evanescent modes which are important for the near-field
imaging applications. Correctness of the codes developed for generating
the S matrices, is validated by 1) testing out the analytically known gen-
eralised unitarity and reciprocity relationships, against the numerically
estimated S matrix, 2) using the Kirchhoff-Helmholtz boundary integral
formulation for visualising the reflected and the transmitted waves,
which are matched to the scattered waves estimated by the S matrix and
3) validating the eigenchannel probability density function estimated
using the code, against the analytically known results. Cascading of
the generalised S matrices presented in the chapter is advantageous as
it 1) helps to parallelise the problem by estimating the S matrix of a
larger sample, by breaking it into thinner slabs and estimating their S
matrices for cascading, 2) helps to easily perform ensemble averaging,
by randomly shuffling the order of the S matrices of the thinner slabs
during the cascading process, 3) helps to overcome the larger memory
requirement for storing the Green’s function, otherwise required for a
larger slab and 4) enables the cascading of slabs by incorporating the
evanescent modes. Although, the numerical modelling and the analytical
methods were described for the 2D scalar wave transport problem, the
methods can be generalised to the 3D scalar or vector wave transport
problem, as the Green’s function, the boundary integral formulations
and the basis wave modes are very general concepts in physics. Finally, it
is worth to point out that statistical properties of the S matrices such as
the eigenchannel distribution or the generalised unitarity and reciprocity
relations, are the same for both 2D and 3D transport problems, in the
diffusion regime.

59: For the moments given in table 1.5, (1)
is estimated by averaging the eigenchannel
transmission coefficient, estimated from
200 transmission matrices. For the mod-
elled data, the probability density func-
tion of the eigenchannel distribution as a
histogram is estimated, followed by esti-
mation of the moments from the obtained
histogram. For the cumulants given in ta-
ble 1.6, (7) is estimated the same as before.
The modelled cumulants are estimated by
using the expectation operators as given
before, acting on the estimated eigenchan-
nel transmission coefficient distribution.



Comparison between wave
transport and diffusion theories

2.1 Introduction

A comparative study exploring the inter-relationships between different
light transport modelling formalisms in random media is presented in
this chapter. Conventionally, two kinds of modelling approaches are em-
ployed for estimating light transport profiles in random media. The first
kind of approach uses the phenomenological radiative transport equation
(R.T.E)[56] for macroscopic media, which addresses the aspects of the
energy diffusion. The R.T.E can be simplified by its diffusion approxi-
mation! or can be generally solved using the Monte-Carlo technique? ,
which again addresses the classically incoherent transport aspects. On the
other hand, the statistically coherent® transport aspects in random me-
dia such as coherent (mean-field) transmission, speckle correlations[14],
weak localisation and coherent backscattering[62] are absent within
the conventional diffusion theory. For studying such coherent aspects,
which is relevant in the context of wavefront shaping, a second approach
commonly referred to as the mesoscopic[17] wave transport theory and
modelling is needed.

The main goal and contribution of this chapter is to compare the coherent
(mesoscopic) wave transport model involving the S matrix cascading
(given in Chapter 1) and the spatially correlated disorders (to be explained
in this chapter), with that of the classically incoherent transport theory
involving the diffusion theory. The Quasi-1D problem of estimating
the transport properties from an ensemble of transmission matrices
for spatially uncorrelated disorders, has been reported by Zhi and
Genack[63]. It helps in understanding the relationship between the
transmission matrices and the diffusion theory, especially in the semi-
ballistic (translucent) regime. The associated transmission scaling law in
terms of (L/I*) (where L is the longitudinal thickness and I*, the transport
mean-free path) of the slab medium, helps to predict the wave transport
behaviour of large (centimeter sized) samples for which it is prohibitively
harder to model the wave scattering behaviour. In the first part of the
chapter, it is attempted to model the link between ensemble averaged
parameters involving wave fields, scattering mean free path (I) and
spatially correlated disorders, with the disorder correlation length /.. As
diffusion models deal with ensemble averaged parameters which are not
specific to a particular realisation of the disorder (e. g. [ and I*), ensemble
averaging needs to be used in wave transport modelling to compare it
with diffusion model. In the following section, the ensemble averaged
wave field (also called as the statistically coherent component of the
wave field)* is reviewed to connect it with scattering mean free path (1),
disorder correlation length (I.) and S matrix cascading in non-absorbing
media. After that, the effect of /. on the classically “incoherent" (diffusive)
intensity and [*, for spatially correlated disorders is discussed.

2.1 Introduction .......... 39
2.2 Statistically coherent wave field
(ensemble averaged mean-field) and
the incoherent (diffusive) inten-
sity ... o oo 40
2.3 Coherent transmission, spatially
correlated disorders and scattering
mean-free path (). . ... .... 42
2.4 Statistically incoherent wave-
field, diffusion theory and transport
mean free path (I*) . ....... 47
2.5 Total transmission scaling law
involving S matrix cascading, ana-
lytical diffusion theory and the dif-
fusion FDTD method . . .. .. 56
2.6 Conclusion . .......... 57

1: For learning the diffusion model for
wave transport in detail, refer chapter 5
of [57], chapter 9 of [58], chapter 4 and 5
of [59] and most importantly, chapter 5 of
[17].

2: For the Monte Carlo methods, chapter
3 of [57], [60] and [61].

3: The term “statistical coherence" asso-
ciated with ensemble averaging, should
not be confused with the notion of the
classical coherence of wave sources. Clas-
sical coherence of wave sources, gives the
waves their ability to interfere and form in-
terference/speckle patterns. In this thesis,
the modelling always use such coherent
wave sources. On the other hand, the word
“coherence" used in the context of ensem-
ble averaging of random media, denotes
those physical entities which don't average
to zero over disorder ensemble averaging.
Few examples are, the coherent (mean-
field) intensity inside an effective medium,
the short and long range correlations, co-
herent back-scattering etc... which don’t
get averaged to zero, upon ensemble av-
eraging. In other words, these “coherent
" aspects, survive ensemble averaging, to
have a finite non-zero value.

4: For learning more about the ensemble
averaged mean-field(also called as statis-
tically coherent component of the wave
field), refer to the original paper by Foldy
[64], the follow up paper by Lax[65], sec-
tion IV, V and VI of [30], chapter 4 of [66],
chapter 5 (section 3) of [67] and [68].



2 Comparison between wave transport and diffusion theories | 40

2.2 Statistically coherent wave field (ensemble
averaged mean-field) and the incoherent
(diffusive) intensity

Before getting into the mathematical form of the coherent mean field
and its associated spatial extinction in the effective medium to obtain
I, a pedagogical introduction to the coherent mean-field is given. The
Figure 2.1 shows the effect of the progressive increase of turbidity on the
light propagation through a random medium. Upon adding lipid like
substance in steps to clear water, the incident laser beam transmission
through the petri dish undergoes a crossover from the purely ballistic to
highly diffusive transport regimes. A transmission crossover regime is

Ballistic component

(c)

shown in Figure 2.1 (b), where both the ballistic and the diffusive part of
the incident beam are visible. The ballistic component is shown within
the dashed curve, outside of which is the diffused component of the
incident beam due to random scattering. In Figure 2.1(c), due to the high
turbidity, the ballistic component undergoes spatial extinction at a short
distance from the incident surface of the medium. Figure 2.1 (b) shows the
intensity of the scattered wave. To imagine the associated wave field for
a given disorder, fluctuating field values around the mean value of zero
need to be considered. Then, on ensemble averaging of the field values for
many disorder realisations, the coherent mean-field inside the disorder
is obtained. The coherent mean-field has a similar visual resemblance’
to the ballistic component shown within the dashed curve, as it is the
ballistic part of the incident beam which sustains the ensemble averaging
without getting averaged to zero. However, upon ensemble averaging
for estimating the coherent component, this diffusive field component
formed due to the scattering of the incident beam, gets averaged to zero
due to the random field fluctuations around the zero value. Hence, the
scattering mean free path I of a non-absorbing medium is defined as
the extinction length (in an effective medium) in which, the intensity of
the coherent mean-field gets attenuated by 1/e[69] . Applying ensemble
averaging on the equation 1.81 given in Chapter 1, the expression for the
coherent mean-field can be obtained as the following

Figure 2.1: Different regimes of light dif-
fusion in random media. (a) The purely
ballistic regime where the incident laser
beam propagates in clear water. (b) On
adding lipid like substance to the clear
water, the light beam starts to cross over
from the ballistic regime to the diffusion
regime. (c¢) The diffusion regime, where
high turbidity forces light to undergo dif-
fusion. The image courtesy is attributed
to Prof. Stefan Andersson-Engels.

5: Although the coherent mean-field has
resemblance to that of the ballistic field
shown in Figure 2.1(b) for a given disorder
realisation, they are quantitatively differ-
ent from each other due to the involvement
of ensemble averaging for estimating the
mean-field.

[69]: Ishimaru et al. (1982), ‘Attenuation
constant of a coherent field in a dense
distribution of particles’



2 Comparison between wave transport and diffusion theories 41

Coherent intensity and the scattering mean-free path

Coherent (mean-field) component is given as,

<E (Zo, y0)>|(zo,yg)eQ =
Mtntal

ST 2ik™ / Ee(2,9)(G (2, ¥, 20, Y| pyeredy  (21)
m=1

where EI"¢(z, Wl yyery = cm¥m(Z, Yz, y)er, is a deterministic term
and (...) denotes ensemble averaging. The coherent intensity is given
as

Icoh(r) = |<E (1,)>|2 22

Usually, the y integrated coherent intensity undergoes the Beer-
Lambertian transmission within an effective slab medium with an
extinction length of I, where [ is the scattering mean-free path.

Leon(z) = Ipe /! (2.3)

where Iy = I(z = 0) is the peak intensity.

Although the scattering mean-free path [ is defined with respect to
the coherent intensity in the above equation, in this chapter / won't be
estimated by fitting the intensity attenuation within the medium. This is
because, ensemble averaging (involving 100s of samples) to estimate the
coherent intensity attenuation inside the slab medium is computationally
expensive. Instead, the cascading of S matrices by random shulffling the
cascading order to generate ensembles of S matrices will be used in this
chapter. To be precise, the evolution of the coherent component of the
total transmission upon the S matrix cascading will be used to estimate
I. Nevertheless, equation 2.1 could be used for visualising the coherent
mean field inside the effective medium.

Until now, the scattering mean free path (/) was phenomenologically
defined, but the actual physical phenomenon which parametrises [ is
reviewed in the following sections of the chapter. The physical origin of [
is associated with the spatial correlation length (I.) and the associated
disorder randomness power spectrum, which causes the coherent mean-
field to attenuate within the disorder. On the other hand, the total
transmission profile of the incoherent or the diffused component doesn’t
obey a simple Beer-Lambert law (like that of 2.3) but obeys the standard
diffusion equation [10, 70] involving another transport parameter called
as the transport mean free path I*, which will be discussed in second
half of the chapter. To connect the incoherent (diffuse) intensity with that
of the total wave field E (20, o), what has been done historically6 is to
first define the following two-point field correlation function and then
take the limit where the two points converge together to a single point
in space, together with the condition that z/I* > 3 [71] (for the quasi-1D
geometry) to be in the diffusion regime.

[70]: Durian (1994), ‘Influence of boundary
reflection and refraction on diffusive
photon transport’

[10]: Rossum et al. (1999), ‘Multiple
scattering of classical waves: microscopy,
mesoscopy, and diffusion’

6: The use of the field correlation func-
tions and its connection to radiative trans-
port in random media, was popularised by
the perturbation theory of Frish[30] and
Tatarskii et al.[66]. The Green’s function
field correlation contained in the field cor-
relation function for random media, given
in equation 2.4, satisfies the Bethe-Salpeter
equation. Derivation of the diffusion ap-
proximation from the Bethe-Salpeter equa-
tion involving field correlation, is pro-
vided in Carminati and Schotland[19] Sec-
tion 24.3.

[71]: Zhang et al. (1999), "Wave transport
in random media: The ballistic to diffusive
transition’
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Incoherent(diffuse) intensity and the transport mean-free path

Field correlation function is given as

<E(ZO /yg )E (ZO ly() )>|(Zl) (2) Q-

/ / Gz, yW, 28", y NG (2, y?, 27, YN Einelz, YD)y (2, y®)dy Dy @y yner,

(2.4)

where Einc(z,y) = M’””” 21k(m)E’”C(z y) is the incident wave which
is a deterministic term Then the incoherent (diffuse) intensity Py(r)
is defined” as the following limit of the field correlation function,

Pa(r) = lim(rél)_)yl(]z)):y<E(T(1))E*(r(2))>|(r(1),r(2))e() =

(EME (Mlmea = (EEP)mea (2.5)

where 1 is in the diffusion regime and P4(r) obeys the following
diffusion equation in a non-absorbing medium within the diffusion
regime parametrised by the transport mean-free path I

—D.V2P4(r, 19) = 6(r — 19) (2.6)

where D, = cI*/d is the diffusion constant, d is the dimensionality
of the problem (d = 2 for 2D and d = 3 for 3D), [* is the transport
mean-free path, o the source position and c the transport velocity.

The diffuse intensity P4(r, rp) will not be used for estimating I*. Instead,
the evolution of the diffusive transmission upon S matrix cascading will
be used. This is because the ensemble averaging of wave intensity inside
the disordered medium is computationally expensive.

The first half of the following section discusses the method by which
spatially correlated disorders can be generated. The second half of
the section connects the spatial correlation properties with that of the
coherent mean-field, eventually leading to the estimation of I using the S
matrix cascading method.

2.3 Coherent transmission, spatially correlated
disorders and scattering mean-free path (/)

Ensembles of disorders can be broadly classified into two categories based
on their spatial correlation properties of refractive index fluctuations,
namely the correlated and the uncorrelated (white-noise like) disorders.
Although the uncorrelated disorders with very small correlation length
I. (approaching zero) are analytically and computationally easier to
implement, most cases practically (especially biological media) involve
a finite (non-zero) spatial correlation length.® The spatial correlation
function plays an important role in determining the transport properties
of the scattering medium. If the random disorder ensemble (characterised
by its refractive index as a function of space) drawn from a particular
probability distribution is considered as a spatial random process, then

7: The notation Py(r, 1) is used for the
diffuse intensity, to denote the "probabil-
ity" of diffusion (or sometimes referred to
as the diffusion approximation to a “diffu-
son"), to follow the same system of nomen-
clature given by [17].

8: As an example, for various kinds of
mouse tissues, spatial correlation length
I ranges from = 5um to ~ 10um (Refer
Table 1 of [25] )

[25]: Schmitt et al. (1996), ‘Turbulent
nature of refractive-index variations in
biological tissue’
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according to the Wiener—Khinchin theorem, the randomness power
spectrum[72] of the disorder can be estimated by the spatial Fourier
transform of its correlation function. Therefore, to create a random
disorder with a particular correlation length, either the spatial correlation
function (in real space) or the randomness power spectrum (in the spatial
Fourier space), could be used. As an example, [72] and [73] use the
desired spatial correlation function to spatially convolve (smoothen) a
white-noise disorder to convert it into a correlated disorder with the
desired correlation length I.. In the following section, the Fourier space
method using the desired power spectrum to generate a correlated
disorder (with a desired I;) is given.

2.3.1 Spatial correlation function and randomness power
spectrum

Let the disorder be characterised by its relative dielectric constant €;(r) as
function of r = (z, y) (as given in equation 1.32 and Figure 1.9 of Chapter
1)

E(r) =& +56.(r) 2.7)

In this chapter, the spatial perturbation 6€;(r) has zero mean and has

a uniform distribution. (T:ZEf corresponds to the dielectric constant of
the reference (average background) medium upon which the spatial
perturbation gets added and subtracted. In order to make the distance
units used dimensionless, let the spatial lengths be given in terms of
kyefz and kye sy . To control the spatial texture of the disorder, a spatial
correlation function has to be defined. For that, first define the following
moments’ of the disorder perturbation

meandisorder = <6€~r(krefz/ krefy» =E (6ér(krele krefy)) =0
(2.8)

Vardisorder ‘= <6€~r(krefzz krefy)2> - <6€~r(krele krefy»2
= <5€~r(krefzz krefy)2> (2.9)
correlationgisorder = R(Kref?, kyefto)

= <6€~r(kyefz, krefy)égr(kyefzo, krefyo» (2.10)

where correlationgisorder := R(kyef?, kref7o) is the un-normalised spa-
tial correlation function. For a statistically homogeneous disorder,
R(kyefr, krefro) = R(kyeg|r — rol). It can be noted from the definitions
of the moments that R(kye 70, kref70) = R(0) = vargisorder- Therefore, to
represent the un-normalised spatial correlation function of the disorder,
R(0) value can be combined with a normalised' correlation function
Cuaisorder(kref|r — 10]) as given below

[72]: Izrailev et al. (2012), ‘Anomalous
localization in low-dimensional systems
with correlated disorder’

[73]: Brandstotter et al. (2019), ‘Shaping
the branched flow of light through
disordered media’

9: The angular bracket denotes the expec-
tation operator acting on a random vari-
able. If the ensemble of disorder is taken
as a stationary random process, then the
moments estimated by spatial averaging
of one given disorder can be considered
as an estimate for the ensemble averaged
moments.

10: Note that the Gaussian correla-
tion function is normalised such that

Caisorder(0) = 1.
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Disorder spatial correlation function

correlationgisorder = R(kpef|r —70l)
R(O)Cdisorder(kref|r —7ol)
z75”’{11‘50;’116;’Cdisordsr(kref|7' - rol), (2.11)

where the normalised two-point Gaussian spatial correlation function
for 6€,(r) is given as the following.

2 2
Cdisorder(kref|r —rol) = e_(k”flr_ml) [krerle)” = e—lr—rolz/l? (2.12)

As said before, the power spectral density Ppsp(p-, py) of the disorder
(considered as a spatial random process) is defined as the Fourier trans-
form™ of the correlation function R(kyeflr =rol) = R(0)Caisorder(krerlr —

rol)-

Ppsp(pz, py) =7F {R(kreflr - 7’0|)} = vargisorderF {Caisorder (v, lc)}
(2.13)

where p, and p, are angular spatial frequencies. The Fourier transform
F {Caisorder(r, 1)} can be evaluated using the equation 2.12 to obtain the
final form? of Ppsp (pz,py)

Ppsp (pz/ py) = 0atgisorder F {Cdisorder(rz lc)}

_172(24 2
= Uardisordernlge 4lc(py+pz)

(PR
_ ‘ TC 4\ T2
= 0avdisorder 775y €

(1/%2)

Next, the steps taken to create a uniformly distributed disorder with
a given spatial correlation length [, or randomness power spectrum
Ppsp(pz, py), are given. Once the disorders are estimated, the attenua-
tion of the mean-field is estimated to determine 1. If €*¢(z, y) is the
white noise disorder, then a uniformly-distributed spatially-correlated
disorder €5°""(z, y) can be generated from the white-noise disorder in
two main steps. First, the white-noise disorder'® is convolved by the
Gaussian correlation function. Such an operation results in a Gaussian-
distributed correlated disorder and not a uniformly distributed one.
Hence, to make the disorder uniformly distributed,* a second step is
needed. It involves a transformation method using a Gaussian cumulative
probability distribution function. These two steps are explained as given
below and the final results of the steps are given in Figure 2.2. As the
convolution operation in real space is a product in the spatial Fourier
space, the uniformly distributed correlated disorder can be estimated
using the following steps.

(2.14)

1. Estimate 662’1,’1”6 = fft2(5e¥M*(z, y)) where fft2 is the two di-
mensional fast Fourier transform.

2. Take an element-wise product in the Fourier space to obtain
66??1” = 66?&”69‘7 {Cuaisorder(r,1c)}

3. Apply inverse Fourier transform to estimate the correlated disorder
in the real space with spatial correlation length I,

11: The spatial Fourier trans-
form is defined as F{f(z,y)} =

Lo [z ye G vy dzay.

12: A sanity check could be applied
to the final form of Ppgp involv-
ing Paogsevogl’s theorem to see that
a7 Lo [ Prsp(pz, py)dpzdpy =
R(0) = vargisorder- The disorder random-
ness power spectrum Ppsp(pz, py) takes
a Gaussian form and becomes broader
when 1/12 becomes larger or I, becomes
smaller. When I. — 0, the Ppsp(pz, py)
becomes very broad (called as a white
spectrum) and the sample in the real
space becomes uncorrelated. Thus, the
disorder power spectrum Ppsp(pz, py)
determines the scattering potential of the
disorder and thereby its scattering mean
free path (I).

13: The White-noise disorder €¥/*¢(z, )
can be easily generated in Matlab using the
rand function generating a matrix of uni-
formly distributed random numbers. Such
a disorder can be referred to as a Uniform
white-noise disorder as the histogram of
the matrix elements corresponds to a uni-
form probability distribution. The word
"white" refers to the fact that the white
noise disorders have their spatial corre-
lation length [ — 0 or in other words
they have flat power spectrum contain-
ing uniformly distributed power in the
Fourier domain. On the other hand, if the
histogram of the matrix elements of the
disorder was Gaussian and its [, — 0, then
the disorder is referred to as the Gaussian
white-noise disorder.

14: A uniformly distributed disorder
would scatter the waves better compared
to a Gaussian distribution, for a given peak
dielectric constant perturbation value
within the disorder.
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Figure 2.2: Examples to show the effects of spatial correlation on the disorder perturbation 6¢,(z, ). 1(a)Uniformly distributed, Gaussian
correlated disorders with ky.slc = 0.976, 1(b) with k;.slc = 3.896 and 1(c) with ksl = 6.871. The three disorder perturbations are
represented on a grid with the same grid resolution such that kyefA; = krefAy = kyefA = 0.5, which should be less than k;. sl value
taken. The uniformly distributed, Gaussian correlated disorders are obtained from the white noise disorder by the spatial Fourier method
presented in Section 2.3.1. (2) The Correlation function Ryjsorder (|kre £ (r — 70)|) of the three samples shown in 1(a), 1(b) and 1(c). Raisorder (0)
corresponds to the variance of the disorder matrix elements as explained in the Section 2.3.1. (3) All the three disorders shown in 1(a), 1(b)
and 1(c), are uniformly distributed disorders in the sense that the histogram of the disorder matrix elements (with grid size k. A =0.5)
follow a uniform probability distribution with the nearly-same standard deviation of the white-noise disorder used to generate the correlated
disorders.

0€o(z,y) = ifft2 (66?2?) where ifft2 is the two dimensional
inverse fast Fourier transform.

4. Normalise 0€:°""(z, y) by dividing it with the standard deviation
of the matrix elements. This results in a Gaussian distributed (with
unit variance) and Gaussian correlated (with correlation length )
disorder.

5. To transform the Gaussian distributed-Gaussian correlated dis-
order to a uniform distributed-Gaussian correlated disorder, a
Gaussian cumulative probability distribution function (C.D.F) can
be used. A zero mean Gaussian C.D.F takes a normally distributed
random variable and converts it into a transformed random variable
between (0, 1) giving a uniform distribution. Hence, every matrix
element of Gaussian distributed-Gaussian correlated disorder can
be transformed between (0, 1) using the Gaussian C.D.F. Such a
uniformly distributed disorder between (0, 1) can then be scaled
between (min(éewmte), max(éeWhitg)), to have similar spread in
values with that of the uncorrelated white-noise disorder.

6. The real space spatial correlation of the obtained disorder can
be numerically estimated and validated against the I, value used
for defining the correlation function by the following method. It
involves the Fourier space method for evaluating the spatial au-
tocorrelation of a 2D matrix. For an M X N correlated disorder
6€$orr(z’ y)/ Rdisorder(kreflr - rOl) =
|[ifft2(FFt2(0es’)conj(fFft2(5€?)))|./(M * N)
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where conj denotes complex conjugation. The numerically esti-
mated correlation length can be defined as the length at which the
correlation function decays from R(0) to R(0)/e.

Results of these steps are plotted in Figure 2.2 showing examples for uni-
formly distributed correlated disorders with different spatial correlation
lengths [,.1°

2.3.2 Generating spatially correlated and uncorrelated
disorders using cascading method

As defined in the equation 2.3, the scattering mean free path (/) is
defined with respect to the attenuation of the statistically coherent mean-
field associated with ensemble averaging of the sample. For ensemble
averaging, the transmission matrices of an ensemble of samples has to be
estimated. Such an estimation of a larger number of thick samples could
be computationally tedious. A work-around would be the cascading
method discussed in Section 1.8 of Chapter 1. S matrices for a collection
of thin samples can be estimated for once and these thin layers can be
cascaded to obtain an effective S matrix for a thicker sample. The effective
S matrices for an ensemble of thick samples can be obtained by shuffling
the order of cascading of the thinner slabs. The spatial correlation length
[ determines the thickness of the thin slabs used for cascading. As I, can
also be interpreted as the spatial “memory" associated with the random
sample, thinner slabs with longitudinal thickness Lgj;c. larger than at
least 5 correlation lengths (Lgjice > 5I:) would be very dissimilar to each
other.

2.3.3 Coherent mean-field attenuation, / and the
generalised Reynold’s number for correlated
disorders

As hinted before, the spatial correlation length /. and the randomness
power spectrum, determines the scattering mean-free path I of the disor-
der and it is manifested as the attenuation of the coherent mean-field. The
attenuation of the coherent mean-field is parameterised'® by the com-
bination of I, and Ryisorder(0), given by a dimensionless number called
as the generalised Reynold’s number” R, = (ke flc)zvardiso,dg,. For a
given finite vargisorder, Re << 1 (with comparatively small vatisorder)
indicates weaker scattering by the sample. On the other hand when R, is
larger than the order of unity (implying . of the order of wavelengths A,
with not-so-small vargiserder) causes strong multiple scattering.

Steps for estimating the scattering mean free path (/) for spatially
correlated disorders

1. First, generate an ensemble of S matrices involving p number of
thinner disorders with a given correlation length I, and vargisorder,
with a thickness of Lgjice > 5[..1® To estimate the transport be-

haviour only due to diffusive multiple scattering, it is better if the
sample is placed in a refractive index matched background medium

15: The steps used to transform a
uniformly-distributed white-noise disor-
der to a uniformly distributed correlated
disorder can be interpreted as an effec-
tive clustering operation performed on
the white-noise disorder matrix elements,
to group the matrix elements containing
similar dielectric constant values to form
larger particle aggregates.

16: For more details and the proof on how
the mean-field is dependent on the spatial
correlation, refer to the Appendix Section
Al2.

17: Refer equation number 4.62 of [30] .

[30]: Frish (1968), “‘Wave propagation in
random media’

18: For generating correlated slabs, refer
to the details given in Section 2.3.1 and
Section 2.3.2. For the cascading method
involving scattering matrices, Section 1.8
of Chapter 1 may be referred.
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so that the specular reflectance is minimised. Next, S matrices are
cascaded by growing the sample thickness one slice at a time.

2. Estimate Sy; by cascading the S matrices of thinner layers and
observe the evolution of the S;; as a function of total sample
thickness L (along z) of the cascaded thicker slab, which is an
integer multiple of the thickness of the thinner slab slice.

3. Estimate an ensemble average (S»1) at every cascading step, to
bring out the statistically coherent mean-field component of the
transmission matrix. Such an ensemble averaging can be easily
performed by shuffling the order of the cascading of the S matrices
of the thinner slab slices. Estimate the coherent mean-field transmis-
sion as a function of length L, Tconerent (L) = ﬁTmce{(Szl)+ (S521)},
where M is the number of input modes. This step is similar in
essence with that of the method given in [63] and [74] in which
uncorrelated disorders were used.

4. Estimate the 1/e extinction length (which is the scattering mean
free path [ ) at which the coherent transmission becomes 1/e, by
fitting an attenuating exponential function.

Before getting into the numerical estimation of [ associated with the
coherent transmission, the diffusion theory involving the classically
incoherent (diffusive) transmission is reviewed in the next section for
estimating the transport mean-free path (I*).

2.4 Statistically incoherent wave-field, diffusion
theory and transport mean free path (")

In this section, the standard diffusion theory is reviewed followed by the
estimation of the [* for the correlated disorders.

2.4.1 A review of the analytical diffusion theory using
spatial Fourier transform

The steady-state diffusion equation for a non-absorbing medium is given
as the following

Steady-state diffusion equation for a non-absorbing medium

—D,V?Pu(r, o) = (r - 10), (2.15)

where D, = cI*/d is the diffusion constant, d is the dimensionality of the
problem (d = 2 for 2D and d = 3 for 3D), [" is the transport mean-free path
and ry, the source position. Here, the solution P4(r, rp) within the context
of quantum transport is known as the probability of diffusion (also called
as the diffusion approximation of the “diffuson”" ) at the position r,
associated with a diffusive source injected at the position 7g. For solving
the diffusion equation analytically, boundary conditions are needed to
be defined along the transverse dimension (along y for the 2D problem)
and the longitudinal (along z) dimension of the slab medium. Solving

[63]: Shi et al. (2018), ‘Diffusion in
translucent media’

[74]: Yilmaz et al. (2019), ‘“Transverse local-
ization of transmission eigenchannels’

19: Refer chapter 5 of Akkermans and
Montambaux[17]. The steady state diffu-
sion equation (equation 2.15) has also been
widely used for solving the heat diffusion
problem and hence a vast collection of ana-
lytical solutions[75] exists for the diffusion
equation under various geometries.

[75]: Carslaw et al. (1992), Conduction of
heat in solids
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the diffusion equation analytically for a slab medium (W >> L) gets
considerably simplified, if an infinitely extending slab geometry along the
transverse dimension (along y) is taken so that the translational invariance
of the solution with respect to yo of the source location is obtained.
Therefore, in 2D, Py(z, zo, ¥, yo) = Pa(z, 20, y — yo) = Pa(z, zo, p), hence
the y dependency of the solution depends only on the difference p = y—yo.
Then, the spatial Fourier transform along p could be used transform
the problem into the spatial Fourier domain so that the variable p gets
transformed into q. Hence, the solution P4(z, zo, p) gets transformed into
P4(z, zo, q) in the spatial Fourier domain. Followed by the implementation
of extrapolated (Robin boundary condition)® atz = 0 and z = L, the
diffusion equation for the slab can be solved as given below. (For the
analytical derivation in 2D solved using Mathematica, refer to Section
Al3)

P*(z, zp, if z >
Pa(z, 20, q) = a(z:20,q) ifz 22 (2.16)

P‘;(z,zo, q) ifz <z

20: The extrapolated or the Robin bound-
ary condition in the diffusion theory is a
partially absorbing boundary condition.
It results in a linear attenuation of the Py
from the given z value at 0 or L until the
extrapolated boundary placed at z. /" from
0 or L, outside of the diffusive slab.

(q1*z¢ cosh (gzp) + sinh (20)) (91*z¢ cosh(q(L — z)) + sinh(q(L — z)))

Py (z,z0,q) =
gD, (sinh(Lq) (q2l*zz§ + 1) +2ql*z, cosh(Lq))

(2.17)

(ql*z, cosh(gz) + sinh(gz)) (q1*z, cosh (g (L — z¢)) + sinh (q (L — zo)))

P, (z,z0,9) =
gD, (sinh(Lq) (q21*2z§ + 1) +2q1*z, cosh(Lq))

(2.18)

where z, is the dimensionless extrapolation boundary length ratio?' such
that, z.I” is the longitudinal size of the extrapolated boundary from the
surface of the slab. Integrating the solutions, equation 2.17 and equation
2.18, with respect to the transverse dimension (along v in 2D or along x
and y in 3D) at a given z value inside the slab, would yield the following
1D equations for z > zg and z < zg respectively.

+co i )
. (I'ze +20) (I'ze + L — 2)
+ = + =
Lo Py (z,z0,y)dy = limg—oP; (2,20, 9) = D, (2I"z¢ + L)

(2.19)

+00 * *
- o _ _ (Fze+z)(I"'ze + L — z0)
[oo P, (z,z0,y)dy = limg—oP; (z,20,9) = D, (2I'z, + L)

(2.20)

where the limits were evaluated using Mathematica. These 1D equations
(transverse integrated solutions) are the same, irrespective of the choice??
of the transverse boundary condition being either an insulating boundary
or the slab infinitely extending along y. The total transmission T can
be evaluated by integrating along y, the z component of the diffusion

21: For a refractive index matched slab,
ze = 2/3in 3D and z, = ©/4 in 2D[17].
On the other hand, if there is a refrac-
tive index mismatch between the sample
and the surrounding medium, then the
boundary effects for internal boundary
scattering has to be incorporated for the
diffusion theory. One may refer to[76] for
more details on R. Then, in 3D, z, be-
comes ze = (2/3)[(1 + R) /(1 — R)] where
R is the angle integrated[76] internal Fres-
nel reflectance when diffusive wave prop-
agates from the inside to the outside of
the disorder.

22: It is possible to analytically solve
the diffusion problem with transverse re-
flective boundary conditions, in terms
of eigenfunction expansion of the solu-
tion. But, this will make the solution
P;(z,z0,q) a bit more detailed than the
one used in the chapter. Transverse in-
tegration of the solution along y with
the transverse insulating boundary condi-
tions, would still provide the same results
given in equation 2.19 and 2.20.
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current fd (z,y, p) crossing the boundaries at z = L. Similarly, the total
reflection R from the slab can be evaluated by doing the same integration
process at z = 0.

The diffusion current J;(z, zo, p) is defined by the Fick’s first law as
fd(z,zo, p) = —D.VP4(z, 2o, p) and the z component of the diffusion
current is T;Z)(z, z0,p) = =D, %Pd (z, zo, p). Hence, the total transmission
and the reflection can be estimated using equation 2.19 and 2.20, as the
following

+00 8
/ Iz, 20, p)lz=1p = / { D3P} (2,20,y)dy  |o-t

po) 20
Z_DCE{[M P;(Z/Z()/y)dy} |Z=L =

Iz, + zg _ Ze + T
L+2"z, L2z,
oo )
/ T 20, p)lz=0dp = / {+DEZP; (2,20, ) dy} -0
Zg

d < I'ze + L -z Ze+l%_17
=+D P (z,z0,y)d -0 = =
’382{/_00 d(z Z0 }/) y}lZO L+2Z*Zg l%+2ze

(2.22)

(2.21)

obtaining the well known result reported in[70, 77] for total transmission,

where z is taken as [*. From the given expression for T and R, it could
be easily verified that R + T = 1 and the flux conservation is obeyed. The
dependence?® of total transmission T on L and [*, or the dependence of
the transverse integrated P; on L and [* could be used to estimate the [*
from the wave transport modelling results to be discussed in the next
main section.

Finite sized incident beam profile

For obtaining the solution I (z, zo, ¥, Yo) for a finite sized incident beam
profile, the following convolution integral between Py (z, zo, i, o) and
the incident beam with transverse beam profile Fiy,(y), injected at z = I*
can be used.

+00
Lz, y) = / Fonc(yo)Palz, 20 = 'y = yo)dyo  (2.23)

(o]

where Fjy,(1o) for different beam geometries, are given as the following

_2

(Dln

D7
in

Gaussian beam profile :=

Fine (y) =

Rectangular beam profile :=
0 otherwise

(2.24)

Finc(y) is normalised such that f_;oo Fine(y)dy = 1. As equation 2.23 is a
convolution integral in real space, it turns to be a simple product in the
spatial Fourier domain as shown below.

Li(z,q) =

Finc(‘])Pd(Z/ zo =1, Q) (2.25)

1/Djy, when — D;, /2 <y < Djy /2

[77]: Li et al. (1993), ‘Transmission and
surface intensity profiles in random
media’

[70]: Durian (1994), ‘Influence of boundary
reflection and refraction on diffusive
photon transport’

23: If L/I* >> 1 and the source in-
jection point zo is taken as [*, then
the total transmission can be approxi-

mated as T = (ze+ 70)/(L +22¢,) ~
(ze +1) /(L)1) = 3L where z, = 2/3
for 3D and T = (1+ %) (I*/L) where
ze = /4 for 2D.
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where, the Fourier transform F;,,.(g) is given as the following

. : _1p2 g2
Gaussian beam profile := e~#Pin1

Finc(q) = qDiy &) (226)

Rectangular beam profile :=sin (T) / ( >

such that, limg_0Finc(q) = 1 due to the normalisation /_J;:o Finc(y)dy =1
as defined before. Therefore, the y integrated diffusion profile is given
as

+00
/ Ia(z, y)dy = limg—ola(z,q)

= limq—»OFinC(q)Pd(Z/ zo=1%, q)

= limg—oPa(z,20 = I", q)

(. limg—oFinc(q) = 1) (2.27)
where the product rule of limits is used, recovering the same 1D expres-
sions given in equation for a point source at z9 = [*. Also, the expressions
for T and R remains the same form.?* This concludes the review of
diffusion theory involving I*. In the next section, this diffusion theory
is compared against the transmission data obtained from the S matrix
cascading to estimate [* for the spatially correlated disorders.

2.4.2 Estimation of / and /" from the S matrix cascading
and the role played by spatial correlation

Steps for estimating transport mean free path (I*)

1. Evaluate all the steps given before in Section 2.3.3 for estimating
the scattering mean free path (/).

2. Estimate the ensemble averaged total transmission as a function of
L, Toral(L) = (%Trace{szfsﬂ}) where M is the number of input
modes. Note that this ensemble averaging is different from the
one given in step 3 of the Section 2.3.3 for estimating /. Here, the
ensemble averaging of total transmission is done after evaluating
the trace of S;Szl. In the step 3 of the Section 2.3.3, first the
ensemble averaging is performed on the Sy matrix (not on the
transmission) and then the coherent transmission is estimated by
applying the trace formula.

3. Compare Tso41(L) with that of the analytically known equation for
transmission (equation 2.21) and estimate [*. The exact steps taken
to compare and obtain the I* is given in the side note.?

The estimation of I and I* is performed for two different regimes of
disorder randomness. The first regime is the case when the generalised
Reynold’s number R, = (kr,zflc)2 VAt isorder 15 smaller than the order
of unity and the second regime is when R, is larger than the order of
unity. For different disorders with varying randomness properties to be
categorised into the first or the second regime, the [ and [* are estimated.
Using the methods explained in Section 2.3.3, [ is estimated by fitting
an exponential function with an attenuation length of I. Also, the [* is
estimated from the 1/T plot as described in this section.

24: Hence, the analytical forms of the
equations for T and R for a slab medium,
are independent of the incident beam pro-
file when the beam profile is normalised

as /::’ Finc(y)dy = 1.

25: Steps for estimating [* from equation
2.21is given below. Let zo/I" be called as
Zp, the injection depth ratio, which is a
dimensionless term indicating the relative
penetration depth at which the diffusion
source is placed. Then, equation 2.21 can
be re-written as

Transmission and inverse transmis-
sion

3 zel" +zpl* o
T L +2z.0 (2.28)
1_ 1 I+ 2z, )
T (ze + zp) g Zp + Ze
(2.29)

For a YX plot of 1/T vs L, the y intercept
extrapolated at L = 0 can be obtained as

1| 2z
T'L=0 = Zp +2Ze

(2.30)

Similarly, the x intercept extrapolated at
(1/T) = 01is given as

Lla/r)=0 = —22¢!I" (2.31)

First, z, is estimated as given before in a
side note within the Section 2.4.1. Then,
the x intercept L|(l /T)=0 is estimated by
extrapolating the data obtained from the
modelling, by fitting a straight line[77]
onto the 1/T data. From these values, [* is
estimated as per equation 2.31. Similarly,
using equation 2.30, z is estimated as the
y intercept and z, value are known. Such
a method of estimating [* is followed in
many papers such as [63, 77, 78].
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Figure 2.3: Plotting the wave transport transmission data obtained from the S matrix cascading and the role played by the generalised

2
Reynold’s number, R, = (kre 3 lc) Vargisorder- Plots (a) and (b) are for the scenario where R, < 1 which could be referred to as comparatively

weak scattering. On the other hand, for (c) and (d) the R, > 1 and the regime of operation is now within the strong scattering regime. When
R, < 1, it can be seen that when k,, flc increases, [* decreases and saturates. Such a trend reverses when R, > 1, where [* increases when
kyefle increases. I decreases consistently when k;. l¢ increases for both regimes.
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The trends associated with different kinds of transmissions with respect
to increase in k;.¢L (associated with the S matrix cascading) are shown
in Figure 2.3.

When the generalised Reynold’s number, R,, is smaller than the order
of 1.

» As shown in the Figure 2.3(a) and (b), when R, is comparatively
smaller when compared to the order of 1, an increase in ky.flc
results in the decrease of the dimensionless scattering mean-free
path kyerl.

» In addition, the anisotropy gauiso starts to increase (from a nearly
isotropic scattering to partially anisotropic) and also the dimen-
sionless transport mean-free path k;.sI" first decreases and then
saturates.

» Along with that, the total transmission of the slab after completing
the cascading process, also decreases first and then saturates upon
increasing the ksl value.

When R, is larger than the order of 1.

» The trend for k;.¢I" reverses for R, larger than the order of unity
as shown in the Figure 2.3(d), as when k;.fl. increases k. fI" also
increases.

» It can also be seen that the anisotropy also increases (from partially
anisotropic to highly anistropic) when k;.fl. increases.

» Along with that, the total transmission of the slab after completing
the cascading process, increases upon increasing the k. /. value.

» Such a reversal of the trend for k;. " and total transmission, with
respect to increase in k. rlc when changing the regime of scattering
from small R, value to large R, value, occurs mainly because
of the increase in anisotropy, from regime of nearly isotropic to
largely anisotropic scattering. Such an increase in spatial correlation
causes the scatters to be forward scattering thereby increasing the
transmission and also increasing the [* value.

Until now, diffusion theory involving a slab geometry was discussed.
For arbitrary geometries (for example, having an insulating aperture
inside the disorder), the analytical way of solving the problem could lead
to complicated and lengthier analytical expressions involving Fourier
series summation. Instead, for simplicity?® the Finite Difference Time
domain (FDTD) formulation of the diffusion equation can be employed.
In the next subsection, the FDTD formulation of the diffusion problem
is discussed.

2.4.3 FDTD formulation of the diffusion equation for
tailored geometries

This section describes the finite difference time domain (FDTD) formu-
lation of the diffusion equation as a coupled set of first order deriva-
tives involving P,(z, zo, y, Yo, t) and the diffusion current vector field
T(z, Z0,Y, Yo, t), forming a continuity equation (involving a staggered
grid structure). Such a formulation is particularly helpful in this chapter

26: First order formulation of the diffu-
sion equation, involving Fick’s law and
the diffusion current, can used to tailor
and design the diffusive flow for arbitrary
geometries. The FDTD method estimates
the temporal impulse response of diffu-
sive pulse source and upon integrating the
impulse response in time, the steady-state
response can be estimated.
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Figure 2.4: Staggered grid system used for the FDTD diffusion formulation for arbitrary geometries. 1 denotes the n'/ time-step
and (i, j) are index variables for the grid nodes. For a given n, there are 3 separate grids existing in the computational memory, namely
Py(i, j,n),J=(i,j,n), and Jy(i, j, n) placed in a staggered arrangement as shown in the figure. In addition to the 3 grids, there is also a

grid for Py(i, j, n + 1) at the (1n + 1)" step. Each grid has its own local coordinate system indexed by the same notation (i, j, 1), avoiding
the use of a global notation system applicable of all the grids together. A forward difference scheme is adopted for discretising both the
temporal and spatial derivative operators. (i, j, 1) or J, (i, j, n) could be set to zero while time stepping for defining insulating boundaries,
preventing the diffusion current along z and y respectively. For implementing the Robin boundary condition at z = 0 and z = L, virtual

nodes are needed as shown.

for defining insulated surfaces (preventing diffusion through them) and
constricted channels, by explicitly setting the z or y current components
in T(z, Z0,Y, Yo, t) to zero? in the numerical implementation while time
stepping. Diffusive response function of a spatio-temporal Dirac-delta
impulse function within the medium can be recorded using the FDTD
method. The steady-state response by a continuous source could then be

modelled by the temporal integration of the impulse response function

fromt = 0 to t = oo (theoretically) or to a large time value (numerically).

Consider the following time domain diffusion equation in 2D as an initial
value problem

Time domain diffusion equation

[% - Devz} Py(z,y,t)=0 (2.32)

with an initial condition of Py(z, y,t = 0) = 6(z — z9)0(y — yo) and two
kinds of boundary conditions. The first kind of boundary condition is the
insulating boundary condition placed for insulating surfaces, especially
at the transverse boundaries and also at any other surfaces restricting the
diffusion process. The second kind is the Robin boundary condition at

27: In the diffusion theory, setting
Py(z,y,t) to zero at a spatial location
while time stepping is an absorbing bound-
ary condition (not an insulating one). For
the insulating boundary condition, the
current component J; or Jy has to be set
to zero. On the other hand, for wave trans-
port modelling, setting the field to zero
while time stepping is a reflecting(mirror)
boundary condition.
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z =0and z = L, as given in equations A.162 and A.163. D, is assumed to
be uniform within the computational domain. The equation 2.32 having
second order spatial derivatives and a first order temporal derivative,
is split into two first order equations involving P4(z, zo, ¥, Yo, t) and
T(z, 2o, ¥, Yo, t), forming a continuity equation as given below

J 0 J 0 0
§Pd(z,y,t) == [& (—Deg) + @ (_De@)] Pd(Z,y,t)

.0 . d 0 N d o
=- [EZE + ey@] ° (—DEZPd(z,y,t)) e, + (—De@Pd(Z,y,t) ey
J2(z,y,t) Jy(Z,y,f)
=-Vej(z,y,t) (2.33)

where e is the notation for the dot product and é, and é, are the
unit vectors along z and y. f(z, v, t) = J.(z,y,t)e; + Jy(z,y,t)eéy is the
diffusion current vector field. J.(z, y, t) or J,(z, y,t), could be set to zero
at the desired grid nodes (z, y) to create insulated regions preventing
diffusion current flow along the directions é, and &, respectively. The
continuity equation is discretised on a staggered grid system described
in Figure 2.4. For such a discretisation scheme, let 11 denote the index for
the time step, i for the z locations and j for the y locations. The Fick’s
first law can then be discretised (dropping the d from P; for convenience
in representation) as

1
Yy _
1., =D (A—y) (P;f].+1 - P;jj) (2.34)

1
i =-D, (A_Z) (Piﬂﬂlj P! ].) (2.35)
followed by the discretisation of Fick’s second law given in equation 2.33
to obtain

1 n+1 n _ 1 z,n zZ,n 1 y.n yn
Ar (Pi,j _Pz',j) A (]i+1,j _]z',j ) + _A_y (Ii,j+1 _]z',j ) (2.36)

The time stepping scheme can then be implemented by solving for Pl.”;rl
from the above equation as given below

n+l _ pn

At , , At yn yn
ij =P~ A (L-Zﬁ,j - If‘,]-") + 3, (I,-,j+1 - Ji; ) (2.37)

with a Dirac-delta initial condition le::i(?,j:jo =1/(AzAy) att =0 (hence,
a Dirac-delta in time and space) in the given location (iy, jo). The Robin
boundary condition at the left and the right slab surfaces (z = 0 and
z = L with respect to the slab thickness L), can be discretised as the
following. The discretisation involves the virtual nodes outside the slab
region L as shown in Figure 2.4. Let the z position index of the virtual
nodes on the left side of the slab be denoted as %AZ which is half a cell

from z = 0 and one grid cell left to the interior P}, j point as shown in

(@) gy loolP)  (b) , losP)
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Figure 2.5: Diffusion probability for var-
ious slab geometries involving an in-
sulating aperture are shown. The plots
are estimated using the FDTD diffusion
method given in Section 2.4.3. . Loga-
rithm of the probability of diffusion Py
is plotted for a medium (a) with no aper-
ture present where T = 0.149979,R =
0.850017, T + R = 0.999996 for the slab
with L = 10/* and W = 50I*, (b) when
an insulating aperture (shown as a Green
line) with a dimensionless opening width
of W/Dj,, = 20 where T = 0.095436, R =
0.904560, T + R = 0.999996, (c) when
W /D, = 150suchthatT = 0.046207,R =
0.953789, T + R = 0.999997 and finally (d)
when the aperture is fully closed and com-
pletely insulating.
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the Figure 2.4. Similarly, on the right side of the slab, let the virtual nodes
have an z position index denoted by L + 1A, as it is half cell right to the
slab surface at L. To implement the Robin boundary condition on the
left and the right surface of the slab, the P; ; , values has to be evaluated
precisely at the left and the right surface. It is estimated by averaging the
virtual nodes and the interior nodes as given below, due to the reason

that there are no P; nodes defined at the left and right slab surfaces.

Using a mixed notation?® for purpose of intuitive representation as given
below

1 1
Plo;=5 (Pl 4Py ) =5 (P, + Py (2.38)

1 1
e (P::H% aFP )= 5 (P, + Play)  239)
Then, the Robin boundary conditions can be implemented as the following
using which the z component of the diffusion current is estimated at
the left and right surface of the slab shown in the Figure 2.4. The Robin
boundary condition given in equations A.162 and A.163, can be discretised
as the following. At the left surface (at z = 0 with respect to the slab)

L0
P(z,y,t) |20 — zel EP (z,y,t)]220=0 =

a z
l,(_ze P(Z - O/ ]// t) - _DEEP(Z/ ]// t)|Z:O _I (Zl ]// t)lZZO (240)

Using equation 2.38, the z component of the diffusion current at the left
surface of the slab can be estimated as

D.\1
,ZZ=0,j,11 = — (E) E (Pi:(),]‘ + Pi:+1,j) (241)

Similarly, the z component of the diffusion current at the right surface of
the slab can be estimated as the following

D.\1

D.\1
= (é) E (Pi:M+1,j + Pi:M,j) (242)

During the time stepping process, the virtual nodes can be updated using
the conventional Fick’s law for the diffusion current. Using equation
2.35

-A
n — pn z | 1z
PZ:L+%AZ,]- = PZ:L*%AZ,]' + (_De ) 2=L,jn (2.43)
A
n _ n _Z z
Pl p =P+ ( De) oin (2.44)

To summarise, the FDTD algorithm is given in the sidenote.?” For the
stable operation of the time stepping FDT D time stepping algorithm, the
parameters involved, namely D,, A, A; & Ay have to obey the following

28: Mixed notation implies mixing the in-
dices such as i with the space coordinate
z. To avoid confusion, alternate represen-
tations involving only the indices are also
provided.

29: FDTD algorithm :
Initialise all the grid arrays shown in Fig-
ure 2.4, to be zero.

» Step 1 : At t = 0, initialise

the pulsed source as a spatio-
temporal Dirac-delta function at
(o, jo), Pf::ig,j:],o =1/(AzAy).
Step 2 : Estimate diffusion currents
at the interior Py4(i, j, n) nodes (us-
ing equations 2.34 and 2.35). Also,
estimate diffusion currents at the
virtual P4(i, j, n) nodes, outside of
the the region L using equations
2.41 and 2.42.

Step 3 : Set the current flow bound-
ary conditions at insulating loca-
tions by initialising ]lz]n or ]ly ]’.n to
zero, depending upon the direc-
tion of flow which needs to be pre-
vented at a certain (i, j) location.
Step 4 : Estimate P;f].“ in the in-
terior nodes using the equation

2.37. Also estimate P" | and
z=7%Az,j

", atthevirtualnodesus-
z=L+350z,]

ing the equations 2.43 and 2.44.
Step 5 : Update the grid Pin,j =
Pf’j“. Accumulatively add (inte-
grate) and store on a grid, the re-
sponse PZ’,T], at every time step to
estimate the steady state response.
Repeat the steps 1 to 5 until the
pulse energy has exited out the
medium.
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stability®® condition [79]

1 1 1
D.A; (@ + W) < 3 (2.45)

The diffusion FDTD modelling examples involving an insulating aper-
ture with an orifice placed on the middle of a slab of thickness L = 10!*
are shown in Figure 2.5. In the next section, the total transmission scaling
law in terms of two parameters, namely the L/I* ratio and the injection
depth ratio z,, is discussed. The FDTD diffusion method described in
this section would also be used to validate the transmission scaling law.

2.5 Total transmission scaling law involving S
matrix cascading, analytical diffusion theory
and the diffusion FDTD method

30: The stability condition ensures that
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At has to be small enough such that the
speed by which the diffusion time-steps

on the grid, should be less than the ac-

tual physical transport velocity ¢ by which

the diffusion would have propagated in
reality.

* kpeple = 0.57,2, = 1.202, R, = 0.14
+ kreple = 0.85,2, = 1.248, R, = 0.31
100* * Kyeple = 1.14, 2, = 1.278, R, = 0.55
k) Erefle = 1.39, 2, = 1.264, R, = 0.81
g L —di f fusion theory, z, = 1.248
& AN o FDTD dif fusion modelling, z, = 1.248
S « kreple = 1.99,z, = 0.913, R, = 1.67
§ I + kyefle = 2.63, 2, = 0.969, R, = 2.90
S ¢ + kpefle = 3.27, 2, = 0.908, R, = 4.46
5 —di f fusion theory, z, = 0.930
=~ | ° FDTD dif fusion modelling, z, = 0.930
-;S Bk s
&~
107 ¢
L | | | | | | | | | o
0 2 4 6 8 10 12 14 16 18

L/l

Figure 2.6: Validation of the two parameter total transmission scaling law, involving 1) S matrix cascading obtained from the wave
transport theory for spatially correlated disorders, 2) analytical diffusion theory using spatial Fourier transform and 3) the numerical

FDTD method for the diffusion, is shown. The total transmission scaling law given in equation 2.46 involves two parameters, namely

the L/I" ratio and the injection depth ratio z, as a function of the spatial correlation length and the Reynold’s parameter R,. All the data

obtained nearly falls on the same transmission scaling law. Two separate instances of the same transmission scaling law are shown because

for smaller R, value, averaged z,, = 1.248 and for the larger R, value, averaged z, = 0.930.

Upon reading this thesis, the reader may notice the following two aspects
regarding the modelling frameworks presented. The first aspect is that in
all the transport models, the total transmission and reflection fluxes are
conserved such that T+R = 1. The second aspect is that, relatively smaller
samples are modelled when compared to the size of the typical samples
used for the experimental scenario. One could ask the question whether
using such small samples is in any way restrictive to the comprehension
of the underlying physics of the transport phenomena. Computationally
efficient modelling of wave transport for larger disorder ensembles
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involving millions of scattering particles, is a research topic by itself,
which is not the aim and scope of this thesis. The aim and scope of this
thesis is to explore a collection of wave transport phenomena, with the
limited computational capacity available. Hence, the longitudinal size
of the slab can be represented in terms of dimensionless term L/I* and
reflecting transverse boundary can be used to preserve flux conservation.
Therefore, different combinations of L and I*, giving same L/I* value and
same injection depth ratio of z,, would yield same kind of transmission
trend with respect to L, irrespective of the number of scatterers being
ten thousand or ten million. Best way to check such an assertion is to
compare the total transmission data given in Figure 2.3 obtained using
the S matrix cascading (which used a relatively small sample) against the

expression for the total transmission® given by the analytical diffusion 31: From equation 2.28, the transmission
theory and the numerical method of diffusion FDTD given in Section scaling law is given as,
2.4.3. The diffusion theory generally accommodates larger macroscopic
media. Figure 2.6 demonstrates the transmission scaling law. Transmission scaling law
Zp+2
pr= (2.46)

2.6 Conclusion T (L1 + 2z,

In this chapter, the statistical characterisation of the disorder random-
ness in terms of spatial correlation, together with the cascading and
ensemble averaging involving S matrices, is used to link the scattering
properties. These scattering properties include the scattering mean-free
path, transport mean-free path and scattering anisotropy, described as
a function of the disorder spatial correlation and randomness. Such a
study will be useful for designing disorders with the desired transport
properties. Coherent wave scattering and classically incoherent diffusion
theory are compared side by side, to discuss the similarities involved
in the theories which address the same transport phenomena. The two
parameter transmission scaling law is verified for disorders with differ-
ent randomness properties. It implies that one could implement wave
scattering models obeying flux conservation with comparatively smaller
samples, to predict the transmission and the reflection behaviour of large
macroscopic slabs.
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3.1 Introduction .......... 58
3.2 Finite difference Time domain
(FDTD) formulation of the wave

3.1 Introduction

This chapter introduces the methods used for solving the scalar Helmholtz equation for a stationary random
equation in the time domain using the Finite Difference Time Domain medium . ... 60
(FDTD) scheme. The time domain methods are explored in this chapter 33 Wavefront shaping : Focussing
. . . . through phase conjugation . . . 66

as opposed to the frequency domain methods given in Chapter 1, mainly :
to model two time-dependent phenomena. They are the Space-Time 3.4 Effect of sample decorrelation on
P P ‘ 4 P the stability of the focus . ... 68

Modulation (STM) and the effect of sample decorrelation due to the 3.5 Finite difference Time domain

Phase conjugation for single speckle focussing
or
Iterative phase conjugation using the
FDTD time stepping algorithm defined before,
using the same disorder defined initially

Brownian motion, in the context of wavefront shaping. Space-time modu- (FDTD) formulation of the wave
lation (a practical example being the acousto-optic effect) is an important equation for a Space-Time Modu-
phenomenon to consider. That is because the ST M has the potential to lated (STM) medium . . . . .. 73
form an acousto-optic “guide-star"[4, 26, 27] by which waves could be 3.6 Wavefront shaping in the Raman-
wavefront-shaped to focus inside random media. The effect of sample Nath regime : Focussing onto a STM
decorrelation on wavefront shaping[80] is also a relevant phenomenon guide-star . . ............ 79
to study as dynamical media such as tissue, scrambles the transmitted 3.7 Conclusion . .......... 82
wavefront (as a function of time) due to random internal scatterer motion. ~ >-8 Future studies planned ... 82
An overview of the FDTD schemes presented in the chapter, mainly
to study space-time modulation and sample decorrelation, is provided
using three separate figures given in Figure 3.1, Figure 3.2 and Figure
3.3.
FDTD method for a stationary disorder i Appendix
I
elmholtz wave equation i Total-field/Scatter-field
in the Time domain ! boundary for the
/ Define a stationary disorder / v E wave source
I
| FDTD Time stepping algorithm | Analytical Mur absorbing
for a stationary disorder | / (outgoing) Boundary condition
Phase sensitive Lock-in detection v E
for the amplitude and the phase of /| Estimation of total | |Continuity equation from the
the scattered waves transmission & reflection ; wave equation
1 (obeys flux conservation | | [Define wave current J(r.t) ]

I

|

I

I

I

I

I

I

I

I

I

I

I

I

Figure 3.1: The overview of the FDTD formulation, involving a stationary disorder and the associated wavefront shaping applications,
is shown. For the details on the implementation, refer Section 3.2 and Section 3.3. A total-field /scatter-field boundary is placed on the source
side to separate out the reflected wave from the incident wave. At the transmitted and the reflected detection boundaries, a phase-sensitive
lock-in detection (PSD) scheme is implemented to estimate the amplitude and phase of the outgoing wave. Upon knowing the amplitude
and phase of the transmitted wavefront, one could create a phase conjugate version of the wave set as an array of dipole sources on the
detection boundary. Such a phase conjugate wave partially overcomes the conventional multiple scattering phenomena and focusses back to
the original dipole source location.

Figure 3.1, Figure 3.3 and Figure 3.2, correspond to the FDTD methods
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associated with a stationary medium, a medium containing a Space-Time
modulated(ST M) region and a decorrelating medium with Brownian
motion, respectively.! Some of the basic elements in the time-domain
method (such as the boundary conditions, the estimation of total trans-
mission and reflection etc.. ) recur between the three flow charts. The

Effect of the disorder decorrelation on focussing

1: Modelling these time-dependent phe-
nomena would otherwise be a harder prob-
lem (computationally and analytically) in
the frequency domain and hence the pre-
sentation of the time-domain methods in
this chapter.

Langevin equation for the Brownian motion elmholtz wave equation in the Time domain

Parameters for the Langevin dynamics
involving a collection of soft particles

Total-field/Scatter-field boundary
for the wave source

FDTD Time stepping algorithm - - —
for the Langevin dynamics Particle configuration time state O
i set as the disorder for wave FDTD

FDTD Time stepping algorithm

for a stationary disorder

Generate an ensemble of temporally ordered,

particle spatial configuration states,

obeying the Langevin dynamics for Brownian motion Phase sensitive Lockin

detection for amplitude and
phase of scattered waves

Particle configuration

Analytical Mur absorbing
(outgoing) Boundary condition

Time state 0

Estimation of total transmission &
reflection (obeys flux conservation)

Particle configuration

Particle configuration
Time state N-1

Time state 1
Particle configuration Phase conjugation for the single speckle focussing,
Time state 2 using the wave FDTD time stepping algorithm defined before,
involving particle configuration states obtained from
Particle configuration the Langevin FDTD (separate runs)
Time state 3
etc...

Figure 3.2: Overview of the FDTD formulation, involving a Brownian decorrelating medium and the associated wavefront shaping
application, is shown. The quasi-static approximation is incorporated such that, separate wave FDTD runs using the obtained disorder
spatial configuration states from the Langevin equation is performed. In other words, the random media doesn’t evolve continuously
according to the Langevin equation while performing the wave FDTD time-stepping. Instead, the wave transport steady-state is achieved

in separate/individual runs using stationary particle configuration states taken one at a time.

important and the relevant details on the computational implementation
of these methods will be discussed in the chapter. For the finer details,
the developed Matlab codes associated with the FDTD methods given
in the chapter can be referred. For maintaining the conciseness of the
chapter, flowcharts given in Figure 3.1, Figure 3.2 and Figure 3.3 are not
discussed separately one after the other. Instead, the important ideas
will be discussed in the relevant sections of the chapter and a diligent
reader can easily contextualise these ideas with respect to the presented
flowcharts.

Towards the beginning of the chapter, the FDTD formulation for a
stationary disorder is provided as summarised by Figure 3.1. It also
discusses the methods to estimate the amplitude and phase of the
transmitted wavefront?> and the method by which, one could estimate
the total transmission and reflection, by integrating the wave current
crossing the relevant boundaries. Once the phase conjugate (PC) wave
is defined, 3 the PC wave could be used for single speckle focussing
(for high contrast focussing) or iterative optical phase conjugation (for
enhancement of total transmission).

Once the phase conjugate wave is obtained forming a focus back at the
original dipole source location, the decorrelation effects of this focal
spot with respect to Brownian motion is studied* using the FDTD

2: Such an estimation of the amplitude
and phase of the scattered wave, is valu-
able for defining a phase conjugate wave
to be used for focussing back overcoming
the conventional multiple scattering.

3: Phase conjugate wave can be defined by
setting t = —t (or wp = —wo) dependence
on the measured amplitude and phase
of the forward-going scattered wave and
injecting the phase conjugate wave at the
same spatial location from which the wave
amplitude and phase were measured.

4: For the study involving the decorrela-
tion effects on the wavefront shaped focal
spot, two kinds of FDTD time stepping
are involved. First is the FDTD time step-
ping performed on the Langevin equation
for Brownian motion. Second is the famil-
iar FDTD time stepping method for the
Helmholtz equation, already summarised
in Figure 3.1.
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FDTD method involving a Space-Time modulated (STM) region

|
I
Helmholtz wave equation i Total-field/Scatter-field
in the Time domain E boundary for the
I
I
I
I

/ Define disordered /
regions in the domain

FDTD Time stepping algorithm

Y

Appendix

wave source

!/ Analytical Mur absorbing /
I [(outgoing) Boundary condition

incorporating a STM region
/Define a STM region H

Phase sensitive Lock-in detection
for the amplitude and the phase of /[<————
modulated sideband wavefronts

Focussing to the STM region via phase conjugation
or
Iterative phase conjugation
at
sideband temporal frequency
using the FDTD time stepping algorithm defined before,
and the same disorder slabs defined initially

Continuity equation from the
wave equation
[Define wave current J(r,t) ]

Figure 3.3: Overview of the FDTD formulation, involving a space-time modulated (ST M) region and the associated wavefront shaping
application, is shown. For details on the implementation, refer to Section 3.5. Incident light gets multiple-scattered by the disorder and
gets spatially and temporally modulated by the STM region. A phase-sensitive lock-in detection scheme is implemented to estimate the
amplitude and phase of the transmitted modulated sideband at wg + w04 Where wy is the carrier-light temporal angular frequency and wo
the STM temporal modulation angular frequency. Detected sideband wavefront is phase-conjugated at wo + w,04 which focuses back to

the STM region.

formulation of the Langevin equation for Brownian motion. The FDTD
time stepping framework, involving the Langevin equation and the
Helmholtz equation, is summarised in Figure 3.2.

Finally, towards the last portion of the chapter, the wavefront shaping
FDTD formulation in presence of a STM guide-star® is presented (Refer
Figure 3.3 for an overview). In the following section, a second order®
FDTD formulation of the Helmholtz wave equation in the time domain
is given.

3.2 Finite difference Time domain (FDTD)
formulation of the wave equation for a
stationary random medium

The Helmholtz wave equation in time domain (refer equation 4.3 of [81]

or equation 19 of [82] ) with time dependent dielectric constant (e (r, t))
is given as

Generalised Time-domain Helmholtz wave equation

V2E(r,t) - (e,(r t)E(r,t)) = (3.1)

282

5: FDTD formulation for the stationary
disorder can be obtained by setting the
STM modulation to be zero, both in space
and time.

6: This chapter presents the discretised
form of the second order Helmholtz equa-
tion containing the second order spatial
and temporal derivatives. The second or-
der temporal derivative is a necessity with
respect to the time reversal invariance
property of the solution to the Helmholtz
wave equation in non-absorbing media.
On the other hand, the diffusion equation
presented in chapter 2, which contains a
first order temporal derivate, has no time
reversal invariance property. Hence, it is
recommended not to time-reverse the tra-
jectory of a Monte Carlo photon computa-
tionally, which is based on light diffusion
in general, lacking time reversal invariance
property physics-wise.

[81]: Korpel (1972), ‘Acousto-optics’

[82]: Taravati et al. (2019), ‘Generalized
space-time-periodic diffraction gratings:
Theory and applications’
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where E(r, t) is the real valued wave field, €,(r, t) is the time dependent
relative dielectric permittivity constant, ¢y is the free space light wave
velocity and the relative permeability constant is assumed to be unity.
In this section, the FDTD formulation for the stationary disorder is
considered and hence the dielectric permittivity constant €,(r, t) is taken
independent’ of time so that €,(r, t) = €,(r). Therefore,

Time-domain Helmholtz wave equation for a stationary disorder

2 _&en o _
VZE(r,t) cé ETe E(r,t)=0 (3.2)

Discretising equation 3.2 using the second order central difference scheme
(refer section 2.4 of [32] or [83] ), the following is obtained for a 2D
problem

E(y,z+A;,t)—2E(y,z,t) + E(y,z — A, t)+

AZ
E(y +Ay,z,t) = 2E(y,z,t) + E(y — Ay, 2, t) B
A2 B
E(y,z,t+Ay) —2E(y,z,t) + E(y,z,t = A4)

€ (y,z) (3.3)

(coAr)? ’
where A; and A, are the discrete grid size elements along z and y
respectively. On a discrete grid, let z, y and t be indexed® by the variables
i,jand nsuchthatz = (i =1)A;, y = (j —1)A, and t = (n — 1)A;, where
i,j,n€(1,2,3,4,..). Therefore, the equation 3.3 is rewritten as

E!, —-2E' +E!' . E! | —2E' +EI Ertl —2F" 4+ EP1
Wi i,j i-1,j i,j+1 ij i,j—1 1] 1] 1]
+ = er’.‘
A2 A2 ! (coAr)?
(3.4)

For further simplification, let A; = Ay = A;. Then, equation 3.4 is given
as

€r, ;A7 .
(E;;u ~2E] + E;ﬂ_u) + (E;{m ~2E] + E;fj_l) = [EZ;F ~2E] +

(3.5)

Defining a factor wy = (em Ag) /((coA)?) appearing in the R.H.S of the

above equation and rearranging’ the equation to solve for E?]J.rl, the
following is obtained.

FDTD time stepping equation for a stationary medium in 2D

n+l _ n _ pn-1
Bij =2B;—Eij +

1
o [(E;?HJ —2E] + E;?_L].) + (E;f].+1 ~2E! + E;fj_l)] (3.6)

7: FDTD formulation for a time depen-
dent €,(r, t) will be discussed later in the
chapter, in Section 3.5.

[32]: Taflove et al. (2005), Computational
electrodynamics: the finite-difference time-
domain method

[83]: Toroglu et al. (2014), ‘Finite-difference
time-domain (fdtd) matlab codes for
first-and second-order EM differential
equations [testing ourselves]’

8: Summary of indices :

» zindexed by i such that z = (i —

1A,

» yindexed by j such thaty = (j —
DAy

» time t is indexed by 7, such that
t=(mn-1)A

where i,j,n € (1,2,3,4,...). On the con-
trary, on a 2D Matlab grid, z position is
accessed by the column and y position
accessed by the row. In other words, if E"
is a grid in Matlab, then the notation E 7”]
given in the chapter, is stored and accessed
in Matlab as E"(j, i), where the order of
(j, i) is reversed compared to (i, j).

-1
Ef; ]

9: Rearranging the equation is to obtain
the wave field E ?}” at the future time step
n + 1, in terms of the current state of the
wave field E l"] at the time step 7 and the

past field E 1”/_1 at the time step n — 1.
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The time stepping equation given in equation 3.6 could be used to
uniquely determine the wave field evolution upon providing the suitable
boundary conditions. Next subsection explains the implementation of
the boundary conditions.

3.2.1 Implementation of boundary conditions

<—| Transverse boundary nodes

——————— —_———
|
o
|
| @ Interior nodes
| ° @ Boundary nodes
|
| .
o o ° Y,j
|
|
°
|
|
)

Z,i

|
[ (<] z =z | 4—{ Transverse boundary nodes
e i =

ol it o e
1
i=Nz+E

i=1/2

Two kinds of boundary conditions are employed in this chapter. The
first kind is the reflecting (mirror) boundary condition which could
be easily implemented in the FDTD routine by setting the Ei”,j =0at
the desired boundary position at all time values. In this chapter, the
transverse boundary condition at y = 0 and y = W, is set to be the
reflecting boundary condition. The second kind of boundary condition
implemented is at the longitudinal boundary planesatz = 0Oand z = z.4,
to cause the scattered waves to be outgoing waves.' Such a kind of
boundary condition, called as the Absorbing boundary condition (ABC),
is implemented so that the transmitted and the reflected waves from the
disorder propagate outwards from the longitudinal grid z boundaries
without being reflected back. Two main kinds of ABC exists, namely the
Pefectly Matched Layer (PML) boundary conditions and the analytic
ABC.! PML boundary conditions are superior to Analytic ABCs with
respect to boundary reflections, but the former requires somewhat
cumbersome formulations especially via analytic continuation[85] of
the space variables into the complex domain, significantly altering the
simple form of the time stepping equation given in equation 3.6. Hence,
for simplicity, the generalisation to the second order Mur ABC 2 are
used and such an ABC is sufficient for the kind of applications intended
in this chapter. Atz = 0,

Q*E(r,t)  po J*E(r,t) PE(r,t)
0zot - Cref 12 pZCref —ayz =0 (37)
Atz = Zepg,
Q*E(r,t)  po J*E(r,t) PE(r,t)
20t tey 0P — P2Cref —Byz =0 (3.8)

10: Analytic ABCs are incorporated along
z axis boundaries and reflecting (mir-
ror) boundaries are implemented at the
transverse boundaries. This is to simplify
the estimation of transmission and reflec-
tion, only at two surfaces. If the outgoing
boundary condition is implemented at the
transverse boundaries, then four surfaces
are needed to be taken care of to estimate
the total transmission and the reflection
from the disorder.

Figure 3.4: Schematic for explaining the
boundary condition.

11: For a historical review of various forms
of absorbing boundary conditions, refer
to [84]

[84]: Bérenger (2015), ‘A historical review
of the absorbing boundary conditions for
electromagnetics’

[85]: Johnson (2008), ‘Notes on perfectly
matched layers (PMLs)’

12: Refer section 6.3.3, "Trefethen-Halpern
Generalized and Higher-Order ABCs" of
[32] for details
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where in the “Chebyshev on a subinterval" approximation[32], po =
1.00023 and p> = 0.51555. Also, cref = CO/W, where €, is the
average dielectric constant of the reference(background) medium. The
discrete forms of the equations 3.7 and 3.8 for time stepping at the
boundaries are given as the following. (The derivations for the discrete
form of the analytical absorbing boundary conditions, given in equations
3.7 and 3.8, are given in the Section A.14.)

Discrete form of the analytical absorbing boundary condition
Atz =0,

En+l — _pn-1 CrefAr — oAz (E

n-1 n+1
-+ E*T
0.j LI CrefAr + oA,

2pOAz
0,j 1,j ) +

CrefAt + POAZ

chfefA%Az {( n
Ai (crefAs + POAz)

Egj1+Egju— 2Eg,j) v (E?,H +EY i 2E111,j)}

(Eg/j +Efj) +

(3.9)
Atz = zopq,
1 CrefAr —polz (- 2poA;
Erl+1 = _E" 1‘+ re (En 1 En+1.) + (En _+ E" ')_'_
N:+1j Nz.j CrefAt + pOAz Wl Nzj CrefAt + pOAz N:+1j Nj

+ E%

2 2
pzcrefAt A, n
Nz+1,j+1

Ajzy (CrefAt + POAZ) Netlj=l
(3.10)

In addition to these outgoing boundary conditions, there is also a Total-
Field /Scatter-Field(T F /SF) [53] boundary condition used for separating
out the reflected wave from the total wave due to an incident wave
source in the computational domain. Such a formulation of the boundary
condition is essential for the estimation and visualisation of the back
reflected scattered wave from the sample, without getting mixed with
the source wave. Next subsection explains how total transmission and

reflection is estimated from the scattered waves. !

3.2.2 Estimation of total transmission and reflection in
FDTD formulation

The estimation of the total transmission (T) and total reflection (R)
for a non-absorbing medium, is based on the definition of the wave
current density f(r, t) estimated at the detection boundaries I'r and ',
respectively, as shown in the Figure 3.5. Once J(r, t) is evaluated at the
detection boundaries, where T and R are evaluated respectively, the z
component of f(r, t) normal to the detection boundary can be estimated.
Integrating the z component of the wave current density for one wave
temporal cycle, followed by a spatial integration along the boundary
(along y), yields the net wave current (flux) crossing the boundary. The
expression for the wave current density f(r, t) is obtained from the
continuity equation associated with the Helmholtz equation in the time
domain, as derived in the Appendix Section A.15. The local form of

- 2E11112+1,j) v (Elrilz,j—l

YER - ZEI’QZ/].)}

[53]: Umashankar et al. (1982), ‘A novel
method to analyze electromagnetic
scattering of complex objects’

13: The estimation of the total transmis-
sion (T) and reflection (R), by integration
of the wave current at the relevant bound-
aries, is given in the Section 3.2.2. Such an
estimation has the following advantages.

» Estimation of the T and R in a
non-absorbing medium serves as
a safety test to check whether
the FDTD code implementation
works as intended. This is because,
by the conservation of wave flux,
R+T=1.

» T serves as scalable parameter
withrespect to L/I* and other phys-
ical parameters under considera-
tion. Also, a random disorder is
chosen such that T < 0.25 to en-
sure that the multiple scattering
is in the diffusion regime of wave
transport.



3 The methods in the Time Domain for wavefront shaping | 64

continuity equation derived from the Helmholtz wave equation (where
the total energy is conserved) is given as the following

Continuity equation based on the wave equation

ap R
-+ V-J(r,t)=0, (3.11)

2
where the energy volume density, p(r, t) = % [Clz (%) + |VE(r, t)|2]
and the energy current density, f(r, t) = [—%VE (r, t)]

In2D, J(r,t) = J.(r, )&, + ], (r, )&,

Using the expression of current density f(r, t) obtained from the conti-
nuity equation, the total transmission (T) and reflection(R), propagating
normal to the boundary surfaces shown in the Figure 3.5 can be evaluated
as the following

Total transmission and reflection

1 t=to+teycte yY=W
/ ! =0 2(z, )|z y)erg dydt

tcycle =ty

t=to+teycre LY=W
! ft ’ '/’fyzo J2oUNz, Y, )|z pyerg Ay dt

teycle Jt=ty

-1 /t=t0+tcyclc y=W refl(z t)l dudt
teycle Jt= = z 'Y, (z,y)el’ Yy
R= = : (3.12)

1 t=totteycie rY=W rsource
teycle -/t.=t0 y=0 ]Z (Z’ Y, t)l(z’y)erLdydt

T =

where t.y,c1e = 271/ wo is the time period of the wave, Jirans(z,y,t) is the
z component of the wave current density associated with the transmitted
wave in presence of scatterers, ]Zr ef l(z, t) is the z component of the wave
current density associated with the reflected wave in presence of scatterers
and J3°""¢(r, t) is z component of the wave current associated with the
source wave, when no scattering perturbation against a background
reference medium is present in the computational domain. Estimation
of the source wave and the source current J$°“"“(r, t) at the boundaries
(without the disorder), is done as a separate parallel run along with the
FDTD time stepping for estimating the wave propagation in presence
of the disorder. Sources in the FDTD method are formulated as soft
dipole sources with a 180° phase difference between the excitations of the
poles.14 Next, the estimation method?® for determining the amplitude
and phase of the outgoing wave is discussed.

3.2.3 Estimation of the amplitude and phase of scattered
wave for a stationary random medium

The phase conjugation of light pulses through random media has been
modelled before[86] using the pseudo-spectral time domain method. For
the phase conjugation using continuous wave sources, the steady-state
amplitude and phase of the outgoing waves are estimated for a memory

~

1 TF : Total field region
| SF : Scatter field region

Figure 3.5: Geometry of the wave FDTD
formulation is shown for the forward
propagation.. The wave sources are im-
plemented either as a single dipole or a
phased array of dipoles. The transmission
boundary I'tyaus is at the right side of the
slab, reflection boundary T';.s; at the left
side of the slab and the total-field /scatter-
field (TF/SF) boundary is placed on the
left side of the source. The source wave
(without the disorder) is subtracted in the
SF region. Hence, only the reflected field
from the slab completely passes through
the TF/SF boundary into the SF region
and gets detected at the I'y,¢; surface as
reflection. The current density J(r, t) re-
solved along z and y are also shown.

14: For the dipole excitation involving
point like sources, if the first point source
of the dipole is excited as Egcos(wt), then
the second point source, placed immedi-
ately to the right side, has to be of the form
Eocos(wt + m) where Ey is the amplitude.

15: In the FDTD method with continu-
ous sources, the E(r,t) data estimated
at the transmission/reflection detection
boundaries, is a spatially resolved time
series data involving real E field values.
For wavefront shaping application, the
amplitude and phase of these harmonic
waves resolved spatially have to be deter-
mined. Section 3.2.3 discusses the estima-
tion method.
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efficient'® modelling, instead of storing the outgoing field as a time series.
This can be implemented by the phase sensitive detection (PSD) scheme
given in [87] implemented in the context of seismic wave modelling.

Let Etrans(z, ¥, t)Iry = E*™ (2, y)cos (wot + Prrans(z,y)) be the outgo-
ing time domain wave evaluated at the transmitting boundary I'r as
shown in the Figure 3.5. Then, the amplitude and phase of the transmitted
wave due to a single frequency continuous source can be estimated as
the following. Let there be two temporal reference signals defined and
known beforehand such that,

E () = Erepcos(wot + Oref)

0
ESSf(t) = Erefcos(wot + Oy + 1/2) (3.13)
E(r)ff (t) is the in-phase reference signal and E;S{ (t) is the quadrature

phase reference signal (which is 90° out of phase with the in-phase signal)
with temporal frequency wy. In the computational implementation, the
amplitude E,.s can be set to unity and the phase 6,.s to be zero, for
convenience. Next step is to measure the spatially resolved temporal
cross-correlation of the transmitted wave Etq,5(r, t)|r, with that of the
in-phase reference signal and the quadrature phase reference signal, over
a time cycle[87].

t:t0+tcycle YEf
—_— ‘/t Eoo (t)Etrans(z, vy, t)l(z,y)eFR dt

Xeorr(z, ]/)l(z,y)EFR = teuel ;
cycle Ji=ty

t=to+tcycle ref
[ t Egp (t)Etrans(z, Y, t)l(z,y)eFR dt
=to
(3.14)

Ycorr(zr y)l(z,y)eFR = tonel
cycle

where tcycre = 27 /wo is the time period of the wave. Then, the amplitude
E(t)mns(zl y)l(Z’y)erR and the phase qjtmns(z, y)l(z,y)eFR of the transmitted
wave Etrans(2, Y, t)|(z,y)€1“R can be reconstructed as the following

Phase sensitive detection

Eérans (z, y)|(z,y)€1"R = 2\/XCorr(Z/ 3/)2 + Yeorr(2, y)z/Eref
Ptrans (z, ]/)|(z,y)el”R =tan! (Yeorr(z, )/ Xcorr(z, ¥)) + Gref (3.15)

In Matlab, the atan2(Y, X), the four-quadrant inverse tangent function
could be used to estimate Qtrans(z, y)l(z,y)erk. Thus, the amplitude and
phase of transmitted wave are estimated. Similarly, the amplitude and
phase for the reflected wave and the source wave (without any dielectric
perturbation) is estimated. For the forward propagation of wave transport
shown in Figure 3.8(a), the phase sensitive detection technique applied
to estimate the transmitted, reflected and the source wave amplitude
and phase, yields the results shown in Figure 3.6(a), Figure 3.6(b) and
Figure 3.6(c), respectively. Such an estimation of the transmitted wave
amplitude and phase, is to implement the phase conjugation operation to
focus back at the source location. The phase conjugate source is injected
at the same plane as an array of dipoles, where the transmission in the
forward propagation was estimated. The details on focussing through

16: Using the phase sensitive lock-in detec-
tion scheme to determine the amplitude
and phase of the outgoing wave, requires
only a single cycle of the outgoing wave
upon achieving steady state during the
wave propagation. Hence, the outgoing
waves need not be stored for large time
durations for the eventual purpose of time
reversing the waves to obtain a focus.

[87]: Nihei et al. (2007), ‘Frequency
response modelling of seismic waves
using finite difference time domain with
phase sensitive detection (TD—PSD)’
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Figure 3.6: The spatially resolved ampli-
tude and wrapped phase of the (a) trans-
mitted wave estimated using the equation
3.15 associated with the Phase sensitive de-
tection (PSD) scheme, for the wave trans-
port scenario shown in Figure 3.8(a) and
the sample given in Figure 3.7, is plotted.
Similarly, PSD estimation for (b) the re-
flected wave and (c) the source wave on
the transmitted side are also given.
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phase conjugation is explained in the following section.

3.3 Wavefront shaping : Focussing through
phase conjugation

This section demonstrates the wavefront shaping applications of focussing
through a stationary disorder given in Figure 3.7. The single speckle
focussing is explained as the following, which involves phase conjugation
onto the source location from which the wave was originated.

3.3.1 Single speckle focussing

Time reversed focussing onto a small focal region (typically of the
order the size of a wave speckle) through a diffusive disorder, has been
reported in different physical domains. The earliest attempt[88] of the
practical realisation of the concept of time-reversal was using transient
acoustic waves involving an acoustic time-reversal mirror. For a detailed
review on time-reversed acoustics, refer to[89]. The application involving
electromagnetic waves[90] followed, where a quasi monochromatic
electromagnetic pulse in the GHz range was time reversed to focus in
a reverberant room. Focussing of coherent light through a disordered
medium was first reported by Vellekoop and Mosk[1] using spatial
light modulators (SLM), by feedback-optimisation of the phase of the
monochromatic incident light to overcome strong multiple scattering.
Deriving ideas from several phase conjugation experiments 7 , modelling
aspects of focussing using time-reversal (or phase conjugation for a
monochromatic wave) is discussed in this section. Once the amplitude
and phase of the transmitted wave is determined as per the phase sensitive
detection method explained in Section 3.2.3, the transmitted wave can be
time reversed by setting t = —t and time stepping the transmitted wave
Etrans(r, —t)|ry as the phase conjugate wave, injected at the transmission
boundary I'r (as a one way source), as shown in the Figure 3.8(b). Three
main properties are observed.

1. The disorder helps in attaining high spatial resolution while fo-
cussing on phase conjugation. The focal spot has a size of the order
A/2, as shown in the Figure 3.8(b) and Figure 3.9(c), which is typi-
cally the size of a speckle spot[93, 94]. Hence, a random disorder
incident upon by a phase conjugate wave, operates equivalent to a
larger-aperture scattering-lens, approaching the diffraction limit
for focussing.

2. Total transmission value is =~ 2/3 upon phase conjugation, which
a universal constant[95] , when the transmitted wave during for-
ward propagation is completely measured without any loss in
the detection. Such a universal value is independent of the non
absorbing sample thickness/microscopic scattering properties in
the diffusion regime (under the condition that total transmission
T < 0.25).

. k intensit
3. The Focussing contrast Cy = prs ey

average background intensity is of the
order of —20 dB as shown in the Figure 3.9 which is the field profile

obtained from Figure 3.8(b).
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Figure 3.7: Disorder refractive index
distribution (uniform distribution) ),y
used for FDTD wave propagation is
shown. ko fL = 251.0163, kW =
1251.8, reference medium refractive in-
dex of n,f = 14, source frequency
fsre = 32X 1014, wavelength in the
reference region A,y = 669.18 nm,
max[n(z,y)] = 1.6947, min[n(z,y)] =
1.0237 and kye f Az = kyep Ay = 0.2076.

17: The experimental phase conjugation
of light can be performed using differ-
ent methods. [91] used a photorefractive
LiNbO3 crystal to perform a holographic
recording of the transmitted field through
a scattering medium and perform phase
conjugation through the same scatterer
by playing the phase conjugate wave back
using a reference beam. [92] used the dig-
ital optical phase conjugation (DOPC)
scheme where a spatial light modulator
(SLM) was used to playback the phase
conjugate wave through the scattering
medium. [8] measured the optical trans-
mission matrix of a scattering medium and
estimated the phase conjugate wave for fo-
cussing, using the information contained
in the measured transmission matrix.

[91]: Yaqoob et al. (2008), ‘Optical phase
conjugation for turbidity suppression in
biological samples’

[92]: Cui et al. (2010), ‘Implementation
of a digital optical phase conjugation
system and its application to study the
robustness of turbidity suppression by
phase conjugation”

[8]: Popoff et al. (2010), ‘Measuring
the transmission matrix in optics: an
approach to the study and control of light
propagation in disordered media’

[95]: Vellekoop et al. (2008), ‘Universal
optimal transmission of light through
disordered materials’
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Figure 3.8: Forward propagation and phase conjugation of a wave in a disordered medium (in the diffusion regime) are shown. (a) The
forward propagation of the wave due to a dipole source placed together with a total-field /scatter-field (TF/SF) boundary at the left side of
the disorder is shown. For the forward propagation, the total transmission, T = 0.2410, reflection, R = 0.7544 and T + R = 0.9954. The
corresponding disorder is shown in Figure 3.7. The phase sensitive detection (given in Section 3.2.3) of the amplitude and phase of the
transmitted, reflected and the source wave, are shown in Figure 3.6(a), (b) and (c), respectively. (b) Single speckle focussing (described
in Section 3.3.1) through phase conjugation from right side of the disorder is shown. The total transmission upon phase conjugation,
T = 0.6729 (approximately around the ensemble averaged transmission value of 2/3), reflection, R = 0.3310 and T + R = 1.0040. The field
plots associated with both the forward propagation and the phase conjugation have clipped colour map limits as shown, to make the
transport paths visible. For the actual order of the intensity around the focus and the background, refer to Figure 3.9.
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Figure 3.9: Transmitted field intensity profile at the focus during phase conjugation is plotted. (a)The field intensity at the plane of focus
during the phase conjugation operation as shown in the Figure 3.7(b). (b) The decibel plot of the field intensity, normalised with respect to
the peak intensity is shown. The background around and below -20 dB level is seen. (c) Figure 3.9(b) zoomed around the focus to show the
—6 dB full-width half maximum width approximately of the order of ~ A, f /2, where =~ A,, =470 IMNre £ and A the free-space wavelength.

For both the forward propagation and the phase conjugation shown in
Figure 3.8 (a) and (b), the sources are implemented as dipole sources
instead of monopoles. This is mainly to direct the point source along the
longitudinal direction (z direction) and minimise'® transverse oscillation
of the source wave along y direction. For the results shown in Figure 3.8
(a) and (b), a stationary disorder was used. But in case of biological tissue,
there could be random particle motion inside the medium, which affects
the stability of the focus for a given phase conjugate wave estimated from
the forward propagation. Hence, in the next section, de-focussing of a
given phase conjugate wave due to random Brownian motion is studied
in terms of various dimensionless scalable parameters.

3.4 Effect of sample decorrelation on the
stability of the focus

In this section, the role played by the sample decorrelation due to
Brownian motion on the stability of focus[80] attained by wavefront
shaping in dynamical media is studied. As shown in Figure 3.2, the
analysis is divided into two main parts involving two kinds of FDTD
formulations. The first kind is the FDTD time-stepping which is done on
the Langevin equation to induce the Brownian motion on the scattering
particles, creating an ensemble of particle spatial configuration states. The
second FDTD routine is for time stepping the wave transport phenomena
as explained in the previous sections. The random Brownian force acting
on the particles!” is parametrised by the particle diffusion constant
Dg, through the well-known fluctuation-dissipation theorem.20 If the
random force acting on a particle is known along with the frictional
drag coefficient, then the temporal evolution of the particle position
can be estimated. The mean square displacement averaged over many
particles (as an implicit function of time) MSD(t) = (|(¥(t) — F(0)|?) can
be calculated where F(t) is the position vector as a function of time. For

18: This is because the transverse bound-
aries are reflecting boundaries and any
prolonged oscillation of waves along
transverse direction (especially generated,
if monopole sources are implemented)
causes FDTD flux conservation (R +T =
1) to converge at a slower rate with re-
spect to the total number of time-stepping
needed for attaining steady-state.

[80]: Blochet et al. (2019), ‘Enhanced sta-
bility of the focus obtained by wavefront
optimization in dynamical scattering
media’

19: Particles are mono-disperse with a
given radius and the refractive index is
taken to be uniform across all the parti-
cles.

20: The fluctuation-dissipation theorem
is a topic discussed under the context of
non-equilibrium statistical mechanics. For
proof and discussion, one may refer to
equation 1.12 of chapter 1, [96] or equation
3.14 of chapter 3, [97] .

[96]: Zwanzig (2001), Nonequilibrium

statistical mechanics

[97]: Balakrishnan (2008), Elements of
nonequilibrium statistical mechanics
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representational convenience, the dimensionless MSD(#) is defined as
MSD(t) = (kfef|(7(t) — 7(0)[?) and this form will be used throughout
this chapter. The particles in this chapter are modelled as soft particles
(without hard collisions) instead of the hard collidable version, mainly
for the simplicity of the numerical implementation. The Brownian spatial
trajectory for all the soft particles undergoing Brownian motion, according

to the Langevin equation, is stored for each time-steps, thus forming an

ensemble of particle spatial configuration states (numbered 0, 1, 2, 3 etc..).

A focus can be created by the phase conjugation onto a point source using
the first particle spatial configuration state (numbered 0). The temporal
stability of the focus with respect to sample Brownian motion can be
estimated by performing separate FDT D wave transport modelling for
each of the remaining particle spatial configuration states (numbered
1,2,3,4 etc..), one after the other. The following section explains the
FDTD formulation for the Langevin equation for time-stepping the
Brownian particle motion.

3.4.1 FDTD formulation of the Langevin equation for
Brownian motion

Let the position vector 7 as a function of time ¢ is given as F(t) =
z(t)é; + y(t)é,. The 2D Langevin equation for a single scattering particle
can then be written for each of the Cartesian position components as the
following

2D Langevin equation for the single particle Brownian motion

a2 [ z(t)e; ]z_ i[ z(t)e; ]+[ fr ) e

maE |y, | T 7| vz, fry(t)éy] i

where m is the mass of the particle, é; and &, the unit vectors along z and
Y,y is the friction coefficient associated with the Brownian motion, f/ is
the z component and f is the y component of the random Brownian
force acting on the particle. Although the force components f; and f?
fluctuate randomly in time, its statistical property such as the temporal
autocorrelation function is a known deterministic function as given below

(FEOFEE) = (F(OF )y =2Bs(t—t) (3.17)

where B = KTy from the fluctuation-dissipation theorem such that K is
the Boltzmann constant and T the temperature. Equation 3.17 implies that
the random force components are delta correlated in time. The Brownian
diffusion constant Dp = (KT /y) can be set to control the B parameter
appearing in the autocorrelation function and eventually leading it to
the definition of the random force components f; and f? used in the
numerical implementation. The section 2.2 of [98] describes a method
by which the random force component f; or f?, obeying the Brownian
autocorrelation function given in 3.17, could be numerically generated.
First, a uniformly distributed and uncorrelated random number rand,
spread in the interval [-0.5, 0.5] is defined to generate a delta-correlated

[98]: Grassia et al. (1995), ‘Computer
simulations of Brownian motion of
complex systems’
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Figure 3.10: The Langevin FDTD formalism for the Brownian particle motion is demonstrated. (a) Geometry of the scattering problem
involving Brownian particles is shown. Monodisperse Brownian particles (2500 in number) have a common dimensionless diameter of
2kyefrp = 2.011 and same refractive index of 2.2782, against a background refractive index of 1.3. Every particle shown undergoes Brownian
motion as per the Langevin FDTD equations 3.20 and 3.21. (b) The square root of the dimensionless Mean Squared Displacement (MSD)
as a function of the dimensionless time ¢ /7 where 73 is the Brownian time constant is plotted. The Brownian time constant 7p is defined

(chapter 9 of [17]) as 3 = 1/ (4DB kfﬁ f)‘ The plotted curve is the average dimensionless MSD, averaged over all the Brownian particles. Dp
is the Brownian diffusion constant (m?2/s), kfg g Dp has the dimension of (1/s) and d = 2 is the dimensionality of the problem being 2D. (c)

Similarly, the plot for the dimensionless MSD(t) is also shown, which has a linear behaviour with respect to ¢ /#g.

N y z 21: rand random variable has zero mean
time-series for the force components f,” and f7?. Due to a known property and is uniformly distributed between

of the autocorrelation function that its maximum value at the zero lag (f — [~0.5,0.5] with a variance of 1/12.

t’ = 0) is the variance of the time series, the f; or f7 time series generated

using the rand function, has to have the right variance corresponding to

the equation 3.17. Hence, first normalise the rand random variable?! to

have unit variance by dividing it with the standard deviation 1/V12 of

a uniformly distributed random variable in [-0.5, 0.5]. Secondly, from 22: 1/dt came from the discrete version of
equation 3.17, variance of the time series has to be 2B/dt = 2KTy/dt, ;h;DlraC_delta function given in equation
which?? is the maximum value of the auto-correlation function at the o

zero lag (t —t’ = 0). Hence, the standard deviation /2B /dt = \2KTy /dt

should be multiplied onto the normalised rand/(1/ V12) value, yielding
the following definition for the random force components as a random

variable[98]
frfl = 2KTy | rand
r r dt L
Vi2
24KTy

Then, the finite difference formulation of the Langevin equation can
be obtained as the following. First, solve for the z position Cartesian
component and the analysis for the y position Cartesian component



3 The methods in the Time Domain for wavefront shaping | 71

follows the same as that of the z component. Applying the central
difference scheme on the first and the second order temporal derivative
of the z position component given in equation 3.17,

L A I
m et ==y gE )+ fr
Zn+l P Zn—l Zn+1 _ Zn—l o
m( 2 ) =—y (T) +f; (3.19)

where 7 is the time step index and f”" is the n*" random variable drawn
from the equation 3.18. Solving for z*1

FDTD time stepping equation for the single particle Langevin
equation in 2D

2
Zn+1 — dm 2" —2m + )/Af Zn—l T 2At rz,n
2m + y Ay 2m + y Ay 2m + y Ay

(3.20)

Similarly, for the y position Cartesian component,

)y” . (—Zm + )/At) nl 202 o

n+1 4m
2m + y A 2m +yA |77

Y T \om+ YA
(3.21)

Although the equations given in 3.20 and 3.21 are given for a single
particle, the same equations could be applied on a collection of “soft”?>

particles independently. Here the term “soft” refers to the assumption
that the particles don’t interact with each other and pass over one
another without any hard collision. The particle starting position (zo, ¥o)
is initialised randomly for all the particles within the computational
domain and time stepping equations 3.20 and 3.20 are used to obtain
their individual trajectories, beginning from the starting position. The
results associated with such a FDTD time-stepping, on all the Brownian
particles, are given in Figure 3.10. As indicated in the Figure 3.10(c), due
to the linear relationship between dimensionless time ¢ /75 and MSD(t),
either the term f/7p or the term MSD(t) can be interchangeably used
to study the dependence of wave focussing through wavefront shaping
and the parameters involved with that of the Brownian motion. Here,

the Brownian time constant 73 is defined as 73 = 1/ (4DB kfe f) following
the definition given in chapter 9 of [17]. Next section studies such a

role played by Brownian motion, on the stability of the single speckle
focussing attained by phase conjugation.

3.4.2 Single speckle focussing vs Brownian motion

First, just using the first particle configuration state of the Brownian
particles, a focus is generated by phase conjugation as shown in the
Figure 3.11(a), using the methodology given in Section 3.3.1. For creating
such a focus, the disorder is taken to be stationary without any Brownian

23: Soft Brownian particles (taken as an
assumption in the modelling) imply that
the particles pass over each other without
any hard collision interactions. Such an
assumption is taken for the simplicity and
easiness of modelling, as the implemen-
tation of the hard collision of Brownian
particles may be an unnecessary sophisti-
cation for the intended goals of this sec-
tion. Also, the particles don’t flow out of
the grid boundaries. Upon crossing the
boundary, the numerical implementation
ensures that the particles rebounds to the
interior.
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Figure 3.11: The single speckle focussing and the decorrelation effect of the obtained focus, due to the Brownian motion are
plotted. Three instances of focussing are shown, starting with a disorder in the diffusion regime (with an unshaped transmission
of T = 0.2269, reflection, R = 0.7829 and T + R = 1.0098). (a) At 7/t = 0, a wave focus is attained via phase conjugation with a

transmission of T = 0.6769 ~ 2/3, R = 0.3247 and T + R = 1.0016, where 15 = l/(4Dkae

f

) is the Brownian time constant as discussed

before. But, in the onset of Brownian motion, the single speckle focus starts to get defocussed as expected, as shown in (b) where
T/t = 0.051, T = 0.3385,R = 0.6654,T + R = 1.0039 and (c) finally, for 7/7p = 0.619, the focal spot gets defocussed fully where
T =0.2370,R = 0.7689, T + R = 1.0059. All these field plots have clipped colour map limits as shown to make the transport paths visible.
For the plots involving the total transmission and the peak intensity, against the Brownian evolution of the disorder, refer Figure 3.12.

motion incorporated. Once such a focus is created, different runs of
wave FDTD simulations are done separately by changing the particle
configuration states obtained by the Langevin FDTD time-stepping of
the Brownian motion, using the same phase conjugate wave used for
creating the focus which involved the first (initial) particle configuration
state. Such a formulation of wave transport using different separate runs
of particle configuration state in which the wave attains steady state
for each of the runs individually, can be referred to as a quasi-static
approximation. Each particle configuration state has its own f/7p or a
dimensionless M SD(t) associated, with respect to the initial or the first
particle spatial configuration state. As shown in Figure 3.11 b) and c), as
time progresses, the Brownian motion scrambles the incident wavefront
which was originally used for focussing and eventually the sharp focus
disappears. For the quantitative measures involving such a defocussing
due to disorder decorrelation, refer to Figure 3.12.

For a disordered sample with an unshaped transmission of the order of
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Figure 3.12: Evolution of the normalised peak intensity and the total total transmission during phase conjugation for focussing, due
to the Brownian motion (as shown in Figure 3.11), are plotted. Reduction of the peak intensity at the focus is shown against the (a)
dimensionless time, ¢ /7p and (c) the dimensionless MSD(t). Similarly, the reduction of the phase conjugated total transmission, due to the
Brownian motion is plotted in (b) and (d). Three samples having similar unshaped transmission of 0.2349, 0.2017 and 0.2269, are used.
Transmission upon phase conjugation, just before the initiation of the Brownian motion are 0.6268, 0.6616, and 0.6769 for sample 1, 2 and 3,
respectively.

N

0.2349, the total transmission drops from =~ 2/3 to the average unshaped
transmission value, within ¢ /tp or {(k;. f|r|)2> value of 0.5 as shown in
the Figure 3.12 (b) and (c). Similarly, the peak intensity formed due to
the focus also fades away and gets disappeared within the averaged
background as shown in the Figure 3.12(a) and (c). This quantifies the
stability or the sensitivity of the focus for diffusive transmission in the
regime around a transmission value of 0.22, against the Brownian motion.
This also point out the experimental challenge to perform single speckle
focussing in media with fast Brownian dynamics in the light transmission
diffusion regime.

Until now, wave focussing outside a disordered region was discussed.
Next section deals with a relevant time dependent phenomena in the
context of wavefront shaping referred to as the space-time modulation
(STM), which is a generalisation to the acousto-optic effect, to be used as
a “guide-star" to focus light inside the disorder.

3.5 Finite difference Time domain (FDTD)
formulation of the wave equation for a
Space-Time Modulated (STM) medium

Single speckle focussing via phase conjugation through a random
medium was presented before. In such a method of focussing, the
focal spot formed due to the phase conjugated wave was outside the
random media. In some cases, it is desirable to have the focussed region
to lie within the random medium. Such a geometry will be particularly
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suitable for tomography applications in random media, by creating a fo-
cussed source inside. This is experimentally achieved by incorporating a
“guide-star"[26] inside the random medium, which serves as the reference
region where we desire to focus through. The guide-star could be based
on focussed ultrasound[27], fluorescence [99] or nano-particles[100] . In
the following section, the finite difference scheme for implementing the
effects of acouso-optic modulation as a guide-star is explained. An FDTD
scheme was reported by[28] for modelling an acousto-optic region as a
guide-star. In this chapter, a different perspective of looking at the same
problem is presented, which involves a space time modulated (STM)
region operating in the Raman-Nath regime and the phase sensitive
detection of the modulated harmonic wavefronts.

The generalised theoretical framework used for modelling the effects of
acouso-optic modulation is referred to as wave propagation in the space-
time modulated medium. Refer [82, 101] for a detailed review regarding
the theory and applications of space-time modulated systems. When
a carrier wave at temporal frequency wy interacts with a STM region
represented by €,(r, t), temporally harmonic wavefronts emerges due
to the interaction. In this chapter, €,(r, t) is configured to have only one
temporal frequency, w4 Then, the harmonic wavefront components
(otherwise referred as side-band wavefronts) emerging from the STM
region have temporal frequencies (...wo — 3Wyod, W0 — 2Wn0d, @0 — Wmod,
Wy + Wod, Wo + 2Wnod, Wy + 3Wpod, --- )- Next, the FDTD formulation
of the generalised wave equation (equation 3.1) with time dependent
dielectric constant €,(r, t) is presented.

Generalised Time-domain Helmholtz wave equation

1 0%

VZE(r,t) - ==
( c2 ot?

(e/(r,t)E(r,t)) =0 (3.22)

Using the product rule for the second order temporal derivative, equation
3.22 can be expanded as

VE( 1) = ~ 2 (e DE( 1)
7 - Cg at2 r 7 7
1 02 0 0 02
= % {e,(r, t)%E(r, £)+2 (Eer(r, t)) EE(r, )+ E(r,t)ﬁer(r, t)}

(3.23)

To obtain the discrete version of the above given equation (similar to that
of section Section 3.2), following operator notations Dy,][...] and D2[...],
representing the first order and the second order temporal derivatives,
are presented in the side note?* which could be used for simplification

[26]: Horstmeyer et al. (2015), ‘Guidestar-
assisted wavefront-shaping methods for
focusing light into biological tissue’

[27]: Xu et al. (2011), ‘Time-reversed
ultrasonically encoded optical focusing

into scattering media’
[99]: Si et al. (2012), ‘Fluorescence

imaging beyond the ballistic regime by
ultrasound-pulse-guided digital phase
conjugation’

[100]: Hsieh et al. (2010), ‘Digital phase
conjugation of second harmonic radiation
emitted by nanoparticles in turbid media’

[82]: Taravati et al. (2019), ‘Generalized
space-time-periodic diffraction gratings:
Theory and applications’

[101]: Taravati et al. (2020), ‘Space-time
modulation: Principles and applications’

24: Operator notations Dy [...]and D2[...],
representing the first order and second or-
der temporal derivatives used to discretise
equation 3.23, are given as the following

er(zr Y, t)|f=(1’l*l)df = 6:,11./]. (324)

d

Eer(zryrt)lt:(n—l)dt =
entl _ en-l
ij i,j

o =D, [e" ] (3.25)
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purposes. Then, the discrete form of equation 3.23 can be written as,

Efjat Bl =260 | Bl * Bl ~ 2B
N A2
-1 +1 +1 -1
o[BS B 2o, 2(E - E) D[, pr p2 [ e

(3.27)

Let A, = Ay = As and rearranging the above equation to define parame-
ters wg, w1 and w»

n n n n n n -
{EH,J‘ +Ei - 2Ei,j> + {Ei,j—l +Ei - 2Ei,j} =
e A2 A2D, [ey_ ] A2D? [e;? ]
Ti,j s -l 4 pr+l _opn H pr+l _ pn-l H n
2| \Fij YR TR T T |\B TR )T 2 ij
(coAt) oA €
————
| |
wo
w1 w2 . .
(3.28) 25: If there is no time dependence for
' the dielectric constant €,(r, t), then the
) ) ) . ) STM modulation gets nullified and wq =
Using the defined terms wy, w; and wy, a time-stepping equation can be wy = 0 due to the reason that the tem-
formed (similar to that of section Section 3.2) for E ?,;Fl, in terms of E ?] poral derivatives D, [e;‘”] and D2 [eyi],]
and E;l,j_l’ by rearranging25 the equation 3.28. reduces to zero, recovering the equation

3.6 for a temporally stationary medium.

FDTD time stepping equation involving a STM region

2wy — w Wy — W -
pril = (2207 %2\ e (0T L) Pl
L] wo + W1 L] wo + wq L]

1
(—wo — ) {(E?_u +EL - ZEZj) + (E;jj_l FED - 2E;f].)}
(3.29)

Note that the space-time modulation is encoded in the space-time de-
pendence of €7 . Next subsection discusses the method by which the
amplitude and f)hase of the modulated sideband (harmonic) wavefronts
are estimated and filtered out.

3.5.1 Phase sensitive detection of the modulated harmonic
(sideband) wavefronts

The carrier light source is a continuous wave with temporal frequency
wo, propagating through a disordered medium and it interacts with a
localised space-time modulated (ST M) region within the wave propaga-
tion domain. The ST M region acts as a travelling grating oscillating at a
temporal modulation frequency, w04 and has the spatial modulation
frequency, k4.2 Due to the spatio-temporal interaction between the
light wave and the ST M region, the transmitted and the reflected waves
contain different harmonic wavefront components having temporal fre-
quencies ..., w-3 = W — 3Wmod, W-2 = W0 — 2Wmod, W-1 = Wo — Wnod,

26: For the STM modulations presented
in the chapter w0y < wo and kyq <

Kref-
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W41 = W0+ Wpod, W42 = W0 +2Wmod, W+3 = W0 +3Wmod, €tc.... Generally
Win = W0 £ NWyeq Where the n (as a bold letter n to distinguish from
the FDTD time stepping index 71) denotes the temporal diffraction order
number? involved in the STM modulation. For phase conjugating a
particular modulated harmonic (side-band) wavefront, the amplitude
and phase of that particular modulated wavefront, at a given n value,
have to be determined. Such a phase sensitive detection scheme is given
in [87] for seismic waves (for a multi-frequency scenario where there
is a constant frequency separation w4 between various harmonics
components). Let the multi-frequency transmitted wave be Etyq,5(7, )|,
evaluated at the transmitting boundary. Lets say that the amplitude
and phase of the n'" modulated wavefront with temporal frequency
Wn = W0 + NWyeq has to be estimated. Let there be two reference signals
oscillating at the n*" order temporal frequency such that,

E;efoo = Erepcos(wnt + Oref)
EN™ = Eyopcos(wnt + Ores +70/2) (3.30)

re foe
where w, = Wy + NWy04, En fo

re fogo
En

is the in-phase reference signal at w, and

is the quadrature phase reference signal at w, corresponding to
the n'" harmonic frequency. In the implementation of the coding, the
amplitude E,.f can be set to unity and the phase 6,. to be zero, for
convenience. Next step is to measure the spatially resolved temporal
cross-correlation of the transmitted wave Eyrans(z, Y, t)|(z,y)erg, With that
of the in-phase reference signal and the quadrature phase reference
signal, over a time cycle where the time cycle is now the beating time
period tpeat = 270/ Wmod-

Phase sensitive detection for the n'" order temporally modulated
wavefront

1 t=to+tpeat .
chlarr(zl y)l(z,y)eFR = Foont [t E;efo (t)Etmns(Z/ Y, t)l(z,y)ergdt
ea =t
t=to+tpen
Ycorr(z )l _ 1 04055 Eref90° (t)E ( t)l dt
o 1Yz, y)etr = Foont Jis n trans\Z, Y, E)l(z,y)€T rans
=to

(3.31)

Then, the amplitude EJ*"*(z, y)|(,y)er, and phase ¢ (z, y)|(z,y)erx
of the n'* temporal component contained within the transmitted wave
Etrans(z,y, t)|(z,y)€1“R is reconstructed as the following

E;mns (Z, ]/)l(z,y)ETR = 2\/chlorr(zl y)z + Y,fwr(z, y)z/Eref
0 (2, Yl e = ban (G0 (2, )X (2, 9) + Orep (332)
Thus, the amplitude and phase of the n'" temporal component in the
% P % P

transmitted wave are estimated. Similarly, for the reflected wave, the
amplitude and phase of the n'" sideband component are also estimated.

27: The temporal order number n is an
integer due to the energy conservation
principle involved in the interaction pro-
cess between the ST M region oscillating at
a given monochromatic frequency w04,
and the carrier light wave at wo.

[87]: Nihei et al. (2007), ‘Frequency
response modelling of seismic waves
using finite difference time domain with
phase sensitive detection (TD—PSD)’
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3.5.2 Phase sensitive detection : Bragg vs Raman-Nath
diffraction from a ST M grating without any disorder
present

In this chapter, for the space-time modulated (STM) grating, the time
dependent relative dielectric permittivity constant €,(r, t) seen in the
equation 3.1, takes a sinusoidal spatio-temporal modulation in the STM
grating region as the following

() = e,(r, t) = €,

+ 6€r {1 + sin(kmoqlyy — Wmodt)} (3.33)
/ is the dielectric constant of the reference region surrounding
the grating, 6€, is the dielectric modulation amplitude, k04 = 27t/A is
the STM spatial frequency, w;;o4 is the STM temporal frequency and
n(r, t) is the refractive index. Let the average relative dielectric constant
of the grating be denoted as €, © = (—:Zef + 6€;. The diffraction from a
space-time modulated grating is categorised into two main regimes,[82,
102] namely the Raman-Nath regime and the Bragg regime.”® As there is
no sharp or sudden step-change cross-over from one regime to another at
a given fixed STM parameters, several works have been published with
a goal to define a parameter to distinguish the two regimes of operation.
Historically, an earlier popular choice was to use the Klein-Cook[103]
parameter Q to broadly distinguish the regimes. Q is defined as the

following

re
where €,

21AL
Aznref

Q:

k2 L
mod :(kmod (3.34)

kmoaL) =
kref krgf)( mod )

where ky.r = (2111, f) /A is the light spatial frequency, ky,0q = 27t/ A is the
STM spatial modulation frequency and L is the longitudinal thickness
of the grating. For Q > 10 probability for being in the Bragg regime is
high and on the other hand for Q of the order of unity or below, it is
the Raman-Nath regime which is highly probable now. For the validity
of the Klein-Cook parameter in identifying the operating regime to be
Bragg or Raman-Nath, one more parameter v has to be considered[103]
as a constraint for capping the degree of modulation, while setting the
STM parameters given in equation 3.34. It is recommended[103] to have
v < 6, for the validity of the analysis involving the Q parameter where v
is given as

v = (kperL) €y (3.35)
such that 6e€ is the peak dielectric constant modulation due to the
STM grating. Based on the Q parameter, the operating regime of the
STM region can be carefully tuned by selecting appropriate parameters
associated with the carrier wave and the STM region. A detailed mod-
elling study for that is given by Taravati and Eleftheriades[82], which
is extended and generalised in this chapter by incorporating the phase
sensitive detection (as shown in Figure 3.13(b) and (d)) and phase conju-
gation, to be made adaptable for wavefront shaping application needs in
the disordered media. An example of such a tuning to choose between
the Bragg regime and the Raman-Nath regime, without?® any disorder
present, is provided in Figure 3.13, where the parameters used are given

[102]: Moharam et al. (1978), ‘Criterion
for Bragg and Raman-Nath diffraction
regimes’

[82]: Taravati et al. (2019), ‘Generalized
space-time-periodic diffraction gratings:
Theory and applications’

[103]: Klein et al. (1967), ‘Unified approach
to ultrasonic light diffraction’

28: The Raman-Nath regime is occasion-
ally referred as the thin-grating regime
with a comparatively lower spatial mod-
ulation frequency. The Bragg regime
is sometimes referred as thick-grating
regime with a comparatively higher spa-
tial modulation frequency. The Bragg
regime is characterised by one or two spa-
tial diffraction orders as shown in Figure
3.13(a) and the Raman-Nath regime is char-
acterised by multiple spatial diffraction
orders as shown in Figure 3.13(c).

29: The purpose of studying the STM
grating response without any disorder
present, is to validate and verify that the
ST M grating works as intended, as adding
a disorder would scramble and mix var-
ious spatio-temporal diffraction orders.
Disorder will be added later along with
the STM grating operating in the Raman-
Nath regime, for achieving the intended
goals of this chapter.
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Figure 3.13: Phase sensitive detection scheme explained in Section 3.5.1 applied onto the spatio-temporal diffracted orders involved
with the Bragg and the Raman-Nath regimes, without any disorder present. (a) The total field associated with the wave propagation
involving a STM region (enclosed within the green box) operating in the Bragg regime is shown. Two spatial orders indexed by m = 0 and
m = +1 are shown such that the STM modulation within the green box propagates upward along +Y axis. For the Bragg regime shown
in here, kyoqL = 64.21 and ky.fL = 87.9646, where L is the longitudinal thickness (along z axis) of the STM region, ky;o4 [kye =073,
Wmod/wo = 0.2, Klein-Cook parameter Q = 46.8763 and v = ki, fLoer = 5.982 where 6¢, = 0.068. (b) Phase sensitive detection of the
temporally modulated wavefronts with temporal frequencies wn = @ + nwy,,4 is performed, where n is the temporal order number
(represented as a bold letter n to distinguish from the FDTD time stepping index 1). Both amplitude and phase of the modulated
wavefronts are estimated and only the amplitude is plotted. (c) The total field associated with the Raman-Nath STM diffraction orders
are shown. Here, there are multiple spatial diffraction orders indexed by m and the temporal diffraction orders are plotted in (d). For the
Raman-Nath regime shown here, k4L = 3.7196 and kL = 9.2991, kmgd/k,gf =04, Wyod/wo = 0.2, Klein-Cook parameter Q = 1.4879
and v = ky.sLo€r = 4.6496, where €, = 0.5. For both the Bragg and the Raman-Nath regimes, the STM grating takes the form given in
equation 3.33, with a single temporal frequency component Q,,,,4 and a single spatial frequency component k4.
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in the figure caption. In the Figure 3.13, various temporal diffraction
orders are denoted by the index n and the spatial diffraction orders
by the index m. As the STM region is travelling (modulated) upwards
along +Y, the interaction between the light wave and the STM grating
causes the spatial diffraction orders of positive indices (where m > 0)
to diffract upwards with respect to the zeroth (m = 0) spatial order.
This is due to the momentum conservation of the interaction process,
between the light wave and the STM wave. If the STM region was
propagating downwards along —Y direction, then the spatial orders seen
before diffract downwards. For detecting the amplitude and the phase of
the n'" modulated wavefront with the temporal frequency wo + Nwy04,
a phase sensitive lock-in detection scheme covered in Section 3.5.1 is
employed.

In Figure 3.13, one may notice that for both the Bragg and the Raman-
Nath gratings, there is only one single temporal frequency Q,,,4 at
which the STM gratings oscillate. In addition to that, there is also
one single spatial frequency ky,4 at which the STM gratings vary
spatially along Y. Still, several temporal diffraction wavefront orders
(n=.,-1,0,+1,+2, +3, etc..) are generated as shown in Figure 3.13(d),
for the Raman-Nath regime. Also, it needs to be emphasised that, every
spatial order would contain many temporal diffraction orders, but at
different intensity levels. As an example, with respect to Figure 3.13(c)
and (d), the m = —1 spatial diffraction order would contain the n = -1
temporal diffraction order with temporal frequency w_; as its dominant
component, but also contains the temporal ordersn = 0, +1, 2, 3, ..etc.. at
weaker intensities in comparison with the n = —1 order. After confirming
(using Figure 3.13) that the FDT D coding for the ST M grating is working
as intended, disorder is added in the next section for using the STM
grating in the Raman-Nath regime as a guide-star for phase conjugation
applications.

3.6 Wavefront shaping in the Raman-Nath
regime : Focussing onto a ST M guide-star

Two kinds of phase conjugation involving the Raman-Nath ST M grating
given in Figure 3.13(c), but this time involving a disordered medium are
shown. Case 1is when the STM region is on the left side of the disorder
as shown in the Figure 3.14(a), directly being excited by the incident beam.
The modulated wavefronts then undergo multiple scattering through the
disorder. The disorder has a transmission corresponding to the diffusion
regime as given in the figure caption. The second case is when the STM
region is surrounded by two disordered slab as shown in Figure 3.14(d),
which operates in the diffusion-to-ballistic cross-over regime (Refer the
figure caption for the transmission and the reflection value). An aspect to
be noted is that during phase conjugation, the STM region is switched
off.

30: One may notice that the spatial distri-
bution of the diffraction pattern from the
STM region has an asymmetric distribu-
tion around the m = 0 wavefront. This is
mainly due to conservation of momentum
involving the light wave momentum and
the momentum due to the STM modula-
tion which travels upwards along the +Y
axis. For further details, refer to [82].
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3.6.1 Phase conjugation onto a ST M guidestar

Using the phase sensitive detection scheme given in Section 3.5.1, the
amplitude and the phase of the n" modulated wavefront with the
temporal frequency wg + nwyeq is estimated for the phase conjugation
applications. Upon knowing the amplitude and phase of the desired
temporal order to be phase conjugated, the same amplitude and phase of
the wave can be assigned to an array of dipole sources (with the same
temporal frequency of the modulated wavefront detected, @) on the right
side of the disorder. This is to phase conjugate the wave to be focussed
on the STM region from where the modulated wavefronts originated.
An incident beam larger than the ST M region is used intentionally, to
verify that the phase conjugated wave due to the modulated wavefronts
converge back to the smaller STM region and not to the larger source
region (especially for the case 1, where the ST M region is on the left side
of the disorder).

Both the wavefronts corresponding to n = +1 (the upper sideband) and
n = —1 (the lower sideband), are phase conjugated separately as shown
in the Figure 3.14(b) and Figure 3.14(c) respectively, to demonstrate the
directionality®® of the phase conjugation involved. Figure 3.14 demon-
strates the focussing through phase conjugation, involving the STM
region placed in different relative positions with respect to the disorder.
For the case shown in Figure 3.14 (e), the phase conjugate wave from
the right reaches the STM region and then diverge to the left side of
the STM region, to be scattered back to the interior region (between
the two slabs) by the slab at the left side of the STM region. The two
slabs also cause the ST M modulated wavefronts to undergo multiple
scattering in the interior region upon forward propagation. These two
effects probably create the background intensity around the ST M region
within the interior region, upon phase conjugation. The two slabs and
the transverse mirror boundary conditions forms a scattering cavity if
the slabs are highly diffusive (in the deep diffusion regime, instead of the
diffusion-to-ballistic cross-over regime taken for the example shown in
Figure 3.14(d) and (e)). After observing the Figure 3.14, one could theorise
the scope for tomography to focus light locally inside the disorder. The
decorrelation of the sample (quantitatively explained in Section 3.4.1),
sets up a temporal threshold time (given in Section 3.4.1) by which the
phase conjugation has to be performed before the focus defocusses as
shown in Figure 3.11. This section presented one time phase conjugation
onto the STM region and the normalised intensity at the focus is given
in Figure 3.14(f). For enhancing the contrast of focussing, iterative phase
conjugation through a ST M region will be discussed in Chapter 4.

31: Inregards to the Figure 3.13, one could
observe that the n = +1 temporal or-
der diffracts upwards during the forward
propagation with respect to the n = 0 tem-
poral order, as the STM grating is trav-
elling upwards along +Y. Therefore, one
should expect that when the same tempo-
ral order n = +1 is phase conjugated, it
retraces the same direction from which the
diffraction order was originally emerged.
On the other hand, for the n = —1 tem-
poral order, it diffracted downwards from
the STM region with respect to then = 0
order on the forward propagation. Hence,
for the phase conjugation of n = —1 tem-
poral order, once again it retraces the same
direction from which the modulated wave-
front was originated. This is true, even
in presence of disorder as seen in Figure
3.14(b) and (c).
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Figure 3.14: Forward propagation and phase conjugation (PC) involving an STM region operating in the Raman-Nath regime for
two different geometries are shown. (a) Forward propagation at wg is shown, where the incident beam directly excites the STM region
(switched on, shown in blue colour, placed at the left side of the slab). Both the incident beam at wg and the modulated wavefronts
from the STM region, undergoes multiple scattering due to the disorder on the right. For the disorder without the STM region,
T =0.17490, R = 0.81642, T + R = 0.99133, therefore in the diffusion regime. (b) After phase sensitive detection of the wn=+1 wavefront,
it is phase conjugated at the same wn=+1 frequency, to focus back at the STM location which is switched off (shown in white colour).
T =0.58906, R = 0.41809, T + R = 1.00714. (c) Similarly, the phase conjugation of the wy-_1 wavefront at the same wn=—1 frequency is
shown, where T = 0.66045, R = 0.32681, T + R = 0.98725. (d) Forward propagation is shown, where the STM region (switched on, shown
in blue colour, placed between two disordered slab). For the combination of the two disordered slabs, without the STM region switched on
T =0.33453, R = 0.66692, T + R = 1.00145, hence in the diffusion-to-ballistic cross over regime. (e) Phase conjugation of the wn=4+1 wavefront
is shown at the same wn=+1 frequency, where it attempts to focus back to the STM region such that T = 0.56011, R = 0.43460, T +R = 0.99471.
(f) Intensity upon phase conjugation at the STM location is plotted for the case given in (e). Also, all the field plots have clipped colour map
limits as shown, to make the focussing and background region visible with sufficient contrast.
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3.7 Conclusion

The purpose of this chapter is to serve as an introduction to the FDTD
formulation needed for modelling the wave transport phenomena in time
domain. This is mainly to study the time dependent wavefront shaping
phenomena such as the focussing using an ST M guide-star and the effect
of Brownian decorrelation on wavefront shaping. Studying these time
dependent phenomena in the time domain was easier compared to the
frequency domain methods, analytically and computationally. Hence,
the change of direction from Chapter 1 (which described frequency do-
main methods) into the time domain methods presented in this chapter.
Although the time domain method lacks the analytical depth in under-
standing the transport physics when compared to the frequency domain
methods, the former is a valuable tool in exploring wavefront shaping
aspects discussed in the chapter for a quicker and easier comprehension
of the mentioned topics.

3.8 Future studies planned

A topic that is not explored in this chapter is the flux conservation
when the STM region is under operation. All the results given in the
chapter, where R + T = 1 is applicable for only those situations when the
ST M region is switch off while performing phase conjugation. The STM
modulation performs work and adds energy onto the light scattering
system. May be a generalised continuity equation needs to be incorporated
to address the work done by the ST M region onto the light wave. This is
to address the total energy budgeting of the ST M modulated system (to
be explored in the future). Also, a potential work which could be explored
in the future is to translate all the modelling explained in this chapter into
the frequency domain. That will help to estimate the transmission matrix
in presence of the STM region and estimate the eigenchannels through
the STM region. To the best of my knowledge, only the experimentally
obtained transmission matrix[4] in presence of the ST M region has been
published. The theoretical and the numerical investigation of such an
acousto-optic transmission matrix is yet to appear in the literature.

82



Iterative phase conjugation in
various wavefront shaping
scenarios

4.1 Introduction

This chapter focusses on the modelling of the iterative phase conjugation
phenomena for various wavefront shaping scenarios. The word “iterative"
corresponds to the phase conjugation of the waves from the left and
the right sides of the disorder, sequentially, starting from an unshaped
wave incidence to converge upon a limiting behaviour of interest after
several round trips. The limiting wave transport behaviour of interest in
this chapter, upon iterative phase conjugation, is regarding the spatially
constricted transport inside the disorder. The significance of such an
iterative process is two fold. The first aspect is regarding the reason that
the measurement of the transmission matrix is a time consuming process.
The transmission matrix measurement also requires the medium to be
stationary for a period of the full probing of the entire transmission ma-
trix, to access the eigenchannels of the system. Iterative phase conjugation
is comparatively a faster process and has the potential to access the maxi-
mally transmitted eigenchannel as modelled in this chapter. The second
aspect is to increase the flux transport through a given region inside a
disorder by the iterative phase conjugation method, in comparison to the
one-time phase conjugation method given towards the end of Chapter
3. In the context of the experimental iterative phase conjugation, there
are works published in acousto-optics[29, 104] and ultrasonics[105] for
focussing applications. This chapter mainly focusses on the transmission
enhancement and enhancing the focussing contrast attained inside a
disorder, due to the iterative phase conjugation operation.

In the first half of the chapter, the iterative phase conjugation involving a
dielectric aperture (with an opening) with a disorder placed around the
aperture, is studied. Such a study is done using the frequency domain
model developed in Chapter 1 which includes the estimation of the S
matrix. This is followed by the study of the iterative phase conjugation
involving a space time modulated (ST M) guide-star region operating
in the Raman-Nath regime surrounded by a disordered region. Such a
study involves the methods introduced in Chapter 3. Both the first half
and the second half of the chapter, deals with the effects of attaining
coherent control of waves inside! the medium.

In the following section, the relation between the iterative phase conju-
gation and eigenchannels is explored. This would help to validate the
expected results due to iterative phase conjugation, by comparing it with
the maximally transmitting eigenchannel.

4.1 Introduction .......... 83
4.2 Relation between iterative phase
conjugation and eigenchannels 84
4.3 S matrix, eigenchannels and iter-
ative phase conjugation, for a disor-
dered constricting aperture. . . 86
4.4 Focussing contrast in the Iterative
phase conjugation through a Raman-
Nath STM region in time domain94
45 Conclusion . .......... 101

[29]: Si et al. (2012), ‘Breaking the spatial
resolution barrier via iterative sound-light
interaction in deep tissue microscopy’
[104]: Ruan et al. (2014), ‘Iterative
time-reversed ultrasonically encoded
light focusing in backscattering mode’

[105]: Prada et al. (1991), ‘The iterative
time reversal mirror: A solution to
self-focusing in the pulse echo mode’

1: It needs to be emphasised that the main
objective of this chapter is regarding the
enhancement of the total transmission out
of a disorder, while constricting the flow
through a specified region inside the disor-
der. Such an objective of enhancing the to-
tal transmission through a region, doesn’t
guarantee to converge upon a wave so-
lution that create a high intensity focus,
localised around the interested region in-
side the disorder. That is mainly because
the objective is to optimise the total trans-
mission constricted through a region and
not to obtain the largest intensity or fo-
cussing contrast at the region. There could
exist a wave hypothetically, that focusses
well on the constricting region inside the
disorder, creating a large intensity or fo-
cussing contrast, but doesn’t transmit well
out of the second half of the disorder.
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4.2 Relation between iterative phase
conjugation and eigenchannels

The relation between iterative phase conjugation and eigenchannels is
given in supplementary material of Katz et al[4] in the context of the
acousto-optic transmission matrix. Such a relation is generalised in this
section to include the gain factors. In addition to that, in this section
the equivalence between the maximally transmitting eigenchannel and
iterative phase conjugation is numerically validated using the frequency
model defined in Chapter 1 without including the STM modulation. Let
c; :?d be the modal coefficients of a random arbitrary wave incident on
the medium from the left to the right side of the disorder. As discussed
in Chapter 1, C;Zfd denotes the eigenmode basis expansion coefficients?
of the incident wave. Such a random wave to start the iterative phase
conjugation process, is flux normalised such that the flux injected by the
incident wave (without the disorder or the aperture) is unity. Then, the
transmitted wave at the right side of the disorder is given as

rop,pro d
Ctrans; = Sp PP pcf;f? (4.3)

where Sglr OPPTOP s the propagating part,® of the transmission matrix due
to the wave transmission from the left to the right side of the disorder
and C¢yqns, contains the modal coefficients of the transmitted wave. Let
the modal coefficiens of the transmitted wave represented by c¢;41s,, be
phase conjugated with a multiplicative gain ¢, (a scalar real number
multiplied onto the phase conjugated field value) from the right side
of the disorder. The gain factor g, is normalised such that the flux
injected by the phase conjugate wave from the right side of the disorder
(without any scattering) is unity. Then the phase conjugated wave before
entering the medium from the right side of the disorder is represented
as Cpe; = 82€;,,,5,» Where ™ denotes complex conjugation operation for
the phase conjugation. Then, using equation 4.3 the transmitted wave
through the medium from the right side to the left of the disorder is
given as

_ qpbrop,prop
Ctrans, = 512 Cpey

_ qPprop,prop *
- S12 (gZCtmnsl)

_ szrop,prop (g (Sprop,prop rand) ) (4.4)

mc

where szr OPPTOP is the transmission matrix for waves incident from the
right side to the left of the disorder. Due to the reciprocity principle * for

the propagating modes, Spmp PP = { Spmp’p MP} . Therefore

Ctrans, = S

PrUP/P”’P ( (SP"UP/P”)P rund) )
inc

= {siror wor’} ( 2(SEIoP TP rand))

ll’lC

=g {sH Y Sy ey 45)

znc

The next step is to phase conjugate ctrqans, With a scalar gain factor g
such that the influx injected from the left side upon phase conjugation is

[4]: Katz et al. (2019), ‘Controlling light
in complex media beyond the acoustic
diffraction-limit using the acousto-optic
transmission matrix’

2: As given in equation 1.60, the random
incident wave can be expanded in the
eigenmode basis as,

- d Miotal
ran
Eie (z, y)l(z y)ery = Z crand me(y)q)m(Z)
@1
such that,
rand + + + + T
Cinc = (Crand,]’ Cmnd/z’ Crand,3’ s Cmnd,Mpwp)
(4.2)

3: Refer the first row of the table 1.2, for
the evaluation of the matrix elements rep-
resenting the propagating part of the Sy1,
where both the incident and the transmit-
ted modes, are propagating.

4: The reciprocity principle involving the
propagating modes is explained towards
the end of Section 1.5.5 in Chapter 1.



4 Iterative phase conjugation in various wavefront shaping scenarios 85

again unity. This completes one round trip to obtain

— *
Cper = 81Ct14p5,
— prop,prop\T  prop,prop randy+ ¥
=& (gZ {sh }(sh € )

mc

=19 {SP"OP'P“’P} SP“’P Propcrand (4.6)

mc

where 1 denotes the Hermitian conjugate. The term {Sglr opprep }+ Sglr op-prop
is usually referred to as the time reversal operator[106] . Here, one round
trip consists of two phase conjugations and two transmissions through
the random medium as given in[4] . For the purpose of plotting, g1 and
> can be combined into a single term g1” € = ¢1¢2, where the subscript
IPC stands for iterative phase conjugation. After k number of round
trips, the incident phase conjugate wave is represented as the outcome of
the following limiting scattering behaviour

Iterative phase conjugation (IPC) profile after k roundtrips

pe _ ,IPC ,IPC ,IPC IPC prop,prop PrOP prop\" rand
€ =8 & 83 ({S } 5) ) Cine  (47)

IPC IPC

where g{P =8182, 8, ~ = 8384, 83 = 8586 etc..

As explained in Chapter 1, any wave that exist in the computational
domain can be represented in two different basis space. The first being
the eigenmode basis space and the second being the eigenchannel basis
space. As cm”d was represented in the eigenmode basis space, the
coefficients c’“”d is transformed into the eigenchannel basis space, by
using the smgular column vectors V' involved with the singular value
decomposition (S.V.D) of the Sp TP TP matrix. Therefore cfZ?d could be
represented in terms of d, Z?d in the eigenchannel basis[4] of the Sglr op-prop
matrix as given below

rand Vdrand (4.8)

lnC mc

f Sgolq’pmp such

where V is the matrix obtained from the S.V.D®
that, ULV = Sp PPV as given in Chapter 1. The flux normalisation is
represented as (| |C,rZ?d||L2 = ||Vd;’f?d| |1, = 1), where the L, norm of the
coefficients is unity. Therefore,

rop,propyt ~prop,pro
S NI A (417 (4.9)
. . t
as V contains the eigenvectors for {S§1TOp’p rop } Sglmp PP and [7], the

corresponding eigenvalue diagonal matrix. Therefore, combining equa-
tions 4.7, 4.8 and 4.9, the following is obtained when k approaches a

[106]: Prada et al. (1994), ‘Eigenmodes of
the time reversal operator: A solution
to selective focusing in multiple-target
media’

[4]: Katz et al. (2019), ‘Controlling light
in complex media beyond the acoustic
diffraction-limit using the acousto-optic
transmission matrix’

5: The significance of the gain terms

gIPC = g195, gIFPC = g3g4, §1FC = g5g6,

etc... is to balance the transmission loss
(due to the reflectance on propagation) as-
sociated with iterative phase conjugation

+ k
term ({Sglmp'pwp} Sglmp’pmp) , so that

the flux injected in every wave incidence
step is unity.

6: L is a diagonal matrix containing the
singular values, which are the square roots

. prop,propyT oprop,prop
of eigenvalues of {521 } Soy

+
or Spmp/pmp {Sprop,prop} The right sin-
gular vectors V of Spmp P is the eigen-

vector for {Sprap p‘rap} SPVOP PToP . Usu-

ally, the transmission coeff1c1ent matrix
for eigenchannels is given as [7] = X2
or X could be represented as & = \/m,
which is once again a diagonal matrix rep-
resented in terms of square root of eigen-
channel transmission coefficients. The di-
agonal elements of X are usually ordered

as 4/T1 > /T2 > /T3 etc...
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large number

rand
inc

k
pe Y IPC _IPC _IPC _IPC prop,prop\t oprop,prop
Climiting = HMk—oo81 8 83 8k ({521 } sy )

k
1 IPC _IPC IPC IPC (fcprop.propyt cprop,prop rand
=limiseog) 8y 83 -8k <{521 }521 ) v

— 1 IPC ,IPC ,IPC  IPCy_1ky/ grand
=limk—eo &' & &3 & LTI'Vdi!

(4.10)

The above given equation can be interpreted as given in the side note.”

After a large number of round trips (k — o0), the iteration would
converge into the limiting field profile represented by the maximum
transmitting eigenchannel (whose transmission coefficient is 7,4y = 1),
upon tuning the gain terms to obey the flux conservation equations,
given in the side note. The maximally transmitting eigenchannel and the
associated transmission coefficient, backed up by the gain terms becomes
the convergent solution upon iterative phase conjugation. All the other
eigenchannel modes with transmission coefficients 7, T3... < 71 = Tpax,
eventually loses out in the mode competition for survival, when a
large number of round trips is achieved. For performing iterative phase
conjugation (which includes the visualisation of the total field and the
estimation of the total transmissions), the S matrix will be evaluated as
per Chapter 1. This is mainly to access the Sp1 and S, matrices contained
within the S matrix.

4.3 S matrix, eigenchannels and iterative phase
conjugation, for a disordered constricting
aperture

In the following section, the evaluation of the S matrix for a dielectric®
aperture, without any disorder present in the computational domain, is
demonstrated. Once the S matrix is evaluated, the transmission eigen-
channels of Sglr PP and szr PPTP can be estimated. Such an analysis
is followed by the addition of disorder around the aperture to constrict
the multiply scattered waves through the aperture opening.

7: The incident waves from the left and
the right sides of the disorder, is always
flux normalised to inject unit flux (the
transmission without the disorder due to
the incident wave is unity). Therefore,

lVaz, =1 (411)

llgiPC e V||, =1 (412)

lIgiPC glPCla PV mnd||L, =1, ete..
(4.13)

where [1] = diag(t1, 172, 73, ...), dia g rep-
resents a diagonal matrixand 71 = Tyay >
T3 > 13, ... the diagonal elements. There-
fore, effectively the gain terms get multi-
plied onto the diagonal matrix elements.
The largest term in g{P ¢ gép ¢ gIICP Cle]*is

g{PCgéPCgII{PC (’c,nux)k, which gets natu-

rally dominant when k becomes a large
number. Hence the first eigenvector col-
umn of V, corresponding to 71 = Tpax,
dominates, resulting in the transmission
profile corresponding to the maximally
transmitted eigenchannel.

8: The aperture is made of dielectric mate-
rial with large dielectric constant value to
act as a non-absorbing but reflecting sur-
face. This ensures flux conservation such
that, T+ R =1.
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Figure 4.1: Geometry of the dielectric aperture and the total-field/scatter field (TF/SF) representation of the field due to the wave
incidence, from the left and the right side of the aperture, are shown. (a) The disorder dielectric constant perturbation value A€, (r) is
given. For the aperture, Ae,(r) = 45, against a uniform background refractive index 1, £ =19. W /Dgpert = 10 where Dgpert is the size of
the aperture opening. (b) The diffraction of the aperture due to the first eigenmode of the computational domain without the aperture,
incident from the left is given where T = 0.1953 and R = 0.8047. The aperture is enclosed in the green solid-dash boundaries and the
TF/SF boundary is represented using green dashed lines. (c) Similarly, the diffraction of the aperture due to the first eigenmode of the
computational domain without the aperture, incident from the right is shown where T = 0.1953 and R = 0.8047 is the same as before.

4.3.1 An aperture with an opening without any disorder

Figure 4.1(a) shows the geometry of the dielectric aperture used where a
large dielectric constant perturbation value of 45 is taken. Figure 4.1(b) and
(c) shows how the first eigenmode of the computational region without
the aperture would be diffracted by the aperture, if the mode incidence is
from the left side and the right side of the disorder, respectively. For many
of such incident eigenmodes incident on the aperture, the S matrix can
be evaluated using the same methods given in Chapter 1. The estimated
571 matrix is shown in Figure 4.2. The S.V.D of the S;1 matrix is used
to estimate the transmission eigenchannels of the disorderless aperture
as shown in Figure 4.3. The eigenchannel transmission coefficients 7 for
various eigenchannels through the aperture is given in Figure 4.4. The
shown eigenchannel transmission coefficients consists of either highly
transmitting or reflecting ones, with a step like change in between.
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Figure 4.2: S>; for an aperture with an
opening without any disorder.. (a) The
magnitude and (b) the phase of the So;
matrix, of the disorderless aperture shown
in Figure 4.1, are given.
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Figure 4.3: Maximally and minimally transmitting eigenchannels of Szlr PP and szmp prop through a dielectric aperture without any

disorder, are given.(a) Maximally transmitting eigenchannel of S

prop,prop
of S,

21

prop,prop

,where T =1, R = 0. (b) Minimally transmitting eigenchannel
, where T = 0, R = 1. Similarly, (c) Maximally transmitting eigenchannel of szmp'p P where T = 1,R = 0. (d) Minimally

transmitting eigenchannel of ST; op-p mr], where T = 0, R = 1. The maximally transmitting eigenchannels of S>; and S12 looks alike with each
other because, the transport path with the maximal transmission from the left to the right, would be the same path taken from the right to

the left, to attain the same maximal transmission.
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As shown in the Figure 4.3(a) and (c), the maximally transmitting
eigenchannel transmits through the constriction opening as expected,
without getting back-scattered. Similarly, the minimally transmitting
eigenchannel gets reflected from the scattering part of the dielectric
aperture and also from the transverse reflecting boundaries, as shown
in the Figure 4.3(b) and (d). The maximally transmitting transport path
from the left to the right of the aperture shown in Figure 4.3(a), would
be the same path taken by the maximally transmitting transport path
from the right to the left, shown in Figure 4.3(c).

4.3.2 A disordered constricting aperture

Upon seeing that the eigenchannels have the expected transport behaviour
through the aperture, disorder can be added surrounding the aperture
to model a constricted transport of multiply scattered waves. The wave
transport geometry of such a constricted disordered aperture is shown
in Figure 4.5.

100
L[ Tz = 1.0000
|| Tiin = 8.380e—09
Ll <7 >=10.0938
107 “
10710

0 50 100 150 200
FEigenchannel no

Figure 4.4: The transmission coefficients
of the eigenchannels through an aperture
opening, without any disorder is shown.
The eigenchannel coefficients corresponds
to the transmission matrix shown in Figure
4.2.
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Figure 4.5: Geometry of the disordered constricting aperture used and the scattering response of the first eigenmode incident from the
left and the right side, are demonstrated. (a) The disorder dielectric constant perturbation value, A€, () is shown. On the left, just the
disordered region without the aperture is shown. On the right, the aperture region with a high dielectric constant value of 45, is added onto
the disorder shown on the left. The disorder shown on the left is in the diffusion regime and has the same properties as given in Figure 1.9
of Chapter 1. (b) The total-field /scatter field (TF/SF) in the disordered aperture, when the first eigenmode of the computational domain
without the disorder excites from the left side is shown. T = 0.0636 and R = 0.9364. (c) Similarly, the TF/SF for the disordered aperture,
when the first eigenmode of the computational domain without the disorder excites from the right side. T = 0.0448 and R = 0.9552.

4.3.3 Eigenchannels through a disordered constricting
aperture

Similar to that of Section 4.3.1, the S matrix of the disordered constricting
aperture given in Figure 4.9 is evaluated. Following that, the S.V.D of
the transmission matrix Sglr oPPTOP is evaluated to estimate the eigenchan-
nels. The Sy; matrix of the disordered constricting aperture is given in
Figure 4.6(a) and (b) and the corresponding eigenchannel transmission
coefficients are plotted in Figure 4.6(c). The magnitude profiles of vari-
ous eigenchannels estimated are shown in Figure 4.7. Similar to that of
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Section 4.3.1, the maximum transmitting eigenchannel of SZ{ OPPTOP and

Ser PPTP have similar transport profiles because of the same reason that
the largest transmitting transport path from left to right of the disorder,
would be the same path from the right to the left as well. Such a similarity
in the maximum transmitting eigenchannel from the left and the right, is
also in agreement with the reason for the convergence of the magnitude
profile inside the disorder during iterative phase conjugation when the
iteration number becomes large enough, as demonstrated in the next
section.

4.3.4 Iterative phase conjugation through a disordered
constricting aperture

In this section, the equivalence between iterative phase conjugation
with the gain factors and the maximally transmitted eigenchannel, is
numerically demonstrated using the frequency domain models presented
in Chapter 1. Figure 4.8 shows the iterative phase conjugation operation
starting from a random unshaped wavefront obtained by a random cfr’f?d
coefficient array. To begin with, the random wave is incident on the left
side of the dielectric aperture (shown in Figure 4.8(a)), followed by the
phase conjugation from the right(shown in Figure 4.8(b)). This is followed
by one more phase conjugation on the left, before getting incident on the
disordered aperture to complete one round trip. In other words, a round
trip consists of 1) a transmission from left to right, 2) a phase conjugation
operation on the right, 3) a transmission from right to left and 4) a phase
conjugation on the left. Such an iterative phase conjugation process with
many iterations are shown in Figure 4.8(e) to (h).

The increase in the total transmission during the iterative phase conjuga-
tion process and the eventual convergence onto the same transmission
value of 0.9899 associated with the maximally transmitted eigenchannel,
is plotted in Figure 4.9(a). The gain factors ¢!’C taken during the iterative
phase conjugation process, to selectively filter the mode resembling the
maximally transmitting eigenchannel, is plotted in Figure 4.9(b), as a
function of the number of round trips. It can be seen that the gain reduces
and saturates to a constant value during the progress of the iterative
phase conjugation process. To compare the converged magnitude pro-
file inside the disordered region during the iterative phase conjugation
process (shown in Figure 4.9(c)), with that of the maximally transmitting
eigenchannel from the left (Figure 4.9(d)), the two magnitude profiles
are subtracted and plotted in Figure 4.9(e) to show the small difference’
in the magnitude.
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Figure 4.6: (a) The magnitude and (b) the
phase of the S>1 matrix and (c) the trans-
mission coefficients of the eigenchannels
through an aperture opening, in presence
of disorder are shown.

9: The magnitude of the difference is small
(10~%) when compared to the magnitude of
the fields (of the order of unity), which con-
firm that the iterative phase conjugation
process converges towards the maximally
transmitted eigenchannel.
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Figure 4.7: Various eigenchannels of S>; and Si» through a dielectric aperture in presence of disorder are shown.(a) Maximally
transmitted (first) eigenchannel of Sy1, where T = 0.9899 and R = 0.0101 (b) An intermediate eigenchannel numbered 110 out of the
165 eigenchannel modes of Sy; where T = 8.1842 x 10712. (¢) Minimally transmitted (last eigenchannel numbered 165) eigenchannel of
S»1, where T = 3.1620 x 10~%. Similarly, (d) Maximally transmitted (first) eigenchannel of S12, where T = 0.9899, R = 0.0101. (e) An
intermediate eigenchannel numbered 110 out of the 165 eigenchannel modes of S1» where T = 8.1842 x 10712 . (f) Minimally transmitted

(last eigenchannel, numbered 165) eigenchannel of S1» where T = 3.1350 x 1072°.
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(e) Upon 5 round trips. (f) Upon 10 round trips. (g) Upon 30 round trips. (h) Upon 100 round trips.
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Figure 4.8: Magnitude of the total-field/scatter field associated with various roundtrips during the iterative phase conjugation through a
constricting aperture surrounded by disorder, are shown. (a) The iterative phase conjugation method starts from a randomly initialised
wave incident on the disorder with an embedded dielectric aperture, from the left. (b) The transmitted profile on the right is phase
conjugated from the right side, to be emerging on the left side of the disorder. (c) The wavefront emerged on the left is phase conjugated
again, to complete the first round trip. The scattering response after the completion of one round trip is shown. (d) The transmitted wave is
phase conjugated from the right side. The process is repeated to demonstrate the magnitude profile after (e) 5 round trips, (f) 10 round
trips, (g) 30 round trips and (h) 100 round trips. All the associated transmission and reflection values are given along with the magnitude
profiles. As discussed in the chapter, the magnitude profile converges to that of the same magnitude profile associated with the maximally
transmitted eigenchannel given in Figure 4.9(a). For the numerical comparison between the converged iterative phase conjugation profile
with that of the maximum transmitted eigenchannel, refer Figure 4.9(c),(d) and (e). The complete profile for the total transmission and the
gain taken, are provided in Figure 4.9(a) and (b).
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Figure 4.9: Iterative phase conjugation : Total transmission enhancement and gain vs round trip number. (a) Total transmission is
plotted as a function of the number of round trips. The transmission increases (from the unshaped transmission value of 0.03707) and
saturates to the same transmission value of 0.9899 corresponding to the maximally transmitting eigenchannel. (b) The gain profile is
shown where comparatively larger values are needed towards the beginning (largest gain value being 6.9469). Upon the progress of the
iterative phase conjugation process, the gain saturates to a comparatively lower value of 1.0102. (c) The magnitude of the converged iterative
phase conjugation profile as demonstrated in Figure 4.8 (h), is reproduced again to compare against (d) the magnitude of the maximally
transmitting eigenchannel, demonstrated in (a). (e) The magnitude of the difference between the magnitudes of the converged profile due to
the iterative phase conjugation and the maximally transmitting eigenchannel is shown.
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Until now, an aperture was used to observe about the increase of the wave
transmission through a constriction inside a disorder, with wavefront
shaping involving eigenchannels and iterative phase conjugation. For
practical applications, the effect of the aperture is replaced by having
a space-time modulated region surrounded by disordered region to
undergo the iterative phase conjugation operation. Such an STM region
acts as a tagged region surrounded by disorder through which the en-
hancement of total transmission is attempted through the iterative phase
conjugation. Such a method has the potential® to be used for tomo-
graphic applications inside diffusive scattering media. The numerical
scheme implemented for the iterative phase conjugation process through
a STM region is explained in the following section.

4.4 Focussing contrast in the Iterative phase
conjugation through a Raman-Nath STM
region in time domain

The FDTD method presented in Chapter 3, which involves an STM
region and phase conjugation, is used in this section. The steps taken for
the iterative phase conjugation scheme involving the STM modulation
is summarised in the following steps. The ST M region is switched on all
the time during the iterative phase conjugation process.

Steps taken for the iterative phase conjugation through a ST M region

1. Perform a forward propagation from the left to the right side of the
disorder at the source temporal frequency of wn=o. The multiply
scattered light propagates through the STM region to generate
harmonic wavefronts.

2. Perform the phase sensitive detection on the right side, of the
n = +1 harmonic wavefront (up-converted wavefront in temporal
frequency) at the temporal frequency wn=+1 = @wo + @Wpnod, Where
Wmod is the temporal modulation frequency of the STM region as
explained in Chapter 3.

3. The detected wavefront at wn-+1 is phase conjugated from the right
side at the same temporal frequency wn=4+; with a gain. Such a
phase conjugate wave from the right, interacts with the ST M region
and get up-converted and down-converted in temporal frequency.
But, only the down-converted wavefront at the wn—o by the STM
region is detected on the left side in the next step.

4. Such a down-converted wavefront wn—g, emerging only from the
STM region and transmitted to the left side of the slab, undergoes
phase sensitive detection on the left side at the temporal frequency
wn=0. Such a wavefront is phase conjugated once again with a gain
at wn=o and set as an incident wave on the left side, completing
one round trip.

5. Several such round trips are repeated phase conjugating the up-
converted wavefront (wn=1) from the right side and the down-
converted wavefront (wn=p) from the left. The key elements of the
above given steps are shown in the Figure 4.10.

10: The advantage is that one could over-
come multiple scattering to create a focus
inside a disordered region. The limiting
factors are the following. (1) The conver-
gence of the iterative phase conjugation
is competing against the decorrelation in
tissue like media in practical scenarios. (2)
The generation of a collection of foci by
moving the STM region to different lo-
cations could be a time consuming serial
process.

(1) Forward Filtering by phase

{Wn=0

STM:region

S disorder
(2) Phase conjugation
from the right
Phase conjugation from
" the right-side with gain

Y

Wn=1+1

(3) Phase conjugation
from the left

Phase conjugation from| | Filtering by phase
the left side with gain sensitive detection

Figure 4.10: Main steps involved with
the iterative phase conjugation through a
space-time modulated region surrounded
by disorder are shown. The steps are re-
peated for the iterative phase conjugation
process.
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Figure 4.11: Geometry of the STM modulation in presence of disorder for the iterative phase conjugation process and the associated
forward propagation (the first propagation from the left to right) are shown. (a) The refractive index associated with the computational
domain is shown, where a Gaussian spatial modulation acting along the Y axis. The Gaussian modulation is set to travel from the bottom to
the top, along the direction of +Y axis.(b) The forward propagation from the left side of the disorder when the ST M region is switched-on,
is plotted. The transmission and the reflection values given, are only for the combination of the slab disorders when the STM region is

switched off. For the definition of the parameters such as Q, v, etc.., refer Chapter 3.

The effect of the disorder geometry and scattering properties on the
iterative phase conjugation is studied by discussing it separately in
two different subsections. First subsection uses a disorder geometry
similar to that of the case given in Chapter 3, where the STM region is
sandwiched between two disordered slabs, which is the configuration'!
that is usually seen in the experiments. The goal of the first subsection
is to discuss the iterative phase conjugation process step-by-step for a
given single realisation of the disorder. Such a given realisation of the
disorder in the first subsection has the transmission properties similar
that a disorder that lies in the diffusion-to-ballistic transition transport
regime. Hence, some of the focussing trends that can be compared against
experiments are discussed in the first subsection. The second subsection
uses an extended single slab disorder instead of the sandwiched two-
slab configuration. Four such different disordered slabs (with different
transmission properties) are used to study the role played by multiple
scattering on the focussing contrast, after 10 round-trips of iterative phase
conjugation. For both the subsections, unlike that of Chapter 3, there is a
Gaussian spatial modulation along the Y direction on the ST M region
as shown in Figure 4.11(a), providing a peak value of STM modulation
at the center. In addition to that the STM region always switched on
during the iterative phase conjugation process.

4.4.1 Iterative phase conjugation method for the STM
region placed between two disordered slabs

The forward propagation is shown in Figure 4.11(b).

11: Such a disorder configuration, where
the STM region is placed between two
scattering media, is experimentally rele-
vant because it gives a disorder-less re-
gion acting as a window to observe the
focussing occuring between the two slabs.
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Figure 4.12: The first phase conjugation from the right side and the subsequent phase conjugation from the left side, with a STM
modulated region surrounded by disorder, is shown. (a) Phase conjugation of the up-converted wavefront from the right side at wn=+1 is
shown. (b) Phase conjugation of the down-converted wavefront from the left at wn=g is plotted. (c) Intensity at the ST M plane normalised
with respect to the peak value, is plotted for both the cases. Also, both the field plots have clipped colour map limits, to make the focussing

transport paths and the associated background region visible with sufficient contrast.

The first phase conjugation from the right side and the subsequent phase
conjugation from the left side are shown in the Figure 4.12. Upon phase
conjugation of the up-converted wavefront (at wn=+1) from the right side
with a gain, the wavefront retraces the direction of the up-converted
wavefront (as shown in Figure 4.12(a)), which originally emerged from
the ST M region. A portion of such a phase conjugated wave propagating
its way back to the STM region, gets down-converted and emerges onto
the left side of the disorder, as indicated in the Figure 4.10(2). Such a wave
gets phase conjugated from the left with a gain as shown in Figure 4.12(b),
to interact with the ST M region again, this time getting up-converted to
the right side.

Upon the progress of round trips where the up-converted wavefront
is phase conjugated from the right and the down-converted wavefront
phase conjugated from the left, the focus becomes tighter along the
transverse dimension, as shown in Figure 4.13. The focus becomes even
narrower than the transverse length of the Gaussian modulated STM
region. Such a phenomena was experimentally demonstrated by [4, 29]
involving iterative phase conjugation and acousto-optic eigenchannels
respectively. In the conventional acousto-optic imaging without any
wavefront shaping involved, the resolution is limited to the diffraction
limit of the acoustic wave (corresponding to the entire ST M region in this
chapter). In presence of wavefront shaping, especially with iterative phase
conjugation or eigenchannels, such a conventional acoustic diffraction
limit can be broken for the acousto-optic imaging as demonstrated in the
Figure 4.14. It needs to be emphasised that the results shown in Figure
4.13 and Figure 4.14 are obtained for the two-slab geometry (given in
Figure 4.11(a)) with a combined net transmission of 0.2965, where is the
STM region was placed in the disorder-less region between the slabs. A

[29]: Si et al. (2012), ‘Breaking the spatial
resolution barrier via iterative sound-light
interaction in deep tissue microscopy’
[4]: Katz et al. (2019), ‘Controlling light
in complex media beyond the acoustic
diffraction-limit using the acousto-optic
transmission matrix’
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Figure 4.13: Demonstration of the field profile after several round trips of the iterative phase conjugation through an STM region.
It can be seen from the plots that using the iterative phase conjugation method, the transverse size of focus formed is smaller than
the STM region. As STM is a generalisation to the acousto-optic phenomena, this plot numerically demonstrates the idea that using
iterative phase conjugation, the acoustic diffraction limit in the conventional acousto-optic imaging can be beaten. This is in agreement
with the experimental observations given in Katz et al[4] who used acousto-optic eigenchannels for focussing the maximally transmitted
eigenchannel and the Ke Si et al[29] who used iterative phase conjugation. Also, all the field plots have clipped colour map limits, to make
the focussing transport paths and the associated background visible with sufficient contrast.
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Figure 4.14: Comparison between the normalised focussing intensity at the STM y plane, due to the 10/" iterative phase conjugation
with that of the STM refractive index profile, is shown. (a) The intensity of the focussing due to the phase conjugate wave from the
right during the 10" iteration is shown. The intensity is normalised with respect to the peak intensity. k,, fDfoc = 22.806 corresponds to
the —24 dB point on both sides of the peak focus. (b) The transverse size of the STM modulation is shown where k., fDstm = 126.166.

Therefore Dgrp1/Doc = 5.53214.

disorder with such a transmission could be catergorised as being in the
diffusion-to-ballistic transition transport regime. This would naturally
lead to the question of how a single extended disordered slab with an
ST M region embedded inside behaves under iterative phase conjugation
and how the degree of multiple scattering plays a role in the focussing.
Such a topic is discussed in the following subsection.

4.4.2 Iterative phase conjugation method for the STM
region embedded inside a single extended disorder :
The effect of multiple scattering

In this subsection, instead of the two slab disordered geometry taken
before, a single extended slab disorder is considered such that the STM
modulation is added on the top of the disorder refractive index, inside the
slab. The STM parameters here are the same as taken before for the two
slab geometry. Four such separate realisations of disorders are taken with
increasing degree of scattering. In order to associate various transport
regimes of these disorders, they shall be named as more-ballistic, less-
ballistic, ballistic-to-diffusive transition and diffusive slab disorders with
decreasing total transmission in that order. Total transmissions of these
slabs during the forward propagation (without any STM modulation)
are given in Figure 4.15. Iterative phase conjugation is performed on
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Figure 4.15: Plotting the forward propagation (without any STM) in four different disorder realisations, with decreasing total
transmission, used later for the iterative phase conjugation with the STM modulation. The categories of the associated transport regimes
and the total transmissions, T, are given for (a) the more-ballistic (b) the less-ballistic (c) ballistic-to-diffusion transition and (d) diffusive
media. The individual field plots are normalised with respect to their peak field value. Iterative phase conjugation is performed on these
disorders incorporating STM modulation and the field profiles in the 10" round trip are shown in Figure 4.16.
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Figure 4.16: Plotting the field profile of the phase conjugation from right to left, during the 10! round trip of the iterative phase
conjugation procedure, incorporating the STM modulation (enclosed in the blue rectangular region placed in the center of the slab),
for the various transport regimes. The phase conjugation procedure starts with the incident beam profile shown in Figure 4.15 for the
corresponding disorders. The individual phase conjugated field plots (in the 10! round trip) are normalised with their corresponding
individual peak field value to estimate the contrast of the fields for (a) the more-ballistic (b) the less-ballistic (c) ballistic to diffusive transition
and (d) diffusive media. The corresponding focussing intensity profiles at the STM region along the entire Y region, (with an averaging
done along the Z region lying inside the STM) , are plotted in Figure 4.17.
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Figure 4.17: Plotting the normalised intensity at the ST M region along Y, after averaging the intensity along the STM Z region, for
the various iterative phase conjugation scenarios given in Figure 4.16. The averaged intensities are normalised with respect to the
corresponding individual peak values of the averaged intensities for each of the samples, namely (a) more-ballistic (b) less-ballistic (c)
ballistic-to-diffusion transition and (d) diffusive media. Normalisation with respect to the peak is to plot the contrast of the focus with
respect to the background. Averaging of intensities is performed along the Z direction just for the z values lying inside the STM region’s z
boundaries, to average-out the intensity fluctuations in order to have better representation for comparison. The —20 dB intensity level is
marked vertically as a dashed line. Similarly, the extent of the ST M region along Y is marked using two horizontal dashed lines.

all four slabs following the same method as discussed before towards
the beginning of Section 4.4. The peak-normalised field profiles inside
the slabs due to the phase conjugation from the right to the left side
of the slabs, in the 10! round-trip of the iterative phase conjugation
procedure, are plotted in Figure 4.16. The intensities inside the disorder
at the ST M region along Y, averaged along Z just in the ST M region and
normalised to the peak value, are given in Figure 4.17 for comparing the
peak-to-background contrast for the four different kinds of disorders.

Such a study is done to visualise the effect of multiple scattering in the
focussing operation via iterative phase conjugation. Observing the boxed
region in Figure 4.17 around the focus (intersected by the three dashed
lines and the Y axis), it can be observed that the focussing contrast
reduces due to the increase in the degree of multiple scattering around
the STM region. The reason for such a reduction in the contrast may
be attributed to the physics of the problem being the effect of multiple
scattering paths crossing each other, spread in-and-around the STM
region in the extended slab, which the phase conjugate wave try to
retrace as in time-reversal. At this point it is good to emphasise that
in the sandwich geometry considered before in Figure 4.13, the STM
region existed in the scattering-free region held between two scattering
slabs, preventing the buildup of dense multiply-scattered paths within
the STM region. In such a geometry, the two scattering slabs played the
role of acting like large aperture scattering lens trying to focus onto an
optically clear region tagged in between through STM modulation. A
different possible reason for the reduction of contrast, this time due to the
purely numerical method of FDTD time stepping and lock-in detection,
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could be the numerical discretisation errors associated with the detection
of the comparatively weaker STM modulated signal compared to the
stronger unmodulated light. Further investigation in the future is needed
to cross-verify whether there exist a fundamental limit based on the
physics of the problem (independent of the numerical method used) for
the contrast attained with respect to the degree of multiple scattering.

On a positive note, it can also be observed from Figure 4.16 and Figure
4.17 that with increasing degree of multiple scattering for iterative phase
conjugation, there is increased confinement of light along the transverse
dimension (along Y) inside the slab region (as the background of contrast
decreases on the Y edges of the slab medium away from the ST M region,
with increased multiple scattering). Hence, even though the contrast
decreases around the STM region for the diffusive disorder, the phase
conjugate wave after several rounds of iterative phase conjugation, still
remains confined inside the multiply scattering diffusive disorder along
the transverse dimension. It also needs to be emphasised that in this
thesis, the outgoing modulated waves are fully phase conjugated from
both sides without any loss associated with the wave collection aperture,
still giving the transverse confinement of waves inside the disorder.
Therefore, even though the loss of contrast due to increased multiple
scattering during iterative phase conjugation could be considered as a
negative result, the transverse confinement of light in diffusive samples
seems to be a positive result.

4.5 Conclusion

In the first half of the chapter, the equivalence between the iterative
phase conjugation and the maximally transmitting eigenchannel, is
numerically validated using the frequency domain modelling involving
the S matrix of a disordered constriction. Here, the term “equivalence”
refers to the observation that the wave intensity and the transmission
profile obtained by performing iterative phase conjugation with a gain
factor, converges to that of the case when the maximally transmitted
eigenchannel is excited for the same disorder geometry. Therefore, in the
context of experiments, instead of exciting the maximally transmitted
eigenchannel (which requires the experimental measurement of the
transmission matrix), one could perform iterative phase conjugation with
a gain factor (which doesn’t require the experimental measurement of
the transmission matrix) to obtain the same intensity and transmission
profile obtained in the case of the maximally transmitted eigenchannel.

To numerically demonstrate such an equivalence between the itera-
tive phase conjugation through an STM region and the corresponding
maximally transmitting eigenchannel, access to the transmission ma-
trix involving the STM region is necessary. Such a task of modelling
the frequency domain transmission matrix incorporating a STM was
challenging and it is yet to appear in the literature. Modelling the STM
transmission matrix in the time domain was computationally tedious due
to the large number of individual FDTD runs needed for many incident
modes, achieving steady-state. Therefore, as the modelling of the STM
transmission matrix was challenging, the modelling of iterative phase con-
jugation through an ST M region was implemented in the time domain.
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By extrapolating the same logic which was demonstrated in the first half
of the chapter, the iterative phase conjugation profile through an STM
region could be equivalent to the maximum transmitting eigenchannel
through the STM region.

It is demonstrated using the modelling that the iterative phase conju-
gation method has the capacity to beat the acoustic diffraction limit in
the conventional acousto-optic imaging, agreeing with the published
experimental works. Also, the role played by multiple scattering on
the focussing contrast inside an extended disorder, tagged by the STM
modulation, is studied.



Conclusion

The main contribution of this thesis is the analytical and the numerical implementation of various wave
transport modelling frameworks in the frequency domain and the time domain. This is for complementing
the experimental works to be done in the future. The developed coding framework is intended to be published
as open source packages with the GNU general public license. The contribution of chapter 1is about the
numerical estimation of the generalised S matrix using the generalisation of the conventional Fisher-Lee
relations. An iterative method to evaluate the Green’s function is also presented to save the memory during the
perturbation process. The cascading of generalised S matrices in the frequency domain would be particularly
advantageous in generating ensembles of disorders, which would otherwise be difficult in the time domain.
The transmission matrices contained in the S matrix could be used to estimate the eigenchannels and also
perform iterative phase conjugation from both sides of the disorder.

In chapter 2, the contribution is regarding the investigation on the role played by the spatial correlation of
the disorder on various transport properties. Such a study is done with the help of the S matrices defined
in chapter 1. The disorder spatial correlation can be varied to tailor the transport properties such as the
scattering mean free path, the transport mean-free path and the anisotropy. Such a study on the effect of
spatial correlation is particularly relevant in the case of biological tissues where there is always a finite
spatial correlation length involved. The two parameter transmission scaling law is also presented which
demonstrates the scalability of total transmission for a collection of disorders with different spatial correlation
lengths. Therefore, the chapter dealt mostly with the statistical characterisation of the scattering properties of
the disorder and the comparison between wave transport and diffusion theories.

Chapter 3 presents the formulation of the time domain methods where two time dependent phenomena are
introduced. It includes the space-time modulation (ST M) to be used as a guide-star for wavefront shaping
and the Brownian decorrelation of the shaped wavefronts. The main contribution regarding the space-time
modulation is the formulation of the wavefront shaping problem within the context of ST M and performing
the iterative phase conjugation. Such a study would be relevant for those wavefront shaping scenarios where
a guide-star is used to focus inside the disordered region. For modelling the effect of defocussing due to
Brownian motion, the Langevin FDT D method was implemented, which is the next contribution provided
in the chapter. Such a study combines the elements of non-equilibrium statistical mechanics with that of
wavefront shaping.

The main contribution of chapter 4 are the following. The first is the modelling of the equivalence between
the iterative phase conjugation process and the maximally transmitting eigenchannel through a disordered
constriction. The second would be the simulation of breaking the acoustic diffraction limit in the context of
conventional acousto-optic imaging, using iterative phase conjugation through a STM region. Such a study
demonstrates the potential of using the acousto-optic phenomena for overcoming the multiple scattering of
light in tissue like random media for focussing inside.

This thesis aimed to give a pedagogic analysis involving a collection of wavefront shaping modelling
scenarios. If these scenarios are implemented experimentally for macroscopic biological media, that could be
considered as novel techniques for pushing the research beyond the conventional diffuse optics involving
just the incoherent transport of light. There are several experimental challenges involved, ranging from fast
holographic phase measurement and the associated wavefront shaping technique, to addressing the problem
of decorrelation in random media. Hopefully, the experimental challenges would be overcome in the near
future to start applying these concepts for practical applications in the field of biophotonics.



Reflective thoughts

In this section, some of my personal reflective thoughts regarding the research done is presented.

The main goal of my Ph.D studies was to develop various modelling frameworks to investigate a collection of
wavefront shaping applications that could be relevant for biophotonics applications. Towards the beginning
of the PhD program, the topics given in the thesis were set as the target to be achieved. The pondering
question in the beginning was, for the given collection of topics, what would the best course of action be such
that the goal could be achieved within the duration of the PhD program. The concepts had to be learned and
implemented from the scratch by me. The first 6-8 months were devoted to study the feasibility of choosing
various models to begin with, so that the goals could be achieved eventually within the research duration.
The scope for using the Monte Carlo random walker for the transport applications involving wavefront
shaping was initially investigated and quickly dropped due to the realisation that it won’t be sufficient. The
Monte Carlo random walker which derives its existence from the incoherent transport theory, lacked the
idea of source coherence for interference and the time-reversal symmetry, which were needed in the context
of wavefront shaping in non-absorbing media. This naturally lead to studying about the wave transport in
random media for various wavefront shaping scenarios and also its relationship with diffusion theory.

The next question to be addressed initially was whether to model the wave transport problem in 3D with
large number of scatterers. Considering the topics presented in the thesis, such a task of implementing
those topics as a 3D problem involving large number of scatterers, was challenging due to the large memory
requirement, the computational power required and the available time for the PhD programme. The task
of large scale 3D wave scattering simulation involving millions of scatterers is a PhD research by itself and
was not within the scope of my studies. Instead, the 2D transport problem was studied and got it related to
the scattering matrix. The statistical, transport and conservation properties of these scattering matrices are
the same, irrespective of the problem being 3D or 2D in the diffusion regime. The transmission scaling law
also helped, as one could address various transport problems in terms of L/I* as a dimensionless parameter.
Therefore, most of the transport theory results presented in the thesis is expected to hold true, even with the
larger 3D modelling. Thus, taking the decision of using the 2D models helped to hold onto the original goal
for completing it.

Another consideration in the beginning for choosing a particular formalism for the given problem was
regarding the trade-off between memory efficiency and flexibility. The question was whether one should
prioritise flexibility-of-use over the memory efficiency for solving the scattering problem. As an example, the
Green’s function method presented in the thesis is not very memory efficient (due to the need for storing and
perturbing the Green’s function themselves) for solving the scattering problem in general, but it is flexible
in several ways. First of all, there exist the analytical perturbation theory involving Green’s function which
could be used as a guidance for the code development to test the correctness of the modelling implemented.
Secondly, the perturbation theory is an elegant way of solving the scattering problem from the physics
point of view (although not so memory efficient). This is because, all the mathematical properties associated
with the basis wave modes, the associated wave flux and the Green’s function are well defined even before
the perturbation process starts, giving us the ability to obtain exact results without much numerical error
involved. Similarly, for those topics where the frequency domain techniques were tough to implement, the
finite difference time domain method (FDTD) was chosen. The FDTD method is very flexible, where the
required bells and whistles can be implemented as we progress through the coding. Such a FDTD method
is easy to use and intuitive to understand, but couldn’t be compared against the analytical elegance and
tractability of the frequency domain perturbation theory.

Another challenge faced was to review the mesoscopic wave transport theory, which was mostly studied
around the quantum theory of coherent wave transport. Coming from an engineering background, made my
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learning curve steeper than what was generally felt by a student from the physics background. This is also a
reason why classical theory of wave transport is presented in the thesis, without using much notations and
formalisms from the quantum transport. Nevertheless, an attempt was made to make the thesis a physics
thesis rather than an engineering thesis, as I was affiliated to the physics department. Such a point was
made clear by the graduate supervision committee from the early stage that the committee expects a thesis
discussing the physics of the problem and not on the engineering or the biomedical applications.

For developing the codes, mostly Matlab and Mathematica were used. This was mainly for the quicker
prototyping of the numerical coding frameworks in Matlab, after deriving and verifying the analytical results
with the help of Mathematica. Such a combination of using Mathematica and Matlab was felt essential in this
line of work. The power of symbolic computation in Mathematica is particularly appreciated for the kind of
work presented in the thesis. As hinted in the quote given towards the beginning of the thesis, personally
I enjoyed doing the analytical part of the thesis more than the purely numerical part of it. As it is tough
to address everything just analytically, compromises had to be made to use purely numerical modelling
methods such as FDTD.

A considerable portion of my time for the PhD was consumed for testing the developed codes to ensure the
validation of all sorts of conservation and symmetry principles involved. Availability of various conservation
laws helped for the testing to ensure the correctness of the developed frameworks. Also, no free parameters
are defined in this thesis. All the parameters defined can be analytically related back to a first principle
method or expression. Lincoln’s quote on sharpening his axe for the first 4 hours to cut a tree in 6 hours, is
apt to be said here for taking one’s time for testing these fundamental principles and ensuring not to use any
free parameters. Spending hours and days for ensuring the correctness of the code, debugging for issues is
the norm than getting everything right in the first instance itself.

The thesis is presented taking a conservative stand regarding the formalisms presented. Traditionally used
formalisms and ideas are frequently revisited and used as a stepping stone to explore new ideas. Therefore, a
certain degree of conformity was needed with the existing “old school" literature which helped being on
track without getting lost in the research.

Looking back in hindsight after learning through the presented methods, one could always ask whether
the models could have been made better. Instead of using the numerical grid in the frequency domain,
one could implement cylindrical or spherical harmonic modes and the T matrix method for evaluating the
scattering, especially involving resonant scatterers and periodic boundary conditions. The wavefront shaping
through the STM region could have been implemented in the frequency domain, instead of the presented
time domain method. Such a method could have naturally yielded a transmission matrix in the frequency
domain involving a STM region. Instead of the scalar boundary integral formulation, the vector boundary
integral version together with the Dyadic Green’s function, could have been used to address the subject as a
light transport problem. Incorporating losses in the medium (or losses in the collection of modes) could have
been a possible extension of the studies for all the chapters. The aspects of controllability of the number of
input modes could have been studied for the presented contents of the thesis. The memory effect associated
with the focussing involving a STM region could be investigated. On an optimistic note, these aspects could
be considered as future works, to improve upon the works presented in the thesis.
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Appendix

A.1 Definition of Fourier transform used

For time-frequency Fourier transform, the following convention is used

+00
F{f(1)} = Flw) = / ft)e™ " dt (AD)
1 [ ;
F Y F(w)} = f(t) = 5 / Flw)e''dw (A.2)
where F denotes the Fourier operator and %! the inverse Fourier operator. Then, it follows that
IO P (*3)
dtk '

A.2 Scalar Helmholtz wave equation from Maxwell’s equations in
2D

Source free Maxwell’s equations[107] are given as

Vs H(r, ) = 22 a(: H (A.4)
VxE(r,t) = % (A.5)
V.-D(r,t) =0 (A.6)
V-B(r,t) =0 (A7)

where E(r, t) is the electric field intensity, D(r, t) the electric flux density, H(r, t) the magnetic field
intensity and B(r, t) the magnetic flux density. In addition to the Maxwell’s equations, the following
constitutive relations are needed for forming a wave equation from the curl equations.

D(r,t)=€e(r,t)=E(r,t) (A.8)
B(r,t) = u(r,t)=H(r,t) (A.9)

where e(r, t) is the dielectric permittivity, u(r, t) the permeability and * denotes convolution in time.
€(r,t) = €oe,(r, t) where €y is the free space permittivity and €,(r, t) the relative dielectric constant
with respect to free space. It is assumed that the disordered medium is not varying magnetically
in space and time. Such an assumption is usually valid in biological medium. Hence u(r, t) = popr
where iy is the free space permeability and i, the relative permeability constant usually taken as
unity. Therefore the constitutive relation involving magnetic fields could be written as

B(r,t) = pourH(r, t) (A.10)
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Substituting the above given relation in the curl equation, equation A.5 gives

OH(r, t)
ot

VX E(r, 1) = ~piofiy (A1)

which on Fourier transform with respect to time (refer to Section A.1 for the convention used) yields

VxE(r,w) = —iwyoyrlfl(r, w) =
_ VXE(r,w)

H(r, ) Siomon

(A12)

Similarly, the magnetic field curl equation (equation A.4) can be Fourier transformed with respect to
time to obtain

VxH(r,w) = iwD(r, w) (A.13)

As convolution transforms into products in Fourier transform domain, the electric field constitutive
relation transforms into

D(r, w) = &(r, w)E(r, w)

Substituting the above given constitutive relation in the Fourier transformed magnetic curl equation
(equation A.13),

Vx H(r, w) = iweoé(r, w)E(r, w) (A.14)

Substituting for H(r, w) using Eq A.12

V XV x {M} = iwegé,(r, w)E(r, 0) = (A.15)
—iwloptr
VxVxE(rw)= w?poeopr & (1, w)E(r, w) (A.16)

Define wave vector kg = 21/ = 2nf /c = w/c = w+/Egtig where f is the linear temporal frequency,
Ag the wavelength and ¢ = 1/+/Ho€y is the wave velocity.

VxVxE(rw)= kf,yré(r, w)E(r, w) (A17)
Using the curl-of-a-curl vector identity on the L.H.S of the equation A.17, it could be written as

VxVxE(r,w)=V[V-E(r,w)] - VE(r, w)
= kgyre,(r, w)E(r, w) (A.18)

Hence, the vector wave equation is given as
VIV-E(r, w)] - V’E(r, w) = Kurer(r, 0)E(r, ) (A.19)

As the main theme of the thesis is the 2D wave transport phenomena in random media involving
multiple scattering, the above given vector wave equation is simplified into a scaler wave equation in
the following section. In addition to that, in experiments it is assumed that the polarisation of the
outgoing wave would be sufficiently randomised by the random scattering. Hence the next section
aims to simplify V[V - E(r, @)] in such a way that it helps to form a simpler scalar wave equation. For
that, the following vector calculus identity involving a general vector field A and a non-zero scalar
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field ¢ is used

V-(¢A)=¢V-A+A-V<p=>%V~(¢A)=V~A+%A-V¢: (A.20)
1
¢

Applying the above given vector identity to V - E(r, w) where E(r, ) is the vector field and &;(r, w)
the non zero scalar field,

V-(¢A)—%A-V¢=V-A

1

— E(r,w) - Vé(r,w)=V-E(r, w) (A.21)
Er(rr Cl))

V- [e}(r, w)E(r, a))] -

1
€r(r, w)

By the divergence theorem of Maxwell’s equation (equation A.6),
V-D(r,w) =V [&(r,w)E(r,w)| =0 (A.22)

Substituting the result from divergence theorem back in Eq A.21

—;E(r, w)-Vé(r,w)=V-E(r,w) (A.23)
&(r, w)

This implies that for a non-zero E field, V- E (r, w) is zero under either of the two following conditions
[108]

» Vé.(r, w) =0, implying no scatterer variation (uniform medium)
Or

» IfE(r,w)hasa polarisation such that E(r, w)LVe,(r, w), then V- E(r,w) = 0. This is particularly
valid in the 2D scattering scenario, implying that if E(r, w) is perpendicular to the gradient of
€:(r,w), V-E(r, w) = 0. In other words, if the E(r, w) is polarised perpendicular to the direction
of variation of the dielectric scattering variation, then V - E(r, w) = 0.

Substituting V - E (r, w) = 0 in the vector wave equation (equation A.19), it reduces to the scalar wave
equation as given below for 2D scattering

VZE(r, ) + k2w, & (r, 0)E(r,w) =0 = [V2+ k2w, & (r, w)]E(r, w) = 0

Such a scalar wave equation called as the Helmholtz wave equation, is used throughout this thesis for
estimating the light transport properties in random media.

A.3 Analytical Go(r, ro) for the wave equation with transverse
mirror boundaries

As the harmonic time dependence is given as e~'“! with the negative sign in the argument of the

exponential, it causes e/(¥:2=@") to be a wave travelling along the +z direction when time progresses.

First, consider the 1D problem along z axis and after that, it would be generalised to the 2D scenario.

A.3.1 1D analytical Green’s function for the wave equation along z axis

Consider the 1D propagation of a wave originating from a Dirac delta source placed at zg. The 1D
form of the scalar Helmholtz equation (without disorder) is given as
d?

[ + ()1Gi(z,20) = 8z = 20) (A24)
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with outgoing boundary condition along z axis. In words, the above equation can be described as a
second order differential operator acting on G (r, o) yielding a Dirac delta on the R.H.S. It implies that
the first order derivative should have a jump discontinuity (refer chapter 3.3 of [42]) and the expression
of Gé (z, zo) should be continuous at z. Integrating equation A.24 around the neighbourhood of z,

z0+0 32 20+0 20+0
limg_o[ / EGg(z, z0)dz + (K2 )? / Gi(z,z0)dz] = lims—o / 8(z — zo)dz =
20—5 20—5 20—5
limb_,()%Gg(z, zo)lzgfg + (k;ef)2 x0=1 --Gj(z,zo)is continuous at zg =
. d d
llmé—)O[EGS(ZrZONZ(Wé - EGS(Z,ZO)EO—(S] =1 (A.25)

This implies that there is a jump discontinuity for the first order derivative at z = zo. Consider a test
solution of the form given below which satisfies the 1D Helmholtz equation given in equation A.24

.roref .
Gg(z,zo) = ctellk: =201 if7 >= 7z,

o re (A.26)
G, (z,20) = cellk: f(Z‘ZO)], if z < zg

Gg(z,20) = {

Test solution should be continuous at z = zg therefore GJ(z, zo)|.=z, = G (2, 20)|2=z, and it forces
¢ = ¢~ = c. Substituting the test solution into equation A.25

re

.oref ; f
lims ol (ikL T )etellh” G| s — ik )eme TGl 121 =

(K )et + (i) =1 (A.27)

As ¢t = ¢ = ¢y, the above given equation is solved to obtain ¢y = 1/ (2i k;ef ) Therefore,

Gy (z,20) = %,ﬁef[kff(z—m)], if z >= zg
GS(Z/ ZO) = _ 2”22 i[—k”f(z—z )] . (A28)
Go(z,zo)zwe z ol ifz < zg
Using the modulus function, G§(z, zp) could be written generally as
2 1k z=zg) 1
Gy(z,z0) = ——e'l= N zeR (A.29)

ref
z

A.3.2 1D analytical eigenfunctions for the wave equation along y axis

Along the transverse dimension (y axis), the boundary condition is different (from that given in
Section A.3.1) that it is not the outgoing boundary condition, but a reflection (also called as a
zero/mirror /Dirichlet) boundary condition. Let x(y) be an arbitrary wave along the y dimension

d’ refy2
[d_y2 +(ky ") lx(y) =0 (A.30)

with boundary conditions such that x(y = 0) = 0 and x(y = W) = 0 which are the zero(reflection)
boundary conditions. The equation A.30 is a familiar equation in physics drawing its similarity to the
“particle in a box" problem. Hence, the solution x(y) could be expanded in terms of the eigenfunctions
in the 1D cavity as the eigenfunctions form a complete 1D basis set in (0, W). Let the m!" transverse
eigenfunction be represented as

Xm(y) = \/%sin(k(ym)y), (A.31)
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where k(ym) =mmn/W and m =1,2,3...etc. These eigenfunctions satisfy equation A.30 individually as
given below

4 (m) 2
[d_y2 +(ky ) xm(y) =0 (A.32)

Next, the orthogonality and the completeness properties [39] of the basis set is given. As x(y) is a
real function,

Orthogonality property

w W
O n (1)) = /O Ko () 2 () = /O o n (V)Y = Sron(m, ) (A33)

where Oron(m, 1) is the Kronecker delta function such that dxren(m, 1) = 1 only when m = n and
zero otherwise.

Completeness property : Any arbitrary function f(y) in the domain spanned by the basis set can be
expanded in terms of its basis elements.

fly)= i CmXm(Y) (A.34)
m=1

As an example, let f(y) = 6(y — yo), then the coefficients of expansion

w
Cp = / Xn(y)o(y — yo)dy = {xn(y) | 6(y — y0)) = xn(yo) (.- sifting property of Dirac delta)
0

(A.35)
Therefore, f(y) = 6(y — yo) can be expanded as
6(]/ - yO) = Z Cme(]/) = Z Xm(yO)Xm(y) (A.36)
m=1 m=1

A.3.3 2D analytical Green’s function for the wave equation, Gy(7, ) in uniform
medium

Using the ideas developed in the previously given subsections, (Section A.3.1 and Section A.3.2),
Go(r, r9)in 2D is solved as given below. Consider the 2D scalar Helmholtz equation without disorder.

[V + k7, /1Go(z, Y, 20, y0) = 6(z = 20)8(y — ¥o) (A.37)
Let Go(z, y, 2o, Yo) be expanded[39] as

Go(z, Y, 20, Yo) = Z Om(z,20) Xm (V) Xm (Vo) (A.38)
m=1

Substituting the above given expansion in equation A.37,

[Vz + kfgf] Z ({bm(z/ ZO)Xm(y)Xm(yO) =06(z - 20)6(]/ - ]/0) (A.39)
m=1
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Substituting the expansion of Dirac delta function given in equation A.36 into the previous equation,

24K, Z (2, 20)Xm (Y Xm(Yo) = 0(z = 20) D Xm (V) Xm(y) (A.40)
m=1
Re-arranging the above equation as
2

Z Xm(yo)[ o c; + k2, 1 (2, 20) xm(y) = i 8(z = 20) Xm(Y0) xm (y) (A.41)
m=1

L.H.S of the above given equation is

[s]

Z Xm(yO)[Xm(]/)d 2¢m(z ZO) + (pm(z ZO) Xm(y) + krefd)m(zr ZO)Xm(y)] (A-42)
m=1
Using equation A.32 for m" eigenfunction
4 (m)y2
d_yZX’”(y) = —(ky ) xm(y) (A43)

Substituting eq. A.43 in eq.A.42, the L.H.S of eq.A.41 could be simplified as

) 2
LH.S = 2 X (Y0) Xm (y)d—2¢m(z, 20) = bun(z, 20) (ky™ V2 o () + K2, p (2, Z0) xm ()]

f}xmwo) o) bz, 20) + e, 200w () (K2, — (K02 (A44)
dz f

Define

(KIP2 = k2 — (k") (A.45)

ref

which brings the dispersion relation explicitly in the equation. Therefore,

) 2
LH.S = Z X (yo)[Xm(y)d—2¢m(Z, 20) + G (2, 20) X () (k") (A.46)
= 3 (2 - chm(z z0) + (k" P (2, z0)] (A.47)
m=1

Substituting back in equation A.41
R d2 00
2 X (W5 ¢z, 20) + (K Pbu(z 201 = 3 8z —z0)xmyolm(y)  (Ad8)
m=1 m=1

Next, the coefficient of X (y0) xm(y) in equation A.48 is compared element-by-element for various m
values

2
A bm(z,20) + (" Pz, 20) = 5(z — ) (A49)

This equation has a familiar form as given in Section A.3.1. On comparing equation A.24 and its
solution given in equation A.29 with that of equationA.49,

(m)y (., _
dm(z,20) = —k<m) ek ez (A.50)
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Substituting back in equation A.38

(o]

Go(z, ¥, 20, Y0) = D, ¢m(2z, 20) Xm (¥) X (Yo)

m=1

S L iz [ 2y [ 2 )
= e'*: —sin(ky 'y) =sin(ky  yo) (A.51)
mZ=1 2ik™ we we

and k(ym) =mmn/W.

(m)y2 (m)y2 _
such that (k, )" + (k;™')" = ref

A.4 Wave flux or current of eigenmodes 1,,(z, )

The wave flux density (also called as the wave current density) in the context of Helmholtz equation is
defined as (refer page 84 of [30] or [31])

T2, y) = SV = YV} (A5)

where ], (z, y) denotes the flux density for the m!" eigenmode and * denotes complex conjugation.

Applying divergence operator V- on the L.H.S and R.H.S of the equation,

7 1 * *
Ve Jm(z,y) = AV - (@ Vi) = V- (Vi)
=0 (for proof refer Appendix Section A.5) (A.53)

gives the steady state continuity equation. Next, evaluating the current density for a right travelling
eigenmode (no current along the transverse boundaries) using eq.1.5

> N A T (9 ie\a
]m(zry): %{lp:—n (gll’m)ez—'#m (E m )ez}
= 2 (@A) () = (@) ~ (Pt (v) 2 (@52 T (y))o:

_ Xm(y) {(D+( ) _q)+ (z) - cp+ (Z)—q)+ (Z) }eé;

- "’”(” X0 (o 2 10 2) = 0 ) K 2 o
- X’"(y) XY ik Mot (2)' D (2)8,) (A.54)
As D (z) = 1/(\/ ) etk , on substitution
Tm(zl ]/) XM(]/) —{2i k(m)kl )} z = Xm(]/)zez (A.55)

z

Integrating the flux density Tz, y) over a given boundary, say I';, net flux crossing the surface along
the surface normal, is obtained.

> y=w
fluxy, = / Jm(z,y) - é:dy = (/ )(m(y)zdy) é,-é; =1 V¥V m (. using orthogonality property)
I ]/=0

(A.56)

This proves that the net current is unity for all eigenmodes and it was obtained by using a normalisation

factor of 1/ ki’"’ which ensured the net current to be unity for all eigenmodes.

113



A Appendix

A.5 Continuity equation for current(flux) density

V- Tz ) = 5 (V- V) = V- V) (A57)

Using the vector calculus identity that V - (¢Vi)) = ¢V2¢ + V¢ - Vi) where ¢ and ¢ are scalar fields,

equation A.57 can be expanded as

VT ) = 5 [V V) =V (@ V5]
= [V + V0, Vo) = {0V + Vi - V5]

1
= E[{ll):n V2 — U V25, }] (.- dot products are commutative) (A.58)

@

As ¢y, and 1P}, obeys Helmholtz equation, multiplying with ¢}, and ;;, as given below

[V 42 =0 (r5)
. [v2 + 2 f] Y, =0 (A.60)
eq.A59 —eq.A.60 = P, V2 — V2, =0 = V- Ju(z,y) =0 (A.61)

@

A.6 Numerical form of eigenmodes ' (z;, v;)
Let the discrete version of {5, (z;, ¥;) on a finite difference grid be written as

Pz, y) = che G )y (A.62)
N———

;1 (z:)

where the real coefficient ¢}, is assumed to be unknown and z; = [1 : N;] in Matlab notation as said
before. In this section ¢}, is solved using the fact that the current injected by all normalised eigenmodes
are unity. Reproducing an intermediate step from equation A.54

Xm(]/)

Ttz ) = Y oy Lo (2) — @7 ) ) (A63)

Using the centered first order finite difference formula

d " _ (D;(zi+1)—cl);1(zi—l)
ECDM (zi) = oA , (A.64)
and applying them in the context of equation A.62,
2 Xm(yj)® g
Ttz ) = M0 0 20y 0t (2) 0 21) 0 1) (A65)

@ @
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As(2) = @i solving (1) would help for obtaining (2)

i (m) - (m) . (m) ., (m)
+ ,+iky AL (zi + ,+iky Az (zi +2 ik A +2 —ik™A
D) = {cf ek astzn) [ Cm€ 7 et MO L et Rl M,
" 2A; z 2A, z

m)
=ich? (sm(kA A: )) ¢, Hence, 2)=(1) = —i c};” (%) é; (A.66)
Substituting back
> xXm(yj)* Xm(i)? | . sin kgm)AZ R
Jn(zi, yj) = 21,] {D- @} = T] 2i c;,;z % 2, (A.67)

To solve for ¢, the fact that all eigenmodes are normalised to inject a current of unity along the
propagating direction, is used. Therefore,

fluxy =1=>Julzi, yj) - Ayé: (A.68)

Using discrete numerical orthogonality relationship (equation 1.14) for x;,(y;) when equation A.67 is
substituted in equation A.68 yields,

DU Tnziy) - Ayt =1 = 3oy +2(%) 1 =

Yi Yi AZ
. q.(m)
sin(k; 'A;) 1
" (A—) DYy =1 = oy = —— (A.69)
z yj sin(k™A,)
Az

=1
Substituting for c;f, in ¢}, (z;, y;), discrete form of eigenmodes are obtained
1
P (zi, yj) = —me e R () (A.70)

sin(kIA,)

A;

When A, — 0, the continuous analytical form of eigenmode is recovered as

sin(kgm)Az) _
- zZ

A (A71)

limAZ_>0

A.7 Dispersion relation using the discretised Helmholtz equation

Consider the analytical scalar Helmholtz equation in 2D for eigenmodes ¢';;,(z, i)

[V2+ K7, 10z, y) = 0 (A72)
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In the discretised form, V2¢;,(z, y) is given as a centered second order finite difference formula (refer
chapter 8.3.2.1 of [109]) acting on 1;},(z, ) (given in equation A.70)

sz/)+(z- .)_&_2¢+(ZA )+¢9_2 +(Z. )

m\Zis Yj T op2m irYj &yz‘vbm irYj

_ Bb;(zi +1, yj) _21#:1—1(21'/ yj) +¢:—n(zi -1, yj) 170;7"1(21-, yj+ 1) _ZIP;(ZI'! yj) + IP;(ZI’/ /e 1)
- A2 " A

@ @

(A73)

where z; = [1: N;]and y; = [1: N, ] are integers in Matlab notation. Substituting the expression for
U;(zi, yj) given in equationA.70, D

D= 1 xely) ot Az otk AL (zi-1) e+ik§"’>Az(zi—2>)
A2

z [sin(k™A,)
A,
)
_ 1 Xm(yjett BETD pHikAL g e"'ki"”Az)
2
Az sin(k™A;)
A,
Vi (zi,y))
1 -1 L, kMA
= plp;(zi, i) {2cos(k§m)Az) - 2} = Ew;(zi, i) (4szn2(ZTz) (A.74)
Z Z

Likewise substituting 1, (z;, y;) for evaluating ®)

1 1 )
@)= E—eﬂkz A Doy + 1) = 2x0m () + xm(y; = 1)}
Y [sin(k™A)
A

1 1

N 2 . ) .
= ——— ptik G W{sm (k;m)Ay(yj)) —2sin (k(ym)Ay(yj - 1)) + sin (k;m)Ay(yj - 2))}

2
Ay sin(k"™A,)
- ®

Next, simplify (3) using the trigonometric identity sin(A) — sin(B) = 2si n(‘%)cos(A%B),

(A75)

(3) = sin (k(ym)Ay(yj)) —2sin (k(ym)Ay(yj - 1)) +sin (k;m)Ay(yj - 2))

= sin (K" (y)) = sin (k" 8y (= 1)) + sin (K" (g5 = 2) = i (k58 (y; - 1)

KA KA KIA 3kUA
. 4 y . Y Y
= 2sin( Y > )cos k;m)Ay(yj) - 5 —2sin( Y 7 )cos k(ym)Ay(yj) - yz
KA KA 3kA
. Y 4 Y
= 2sin( Y 7 ) |cos k(ym)Ay(yj) - 5 —cos k(ym)Ay(yj) - y2

(A76)
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Simplifying again using the trigonometric identity cos(A) — cos(B) = 2si n(#)sin(%),

KA KA KA
(3) = —2sin(—~ 5 "y |2sin (k;m)Ay(yj - 1)) sin( y2 Hi = —4sin2(yTy)sin (k;m)Ay(yj - 1))
(A77)
Substituting (3) in (2)
1 k(m)Ay 1 ) [ )
@ = E (4Sin2( ! 2 )) e+lkz Az(zi-1) W (Sin (k;M)Ay(y] - 1)))
y sin(k"™A,)
A,
Vi (ziyj)
-1 k](/m)Ay
= A_z (451”2(7)) IP:—n(Zi/ y]) (A78)
y
Substituting for (1) and @ in equation A.72
(m) (m)
-1 o kA -1/ . y
Elp;(zi,yj) (451n2( z 5 z)) + " (451112( Y 5 )) lpf;l(zi,yj) + kfef¢;1(2i/yj) =0 (A.79)
z Y
This equation implies that for all values of 1/, (z;, y;), the equation becomes zero if
(m)
4 (o kA, 4 (5 ky Ay 2
— |sin“(——=) | + — | sin*( )| =k (A.80)
A2 ( 2 A2 2 ref

which gives the discretised dispersion relation which on taking the limit A, — 0 and A, — 0 results

2 2
in the analytical dispersion relation (kg’”)) + (k(ym)) = kfe £

A.8 Numerical solution of the Dyson’s equation using the iterative
perturbation method

. ) , .. 0) k=NIN{
The discretised Dyson’s equation is Gjj = Gij +2

Ggl(z) ViAgreaGj. The entire computational
domain which includes the disordered perturbation region and the surrounding region for field
visualisation, has the size of [N}, X N;]. The disorder perturbation region has the size of [Nf x NP7,
which is a subset of the computational domain [N, X N.]. Therefore, there are NP N; scatterer
perturbation points. The index i usually denotes the field evaluation location accessed linearly as a 1D
array. Similarly, the index j denotes the source location accessed linearly as a 1D array, placed on the
boundaries I'y, or I'z. The index k accessed linearly as a 1D array, is associated with the locations at
which the scatterer perturbation exists. Two methods are presented as the following where the first
method is the direct matrix inversion method. Such a method is easier to understand, but it is memory
intensive. The second method is the iterative method which requires iteration steps, but it is memory
efficient.

Both the methods start by estimating the free space Green'’s function Ggg) and GE?), where i spans all

the field evaluation points of size N, N, for visualisation purposes, k spans all the N. PN 5 scatterer
position points where the perturbation is about to be brought in, and j the N, points associated with

the left or the right boundary. ng) is of the dimension [N yNz X Nf NP ] . Other Green'’s function terms

to be appearing in the methods can be derived as a subset from ng) and GS‘))'
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A.8.1 Direct method
Step 1: Using the Dyson’s equation, solve for Gy; for different locations of k = ki, k2, k3, ..., kNZp NP
and a given j location ‘
Gy j
Gr,j
(0) ) 0) 0 2]
lej = lej + lekl VklAureu lekZVkZAurea lekNPNP VkaNg Aureu} (A.81)
yz
Gk(Nng)]
Gy j
Gr,j
(0) ) 0) ) 2]
szj = szj + szklvklAureu szkZVkZAurea kakp P kaNL) Aureu} (A'SZ)
y Nz
k(N5 NP )j
Gk, j
Gr,j
. _ 0 ) (0) ) 2]
Gk(NfN;))] = Gk(NfN}I;)j + |G (Nfo)klvklAarea Gk(NfN!i’)kZszAaream Gk(Nfo)kaNf VkaN; Aarea
k(leNf)]
(A.83)
These set of equations can be written in a matrix form as
0) ) (0)
G G§<0)< Gl Vi Gty Vi lek(Nz” Ny farng) AareaG
kj (6)] O] (0) 0) area Gkyj
Gr,j szj szkl Via szkz Vi, szkwfw};) Vk(Nfo) AareaGryj
Gri GO 0) 0) o AgreaGrsj
) 3 = {‘3] Gk3k1 Vi, Gkskz Vi, k3k(NfN5) k(Nfo) area: 3 (A.84)
Gk(Nng)] ngl)\lep)] G(O) 0) G(O) Aarea Gk(Nfo)j
z %y k(NfN;)k] k1 k(NfN_,l;)kZ ko k(Nng)k(NfN}I;) k(NENﬁ)
M
Representing the same system of equations as a matrix equation, Gy; is solved involving an M matrix
(M matrix defined in the above given equation), as given below
6] = |G|+ M1 [Gy] =
kj kj kj
[Gii] = 1 - [M]]™ [G,‘fj) (A.85)
Step 2 : Once [Gy;] is obtained, evaluate [G;;] for a given j
0) (0) (0)
G Gity Vi Ciik, Vi Gilk(Nng> NINE)
Gij o R O v cO BareaGlyj
Giyj Gy izky 1 inky "2 izknpnp) " CNEND) AareaGrsj
. 0 () (0) o AareaGryj
Gl3] - Gi3f isk Vi Giskz Vi, Gi3k(NP Py k(Nfo) Wﬂf ol (86)
Gl G0 | o co cO AareaGlipg)
(N=Ny) NNk iNzNyk2 2 i(NzNy)k(N%’Ng) k(Nfo)
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where there is N, N, field evaluation points due to NN 5 scattering particles. With step 1 and step
2 evaluated for different source locations j, G;; can be fully solved. Although the direct method
presented in this subsection is short and easy to understand, it is memory intensive because of the
formation of the large non-sparse M matrix (of size NI N 5 x NI'N ; ) and the associated inversion

process in the equation A.85. Also, the free space Green’s function Gf’i) needs to be evaluated for the i
corresponding to the entire [N, x N | grid for the purpose of visualisation. The location k needs to be
spanned through all the scattering particle locations (to evaluate the M matrix), consuming memory.
To save memory the following iterative method is used instead.

A.8.2 Iterative method involving slices of scatterers

In the iterative method, the total scattering block is divided into slices and the Green’s function is
updated accounting the scattering effect of the slices taken one at a time. As an example, lets say the

entire scattering region is divided into 10 slices. GE? needs to be evaluated like before, for the source k

)

location spanning all the particle positions. Gg? is also evaluated where j is on I'; or I'r. Accounting

the scattering perturbation of slice number 1 yields the new updated Green’s function Gﬁ). While
evaluating GE?, the source k locations needs to be only those scatterer positions where the remaining

9 slices are to be brought in and also on the boundaries. One could overwrite the Ggg) array data (only

for the source locations of the particles to be brought in, corresponding to the remaining 9 slices)

1) )
k

the scattering effect of the second slice. For evaluating Ggi) , the source k locations needs to be only
those scatterer locations where the remaining 8 slices are to be brought in and also on the boundaries.
The method is repeated by bringing in the remaining slices one by one and updating the Green’s
function by overwriting the previous version, for the remaining particle positions. Therefore, the
process becomes faster upon progressing through the slices.

for saving memory. Now the second slice is brought in and GE is used to evaluate Gfi accounting

First, let the first transverse slice of the scatterers be chosen, numbered 1 : N 5 denotedas1 —» N 5 .
Solve the equation A.84 just for the first slice.

Main step 1 for the iteration method involving the first slice of scatterers

e Substep 1
0 0 (0)

GS)‘ Gg))' Gk, Vi Ch V2 lek(NP ) Vk(fo ) Asrea GS)‘

1] 1] y ; 1]

1 0 0 0 (0) 1)

Gl(cz)]' G;Q)]' szkl Vkl GkaZ sz szk(NP) Vk(Nﬁ) Aarm Gij

(1) ©) ©) ©) (0) (1)

Crj = Ckj +| GV GoVe = Gy by Ve AareaGrj | (A87)

G» GO : : : : AareaG

k,.p k.p (0) (0) (0) areaGy
(N;)] (Né )] Gk(Nf)kl Vkl Gk(Nf)kQVkZ o Gk(Ng)k(N]f)Vk(N;) (N],/ )]
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o Sub step 2 Representing the above given system of equations as a matrix equation, G(l)

T
Kooty
solved involving the ME;)LN,,) matrix (defined in the previous equation), as given below
Y
@ (0) (0) G
G G M | =
[ k(HN;”)]} [ HN”)]] [ (1-N}) (HN]’;>]
W l=l1-|M9 o A88
[ k(HNl’/’)] (1-N}) k(HN}’;)] ( )
e Sub step 3 Once [G( ] is obtained, evaluate [GE})] for a given j
(l—>N )
0) (0) (0)
c!! G o I gy 00 DGy
0 0
G(l). GESJ) Gizkl Vk1 Glzkz sz izk(Np) (Nﬁ) Aartzu G(l)
Y
(1) (0) (0) (0) (0)
Gi3j = Giaj + Gi3k1V 1 Glskzv Glsk NP) (N;) Bares Gk” ( 6‘89)
1 o) )
G; ‘ « « ) ) ) Agrea G
Nz Ny)J i(NzNy)] Gi(NZNy) k Vi Gi(NzNy) K, Vk2 Gi(NzNy) ) k) k)i

following sub step evaluations has to be performed to estimate [G(l)

(1%1\/” )

e Sub step 4 Before moving onto the next main iteration step (main iteration step number 2), the
k(NV +1-NPNF)

Jand[G!}) ]
Y

(N]’; +1HN§ N
to be used in the next main iteration step. Here (N 5 +1—> N 5 N, f ) corresponds to the remaining
scatter position where the perturbation is brought-in in the future iteration steps by introducing slice
number 2,3,4 etc..

Using equation A.88,
(1) ©) o
GY =1-|m"° GY A.90
k(1—>N§)k(N§+l—>N5N§)] [ [ (1-N§) [ k(l_,NP)k(Nvﬂ_)NpNn) ( )

Taking equation A.89 and substituting for ; as k(N5 HONIND) together with the above given equation,

[G ] can be estimated. The estimated [G(k)

vp-N)NE)

] can be overwritten upon the existing
ik r PP
(N} +1-N)NE)

memory taken by GE?.

Main step 2 involving the second slice of scatterers denoted by Nf +1—> ZN}I,) ,

e Sub step 1

2 1 1 1 1

B O (O e Vi Sttt = Sl e Vg
Wl wp-/ Wh E ey TRy D) Wh (F ) TNy s enp)  T@Ny)
2 1 1 1 1

ch) j 1(<) ch) k Vi ch) k P ch) k konp
(N§+2)] (N{j+2)] WP e TNy D Wh e TNy 2 WP+ eng)  TeNy)

c? (1 GV GV cW
k i = Yk + k k Py k k kP k k kanp
wP+3/ wh+3/ NE (NE ey TNy WE) (NP +2) TNy +2) W ) @Ny)
2 (1) (1 (1 1)

Gk N Gk p)j Gk pkp.y Ko Gk kP KnPi2) Gk P Kanp, * KanD)
(NE) @nk) @NE)*vE +1) y @NE) v +2) y @NE) enD) y

(NL) +1H2N5 )
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e Sub step 2 Representing the above given system of equations as a matrix equation, G;{ ) , y is
(N} +1-2N))
solved involving the ME;\?,, 1-aN?) matrix (defined in the previous equation), as given below
c@ =g . @ @ .
K saoang)l Kb o)/ (Ny+1-2N7) | | kpsamand) ]
-1
G | == MY , G\ ‘ A9
[ k(N§+1~>2N§)] (N} +1-2N}) k(N;;+1~>2N§)] ( )
e Sub step3 Once [G(2 , ]] is obtained, evaluate [G( )] for a given j.
(N +l—>2N )
1) (1) 1) (2
G! G 14 . G AareaGY
512]) Ggllj) kg (N+1) (N} +1) ik W~ +2) k<N§+2> ik, @n]) k(ZNJ% are k(N”+1)]
@ ) G v G v . G AareaGP
GEZJ) Gzﬂ) ink P41 k(N]};H) irk P42 (N§+2) sz 2N5) k(ZN;) area (N§+2)]
2 1 (1) (1) o)
G~ - G ;
Bj = iaj o * Gl3k NPH)Vk(N;’H) Glsk N+ k(N§+2) Glsk N) kanp) AW”G (NPH)] ¢
o o o oo o o
i(Nle )] NzNy)J G; V G; Vi y w G A G .
v Y I(NzNy)k(N§+1) k(N§+l) l(NzNy)k(N5+2) ( N;Jrz) I(NzNy)k(ZNﬁ) k(ZN‘,I;) area k(zN&)]

e Sub step 4 Before moving onto the next main iteration step (main iteration step number 3),
] and

(2N§ +HN]’; NF)

the following sub step evaluations has to be performed to estimate [G(z) r

(N” +142N5)

[G(Z)

i ] to be used in the next main iteration step. Here (2N 5 +1—> N 5 N?) corresponds to

NP +15NPNP)
y vz
the remaining scatter position where the perturbation is brought-in in the future iteration steps by

introducing slice number 3,4,5 etc..

Using equation A.91,

-1
G A93
[ k(N}; +1ﬁzN§,’ )k ( )

(2) (1)
kp N N - MN”+1 2NY)
(N) 12D FaN 11 NI NE)

P PP
Y Y YN N} +1-NYNE)

Y

Taking equation A.92 and substituting for j as k(zN;’ H1NIN? ) together with the above given equation,

[G(,2) ] can be estimated. The estimated [G(z)

, ] can be overwritten upon the existing
ik, _.p PP ik
(ZNy+1—>NyNZ)

(zN§ +1—>N§ NPy
1
memory taken by GE k).

Following the same logic, the main step 3 involving the slice of scatterers denoted by 2N 5 +1—3N 5
can be evaluated. The iteration process continues until the last slice of scatterers are brought in,
obtaining the fully perturbed Green’s function G;; .

A.9 Green’s second identity and eigenmodes

Let ¢3,(z,y) and ¢}/ (z, y) are two eigenmodes satisfying the homogeneous boundary conditions
given in 1.27. Green’s second identity in general is given as

/ / (U5 V20s - piV2ys ) dzdy = / / VW Vs — vV} dzdy

= [{wiver —yives}-far (A94)

h.92)
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where the double integral on the L.H.S operates on the region Q enclosed by the boundary I" as shown
in the Figure 1.2. R.H.S of the above given equation is the boundary integral for evaluating the flux
crossing the entire boundary due to the integrand. As we know that there is no flux crossing along

the transverse boundaries, hence only the boundary integral along I';, and I'r need to be evaluated.

In addition to that, only the d/dz component of V needs to be evaluated as it is the only component
along the direction of 7 (7 points outwards of the sample as shown in the Figure 1.2). Therefore,

n J 5 (9 i), ~
Jtwiowi-vivunyaar= [ s (o) e -vi (i) ) - cole,+
@
/ + J 5 + J + |2 A
{lzbm (g%) ez — Py, (gybm) Ez} : (+ezdy)l(z,y)erR (A.95)

@

If m # n, then (1) = (2) = 0, because of the orthogonality relationship (x,|x») = 0 as ¢}, and ¥},

contain functions x,, and x, respectively. Now, consider the case when m = n and hence, kgn) = kgm).

Therefore, once again it can be seen that (1) = (2) = 0. Therefore,

/ / [ VPt — iV ) dzdy = /r [YLVeE — $IVL) - dl = 0 (A.96)

A.10 Reciprocity of perturbed Green'’s function, G(r, r¢)

Consider the following Green’s function equations for two different Dirac delta sources at r1 and 7,

VfG(r, r) + kéer(r)G(r, ) =0(r—ry) (A.97)
V2G(r, 1) + kéer(r)G(r, r2) = O0(r — 17) (A.98)

Multiplying the above equations using G(r, r2) and G(r, r1)

G(r, 12)V2G(r,11) + kge,(r)G(r, r1)G(r, r2) = G(r, 12)0(r — 1) (A.99)
G(r, 1)V2G(r, 1) + k%er(r)G(r, r1)G(r, 1) = G(r, r1)0(r — r2) (A.100)

Integrating over the region ()

/ / {G(r, r)V2G(r, 1) + kée,(r)G(r, r)G(r, 1’2)} dzdy = / / G(r,r)0(r —r1)dzdy  (A.101)
/ / {G(r, rl)VfG(r, ) + kéer(r)G(r, r)G(r, rz)} dzdy = / / G(r,r)o(r —rp)dzdy  (A.102)

Using the sifting property of Dirac delta function on the R.H.S of the above given equations, followed
by subtraction, the following is obtained

/ / {G(r, r2)V2G(r,r1) — G(r, 11)V2G(r, rz)} dzdy = G(r1,12) — G(r2, 11) (A.103)

Next, the goal would be to relate the above given equation with that of equation A.96. The perturbed
Green’s function can be decomposed in terms of outgoing eigemodes 1}, and 1, at the boundaries as
given in equations 1.45 and 1.46. In addition to that G(r, r1) and G(r, r2) obey homogeneous boundary
conditions as given in equation 1.47 and 1.48. Considering these facts and following the same logic as
given in Section A.9, one could show that the L.H.S of equation A.103 is zero. Hence,

G(r1,m2) = G(r,11) =0 = G(r1,12) = G(r2,11) (A.104)
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A.11 Derivation of generalised Fisher-Lee relationships

Generalised Fisher-Lee relations are obtained by substituting expression for the total field E (zo, /o) in
the BI equation and solving for the reflection or transmission coefficients.

A.11.1 Derivation for Sq;

First, let the wave incidence be from the left side of the disorder onto I';.. For estimating the reflection
matrix Sq1 need to take (zg, o) € I'L. Then the simplified boundary integral equation becomes,

Miotal .
ST 20k / E(2,9)G (2, ¥, 20, Y0) Yz, pyeriseomorers = EZ0, Yol (aoyopers
m=1

Ntotul
= Z E. (20, y0) |(zu,yo)€rL
n=1

Miotal Niotal
= Z Z C;-; [6kron(n/ m)Xn(yO)(P:—z(ZO) + S{Zlm)(n(yO)(P;;(ZO)] |(zo,y0)€l"L (A.105)

m=1 n=1

Comparing the summation terms covered by 25\”4:{31 onL.H.S and R.H.S,

2ik{™ e i (2) / X ()G (2, Y, 20, Y0) Y (2. y)eryactzo yo)ers. =

Nh)tﬂl
D7 cm [Oxron(12, M) (20) xn(Y0) + ST1" Xu (Y0) D3 (20)| 20, 0)er (A.106)

n=1

Using the orthogonality relationship involving x7,(y) and integrating with respect to vy on both sides
of the above given equation,

20k 7 (2)c, /

Yo

Ntotal
/ Xn’(]/O) {Z C:p:[ [6kron(n/ m)ﬁbZ(ZO)Xn(yO) + Sff"Xn(]/o)Qf)Z(Zo)] d]/()} |(zo,yg)eFL
Yo

/ Xm(Y)G (2, Y, 20, o) Xn' (Y0)AYdYol (z,y)er, &(zo,yo)er, =
Y

n=1

= ¢, {Oxron (', m) P (20) + ST 7,/ (20)} (A.107)
On comparing the coefficients of ¢, on L.H.S and R.H.S of the previous equation,

2ik§m)qb;;l(z)/ /Xm(y)G(Z,y,Zo,yo)Xn'(yo)|(z,y)erL&(zU,yg)erLdydyo =
Yo JYy
Okron (1, 1) P71 (20) + ST ¢y (z0) (A.108)

Simplification : Rename #’ as n and let z and z be positioned at 0 on the left boundary. Therefore,

2ik™ i (z = 0)/ /Xm(y)G (z=0,v,20 =0, y0) Xn(Y0)|(z=0,y)eT; &(z0=0,y0)eT. Y Y0 =
o Jy

Skron(1, m) P (2o = 0) + S}" d;, (20 = 0) (A.109)

Mathematically, there are 4 different possibilities with respect to the nature of incident and reflected
modes.
Case 1: Both input and output modes are propagating m < Mpop and 1 < Npyop
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. 1 1 gnm
Zlk;m)— / /Xm (y)G (z, Y, 2o, ]/O) Xn (:VO)|(z:0,y)eFL&(ZO:O,y0)eFL dyd]/o = Okron(n, m) + 2
kgm) Yo JYy kg”) ’kgn)

(A.110)

Case 2 : Input mode and output modes are evanescent m > Mpop and 11 > Npyop

. 1 1 1
Zlk;(;M)— / /Xm (]/)G (z, Y, 2o, yO) Xn (yO)l(z:O,y)EFL&(ZU:O,yO)EFL dyd]/O = Okron(n, m) + Slnlm
/ k(m)‘ Yo vy k(”) k(”)
z z z
(A.111)
Case 3 : Input modes are propagating and output modes are evanescent m < Mp,op and 11 > Npyop
’ .k(m) 1 G dudv =6 1 gnm
Ik " —/——— Xm (y) (z, Y, zo, y()) Xn (]/0)|(Z:O,y)EFL&(ZO:O,yO)EFL Yayo = Okron (n,m)—+ 11
/k(m) Yoy Q) o
z z z
(A112)

But 6xron(n,m) = 0, if m < Mprop and 11 > Nprop
Case 4 : Input modes are evanescent and output modes are propagating m > Moy and 1 < Npyyop

1

. 1 1
Zlk;(:M)— / /Xm (y)G (Z/ Y, 2o, yO) Xn (yO)l(z:O,y)EFL&(ZU:O,yO)EFL dyd]/O = 6kron(nr m) + 51111171
Yo Jy / Q) / ki”)
z

m

(A113)

But Owron(12, m) = 0, if m > Mprop and 1 < Nprop.

k(zm) . | (m)

Solving for S11 for cases 1, 2, 3 and 4, (using the information that for evanescent modes \/T =i+/lky |,
%"

is imaginary) are summarised in the Table 1.1.

A.11.2 Derivation for S»;

Let the wave incidence be from the left side of the disorder onto I';.. For estimating the transmission
matrix Sp1, need to take (2o, yo) € I'r. Then the simplified boundary integral equation becomes,

Miotar .
> 2ik(") / Eyi“(z,¥)G (2, ¥, 20, ¥0) AYl(z,y)er &c(zo,y0)eTx = E(20, Y0)(zo,y0)eTx
m=1

Nfotal Nfotal

= En (ZOI }/0) |(Zg,yo)€rR = Z t;)(n (y0)¢2(20)|(z0,y0)en{
=1 n=1

n=

Ntotul Mtatal
= D73 27 wSH" b xn(W0)dr (20)zo,y0)ers (A114)

n=1 m=1
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Comparing the summation terms covered by s Mosl on L.H.S and R.H.S,

m=1
-7 (m) + 1+ Ny + qnm +
21k2 Cm ¢m(z)Xm(y)G (Z/ ]/, ZO/ yO) d]/l(z,y)el"L&(zo,yg)el"R = Z Cm 521 Xﬂ (y0)¢n (Zo)l(Z(),yo)ErR
n=1

(A.115)

Using the orthogonality relationship involving x,/(y) and integrating with respect to 1o on both sides
of the above given equation,

2k et b (2) / / Kn)G (2, Y, 20, 90) Ko (O)AY Yol e ety sorere = €S (20 zoere
¥y JYo
(A.116)

On comparing the coefficients of ¢;;, on L.H.S and R.H.S of the previous equation,
2ik{" it (2) // Xm(W)G (2, Y, 20, Y0) X (Y0)AYAYol (2, y)eT s e(zo,yo)eTx = Smi™ Or(20)|zoery  (A117)
¥ Yo

Simplification : Rename 1’ as n and let z be positioned at 0 on the left boundary and zy = zg at I'r on
the right boundary. Therefore,

2ik™M ik (z = 0)// Xm(¥)G (z =0,Yy,20 = zr, Yo) Xn(Y0)AYdYol(z=0,y)eT, &(zo=2r yo)eTx =
v I

St P (20 = ZR )| (zg=2r)eTx (A.118)

Mathematically, there are 4 different possibilities with respect to the nature of incident and transmitted
modes.
Case 1: Both input and output modes are propagating m < Mpop and 1 < Npyop

) 1 wm 1 Q)
ZZkgm)—// Xm(y)G (z, Y,Zo, yO) Xn(]/O)dydyo|(z:0,y)eFL&(ZO:zR,yg)eI‘R = 521 ——tik R

/kim) ¥y JY lkgl)

(A.119)
Case 2 : Input mode and output modes are evanescent m > Mp,op and 11 > Npyop
) 1 1
ZZk,’E',M) R =— / / Xm (]/)G (Zl ]// ZO/ ]/0) Xn(]/o)dydyo|(z,y)el"L&(zo,y0)el"R = S;’lm (Alzo)
k(m)| Yy <YYo k(”)
ya ya

Case 3 : Input modes are propagating and output modes are evanescent 1 < My;op and 11 > Npop

. 1 1
Zlkgm)— / / Xm (y)G (Z/ y/ Z0, ]/0) Xn (yo)dydyo|(Z,y)€rL&(Zg,yo)€rR = Sglm (Alzl)
(K™ <y v )
z

Case 4 : Input modes are evanescent and output modes are propagating 1 > Moy and 1 < Npyop

. 1 +izgk™
Zlkgm) = / / Xm (y)G (Z/ y/ ZO/ ]/0) Xﬂ (yO)dydyO|(z,y)€l"L&(zo,y0)€FR = S;’]m (A122)
k(m) Yy <YYo lkgn)
z
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(m)
Solving for Sy for cases 1, 2, 3 and 4 (using the information that for evanescent modes LS \/ |k§m) |,

N

is imaginary) are summarised in the Table 1.2.

A.11.3 Derivation for Sy

Let the wave incidence be from the right side of the disorder onto I'g. For estimating the reflection
matrix Sy, need to take (2o, yo) € I'r. Then the simplified boundary integral equation becomes,

Mtntal . Nlutﬂl
> 2ik{™ / En(z, )G (2,, 20, ¥0) Yz, y)errzomoers = 2 En (20, Y0) lizo,yo)ers
m=1 n=1

Miotal Niotal

= > D | Owwon(m, m)y (z0) xu(Y0) + Shy" Xn(W0) P (20)] |z, y0)er (A123)

m=1 n=1

Performing the same set of operations as used for the derivation of S1; and setting z = zg and zg = zg,
the following is obtained

Zikgm)ﬁb%(z = ZR) /Xm(]/)G (Z = 2ZR,Y,Z20 = ZR, ]/0) Xn(]/0)|(z:zR,y)el"R&(zozzR,yo)el"Rd]/d]/o =
Yo JYy

{Skron(1, M)y, (z0 = zr) + S5y Pri (20 = ZR)} |zg=2geTx (A124)

Mathematically, there are 4 different possibilities with respect to the nature of incident and reflected
modes.

Case 1: Both input and output modes are propagating m < Mpop and 1 < Npyop

—izp kgm)

. e
Zlkgm) / /Xm (y)G (ZI ]// 20, yO) Xn (yo)|(Z:ZR,y)EFR&(ZQZZR,yg)ErR dydyO =

/kgm) Yo Jy

o-izrkl” o+izrkl”

Okron(11, M) + ngm
/kin) lkgn)

Case 2 : Input mode and output modes are evanescent m > Mp,op and 11 > Npyop

(A.125)

. 1
2lkgm)— / /Xm (]/)G (Z/ y/ ZO/ ]/0) Xn(yO)|(z:zR,y)eI‘R&(zozzR,yg)eFRdydyo =
Yo <Yy

K|
1
A I

Oxron(n, m) + 5y (A.126)

1
[

Case 3 : Input modes are propagating and output modes are evanescent m < Mp,op and 11 > Npyop
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’ e—izkkgm)
szg’")ﬁ/ /Xm(y)G(z,y, 20, Y0) Xn(Y0)l(z,y)eT &(z0,y0)eTL AY AY0 =
km yo sy
—zsz
Okron(1, m) + S5 —= (A.127)

K

But Owron(1, m) = 0, if m < Mprop and 1 > Nprop.
Case 4 : Input modes are evanescent and output modes are propagating m > Mprop and 11 < Nprop

2ik§m) \/7 / /Xm (]/)G (z, Y, Zo, ]/0) Xn(]/O)l(z y)elL&(z0,} Jg)erLdyd]/O =
+zsz

1
Okron(1, M)—= + 832’” (A.128)

k;n) ,k("

But Owron(1, m) = 0, if m > Mprop and 1 < Nprop.

(m)
Solving Sy, for cases 1,2, 3 and 4 (using the information that for evanescent modes K= |k(m)

k")
is imaginary) are summarised in the Table 1.3.

A.11.4 Derivation for Sq»

Let the wave incidence be from the right side of the disorder onto I'r. For estimating the transmission
matrix S1, need to take (2o, yo) € I'r. Then the simplified boundary integral equation becomes,

Mtotal i Ntotal
Z 2ik"™ / En(z,¥)G (2,Y,20, Y0) Y|z yrernectzoyorers = 2 En (20, 40) l(zoyorers
n=1

n=1

Ntotul Mtutal
= >3 D S xn(¥0)Py (20)lzo,yo)er,
m=1
(A.129)

Performing the same set of operations as used for the derivation of S»; and setting z = zg and zg = z,
the following is obtained

2ik§m)¢?n (z= ZR)// Xm(y)G (z = zg, Y,Z20 = 2L, ]/0) Xn (yO)dydyO|(z=zR,y)eFR&(zo=zL,yo)eFL =

515" @ (20) zo=zp)er, (A.130)

Mathematically, there are 4 different possibilities with respect to the nature of incident and transmitted
modes.

Case 1: Both input and output modes are propagating m < Mpop and 11 < Nprop

—Z'ZRkLm)

2ik{"ME—

/ / Xm (}/)G (z, Y, 2o, yO) Xn (yO)d]/dyO|(z:zR,y)el"R&(zozzL,yo)el"L = S?zm (A.131)

kgm) Yy JYo kg”)
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Case 2 : Input mode and output modes are evanescent m > Mp,op and 11 > Npyop

1
2ik!™

1
/ / Kn0)G (22, 20, Y0) X (Y0) Y0l s )eleteammse pmrer, = ST

¥y Y /’kgn)

(A132)

K

Case 3 : Input modes are propagating and output modes are evanescent 1 < My;op and 11 > Npyop

izgk™

. e nm
Zlk;m) // Xm(y)G (z, Y,Zo, yO) Xn(]/O)dydyoI(z:zR,y)eFR&(zozzL,yg)eI‘L = 512

e _1
K™ Iy /’kﬁf’)

(A.133)

Case 4 : Input modes are evanescent and output modes are propagating m > Mprop and 11 < Nprop

) 1 Snm
20k —— [ [ )G 21,20, 100 o Myl erisier, = = (A13
(m)| Yy Y Yo (n)
k; k;
(m)
Solving Si; for cases 1,2, 3 and 4 (using the information that for evanescent modes kz( - = i |k§m) |,
k"]

is imaginary) are summarised in the Table 1.4.

A.12 Coherent mean-field attenuation and spatial correlation of the
disorder

This section reviews how the attenuation of the coherent mean-field is affected by the spatial correlation
of the disorder. Consider the Helmholtz equation

[V2 + K26(z, )] (2, ) = 0 (A135)

Let the fundamental distance measures z and y be expressed in terms of spatial correlation length /.
scaled by dimensionless scazling factzor Z and j such that z = ZI. and y = §jl.. Then ;—Z = 3—; % = ZC%.
Therefore, a% = %% and ;? = %% Similarly, for y as well. Therefore Helmholtz equation can be

non-dimensionalised[30] as the following

|5 ke v p =0 —

[V2 + (kole)?é: (2, )] w(2,7) = 0 (A.136)

Disorder dielectric constant €,(Z, i) can be written as a spatial perturbation around the reference
f

value as €:(Z, ) = é:e

and taking k€, as k2, 5

+ 6€:(Z, 7). Substituting the disorder perturbation in the Helmholtz equation

[V2 + (kref 1] W(Z, §) = ~(kolo) 206, (2, ) (2, §) (A137)
N—— e’
V(z,7)
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where V (2, 7) is the scattering potential of the correlated disorder. According to Section 1.4, perturbed
Green’s function G(7, 7)) for this disorder is given by Dyson’s equation as given below

G(7,79) = Go(F, 7o) + [ Go(7, 7))V (71)G(71, Fo)di1 (A.138)

r

where Go(7, 7o) is the Green’s function without any disorder with a wavevector magnitude of k..

As G(7, 7o) appears both on the L.H.S and R.H.S of the above equation, the Green’s function has an
iterative structure. Hence Dyson’s equation can be expanded as a perturbation series. Hence, use the
following expressions

G(F1, 7o) = GolF1, 7o) + / GolFi, F2)V(72)G (s, Fo)dF (A.139)

G(Fa, o) = Gola, 7o) + / Gols, 75)V ()G (7, o) (A140)

G(75, o) = G0(173,70)+/ Go(73, T4)V (74) G(Fy, To)dTy (A.141)
g

G(Fa, 7o) = GolFa, o) + / GolFs, 75)V (75)G (s, Fo)dFs (A142)

to substitute in the main Dyson’s equation (equation A.138) to obtain the following perturbation series
indicative of the analytic structure of multiple scattering

Fo—TF 70—>701—>17
——
G (7, 7o) = Go (7, Fo) + / Go (7, 71) V(71)Go (71, Fo) dF1+ (A143)
71

. 7 7
rp—me—e—y

[ / Go (7, 71) V{71)Go (71, 72) V/(72)Go (72, Fo) dFad o +
1 T2

. 73 T 7
To—me—e—e—r

[[/Go(7,71)V(71)G0(771,72)‘/(72)@0(72,73)‘/(773)@0(73,70)d73d72d71+
nJr Jir;

. T4 T3 P 7
fo—oe—oe—e—e—r

[ / / / Go (7, 71) V(71)Go (71, Fa) V(72)Go (Fa, Fa) V(73)Go (Fa, Fa) V(Fa) Go (Fa, Fo) dFsdFadFaddFy + .
" Jir Jr3 Jry

(A.144)

Next, ensemble averaged (over many realisations of disorder) coherent mean-field component of the
Green's function is estimated. Ensemble averaging acts only on the random variables such as V(r;)
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and not on deterministic terms such as Go(r,', ;). Hence,

Fo—7F 70—><701>—>7
——
(G(7,70)) =Go (7,70)+/ Go (7, 71) (V (1)) Go (71, To) dT1+ (A.145)
n
70—>220—>0;1>—>r

[ / Go (7, F1) Go (71, 72) (V (F)V (7)) Go (Fa, Fo) dFadFr +

. 73 R 7
Foo<e— e —e>—r

/ / / Go (7, 71) Go (71, F2) Go () F2) (V(FIV (F)V (73)) Go (7, Fo) dFsdFadF +

. 4 T3 FH 7
fo—o<e—e—e—e>—r

/ / / / Go (7, 71) Go (F1, 72) Go (2, ) Go (Fs, 7) (V(FL)V (F)V (Fs)V (7)) Go (Fs, Fo) dFsdFadFad s + ..
o (A.146)

Hence, spatial correlation functions (V (1)), (V(71)V (7)), (V(71)V (72)V (73)), etc... determines the
coherent mean-field component of the Green’s function upon ensemble averaging. As (V(71)) is a
zero mean field, (V (1)) = 0. Fortunately due to the properties of Gaussian random fields (refer
equation 1.128 of [110]), odd number of terms inside the ensemble averaging makes it zero. As an
example, (V(71)V(72)V (7)) = 0. In addition to that, any even number of terms inside a Gaussian
correlation function can be factorised into a combination of two-point correlation functions. As an
example, (V(71)V (72)V (75)V (F4)) can be written as

(V(F)V RV (F3)V(T4)) = (V(F)V(72))V(73)V (7)) +
(V(FE)V (7H)V (72)V (7)) +
(V(FE)V (F)V (72)V (73)) (A.147)

This leads to a systematic study of perturbation series for multiple scattering involving two-point
Gaussian correlation functions (V(7;)V(7;)). For detailed analysis on the subject of perturbation theory
for multiple scattering, refer to [30, 66, 67, 111]. Until now, the only assumption taken is that the
disorder spatial correlation function is Gaussian. To proceed analytically from here, approximations
have to be taken on the perturbation series to make physical interpretation out of that. Simplest
approximation to the perturbation series given in equation A.146 is the Bourret approximation, leading
to the formulation of the following iterative mean-field equation.

(GF 7)) = GolF, 7o) + / / Go (7, 1) Go (71, 72) (VEDVFING (Fo, FoydPad?s (A149)

Applying [62 + (kreflc)?] on the L.H.S and RH.S of the above given equation,
[V2+ (kyefleP] (G (7, Fo)) = [V? + (Krefle)?] Go (F, o) +
[ / [V2 + (Kregle ] Go (7, 71) Go (71, 72) (V(F)V (F2))G (7, Fo)dFadFy (A149)
1 IR
On simplification,
[V2+ (kpef )] (G (F, 7)) = O(F, Fo)+
/7 /7 6 (F,71) Go (71, 72) (V(F)V (72))(G (2, o)y dT2d T (A.150)
1 IR
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The Bourret equation can again be simplified and re-arranged to obtain

[V2 + (kreflc)?] <G(7,70)>—[G0 (7, 71) (V)W ()G (71, Fo))dir = 6(F, Fo) (A.15)

8]

As V(Z,1) = —(kol:)*6€,(Z, 7), the above given equation can be re-written as

[V2+ (kref L] (G (F, 70))—(kolc)2[ Go (7, 1) {(kolc*(0€,(F)6é,(F1)) } (G (71, Fo))dFr = O6(F, Fo)
(A.152)

The above given equation is the Bourret equation for the coherent mean-field, where the mean-field
propagates in an effective attenuating medium. One may notice that the equation is parametrised by
the term (kol)?(5€,(7)0€, (1)), maximum value of which is referred to as the generalised Reynolds
number R,. In this thesis, as all the lengths are made dimensionless using k;.f, the generalised
Reynolds number is redefined in terms of k;.s for consistency. Therefore R, = (k;, flc)zvardisorde,

A.13 Steady-state analytical solution to the diffusion equation for
the slab geometry

The steady-state diffusion approximation of the diffuson P,(r, 1p) is obtained by solving the following
Green’s function problem in the spatial Fourier domain

—D.V?Py(r, r9) = 6(r — r0) (A.153)

where D, = cl*/d is the diffusion constant, d is the dimensionality of the problem (d = 2 for 2D
and d = 3 for 3D), I" is the transport mean-free path and 7y, the source position. In this section,
P4(r, rg) is solved for a 2D problem of an infinitely extending slab along the transverse dimension
(along y) and finite sized (of size L) along the longitudinal dimension (along z). Solution for
the 3D problem, follows the same logic. Two kinds of z boundary conditions exist at z = 0 and
z = L. Simplest of those two boundary conditions is the absorbing boundary condition where
Pi(y,z = 0) = P4(y,z = L) = 0 is set at the two ends of the slab. A better and realistic boundary
condition is the extrapolated /partially absorbing/Robin boundary conditions (known by different
names). P4(r, 1) is solved using both the boundary conditions in the subsections. To proceed further,
P4(r, rg) is assumed to have translational invariance with respect to y so that P4(z, zo, ¥, ¥o) depends
only on y — yo. Hence P4(z, 20, y, y0) = Pa(z, 20,y — yo) = Pa(z, 2o, p) where p = y — yp is a new
variable denoting the relative displacement with respect to the source y( location. Then diffusion
equation (equation A.153) in 2D takes the form

9’ 92
-D, {ﬁ + 8_‘02} Py(z,z0,p) = 6(p)6(z — 20) (A.154)

whose spatial Fourier transform, transforming p — g has the form

&2 2 _1
{E u }Pd@,zO,q) = 5o - 20) (A155)
This 1D Green’s function problem for the diffusion equation is solved using the very similar ideas
given in Section A.3.1 for the 1D wave equation Green'’s function problem. As there is a 5(z — zg) on
the R.H.S, the solution P4(z, zo, ) has to be split for two regions, z > zp and z < zo.

P¥(z,z0,q) ifz >
Pd(Z,ZO,q):{ e e (A.156)

Py (z,z0,q) ifz <z

131



A Appendix

As discussed in Section A.3.1, the Dirac-delta function in equation A.155, implies that there is a
discontinuity for the first order derivative as given below

d 0 __ -1
_P;(ZI 29, q)|Z:ZO - _Pd (ZrZOr q)IZ:ZO =

3z 3z I (A157)
In addition to that, due to continuity of P4(z, zo, q) at z = z
P;(z = z0,20,9) = P;(z = 20,20, 9) (A.158)
Without the source, the Fourier transformed diffusion equation
9? 2
{E g }Pd(z, 7 =0 (A159)
has the following homogeneous general solution
Pi(z,q) = Asinh(qz) + Bcosh(qz) (A.160)
Hence, equation A.156 could be written in the following form
+ e _ a oS
(i TR S

For solving the 4 unknowns c1, ¢2, c3 and c4, two z boundary conditions have to be introduced, in
addition to equations A.155 and A.158. Firstly, the Robin boundary conditions are discussed in the
following section.

A.13.1 Solving the diffusion equation using extrapolated/partially
absorbing/Robin boundary conditions

Fourier transformed Robin boundary conditions at z = 0 and z = L are given as the following

.0
P (z,20,q) lz=L + 2zl gP; (z,20,9) |z=L =0 (A162)
_ L0
Pd (z, zo, Q) |z=0 — zel zpd (z, zo, ‘7) |z=0 =0 (A.163)

where z, is the dimensionless extrapolation length ratio such that z,[* is the length of the extrapolated
boundary from the surface. For a refractive index matched sample z, = 2/3 for 3D and z, = 1t/4 for
2D. Substituting equation A.161 in the Robin boundary conditions, the following set of equations are
obtained.

c1{sinh(q (L —zp)) + I"zeqcosh (g (L —zo))} + c2 {cosh (g (L —z0)) + I"gz, sinh (g (L — 29))} =0

(Al64)
c3{ql"z, cosh (gzo) + sinh (gzo)} + c4 {g1"z, sinh (§z¢) + cosh (gzp)} =0 (A.165)
Substituting equation A.161 in equation A.157 yields
-1
c1g +c3q = D. (A.166)

Substituting equation A.161 in equation A.158 yields

Cr—C4 = 0 (A.167)
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Using Mathematica, four unknowns cy, ¢z, c3 and c4 are solved from the previously given four
equations to obtain

_(ql"z¢ cosh (9zo) + sinh (920)) (1" z, sinh (g (L — 2o)) + cosh (q (L — z0)))

= (A.168)
gD, (sinh(Lq) (q2l*zz§ + 1) +2ql*z, cosh(Lq))
(q1"z¢ cosh (qzo) + sinh (q29)) (q1"z¢ cosh (q (L — o)) + sinh (q (L - 2)))
0= (A.169)
gD, (sinh(Lq) (qzl*zzg + 1) +2ql*z, cosh(Lq))
(g1"2, sinh (720) + cosh (720)) (412, cosh (q (L = zo)) + sinh (q (L = z)))
3= (A.170)
gD, (sinh(Lq) (q21*2z§ + 1) +2ql*z, cosh(Lq))
(91", cosh (g=0) + sinh (90)) (g1°Z. cosh (g (L — 2)) + sinh (q (L — 20)))
s = (A171)
gD, (sinh(Lq) (qzl*zzg + 1) +2ql*z, cosh(Lq))
Substituting c¢; and c; in A.161 for P;(z, 2o, q) and simplifying using Mathematica
P; (2,20,q) = (ql*z, cosh (gzp) + sinh (gzo)) (g1*z, cosh(g(L — z)) + sinh(g(L — z))) (A172)

gD, (sinh(Lq) (qzl*zzg + 1) +2ql*z, cosh(Lq))

y integrated PJ (z, zo, q) at various z values is obtained by the Fourier technique of taking the limit at
g = 0 as the following

/”" (I"ze +z9) (I"ze + L — 2)

PY(z,z0,y)dy = limg_oPJ (z,20,9) = (A.173)

0 D, (2I*z, + L)

which is indeed the solution to a 1D diffusion equation. Total transmission can be estimated as the
following

20

d +eo I'zg +290 Zet T
T=-D,— P* (2,20, y) dy } ooy = o0 _ 20T
[ Ryl - s

(A.174)

which is the well known expression for total transmission reported in[70, 77] for zo = I*. If L/I* >> 1
and the source injection point z is taken as [*, then the total transmission can be approximated as

Zo + 20 Lzl _ { (glf where z, = 2/3 for 3D such that L/I* >> 1 (A175)

l% +2z, - IL 1+%) ZZ where z, = 1/4 for 2D such that L/I* >> 1

Similarly, substituting c3 and c4 in equation A.161 for P (z, zo, ) and simplifying using Mathematica

(ql*z, cosh(gz) + sinh(gz)) (q1*z, cosh (g (L — z¢)) + sinh (g (L — zp)))
gD, (sinh(Lq) (qzl*zzg + 1) +2q1*z, cosh(Lq))

P, (z,20,9) = (A.176)

y integrated P} (z, zo, 9) at various z values is obtained by the same Fourier technique of taking the
limit at 4 = 0 as the following

400 * *
_ . _ (I'ze +2)(I"ze + L — z)
p dy = limg_oP; (z,20,9) = A177
/oo d (ZI Zo, y) Y lmli 04y (Z 20 ‘/7) De (ZZ*ZE + L) ( )
Total reflection can be estimated as the following
0 feo I'ze + L — zg Zf+l%_7i_9
R = +DE£ {/00 P, (z,20,Y) dy} |z=0 = L2z ZL 22, (A.178)

Using the expressions for R and T, flux conservation can be verified as R+ T = 1.
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A.14 Derivation for the FDTD Absorbing Boundary Condition
(analytical) at z = 0 and z = z,,,4

Refer Figure 3.4 given in the Chapter 2 for the following derivation. ABC is incorporated at z = 0 and
Z = Zenq as shown in the figure, at half-way between interior nodes and boundary nodes. Hence, special
care has to be taken to define derivates ati = % andi = N, + % (All other definitions of derivative
operators given in Chapter 2 were evaluated at the interior grid nodes and not at half-distances from
the grid nodes). The goal is to obtain a time-stepping equation for the boundary node fields Eg,;fl and

Eﬁ,j}rl,]. based on the equations 3.7 and 3.8, respectively.

A.14.1 FDTD formulation of the ABCatz =0

OPE(r,t)  po *E(r,t) ?E(r,t) _

20t o o P =0 A7)

L.H.S of the above given equation is split into three terms as given below

1 -1 1 -1
rerm1: PECO a0 o (B CEG)a (B CE )
S ozat T T gzor T T oz T 2Ay | T oz T 24, =31

n+l _ pn+l n-1_ pn-1
— 1 Elrj Eorj _ 1,j Eorj — 1 {(En+l _ Eﬂfl) _ (Ei’lfl _ Enfl)}
2A¢ A, A, 20N, \TLJ 0,j 1,j 0,j

(A.180)

__po E(r,t),  _ po &°E(r, 1) __po1[J%E(r,t) 9E(r,t),
Term?2: —ale:O,],n = _QTL’:%,]‘,” - _az Th:o,],n + Tlt:l,],n
-1 +1 -1 +1
_ P Eg,]. +Eg,]. —ZE(’)’,]. Ef,]. + Ef,]. —2E1”/].
2Cref A% A%
___Po n-1 n+l _ ~pn n-1 n+l _ npn
e {(Eoy + gy —2ey) + (E0; + E1y =267 )} a8y
A2E(r, ¢ A2E(r,t 1 (%E(r, ¢ A2E(r,t
Term3: PZCref%h:O,y,n = pZCref%h:%,]‘,n = pZCrefE {+y2)|i=0,j,n + %li:l,]‘,n
1 {Eg,j—l + Eg,j+1 - ZEg,j E;l,j—l + E;l,j+1 - 2E¥,j }
= ZP2Cref > + >
2 Ay Ay

P2Cref
- (_2A2 ) {(Eg,j_l FED - 2Eg,].) + (E;]._1 +E - 2E] ])}
Y

(A.182)

Equation A.179, is then given by Term 1+ Term 2 + Term 3 = 0, as the following

1
((E”“ - Egjl) - (Ef}l - Egj)) __Pe ((E"*l +EpH —2E] ].) + (E;ﬁ;l FEI - E! ])) +

20¢A; Y 2CrefA? 01
P2Cref
202 ((Eg,]._l +Egja — 2E3,j) + (E?,j-l +E - ZE?,;)) =0 (A.183)
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n+1

Collecting the coefficients of Eo]' ,

n+1 Po 1 _ 1 n+l _ n-1 _ pn-1\) _ Po n-1 _ n n-1 n+l _ n
Foj (zcrefzxf +2AtAz) = g (B = (B B ) = g (5 -2 )« (0o 7 -2y )

P2Cref
B ((Eg,j_1 +ED .~ 2 ].) + (E;{ L HElL, - 2E] ])) (A.184)
Yy

Re-arranging the terms for further simplification,

Po 1

1 Po
+
2CrefA% ZAtAz

ZAtAz - 2CrefA%

n-1
1,j

n+1
0,j

n-1 n+1
(Eo,j +E1,j )+

Po 1
+ = -
2CrefA% ZAt A,z

Po (Eg,' * ET,‘)
j j 4 pzcref ((E" + En _ ZE(Y)Z]) + (E” + En —2E311]))

Cretl\2 212 0,j-1 7 Fo,j+1 1j-17 F1j+1
(A.185)
Upon simplifying to obtain Eg;fl
1 CrefAt —poAz (1, 2poA.,
Eptt = —Er? re—( ”.1+E”+.1) +—(E”<+E”.)+
0 L CrefAt + PoA; 0 L CrefAt + poA; 0.j Lj
Paci s {(Bg oo+ B =285 ) + (B + B =261 )| (A186)
A]2/ (CrefAt + POAZ) 0,j-1 0,j+1 0,j 1,j-1 1,j+1 1,j :
A.14.2 FDTD formulation of the ABC at z = z,,,4
Atz =zepgorati=(N;+3)
I*E(r,t)  po PE(r,t) J*E(r, t)
e+ ——= 2 — PaCret—— — = 0 A187
2t w0 PP (A.187)

Following the same analysis given in the previous subsection for z = 0, time stepping equation can be
obtained for the boundary node at N, + 1 (shown in Figure 3.4 of Chapter 2). For brevity, the steps
taken, which are very similar to previous subsection for z = 0, are not repeated once again. Instead
the final result is presented below

En+1 = —En_1»+ CrefAt _pOAZ ( n-1 -+En+1') + ZPOAZ ( n 4+ E" ‘)+
N;+1,j Nz,j CrefAt + POAZ N;+1,j N,j CrefAt + POAZ N;+1,j N,j
2 2
pzcrefAt A; n n n n n n
AZ (crots + Poiy) {(ENZ+1,]'—1 +tEN 4101 ZENZH,]') + (ENZ,j—l +EN, i1~ ZENZ,j)}
y

(A.188)

A.15 Continuity equation from time domain wave equation

Before deriving continuity equation from the wave equation, first the terms involved has to be defined.
We could generally define a physical quantity g, associated with a flow. g could be mass, energy,
electric charge or number of molecules. The associated flow can be defined as mass flow, energy
flow or charge flow. In this thesis, g is the energy associated with the wave propagation. Next, we

define a term called as flow current, I(r, t) = # where [ is the amount of g flowing at a given

time ¢. Current density J(r, t) = I<;+” is the current normalised to the area A associated with the flow.
Current density or flux density J(r, t) is a vector field with dimension [q/(area X time)]. Let p = %,
the physical quantity g per unit volume. p could be volume density such as mass volume density or

energy volume density. Goal in this section is to relate the vector field J(r, t) with the scalar field p.
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A Appendix

Gauss divergence theorem states that [5 J(r,t)- (7dS) = fv V-J(@r,t)dV =g/t = (Vp)/t. Local form
of continuity equation for a conserved quantity g is given as

d
vt = (A.189)
ot
Dimensional analysis : Lets say ¢ is energy (Joules), then energy volume density is p = Joules/m?>,

Current, which energy flow per time I = Joules/s = Watt = Power, Current density J(r, t) = I/A =
W /m? = Joules/(m?s). Then for continuity equation, dimensional analysis yields, g—f = . For
V- J(r,t), V operator has a dimension 1/m and J(r, t) has a dimension Joules/(m?s). Therefore the

dimensions match.

A.15.1 The energy method

Multiply both sides of the wave equation

1 d*E(r,t)
2 _ ’
by aEé:’t) to obtain
8E(r ) o 1 9E(r,t) d*E(r,t)
V°E = — A191
(r8)= 2 ot or? (A191)
R.H.S can be re-written by chain rule as
1 9 |(9E(r, b))\
— = A192
2¢2 ot l( ot ) ( )
For the L.H.S, the following vector calculus identity need to be used
OV =V - (¢VY) = Vo - Vi (A.193)
where ¢ and 1 are scalar fields. Hence equation A.191 can be written as
IE(r, 1) JE(r, 1) 1 9 |[JE(r, b))
V. VE(r, t)| = (V—=—] VE(,t) = —S = A194
(200, ) (200) v - 12| as

3 ZIVE(r 1)

Curly underbrace in the above equation involves the use of chain rule for differentiation. Rearranging
the equation and comparing it with that of the continuity equation, we get

a1 |(JE(r, b))\
EF( ot )

p(rt) J(r.t)

OE(r, 1)

+%|VE(r,t)|2)+V-( n — " VE(r, t)) (A.195)
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