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 A B S T R A C T

Scheduling problems are typically studied under the assumption that each resource can process only one job at 
a time. However, in many real-world settings, resources are capable of processing multiple jobs simultaneously, 
leading to cumulative scheduling problems, where each resource can process several jobs up to a specified 
capacity. While cumulative scheduling has been investigated in job shops and parallel-machine contexts, 
it remains unexplored in flow shop environments. In this work, we introduce the cumulative flow shop 
scheduling problem as a generalization of the classical flow shop. We propose a mixed-integer programming 
formulation along with two metaheuristic approaches – an iterated local search algorithm and an iterated 
greedy algorithm – designed to minimize total flow time. Both methods incorporate problem-specific features, 
such as an adapted initial solution and a rescheduling mechanism to improve resource utilization. With this, 
they demonstrate strong performance in a comprehensive computational study. Additionally, we analyze trade-
offs between total flow time and resource utilization, and investigate how varying job sizes and resource 
capacities affect outcomes. Our findings provide actionable managerial insights and open new avenues for 
research on cumulative scheduling problems.
1. Introduction

The flow shop scheduling problem has received significant attention 
in research due to its high relevance for planning efficient production 
systems [1,2]. It is characterized by a set of jobs that need to be 
processed on a number of machines. Thereby, the sequence of machines 
is given and identical for all jobs. Flow shops are typically found in 
flowline manufacturing systems, forming one of the most common 
production layouts. The sequencing and scheduling of the jobs is a key 
planning task to increase machine utilization, lower work-in-progress, 
and ensure timely deliveries [3,4]. However, in some practical applica-
tions, resources can handle several jobs simultaneously up to a certain 
capacity. An example forms the planning in growing facilities of agri-
cultural technology companies [5]. Here, newly developed plants must 
be scheduled in multiple greenhouses with different environmental 
characteristics and capacities. This problem is referred to as cumulative 
scheduling [6]. Similar environments exist, for example, in thermal pro-
duction processes, where several products may be processed in an oven 
simultaneously. In contrast to batch scheduling, each job may enter and 
leave a resource individually. Further applications are reported from 
project scheduling [7]. Independent of the application area, cumulative 
machines lead to very different problem characteristics compared to 
the classical flow shop; the parallel processing of jobs adds a second 
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dimension to the sequencing of jobs, which is similar to a packing prob-
lem. Besides its practical applications, the cumulative flow shop is also 
compelling for theoretical research as it constitutes a generalization of 
the classical flow shop. Nevertheless, cumulative scheduling problems 
have only rarely been considered in the scheduling literature. While 
they have been introduced in parallel machine environments [7] and 
job shops [6], to the best of our knowledge, the cumulative flow shop 
has not been studied until now.

Our study aims to close this gap and provides the following contri-
butions:

• We introduce the cumulative flow shop and propose efficient 
solution methods for its solution. The iterated greedy- and iter-
ated local search-based heuristics include problem-specific com-
ponents that are proven to improve solution quality, namely an 
adapted rule for generating an initial solution, a block operator, 
and a rescheduling mechanism that improves resource utilization 
during the decoding.

• Based on a computational study, we provide a deeper understand-
ing of the distinct characteristics of the cumulative flow shop 
problem, such as the relationship between the total flow time 
objective and machine utilization. Besides, the impact of varying 
job sizes and resource capacities is analyzed.
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• The findings enable us to derive managerial implications and lay 
the foundation for further investigation into cumulative schedul-
ing problems.

The remainder of the paper is structured as follows.  Section 2 
summarizes the related literature. Based on the problem definition, 
we present a linear mixed-integer program for the problem at hand in 
Section 3. Section 4 explains the procedure of the developed solution 
methods. In Section 5, a computational study proves their effectiveness. 
A further problem analysis is provided in Section 6, which discusses 
the relationship between total flow time and machine utilization, and 
the influence of capacity changes. Based on these results, important 
managerial insights are derived. Finally, we conclude our study and 
give an outlook on promising research directions in Section 7.

2. Related literature

To the best of our knowledge, we are the first to study the cu-
mulative flow shop scheduling problem. But even for other machine 
environments, cumulative scheduling has hardly been considered in the 
scientific literature. In the following, we summarize the relevant litera-
ture in the field and also highlight recent methodological developments 
in the field of flow shop scheduling.

The cumulative scheduling problem has originally been introduced 
for job shop environments by Nuijten and Aarts [8], who refer to it 
as multiple capacitated job shop scheduling problem. It is formulated and 
solved as a constraint satisfaction problem. Carlier and Néron [9] and 
Baptiste et al. [7] study cumulative single-machine and cumulative 
parallel-machine problems. While Carlier and Néron [9] develop sev-
eral lower bounds, Baptiste et al. [7] derive conditions for feasible 
schedules and use these within a branch-and-bound procedure. Apart 
from these theoretical works, Godard et al. [6] minimize makespan 
by a large neighborhood search algorithm in the cumulative job shop 
scheduling problem. The constraint programming-based approach is 
proven to solve instances of this problem effectively. After their work, 
cumulative scheduling did not receive any attention in the literature 
for several years. Only recently, the cumulative job shop problem was 
extended by the order acceptance decision by Linß et al. [5,10], who 
focus on an application in agribusiness. They propose an MILP to 
tackle a bi-objective planning problem, namely the maximization of 
accepted jobs and the minimization of waiting times. Besides, cumula-
tive scheduling problems can also be modeled as resource-constrained 
scheduling problems [7]. According to Hartmann and Briskorn [11], 
the problem at hand can be defined as a special case of the resource-
constrained multi-project scheduling problem. A survey of recent ap-
proaches for solving this problem is provided by Sánchez et al. [12]. 
However, the studied problems in this field do not match the char-
acteristics of a cumulative flow shop problem with total flow time 
minimization. Hence, to the best of our knowledge, there are no studies 
focusing on the cumulative flow shop yet.

In general, the flow shop scheduling problem has received consid-
erable attention in research and practice [13]. From a methodological 
perspective, partly very complex solution approaches have been pro-
posed. At the same time, rather simple local search-based methods and 
iterated greedy algorithms are proven to solve flow shop problems 
very effectively [13,14, e.g.,]. A big advantage of these methods is 
that they are easy to implement, and the simple framework allows 
more iterations within the given computation time [15]. Lourenço 
et al. [16] demonstrated the impressive effectiveness of ILS across 
various scheduling problems, including single machine, flow shop, 
and job shop. Iterated Greedy (IG) algorithms have been success-
fully applied to a variety of scheduling problems, often achieving 
state-of-the-art performance, including permutation flow shops [17], 
hybrid flow shops [18], parallel machine problems [19], etc. Recently, 
Gelvez et al. [20] embedded new neighborhood structures into an MIP-
based matheuristics to solve the permutation flow shop with makespan 
2 
objective. It significantly improves results from a conventional local 
search algorithm. However, no comparison to metaheuristics had been 
conducted.

Another development is the integration of machine learning into 
a metaheuristics framework. For example, for the permutation flow 
shop with makespan objective, Du et al. [21] combine an artificial 
neural network with an iterated greedy framework. For the same 
problem, Yang et al. [22] cluster a population of solutions and apply a 
parallel Q-learning search method to identify promising regions of the 
solution space. Similarly, Li et al. [23] embed Q-learning into an artifi-
cial bee colony optimization to enhance the choice of neighborhood 
structures. Interestingly, the aforementioned methods have not been 
compared to iterated greedy algorithms in the respective experimental 
studies.

The mentioned literature shows that local search-based approaches 
and iterated greedy algorithms still provide state-of-the-art perfor-
mance for flow shop scheduling. This is also true for extensions of 
the flow shop problem, such as permutation flow shops with sequence-
dependent setups [21], distributed flow shops [24], or assembly flow 
shops with no-wait constraints [25]. While the main focus of this 
study is not on the development of new methods, it is still critical 
to use effective heuristic approaches in order to solve and analyze 
a novel problem such as the capacitated flow shop. Therefore, we 
apply iterated local search as well as an iterated greedy algorithm with 
problem-specific components to study the problem at hand. 

3. The cumulative flow shop scheduling problem

3.1. Problem definition

The studied problem can formally be defined as follows. Given is a 
set of jobs 𝑗 ∈ 𝐽 and a set of machines 𝑖 ∈ 𝐼 . The time horizon 𝐻 is 
defined by the set of time periods 𝑡 ∈ 𝑇 . Each job must be processed 
on all machines in an identical technological order with a processing 
time 𝑝𝑗𝑖, i.e., a flow shop is considered. The cumulative characteristic 
states that each machine can process more than one job simultaneously. 
The quantity is limited by a constant machine capacity 𝑄𝑖, while the 
required capacity per job is defined by its size 𝑞𝑗 , which we assume to 
be constant on all machines. However, without loss of generality, the 
job size could be supposed to be variable per machine. The total size 
of the jobs processed simultaneously on a machine must not exceed its 
capacity. Jobs cannot be processed partly, meaning that the complete 
size of a job needs to be processed at once and without interruption, 
or the job needs to be postponed, for example, if a machine’s capacity 
is insufficient at the respective moment. A special case of the problem 
with a job size of 𝑞𝑗 = 1,∀𝑖, 𝑗, and a capacity of 𝑄𝑖 = 1,∀𝑖, reduces the 
cumulative flow shop to the well-known NP-hard flow shop scheduling 
problem. The objective is to minimize the total flow time, i.e., the sum 
of flow times of all jobs.

We provide an illustrative example to describe how to obtain the 
flow time value for a small instance of five jobs and three machines. 
The sizes of jobs and the processing time per machine are given in 
Table  1 while the capacity of each machine is assumed to be 10. The 
resulting Gantt chart job sequence 𝜋 = (1, 2, 3, 4, 5, 6) is shown in Fig.  1. 
Considering the completion times of all jobs on the last machine this 
results in a total flow time of 10+15+17+19+22+27 = 110. Note that 
several jobs are processed in parallel on each machine. However, for 
example, on Machine 2, Job 𝐽6 cannot be processed immediately after 
its completion on Machine 1 because of the limited machine capacity 
of Machine 2. Only after Job 𝐽5 has been completed, 𝐽6 can be started 
at time unit 10. At the same time, both jobs are partly processed in 
parallel to Job 𝐽1 on Machine 2. This shows the effect of the machine 
capacity in the cumulative flow shop.
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Fig. 1. Gantt chart for job sequence 𝜋.
Table 1
Sizes of jobs and processing times per machine.
 Jobs 𝑗 Size 𝑞𝑗 𝑝𝑗1 𝑝𝑗2 𝑝𝑗3 
 𝐽1 5 8 4 3  
 𝐽2 6 5 7 2  
 𝐽3 4 3 4 3  
 𝐽4 8 4 2 5  
 𝐽5 3 3 4 7  
 𝐽6 4 2 6 3  

Table 2
Notation.
 Sets and parameters  
 𝑛 Total number of jobs 𝑗, 𝑘 ∈ 𝐽  
 𝑚 Total number of machines 𝑖 ∈ 𝐼  
 𝐻 Time horizon in time units 𝑡 ∈ 𝑇  
 𝑝𝑗𝑖 Processing time of job 𝑗 on machine 𝑖  
 𝑞𝑗 Required capacity (size) of job 𝑗 on all 

machines
 

 𝑄𝑖 Available capacity on machine 𝑖  
 Decision variables  
 𝑇𝐹𝑇 Total flow time  
 𝑆𝑗𝑖 Starting time of job 𝑗 on machine 𝑖  
 𝑋𝑗𝑖𝑡 Binary decision variable; 1 if job 𝑗 starts at 

time 𝑡 on machine 𝑖, 0 otherwise
 

3.2. Mathematical formulation

To ensure compliance with the capacity restriction at all times, a 
time-indexed decision variable 𝑋𝑗𝑖𝑡 indicates whether a job 𝑗 is started 
on machine 𝑖 at time period 𝑡. A time-indexed variable enables a 
straightforward modeling of the capacity constraint at any time 𝑡. At 
the same time, the number of variables may become enormous for large 
time horizons 𝐻 . Besides, the starting time of job 𝑗 on machine 𝑖 is 
defined by 𝑆𝑗𝑖. The notation is summarized in Table  2 and includes 
the parameters introduced in Section 3.1. With this, a mixed-integer 
programming model is formulated as follows. 

min 𝑇𝐹𝑇 (1)
3 
𝑆𝑗𝑖 =
𝐻
∑

𝑡=1
𝑡 ⋅𝑋𝑗𝑖𝑡, ∀𝑗 ∈ 𝐽 , 𝑖 ∈ 𝐼 (2)

𝐻−𝑝𝑗𝑖
∑

𝑡=1
𝑋𝑗𝑖𝑡 = 1, ∀𝑗 ∈ 𝐽 , 𝑖 ∈ 𝐼 (3)

𝑆𝑗𝑖 + 𝑝𝑗𝑖 ≤ 𝑆𝑗𝑖+1, ∀𝑗 ∈ 𝐽 , 𝑖 ∈ 𝐼 ⧵ {𝑚} (4)

𝑇𝐹𝑇 ≥
𝑛
∑

𝑗=1

(

𝑆𝑗𝑚 + 𝑝𝑗𝑚
)

, (5)

𝑛
∑

𝑗=1

𝑡
∑

𝑡′=max(1,𝑡−𝑝𝑗𝑖+1)
𝑋𝑗𝑖𝑡′ ⋅ 𝑞𝑗 ≤ 𝑄𝑖, ∀𝑖 ∈ 𝐼,∀𝑡 ∈ 𝑇 (6)

𝑋𝑗𝑖𝑡 ∈ {0, 1}, ∀𝑗 ∈ 𝐽 ,∀𝑖 ∈ 𝐼,∀𝑡 ∈ 𝑇 (7)

𝑆𝑗𝑖 ≥ 0, ∀𝑗 ∈ 𝐽 ,∀𝑖 ∈ 𝐼 (8)

Eq. (1) is the objective function minimizing the total flow time. Con-
straint (2) links the two decision variables 𝑋𝑗𝑖𝑡 and 𝑆𝑗𝑖, and defines 
the starting times of the jobs with the help of the time index 𝑡. Con-
straint (3) specifies that each job starts exactly once. The overlapping 
of two subsequent operations of a job is prevented by Constraint (4) by 
defining that an operation can only start if the job has been completed 
on the previous machine. Constraint (5) determines the total flow time 
as the sum of completion times of all jobs on the last machine. Con-
straint (6) ensures that the total required capacity is less than or equal 
to machine capacity at time 𝑡. Here, all jobs processed simultaneously 
on a machine are considered with their respective sizes 𝑞𝑗 . While 𝑋𝑗𝑖𝑡
only indicates the starting time of each operation, the definition of 
index 𝑡′ ensures that all periods during which the operation is processed 
are accounted for. Finally, Eqs.  (7) and (8) define the domains of the 
variables.

4. Solution methods

Unfortunately, to date, no solution approach has been developed 
for the cumulative flow shop scheduling problem. Due to its NP-hard 
nature, we propose two metaheuristic algorithms to solve instances 
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of reasonable size efficiently. As shown in Section 2, local search-
based methods and iterated greedy algorithms are proven to solve flow 
shop problems very effectively. Hence, we propose both an iterated 
local search algorithm (ILS) and an iterated greedy algorithm (IG) that 
include a new rescheduling mechanism to adapt to the characteristics 
of the cumulative flow shop.

Even though several jobs may be processed in parallel on a machine 
in the cumulative flow shop, both algorithms use a simple job sequence 
as the solution representation. This encoding enables the use of efficient 
neighborhood structures known from flow shop scheduling. In the 
decoding procedure, the jobs are scheduled according to the defined job 
sequence. Iteratively and machine by machine, each operation of the 
current job is added at the end of the incumbent schedule. If both the 
machine’s capacity and the completion time of the job’s previous opera-
tion allow an earlier start, the current operation is brought forward and 
started as early as possible. However, the starting and ending times of 
already scheduled jobs and operations are not changed. This procedure 
is referred to as standard insertion and used for both algorithms. The 
detailed steps of the algorithms are described in the following.

4.1. Iterated local search algorithm

Iterated local search ILS is an iterative approach that starts with an 
initial solution and then refines it using local search to reach a local 
optimum. To avoid getting stuck in this local optimum, a perturbation 
phase is added, allowing the exploration of new solutions. Despite its 
simplicity, this approach demonstrates great efficiency in solving opti-
mization problems. Lourenço et al. [16] demonstrated the impressive 
effectiveness of ILS across various scheduling problems, including sin-
gle machine, flow shop, and job shop. Based on this, the ILS is selected 
for the resolution of the cumulative flow shop scheduling problem. The 
general procedure of the iterated local search is depicted in Algorithm 
1 and described in detail in the following sections. Based on an initial 
solution (see Section 4.1.1), the local search procedure described in 
Section 4.1.2 is applied. To meet the specifics of the cumulative flow 
shop, a rescheduling step further improves the generated solutions 
(Section 4.1.4). Within the main loop of the ILS, the incumbent solution 
is iteratively perturbed to reach new areas of the solution space (see 
Section 4.1.3), before again local search and rescheduling are applied. 
The acceptance criterion for newly generated solutions is detailed in 
Section 4.1.5. We choose a time limit as termination criterion.
Algorithm 1: Iterated Local Search (ILS)
1 𝜋 ← Initial solution;
2 𝜋∗ ← LocalSearch(𝜋);
3 𝜋∗ ← Rescheduling(𝜋∗);
4 𝜋𝑏𝑒𝑠𝑡 ← 𝜋∗;
5 while termination criterion is not met do
6 𝜋′ ← Perturbation(𝜋∗);
7 𝜋′′ ← LocalSearch(𝜋′);
8 𝜋′′′ ← Rescheduling(𝜋′′);
9 𝜋∗ ← AcceptanceCriterion(𝜋∗, 𝜋′′′, 𝜋𝑏𝑒𝑠𝑡);
10 end 

4.1.1. Initial solution
As with most metaheuristics, the quality of the initial solution 

affects the overall effectiveness. Here, two simple dispatching rules are 
used. In scheduling problems with a flow time criterion, the Shortest 
Processing Time (SPT) heuristic has proven to be highly efficient in 
getting competitive initial solutions [26,27]. The principle of SPT is to 
sort jobs in ascending order according to their sum of processing times.

The second heuristic, referred to as SPTS, accounts for the distinc-
tive characteristic of cumulative scheduling in the sequencing, i.e., dif-
fering job sizes. Here, jobs are sorted according to the product of their 
processing time and job size in ascending order, 𝑝𝑖𝑗 ⋅ 𝑞𝑗 . Both heuristics 
are applied, and the best one is selected as the initial solution. Besides 
4 
SPT and SPTS, we tested six other heuristics. The first two are based 
solely on the jobs’ sizes: the smallest job size rule (SJS), which sorts 
jobs in ascending order of their size, and the largest job size rule (LJS), 
which sorts jobs in descending order. The third heuristic is the Shortest 
Processing Times at Stage Zero (SPT0), while the fourth sorts the jobs 
according to the Smallest Ratio of Processing Time and Sizes (SRPS), 
𝑝𝑖𝑗
𝑞𝑗
. Finally, two variants of NEH were tested: the first is the basic 

NEH, which uses only processing times for job sorting, while the second 
variant (NEH-PS) uses the product of processing times and job sizes 
for job sorting. All heuristics were tested in a preliminary experiment 
with a benchmark of 50 instances. The results indicate that SPT and 
SPTS outperformed the others significantly, achieving the best results 
in 42% (SPT) and 54% (SPTS) of all cases, respectively. Since the other 
rules did not lead to comparable results, they are not considered in the 
following.

4.1.2. Local search
Once the initial solution is generated, the local search procedure 

is started to improve solution quality. In this phase, two distinct sim-
ple local search methods are explored. The first approach, proposed 
in Naderi et al. [28], uses a simple insertion method. Starting with the 
first job, each job is inserted into a random position in the sequence. 
This process is stopped after the first improvement or if all jobs have 
been considered.

The second proposed local search is inspired by the first one. 
However, instead of selecting a single job each time, a block of 𝐵𝐿
jobs is selected and reinserted each time in a random position outside 
the block. This reflects a key characteristic of cumulative scheduling 
problems: high-quality solutions should utilize machine capacities effi-
ciently. Accordingly, the total job size of concurrently processed jobs 
(i.e., jobs appearing consecutively in the sequence) should be close to 
the available machine capacity. These structures are intended to be 
preserved by moving blocks of jobs rather than individual jobs. The 
block size 𝐵𝐿 is set to the average number of jobs that can be processed 
simultaneously on one machine. It is calculated by dividing the average 
job size over all jobs and machines 𝑞𝑗 by the average capacity of all 
machines 𝑄̄𝑖:

𝐵𝐿 =
𝑄̄𝑖
𝑞𝑗

Algorithm 2 shows the pseudo-code of the second local search proce-
dure.
Algorithm 2: Block Insertion

Input: schedule 𝜋, block length 𝐵𝐿
Output: new schedule 𝜋′

1 𝑖𝑚𝑝𝑟𝑜𝑣𝑒𝑚𝑒𝑛𝑡 ∶= 𝑡𝑟𝑢𝑒 ;
2 while 𝑖𝑚𝑝𝑟𝑜𝑣𝑒𝑚𝑒𝑛𝑡 == 𝑡𝑟𝑢𝑒 do
3 𝑖𝑚𝑝𝑟𝑜𝑣𝑒𝑚𝑒𝑛𝑡 ∶= 𝑓𝑎𝑙𝑠𝑒;
4 for 𝑘 ∶= 1 to 𝑛 − 𝐵𝐿 do
5 𝑏𝑙𝑜𝑐𝑘_𝑠𝑡𝑎𝑟𝑡 = 𝑘, 𝑏𝑙𝑜𝑐𝑘_𝑒𝑛𝑑 = 𝑘 + 𝐵𝐿;
6 𝜋′  = Insert block in a random position;
7 if 𝐹 𝑖𝑡(𝜋′ ) < 𝐹 𝑖𝑡(𝜋) then
8 𝑖𝑚𝑝𝑟𝑜𝑣𝑒𝑚𝑒𝑛𝑡 ∶= 𝑇 𝑟𝑢𝑒;
9 𝜋′ ∶= 𝜋;
10 Break;
11 end 
12 end 
13 end 

The two local search procedures are evaluated in the calibration 
experiments to determine the most effective operator.

4.1.3. Perturbation
The perturbation phase is a key operator of the ILS approach [16]. 

After an intensification phase using local search, the perturbation leads 
to a different region of the solution space to avoid getting stuck in 
a local optimum. Starting from the current solution, a set of 𝑃𝑒𝑟𝐿
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random perturbation moves is applied. These are with equal probability 
either the insertion of a random job or the swap of two jobs. After 
each perturbation, the obtained solution is evaluated and accepted for 
the next iteration if it is better than the current one. This process is 
repeated 𝑃𝑒𝑟𝑆𝑜𝑙 times. The solution with the best flow time is used 
in the next iteration. The number of iterations 𝑃𝑒𝑟𝐿 and the number 
of changes within each iteration are calibrated. Algorithm 3 shows the 
pseudo-code for the perturbation operator.

After each perturbation phase, again, the local search described in 
Section 4.1.2 is applied to refine the newly generated solution.
Algorithm 3: Perturbation Procedure

Input: schedule 𝜋, 𝑃𝑒𝑟𝐿, 𝑃𝑒𝑟𝑆𝑜𝑙
Output: new schedule 𝜋∗

1 𝑏𝑒𝑠𝑡𝑉 𝑎𝑙𝑢𝑒 ∶= ∞;
2 for 𝑘 ∶= 1 to 𝑃𝑒𝑟𝑆𝑜𝑙 do
3 𝜋′ ∶= 𝜋;
4 for 𝑖 ∶= 1 to 𝑃𝑒𝑟𝐿 do
5 𝑜𝑝 ∶= 𝑟𝑎𝑛𝑑() mod 2;
6 if 𝑜𝑝 = 0 then
7 Apply Insertion move on 𝜋′;
8 else
9 Apply Interchange move on 𝜋′;
10 end
11 end 
12 𝑣𝑎𝑙𝑢𝑒 ∶= 𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑒(𝜋′);
13 if 𝑣𝑎𝑙𝑢𝑒 < 𝑏𝑒𝑠𝑡𝑉 𝑎𝑙𝑢𝑒 then
14 𝑏𝑒𝑠𝑡𝑉 𝑎𝑙𝑢𝑒 ∶= 𝑣𝑎𝑙𝑢𝑒;
15 𝜋∗ ∶= 𝜋′;
16 end 
17 end 
18 𝜋 ∶= 𝜋∗;

4.1.4. Rescheduling
The idea of rescheduling is to maximize the utilization of idle 

machine capacity after a solution is decoded. In many cases, even when 
an available idle time on a machine has enough capacity to process 
the next job in the sequence, its duration may not be sufficient for the 
required processing time. As a result, these capacities remain unused, 
potentially decreasing resource utilization. Therefore, we introduce a 
rescheduling mechanism to better exploit available capacity. Its main 
steps are presented in Algorithm 4

The rescheduling mechanism uses the first available space that can 
accommodate a job. Based on the job sequence of the current solution, 
the jobs are iteratively added to an initially empty schedule as early 
as possible. If the remaining machine capacity at time 𝑡 is sufficient 
to process the current job for at least one time unit, two options are 
considered:

• Job insertion and rescheduling: the current job 𝑗 is assigned 
to the available idle time, and all remaining jobs (i.e., those that 
have not yet started at time 𝑡) are rescheduled accordingly.

• Standard insertion: The job is added at the end of the schedule 
where both machine capacity and the length of the time slot are 
sufficient. This option equals the standard decoding procedure.

After assigning each operation according to these two options, the total 
flow time for both solutions is evaluated, and the option yielding the 
better value is selected. An illustrative example is provided in Fig. 
2 where 6 jobs are processed on a machine of the flow shop. The 
first Gantt chart shows the processing of 𝜋 = (1, 2, 3, 4, 5, 6) without 
rescheduling resulting in a total flow time of 𝑇𝐹𝑇 = 30. This sched-
ule corresponds to the standard insertion. Assume that Job 6 is now 
rescheduled. At time 𝑡 = 1, there is a slot with sufficient capacity 
for processing Job 6. However, the slot is too short to accommodate 
the whole processing time. Therefore, in the rescheduling procedure, 
Job 6 is inserted at time 𝑡 = 1, and Job 4 and Job 5 are rescheduled 
and started later. This new solution leads to an improved total flow 
5 
Algorithm 4: Rescheduling
Input : initial schedule 𝜋0, 𝐹 𝑖𝑡0
Output: new schedule 𝜋, 𝐹 𝑖𝑡

1 for 𝑚 = 1 to 𝑚𝑎𝑐ℎ𝑖𝑛𝑒 do
2 for 𝑗 = 1 to 𝑗𝑜𝑏𝑠 do
3 Set 𝑆𝑡𝑎𝑟𝑡 = 0 and Is_scheduled = 𝑓𝑎𝑙𝑠𝑒;
4 while Is_scheduled = 𝑓𝑎𝑙𝑠𝑒 do
5 if 𝐶ℎ𝑒𝑐𝑘 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦(𝑗, 𝑠𝑡𝑎𝑟𝑡) = 𝑡𝑟𝑢𝑒 then
6 Is_scheduled = 𝑇 𝑟𝑢𝑒;
7 𝜋.𝑖𝑛𝑠𝑒𝑟𝑡(𝑗);
8 𝐹 𝑖𝑡 = 𝐹 𝑖𝑡𝑛𝑒𝑠𝑠(𝜋);
9 𝑈𝑝𝑑𝑎𝑡𝑒 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦;
10 end 
11 else
12 if there is available capacity at t then
13 𝑆0 = Insert 𝑗 at the end of 𝜋;
14 𝑆1 = Insert 𝑗 at 𝑡 = 𝑠𝑡𝑎𝑟𝑡;
15 𝐹0 = 𝐹 𝑖𝑡𝑛𝑒𝑠𝑠(𝑆0);
16 𝐹1 = 𝐹 𝑖𝑡𝑛𝑒𝑠𝑠(𝑆1);
17 if 𝐹0 < 𝐹1 then
18 𝜋 = 𝑆0;
19 𝐵𝑟𝑒𝑎𝑘;
20 else
21 𝜋 = 𝑆1;
22 𝐵𝑟𝑒𝑎𝑘;
23 end 
24 end 
25 Update capacity;
26 end 
27 end 
28 𝑆𝑡𝑎𝑟𝑡 + +;
29 end 
30 end 
31 𝑆𝑜𝑟𝑡 𝑗𝑜𝑏𝑠 𝑏𝑎𝑠𝑒𝑑 𝑜𝑛 𝐶𝑜𝑚𝑝𝑙𝑒𝑡𝑖𝑜𝑛 𝑡𝑖𝑚𝑒
32 end 

time of 𝑇𝐹𝑇 = 28, and is therefore accepted. Because changes during 
the rescheduling cannot be encoded in the solution representation, the 
rescheduling mechanism is only applied at the end of each iteration of 
the main loop of ILS (see Algorithm 1).

4.1.5. Acceptance criterion
Each iteration of the ILS algorithm can produce a new solution that 

differs from the current one. The resulting sequence can be either an 
improvement or a deterioration compared to the initial one. Dealing 
only with better solutions in subsequent steps could lead the search 
to become stuck in a local optimum, preventing it from converging 
to a global optimum. Therefore, the Simulated Annealing operator is 
applied to decide whether the incumbent solution will be accepted. In 
case the solution is worse, it is accepted with a probability given by 

exp
(

𝑇𝐹𝑇 (𝜋′) − 𝑇𝐹𝑇 (𝜋)
𝑇 𝑒𝑚𝑝

)

, (9)

where 

𝑇 𝑒𝑚𝑝 = 𝑇 ⋅

∑𝑛
𝑖=1

∑𝑚
𝑗=1 𝑝𝑖𝑗

𝑛 ⋅ 𝑚 ⋅ 10
, (10)

and 𝑇  is a parameter that has to be calibrated as shown by Ruiz and 
Stützle [13]

4.2. Iterated Greedy algorithm

Iterated Greedy (IG) algorithms have been successfully applied to 
a variety of scheduling problems, including flow shops. This paper 
introduces an adaptation of the IG algorithm for the considered cu-
mulative flow shop scheduling problem. IG is closely related to the 
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Fig. 2. Example of rescheduling Job 6 on one machine.
ILS framework and only replaces the perturbation step of ILS with a 
destruction reconstruction, which is the key operator of this approach. 
In the destruction phase, a set of 𝑑 random jobs is removed from the 
current solution, where 𝑑 is a parameter that has to be calibrated. 
After deconstruction, the reconstruction starts with the insertion of all 
removed jobs one by one in the part sequence. Each job is inserted 
into every possible position in the sequence. From these, the position 
gaining the lowest 𝑇𝐹𝑇  value is selected. This process continues until 
all jobs have been reinserted. Apart from the difference in destruction 
and reconstruction, the remaining steps of IG are identical to those of 
ILS and shown in Algorithm 5. Similar to ILS, a time limit is used as 
the termination criterion.
Algorithm 5: Iterated Greedy Algorithm (IG)
1 𝜋 ← Initial solution;
2 𝜋∗ ← LocalSearch(𝜋);
3 𝜋∗ ← Rescheduling(𝜋∗);
4 𝜋𝑏𝑒𝑠𝑡 ← 𝜋∗;
5 while termination criterion is not met do
6 𝜋′ ← Destruction: remove 𝑑 jobs from 𝜋∗ to 𝜋𝑑 ;
7 for 𝑖 = 1 to 𝑑 do
8 𝜋′ ← Construction: insert job 𝜋𝑑 (𝑖) to 𝜋′ with minimum 𝑇𝐹𝑇 ;
9 end 
10 𝜋′′ ← LocalSearch(𝜋′);
11 𝜋′′′ ← Rescheduling(𝜋′′);
12 𝜋∗ ← AcceptanceCriterion(𝜋∗, 𝜋′′′, 𝜋𝑏𝑒𝑠𝑡);
13 end 

5. Computational study

5.1. Experimental setting

We conducted a comprehensive computational study to test the 
proposed solution approaches and to gain insights into the character-
istics of the cumulative flow shop scheduling problem. Furthermore, 
in Section 5.4 ILS and IG are compared against several metaheuristics 
from the literature originally developed for related flowshop scheduling 
problems. Two data sets, namely small and large, have been generated, 
similar to Vallada et al. [29] and Linß et al. [5]. The small instance 
set is used to test the MILP formulation and compare its results with 
those of the metaheuristics ILS and IG. It includes instances with the 
number of jobs 𝑛 ∈ {10, 15} and the number of machines 𝑚 ∈ {3, 5, 10}. 
For each combination of 𝑛 and 𝑚, we generated 10 instances, resulting 
in a total of 60 instances in this set. The large instance set is used to 
compare the metaheuristic approaches and comprises instances with 
𝑛 ∈ {20, 30, 50, 100, 200, 500} and the number of machines 𝑚 ∈ {3, 5, 10}.

For both test sets, the processing times are uniformly chosen from 
the range [1, 50]. The machine capacities are tested at three levels 𝑄 ∈
{20, 50, 100}. Job sizes, i.e., the required capacity 𝑞𝑗 , were randomly 
drawn from a uniform distribution between either [1, 20] or [5, 15]. This 
distinction allows comparison of results based on job-size variance. For 
each combination of 𝑛, 𝑚, 𝑄, and 𝑞𝑗 , 10 instances were generated, 
resulting in a total of 1080 test problems.
6 
All algorithms were implemented in C++, while the MILP was 
solved using IBM CPLEX 20.1.0. Each instance was solved 5 timeswith 
each algorithm on an Intel(R) Xenon(R) CPU E5-4627 with a 3.3 GHz 
clock speed and 768 GB RAM.

To evaluate the solution quality of the proposed methods, the 
relative percentage deviation (RPD) is calculated by 

𝑅𝑃𝐷 =
𝑇𝐹𝑇 − 𝑇𝐹𝑇𝑏𝑒𝑠𝑡

𝑇𝐹𝑇𝑏𝑒𝑠𝑡
⋅ 100, (11)

with 𝑇𝐹𝑇𝑏𝑒𝑠𝑡 representing the best-known total flow time of all meth-
ods and 𝑇𝐹𝑇  being the average total flow time by the respective 
method. Similar to Missaoui and Ruiz [18], the time limit was set to 
(𝑛 . 𝑚 . 𝜋𝐶𝑃𝑈 ) milliseconds, knowing that 𝜋𝐶𝑃𝑈  is tested at two different 
levels {30 𝑎𝑛𝑑 60}. Let us consider 𝜋𝐶𝑃𝑈 = 30, this rule will give 9 s for 
an instance of 100 jobs and 3 machines.

5.2. Calibration

The proposed ILS and IG approaches were calibrated to determine 
optimal parameter settings using a design of experiments framework. 
The calibration testbed consists of 90 instances of varying size, created 
using the procedure described for the large instance set above. It is 
ensured that an equal number of instances is drawn from each job 
size distribution. For ILS, three parameters were tested: perturbation 
length (PerL ∈ {1, 2, 3}), perturbed solution size (PerSol ∈ {10, 30, 50}), 
and temperature factor (𝑇 ∈ {1, 3, 5, 7}), yielding 36 parameter com-
binations. For IG, two parameters were examined: destruction size 
(𝑑 ∈ {1, 2, 3, 4, 5}) and temperature factor (𝑇 ∈ {1, 3, 5, 7}), resulting 
in 20 combinations. All ranges were carefully chosen based on prelim-
inary tests, where larger ranges of the parameters were applied for a 
smaller set of instances. For both algorithms, according to Section 4.1.2, 
a deterministic block size 𝐵𝐿 is used for the block insertion-based 
local search procedure. For both approaches, the two local search 
procedures, i.e., the single job insertion and the block insertion, are 
tested.

Each configuration was executed five times over the 90 calibration 
instances, generating 32, 400 results for ILS and 18, 000 for IG. The 
relative percentage deviation (RPD) served as the response variable, 
and results were analyzed using Analysis of Variance (ANOVA).

Fig.  3 presents the parameter plots for ILS and IG, respectively. 
Based on these results, the ILS parameters are set to PerL = 2, PerSol =
10, and 𝑇 = 7. Surprisingly, the block insertion local search shows 
significantly worse performance compared to the single job insertion 
local search. A reason for this might be that even though subsets of jobs 
might form a promising block on one machine, this might not be valid 
for the same block on the other machines. Hence, only the single job 
insertion local search is used for the ILS in the following experiments. 
Besides, the choice of the perturbation-related parameters PerL and 
PerSol shows a significant influence on the algorithm’s performance. 
For IG, the destruction size is set to 𝑑 = 1 and the temperature factor 
to 𝑇 = 7, even though no statistically significant difference can be 
observed compared to 𝑇 = 5, and this would also be a valid choice. 
Again, the block insertion local search does not show a comparable 
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(a) Means plots for the ILS parameters

(b) Means plots for the IG parameters

Fig. 3. Results of parameter calibration.
performance and is omitted in the following. All other competing 
methods tested in Section 5.4 are calibrated using the same approach. 
The results of the calibration are available as supplementary material.

5.3. Results for small instances

For the small instances set, Table  3 displays the results with job sizes 
𝑞𝑗 following  [1, 20], while Table  4 depicts job sizes from  [5, 15].

Only very small problems with up to 15 jobs and 5 machines can be 
solved to optimality by the MILP. Already for instances with 15 jobs and 
ten machines, the CPLEX solver shows extensive RPD values (580.28% 
for 𝑞𝑗 ∼  [1, 20]) and average gap values of up to 86.85%; for instances 
with 𝑞 ∼  [5, 15], the MILP cannot even find a solution within the time 
𝑗
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Table 3
Average RPD values in % for (1–20 job sizes) instances.
 𝑛 𝑚 IG ILS MILP Avg. time Ave. gap 
 10 3 0.00 0.00 0.00 56 0.00  
 5 0.16 0.16 0.00 3600 0.0295  
 10 0.00 0.00 7.50 3600 0.1292  
 Avg. (𝒏 = 𝟏𝟎 ) 0.05 0.05 2.50  
 15 3 0.78 0.05 0.00 3600 0.0325  
 5 0.00 0.00 32.70 3600 0.3123  
 10 0.11 0.03 580.48 3600 0.8685  
 Avg. (𝒏 = 𝟏𝟓 ) 0.30 0.03 204.39  
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Table 4
Average RPD values in % for (5–15 job sizes) instances.
 𝑛 𝑚 IG ILS MILP Avg. time Ave. gap 
 10 3 0.50 0.50 0.00 115 0.0000  
 5 0.00 0.00 4.37 3600 0.1126  
 10 0.00 0.00 12.04 3600 0.1817  
 Avg. (𝒏 = 𝟏𝟎) 0.17 0.17 8.99  
 15 3 0.04 0.01 7.86 3600 0.1443  
 5 0.03 0.00 20.66 3600 0.2267  
 10 0.00 0.00 NA 3600 NA  
 Avg. (𝒏 = 𝟏𝟓 ) 0.03 0.01 14.26  

limit. On the one hand, this proves the necessity for heuristic solution 
approaches to solve problems of reasonable size. On the other hand, 
it indicates that problems with more evenly distributed job sizes are 
more difficult to solve. The reason for this could be twofold: an uneven 
distribution of job sizes may lead to some jobs being nearly irrelevant 
due to very small processing times. These instances can be easier to 
solve. Besides, many similar jobs can result in convergence problems in 
the solution process due to symmetry, i.e., many different solutions may 
lead to the same objective function value [30,31]. This may happen 
more often if several jobs of similar or even equal size exist.

Both proposed metaheuristics are able to find the best or even 
optimal solutions for most instances, and the average RPD values 
are always below 1%, with a maximum of 0.78% for IG in Table  3. 
This demonstrates the algorithms’ suitability to solve small instances 
effectively. While ILS seems to perform better for 𝑛 = 15 and instances 
with a wider range of job sizes times (𝑞𝑗 ∼  [1, 20]), larger instances 
need to be taken into account for a comprehensive comparison of 
algorithms.

5.4. Results for large instances

To compare the proposed algorithms, we solved the large-instance 
set using IG, ILS, and several well-known metaheuristics. Besides, the 
variants IGw and ILSw are variants are added, which exclude the 
rescheduling procedure described in Section 4.1.4 to validate its ef-
fectiveness. Since the cumulative flowshop problem has not previously 
been studied, no benchmark algorithm is directly applicable. To enable 
a broad comparison across metaheuristic approaches, we selected a hy-
brid simulated annealing (HSA, 28), a genetic algorithm (GA, 32), and 
an Artificial Bee Colony Algorithm (ABC, 33). All algorithms have been 
adapted to meet the requirements of the problem at hand, integrating 
the newly developed components if possible, such as the initial solution 
and the local search proposed in Section 4.

Based on the results for the instance set large with 𝑞𝑗 ∼  [1, 20], 
reported in Table  5, IG and ILS algorithms yield similar results. For 
shorter computation times with 𝜋𝐶𝑃𝑈 = 30 the overall averages are 
1.30% for both methods. At the same time, the comparison algorithms 
result in total average RPD values between 6.67% (HSA) and 9.76% 
(ABC). While for small instances, especially HSA can still achieve 
similar results, with increasing 𝑛, the gap between the approaches 
becomes larger. This can also be seen in Fig.  4, which presents boxplots 
for all algorithms dependent on the job number. Particularly for very 
large instances (𝑛 ≥ 200), IG and ILS yield 15% to 20% lower average 
RPD values.

While neither of the proposed methods, ILS and IG, consistently 
dominates the other, ILS outperforms IG for small instances. The box-
plots in Fig.  4 show that, especially, the spread of RPD values is 
significantly smaller for small instances when comparing ILS and IG. 
In contrast, for 𝑛 ≥ 50 the results converge with IG becoming slightly 
preferable regarding average and mean RPD values. However, the box-
plots do not show any statistical difference. The number of machines 
does not appear to have a significant effect on the relative performance 
of the two algorithms in Table  5. The same effects can be observed 
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with larger computational time (𝜋𝐶𝑃𝑈 = 60). While ILS tends to be 
more effective for smaller instances, IG achieves better overall results 
for 𝑛 ≥ 50. Overall, both methods perform similarly, suggesting that IG 
benefits slightly more from longer run times.

The impact of rescheduling becomes more pronounced for large-
scale instances, while for small 𝑛, its influence is negligible. For ex-
ample, considering 𝜋𝐶𝑃𝑈 = 30, while IG and IGw show nearly equal 
average RPD values for 𝑛 = 20 (0.27% and 0.26%), for 𝑛 = 500 the RPD 
differences are enormous for IGw compared to IG (16.86% to 1.91%). 
Similarly, ILS outperforms ILSw for 𝑛 = 500 with 1.92% compared 
to 16.18%. This proves that the rescheduling procedure is able to 
significantly improve the effectiveness of the proposed methods. At the 
same time, the performance difference between IG and IGw as well as 
ILS and ILSw is similar across all 𝑚, i.e., no effect related to the number 
of machines was observed. Only for 𝑛 ≥ 200 and 𝑚 = 3, the variants 
without rescheduling show slightly lower RPD. In general, rescheduling 
has a slightly stronger impact on IG compared to ILS, likely because the 
standard IG variant is weaker without it, resulting in a higher potential 
for improvement by enhanced algorithm components. Similarly, an 
increasing computation time decreases the difference between variants 
with and without the rescheduling procedure. At the same time, ILSw 
and IGw still outperform the comparison algorithms GA, HSA, and ABC.

Table  6 shows the results for instance set large with 𝑞𝑗 ∼  [5, 15], 
i.e., more evenly distributed job sizes. Again, ILS and IG significantly 
outperform the comparison algorithms, even though the gap becomes 
smaller with total average RPD values between 3.68% (HSA for 𝜋𝐶𝑃𝑈 =
60) and 6.96% (ABC for 𝜋𝐶𝑃𝑈 = 30). In contrast to previous results, for 
instances with more uniformly distributed job sizes, ILS outperforms IG 
even for large-scale problems (e.g., 2.63% compared to 2.72% RPD for 
𝑛 = 500 and 𝜋𝐶𝑃𝑈 = 30). In fact, even the variant without rescheduling 
ILSw achieves a partly better average performance than IG. Exemplar-
ily, the average RPD with 𝜋𝐶𝑃𝑈 = 60 is 0.91% for ILSw compared to 
1.05% for IG for 𝑛 = 50. In these instances, the benefit of rescheduling 
is generally lower compared to other job size distributions.

This finding is also supported by the boxplots in Fig.  5, which do 
not show a significant difference between the algorithms with and 
without rescheduling for 𝑛 < 200. From a scheduling perspective, this 
behavior is expected. The rescheduling procedure attempts to shift jobs 
forward to fill existing idle times on the machines. Such reinsertion 
moves are more likely to succeed when operations are short, since 
shorter processing times can more easily fit into available gaps. When 
𝑞𝑗 ∼  [5, 15], however, every operation requires at least five time units, 
which substantially reduces the likelihood that an operation can be 
reinserted into existing idle intervals.

6. Problem analysis and discussion

6.1. Hierarchical optimization of total flow time and machine utilization

Flow time is an important objective in scheduling in general, and 
particularly in our application of the cumulative flow shop in growing 
facilities. However, given the central role of resource capacities in 
cumulative scheduling problems, the impact of different solutions on 
their utilization is especially relevant. Therefore, to facilitate a better 
understanding of the problem, we analyze the makespan 𝐶𝑚𝑎𝑥 as a 
secondary objective. Makespan is a classical objective in scheduling, 
closely related to maximizing resource utilization. To provide a valid 
analysis, we focus on small instances that can be solved to optimality 
in the following.

By substituting the objective function (2) of the proposed model in 
Section 3.2 by 
𝑚𝑖𝑛𝐶𝑚𝑎𝑥 (12)

and adding the following constraint 
𝐶 ≥ 𝑆 + 𝑝 , ∀𝑗 ∈ 𝐽 , (13)
max 𝑗𝑚−1 𝑗𝑚−1
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Table 5
Average RPD values in % for (1-20 job sizes) instances.
 𝝅𝑪𝑷𝑼 𝒏 𝒎 GA HSA ABC ILSw IGw ILS IG  
 30 20 3 1.21 0.24 1.10 0.18 0.37 0.16 0.41 
 5 0.89 0.08 0.86 0.11 0.29 0.09 0.27 
 10 0.72 0.13 0.70 0.10 0.19 0.06 0.22 
 Avg. 20 0.94 0.15 0.89 0.13 0.28 0.11 0.30 
 30 3 2.39 1.08 3.50 0.72 1.01 0.65 0.96 
 5 2.18 1.00 3.27 0.59 0.92 0.56 0.81 
 10 1.85 0.79 2.51 0.65 0.86 0.61 0.69 
 Avg.30 2.14 0.96 3.09 0.65 0.93 0.61 0.82 
 50 3 5.00 2.36 8.51 1.64 1.84 1.37 1.31 
 5 4.75 2.16 7.35 1.62 1.75 1.37 1.28 
 10 3.72 2.02 5.59 1.42 1.87 1.03 1.14 
 Avg.50 4.49 2.18 7.15 1.56 1.82 1.26 1.25 
 100 3 9.41 5.97 13.46 4.00 5.45 2.40 2.19 
 5 8.75 5.36 11.95 3.84 5.22 1.98 2.08 
 10 7.41 6.00 10.43 4.16 5.41 1.68 1.62 
 Avg.100 8.52 5.78 11.95 4.00 5.36 2.02 1.96 
 200 3 13.63 11.80 14.97 8.63 9.93 2.24 1.88 
 5 14.17 13.24 16.71 9.34 11.59 1.99 1.57 
 10 12.77 11.61 14.38 8.77 11.31 1.36 1.18 
 Avg.200 13.52 12.21 15.35 8.91 10.94 1.86 1.54 
 500 3 18.01 16.29 18.01 14.00 14.32 1.75 1.68 
 5 20.95 19.64 20.95 17.25 17.97 2.42 2.40 
 10 21.41 20.35 21.41 17.28 18.29 1.61 1.66 
 Avg.500 20.12 18.76 20.12 16.18 16.86 1.92 1.91 
 30 Total 8.29 6.67 9.76 5.24 6.03 1.30 1.30 
 60 20 3 1.05 0.16 0.95 0.14 0.31 0.11 0.32 
 5 0.86 0.05 0.75 0.06 0.19 0.04 0.19 
 10 0.63 0.06 0.54 0.07 0.16 0.04 0.18 
 Avg.20 0.85 0.09 0.75 0.09 0.22 0.06 0.23 
 30 3 2.19 0.90 2.83 0.55 0.81 0.49 0.76 
 5 2.01 0.75 2.76 0.43 0.71 0.44 0.66 
 10 1.59 0.53 2.09 0.45 0.68 0.40 0.54 
 Avg.30 1.93 0.73 2.56 0.48 0.73 0.45 0.65 
 50 3 4.50 1.88 7.68 1.24 1.41 1.09 0.99 
 5 4.48 1.74 6.63 1.26 1.36 1.04 0.98 
 10 3.28 1.23 4.95 1.05 1.28 0.75 0.83 
 Avg.50 4.09 1.62 6.42 1.18 1.35 0.96 0.93 
 100 3 8.63 4.76 13.08 3.17 4.21 1.86 1.41 
 5 8.04 3.90 11.51 3.07 4.09 1.51 1.42 
 10 6.95 3.80 9.98 3.11 4.48 1.29 1.16 
 Avg.100 7.87 4.15 11.52 3.12 4.26 1.55 1.33 
 200 3 13.02 9.97 14.47 7.11 8.85 1.66 1.28 
 5 13.69 11.16 16.37 7.84 10.28 1.52 1.04 
 10 12.33 9.23 14.02 7.58 10.27 1.03 0.81 
 Avg.200 13.01 10.12 14.95 7.51 9.80 1.40 1.04 
 500 3 18.01 16.29 18.01 13.53 14.02 1.15 1.02 
 5 20.76 19.60 20.91 16.37 17.47 1.42 1.40 
 10 20.91 20.15 21.20 16.44 17.81 0.96 0.93 
 Avg.500 19.89 18.68 20.04 15.44 16.43 1.18 1.12 
 60 Total 7.94 5.90 9.37 4.64 5.47 0.93 0.88 
an adapted model minimizing makespan can be formulated. Based on 
these two formulations, the epsilon constraint method can be used to 
generate Pareto fronts that show the relationship between total flow 
time and the resource utilization represented by the makespan (see, for 
example, 34). For this, we first solve the MILP minimizing makespan, 
resulting in an objective function value 𝐶∗

𝑚𝑎𝑥. Based on this solution, 
the MILP is solved again, minimizing total flow time including Eq. (13) 
and the additional constraint 
𝐶max ≤ 𝐶∗

max. (14)

The resulting solution represents one extreme point of the Pareto front, 
i.e., the solution with minimal total flow time while ensuring optimal 
9 
makespan. In the basic form of the epsilon constraint method, after-
ward, the model is solved again several times, iteratively increasing 
𝐶∗
𝑚𝑎𝑥 in Eq.  (14) by one or 𝜖 units. Whenever a new non-dominated so-
lution is found, it is added to the Pareto front. The procedure terminates 
as soon as a solution with the optimal total flow time for the original 
model without Eq. (14) is found. Note that the sequence in which the 
objectives are considered may be changed without loss of generality. 
However, this choice influences the required number of iterations of the 
epsilon constraint method and the computation time. Although the ep-
silon method can be time-consuming, it provides valuable insights into 
the relationships between the considered objectives, thereby deepening 
the understanding of the problem.
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Table 6
Average RPD values in % for (5-15 job sizes) instances.
 𝝅𝑪𝑷𝑼 𝒏 𝒎 GA HSA ABC ILSw IGw ILS IG  
 30 20 3 1.16 0.33 0.95 0.16 0.32 0.16 0.31 
 5 1.01 0.22 0.87 0.12 0.28 0.13 0.35 
 10 0.90 0.19 0.80 0.14 0.33 0.12 0.38 
 Avg 20 1.02 0.25 0.87 0.14 0.31 0.14 0.35 
 30 3 2.34 1.21 3.40 0.82 1.05 0.78 0.96 
 5 2.38 0.96 3.09 0.77 0.94 0.67 0.88 
 10 2.31 1.00 3.08 0.78 1.01 0.74 0.99 
 Avg 30 2.34 1.06 3.19 0.79 1.00 0.73 0.94 
 50 3 4.47 2.04 6.95 1.37 1.25 1.31 1.24 
 5 4.13 1.81 6.78 1.16 1.47 1.15 1.32 
 10 3.37 1.86 4.95 1.21 1.63 1.22 1.55 
 Avg 50 3.99 1.90 6.23 1.25 1.45 1.23 1.37 
 100 3 7.77 3.67 10.34 2.02 2.64 1.75 2.03 
 5 7.79 4.44 9.94 2.58 3.33 2.11 2.22 
 10 6.53 3.41 8.05 2.24 3.22 1.69 2.19 
 Avg 100 7.37 3.84 9.44 2.28 3.07 1.85 2.15 
 200 3 10.74 8.28 11.28 3.94 4.59 2.70 2.58 
 5 9.48 7.25 9.85 4.24 5.19 2.62 2.56 
 10 9.02 7.43 9.58 4.63 6.06 1.86 1.98 
 Avg 200 9.74 7.65 10.24 4.27 5.28 2.39 2.37 
 500 3 10.33 9.48 10.33 5.59 5.69 3.16 3.16 
 5 12.22 11.42 12.22 7.82 8.24 2.75 2.79 
 10 12.81 12.23 12.81 8.12 8.70 1.99 2.20 
 Avg 500 11.78 11.04 11.78 7.18 7.54 2.63 2.72 
 30 Total 6.04 4.29 6.96 2.65 3.11 1.49 1.65 
 60 20 3 1.06 0.24 0.81 0.10 0.22 0.12 0.25 
 5 0.85 0.16 0.76 0.09 0.22 0.07 0.27 
 10 0.82 0.12 0.74 0.07 0.28 0.07 0.31 
 Avg 20 0.91 0.17 0.77 0.09 0.24 0.09 0.27 
 30 3 2.20 0.96 3.03 0.60 0.84 0.58 0.79 
 5 2.23 0.73 2.61 0.57 0.79 0.54 0.71 
 10 1.96 0.59 2.53 0.55 0.73 0.55 0.74 
 Avg 30 2.13 0.76 2.72 0.57 0.79 0.56 0.74 
 50 3 4.12 1.55 6.38 1.00 0.95 0.97 0.96 
 5 3.75 1.49 6.25 0.86 1.17 0.85 0.98 
 10 2.97 1.15 4.46 0.88 1.20 0.87 1.22 
 Avg 50 3.61 1.40 5.70 0.91 1.11 0.90 1.05 
 100 3 7.16 2.63 9.89 1.50 1.95 1.30 1.47 
 5 7.34 3.45 9.60 2.04 2.73 1.61 1.76 
 10 6.05 2.13 7.63 1.80 2.70 1.24 1.65 
 Avg 100 6.85 2.74 9.04 1.78 2.46 1.38 1.63 
 200 3 10.14 6.60 10.84 3.16 3.97 2.14 2.02 
 5 9.09 5.75 9.45 3.48 4.42 2.07 1.73 
 10 8.69 5.74 9.22 3.93 5.26 1.36 1.61 
 Avg 200 9.31 6.03 9.83 3.52 4.55 1.86 1.79 
 500 3 10.33 9.48 10.33 5.14 5.34 1.93 1.89 
 5 12.09 11.41 12.14 7.30 7.77 1.65 1.69 
 10 12.55 12.04 12.68 7.60 8.25 1.43 1.60 
 Avg 500 11.65 10.98 11.71 6.68 7.12 1.67 1.73 
 60 Total 5.74 3.68 6.63 2.26 2.71 1.07 1.20 
6.2. Pareto fronts for illustrative examples

Fig.  6 shows the resulting Pareto fronts for two exemplary instances
Example I with 10 jobs and 5 machines 6(a), and Example II with 10 
jobs and 10 machines 6(b), respectively. We observe a clear trade-off 
between the two objectives. Especially at the edges of the Pareto front, 
a small increase in one objective can lead to a significant improvement 
in the other objective. For example, the solution with the minimum 
total flow time in Example II is characterized by 𝑇𝐹𝑇 = 1890 and 
𝐶𝑚𝑎𝑥 = 288. Compared to the fifth solution in the Pareto front (𝑇𝐹𝑇 =
1910; 𝐶𝑚𝑎𝑥 = 275), this means that by allowing a deterioration of 𝑇𝐹𝑇
by only 1.1%, 𝐶  can be lowered by 4.5%. Likewise, comparing the 
𝑚𝑎𝑥

10 
two solutions with the lowest makespan (𝑇𝐹𝑇 = 2110/𝐶𝑚𝑎𝑥 = 271
and 𝑇𝐹𝑇 = 1930/𝐶𝑚𝑎𝑥 = 273), a decrease of makespan by only 0.7% 
results in an improvement of total flow time by even 8.5%. Similar 
results can be observed for Example I. These disproportional change 
in objective values shows that considering only the objective total flow 
time may lead to unfavorable effects on resource utilization. However, 
it has to be noted that the trade-off between the two objectives is not so 
clear for all instances. While the presented instances are exemplary, for 
some instances, the Pareto front even consists of only a single solution 
minimizing both total flow time and makespan/machine utilization at 
the same time.
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Fig. 4. Comparison of methods for different problem sizes and 1..20 job sizes.
For Example I, Figs.  7 and 8 show the Gantt charts and machine 
utilizations charts of the two extreme solutions with the minimum 
total flow time and minimum makespan, respectively. A cascading 
resource utilization can be observed that is typical for a flow shop 
problem. While Machine 1 is only used until time unit 47, Machine 5 
only starts processing after 27 time units (see Fig.  7). This cascading 
effect makes it difficult to explicitly measure the average resource 
utilization. Nevertheless, it can be seen that in times when several jobs 
are processed in parallel on a resource, the average machine utilization 
is mostly above 50%. As expected, the chart is compressed, and ma-
chine utilization levels are on average even higher when minimizing 
makespan, see Fig.  8. At the same time, the machine utilization rarely 
attains 100% because the processed job sizes hardly ever add up to 
exactly meet the machine capacities. This clearly demonstrates that 
the cumulative flow shop scheduling problem extends beyond mere 
sequencing problems; in scheduling, the relationship between job sizes 
and machine capacities needs to be considered, drawing parallels to 
11 
packing problems. Further, the charts illustrate and underline the trade-
off between the minimization of total flow time and the maximization 
of resource utilization again.

6.3. Impact of machine capacities

To investigate how resource capacities influence total flow time, we 
conducted a sensitivity analysis by scaling resource capacities with a 
factor 𝑓 ∈ [1.2; 1.4; 1.6; 1.8; 2.0]. Using 𝑓 ≥ 1 (i.e., only increasing the 
original capacities) guarantees feasibility, since a reduction in capacity 
could lead to cases in which a capacity might not be sufficient for 
processing the largest job size, i.e., 𝑄𝑖 < max∀𝑗 𝑞𝑗 . For the sensitiv-
ity analysis, we employed the ILS algorithm for the instances with 
𝑛 ∈ [20, 30, 50, 100] due to its good performance in our computational 
experiment. The computation time factor is set to 𝜋𝐶𝑃𝑈 = 30. Table  7 
shows the results of the sensitivity analysis. To ensure comparability, 
the reported average RPD values are calculated based on the 𝑇𝐹𝑇  of 
𝑏𝑒𝑠𝑡
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Fig. 5. Comparison of methods for different problem sizes and 5..15 job sizes.
the best-known solution with unchanged capacity, i.e., 𝑓 = 1.0. Hence, 
the values reported in the respective column equal those for ILS shown 
in Table  6, see Section 5.4.

The results in Table  7 demonstrate that a substantial reduction in 
total flow time can be achieved by increasing machine capacities. For 
instance, raising the capacity by 20% (𝑓 = 1.2) yields an average 
total flow time reduction of 8.05% compared to the best-known solu-
tions at 𝑓 = 1.0. As expected, larger capacity factors lead to greater 
improvements, reaching nearly 40% average relative percentage devi-
ation (RPD) when capacities are doubled. However, the improvements 
exhibit diminishing marginal returns. While the initial increase from 
𝑓 = 1.0 to 𝑓 = 1.2 results in an average total flow time reduction 
of approximately 9% (from RPD 0.96% to 8.05%), the increase from 
𝑓 = 1.8 to 𝑓 = 2.0 yields only a 3.5% reduction (from RPD 21.46% 
to 24.00%). Overall, the relative improvement in total flow time is 
consistently smaller than the relative increase in machine capacity. 
For example, a 60% increase in capacity translates, on average, into 
12 
less than a 20% reduction in total flow time. These findings highlight 
the distinctive interplay between sequencing decisions and machine 
capacity in the cumulative scheduling problem.

Furthermore, the results indicate that the benefit of additional 
capacity is more pronounced for instances with a larger number of 
jobs. At 𝑓 = 1.2, the average total flow time reduction is 5.96% for 
instances with 20 jobs, but increases to 10.82% for instances with 100 
jobs. Similar trends are observed for other values of 𝑓 . This effect can be 
attributed to the higher likelihood, in larger job sets, of identifying tasks 
whose sizes fit well with the additional capacity, thereby enabling more 
efficient machine utilization. In contrast, increasing the number of 
machines diminishes the relative improvement. For example, at 𝑓 = 1.6
and 50 jobs, the total flow time reduction is 23.8% with three machines, 
but decreases to 15.0% with ten machines. Thus, capacity increases are 
especially beneficial for instances with many jobs but relatively few 
machines.
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Table 7
Average RPD values of ILS depending on the capacity factor 𝑓 .
 𝒏 𝒎 𝒇 = 𝟏.𝟎 𝟏.𝟐 𝟏.𝟒 𝟏.𝟔 𝟏.𝟖 𝟐.𝟎  
 20 3 0.14 −7.54 −12.19 −15.56 −17.93 −19.79 
 5 0.13 −5.97 −9.81 −12.36 −14.37 −15.80 
 10 0.12 −4.39 −7.13 −9.03 −10.39 −11.35 
 Avg. (𝒏 = 20) 0.13 −5.96 −9.71 −12.32 −14.23 −15.65 
 30 3 0.75 −8.68 −14.92 −19.17 −22.58 −25.20 
 5 0.64 −7.20 −12.29 −15.76 −18.40 −20.43 
 10 0.72 −4.74 −8.61 −10.96 −12.86 −14.40 
 Avg. (𝒏 = 30) 0.71 −6.87 −11.94 −15.30 −17.95 −20.01 
 50 3 1.28 −10.46 −18.33 −23.80 −28.20 −31.64 
 5 1.09 −8.88 −15.68 −20.32 −23.95 −26.86 
 10 1.14 −6.28 −11.72 −15.00 −17.68 −19.85 
 Avg. (𝒏 = 50) 1.17 −8.54 −15.24 −19.71 −23.28 −26.11 
 100 3 1.75 −12.92 −22.76 −29.75 −35.35 −39.81 
 5 2.09 −10.68 −19.79 −25.92 −30.69 −34.66 
 10 1.66 −8.85 −16.22 −21.11 −25.07 −28.24 
 Avg. (𝒏 = 100) 1.84 −10.82 −19.59 −25.60 −30.37 −34.24 
 Total Avg. 0.96 −8.05 −14.12 −18.23 −21.46 −24.00 
(a) Example I: Pareto front for an instance with 𝑛 = 10 and 𝑚 = 5

(b) Example II: Pareto front for an instance with 𝑛 = 10 and 𝑚 = 10

Fig. 6. Exemplary Pareto fronts considering total flow time and makespan.
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6.4. Managerial insights

The computational analysis provides several insights into the struc-
tural characteristics of the cumulative flow shop scheduling problem 
and its solution. While the solution methods can solve the problem 
effectively, several results indicate the relevance of paying attention 
to the specific parameters of an instance for its solution. While the 
IG algorithm performs well for large instances with high job size 
variance, the ILS is more robust and generally preferable for decision 
makers across problem sizes. The analysis confirms that the reschedul-
ing procedure significantly improves solution quality. The differences 
highlight the importance of considering the variability of job sizes 
and the integration of problem-specific elements when selecting or 
designing scheduling approaches. The number of machines shows no 
substantial impact on the relative performance of the algorithms. From 
a managerial perspective, this suggests that scheduling policies can be 
applied consistently, independent of the number of machines available.

For the cumulative flow shop scheduling problem, results from 
the bi-objective analysis demonstrate that a sole focus on one objec-
tive, in our case, total flow time, can be misleading. Small deviations 
from the minimum flow time may yield disproportionately higher 
machine utilization. Hence, a joint perspective is desirable, and bi- or 
multi-objective approaches may support better managerial decisions.

The sensitivity analysis reveals that capacity increases yield clear 
benefits, but their extent depends on problem characteristics. Here, 
the number of machines has a relevant impact. Overall, the results 
suggest that investments in higher capacity deliver the highest returns 
in environments with many jobs and few machines. For the greenhouse 
application, this corresponds to settings with a high diversity of plant 
types. While capacity increases reduce total flow time, the relative 
improvements are smaller than the proportional rise in capacity. This 
implies that investments in capacity should be carefully evaluated 
against their cost, since beyond a certain point, additional resources 
provide only limited operational benefit.

7. Conclusion

In this study, we introduced the cumulative flow shop scheduling 
problem, characterized by machines that can process multiple jobs in 
parallel up to a given capacity. The problem is motivated by real-world 
applications such as greenhouse operations and represents a general-
ization of the classical flow shop scheduling problem. We proposed 
a mixed-integer linear programming formulation for minimizing total 
flow time and developed two metaheuristics, Iterated Local Search (ILS) 
and Iterated Greedy (IG), both enhanced with tailored components 
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Fig. 7. Example II: Gantt chart and machine utilization for solution minimizing total flow time.
such as a rescheduling procedure. A comprehensive computational 
study demonstrated the effectiveness of these approaches and provided 
insights into the structural characteristics of the cumulative flow shop 
scheduling problem.

The results highlight that scheduling strategies should be adapted 
to specific problem settings. In particular, the distribution of job sizes 
plays an important role, although this factor has often been overlooked 
in the scheduling literature. Moreover, the interplay between total 
flow time and machine utilization reflects the distinct role of capacity 
usage in cumulative scheduling. Even small relaxations in flow time 
can yield disproportionately higher utilization, suggesting that a bi-
objective perspective is more appropriate than focusing solely on flow 
time. In addition, the sensitivity analysis quantifies the impact of 
capacity changes on solution quality, thereby enabling a more informed 
cost-benefit assessment for cumulative scheduling environments.
14 
Despite these contributions, several research questions remain open. 
A theoretical analysis of cumulative scheduling problems under di-
verse objectives is still lacking. In particular, similarities and differ-
ences with related problems, such as hybrid flow shops or flow shops 
with batch-processing machines, warrant further investigation. As cu-
mulative scheduling integrates aspects of both scheduling and pack-
ing problems, a combination of solution techniques from both fields 
may also provide valuable insights. Furthermore, multi-objective ap-
proaches deserve greater attention, extending beyond total flow time 
and makespan to incorporate additional performance criteria. Finally, 
the proposed metaheuristics represent only a first step toward solv-
ing cumulative flow shop problems; matheuristics and decomposition-
based approaches appear especially promising avenues for future re-
search.
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Fig. 8. Example II: Gantt chart and machine utilization for solution minimizing makespan.
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