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Abstract

The tumour microenvironment (TME) comprises various cell types, including

cancer cells, immune cells, and stromal cells, which all engage in complex, dy-

namical interactions. Understanding these interactions, particularly their role in

promoting cancer growth and the emergence of drug resistance, is crucial for de-

veloping effective treatment strategies. This project constructs a comprehensive

mathematical model of the TME that incorporates the effects of chemotherapy.

We systematically derive a series of process-based equations to describe the tripar-

tite interactions between cancer cells, immune cells and stromal cells within the

TME, as well as their response to chemotherapy. Throughout the model devel-

opment, we analyse sub-models to ensure we capture key qualitative behaviours.

Finally, we conduct a qualitative study by simulating our model under various

hypothetical TME scenarios and different chemotherapy dosing schedules. Our

simulations demonstrate how variations in stromal activity and treatment regi-

mens can lead to diverse patient outcomes, highlighting the need for personalised

treatment strategies.



1 Introduction

1.1 Cancer Research and the Role of Mathematical

Modelling

Cancer is a disease characterised by the uncontrolled growth of a population of

malignant cells and it impacts the lives of millions every year. Europe’s Beating

Cancer Plan projects that without proactive measures, cancer-related deaths will

surge by over 24% by 2035, making it the leading cause of death in the EU [15].

According to the ‘vital statistics yearly summary’ published by the Irish Central

Statistics Office (CSO), cancer overtook circulatory diseases as the leading cause

of death in Ireland in 2022, accounting for 29% of all mortalities [58]. Stark facts

like these underscore the importance and necessity of interdisciplinary research

that enhances our understanding of cancer and leads to the optimisation of treat-

ment strategies.

Mathematical modelling is an excellent tool to aid in this research. Models can

make both qualitative and quantitative predictions about cancer growth and its

response to different types of treatment. Scientists can use computer simulations

to guide decision-making when designing laboratory experiments, which saves

time, money and resources [3]. Mathematical models can also be used to identify

the optimal way to administer a given treatment [77], even in a patient specific

manner if personalised data is incorporated into the model [57, 28]. The biological

components and cellular interactions that contribute to the growth of cancer

cells are highly complex and mathematical models are well equipped to describe

these interactions and often elucidate unexpected outcomes. In this work, we

aim to model the interactions that occur between key elements of the tumour

microenvironment (TME): cancer cells, stromal cells and immune cells, with the

aim of gaining an improved understanding of the outcomes of these complex

interactions and how they impact the efficacy of chemotherapy.

1.2 The Tumour Microenvironment

The TME refers to that which resides in the spatial vacinity of the cancer cell

population [40]. It consists of the cancer cells themselves, stromal cells, immune

cells, vasculature and a non-cellular protein network called the extra-cellular

matrix (ECM).
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1.2.1 Cancer Cells

Cellular proliferation is a tightly controlled process and the population sizes of

cells within various tissues are carefully maintained. Mistakes during cell-division,

or damage from carcinogens, can lead to alterations in one or more of the growth-

controlling genes of an otherwise healthy cell. This can cause the cell to become

cancerous; it divides uncontrollably and can invade surrounding tissue. This

eventually gives rise to tumours, large groups of cancer cells, that can metastasise

to distant parts of the body [86].

There are many different types of cancer and they are classified by the type

of tissue in which they originate. Carcinomas, such as breast, lung and colon

cancer, arise from epithelial tissues which form the lining of organs and body

cavities. Sarcomas are rare cancers that originate in connective tissue, bone, fat

and muscle. Hematologic cancers, such as Leukemia, are cancers of the blood.

These do not form a solid tumour mass; rather, cancerous cells circulate through

the blood, lymphatic system or bone marrow [5]. Our focus will be on solid

tumours, such as carcinomas, that have dense stromal compartments.

There are many different treatments that aim to reduce the size of a cancer

cell population, but chemotherapy remains the main treatment modality [10].

Chemotherapeutic drugs are cytotoxic chemicals that arrest the growth of or in-

duce apoptosis (programmed cell death) in actively proliferating cells, primarily

targeting cancer cells [56]. Chemotherapy can initially stimulate an immune re-

sponse but high doses can be toxic, resulting in immune supression. Chemother-

apy also has dose dependent effects on the stroma which we discuss in detail

during the model derivation.

1.2.2 The Tumour Stroma

The stroma is the connective and supportive tissue of an organ, that does not

perform the function of that organ [20, p.2017-2019]. It consists of the basement

membrane, fibroblasts and vasculature cells that are all surrounded by the ECM

[34, 8]. The stroma can undergo physiological changes as a healing response to

a wound or cancer at which point it is termed the active stroma. Here we are

interested in cancer activated stroma.

Fibroblasts, a major component of the stroma, are ordinarily in a dormant

state; however, in response to a wound, they may ‘activate’ and become myofi-

broblasts. As myofibroblasts, they are more biologically ‘active,’ secreting cell

signalling proteins and restructuring the ECM. At the end of the wound heal-

ing process, the number of myofibroblasts reduces through apoptosis [34, 17].

This same wound healing response is triggered in the context of cancer, however
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the cancerous lesion never heals leading to the perpetual activation of fibrob-

lasts which are then termed ‘cancer associated fibroblasts’ (CAFs) [34]. CAFs

are abundant in the tumour stroma and strongly influence tumour growth [21].

Many of the dynamical processes involving the stroma that we will model are

mediated through CAFs.

Emerging evidence suggests that CAFs are a heterogeneous population of cells

with both tumour promoting and tumour restraining types. Tumour promoting

CAFs have been thoroughly investigated but study of tumour restraining CAFs

is still in its infancy [4, 45]. Here we focus on the tumour promoting CAFs.

1.2.3 The Immune System

Cells of the immune system make up another important component of the TME.

They can be divided into two groups, innate and adaptive. The innate immune

system consists of non-specific immune cells which react rapidly to any pathogen

or infection. Cells of the innate immune response include neutrophils, natural

killer cells and dendritic cells. Neutrophils and natural killer cells can kill tumour

cells without needing to be activated, and dendritic cells help to activate the

adaptive immune response. The adaptive immune response consists of cells that

are primed to respond to specific threats. These cells include both cytotoxic and

regulatory T-cells. Cytotoxic T-cells recognise antigens on cancer cells and kill

them by injecting proteins that induce apoptosis. Regulatory T-cells restrain

the activity of cytotoxic T-cells to prevent auto-immune diseases [79, 18]. The

innate and adaptive arms of the immune system play critical roles in preventing

the onset of cancer by seeking and eliminating early neoplasms. This process is

known as immunosurveillance [82].

An important area of ongoing research is that of immunotherapy. Immunother-

apy aims to generate a potent anti-tumour response of the patient’s own immune

system [6]. We do not model such treatment here but, by including the immune

system in our model, future work can easily extend it to include the effects of an

immunotherapy regimen.

1.2.4 Cancer Immunoediting: The Extinction Threshold

The process of immunosurveillance can eventually fail. This occurs either due to

changes in the cancer cell population or through cancer-induced immune suppres-

sion [82]. The transition from immunosurveillance to cancer progression is known

as the process of ‘cancer immunoediting’ and it consists of three distinct stages:

elimination, equilibrium and escape. Elimination: Healthy cells transform into

cancerous cells as described in Section 1.2.1. Innate and adaptive immune cells
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detect and eliminate the vast majority of these cancerous cells through immuno-

surveillance. This occurs before the cancer cells have time to form a clinically

relevant tumour. Equilibrium: A state in which there is a balance between

immune system control and tumour growth, resulting in a small, dormant cancer

cell population. Escape: The cancer cells escape the immune system’s control

through various immune suppressing mechanisms which leads to uncontrolled

growth [83]. When modelling this process it will be important to ensure that

there exists an ‘extinction threshold’ in the cancer population. This is a small

population size below which cancer cells are ‘eliminated’ by the immune system

and above which cancer cells ‘escape’ and proliferate to a lethal size.

1.3 Mathematical Modelling of Cancer

Altrock et al. [3] provide an overview of the wide range of mathematical modelling

techniques used in cancer research. These include stochastic branching processes,

which have been used to model the accumulation of random mutations during

cell divisions over discrete cellular generations. Such models are easy to work

with, but often lack spatial information and the other elements of the TME.

Ordinary and partial differential equations, (ODEs) and (PDEs), are also often

used. ODEs can describe the dynamics of cancer and its environment over time;

PDEs can additionally incorporate how the variables of the system vary across

space. Another modelling approach is that of evolutionary game theory (EGT).

EGT frames cancer treatment as a strategic game played by a ‘rational physician’

and an ‘adaptive cancer population’ which evolves resistance strategies to combat

the physicians treatment strategies. Such models are useful for finding optimal

treatment strategies to overcome drug resistance [77].

Byrne et al. [11] outline the need for a suite of mathematical models, each

capturing biological phenomena at different scales. The outputs of models at

one scale can serve as inputs for models at another, which helps to break down

the modelling problem while maintaining both tractability and understanding at

every level. The focus of our work will be to build a high-level ODE model of the

TME at the macro scale which can fit into this suite of models. There are some

foundational considerations to be made when constructing such a model, such as

which underlying cancer growth model to use and how to model the effects of

chemotherapy.

The simplest cancer growth models include:

1. The logistic growth model: ẋ = rx
(
1 − x

K

)
.

2. The generalised logistic growth model: ẋ = rx
(
1 −

(
x
K

)ν)
.
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3. The gompertz growth model: ẋ = rx ln
(
K
x

)
.

In each case x denotes the size of the cancer cell population, r > 0 is a growth

rate parameter, ν > 0 determines whether the maximum growth rate occurs for

population sizes closer to x = 0 or x = K, and K > 0 is the population carrying

capacity, i.e. the maximum size of the population that can be sustained given

the environmental constraints. Our model will build upon the simplest of these

models, the logistic growth model. However, future work could explore how using

other growth models as a base might affect our model’s output.

There are two fundamental approaches to incorporate the effects of chemother-

apy into such models and these are:

1. The log-kill hypothesis: ẋ = rx
(
1 − x

K

)
− δD(t)x.

2. The Norton-Simon hypothesis: ẋ = r (1 − δD(t))x
(
1 − x

K

)
.

Here δ > 0 is a constant that determines the rate of drug induced death and

D(t) > 0 represents the concentration/intensity of the drug over time. The

log-kill hypothesis assumes that a given dose of chemotherapy will kill the same

fraction of the tumour regardless of its size at treatment onset. The Norton-Simon

hypothesis assumes that the rate of cell kill becomes small for large tumours

due to their slowing growth [55]. The cancer growth rate in our model will be

influenced by numerous interactions between elements of the TME and as such

we opt to work with the simpler log-kill hypothesis.

There exist many ODE models of tumour-stroma and tumour-immune in-

teraction in the literature. Picco et al. [64] investigate how therapy-induced

activation of the stroma can lead to the emergence of reversible resistance to

targeted therapy, however they omit the activation of the stroma in response to

cancer growth itself. Flach et al. [25] on the other hand construct a compart-

ment model that does account for such cancer induced activation. Their model

is very simple and resultantly misses a number of key features such as the spatial

competition between cancer and stromal cells and the tendency of cancer to de-

velop irreversible, genetic resistance to treatment. Kuznetsov et al. [38] develop

a predator-prey model of cancer and immune cell interaction, but their work does

not consider the effects of any treatment regimen.

Seager et al. [72] underline the importance of understanding the dynamic,

tripartite interaction between cancer cells, immune cells and the stroma in order

to fully understand the mechanisms of cancer progression. There is less mathe-

matical work covering the interactions of all three of these TME components and

that is what we hope to address. We aim to build upon the models developed by

Picco et al., Flach et al., and Kuznetsov et al. to create a more comprehensive

model of the TME.
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1.4 Aims and Objectives

The aims of our research are as follows:

1. Develop a high-level, macro-scale model of the TME that incorporates the

tripartite interaction between cancer cells, immune cells and the stroma as

well as their response to chemotherapeutic treatment.

2. Validate our model’s ability to reproduce key qualitative behaviour.

Our objectives are as follows:

1. Derive our process-based equations term by term.

2. Analyse submodels throughout model development to confirm its validity.

3. Identify rough parameter estimates from the literature and use them in a

qualitative study of our model’s behaviour across various biological scenar-

ios and treatment approaches.

1.5 Thesis Outline

The structure of the remainder of this thesis is as follows:

1. At the beginning of Section 2 and throughout Section 2.1, we introduce our

model variables and provide flowcharts that give a high-level overview of

how these variables interact.

2. Throughout Sections 2.2.1 to 2.4.2 we derive the equations of our model,

term by term.

3. Throughout the model derivation, in Sections 2.2.3, 2.3.1, 2.4.1, and 2.4.2,

we carry out sanity checks of our model’s equations. We fix certain variables

in time and analyse the resultant simple systems. Doing this provides

insight into the outcomes of various processes and helps us to identify areas

for future improvement of the model.

4. In Section 3, we provide the complete system of model equations and sub-

sequently non-dimensionalise them.

5. In Section 4, we simulate our model without treatment across various bio-

logical scenarios.

6. In Section 5, we simulate our model for two chemotherapy regimens: a

maximum-tolerated dose regimen and low-dose metronomic regimen.

7. Finally in Section 6, we state our results and provide an outlook for future

work.
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2 Model Derivation and Sanity Checks

Our process-based model consists of the following five variables:

1. x1 - Chemotherapy-sensitive cancer.

2. x2 - Chemotherapy-resistant cancer.

3. x3 - The active stroma.

4. x4 - The inactive stroma.

5. x5 - The immune system.

xi ≥ 0 for all i ∈ {1, ..., 5}. D(t) ∈ [0, DMTD] is the intensity of chemotherapy at

time t. D(t) = 0 implies chemotherapy is not being applied and D(t) = DMTD

corresponds to the maximum tolerated dose (MTD). We follow [64] and assume

the total amount of stroma remains fixed over time and simply switches from

inactive to active and vice versa. This implies x3(t) + x4(t) = T > 0 with T ∈ R
constant for all time t. Flowcharts of the model processes are given in Subsection

2.1 and detailed derivations of the model terms are provided in Subsections 2.2.1-

2.4. Throughout this derivation, all parameters we introduce can be assumed to

be greater than or equal to zero unless otherwise stated.

2.1 Model Flowchart

The model flowcharts consists of boxes and links.

Boxes:

• Each red box represents a certain cell type or variable within our model

and they are labelled accordingly.

• Each green boxes represents chemotherapy, a time dependent parameter of

our model.

Blue, Arrow-Tipped Links:

1. Links pointing to the same box from which they originate represent the

birth of cells in that box.

2. Links pointing to a different box from which they originate indicate a change

of cell type in that link’s direction. The cell type from which the arrow

originates experiences a reduction in its growth rate that is equal to the

increase in the growth rate of the cell type the arrow points to.

7



3. Links originating from an empty circle represent an external influx of cells

in the box they point to.

4. Links pointing from a box to a link represent enhancement of the process

they point to.

Red, Flat-Tipped Links:

1. Links pointing to the same box from which they originate represent the

death of cells in that box.

2. Links pointing to a different box from which they originate, indicate the

death of cells in the box they point to, due to cells/chemotherapy in the

originating box.

3. Links pointing from a box to a link represent suppression of the process

they point to.

Flowcharts

The numbering of the links in each flowchart correspond to the numbering of the

equation terms derived in subsections 2.2.1-2.4. The complete model involves a

large number of processes. To ensure clarity, we introduce the model flowchart

in stages through [Fig. 1-4]. [Fig. 1] illustrates the model processes with only

sensitive cancer cells present, excluding the stroma, the immune system and

chemotherapy. Processes involving these excluded components are faded out.

[Fig. 2] extends the model flowchart by including the stroma, while processes

involving the immune system and chemotherapy remain faded. [Fig. 3] further

includes the immune system. Finally, [Fig. 4] presents the complete model,

including all processes when chemotherapy is also applied.
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Sensitive (x1) Resistant (x2)

Active (x3)

Inactive (x4)

Immune (x5)

Chemo

Chemo Chemo

1

Figure 1: Flowchart of model processes without the stroma, immune system or
chemotherapy (these processes are faded out). Chemotherapy-sensitive cancer cells
grow without interacting with any other cells.

Sensitive (x1) Resistant (x2)

Active (x3)

Inactive (x4)

Immune (x5)

Chemo

Chemo Chemo

1

4

14

16

Figure 2: Flowchart of model processes without the immune system or chemotherapy.
Chemotherapy-sensitive cancer cells grow and cooperate with the active stroma.
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Sensitive (x1) Resistant (x2)

Chemo

Chemo Chemo

1

4

14

16

Active (x3)

Inactive (x4)

Immune (x5)
6

7

17

18

21

22

Figure 3: Flowchart of model processes without chemotherapy. Chemotherapy-
sensitive cancer cells grow and cooperate with the active stroma. Competition exists
between cancer and the immune system; the active stroma helps protect the cancer
from immune attack.

Sensitive (x1)
1

4

14

16

Active (x3)

Inactive (x4)

Immune (x5)
6

7

17

18

21

22

2

3

33

5

8

9

10

11
7

15

13

12

21

22

19

20

Resistant (x2)

Chemo

Chemo Chemo

Figure 4: Complete flowchart of all model processes. Chemotherapy-sensitive cancer
cells grow and cooperate with the active stroma. Competition exists between cancer
and the immune system; the active stroma helps protect the cancer from immune at-
tack. Chemotherapy attacks cancer, leading to the emergence of irreversible resistance.
Chemotherapy exerts non-linear, dose-dependent effects on the immune system and the
active stroma.
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2.2 Cancer Equations

2.2.1 Sensitive Cancer Equation (ẋ1)

We follow [1, p.1206] and define “invasive” cancer as a cluster of mutated cells

which posses the following heritable properties:

(1) They continue reproducing past the normal limits on cell division.

(2) They invade surrounding tissue.

Our model of sensitive cancer growth will have the following form,

ẋ1 ={Growth} − {Competition} − {Chemotherapy Induced Death}

− {Immune Induced Death}. (1)

(1) Proliferation of sensitive cancer. In the absence of treatment, we

model unabated cellular division with the term,

r1x1,

where r1 is the per-capita growth rate of a small population of sensitive cancer

cells in the absence of chemotherapy, the stroma and the immune system. This

is the first growth term and our equation becomes,

ẋ1 =r1x1−{competition} − {Chemotherapy Induced Death}

−{Immune Induced Death}.

So far, this equation only describes exponential growth of the sensitive cancer

cell population in time. We will proceed to add additional terms that account

for other biological processes.

(2) Acquired irreversible drug resistance. Chemotherapy damages can-

cer cell DNA which can result in genetic mutations [37]. These mutations may

provide cancer cells with irreversible, genetic resistance to chemotherapy. This

type of resistance is called ‘acquired resistance’ since it develops during treatment

[85].

To include such chemotherapy associated effects in our model, we define and

work with the normalised chemotherapy intensity,

D̃(t) =
D(t)

DMTD

∈ [0, 1].

We will derive the remainder of our model in terms of the normalised quantity
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D̃(t). The complete model equations in terms of D(t), prior to any rescaling, are

provided in appendix B.

To model the development of chemotherapy resistance, we assume that during

treatment, D̃(t) ̸= 0, a proportion of sensitive cancer’s daughter cells are born

resistant. This results in a reduction of the per-capita growth rate of sensitive

cells and we thus include the term,

−λD̃(t)x1,

in the ẋ1 equation. Here, λD̃(t) is the per-capita birth rate of resistant cells born

from parent sensitive cells and is proportional to chemotherapy intensity. This is

the second growth term and our equation becomes,

ẋ1 =
(
r1 − λD̃(t)

)
x1−{competition} − {Chemotherapy Induced Death}

−{Immune Induced Death}.

(3) Reversible drug resistance Chemotherapy induced DNA damage drives

resistance conferring mutations in cancer cells but CAFs offer protection from

such damage. CAFs thicken the ECM, which limits effective drug diffusion, and

secrete cytokines that impair cancer cell drug sensitivity [16, 24, 31]. This is

termed ‘reversible resistance’ as it is lost when the stroma becomes inactive.

These processes dampen the rate at which resistance conferring mutations occur.

In the interest of model simplicity, we combine these effects into a single term,

e−κDx3 .

We use this term to modulate drug intensity D̃(t) as follows,

D̃(t)e−κDx3

such that the effect of a given drug intensity weakens as the stroma activates.

The maximum reduction in drug intensity occurs for x3 = T , in which case D̃(t)

is scaled by,

µ = e−κDT .

To visualise the reduction of D̃(t) due to x3, we will introduce the rescaling,

x̃3 =
x3
T
,

and plot,

D̃(t)e−κ̃Dx̃3 (2)
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against x̃3 for various fixed values of D̃(t) = D̃ and κ̃D = κDT [Fig. 5].
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Figure 5: Plots of D̃e−κ̃Dx̃3 vs. x̃3 [Eq. 2] for various D̃ and κ̃D.

At times throughout the model derivation, we will temporarily rescale vari-

ables, as was done above. These rescalings help illustrate the model’s terms and

behaviour at different stages of its development. The complete set of variable

rescalings used are provided in Section 3.1, and these will be permanently intro-

duced prior to simulating the model.

To account for the active stroma mediated protection, the birth rate of resis-

tant cells born from parent sensitive cells can be updated to,

−λD̃(t)e−κDx3x1,

and our equation becomes,

ẋ1 =
(
r1 − λD̃(t)e−κDx3

)
x1−{competition} − {Chemotherapy Induced Death}

−{Immune Induced Death}.

(4) Active-stroma enhancement of sensitive cancer growth. In ad-

dition to protecting cancer cells from chemotherapy, CAFs also secrete pro-

inflammatory and growth cytokines that promote cancer cell proliferation [4, 16].

We model this with the term,

ρ13ϕ1(x3)x1

where

ϕ1(x3) =
x3(1 + a1)

x3 + a1T
.

This results in an enhancement of the per-capita growth rate of cancer with

increasing x3. We base the inclusion of the functional response term ϕ1 on the

assumption that cancer cells can process a limited amount of growth promoting

molecules. As the tumour becomes densely populated with CAFs, most cancer

cells will have already reached this limit, and as such the growth promotion must

slow down for large x3. This effect can be seen by plotting ϕ1 vs. x3 with various
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values of a1. For this figure we again make use of the rescaling x̃3 = x3
T

, under

which ϕ1 becomes,

ϕ̃1(x̃3) = ϕ1(T x̃3) =
x̃3(1 + a1)

x̃3 + a1
. (3)

We then plot ϕ̃1 vs. x̃3 for various values of a1 [Fig. 6].
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Figure 6: Plots of ϕ̃1(x̃3) vs x̃3 [Eq. 3] for various a1 ∈ {0.01, 0.05, 0.25, 0.7}.

Note that since ϕ1(T ) = 1, ρ13 is the maximum increase in the per-capita

growth rate of sensitive cancer due to the active stroma.

This is the final growth term and the ẋ1 equation so far is,

ẋ1 =

(
r1 − λD̃(t)e−κDx3 + ρ13

(
x3(1 + a1)

x3 + a1T

))
x1−{competition}

−{Chemotherapy Induced Death} − {Immune Induced Death}. (4)

Competition for resources. We assume cancer cells compete for resources

and space between themselves and the stroma, and we follow the Lotka-Volterra

model for competing species. We model the growth inhibition of cancer type xi

due to competition with type xj using the term,

−γijxixj

and the growth inhibition of cancer type xi due to competition with the stroma

using the term,

−γiTxiT.
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These competition terms fit into our equation as follows,

ẋ1 ={Growth} − x1 [γ11x1 + γ12x2 + γ1TT ]

−{Chemotherapy Induced Death} − {Immune Induced Death}. (5)

(5) Drug-induced death of sensitive cancer. Chemotherapeutic drugs

damage cell DNA resulting in apoptosis [56]. To model this we follow the Log-Kill

Hypothesis put forward by Skipper, Schabel and Wilcox in the 1960s [73]. This

hypothesis proposes that a single dose of chemotherapy kills the same fraction of

cancer cells in a tumour regardless of its initial size at the time of treatment [71,

p.2537]. We thus model chemotherapy induced death as being proportional to

both the size of the sensitive cancer population and the intensity of the treatment.

This takes the following form in our model,

−δ1D̃(t)e−κDx3x1

where e−κDx3D̃(t) is the reduced drug intensity due to active stroma mediated

reversible resistance. With this, we can fill in the chemotherapy-induced death

term of our equation,

ẋ1 ={Growth} − {Competition} − δ1D̃(t)e−κDx3x1

−{Immune Induced Death}. (6)

(6) Immune system-induced death of sensitive cancer. T-cells, NK-

cells and macrophages can all kill cancer cells directly. T-cells and NK cells

recognise cancerous cells through cell-surface signals and inject proteins that

induce apoptosis [66, 50]. Macrophages ingest cancer cells by phagocytosis [44].

Immune system induced death of cancer often requires direct cell-to-cell contact

so we follow the law of mass action and model such deaths with the term,

−σ15x5x1,

which we include in our equation as follows,

ẋ1 ={Growth} − {Competition} − {Chemotherapy Induced Death}

− σ15x5x1.

This approach assumes that immune cells and cancer cells circulate within the

tumour microenvironment, where encounters between them are probabilistic and

occur with a likelihood given by x1x5. The extent of cancer cell death is then
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determined by the parameter σ15. While this is the approach we will take in our

model, another approach worth mentioning is to remove the dependency on x1

and instead use the term,

−σ15x5. (7)

This formulation assumes that the immune cells attack cancer cells uniformly.

The strength of the attack depends solely on the size of the immune cell popula-

tion, with a fixed number of cancer cells being ‘harvested’ per unit time based on

the immune cell population size. The inclusion of this term will lose the equilib-

rium at x1 = 0, so to prevent this we must also impose that ẋ1 = 0 when x1 = 0.

The advantage of this approach is that, for fixed in time values of x3 and x5,

the cancer population exhibits an ‘extinction threshold’; a population size be-

low which the cancer will die out towards extinction due to the immune system.

This is a desirable property that agrees with the theory of cancer immunoediting

discussed in Section 1.2.4. We will later show that our approach can also attain

such a threshold; however, it is more complicated and arises through the coupling

between x1 and x5 when x5 is allowed to vary over time. Details are provided

later in Section 2.4.2. Future work could involve replacing our approach with

the harvesting approach and investigating any resulting changes in the model’s

behaviour.

(7) Reversible resistance to the immune system.

In addition to supporting cancer growth and protecting cancer cells from

the effects of chemotherapy, CAFs can also dampen the ability of the immune

system to operate efficiently. CAFs can impair and prevent Natural Killer cell

activation, an important component of the innate immune system. Additionally,

CAFs attract regulatory T-cells to the tumour site, suppressing T-cell activity,

and they directly inhibit T-cell function through the release of various cytokines

[30, 45].

To model this suppression of immune cell function by the active stroma we

modulate the death rate of sensitive cancer due to the immune system, −σ15x5x1,
by,

e−κ5x3 ,

such that the death rate, for fixed x1 and x5, reduces as the stroma activates.

The full term then becomes,

−σ15x5e−κ5x3x1,
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and we update our equation accordingly,

ẋ1 ={Growth} − {Competition} − {Chemotherapy Induced Death}

− σ15x5e
−κ5x3x1. (8)

Combining all of the above processes provides the complete sensitive cancer

equation as

ẋ1 =

(
r1 − λD̃(t)e−κDx3 + ρ13

x3(1 + a1)

x3 + a1T

)
x1︸ ︷︷ ︸

Growth

−x1
[
γ11x1 + γ12x2 + γ1TT

]︸ ︷︷ ︸
Competition

− δ1D̃(t)e−κDx3x1︸ ︷︷ ︸
Chemotherapy Induced Death

− σ15x5e
−κ5x3x1︸ ︷︷ ︸

Immune Induced Death

(9)

2.2.2 Resistant Cancer Equation (ẋ2)

Our model of resistant cancer growth will have the following form,

ẋ2 ={Sensitive Cell Mutations} + {Growth} − {Competition}

− {Chemotherapy Induced Death} − {Immune Induced Death}. (10)

(2) Acquired irreversible drug resistance. Resistant cells, in the first

instance, are born from sensitive cells. Chemotherapy induced genetic mutations

render some daughters of sensitive cells resistant to chemotherapy. In Section

2.2.1 we modelled such births as a reduction in the birth rate of sensitive cells

using the term,

−λD̃(t)e−κDx3x1.

The mass lost in the sensitive cell compartment due to such births is gained in

the resistant cell compartment, so we include

λD̃(t)e−κDx3x1,

to model resistance conferring mutations in the ẋ2 equation,

ẋ2 =λD̃(t)e−κDx3x1+{Growth} − {Competition}

−{Chemotherapy Induced Death} − {Immune Induced Death}. (11)

(8) Proliferation of resistant cancer. Once some cells have mutated and

acquired genetic resistance to chemotherapy they, like any cancerous cell, will

continue dividing past the normal limits. We again model this unabated cellular
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division with the term,

r2x2

where r2 > 0 is the per-capita growth rate of resistant cancer in the absence of

chemotherapy, the stroma and the immune system. This is the first growth term

of the ẋ2 equation,

ẋ2 ={Sensitive Cell Mutations} + r2x2−{Competition}

−{Chemotherapy Induced Death} − {Immune Induced Death}.

(9) Active-stroma enhancement of resistant cancer growth. CAFs

enhance resistant cancer growth via the same mechanisms by which they enhance

sensitive cancer growth. We thus include the term,

ρ23ϕ2(x3)x2

with,

ϕ2(x3) =
x3(1 + a2)

x3 + a2T
,

to model the enhancement. For now we use new parameters ρ23 and a2 in order

to keep the model as general as possible, however later on we will be making the

simplifying assumption that ρ13 = ρ23 and a1 = a2. This forms the second and

final growth term of the ẋ2 equation,

ẋ2 ={Sensitive Cell Mutations} +

(
r2 + ρ23

(
x3(1 + a2)

x3 + a2T

))
x2−{Competition}

−{Chemotherapy Induced Death} − {Immune Induced Death}. (12)

Competition for resources. We again include resource and space compe-

tition terms of the forms,

−γijxixj and − γiTxiT

with the same interpretations as provided in 2.2.1. This fixes the competition

component of the ẋ2 equation,

ẋ2 ={Sensitive Cell Mutations} + {Growth} − x2 [γ21x1 + γ22x2 + γ2TT ]

−{Chemotherapy Induced Death} − {Immune Induced Death}. (13)

(10) Drug-induced death of resistant cancer. Although these cells have

acquired genetic resistance to chemotherapy, it is still possible that some will
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be killed during treatment. We again follow the Log-Kill Hypothesis and model

chemotherapy induced death of resistant cells as,

−δ2D̃(t)e−κDx3x2.

We assume 0 ≤ δ2 < δ1 so that chemotherapy has a weaker effect on resistant

cells compared to sensitive cells. Additionally we assume that resistant cells

benefit from the same CAF mediated protection as sensitive cells. With this the

ẋ2 equation becomes,

ẋ2 ={Sensitive Cell Mutations} + {Growth} − {Competition}

− δ2D̃(t)e−κDx3x2−{Immune Induced Death}. (14)

(11) Immune system-induced death of resistant cancer. The immune

system also targets resistant cancer cells through the same mechanisms as de-

scribed for sensitive cancer cells. We thus again include the term,

−σ25x5x2.

Some of the genetic mutations that render these cells resistant to chemotherapy

may also provide a level of resistance to the immune system [69] and therefore

we impose that σ25 < σ15.

This forms the immune system-induced death component of the ẋ2 equation,

ẋ2 ={Sensitive Cell Mutations} + {Growth} − {Competition}

−{Immune Induced Death} − σ25x5x2.

(7) Reversible resistance to the immune system.

The active stroma suppresses the ability of the immune system to attack

resistant cancer cells through the same mechanisms it uses for sensitive cancer

cells. As such we modulate immune system-induced death of resistance cancer

with the term,

e−κ5x3 ,

obtaining the complete term as,

−σ25x5e−κ5x3x2.
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We update the ẋ2 equation accordingly,

ẋ2 ={Sensitive Cell Mutations} + {Growth} − {Competition}

−{Chemotherapy Induced Death} − σ25x5e
−κ5x3x2. (15)

Together, these processes provide the complete resistant cancer equation as

ẋ2 = λD̃(t)e−κDx3x1︸ ︷︷ ︸
Sensitive Cell Mutations

+

(
r2 + ρ23

x3(1 + a2)

x3 + a2T

)
x2︸ ︷︷ ︸

Growth

−x2
[
γ21x1 + γ22x2 + γ2TT

]︸ ︷︷ ︸
Competition

− δ2D̃(t)e−κDx3x2︸ ︷︷ ︸
Chemotherapy Induced Death

− σ25x5e
−κ5x3x2︸ ︷︷ ︸

Immune Induced Death

(16)

2.2.3 ẋ1 and ẋ2 System Sanity Check.

Now that we have completely defined both the sensitive and resistant cancer

equations, we will analyse their behaviour for various different but fixed in time

values of D̃(t) = D̃, x3 = A and x5 = I. We use this capital letter notation to

denote that the variables are fixed in time. The aim of this analysis is to ensure

that the system behaves how we expect. For the purposes of this analysis, as

was previously mentioned, we will temporarily rescale the model variables and

introduce some simplifying assumptions. After completing the analysis, we will

remove these rescalings and assumptions and proceed with the model derivation

as before. However, these rescalings and assumptions will be reintroduced per-

manently before simulating the model. The assumptions we will make are as

follows:

1. ρ13 = ρ23 = ρC3.

2. a1 = a2 = aC .

3. γij = γiT = γ for all i, j ∈ {1, 2}.

The variable rescalings we will use are as follows:

1. x̃1/2 =
x1/2
C∗ . Here C∗ denotes the lethal tumour burden.

2. x̃3 = x3
T

(or Ã = A
T

). Here T denotes the total amount of active and inactive

stroma combined.

3. x̃5 = x5
I0

(or Ĩ = I
I0

). Here I0 denotes the strength of the immune system

under normal circumstances.
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4. t̃ = r1t. r1 is the intrinsic per-capita growth rate of a ‘small’ population of

sensitive cancer cells.

For the full details of these simplifying assumptions and variable rescalings, in-

cluding their interpretations, see Section 3.1.

With these rescalings and assumptions the dx̃1
dt̃

and dx̃2
dt̃

equations become,

dx̃1

dt̃
=

(
1 − λ̃D̃e−κ̃DÃ + ρ̃C3

Ã(1 + aC)

Ã+ aC

)
x̃1 − γ̃x̃1 [x̃1 + x̃2] − γ̃T x̃1

− δ̃1D̃e
−κ̃DÃx̃1 − σ̃15Ĩe

−κ̃5Ãx̃1 (17)

dx̃2

dt̃
=λ̃D̃e−κ̃DÃx̃1 +

(
r̃2 + ρ̃C3

Ã(1 + aC)

Ã+ aC

)
x̃2 − γ̃x̃2 [x̃1 + x̃2] + γ̃T x̃2

− δ̃2D̃e
−κ̃DÃx̃2 − σ̃25Ĩe

−κ̃5Ãx̃2 (18)

where: λ̃ = λ
r1

, ρ̃C3 = ρC3

r1
, κ̃D = κDT , γ̃ = γC∗

r1
, γ̃T = γT

r1
, δ̃1 = δ1

r1
σ̃15 = σ15I0

r1
,

κ̃5 = κ5T , r̃2 = r2
r1

, δ̃2 = δ2
r1

and σ̃25 = σ25I0
r1

.

First we will analyse the case of untreated, chemotherapy-sensitive cancer

growth, i.e. D̃ = 0 and x̃2 = 0. In this case we only have one equation,

dx̃1

dt̃
=

(
1 + ρ̃C3

Ã(1 + aC)

Ã+ aC
− γ̃T − σ̃15Ĩe

−κ̃5Ã

)
x̃1 − γ̃x̃21.

This has the form of a logistic growth equation where the coefficient in the linear

growth term is,

1 + ρ̃C3
Ã(1 + aC)

Ã+ aC
− γ̃T − σ̃15Ĩe

−κ̃5Ã, (19)

which depends on Ã and Ĩ. Since these are fixed in time, there are two equilibrium

solutions for this equation,

1. e0 :

x̃1 = 0. (20)

2. e1 :

x̃1 =
1 + ρ̃C3

Ã(1+aC)

Ã+aC
− γ̃T − σ̃15Ĩe

−κ̃5Ã

γ̃
(21)

If the linear growth term [Eq. 19] is positive, then e0 is unstable and e1 is both

positive and stable. Otherwise, if the linear growth term is negative, the opposite

is true, e0 is stable and e1 is both negative and unstable. Whether [Eq. 19] is

positive or negative will depend on Ã and Ĩ and the relative strengths of the
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processes that contribute to this term. Namely, it is positive if,

1 + ρ̃C3
Ã(1 + aC)

Ã+ aC
− γ̃T > σ̃15Ĩe

−κ̃5Ã. (22)

Next we will consider the case where treatment has been or is currently being

applied, i.e. D̃ and x̃2 not simultaneously zero. This is the 2D system defined by

[Eq. 17] and [Eq. 18]. There are three equilibrium solutions for this system of

equations,

1. e0 :

(x̃e01 , x̃
e0
2 ) = (0, 0) (23)

2. e1 :

(x̃e11 , x̃
e1
2 ) = (0,

ζ2
γ̃

) (24)

3. e2 :

(x̃e21 , x̃
e2
2 ) =

(
ζ1
γ̃

(
ζ1 − ζ2

ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)
,
ζ1
γ̃

(
λ̃D̃e−κ̃DÃ

ζ1 + λ̃D̃e−κ̃DÃ − ζ2

))
(25)

where,

ζ1 = 1 − λ̃D̃e−κ̃DÃ + ρ̃C3
Ã(1 + aC)

Ã+ aC
− γ̃T − δ̃1D̃e

−κ̃DÃ − σ̃15Ĩe
−κ̃5Ã

ζ2 = r̃2 + ρ̃C3
Ã(1 + aC)

Ã+ aC
− γ̃T − δ̃2D̃e

−κ̃DÃ − σ̃25Ĩe
−κ̃5Ã.

Calculations obtaining these equilibrium solutions and the analysis to follow are

given in appendix A.1.

Evaluating the Jacobian matrix at each of e0, e1 and e2 [Eq. 23-25], we

can obtain the following eigenvalues and eigenvectors in terms of ζ1 and ζ2. We

denote eigenvalues with L instead of λ to avoid a clash of notation with the model

parameter λ.

1. e0:

The eigenvalues are,

Le01 = ζ1 and Le02 = ζ2. (26)
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The eigenvectors are,

ve01 =

(
1

λ̃D̃e−κ̃DÃ

ζ1−ζ2

)
and ve02 =

(
0

1

)
. (27)

2. e1 :

The eigenvalues are,

Le11 = ζ1 − ζ2 and Le12 = −ζ2. (28)

The eigenvectors are,

ve11 =

(
1

λ̃D̃e−κ̃DÃ−ζ2
ζ1

)
and ve12 =

(
0

1

)
. (29)

3. e2 :

The eigenvalues are,

Le21 = ζ2 − ζ1 and Le22 = −ζ1. (30)

The eigenvectors are,

ve21 =

(
1

λ̃D̃e−κ̃DÃ−ζ2
ζ1

)
and ve22 =

(
1

λ̃D̃e−κ̃DÃ

ζ1−ζ2

)
. (31)

The eigenvectors of each equilibrium, point towards the other two equilibria.

In appendix A.1.3, we show that the lines defined by extending the eigenvectors

infinitely outwards from each equilibrium point (i.e. the lines passing through

each pair of equilibrium points), define invariant sets of the phase space. With

this in mind and using the eigenvalues stated above, we can split the qualitative

dynamics of the system into six different cases, depending on the relative sizes

and signs of ζ1 and ζ2.

Case 1 (a): 0 < ζ1 < ζ2 and ζ1 + λ̃D̃e−κ̃DÃ − ζ2 > 0.

We can examine the signs of the eigenvalues associated to each equilibrium

point to determine their stability for this case.

• e0 : e0 is an unstable node since both eigenvalues are real with Le01 > 0 and

Le02 > 0 [Eq. 26].

• e1 : e1 is a stable node since both eigenvalues are real with Le11 < 0 and

Le12 < 0 [Eq. 28]. Further we have that x̃e12 > 0 since ζ2 > 0 in this case.
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• e2 : e2 is an unstable saddle since both eigenvalues are real with Le21 > 0

and Le22 < 0 [Eq. 30].

Using the eigenvectors [Eq. 27], [Eq. 29] and [Eq. 31] along with their

corresponding eigenvalues, we can determine the direction of the flow along each

of the invariant lines that pass through the equilibrium points in the phase space.

In particular, we can find the stable and unstable eigendirections of e2. The stable

eigendirection of e2 points from e0 towards e2 since Le22 = −ζ1 < 0. The unstable

eigendirection of e2 points from e2 to e1 since Le21 = ζ2 − ζ1 > 0.

The e2 equilibrium point may exist in the second or fourth quadrant of the

phase space. This is because the numerators of x̃e21 and x̃e22 have opposite sign,

and the denominators are equal. The location thus depends on the sign of,

ζ1 + λ̃D̃e−κ̃DÃ − ζ2, (32)

which may be positive or negative. Here we assume it is positive and e2 is thus

in the second quadrant. We can now sketch a phase portrait of the system for

this case [Fig. 7: 1(a)].

Case 1 (b): 0 < ζ1 < ζ2 and ζ1 + λ̃D̃e−κ̃DÃ − ζ2 < 0.

In this case we assume ζ1 + λ̃D̃e−κ̃DÃ − ζ2 < 0 and thus e2 is in the fourth

quadrant. The rest of the stability analysis remains the same as in case 1(a) and

as such we can now sketch a phase portrait of the system for this case [Fig. 7:

1(b)].

Case 1 (c): 0 < ζ1 < ζ2 and ζ1 + λ̃D̃e−κ̃DÃ − ζ2 = 0.

If [Eq. 32] is equal to zero, then the e2 equilibrium is no longer well defined,

and the phase space only contains the equilibrium points e0 and e1. In this case

we also have that the eigenvectors ve01 and ve11 coincide,

ve01 = ve11 =

(
1

−1

)
.

See [Fig. 7: 1(c)] for a sketch of the phase portrait in this case.

Case 2(a): ζ1 < 0 < ζ2 and ζ1 + λ̃D̃e−κ̃DÃ − ζ2 > 0.

We again examine the signs of the eigenvalues associated to each equilibrium

point to determine their stability for this case.

• e0 : e0 is an unstable saddle since the eigenvalues associated to e0 have

opposite signs, Le01 < 0 and Le02 > 0 [Eq. 26].

• e1 : e1 remains a stable node since both eigenvalues are real with Le11 < 0

and Le12 < 0 [Eq. 28]. Again, we still have that x̃e12 > 0 since ζ2 > 0.
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• e2 : e2 becomes an unstable node since both eigenvalues are real with Le21 >

0 and Le22 > 0 [Eq. 30].

The stable eigendirection of e0 points from e2 to e1 since Le01 < 0. The

unstable eigendirection of e0 points from e0 to e1 since Le02 > 0.

If we assume ζ1 + λ̃D̃e−κ̃DÃ − ζ2 > 0, then e2 is in the fourth quadrant and

we can then sketch the phase portrait of the system for this case [Fig. 7: 2(a)].

Case 2(b): ζ1 < 0 < ζ2 and ζ1 + λ̃D̃e−κ̃DÃ − ζ2 < 0.

If we assume ζ1 + λ̃D̃e−κ̃DÃ − ζ2 < 0, then e2 is in the second quadrant. The

stability analysis is otherwise the same as in case 2(a), and thus we can also

produce the phase portrait for this case [Fig. 7: 2(b)].

Case 2(c): ζ1 < 0 < ζ2 and ζ1 + λ̃D̃e−κ̃DÃ − ζ2 = 0.

In the case that [Eq. 32] is zero, we again have that e2 becomes undefined,

leaving just e0 and e1. We also again have that ve01 and ve11 coincide. The phase

portrait for this case is sketched in [Fig. 7: 2(c)].

Case 3(a): ζ1 < ζ2 < 0 and ζ1 + λ̃D̃e−κ̃DÃ − ζ2 > 0.

As before we examine the eigenvalues to determine the stability of each equi-

librium point.

• e0 : e0 is a stable node since the eigenvalues associated to e0 are both

negative, Le01 < 0 and Le02 < 0 [Eq. 26].

• e1 : e1 becomes an unstable saddle in this case, since the eigenvalues have

opposite signs, Le11 < 0 and Le12 > 0 [Eq. 28]. We also now have that

x̃e12 < 0 since ζ2 < 0.

• e2 : e2 remains an unstable node since both eigenvalues are again real with

Le21 > 0 and Le22 > 0 [Eq. 30].

The stable eigendirection of e1 points from e2 towards e1 since Le11 < 0. The

unstable eigendirection of e1 points from e1 towards e0 since Le12 > 0.

Once again the position of e2 depends on the sign of [Eq. 32]. If we assume

ζ1 + λ̃D̃e−κ̃DÃ− ζ2 > 0, then e2 is in the fourth quadrant. With this we can draw

the phase portrait of the system for this case [Fig. 7: 3(a)].

Case 3(b): ζ1 < ζ2 < 0 and ζ1 + λ̃D̃e−κ̃DÃ − ζ2 < 0.

If ζ1 + λ̃D̃e−κ̃DÃ − ζ2 < 0, then e2 is in the second quadrant. The rest of the

stability analysis is unchanged and the phase portrait for this case is given in

[Fig. 7: 3(b)].

Case 3(c): ζ1 < ζ2 < 0 and ζ1 + λ̃D̃e−κ̃DÃ − ζ2 = 0.

If [Eq. 32] is zero then once again e2 becomes undefined and ve01 and ve11

coincide. The phase portrait for this case is given in [Fig. 7: 3(c)].
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Case 4: 0 < ζ2 < ζ1.

We again use the eigenvalues to determine the stability of the equilibrium

points.

• e0 : e0 is an unstable node in this case since the eigenvalues associated to

e0 are both positive, Le01 > 0 and Le02 > 0 [Eq. 26].

• e1 : e1 is an unstable saddle in this case, since the eigenvalues have opposite

signs, Le11 > 0 and Le12 < 0 [Eq. 28]. In this case, we have that x̃e12 > 0

since ζ2 > 0.

• e2 : e2 is a stable node since both eigenvalues are again real with Le21 < 0

and Le22 < 0 [Eq. 30].

The stable eigendirection of e1 points from e0 towards e1, since Le12 < 0. The

unstable eigendirection of e1 points from e1 towards e2, since Le11 > 0.

In this case both x̃e21 > 0 and x̃e22 > 0, and as such e2 exists in the first

quadrant of the phase portrait. With this we can sketch the phase portrait for

this case [Fig. 8: 4].

Case 5: ζ2 < 0 < ζ1.

The stability of the equilibrium points for this case is given below.

• e0 : e0 is an unstable saddle in this case since the eigenvalues associated to

e0 have opposite signs, Le01 > 0 and Le02 < 0 [Eq. 26].

• e1 : e1 is an unstable node, since the eigenvalues are both positive, Le11 > 0

and Le12 > 0 [Eq. 28]. In this case, we have that x̃e12 < 0 since ζ2 < 0.

• e2 : e2 is a stable node since both eigenvalues are real with Le21 < 0 and

Le22 < 0 [Eq. 30].

The stable eigendirection of e0 points from e1 towards e0, since Le02 < 0. The

unstable eigendirection of e0 points from e0 towards e2, since Le01 > 0.

In this case both x̃e21 > 0 and x̃e22 > 0, and as such e2 again exists in the first

quadrant of the phase plane. We can now produce a sketch of the phase portrait

for this case [Fig. 8: 5].

Case 6: ζ2 < ζ1 < 0.

The stability of the equilibrium points for this case can be determined as

follows,

• e0 : e0 is a stable node in this case since the eigenvalues associated to e0

are both negative, Le01 < 0 and Le02 < 0 [Eq. 26].
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• e1 : e1 is again an unstable node, since the eigenvalues are both positive,

Le11 > 0 and Le12 > 0 [Eq. 28]. Again, we have that x̃e12 < 0 since ζ2 < 0.

• e2 : e2 is an unstable saddle since both eigenvalues have opposite signs,

Le21 < 0 and Le22 > 0 [Eq. 30].

The stable eigendirection of e2 points from e1 towards e2, since Le21 < 0. The

unstable eigendirection of e2 points from e2 towards e0, since Le22 > 0.

In this case both x̃e21 < 0 and x̃e22 < 0, and as such e2 exists in the third

quadrant of the phase plane. The phase portrait for this case is sketched in [Fig.

8: 6].
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Figure 7: Hand-sketched phase portraits for cases 1(a)-3(c). Solid black dots represent
stable nodes, black dots with white centers represent unstable nodes and black plus
signs represent saddle points. The blue lines represent invariant sets in the directions
of the eigenvectors. The green arrows are sample trajectories. The shaded regions of
the phase space correspond to non-physical values of x̃1 and x̃2.
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Figure 8: Hand-sketched phase portraits for cases 4-6. Solid black dots represent
stable nodes, black dots with white centers represent unstable nodes and black plus
signs represent saddle points. The blue lines represent invariant sets in the directions
of the eigenvectors. The green arrows are sample trajectories. The shaded regions of
the phase space correspond to non-physical values of x̃1 and x̃2.

This analysis outlines that the model behaves reasonably. For instance, so-

lutions can never become unphysical (x1 < 0 and/or x2 < 0) if given physical

(x1 ≥ 0 and x2 ≥ 0) initial conditions. If x̃2 = 0 and x̃1 > 0 we have that dx̃2
dt̃

≥ 0,

and as such the flow on the positive half of x̃1 axis points into the first quadrant

of the phase space. We also already have that the x̃2 axis is invariant. Hence the

first quadrant of the phase space is invariant. This is well illustrated through the

phase diagrams above.

In cases 4-6 we have ζ2 < ζ1, which can be interpreted biologically as the resis-

tant population’s growth being dominated by the sensitive population’s growth

in the presence of both chemotherapy and the immune system. To see this, first

assume that x̃1 and x̃2 are both very small such that x̃21 ≈ x̃22 ≈ x̃1x̃2 ≈ 0. Under

this assumption, ζ1 represents the per-capita growth rate of x̃1 when the popula-

tion is small, while ζ2 is the corresponding per-capita growth rate of x̃2 minus the

additional growth contribution from sensitive cell mutations. This explains why

ζ2 < ζ1 implies that resistant cells grow more slowly than sensitive cells under

these conditions.

The relative growth rates of the resistant and sensitive populations depend

on the specific types of cancer cells and resistance mechanisms involved. For

instance, the resistant population’s growth rate could be slower due to an evo-

lutionary cost of developing resistance [22], or faster in the case of cancer stem

cells (CSCs) [23]. Our model captures both possibilities, allowing cases 1-3 of 4-6

to be selected based on the biological plausibility for a given application.

In this work, we focus on the scenario where ζ1 ≤ ζ2, which can be enforced

by assuming r1 = r2 or,

r̃2 = 1.
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The above analysis is all based on the assumption that D̃, Ã and Ĩ are all

fixed in time. When allowed to vary, the true dynamics of the cancer variables

may be different.

We will now continue to derive the model in full generality but we will rein-

troduce the variable rescalings and simplifying assumptions in Section 3.1 as well

as during any further system sanity checks.

2.3 Active & Inactive Stroma Equations (ẋ3 & ẋ4)

Our model of the active stroma will have the following form,

ẋ3 ={Chemotherapy Induced Activation} − {Chemotherapy Induced Death}

+ {Cancer Induced Activation} − {Natural Inactivation}. (33)

Tissue homeostasis. Tissue homeostasis is the process that maintains sta-

bility at the tissue level and regulates cell numbers [52]. Cancer cells lose the

ability to maintain homeostasis and proliferate uncontrollably whereas healthy

stromal cells are relatively stable. Thus, in line with [64], we assume that the

total stroma, active and inactive combined, remains constant in time such that,

x3(t) + x4(t) = T

with T ∈ R constant. During cancer growth and treatment, a variety of factors

cause the stroma to switch from its inactive state to an active state.

(12) & (13) Chemotherapy-induced death and activation of the

stroma. Many cells can be damaged by chemotherapy, including CAFs [74].

Cancer cells suffer the most because chemotherapy preferentially targets actively

proliferating cells [56]. As a result, the death rate of stromal cells, including

active stromal cells, due to chemotherapy is lower than that of cancer cells.

In addition to inducing cell death, chemotherapy can also activate fibroblasts

into CAFs [63, 70, 42]. High dose chemotherapy leads to strong stromal activation

whereas low dose metronomic chemotherapy curbs such potent chemotherapy-

induced activation [42, 13].

The strength of these processes—that is, the death of the active stroma and

activation of the inactive stroma—also depends on how much of the stroma is

already active. If the stroma is fully inactive, then there are no active stromal

cells that chemotherapy can kill. If the stroma is fully active, then there are

no inactive cells that chemotherapy can activate. We would like to describe

the response of the active stroma to chemotherapy without the behaviour being

skewed by how much of the stroma is already active. Therefore, the following
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description refers specifically to the per-capita growth rate of the active stroma

given an equal proportion of active and inactive stroma.

In the absence of chemotherapy, the growth rate is zero. Then, as chemother-

apy intensity increases, the growth rate decreases becoming negative. This is

because at low doses, stromal cell death dominates over the very weak stromal

cell activation. As chemotherapy intensity continues to increase, it will pass

some optimal intensity at which the growth rate attains its most negative value.

Beyond this optimal intensity, the growth rate begins to increase, eventually be-

coming positive beyond some critical intensity. This is because the stromal cell

death rate is relatively limited, whereas the stromal cell activation rate becomes

very large near the maximum tolerated dose. This response can be summarised

in a schematic [Fig. 9].
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Figure 9: Schematic of the per-capita growth rate of the active stroma in response
to chemotherapy, given an equal proportion of active and inactive stroma. The green
region represents chemotherapy intensities for which the per-capita growth rate of the
active stroma is negative, and the red region indicates the intensities for which it is
positive.

To model this behaviour, we assume that chemotherapy induced death of

active stromal cells is proportional to D̃(t), as was done for cancer cells, and

include the term,

−δ3D̃(t)x3, (34)

in the ẋ3 equation. δ3 is the maximum per-capita death rate of the active stromal

cells due to chemotherapy and since this is more limited for stromal cells than that

of cancer cells, we assume 0 ≤ δ3 < δ1. For the sake of mathematical simplicity
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we further assume that in the presence of chemotherapy, inactive stromal cells

grow at an equivalent rate to the dying stromal cells (both active and inactive)

such that the relationship x3(t) + x4(t) = T ∈ R is maintained.

To model stromal activation due to chemotherapy we include the term,

ν3 ϕ3

(
D̃(t)

)
(T − x3), (35)

in the ẋ3 equation, where,

ϕ3

(
D̃(t)

)
=
ea3D̃(t) − 1

ea3 − 1
. (36)

The functional response ϕ3 is included to model the fact that stromal activation is

most prominent for chemotherapy intensities near the maximum tolerated dose,

and is far less prominent at lower doses. This is illustrated through plots of ϕ3

vs. D̃ for various values of a3 [Fig. 10].
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Figure 10: ϕ3(D̃) vs. D̃ for various values of a3 [Eq. 36].

Since ϕ3(1) = 1, ν3 is the maximum per-capita activation rate of the inactive

stroma in response to chemotherapy.

Together, [Eq. 35] and [Eq. 34] form the first two terms of the active stroma

equation,

ẋ3 = ν3

(
ea3D̃(t) − 1

ea3 − 1

)
(T − x3) − δ3D̃(t)x3+{Cancer Induced Activation}

−{Natural Inactivation}, (37)
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This approach captures how the strength of each process depends on how much

of the stroma is already active. If x3 = 0, then δ3D̃(t)x3 = 0 and if x3 = T then

ν3ϕ3(D̃(t))(T − x3) = 0.

We would like to ensure that our approach successfully reproduces the schematic

in [Fig. 9] and as such we will study the reduced equation,

1

T

dx3
dt

=
dx̃3
dt

= ν3ϕ3

(
D̃(t)

)
(1 − x̃3) − δ3D̃(t)x̃3, (38)

where,

x̃3 =
x3
T
.

This is the per-capita growth rate of the active stroma in response to chemother-

apy, with the cancer induced activation and natural inactivation terms omitted.

[Fig. 9] refers specifically to the per-capita growth rate when the active and in-

active stroma are in equal proportion, thus we must examine [Eq. 38] evaluated

at x̃3 = 1
2

for various different but fixed-in-time values of D̃(t) = D̃.

dx̃3
dt

∣∣∣∣
x̃3=

1
2

=
ν3
2
ϕ3(D̃) − δ3

2
D̃. (39)

[Eq. 39] matches the qualitative expectations outlined at the beginning of this

section if:

1. dx̃3
dt

∣∣
x̃3=

1
2

> 0 when D̃ = 1, and

2. There exists D̃r3 ∈ (0, 1) such that dx̃3
dt

∣∣
x̃3=

1
2

= 0 if D̃ = D̃r3 (D̃r3 corre-

sponds to the critical intensity in [Fig. 9]),

both hold. In appendix A.2, we show that conditions (1) and (2) both hold if,

a3
ea3 − 1

<
δ3
ν3
< 1. (40)

With this, we can plot D̃r3 against a3 for various fixed ratios of δ3
ν3

[Fig. 11].

This figure highlights the flexibility of our modelling approach, since once the

ratio δ3
ν3

is known, we can use a3 to choose any desired critical chemotherapy

intensity.
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Figure 11: Plot of D̃r3 vs a3 for various fixed δ3
ν3
. Red line indicates the value of a3

at which a3
ea3−1 = δ3

ν3
.

We can now produce some sample plots of [Eq. 39] and compare them to our

schematic [Fig. 9]. We are only interested in the qualitative shape of these plots

(when it is positive/negative or equal to zero), so for now, rather than specifying

particular values for ν3 and δ3, we will examine [Eq. 39] for various different

values of the ratio δ3
ν3

. To do this, we introduce the time rescaling,

τ =
ν3
2
t

and plot,
dx̃3
dτ

∣∣∣∣
x̃3=

1
2

= ϕ3(D̃) − δ3
ν3
D̃ (41)

vs. D̃, see [Fig. 12].
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Figure 12: Plots of [Eq. 41] vs. D̃ for various fixed δ3
ν3
. The region D̃ < D̃r3 is

coloured green and indicates negative values of dx̃3
dτ

∣∣
x̃3=

1
2
. The region D̃ > D̃r3 is

coloured red and indicates positive values of dx̃3
dτ

∣∣
x̃3=

1
2
. In each case, the values of a3

was chosen such that D̃r3 ≈ 0.8.

This shows that our modelling approach well matches the qualitative behaviour

described at the beginning of this section.

All of the above analysis is for the case x̃3 = 1
2
. If x̃3 <

1
2
, more weight is

given to the activation term and if x̃3 >
1
2
, the death term gets more weight. We

can visualise this behaviour by fixing δ3
ν3

and plotting,

dx̃3
dτ

= 2ϕ3(D̃)(1 − x̃3) − 2
δ3
ν3
D̃x̃3 (42)

vs. D̃ for various fixed values of x̃3 [Fig. 13]. Here, we no longer set x̃3 = 1
2

but

we again use the rescaled time τ to examine the qualitative shape of [Eq. 38]

while just specifying the ratio δ3
ν3

.
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Figure 13: Plots of [Eq. 42] vs. D̃ for various fixed values of x̃3. The region D̃ < D̃r3

is coloured green and indicates negative values of dx̃3dτ . The region D̃ > D̃r3 is coloured

red and indicates positive values of dx̃3dτ .
δ3
ν3

= 0.6 and a3 = 3.41 in each plot.

Finally, we also produce a heat map of [Eq. 42] over the whole D̃–x̃3 plane [Fig.

14]. This allows us to observe for which combinations of D̃ and x̃3, [Eq. 38] is

positive, negative or equal to zero.
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(14) & (15) Sensitive and resistant cancer-induced activation of in-

active stroma. Cancer cells themselves can also trigger stromal cell activation.

Cytokines and paracrine signalling molecules such as transforming growth fac-

tor beta (TGF-β) and platelet-derived growth factor (PDGF) released by cancer

induce activation of fibroblasts into CAFs [34, 16, 65]. Paracrine cell signalling

takes place over short distances, so we assume that a cancer cell must come into

contact with an inactive fibroblast to induce the CAF phenotype. We follow the

law of mass action and model cancer mediated activation of the stroma with the

terms,

ρ31x1(T − x3)

and,

ρ32x2(T − x3)

for sensitive and resistant cancer respectively. With this our equation becomes,

ẋ3 = {Chemotherapy Induced Activation} − {Chemotherapy Induced Death}

+ ρ31x1(T − x3) + ρ32x2(T − x3)−{Natural Inactivation}. (43)

(16) Slow inactivation of active stroma in the absence of stressors.

Following successful cancer treatment where the cancer has entered full remission,

we assume the stroma will slowly return to an inactive state after a long period
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of time. We include a slow inactivation term,

−ϵx3

where ϵ≪ min(ρ31, ρ32, ν3). This is the final component of our equation,

ẋ3 = {Chemotherapy Induced Activation} − {Chemotherapy Induced Death}

+{Cancer Induced Activation} − ϵx3, (44)

and combined we obtain the complete active stroma equation as,

ẋ3 = ν3

(
ea3D̃(t) − 1

ea3 − 1

)
(T − x3)︸ ︷︷ ︸

Chemotherapy Induced Activation

− δ3D̃(t)x3︸ ︷︷ ︸
Chemotherapy Induced Death

+ ρ31x1(T − x3) + ρ32x2(T − x3)︸ ︷︷ ︸
Cancer Induced Activation

− ϵx3︸︷︷︸
Natural Inactivation

(45)

The inactive stroma equation is then fixed by the condition x3(t)+x4(t) = T ∈ R.

2.3.1 ẋ3 and ẋ4 System Sanity Check.

Similarly to what was done in Section 2.2.3, we will analyse the qualitative be-

haviour of [Eq. 45] for different but fixed in time values of D̃(t) = D̃, x1 and

x2. Since x1 and x2 are fixed in time, we will define C = x1 + x2 to be the total

amount of sensitive and resistant cancer combined. The aim of this analysis is to

ensure that our model of the stroma behaves as we expect. Again, we will make

use of some temporary variable rescalings and simplifying assumptions which will

all be reintroduced prior to simulating the model.

The simplifying assumptions we will make are,

1. ρ31 = ρ32 = ρ3C .

The variable rescalings we will use are,

1. x̃1/2 =
x1/2
C∗ . Also, since x1 and x2 are fixed in time, we have that C̃ =

C
C∗ = x̃1 + x̃2 is the total, rescaled amount of sensitive and resistant cancer

combined.

2. x̃3 = x3
T

.

3. t̃ = r1t.

Again, see Section 3.1 for the full details.
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With these rescalings and simplifications the dx̃3
dt̃

equation becomes,

dx̃3

dt̃
= ν̃3

(
ea3D̃ − 1

ea3 − 1

)
(1 − x̃3) − δ̃3D̃x̃3 + ρ̃3CC̃(1 − x̃3) − ϵ̃x̃3, (46)

where: ν̃3 = ν3
r1

, δ̃3 = δ3
r1

, ρ̃3C = ρ3CC
∗

r1
and ϵ̃ = ϵ

r1
.

We can now solve for the only equilibrium solution of [Eq. 46], x̃e3, as follows,

˙̃x3 = 0

ρ̃3CC̃ + ν̃3

(
ea3D̃ − 1

ea3 − 1

)
= x̃e3

(
ρ̃3CC̃ + ν̃3

ea3D̃ − 1

ea3 − 1
+ δ̃3D̃ + ϵ̃

)

x̃e3 =
ρ̃3CC̃ + ν̃3

(
ea3D̃−1
ea3−1

)
ρ̃3CC̃ + ν̃3

(
ea3D̃−1
ea3−1

)
+ δ̃3D̃ + ϵ̃

(47)

This equilibrium solution is always stable since,

d

dx̃3

(
dx̃3

dt̃

)
=

d

dx̃3

(
ν̃3

(
ea3D̃ − 1

ea3 − 1

)
(1 − x̃3) − δ̃3D̃x̃3 + ρ̃3CC̃(1 − x̃3) − ϵ̃x̃3

)

= −ν̃3

(
ea3D̃ − 1

ea3 − 1

)
− δ̃3D̃ − ρ̃3CC̃ − ϵ̃

= −

(
ν̃3

(
ea3D̃ − 1

ea3 − 1

)
+ δ̃3D̃ + ρ̃3CC̃ + ϵ̃

)
< 0.

Thus,
d

dx̃3

(
dx̃3

dt̃

) ∣∣∣∣
x̃3=x̃e3

< 0

for any x̃e3.

We will first analyse the behaviour of the equilibrium position for the special

cases,

1. D̃ = 0

x̃e3|D̃=0 =
ρ̃3CC̃

ρ̃3CC̃ + ϵ̃
(48)

2. C̃ = 0

x̃e3|C̃=0 =
ν̃3

(
ea3D̃−1
ea3−1

)
ν̃3

(
ea3D̃−1
ea3−1

)
+ δ̃3D̃ + ϵ̃

(49)

We can show that x̃e3|D̃=0 and x̃e3|C̃=0 are non-decreasing functions of C̃ ∈ [0, 1]

and D̃ ∈ [0, 1] respectively, see appendix A.3. This means that if D̃ = 0 is

fixed, then as cancer size increases, the active stroma equilibrium also increases.
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Similarly, if C̃ = 0 is fixed, then as chemotherapy intensity increases, the active

stroma equilibrium also increases. This agrees with what we expect since cancer

growth can only stimulate stromal activation and applying chemotherapy to a

healthy patient only agitates the stroma, and is of no benefit. To illustrate this

we plot x̃e3|D̃=0 and x̃e3|C̃=0 vs. C̃ and D̃ respectively [Fig. 15]. For the plot of

x̃e3|D̃=0, we fix ϵ̃ and present various different values of ρ̃3C . For the plot of x̃e3|C̃=0,

we fix δ̃3, ϵ̃ and a3 and present various different values of ν̃3.
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Figure 15: (a) Plots of x̃e3 vs. C̃ [Eq. 48] for various ρ̃3C , with D̃ = 0 and ϵ̃ = 0.025.
(b) Plots of x̃e3 vs. D̃ [Eq. 49] for various ν̃3, with C̃ = 0, δ̃3 = 0.1, a3 = 8.84 and
ϵ̃ = 0.025.

From [Fig. 15], we can see that x̃e3|D̃=0 increases rapidly at first with increasing

C̃, but then slows as C̃ approaches 1. The rapid increase occurs because ϵ̃≪ ρ̃3C .

We have that x̃e3|D̃=0 >
1
2

if C̃ > ϵ̃
ρ̃3C

and so only small values of C̃ are required

to obtain large values of x̃e3. As x̃3 becomes large, ρ̃3CC̃(1 − x̃3) becomes small

and ϵ̃x̃3 becomes large, which explains why the graph tapers off.

x̃e3|C̃=0 behaves differently. Initially as D̃ increases, x̃e3|C̃=0 rises very slowly,

only becoming large as D̃ approaches 1. We have that x̃e3 >
1
2

if ν̃3ϕ3(D̃)− δ̃3D̃ >

ϵ̃, but chemotherapy induced stromal activation only dominates for high intensity

chemotherapy, thus large values of D̃ are required to obtain large values x̃e3.

We can now produce a heatmap of dx̃3
dt̃

in the D̃–x̃3 plane, similar to [Fig. 14],

which now includes all terms of the dx̃3
dt̃

equation [Fig. 16]. Aside from including

the complete equation, the set up for this figure also differs from [Fig. 14] in

another way. We are now using the rescaled time t̃ instead of τ , and as such

must specify particular values of ν3 and δ3 which we choose using [Fig. 15].
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Figure 16: Heat maps of [Eq. 46], dx̃3
dt̃

, over the whole D̃–x̃3 plane, with (a) C̃ = 0.0,

(b) C̃ = 0.1 and (c) C̃ = 0.8. Parameter values across all three plots are, ρ̃3C = 0.5,
a3 = 8.84, ν̃3 = 0.4, δ̃3 = 0.1 and ϵ̃ = 0.025. The green line in each figure represents
the level curve where ˙̃x3 = 0, i.e. the equilibrium position x̃e3.

Next, we examine the behaviour of x̃e3 as we vary both D̃ and C̃. To do this

we produce plots of x̃e3 vs. D̃ for various C̃ [Fig. 17(a)] as well as a heat map of

x̃e3 in the D̃–C̃ plane [Fig. 17(b)]. We use the same set of parameter values for

both figures as was used in [Fig. 16].
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Figure 17: (a) Plots of x̃e3 vs. D̃ [Eq. 47] for C̃ ∈ [0.00, 0.05, 0.20, 0.40, 1.00]. Green
squares indicate the minimum value of x̃e3 for each C̃. (b) A heat map of x̃e3 [Eq. 47]
in the D̃–C̃ plane. The black curve shows the locations of the minimum values of x̃e3
for each fixed C̃. The green squares correspond to the particular minima plotted in
(a). Parameter values for both figures are ρ̃3C = 0.5, ν̃3 = 0.4, a3 = 8.84, δ̃3 = 0.1 and
ϵ̃ = 0.025.

From [Fig. 17(a)], we see that by increasing C̃ the left tail of xe3|C̃=0 rises

rapidly and a dip appears in the curve. This shows that once cancer has de-

veloped, it can be advantageous to apply a certain intensity of chemotherapy

in order to minimise the amount of active stroma. [Fig. 17(b)] showcases the

behaviour of x̃e3 across the entire D̃–C̃ plane and the chemotherapy intensities

which minimise x̃e3 given any fixed C̃.

This analysis verifies that our model of stromal activation behaves how we

expect. However, this analysis is based on fixed in time C̃(t) and D̃(t), in reality

cancer size will itself depend on both chemotherapy intensity and the active
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stroma and as such the true behaviour of the system will be different.

2.4 Immune System Equation (ẋ5)

To include the immune system in our model, we follow the work of Kuznetsov et

al. [38]. Their model describes tumour-immune interaction within the TME. It

captures important biological processes such as the innate immune system, the

adaptive immune response to cancer and cancer-induced immune suppression

[47, 51, 79, 87].

In order to combine this model with ours, it is necessary to consider how the

immune system responds to chemotherapy. Chemotherapy is a foreign agent that

damages cells, which triggers an immune response [89, 7, 62]. However, at high

doses, chemotherapy becomes very toxic damaging the immune cells themselves

and suppressing the immune system [89, 67].

In [Fig. 18] we present a qualitative schematic of how we understand the

immune system to respond to chemotherapy intensity. When the intensity of

chemotherapy is zero (absence of chemotherapy), the immune system strength is

at normal levels. As the intensity increases, the immune system strength rises

attaining a maximum at some optimal intensity. Beyond this point, the immune

system strength weakens, falling below normal levels after some critical intensity

is reached. At the maximum tolerated dose, the number of effective immune cells

present in the tumour microenvironment is greatly diminished.
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Figure 18: Schematic of immune response to chemotherapy.

While this is how the immune system responds to chemotherapy in general,

there is variation in each individual’s immune system. Such variation can arise

from factors including sex, genetics, age, gut microbiota and lifestyle choices

including smoking habits [9]. This results in patients whose immune systems
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vary in their responsiveness to stimuli [33], in our case, to chemotherapy. As such

we aim for flexibility, such that the model can describe two classes of patient,

unresponsive and responsive.

The schematics in [Fig. 19] compare the immune responses of unrespon-

sive and responsive patients to chemotherapy intensity. Immune stimulation

of unresponsive patients may be weaker than responsive patients, leading to a

lower maximum immune strength. This also leads to a lower critical chemother-

apy intensity, meaning unresponsive patients are less able to withstand intense

chemotherapy. The optimal and critical chemotherapy intensities can change

depending on whether an individual has a responsive or unresponsive immune

system.

Im
m

un
e 

S
ys

te
m

 S
tr

en
gt

h

0
0

MTD

Normal
Maximum

Optimal Critical

Minimum

0
0

MTD

Normal

Maximum

Optimal Critical

Minimum

Unresponsive Patient Responsive Patient

Chemotherapy Intensity Chemotherapy Intensity

Figure 19: Schematics of unresponsive and responsive patient’s immune responses to
chemotherapy intensity.

With these considerations in mind we will re-derive the model from Kuznetsov

et al. [38] with the addition of our own chemotherapy response term. The model

will take the following form,

ẋ5 ={Cell Influx} · {Chemotherapy Response} − {Natural Cell Death}

+ {Cancer Induced Stimulation} − {Cancer Induced Supression}. (50)

(17) Constant source of immune cells.

Immune cells are produced in the bone marrow, mature at various different

organs and are transported through blood and lymph vessels throughout the

body. These cells are part of the innate immune system [51]. To model the

innate immune system, we assume there is a constant influx of immune cells in

the absence of stressors and include the term,

s
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in the ẋ5 equation. This forms the cell influx component of the immune system

model,

ẋ5 = s·{Chemotherapy Response} − {Natural Cell Death}

+{Cancer Induced Stimulation} − {Cancer Induced Supression}. (51)

(18) Natural death of immune cells.

We assume that these immune cells have a natural life cycle and undergo cell

death to maintain a stable immune system in the absence of stressors. We model

this with the term,

−dx5.

This, together with the influx term, the ẋ5 equation becomes,

ẋ5 = s·{Chemotherapy Response} − dx5

+{Cancer Induced Stimulation} − {Cancer Induced Supression}. (52)

Thus, in the absence of any stressors, there is an equilibrium level of immune

cells,

xe5,0 =
s

d
.

In reality, this equilibrium only exists on relatively short time scales of a few

years, as an individual’s immune system strength can weaken with age. Addi-

tionally, the specific values of s and d may depend on the tissue into which the

immune cells are entering. Consequently, s
d

will vary across different tissues and

as such, the initial or equilibrium level of immune cells within a tumour microen-

vironment, prior to cancer development, will depend on the tissue in which the

cancer originates. This equilibrium is then disrupted by the presence of cancer

and the administration of chemotherapy.

This also provides a definition, in terms of the model parameters, for I0, which

was introduced in Sections 2.2.3 and 2.3.1 as the strength of the immune system

under normal circumstances,

I0 = xe5,0 =
s

d
.

(19) & (20) Death vs. stimulation of the immune system in response

to chemotherapy.

Intense chemotherapy is immunosuppressive, with many chemotherapeutic

drugs having the capacity to impair and kill T-cells [7, 68, 89, 62].

On the other hand, low doses of chemotherapy were shown to be able to stim-

ulate an immune response through direct immune cell activation and depletion of
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immune suppressor cells [7, 62, 89, 27]. Chemotherapy can convert immunosup-

pressive type-M2 macrophages into anti-tumour type-M1 macrophages [7, 53, 27].

It also depletes other immune suppressor cells such as regulatory T-cells, which

in turn encourages T-cell proliferation. Some types of chemotherapy, anthracy-

clines in particular, can cause immunogenic cell death which triggers a further

adaptive immune response [7, 89, 53, 27].

We propose that, in the absence of cancer, the equilibrium position of the ẋ5

equation as a function of D̃(t) should be given by,

s

d
ϕ51(D̃(t))

where,

ϕ51(D̃(t)) =
ea51b + e−ηa51b

e−a51(D̃(t)−b) + eηa51(D̃(t)−b)
(53)

and,

b = D̃opt,5 +
ln (η)

a51 + ηa51
. (54)

See appendix A.4 for the derivation of D̃opt,5. ϕ51 is a shifted and asymmetric

sech function that we have taken from [60]. When D̃(t) = 0, ϕ51 = 1. Initially,

as D̃(t) increases, ϕ51 also increases. ϕ51 attains a maximum value, ϕ51,max, at

D̃(t) = D̃opt,5. As D̃(t) increases above D̃opt,5, ϕ51 decreases, eventually falling

below ϕ51 = 1. We implicitly define D̃(t) = D̃r5 as the non-zero chemotherapy

intensity at which ϕ51 = 1, i.e., the solution to,

ea51b + e−ηa51b

e−a51(D̃(t)−b) + eηa51(D̃(t)−b)
= 1.

Thus, ϕ51 ≥ 1 for D̃(t) ∈ [0, D̃r5] and ϕ51 < 1 for D̃(t) ∈ (D̃r5, 1]. Such an

equilibrium aligns with the schematic shown in [Fig. 18] and reflects our expec-

tations of the immune system’s response to chemotherapy. This can be seen by

examining the shape of ϕ51(D̃), plotted in [Fig. 20].

To derive such an equilibrium, we introduce a chemotherapy response term,

G(D̃(t)), into the ẋ5 equation as follows,

ẋ5 = s− dx5 +G(D̃(t)). (55)

We then solve for the equilibrium solution, xe5,D, by setting ẋ5 = 0 in [Eq. 55].

The resulting expression for xe5,D is set equal to s
d
ϕ51(D̃(t)), allowing us to solve

for G(D̃(t)),

xe5,D =
s+G(D)

d
=
s

d
ϕ51(D̃(t)).
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Solving for G(D̃(t)), we obtain,

G(D̃(t)) = s(ϕ51(D̃(t)) − 1),

Finally, substituting this back into [Eq. 55] yields,

ẋ5 = s− dx5 + s(ϕ51(D̃(t)) − 1)

= sϕ51(D̃(t)) − dx5

Therefore, in the absence of cancer, the ẋ5 equation becomes,

ẋ5 = sϕ51(D̃(t)) − dx5+{Cancer Induced Stimulation}

−{Cancer Induced Supression}. (56)

This modelling approach ensures that for fixed values of D̃(t) = D̃, the equi-

librium solution xe5,D is given by,

xe5,D =
s

d
ϕ51(D̃).

This function of D̃ is a scaled version of ϕ51(D̃). From the plots in [Fig. 20],

it is evident that the immune system’s qualitative response to chemotherapy

matches our expectations, as discussed earlier in Section 2.4, featuring both op-

timal (D̃opt,5) and critical (D̃r5) chemotherapy intensities in its response. [Fig.

20] also highlights the flexibility of the shape of ϕ51(D̃), allowing us to account

for both responsive and unresponsive patients.
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Figure 20: Left Column: Plots of ϕ51(D̃) for (a) D̃opt,5 = 0.3, a51 = 1.1313
and η = 1.88, (c) D̃opt,5 = 0.5, a51 = 0.8206 and η = 5.83 and (e) D̃opt,5 = 0.7,
a51 = 0.6585 and η = 17.53. Parameters were chosen such that ϕ51(1) ≈ 0.6 and
ϕ51,max = 1.1, 1.3 and 1.5 in each of (a), (c) and (e) respectively. Right Column: Level
curves of ϕ51,max (coloured) and D̃r5 (dashed black) in the η–a51 plane. D̃opt,5 = 0.3,
0.5 and 0.7 fixed in (b), (d) and (f) respectively. The colouring of the ϕ51,max level
curves corresponds to the values of ϕ51(1) at those parameter values. Red implies
ϕ51(1) > 0.7, blue implies 0.7 > ϕ51(1) > 0.4 and yellow implies 0.4 > ϕ51(1). Each
level curve is numbered 1 − 6 and the legend provides the constant values of ϕ51,max
(1-3) and D̃r5 (4-6) along each curve. The black dots mark the parameters chosen to
produce the corresponding figure on the left within each row.

(21) & (22) Cancer Induced Immune Stimulation and Suppression.

Cancer growth will also dictate immune system function. Macrophages at the

tumour site respond to cancer by producing cytokines that recruit other immune

cells such as neutrophils [2, p.1531], [51]. Additionally, dendritic cells respond

to cancer cell induced damage and communicate with T and B cells to trigger

an adaptive immune response [51, 47]. In this way, cancer growth stimulates an

immune response which increases the number of immune cells.

On the other hand, cancer cells express immune checkpoint molecules on their

surface. These molecules suppress the activity of immune cells such as T-cells
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when they come into contact with the cancer cell. Additionally, repeated expo-

sure of T-cells to cancer may lead to T-cell exhaustion whereby T-cell function

is diminished [87, 38].

As such we assume that the immune system initially responds to small tu-

mours, but then becomes overwhelmed as the tumour grows leading to immune

supression. To model stimulation and suppression respectively, we let

C(t) = x1(t) + x2(t),

and include the terms,

ρ5Cϕ52(C(t))x5 and − σ5CC(t)x5,

where,

ϕ52(C(t)) =
C(t)

a52 + C(t)

in the ẋ5 equation. The functional response term, ϕ52, is included to model

limited immune cell accumulation, within the tumour microenvironment, as the

tumour grows large. This is due to natural limits on the rates at which immune

cells can travel to and permeate into the tumour [38].

With these terms the ẋ5 equation becomes,

ẋ5 ={Cell Influx} · {Chemotherapy Response} − {Natural Cell Death}

+ ρ5Cϕ52(C(t))x5 − σ5CC(t)x5. (57)

We would like to ensure that there is always an initial increase in the immune

system for small tumours, thus we must ensure the existence of a C(t) > 0 root

of,

ρ5Cϕ52(C(t))x5 − σ5CC(t)x5 (58)

The roots are given by,

C(t) = 0 and C(t) =
ρ5C − σ5Ca52

σ5C
.

Thus, we impose,

ρ5C > σ5Ca52.

Once again, let C(t) = C represent different but fixed-in-time values of C(t).

We would like to make it easier to fix the shape of the immune system response

to cancer and we will do this by reparameterising the cancer terms of the ẋ5

equation [Eq. 57]. Consider the per-capita growth rate of x5 with s = d = 0, i.e.
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just the cancer terms,

ẋ5
x5

∣∣∣∣
s,d=0

= ρ5Cϕ52(C) − σ5CC. (59)

We will reparameterise this expression in terms of the new parameters Cr, Copt

and M , which are defined as follows: Cr is the non-zero C for which [Eq. 59] is

zero, that is, its non-zero root. Copt is the value of C at which [Eq. 59] attains

a maximum. M is the value of [Eq. 59] evaluated at Copt, that is, its maximum

value. With this reparameterisation, we will be able to explicitly choose, using

the model parameters, the optimal cancer size for immune stimulation and its

magnitude, as well as the critical cancer size at which the immune system starts

to become suppressed. Calculations for this reparameterisation are given in ap-

pendix A.5 and the transformation is given by,

Cr =
ρ5C
σ5C

− a52

Copt = −a52 +

√
ρ5Ca52
σ5C

M = (
√
ρ5C −

√
σ5Ca52)

2
(60)

This transformation holds on the condition that,

ρ5C > σ5Ca52.

which we have already assumed to be true. The inverse transformation is given

by,

a52 =
C2

opt

Cr − 2Copt

ρ5C = M

(
Cr − Copt

Cr − 2Copt

)2

σ5C =
M

Cr − 2Copt

, (61)

on the condition that,

Copt <
Cr
2
.

This is equivalent to the condition, ρ5C > σ5Ca52.

Under this change of parameters, [Eq. 59] becomes,

ẋ5
x5

∣∣∣∣
s,d=0

= MC

(
Cr − C

C2
opt + C (Cr − 2Copt)

)
(62)
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To produce a sensible plot of this expression we will rescale some of the model

variables as follows,

1. C̃ = C
C∗ .

2. t̃ = r1t.

Note that rescaling x5 would have no effect on the right hand side of [Eq. 62].

With this, [Eq. 62] becomes,

(
1

x5

dx5

dt̃

) ∣∣∣∣
s,d=0

= M̃C̃

 C̃r − C̃

C̃2
opt + C̃

(
C̃r − 2C̃opt

)
 (63)

where,

M̃ =
M

r1
, C̃r =

Cr
C∗ and C̃opt =

Copt

C∗ . (64)

are the rescaled values of M , Cr and Copt respectively. We can now plot [Eq. 63]

for a sample choice of M̃ , C̃r and C̃opt [Fig. 21].
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Figure 21: Plot of [Eq. 63]. The dashed blue line highlights the relationship between
the parameters C̃opt and M̃ . The dashed black line highlights that the non-zero root
of [Eq. 63] occurs at C̃r. Dashed red line highlights that [Eq. 63] is negative by the
time cancer reaches the lethal threshold. C̃r = 0.4, C̃opt = 0.15 and M̃ = 0.002.

Combining all of the derived terms, we obtain the complete ẋ5 equation in
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terms of the original parameters as follows,

ẋ5 = s︸︷︷︸
Cell Influx

· ϕ51(D̃(t))︸ ︷︷ ︸
Chemotherapy Response

− dx5︸︷︷︸
Natural Cell Death

+ ρ5C

(
x1 + x2

a52 + x1 + x2

)
x5︸ ︷︷ ︸

Cancer Induced Stimulation

− σ5C(x1 + x2)x5︸ ︷︷ ︸
Cancer Induced Supression

. (65)

The complete equation after the reparameterisation is given by,

ẋ5 = s︸︷︷︸
Cell Influx

· ϕ51(D̃(t))︸ ︷︷ ︸
Chemotherapy Response

− dx5︸︷︷︸
Natural Cell Death

+M (x1 + x2)

(
Cr − (x1 + x2)

C2
opt + (x1 + x2) (Cr − 2Copt)

)
x5︸ ︷︷ ︸

Cancer Induced Stimulation/Supression

. (66)

We will switch between these two equivalent formulations depending on which is

more convenient for a given objective.

2.4.1 ẋ5 Sanity Check.

As was done with the previous equations in Sections 2.2.3 and 2.3.1, we will now

analyse the qualitative behaviour of the ẋ5 equation assuming different but fixed

in time values of D̃(t) = D̃, x1 and x2. This will allow us to verify that our model

of the immune system behaves sensibly. For the purposes of this analysis we will

again work with the below variable rescalings,

1. x̃1/2 =
x1/2
C∗ .

2. x̃5 = x5
I0

= dx5
s

.

3. t̃ = r1t.

See Section 3.1 for details.

With these rescalings the dx̃5
dt̃

equation becomes,

dx̃5

dt̃
= d̃ϕ51(D̃) − d̃x̃5 + ρ̃5C

(
C̃

ã52 + C̃

)
x̃5 − σ̃5CC̃x̃5. (67)

where: d̃ = d
r1

, ρ̃5C = ρ5C
r1

, ã52 = a52
C∗ and σ̃5C = σ5CC

∗

r1
.

In terms of the parameters M̃ , C̃r and C̃opt, the dx̃5
dt̃

equation becomes,

dx̃5

dt̃
= d̃ϕ51(D̃) − d̃x̃5 + M̃C̃

 C̃r − C̃

C̃2
opt + C̃

(
C̃r − 2C̃opt

)
 x̃5. (68)
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We can solve for the equilibrium solution, x̃e5, of [Eq. 67] as follows,

dx̃5

dt̃
= 0

−d̃ϕ51(D̃) = x̃e5

(
−d̃+ ρ̃5C

(
C̃

ã52 + C̃

)
− σ̃5CC̃

)

x̃e5 =
d̃ϕ51(D̃)

d̃− ρ̃5C

(
C̃

ã52+C̃

)
+ σ̃5CC̃

(69)

We can solve for the stability of this equilibrium by computing the sign of,

d

dx̃5

dx̃5

dt̃
,

evaluated at x̃e5.

d

dx̃5

dx̃5

dt̃
=

d

dx̃5

(
d̃ϕ51(D̃) − d̃x̃5 + ρ̃5C

(
C̃

ã52 + C̃

)
x̃5 − σ̃5CC̃x̃5

)

= −

(
d̃− ρ̃5C

(
C̃

ã52 + C̃

)
+ σ̃5CC̃

)
, (70)

which is the negation of the denominator of x̃e5. Thus, since d̃ϕ51(D̃) > 0, we

have that x̃e5 is stable if it is positive and unstable if it is negative. This begs the

question, when is x̃e5 > 0, i.e. when is the equilibrium solution physical.

In appendix A.6 we show that this equilibrium solution is positive, and is thus

stable, for all C̃ > 0 if,

d̃ > M̃ =
(√

ρ̃5C −
√
σ̃5C ã52

)2
. (71)

There are two other possible cases,

1. d̃ = M̃ .

2. d̃ < M̃ .

(1) if d̃ = M̃ , then there is a single value of C̃ > 0 for which,(
d̃− ρ̃5C

C̃

ã52 + C̃
+ σ̃5CC̃

)
= 0. (72)

This value of C̃ is,

ˆ̃C =
−
(
d̃−(ρ̃5C−σ̃5C ã52)

σ̃5C

)
2
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Detailed calculations are given in appendix A.6. In this case, and for this partic-

ular value of C̃, the dx̃5
dt̃

equation reduces to

dx̃5

dt̃
= d̃ϕ51(D̃)

and experiences unbounded linear growth in time. However, recall that we have

assumed here that C̃ remains fixed in time, in reality as the immune system

becomes large, it will kill cancer pushing C̃ away from this problematic value ˆ̃C.

(2) if d̃ < M̃ , then there are two values of C̃ > 0 for which,(
d̃− ρ̃5C

C̃

ã52 + C̃
+ σ̃5CC̃

)
= 0.

These values of C̃ are,

C̃2,1 =
−
(
d̃−(ρ̃5C−σ̃5C ã52)

σ̃5C

)
±
√(

d̃−(ρ̃5C−σ̃5C ã52)
σ̃5C

)2
− 4d̃ã52

σ̃5C

2

where C̃2 corresponds to the positive square root. Again, see appendix A.6 for

details. Thus, in the case d̃ < M̃ and for C̃ = C̃1 or C̃ = C̃2, the dx̃5
dt̃

equation

reduces to
dx̃5

dt̃
= d̃ϕ51(D̃),

which again results in unbounded linear growth of the immune system in time.

To describe the behaviour of x̃e5 away from C̃1 and C̃2, we will divide C̃ into three

separate intervals: [0, C̃1), (C̃1, C̃2) and (C̃2,∞) and classify the stability of x̃e5

within each. Calculations are given in appendix A.7.

1. [0, C̃1): x̃
e
5 > 0 and is a stable equilibrium.

2. (C̃1, C̃2): x̃
e
5 < 0 and is an unstable equilibrium.

3. (C̃2,∞): x̃e5 > 0 and is a stable equilibrium.

Hence for C̃ ∈ [C̃1, C̃2] the immune system experiences unbounded growth. The

growth is linear in time if C̃ = C̃1 or C̃ = C̃2, and the growth is exponential in

time if C̃ ∈ (C̃1, C̃2). In reality, for C̃ not fixed in time, as the immune system

becomes large it will kill cancer and force C̃ out of the problematic region [C̃1, C̃2].

See [Fig. 22] for plots of x̃e5 vs. C̃ and M̃ , for parameter values which elicit this

behaviour.

Given [Eq. 69] with d̃ > M̃ , we can plot the immune system equilibrium

position as a function of D̃ for various fixed C̃ and vice versa [Fig. 23].
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Figure 22: Plots of stable and unstable branches of x̃e5 vs. M̃ and C̃ [Eq. 69].
The solid black lines represents stable equilibrium branches, and the dashed black
lines represent unstable equilibrium branches. Vertical, dashed black lines with arrows
indicate the direction of the flow of x̃5. Vertical red lines indicate the points at which
x̃5 grows linearly in time and the flow direction at these points. (a) Plot of x̃e5 vs. M̃
[Eq. 69]. For this plot we fixed C̃ = C̃opt. (b) Plot of x̃e5 vs. C̃ [Eq. 69]. For this plot
we fixed M̃ = 0.02. Our parameter choices obtain that C̃1 = 0.036 and C̃2 = 0.314. In
both (a) and (b) the parameter values chosen were: C̃r = 0.4, C̃opt = 0.15, D̃ = 0.5,
d̃ = 0.01, a51 = 0.8206, η = 5.83 and D̃opt,5 = 0.5.
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Figure 23: (a) Plots of x̃e5 vs. D̃ [Eq. 69] for various fixed C̃. Line colour corresponds
to which value of C̃ the line was plotted for. Blue indicates small cancer and red
indicates large cancer. (b) Plots of x̃e5 vs. C̃ [Eq. 69] for various fixed D̃. Line colour
corresponds to which value of D̃ the line was plotted for. Blue indicates low intensity
chemotherapy and red indicates high intensity chemotherapy. (c) Heatmap of x̃e5 [Eq.
69] in the D̃–C̃ plane. Parameter values used to produce all plots were: d̃ = 0.01,
a51 = 0.8206, η = 5.83, D̃opt,5 = 0.5, C̃opt = 0.15, C̃r = 0.4 and M̃ = 0.002.

All of this analysis is based on values of C̃ and D̃ that have been fixed in

time. How closely this analysis resembles the true dynamics of the system will

depend on the relative time-scales for x̃5, C̃(t̃) and D̃(t̃).

2.4.2 ẋ5 and ẋ1 with No Treatment System Sanity Check.

The last system sanity check we will carry out will be to analyse the interaction

between the immune system and cancer in the absence of treatment for fixed in

time values of the active stroma. For this, we will once again use the variable

53



rescalings and simplifying assumptions introduced previously, see Section 3.1.

In this treatment free scenario, i.e. D̃(t) = 0, we have that resistance cannot

develop, therefore we can set x̃2 = 0. This gives us the following system of

equations to analyse,

dx̃1

dt̃
=

(
1 + ρ̃C3

Ã (1 + aC)

Ã+ aC
− γ̃T

)
x̃1 − γ̃x̃21 − σ̃15x̃5e

−κ̃5Ãx̃1 (73)

dx̃5

dt̃
=d̃− d̃x̃5 + ρ̃5C

(
x̃1

ã52 + x̃1

)
x̃5 − σ̃5C x̃1x̃5. (74)

For this sanity check, the goal will be to determine whether this system can

model the process of cancer immunoediting discussed in Section 1.2.4. To model

this process we must have an ‘extinction threshold’ in phase space such that

sufficiently small cancer populations are unable to grow to carrying capacity due

to the immune system.

As a starting point, we will remove the coupling terms from the immune sys-

tem equation. With these terms removed, the immune system has an equilibrium

point at its normal strength x̃5 = 1, and is neither stimulated nor suppressed by

cancer. We do this for two reasons:

1. We can choose parameter values that reasonably describe cancer growth

when the immune is fixed at its normal strength.

2. We can highlight the absence of the extinction threshold without these

terms, proving they are necessary.

Further, since we are primarily interested in behaviour during the early stages of

cancer growth when the stroma is inactive, we will fix Ã = 0. With this, we have

the system,

dx̃1

dt̃
= (1 − γ̃T ) x̃1 − γ̃x̃21 − σ̃15x̃5x̃1 (75)

dx̃5

dt̃
=d̃− d̃x̃5 (76)

The immune system equation has an equilibrium point at it’s normal strength,

x̃5 = 1. To obtain the equilibrium points of this 2D system, we can set x̃5 = 1 in

[Eq. 75] and solve,

dx̃1

dt̃
= (1 − γ̃T ) x̃1 − γ̃x̃21 − σ̃15x̃1 = 0. (77)

[Eq. 77] is a logistic equation which we discussed in Section 2.2.3. The system

has an extinction equilibrium,
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e0:

(x̃1, x̃5) = (0, 1),

and a carrying capacity given by,

e3 :

(x̃1, x̃5) =

(
(1 − γ̃T − σ̃15)

γ̃
, 1

)
. (78)

We reserve the names e1 and e2 for other equilibrium points of the complete

system defined by [Eq. 73] and [Eq. 74], which we will discuss later in this

section. If we assume the immune system is in equilibrium at its normal strength,

then it remains so and is unable to respond to cancer. We therefore expect that

in such a case cancer will grow to the lethal threshold. To achieve this, we must

choose parameters such that the carrying capacity exceeds the lethal threshold,

x̃1 = 1. This gives us the following condition,

0 < σ̃15 < 1 − γ̃T − γ̃. (79)

We will choose σ̃15 = 0.5, γ̃T = 0.3 and γ̃ = 1
6
, which meets condition [Eq. 79]

and places the cancer carrying capacity at x̃1 = 1.2. See [Fig. 24] for a phase

portrait of the system defined by [Eq. 75] and [Eq. 76], for these parameter

choices. We choose d̃ = 0.23 throughout this section since Kuznetsov et al. [38]

estimate r1 = 0.18 and d = 0.0412 for analogous parameters in their model.
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Figure 24: Phase portrait for the simplified system, [Eq. 75] and [Eq. 76]. Solid
black circles are stable nodes and black plus signs are unstable saddle points. Dashed
black lines are sample trajectories through phase space. Parameter values used were:
d̃ = 0.23, σ̃15 = 0.5, γ̃T = 0.3 and γ̃ = 1

6 . The vertical red line marks the lethal size of
the cancer population x̃1 = 1 and the gray region covers cancer population sizes above
this threshold. There are three sample trajectories with initial conditions marked by
black squares: (x̃1, x̃5) = (10−9, 1), (0.25, 0.25) and (0.25, 1.75).
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In [Fig. 24] we observe that all trajectories converge to the cancer carrying ca-

pacity e3, which exceeds the lethal threshold. We also observe non-monotonicity

in the evolution of the cancer variable. For the trajectory with the initial condi-

tion (x̃1, x̃5) = (0.25, 1.75), the immune system is initially strong. This causes a

decrease in the cancer population at first, before it grows towards the carrying

capacity. For the trajectory with the initial condition (x̃1, x̃5) = (0.25, 0.25), the

immune system is initially weak. This causes the cancer population to overshoot

the carrying capacity before being reduced back down once the immune systems

strength increases.

We will now re-introduce the immune stimulation and immune suppression

terms,

ρ̃5C

(
x̃1

ã52 + x̃1

)
x̃5 and − σ̃5C x̃1x̃5,

separately for small values of ρ̃5C and σ̃5C to see how these terms perturb the

phase portrait in [Fig. 24]. See [Fig. 25 (a)] for the perturbed system including

the immune stimulation term, and [Fig. 25 (b)] for the perturbed system in-

cluding the immune suppression term. In each case and throughout this section

we use ã52 = 2.25 x 10−5 since we can obtain an extinction threshold in the full

system with this value, which we will later see.
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Figure 25: Phase portrait for the simplified system, [Eq. 75] and [Eq. 76], including
(a) the immune stimulation term with ρ̃5C = 0.05 and ã52 = 2.25 x 10−5 and (b) the
immune suppression term with σ̃5C = 0.05. Solid black circles are stable nodes and
black plus signs are unstable saddle points. Dashed black lines are sample trajectories
through phase space. Other parameter values used were: d̃ = 0.23, σ̃15 = 0.5, γ̃T = 0.3
and γ̃ = 1

6 . The vertical red line marks the lethal size of the cancer population x̃1 = 1
and the gray region covers cancer population sizes above this threshold. There are
three sample trajectories with initial conditions marked by black squares: (x̃1, x̃5) =
(10−9, 1), (0.25, 0.25) and (0.25, 1.75).
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Including the immune stimulation term lowers the carrying capacity in terms

of the cancer cell population size, and including the immune suppression term

increases it. In neither case do we observe the formation of an extinction thresh-

old. However, by combining these two terms together in the right way, we can

introduce an extinction threshold into the system. To see this we will return to

the full system defined by [Eq. 73] and [Eq. 74] and solve for the equilibrium

solutions.

We can easily see that the full system also has a trivial equilibrium solution

that corresponds to a cancer free scenario,

e0 :

(x̃e01 , x̃
e0
5 ) = (0, 1). (80)

Here there is no cancer cell population and since the immune system is not

exposed to any stressors it is in equilibrium at the normal immune-strength,

x̃5 = 1 or x5 = I0. We can obtain the stability of this equilibrium point by

evaluating the Jacobian matrix of the system at this point,

J =

(1 + ρ̃C3
Ã(1+aC)

Ã+aC
− γ̃T

)
− 2γ̃x̃1 − σ̃15x̃5e

−κ̃5Ã −σ̃15e−κ̃5Ãx̃1
ρ̃5C

ã52
(ã52+x̃1)

2 x̃5 − σ̃5C x̃5 −d̃+ ρ̃5C
x̃1

ã52+x̃1
− σ̃5C x̃1


J
∣∣∣
(x̃e01 ,x̃

e0
5 )

=

((
1 + ρ̃C3

Ã(1+aC)

Ã+aC
− γ̃T

)
− σ̃15e

−κ̃5Ã 0

ρ̃5C
ã52

− σ̃5C −d̃

)
(81)

Then, since d̃ > 0, we have that this equilibrium is a stable node if,(
1 + ρ̃C3

Ã (1 + aC)

Ã+ aC
− γ̃T

)
< σ̃15e

−κ̃5Ã (82)

and unstable saddle if,(
1 + ρ̃C3

Ã (1 + aC)

Ã+ aC
− γ̃T

)
> σ̃15e

−κ̃5Ã. (83)

Notice that the left hand side of the inequality [Eq. 83] is an increasing function

of Ã, and the right hand side is a decreasing function of Ã. This means that this

inequality will hold for any Ã > 0 if it holds for Ã = 0, and by setting Ã = 0 we

obtain,

1 − γ̃T > σ̃15.

But this must hold since we have already assumed condition [Eq. 79] to be true

which says,

1 − γ̃T − γ̃ > σ̃15
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which is a stronger assumption. Therefore we can say with certainty that e0 will

always be an unstable saddle. The stable manifold of e0 is along the x̃5 axis,

since if we set x̃1 = 0 in the complete system, we are left with,

dx̃5

dt̃
= d− dx̃5,

which describes stabilisation of the immune system to e0 over time. This also

highlights an important fact that the x̃5 axis is invariant in this system.

Setting dx̃5
dt̃

= 0 and solving for x̃5 using [Eq. 74], we obtain,

0 = d̃− d̃x̃5 + ρ̃5C

(
x̃1

ã52 + x̃1

)
x̃5 − σ̃5C x̃1x̃5

d̃ = d̃x̃5 − ρ̃5C

(
x̃1

ã52 + x̃1

)
x̃5 + σ̃5C x̃1x̃5

x̃5 =
d̃

d̃− ρ̃5C

(
x̃1

ã52+x̃1

)
+ σ̃5C x̃1

. (84)

We can substitute this back into [Eq. 73], setting dx̃1
dt̃

= 0 and assuming x̃1 ̸= 0,

to obtain additional equilibrium points of the system. Doing this, see appendix

A.8, we obtain the following,

ψ3x̃
3
1 + ψ2x̃

2
1 + ψ1x̃1 + ψ0 = 0, (85)

where,

ψ3 = −γ̃σ̃5C

ψ2 =

(
1 + ρ̃C3

Ã (1 + aC)

Ã+ aC
− γ̃T

)
σ̃5C − γ̃

(
d̃− ρ̃5C + ã52σ̃5C

)
ψ1 =

(
1 + ρ̃C3

Ã (1 + aC)

Ã+ aC
− γ̃T

)(
d̃− ρ̃5C + ã52σ̃5C

)
− ã52d̃

(
γ̃ + σ̃15e

−κ̃5Ã
)

ψ0 = ã52d̃

[(
1 + ρ̃C3

Ã (1 + aC)

Ã+ aC
− γ̃T

)
− σ̃15e

−κ̃5Ã

]

This cubic polynomial in x̃1 may have up to three real and positive solutions

depending on the values of ψ3, ψ2, ψ1 and ψ0. If we assume the previously

derived condition d̃ > M̃ [Eq. 71] holds, then [Eq. 84] is positive given x̃1 > 0.

This means that each of the x̃1 > 0 solutions of the above cubic equation, are

the x̃1 components of physical equilibrium solutions (x̃1 > 0 and x̃5 > 0) of the

system. There cannot exist any equilibrium solution such that x̃1 > 0 and x̃5 < 0.

One can determine the number of physical equilibrium solutions that are
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possible for a given combination of the signs of ψ3, ψ2, ψ1 and ψ0 using Descartes’

rule of signs, see table 1 in appendix A.8. Given that [Eq. 83] holds, and using

table 1, we can deduce two possible cases.

1. There exists two physical equilibrium solutions in the system including the

cancer extinction equilibrium e0.

2. There exists four phyiscal equilibrium solutions in the system including the

cancer extinction equilibrium e0.

We will demonstrate that the existence of four physical equilibrium points in

case 2 above allows for the formation of an extinction threshold. Due to the

algebraic complexity of [Eq. 85], we will show this numerically by producing a

phase portrait of the system for a choice of parameters that obtain the extinction

threshold [Fig. 26 (a) & (b)]. We have once again set Ã = 0 for simplicity, since

we are focused on behaviour in the early stages of cancer growth.

From these plots we can see that there are four equilibrium points:

1. An unstable saddle e0 which is the cancer extinction equilibrium.

2. A stable node e3 which is the cancer carrying capacity

3. A stable node that we call e1.

4. An unstable saddle point that we call e2.

The stable manifold of e2 separates the basins of attraction of e1 and e3 shaded

in gray and white respectively. This manifold forms the extinction threshold,

as it is a boundary in phase space such that very small cancer populations on

the order of of x̃1 ≈ 10−4 or less, cannot grow to carrying capacity. Instead such

populations converge to e1, see the sample trajectory in blue. New cancerous cells

regularly form in the body and the immune system remains constantly stimulated

in the fight to remove these cells. e1 can be seen as the long-term average of these

constantly competing populations.

The shape of this threshold is delicate and can become very different, or be

lost entirely, if the model parameters are varied. We previously determined,

0 < σ̃15 < 1 − γ̃T − γ̃,

to be the reasonable range for σ̃15. In [Fig. 26 (c) & (d)] we have reduced the

value of σ̃15, compared to what was used in [Fig. 26 (a) & (b)], while keeping it in

the sensible range. The stable manifold of e2 then forms a heteroclinic connection

with e0. This implies that for sub-normal immune system strength, any cancer
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population no matter how small, will grow towards the carrying capacity, again

see the sample trajectory in blue. In [Fig. 26 (e) & (f)], we have further reduced

σ̃15. Here we can see that the basins of attraction of e1 and e3 are significantly

different to those in [Fig. 26 (a) & (b)]. Now, regardless of immune system

strength, very small cancer populations are capable of what Kuznetsov et al [38]

term ‘sneaking through,’ whereby they sneak past the immune systems defenses

and grow to carrying capacity.

When allowed to vary, the active stroma will effectively lower σ̃15 while in-

creasing the cancer growth rate. This could cause the extinction threshold to

change shape in this way, which might serve as one explanation as to how cancer

can develop despite the immune systems best efforts to prevent it.
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Figure 26: Phase portraits of the dx̃1
dt̃

and dx̃5
dt̃

system without treatment for (a) & (b):

σ̃15 = 0.5, (c) & (d): σ̃15 = 0.233613 and (e) & (f): σ̃15 = 0.2. In each figure Ã = 0,
and all other parameters are fixed as follows: γ̃T = 0.3, γ̃ = 1

6 , d̃ = 0.23, M̃ = 0.225

(ρ̃5C = 0.689), C̃r = 10−4 (ã52 = 2.25 x 10−5) and C̃opt = 3x 10−5 (σ̃5C = 5.625 x 103).
Figures in the left column are plotted with a linear scale of the x̃1 axis that ranges
from 0 to 10−4. Figures in the right column are plotted with a log-scale of the x̃1 axis
that ranges from 10−8 to 10. Solid black dots represent stable nodes and black plus
signs represent unstable saddle points. The dashed black lines are the stable, W s(e2),
and unstable, W u(e2), manifolds of e2. The solid blue line is a sample trajectory given
the initial condition (x̃1, x̃5) = (10−8, 1) in each figure. The basins of attraction of e1
and e3 are shaded in grey and white respectively.

This extinction threshold can be lost entirely through a saddle node bifurca-

tion of e1 with e2. This results in a transition from case 1 to case 2 above. This

bifurcation can be brought about by varying the parameter ρ̃5C , see [Fig. 27] for
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the bifurcation diagram.
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Figure 27: Bifurcation diagram showcasing the saddle-node bifurcation that occurs
between e1 and e2 as ρ̃5C is varied. The x̃1 component of each equilibrium is plotted
versus ρ̃5C . Solid black lines represent the stable branches of the equilibrium points,
and the dashed black lines represent the unstable branches of the equilibrium points.
The red dot marks the bifurcation point at ρ̃5C ≈ 0.375. Parameter values used to
generate this plot were: Ã = 0, γ̃ = 1

6 , γ̃T = 0.3, σ̃15 = 0.5, d̃ = 0.23, ã52 = 2.25 x 10−5,
σ̃5C = 5.625 x 103.

Remark. Obtaining a sufficiently small extinction threshold required us to choose

a much larger value of σ̃5C relative to σ̃15.

Doing this makes the assumption that cancer cells have a major advantage in the

competition with immune cells, with the implication being that once the cancer

population size exceeds the extinction threshold, i.e. once it enters the ‘escape’

stage of it’s growth, it strongly suppresses the immune system. This causes the

tumour-antagonising immune cell population within the TME to die out in the

early stages of cancer development. This can be seen by observing the steepness

of the unstable manifold of e2 in the phase portrait [Fig. 26 (b)]. The immune

system subsequently has very little effect on the cancer population during the

remainder of its growth.

A reasonable biological argument can be made to support this assumption.

As cancer cells divide, they become less immunogenic, enabling them to escape

immune surveillance and impair immune function. This occurs through the loss of

antigen expression and activation of immune suppression pathways. Cancer cells

recruit T-regulatory cells into the tumour microenvironment, inhibiting T-cell

activity. Additionally, cancer cells can directly ‘delete’ T-cells through apoptosis

[83]. Prolonged exposure to cancer antigens also leads to T-cell exhaustion and

dysfunction, while the cytotoxic function of natural killer cells is also inhibited

[41].
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While this indicates that the cancer cell population is well able to win the fight

against the immune cell population, we could not find direct quantitative evidence

to support the assumption that cancer should have such a strong advantage in

this competition. This provides an opportunity for future study, one could modify

the model terms, or take the harvesting approach mentioned in Section 2.2.1, in

order to try and obtain a sufficiently small extinction threshold without giving

cancer such a strong advantage.
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3 Complete Model Equations

Now that we have derived each equation, we can state the complete model as

follows,

ẋ1 =

(
r1 − λD̃(t)e−κDx3 + ρ13

x3(1 + a1)

x3 + a1T

)
x1 − x1

[
γ11x1 + γ12x2 + γ1TT

]
− δ1D̃(t)e−κDx3x1 − σ15x5e

−κ5x3x1 (86)

ẋ2 =λD̃(t)e−κDx3x1 +

(
r2 + ρ23

x3(1 + a2)

x3 + a2T

)
x2 − x2

[
γ21x1 + γ22x2 + γ2TT

]
− δ2D̃(t)e−κDx3x2 − σ25x5e

−κ5x3x2 (87)

ẋ3 =ν3

(
ea3D̃(t) − 1

ea3 − 1

)
(T − x3) − δ3D̃(t)x3 + ρ31x1(T − x3)

+ ρ32x2(T − x3) − ϵx3 (88)

x4 =T − x3 (89)

ẋ5 =sϕ51(D̃(t)) − dx5 + ρ5C

(
x1 + x2

a52 + x1 + x2

)
x5 − σ5C(x1 + x2)x5. (90)

This is the complete model prior to any simplifying assumptions and with

the only rescaling arising from the normalised chemotherapy intensity D̃(t). The

complete system in terms of the non-normalised D(t) is provided in Appendix

B. In the next sub-section we will simplify and non-dimensionalise this system of

equations.

3.1 Simplifying Assumptions and Non-Dimensionalisation

In this section we will systematically introduce the simplifying assumptions and

variable rescalings that were temporarily used during the model derivation, most

often during the system sanity checks.

The complete set of simplifying assumptions that we will use, and their in-

terpretations, are as follows,

1. ρ13 = ρ23 = ρC3.

This assumes that the maximum growth promotion of cancer cells due to the

active stroma is independent of whether the cells are sensitive or resistant

to chemotherapy, and only depends on their relative population sizes. We

replace 1 and 2 in the subscripts of ρ13 and ρ23 with C to indicate that

these parameters now apply more generally to all cancer types. We use

similar notation changes for other parameters in the remaining simplifying

assumptions.
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2. a1 = a2 = aC .

This assumption is related to the previous assumption about the growth

promotion of cancer by the active stroma. Here, we assume that the shape

of the response of cancer to the active stroma is independent of whether

the cells are sensitive or resistant to chemotherapy.

3. γij = γiT = γ for all i, j ∈ {1, 2}.

This assumes that the impact of resource and space competition on cells

is independent of cell type, and depends only on their relative population

sizes.

4. ρ31 = ρ32 = ρ3C .

This assumes that the activation rate of the stroma due to cancer is indepen-

dent of whether the cancer cells are sensitive or resistant to chemotherapy,

and depends only on their relative population sizes.

5. r2 = r1.

This assumes that the intrinsic per-capita growth rate for small cancer pop-

ulations (i.e. such that xixj ≈ 0 for all i, j ∈ {1, 2, 3, 4, 5}) is independent

of whether the cancer cells are sensitive or resistant to chemotherapy.

Next, we will fully non-dimensionalise the model by introducing the complete

set of variable rescalings as follows,

1. x̃1/2 =
x1/2
C∗ .

Here C∗ denotes the lethal tumour burden, i.e. if x1 + x2 ≥ C∗ we assume

that the patient has died.

2. x̃3/4 =
x3/4
T

.

Here T denotes the total, and fixed in time, amount of active and inactive

stroma combined, x3(t) + x4(t) = T ∈ R.

3. x̃5 = x5
I0

=
(
d
s

)
x5.

Here we rescale by I0 = s
d

which we assume is a fixed ratio. I0 denotes the

equilibrium level of the immune system under normal circumstances, i.e.

no cancer or chemotherapy.

4. t̃ = r1t.

r1 is the intrinsic per-capita growth rate of a “small” population (i.e. xixj ≈
0 for all i, j ∈ {1, 2, 3, 4, 5}) of sensitive cancer cells and this rescaling allows

us to choose other parameter values relative to this rate.
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With this, we can write the fully simplified and non-dimensionalised model

as follows,

dx̃1

dt̃
=

(
1 − λ̃D̃

(
t̃

r1

)
e−κ̃Dx̃3 + ρ̃C3

x̃3(1 + aC)

x̃3 + aC

)
x̃1 − γ̃x̃1

[
x̃1 + x̃2

]
− γ̃T x̃1

− δ̃1D̃

(
t̃

r1

)
e−κ̃Dx̃3x̃1 − σ̃15x̃5e

−κ̃5x̃3x̃1 (91)

dx̃2

dt̃
=λ̃D̃

(
t̃

r1

)
e−κ̃Dx̃3x̃1 +

(
1 + ρ̃C3

x̃3(1 + aC)

x̃3 + aC

)
x̃2 − γ̃x̃2

[
x̃1 + x̃2

]
− γ̃T x̃2

− δ̃2D̃

(
t̃

r1

)
e−κ̃Dx̃3x̃2 − σ̃25x̃5e

−κ̃5x̃3x̃2 (92)

dx̃3

dt̃
=ν̃3

ea3D̃(
t̃
r1

)
− 1

ea3 − 1

 (1 − x̃3) − δ̃3D̃

(
t̃

r1

)
x̃3

+ ρ̃3C (x̃1 + x̃2) (1 − x̃3) − ϵ̃x̃3 (93)

x̃4 =1 − x̃3 (94)

dx̃5

dt̃
=d̃ϕ51

(
D̃

(
t̃

r1

))
− d̃x̃5 + ρ̃5C

(
x̃1 + x̃2

ã52 + x̃1 + x̃2

)
x̃5 − σ̃5C(x̃1 + x̃2)x̃5. (95)

Where: λ̃ = λ
r1

, κ̃D = κDT , ρ̃C3 = ρC3

r1
, γ̃ = γC∗

r1
, γ̃T = γT

r1
, δ̃1 = δ1

r1
, σ̃15 = σ15I0

r1
=

σ15s
r1d

, κ̃5 = κ5T , δ̃2 = δ2
r1

, σ̃25 = σ25I0
r1

= σ25s
r1d

, ν̃3 = ν3
r1

, δ̃3 = δ3
r1

, ρ̃3C = ρ3CC
∗

r1
, ϵ̃ = ϵ

r1
,

d̃ = d
r1

, ρ̃5C = ρ5C
r1

, ã52 = a52
C∗ and σ̃5C = σ5CC

∗

r1

From this point forward we will work with the fully simplified and non-

dimensionalised equations above and all simulations in Sections 4 and 5 are car-

ried out using these equations.
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4 Model Simulations Without Treatment:

In the following sections, we will simulate various versions of our model, beginning

with simplified versions where specific components are removed. We will then

progress to the full model, both with and without treatment.

Since we are carrying out a qualitative study of our model and we do not

focus on a particular type of cancer, we will not estimate precise parameter values.

Where possible, we will reference the literature to obtain reasonable values at the

correct orders of magnitude. When quantitative data is unavailable, our approach

will be to test out hypothetical values that represent different biological scenarios.

We will simulate our model under these different conditions and compare the

qualitative behaviours predicted in each scenario. Future work could carry out a

quantitative case-study of our model applied to a particular type of cancer and

this would involve more precise parameter estimation.

4.1 Reduced Model A: Cancer Growth without the

Stroma, the Immune System or Treatment.

As a starting point, we will simulate a reduced version of our model that omits

the effects of the stroma and the immune system, solely modelling untreated

cancer growth. To do this, we set x̃3 = x̃4 = x̃5 = D̃
(
t̃
r1

)
= 0, which results in

a simple logistic growth model,

dx̃1

dt̃
= x̃1 − γ̃x̃21. (96)

This model has an extinction equilibrium at x̃1 = 0 and a carrying capacity

equilibrium at x̃1 = K̃ = 1
γ̃
. The cancer carrying capacity, K̃, should be larger

than the lethal threshold [19], and we can use the sole parameter of this model γ̃,

to determine how much larger it is. [Fig. 28] showcases simulations of the model

given by [Eq. 96] for various values of γ̃ and consequently K̃.
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Figure 28: Simulation of our cancer growth model omitting the effects of the stroma
and the immune system [Eq. 96], for various values of γ̃ ∈ {0.1, 0.25, 0.5, 0.8, 0.9}. The
initial cancer size used in each case was x̃1,0 = 10−3.

The important qualitative choice with this model is whether the lethal thresh-

old should lie above or below the inflection point of the logistic growth curve. If

it is below, only exponential growth of the cancer population is observed prior to

patient death. If it is above, a deceleration in cancer growth is observed prior to

patient death. Martin et al. [49] and Viossat and Noble [84] opt for the former,

estimating the cancer carrying capacity to be ten and four times greater than

the lethal threshold, respectively. A choice of γ̃ = 0.1 or γ̃ = 0.25 would agree

with these estimates. On the other hand, Spratt et al. [76] opt for the latter and

estimate that after reaching the inflection point in its growth, the cancer pop-

ulation doubles in size approximately one more time before reaching the lethal

size. For the logistic model this means that the lethal size would be equal to the

carrying capacity, since the inflection point occurs at half the size of the carrying

capacity. Additionally, Vaghi et al. [81] present murine lung and breast cancer

growth data that also indicate a slowdown in cancer growth before reaching the

lethal threshold. Choices of γ̃ = 0.8 or γ̃ = 0.9, align better with these findings.

The correct choice will depend on the particular type of cancer being modelled.

One limitation of the logistic model is that any cancer cell population, re-

gardless of the initial size, will grow towards carrying capacity. This drawback is

addressed by including the other components of our model.
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4.2 Reduced Model B: Cancer Growth without the

Immune System or Treatment.

Next, we will simulate untreated cancer growth in the presence of the stroma,

but not the immune system. To do this we set x̃5 = D̃
(
t̃
r1

)
= 0 which results in

the following system of equations,

dx̃1

dt̃
=

(
1 + ρ̃C3

x̃3 (1 + aC)

x̃3 + aC

)
x̃1 − γ̃x̃21 − γ̃T x̃1

dx̃3

dt̃
= ρ̃3C x̃1 (1 − x̃3) − ϵ̃x̃3. (97)

This model has six parameters, compared to the model in Section 4.1, which had

just one parameter.

γ̃ : From Section 4.1, we observed how larger values of γ̃ result in lower

cancer carrying capacities which are closer to the lethal threshold and smaller

values resulted in larger carrying capacities. We have opted to use a large value

of γ̃ for the remainder of our simulations, however, we are limited in our choice

of γ̃ by assumptions made in section 2.4.2. There, we assumed σ̃15 = 0.5 and we

assumed the relationship in [Eq. 79] holds. This gives us the following reasonable

range for γ̃,

0 < γ̃ < 1 − γ̃T − σ̃15 = 0.5 − γ̃T . (98)

Later in this section we will show that an upper estimate for γ̃T is given by

γ̃T = 0.22γ, and therefore [Eq. 98] becomes,

0 < γ̃ < 0.4. (99)

We hence choose a reasonably high value within this range and set γ̃ = 0.35.

γ̃T : We will next obtain possible values for γ̃T . Since,

γ̃T =
T

C∗ γ̃,

and given γ̃ = 0.35, the value of γ̃T can be derived based on the ratio T
C∗ , which

will vary by cancer type. Certain cancers, such as pancreatic and breast cancer,

can have more substantial stromal components than others [14, 46], resulting in

larger values of T
C∗ .

In BRAF-mutated melanoma, estimated by Picco et al. [64], the cancer car-

rying capacity is approximately 5000mm3 with a stromal size of around 60mm3,

which gives T ≈ 0.01K where K is the carrying capacity. Then, if we assume
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K ≈ 1.25C∗, we find T ≈ 0.01K = 0.0125C∗ which yields,

γ̃T ≈ 0.0125γ̃ ≈ 0.005.

Similarly, Moorman et al. [54] observed stromal compartments making up

30% to 80% of the breast cancer microenvironent, with their data primarily

coming from stage I and II breast cancer tumours. We will assume that at these

stages, primary tumours are about 20mm in diameter [29]. A primary breast

cancer tumour exceeding 50mm is considered large [75]. These tumours can grow

to over 90mm at which point they are likely to have metastasised [29]. We will

thus take 90mm to be the lethal tumour size in this case. Our model assumes

the size of the stroma is constant, therefore we expect the 30%-80% stromal

proportion range to reduce to 6.6%-17.8% as the cancer population increases

bringing the tumour to its lethal size. This allows us to compute a possible

reasonable range for γ̃T in breast cancer,

γ̃T ∈
{

6.6

93.4
γ̃,

17.8

82.2
γ̃

}
≈ {0.07γ̃, 0.22γ̃} ≈ {0.02, 0.08}.

We round to two decimal place above since these are only ball-park estimates of

what might constitute reasonable values.

ρ̃C3 : Returning to work by Picco et al. [64], we can obtain an estimate of

ρ̃C3 for BRAF-mutated melanoma. They posit that the active stroma boosts the

growth rate of the drug resistant cancer cells by 90% and thus we have,

ρ̃C3 = 0.9.

Orimo et al. [59] estimate that the presence of CAFs in breast cancer can cause

between a 1.6- to a 2.8-fold increase in the growth rate of breast cancer. This

indicates that an estimate of,

ρ̃C3 = 1.2,

representing a 2.2-fold increase in the growth rate, could be considered typical

for breast cancer.

ϵ̃ : Earlier, in Section 2.3, we assumed ϵ̃≪ ρ̃3C and hence we set,

ϵ̃ = 0.01,

such that it is almost two orders of magnitude smaller than the low estimate of

ρ̃C3 = 0.9.

aC : Recall that the parameter aC decides the relationship between stro-
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mal activation and the growth promotion of cancer. In particular, it deter-

mines whether the growth promotion increases linearly with stromal activation,

or whether cancer becomes near maximally boosted at low levels of stromal acti-

vation. It is difficult to ascertain quantitative information about this relationship

and therefore we opt to use a value that is between these two extremes,

aC = 0.2,

see [Fig. 6].

ρ̃3C : Finally, we are left with the parameter, ρ̃3C , which controls the rate

of stromal activation in response to cancer. This varies greatly across different

types of cancer [25]. We will adopt a similar approach to Flach et al. [25] by

presenting two scenarios: an aggressive cancer that rapidly activates the stroma,

ρ̃3C = 3,

and a less aggressive cancer that is less capable of activating the stroma,

ρ̃3C = 0.3.

Based on the above considerations for possible parameter values, we will

present four different types of tumour microenvironments.

1. Low stromal volume and weak cancer promotion (γ̃T = 0.005, ρ̃C3 = 0.9)

with less aggressive cancer (ρ̃3C = 0.3) [Fig. 29 (a)].

2. Low stromal volume and strong cancer promotion (γ̃T = 0.005, ρ̃C3 = 1.2)

with more aggressive cancer (ρ̃3C = 3) [Fig. 29 (b)].

3. High stromal volume and weak cancer promotion (γ̃T = 0.08, ρ̃C3 = 0.9)

with less aggressive cancer (ρ̃3C = 0.3) [Fig. 29 (c)].

4. High stromal volume and strong cancer promotion (γ̃T = 0.08, ρ̃C3 = 1.2)

with more aggressive cancer (ρ̃3C = 3) [Fig. 29 (d)].
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Figure 29: Simulations of sensitive cancer growth and stromal activation in the ab-
sence of the immune system and treatment [Eq. 97]. In each plot, the initial conditions
used were (x̃1,0 = 10−3, x̃3,0 = 0). Other parameter values common across each plot
were: γ̃ = 0.35, aC = 0.2 and ϵ̃ = 0.01. The parameter values that vary across each of
the plots were: (a) γ̃T = 0.005, ρ̃C3 = 0.9 and ρ̃3C = 0.3, (b) γ̃T = 0.005, ρ̃C3 = 1.2 and
ρ̃3C = 3, (c) γ̃T = 0.08, ρ̃C3 = 0.9 and ρ̃3C = 0.3 and finally (d) γ̃T = 0.08, ρ̃C3 = 1.2
and ρ̃3C = 3. The vertical red line indicates the time at which the cancer population
reaches the lethal size and any growth in the shaded region takes place after this time.
The blue line indicates the extent of stromal activation by the time the cancer popu-
lation reaches the lethal threshold.

We observe variation in the cancer patient survival times across each of the

cases in [Fig. 29], which highlights the stroma’s critical role in cancer develop-

ment.

Comparing case 1 with case 3 and case 2 with case 4 reveals an interesting

observation. Tumours with larger stromal compartments might result in longer

survival times. Initially, a substantial amount of stroma can inhibit tumour

growth by forming a physical barrier [12]. However, as the tumour expands, the

resultant stress creates a hypoxic environment that favours tumour growth [78].

This, along with the stromal activation, eventually results in aggressive tumour

growth. This effect is captured in our model through the spatial competition

between the stroma and the cancer cells. This observation does assume that both

the large volume stroma and the small volume stroma are equally capable of the

promoting cancer growth, i.e. ρ̃3C is the same in each case. This assumption
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is in line with previous assumptions discussed in Section 2.2.1, whereby cancer

cells are only able to process a limited amount of growth promoting molecules

in a given amount of time. Therefore, even if the stromal volume increases, the

growth promotion may remain the same.

Cases 2 and 3 represent extreme growth conditions with case 2 illustrating

cancer growth in optimal environmental conditions and case 3 illustrating cancer

growth in the least optimal environmental conditions. Case 1 and 4 represent

more typical scenarios. Parameter values for Case 4 align with what we expect

for breast cancer growth: a dense and aggressive stromal compartment. The

extent of the stromal activation in this case aligns with Kalluri and Zeisberg’s

observations that about 80% of the stroma becomes active during breast cancer

growth [35].

In the sections to follow we will integrate patient immune response and treat-

ment, exploring further types of TMEs through additional simulations.

4.3 Complete Model: Cancer Growth without Treatment.

Finally we arrive at the complete tumour microenvironment model without treat-

ment. Here we only make the assumption that D̃
(
t̃
r1

)
= 0 which leaves us with

the following system of equations,

dx̃1

dt̃
=

(
1 + ρ̃C3

x̃3 (1 + aC)

x̃3 + aC

)
x̃1 − γ̃x̃21 − γ̃T x̃1 − σ̃15x̃5e

−κ̃5x̃3x̃1

dx̃3

dt̃
= ρ̃3C x̃1 (1 − x̃3) − ϵ̃x̃3.

dx̃5

dt̃
= d̃− d̃x̃5 + ρ̃5C

(
x̃1

ã52 + x̃1

)
x̃5 − σ̃5C x̃1x̃5 (100)

Inclusion of the immune system has introduced six new parameters that we must

find potential values for.

d̃ : Kuznetsov et al. [38] estimate that d ≈ 0.23r1, for analogous parameters

in their model, and hence we will use,

d̃ = 0.23.

κ̃5 : We will base our estimate of the parameter κ̃5 on results obtained by

Lakins et al. [39] who conducted experiments to directly observe the reduced

cytotoxic capacity of T-cells in the presence of CAFs. Their experiments indicate

that in the presence of normal fibroblasts, around 20% of melanoma cancer cells

survive co-culture with T-cells, whereas in the presence of CAFs around 35%

of the melanoma cancer cells survive. Similar protection was observed for lung
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cancer cells as well. This indicates that the active stroma might reduce the

ability of the immune system to kill cancer cells by roughly 20%. Based on this

we estimate,

κ̃5 = 0.22,

since then, when x̃3 = 1, we have that,

σ̃15e
−κ̃5 ≈ 0.8σ̃15.

σ̃15, ρ̃5C, ã52, and σ̃5C : The remaining parameters are chosen in line

with those used in Section 2.4.2 and as such we set, σ̃15 = 0.5, ρ̃5C = 0.689,

ã52 = 2.25 x 10−5 and σ̃5C = 5.625 x 103. Through experimentation, these values

were found to permit the existence of a reasonably small extinction threshold in

the cancer population. Despite the fact that some of our other parameters in this

section, such as γ̃ and γ̃T , vary from those used in Section 2.4.2, these parameter

values still generate qualitatively equivalent behaviour to that discussed in Sec-

tion 2.4.2.

With this, we are now in a position to simulate the complete tumour mi-

croenvironment model in the absence of treatment. In addition to the parameter

values chosen above we will, for the purposes of this simulation, choose the other

parameter values of the model in line with those from case 4 in Section 4.2.

Therefore we will set γ̃T = 0.08, ρ̃C3 = 1.2 and ρ̃3C = 3. The time series plots

from the simulations are provided in [Fig. 30].
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Figure 30: Simulation of the complete tumour microenvironment model in the absence
of treatment. (a) We use the initial conditions (x̃1,0 = 10−4, x̃3,0 = 0, x̃5,0 = 1). The
vertical red line indicates the time at which the cancer population reaches the lethal
size and any growth in the shaded region takes place after this time. The blue line
indicates the extent of stromal activation by the time the cancer population reaches the
lethal threshold. (b) We use the initial conditions (x̃1,0 = 10−5, x̃3,0 = 0, x̃5,0 = 1). The
top panel showcases the time series for the immune cell population, the middle panel
showcases the time series for the cancer cell population and the bottom panel showcases
the time series for the active stroma variable. Parameter values for both (a) and (b)
were fixed as follows: ρ̃C3 = 1.2, ãC = 0.2, γ̃ = 0.35, γ̃T = 0.08, σ̃15 = 0.5, κ̃5 = 0.22,
ρ̃3C = 3, ϵ̃ = 0.01, d̃ = 0.23, ρ̃5C = 0.689, ã52 = 2.25 x 10−5 and σ̃5C = 5.625 x 103

In contrast to [Fig. 29 (d)], [Fig. 30 (a)] shows that, initially, there is a func-

tioning immune cell population within the tumour microenvironment. Since we

initialise the cancer cell population above the extinction threshold, this immune

cell population is overrun by the cancer cell population and dies out by t̃ = 4, af-

ter which the cancer cell population grows to carrying capacity uninhibited. The

75



cancer cell population must spend time overcomming the patient’s immune de-

fenses which delays the time until the cancer cell population becomes detectable.

This in turn leads to an increase in the patient survival time compared to that

in [Fig. 29 (d)], however this extension of life occurs when the cancer is still too

small to be detected so it is not something that one would observe in a clinical

setting. Once the cancer attains a detectable size, perhaps x̃1 = 0.01, the growth

is quite similar to that seen in [Fig. 29].

In [Fig. 30 (b)] we initialise the cancer cell populations below the extinction

threshold. In this case, we plot each population on a separate panel because

they evolve on very different scales. We observe an initial spike in the immune

system, stopping the growth of the cancer cell population and causing it to decay.

This is followed by damped oscillations as both populations settle down to an

equilibrium level. During this time, a small percentage of the stroma becomes

active.
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5 Model Simulations With Treatment:

Our next objective will be to simulate the complete tumour microenvironment

model with treatment. In this case we assume that all of the model variables are

free to vary in time and that chemotherapy intensity is not fixed at zero. This

results in following complete system of equations,

dx̃1

dt̃
=

(
1 − λ̃D̃

(
t̃

r1

)
e−κ̃Dx̃3 + ρ̃C3

x̃3(1 + aC)

x̃3 + aC

)
x̃1 − γ̃x̃1

[
x̃1 + x̃2

]
− γ̃T x̃1

− δ̃1D̃

(
t̃

r1

)
e−κ̃Dx̃3x̃1 − σ̃15x̃5e

−κ̃5x̃3x̃1

dx̃2

dt̃
=λ̃D̃

(
t̃

r1

)
e−κ̃Dx̃3x̃1 +

(
1 + ρ̃C3

x̃3(1 + aC)

x̃3 + aC

)
x̃2 − γ̃x̃2

[
x̃1 + x̃2

]
− γ̃T x̃2

− δ̃2D̃

(
t̃

r1

)
e−κ̃Dx̃3x̃2 − σ̃25x̃5e

−κ̃5x̃3x̃2

dx̃3

dt̃
=ν̃3

ea3D̃(
t̃
r1

)
− 1

ea3 − 1

 (1 − x̃3) − δ̃3D̃

(
t̃

r1

)
x̃3

+ ρ̃3C (x̃1 + x̃2) (1 − x̃3) − ϵ̃x̃3

x̃4 =1 − x̃3

dx̃5

dt̃
=d̃ϕ51

(
D̃

(
t̃

r1

))
− d̃x̃5 + ρ̃5C

(
x̃1 + x̃2

ã52 + x̃1 + x̃2

)
x̃5 − σ̃5C(x̃1 + x̃2)x̃5.

This model has eleven additional parameters to assign values to compared to the

complete model without treatment from Section 4.3.

λ̃ : Koz lowska et al. [36] developed a stochastic and multitype branching

process to model the response of ovarian cancer to chemotherapy. Their model

includes three parameters of importance to us: b = 0.667 1
day

and d = 0.661 1
day

,

which represent the intrinsic per-capita birth and death rates of ovarian cancer

cells respectively, and u = 1.6 × 10−5 1
cell division

which represents the probability,

per cell division, that a resistant cell is produced. Hence, the intrinsic per-capita

growth rate, denoted r1 in our model, is given by b−d = 0.006, and the per-capita

birth rate of resistant cells, denoted λ in our model, is given by bu = 1.0672 x 10−5.

Therefore,

λ̃ =
λ

r1
=

1.0672 x 10−5

0.006
≈ 2 x 10−3.

serves as an approximation for λ̃.

κ̃D : Next we turn to work by Yang et al. [88] who conducted experiments to

quantify the extent of CAF-mediated chemoresistance. They observed that the

number of human gastric cancer cells surviving high dose chemotherapy treatment

roughly doubled when in the presence of CAFs compared to normal fibroblasts.
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This motivates the estimate,

κ̃D = 0.7,

since then, when x̃3 = 1, we have that,

D̃

(
t̃

r1

)
e−κ̃D ≈ 0.5D̃

(
t̃

r1

)
.

δ̃1 and δ̃2 : We will discuss the values of δ̃1 and δ̃2 in Section 5.2, after we have

defined explicit forms of D̃
(
t̃
r1

)
for different treatment regimens, see Section 5.1.

σ̃25 : It is difficult to obtain quantitative estimates of the reduction in immune

sensitivity of chemo-resistant cancer compared to chemo-sensitive cancer. We will

therefore use this as an opportunity to test a particular value that may result in

some interesting dynamics. This parameter may not have a large effect on the

dynamics once cancer has become large due to the heavily immune suppressive

environment, however, it may have an effect during the emergence of resistant

cancer following treatment. Suppose that chemotherapy eradicates the chemo-

sensitive population and that the immune system restores to it’s normal strength,

then if σ̃25 is small enough, the extinction threshold for the resistant population

may take on the shape shown in [Fig. 26 (e)]. This may result in the resistant

population growing to carrying capacity, despite initially being extremely small

following treatment. To allow for and to investigate this potential behaviour, we

will assume that chemo-resistant cells are half as sensitive to the immune system

as chemo-sensitive cells and set,

σ̃25 = 0.5σ̃15 = 0.25.

Such an estimation ensures the shape of the extinction threshold for resistant

cancer is as shown in [Fig. 26 (e)] given that we use parameter values as estimated

in the treatment free simulations.

δ̃3, ν̃3 and a3 : In line with what we did in Section 4.2, we will consider two

qualitatively different cases for the stromal response to chemotherapy. We will

consider a less responsive case,

δ̃3 = 0.1 , ν̃3 = 0.4 and a3 = 8.84,

as well as a more responsive case,

δ̃3 = 1 , ν̃3 = 4 and a3 = 8.84,

The parameter values of the former case align with the work done producing [Fig.
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17] in Section 2.3.1. The parameter values from the latter case maintain the same

ratio δ̃3
ν̃3

and the same value of a3 as the former case and therefore D̃r3 ≈ 0.8 in

both cases. This is chosen in line with the assumption that stromal activation

due to chemotherapy is most prominent near MTD dosages [13]. The difference

between these cases is simply that the magnitude of the response, in both the

positive and negative direction, is more extreme in the latter case compared to

the former case, i.e. the stroma is more responsive.

D̃opt,5 : Based on the results of a mathematical model by D.S. Park et al.

[61], we might expect the optimal range of chemotherapy intensities for eliciting

an immune response to be between D̃ = 0.4 and D̃ = 0.5. Based on this, we

choose to set,

D̃opt,5 = 0.5,

as this choice is within the optimal range and also allows us to use [Fig. 20 (d)]

to aid with the determination of η and a51.

η and a51 : As discussed in Section 2.4, the choice of η and a51 will vary

depending on whether the patient has a responsive or unresponsive immune sys-

tem. Y.H. Park et al. [62] studied the chemotherapy induced immune responses

of breast cancer patients undergoing neo-adjuvant chemotherapy. They observed

a roughly 1.5-fold increase in the median density of tumour-infiltrating lympho-

cytes in the patients that later responded well, and they observed little to no

increase in the patients that later had poorer outcomes. ϕ51,max determines the

maximum scaling of the immune cell influx in response to chemotherapy and

therefore we might expect ϕ51,max = 1.5 for a responsive patient and ϕ51,max = 1.1

for an unresponsive patient. We will assume that chemotherapy becomes immune

suppressive for intensities above D̃r5 = 0.7 allowing us to use [Fig. 20 (d)] to es-

timate,

η = 11 and a51 = 1,

for patients with responsive immune systems. These values are chosen based on

the rough location of the intersection of lines 3 and 6 in [Fig. 20 (d)]. Similarly,

we can estimate,

η = 34 and a51 = 0.3,

for a patient with an unresponsive immune system. These values are based on

the rough location of the intersection of lines 1 and 6 which, while not visible in

[Fig. 20 (d)], can be easily calculated.
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5.1 Treatment Regimens and Pharmacokinetics

For the simulations in this section, we will consider two different treatment

regimens: a maximum-tolerated dose (MTD) regimen and a low-dose metro-

nomic (LDM) regimen. We will define a specific form of D̃
(
t̃
r1

)
for each case,

D̃MTD

(
t̃
r1

)
and D̃LDM

(
t̃
r1

)
respectively. To do this we must first understand

what typical courses of MTD and LDM chemotherapy involve, as well as how the

body affects the drug once it is administered, i.e. the pharmacokinetics of the

drug.

According to Cancer Research UK [80], a typical course of chemotherapy may

last between 3-6 months, consisting of 2, 3 or 4 week long cycles with breaks in

between. The cycles involve repeated administration of the drug followed by

breaks so that the body can recover. Maiti [43] outlines that conventional MTD

chemotherapy involves administration of the drug at it’s maximum tolerated

dose every one, two or three weeks, wheras LDM chemotherapy involves more

frequent and continuous administration of the drug at lower doses, either weekly,

every other day or daily. Such doses are usually between 1/10th and 1/3rd of

the maximum tolerated dose. After administration, chemotherapeutic drugs are

broken down by the body over time and this can be modelled as an exponential

decay in the blood concentration of the drug [26, 48]. Conventional MTD therapy

is then characterised by rise-and-fall cycles of the drug’s blood concentration

over time, and LDM chemotherapy is characterised by a sustained, low blood

concentration of the drug over time [43].

Based on the above considerations we will model a three-month course of

chemotherapy treatment. The MTD treatment will involve administration of

the drug at the maximum tolerated dose once per week for three weeks followed

by a week long break. This will then be repeated three times to complete the

three-month course. The LDM treatment will involve daily, uninterrupted ad-

ministration of the drug at 30% of the maximum tolerated dose for the entirety

of the three month period.

To explicitly define D̃MTD

(
t̃
r1

)
and D̃LDM

(
t̃
r1

)
we will need to know the

duration of non-dimensional time that corresponds to a week. To do this, we

will fix the non-treatment related parameters in line with those used in Section

4.3. The simulation provided in [Fig. 30 (a)] is then representative of what

occurs when treatment is not applied. We can use this simulation, along with

estimates of the life-expectancy of patients with untreated cancer, to determine

the length of a week in non-dimensional time. Johnstone et al. [32] indicate that

the median survival time, measured from symptom onset, for untreated breast

cancer is between 2.3 and 2.7 years. We will assume that it takes 2.5 years for
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the cancer population to grow from a symptomatic size, approximately x̃1 = 0.1,

to the lethal size x̃1 = 1. In [Fig. 30 (a)], x̃1 = 0.1 at t̃ ≈ 7.732 and x̃1 = 1 at

t̃ ≈ 9.044, and hence we will assume that 2.5 years corresponds to 1.312 units of

non-dimensional time. Given that there are 130 weeks in 2.5 years, we have that

1 week corresponds to approximately 0.01 non-dimensional time units.

With this we are now ready to explicitly define D̃MTD

(
t̃
r1

)
and D̃LDM

(
t̃
r1

)
.

Each of these functions will describe a three month course of their respective

therapy regimens. Given an initial treatment administration time t̃0, we let t̃w,i

for i ∈ {0, 1, 2, ..., 12} represent the time i-weeks after t̃0, and we let t̃d,i for i ∈
{0, 1, 2, ..., 84} represent the time i-days after t̃0. For example, t̃w,3 = t̃0 + 3 x 0.01

and t̃d,3 = t̃0 + 3 x 0.01
7

. We then define,

D̃MTD

(
t̃

r1

)
=



0, if t̃ < t̃w,0 = t̃0.

eω(t̃w,i−t̃), if t̃w,i ≤ t̃ < t̃w,i+1 and (i+ 1) modulo 4 ̸= 0,

for i ∈ {0, 1, 2, ..., 11}.

0, if t̃w,i ≤ t̃ < t̃w,i+1 and (i+ 1) modulo 4 = 0,

for i ∈ {0, 1, 2, ..., 11}, the treatment holidays.

0, if t̃ ≥ t̃w,12.

(101)

and,

D̃LDM

(
t̃

r1

)
=


0, if t̃ < t̃d,0 = t̃0.

0.3eω(t̃d,i−t̃), if t̃d,i ≤ t̃ < t̃d,i+1 for i ∈ {0, 1, 2, ..., 83}.

0, if t̃ ≥ t̃d,84.

(102)

We set ω = 500 such that almost all of the drug has decayed a week after an MTD

administration. In [Fig. 31 (a)] we plot the first month of the MTD treatment

regimen and in [Fig. 31 (b)] we plot the first month of the LDM treatment

regimen.
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Figure 31: (a) Time series for D̃MTD during the first month of the three-month
long treatment course. The maximum tolerated dose is administered at the start of
each week for three weeks and a break is taken during the fourth week. The drug
concertration decays to near zero over the course of each week. (b) Time series for
D̃LDM during the first month of the three-month long treatment course. Every day, a
30% maximum dose is administered and no break is taken. The drug does not have
time to fully decay, so a low concentration is maintained continuously overtime.

5.2 Simulations

We will run four simulations covering different types of patient responses to treat-

ment and different treatment regimens.

1. A patient with a responsive stroma and an unresponsive immune system,

undergoing MTD treatment (δ̃3 = 1, ν̃3 = 4, η̃ = 34 and a51 = 0.3 with

D̃ = D̃MTD) [Fig. 32 (a)].

2. A patient with a responsive stroma and an unresponsive immune system,

undergoing LDM treatment (δ̃3 = 1, ν̃3 = 4, η̃ = 34 and a51 = 0.3 with

D̃ = D̃LDM) [Fig. 32 (b)].

3. A patient with an unresponsive stroma and a responsive immune system,

undergoing MTD treatment (δ̃3 = 0.1, ν̃3 = 0.4, η̃ = 11 and a51 = 1 with

D̃ = D̃MTD) [Fig. 32 (c)].

4. A patient with an unresponsive stroma and a responsive immune system,

undergoing LDM treatment (δ̃3 = 0.1, ν̃3 = 0.4, η̃ = 11 and a51 = 1 with

D̃ = D̃LDM) [Fig. 32 (d)].

In each case, we first initiate the treatment when the cancer becomes symp-

tomatic, x̃1 = 0.1. If the cancer then returns at a later point in time, we attempt

the same treatment one more time, again initiating the follow-up treatment when

the cancer becomes symptomatic x̃1 + x̃2 = 0.1.

Now that we have defined our treatment regimes and simulation scenarios,

we will fix the values of δ̃1 and δ̃2. We will follow work by Martin et al. [48],

who also model the effects of cancer chemotherapy. They study the effects of
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three different strength drugs. The strength of each drug is determined by the

fractional cell kill that occurs during the first week after an MTD administration

of the drug. They consider a strong drug with a fractional cell kill of 90% after the

first week, a moderate drug with a fractional cell kill of 50% after the first week

and a weak drug with a fractional cell kill of just 10% after the first week. For our

simulations, we will model a moderate to strong drug that kills approximately

75% of the cancer population after the first week. We obtain our estimate of

δ̃1 through experimentation, with parameters fixed in line with case 1 above.

We found that setting δ̃1 = 800 reduces the cancer population in case 1 by

approximately 75% after the first week. We will assume that the resistant cancer

has a ten-fold reduction in susceptibility to the drug and thus we will fix δ̃2 = 80.

See [Fig. 32] for the results of the simulations.
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Figure 32: Simulations of the complete model with treatment for (a) case 1, (b) case
2, (c) case 3 and (d) case 4. Initial conditions in each simulation were x̃1,0 = 10−4,
x̃2,0 = 0, x̃3,0 = 0 and x̃5,0 = 1. The solid line represents x̃1, the dotted line represents
x̃2, the dashed line represents x̃3 and the dashed and dotted line represents x̃5. The grey
regions indicates the time after the cancer population has reached the lethal size. The
blue time indicates the time at which the total cancer population becomes detectable
upon relapse, x̃1 + x̃2 = 0.01. The red time indicates the time of patient death.

In case 1 [Fig. 32 (a)] treatment is first applied at t̃ = 7.73 and the course is

complete three months later at t̃ = 7.85. Following treatment, the cancer popu-

lation has been reduced far below the detection threshold of x̃1 = 0.01. However,

the cancer becomes detectable again at t̃ = 14.36, almost 13 years later. Dur-

ing this time, the local immune-strength within the tumour microenvironment

never fully recovered and thus the very small post-treatment cancer population

was able to re-grow to a detectable size. The second treatment is initiated at

t̃ = 15.72 and is suspended after three months at t̃ = 15.84. While this follow up

seems successful initially, a small resistant population is present, and within just

two weeks of the suspension of the follow-up treatment, at t̃ = 15.854, there is a

detectable cancer population almost entirely made up of resistant cells. Without
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any new treatment this population grows to the lethal threshold. See [Fig. 33

(a) and (b)] for close up views of the evolution of the cancer variables during the

treatment windows for case 1.

Comparing the outcome of MTD treatment in case 1 [Fig. 32 (a)] with LDM

treatment in case 2 [Fig. 32 (b)] we observe a few differences but the outcome is

still negative for the patient. This treatment is much more effective at killing the

sensitive cancer population, and the immune system experiences better recovery-

post treatment. However the patient still experiences a relapse at t̃ = 15.82.

This is 2.8 year improvement over the MTD case, but this time the recurring

population is already almost completely resistant, and the follow-up treatment

fails to reduce the cancer population below the detection threshold at all. See

[Fig. 33 (c) and (d)] for close up views of the evolution of the cancer variables

during the treatment windows for case 2.

Comparing case 1 [Fig. 32 (a)] with case 3 [Fig. 32 (c)] we see very little

change. The patient in case 3 fares slightly better than the patient in case 1,

surviving an extra month. Similarly, there is very little change comparing case 2

[Fig. 32 (b)] with case 4 [Fig. 32 (d)], however in this case, the patient with the

responsive stroma and unresponsive immune system fares better, again surviving

about an extra month. Given our approach to modelling chemotherapy, and given

the parameters we have choosen, the stroma does not evolve quickly enough over

the relatively short timescale on which treatment is applied, and therefore it does

not respond strongly to the treatment. When treatment is being applied, cancer

has already strongly suppressed the immune system and as such it also does

not experience a noticeable response to the therapy. Future quantitative work,

taking more care to estimate accurate parameter values and accurately modelling

the pharmacokinetics of a particular drug, may find that these variables respond

more significantly resulting in more variable treatment outcomes.
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Figure 33: Close ups of the treatment windows for (a) and (b): case 1, and (c) and (d):
case 2. The solid line represents chemo-sensitive cancer and the dotted line represents
chemo-resistant cancer. In (a), it can be observed that our choice of δ̃1 = 800 results
in a fractional cell kill of approximately 75% after the first week of MTD treatment.
Comparing (a) and (c) highlights how the LDM treatment is more effective than the
MTD treatment at reducing the sensitive cancer population.

We carried out an additional simulation to test what happens if the chemo-

resistant cancer population is equally susceptible to the immune system as the

chemo-sensitive cancer population. For this we set the parameters as they were

in case 4 with the only change being that we set σ̃25 = σ̃15 = 0.5. The outcome

of this simulation is provided in [Fig. 34].
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Figure 34: Simulation of case 4 with σ̃25 = 0.5. Line styles and figure annotations
have the same interpretations as in [Fig. 32].

Comparing this simulation with [Fig. 32 (d)], we see that relapse does still

occur albeit over a year later. There are two possible explanations: either the
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immune system does not recover in time to trap the resistant cancer population

below an extinction threshold, or, the immune system is prevented from suffi-

ciently killing the cancer due to the now activated stroma. Future work with

more accurate quantitative estimates may observe a different outcome. Future

work could also incorporate immunotherapy into the model to investigate whether

giving the immune system a therapeutic boost following chemotherapy might al-

low the cancer population to be restrained.

Finally, we aimed to determine whether setting λ̃ = 0 in our model could

prevent relapse, i.e. whether relapse still occurs given that resistance cannot

develop. To test, this we ran two final simulations: one with λ̃ = 2 x 10−3 as

usual and one with λ̃ = 0. All other parameters used for these simulations were

the same as those used in [Fig. 32 (b)]. In both cases we applied a single,

six-month course of LDM treatment, initiated when x̃1 = 0.1 for the first time,

without any subsequent follow-up treatment. The results of the simulations are

shown in [Fig. 35].
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Figure 35: Simulations with a single, six-month long course of LDM treatment for
(a) λ̃ = 2x 10−3 and (b) λ̃ = 0. All other parameters were chosen in line with [Fig.
32 (b)] and line styles and figure annotations have the same interpretations as those in
[Fig. 32].

In [Fig. 35 (a)] the LDM treatment course is initiated at t̃ = 7.73 and is

suspended six months later at t̃ = 7.97. This treatment is initially successful;

however, at t̃ = 17.19, a resistant cancer population becomes detectable, leading

to relapse. The patient ultimately dies at t̃ = 19.84. In contrast, in [Fig. 35 (b)],

the only difference is that λ̃ = 0, preventing resistance from developing. In this

case, up until after t̃ = 35, there is no detectable cancer population following the

initial treatment. Relapse eventually occurs, inferred from the decaying immune
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cell population near t̃ = 35, but it does not happen until over 50 years after the

suspension of the initial treatment. By this point, most patients would likely have

died of other causes, or, if they were young when first diagnosed, they would now

be quite old. Therefore, for all practical purposes, we can assume that relapse

does not occur in a clinically relevant time frame in this case.

While our model predicts that relapse can be prevented in a clinically relevant

time frame, it does not predict complete prevention of relapse. This is likely

due to the slow recovery of the immune cell population and the extremely slow

normalization of the stroma following cancer removal. The small amount of

stroma that remains active is likely sufficient to prevent the immune system from

fully regaining control over the cancer, eventually leading to relapse. Future work

with more accurate parameter estimates may find that relapse can be entirely

prevented if the stroma and immune system recover at faster rates.
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6 Conclusions and Results:

The primary aim of this research was to develop a mathematical model that

captures the critical tripartite interaction between cancer cells, immune cells and

the stroma. Our goal was to create a general model that could be parameterised

to various carcinomas. By incorporating chemotherapy and addressing both re-

versible and irreversible drug resistance, we aimed to pave the way for future re-

search into optimal treatment strategies that counteract the tumour-promoting

influences of the TME. These objectives were motivated by the limitations of

existing models which often do not integrate these critical tripartite interactions.

The main outcome of our research is the successful development of this com-

prehensive model. Our model effectively reproduces important qualitative be-

haviours, such as cancer immunoediting and the dual roles of the stroma in

promoting and restraining tumour growth. Additionally, the model provides pre-

dictions of variable patient outcomes across different treatment modalities and

levels of stromal aggression.

Our model consolidates the techniques and concepts from a variety of existing

models into a unified framework. It serves as a valuable tool for exploring the

complex interactions within the TME and can be integrated with micro-scale

models as described by Byrne et al. [11]. It also provides a foundation for

quantitative validation against specific cancer types and can subsequently guide

experimental research and contribute to the development of optimal treatment

strategies.

Despite the promising qualitative predictions, the model has several limi-

tations. Parameter estimates were coarse and sometimes hypothetical, derived

from diverse cancer types. While this was adequate for studying the qualitative

behaviour of hypothetical TMEs that consisted of varying degrees of stromal ag-

gression and immune strength, accurate quantitative validation will require more

precise parameter estimation. Additionally, to incorporate cancer immunoedit-

ing, we assumed a strong advantage for cancer cells over the immune popula-

tion in the TME, limiting the model’s flexibility in representing varying degrees

of cancer-induced immune suppression. It also assumes the log-kill hypothesis,

which may not hold in all cases and our approach to chemotherapy pharmacoki-

netics was also significantly simplified. Furthermore, using ODEs to model the

TME may have overlooked significant spatial effects.

The development of our model has opened several avenues for future research.

One potential direction is to explore alternative growth models for the cancer

cell population, such as the generalised logistic growth or the Gompertz growth

models. Additionally, investigating alternative modelling approaches to immune-
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induced death, like the harvesting approach discussed in Section 2.2.1, could

also be valuable. The harvesting approach provides a straightforward way to

include the extinction threshold in the cancer population and could enhance flex-

ibility in modelling cancer-induced immune suppression. Future work carrying

out quantitative validation of the model is essential but challenging due to the

numerous parameters and processes involved; this validation is crucial for its ap-

plication in clinical scenarios. Furthermore, techniques from optimal control the-

ory could help identify optimal chemotherapy treatments schedules and dosages.

Another extension could involve incorporating immunotherapy into the model.

This would allow an investigation into whether administering immunotherapy

after chemotherapy could help the immune system recover enough to prevent the

outgrowth of chemotherapy-resistant cancer cell populations.

While there are limitations to address, our model provides a promising new

framework for understanding the complexity of the TME. It can be integrated

with other models and help to identify treatment startegies that overcome drug

resistance by targeting tumour-promoting functions of the TME. With further

refinement and validation, it has the potential to become a valuable tool for both

research and clinical applications, advancing cancer treatment through a more

comprehensive understanding of TME dynamics.
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A Calculations

A.1 Calculations for the Sanity Check of the dx̃1
dt̃

and dx̃2
dt̃

Equations.

A.1.1 Solving for the equilibrium points.

We set the equations equal to zero and solve for x̃1 and x̃2.

dx̃1

dt̃
=

(
1 − λ̃D̃e−κ̃DÃ + ρ̃C3

Ã(1 + aC)

Ã+ aC

)
x̃1 − γ̃x̃1 [x̃1 + x̃2] − γ̃T x̃1

− δ̃1D̃e
−κ̃DÃx̃1 − σ̃15Ĩe

−κ̃5Ãx̃1 = 0 (103)

dx̃2

dt̃
=λ̃D̃e−κ̃DÃx̃1 +

(
r̃2 + ρ̃C3

Ã(1 + aC)

Ã+ aC

)
x̃2 − γ̃x̃2 [x̃1 + x̃2] + γ̃T x̃2

− δ̃2D̃e
−κ̃DÃx̃2 − σ̃25Ĩe

−κ̃5Ãx̃2 = 0 (104)

Clearly, setting x̃1 = 0 and x̃2 = 0 satisfies [Eq. 103] and [Eq. 104] and thus

we have found our first equilibrium point,

e0 : (x̃e01 , x̃
e0
2 ) = (0, 0).

Next setting x̃1 = 0 satisfies [Eq. 103], and we are left with the equation,

dx̃2

dt̃
=

(
r̃2 + ρ̃C3

Ã(1 + aC)

Ã+ aC

)
x̃2 − γ̃x̃22 + γ̃T x̃2 − δ̃2D̃e

−κ̃DÃx̃2

− σ̃25Ĩe
−κ̃5Ãx̃2 = 0

which we can use to solve for x̃2 ̸= 0 as follows,

0 =

(
r̃2 + ρ̃C3

Ã(1 + aC)

Ã+ aC

)
− γ̃x̃2 + γ̃T − δ̃2D̃e

−κ̃DÃ

− σ̃25Ĩe
−κ̃5Ã

γ̃x̃2 = r̃2 + ρ̃C3
Ã(1 + aC)

Ã+ aC
+ γ̃T − δ̃2D̃e

−κ̃DÃ − σ̃25Ĩe
−κ̃5Ã,

then, defining,

ζ2 = r̃2 + ρ̃C3
Ã(1 + aC)

Ã+ aC
+ γ̃T − δ̃2D̃e

−κ̃DÃ − σ̃25Ĩe
−κ̃5Ã, (105)
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we have,

x̃2 =
ζ2
γ̃
. (106)

Thus, we have found our second equilibrium point,

e1 : (x̃e11 , x̃
e1
2 ) = (0,

ζ2
γ̃

).

Finally assuming both x̃1 ̸= 0 and x̃2 ̸= 0 and setting,

ζ1 = 1 − λ̃D̃e−κ̃DÃ + ρ̃C3
Ã(1 + aC)

Ã+ aC
− γ̃T − δ̃1D̃e

−κ̃DÃ − σ̃15Ĩe
−κ̃5Ã,

we obtain the following from [Eq. 103],

0 = ζ1 − γ̃ (x̃1 + x̃2) .

x̃1 + x̃2 =
ζ1
γ̃

x̃1 =
ζ1
γ̃

− x̃2. (107)

Plugging this into [Eq. 104] obtains,

0 = λ̃D̃e−κ̃DÃ
(
ζ1
γ̃

− x̃2

)
+ ζ2x̃2 − ζ1x̃2

and then assuming,

0 ̸= ζ1 + λ̃D̃e−κ̃DÃ − ζ2

we obtain,

x̃2 =
ζ1
γ̃

(
λ̃D̃e−κ̃DÃ

ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)
.

Plugging this into [Eq. 107] obtains,

x̃1 =
ζ1
γ̃

(
ζ1 − ζ2

ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)
. (108)

Thus, we have found our third and final equilibrium point,

e2 : (x̃e21 , x̃
e2
2 ) =

(
ζ1
γ̃

(
ζ1 − ζ2

ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)
,
ζ1
γ̃

(
λ̃D̃e−κ̃DÃ

ζ1 + λ̃D̃e−κ̃DÃ − ζ2

))
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A.1.2 Computing the eigenvalues and eigenvectors corresponding to

e0, e1 and e2.

The Jacobian matrix of our system in terms of ζ1 and ζ2 is,

J =

(
δ
δx̃1

(
dx̃1
dt̃

)
δ
δx̃2

(
dx̃1
dt̃

)
δ
δx̃1

(
dx̃2
dt̃

)
δ
δx̃2

(
dx̃2
dt̃

))

=

(
ζ1 − 2γ̃x̃1 − γ̃x̃2 −γ̃x̃1
λ̃D̃e−κ̃DÃ − γ̃x̃2 ζ2 − 2γ̃x̃2 − γ̃x̃1

)
(109)

1. e0 :

The Jacobian matrix evaluated at e0 is given by,

J
∣∣∣
(x̃e01 ,x̃

e0
2 )

=

(
ζ1 0

λ̃D̃e−κ̃DÃ ζ2

)
,

which is a lower triangular matrix and thus the eigenvalues are just the diagonal

entries,

Le01 = ζ1 and Le02 = ζ2.

We can now obtain the eigenvectors by solving,(
J
∣∣∣
(x̃e01 ,x̃

e0
2 )

−Le01,2I
)
v1,2

e0 ,

where I is the identity matrix and ve01,2 are the eigenvectors corresponding to Le01

and Le02 respectively.

1. Le0
1 :

(
ζ1 − ζ1 0

λ̃D̃e−κ̃DÃ ζ2 − ζ1

)(
va

vb

)
=

(
0

0

)
(

0 0

λ̃D̃e−κ̃DÃ ζ2 − ζ1

)(
va

vb

)
=

(
0

0

)

which implies,

(a) 0 = 0.

(b) vaλ̃D̃e
−κ̃DÃ + vb (ζ2 − ζ1) = 0.
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and from (b) we have that,

vb =
λ̃D̃e−κ̃DÃ

ζ1 − ζ2
va,

thus, an eigenvector corresponding to Le01 is,

ve01 =

(
1

λ̃D̃e−κ̃DÃ

ζ1−ζ2

)
.

2. Le0
2 :

(
ζ1 − ζ2 0

λ̃D̃e−κ̃DÃ ζ2 − ζ2

)(
va

vb

)
=

(
0

0

)
(

ζ1 − ζ2 0

λ̃D̃e−κ̃DÃ 0

)(
va

vb

)
=

(
0

0

)

which implies,

(a) va (ζ1 − ζ2) = 0.

(b) vaλ̃D̃e
−κ̃DÃ = 0.

From this we obtain,

va = 0,

thus, an eigenvector corresponding to Le02 is,

ve02 =

(
0

1

)
.

2. e1 :

The Jacobian matrix evaluated at e1 is given by,

J
∣∣∣
(x̃e11 ,x̃

e1
2 )

=

(
ζ1 − ζ2 0

λ̃D̃e−κ̃DÃ − ζ2 −ζ2

)
,

which is a lower triangular matrix and thus the eigenvalues are just the diagonal

entries,

Le11 = ζ1 − ζ2 and Le12 = −ζ2.
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We can now obtain the eigenvectors by solving,(
J
∣∣∣
(x̃e11 ,x̃

e1
2 )

−Le11,2I
)
ve11,2.

1. Le1
1 :

(
ζ1 − ζ2 − (ζ1 − ζ2) 0

λ̃D̃e−κ̃DÃ − ζ2 −ζ2 − (ζ1 − ζ2)

)(
va

vb

)
=

(
0

0

)
(

0 0

λ̃D̃e−κ̃DÃ − ζ2 −ζ1

)(
va

vb

)
=

(
0

0

)

which implies,

(a) 0 = 0.

(b) va

(
λ̃D̃e−κ̃DÃ − ζ2

)
− ζ1vb = 0.

and from (b) we have that,

vb =
λ̃D̃e−κ̃DÃ − ζ2

ζ1
va,

thus, an eigenvector corresponding to Le11 is,

ve11 =

(
1

λ̃D̃e−κ̃DÃ−ζ2
ζ1

)
.

2. Le1
2 :

(
ζ1 − ζ2 − (−ζ2) 0

λ̃D̃e−κ̃DÃ − ζ2 −ζ2 − (−ζ2)

)(
va

vb

)
=

(
0

0

)
(

ζ1 0

λ̃D̃e−κ̃DÃ − ζ2 0

)(
va

vb

)
=

(
0

0

)

which implies,

(a) vaζ1 = 0.

(b) va

(
λ̃D̃e−κ̃DÃ − ζ2

)
= 0.

From this we obtain,

va = 0,
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thus, an eigenvector corresponding to Le12 is,

ve12 =

(
0

1

)
.

3. e2 :

The Jacobian matrix evalueated at e2 is given by,

J
∣∣∣
(x̃e21 ,x̃

e2
2 )

=

(
ζ1 − 2γ̃x̃e21 − γ̃x̃e22 −γ̃x̃e21
λ̃D̃e−κ̃DÃ − γ̃x̃e22 ζ2 − 2γ̃x̃e22 − γ̃x̃e21

)
.

We can find the eigenvalues for this matrix using the formula,

Le21,2 =
1

2

Tr(J ∣∣∣
(x̃e21 ,x̃

e2
2 )

)
±

√(
Tr

(
J
∣∣∣
(x̃e21 ,x̃2)

e2

))2

− 4Det

(
J
∣∣∣
(x̃e21 ,x̃

e2
2 )

)
where,

Tr

(
J
∣∣∣
(x̃e21 ,x̃

e2
2 )

)
and Det

(
J
∣∣∣
(x̃e21 ,x̃

e2
2 )

)
,

are the trace and determinant of J
∣∣∣
(x̃e21 ,x̃

e2
2 )

respectively.

The trace is computed by summing the diagonal entries of the matrix,

Tr

(
J
∣∣∣
(x̃e21 ,x̃

e2
2 )

)
= ζ1 + ζ2 − 2γ̃ (x̃e21 + x̃e22 ) − γ̃ (x̃e22 + x̃e21 )

= ζ1 + ζ2 − 2ζ1 − ζ1

= ζ2 − 2ζ1
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We compute the determinant as follows,

Det

(
J
∣∣∣
(x̃e21 ,x̃

e2
2 )

)
= (ζ1 − 2γ̃x̃e21 − γ̃x̃e22 ) (ζ2 − 2γ̃x̃e22 − γ̃x̃e21 )

−
(
λ̃D̃e−κ̃DÃ − γ̃x̃e22

)
(−γ̃x̃e21 )

=ζ1ζ2 − 2γ̃x̃e22 ζ1 − γ̃x̃e21 ζ1 − 2γ̃x̃e21 ζ2 − γ̃x̃e22 ζ2

+ 4γ̃2x̃e21 x̃
e2
2 + 2γ̃2x̃e221 + 2γ̃2x̃e222 + γ̃2x̃e21 x̃

e2
2

+ γ̃x̃e21 λ̃D̃e
−κ̃DÃ − γ̃2x̃e21 x̃

e2
2

=ζ1ζ2 − 2γ̃x̃e22 ζ1 − γ̃x̃e21 ζ1 − 2γ̃x̃e21 ζ2 − γ̃x̃e22 ζ2

+ 2γ̃2 (x̃e21 + x̃e22 )2 + γ̃x̃e21 λ̃D̃e
−κ̃DÃ

=ζ1ζ2 − 2ζ21

(
λ̃D̃e−κ̃DÃ

ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)

− ζ21

(
ζ1 − ζ2

ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)
− 2ζ1ζ2

(
ζ1 − ζ2

ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)
− ζ1ζ2

(
λ̃D̃e−κ̃DÃ

ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)
+ 2ζ21

+ ζ1

(
ζ1 − ζ2

ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)
λ̃D̃e−κ̃DÃ

=ζ1ζ2 − 2ζ21

(
λ̃D̃e−κ̃DÃ

ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)

− ζ21

(
ζ1 − ζ2

ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)
− 2ζ1ζ2

(
ζ1 − ζ2

ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)
− ζ1ζ2

(
λ̃D̃e−κ̃DÃ

ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)
+ 2ζ21

+ ζ21

(
λ̃D̃e−κ̃DÃ

ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)
− ζ1ζ2

(
λ̃D̃e−κ̃DÃ

ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)

=ζ1ζ2 − ζ21

(
λ̃D̃e−κ̃DÃ

ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)

− ζ21

(
ζ1 − ζ2

ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)
− 2ζ1ζ2

(
ζ1 − ζ2

ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)
− 2ζ1ζ2

(
λ̃D̃e−κ̃DÃ

ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)
+ 2ζ21

= ζ1ζ2 − ζ21 − 2ζ1ζ2 + 2ζ21

= ζ21 − ζ1ζ2.
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We can now compute the eigenvalues as follows,

Le21 =
1

2

(
ζ2 − 2ζ1 +

√
(ζ2 − 2ζ1)

2 − 4 (ζ21 − ζ1ζ2)

)
=

1

2

(
ζ2 − 2ζ1 +

√
ζ22 − 4ζ1ζ2 + 4ζ21 − 4ζ21 + 4ζ1ζ2

)
=

1

2

(
ζ2 − 2ζ1 +

√
ζ22

)
=

1

2
(2ζ2 − 2ζ1)

=ζ2 − ζ1

Le22 =
1

2

(
ζ2 − 2ζ1 −

√
ζ22

)
=

1

2
(−2ζ1)

= − ζ1

We can now obtain the eigenvectors by solving,(
J
∣∣∣
(x̃e21 ,x̃

e2
2 )

−Le21,2I
)
ve21,2.

1. Le2
1 :

(
ζ1 − 2γ̃x̃e21 − γ̃x̃e22 − (ζ2 − ζ1) −γ̃x̃e21

λ̃D̃e−κ̃DÃ − γ̃x̃e22 ζ2 − 2γ̃x̃e22 − γ̃x̃e21 − (ζ2 − ζ1)

)(
va

vb

)
=

(
0

0

)
(

2ζ1 − ζ2 − 2γ̃x̃e21 − γ̃x̃e22 −γ̃x̃e21
λ̃D̃e−κ̃DÃ − γ̃x̃e22 ζ1 − 2γ̃x̃e22 − γ̃x̃e21

)(
va

vb

)
=

(
0

0

)
,

which implies,

(a)

va (2ζ1 − ζ2 − 2γ̃x̃e21 − γ̃x̃e22 ) + vb (−γ̃x̃e21 ) = 0.

(b)

va

(
λ̃D̃e−κ̃DÃ − γ̃x̃e22

)
+ vb (ζ1 − 2γ̃x̃e22 − γ̃x̃e21 ) = 0.
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From (a) we obtain,

0 =va (2ζ1 − ζ2 − 2γ̃x̃e21 − γ̃x̃e22 ) + vb (−γ̃x̃e21 )

0 =va

(
2ζ1 − ζ2 − 2ζ1

(
ζ1 − ζ2

ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)
− ζ1

(
λ̃D̃e−κ̃DÃ

ζ1 + λ̃D̃e−κ̃DÃ − ζ2

))

+ vb

(
−ζ1

(
ζ1 − ζ2

ζ1 + λ̃D̃e−κ̃DÃ − ζ2

))

vb =

2ζ1 − ζ2 − 2ζ1

(
ζ1−ζ2

ζ1+λ̃D̃e
−κ̃DÃ−ζ2

)
− ζ1

(
λ̃D̃e−κ̃DÃ

ζ1+λ̃D̃e
−κ̃DÃ−ζ2

)
ζ1

(
ζ1−ζ2

ζ1+λ̃D̃e
−κ̃DÃ−ζ2

)
 va

vb =2

(
ζ1 + λ̃D̃e−κ̃DÃ − ζ2

ζ1 − ζ2

)
− ζ2
ζ1

(
ζ1 + λ̃D̃e−κ̃DÃ − ζ2

ζ1 − ζ2

)
− 2 − λ̃D̃e−κ̃DÃ

ζ1 − ζ2

vb =

(
λ̃D̃e−κ̃DÃ

ζ1 − ζ2
− ζ2
ζ1

(
ζ1 + λ̃D̃e−κ̃DÃ − ζ2

ζ1 − ζ2

))
va

vb =

(
ζ1λ̃D̃e

−κ̃DÃ − ζ2ζ1 − ζ2λ̃D̃e
−κ̃DÃ + ζ22

ζ1 (ζ1 − ζ2)

)
va

vb =

(
λ̃D̃e−κ̃DÃ (ζ1 − ζ2) − ζ2 (ζ1 − ζ2)

ζ1 (ζ1 − ζ2)

)
va

vb =

(
λ̃D̃e−κ̃DÃ − ζ2

ζ1

)
va,

thus, an eigenvector corresponding to Le21 is,

ve21 =

(
1

λ̃D̃e−κ̃DÃ−ζ2
ζ1

)
.

2. Le2
2 :

(
ζ1 − 2γ̃x̃e21 − γ̃x̃e22 − (−ζ1) −γ̃x̃e21

λ̃D̃e−κ̃DÃ − γ̃x̃e22 ζ2 − 2γ̃x̃e22 − γ̃x̃e21 − (−ζ1)

)(
va

vb

)
=

(
0

0

)
(

2ζ1 − 2γ̃x̃e21 − γ̃x̃e22 −γ̃x̃e21
λ̃D̃e−κ̃DÃ − γ̃x̃e22 ζ2 + ζ1 − 2γ̃x̃e22 − γ̃x̃e21

)(
va

vb

)
=

(
0

0

)
,

which implies,

(a)

va (2ζ1 − 2γ̃x̃e21 − γ̃x̃e22 ) + vb (−γ̃x̃e21 ) = 0.
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(b)

va

(
λ̃D̃e−κ̃DÃ − γ̃x̃e22

)
+ vb (ζ2 + ζ1 − 2γ̃x̃e22 − γ̃x̃e21 ) = 0.

From (a) we obtain,

0 =va (2ζ1 − 2γ̃x̃e21 − γ̃x̃e22 ) + vb (−γ̃x̃e21 )

0 =va

(
2ζ1 − 2ζ1

(
ζ1 − ζ2

ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)
− ζ1

(
λ̃D̃e−κ̃DÃ

ζ1 + λ̃D̃e−κ̃DÃ − ζ2

))

+ vb

(
−ζ1

(
ζ1 − ζ2

ζ1 + λ̃D̃e−κ̃DÃ − ζ2

))

vb =

2ζ1 − 2ζ1

(
ζ1−ζ2

ζ1+λ̃D̃e
−κ̃DÃ−ζ2

)
− ζ1

(
λ̃D̃e−κ̃DÃ

ζ1+λ̃D̃e
−κ̃DÃ−ζ2

)
ζ1

(
ζ1−ζ2

ζ1+λ̃D̃e
−κ̃DÃ−ζ2

)
 va

vb =2

(
ζ1 + λ̃D̃e−κ̃DÃ − ζ2

ζ1 − ζ2

)
− 2 − λ̃D̃e−κ̃DÃ

ζ1 − ζ2

vb =

(
λ̃D̃e−κ̃DÃ

ζ1 − ζ2

)
va,

thus, an eigenvector corresponding to Le22 is,

ve22 =

(
1

λ̃D̃e−κ̃DÃ

ζ1−ζ2

)
.

A.1.3 Proving that the lines passing through the points e0 and e1, e0

and e2, and e1 and e2 are invariant sets.

The system equations in terms of ζ1 and ζ2 are,

dx̃1

dt̃
=ζ1x̃1 − γ̃x̃1 [x̃1 + x̃2] (110)

dx̃2

dt̃
=λ̃D̃e−κ̃DÃx̃1 + ζ2x̃2 − γ̃x̃2 [x̃1 + x̃2] (111)

The line passing through e0 and e1 is simply the x̃2 axis of the phase space. Given

any initial condition on this axis we have x̃1 = 0 and thus,

dx̃1

dt̃
= 0.

Therefore any trajectory that starts on the x̃2 axis will remain there for all time

and as such it is an invariant set.
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The line passing through e0 and e2 is the span of the eigenvector ve01 . Let

βve01 with β ∈ R\{0}, (112)

be any non-zero initial condition on the line spanned by ve01 . We exclude β = 0

as this is a trivial case corresponding to an initial condition at the equilibrium

point e0, any trajectory starting here will obviously remain on the line for all

time. To prove the line spanned by ve01 is an invariant set, we will evaluate the

system defined by [Eq. 110] and [Eq. 111] at the initial condition [Eq. 112], and

show that the resulting flow is in the direction of ve01 .

(
dx̃1
dt̃
dx̃2
dt̃

)∣∣∣∣∣
βv

e0
1

=

 ζ1β − γ̃β
[
β + βλ̃D̃e−κ̃DÃ

ζ1−ζ2

]
βλ̃D̃e−κ̃DÃ + ζ2

(
βλ̃D̃e−κ̃DÃ

ζ1−ζ2

)
− γ̃

(
βλ̃D̃e−κ̃DÃ

ζ1−ζ2

) [
β + βλ̃D̃e−κ̃DÃ

ζ1−ζ2

]
=

 ζ1β − γ̃β2
[
ζ1+βλ̃D̃e

−κ̃DÃ−ζ2
ζ1−ζ2

]
λ̃D̃e−κ̃DÃ

ζ1−ζ2

(
β (ζ1 − ζ2) + ζ2β − γ̃β2

[
ζ1+βλ̃D̃e

−κ̃DÃ−ζ2
ζ1−ζ2

])
=

(
ζ1β − γ̃β2

[
ζ1 + βλ̃D̃e−κ̃DÃ − ζ2

ζ1 − ζ2

])(
1

λ̃D̃e−κ̃DÃ

ζ1−ζ2

)

=

(
ζ1β − γ̃β2

[
ζ1 + βλ̃D̃e−κ̃DÃ − ζ2

ζ1 − ζ2

])
ve01 .

This shows that the flow at any point on the line spanned by ve01 is in the direction

of ve01 and thus any trajectory whose initial condition is on this line, remains on

it for all time. Therefore it is an invariant set.

We will use the same approach to show that the line passing through e1 and

e2 is an invariant set. Any initial condition on this line can be described by,(
0
ζ2
γ̃

)
+ βve01 with β ∈ R\{0}. (113)

We again exclude the case β = 0 as it is the trivial case of an initial condition

at the equilibrium point e1. Evaluating [Eq. 110] and [Eq. 111] at the initial
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condition [Eq. 113], we obtain,

(
dx̃1
dt̃
dx̃2
dt̃

)∣∣∣∣∣
βv

e0
1

=


ζ1β − γ̃β

[
β + ζ2

γ̃
+ β

(
λ̃D̃e−κ̃DÃ−ζ2

ζ1

)]
λ̃D̃e−κ̃DÃβ + ζ2

(
ζ2
γ̃

+ β
(
λ̃D̃e−κ̃DÃ−ζ2

ζ1

))
−γ̃
(
ζ2
γ̃

+ β
(
λ̃D̃e−κ̃DÃ−ζ2

ζ1

)) [
β + ζ2

γ̃
+ β

(
λ̃D̃e−κ̃DÃ−ζ2

ζ1

)]



=


β (ζ1 − ζ2) − γ̃β

[
β
ζ1

(
ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)]
λ̃D̃e−κ̃DÃβ

−γ̃
(
ζ2
γ̃

+ β
(
λ̃D̃e−κ̃DÃ−ζ2

ζ1

)) [
β
ζ1

(
ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)]


=


β (ζ1 − ζ2) − γ̃β

[
β
ζ1

(
ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)]
λ̃D̃e−κ̃DÃβ − ζ2

[
β
ζ1

(
ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)]
−γ̃β

(
λ̃D̃e−κ̃DÃ−ζ2

ζ1

) [
β
ζ1

(
ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)]



=


β (ζ1 − ζ2) − γ̃β

[
β
ζ1

(
ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)]
β
ζ1

(
λ̃D̃e−κ̃DÃζ1 − ζ2ζ1 − ζ2λ̃D̃e

−κ̃DÃ + ζ22

)
−γ̃β

(
λ̃D̃e−κ̃DÃ−ζ2

ζ1

) [
β
ζ1

(
ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)]



=


β (ζ1 − ζ2) − γ̃β

[
β
ζ1

(
ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)]
β
ζ1

(
λ̃D̃e−κ̃DÃ (ζ1 − ζ2) − ζ2 (ζ1 − ζ2)

)
−γ̃β

(
λ̃D̃e−κ̃DÃ−ζ2

ζ1

) [
β
ζ1

(
ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)]



=


β (ζ1 − ζ2) − γ̃β

[
β
ζ1

(
ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)]
β (ζ1 − ζ2)

(
λ̃D̃e−κ̃DÃ−ζ2

ζ1

)
−γ̃β

(
λ̃D̃e−κ̃DÃ−ζ2

ζ1

) [
β
ζ1

(
ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)]


=

(
β (ζ1 − ζ2) − γ̃β

[
β

ζ1

(
ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)])( 1(
λ̃D̃e−κ̃DÃ−ζ2

ζ1

))

=

(
β (ζ1 − ζ2) − γ̃β

[
β

ζ1

(
ζ1 + λ̃D̃e−κ̃DÃ − ζ2

)])
ve11 .

Thus, we have shown that the flow at any arbitrary point on the line passing

through e1 and e2, is along the line and hence any trajectory whose initial con-

dition is on this line, remains on it for all time. Therefore it is also an invariant

set.
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A.2 Showing Conditions (1) and (2) Both Hold

if a3

ea3−1
< δ3

ν3
< 1.

Condition (1) holds if,

ν3
2
ϕ3(1) >

δ3
2

ν3 > δ3

δ3
ν3
< 1

D̃r3 is defined implicitly by,

ν3
2
ϕ3(D̃r3) −

δ3
2
D̃r3 = 0

ea3D̃r3 − 1

ea3 − 1
− δ3
ν3
D̃r3 = 0

Then, assuming (1) holds, we must derive a condition to ensure (2) also holds,

i.e. that there exists D̃r3 ∈ (0, 1) such that dx̃3
dt

∣∣
x̃3=

1
2

= 0 if D̃ = D̃r3. Since both

ν3ϕ3(D̃) and δ3D̃ are continuous, monotonically increasing functions of D̃, then

there exists such a D̃r3 ∈ (0, 1) if,

d

dD̃

(ν3
2
ϕ3(D̃)

) ∣∣∣∣
D̃=0

<
d

dD̃

(
δ3
2
D̃

) ∣∣∣∣
D̃=0(

ν3
2

a3e
a3D̃

ea3 − 1

)∣∣∣∣
D̃=0

<

(
δ3
2

) ∣∣∣∣
D̃=0

ν3
2

a3
ea3 − 1

<
δ3
2

a3
ea3 − 1

<
δ3
ν3
< 1.

A.3 Showing x̃e3 is non-decreasing when C̃ = 0 or D̃ = 0.

Here we show that [Eq. 49] and [Eq. 48] are both non-decresearing functions of

D̃ and C̃ respectively.

(1) x̃e3|D̃=0:
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dx̃e3|D=0

dC̃
=
ρ̃3C

(
ρ̃3CC̃ + ϵ̃

)
− ρ̃3CC̃ (ρ̃3C)(

ρ̃3CC̃ + ϵ̃
)2

=
ϵ̃(

ρ̃3CC̃ + ϵ̃
)2

And since ϵ̃ > 0,

dx̃e3|D̃=0

dC̃
≥ 0

for all C̃ ≥ 0.

(2) x̃e3|C̃=0:

dx̃e3|C̃=0

dD̃
=
ν̃3

(
a3ea3D̃

ea3−1

)(
δ̃3D̃ + ϵ̃

)
− ν̃3δ̃3

(
ea3D̃−1
ea3−1

)
(
ν̃3

(
ea3D̃−1
ea3−1

)
+ δ̃3D̃ + ϵ̃

)2
Then,

dx̃e3|C̃=0

dD̃
≥ 0

if,

δ̃3

(
ea3D̃ − 1

)
≤
(
a3e

a3D̃
)(

δ̃3D̃ + ϵ̃
)

1 ≥ ea3D̃
((

1 − a3ϵ̃

δ̃3

)
− a3D̃

)

Consider the coefficient of ea3D̃ above,((
1 − a3ϵ̃

δ̃3

)
− a3D̃

)
, (114)

this is a linear function of D̃ with negative slope. The value of [Eq. 114] when

D̃ = 0 is (1− a3ϵ̃

δ̃3
) and we have that (1− a3ϵ̃

δ̃3
) < 1, since all of the parameters are

104



positive. Therefore we have that,

ea3D̃
((

1 − a3ϵ̃

δ̃3

)
− a3D̃

)
< ea3D̃

(
1 − a3D̃

)
.

Hence it would be sufficient to show,

ea3D̃
(

1 − a3D̃
)
≤ 1 (115)

for any D̃ ∈ [0, 1] and a3 > 0. To do this we will show that the maximum of [Eq.

115] occurs at D̃ = 0 and is equal to one.

0 =
d

dD̃

(
ea3D̃

(
1 − a3D̃

))
0 = −a3ea3D̃ + a3e

a3D̃
(

1 − a3D̃
)

0 = −a3D̃

D̃ = 0,

Then evaluating [Eq. 115] at D̃ = 0 we have e0 (1) = 1. We can be sure this is

the maximum point of the function using the second derivative test,

d2

dD̃2

(
ea3D̃

(
1 − a3D̃

))
|D̃=0 =

(
−a23ea3D̃ − a23e

a3D̃ + a23e
a3D̃
(

1 − a3D̃
))

|D̃=0

= −a23 < 0

A.4 Solving for D̃opt,5.

Here we calculate the the expression for b in terms of D̃opt,5 [Eq. 54].

ϕ51(D̃(t)) =
ea51b + e−ηa51b

e−a51(D̃(t)−b) + eηa51(D̃(t)−b)

dϕ51

dD̃(t)
=

−
(
ea51b + e−ηa51b

) (
−a51e−a51(D̃(t)−b) + ηa51e

ηa51(D̃(t)−b)
)

(
e−a51(D̃(t)−b) + eηa51(D̃(t)−b)

)2
Setting dϕ51

dD̃(t)
= 0, we can solve for D̃opt,5 as follows,
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0 =
−
(
ea51b + e−ηa51b

) (
−a51e−a51(D̃(t)−b) + ηa51e

ηa51(D̃(t)−b)
)

(
e−a51(D̃(t)−b) + eηa51(D̃(t)−b)

)2
0 = −a51e−a51(D̃(t)−b) + ηa51e

ηa51(D̃(t)−b)

η = eηa51(D̃(t)−b)+a51(D̃(t)−b)

ln (η) = (a51 + ηa51)(D̃(t) − b)

D̃(t) = D̃opt,5 = b+
ln (η)

a51 + ηa51

A.5 Reparameterising the Immune Response to Cancer.

Here we derive the forward [Eq. 60] and backward [Eq. 61] transformations that

define the reparameterisation of the immune response to cancer.

Given [Eq. 59] as,

ρ5C

(
C(t)

a52 + C(t)

)
− σ5CC(t),

we can solve for the non-zero C(t) such that [Eq. 59] is zero. We denote this

value of C(t) by Cr.

0 = ρ5C

(
C(t)

a52 + C(t)

)
− σ5CC(t)

σ5C = ρ5C

(
1

a52 + C(t)

)
C(t) = Cr =

ρ5C
σ5C

− a52.

To ensure Cr > 0 we enforce,
ρ5C
σ5C

> a52.

Next, we can solve for the non-zero C(t) such that,

d

dC(t)

(
ρ5C

(
C(t)

a52 + C(t)

)
− σ5CC(t)

)
= 0.
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We denote this value of C(t) by Copt.

0 =
d

dC(t)

(
ρ5C

C(t)

a52 + C(t)
− σ5CC(t)

)
σ5C
ρ5C

=
a52

(a52 + C(t))2

(a52 + C(t))2 =
ρ5Ca52
σ5C

C(t) = −a52 ±
√
ρ5Ca52
σ5C

C(t) > 0 implies,

C(t) = Copt = −a52 +

√
ρ5Ca52
σ5C

with
ρ5C
σ5C

> a52.

We denote by M the maximum value of [Eq. 59] with respect to C(t), i.e.

M =

(
ρ5C

(
C(t)

a52 + C(t)

)
− σ5CC(t)

) ∣∣∣∣
C(t)=Copt

= ρ5C

 −a52 +
√

ρ5Ca52
σ5C

a52 +
(
−a52 +

√
ρ5Ca52
σ5C

)
− σ5C

(
−a52 +

√
ρ5Ca52
σ5C

)

=
−ρ5Ca52 + ρ5C

√
ρ5Ca52
σ5C

+ σ5Ca52
√

ρ5Ca52
σ5C

− ρ5Ca52√
ρ5Ca52
σ5C

= ρ5C − 2ρ5Ca52√
ρ5Ca52
σ5C

+ σ5Ca52

= ρ5C − 2
√
ρ5Cσ5Ca52 + σ5Ca52

= (
√
ρ5C −

√
σ5Ca52)

2
with

ρ5C
σ5C

> a52.

In order to ensure Cr, Copt,M > 0, we have the condition,

ρ5C
σ5C

> a52. (116)

We can reparameterise [Eq. 59] in terms of Cr, Copt and M as follows. We

have that,

Cr =
ρ5C
σ5C

− a52.

This implies,

σ5C =
ρ5C

Cr + a52
. (117)
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We also have that,

Copt = −a52 +

√
ρ5Ca52
σ5C

.

We can rewrite Copt in terms of Cr by replacing σ5C using [Eq. 117] as follows,

Copt = −a52 +
√
a52(Cr + a52).

Solving for a52 from this expression gives,

C2
opt + 2Copta52 + a252 = a52Cr + a252

a52(Cr − 2Copt) = C2
opt

a52 =
C2

opt

Cr − 2Copt

(118)

Since a52 > 0, we must have Copt <
Cr

2
.

We can now rewrite [Eq. 59] as,

ρ5C
C(t)

a52 + C(t)
− σ5CC(t)

=ρ5C

(
C(t)

a52 + C(t)
− C(t)

Cr + a52

)
=ρ5CC(t)

(
Cr − C(t)

(a52 + C(t))(Cr + a52)

)
. (119)

For now we keep this expression in terms of a52 for the sake of simplicity.

We wish to write this expression in terms of its maximum value, M , thus we

normalise by dividing [Eq. 119] by it’s value at Copt, which obtains,

C(t)

Copt

(
(Cr − C(t))(a52 + Copt)

(Cr − Copt)(a52 + C(t))

)
.

We then rescale by M > 0 which sucessfully expresses [Eq. 119] in terms of its

maximum value.

M
C(t)

Copt

(
(Cr − C(t))(a52 + Copt)

(Cr − Copt)(a52 + C(t))

)
. (120)

This allows us to obtain an expression for ρ5C by equating [Eq. 119] with [Eq.

120],

ρ5C =
M

Copt

(
(a52 + Copt)(Cr + a52)

Cr − Copt

)
.
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Now, using [Eq. 118] to replace a52, we obtain,

ρ5C =
M

Copt


(

C2
opt

Cr−2Copt
+ Copt

)(
Cr +

C2
opt

Cr−2Copt

)
Cr − Copt


ρ5C =

M

Copt


(
C2

opt+CrCopt−2C2
opt

Cr−2Copt

)(
C2

r−2CoptCr+C2
opt

Cr−2Copt

)
Cr − Copt


ρ5C = M


(
Cr−Copt

Cr−2Copt

)(
(Cr−Copt)2

Cr−2Copt

)
Cr − Copt


ρ5C = M

(
Cr − Copt

Cr − 2Copt

)2

. (121)

Finally, replacing ρ5C and a52 in [Eq. 117], using [Eq. 121] and [Eq. 118]

respectively, we obtain,

σ5C = M


(
Cr−Copt

Cr−2Copt

)2
Cr +

C2
opt

Cr−2Copt


σ5C =

M

Cr − 2Copt

. (122)

Under the change of parameters defined by [Eq. 118], [Eq. 121] and [Eq.

122], condition [Eq. 116] becomes,

(Cr − Copt)
2

Cr − 2Copt

>
C2

opt

Cr − 2Copt

(Cr − Copt)
2 − C2

opt > 0

Cr(Cr − 2Copt) > 0

since Cr > 0,

Cr − 2Copt > 0

Cr
2
> Copt.
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Using [Eq. 118], [Eq. 121] and [Eq. 122], we can rewrite [Eq. 59] as follows,

ρ5C

(
C(t)

a+ C(t)
− σ5CC(t)

)

=C(t)

M (
Cr − Copt

Cr − 2Copt

)2
 1

C2
opt

Cr−2Copt
+ C(t)

− M

Cr − 2Copt


=MC(t)

((
Cr − Copt

Cr − 2Copt

)2(
Cr − 2Copt

C2
opt + C(t) (Cr − 2Copt)

)
− 1

Cr − 2Copt

)

=
MC(t)

Cr − 2Copt

(
(Cr − Copt)

2

C2
opt + C(t) (Cr − 2Copt)

− 1

)

=
MC(t)

Cr − 2Copt

(
(Cr − C(t)) (Cr − 2Copt)

C2
opt + C(t) (Cr − 2Copt)

)
=MC(t)

(
Cr − C(t)

C2
opt + C(t) (Cr − 2Copt)

)

A.6 Solving for the Condition that d̃ > M̃ for the Exis-

tence of x̃e5.

Here we derive the condition d̃ > M̃ [Eq. 71], which ensures that x̃e5 is positive

and stable.

x̃e5 becomes undefined if the denominator of [Eq. 69] is equal to zero. Thus,

we seek to identify ranges of parameter values such that there exist C̃ > 0 for

which this denominator becomes equal to zero.

d̃− ρ̃5C
C̃

ã52 + C̃
+ σ̃5CC̃ = 0

d̃(ã52 + C̃) − ρ̃5CC̃ + σ̃5CC̃(ã52 + C̃) = 0

σ̃5CC̃
2 +

(
d̃− ρ̃5C + σ̃5C ã52

)
C̃ + d̃ã52 = 0

C̃2 +

(
d̃− ρ̃5C + σ̃5C ã52

σ̃5C

)
C̃ +

d̃ã52
σ̃5C

= 0

Hence x̃e5 is undefined if,

C̃1,2 =
−
(
d̃−(ρ̃5C−σ̃5C ã52)

σ̃5C

)
±
√(

d̃−(ρ̃5C−σ̃5C ã52)
σ̃5C

)2
− 4d̃ã52

σ̃5C

2

Since we will only model physical solutions for the cancer equations, these values

of C̃ are only problematic if they are both real and positive. Thus, we will now
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identify the parameter value ranges for which these solutions, C̃1,2, either do not

exist (complex valued) or are nonphysical (negative).

C̃1,2 do not exist if, (
d̃− (ρ̃5C − σ̃5C ã52)

σ̃5C

)2

− 4d̃ã52
σ̃5C

< 0

d̃2 − 2d̃ (ρ̃5C − σ̃5C ã52) + (ρ̃5C − σ̃5C ã52)
2 − 4d̃σ5C ã52

σ̃2
5C

< 0

d̃2 − 2d̃ (ρ̃5C + σ̃5C ã52) + (ρ̃5C − σ̃5C ã52)
2 < 0

that is for,

ρ̃5C + σ̃5C ã52 − 2
√
ρ̃5C σ̃5C ã52 <d̃ < ρ̃5C + σ̃5C ã52 + 2

√
ρ̃5C σ̃5C ã52(√

ρ̃5C −
√
σ̃5C ã52

)2
<d <

(√
ρ̃5C +

√
σ̃5C ã52

)2
M̃(ρ̃5C , σ̃5C , ã52) <d̃ <

(√
ρ̃5C +

√
σ̃5C ã52

)2
. (123)

Hence C̃1,2 are real for values for values of d outside the range specified in [Eq.

123]. There are two possible cases to consider,

1. d̃ >
(√

ρ̃5C +
√
σ̃5C ã52

)2
.

2. d̃ < M̃ =
(√

ρ̃5C −
√
σ̃5C ã52

)2
.

Case 1: We will show that in the case where,

d̃ >
(√

ρ̃5C +
√
σ̃5C ã52

)2
then C̃1,2 are both negative. In order to show this we will use the fact that, in

this case, d̃ > ρ̃5C − σ̃5C ã52. This is derived as follows,

d̃ > ρ̃5C + 2
√
ρ̃5C σ̃5C ã52 + σ̃5C ã52

d̃ > ρ̃5C + σ̃5C ã52

d̃ > ρ̃5C − σ̃5C ã52 since σ̃5C ã52 > 0

Now C̃1 < 0 if,

−
(
d̃−(ρ̃5C−σ̃5C ã52)

σ̃5C

)
+

√(
d̃−(ρ̃5C−σ̃5C ã52)

σ̃5C

)2
− 4d̃ã52

σ̃5C

2
< 0√√√√( d̃− (ρ̃5C − σ̃5C ã52)

σ̃5C

)2

− 4d̃ã52
σ̃5C

<
d̃− (ρ̃5C − σ̃5C ã52)

σ̃5C
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We now use the fact that d̃ > ρ̃5C − σ̃5C ã52, which allows us to square both sides

giving,

−4d̃ã52
σ̃5C

< 0,

which is always true since d̃, ã52, σ̃5C > 0. Similarly C̃2 < 0 if,

−
(
d̃−(ρ̃5C−σ̃5C ã52)

σ̃5C

)
−
√(

d̃−(ρ̃5C−σ̃5C ã52)
σ̃5C

)2
− 4d̃ã52

σ̃5C

2
< 0

−

√√√√( d̃− (ρ̃5C − σ̃5C ã52)

σ̃5C

)2

− 4d̃ã52
σ̃5C

<
d̃− (ρ̃5C − σ̃5C ã52)

σ̃5C
,

which must be true since d̃ > ρ̃5C − σ̃5C ã52 and the square root of a positive

number is always positive. Thus, C̃1,2 are both nonphysical (negative) for d̃ >(√
ρ̃5C +

√
σ̃5C ã52

)2
.

Case 2: We will show that in the case where,

d̃ < M̃ =
(√

ρ̃5C −
√
σ̃5C ã52

)2
then C̃1,2 are both positive. In order to show this we will use the fact that, in

this case, d̃ < ρ̃5C − σ̃5C ã52. This is derived as follows,

we have that,

d̃ < ρ̃5C − 2
√
ρ̃5C σ̃5C ã52 + σ̃5C ã52

now recall,

ρ̃5C > σ̃5C ã52
√
ρ5C >

√
σ5Ca52

−2
√
ρ̃5C σ̃5C ã52 < −2σ̃5C ã52

thus,

d < ρ̃5C − 2σ̃5C ã52 + σ̃5C ã52

d < ρ̃5C − σ̃5C ã52
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Now, C̃1 < 0 if,

−
(
d̃−(ρ̃5C−σ̃5C ã52)

σ̃5C

)
+

√(
d̃−(ρ̃5C−σ̃5C ã52)

σ̃5C

)2
− 4d̃ã52

σ̃5C

2
< 0√√√√( d̃− (ρ̃5C − σ̃5C ã52)

σ̃5C

)2

− 4d̃ã52
σ̃5C

<
d̃− (ρ̃5C − σ̃5C ã52)

σ̃5C
,

which cannot be true since d̃ < ρ̃5C − σ̃5C ã52 and the square root of a positive

number is positive. Similarly, C̃2 < 0 if,

−
(
d̃−(ρ̃5C−σ̃5C ã52)

σ̃5C

)
−
√(

d̃−(ρ̃5C−σ̃5C ã52)
σ̃5C

)2
− 4d̃ã52

σ̃5C

2
< 0

−

√√√√( d̃− (ρ̃5C − σ̃5C ã52)

σ̃5C

)2

− 4d̃ã52
σ̃5C

<
d̃− (ρ̃5C − σ̃5C ã52)

σ̃5C√√√√( d̃− (ρ̃5C − σ̃5C ã52)

σ̃5C

)2

− 4d̃ã52
σ̃5C

> −

(
d̃− (ρ̃5C − σ̃5C ã52)

σ̃5C

)

Both sides of this equation are positive since, d̃ < ρ̃5C − σ̃5C ã52, so we can square

both sides to obtain,

−4d̃ã52
σ̃5C

> 0

Which cannot be true since, d̃, ã52, σ̃5C > 0.

Thus, C̃1,2 exist and are positive for 0 < d̃ < M̃ . Therefore, to ensure that

there is no C̃ > 0 for which the equilibrium is undefined, we only require,

d̃ > M̃ =
(√

ρ̃5C −
√
σ̃5C ã52

)2
.

A.7 Behaviour of x̃e5 on separate intervals of C̃.

We have already established that if x̃e5 > 0 then x̃e5 is stable, and if x̃e5 < 0 then

x̃e5 is unstable. We simply need to compute the sign of [Eq. 70],

−
(

d

dx̃5

dx̃e5
dt̃

) ∣∣∣∣
x̃5=x̃e5

= d̃− ρ̃5C
C̃

ã52 + C̃
+ σ̃5CC̃ (124)

on the each of the intervals: [0, C̃1), (C̃1, C̃2) and (C̃2,∞). The approach we

will take will be to show that [Eq. 124] is a continuous function of C̃ over the
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interval [0,∞), and that it’s sign is positive at C̃ = 0. Then, since the function

is continuous and only has the non-repeated roots C̃1 and C̃2, the sign will be

negative for C̃ ∈ (C̃1, C̃2) and positive for C̃ ∈ [0,∞)\[C̃1, C̃2].

d

dC̃

(
d̃− ρ̃5C

C̃

ã52 + C̃
+ σ̃5CC̃

)

=ρ̃5C

(
1

ã52 + C̃
− C̃

(ã52 + C̃)2

)
+ σ̃5C

=ρ̃5C
ã52

(ã52 + C̃)2
+ σ̃5C .

Hence, [Eq. 124] has a well defined derivative everywhere except for C̃ = −ã52 <
0. Thus, it is differentiable on [0,∞) and therefore continuous on [0,∞). We

also have that, (
d̃− ρ̃5C

C̃

ã52 + C̃
+ σ̃5CC̃

)∣∣∣∣
C̃=0

=d̃ > 0,

therefore the argument holds and we have: x̃e5 > 0 and stable for C̃ ∈ [0, C̃1),

x̃e5 < 0 and unstable for C̃ ∈ (C̃1, C̃2) and x̃e5 > 0 and stable for C̃ ∈ (C̃2,∞).

A.8 Solving for ψ0,1,2,3.

Substituting [Eq. 84] into [Eq. 74] and setting dx̃1
dt̃

= 0 we obtain,

0 =

(
1 + ρ̃C3

Ã (1 + aC)

Ã+ aC
− γ̃T

)
x̃1 − γ̃x̃21

− σ̃15e
−κ̃5Ãx̃1

 d̃

d̃− ρ̃5C

(
x̃1

ã52+x̃1

)
+ σ̃5C x̃1


We already have the solution for x̃1 = 0, so we will assume x̃1 ̸= 0,

=

(
1 + ρ̃C3

Ã (1 + aC)

Ã+ aC
− γ̃T

)
− γ̃x̃1

− σ̃15e
−κ̃5Ã

 d̃

d̃− ρ̃5C

(
x̃1

ã52+x̃1

)
+ σ̃5C x̃1


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let,

ζ3 =1 + ρ̃C3
Ã (1 + aC)

Ã+ aC
− γ̃T

then,

0 =ζ3 − γ̃x̃1 − σ̃15e
−κ̃5Ã

 d̃

d̃− ρ̃5C

(
x̃1

ã52+x̃1

)
+ σ̃5C x̃1


=ζ3

(
d̃− ρ̃5C

(
x̃1

ã52 + x̃1

)
+ σ̃5C x̃1

)
− γ̃x̃1

(
d̃− ρ̃5C

(
x̃1

ã52 + x̃1

)
+ σ̃5C x̃1

)
− σ̃15d̃e

−κ̃5Ã

= [−γ̃σ̃5C ]︸ ︷︷ ︸
ψ3

x̃31 +
[
ζ3σ̃5C − γ̃d̃+ γ̃ρ̃5C − γ̃ã52σ̃5C

]
︸ ︷︷ ︸

ψ2

x̃21

[
ζ3d̃− ζ3ρ̃5C + ζ3ã52σ̃5C − γ̃ã52d̃− σ̃15ã52d̃e

−κ̃5Ã
]

︸ ︷︷ ︸
ψ1

x̃1

+
[
ζ3ã52d̃− σ̃15ã52d̃e

−κ̃5Ã
]

︸ ︷︷ ︸
ψ0

Following the approach of Kuznetsov et al. [38] and using Descartes’ rule of

signs, we can produce the following table which describes the number of positive,

real roots of [Eq. 85] for different combinations of the signs of the coefficients

ψ0, ψ1, ψ2 and ψ3. Note that we must have ψ3 < 0 in each case since γ̃ > 0 and

σ̃5C > 0.

Sign of ...

# of Positive Real Roots ψ3 ψ2 ψ1 ψ0

0 − − − −

0 or 2

− + − −
− − + −
− + + −

1

− − − +

− − + +

− + + +

1 or 3 − + − +

Table 1: Table providing the possible number of positive, real roots of [Eq. 85] for
different combinations of signs of the coefficients ψ3, ψ2, ψ1 and ψ0
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B Complete Model Equations Prior to Any

Rescalings.

The model equations prior to any variable rescalings, and in terms of D(t), are

given by,

ẋ1 =

(
r1 −

λ

DMTD

D(t)e−κDx3 + ρ13
x3(1 + a1)

x3 + a1T

)
x1 − x1

[
γ11x1 + γ12x2 + γ1TT

]
− δ1
DMTD

D(t)e−κDx3x1 − σ15x5e
−κ5x3x1

ẋ2 =
λ

DMTD

D(t)e−κDx3x1 +

(
r2 + ρ23

x3(1 + a2)

x3 + a2T

)
x2 − x2

[
γ21x1 + γ22x2 + γ2TT

]
− δ2
DMTD

D(t)e−κDx3x2 − σ25x5e
−κ5x3x2

ẋ3 = ν3

e a3D(t)
DMTD − 1

ea3 − 1

 (T − x3) −
δ3D(t)

DMTD

x3 + ρ31x1(T − x3)

+ ρ32x2(T − x3) − ϵx3

x4 = T − x3

ẋ5 = sΦ51(D(t)) − dx5 + ρ5C

(
x1 + x2

a52 + x1 + x2

)
x5 − σ5C(x1 + x2)x5

where,

Φ51(D(t)) =
ea51b + e−ηa51b

e
−
(

a51
DMTD

)
(D(t)−bDMTD)

+ e
η
(

a51
DMTD

)
(D(t)−bDMTD)

with,

bDMTD = D̃opt,5DMTD +
ln (η)

a51
DMTD

+ η a51
DMTD

= Dopt,5 +
ln (η)

a51
DMTD

+ η a51
DMTD
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C Code Availability Statement

The Python code used to generate the figures in this thesis may be found at

https://github.com/Thomas-28/Masters-by-Research.
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