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Abstract

Abstract

In the dynamic stochastic modeling of financial and economic time series, the
concept of cointegration plays an important role. It refers to the existence of
long-term equilibrium relations between variables in a dynamic environment.
The cointegration theory posits that, in a non-stationary environment, the long-
term equilibrium relations will show up as stationary relations between certain
variables. In the context of linear models, this translates into the existence of
so-called cointegrating linear relations and corresponding cointegrating vectors.

The error correction model was introduced by Engle and Granger (1987) for es-
timating models exhibiting cointegration. However, it was not until Johansen
(1988, 1991) that a rigorous methodology was proposed for estimation and
analysis of cointegrated models in a multivariate dynamic setting. The iconic
research by Johansen sets out the Vector Error Correction Model (VECM) ap-
proach to cointegration, by applyingmaximum likelihood estimation. The VECM
is based on the Vector Autoregressive (VAR) model. The VAR model has several
shortcomings for cointegration studies. Several authors have explored estima-
tion of cointegration using VARMA and state-space models, e.g. Ribarits and
Hanzon (2014b,a), Yap and Reinsel (1995), Lütkepohl and Claessen (1997),
Poskitt (1994, 2006), Bauer and Wagner (2002), Kascha and Trenkler (2011),
among others.

This research study focuses on the discrete-time state-space model as well as
on a continuous-discrete time state-space model. This research study proposes
a parameterization and an estimation method that translates the cointegration
property into a low-rank constraint on a resulting likelihood optimization. First,
the study partially optimizes the likelihood function. The resulting criterion
is a function of eigenvalues of a matrix due to the low-rank constraint. This
raises the challenge of calculating the derivatives of the parameterized matrix
eigenvalues. The research study addresses this problem by applying the envelope
theorem. The study applies a gradient method to optimize the remaining model
parameters using a new parametrization. This parameterization has bounded
and numerically stable parameters. The method is illustrated by some simulated
examples and examples involving stock price index data, oil price data, and
more. Comparisons are made against a classical VECM, and in many cases, the
state-space model yields better results.
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Introduction

Time series analysis is a sub-field in statistics with applications in several fields
such as economics, finance, engineering, natural sciences, climate sciences, and
many others. However, many concepts that lie at the core of the recent literature
have been developed by applied researchers who have aimed to address their
field’s specific practical needs.

Over the last three decades, the concept of cointegration has emerged as an es-
sential concept emerging in economics and finance. It put the following idea
forwards: in a non-stationary environment, the long-term equilibrium relations
will show up as stationary relations between certain variables, leading in the
context of linear dynamical models to the existence of cointegrating linear rela-
tions and cointegrating vectors.

Listed below are but a few of many instances of cointegration between various
economic and financial variables.

• The Permanent Income Hypothesis (PIH) implies cointegration between con-
sumption and income.

• Money demand models imply cointegration between interest rates, nominal
income, and prices (Friedman and Kuttner 1992).

• Growth theory models imply cointegration between income, consumption,
and investment.

• The Fisher equation implies cointegration between nominal interest rates and
inflation.

• Purchasing Power Parity (PPP) implies cointegration between nominal ex-
change rate and, domestic, and foreign prices.

Econometric time series are often characterized by non-stationarity, such as
trends in mean and variance. While individual time series might show these
patterns, the economic theory might suggest static long-run equilibrium rela-

1



Introduction

tionships between the variables under consideration. The cointegration theory’s
main idea is that although the long-run relationship is probably not satisfied at
every point of time, the potential deviation from the equilibrium relationship is
small and stationary, compared to non-stationary individual variables.

Since as early as the mid-1920s, statisticians have investigated the existence
of stochastic trends and cycles and their detrimental effects on the regression
analysis of time series (see Yule 1926). However, it was not until the mid-1970s
when interest in the subject experienced a revival on academic grounds when
Granger and Newbold (1974) did further work on the concept of spurious regres-
sion which had already been put forward by Yule (1926). This definition refers
to the case where ordinary least squares estimates point to a linear relationship
that does not hold and is driven by the non-stationarity of the variables. There
is no universal way to address this problem, and cointegration methodologies
emerged as one of the potential solutions. In the early 1980s, the academic dis-
cussion was complemented by the debate of trend-stationarity versus unit root
non-stationarity, mainly raised by Nelson and Plosser (1982).

The early literature on spurious regression and the scientific need to develop
methods to analyze non-stationary time series, paved the way for the ground-
breaking research in cointegration theory by Granger (1981) and especially by
Engle and Granger (1987). As documented by Boswijk et al. (2010), Engle and
Granger (1987) was already the best cited time series econometric paper of all
time by 2010; moreover, the relevance of their scientific contribution is well put
into historical context by Boswijk et al. (2010).

Although the methodology by Engle and Granger (1987) has continued to
gain prominence both in academic and policy spheres as the two-step approach
to cointegration, it is only applicable to bi-variate time series. A related
methodology emerged within the same research agenda: the multivariate
approach to cointegration. This second approach was developed originally by
Johansen (1988, 1991) whose work allowed researchers to study cointegration
phenomena within a multivariate framework. More specifically, Johansen’s
approach can be categorized as a special case within the general model class of
vector autoregressive models (VAR) that were popularized in macro-economic
by Sims (1980), and is known in the literature as the vector error correction
model (VECM). Three decades after their origin, both the two-step and the
multivariate approaches have remained as the most widely used methodologies
in dealing with integrated time series. The two-step approach falls into the
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category of non-parametric modeling. Contributions pursuing this approach
include Bierens (1997), Park and Phillips (1988, 1989), Phillips and Hansen
(1990), Saikkonen (1991), Sims et al. (1990), Stock and Watson (1988),
Poskitt (1994). The multivariate approach falls into the category of parametric
modelling, and although Johansen (1988, 1991) had the most prominent
contribution with his VECM, other authors also contributed to this strand by
considering Vector-Autoregressive Moving Average (VARMA) frameworks, e.g.
Yap and Reinsel (1995), Lütkepohl and Claessen (1997), and Poskitt (2006).
The difference between both types of analysis is that the non-parametric one
tests and estimates the cointegrating vectors while treating all the remaining
characteristics of the data generating process as nuisance parameters, while
the parametric approach models cointegration within a fully specified model
class. A feasible way of modeling economic and financial non-stationary series
is using integrated processes: A p dimensional process (yt | t ∈ N) is called
integrated of order k or I(k) if ∆k yt = (1 − z)k yt is the smallest number for
which k is stationary and k = (0,1.2, . . .), where z denotes the lag operator, i.e.
z(yt | t ∈ N) = (0, y1, y2, . . .). In the series, an integrated process of order one
appears to be most common.

The VAR approach is still the most widely used methodology in dealing with
cointegrated I(1)-processes. Nonetheless, there is a potential challenge in ap-
plying the state-space cointegration framework as developed e.g., by Bauer and
Wagner (2002), and Ribarits and Hanzon (2014b,a). Designed as a generali-
sation of the VAR approach developed by Johansen to a state-space setting, it
holds many advantages over the more widely used VAR approach. Just a few of
the advantages of the state-space approach over it’s VAR counterpart mentioned
by Ribarits and Hanzon (2014b,a) include.

• State-space models offer a larger and more flexible model class, containing
VAR models as special cases.

• If the data generating process (DGP) is a VAR process, but one does not
observe all the output components, then the resulting model can, generally
speaking, no longer be described by a VAR model, but can still be described
by a linear state-space model.

• State-space models are heavily used in continuous time modeling, especially
in financial applications.

• If the DGP has a fixed time delay tmax and if observations are taken at fre-
quency N per unit of time, the maximal delay in the VAR equation will be
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tmax×N . Therefore if N is large, then the VAR model will have a large number
of parameters (as the number of parameters grows with p2 × tmax × N) and
will not be parsimonious process. The state-space model does not have this
problem.

• The state-space model can be formulated in discrete-time, continuous-time
and continuous-discrete time, where the latter refers to a continuous-time
model that is observed at discrete points in time. The continuous-discrete for-
mulation also allows for irregularly timed observations, which would appear
to be relevant in high frequency financial markets.

Furthermore, if the model has a large value of p, then it could result in default
values in VAR, as shown by Tschernig et al. (2013). This is because there are
too many parameters involved and the model will provide an empirical aver-
age which deviates from the expected value. Hence, using a state-space model
will provide an average closer to the expected value when compared against
VAR models. In the context of present research study, it may be good to note
that ARMA and ARIMA models are equivalent to the state-space models, every
ARMA or ARIMA model can be rewritten as a state-space model and every state-
space model can be rewritten as an ARMA or ARIMA model (see e.g. Hartl and
Weigand 2018). Usage of state space models in econometrics has a longer his-
tory and can be traced back to Yap and Reinsel (1995), Lütkepohl and Claessen
(1997), Aoki and Havenner (1991), Hannan and Deistler (1988), Heij et al.
(1997), Harvey (1989), among others. Notwithstanding, it should be pointed
out that the recent approach Ribarits and Hanzon (2014b,a) embodies one of
the most recent the developments in the area of state-space cointegration mod-
eling. Our study contributes to the literature as it formulates a discrete time
state-space model and a continuous-discrete time state-space model that em-
bodies cointegration.

As done by Ribarits and Hanzon (2006), our study presents a generalization of
VAR cointegration to the state-space framework for cointegration. The mathe-
matical pillars of the maximum likelihood estimator of VECM models proposed
by Johansen (1988, 1991) can be summarized as follows:

• First, the likelihoodmaximization problem is reduced to a low-rank regression
problem by concentrating out several linear parameters in the vector autore-
gressive representation.

• Second, the low-rank regression problem is solved.
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• Third, following the concentration step, we will find the optimum of a quo-
tient of determinants of matrices that are quadratic in terms of an unknown
matrix β . This optimum is then obtained through the solution of a generalized
eigenvalue-eigenvector problem.

Here, we present a state-space error correction model approach that is an alter-
native to the celebrated VECM, under the following analogous ideas:

• First, two of the three matrices in the state-space representation are fixed so
that the constrained likelihood maximization can be reduced to a low-rank
regression by concentrating out the third state-space matrix. These fixed ma-
trices are then optimized.

• Second, the low-rank regression problem is solved.
• Third, after the concentration step, it is needed to find the optimum of a quo-
tient of determinants of matrices that are quadratic in terms of an unknown
matrix β (similar to the VECM approach listed previously), which needs to be
determined so that an optimum is reached through the solution of a reduced
rank eigenvalue-eigenvector problem.

• Fourth, we will repeat the steps to obtain a better fit for our parameter as it
will have many starting points.

Contrary to the VECM case, substituting the optimal parameter values (in the
previous 4 steps) into the likelihood function generates a criterion function that
still depends on some unknown parameters. The number of parameters is much
smaller. While Ribarits and Hanzon (2014a) used a local parameterization tech-
nique known as DDLC, however, we will use a different approach by applying a
generalized Schur parameters technique. In that sense, our work deviates from
the original procedure by Ribarits and Hanzon (2014a) in order to assure the
following advantages: a finite interval for each parameter, a numerically stable
parameterization and a reduced number of parameters. This is achieved by us-
ing input-normal sub-diagonal pivot structures (SDPS) and parameterizing these
using angles, which help us to greatly simplify the derivatives and find a starting
point for gradient search. Furthermore, the approach followed in this research
corrects an error in Ribarits and Hanzon (2014a); see the second chapter for
further details.

It is important to remark that the calculation of the gradient of the concen-
trated likelihood function (if it exists), can be done by calculating the gradi-
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ent of the likelihood function before concentration at the parameter point that
emerges from the concentration step. Furthermore, even if the concentrated
likelihood function cannot be differentiated, the adapted gradient-based search
algorithm (proposed by Ribarits and Hanzon (2014a)) which operates only on
the remaining (after concentration) free parameters, is ensured to avoid getting
stuck at any point other than a critical point of the original likelihood function.
Consequently, the local optimum of the likelihood function can be found by the
use of a gradient-type search method. The main implication is of this is that, at
least when using sufficiently many well dispersed starting points, the maximum
likelihood estimator can be found.

The contents of this thesis are arranged as follows:

In chapter 1, we will review the vector autoregression models and cointegra-
tion to a deeper extent. This chapter provides some background reading to the
concepts of multivariate time series analysis, which are central to the research
question at hand; such concepts also contextualize the cointegration methodol-
ogy’s scientific relevance.

In chapter 2, we will propose a parameterization and estimation method that
maps the concept of cointegration into a low-rank constraint. The difficulties
of calculating the derivatives of the parameterized matrix eigenvalues are ad-
dressed by applying the envelope theorem. After that, a gradient method (gra-
dient search algorithm) is derived to optimize the remaining parameters of the
model. Concretely, this chapter presents the cointegrated discrete-time state-space
error correction model and a corresponding maximum likelihood estimation pro-
cedure.

In chapter 3, we will apply a similar approach like the one outlined above but
now applied to a continuous-time state-space model with a finite number of
observations taken at irregularly spaced time points. We propose a parame-
terization and estimation method using a continuous state-space model which
translates cointegration dynamics into a low-rank constraint on a resulting like-
lihood optimization. This approach utilizes parameters as having a particular
value for potentially only an infinitesimally short amount of time. Between any
two points in time there are an infinite number of other points in time. Thus
time is viewed as a continuous variable. This approach’s essential advantage lies
in the explicit incorporation of the low-rank requirement while addressing the
issue of eigenvalue derivative through the application of the envelope theorem.
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We need to make some approximations, which make that the method is mainly
suitable for high frequency.

In chapter 4, we will describe the way in which the model is simulated using
the parameter values. The chapter will assess the simulation study to compare
the performance of the state-space error correction model (SSECM) with that of
the vector error correction model (VECM). First, we will assess a discrete-time
in both cases, and we will evaluate them based on several statistical tests such
as information criteria, the goodness of fit, forecast accuracy (RMSE) and Bayes
factor, it turns out that the SSECM outperforms the VECM. Subsequently, we will
assess a simulation study in continuous-time where we will perform a compar-
ison between the state-space framework and the actual model, as neither VAR
nor VECM methodologies have been extended to continuous-time applications.

In chapter 5, we will perform an application of the method to three data-sets:
individual stock prices of six companies, three crude oil prices, and stock prices
of six geographical areas. This exercise allows us to inspect the cointegration
analysis results under the standard VECM approach and the SSECM. In several
cases, the latter yields better results, particularly in relation to the number of
parameters and cointegrating vectors in high-frequency data.

Our study contributes to the literature by presenting a new parameterization
method for the maximum likelihood estimation of SSECM models. It allows for
cointegration. In addition to the theoretical development, the estimation proce-
dure is applied to three data sets and compared against the VECM. Although the
discrepancies regarding the number of cointegration relationships are not dras-
tic between both methods, the SSECM had lower information criterion values
and it reduced the number of parameters by half (compared to the VECM) in all
cases. It is also shown that the state-space framework has several advantages in
terms of model selection indicators and is particularly preferable over the VECM
when the number of p is large. Furthermore, the state-space approach allows
for continuous-discrete simulation and offers more flexibility to develop further
research.
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Chapter 1

Cointegration: Overview of Models
and Development

This section aims to review the underlying fundamentals, estimation, and lim-
itations behind VAR models and VECM models. Also, the section will highlight
the theoretical aspects of the vector time series model and cointegration analysis.

1.1 Economic Models

Following Wooldridge (2012) and Greene (2003), econometrics could be broadly
defined as a field that combines economic theory, statistics, and mathematics.
Although it is not a requirement, most econometric analyses depart from an eco-
nomic model that guides the underlying empirical strategy (i.e., the period of
study, variable selection, a qualitative statement about causal effects, and oth-
ers). According to Wooldridge (2012), an economic model consists of a math-
ematical equation that describes relationships; academic economists are well-
known for their model building efforts to specify a vast number of economic and
social phenomena. These models can be thought of as a formal statement of a
theoretical proposition. Nonetheless, they are also an implication of reality and
by no means can encompass all the random aspects of economic phenomena.
Consequently, in addition to economic variables, they often incorporate stochas-
tic elements to account for the randomness.

Microeconomics consists of the analysis of cross-sectional and panel data, focus-
ing on individual consumers, firms, and decision-makers. In contrast, macroe-
conomics is involved with the analysis of time series data of aggregated data
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(Greene 2003). This particular research will focus on time series. Time series
data analysis vary depending on the variables; for instance, some financial data
sets have missing variables values such as exchange rates, or stock prices. These
are designated high frequency data. Mathematically, data analysis for high fre-
quency data sets will depend on the extent of relationships between determinis-
tic variables (a deterministic variable is onewhose value is knownwith certainty.)
However, some of these variables are not deterministic, a time-series data with
missing value is analysed by using stochastic dynamic model.

The context of this research is one of time series analysis. Most data in macroe-
conomics and finance come in the form of time series, which means researchers
have to evaluate a set of repeated observations of the same variable, such as a
stock return or oil prices in our context.

1.2 Time Series Regression

The field of time series econometrics has evolved as a sub-field of econometrics
with its own vast body of literature and numerous applications in the areas of
macroeconomics and finance. As expected, it also draws on many elements from
traditional time series analysis coming from other disciplines such as statistics
and engineering Hannan and Deistler (1988).

The time series econometrics domain has gained so much depth that economet-
rics textbooks such as Greene (2003), Wooldridge (2012), among others, only
cover the fundamental elements of time series regression. The vast number of
model classes in this area require dedicated books such as Lütkepohl (2005)
or Lütkepohl and Krätzig (2004). A more recent approach to the same prob-
lem uses additive models more familiar to statisticians. In this approach, the
observed data are assumed to result from sums of series, each with a specified
time series structure; for example, in economics, assume a series is generated as
the sum of trend, a seasonal effect, and error. The state-space model that results
is then treated by making judicious use of the celebrated Kalman filters, de-
veloped originally for estimation and control in space applications, see Boswijk
et al. (2010). This section will briefly describe the essential elements of time
series models, but for a more in-depth introduction, the reader should consult
the specialized literature.

Following Greene (2003), a standard time series model explains a variable yt in
terms of contemporaneous (or lagged) dependent variables x t , and could poten-
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tially include lagged values of yt as a regressor. The disturbances or innovations
(i.e. model residuals) are denoted by ϵt . For example, a linear time series with
one scalar explanatory variable x t and an autoregression with maximal delay
one is of the form:

yt = β1 + β2 x t + β3 yt−1 + ϵt ,

where t ∈ T , T ⊆ Z the time set, T = Z or T = {t0, t0 + 1, t0 + 2, . . .} for some
t0 ∈ Z. A time series process {yt}t∈T is a sequence of observable variables char-
acterized by its time ordering and its correlation between the values in the se-
quence. According to Greene (2003), the signature element of such time series
process is that empirically, the data generating process produces exactly one
realization of the sequence. Therefore certain assumptions, such as e.g. time-
invariance of the time series, are required to make estimation possible.

The area of time series modelling is very large. Therefore for an in-depth review
of different modelling frameworks and their applications, we refer to the liter-
ature see, e.g., Lütkepohl and Krätzig (2004). Within the more extensive time
series econometrics literature, vector autoregression (VAR) emerged in macroe-
conomics as a much-used framework for multivariate analysis with time-series
data.

1.3 VAR Models

1.3.1 VAR Models and Other Macro-econometric Methods

VAR models in macroeconomics were introduced by Sims (1980). Since their
introduction they quickly became the standard method in empirical macroeco-
nomics and finance. Before 1980, the dominant approach relied on Dynamic
Simultaneous Equations (DSEM) models. The Cowles Commission was impor-
tant in the development of DSEMs for research in economics, led by Nobel Prize
laureate Lawrence Klein, whose work dealt with linking Keynesian economic
theory to statistical methods. The development of DSEMs was closely related
to the policy arena, and the models grew larger (in numbers of equations and
parameters) as economists aimed for greater realism. However, they relied on
implausible assumptions (Sims 1980). VARs emerged as a better alternative, and
DSEMs became much less prevalent in academic research (see Lütkepohl 2013,
Kilian 2013), although they are still included in the set of models run by some
central banks.
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Along with the development of VAR models, the rise of rational expectations
in macroeconomics fostered the development of a Dynamic Stochastic General
Equilibrium (DSGE) model in the 1980s. DSGEs require explicit specification
regarding the economy’s micro-structure, under the premise that model struc-
tures should be invariant to policy interventions. Economic agents optimise their
objective functions in expectation subject to individual and aggregate resource
constraints while considering other agents’ behaviour rationally.

Separate bodies of literature emerged for VAR and DSGE methodologies, the
latter as the theoretical framework and the former as the empirical counter-
part. Although VARs emerged as a theory-free method, the last decades’ re-
search agenda has focused on including economic theory elements through the
form of restrictions. Nowadays, both alternatives are included in the toolbox of
industrial researchers and policymakers, as complementary methodologies, for
forecasting and macroeconomic policy analysis.

1.3.2 Structural Form and Reduced Form

Once a VAR has passed the model testing stage, it can be used for inference
applications. VARs have proved to be useful for forecasting purposes (Lütke-
pohl 2013), especially those which incorporate Bayesian elements to the esti-
mation. Almost every central bank uses VARs in their forecasting models (in-
cluding the Federal Reserve System’s Board of Governors, 2014). By plugging in
the Granger-causality approach (Granger 1969) into VARs, they could also be
used to assess causality from one variable to another (Lütkepohl 2013).

Probably the most critical application of VARs to real-world policy problems is
structural analysis. Unlike standard regressions, SVARs allows the researcher
to evaluate relationships across variables within a multivariate, dynamic setting
where it is possible to check how a variable responds to a shock in the system at
and throughout different periods. The first alternative is impulse response func-
tions, which allow us to check the responses on a given variable following an
impulse (shock) in another one; impulse responses are widely used in macroe-
conomics to compare them to the results generated by dynamic stochastic equi-
librium models (Kilian 2013) Note: Generally speaking The DSEM model is a
combination of the state-space model with the dynamic factor model, merged
with full SEM functionality, e.g. in addition to the core extensions of two-level
and cross-classified modeling as well as categorical variables. A second alterna-
tive is the forecast error variance decomposition, which allow to investigate how
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the variance of each variable is explained by the individual variance of the re-
maining variables in the model (Lütkepohl 2005). The third tool is the historical
decomposition, which unlike the previous two alternatives (they describe aver-
age movements in the data and represent unconditional expectations), allows
the researcher to quantify how much of the variable’s historical fluctuations are
explained by structural shocks (Kilian 2013).

Generally speaking, the main difference between VARs (reduced form) and
SVARs (structural form) is the fact that the latter incorporates restrictions
on the parameters, i.e., identification (or identifiability) strategies that allow
the econometricians to estimate causal effects with meaningful economic
interpretation. Kilian and Lütkepohl (2017) provides the most up-to-date text-
book on SVAR models, covering different estimators, identification methods,
and practical advice on working with such models for macroeconomic policy
analysis.

There is not an unified structural form for VAR models nor a single method to
estimate them (see Kilian and Lütkepohl (2017)), however, here we consider
the most general specification based on Kilian (2013):

B0 yt = B1 yt1
+ · · ·+ BK ytK

+wt ,

where
ynewt =

�

yt

x t

�

is a p×1 vector of variables, presumed to be zero mean in the base case. Bi ’s have
a dimension of p×p. wt is a p×1 vector assumed to be white noise. Furthermore
it is assumed that the elements of wt are mutually uncorrelated and have clear
interpretations in relation to an underlying economic theory and that the model
variables are driven by p different shocks such that their variance-covariance
matrix Σw has full rank. The model presented above can be expressed in so
called reduced form as:

yt = B−1
0 B1 yt1

+ · · ·+ B−1
0 BK ytK

+ B−1
0 wt ,

where B−1
0 B1 = A1, B−1

0 BK = AK and B−1
0 wt = ut assuming that B0 is invertible.

The covariance matrix of the structural errors E(wt w
′
t) ≡ Σw = Ip such that the

reduced-form error covariance matrix is given by E(utu
′
t)≡ Σu = B−1

0 B−1′
0 . Going

from the structural form to the reduced form -and vice versa- requires knowl-
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edge about matrix B0 which contains the instantaneous relationships among
the variables included in the model, or about its inverse B−1

0 , the structural im-
pact multiplier matrix. Considering that ut = B−1

0 wt , the mutually correlated
reduced form innovations ut can be expressed as weighted averages of the mu-
tually uncorrelated structural innovations wt , with the elements of B−1

0 serving
as weights. Much of the structural-form VAR (SVAR) literature has focused on
different methods to recover estimates of B−1

0 , therefore see Kilian and Lütkepohl
(2017) for a textbook treatment on that matter.

Analogous to Lütkepohl (2005) and Lütkepohl (2013), a VAR of order K takes
the following form:

yt = A1 yt−1 + · · ·+ AK yt−K + ut , (1.1)

where yt = (y1t , . . . , ypt)
′ is a data vector containing a p-tuple of observed time

series, Ai (i = 1, . . . , K) are (p×p) fixed coefficient matrices and ut = (u1t , . . . , upt)
′

is a p-dimensional white noise innovation with E(ut) = 0 and covariance matrix
E(utu

′
t) = Σu.

VARs can be estimated using ordinary least squares (OLS), maximum likelihood
(ML) or Bayesian methods. The VAR in equation (1.1) can be rewritten in com-
pact form as

yt =
�

A1, . . . , AK

�

Zt−1 + ut , (1.2)

where Zt−1 = (y
′
t−1, . . . , y ′t−K)

′ ∈ RKp. As is well-known, e.g., see Lütkepohl
(2005), model parameters can be estimated efficiently by OLS. The estimator
is:

�

cA1, . . . ,cAK

�

=

�

N
∑

t=1

yt Z
′
t−1

��

N
∑

t=1

Zt−1Z ′t−1

�−1

. (1.3)

Note that this only works if
N
∑

t=1

Zt−1Z ′t−1 is invertible, so N ≥ Kp has to hold. For
any Gaussian process yt , where ut ∼ N(0,Σu), the OLS estimator from equation
(1.3) is equivalent to the ML estimator, conditional on the initial pre-sample
values (y0, . . . , yK−1).

Oftentimes, reduced-form VARs are believed to be theoretical, based on their
lack of econometric identifiability (they don’t rely on any parameter restriction
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to recover economic shocks; see Kilian (2013)) and their disconnectedness from
standard macroeconomic theory during the process of econometric specification
and estimation. Hence, VARs are mainly used for forecasting rather than policy
analysis. In the forecasting domain, reduced-forms VARs have benefited from the
development in Bayesian methods and the introduction of priors has become a
common practice following seminal work by Litterman (1984) and Doan et al.
(1986). In this work we will focus on unconstrained maximum likelihood es-
timation methods (some remarks will be made in chapter 2 section 2.3 about
allowing for constraints in the general state-space model).

1.3.3 VAR Lag Length and Model Validation

As outlined by Lütkepohl (2005), the normal VAR workflow starts with specify-
ing and testing a reduced-form model (to check whether the VAR represents the
data generating process of the variable adequately) before proceeding to actual
statistical inference. So we try to model our time series using (1.1) to decide on
lag length used.

The order K of the VAR is equal to the highest lag in the model. This is also called
the lag length. Here we discuss two approaches to determine the lag length. The
first approach is to use the LR (likelihood ration) test for parameter restrictions.
The LR statistic (Lütkepohl 2005) for testing a value K against K + 1 has the
following form:

LR(K) = N
�

log
�

det
�

bΣu(K)
�

�

− log
�

det
�

bΣu(K + 1)
�

��

, (1.4)

where

bΣu(K) = N−1
N
∑

t=1

ût û
′
t (1.5)

is the ML estimator of the residual covariance matrix for the value K. Here ût is
the estimate of ut .

A second approach to determine the lag length are information criteria for lag
order selection. Following Lütkepohl (2005), those criteria have the general
form:

C(K) = log
�

det
�

bΣu(K)
�

�

+ cNϕ(K). (1.6)
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Once again, the residual covariance matrix is given by equation (1.5), based
on LS residuals ût , ϕ(K) is a function of the order p that penalizes larger VAR
orders, and cN is a weight that may depend on sample size. Information criteria
are based on the premise that there is a trade-off between the improved fit of the
VARmodel, as K increases, and the parsimony of themodel. This allows to search
for the value of a lag order which balances competing objectives between model
fit and parsimony. Themost commonly used information criteria for VARs are the
Akaike (AIC), Hannan-Quinn (HQC) and Schwarz (SIC), all of them following a
similar structure to equation (1.6).

Once a lag length is determined, the assumption that the residuals are uncorre-
lated need to be tested. The residual auto-correlation is tested by means of the
Breusch-Godfrey LM test (Breusch 1978, Godfrey 1978). The null hypothesis
for the test states that all residual auto-covariances are zero. In contrast, the
alternative hypothesis states that at least one auto-covariance is different from
zero. This test is often accompanied by plots of the auto-correlation function
and the partial correlation function. Assume a VAR model for the error vector
ut = D1ut−1 + · · ·+ Dhut−h which will result in ARMA model which is as follow:

ût = A1Yt−1 + · · ·+ AK Yt−K + D1ût−1 + · · ·+ Dhût−h + ϵt . (1.7)

The above equation represents a ARMA model which is equivalent to a state-
space model. ARMAmodel provides parsimonious representations of linear data
generation processes. The setup for these processes in the presence of stationary
and cointegrated variables is considered.

We will check for autocorrelation in the above model. Once, it has been checked
that there is no auto-correlation, we will check for the assumptions of normality.
However, if there is autocorrelation then at least one of the Di, i = 1, . . . , hwill be
nonzero. Normality is checked by means of a multivariate version of the Jarque-
Bera test (Jarque and Bera 1987), although normality is not a required condition
for most VAR-based statistical procedures. The validity of the assumptions of
time introduce can also be investigated. Structural changes are tested by using
the so-called Chow-test (Chow 1960). In section 1.5 the question whether the
time series is stationary be addressed.

Application of Cointegrated State-Space
Models

15 Miaad Hamad Al-qurashi



1. Cointegration: Overview of Models and
Development 1.4 Spurious Regression

1.3.4 Limitations of the VAR Modelling

As most econometric model classes, VARs also have drawbacks. Here we will
outline the main two problems highlighted in the literature.

Probably the most well-known problem with VARs is related to the the curse of
dimensionality. Given that in VARs each variable is explained as a function of
its own lags and the lags of the remaining variables included in the data-set,
the number of parameters could grow fast if the lag order is increased or if the
number of variables grows and consequently, the model is prone to become over-
parameterized. Literature addresses the issue of dimensionality by suggesting
potential solutions. Sims (1980), Litterman (1984) and Doan et al. (1986) were
among the early proponents of the introduction of Bayesian methods to allow
for parameter shrinkage, and indeed, this has has been one of the most active
research areas in the domain of VAR models over the past three decades.

Another well-known issue is the problem of non-fundamentalness in VARmodels,
initially put forward by Lippi and Reichlin (1994) and subsequently expanded
by many others. The issue highlights that econometricians do not have all the
information that economic agents have (i.e. households, firms, and policymak-
ers). Particularly, the expectations of such agents may be formed in such a way
that they are not based on past information from the variables in the econo-
metric model, but rather incorporate additional information outside the model
to which econometricians do not have access. Consequently, the forecast errors
governing the data generating process cannot be equated with the reduced-form
innovations of the VAR model estimated by the econometricians, and as a result,
the causal effects (economic shocks) are non-fundamental. As outlined by Kil-
ian and Lütkepohl (2017), this problem has resulted into a strand of literature
that focuses on working with larger data-sets, which is possible either by aug-
menting VAR models with factors (such as the popular factor-augmented VAR)
or the development of dynamic factor models which are becoming increasingly
popular these days. Here the state-space models applied within the study play
an important role.

1.4 Spurious Regression

A critical review of literature shows that Yule (1926) was the first statistician to
address the topic of spurious regression, where two non-stationary time series
could show a high correlation along with an apparent causality, which might
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yield flawed results due to unseen or invalidated elements, such as serial corre-
lation. Decades later, econometricians became widely aware of spurious regres-
sion problems in time series models and a vast strand of literature emerged on
both model specification (e.g. Granger and Newbold 1974, Phillips et al. 1986)
and unit root detection (e.g. Dickey and Fuller 1979, Kwiatkowski et al. 1992).

1.5 Stationarity and Non-stationarity

Lütkepohl and Krätzig (2004) explained that a stochastic process yt is said to be
stationary if it has time-invariant first and second moments, namely if E(yt) = µ
for all t ∈ T where T is the time set, and if E[(yt−µy)(yt−h−µy)] = γh for all t ∈ T

and all integers h such that t−h ∈ T . The first condition means that all members
of a stationary stochastic process have the same constant mean, therefore a time
series generated by a stationary process must fluctuate around a constant mean
and does not have a trend. The second condition implies that the variances are
also time-invariant because, for h= 0, the variance σ2

y = E[(yt−µy)
2] = γ0 does

not depend on t; likewise, the covariances E[(yt − µy)(yt−h − µy)] = γh do not
depend on t but on the distance in time h of the two members of the process.

When the conditions explained above are violated, it is said that the time series
is non-stationary. Many macroeconomic variables are assumed to be either I(1)
or I(n) for some n ∈ N . The order of integration I(n) refers to how many times a
series should be differenced minimally to become stationary. Being I(n), n > 0,
means that the series is non-stationary of a very particular type, namely such
that differencing n times gives a stationary sequence. This is not the case for
a general non-stationary series. But in macroeconomics it is found empirically
that many variables are of this type. Hence, a stationary stochastic process is I(0)
because it does not need to be first differenced. Further, when no differencing
transformations are applied to a time series, it is said to be in level form.

The stationarity could be detected by visual inspection (since non-stationary
time series do not fluctuate around a stable mean and usually have a trend) or
more formally, by using unit root test. Among the most popular tests are the
ADF test (Dickey and Fuller 1979) and the KPSS test (Kwiatkowski et al. 1992),
however, Lütkepohl and Krätzig (2004) provide a more extensive overview of
different tests to assess stationarity of time series.

The ADF framework tests the null that the series has a unit root, against the
alternative of stationarity. The time series is non-stationary when the test statis-
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tic is higher (in absolute value) than the selected critical value, and otherwise
the series has no unit root. If a DGP is assumed to be an AR(K) process, it is
integrated when α(1) = 1−α1 − · · · −αK = 0. The test is:

∆yt = φ yt−1 +
K−1
∑

j=1

α∗j∆yt− j + ut , (1.8)

where φ = −α(1) and α∗j = −(α j+1 + · · ·+ αK). Namely, the test is based on the
t-statistic of the coefficient φ of the regression above, which can be estimated
through standard OLS. As well, the KPSS framework tests that the time series
is stationary as a null, against the alternative of unit root. If the test statistic is
below the selected critical value, the null hypothesis is rejected. The test has the
following statistic:

KPSS= 1
T 2

T
∑

t=1

S2
t

bσ2
∞

, (1.9)

where St =
t
∑

j=1

ŵ j with ŵ j = yt − y, and bσ2
∞ is an estimator of long run variance

process zt , namely

bσ2
∞ = lim

t→∞
T−1 Var

�

T
∑

t=1

zt

�

. (1.10)

This test departs from a DGP yt = x t + zt , where x t is a random walk and zt is a
stationary process.

1.6 Cointegration and Integrated Time Series

Most of the macroeconomic series are fairly smooth, moving with local patterns
or with long swings, yet the swings are not standard. It is this relative perfec-
tion that makes them unsatisfactory for examination with standard statistical
methods, which expects data to have "stationarity." In the context of macroeco-
nomics and finance, many series do not have this property and can be classified
"integrated" or, "non-stationary." However, when presented as changes or rates
of returns, these series show up nearer to being stationary. Statistical methods
to evaluate a single integrated series had been proposed already by Box and
Jenkins (1970), yet the joint examination of data sets of such series was miss-
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ing a significant element. It would appear the (weighted) difference between
a couple of integrated series or more generally a non-trivial linear combination
of a couple of integrated series can be stationary, and this property is known as
cointegration.

Besides, distinguishing between growth and cycles is fundamental in macroe-
conomics. One can define economic growth as the time-varying steady state,
or the permanent component, and cycles as deviations from the steady state,
or the transitory component. One may interpret the permanent and transitory
components as the natural rate and gap, respectively, though some economists
may disagree with such interpretation, in which case one can consider the per-
manent component of the natural rate. If shocks affecting the two components
differ, then policy prescriptions for promoting growth and stabilizing cycles dif-
fer. Thus, it is useful to decompose economic fluctuations into the two compo-
nents. One such model is the multivariate Beveridge-Nelson (BN) decomposi-
tion model Boswijk et al. (2010), which decomposes a multivariate series into
a random walk permanent component and a transitory component, assuming a
linear time series model such as a VAR model or a vector error-correction model
(VECM) for the differenced series. However, there is one drawback of using such
a model. If there is a large reduction in the long-run growth rate, a forecasting
model that fails to account for it will keep anticipating faster growth than ac-
tually occurs after the break, leading to a persistently negative estimate of the
output gap based on the (BN) decomposition.

The concepts of spurious regression, unit roots and stationarity lie at the core
of the cointegration debate and literature. Boswijk et al. (2010) provide an in-
depth review of the historical context in which cointegration emerged. The next
lines are based on their work. Engle and Granger (1987) is one of the most cited
time series econometrics papers, but the concept had already been introduced by
Granger (1981). There are several factors behind the success of cointegration,
according to Boswijk et al. (2010). First, it managed to combine different strands
of literature into a single framework in an elegant manner. Second, large-scale
macro-econometric models had less forecasting power than simple time series
models (e.g. AR, ARIMA), although the latter lacked economic theory. Third,
the presence of stochastic trends in macroeconomic time series motivated an ur-
gency for novel econometric tools to analyze such data in a proper way. Fourth,
the availability of macroeconomic data increased around those years, and there-
fore many researchers started to explore the existence of long-run equilibrium
relationships. Fifth, a key element allowed the practical implementation of the
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method: the increase of computing facilities and software tools to conduct coin-
tegration analysis.

As documented by Boswijk et al. (2010), after the introduction of the influential
Box-Jenkins methodology (ARIMA) in the early 1970s, it delivered high qual-
ity forecasts in despite of being a rather simple framework and the interest in
time series analysis -in economics- was boosted. ARIMA models had a better
forecasting power than most large-scale macro-econometric model at the time,
famous for containing several dozens of equations. Separately, the unit root
literature took off with papers like Dickey and Fuller (1979) and many others
as mentioned in the previous section. Moreover, such academic circumstances
were accompanied by three remarkable technological facts: the market entry of
affordable personal computers in the beginning of 1980s, the availability of re-
liable quarterly macroeconomic data for most western countries, and the explo-
sion in statistical packages and matrix programming languages made available
for personal computers.

In that scenario, cointegration models satisfied an urgent need of a small-scale
framework, incorporating stochastic trend data, useful for forecastingmacroeco-
nomic data. Of course, the development of the cointegration literature (similarly
to VAR) was not always smooth and it took years to extend the initial proposition
by Engle and Granger (1987).

1.7 Vector Error Correction Model

If two variables are non-stationary and first-order integrated I(1) hence station-
ary, they might still yield a stationary linear combination, which is known as
cointegration. In such scenario, the regression involving those variables is not
spurious and could provide insights about long-run relationships between them
Wooldridge (2012).

There are two approaches to cointegration and the corresponding error correc-
tion model. Engle and Granger (1987) proposed the two-step univariate ap-
proach which we are not addressing here. The second and probably the most
popular error correction approach is the one proposed by Johansen (1988, 1991)
under a VAR scheme. Recall the VAR with K lags in equation (1.1). It can be
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rewritten in vector error correction (VEC) form as:

∆yt = Πyt−1 +
K−1
∑

i=1

Γi∆yt−i + ut , (1.11)

where

Π=
j=K
∑

j=1

A j − IK , and Γi = −
j=K
∑

j=i+1

A j, and ∆yt = yt − yt−1.

As the reader might see by comparison to equation (1.1), a VEC is equivalent to
a VAR model.

The work by Engle and Granger (1987) shows that if the variables yt are inte-
grated of order 1, the matrix Π has rank 0 ≤ r < p, where r is the number of
linearly independent cointegrating relations. If the variables are cointegrated,
0 < r < p and comparison of (1.11) with (1.1) shows that a VAR in first differ-
ences is poorly specified because it omits the lagged level term Πyt−1. The study
aims to prove this fact in section 2.2, which also discusses state-space models.

1.7.1 VEC Estimation

This study considers a VEC model without deterministic terms that can be gen-
eralized to state space models see chapter 2 and section 2.2:

∆yt = Πyt−1 + Γ1∆yt−1 + · · ·+ ΓK−1∆yt−K+1 + ut , (1.12)

Where yt is a process of dimension p, rk(Π) = r with 0 ≤ r < p so that if r > 0,
then Π = αβ ′, where α and β are (p × r) matrices with rk(α) = rk(β) = r. All
other symbols follow conventional notations, namely, Γ j ( j = 1, . . . , K − 1) are
(p × p) parameter matrices and ut ∼ (0,Σu). yt is assumed to be I(1). The VEC
could be also written in matrix notation as:

∆Y = ΠY−1 + Γ∆X + U . (1.13)

In matrix notation,

∆Y :=
�

∆y1, . . . ,∆yT

�

,

Y−1 :=
�

y0, . . . , yT−1

�

,

Γ :=
�

Γ1, . . . , ΓK−1

�

,
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∆X :=
�

∆X0, . . . ,∆XT−1

�

with ∆XT−1 :=







∆yt−1
...

∆yt−K+1






,

U :=
�

u1, . . . , uT

�

.

The OLS estimator (Lütkepohl 2005) for a VEC is given by:

�

Π : Γ
�

=
�

∆Y Y ′−1 :∆Y∆X ′
�

�

Y−1Y ′−1 Y−1∆X ′

∆X Y ′−1 ∆X∆X ′

�

. (1.14)

The white noise covariance matrix is:

Σu := (T − pK)
−1
�

∆Y −ΠY−1 − Γ∆X
��

∆Y −ΠY−1 − Γ∆X
�′

. (1.15)

However, if one imposes rk(Π) = r and assumes yt is Gaussian, the VEC can
estimated by ML methods as in Johansen (1988). The log-likelihood function
for a sample of size T is:

ln l = −
pT
2

ln 2π−
T
2

ln | Σu | −

−
1
2

tr
�

�

∆Y −αβ ′Y−1 − Γ∆X
�′
Σ−1

u

�

∆Y −αβ ′Y−1 − Γ∆X
�

�

.
(1.16)

The asymptotic properties of both OLS and ML estimators are fully available in
chapter 7 of Lütkepohl (2005) book. The order of the VEC is always one less
than the underlying VAR. However, the number of parameters is the same (that
is if we count all the entries of Π as parameters).

1.7.2 Johansen Cointegration Test

Determining the cointegration rank is a key step in cointegration modelling. In
the context of VEC models formal methods are provided by Johansen (1988,
1991), namely, the trace test and the maximum eigenvalue test. Let r be the rank
of matrix Π (the number of cointegrating vectors), the trace statistic allows to
test whether the rank of Π is r0, against the alternative hypothesis where r0 <

rank(Π) ≤ p− 1, where p− 1 is the maximum number of possible cointegrating
vectors. If the null is rejected, then the next null is that rank(Π) = r0+1 and the
alternative hypothesis is that r0 + 1 < rank(Π) ≤ p− 1. The likelihood ratio test
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statistic is:

LR(r0, n) = −T
n
∑

i=r0+1

ln(1−λi). (1.17)

The maximum eigenvalue statistic tests whether the largest eigenvalue λ1 is zero
against the alternative that it is positive while the next largest eigenvalue is
zero. If the rank of Π is zero, then the largest eigenvalue is zero and there is
no cointegration; on the other hand, if the largest eigenvalue is different from
0, the rank of the matrix is at least one so these is a cointegrating vector and
there might be more cointegrating vectors. The same rationale applies to test
the second and third largest eigenvalues. The test statistic is:

LR(r0, r0 + 1) = −T ln(1−λr0+1). (1.18)

1.7.3 Practical Issues in VEC Modelling

VEC offers two distinct advantages compared to VAR and their significance will
vary depending on the objectives of the researcher. First, there are gains in
terms of statistical efficiency when the VEC is correctly specified. Second, such
model facilitates the imposition of restrictions on the long-run effects or struc-
tural shocks in a VAR.

The practical workflow follows a logical method. First, the econometrician must
verify the potential existence of unit roots in the time series that will be used in
the model, in particular to determine the order of integration of the series. If the
series are found to be non-stationary (i.e. they have a unit root as it was assumed
from the outset that the series is integrated for some values of n, i.e., I(n)), it
is advised not to use a straight forward regression model, see Yule (1926), as
it would yield spurious and statistically unreliable results. A popular approach
to work with non-stationary series models relies on exploring cointegration re-
lationships. Both the two-step (Engle and Granger 1987) and the multivariate
Johansen (1988, 1991) approach to cointegration serve the purpose of inspect-
ing long-term relationships test for cointegration. If the variables are found to
be cointegrated, it means that they yield non-spurious results despite their lack
of stationarity. If the variables are not cointegrated, they could be used in a VAR
under the assumptions put forward by Sims et al. (1990), Doan et al. (1986), but
they should not be used in standard regressions. Regarding the steps outlined
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above, there is not a unique way to proceed. At all of the stages described, the
researcher’s judgement plays a significant role when deciding which approach
to follow, how to deal with non-stationarity, and which methodology to select.
Section 4 will find cases in which cointegration modelling with state-space work
better than the standard VECM.

1.8 State-Space Models

A state-space model is an overall model that includes an entire class of unbe-
lievable instances in much a similar way as linear regression does. It is also
known as a dynamic linear model which was presented by Kalman et al. (1960)
and Kalman and Bucy (1961). The model was used in the setting of tracking a
nominal trajectory in space, where the state equation characterizes the move-
ment equations for the position or velocity of a spacecraft with area x t and the
data yt to reflect information which can be observed to perform maximum like-
lihood estimation. In spite of the fact that the filter was originally considered
as a technique for use in aerospace-related examination, the model has been
applied to modeling data from economics (Harrison and Stevens 1976, Harvey
and Todd 1983, Shumway and Stoffer 1982), medical sciences (Jones 1984)
and the environmental sciences (Shumway 1988). A treatment of time series
investigation dependent on the state-space model is the research by Durbin and
Koopman (2001). Also, study by Douc et al. (2014) presented findings relevant
to non-linear state-space models. Generally, the state-space model is described
by two processes. To start with, there is a latent or hidden procedure x t called
the state process. The state process is expected to be a Markov process; this im-
plies the future {xs; s > t}, and past {xs; s < t}, are independent contingent on
the present, x t . The subsequent condition is that the observations, yt are con-
ditionally independent given the states x t . This implies the correlation among
the observations is created by states. In the following chapters, the study will
focus on incorporating the cointegration into the state-space model. This tech-
nique proposes an estimation method using parameterization that translates the
cointegration property into a low-rank constraint on a resulting likelihood opti-
mization problem. Hence, this study will highlight the advantages of using the
state-space cointegrated models in the field of economics research.
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Chapter 2

The Discrete-Time State-Space
Error Correction Model

In this chapter we will discuss some of the fundamental concepts used in the
study of economic and financial time series. The co-integration rank, generally
denoted as r in this thesis, represents the number of independent linear com-
binations satisfying stationarity property. Our set of economic time series will
then be said co-integrated of rank r, see Engle and Granger (1991). In general,
most economic and financial time series are different stationary. Over many
decades econometricians have been interested in developing models to study
economic time series behaviors, see Boswijk et al. (2010). The most common
linear time series models are driven by a stochastic white noise process, that if
often taken to be a Gaussian white noise process. This is also what we will do
in this thesis. Within time series modeling the VAR and VARMA models play
a special role. VAR models are utilized in academic and functional settings to
investigate the connections among several economic variables. VAR models are
a particular case of the VARMA model, which is suitable for multivariate analy-
sis and utilizes the moving average along with the VAR structure. While VAR
models remain the most widely used model for cointegration studies, there is
a growing interest in cointegrated VARMA models. Existing specification and
estimation procedures for co-integrated VARMA models can be found in Yap
and Reinsel (1995), Lütkepohl and Claessen (1997), and also Poskitt (2006).
Common to these papers is the use of the reverse "Echelon-Form", a set of pa-
rameter restrictions that make sure the remaining coefficients are identified for
the likelihood function. A related but different approach uses so-called "scalar
component" representations originally proposed by Tiao and Tsay (1989) and
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embedded in a complete estimation procedure by Athanasopoulos and Vahid
(2008). While both structures can be quite parsimonious representations of a
given process, they can display relatively complex structures. Cooley and Dwyer
(1998) claim that modeling macroeconomic time series systematically as the un-
derlying economic theory does not justify pure VARs. A comparison of structural
identification using VAR, VARMA and state-space representations is provided by
Kascha and Mertens (2009). They estimate vector autoregressive moving aver-
age (VARMA) and state-space models, which are not misspecified, using simu-
lated data and compare true with estimated impulse responses of hours worked
to a technology shock, and they find few gains from using VARMA models.

However, the VARMA form is very convenient for the interpretation of the re-
sults. The state-space model is equivalent to VARMA as the estimated state-space
model can constantly be rewritten as a VARMA model and any VARMA model
can always be rewritten in state-space form. Compared to the state-space model,
the VARMA model, we think, is not a good starting point for parameter estima-
tion as it has several drawbacks (a) one needs to estimate a, possibly significant,
number of discrete parameters, related to the maximal delays in the VARMA
equations, while in the cointegrated state-space model the state-space dimen-
sion (MacMillan degree) and the cointegrating rank are the only two discrete
parameters that have to be determined (estimated). (b) as has been shown in
Hanzon (1993), the VARMA parameters can take on huge values (theoretically
they can take arbitrarily large values) even though the corresponding impulse re-
sponse coefficients are bounded. Therefore, one has to search over unbounded
parameter space. In the approach followed in this thesis, we can reduce the
search to one over a parameter space that is bounded (the parameters are an-
gles). Therefore, our approach become very interesting as the state-space model
can constantly be rewritten as a VARMA model.

State-space equations can specify any linear time-invariant finite dimensional
Gaussian time series process on the one hand or by VARMA equations on the
other hand. In this thesis, we work with the state-space equations, but using
established methods, these can be transformed into VARMA equations and vice
versa. So one would perhaps expect that maximum likelihood estimation would
give identical results whether one uses the state-space version or the VARMA
version of the process. In practice, this is, not entirely true, because to apply
the maximum likelihood estimation procedure, one has to determine a number
of discrete parameters: in the case of state-space, one has to determine to the
dimension of the state-space (also known as the order or the MacMillan degree);
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in the case of the VARMA representation one has to determine the maximal de-
lays in the AR and the MA part, and these delays will have to be determined
in the context of a particular canonical form for the VARMA model (such as
the echelon form). The result is that the likelihood function is maximized over
different subsets of models when one used state-space on the one hand and
VARMA on the other. However, if the discrete parameters (MacMillan degree in
the case of state-space and the delay parameters in the case of VARMA) are esti-
mated correctly, both approaches should give the same answers asymptotically.
One can conclude that one method to obtain a maximum likelihood estimate in
the VARMA form is to compute a maximum likelihood estimator for the state-
space model and represent the result in the VARMA form. This also holds for
co-integration models.

This chapter introduces State-Space Error correction models (henceforth
SSECM) as a specific type within the general class of linear state-space mod-
els. For this purpose, we introduce a unique representation of the class of
observationally equivalent linear state-space models. An example for such
a representation in the context of VARMA models is the echelon canonical
form (see Boswijk et al. (2010)). The advantage of this form is that the
non-stationary and stationary parts are decoupled and can be transformed
separately. The difficulty with the echelon forms is that they are often not
suitable for parameterization for likelihood optimization. SSECMs are novel
development in the field of time series econometrics, initially introduced by
Ribarits and Hanzon (2014a,b). We will also use SSECMs but we use totally
different parameterizationsn compared to those used in Ribarits and Hanzon
(2014b,a). They are based on the (input normal) canonical forms of Hanzon
et al. (2009) which hav good properties for likelihood optimization.

A linear state-space model can be taken to be observable and controllable. The
theory of controllability plays a vital role in the design of modern control sys-
tems. It has been developed for a large part in the area of Control Theory, but
also in the context of Time Series models (Bierens 1997). Parameterization is
the process of deciding and defining the parameters necessary for a complete or
relevant specification of amodel. It is primarily amathematical process involving
identifying a complete set of effective coordinates of the system or model. How-
ever, we are working with controllable models. A controllable one can replace
a model that is not controllable with a smaller state-space dimension, which is
equivalent to its input-output behavior. Indeed, a state-space model is minimal
if and only if it’s controllable and observable (see Hannan and Deistler (1988)).
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The literature and established results on state-space models will be helpful to
study State-Space Error, correction models. The co-integration property trans-
lates into a low-rank condition on an appropriate matrix. We will strive to find
the maximum likelihood estimator by maximizing the likelihood function. First,
we will partially optimize the likelihood function analytically. The resulting cri-
terion is a function of eigenvalues of a matrix due to the low-rank constraint.
Mirroring the Johansen approach, Ribarits and Hanzon (2014b,a) we reduce the
constrained non-linear likelihood optimization of the parameters of the SSECM
to a low-rank generalized eigenvalue-eigenvector problem. Hence, there are
several steps to be taken to first solve this partial optimization problem. For
completeness, we will follow the steps in Ribarits and Hanzon (2014a,b). In
the following sections, we outline the basic concepts and theorems, providing
more detail. Then, after the partial optimization steps have been completed, we
will use a search method to optimize the remaining model parameters. We will
apply the envelope theorem to calculate the derivatives of the parameterized
matrix eigenvalues, which will allow us to use a gradient method. We apply a
new parameterization that we mentioned earlier Hanzon et al. (2009). This has
a minimal number of parameters, each of which is taken from a finite interval.
An overview of the sections in this chapter is now as follows:

First, section 2.1 will introduce the SSECM as a specific type state-space model.

After, in section 2.2, we will explain the proposed state-space error correction
model and show that a co-integrated state-space model can be rewritten in
SSECM form and how the structure of the SSECM can be exploited to set up
a strategy to minimize the likelihood function. There is a new, concise proof of
the critical rank condition in the error correction model. Hence, in section 2.3,
we end up with the partially optimized (“concentrated”) likelihood in terms of a
number of remaining parameters. Here, we follow the approach of Ribarits and
Hanzon (2014b,a) closely.

Then, in section 2.4, we will present the parameterization that is obtained by
considering in a particular form, namely the so-called input-normal sub-diagonal
pivot structure. The parameterization of the models that is used here is entirely
different from that in Ribarits and Hanzon (2014b,a).

Finally, in section 2.5, a gradient method (gradient search algorithm) is derived
to optimize the remaining parameters of the model. An error concerning the
use of the envelope theorem in Ribarits and Hanzon (2014b,a) is detected and
corrected in this section.
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2.1 Specification of the State-Space Model

with Cointegration

2.1 Specification of the State-Space Model with
Cointegration

A textbook treatment of state-space models is provided in chapter 18 of Lütke-
pohl (2005). The state-space models have been widely used in system theory,
engineering, and physical sciences. State-space models are based on the general
idea that an observed (multiple) time series depends on a possibly unobserved
state which follows a stochastic process, and such relationship is described by the
observation or measurement equation. A basic model is given by yt = Htzt + vt ,
where yt is a vector of observable time series, zt is the unobserved state, Ht

is the measurement matrix that depends on the period of time t, and vt is the
observation error oftentimes assumed to be a noise process. The state vector is
generated as zt = Bt−1zt−1 + wt−1, which is often called the transition equation
since it describes the transition of the state vector from period t − 1 to t. Bt is
coefficient matrix that may depend on t, and wt is an error process.

The aim of this section is to introduce State-Space Error correction models
(henceforth SSECM), as a specific type within the State-Space domain. SSECMs
are a novel development in the field of time series econometrics, initially
introduced by Ribarits and Hanzon (2014a,b).Imagine the following linear,
time invariant, discrete time state-space system for t = t0, t0 + 1, t0 + 2, . . .:

x t+1 = Ax t + Bϵ t , x t0
= x0, (2.1)

yt = C x t + ϵt . (2.2)

Here, x t is a n-dimensional unobserved state vector. A ∈ Rn×n, B ∈ Rn×p, and
C ∈ Rp×n are parameter matrices. yt is the observed p-dimensional output. Ad-
ditionally, (ϵt)t∈N is a p-dimensional Gaussian discrete time white noise process
with Eϵt = 0 and Eϵtϵ

′
t = δs,tΣ where δs,t = 1 for s = t and δs,t = 0 otherwise.

Often, this model is based on the following assumptions:

(i) (A, B, C) is minimal (if not it can be replaced by a minimal model, i.e. one
with minimal n).

(ii) The eigenvalues of A are strictly within the unit circle or at one.
(iii) The algebraic multiplicity of the eigenvalue one of A is equal to its geo-

metric multiplicity, c.
(iv) The eigenvalues of (A− BC) are strictly within the unit circle, which is

called the strict minimum phase assumption.
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As is well known Ribarits and Hanzon (2014a,b) such a state-space system is
minimal if and only if;

rk
�

B, AB, . . . , An−1B
�

= rk
�

C ′, A′C ′, . . . , (A′)n−1C ′
�′
= n.

2.2 The Cointegrated Discrete-Time State-Space
Error Correction Model

Given that the assumptions (i)-(iv) discussed in the previous section hold, A
square matrix A is asymptotically stable if | λmax(A) |< 1, where λmax(A) denotes
an eigenvalue of A of maximum modulus. A is stable if the sequence of matrices
{Ak}∞k=0 is bounded. The assumptions (ii) and (iii) imply that A is stable. The
multiplicity c is equal to the number of common trends in the model. If c satisfies
1≤ c ≤ p−1, then it is within the class of cointegrated I(1)models. The number
r := p − c is called the rank of cointegration, namely, the number of linearly
independent cointegrating vectors. This terminology is explained below:

By rewriting (2.2) as (2.8) below and substituting for ϵt in (2.1) the study ob-
tains the inverse state-space model (with yt as inputs and ϵt as outputs), as
follows:

yt = CAt−t0 x0 +
t−t0
∑

j=1

CAj−1Bϵt− j + ϵt . (2.3)

For simplicity, in this study we will assume that x0 = 0, and we will define ϵt = 0,
yt = 0, for all t with t < t0. Let z denote the lag operator acting on the (infinite)
time series so that z yt = yt−1, then (2.3) can be written as:

yt = k(z)ϵt , (2.4)

where

k(z) =
∞
∑

j=1

CAj−1Bz j + I . (2.5)
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Interpreting z as a complex number with |z| sufficiently small, one obtains the
formula

k(z) = Cz(I − zA)−1B + I . (2.6)

As this is a rational matrix function, it is actually well-defined for all z ∈ C,
z−1 /∈ σ(A). Here, as well as in the following, the spectrum of A is denoted
by σ(A). The matrix k(z) is a p × p is a matrix of rational functions called the
transfer matrix or transfer function corresponding to the state-space model. Let
k(z) := k(z)−1 = zC(I − zA)−1B + I , where (A, B, C) can be obtained by inverting
the state-space model to obtain:

x t+1 = (A− BC)x t + B yt , (2.7)
ϵt = −C x t + yt , (2.8)

where

A= (A− BC),

B = B,

C = −C .

Then

ϵt = k(z)yt =
∞
∑

j=1

C(A) j−1B yt− j + yt . (2.9)

As shown by Ribarits and Hanzon (2014a), it is known that the geometric mul-
tiplicity of c of 1 as an eigenvalue of A can be read off from the rank of k(1),
which is in fact rank(k(1)) = r = p − c. We will give a short alternative proof
below (see Theorem 1) .

An equivalent statement is that there must exist a pair of full column rank p× r

matrices α and β , such that k(1) = C(I − A)−1B + I = −αβ ′. By defining

ek(z) := I +
k(z)− k(1)z
(z − 1)

,
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one finds ek(0) = 0 and the equation

ϵt = k(z)yt =
�

ek(z)(z − 1) + k(1)z − (z − 1)
�

yt

can be rewritten in the error correction form:

∆yt = Πyt−1 +ek(z)∆yt + ϵt , (2.10)

where Π= k̄(1) is a matrix of rank r.

As ek(0) = 0, one finds that except for ϵt , the terms on the right-hand side of
(2.10) are known at time t−1; therefore, such an equation could be considered
a regression equation where coefficients α, β and those determining ek have to
be estimated.

From the state-space matrices for ek(z), the error correction form in equation
(2.10) can be rewritten in the state-space error correction form (SSECM) as shown
in (Ribarits and Hanzon 2014a):

∆yt = Πyt−1 + CA(I − A)−1 x̃ t + ϵt ,

x̃ t+1 = Ax̃ t + B∆yt ,

s.t. −Π= C(I − A)−1B + Ip, (SSECM),
(2.11)

where A := (A− BC), B := B, and C := −C and x̃ t = ∆x t . Here all variables
with time index less than t0 are declared to be zero for the consistency of the
notation.

Lemma 1. Let a state-space model follow the assumptions as outlined, with c de-
noting the multiplicity of 1 as an eigenvalue of A, and r the number of linearly in-
dependent cointegrating relations of the process yt . Then c ≤min(n, p), r = p− c,
and

rk
�

C(I − A)−1B + Ip

�

= r.

The lemma follows directly from the following (general) theorem.

Theorem 1. Assume that (A, B, C) is minimal, and (I−A+BC) is invertible. Then:
I − A has rank n− c⇐⇒ rk(−C(I − A+ BC)−1B + Ip) = p− c(= r).

Proof. This was shown in Ribarits and Hanzon (2014a,b). Here, we will pro-
vide an alternative and much shorter, direct proof. Note that (using partitioned
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matrices in an obvious way)
�

I − A+ BC B

C Ip

�

×

�

In 0

−C Ip

�

=

�

I − A B

0 Ip

�

,

and
�

I − A+ BC B

C Ip

�

×

�

In −(I − A+ BC)−1B

0 Ip

�

=

�

I − A+ BC 0

C −C(I − A+ BC)−1B + Ip

�

.

It follows that the co-rank c of I−A is equal to that of −C(I−A+BC)−1B+ Ip and
both are equal to the co-rank of

�

I − A+ BC B

C Ip

�

,

as I − A+ BC is invertible. It follows that rk(I − A) = n − c ⇐⇒ rk(−C(I − A+
BC)−1B + Ip) = p− c(= r).

It is follows that the SSECM exhibits cointegration with cointegration rank r if
and only if rk(Π) = r = p − c. As is well-known rk(Π) = r ≤ p if and only
if Π = αβ ′, for some appropriate full rank p × r matrices α and β . Hence,
the following SSECM is obtained for a cointegrated state-space model with r

cointegrating relations:

∆yt = αβ
′ yt−1 + CA(I − A)−1 x̃ t + ϵt ,

x̃ t+1 = Ax̃ t + B∆yt ,

s.t. −αβ ′ = C(I − A)−1B + Ip, (SSECM).
(2.12)

Remark 1. In Ribarits and Hanzon (2014a), an analogous result was obtained in
the context of reformulating the model in so-called error correction form. This form
was popularized by Engle and Granger (1987). However, the proof given here is
different, much shorter andmore direct than in Ribarits and Hanzon (2014b). Even
in those cases in which an error-correction formulation of the model is unknown,
such as in the continuous-discrete model to be studied in chapter 3, the theorem 1
can still be used to translate the cointegration property into a low rank property.
See chapter 3 for details.
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Remark 2. The SSECM is a generalization of the well-known error correction for-
mulation in the vector-autoregressive framework.

Remark 3. It is an illustrative exercise to count the number of free parameters
using the representation in terms of the SSECM: There are n2 + 2np entries in
(A, B, C) and 2p(p − c) entries in α and β , which makes a total of n2 + 2np +
2p(p − c) parameters. However, one can apply a state transformation of the form
x̂ t = T x̃ t , T ∈ Gl(n), to obtain an observational equivalent SSECM with (TAT−1,
T B, C T−1) instead of (A, B, C); hence, it is needed to subtract n2 degrees of freedom
to determine the dimension of the class of observational distinct models, giving a
total of 2np+ 2p(p− c).

One can write any VAR model as a state-space model. Consider a p-dimensional
VAR of order K, yt = Π1 yt−1+ · · ·+ΠK yt−K+ϵt , which could be written in a more
convenient form as a(z)yt = ϵt , where a(z) = I −Π1z − · · · −ΠKzK . The transfer
function k(z) from (ϵt) to (yt) is given by k(z) = a(z)−1. The state vector x t =
(y ′t−1, . . . , y ′t−K)

′ is defined to obtain the following state-space representation:

x t+1 =











Π1 Π2 · · · Πk−1 Πk

Ip 0 · · · 0 0
... ... ... ...
0 0 · · · Ip 0











x t +











Ip

0
...
0











ϵt ,

yt =
�

Π1 Π2 . . .ΠK−1 ΠK

�

x t + ϵt .

(2.13)

The state-space representation of a VAR, as in equation (2.13), is widely known
as the matrix companion form of the VAR model. The inverse transfer function is
given by k(z) = a(z) and the state-space representation is:

x t+1 =











0 0 · · · 0 0

Ip 0 · · · 0 0
... ... ... ...
0 0 · · · Ip 0











x t +











Ip

0
...
0











yt ,

ϵt = −
�

Π1 Π2 . . .ΠK−1 ΠK

�

x t + yt ,

(2.14)

where ϵt = −Π1 x (1)t − · · · −Πk x (k)t + yt .

Lemma 2. The state-space representations in (2.13) and (2.14) are minimal if
and only if rkΠk = p.
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Proof. See Ribarits and Hanzon (2014b,a).

Remark 4. A VEC model can be similarly rewritten as a SSECM, see Ribarits and
Hanzon (2014b,a). The foregoing theorem can then also be applied to show that
rk(Π) = r, as was shown in Engle and Granger (1987) by a more complicated
argument.

2.3 Maximum Likelihood Estimation of the SSECM

Ribarits and Hanzon (2014b,a) developed the SSECM outlined in the last sec-
tion in such a way that it can be viewed as a generalization of Johansen’s VECM
taken into a state-space setting. In doing so several parameters can be optimized
analytically. Also, they hoped that such similarities between the methodologies
would encourage practitioners to explore state-space modelling as an interest-
ing alternative to the current VAR-based approach. Mirroring the Johansen ap-
proach, Ribarits and Hanzon (2014b,a) reduce the constrained non-linear like-
lihood optimization of the parameters of the SSECM to a low-rank generalized
eigenvalue-eigenvector problem. This is achieved by sequentially concentrating
out a number of the model parameters with respect to the optimization problem,
namely (α, β , C , Σ), in a similar fashion to Johansen’s approach for VECM. This
eventually leaves only the parameters (A, B) (and β2 if n < p) which require a
different method of optimization that is treated in section 2.4. Following this
concentrating out of parameters Σ(σ), C , the resulting reduced rank general-
ized eigenvalue-eigenvector problem can be solved analytically, assuming that
(A, B) (and β2 if n < p) are known or have been determined. Similar notation
to Johansen (1995) is adopted, where: Z0t = ∆yt ∈ Rp×1, Z1t = yt−1 ∈ Rp×1

and Z2t = x̃ t ∈ Rn×1. Finding the Gaussian MLE for the parameters of the
SSECM involves solving the following non-linear constrained optimisation prob-
lem: min L(α, β , A, B, C , σ) where

L
�

α, β , A, B, C , σ
�

= logdetΣ+
1
T

T
∑

t=1

�

Z0t −αβ ′Z1t − CA(I − A)−1Z2t

�′
Σ−1·

�

Z0t −αβ ′Z1t − CA(I − A)−1Z2t

�

(2.15)
subject to

C
�

(I − A)−1B
�

= −(Ip +αβ
′).

Remark 5. The constraint is derived from equation (2.12).
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The optimisation problem can be addressed by performing a series of con-
centration steps whereby the original constrained optimisation problem of
L(α,β , A, B, C ,Σ) is successively reduced to an unconstrained optimisation
problem of L4c involving only (A, B) (and β2 if n< p) as:

L4c(A, B) = logdet S00 + log
r
∏

i=1

(1−λi) + p. (2.16)

In this equation, λ1, . . . ,λr denote the r largest eigenvalues of the generalized
eigenvalue problem det(λS11 − S10S−1

00 S01) = 0, where S11 and S10 = S′01, will
be defined in (2.15). Depending only on (A, B) and β2, we will define empirical
variance-covariance matrices obtained from regression residuals in the course of
the step-wise concentration process. That said, for a given (A, B) and β2, the set
of global optimized parameters (bα, bβ , Ĉ , bΣ) of the original likelihood function L

can be explicitly obtained such that the remaining unconstrained optimisation
problem involves (A, B) and β2 solely.

2.3.1 Reformulation of the Likelihood Optimization Problem

One can set R = (In − A)−1B ∈ Rn×p to obtain CR = −(Ip + αβ
′) (if n ≥ p) or in

vectorized form (R′⊗ Ip)vec C = −vec(Ip+αβ
′). Matrix R depends on (A, B) only.

To be able to handle the restrictions CR = −(Ip + αβ
′) we would like R to have

full row rank. However, this is not always the case:

• If n > p (R is a tall matrix), then R has full column rank p only if B has full
column rank p.

• If n= p (R is a square matrix), then the number of restrictions is equal to the
number of entries in C and the rank condition is again satisfied if B has full
column rank p = n.

• If n< p (R is a broad matrix), then there are more restrictions than entries in
C and consequently, the rank condition rk(R′R) = p will not be satisfied (for
any set of (A, B) pairs) anymore.

For all three cases, the constrained optimization problem in equation (2.15) can
be reformulated as follows:
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min L(α1,β1,α2, β2, A, B, C , σ) where

L
�

α1, β1, α2, β2, A, B, C , σ
�

= logdetΣ(σ)

+
1
T

T
∑

t=1

�

Z0t −α1β
′
1Z1t −α2β

′
2Z1t − CA(I − A)−1Z2t

�′
Σ(σ)−1

·
�

Z0t −α1β
′
1Z1t −α2β

′
2Z1t − CA(I − A)−1Z2t

�

,

(2.17)

subject to
[C , α2]eR= −(Ip +α1β

′
1),

with
eR=

�

(In − A)−1B

β ′2

�

∈ R(n+k)×p, n+ k ≥ p and rkeR= p,

where
(α1,α2) = α, and (β ′1,β ′2) = β

′,

where α1 ∈ Rp×(r−k), β1 ∈ Rp×(r−k), α2 ∈ Rp×k and β2 ∈ Rp×k, α2 and β2 only
appear in case k > 0 where k =max(0, min(p−n, r)) and r = rk(αβ ′) = p− c.

Restricting the parameter set Θ for (α1, β1,α2, β2, A, B, C , σ) to the set where eR
has full column rank leaves an open and dense subset Θ∗ of Θ. Along with the
continuity property of the likelihood function, this implies that the infimum over
Θ coincides with the infimum over Θ∗.

Remark 6. Some special cases

(i) If (α1,β1) =∅, then r = k and

�

C , α2

�

eR= −Ip, eR ∈ R(n+r)×p.

(ii) If (α2,β2) =∅, then k = 0 and

�

C
�

eR= −
�

Ip +α1β
′
1

�

, eR ∈ Rn×p.

The optimisation problem will be solved in various steps. For completeness, we
repeat the steps in Ribarits and Hanzon (2014a,b).

Application of Cointegrated State-Space
Models

37 Miaad Hamad Al-qurashi



The Discrete-Time State-Space Error
2.3 Maximum Likelihood Estimation of the

SSECM

2.3.2 Concentrating Out [C , α2]

For concentrating out C , similar steps were used as Hanson, however, in this
study, we have used a slightly different approach to estimate the bounded pa-
rameters. For instance, in the equation below, the second order moment matrix
of the corresponding vector is denoted by Zi t and Z j t , i, j ∈ {0, 1, 2} by:

Mi j =
1
T

T
∑

t=1

Zi t Z
′
j t . (2.18)

Theorem 2. Assume (α1, β1, β2, A, B, σ) is such that eR satisfies the rank condition
in equation (2.17), (A, B) is controllable and β2 ∈ Rp×k, k ≤ p, is of full column
rank. Furthermore, let

�

M11 M12

M21 M22

�

> 0

hold true. Then the unique global constrained minimizer [bC , bα2] solving

min
[C ,α2]

L
�

α1, β1, α2, β2, A, B, C , σ
�

is independent of σ ,and [bC , bα2] is given by:

[bC , bα2] =
�

�

M02(I − A)−1′A′, M01β2

�

−α1β
′
1

�

M12(I − A)−1′A′, M11β2

�

�

H11 − (Ip +α1β
′
1)H21,

(2.19)

where
�

H11 H12

H21 H22

�

=

�

M R

R
′

0p

�−1

, (2.20)

and
M = A(In − A)−1M22

�

(In − A)−1
�′

A′,

and
R= (In − A)−1B.

Note that H11 ∈ Rn×n, H12 ∈ Rn×p, H21 ∈ Rp×n and H22 ∈ Rp×p.
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Let the matrices eZ1t , eZ2t , R0t and R1t be specified as follows:

eZ1t = β
′
2Z1t ∈ Rk×1, (2.21)
eZ2t = A(I − A)−1Z2t ∈ Rn×1, (2.22)

R0t = Z0t −
�

�

M02(I − A)−1′A′, M01β2

�

H11 −H21

�

�

eZ2t

eZ1t

�

∈ Rp×1, (2.23)

R1t = Z1t −
�

�

M12(I − A)−1′A′, M11β2

�

H11 +H21

�

�

eZ2t

eZ1t

�

∈ Rp×1,

t = 1, 2, . . . , T.

(2.24)

Inserting bC= [bC , bα2] into the likelihood function in equation (2.17), results in:

L1c
�

α1, β1, β2, A, B, σ
�

:= L
�

α1, β1, bα2, β2, A, B, bC , σ
�

= logdetΣ+ tr

¨

1
T

T
∑

t=1

Σ−1

�

Z0t −α1β
′
1Z1t −
bC

�

eZ2t

eZ1t

��

�

·
�′
«

= logdetΣ+
1
T

T
∑

t=1

(R0t −α1β
′
1R1t)

′Σ−1(R0t −α1β1R1t).

(2.25)

Proof. See Ribarits and Hanzon (2014b,a).

The dot in the second bracket in the second row of (2.25) indicates that the
same term as in the first bracket appears.

Remark 7. Note that:

• If M is invertible, then usage of the well-known partitioned matrix inversion for-
mula yields

�

H11 H12

H21 H22

�

=

�

M
−1
−M

−1
R(R
′
M
−1

R)−1R
′
M
−1

M
−1

R(R
′
M
−1

R)−1

(R
′
M
−1

R)−1R
′
M
−1

−(R
′
M
−1

R)−1

�

.

• If p ≤ n then eZ1t does not appear nor do α2 and β2.

Remark 8. This concentration step with respect to C and α2 corresponds to the
concentration step with respect toψ= (Γ1, . . . , Γk−1,Φ) in Johansen’s (1995) vector-
autoregressive cointegration framework. In such framework, however, there are no
relations between αβ ′ and the parameters in Γi, i = 1,2, . . . , k− 1.
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2.3.3 Concentrating Out α1

Let the second order moment matrix corresponding to Ri t and R j t , i, j ∈ {0,1}
be given by:

Si j =
1
T

T
∑

t=1

Ri tR
′
j t ∈ Rp×p. (2.26)

The following theorem assumes that β ′1S11β1 > 0 where β ′1S11β1 ∈ R(r−k)×(r−k).
Note that r − k < r < p. The assumption is correct if S11 > 0 and β1 has full
column rank.

Theorem 3. Let (β1,β2, A, B, σ) be given such that β ′1S11β1 > 0. Then the unique
global minimizer solving minα1

L1c(α1,β1,β2, A, B, σ) is independent of σ and is
given by:

bα1 = S01β1

�

β ′1S11β1

�−1
. (2.27)

Inserting bα1 in equation (2.25) results into:

L2c
�

β1,β2, A, B, σ
�

:= L1c
�

bα1,β1,β2, A, B, σ
�

= log detΣ+
1
T

T
∑

t=1

�

R0t − S01β1(β
′
1S11β1)

−1β ′1R1t

�′
Σ−1
�

·
�

.
(2.28)

Proof. See Ribarits and Hanzon (2014b,a).

2.3.4 Concentrating Out σ

Theorem 4. Let (β1,β2, A, B) be given such that:

1
T

T
∑

t=1

�

R0t − S01β1(β
′
1S11β1)

−1β ′1R1t

�

�

·
�′
> 0.

Then the unique global minimizer solving min
σ:Σ>0

L2c(β1,β2, A, B, σ) is given by:

Σ(bσ) = S00 − S01β1

�

β ′1S11β1

�−1
β ′1S10. (2.29)

Inserting Σ(bσ) into equation (2.28) yields:

L3c
�

β1,β2, A, B
�

:= L2c
�

β1,β2, A, B, bσ
�

= logdet
�

S00 − S01β1(β
′
1S11β1)

−1β ′1S10

�

+ p.
(2.30)
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Proof. See Ribarits and Hanzon (2014b,a).

2.3.5 Concentrating Out β1

Lemma 3. Let M and N be positive semi-definite symmetric matrices of dimension
p × p such that N x = 0 implies M x = 0, x ∈ Rp. Let rk(N) = en ≤ p and rk(M) =
m≤ p, then m≤ en. Let β ∈ Rp×r , r ≤ m. The function

f (β) =
detβ ′Mβ
detβ ′Nβ

, detβ ′Nβ ̸= 0 (2.31)

is maximised as follows:

• Solve the eigenvalue problem det(pI − N) = 0 for the eigenvalues p1 ≥ · · · ≥
p
en > p
en+1 = · · · = pp = 0 and a corresponding matrix of orthogonal eigenvectors

W = [w1, . . . , wp]. Define the matrix:

C = [w1, . . . , w
en]















√

√ 1
p1

. . .
√

√ 1
p
en















∈ Rp×en such that C ′NC = I
en.

• Solve the eigenvalue problem det(λI − C ′MC) = 0 for the eigenvalues λ1 ≥ · · · ≥
λ
en ≥ 0 and a matrix of orthogonal eigenvectors V = [v1, · · · , v

en] ∈ Ren×en. Define
the matrix D = [d1, . . . , d

en] = CV ∈ Rp×en such that D′M D = diag(λ1, . . . ,λ
en).

Assuming that λr > λr+1, a solution of the maximisation problem is given by
bβ = [d1, . . . , dr] ∈ Rp×r and the maximum value is f (bβ) =

r
∏

i=1

λi. The set of all

solutions, which are orthogonal to the null space for N , are obtained by bβTr , Tr ∈
Gl(r).

Proof. See Ribarits and Hanzon (2014b,a).

Theorem 5. Let r < p and let (β2, A, B) be given such that S00 > 0. Let S11 =
W PW ′ ̸= 0 be an eigenvalue decomposition of S11, where W = [w1, . . . , wp] ∈ Rp×p

is an orthogonal matrix, P = diag(p1, . . . , pp−k, 0, . . . , 0) ≥ 0 (in decreasing order),
k ∈ {0, 1, .., p− 1} and

C :=
�

w1, . . . , wp−k

�

diag
�

p
−

1
2

1 , . . . , p
−

1
2

p−k

�

∈ Rp×(p−k), where p− k > 0.
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Furthermore, let C ′S10S−1
00 S01C = VΛV ′ be an eigenvalue decomposition of

C ′S10S−1
00 S01C , where V = [v1, . . . , vp−k] ∈ R(p−k)×(p−k), Λ = diag(λ1, . . . ,λp−k) ≥ 0

(in decreasing order) and let λr−k > λr−k+1. Then all global minimizers solving
min
β1

L3c(β1,β2, A, B) in equation (2.30), which are orthogonal to the null of space
S11, are given by:

bβ1 = C
�

v1, . . . , vr−k

�

· eT , eT ∈ Gl(r − k). (2.32)

The likelihood function L4c(β2, A, B) is obtained as:

L4c(β2, A, B) := L3c(bβ1,β2, A, B) = log det S00 + log
r−k
∏

i=1

(1−λi) + p. (2.33)

Proof. See Ribarits and Hanzon (2014b,a).

Here, we will summarize all the steps involved. Let observations {y1, . . . , yT} be
given. Assuming that x̃0 = 0 in the SSECM, one can compute Z0t , Z1t and Z2t .
Additionally, let (β2, A, B) be given such that the conditions specified in Theorem
2 and Theorem 5 above are satisfied. Then the global minimizers of the likeli-
hood function as a function of (α1,α2,β1, C ,σ) simultaneously are determined
as follows:

• Solve the eigenvalue problems in Theorem 5 to obtain the set of minimizers:

bβ1 = C[v1, . . . , vr−k] · eT , eT ∈ Gl(r − k). (2.34)

All the quantities involved in equation (2.34) depend only on Z0t , Z1t Z2t and
(β2, A, B).

• Insert bβ1 in equation (2.29) to obtain:

Σ(bσ)|β1=bβ1
= S00 − S01
bβ1

�

Òβ ′1S11
bβ1

�−1
Òβ ′1S10. (2.35)

• Similarly, insert bβ1 in equation (2.27) to obtain

bα1|β1=bβ1
= S01
bβ1

�

Òβ ′1S11
bβ1

�−1
. (2.36)

Application of Cointegrated State-Space
Models

42 Miaad Hamad Al-qurashi



The Discrete-Time State-Space Error
2.4 Parameterization of Stable [B | A] Pairs

and β2

• Finally, insert (bα1, bβ1) into equation (2.19) to obtain [bC , bα2]|α1=bα1,β1=bβ1
as:

�

�

M02(I − A′)−1A′, M01β2

�

− bα1
Òβ ′1

�

M12(I − A′)−1A′, M11β2

�

...− (Ip + bα1
Òβ ′1)
�

�

H11

H21

�

.
(2.37)

2.4 Parameterization of Stable [B | A] Pairs and β2

The parameterization to be presented here deviates from the original work by
Ribarits and Hanzon (2014a) and has a number of advantages: first, each pa-
rameter lies in a finite interval (−π/2,π/2); second, the parameterization is
numerically stable; third, the total number of parameters are smaller. In section
2.4.1, the study will describe the case n ≥ p. In section 2.4.2 further infor-
mation is provided about how to find the MLE for β2 in case n < p. In both
cases there is no analytic solution available. Thus, the study will use a gradient
search algorithm for the optimization. The first step in the process is to specify
a parameterization for [B | A] pairs and later on, for β2.

2.4.1 Parameterization of Stable [B | A] Pairs

The state-space model allows for a choice basis for the state-space. The freedom
of basis choice can be used to put (Ā, B̄) in a suitable form. In this section, we will
present findings from papers by Hanzon et al. (2006, 2007, 2009). It will use
a particular form for the [B | A] pairs, namely the so-called input-normal SDPS
form which will be explained in this section.

The original problem optimization problem can be transformed to an (unre-
stricted) optimization problem where [B | A] is input-normal and has a particu-
lar pivot structure which guarantees that the pair is controllable. [B | A] input-
normal means that the rows of the matrix [B | A] are orthonormal. Advantages
are that:

1. The method will be numerically stable.
2. It is possible to find a good coverage of the parameter space as it is a subset
of a closed and bounded set.
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2.4.1.1 The Input Normal Form

Definition 1. The input normal form of [B | A] is characterized by the fact that
the rows of the partitioned matrix [B | A] are pairwise orthogonal and have a
unit length:

�

B | A
��

B | A
�T
= In. (2.38)

2.4.1.2 Controllability Matrix

Definition 2.

1. For a given pair [B | A], the partitioned matrix K = [B, AB, . . . , A
n−1

B] is called
the controllability matrix.

2. The input pair [B | A] is said to be controllable provided K has full row rank n.

Theorem 6. If (A, B) is controllable and A is asymptotically stable, then there exists
T ∈ GLn such that (TAT−1, T B) is input normal.

See Hanzon et al. (2006, 2007, 2009).

2.4.1.3 Pivot Structures

Definition 3. Assume n is a positive integer. Consider a vector defined as:

v =
�

v(1), v(2), . . . , v(n)
�′
∈ Rn. (2.39)

The vector v is called a pivot-k vector if v(k)> 0 and v( j) with j > k are all zero
for some positive integer k, k ≤ n.

Definition 4. An (n×r)matrix M , r ≥ nwill be said to have a full pivot structure
J = ( j1, j2, . . . , jn) provided for each k ∈ {1, 2, . . . , n} the column with index jk of
M is a pivot-k vector.

Example 1.

M =

















∗ ∗ ∗ ∗ ∗ ∗ + ∗
+ ∗ ∗ ∗ ∗ ∗ 0 ∗
0 ∗ ∗ ∗ + ∗ 0 ∗
0 ∗ + ∗ 0 ∗ 0 ∗
0 ∗ 0 ∗ 0 + 0 ∗

















,
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where ∗ denotes an arbitrary number and + denotes a (strictly) positive number,
has a full pivot structure J = (7,1, 5,3, 6).

2.4.1.4 Sub-Diagonal Pivot Structures (SDPS)

Definition 5. Consider the partitioned matrix [B | A] in Rn×(p+n); we say this
structure has a sub-diagonal pivot structure if

(1) [B | A] has a full pivot structure
(2) the prescribed pivot columns of A have the property:

that a column with pivot at position k has column number, m < k in A (hence
column number jk = p+m< p+ k in [B | A] for each k ∈ (1,2, . . . , n)).

Example 2.

�

B | A
�

=

+ ∗ ∗ ∗ ∗ ∗
0 ∗ + ∗ ∗ ∗
0 + 0 ∗ ∗ ∗
0 0 0 + ∗ ∗

























,

Bn×p An×n

has a sub-diagonal pivot structure;

Example 3.

�

B | A
�

=

+ ∗ ∗ ∗ ∗ ∗
0 ∗ + ∗ ∗ ∗
0 + 0 + ∗ ∗
0 0 0 0 + ∗

























,

Bn×p An×n

has a sub-diagonal pivot structure;

Example 4.

�

B | A
�

=

+ ∗ ∗ ∗ ∗ ∗

0 ∗ ∗ ∗ + ∗

0 + 0 ∗ 0 ∗

0 0 ∗ ∗ 0 +





























Bn×m An×n

×

×

×
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does not have a sub-diagonal pivot structure.

So in Amatrix in SDPS form

−→ the diagonal has just ∗’s
−→ any + comes under the ∗’s on the diagonal and not above
−→ under any + one can only have zeros.

Theorem 7. If [B | A] has a sub-diagonal pivot structure then the pair (A, B) is
controllable (Hanzon et al. 2009).

Indeed, the two controllable pairs (A1, B1) and (A2, B2) are called equivalent if and
only if there exists a non-singular matrix T such that (TA1T−1, T B1) = (A2, B2).

Proposition 1. Let the pair (B, A) be controllable and Aasymptotically stable. There
exists an equivalent input normal pair with sub-diagonal pivot structure (Hanzon
et al. 2009).

2.4.1.5 Orthogonal Hessenberg Matrix

Now note that as [B | A] is in input normal form, so BB
′
+ AA

′
= I , we can

extend [B | A] to a square orthogonal matrix R=

�

R11 R12

B A

�

. Here [R11 | R12] is

determined up to multiplication by an orthogonal matrix on the left. Applying a
state-space transformation we can bring R into a particular form. Before doing
that we need a theorem as given below.

Definition 6. A matrix bR = (bRi j)i j ∈ R(n+1)(n+1) is said to be upper Hessenberg if
bRi j = 0 for j+1< i. Likewise, bR is said to be positive p-upper Hessenberg if bRi j = 0

for i > j + p and bRi j > 0 for i = j + p.

Theorem 8. Consider a matrix bR ∈ R(n+p)(n+p). The following statements are equiv-
alent

• bR is positive p-upper Hessenberg and orthogonal.
• bR is equal to the following product of matrices of size (p+ n)× (p+ n):

bR= ΓnΓn−1 . . . Γ2Γ1,
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where for k = 1, . . . , n:

Γk =







In−k 0 0

0 Vk 0

0 0 Ik−1






,

with Vk an orthogonal (p + 1) × (p + 1) matrix block (hence Vk × V ′k = Ip+1)
specified as

Vk =





vk Ip −
È

�

1− ∥vk∥2
� vkv′k
∥vk∥2

Æ

1− ∥vk∥2 −v′k



 , (2.40)

where vk ∈ Rp and has length 0< ||vk||< 1, k = 1,2, . . . , n, or

Vk =

�

0 Ip

1 0

�

, (2.41)

which we associate with vk = 0.

Proof. See Hanzon et al. (2006, 2007, 2009).

Summarizing results from Hanzon et al. (2006, 2007, 2009), we can make the
following remarks:

Remark 9.

• The entries of a positive p-upper Hessenberg matrix which are prescribed to be
positive are called the pivots of the matrix. The pivot positions are the corre-
sponding row positions in the matrix. Allowing for column permutations of
a positive p-upper Hessenberg matrix, one gets matrices Rπ with more general
pivot positions. Here π represents the column permutation used. Now we will
say that such a matrix is in SDPS (sub-diagonal pivot structure) form if all the
pivots in Rπ22 have their positions in the strict lower triangular part of Rπ22. Take
[B | A] = [0 | I]Rπ = [Rπ21 | R

π
22] to find that all the pivots of Rπ are also in [B | A]

and Rπ is in SDPS form if and only if the pivot positions in A are all in the strict
lower triangular part of A. If this is the case, it can be said that [B | A] is in SDPS
form.

• Any reachable pair [B | A], with A asymptotic stable, can be brought into at least
one input-normal SDPS form by a state-space transformation. Note that such a
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state-space transformation will result in a similar state-space transformation for
bC; also, such a transformation does not change the value of L4c.

• If [B | A] is in SDPS form there is a column permutation π−1 which brings its first
n columns into the form of an upper triangular matrix with positive elements on
its diagonal.

• Applying the same column permutation to Rπ gives an orthogonal p-upper Hes-
senberg matrix R.

• [B | A] can be obtained as the last n rows of Rπ. Therefore, parameterization of
orthogonal p-upper Hessenberg matrices also gives rise to a parameterization of
input-normal [B | A] pairs in any given SDPS form.

• Actually the case in which the pivots in [B | A] are to be on the diagonal of the
first n columns of [B | A] is generic meaning that if one would restrict to this case,
we will still cover almost all points in the parameter space (an open and dense
set). Therefore, in the case studies, this form has been used.

2.4.1.6 Parameterization of [B | A] Using Angles

The study will parameterize orthogonal positive p-upper Hessenberg matrices as
follows: use a well-known parameterization of unit vectors in Rp × R>0 using p

angles θ1,k,θ2,k, . . . ,θp,k where all θi,k are restricted to
�

−
π

2
,
π

2

�

to ensure positiv-
ity of the last entry. To parameterize a unit vector in Rp×R>0, define recursively,
for each k = {1,2, . . . , n},

u(p, k) :=

�

sin(θp,k)
cos(θp,k)

�

∈ R2,

u(h− 1, k) :=

�

sin(θh−1,k) ∗ u(h, k)
cos(θh−1,k)

�

∈ Rp−h+2 for h= p, p− 1, . . . , 2.

Note that ∥u(h, k)∥= 1 for each h= p, p− 1, . . . , 2, 1, and
Æ

1− ∥vk∥2 = cos(θ1,k)> 0, as −
π

2
< θ1,k <

π

2
,

hence

∥vk∥2 = 1− cos2(θ1,k) = sin2(θ1,k) =⇒ ∥vk∥= | sin(θ1,k)|< 1.
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Now let
u(1, k) :=

�

vk
Æ

1− ∥vk∥2

�

∈ Rp+1.

Then
u(2, k) :=

vk

∥vk∥
∈ Rp

is the normalised version of vk. Using this, Vk can be viewed as a function Vk(θk)
of θk = (θ1,k,θ2,k, . . . ,θp,k)

′. Note that the case θ1,k = 0 corresponds to ∥vk∥ = 0.
Now use

Γk =







In−k 0 0

0 Vk(θk) 0

0 0 Ik−1






,

and
R= Γn(θn)Γn−1(θn−1) . . . Γ2(θ2)Γ1(θ1)

to obtain [B | A] as [B | A] = [0 | I]R as a function of θn,θn−1, . . . ,θ1.

This is a novel approach and could also be useful for other estimation problems
and applications of the work developed by Hanzon et al. (2006, 2007, 2009). Ad-
vantages of this approach emerge especially when doing gradient calculations.
This is because (i) the derivative of Vk(θk) can be obtained straight forwardly, as
Vk(θk) can be expressed just in terms of simple expressions in terms of sine and
cosine functions of θi,k, i = 1, 2, . . . , p; and (ii) the derivatives of R w.r.t. θi,k only
require differentiation of Γk, as for every k̂ ̸= k Γk̂ does not depend on θk.

2.4.2 Parameterization of β2

Since, the study only requires β2 ∈ Rp×k (with k = p − n so k < p) up to right
multiplication by k × k invertible matrices, the column space of β2 is invariant.
Alternatively, one can say that any two choices for the β2 matrix with the same
column space are equivalent. One restriction that can be imposed on β2 is col-
umn ortho-normality. This is similar to the input normality form of [B | A]. But
to ensure that we get a unique or canonical representation for every equivalence
class of β2, further restrictions need to be imposed as we did earlier for the input
normal form. A situation that has similarity to [B | A] is this: The matrix [B | A]
has more columns than rows (so is broad) and so has β ′2. So we can parameter-
ize β ′2 with angle parameters in a similar way as we did for A and B. The study
uses φ instead of θ to denote these angles to avoid confusion.
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Recall that [B | A] was obtained as [B | A] = [0 | I]R which is a sub-matrix of the
product

R= Γn(θn)Γn−1(θn−1) · · · Γ2(θ2)Γ1(θ1);

similarly, one obtains β ′2 as β ′2 = [0 | I]Rβ2
which is a k × p = k × (k + n) sub-

matrix of the product Rβ2
= Γn(φn)Γn−1(φn−1) · · · Γ2(φ2)Γ1(φ1). Here each Γi(φi) is

a block diagonal matrix of dimension p× p depending on a parameter vector φi,
i = 1,2, . . . , p− k:

Γi(φi) =







Ip−k−i 0 0

0 Vi(φi) 0

0 0 Ii−1






. (2.42)

Here Vi(φi) is a matrix of dimensions (k + 1)× (k + 1) produced from k values
in the interval

�

−
π

2
,
π

2

�

. This approach is similar to the one we took for Vk(φk)
as a matrix of dimension (p+1)× (p+1) produced from p values in the interval
�

−
π

2
,
π

2

�

, see the section above.

2.5 A Gradient Algorithm

Here, consider the case n ≥ p. (The case n < p is handled similarly, but involv-
ing A, B and β2). No closed form solution is known to exist for optimising the
likelihood function with respect to (A, B). The pair (A, B) will be parameter-
ized (locally) using a parameter vector θ ∈ Rd , where d(n, p) is the dimension
of the parameter space. The study will use a gradient algorithm, hence it needs
to compute the gradient given by

∂ L4c
�

A(θ ), B(θ )
�

∂ θ
∈ Rd .

An issue of differentiation can arise as the criterion function may not be open
for differentiation at some points as it involves eigenvalues. Let

∇ :=
∂ L1c
�

bα, bβ , A(θ ), B(θ ),ÖΣ(σ)
�

∂ θ
∈ Rd . (2.43)

The following theorem is used:

Theorem 9 (Envelope Theorem).
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1. Provided that L4c(θ ) can be differentiated at point θ , then ∇ coincides with the
gradient vector of L4c at point θ . This is called the envelope theorem.

2. Provided that ∇ ≠ 0 at θ we can improve the value of L4c by making an appro-
priately small step in the direction of −∇.

3. Provided ∇= 0 we have reached a critical point of the function L1c.

Proof. See Ribarits and Hanzon (2014a) and Wooldridge (2012).

Remark 10. In relation to (1), even if at a certain point L4c(θ ) can be differenti-
ated, it should be noted that this involves differentiation of eigenvalues and eigen-
vectors, along with the use of the chain rule, which will be a tedious task. Using the
theorem above this can be avoided.

Remark 11. In relation to (2), if L4c(θ ) is not differentiable at θ , taking up the
suggested modified gradient ∇ will guarantee that the original likelihood function
value will decrease provided a small step size is chosen.

A gradient search can now be implemented to find a local optimum of the like-
lihood from a given starting point. This will allow us to choose many starting
points for (A, B) to find a parameter point with a high likelihood value, as a
good approximation of the MLE. More specifically, the gradient algorithm can
be outlined as follows:

Step 1. To initialise the gradient algorithm, choose a starting point in the pa-
rameter space. In the algorithm many starting points will be tried, and starting
points will be chosen such that a good covering of the parameter space is ob-
tained. This is possible as the parameter space is bounded.

Step 2. Next, compute the vector of partial derivatives of the likelihood function
L1c(α,β , A(θ ), B(θ ),σ) with respect to (θ ) by evaluated at β = bβ , α= bα, σ = bσ.
These are obtained by global minimisation as outlined previously and we obtain
the resulting vector of partial derivatives ∇.

Step 3. For the case where ∇ ̸= 0, the algorithm takes a small incremental step
in the direction of −∇ to lower the value of of likelihood function. In case ∇= 0

the algorithm stops as a critical point is reached.

Remark 12. The method is iterative in each iteration the above steps will be carried
out.
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Remark 13. The approach followed here circumvents an error in Ribarits and Han-
zon (2014a) as the optimization problem in terms of L1c (rather than L) is an un-
constrained optimization problem to which the envelope theorem can be applied.
The envelope theorem applies to unconstrained optimization.

The partial derivative of the likelihood function L1c
�

α, β , A, B, σ
�

with respect
to (θi,k) is written as:

∂ L1

∂ θi,k
=
∂ L
∂ θi,k

+
T
∑

t=1

�

∂ L

∂ C

�′

×
∂ bC
∂ θi,k

. (2.44)

The partial derivative of ∂ L

∂ C
is written as follows:

∂ L

∂ C
=

2
T

T
∑

t=1

�

− A(I − A)−1Z2t

��

Z0t −αβ ′Z1t − CA(I − A)−1Z2t

�′
Σ−1. (2.45)

Indeed, the study finds the partial derivative of ∂ L
∂ θi,k

which is as follow:

∂ L
∂ θi,k

=
1
T

T
∑

t=1

2
∂Mt

∂ θi,k
Σ−1Mt . (2.46)

Where Mt = −
bCA(In−A)−1Z2t . In the context of the results that are coming next,

it is simpler to write A0 := A(In−A)−1 so that Mt = −
bCAA0Z2t . Next, find

∂Mt

∂ θi,k
as

follows:

∂Mt

∂ θi,k
= −
bC
∂ θi,k

A0Z2,t −
bC

�

∂ A0

∂ θi,k
Z2,t + A0

∂ Z2,t

∂ θi,k

�

. (2.47)

Further, note that:

∂ A0

∂ θi,k
=
∂ A
∂ θi,k

(In − A)−1 − A(In − A)−1 ∂ A
∂ θi,k

(In − A)−1

= (In − A0)
∂ A
∂ θi,k

(In − A)−1.

(2.48)
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Next step is to find the partial derivative of the Z2,t series, which is computed
through Z2,t = AZ2,t−1 + BZ0,t−1. As Z0,t does not depend on θi,k, we obtain:

∂ Z2,t

∂ θi,k
=
∂ A
∂ θi,k

Z2,t−1 + A
∂ Z2,t−1

∂ θi,k
+
∂ B
∂ θi,k

Z0,t−1. (2.49)

Likewise, define;

∂M j,2

∂ θi,k
=

1
T

T
∑

t=1

�

∂ Z j,t

∂ θi,k
Z ′2,t + Z j,t

�

∂ Z2,t

∂ θi,k

�′�

, and

∂M2, j

∂ θi,k
=
∂M ′j,2
∂ θi,k

, j ∈ (0, 1,2).

(2.50)

It should be noted that the series Z0,t and Z1,t are data series and are not depen-
dent on θi,k; therefore, its partial derivative terms have a value of 0.

Recall the formula (2.19) for bC , and obtain

∂ bC
∂ θi,k

=

�

∂M02

∂ θi,k
−αβ ′

∂M12

∂ θi,k

�

A′0H11

+(M02 −αβ ′M12)

�

∂ A′0
∂ θi,k

H11 − A′0
∂ H11

∂ θi,k

�

− (Ip +αβ
′)
∂ H21

∂ θi,k
.

(2.51)

In the next step, we compute the parameter derivatives of H jℓ, j, l = 1, 2 which
is needed above. The matrices H jℓ is defined by the following equation:

�

H11 H12

H21 H22

�

=

�

M R

R
′

0

�−1

, (2.52)

where M = A(In−A)−1M22((In−A)−1)′A′ = A0M22A′0 and R= (In−A)−1B. With the
help of the chain rule, one can write down the following expression:








∂ H11

∂ θi,k

∂ H12

∂ θi,k

∂ H21

∂ θi,k

∂ H22

∂ θi,k









= −

�

M R

R
′

0

�−1











∂M
∂ θi,k

∂ R
∂ θi,k

∂ R′

∂ θi,k
0











�

M R

R
′

0

�−1

. (2.53)
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The partial derivatives of M and R are written in the form of the following equa-
tions:

∂M
∂ θi,k

=
∂ A0

∂ θi,k
M22A′0 + A0

∂M22

∂ θi,k
A′0 + A0M22

∂ A′0
∂ θi,k

, (2.54)

and

∂ R
∂ θi,k

= −(In − A)−1 ∂ A
∂ θi,k

(In − A)−1B + (In − A)−1 ∂ B
∂ θi,k

. (2.55)

Finally, calculate Ȧ, Ḃ and ˙̃x t where the dot represents the differentiation with
respect to (θi,k). Firstly, consider the calculations of ˙̃x t . Extended prediction error
filters are used to calculate partial derivatives of x̃ t with respect to the entries in
θi,k that were derived from the state equation by means of differentiation:
�

x̃ t+1

˙̃x t+1

�

=

�

A(θi,k) 0

Ȧ A(θi,k)

��

x̃ t

˙̃x t

�

+

�

B(θi,k)

Ḃ(θi,k)

�

∆yt . (2.56)

Now to find the derivative of matrix R we need to get the derivative of matrix Γk
where we can write:

Γ i,k =

¨

Γk, if i ̸= k

∂ Γk/∂ θi,k, if i = k
. (2.57)

Therefore we need to find the derivative of matrix Vk(θk), by follow the following
steps:

∂

∂ θi,k

�

u(p, k)
�

=

�

cos(θp,k)
− sin(θp,k)

�

∈ R2,

∂

∂ θi,k

�

u(h− 1, k)
�

=

(h ̸= k)⇒





sin(θh−1,k) ∗
∂

∂ θi,k

�

u(h, k)
�

0





(h= k)⇒





cos(θh−1,k)u(h, k)+sin(θh−1,k)
∂
�

u(h, k)
�

∂ θi,k

− sin(θh−1,k)





∂
�

u(2, k)
�

∂ θi,k
=
∂

�

vk

∥vk∥

�

∂ θi,k
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∂
�

u(1, k)
�

∂ θi,k
=

∂

�

vk
p

1− ∥vk∥2

�

∂ θi,k
.

Furthermore, note that

∂

∂ θi,k

�

I −
�

1−
Æ

1− ∥vk∥2
�

�

vk

∥vk∥

��

vk

∥vk∥

�T
�

=⇒
∂

∂ θi,k

�

I −
�

1−
Æ

1− ∥vk∥2
�

�

u(2, k)
��

u(2, k)
�T�

= −
∂

∂ θi,k

�
Æ

1− ∥vk∥2
�

�

u(2, k)
��

u(2, k)
�T
+
�

1−
Æ

1− ∥vk∥2
�

×




∂
�

u(2, k)
�

∂ θi,k

�

u(2, k)
�T
+
�

u(2, k)
�

�

∂
�

u(2, k)
�

∂ θi,k

�T


 .

Hence, one can express the partial derivatives matrices of R = ΓnΓn−1 . . . Γ2Γ1 in
the following form:

∂ R
∂ θi,k

=
n
∏

k=1

Γ i,k. (2.58)

A and B are simply sub-matrices of R. So a similar fact is true for the partial
derivatives of ∂ A/∂ θi,k, ∂ B/∂ θi,k and ∂ R/∂ θi,k. The partial derivatives of A and B

are obtained by taking out the corresponding sub-matrices of the partial deriva-
tives of R.

A flowchart of the algorithm used is given in Figure 2.1. It describes how to
optimize Lc = L4c. Note that to compute ∇Lc Theorem 9 ("Envelope Theorem")
was used.
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compute
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Figure 2.1: A Gradient Search Algorithm
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Chapter 3

Continuous-time State-Space Model
Observed at Irregular Time Points

The goal of this chapter is to calibrate a continuous-time state-space error cor-
rection model. The model will utilize a finite number of irregularly dated obser-
vations. In this chapter, we try to replicate the method set out in the previous
chapter for the case of irregularly spaced observation times. The method again
relies on using a particular parametrization of the class of models considered.
We apply likelihood optimization to obtain a good estimate for the model. By
using this method, the research study aims to parameterize the model. Using
our parameterization, a low-rank regression problem will be generated as the
parameters are concentrated out sequentially. The model follows an approach
in which cointegration is converted into a low-rank constraint on a resulting
likelihood optimization problem. The resulting criterion is a function of eigen-
values of a matrix because of the reduced-rank constraint. This results in the
problem of computing the derivatives of the parameterized eigenvalues, which
is addressed by applying the envelope theorem (which is formulated in the pre-
vious chapter). This is followed by the gradient descent method to optimize the
remaining model parameters. This approach is significant as it allows for explicit
incorporation of the reduced-rank requirement while addressing the eigenvalue
derivative issue by applying the envelope theorem.

57



3. Continuous-time State-Space Model
Observed at Irregular Time Points

3.1 Specification of the Cointegrated
Continuous-time State-Space Model Observed

at Irregular Time Points

3.1 Specification of the Cointegrated Continuous-
time State-Space Model Observed at Irregular
Time Points

Consider the following continuous-time stochastic linear state-space model from
Hanzon and Ribarits (2008):

dX t = AX t d t + BdWt , (3.1)
dYt = CX t d t + dWt , (3.2)

where A is assumed to be continuous-time stable, and each element of the spec-
trum of A is either zero or lies in the open left half plane, and the algebraic and
geometric multiplicities of 0 as an eigenvalue of A coincide and are denoted by
c. c is the number of common trends, and the number r := p − c is called the
cointegration rank, namely, the number of linearly independent cointegrating
vectors. If 1≤ c ≤ p−1, this is a cointegration model of class I(1) for continuous
time. Wt denotes a Wiener process with positive definite co-variance matrix Σ so
thatWt −Ws has a normal distribution with a zero mean value and a co-variance
matrix (t − s)Σ if s < t, which can be rewritten as Wt −Ws ∼ N(0,Σ(t − s)).

Equation (3.1) has the following solution:

Let cW (t − t1) =W (t)−W (t1) then

X t = eA(t−t1)X t1
+

∫ t

t1

eA(t−s)BdcWs−t1
∼ N
�

µ(t1, t),Ω(t1, t)
�

, (3.3)

= eA(t−t1)X t1
+ B

∫ t

t1

dcWs−t1
+

∫ t

t1

(t − s)

�

eA(t−s) − I
t − s

�

BdcWs−t1
, (3.4)

where µ(t, t1) = eA(t−t1)X t1
and

Ωx(t, t1) = B

∫ t

t1

Σds+

∫ t

t1

�

eA(t−s) − I
�

BΣB′
�

eA′(t−s) − I
�

ds. (3.5)

Solve Ωx(t, t1) using the linear ds matrix equation.

Let’s solve the first term of (3.5), replacing t by t1 +∆t, ∆t > 0, to get:

B

∫ t

t1

Σds = BΣ∆t.
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Next, solve the second term of (3.5). Let u= t − s, 0< u< t − t1, to get
∫ t−t1

0

�

eAu − I
�

BΣB′
�

eA′u − I
�

du

f∆t =

∫ ∆t

0

�

eAu − I
�

BΣB′
�

eA′u − I
�

du.

As you can easily seen f∆t is O(∆t)3. Therefore, the equation (3.5) has the final
solution:

Ωx(t, t1) = BΣ∆t +O(∆t)2.

Now, solve equation (3.2) above using equation (3.3)

Yt − Yt1
=

∫ t

t1

dYt = C

∫ t

t1

Xτdτ+

∫ t

t1

dcWτ−t1

= C

�

∫ t

t1

eA(τ−t1)X t1
dτ+

∫ t

t1

∫ τ

s=t1

eA(τ−s)BdcWs−t1
dτ

�

+

∫ t

t1

dcWτ−t1
.

(3.6)

Let’s solve the first term of the right-hand side of the (3.6), taking ∆t = t − t1

C

∫ t

t1

eA(τ−t1)X t1
dτ= CA−1eA(τ−t1)X t1

�t

t1

= C
�

A−1eA(t−t1) − A−1
�

X t1

= CA−1
�

eA∆t − I
�

X t1

= CA−1
��

I + A∆t + A2∆t2

2!
+ · · ·
�

− I
�

X t1

= C

�

∆t + A
∆t2

2!
+ · · ·+ Ak−1∆tk

k!
+ · · ·
�

X t1

= CX t1
∆t +O(∆t2).

Next, solve the second term of the right-hand side of the (3.6)

C

∫ t

t1

∫ τ

t1

eA(τ−s)BdcWs−t1
dτ t1 < s < τ < t

= C

∫ t

t1

�

A−1eA(τ−s)B
�t

s
dcWs−t1

= C

∫ t

t1

�

A−1eA(t−s)B − A−1B
�

dcWs−t1
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= C

∫ t

t1

A−1
�

eA(t−s) − I
�

BdcWs−t1

= C

∫ t

t1

A−1
��

I + A(t − s) + A2 (t − s)2

2!
+ · · ·
�

− I
�

BdcWs−t1
.

If |t − s| ≤ ∆t so that (t − s)k, k ≥ 2 terms can be put into O(∆t2), then this
quantity is approximately equal to

= C

∫ t

t1

(t − s)BdcWs−t1
+O(∆t2).

Consequently
∫ t

t1

dYt = CX t∆t + C

∫ t

t1

(t − s)BdcWs−t1
+

∫ t

t1

dcWs−t1
+O(∆t2)

= CX t∆t +

∫ t

t1

�

C(t − s)B + 1
�

dcWs−t1
+O(∆t2)

the expression follows a normal distribution with a zero mean value and co-
variance matrix

Ωy(t, t1) =

∫ t

t1

�

C(t − s)B + I
�

Σ
�

C(t − s)B + I
�T

ds.

Note that, by considering that

∂

∂ s

�

−
1
3
(t − s)3
�

= (t − s)2.

The following solution is achieved

Ωy(t, t1) = Ωy(∆t) = −
C
3
(∆t)3BΣBT C T +∆tΣ+O(∆t2)

−
1
2

�

�

CBΣ+ (CBΣ)′
�

�

(∆t)2 =∆tΣ+O(∆t2).
(3.7)

Therefore, after solving equations (3.1) and (3.2), the following two expressions
are derived (neglecting O(∆t2)):

X t+∆t = eA∆t X t + B
p
∆tϵt , (3.8)

Yt+∆t − Yt = CX t∆t +
p
∆tϵt , (3.9)
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where ϵt ∼ N(0,Ω(∆t)), and Ω(∆t) = Σ + O(∆t). After introducing t1, t2, . . .

such that t1 < t2 < · · · and ∆t j = t j+1 − t j. Consider equations (3.8) and (3.9)
at time t j and let Zt j

= Yt j+1
− Yt j

, get;

X t j+1
= eA∆t j+1 X t j

+ B
Æ

∆t j+1ϵt j
, (3.10)

Zt j
= CX t j

∆t j+1 +
Æ

∆t j+1ϵt j
, (3.11)

where ϵt j
∼ N(0,Ω(∆t j+1)) for all j and X0 = 0. Note, however, that due to the

factor ∆t j+1, the system is now time dependent unlike the one in Ribarits and
Hanzon (2014b,a). Equations (3.10) and (3.11) look like a discrete-time state-
space system as in Ribarits and Hanzon (2014b,a), where X t j

is an n-dimensional
unobserved state vector, A∈ Rn×n, B ∈ Rn×p and C ∈ Rp×n are parameter matrices,
and Zt j

is an observed p-dimensional output. Additionally, ϵt j
is a p-dimensional

(weak) white noise process. Particularly, Eϵt j
= 0 and Eϵt j

ϵ′t j
= Σ if the O(∆t j)

term is ignored in the co-variance matrix of ϵt j
. Find the inverse {Zt j

} → {ϵt j
} in

state-space form, which is easy to find using
Æ

∆t j+1ϵt j
= Zt j
−∆t j+1CX t j

based
on equation (3.11), and by using equation (3.9):

X t j+1
=
�

eA∆t j+1 − BC∆t j+1

�

X t j
+ BZt j

, (3.12)
Æ

∆t j+1ϵ = −C∆t j+1X t j
+ Zt j

. (3.13)

Use eA∆t j+1 = I + A∆t j+1 +O(∆t j+1)
2 and approximate eA∆t j+1 by I + A∆t j+1. This

is an important step for our approach to work, and obtain:

X t j+1
=
�

I + (A− BC)∆t j+1

�

X t j
+ BZt j

, (3.14)
Æ

∆t j+1ϵ = −C∆t j+1X t j
+ Zt j

. (3.15)

Use the following notation:

Ac := A− BC , Bc := B =: Bd ,

C c := −C =: C d , Ad, j+1 := I + Ac ∆t j+1.
(3.16)

Using this notation, one finds

X t j+1
= Ad, j+1 X t j

+ Bd Zt j
, (3.17)

Æ

∆t j+1ϵt j
= C d∆t j+1X t j

+ Zt j
. (3.18)
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3.2 Maximum Likelihood Estimation for the Model

To estimate the model parameters, we will use a maximum likelihood ap-
proach. To maximize the likelihood initially we follow Ribarits and Hanzon
(2014a), and optimize w.r.t. the parameters α,β , Cc and σ where Σ = Σ(σ)
is parameterized by the parameter vector σ. The partially optimized (or
"concentrated") likelihood that is obtained after partial optimization by Cc is
denoted as L1c(α,β , Ac, Bc,σ). If n ≥ p the likelihood function that is obtained
after further partial optimization by α,β ,σ is denoted by L4c(Ac, Bc). If n < p

it will be necessary to partition α and β as α = [α1,α2], β = [β1,β2]. Then the
likelihood function that is obtained after partial optimization by α,β ,σ will be
denoted by L4c(Ac, Bc,β2). This leaves the optimization w.r.t. Ac,Bc and in case
n < p, β2. For that, we have to follow an approach different to Ribarits and
Hanzon (2014a). Using Theorem 1, we can replace the cointegration condition
rk(A) = n− c by rk(C c(Ac)

−1Bc+ Ip) = p− c(= r). This equivalent to the existence
of α,β ∈ Rp×(p−c) both of full rank, such that

∃α,β such that αβ ′ = C c(Ac)
−1Bc + Ip. (3.19)

Recall that the co-variance matrix of ϵt j
is denoted byΣ and letΣ be unrestricted,

except for the requirement that Σ > 0. Assume there are no cross-restrictions
between the co-variance parameter Σ and the parameters for (Ac, Bc, C c),α and
β .

Equation (3.18) will be rewritten as follows:

ϵt j
= C c

Æ

∆t j+1X t j
+

1
p

∆t j+1

Zt j
. (3.20)

Let F1 j := Zt j
and F2 j := X t j

. Suppose, there are a finite number of observations
Yt at times t = t0, t1, t2, . . . , tT , t0 < t1 < t2 < · · · < tT , and hence, one knows Zt

at times t1, t2, . . . , tT . The likelihood function can then be written as:

P
�

{Zt j
}; Ac, Bc, C c,α,β ,Σ

�

=
1

2π
p

det(Σ)T
e
−
∑

j
1
2 ϵ
′
t j
Σ−1ϵt j . (3.21)
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Hence the scaled negative log likelihood function is L, as per the data:

L(α,β , Ac, Bc, C c,Σ) = −
2
T

log P
�

{Zt j
}; Ac, Bc, C c,α,β ,Σ

�

=

= Constant+ logdet(Σ) +
1
T

∑

j

ϵ′t j
Σ−1ϵt j

.
(3.22)

Now by using equation (3.20)

L(α,β , Ac, Bc, C c,Σ) = Constant+ log det(Σ)

+
1
T

∑

j

�

C c

Æ

∆t j+1F2 j +
1
p

∆t j+1

F1 j

�

Σ−1(·)′,
(3.23)

where the dot in the second bracket indicates that the same term as appeared
in the first bracket.

3.2.1 Concentrating Out [C c, α2]

Considering the restriction in equation (3.19), one can write R := (−Ac)
−1Bc ∈

Rn×p to obtain
�

C c,α2

�

�

R

β ′2

�

= Ip −α1β
′
1.

It is important to note that matrix R depends on (Ac, Bc) only. Let Ac,Bc, α1, β1,
Σ remain fixed and optimize with respect to

�

C c,α2

�

.

Theorem 10. Let (Ac, Bc,α1,β1,Σ) be given, and let

M12 =
�

2
T

�

∑

j

F1 j F
′
2 j, M22 =

�

∑

j

∆t j+1F2 j F
′
2 j

�

,

and assume M22 invertible, and let P = RT M−1
22 R + β2β

′
2 ∈ Rp×p and Q =

(β ′2P−1β2)
−1β ′2P−1 ∈ Rk×p. Let

�

ÒCc,cα2

�

be obtained by optimizing L as given by
(3.23) under the linear constraint (3.19), then ÒCc is given by:

ÒCc =

�

−T
2

M12 +
�

Ip −α1β1 +
T
2

M12M−1
22 R
��

P−1 − P−1β2Q
�

Rt

�

M−1
22 , (3.24)

and cα2 is given by

cα2 =
�

Ip −α1β1 +
T
2

M12M−1
22 R
�

Q′. (3.25)
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Proof. As (3.23) is quadratic in Cc and the constraint (3.19) is linear in Cc, the
first order conditions of the constrained optimization problem are linear and
can be solved in a straight forward manner. The details are described in the
following steps.

Step 1. Let the Lagrangian V be given by

V = L − t r



Λ

�

�

C c,α2

�

�

R

β ′2

�

− Ip −α1β
′
1

�′


 .

Step 2. Solve for C c using the Lagrangian multiplier matrix Λ ∈ Rp×p and using
the first order conditions (FOC) of the Lagrangian wrt C c

∂ V

∂ C c

= Σ−1
�

2
T

�

∑

j

�

C c∆t j+1F2 j F
′
2 j + F1 j F

′
2 j

�

−ΛRT = 0

multiply by Σ

⇐⇒
�

2
T

�

∑

j

�

C c∆t j+1F2 j F
′
2 j + F1 j F

′
2 j

�

−ΣΛRT = 0

⇐⇒
�

−2
T

�

C c

∑

j

∆t j+1F2 j F
′
2 j =
�

−2
T

�

∑

j

F1 j F
′
2 j −ΣΛRT

⇐⇒ C c = −
T
2

�

�

−2
T

�

∑

j

F1 j F
′
2 j −ΣΛRT

��

∑

j

∆t j+1F2 j F
′
2 j

�−1

.

Step 3. Substitute the formula found for C c in the constraint. This gives a linear
equation in terms of Λ and α2

∂ V
∂Λ
=
�

C c
...α2

�

�

R

β ′2

�

− (Ip −α1β
′
1) = 0

∂ V
∂Λ
=



−
T
2

�

�

2
T

�

∑

j

F1 j F
′
2 j −ΣΛRT

��

∑

j

∆t j+1F2 j F
T
2 j

�−1... α2





�

R

β ′2

�

− (Ip −α1β
′
1) = 0.

eR
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Step 4. Write down the FOC of the Lagrangian w.r.t. α2. This gives a linear
equation in terms of lambda

∂ V
∂ α2

= −Λβ2 = 0.

Step 5. Solve the joint linear equations obtained in step 3 and 4 to obtain an
expression for Λ and α2.

Let M12 =
�

2
T

�

∑

j

F1 j F
′
2 j and M22 =

�

∑

j

∆t j+1F2 j F
′
2 j

�

. Then we obtain:

⇐⇒−
T
2

M12M−1
22 R+

T
2
ΣΛRT M−1

22 R+α2β
T
2 − (Ip −α1β

′
1) = 0.

From −Λβ2 = 0 it follows that
�

T
2
ΣΛ

�

β2 = 0. Let eΛ= T
2
ΣΛ. Therefore,

⇐⇒−
T
2

M12M−1
22 R+ eΛRT M−1

22 R+α2β
T
2 − (Ip −α1β

′
1) = 0

and eΛβ2 = 0⇐⇒

⇐⇒ eΛRT M−1
22 R+α2β

T
2 = I −α1β1 +

T
2

M12M−1
22 R

and eΛβ2 = 0⇐⇒

⇐⇒
�

eΛ
...α2

�





RT M−1
22 R β2

β T
2 0



=
�

I −α1β2 +
T
2

M12M−1
22 R
...0
�

.

We obtain the following expressions, assuming that the bordered matrix is in-
vertible:

�

eΛ
...α2

�

=
�

I −α1β1 +
T
2

M12M−1
22 R
...0
�





RT M−1
22 R β2

β T
2 0





−1





RT M−1
22 R β2

β ′2 0



=





RT M−1
22 R+ β2β

′
2 β2

β ′2 0



×

�

I 0

−β ′2 I

�

=⇒





RT M−1
22 R β2

β ′2 0





−1

=

�

I 0

β ′2 I

�





RT M−1
22 R+ β2β

′
2 β2

β ′2 0





−1

.
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Let P = RT M−1
22 R+ β2β

′
2, where M22 is symmetric and invertible. Use the Parti-

tioned inverse matrix as follows:




RT M−1
22 R+ β2β

′
2 β2

β ′2 0





−1

=





P−1 − P−1β2(β
′
2P−1β)−1β T

2 P−1
�

�

β ′2P−1β2

�−1
β ′2P−1
�′

�

β ′2P−1β2

�−1
β ′2P−1 −

�

β ′2P−1β2

�−1





Therefore,





RT M−1
22 R β2

β ′2 0





−1

=

=

�

Ir 0

β ′2 Ip−n

�





P−1 − P−1β2(β
′
2P−1β)−1β T

2 P−1
�

�

β ′2P−1β2

�−1
β ′2P−1
�′

�

β ′2P−1β2

�−1
β ′2P−1 −

�

β ′2P−1β2

�−1









RT M−1
22 R β2

β ′2 0





−1

=





P−1 − P−1β2(β
′
2P−1β)−1β T

2 P−1
�

�

β ′2P−1β2

�−1
β ′2P−1
�′

�

β ′2P−1β2

�−1
β ′2P−1 Ip−n −

�

β ′2P−1β2

�−1



 .

Let Q =
�

β ′2P−1β
�−1
β ′2P−1, therefore, the last equation can be written as:





RT M−1
22 R β2

β ′2 0





−1

=

�

P−1 − P−1β2Q Q′

Q Ip−n −
�

β ′2P−1β2

�−1

�

.

It now follows that,

�

eΛ
...α2

�

=
�

Ip −α1β1 +
T
2

M12M−1
22 R
...0
�

×

�

P−1 − P−1β2Q Q′

Q Ip−n −
�

β ′2P−1β2

�−1

�

and so,

qdeΛ=
�

Ip −α1β1 +
T
2

M12M−1
22 R
�

�

P−1 − P−1β2Q
�

,

α2 =
�

Ip −α1β1 +
T
2

M12M−1
22 R
�

Q.

Note that this proves (3.25).

Step 6. As Λ= 2
T
Σ−1
eΛ, therefore, we obtain:

Λ=
2
T
Σ−1
�

Ip −α1β1 +
T
2

M12M−1
22 R
�

�

P−1 − P−1β2Q
�

.
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Substitute the expression found for Λ into the formula for C c found in step 2,
then we find that ÒCc is given by:

ÒCc =

�

−T
2

M12 +
�

Ip −α1β1 +
T
2

M12M−1
22 R
��

P−1 − P−1β2Q
�

Rt

�

M−1
22 .

This proves equation (3.24).

Step 7. The study found cC c and cα2.

Substituting ÒCc into the likelihood function as given in (3.23), one obtains:

L1c
�

α,β , Ac, Bc,Σ
�

:= L
�

α,β , Ac, Bc,
ÒCc,Σ
�

= logdet(Σ) +tr

¨

1
T

∑

j=0

�

ÒCc

Æ

∆t j+1F2 j+
1
p

∆t j+1

F1 j

�

Σ−1(·)′
«

= logdet(Σ) +
1
T

∑

j=0

��

−T
2

M12 +
�

Ip −α1β1 +
T
2

M12M−1
22 R
�

× (3.26)

�

P−1 − P−1β2Q
�

Rt

�

M−1
22

�

×
�

Æ

∆t j+1F2 j +
1
p

∆t j+1

F1 j

�

Σ−1(·)′

= logdet(Σ) ++
1
T

∑

j=0

�

R0 j −α1β
′
1R1 j

�

Σ−1(·)′,

where, the dot in the second pair brackets indicates that the same term as in the
first pair brackets appears and where

R0 j =
−T
2

M12M−1
22

Æ

∆t j+1F2 j + (I +
T
2

M12M−1
22 R′)R1 j,

R1 j =

�

�

�

P−1 − P−1β2Q
�

Rt
�

M−1
22

�

Æ

∆t j+1F2 j, j = 1, 2.
(3.27)

3.2.2 Concentrating Out α1

In this step, the study will partially optimize α. Denote the product moment
matrices corresponding to Ri t and Rg t , where i, g ∈ {0,1} by:

Si g =
1
T

T
∑

t=1

Ri tR
′
g t . (3.28)
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The study assumes that β ′Siiβ > 0, which is typically no restriction of generality
as argued by Ribarits and Hanzon (2014a).

Therefore, by Ribarits and Hanzon (2014a), we find bα= S01β(β
′S11β)

−1.

After inserting bα into L1C , get:

L2c(β , Ac, Bc,σ) := L1c(bα,β , Ac, Bc,Σ)

= logdet(Σ) +
1
T

T
∑

j=1

�

R0 j − S01β(β
′S11β)

−1βR1 j

�

Σ−1(·)′.
(3.29)

3.2.3 Concentrating Out Σ

By using theorem 4.3 in Ribarits and Hanzon (2014a), let (β , Ac, Bc) be given
such that:

1
T

T
∑

j=1

�

R0 j − S01β(β
′S11β)

−1βR1 j

�

(·)′ > 0. (3.30)

Then the unique global minimizer solving min
Σ>0

L2c(β , Ac, Bc,Σ) is given by:

bΣ= S00 − S01β
�

β ′S11β
�−1
βS10. (3.31)

Inserting bΣ into equation (3.29) yields:

L3c(β , Ac, Bc) := L2c(β , Ac, Bc, bΣ)

= log det
�

S00 − S01β(β
′S11β)

−1β ′S10

�

+ p.
(3.32)

3.2.4 Concentrating Out β1

First note that β = [β1 : β2] and, therefore, we can write L3c as a function of β1,
β2, Ac and Bc. By following theorem 5 and lemma 3 in chapter 2 section 2.3.5,we
get:

cβ1 = C
�

v1, . . . , vr−k

�

· eT , eT ∈ Gl(r − k). (3.33)

The likelihood function L4c(β2, Ac, Bc) is obtained as:

L4c(β2, Ac, Bc) = L3c(bβ1,β2, Ac, Bc) = logdet S00 + log
r−k
∏

i=1

(1−λi) + p. (3.34)
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3.3 Parameterization of stable [Bc | Ac] pairs

Next, we will optimize [Bc | Ac]. There is no analytic solution available. We will
use a gradient search type algorithm for the optimization. Ac is a continuous-
time asymptotically stable matrix, i.e σ(Ac) is a subset of the open LHP. All ma-
trices with this property can be written as Φ(Aµ) where Φ represents the lin-
ear fractional transformation given by Φ(Z) = 1+ z

1− z
= s and Aµ is discrete-time

asymptotic stable. We will use a particular parameterization approach to param-
eterize the pairs [Bc | Aµ]. The parameterization is done in the same way as in
section 2.4.1.5.

3.4 A Gradient Algorithm

Finally, we obtains the so-called concentrated likelihood L4c = L4c(Ac, Bc). Let
Ac = Ac(θ ) and Bc = Bc(θ ) are parameterized by a vector θ ∈ Rd. Now, use the
gradient

∂ L4c(Ac(θ ), Bc(θ ))
∂ (θ )

.

If this exists, it is equal to

∂ L1c
�

bα, bβ , Ac(θ ), Bc(θ ), bΣ
�

∂ (θ )
,

see Theorem 9 in chapter 2, section 2.5. Here L1c is the concentrated likelihood
obtained after optimizing with respect to [Cc,α2

�

only. A gradient algorithm
can then be implemented to find a local optimum of the likelihood from a given
starting point for (Ac, Bc) to find the most likely one relevant to the output time
series. Also, it is to be noted that to optimize the chance that the global opti-
mum of the likelihood is found, many starting points should be used, distributed
rather evenly over the set of all possible input-normal pairs. The fact that all the
(angular) parameters are taken from a finite interval makes this task easier.

Thus, this chapter formulated the state-space model in discrete time and contin-
uous time where the latter refers to a continuous-time model that is observed at
several points in a discrete time. The continuous-discrete formulation allows for
irregularly timed observations. These appear to be relevant in high frequency
financial markets. Also, this chapter highlights the benefits of applying the state-
space model; as neither VAR nor VECM methodologies have been extended to
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continuous-time applications as far as the present author is aware. Chapter 4
will build on the findings of chapter 3. Simulations with the continuous-discrete
time model have been carried out and and are treated in chapter 4. Also, it will
present a case for simulation in continuous-time to draw a comparison between
the state-space framework and the true model. The chapter will also present a
case for discrete-time model to differentiate between the state-space model and
the VAR model.
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Chapter 4

Simulation Study

In this chapter, we will utilize generated data to address the issue of model se-
lection. Moreover, a simulation study is conducted to compare the performance
of the state-space Error Correction Model (SSECM) against the VAR Error Cor-
rection Model(VECM). It is important to recall that the VECM can be consid-
ered as a particular case within the class of vector auto-regressive (VAR) mod-
els. As a first step, the study discusses a discrete-time series in both the SSECM
and the VECM case, and evaluates their performance based on several statistical
benchmarks; including, information criteria, the goodness of fit, forecast accu-
racy (measured in terms of root mean square error), and Bayes factor. SSECM
outperforms VECM in several cases that we consider. After that, a simulation
study in continuous-discrete time is presented where we compare the estimated
the cointegration state space against a true model, as neither VAR nor VECM
frameworks have been extended to address the continuous-discrete time appli-
cations.

4.1 Generation of Cointegrated Models and Corre-
sponding Time Series

The earlier chapters provided an overview of the VECM and SSECM, their under-
lying assumptions, and the maximum likelihood estimation of their parameters.
Based on the discussion, this section focuses on testing the accuracy of the max-
imum likelihood estimates. This will be done by generating some simulation
models and associated time series. These time series will then be used to test
the model estimation procedures and to compare the outcomes of VECM and
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Corresponding Time Series

SSECM. There are two cases which need to be considered regarding the dimen-
sions (n, p) of the parameter matrices, (1) n ≥ p and (2) n < p. Each of these
cases has different implications for the dimension of the parameter space on
which L is defined, and in the second case, α2 and β2 will appear (see Ribarits
and Hanzon 2014a,b).

Generation of the Angles θk

The section 2.4 highlighted that the matrices (A, B) are parameterized by np

angles θi,k, i = 1, 2, . . . , p, and k = 1, 2, . . . , n. To generate angles, the study
will use the Monte Carlo (MC) method. The uniform distribution is used on
(−π/2,π/2) to generate each of the angles.

Choice of (α,β)

Now consider the cases (1) and (2). First consider case (1), here α and β are
randomly generated using a standard Gaussian distribution (in Matlab by using
the built-in function randn). Finding α and β with rk(αβ ′) < r has probability
zero, so this is unlikely to occur, as α and β are both tall or square and n× p,
rk(αβ ′) = r iff rk(α) = r and rk(β) = r. But as for a tall or square n× r matrix
to be of rank less than r all the r × r submatrices have to have determinant
zero, this is a condition that has Lebesgue measure zero. The same holds for the
condition that rk(α) ≤ r − 1 and/or rk(β) ≤ r − 1). To be safe, check the value
for rk(αβ ′) = r and if not eliminate this choice. In case(2), α2, β2 appear and
similarly here α2 is randomly generated using a standard Gaussian distribution
and β2 is generated similarly to (A, B), compare section 2.4.3 and the previous
paragraph.

The Choice of C

First consider case(1), so n ≥ p. Given that α, β , A, B have been selected, one
has to choose C in such a way that the following equation holds see (2.15):

C(I − A)−1B = −Ip −αβ ′.

As R is selected to be in p-upper Hessenberg form B will be of full rank p and so
will (I −A)−1B. Therefore, (I −A)−1B will have at least p independent rows. One
can assume the last p rows are linearly independent (if not: permute the rows,
this corresponds to a state-space transformation). Partition C as C = [C1 : C2],
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where C1 is a matrix with dimensions equal to (p × (n− p)), and C2 is a matrix
with dimensions (p× p). Let L := (I − A)−1B and partition L as follows:

L =







L1

. . .

L2






, (4.1)

where L2 is a non-singular matrix with dimensions (p× p). One can then write :

[C1
...C2]







L1

. . .

L2






= −Ip −αβ ′ (4.2)

⇐⇒ C1 L1 + C2 L2 = (−Ip −αβ ′) (4.3)
⇐⇒ C2 L2 = −C1 L1 − Ip −αβ ′. (4.4)

As L2 is non-singular, one finds:

C2 = (−C1 L1 − Ip −αβ ′)(L2)
−1. (4.5)

So, one can select any C1; the study uses the standard Gaussian distribution to
generate the elements of C1. In the end, the matrix C is given a value that is in
accordance with the partitioned matrix [C1

...C2].

Hence, the choice of (α,β , A, B, C) and the corresponding triple A= A+BC , B = B,
C = −C should meet the four assumptions that form the basis of the SSECM as
described in section 2.1.

In case(2), given that α1, α2, β1, β2, A, B have been selected, one has to choose
C in such a way that the following equation holds:

[C
...α2]





(I − A)−1B

β ′2



= −Ip −αβ ′. (4.6)

However, we follow a similar process as was done case(1) to find matrix C , by
let

L =





(I − A)−1B

β ′2



 ,
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and partition L similar to equation (4.1). Then, we will use equation (4.5) to
findmatrix C2, and by selecting any C1 as was done in case(1). Finally, the matrix
C is determined as the partitioned matrix [C1

...C2].

Generation of Time Series

To generate the time series, the study utilizes an initial state x̃0 and equires the
innovations sequence {εt}Tt=0. The study will draw the elements of innovations
from a Gaussian distribution with zero mean and co-variance matrix Σ > 0 and
here, choose Σ= I . The x̃0 are generated by a standard Gaussian. The next step
is to compute the time series {yt}Tt=0. Here, the study uses the model (13) and
also obtain ∆yt ∈ Rp×r , yt−1 ∈ Rp×r and x̃ t ∈ Rp×r to be stored in Z0t , Z1t and Z2t

respectively for each t ∈ {0, 1,2, . . . , T}.

4.2 Model Selection

4.2.1 VECM Model

Model selection in the VAR setting was done as follows: The lag order k has been
determined using the Akaike information criterion, as is known from Johansen’s
theory performing the trace test. Having determined a lag estimate kAIC , the
classical Johansen trace test has been used to determine the number r = p − c

of cointegrating relations. That can be done by simulation of the c × c random
matrix see (Johansen 1988):

�

∫ 1

0

WdW′
�′�∫ 1

0

WW′ds

�−1�∫ 1

0

WdW′
�

. (4.7)

Here W (t) is a c-dimensional standard Brownian motion. Simulation was per-
formed replacing the Brownian motion by a Gaussian random walk with 400
steps and involved 6000 replications. For further details of how the simulation
is done see the section below.

4.2.1.1 Asymptotic Distribution of the Cointegration Rank Test Statistics
(Trace Test)

To find asymptotic distribution of the cointegration rank test statistics (Trace
Test), the study assumes a p-dimensional time series. It is interested in testing
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4. Simulation Study 4.2 Model Selection

the null hypothesis H0 for cointegrating rank

H0 : r = r0 against H1 : r0 < r ≤ p.

The likelihood ratio statistic λLR(r0, p) = tr(D) is the Johansen trace statistic
(Note: here λ allows us to define an anonymous function inside another func-
tion. It helps us estimate the cointegrating vectors and restrictions can be tested
using standard inference (λ). Asymptotic theory shows that estimated rank is
consistent in the sense that the probability that the estimated rank is not equal to
the true rank equals the size of tests, whereas the probability that the estimated
rank is too small vanishes). The test statistic has the asymptotic distribution
equal to that of trace of random matrix D, given by

D=

�

∫ 1

0

WdW′
�′�∫ 1

0

WW′ds

�−1�∫ 1

0

WdW′
�

,

whereW :=Wp−r0
(s) stands for a (p− r0)-dimensional standard Wiener process.

The above statistic (D) can be computed by estimating the distribution of the
statistics based on Monte Carlo sampling. We want to compute (aspects of)
the distribution of this random variable. Namely, one can generate samples λ j,
j = 1, . . . , M . After samples, construct an empirical distribution function; and
consequently, compute the tables of probabilities based on a histogram. The
procedure for generating a single sample of λ j is described below. This is based
essentially on generating a single approximate samples of the matrix D, say D j,
that itself requires the generation of a single sample path of a Wiener process
Wp−r0

(s) in the interval [0,1].

More precisely, the latter is achieved after approximating [0, 1] using a partition
with a time step h that results in N =: 1/h intervals, so h =: 1/N and we take
N ∈ N. Next, the study generated increments

dW(si)≈∆W(si) =
p

hZi,

where Zi ∼ N(0, IK−r0
) are uncorrelated standard Gaussian variables, for i =

1, . . . , N . The sample path W is then computed as

W(si) :=
i
∑

r=1

∆W(sr).
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The integrals, involved in D are then approximated as
∫ 1

0

WdW′ ≈
N
∑

i=1

W(si)∆W(si)
′,

and
∫ 1

0

WW′ds ≈
N
∑

i=1

W(si)W(si)
′h.

Repeating this procedure, generate samples

D j =

�

N
∑

i=1

W(si)∆W(si)
′

�′ � N
∑

i=1

W(si)W(si)
′h

�−1 � N
∑

i=1

W(si)∆W(si)
′

�

,

j = 1, . . . , M and compute the trace λ j = tr
�

D j
	

from which the histogram fol-
lows below. Our table presents 1000 observations for the deviations from Jo-
hansen (1988) at different confidence intervals as shown below:

Table 4.1: Quantiles of the Asymptotic Distribution of the Cointegration Rank
Test Statistic

Dim\ % 2.5% 5% 10% 50% 90% 95% 97.5%

1 0.0015 0.0056 0.0231 0.5936 2.9689 4.0984 5.2706
2 1.6165 1.9955 2.5470 5.4757 10.4569 12.3079 14.0016
3 7.1194 8.0190 9.1614 14.4037 21.7588 24.2586 26.5106
4 16.6143 18.0606 19.8591 27.3848 37.0136 40.1696 43.0435
5 30.1801 32.1422 34.5877 44.3538 56.1665 59.9041 63.2475
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4. Simulation Study 4.2 Model Selection

Figure 4.1: Histogram of the Asymptotic Distribution of the Cointegration Rank
Test Statistic (Trace Test)

4.2.2 State-Space Models

There are several ways of determining n. One such method is the likelihood
ration test that presented in section 1.7.2 to find the trace test of state-space
model. Then, study used the equation (4.7) to find the critical value and used
it to compare it with trace test. The study rejects the test if the the trace result
above of the critical value, since r can be determined by using c = p − r. The
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study uses equation (4.7) because the state-space model is VAR(∞) such that

yt =
∞
∑

1

HK yt−K ,

and the impulse response coefficients HK converge to zero exponentially (as A

is asymptotic stable). Therefore, one can approximately neglect the tail of the
summation. Hence

yt ≈
K
∑

1

HK yt−K ,

for some sufficiently large K and for t−t0 sufficiently large, where t0 is the time at
which the state equation starts, so the time for which x t0

is the initial state. This
last model is a VARmodel to which to Johansen test can be applied. Therefore we
claim the Johansen test can also be applied in our case by good approximation.
An alternative way of determining n is by using it as a sample in calculation runs
as shown below: The study uses the VECM software to determine a cointegrated
VAR model. This gives an estimated of r = p− c, using the classical trace test by
Johansen (1988). The resulting VEC model is readily obtained as well, and one
can then transform it back to a conventional VAR, which in turn can be easily
written in state-space form A joh, B joh, C joh. It is important to consider that the
state-space representation of a VAR is widely known as the companion form of
the VAR model. Matrix A joh has 1 as c-fold eigenvalue. By applying a suitable
state transformation of the form:

�

Ã joh, B̃ joh, C̃ joh

�

=
�

TA johT−1, T B joh, C johT−1
�

,

it is possible to block- diagonalize A joh such that Ã joh = diag(Ic, Ãst
joh) where

| λmax(Ã
st
joh) |< 1. To determine n, it is possible to follow the balance and trun-

cate approach, which should be applied to the stable subsystem (Ãst
joh, B̃st

joh, C̃ st
joh)

where B joh and C joh are partitioned is accordance with partitioning of Ã joh, such
that B joh = (∗B̃st

joh), C joh = (∗, C̃ st
joh). Again, an information-type criterion would

serve to consider the number of singular values that differ significantly from zero
as the estimated order of the stable subsystem. By adding c, one can obtain the
estimated system order n.
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4. Simulation Study
4.3 Discrete-time Simulation Study (case 1:

p ≤ n)

4.3 Discrete-time Simulation Study (case 1: p ≤ n)

In this section, the study will compare the classical VECM approach with the
SSECM approach in case 1 when p ≤ n.

4.3.1 Model Estimation

In this section, the study will provide simulation results and model selection re-
sult. It considers four state-space systems (A, B, C), with p = 3 and with state
dimension n = 4. These were generated with the techniques described in sec-
tion 4.2.2. Note that, c ≤ p due to the minimality of (A, B, C). Here the four
systems have c = 2 and the eigenvalues of the Amatrix in a minimal state-space
representation (λ1, λ2, λ3, λ4) are as given in Table 4.2.

Table 4.2: The Eigenvalues of the A-matrix in a Minimal State-Space Represen-
tation of the Data Generating Models.

Model T c Sigma(A)
1 100 2 (0.04,0.86, 1,1)

2 500 2 (−0.84,0.42, 1,1)

3 1000 2 (−0.63,0.59, 1,1)

4 2000 2 (0.68,0.76, 1,1)

Simulation data comprising T = 100, T = 500, T = 1000 and T = 2000 output
observations (y1; . . . ; yT ) have been generated. For each of the four cases, the
study will find a good estimate of the data generating process (DGP). First, it
will have to select the discrete parameters K, n , r as discussed in section above.
A VECM has been estimated for these data sets. As seen in Table 4.3 below, the
Akaike information criteria suggests different lag orders depending on the size
of T . Namely, the appropriate lag length is 3 for 100 observations, 4 for 500
observations, 5 for 1000 observations, and 6 for 2000 observations.
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4. Simulation Study 4.3 Discrete-time simulation study

Table 4.3: Lag Order Selection Results

T = 100 T = 500 T = 1000 T = 2000Lag order
Model AIC Model AIC Model AIC Model AIC

1 1166.42 5829.63 11175.62 23837.17
2 904.23 4550.69 9223.90 18514.42
3 896.81 4502.07 8972.52 17524.29
4 907.25 4482.94 8850.93 17284.29
5 915.31 4505.12 8806.46 17091.35
6 934.99 4531.76 8806.47 17061.69
7 964.98 4564.11 8829.23 17090.44
8 989.19 4586.89 8845.92 17141.12
9 1012.02 4621.58 8878.39 17196.86
10 1036.86 4656.20 8908.21 17237.04
11 1056.44 4692.27 8945.44 17291.59
12 1080.63 4732.20 8973.71 17343.27

An SSECMmodel was also estimated for the same data sets. Here it was assumed
that the order is 4(= the correct order) for all data sets. However, the study will
now present the results of estimating the state-space model with order n = 3,
using the data generated by the fourth model, and with T = 2000 observations.
To compare the outcomes with those that can be obtained using the true model,
the data is divided into two data sets each with the number of observations
T = 1000. The study estimates the state-space model once with order n = 4,
and once more with order n = 3 using the first set. Table 4.4 shows that the
sample co-variance matrix of the ε̂t (t = 1, . . . , T) that was found with order
n = 4 are close to Identity compare to the sample co-variance matrix of the ε̂t

with order n= 3.
Table 4.4: Sample Co-variance Matrices of ε̂t from State-Space Data Generating
Processes with Order n= 4 and Order n= 3

n= 4 n= 3

0.9995 0.0007 0.0002 0.9427 0.0407 0.0318

0.0001 0.9934 0.0004 0.0023 0.9591 0.0003
0.0004 0.0003 0.9987 0.0067 0.0019 0.9101

The Trace Cointegration Test was used to evaluate the number of cointegrating
relations (r) between {yt}t . Table 4.5 shows the results of applying the Cointe-
gration Test to the generated data. The results show that the null hypothesis of
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no cointegration relationships (r = 0) can be rejected at a significance level of
95%, giving strong evidence for the presence of cointegration. The null hypoth-
esis of at most 1 cointegrating relation (rank r ≤ 1 against the alternative r > 1)
can not be rejected at a significance level of 95%.

Table 4.5: Results of the VECM Trace Cointegration Test and State-Space Trace
Cointegration Test

Rank (number of r) (T = 100) r = 0 r = 1 r = 2

VECM Trace Statistic 45.1627 6.9073 1.5334
State Space Trace Statistic 47.3746 6.8836 1.6548
Critical Value(own code) 24.2586 12.3079 4.0984
p-value 0.0010 0.5867 0.3175
Rank (number of r) (T = 500) r = 0 r = 1 r = 2

VECM Trace Statistic 188.5833 5.1530 0.3686
State Space Trace Statistic 99.6435 6.9356 0.76489
Critical Value(own code) 24.2586 12.3079 4.0984
p-value 0.0010 0.5914 0.2082
Rank (number of r) (T = 1000) r = 0 r = 1 r = 2

VECM Trace Statistic 260.0482 3.6864 0.1984
State Space Trace Statistic 199.847 4.97547 0.2574
Critical Value(own code) 24.2586 12.3079 4.0984
p-value 0.0010 0.6626 0.3653
Rank (number of r) (T = 2000) r = 0 r = 1 r = 2

VECM Trace Statistic 106.1460 11.3374 0.0018
State Space Trace Statistic 97.6578 9.7469 0.0035
Critical Value(own code) 24.2586 12.3079 4.0984
p-value 0.0010 0.5727 0.3732

This thesis used a parametric model to study cointegration.However, a non-
parametric model can also be used to study cointegration. For instance,
Bierens (1997) proposed consistent co-integration tests using a non-parametric
approach. His approach is similar to Johansen’s method, who estimated the
co-integrating vectors and derived them using maximum likelihood estimation
from the eigenvectors. Bierens (1997)’ study was conducted analogously
to Johansen’s tests, including parametric restrictions on the co-integrating
vectors. Likewise, a non-parametric model free approach to cointegration
can be found in Poskitt (2012). Unlike classical tests, non-parametric tests
make only few assumptions about the data and are appropriate when the data
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distribution is non-normal. Therefore, to use a non-parametric approach, one
needs to evaluate future literature and investigate a non-parametric approach
to estimating the co-integrating rank (to adapting to our model). In present
study, we investigated cointegration using State Space model and a normally
distributed data. We expected our method to work well with a non-parametric
approach as well as non-normal distributed data; hence, we aim to investigate
it in our future work related to cointegration.

Next, the study assesses the MLE of the remaining (continuous) parameters. This
will be treated below.

4.3.2 Comparison Between the Outcomes of VECM, SSECM
and the True Model

In this section, state-space process will be utilized to set up 4 different model us-
ing different θ . The objective of the study is to compare the true model and the
results of MLE parameters using state-space model. The study will also compare
the cointegration vector generated using state-space with the one generated by
using 4 different models. We want to study deviation between the true θ param-
eter with different models to establish the advantage of using state-space model
and compare it with the outcome of VECM. The Table 4.6 presents our findings
for the θ for all 4 models that we generated.

Table 4.6: True Theta from the State-Space Data Generating Process in Different
Models (using the different θ).

−0.27261 −0.91946 −0.30682 −0.63637

0.63547 0.13784 0.19223 0.29043Model 1
−0.67585 −0.63024 −0.44679 0.35666
0.67615 0.53792 −0.22352 −0.64732

−0.19115 −0.88425 −0.67453 −0.38491Model 2
−0.69002 0.82776 −0.38541 −0.02017

0.17817 0.1566 0.40346 −0.88662

0.2011 0.61957 0.47747 0.15329Model 3
−0.88202 −0.30162 −0.47865 0.82501
0.73248 −0.40799 0.53523 −0.6209

0.43598 −0.78821 0.35164 0.91431Model 4
−0.47761 0.66522 0.86352 0.06545
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Further, in Table 4.7 the study compares the cointegrating vector in each of the
four generated time series, as estimated by VECM and SSECM respectively, with
their true value. The results were relatively close.

Table 4.7: Cointegration Vector
T= 100 (Model 1) True model VECM (k = 2) SSECM (n = 4)
Cointegration Vector 2.49 2.44 2.51

−2.03 −2.01 −2.03
−0.82 −0.85 −0.80

T= 500 (Model 2) True model VECM (k = 3) SSECM (n = 4)
Cointegration Vector 0.12 0.14 0.17

2.66 2.45 2.64
−0.43 −0.40 −0.44

T= 1000 (Model 3) True model VECM (k = 4) SSECM (n = 4)
Cointegration Vector 0.50 0.54 0.51

−2.01 −2.05 −2.09
2.03 2.02 2.03

T= 2000 (Model 4) True mode VECM (k = 5) SSECM (n = 4)
Cointegration Vector −4.79 −4.83 −4.74

3.84 3.79 3.88
2.27 2.38 2.25

Table 4.8 shows the comparison between the estimated VECM and SSECM using
four different models or observations. The study found out three characteristics
that hold across different sample sizes. First, the log likelihood estimates are
similar between both model classes. Second, the number of parameters grows
fast in the VECM but stays the same in the SSECM. As a general comment,
it is well-known that models under the VAR class are prone to become over-
parameterized. Third, the BIC information criterion is lower for the SSECM,
which favors the SSECM over the VECM in terms of model selection. Note that,
the study used the same true parameters as in Table 4.6. The study chose 1000
starting points to search for state space MLE. The best results (our optimal like-
lihood values) are presented in Table 4.8.

Application of Cointegrated State-Space
Models

83 Miaad Hamad Al-qurashi



4. Simulation Study 4.3 Discrete-time simulation study

Table 4.8: Comparison of Johansen’s VAR Error Correction Model and Estimated
SSECM for T = 100, T = 500, T = 1000, and T = 2000.

T = 100 (Model 1) VECM (k = 2) SSECM (n = 4)

Cointegration rank 1 1
Effective sample size 97 99
Total Parameters 29 26
BIC 944.72 927.74
Log likelihood 390.10 389.85

T = 500 (Model 2) VECM (k = 3) SSECM (n = 4)

Cointegration rank 1 1
Effective sample size 496 499
Total Parameters 38 26
BIC 4542.25 4453.35
Log likelihood 2132.33 2131.63

T = 1000 (Model 3) VECM (k = 4) SSECM (n = 4)

Cointegration rank 1 1
Effective sample size 995 999
Total Parameters 47 26
BIC 8875.59 8664.33
Log likelihood 4249.76 4228.09

T = 2000 (Model 4) VECM (k = 5) SSECM (n = 4)

Cointegration rank 1 1
Effective sample size 1994 1999
Total Parameters 56 26
BIC 17149.75 17023.13
Log likelihood 8331.37 8327.83
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Next, we will be using the same θ to distinguish the effects of model parame-
ters based on sample size (including 100, 750, and 2000 observations) in each
model. For consistency and comparison, we have also performed a Monte Carlo
replication to ascertain the sampling properties of the suggested procedures and
examined the accuracy of our estimation. The exact process is repeated 10000
times for generating different εt series data of 100, 750, and 2000 observations
in each model. The goal of repeating the process was to develop the best esti-
mate for MLE by applying SSECM to time series. We estimated the average value
and compared the result with the actual θ value at a significance level of 95%
and the standard deviation as presented in Table 4.10. When we compare the
parameter for true θ to model parameters, there is little difference as the num-
ber of observations increase. However, T = 2000 observations yielded a better
result. As we can see, the difference between the θ used for the true model
and the θ of the MLE for state-space is slightly small for T = 100, some of the
estimates are close to the true θ but not for all. For example, the first 3 models,
not all of the estimates are significantly close to the true θ . However, when we
increase T = 2000, then we see that all of the estimate are significantly close to
the true θ , indicating a better fit model.

Next, we have Table 4.9, where the MLE parameter estimates show an improved
value when compared to actual θ parameters as the T increases. The results
show that ourmethod is reliable and consistent, as shown in Table 4.10 forModel
4 or T = 2000. The standard deviation values are minimal, which indicates that
there is less variance or statistical difference and the values are same, more or
less at different times. Also, Table 4.11 shows the results of comparing the co-
integrating vector; the result shows better value of co-integrating vector when
compared with the actual model as T increases as well as the standard deviation
at a significance level of 95%.
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4. Simulation Study 4.3 Discrete-time simulation study

Table 4.11: Monte Carlo study: (c) Cointegrating vector with their true model

True T = 100 T = 750 T = 2000

mode SSECM(MC) SD SSECM(MC) SD SSECM(MC) SD
2.49 2.58 0.00012 2.54 0.00009 2.5 0.00002
−2.03 −2.15 0.00017 −2.07 0.00007 −2.01 0.00005Model 1
−0.82 −0.86 0.00009 −0.85 0.00004 −0.8 0.00001
0.12 0.22 0.00013 0.19 0.00008 0.14 0.00004
2.66 2.62 0.00006 2.71 0.00009 2.65 0.00003Model 2
−0.43 −0.44 0.00007 −0.46 0.00017 −0.42 0.00001
0.5 0.61 0.00016 0.54 0.00012 0.51 0.00008
−2.01 −2.07 0.00013 −2.04 0.00004 −2.02 0.00003Model 3
2.03 2.06 0.00007 2.01 0.00003 2.05 0.00001
−4.79 −4.83 0.00011 −4.75 0.00008 −4.8 0.00009
3.84 3.79 0.00015 3.81 0.00012 3.83 0.00008Model 4
2.27 2.31 0.00009 2.26 0.00007 2.28 0.00005

For further validation our model, we are comparing the VECM and SSECM by
using two methods as shown in Table 4.12. The two methods are a) MLE esti-
mation, and b) least-squares method. We have taken Model 4 in several time
series (100, 750 and 200). In Model 4, the theta estimates were far better when
compared with other 3 models because of less deviation between estimated and
true θ ; hence, a higher probability of providing a better θ for the model. The
table below shows that the estimates are similar for a normally distributed data
set. The result indicates that VECM estimates for both MLE and Least Squares
Method (LSM) provide similar forecasts to the SSECM model as there are more
variables in VECM. Next, in Table 4.13, we select Model 4 as well for the reason
stated above to compare the MLE and LSM estimates and actual values for the
parameter vector θ . The findings suggest that the MLE parameters are closer to
the actual theta parameters compared to LSM but not that different. The two
methods are only likely to show significantly different statistical characteristics
for smaller sample sizes. However, as the sample size increases to T = 2000,
MLE parameters are closer to the actual θ parameters as well as in LSM. The
deviance becomes less and the parameter becomes closer to the true θ with an
increase in the sample size. In conclusion, the θ from the true model is closer to
the θ estimates of MLE and LSM models as the time increases indicating that for
smaller sizes the estimates or parameters for LSM and MLE are asymptotically
equivalent.
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4. Simulation Study 4.3 Discrete-time simulation study

Indeed, we compare between the delay profiles for VECM and SSECM that were
estimated by the norm squared of the coefficient matrices as presented in Figure
4.2. It is clear that the difference between these quantities for VECM and SSECM
is small wherever VECM has a nonzero value. Also, the rest of these quantities
converge to zero in the SSECM case. Here by delay profile of a system {ut} →
{yt}, we mean the sequence of norm-squared values for inputs response matrices
of the inverse system {yt} → {ut}.
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4. Simulation Study 4.3 Discrete-time simulation study

(a) T = 100

(b) T = 500

(c) T = 1000

(d) T = 2000

Figure 4.2: The Delay Profiles; the Figures on the Left Display the Delay Profiles
for the VECM.The Figures on the Right Display the Delay Profiles for the SSECM.
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4. Simulation Study 4.3 Discrete-time simulation study

For further comparison, the study used the data set with 2000 observations.
These models were compared based on three Information Criteria (AIC, BIC, and
HQC) and Bayes factors (see, Poskitt and Tremayne (1987) Atukeren (2005)),
used as the model selection tools. These can be used to compare any models
fitted to the same data. For illustrative purposes, traditional fit measures (R2

and the root mean squared error – RMSE) were also used to compare the SSECM
with the traditional VECM.

Figure 4.3 and Table 4.14 show the results of using the information criteria to
compare the SSEC and VECmodels. In the case of the BIC, this criterion suggests
that SSEC is themodel that minimizes the information loss; in contrast, the lower
values of both the AIC and the HQC point to the traditional VEC as the preferred
model.

Figure 4.3: Comparison Between the SSEC and the VEC Model Using Three
Information Criteria (AIC, BIC, and HQC)

Table 4.14: Comparison Between the SSEC and the VEC Model Using Three
Information Criteria (AIC, BIC, and HQC)

AIC BIC HQC
SSVEC 16849.1 17023.3 16909.6
VEC 16774.7 17149.7 16904.9

Berger and Pericchi (1996) suggested that model selection should have a Baye-
sian basis. This is because non-Bayesian methods (Poskitt and Tremayne 1987)
– based on the introduction of ad hoc penalties for model complexity – have dif-
ficulty incorporating the "Occam’s razor" principle. It refers to the notion that
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4. Simulation Study 4.3 Discrete-time simulation study

if two models explain data equally well, then the simpler model is to be pre-
ferred. Bayes factors do this "Occam’s razor" comparison automatically (Atuk-
eren 2005). In the Bayesian approach, given an information set Φ, which in-
cludes the data set and (possibly) other additional information, a measure of
evidence in favor of a model M0 is the posterior odds of model M0 versus the
other model, i.e. the posterior probability of the additional model M1 divided
by the posterior probability of the first model:

p(M1|Φ)/p(M0|Φ).

Based on the posterior probabilities p(M1|Φ), p(M0|Φ) and the prior probabilities
p(M0), p(M1), a commonly used measure of evidence in favor ofM0 is the Bayes
factor, defined by (Wasserman 2000):

B01 =
p(M1|Φ)
p(M0|Φ)

÷
p(M1)
p(M0)

,

which is the posterior odds in favor of M1 divided by the prior odds in favor of
M1. The Schwarz criterion (or BIC) gives a rough approximation to the algo-
rithm of the Bayes factor B01. This approximation avoids the need to elicitate
the prior distributions of p(M1) and p(M0) (Kass and Raftery 1995). Following
Wagenmakers (2007):

B01 ≈ exp
�

∆BIC10

2

�

,

and the table below can be used to take a decision about the evidence in favor
ofM0 (see Kass and Raftery 1995):

Table 4.15: Approximate Minimum Bayes Factor B01 and Probability in Favor of
the ModelM0 with Evidence

Bayes factor B01 Probability in favor of the modelM0 Evidence
1-3 .50-.75 Weak
3-20 .75-.95 Positive
20-150 .95-.99 Strong
> 150 > .99 Very strong

In the case of the comparison of the model SSEC (M0) against the VEC model
(M1),

∆BIC10 = BIC(M1)−BIC(M0) = 17149.7− 17023.3= 126.4,
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4. Simulation Study
4.4 Discrete-time Simulation Study (case 2:

p > n)

and thus B01 ≈ 2.8× 1027, providing very strong evidence in favor of the SSEC
model when compared to the simple VEC model.

For illustration purposes, model comparison based on measures of goodness of
fit (R2 and RMSE) were also used to compare the SSEC model and the VEC
model. Also, the number of observations to workwith themodel were taken to be
T = 2000. Nonetheless, care must be taken when comparing models with these
measures, since the ordinary R2 and RMSE do not penalize model complexity,
i.e. an artificially good fit (a high R2 and low RMSE) can be obtained with a
complex model that over-fits the data. The R2 and RMSE statistics suggest that
a better fit for y1,t and y2,t are obtained with the SSEC model, since the R2 of the
SSEC is slightly higher than the R2 of the VEC model for the variables y1,t and
y2,t of the vector yt . The RMSE of the SSEC model is also lower than the RMSE
of the VEC model for the variables y1,t and y2,t . Only in the case of the variable
y3,t of the vector yt the R2 of the VEC model is slightly higher and the RMSE is
lower as clear as shown in Table 4.16

Table 4.16: Comparison Between the SSECM and the VECM Based on the Mea-
sures of the Goodness of Fit (R2 and RMSE).

Ordinary R2 statistic Root mean squared error (RMSE)
SSEC VEC SSEC VEC

y1,t .9861 .9444 13.854 27.711
y2,t .2788 .2492 40.835 41.656
y3,t .9207 .9357 45.871 41.334

4.4 Discrete-time Simulation Study (case 2: p > n)

In this section, we will compare the classical VECM approach with the SSECM
approach in case 2 when p > n.

4.4.1 Model Estimation

In this section, we will present estimation results for case p > n and note that
β2 here will appear as presented in section 2.4.3. Now, consider one state-space
system (A, B, C) with p = 6 and state dimension n = 2. Here, the system with
c = 1 and the eigenvalues of the Amatrix in a minimal state-space representation
(λ1,λ2) are studied and results given in Table 4.17.
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4. Simulation Study 4.4 Discrete-time Simulation Study

Table 4.17: The Eigenvalues of the A-matrix in a Minimal State-Space Represen-
tation of the Generating Model for the Case 2

c = 1

Sigma(A) (1,0.9964)

Simulation data comprising T = 2000 output observations (y1; . . . ; yT ) have been
generated.

A VECM model has been estimated for this data set. Table 4.18 shows that the
Akaike information criteria suggested an optimal lag order of two for the VECM.
An SSEC model was also estimated for the same data set. Here, it was assumed
that the order is 2 (= the correct order).

Table 4.18: Lag Order Selection Results for the Discrete-time Simulation Study
Lag order Model AIC
1 37387.33
2 34667.35
3 34801.74
4 34880.89
5 35106.32
6 35306.33
7 35505.73
8 35735.94
9 35956.61
10 36161.21
11 36384.93
12 36591.28

The Trace Cointegration Test was used to evaluate the number of cointegrating
relations (if any) between {yt}t . Table 4.19 shows the results of applying the
Cointegration Test to the generated data. The results show that the null hy-
pothesis of no cointegrating relationships (r = 0, 1,2, 3,4) can be rejected at a
significance level of 95%, giving strong evidence for the presence of cointegra-
tion. The null hypothesis of at most 5 cointegrating relation can not be rejected
at a significance level of 95%. This is in line with the true model as r = 5.
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4. Simulation Study 4.4 Discrete-time Simulation Study

Table 4.19: Results of the VECM Trace Cointegration Test and State-Space Trace
Cointegration Test
Rank (r) (T = 2000) r = 0 r = 1 r = 2 r = 3 r = 4 r = 5

VECM Trace Statistic 197.0159 150.9098 131.8520 102.6618 96.365 0.4383
State Space Trace Statistic 109.746 99.6473 94.758 93.847 90.647 0.5748
Critical Value (own code) 83.3133 59.6193 39.9665 24.1994 12.2744 4.0969
p-value 0.0010 0.0010 0.0010 0.0010 0.0010 0.6849

4.4.2 Comparison Between the Outcomes of VECM, SSECM
and the True Model

We compared the true model with estimation results as in Table 4.20. The dif-
ferences between the true θ and the MLE θ is found to be small. Furthermore,
Table 4.21 shows the cointegration vector estimates are similar for both model
classes and the true model.
Table 4.20: True Theta Parameter Values from the State-Space Data Generating
Process and the Corresponding ML Estimator Values.

True theta MLE of theta
−0.72142 0.63845 −0.74763 0.65674
−0.56782 0.68991 −0.57263 0.68888
0.64503 0.12418 0.70465 0.10334
−0.04211 0.53771 −0.03546 0.49378
0.69631 0.18104 0.65798 0.19943
0.16815 0.11382 0.18563 0.11187
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4. Simulation Study 4.4 Discrete-time Simulation Study

Table 4.21: Cointegration Vector
Model Cointegration Vector

−0.023 0.781 1.761 −4.131 −3.761

1.471 −2.192 −0.569 0.981 4.233
−3.152 1.835 2.013 −2.637 −2.812

2.934 −0.113 −0.401 5.191 1.585
0.099 −0.231 −3.091 0.080 0.940

True model

−0.383 0.085 0.158 −0.001 −0.075

−0.029 0.788 1.766 −4.137 −3.764

1.501 −2.193 −0.573 0.978 4.238
−3.158 1.831 2.016 −2.633 −2.814

2.937 −0.117 −0.404 5.189 1.588
0.091 −0.230 −3.096 0.083 0.939

VECM

−0.384 0.089 0.153 −0.003 −0.074

−0.022 0.783 1.760 −4.132 −3.761

1.470 −2.190 −0.568 0.981 4.235
−3.155 1.833 2.013 −2.638 −2.814

2.936 −0.114 −0.402 5.192 1.584
0.097 −0.231 −3.093 0.081 0.941

SSECM

−0.381 0.084 0.157 −0.001 −0.076

We compared the SSECM and VECM. Table 4.22 shows, once again, that the
SSECM performs better than the VECM. With similar sample size, the SSECM
has a remarkably lower number of parameters, lower BIC and yields a similar
log likelihood. It’s clear to see that the number of parameters in the VECM
grows very fast, while the SSECM is not prone to become over-parameterized.
It should be said that the larger the number of estimated parameters, the larger
the uncertainty in the estimation. By the end, we compared the delay profiles
for VECM and SSECM.
Table 4.22: Comparison of the Estimated VAR Error Correction Model and the
Estimated SSECM for T = 2000

T = 2000 VECM (k = 1) SSECM (n = 2)

Cointegration rank 5 5
Effective sample size 1997 1998
Total Parameters 92 20

BIC 34984.62 34165.72
Neg. Log likelihood 17060.32 16988.53
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4. Simulation Study
4.5 Continuous-time Simulation Study (case 1:

p ≤ n)

We compared the delay profiles for the VECM and the SSECM. The findings
showed the coefficient matrices as presented in Figure 4.4. It is clear that the
difference between these quantities for the VECM and the SSECM is small wher-
ever VECM has a nonzero value. Also, the rest of these quantities converge to
zero in the SSECM case. Here, by delay profile of a system {ut} → {yt}, one
means the sequence of norm-squared values for inputs response matrices of the
inverse system {yt} → {ut}.

Figure 4.4: The Delay Profiles; the Figure on the Left Display the Delay Profile
for the VECM; the One on the Right Display the Delay Profile for the SSECM.

4.5 Continuous-time Simulation Study
(case 1: p ≤ n)

4.5.1 Model Estimation

In this section, we will present estimation results for case p ≤ n. We want to
model a continuous-discrete time system. We will use a continuous-time stat-
space system (Ac, Bc, Cc) parameterized by a corresponding (artificial) discrete-
time state-space system (Aµ, Bµ, Cµ) with p = 3 and state dimension n= 4.. Here
we study the system with c = 2 and the eigenvalues of the Aµ matrix in a minimal
state-space representation (λ1,λ2,λ3,λ4) are given in Table 4.23. Simulation
data comprising N = 2000 output vector observations (yt1

; . . . ; ytN
) have been

generated.

The Trace Cointegration Test was used to evaluate the number of cointegrating
relations (if any) between {yt j

}Nj=1. Table 4.24 shows the results of applying the
Cointegration Test to the generated data. The results show that the null hypoth-
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4. Simulation Study
4.5 Continuous-time Simulation Study (case 1:

p ≤ n)

Table 4.23: The Eigenvalues of the Aµ-matrix and the (continuous-time) Ac-
matrix in a Minimal State-Space Representation of the Generating Models

c = 2

Sigma(Aµ) (0.6069,0.9991,1,1)
Sigma(Ac) (−3.2579,−0.0185,0, 0)

esis of no cointegrating relationships (r = 0) can be rejected at a significance
level of 95%, giving strong evidence for the presence of cointegration. The null
hypothesis of at most one cointegrating relation (rank r ≤ 1 against the alterna-
tive r > 1) can not be rejected at a significance level of 95%. This is in line with
the under lying true model, for which r = 1.

Table 4.24: Results of the State-Space Trace Cointegration Test

Rank (r) (T = 2000) r = 0 r = 1 r = 2

State Space Trace Statistic 37.786 9.6433 1.7458
Critical Value (own soft) 24.1994 12.3079 4.0984

4.5.2 Comparison Between the Outcomes of SSECM and the
True Model

We compared the true model with estimation results as in Table 4.25. The differ-
ences between the true θ and the MLE θ̂ can be seen to be small. The method
Table 4.25: True Theta Parameter Values from the State-Space Data Generating
Process and the Corresponding ML Estimator Values for Comparing the SSECM
for λ= 159.

True theta MLE theta
−0.58911 0.83562 0.84378 −0.08856 −0.55785 0.88785 0.83371 −0.0854

0.58591 0.32556 −0.17776 0.33675 0.54439 0.39932 −0.176823 0.35379
0.80842 −0.24065 −0.11531 −0.065841 0.83291 −0.23463 −0.11833 −0.06894

was repeated several times with different values of λ where

∆t j = − log
�

1−
U j

λ

�

,

U ∼ U(0,1) and j = 1, . . . , N . However, with large value of λ, e.g. λ= 159, better
comparison was seen between the θ and the θ̂ . The neg.log likelihood in the
optimum was 8147.72 and BIC equal to 16548 with total number of parameters
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4. Simulation Study
4.6 Continuous-time Simulation Study (case 2:

p > n)

29 and the effective sample size is 1987. Furthermore, Table 4.26 shows that
the cointegration vector estimates are similar to the cointegration vector in the
true model.

Table 4.26: Cointegration Vector
True model SSECM
−0.85 −0.83

2.59 2.57
−1.74 −1.76

4.6 Continuous-time simulation study
(case 2: p > n)

4.6.1 Model Estimation

In this section, we will present estimation results for case p > n and note that β2

here will appear as presented in section 2.4.2. Consider one state-space system
(Aµ, Bµ, Cµ) with p = 6 and state dimension n = 2. Here, we study the system
with c = 1 and the eigenvalues of the Aµ matrix in a minimal state-space repre-
sentation (λ1,λ2) are given in Table 4.27. Simulation data comprising N = 2000

output observations (yt1
; . . . ; ytN

) have been generated.

Table 4.27: The Eigenvalues of the Aµ-matrix and the (continuous-time) Ac-
matrix in a Minimal State-Space Representation of the Generating Models for
the case 2.

c = 1

Sigma(Aµ) (−0.0533, 1)

Sigma(Ac) (−1.6942, 0)

The Trace Cointegration Test was used to evaluate the number of cointegrating
relations (if any) between {yt j

}Nj=1. Table 4.28 shows the results of applying the
Cointegration Test to the generated data. The results show that the null hy-
pothesis of no cointegrating relationships (r = 0, 1,2, 3,4) can be rejected at a
significance level of 95%, giving strong evidence for the presence of cointegra-
tion. The null hypothesis of at most 5 cointegrating relation can not be rejected
at a significance level of 95%. This is in line with the true model as r = 5.
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4. Simulation Study
4.6 Continuous-time Simulation Study (case 2:

p > n)

Table 4.28: Results of the State-Space Trace Cointegration Test for case 2

Rank (r) (T = 2000) r = 0 r = 1 r = 2 r = 3 r = 4 r = 5

State Space Trace Statistic 109.746 99.6473 94.758 93.847 90.647 0.5748
Critical Value (own soft) 83.3133 59.6193 39.9665 24.1994 12.2744 4.0969

4.6.2 Comparison Between the Outcomes of the SSECM and
the True Model

The study compared the true model with estimation results as in Table 4.29.
The differences between the true θ and the MLE θ̂ can be seen to be small.
However, when λ equals to 173 ( which is the reference value), we get the better
comparison between the θ and the θ̂ .

Table 4.29: True Theta Parameter Values from the State-Space Data Generating
Process and the Corresponding ML Estimator Values for case 2 where λ= 173

True theta MLE theta
−0.72142 0.63845 −0.74763 0.65674
−0.56782 0.68991 −0.57263 0.68888
0.64503 0.12418 0.70465 0.10334
−0.04211 0.53771 −0.03546 0.49378
0.69631 −0.18104 0.65798 −0.19943

0.16815 0.11382 0.18563 0.11187

The neg.log likelihood in the optimumwas 18146.33 and BIC equal to 36140.45
with total number of parameters 20 and the effective sample size is 1998. Fur-
thermore, Table 4.30 shows the cointegration vector estimates are similar for the
model and the true model.

Table 4.30: Cointegration Vector

True model SSECM
−1.55 −2.34 1.65 1.01 5.03 −1.52 −2.33 1.66 1.04 6.06
−0.001 −0.18 2.47 3.73 1.72 −0.003 −0.20 2.45 3.76 1.69
2.03 1.87 −0.56 −0.77 −4.22 2.04 1.91 −0.58 −0.73 −4.18

0.10 4.01 −0.97 −1.12 −2.19 0.12 4.03 −0.99 −1.11 −2.19

−1.91 −3.29 1.33 0.27 0.98 −1.94 −3.31 1.37 0.30 0.96
1.12 0.36 −4.02 −4.18 −1.11 1.15 0.37 −4.05 −4.21 −1.12
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4. Simulation Study
4.6 Continuous-time Simulation Study (case 2:

p > n)

In conclusion, this chapter estimated the discrete-time simulated data and com-
pared the findings to estimation results using the VAR model. The main findings
of this chapter are as follow:

• First,there is a similarity between the log likelihood estimates for both model
classes

• Second, VECM has a higher number of parameters compared to SSECM
• Third, the BIC information criteria are much lower in several cases for the
SSECM, which favours such model class in terms of model selection

• Fourth, SSECM outperforms, if not reformulate the VECM regardingmodel se-
lection criteria including goodness of fit, forecast accuracy (RMSE) and Bayes
factor.

• Fifth, there is a clear difference between the delay profiles of VECM and the
SSECM. Unlike the VECM case, the quantities converge rather smoothly to
zero in the SSECM case.

In contrast, the results of the continuous-discrete time model suggest that the
model has several advantages over conventional discrete-time series and VAR
models. For example, data with unequal time intervals can be treated efficiently,
since the model parameters of the dynamical system model are not affected by
the measurement process. The continuous-discrete state space model is a com-
bination of continuous time dynamics (stochastic differential equations, SDE)
and discrete-time noisy measurements. As is well-known, the crucial point is
the implementation of the nonlinear constraints directly. An inspection of the
empirical distribution of the ML estimates reveals that the parameter values are
nearer to normality.

Furthermore, our findings established that for a higher p-value, VAR is not an
appropriate model, as shown by Tschernig et al. (2013). The findings suggest
that state-space models are better as estimation models with higher p-values
instead of VAR models. Also, Ribarits and Hanzon (2014b,a) offered a logi-
cal explanation in favouring the state-space models over vector-auto-regressive
methodologies. These reasons includes statistical parsimony and flexibility for
different applications.

Furthermore, our study compared a true model with estimated SSECM results.
The difference between estimates in the true model and the one used in the max-
imum likelihood estimation for the state-space model is small. When the number
of observations equals 100, the estimates are not close to the true (values of the
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4. Simulation Study
4.6 Continuous-time Simulation Study (case 2:

p > n)

θ parameters); however, when the same value is used with 2000 observations,
it yields a better result.We also conducted a state-space estimation with order
n= 3 and n= 4, using the same data set and found the sample co-variance ma-
trix of epsilon t. The results were very close, as the result of n = 3 was slightly
larger than of n= 4.

Lastly, the chapter presented a simulation study in continuous time. The chapter
also compared the state-space framework and the true mode, as neither VAR
nor VECM methodologies have been extended to continuous-time applications.
Similar results were obtained for the SSECM cointegration vector and the values
of the θ parameters.
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Chapter 5

Application of the Study to Real
Data

This study proposed a framework for the analysis of state-space models with
discrete-time and continuous-time parameters. Discrete-time state-spacemodels
provide the same type of linear difference relationship between the inputs and
outputs as the linear ARMAmodel, but are rearranged such that there is only one
delay in the expressions. Each ARMA model can be (re-)written in state-space
form and vice versa. Using a cointegration exercise, this chapter will show that
the proposed method works well for several different data.

The objective of this chapter is to evaluate the data sets and carry out a cointegra-
tion analysis. The analysis will be useful in comparing the results of the VECM
and SSECM. The analysis will comprise of estimates which will be tested for sta-
tionarity. The stationarity of a time series can be tested using standard software.
This study used the Augmented Dickey-Fuller (ADF) test and the Kwiatkowski–
Phillips–Schmidt–Shin (KPSS) test using statistical software. The tests were ap-
plied to distinctive data sets across different time frames, and all tests showed
non-stationarity.

Indeed, in this chapter we will build on the findings of the previous chapter.
In the last chapter, we estimated the discrete-time model and compared the
findings with the results from the VAR model. In this chapter, we will apply our
findings to real-world data.
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5. Application of the Study to Real Data 5.1 An Application to the Oil prices

5.1 An Application to the Oil prices

This section comprises the estimation technique, applied to time series data con-
sisting of the daily Oil prices. This concerns the prices of West Texas, Brent, and
Dubai for the period 6/22/1992 to 6/22/2012. Figure 5.1 shows daily oil prices.
A clear non-stationary pattern is observed in all price indices.

Figure 5.1: Daily Oil Prices (West Texas, Brent, and Dubai)

5.1.1 Cointegration Vector Analysis

The Trace Cointegration Test was used to evaluate the number of cointegrating
relations among the three time series. Table 5.1 shows the results of applying
the Cointegration Test to the three time series. We did not assume any intercepts
or trends in the testing model. The results show that the null hypothesis of no
cointegrating relationships (r = 0) can be rejected at a significance level of 95%,
giving strong evidence for the presence of cointegration. The null hypothesis of
at most 1 cointegrating relation (rank r ≤ 1 against the alternative r > 1) can be
rejected at a significance level of 95%. The null hypothesis of at most 2 cointe-
grating relation (rank r ≤ 2 against the alternative r > 2) can not be rejected at
a significance level of 95%. We chose 95% confidence interval as it is generally
used and provides a range of values that guarantees to be within the true mean
of the populace. Also, usually with large samples, this confidence interval pro-
vides precise values. This research study also has large sample values; hence, a
95% confidence interval provides precision and is narrower for a large sample
compared to a 90% confidence interval.
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5. Application of the Study to Real Data 5.1 An Application to the Oil prices

Table 5.1: Results of the Trace VECM Cointegration Test and Trace State-Space
Cointegration Test

Rank (r)
VECM
Trace
Statistic

State-Space
Trace
Statistic

Critical
Value (own
code)

Critical Value
(Johansen
Matlab code)

p-value

r = 0 87.1830 90.324 83.3133 83.9402 0.0010
r ≤ 1 63.3510 68.658 59.6193 60.0623 0.0336
r ≤ 2 0.0111 1.0027 39.9665 40.1751 0.9316

Table 5.2 shows Brent as the weighted average of the other two in the context
of the cointegrating relation. Similarly, West Texas is approximately a weighted
average of other two.

Table 5.2: Estimated Beta Vector

Company West Texas Brent Dubai
VECM 0.0809 −0.5710 0.5001

−0.1913 0.0657 0.1211
SSECM 0.0751 −0.5845 0.5100

−0.1862 0.0741 0.1133

The financial crisis of 2008 has highlighted the macroeconomic volatility across
time series data. We took the oil price as an example of reflection as we do not
have more time to test the financial crisis of 2008 to the rest of our real data.
First, we divided our data into two time periods, i.e., oil prices before and after
2008 to compare the co-integration vector and the parameters by comparing
the co-integration vector estimated by VECM and SSECM, respectively. Table
5.3 and 5.4 shows the results that there is not much variation between the pa-
rameter values before or after 2008, and they are more or less identical. The
results indicate that Oil and equity price movements were highly correlated ear-
lier. However, after 2008 they were insignificantly correlated dependent on the
sample size. It is clear from Figure 5.1 that the pre-2008 period shows a strong
positive association.
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5. Application of the Study to Real Data 5.1 An Application to the Oil prices

Table 5.3: Estimated Beta Vector after 2008

Company West Texas Brent Dubai
VECM 0.0784 −0.5608 0.4931

−0.2001 0.0605 0.1198
SSECM 0.0747 −0.5786 0.5112

−0.1903 0.0733 0.1140

Table 5.4: Estimated Beta Vector before 2008

Company West Texas Brent Dubai
VECM 0.0804 −0.5708 0.5017

−0.1915 0.0655 0.1209
SSECM 0.0753 −0.5823 0.5101

−0.1858 0.0742 0.1130

In comparison, the co-integration between oil prices was stronger before 2008.
There are two possible reasons for this: a) the model used a large sample size
resulting; b) each of these associations is linked with some important macroe-
conomic variable also influencing the financial crisis of 2008. It implies that
economic shocks in a developed market have a spillover effect.

The research study compared the MLE parameters as shown in Table 5.5. The
parametric before 2008 was closer to MLE parameters over all the data sets
than parametric after 2008 as we have more observation before 2008. Indeed,
the difference was not that big.
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5. Application of the Study to Real Data
5.2 An Application to the Stock Prices of the

Six Companies

Table 5.5: Comparing the MLE parameters before and after 2008 with all the
data sets

MLE of theta with effect sample size N = 5219
0.39047 0.60218 −0.20148 −0.55812
−0.24194 0.57261 0.42981 0.78439
-0.47317 −0.13721 −0.83758 0.28945
MLE of theta after 2008, with effect sample size N = 1305
0.28736 0.59776 -0.18835 -0.63651
−0.38746 0.66458 0.47465 0.87563
−0.40013 −0.19846 −0.94673 0.33745
MLE of theta before 2008,with effect sample size N = 3914
0.40013 0.62013 −0.20746 −0.54872
−0.23634 0.57132 0.43121 0.76035
-0.46917 −0.13652 −0.83883 0.28912

5.1.2 VECM & SSECM Maximum Likelihood Estimation and
Analysis

The comparison of these models was performed using an information criterion.
Table 5.6 shows the results of using the BIC to compare the SSECM against the
VECM, SSECM is the model that minimizes the information criterion.

Table 5.6: Results of VECM with Lags k = 3 and Effective Sample Size N = 5216
& SSECM with n= 4 and Effective Sample Size N = 5219

Model Log likelihood BIC Total Parameters

VECM 19037.57 38471.11 41

SSECM 19053.34 37884.12 26

5.2 An Application to the Stock Prices of the Six
Companies

In this section, the study will analyze a time series of stock prices for the fol-
lowing six companies: (Apple US$, Coca-Cola US$, Sony JPY, Microsoft US$, IBM
US$, JPMorgan US$) from 1/1/1990 to 12/30/2016. Daily, weekly andmonthly
series are available over this time period. Figure 5.2 shows the (monthly, weekly,
daily) prices. A clear non-stationary pattern is observed in the all price indices.
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5. Application of the Study to Real Data
5.2 An Application to the Stock Prices of the

Six Companies

(a) Daily price (b) Weekly price

(c) Monthly price

Figure 5.2: Stock Prices of the Six Companies (Apple US, Coca-Cola US, Sony
JPY, Microsoft US, IBM US, and JP Morgan US)

5.2.1 Cointegration Vector Analysis

The Trace Cointegration Test was used to evaluate the number of cointegrating
relations between the six time series. Table 5.7 shows the results of applying the

Table 5.7: Results of the Cointegration Test: Monthly Data

Rank (r)
VECM
Trace
Statistic

State-Space
Trace
Statistic

Critical Value
(own code)

Critical Value
(Matlab code) p-value

r = 0 98.6509 99.7527 83.3133 83.9402 0.0036
r ≤ 1 56.1723 55.9487 59.6193 60.0623 0.1021
r ≤ 2 28.2257 27.9665 39.9665 40.1751 0.4811
r ≤ 3 14.2671 14.0564 24.1994 24.2747 0.5459
r ≤ 4 2.9764 3.0211 12.2744 12.3206 0.8506
r ≤ 5 0.1122 0.023 4.0969 4.1302 0.7942

Cointegration Test to the monthly series of the prices. A VECM(1) model was
used for each of the three frequencies considered (daily, weekly, monthly) as this
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5. Application of the Study to Real Data
5.2 An Application to the Stock Prices of the

Six Companies

turned out to be the best choice. The results show that the null hypothesis of no
cointegrating relationships (r = 0) can be rejected at a significance level of 95%,
giving strong evidence for the presence of cointegration. The null hypothesis of
one cointegrating relation (rank r ≤ 1) can not be rejected at a significance level
of 95%. The weekly data have the same result as monthly data as shown in Table
5.8.

Table 5.8: Results of the Cointegration test: Weekly Data

Rank (r)
VECM
Trace
Statistic

State-Space
Trace
Statistic

Critical Value
(own code)

Critical Value
(Matlab code) p-value

r = 0 102.3697 101.6599 83.3133 83.9402 0.0016
r ≤ 1 56.7770 58.0098 59.6193 60.0623 0.0535
r ≤ 2 28.2214 28.0116 39.9665 40.1751 0.4813
r ≤ 3 13.3774 14.1223 24.1994 24.2747 0.6109
r ≤ 4 2.3191 2.2931 12.2744 2.3206 0.9232
r ≤ 5 0.0044 0.0137 4.0969 4.1302 0.9569

In the case of the daily data Table 5.9 shows that the null hypothesis of no coin-
tegrating relationships (r = 0) can be rejected at a significance level of 95%, also
the null hypothesis of one cointegrating relation (rank r ≤ 1) can be rejected at a
significance level of 95% as well. The null of 2 cointegrating relationship can not
be rejected at a significance level 95%. The research study has applied the Trace
State-Space Cointegration Test to the monthly series of the price indices as well
as weekly and daily. The results show that there is one cointegrating relation-
ship in monthly and weekly data and there are two cointegrating relationship in
daily.

Table 5.9: Results of the Cointegration Test: Daily Data

Rank (r)
VECM
Trace
Statistic

State-Space
Trace
Statistic

Critical Value
(own code)

Critical Value
(Matlab code) p-value

r = 0 99.4625 100.2331 83.3133 83.9402 0.0032
r ≤ 1 69.7550 69.1008 59.6193 60.0623 0.0431
r ≤ 2 28.7444 28.9889 39.9665 40.1751 0.4534
r ≤ 3 13.1240 13.3321 24.1994 24.2747 0.6293
r ≤ 4 2.1405 2.0550 12.2744 12.3206 0.9392
r ≤ 5 0.0003 0.0042 4.0969 4.1302 0.9885
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5.2 An Application to the Stock Prices of the

Six Companies

Table 5.10 seems to suggest that in cointegrating relations the IBM company
and JP Morgan stock prices are approximately a weighted average of the stock
prices two other companies Microsoft and Coca-Cola.

Table 5.10: Estimated Beta Vector

monthly weekly daily
Company

VECM SSECM VECM SSECM VECM SSECM
Apple 0.0085 0.0088 0.0011 0.0014 0.0036 0.0019 0.0038 0.0021
Coca-Cola 0.1030 0.1033 −0.1250 −0.1253 −0.1301 0.02560 −0.1304 0.2531
Sony 0.0002 0.0002 −0.0000 −0.0000 −0.000 0.000 −0.000 0.000
Microsoft 0.1518 0.1520 −0.1644 −0.1646 −0.1668 0.3172 −0.1670 0.3146
IBM −0.0037 −0.0038 0.0069 0.0070 0.0077 −0.06953 0.0078 −0.06972

JP Morgan −0.1932 −0.1934 0.1854 0.1856 0.1817 −0.50612 0.1820 −0.50608

5.2.2 VECM & SSECM Maximum Likelihood Estimation and
Analysis

A VECM(1) model was used for each of the three frequencies considered (daily,
weekly, monthly). This can be explained theoretically from the fact that stock
price movements depend on present but not on past stock prices. The findings
show that the VECmodel gives better BIC values than the SSECmodel. But in this
particular case the number of parameters in the VEC model is only marginally
larger than the number in the state-space model. This would probably be differ-
ent if the prices of more asset categories were modeled simultaneously (i.e. if p
would be larger).

Table 5.11: Results of VECM with Lags k = 1 and Effective Sample Size N = 324
& SSECM with n= 5 and Effective Sample Size N = 321: Monthly Data.

Model Log Likelihood BIC Total Parameters

VECM 1534.12 2773.46 51
SSECM 1571.49 2900.64 42
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5.3 An Application to the Stock Prices Index in

Six Countries

Table 5.12: Results of VECMwith Lags k = 1 and Effective Sample Size N = 1418
& SSECM with n= 5 and Effective Sample Size N = 1415: Weekly Data.

Model Log Likelihood BIC Total Parameters

VECM 10954.42 21539.06 51
SSECM 11321.55 22346.65 42

Table 5.13: Results of VECMwith Lags k = 1 and Effective Sample Size N = 7045
& SSECM with n= 5 and Effective Sample Size N = 7042: Daily Data.

Model Log likelihood BIC Total Parameters

VECM 18685.11 37000.47 51
SSECM 18703.01 37108.77 42

5.3 An Application to the Stock Prices Index in Six
Countries

In this section, the study will analyze a time series of the six stock market price
indices of MSCI (Morgan Stanley Capital International) for USA, UK, Europe,
Pacific, German and Japan series from 1/1970 to 9/2017. Daily, weekly and
monthly series are available over this time period. Figure 5.3 shows the (monthly,
weekly, daily) price indices. A clear non-stationary pattern is observed in all the
price indices.
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5.3 An Application to the Stock Prices Index in

Six Countries

(a) Daily Prices

(b) Weekly Prices

(c) Monthly Price

Figure 5.3: Stock Prices Index in the Six Countries (USA, UK, Europe, Pacific,
Germany, and Japan)

5.3.1 Cointegration Vector Analysis

The Trace Cointegration Test was used to evaluate the number of cointegrating
relations between six stock market price indices. Table 5.14 shows the results of
applying the Cointegration Test to the monthly series of the price indices. The
results show that the null hypothesis of no cointegrating relationships (r = 0) can
be rejected at a significance level of 95%, giving strong evidence for the presence
of cointegration, both with the VECM and the SSECM. The null hypothesis of at
most 1 cointegrating relation (rank r ≤ 1) against the alternative r > 1) can be
rejected at a significance level of 95% both with VECM and SSECM, while the
null hypothesis of 2 cointegrating relation (rank r ≤ 2) can not be rejected at a
significance level of 95%.

In the case of the weekly and daily data, the study revealed a discrepancy be-
tween the results of the VECM and the SSECM. In the case of VECM in the weekly
data of the stock price indices, the null of no cointegration can not be rejected at
a significance level 95% (Table 5.15), and similarly in the case of the daily data
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Six Countries

Table 5.14: Results of the VECM Cointegration Test and State-Space Cointegra-
tion Test: Monthly Data

Rank (r)
VECM
Trace
Statistic

State-Space
Trace
Statistic

Critical
Value (own
soft)

Critical Value
(Matlab soft) p-value

r = 0 103.5031 106.1023 83.3133 83.9402 0.0010
r ≤ 1 63.0875 97.4543 59.6193 60.0623 0.0273
r ≤ 2 26.8450 25.1703 39.9665 40.1751 0.5549
r ≤ 3 13.4345 11.5253 24.1994 24.2747 0.6067
r ≤ 4 6.9885 7.9973 12.2744 12.3206 0.3772
r ≤ 5 1.1299 1.4328 4.0969 4.1302 0.4529

of stock prices, the null of no cointegration can not be rejected at conventional
significance levels (Table 5.16). However, in the case of VECM the effect of time
period is more prominent than for SSECM as SSECM establishes cointegration
in these high frequency series. In the case of the State-Space Cointegration Test
applied to the monthly series of the price indices as well as weekly and daily, the
results show that there are two cointegrating relationships in monthly, and one
cointegrating relationship in weekly and daily data. So, for weekly and daily
data, the VAR method using the VECM trace test does not find cointegration at
95% level as compared to the state-space method.

Table 5.15: Results of the VECM Cointegration Test and State-Space Cointegra-
tion Test: Weekly Data

Rank (r)
VECM
Trace
Statistic

State-Space
Trace
Statistic

Critical
Value (own
soft)

Critical Value
(Matlab soft) p-value

r = 0 81.4376 92.7863 83.3133 83.9402 0.0749
r ≤ 1 49.0909 57.9323 59.6193 60.0623 0.3214
r ≤ 2 20.6354 22.0739 39.9665 40.1751 0.8726
r ≤ 3 10.1878 10.1561 24.1994 24.2747 0.8412
r ≤ 4 4.8096 7.0035 12.2744 12.3206 0.6315
r ≤ 5 0.3031 1.0967 4.0969 4.1302 0.7302
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Table 5.16: Results of the VECM Cointegration Test and State-Space Cointegra-
tion Test: Daily Data

Rank (r)
VECM
Trace
Statistic

State-Space
Trace
Statistic

Critical
Value (own
soft)

Critical Value
(Matlab soft) p-value

r = 0 76.6185 89.8564 83.3133 83.9402 0.1509
r ≤ 1 43.8313 52.8313 59.6193 60.0623 0.0537
r ≤ 2 18.6842 20.0098 39.9665 40.1751 0.9362
r ≤ 3 9.3888 9.0544 24.1994 24.2747 0.8892
r ≤ 4 4.4033 5.6009 12.2744 12.3206 0.6789
r ≤ 5 0.7159 0.9001 4.0969 4.1302 0.5917

Table 5.17: Estimated Beta Vector

monthly weekly dailyCompany
VAR State

space VAR State
space VAR State

space
USA −0.0054 0.0087 −0.0055 0.0084 −0.0052 −0.0053 −0.0050 −0.0051

UK −0.0040 0.0022 −0.0042 0.0027 −0.0043 −0.0045 −0.0047 −0.0049

Europe −0.0005 0.0001 −0.0007 0.0001 −0.0001 −0.0003 −0.0000 −0.0001

Pacific −0.0010 0.0031 −0.0009 0.0029 −0.0009 −0.0007 −0.0011 −0.0009

German 0.0114 −0.0128 0.0111 −0.0126 0.0115 0.0114 0.0113 0.0112
Japan 0.0020 −0.0014 0.0023 −0.0017 0.0015 0.0011 0.0020 0.0021

As can be seen from Table 5.15 and 5.16, in the context of the state-space model,
the cointegrating vector in weekly and daily data is found at 95% significance
level. However, in the VAR model the cointegrating vector in weekly and daily
data is found at 80% significance level, not at 95%. Table 5.17 seems to suggest
that in cointegrating relations the German index and Japan stock price index are
approximately a weighted average of the USA and UK stock price index.

5.3.2 VECM & SSECM Maximum Likelihood

A VECM(1) model was used for monthly data set and VECM(2) for each of the
two other frequencies considered (daily, weekly) as this turned out to be the
best choice. The research study applied the same cointegration rank on VECM
and SSECM for fair comparison of likelihood and BIC. See Table 5.18 for results
using monthly data. In the case of the BIC, this criterion suggests that VECM
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model minimizes the information criterion. In fact, the BIC results are not very
different between VECM and SSECM and the same holds for the Log likelihood
results. Table 5.12 and Table 5.13 show the results of the weekly and the daily
series, here SSECM model minimizes the information criterion in both the data
sets.

Table 5.18: Results of VECM with Lags k = 1 and Effective Sample Size N = 572
& SSECM with n= 5 and Effective Sample Size N = 575: Monthly Data.

Model Log Likelihood BIC Total Parameters

VECM 2374.46 4425.58 51
SSECM 2383.79 4441.58 42

Table 5.19: Results of VECMwith Lags k = 2 and Effective Sample Size N = 2489
& SSECM with n= 5 and Effective Sample Size N = 2492: Weekly Data.

Model Log Likelihood BIC Total Parameters

VECM 11954.48 24580.44 86
SSECM 11961.37 24251.18 42

Table 5.20: Results of VECM with Lags k = 2 and Effective Sample Size N =
11933 & SSECM with n= 5 and Effective Sample Size N = 11936: Daily Data.

Model Log Likelihood BIC Total Parameters

VECM 22836.82 45753.32 86
SSECM 22841.73 45289.51 42
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Conclusions and Further Research

The research approach used in this study allows for cointegration with a novel
parametrization to the problem of maximum likelihood estimation of a state-
space model in error correction form.This does not hold true for the continuous-
discrete model for which we do not have an error correction form. We proposed
a parameterization and estimation model that translates the cointegration prop-
erty into a low-rank constraint on a resulting likelihood optimization. The con-
cept of cointegration is central to the analysis of financial and economic time
series, which are usually non-stationary. In particular, the VECM approach by
Johansen (1988, 1991) falls within the broader category of vector autoregres-
sive (VAR) models that are well-known to be prone to overparameterization (the
number of parameters grow with the number of lags and variables). Besides, the
number of parameters are limited in terms of data generating process represen-
tation. In comparison, state-space models are a more flexible model class, which,
in this case, allows for a comprehensive study of cointegration among time series,
particularly within a continuous-time framework.

The research applied the estimation procedure to discrete-time simulated data
and compared the estimation results using the VAR model. The main findings
resulting from this simulation are as follow:
• First, the log likelihood estimates are similar between both model classes;
• Second, VECM has a higher number of parameters compared to SSECM1;
• Third, the BIC information criteria are much lower for the SSECM, which fa-
vors such model class regarding model selection;

• Fourth, SSECM outperforms VECM in other model selection criteria including
goodness of fit, forecast accuracy (RMSE) and Bayes factor.

• Fifth, there is a clear difference between the delay profile between the VECM
and the SSECM. In the delay profile for SSECM, the quantities go to zero
rather smoothly compared to VECM.
1VAR-based models are well known to be prone to overparameterization and the curse of

dimensionality.
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Moreover, Ribarits and Hanzon (2014b,a) outlined several reasons favouring the
state-space models over vector-autoregressive methodologies regarding statisti-
cal parsimony and flexibility for different applications.

Furthermore, the study compared an actual model with SSECM results. The
difference between θ used in the true model and the one used in the maximum
likelihood estimation for the state-space model is small. The estimates deviate
from the values in the true model when the number of observations equals 100
and the estimates are not close to the true θ ; however, when the same value
for θ is used with 2000 observations, it yields better results. In fact, the study
conducted a state-space estimation with order n = 3 and n = 4, using the same
set. The results yield the sample covariance matrix of ϵt . The results were very
close when taking the negative log likelihood, as the result of n= 3 was slightly
larger than of n= 4.

The estimation procedure is applied to some real data sets as well, and compared
to estimation results using the VAR model. In some of the cases the state-space
model showed a better performance. It is expected that for high frequency data
in which the DGP has an intrinsic delay the state-space model will do better than
VAR model as it will be more parsimonious in such cases. The study applied the
method to three datasets: oil prices, stock indices of six companies and stock
indices of six countries.
• For the first application, it studied the time series using daily data from 1992 to
2012 for three types of crude oil: West Texas Intermediate, Brent and Dubai.
Although both model classes yield similar results, the SSECM had a lower
information criterion. Also, the SSECM model yielded lower values for half
of the parameters when compared against the VECM. Specifically, the latter
had 41 parameters, while the former had only 26. This makes the SSECM not
only more parsimonious but also less uncertain as the estimation involves less
parameter to be estimated. In the cointegration relationship, the Brent crude
is approximately a weighted average of the other two crude types, and the
same applies to the West Texas Intermediate.

• For the second application, daily, weekly and monthly data was considered for
six equity prices (Apple, Coca-Cola, Sony, Microsoft, IBM and JPMorgan) over
the period 1990–2016. The results indicated that there is one cointegrating
relationship at monthly and weekly frequency, and two cointegration relation-
ships at daily frequency. In the cointegrating vector, the stock prices of IBM
and JP Morgan are a weighted average of the stock prices of Microsoft and
Coca cola. When the integration order is different in time series, the correla-
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tion metric and even the basic regression outputs are spurious Furthermore,
the VECMmodel has lower information criterion value than the SSECM in this
case.

• In a third application,the study analyzed stock market indices for six ge-
ographical areas (USA, UK, Europe, Germany, the Pacific and Japan) at
monthly, weekly and daily frequencies over the period 1970–2017. Although
at monthly frequency the SSECM and VECM coincided regarding the number
of cointegrating relations, there is a discrepancy at the remaining frequencies.
For weekly and daily data, there is no cointegration with the VECM but only
in the SSECM, which suggests that the latter is effective for high frequency
data. Overall, the indices for Germany and Japan are approximately a
weighted average of the indices for USA and the UK in the cointegrating
relationship. Information criteria and log likelihoods are similar across both
model classes but the number of parameters in the VECM were higher than
in the SSECM in all cases.

Summarizing, the study found many cases in which the state-space model could
be preferred over the VAR model:
• For example, BIC is better for SSECM in several cases (mainly due to the fact
that SSECM uses fewer parameters).

• Other outcome, if both models find the same cointegration vectors they are
typically more or less the same for VECM as for SSECM. Indeed, for given
significance level VECM does not always find the cointegration vectors that
are found by the SSECM.

• Another result, is when p is large (n < p). If p is too big the VECM can no
longer be estimated while SSECM can, as long as the order n is not too big.

The study findings significantly contribute to future research on this topic. The
study has presented an approach to modelling time series which exhibit coin-
tegration and have irregular observation times. The approach uses a continu-
ous time state evolution model. In order to find the maximum likelihood esti-
mator of the model an approximation has been used that assumes small time
step lengths. The approximation allows researchers to reduce the likelihood
optimization problem to an optimization problem over asymptotically stable
reachable pairs. For this, a gradient-type search algorithm is used, based on
a parametrization of input-normal pairs which is known to be numerically sta-
ble. The study applied a continuous-time state-space model with cointegration
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to simulated data, and compared the result against a true model, where the the
SSECM cointegration vector and the θ parameter has similar results2.

Further research could be carried out,

(i) To apply a continuous time state-space model with the cointegration to
real data.

(ii) To study the more general case of missing data.
(iii) To improve the approximation in case the time steps are not sufficiently

small.
(iv) To combine this with investigations into trading (waiting) times distri-

butions, see (Wasserman 2000, Mainardi et al. 2000a,b, Sabatelli et al.
2002).

(v) To investigate the case in which Ahas an eigenvalue at zero in the predictor
model.

(vi) Using Quasi Monte Carlo to our approach to generate starting points.
(vii) Find alternative gradient-type search methods like for instance the Gauss-

Newton algorithm.

In conclusion, VARs (both in reduced and structural form) have become stan-
dard tools for macroeconomic forecasting and policy analysis. The model is sup-
ported by for its practicality by academic and policy economists worldwide. The
SSECM is a novel approach in the arena of time series econometrics. SSECM
effectiveness over VARs could be summarised as follows:

• State-space models represent a larger and more flexible model class, where
VARs are integrated as special case within a broader scope.

• If the researcher is not able to observe all the output components of DGP in
a VAR process, then it is generally impossible to describe such a process via a
VAR model, while it can still describe by a linear state-space model.

• If the DGP is a state-space process and not itself a VAR process, then the
order estimate for the VAR approximation will have infinite value when the
sample size tends to infinity. Also, the study used the information criterion
for estimating the parameters as there were a large number of parameters.

• The state-space approach also allows for a continuous-discrete formulation of
the model which is investigated in this thesis. In such a model the time points

2We do not present a result for the VECM, as this framework has not been extended to
continuous-time which in turn gives strong advantage to the state space framework.
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at which observations are taken do not have to be equally spaced which can
be relevant for high frequency financial data.

Substantially, the flexibility of state-space model makes it possible to treat such
cases and further research along these lines is expected. Also, the study would
like to mention two situations in which the VAR method might not work:

• If the frequency of the observations is high, while there is an intrinsic delay
in the system, one would expect the lag lengths in the VAR model to be large,
requiring a large number of parameters.

• If p is large, the number of VAR-parameters will be large as the number of VAR
parameters grows quadratically with p. In such cases the state space model
would still produce estimates as long as the order n is not chosen too large.

This study has outlined the advantages of the SSECM. Based on these advan-
tages, one has to acknowledge that VAR framework has become the dominant
empirical workhorse because of its balance between explanatory power and sim-
plicity: VARs (including VECs) are built upon regression analysis, which in turn
has been proven to be computationally unproblematic and statistically reliable.
In contrast, state-space modelling is complicated and computationally intensive,
given that it involves numerical optimisation problems over high-dimensional
parameter spaces; thus, it could profit from further research. Also, VARs can
be easily implemented in a wide range of software tools (including pre-coded
routines), which is accompanied by a lot of documentation; SSECMs in turn
represents promising work rather than an established method so far.
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Appendix A

Asymptotic Distribution of the
Cointegration Rank Test Statistics
(Trace Test)

1 func t ion [ alpha ] = johansen_perc (dim , r , p)
2 a s s e r t ((p>=0) && (p<= 100) , ’ Alpha i s not a va l i d p r o b ab i l i t y number . ’ )
3 N_mc = 1000000; % Number of Monte Carlo samples
4 samples = johansen (dim , r , N_mc) ;
5 alpha = p r c t i l e ( samples , p) ;
6 end
7 func t ion [ alphas ] = johansen_va l ida t i on
8 %as s e r t ((p>=0) && (p<= 100) , ’ Alpha i s not a va l i d p r o b ab i l i t y number . ’ )
9 probs = [2 .5 , 5 , 10 , 50 , 90 , 95 , 97 .5] ;
10 alphas = zeros (5 ,7) ;
11 N_mc = 100000; % Number of Monte Carlo samples
12 f i g = f i gu r e (1) ;
13 s e t ( f i g , ’ p o s i t i on ’ , [0 , 0 , 500 , 3000])
14 f o r dim=2:6
15 samples = johansen (dim , 1 , N_mc) ;
16 f o r i =1:7
17 alphas (dim−1, i ) = p r c t i l e ( samples , probs ( i ) ) ;
18 end
19 subp lo t (5 ,1 ,dim−1) ;
20 h i s t ( samples , 1000) ;
21 t i t l e ( ’BM dim = ’+s t r i n g (dim−1)) ;
22 end
23 %saveas ( f i g , ’ histograms_dim_1to5 . png ’ ) ;
24 end
25

26 func t ion [sam] = johansen (dim , r , N)
27 a s s e r t ((dim>= r ) && ( r>=0) , ’ Rank r can be at most equal to the number of

time−s e r i e s dim . ’ )
28 h = 0.001;
29 M = 1000;
30 sam = zeros (N,1 ) ;
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31 f o r i =1:N
32 dW = sq r t (h) ∗ randn (dim−r ,M−1) ;
33 W = zeros (dim−r , M) ;
34 W( : , 2 :M) = cumsum(dW, 2) ;
35 D0 = h ∗ (W ∗ W’ ) ;
36 D1 = W( : , 1 :M−1) ∗ dW’ ;
37 sam( i , 1 ) = t ra ce (D1 ’ ∗ pinv (D0) ∗ D1) ;
38 %sam( i , 1 )
39 end
40 end
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Generation of Cointegrated Models
and Corresponding Time Series

data_gen
1 func t ion [ th ,TH, beta2 , y s e r i e s , d y s e r i e s ] = data_gen ( n_data )
2

3 n = 2;
4 p = 6;
5 %p>n so w i l l appear beta2
6 k=p−n ; % alpha2 and beta2 belong to R (̂p∗k)
7 r=5; %I (1) rank of ( alpha∗beta ’ )
8 %c=p−k
9 c=2; % c=n so alpha1 and beta1 not appear
10

11 %{
12 This block uses randomization to s e l e c t matr i ces bar_A , bar_B , and bar_C
13 so tha t the s t a t e space model with A = bar_A − bar_B ∗ bar_C i s s t a b l e .

Based
14 on pre l iminary t e s t i ng , s t a b i l i t y i s not guaranteed and so checking t h i s
15 cond i t ion i s necessary .
16

17 We allow the block to loop at each of the three main randomization s t ep s :
18 −The s e l e c t i o n of THETA values , which u l t ima t e l y determine beta2
19 −The s e l e c t i o n of the ta values , which u l t ima t e l y determine bar_A and bar_B

;
20 −The s e l e c t i o n of the vec to r s alpha and beta , which con t r i bu t e to bar_C ;
21 −The s e l e c t i o n of the matix / vec to r bar_C_1 , which a l so con t r i bu t e s to

bar_C .
22 Looping i s l im i t ed to 10 i t e r a t i o n s f o r the second and th i r d s teps , in case
23 prev ious s t ep s happen to g ive va lues tha t aren ’ t f avo rab l e to obta in ing a

s t a b l e
24 system .
25 %}
26

27 e i g _ t o l = 0.000001;
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28 found_s tab le = f a l s e ;
29 while (~found_s tab le ) % loop fo r the ta va lues
30 % the th ( j , k ) e f f e c t i v e l y rep lace x (k) , y (k) , and z (k) from the
31 % prev ious s c r i p t , a t l e a s t with in the data genera t ing process ; they are
32 % se l e c t ed randomly
33 th = genth_ to l () ; %The s e l e c t i o n of the ta values , which u l t ima t e l y

determine bar_A and bar_B
34 TH = genth_to l_beta2 () ;%The s e l e c t i o n of THETA values , which u l t ima t e l y

determine beta2
35 % cons t ruc t the V_k ’ s and then the r e a l i z a t i o n matr ix R and RB
36 VB = getVB (TH) ; %fo r RB n x n
37 V = getV ( th ) ; %fo r R p+1 x P+1
38 %f ind orthogonal matr ix RB to s e l e c t beta2
39 RB = eye (p) ;
40 f o r i = 1: k
41 RB =blkd iag ( eye (( k)−i ) , VB ( : , : , i ) , eye ( i −1)) ∗ RB;
42 end
43

44 %f ind orthogonal matr ix R to s e l e c t bar_A and bar_B
45 R = eye (n+p) ;
46 f o r i = 1:n
47 R = blkd iag ( eye (n−i ) , V ( : , : , i ) , eye ( i −1)) ∗ R;
48 end
49 R;
50 RB;
51 % se l e c t beta2 from RB
52 beta2prime=RB(n+1:p , 1 : p) ;
53 beta2=beta2prime ’ ;
54 % se l e c t out bar_A and bar_B from R
55 bar_A = R(p+1:n+p , p+1:n+p) ;
56 bar_B = R(p+1:n+p , 1:p) ;
57 % f ind the matr ix R_te l
58 Rte l= ve r t c a t (( eye (n)−bar_A )^(−1)∗bar_B , beta2prime ) ;
59 counter1 = 1;
60 while (~found_s tab le && counter1<=10) % loop fo r alpha and beta
61 % randomly s e l e c t alpha and beta and prepare to generate bar_C
62 % alpha1 = randn (p ,1 ) ;
63 % beta1 = randn (p ,1 ) ;
64 %alpha1 and beta1 not appear cos c=n
65 Cbaralpha2=−eye (p)∗ Rte l^(−1);
66 alpha2=Cbaralpha2 (1 :p , n+1:p) ;
67 alphabetaprime = alpha2 ∗ beta2prime ;
68

69 counter2 = 1;
70 while (~found_s tab le && counter2<=10) % loop fo r bar_C_1
71 % randomly s e l e c t bar_C_1 , then determine bar_C_2 and bar_C
72

73 bar_C =Cbaralpha2 (1 :p , 1 : n) ;
74 e igva lA = eig ( bar_A − bar_B ∗ bar_C )
75 % the eigenvalue s i z e check i s f o r the cond i t ion tha t a l l e igenva lues
76 % of A = bar_A − bar_B ∗ bar_C are l e s s than or equal to 1 in abso lu te
77 % value , a l lowing a smal l t o l e rance fo r machine rounding e r ro r
78 e ig_ s i ze_check = (max( abs ( e igva lA ) ) < 1 + e i g _ t o l ) ;
79 % the eigenvalue phase check i s f o r the cond i t ion tha t the only
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80 % eigenvalue of A having abso lu te value 1 i s 1 i t s e l f , again a l lowing
a

81 % smal l t o l e rance fo r machine rounding e r ro r
82 phaseok = @( l ) (( abs ( l ) < 1 − e i g _ t o l ) || ( r e a l ( l ) > 1 − e i g _ t o l ) ) ;
83 eig_phase_check = a l l ( arrayfun ( phaseok , e igva lA ) ) ;
84 % i f both checks pass , we ’ ve found a s t a b l e system
85 i f ( e i g_ s i ze_check && eig_phase_check )
86 found_s tab le = 1;
87 end
88 counter2 = counter2 + 1;
89 end
90 counter1 = counter1 + 1;
91 end
92 end
93

94 %{
95 The next s e c t i on generates data fo r the s ta t e−space e r ro r co r r e c t i on model .
96

97 This begins with a ’ burn−in ’ period , which can be ad jus ted with the n_burn
98 va r i a b l e . The ’ burn−in ’ data are not recorded fo r l a t e r use .
99

100 Af t e r the ’ burn−in ’ per iod the data i s recorded . The amount of data tha t
ge t s

101 recorded can be ad jus ted with the n_data va r i a b l e .
102

103 The white noise process ep has independent components tha t are drawn from
the

104 standard normal d i s t r i b u t i o n . This means tha t the var iance−covar iance matr ix
105 Sigma fo r ep i s s imply the i d e n t i t y matr ix . We could obta in other Sigmas by
106 mul t ip l y ing the cur ren t ep by any f i x ed p−by−p matr ix .
107 %}
108

109 n_burn = 2;
110 n_data = 2000;
111 % i n i t i a l i z e and generate the burn−in data
112 xt = zeros (n , 1) ;
113 dy = zeros (p , 1) ;
114 y = zeros (p , 1) ;
115 f o r i = 1: n_burn
116 new_y = y + dy ;
117 new_xt = bar_A ∗ xt + bar_B ∗ dy ;
118 ep = randn (p , 1) ;
119 new_dy = alphabetaprime ∗ new_y + bar_C ∗ bar_A ∗ (( eye (n) − bar_A ) \

new_xt ) + ep ;
120 xt = new_xt ;
121 dy = new_dy ;
122 y = new_y ;
123 end
124 % i n i t i a l i z e and generate the data to be recorded ; note tha t
125 % ∗ x t s e r i e s ( : , i ) = xt_ ( i )
126 % ∗ dy se r i e s ( : , i ) = dy_ ( i )
127 % ∗ y s e r i e s ( : , i ) = y_ ( i −1)
128 % in order to a l i gn s ub s c r i p t s with how they are used in the Z_j ’ s below
129 x t s e r i e s = zeros (n , n_data ) ;
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130 dy s e r i e s = zeros (p , n_data ) ;
131 y s e r i e s = zeros (p , n_data ) ;
132 x t s e r i e s ( : , 1) = xt ;
133 dy s e r i e s ( : , 1) = dy ;
134 y s e r i e s ( : , 1) = y ;
135 f o r i = 2: n_data
136 y s e r i e s ( : , i ) = y s e r i e s ( : , i −1) + dy se r i e s ( : , i −1) ;
137 x t s e r i e s ( : , i ) = bar_A ∗ x t s e r i e s ( : , i −1) + bar_B ∗ dy s e r i e s ( : , i −1) ;
138 ep = randn (p , 1) ;
139 dy s e r i e s ( : , i ) = alphabetaprime ∗ y s e r i e s ( : , i ) + bar_C ∗ bar_A ∗ (( eye (n)

− bar_A ) \ x t s e r i e s ( : , i ) ) + ep ;
140 end
141

142 end

GenerateExcelFiles
1 c l e a r a l l ;
2 c l o s e a l l ;
3 c l c
4

5 [ t rueth ,THRUETH, beta2 , data , dy s e r i e s ] = data_gen (2000) ; % the length of
data i s p=3 by 2000 samples

6 s i z e ( t rue th ) ;
7 s i z e ( data ) ;
8 s i z e (THRUETH) ;
9 s i z e ( beta2 ) ;
10 save DATA_FILE data t rue th
11 c svwr i t e ( ’ gener_data_2000 . csv ’ , data ’ )
12 c svwr i t e ( ’ gener_theta . csv ’ , t rue th )
13 c svwr i t e ( ’ gener_thetaBeta2 . csv ’ ,THRUETH)
14 c svwr i t e ( ’ gener_Beta2 . csv ’ , beta2 )

enth_tol
1 % Function to generate a random matr ix of the ta values , e s s e n t i a l l y from the
2 % range −pi /2 to p i /2; the output matr ix i s 3x4
3 func t ion the t a s = genth_ to l ()
4 n = 2;
5 p = 6;
6 t he t a s = zeros (p , n) ;
7 t he t a s (1 , : ) = uni f rnd(−pi /2+0.001 , p i /2−0.001 , 1 , n) ;
8 t he t a s (2 : p , : ) = uni f rnd(−pi /2 , p i /2 , p−1, n) ;
9 t he t a s=0.6∗ the t a s ;
10 end

genth_tol_beta2
1 % Function to generate a random matr ix of the ta values , e s s e n t i a l l y from the
2 % range −pi /2 to p i /2; the output matr ix i s 2x1 ( to generated beta2
3 func t ion Thetas = genth_to l_beta2 ()
4 n = 2;
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5 p = 6;
6 k=p−n ;
7 Thetas = zeros (n , k ) ;
8 Thetas (1 , : ) = uni f rnd(−pi /2+0.001 , p i /2−0.001 , 1 , k ) ;
9 Thetas (2 :n , : ) = uni f rnd(−pi /2 , p i /2 , n−1, k) ;
10 Thetas=0.6∗Thetas ;
11 end

getV
1 % DESCRIPTION : Funct ion to cons t ruc t the matr i ces V_k (k = 1 to 6) from a
2 % 3x4 matr ix conta in ing the ta coord inate va lues
3 %
4 % Input = thmtx (6x6 matr ix of the ta coord ina te s )
5 %
6 % Output = V (6x6x . . mul t id imens ional ar ray tha t holds V_1 through V_6 ,
7 % with V_k corresponding to V ( : , : , k ) )
8

9 func t ion V = getV ( thmtx )
10 n = 2;
11 p = 6;
12 f o r k = 1:n
13 th1k = thmtx (1 , k ) ; % abb rev i a t i on s to reduce the number of parentheses
14 th2k = thmtx (2 , k ) ;
15 th3k = thmtx (3 , k ) ;
16 th4k = thmtx (4 , k ) ;
17 th5k = thmtx (5 , k ) ;
18 th6k = thmtx (6 , k ) ;
19

20

21 v ( : , : , k )=[s in ( th1k )∗ s in ( th2k )∗ s in ( th3k )∗ s in ( th4k )∗ s in ( th5k )∗ s in ( th6k ) ; s i n (
th1k )∗ s in ( th2k )∗ s in ( th3k )∗ s in ( th4k )∗ s in ( th5k )∗ cos ( th6k ) ; s i n ( th1k )∗ s in (
th2k )∗ s in ( th3k )∗ s in ( th4k )∗ cos ( th5k ) ; s i n ( th1k )∗ s in ( th2k )∗ s in ( th3k )∗ cos (
th4k ) ; s i n ( th1k )∗ s in ( th2k )∗ cos ( th3k ) ; s i n ( th1k )∗ cos ( th2k ) ] ;

22 u ( : , : , k )= cos ( th1k ) ;
23 vu ( : , : , k )=eye (p)−(1−u ( : , : , k ) ) ∗(( v ( : , : , k ) ∗v ( : , : , k ) ’ ) / s i n ( th1k )^2);
24 V( : , : , k ) = horzcat ( v e r t c a t ( v ( : , : , k ) , u ( : , : , k ) ) , v e r t c a t ( vu ( : , : , k ) , v ( : , : , k

) ’ ) ) ;
25

26 end
27 end

getVB
1 % DESCRIPTION : Funct ion to cons t ruc t the matr i ces VB_k (k = 1 to 3) from a
2 % 1x3 matr ix conta in ing the ta coord inate va lues
3 %
4 % Input = thmtx (1x3 matr ix of the ta coord ina te s )
5 %
6 % Output = VB (2x2 mult id imens ional ar ray tha t holds V_1 through V_3 ,
7 % with V_k corresponding to V ( : , : , k ) )
8

9 func t ion VB = getVB ( thmtx )
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10 p = 6;
11 n=2;
12 K=p−n ;
13 f o r k = 1:K
14 th1k = thmtx (1 , k ) ; % abb rev i a t i on s to reduce the number of parentheses
15 th2k = thmtx (2 , k ) ;
16

17 VB( : , : , k ) = [ s in ( th1k )∗ s in ( th2k ) , 1−(1−cos ( th1k ) ) ∗( s i n ( th2k )^2) , −(1−
cos ( th1k ) ) ∗( s i n ( th2k )∗ cos ( th2k ) ) ; s i n ( th1k )∗ cos ( th2k ) , −(1−cos ( th1k )
) ∗( s i n ( th2k )∗ cos ( th2k ) ) , 1−(1−cos ( th1k ) ) ∗( cos ( th2k )^2); cos ( th1k ) , −
s in ( th1k )∗ s in ( th2k ) , −s in ( th1k )∗ cos ( th2k ) ] ;

18 %VB( : , : , k ) = [ s in ( th1k ) , 1−(1−cos ( th1k ) ) ; cos ( th1k ) , −s in ( th1k ) ]
19 end
20 end

getVBnn
1 % DESCRIPTION : Funct ion to cons t ruc t the matr i ces VB_k (k = 1 to 3) from a
2 % 1x3 matr ix conta in ing the ta coord inate va lues
3 %
4 % Input = thmtx (1x3 matr ix of the ta coord ina te s )
5 %
6 % Output = VB (2x2 mult id imens ional ar ray tha t holds V_1 through V_3 ,
7 % with V_k corresponding to V ( : , : , k ) )
8

9 func t ion VB = getVB ( thmtx )
10 p = 3;
11 n=2;
12 K=p−n ;
13 f o r k = 1:K
14 th1k = thmtx (1 , k ) ; % abb rev i a t i on s to reduce the number of parentheses
15 th2k = thmtx (2 , k ) ;
16

17 VB( : , : , k ) = [ s in ( th1k )∗ s in ( th2k ) , 1−(1−cos ( th1k ) ) ∗( s i n ( th2k )^2) , −(1−
cos ( th1k ) ) ∗( s i n ( th2k )∗ cos ( th2k ) ) ; s i n ( th1k )∗ cos ( th2k ) , −(1−cos ( th1k )
) ∗( s i n ( th2k )∗ cos ( th2k ) ) , 1−(1−cos ( th1k ) ) ∗( cos ( th2k )^2); cos ( th1k ) , −
s in ( th1k )∗ s in ( th2k ) , −s in ( th1k )∗ cos ( th2k ) ] ;

18 %VB( : , : , k ) = [ s in ( th1k ) , 1−(1−cos ( th1k ) ) ; cos ( th1k ) , −s in ( th1k ) ]
19 end
20 end

vecmSummary
1 % DESCRIPTION : A func t ion tha t p r i n t s a summary of the f i t t e d vec to r e r ro r
2 % cor r e c t i on model , inc lud ing est imated parameters , to a f i l e
3 %
4 % Input = data ( matr ix of data )
5 % mles ( c e l l a r ray of s t r u c t s with f i t t e d VEC model in format ion )
6 % ci rank ( the co in t eg r a t i on rank to use fo r the model )
7 % f i l e o u t (what to name the output f i l e )
8 %
9 % Output = none
10
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11 func t ion vecSummary( data , mles , c i rank , f i l e o u t )
12 nobs = s i z e ( data , 1) ;
13 nvars = s i z e ( data , 2) ;
14 mdlInfo = mles . ( c i rank+1) ; % s e l e c t the model with the r i g h t co in t . rank
15 nlags = length (mdlInfo . paramNames) − 2; % t h i s assumes the H2 model type
16 effecSampSize = nobs − nlags − 1;
17

18 % Get the log l i k e l i h ood and BIC
19 l ogL ik = mdlInfo . rLL ;
20 cointParams = 2 ∗ nvars ∗ c i rank − c i rank^2;
21 lagParams = nlags ∗ nvars^2;
22 covarParams = nvars ∗ ( nvars + 1) / 2;
23 to ta lParams = cointParams + lagParams + covarParams ;
24 [ a ic , b i c ] = a i c b i c ( logL ik , totalParams , effecSampSize ∗ nvars ) ;
25

26 % Organize the parameter e s t imate s in order to p r i n t
27 C = mdlInfo . paramVals .A ∗ mdlInfo . paramVals . B ’ ; % alphabetaprime term
28 betaprime = mdlInfo . paramVals . B ’ ; %betaprime co in t eg r a t i on vec to r
29 prNames = mdlInfo . paramNames ;
30 prVa l s = s t r u c t 2 c e l l ( mdlInfo . paramVals ) ;
31 paramNames = [ ’C ’ ; prNames (3 : n lags+2) ; ’Q ’ ] ; % assumes H2 again
32 paramVals = [{C} ; prVa l s (3 : n lags+2) ; {mdlInfo . EstCov } ] ;
33

34 % Pr in t model summary to f i l e
35 f i l e I D = fopen ( f i l e ou t , ’w ’ ) ;
36 f p r i n t f ( f i l e ID , ’VECTOR ERROR CORRECTION MODEL SUMMARY\n ’ ) ;
37 f p r i n t f ( f i l e ID , ’−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−\n ’ ) ;
38 f p r i n t f ( f i l e ID , ’ Model eq : dy_t = C∗y_t−1 ’ ) ;
39 f o r i = 1: n lags
40 f p r i n t f ( f i l e ID , ’ + B%u∗dy_t−%u ’ , i , i ) ;
41 end
42 f p r i n t f ( f i l e ID , ’ + e_t \n ’ ) ;
43 f p r i n t f ( f i l e ID , ’ E[ e_t ∗ e_t ’ ’ ] = Q ( innova t ions covar iance ) \n ’ ) ;
44 f p r i n t f ( f i l e ID , ’ E f f e c t i v e sample s i z e : %u\n ’ , ef fecSampSize ) ;
45 f p r i n t f ( f i l e ID , ’ Lag order : %u\n ’ , n lags ) ;
46 f p r i n t f ( f i l e ID , ’ Co in tegra t ion rank : %u\n ’ , c i rank ) ;
47 f p r i n t f ( f i l e ID , ’ Log l i k e l i h ood : %5.2 f \n ’ , l ogL ik ) ;
48 f p r i n t f ( f i l e ID , ’ BIC : %4.2 f \n ’ , b i c ) ;
49 f p r i n t f ( f i l e ID , ’ Tota l Parameter : %4.2 f \n ’ , to ta lParams ) ;
50 f p r i n t f ( f i l e ID , ’ Betaprime : %4.2 f \n ’ , betaprime ) ;
51 f p r i n t f ( f i l e ID , ’ \n\n ∗Parameter e s t imate s ∗\n\n ’ ) ;
52 f o r i = 1: length (paramNames)
53 f p r i n t f ( f i l e ID , [ formatMtxOut (paramNames{ i } , paramVals { i }) ’ \n\n ’ ]) ;
54 end
55 f c l o s e ( f i l e I D ) ;
56 end
57

58

59 % DESCRIPTION : A func t ion tha t re formats how a matr ix i s d i sp layed / pr in ted
60 %
61 % Input = name ( the name or symbol to use fo r the matr ix when p r i n t i ng )
62 % value ( the matr ix i t s e l f )
63 %
64 % Output = mtxStr ing ( s t r i n g conta in ing the re format ted matr ix f o r p r i n t i ng )

Application of Cointegrated State-Space
Models

139 Miaad Hamad Al-qurashi



Appendix B

65

66 func t ion mtxStr ing = formatMtxOut (name , value )
67 s ta r tFormat = get (0 , ’ Format ’ ) ; % f ind out Matlab ’ s cur ren t d i sp l ay

s e t t i n g
68 nrows = s i z e ( value , 1) ;
69 padLength = length (name) + 5;
70

71 format shortG ; % change Matlab ’ s d i sp l ay s e t t i n g
72 T = eva l c ( ’ value ’ ) ; % get d i sp layed matr ix as a cha rac t e r vec to r
73 newl ineIxs = f ind (T == repmat ( char (10) , 1 , length (T) ) ) ;
74 mtxRows = {};
75 % Convert the rows of the matrix , as disp layed , to a c e l l a r ray
76 f o r i = 1: nrows
77 mtxRows = [mtxRows , T( newl ineIxs ( i+2)+1:newl ineIxs ( i+3)) ] ;
78 end
79 % Pad the d i sp layed rows , inc lud ing the matr ix name with the f i r s t row
80 mtxRows{1} = [ ’ ’ , name , ’ = ’ , mtxRows{1}] ;
81 mtxStr ing = mtxRows{1};
82 f o r i = 2: nrows
83 mtxRows{ i } = [ repmat ( ’ ’ , 1 , padLength ) , mtxRows{ i } ] ;
84 mtxStr ing = [mtxStr ing mtxRows{ i } ] ;
85 end
86

87 format ( s ta r tFormat ) ; % return d i sp l ay s e t t i n g to s t a r t i n g value
88 end
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Estimation of the Classical Model
(State Space, VAR)

cointRank
1 % DESCRIPTION : A func t ion tha t p r i n t s s e l e c t ed Johansen co in t eg r a t i on t e s t
2 % informat ion to a f i l e
3 %
4 % Input = data ( matr ix of data )
5 % vecLag ( lag order to use in vec to r e r ro r co r r e c t i on model )
6 % f i l e o u t (what to name the output f i l e )
7 %
8 % Output = mles ( c e l l a r ray of s t r u c t s with f i t t e d VEC model in format ion )
9

10 func t ion mles = cointRank ( data , vecLag , f i l e o u t )
11 nobs = s i z e ( data , 1) ;
12 nvars = s i z e ( data , 2) ;
13

14 warning ( ’ o f f ’ , ’ econ : j c i t e s t : R igh tTa i lS ta tTooB ig ’ ) ; % suppress warnings
15

16 % Johansen co in t eg r a t i on t e s t s − t ra ce and maximum eigenvalue
17 [hTr , pTr , s t a tT r , cTr , mlesTr ] = j c i t e s t ( data , ’ model ’ , ’H2 ’ , ’ l a g s ’ ,

vecLag , ’ t e s t ’ , ’ t r a c e ’ , ’ d i s p l ay ’ , ’ o f f ’ ) ;
18 [hME, pME, statME , cME, mlesME] = j c i t e s t ( data , ’ model ’ , ’H2 ’ , ’ l a g s ’ ,

vecLag , ’ t e s t ’ , ’ maxeig ’ , ’ d i s p l ay ’ , ’ o f f ’ ) ;
19 mles = mlesTr ; % we could equa l l y wel l use mlesME as the re turn value
20

21 % Pr in t t e s t r e s u l t s to f i l e
22 f i l e I D = fopen ( f i l e ou t , ’w ’ ) ;
23 f p r i n t f ( f i l e ID , ’JOHANSEN COINTEGRATION TEST RESULTS\n ’ ) ;
24 f p r i n t f ( f i l e ID , ’−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−\n ’ ) ;
25 f p r i n t f ( f i l e ID , ’ E f f e c t i v e sample s i z e : %u\n ’ , nobs−vecLag−1) ;
26 f p r i n t f ( f i l e ID , ’ VEC model type : H2 (no de t e rm in i s t i c t rends or

i n t e r c e p t s ) \n ’ ) ;
27 f p r i n t f ( f i l e ID , ’ Lags : %u\n ’ , vecLag ) ;
28 f p r i n t f ( f i l e ID , ’ \n\n ∗Trace t e s t in format ion ∗\n\n ’ ) ;
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29 f p r i n t f ( f i l e ID , ’ Coint rank Trace s t a t p−value Eigenvalue \
n ’ ) ;

30 f o r i = 1: nvars
31 f p r i n t f ( f i l e ID , ’%1$10u %2$16 .4 f %3$13 .4 f %4$13 .4 f \n ’ , i −1, s t a t T r . ( i ) ,

pTr . ( i ) , mlesTr . ( i ) . e igVa l ) ;
32 end
33 f p r i n t f ( f i l e ID , ’ \n\n ∗Maximum eigenva lue t e s t in format ion ∗\n\n ’ ) ;
34 f p r i n t f ( f i l e ID , ’ Coint rank Max e ig s t a t p−value Eigenvalue

\n ’ ) ;
35 f o r i = 1: nvars
36 f p r i n t f ( f i l e ID , ’%1$10u %2$17 .4 f %3$13 .4 f %4$13 .4 f \n ’ , i −1, statME . ( i ) ,

pME. ( i ) , mlesME . ( i ) . e igVa l ) ;
37 end
38 f c l o s e ( f i l e I D ) ;
39 end

formatMtxOut
1 % DESCRIPTION : A func t ion tha t re formats how a matr ix i s d i sp layed / pr in ted
2 %
3 % Input = name ( the name or symbol to use fo r the matr ix when p r i n t i ng )
4 % value ( the matr ix i t s e l f )
5 %
6 % Output = mtxStr ing ( s t r i n g conta in ing the re format ted matr ix f o r p r i n t i ng )
7

8 func t ion mtxStr ing = formatMtxOut (name , value )
9 s ta r tFormat = get (0 , ’ Format ’ ) ; % f ind out Matlab ’ s cur ren t d i sp l ay

s e t t i n g
10 nrows = s i z e ( value , 1) ;
11 padLength = length (name) + 5;
12

13 format shortG ; % change Matlab ’ s d i sp l ay s e t t i n g
14 T = eva l c ( ’ value ’ ) ; % get d i sp layed matr ix as a cha rac t e r vec to r
15 newl ineIxs = f ind (T == repmat ( char (10) , 1 , length (T) ) ) ;
16 mtxRows = {};
17 % Convert the rows of the matrix , as disp layed , to a c e l l a r ray
18 f o r i = 1: nrows
19 mtxRows = [mtxRows , T( newl ineIxs ( i+2)+1:newl ineIxs ( i+3)) ] ;
20 end
21 % Pad the d i sp layed rows , inc lud ing the matr ix name with the f i r s t row
22 mtxRows{1} = [ ’ ’ , name , ’ = ’ , mtxRows{1}] ;
23 mtxStr ing = mtxRows{1};
24 f o r i = 2: nrows
25 mtxRows{ i } = [ repmat ( ’ ’ , 1 , padLength ) , mtxRows{ i } ] ;
26 mtxStr ing = [mtxStr ing mtxRows{ i } ] ;
27 end
28

29 format ( s ta r tFormat ) ; % return d i sp l ay s e t t i n g to s t a r t i n g value
30 end

gener_state_main
1 c l e a r a l l ;
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2 c l o s e a l l ;
3 c l c ;
4

5 t i c
6 % Read in data
7 data = csvread ( ’ gener_data_2000 . csv ’ ) ’ ;
8 t rue th = csvread ( ’ gener_theta_2000 . csv ’ ) ;
9 % Genera teExce lF i l e s
10

11 % load DATA_FILE
12 data=data ( : ,1 :2000) ;
13

14

15 % THESE VALUES CAN BE ADJUSTED
16 % In te s t i ng , one s t a r t i n g point with 100 s t ep s took an average of 4.5 sec s
17 nSta r t = 100; % number of s t a r t po in t s f o r g rad ien t descent
18 maxSteps = 100; % maximum number of descent s t ep s f o r each s t a r t po in t
19 rng (963791) ; % seed fo r random number generator ( reproduc ib le r e s u l t s )
20

21

22 % I n i t i a l i z e the minimum L value
23 minL = In f ;
24

25

26 % Find the bes t the ta using s t e epe s t descent
27 f o r i = 1: nS ta r t
28

29 th_cur r = genth_ to l () ;
30 out_curr = oneDescent ( th_curr , data , maxSteps ) ;
31 reasons { i } = out_curr . endReason ;
32 i f ( abs ( out_curr . LEnd) < minL)
33 minL = out_curr . LEnd ;
34 minth = out_curr . thetaEnd ;
35 end
36 f p r i n t f ( ’ Current s t a r t po int : %d of %d , LEnd= %f , Lmin = %f , NSteps

=%d , End Reason : %s \n ’ , i , nStar t , out_curr . LEnd , minL , out_curr . nSteps
, out_curr . endReason )

37 disp ( ’ D i f f e r ence between t rue the ta and ac tua l bes t e s t imat ion of the ta :
’ )

38 DIFF=abs ( t rue th − minth )
39 end
40 mdl = ge tS t a t e I n f o (minth , data ) ;
41 r sn_ t ab l e = tabu la t e ( reasons ) ;
42 nReasons = s i z e ( r sn_ tab le , 1) ;
43

44

45 % Pr in t f u l l summary of r e s u l t s to f i l e
46 f i l e I D = fopen ( ’ gener_s ta te_output . t x t ’ , ’w ’ ) ;
47 f p r i n t f ( f i l e ID , ’ STATE SPACE ERROR CORRECTION MODEL SUMMARY\n ’ ) ;
48 f p r i n t f ( f i l e ID , ’

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−\n ’ ) ;
49 f p r i n t f ( f i l e ID , ’ Model eq : dy_t = a∗b ’ ’ ∗ y_t−1 + Cbar∗Abar ∗( I_n−Abar ) −̂1∗x~

_t + e_t \n ’ ) ;
50 f p r i n t f ( f i l e ID , ’ x~_t+1 = Abar∗x~_t + Bbar∗dy_t \n ’ ) ;
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51 f p r i n t f ( f i l e ID , ’ E[ e_t ∗ e_t ’ ’ ] = Sigma\n\n ’ ) ;
52 f p r i n t f ( f i l e ID , ’ s . t . −a∗b ’ ’ = Cbar ∗( I_n−Abar ) −̂1∗Bbar + I_p \n\n ’ ) ;
53 f p r i n t f ( f i l e ID , ’ E f f e c t i v e sample s i z e : %u\n ’ , s i z e ( data , 2) − 1) ;
54 f p r i n t f ( f i l e ID , ’ Co in tegra t ion rank : 1\n ’ ) ;
55 f p r i n t f ( f i l e ID , ’ Log l i k e l i h ood : %5.2 f \n ’ , mdl . l ogL ik ) ;
56 f p r i n t f ( f i l e ID , ’ BIC : %4.2 f \n\n ’ , mdl . BIC ) ;
57 f p r i n t f ( f i l e ID , ’ Tot la parameter : %4.2 f \n\n ’ , mdl . TotalParameter ) ;
58 f p r i n t f ( f i l e ID , ’ True the ta from data generat ing process : \ n\n ’ ) ;
59 f p r i n t f ( f i l e ID , [ formatMtxOut ( ’ the ta ’ , t rue th ) ’ \n ’ ] ) ;
60 f p r i n t f ( f i l e ID , ’

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−\n\n ’ ) ;
61 f p r i n t f ( f i l e ID , ’ ∗Parameter e s t imate s from s t e epe s t descent method∗\n ’ ) ;
62 f p r i n t f ( f i l e ID , ’ (%1$u s t a r t i n g po in t s ; up to %2$u descent s t ep s per

s t a r t i n g point ) \n\n ’ , nStar t , maxSteps ) ;
63 f p r i n t f ( f i l e ID , [ formatMtxOut ( ’ the ta ’ , minth ) ’ \n\n ’ ]) ;
64 f p r i n t f ( f i l e ID , [ formatMtxOut ( ’ a∗b ’ ’ ’ , mdl . abp ) ’ \n\n ’ ]) ;
65 f p r i n t f ( f i l e ID , [ formatMtxOut ( ’ Abar ’ , mdl . Abar ) ’ \n\n ’ ]) ;
66 f p r i n t f ( f i l e ID , [ formatMtxOut ( ’ Bbar ’ , mdl . Bbar ) ’ \n\n ’ ]) ;
67 f p r i n t f ( f i l e ID , [ formatMtxOut ( ’ Cbar ’ , mdl . Cbar ) ’ \n\n ’ ]) ;
68 f p r i n t f ( f i l e ID , formatMtxOut ( ’ Sigma ’ , mdl . Sigma) ) ;
69

70 f o r j = 1: nReasons
71 f p r i n t f ( f i l e ID , ’ %s : %u ( out of %u) \n ’ , r sn_ t ab l e { j , 1} , r sn_ t ab l e { j ,

2} , nS ta r t ) ;
72

73 end
74 f c l o s e ( f i l e I D ) ;
75 type ( ’ gener_s ta te_output . t x t ’ )
76 toc

genth_tol
1 % Function to generate a random matr ix of the ta values , e s s e n t i a l l y from the
2 % range −pi /2 to p i /2; the output matr ix i s 3x4
3 func t ion the t a s = genth_ to l ()
4 n = 4;
5 p = 3;
6 t he t a s = zeros (p , n) ;
7 t he t a s (1 , : ) = uni f rnd(−pi /2+0.001 , p i /2−0.001 , 1 , n) ;
8 t he t a s (2 : p , : ) = uni f rnd(−pi /2 , p i /2 , p−1, n) ;
9 t he t a s=0.6∗ the t a s ;
10 end

getL
1 % DESCRIPTION : A func t ion tha t c a l c u l a t e s the concentrated ( ad jus ted

negat ive
2 % log ) l i k e l i h ood and grad ien t of a 3−va r i ab l e data s e r i e s f o r a 4

dimensional ,
3 % co in t eg r a t i on rank 1 s t a t e space e r ro r co r r e c t i on model based on a given
4 % se t of concentrated coord inate va lues
5 %
6 % Input = thmtx (3x4 matr ix of the ta coord ina te s )
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7 % data ( matr ix of data ; obse rva t i ons in columns , l a s t a t r i g h t )
8 %
9 % Output = L ( concentrated ad jus ted negat ive log l i k e l i h ood )
10 % Ldot ( grad ien t of L with re spec t to theta , as a 3x4 matr ix )
11

12 func t ion [L , Ldot ] = getL ( thmtx , y )
13 de t _ t o l = 0.01; % to l e rance fo r determinant checks
14 n = 4;
15 p = s i z e (y , 1) ;
16 r = 1;
17 T = s i z e (y , 2) ;
18 dy = d i f f (y ’ ) ’ ;
19 y = y ( : , 1:T−1) ; % drop the l a s t y value , to match the sho r t e r dy s e r i e s
20

21 % begin by cons t ru c t i ng es t imate s of V , R , bar_A , and bar_B , and t h e i r
22 % pa r t i a l d e r i v a t i v e s from the cur ren t the ta e s t imate s
23 Vhat = getV ( thmtx ) ;
24 Gamma_1 = blkd iag ( eye (n−1) , Vhat ( : , : , 1) , eye(1−1)) ;
25 Gamma_2 = blkd iag ( eye (n−2) , Vhat ( : , : , 2) , eye(2−1)) ;
26 Gamma_3 = blkd iag ( eye (n−3) , Vhat ( : , : , 3) , eye(3−1)) ;
27 Gamma_4 = blkd iag ( eye (n−4) , Vhat ( : , : , 4) , eye(4−1)) ;
28 Rhat = Gamma_4 ∗ Gamma_3 ∗ Gamma_2 ∗ Gamma_1;
29

30

31 bar_Ahat = Rhat (p+1:n+p , p+1:n+p) ;
32 bar_Bhat = Rhat (p+1:n+p , 1:p) ;
33

34 % ca l c u l a t e the p a r t i a l d e r i v a t i v e s of V , Gamma, R , bar_A , and bar_B
35 Vdot = getVder iv ( thmtx ) ;
36 Gamma_1dot_11 = blkd iag ( zeros (n−1) , Vdot ( : , : , 1 , 1) , zeros (1−1)) ;
37 Gamma_1dot_21 = blkd iag ( zeros (n−1) , Vdot ( : , : , 2 , 1) , zeros (1−1)) ;
38 Gamma_1dot_31 = blkd iag ( zeros (n−1) , Vdot ( : , : , 3 , 1) , zeros (1−1)) ;
39 Gamma_2dot_12 = blkd iag ( zeros (n−2) , Vdot ( : , : , 1 , 2) , zeros (2−1)) ;
40 Gamma_2dot_22 = blkd iag ( zeros (n−2) , Vdot ( : , : , 2 , 2) , zeros (2−1)) ;
41 Gamma_2dot_32 = blkd iag ( zeros (n−2) , Vdot ( : , : , 3 , 2) , zeros (2−1)) ;
42 Gamma_3dot_13 = blkd iag ( zeros (n−3) , Vdot ( : , : , 1 , 3) , zeros (3−1)) ;
43 Gamma_3dot_23 = blkd iag ( zeros (n−3) , Vdot ( : , : , 2 , 3) , zeros (3−1)) ;
44 Gamma_3dot_33 = blkd iag ( zeros (n−3) , Vdot ( : , : , 3 , 3) , zeros (3−1)) ;
45 Gamma_4dot_14 = blkd iag ( zeros (n−4) , Vdot ( : , : , 1 , 4) , zeros (4−1)) ;
46 Gamma_4dot_24 = blkd iag ( zeros (n−4) , Vdot ( : , : , 2 , 4) , zeros (4−1)) ;
47 Gamma_4dot_34 = blkd iag ( zeros (n−4) , Vdot ( : , : , 3 , 4) , zeros (4−1)) ;
48

49 Rdot_11 = Gamma_4 ∗ Gamma_3 ∗ Gamma_2 ∗ Gamma_1dot_11 ;
50 Rdot_21 = Gamma_4 ∗Gamma_3 ∗ Gamma_2 ∗ Gamma_1dot_21 ;
51 Rdot_31 = Gamma_4 ∗ Gamma_3 ∗ Gamma_2 ∗ Gamma_1dot_31 ;
52 Rdot_12 = Gamma_4 ∗ Gamma_3 ∗ Gamma_2dot_12 ∗ Gamma_1;
53 Rdot_22 = Gamma_4 ∗ Gamma_3 ∗ Gamma_2dot_22 ∗ Gamma_1;
54 Rdot_32 = Gamma_4 ∗ Gamma_3 ∗ Gamma_2dot_32 ∗ Gamma_1;
55 Rdot_13 = Gamma_4 ∗ Gamma_3dot_13 ∗ Gamma_2 ∗ Gamma_1;
56 Rdot_23 = Gamma_4 ∗ Gamma_3dot_23 ∗ Gamma_2 ∗ Gamma_1;
57 Rdot_33 = Gamma_4 ∗ Gamma_3dot_33 ∗ Gamma_2 ∗ Gamma_1;
58 Rdot_14 = Gamma_4dot_14 ∗ Gamma_3 ∗ Gamma_2 ∗ Gamma_1;
59 Rdot_24 = Gamma_4dot_24 ∗ Gamma_3 ∗ Gamma_2 ∗ Gamma_1;
60 Rdot_34 = Gamma_4dot_34 ∗ Gamma_3 ∗ Gamma_2 ∗ Gamma_1;
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61

62 bar_Adot_11 = Rdot_11 (p+1:n+p , p+1:n+p) ;
63 bar_Adot_21 = Rdot_21 (p+1:n+p , p+1:n+p) ;
64 bar_Adot_31 = Rdot_31 (p+1:n+p , p+1:n+p) ;
65 bar_Adot_12 = Rdot_12 (p+1:n+p , p+1:n+p) ;
66 bar_Adot_22 = Rdot_22 (p+1:n+p , p+1:n+p) ;
67 bar_Adot_32 = Rdot_32 (p+1:n+p , p+1:n+p) ;
68 bar_Adot_13 = Rdot_13 (p+1:n+p , p+1:n+p) ;
69 bar_Adot_23 = Rdot_23 (p+1:n+p , p+1:n+p) ;
70 bar_Adot_33 = Rdot_33 (p+1:n+p , p+1:n+p) ;
71 bar_Adot_14 = Rdot_14 (p+1:n+p , p+1:n+p) ;
72 bar_Adot_24 = Rdot_24 (p+1:n+p , p+1:n+p) ;
73 bar_Adot_34 = Rdot_34 (p+1:n+p , p+1:n+p) ;
74

75 bar_Bdot_11 = Rdot_11 (p+1:n+p , 1:p) ;
76 bar_Bdot_21 = Rdot_21 (p+1:n+p , 1:p) ;
77 bar_Bdot_31 = Rdot_31 (p+1:n+p , 1:p) ;
78 bar_Bdot_12 = Rdot_12 (p+1:n+p , 1:p) ;
79 bar_Bdot_22 = Rdot_22 (p+1:n+p , 1:p) ;
80 bar_Bdot_32 = Rdot_32 (p+1:n+p , 1:p) ;
81 bar_Bdot_13 = Rdot_13 (p+1:n+p , 1:p) ;
82 bar_Bdot_23 = Rdot_23 (p+1:n+p , 1:p) ;
83 bar_Bdot_33 = Rdot_33 (p+1:n+p , 1:p) ;
84 bar_Bdot_14 = Rdot_14 (p+1:n+p , 1:p) ;
85 bar_Bdot_24 = Rdot_24 (p+1:n+p , 1:p) ;
86 bar_Bdot_34 = Rdot_34 (p+1:n+p , 1:p) ;
87

88 % se t up Z_0 and Z_1 , and then cons t ruc t Z_2 and i t s d e r i v a t i v e from Z_0 ,
89 % Z_1 , and the cur ren t e s t imate s f o r bar_A and bar_B and t h e i r d e r i v a t i v e s
90 % ( t h i s uses the method of extended e r ro r p r ed i c t i on f i l t e r s desc r ibed in

the
91 % Riba r i t s−Hanzon a r t i c l e )
92 Z_0 = dy ;
93 Z_1 = y ;
94 Z_2 = zeros (n , T−1) ;
95 Z_2dot_11 = zeros (n , T−1) ;
96 Z_2dot_21 = zeros (n , T−1) ;
97 Z_2dot_31 = zeros (n , T−1) ;
98 Z_2dot_12 = zeros (n , T−1) ;
99 Z_2dot_22 = zeros (n , T−1) ;
100 Z_2dot_32 = zeros (n , T−1) ;
101 Z_2dot_13 = zeros (n , T−1) ;
102 Z_2dot_23 = zeros (n , T−1) ;
103 Z_2dot_33 = zeros (n , T−1) ;
104 Z_2dot_14 = zeros (n , T−1) ;
105 Z_2dot_24 = zeros (n , T−1) ;
106 Z_2dot_34 = zeros (n , T−1) ;
107

108 Z_2 ( : , 1) = bar_Bhat ∗ Z_1 ( : , 1) ;
109 Z_2dot_11 ( : , 1) = bar_Bdot_11 ∗ Z_1 ( : , 1) ;
110 Z_2dot_21 ( : , 1) = bar_Bdot_21 ∗ Z_1 ( : , 1) ;
111 Z_2dot_31 ( : , 1) = bar_Bdot_31 ∗ Z_1 ( : , 1) ;
112 Z_2dot_12 ( : , 1) = bar_Bdot_12 ∗ Z_1 ( : , 1) ;
113 Z_2dot_22 ( : , 1) = bar_Bdot_22 ∗ Z_1 ( : , 1) ;
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114 Z_2dot_32 ( : , 1) = bar_Bdot_32 ∗ Z_1 ( : , 1) ;
115 Z_2dot_13 ( : , 1) = bar_Bdot_13 ∗ Z_1 ( : , 1) ;
116 Z_2dot_23 ( : , 1) = bar_Bdot_23 ∗ Z_1 ( : , 1) ;
117 Z_2dot_33 ( : , 1) = bar_Bdot_33 ∗ Z_1 ( : , 1) ;
118 Z_2dot_14 ( : , 1) = bar_Bdot_14 ∗ Z_1 ( : , 1) ;
119 Z_2dot_24 ( : , 1) = bar_Bdot_24 ∗ Z_1 ( : , 1) ;
120 Z_2dot_34 ( : , 1) = bar_Bdot_34 ∗ Z_1 ( : , 1) ;
121

122 f o r t = 2:T−1
123 Z_2 ( : , t ) = bar_Ahat ∗ Z_2 ( : , t −1) + bar_Bhat ∗ Z_0 ( : , t −1) ;
124 Z_2dot_11 ( : , t ) = bar_Adot_11 ∗ Z_2 ( : , t −1) + bar_Ahat ∗ Z_2dot_11 ( : , t

−1) + bar_Bdot_11 ∗ Z_0 ( : , t −1) ;
125 Z_2dot_21 ( : , t ) = bar_Adot_21 ∗ Z_2 ( : , t −1) + bar_Ahat ∗ Z_2dot_21 ( : , t

−1) + bar_Bdot_21 ∗ Z_0 ( : , t −1) ;
126 Z_2dot_31 ( : , t ) = bar_Adot_31 ∗ Z_2 ( : , t −1) + bar_Ahat ∗ Z_2dot_31 ( : , t

−1) + bar_Bdot_31 ∗ Z_0 ( : , t −1) ;
127 Z_2dot_12 ( : , t ) = bar_Adot_12 ∗ Z_2 ( : , t −1) + bar_Ahat ∗ Z_2dot_12 ( : , t

−1) + bar_Bdot_12 ∗ Z_0 ( : , t −1) ;
128 Z_2dot_22 ( : , t ) = bar_Adot_22 ∗ Z_2 ( : , t −1) + bar_Ahat ∗ Z_2dot_22 ( : , t

−1) + bar_Bdot_22 ∗ Z_0 ( : , t −1) ;
129 Z_2dot_32 ( : , t ) = bar_Adot_32 ∗ Z_2 ( : , t −1) + bar_Ahat ∗ Z_2dot_32 ( : , t

−1) + bar_Bdot_32 ∗ Z_0 ( : , t −1) ;
130 Z_2dot_13 ( : , t ) = bar_Adot_13 ∗ Z_2 ( : , t −1) + bar_Ahat ∗ Z_2dot_13 ( : , t

−1) + bar_Bdot_13 ∗ Z_0 ( : , t −1) ;
131 Z_2dot_23 ( : , t ) = bar_Adot_23 ∗ Z_2 ( : , t −1) + bar_Ahat ∗ Z_2dot_23 ( : , t

−1) + bar_Bdot_23 ∗ Z_0 ( : , t −1) ;
132 Z_2dot_33 ( : , t ) = bar_Adot_33 ∗ Z_2 ( : , t −1) + bar_Ahat ∗ Z_2dot_33 ( : , t

−1) + bar_Bdot_33 ∗ Z_0 ( : , t −1) ;
133 Z_2dot_14 ( : , t ) = bar_Adot_14 ∗ Z_2 ( : , t −1) + bar_Ahat ∗ Z_2dot_14 ( : , t

−1) + bar_Bdot_14 ∗ Z_0 ( : , t −1) ;
134 Z_2dot_24 ( : , t ) = bar_Adot_24 ∗ Z_2 ( : , t −1) + bar_Ahat ∗ Z_2dot_24 ( : , t

−1) + bar_Bdot_24 ∗ Z_0 ( : , t −1) ;
135 Z_2dot_34 ( : , t ) = bar_Adot_34 ∗ Z_2 ( : , t −1) + bar_Ahat ∗ Z_2dot_34 ( : , t

−1) + bar_Bdot_34 ∗ Z_0 ( : , t −1) ;
136 end
137

138 % ca l c u l a t e the M_ij mat r i ces and t h e i r d e r i v a t i v e s
139 M_02 = Z_0 ∗ Z_2 ’ / T ;
140 M_11 = Z_1 ∗ Z_1 ’ / T ;
141 M_12 = Z_1 ∗ Z_2 ’ / T ;
142 M_21 = M_12 ’ ;
143 M_22 = Z_2 ∗ Z_2 ’ / T ;
144

145 M_02dot_11 = Z_0 ∗ Z_2dot_11 ’ / T ;
146 M_02dot_21 = Z_0 ∗ Z_2dot_21 ’ / T ;
147 M_02dot_31 = Z_0 ∗ Z_2dot_31 ’ / T ;
148 M_02dot_12 = Z_0 ∗ Z_2dot_12 ’ / T ;
149 M_02dot_22 = Z_0 ∗ Z_2dot_22 ’ / T ;
150 M_02dot_32 = Z_0 ∗ Z_2dot_32 ’ / T ;
151 M_02dot_13 = Z_0 ∗ Z_2dot_13 ’ / T ;
152 M_02dot_23 = Z_0 ∗ Z_2dot_23 ’ / T ;
153 M_02dot_33 = Z_0 ∗ Z_2dot_33 ’ / T ;
154 M_02dot_14 = Z_0 ∗ Z_2dot_14 ’ / T ;
155 M_02dot_24 = Z_0 ∗ Z_2dot_24 ’ / T ;
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156 M_02dot_34 = Z_0 ∗ Z_2dot_34 ’ / T ;
157

158 M_12dot_11 = Z_1 ∗ Z_2dot_11 ’ / T ;
159 M_12dot_21 = Z_1 ∗ Z_2dot_21 ’ / T ;
160 M_12dot_31 = Z_1 ∗ Z_2dot_31 ’ / T ;
161 M_12dot_12 = Z_1 ∗ Z_2dot_12 ’ / T ;
162 M_12dot_22 = Z_1 ∗ Z_2dot_22 ’ / T ;
163 M_12dot_32 = Z_1 ∗ Z_2dot_32 ’ / T ;
164 M_12dot_13 = Z_1 ∗ Z_2dot_13 ’ / T ;
165 M_12dot_23 = Z_1 ∗ Z_2dot_23 ’ / T ;
166 M_12dot_33 = Z_1 ∗ Z_2dot_33 ’ / T ;
167 M_12dot_14 = Z_1 ∗ Z_2dot_14 ’ / T ;
168 M_12dot_24 = Z_1 ∗ Z_2dot_24 ’ / T ;
169 M_12dot_34 = Z_1 ∗ Z_2dot_34 ’ / T ;
170

171 M_22dot_11 = (Z_2dot_11 ∗ Z_2 ’ + Z_2 ∗ Z_2dot_11 ’ ) / T ;
172 M_22dot_21 = (Z_2dot_21 ∗ Z_2 ’ + Z_2 ∗ Z_2dot_21 ’ ) / T ;
173 M_22dot_31 = (Z_2dot_31 ∗ Z_2 ’ + Z_2 ∗ Z_2dot_31 ’ ) / T ;
174 M_22dot_12 = (Z_2dot_12 ∗ Z_2 ’ + Z_2 ∗ Z_2dot_12 ’ ) / T ;
175 M_22dot_22 = (Z_2dot_22 ∗ Z_2 ’ + Z_2 ∗ Z_2dot_22 ’ ) / T ;
176 M_22dot_32 = (Z_2dot_32 ∗ Z_2 ’ + Z_2 ∗ Z_2dot_32 ’ ) / T ;
177 M_22dot_13 = (Z_2dot_13 ∗ Z_2 ’ + Z_2 ∗ Z_2dot_13 ’ ) / T ;
178 M_22dot_23 = (Z_2dot_23 ∗ Z_2 ’ + Z_2 ∗ Z_2dot_23 ’ ) / T ;
179 M_22dot_33 = (Z_2dot_33 ∗ Z_2 ’ + Z_2 ∗ Z_2dot_33 ’ ) / T ;
180 M_22dot_14 = (Z_2dot_14 ∗ Z_2 ’ + Z_2 ∗ Z_2dot_14 ’ ) / T ;
181 M_22dot_24 = (Z_2dot_24 ∗ Z_2 ’ + Z_2 ∗ Z_2dot_24 ’ ) / T ;
182 M_22dot_34 = (Z_2dot_34 ∗ Z_2 ’ + Z_2 ∗ Z_2dot_34 ’ ) / T ;
183

184 % check determinant of M_ij b lock matr ix and d i sp l ay warning i f necessary
185 M_det = det ( v e r t c a t ( horzcat (M_22 , M_21) , horzcat (M_12 , M_11) ) ) ;
186 i f (M_det < de t _ t o l )
187 disp ( ’ Warning : M_ij b lock determinant ’ ) ;
188 end
189

190 % ca l c u l a t e the H_i j mat r i ces ; we do t h i s by i n v e r t i n g the RMblock matr ix
and

191 % then pa r t i t i o n i n g the r e s u l t ( see equat ion A.7 in the R iba r i t s−Hanzon
192 % a r t i c l e ) , which seems to g ive more accura te r e s u l t s than using the

longer
193 % product and inve r se forms used in the o r i g i n a l s c r i p t (and in equat ion
194 % A.8 of the a r t i c l e )
195 % al so c a l c u l a t e the d e r i v a t i v e s of the H_i j mat r i ces ( s e ve r a l

in te rmedia te
196 % de r i v a t i v e s are requ i red fo r t h i s )
197 IA inv = inv ( eye (n) − bar_Ahat ) ;
198 Rt = IAinv ∗ bar_Bhat ;
199 Apow = bar_Ahat ∗ IAinv ;
200 Mt = Apow ∗ M_22 ∗ Apow ’ ;
201 RMblock = ve r t c a t ( horzcat (Mt , Rt ) , horzcat (Rt ’ , zeros (p) ) ) ;
202 RMblockinv = inv (RMblock ) ;
203 H_11 = RMblockinv (1 :n , 1:n) ;
204 H_12 = RMblockinv (1 :n , n+1:n+p) ;
205 H_21 = RMblockinv (n+1:n+p , 1:n) ;
206
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207 Rtdot_11 = IAinv ∗ ( bar_Adot_11 ∗ Rt + bar_Bdot_11 ) ;
208 Rtdot_21 = IAinv ∗ ( bar_Adot_21 ∗ Rt + bar_Bdot_21 ) ;
209 Rtdot_31 = IAinv ∗ ( bar_Adot_31 ∗ Rt + bar_Bdot_31 ) ;
210 Rtdot_12 = IAinv ∗ ( bar_Adot_12 ∗ Rt + bar_Bdot_12 ) ;
211 Rtdot_22 = IAinv ∗ ( bar_Adot_22 ∗ Rt + bar_Bdot_22 ) ;
212 Rtdot_32 = IAinv ∗ ( bar_Adot_32 ∗ Rt + bar_Bdot_32 ) ;
213 Rtdot_13 = IAinv ∗ ( bar_Adot_13 ∗ Rt + bar_Bdot_13 ) ;
214 Rtdot_23 = IAinv ∗ ( bar_Adot_23 ∗ Rt + bar_Bdot_23 ) ;
215 Rtdot_33 = IAinv ∗ ( bar_Adot_33 ∗ Rt + bar_Bdot_33 ) ;
216 Rtdot_14 = IAinv ∗ ( bar_Adot_14 ∗ Rt + bar_Bdot_14 ) ;
217 Rtdot_24 = IAinv ∗ ( bar_Adot_24 ∗ Rt + bar_Bdot_24 ) ;
218 Rtdot_34 = IAinv ∗ ( bar_Adot_34 ∗ Rt + bar_Bdot_34 ) ;
219

220 Apdot_11 = ( eye (n) + Apow) ∗ bar_Adot_11 ∗ IAinv ;
221 Apdot_21 = ( eye (n) + Apow) ∗ bar_Adot_21 ∗ IAinv ;
222 Apdot_31 = ( eye (n) + Apow) ∗ bar_Adot_31 ∗ IAinv ;
223 Apdot_12 = ( eye (n) + Apow) ∗ bar_Adot_12 ∗ IAinv ;
224 Apdot_22 = ( eye (n) + Apow) ∗ bar_Adot_22 ∗ IAinv ;
225 Apdot_32 = ( eye (n) + Apow) ∗ bar_Adot_32 ∗ IAinv ;
226 Apdot_13 = ( eye (n) + Apow) ∗ bar_Adot_13 ∗ IAinv ;
227 Apdot_23 = ( eye (n) + Apow) ∗ bar_Adot_23 ∗ IAinv ;
228 Apdot_33 = ( eye (n) + Apow) ∗ bar_Adot_33 ∗ IAinv ;
229 Apdot_14 = ( eye (n) + Apow) ∗ bar_Adot_14 ∗ IAinv ;
230 Apdot_24 = ( eye (n) + Apow) ∗ bar_Adot_24 ∗ IAinv ;
231 Apdot_34 = ( eye (n) + Apow) ∗ bar_Adot_34 ∗ IAinv ;
232

233 l e f t do t _11 = Apdot_11 ∗ M_22 ∗ Apow ’ ;
234 Mtdot_11 = le f tdo t _11 + Apow ∗ M_22dot_11 ∗ Apow ’ + le f tdo t_11 ’ ;
235 l e f t do t _21 = Apdot_21 ∗ M_22 ∗ Apow ’ ;
236 Mtdot_21 = le f tdo t _21 + Apow ∗ M_22dot_21 ∗ Apow ’ + le f tdo t_21 ’ ;
237 l e f t do t _31 = Apdot_31 ∗ M_22 ∗ Apow ’ ;
238 Mtdot_31 = le f tdo t _31 + Apow ∗ M_22dot_31 ∗ Apow ’ + le f tdo t_31 ’ ;
239 l e f t do t _12 = Apdot_12 ∗ M_22 ∗ Apow ’ ;
240 Mtdot_12 = le f tdo t _12 + Apow ∗ M_22dot_12 ∗ Apow ’ + le f tdo t_12 ’ ;
241 l e f t do t _22 = Apdot_22 ∗ M_22 ∗ Apow ’ ;
242 Mtdot_22 = le f tdo t _22 + Apow ∗ M_22dot_22 ∗ Apow ’ + le f tdo t_22 ’ ;
243 l e f t do t _32 = Apdot_32 ∗ M_22 ∗ Apow ’ ;
244 Mtdot_32 = le f tdo t _32 + Apow ∗ M_22dot_32 ∗ Apow ’ + le f tdo t_32 ’ ;
245 l e f t do t _13 = Apdot_13 ∗ M_22 ∗ Apow ’ ;
246 Mtdot_13 = le f tdo t _13 + Apow ∗ M_22dot_13 ∗ Apow ’ + le f tdo t_13 ’ ;
247 l e f t do t _23 = Apdot_23 ∗ M_22 ∗ Apow ’ ;
248 Mtdot_23 = le f tdo t _23 + Apow ∗ M_22dot_23 ∗ Apow ’ + le f tdo t_23 ’ ;
249 l e f t do t _33 = Apdot_33 ∗ M_22 ∗ Apow ’ ;
250 Mtdot_33 = le f tdo t _33 + Apow ∗ M_22dot_33 ∗ Apow ’ + le f tdo t_33 ’ ;
251 l e f t do t _14 = Apdot_14 ∗ M_22 ∗ Apow ’ ;
252 Mtdot_14 = le f tdo t _14 + Apow ∗ M_22dot_14 ∗ Apow ’ + le f tdo t_14 ’ ;
253 l e f t do t _24 = Apdot_24 ∗ M_22 ∗ Apow ’ ;
254 Mtdot_24 = le f tdo t _24 + Apow ∗ M_22dot_24 ∗ Apow ’ + le f tdo t_24 ’ ;
255 l e f t do t _34 = Apdot_34 ∗ M_22 ∗ Apow ’ ;
256 Mtdot_34 = le f tdo t _34 + Apow ∗ M_22dot_34 ∗ Apow ’ + le f tdo t_34 ’ ;
257

258 RMbidot_11 = −RMblockinv ∗ v e r t c a t ( horzcat (Mtdot_11 , Rtdot_11 ) , horzcat (
Rtdot_11 ’ , zeros (p) ) ) ∗ RMblockinv ;
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259 RMbidot_21 = −RMblockinv ∗ v e r t c a t ( horzcat (Mtdot_21 , Rtdot_21 ) , horzcat (
Rtdot_21 ’ , zeros (p) ) ) ∗ RMblockinv ;

260 RMbidot_31 = −RMblockinv ∗ v e r t c a t ( horzcat (Mtdot_31 , Rtdot_31 ) , horzcat (
Rtdot_31 ’ , zeros (p) ) ) ∗ RMblockinv ;

261 RMbidot_12 = −RMblockinv ∗ v e r t c a t ( horzcat (Mtdot_12 , Rtdot_12 ) , horzcat (
Rtdot_12 ’ , zeros (p) ) ) ∗ RMblockinv ;

262 RMbidot_22 = −RMblockinv ∗ v e r t c a t ( horzcat (Mtdot_22 , Rtdot_22 ) , horzcat (
Rtdot_22 ’ , zeros (p) ) ) ∗ RMblockinv ;

263 RMbidot_32 = −RMblockinv ∗ v e r t c a t ( horzcat (Mtdot_32 , Rtdot_32 ) , horzcat (
Rtdot_32 ’ , zeros (p) ) ) ∗ RMblockinv ;

264 RMbidot_13 = −RMblockinv ∗ v e r t c a t ( horzcat (Mtdot_13 , Rtdot_13 ) , horzcat (
Rtdot_13 ’ , zeros (p) ) ) ∗ RMblockinv ;

265 RMbidot_23 = −RMblockinv ∗ v e r t c a t ( horzcat (Mtdot_23 , Rtdot_23 ) , horzcat (
Rtdot_23 ’ , zeros (p) ) ) ∗ RMblockinv ;

266 RMbidot_33 = −RMblockinv ∗ v e r t c a t ( horzcat (Mtdot_33 , Rtdot_33 ) , horzcat (
Rtdot_33 ’ , zeros (p) ) ) ∗ RMblockinv ;

267 RMbidot_14 = −RMblockinv ∗ v e r t c a t ( horzcat (Mtdot_14 , Rtdot_14 ) , horzcat (
Rtdot_14 ’ , zeros (p) ) ) ∗ RMblockinv ;

268 RMbidot_24 = −RMblockinv ∗ v e r t c a t ( horzcat (Mtdot_24 , Rtdot_24 ) , horzcat (
Rtdot_24 ’ , zeros (p) ) ) ∗ RMblockinv ;

269 RMbidot_34 = −RMblockinv ∗ v e r t c a t ( horzcat (Mtdot_34 , Rtdot_34 ) , horzcat (
Rtdot_34 ’ , zeros (p) ) ) ∗ RMblockinv ;

270

271 H_11dot_11 = RMbidot_11 (1 :n , 1:n) ;
272 H_11dot_21 = RMbidot_21 (1 :n , 1:n) ;
273 H_11dot_31 = RMbidot_31 (1 :n , 1:n) ;
274 H_11dot_12 = RMbidot_12 (1 :n , 1:n) ;
275 H_11dot_22 = RMbidot_22 (1 :n , 1:n) ;
276 H_11dot_32 = RMbidot_32 (1 :n , 1:n) ;
277 H_11dot_13 = RMbidot_13 (1 :n , 1:n) ;
278 H_11dot_23 = RMbidot_23 (1 :n , 1:n) ;
279 H_11dot_33 = RMbidot_33 (1 :n , 1:n) ;
280 H_11dot_14 = RMbidot_14 (1 :n , 1:n) ;
281 H_11dot_24 = RMbidot_24 (1 :n , 1:n) ;
282 H_11dot_34 = RMbidot_34 (1 :n , 1:n) ;
283

284 H_21dot_11 = RMbidot_11 (n+1:n+p , 1:n) ;
285 H_21dot_21 = RMbidot_21 (n+1:n+p , 1:n) ;
286 H_21dot_31 = RMbidot_31 (n+1:n+p , 1:n) ;
287 H_21dot_12 = RMbidot_12 (n+1:n+p , 1:n) ;
288 H_21dot_22 = RMbidot_22 (n+1:n+p , 1:n) ;
289 H_21dot_32 = RMbidot_32 (n+1:n+p , 1:n) ;
290 H_21dot_13 = RMbidot_13 (n+1:n+p , 1:n) ;
291 H_21dot_23 = RMbidot_23 (n+1:n+p , 1:n) ;
292 H_21dot_33 = RMbidot_33 (n+1:n+p , 1:n) ;
293 H_21dot_14 = RMbidot_14 (n+1:n+p , 1:n) ;
294 H_21dot_24 = RMbidot_24 (n+1:n+p , 1:n) ;
295 H_21dot_34 = RMbidot_34 (n+1:n+p , 1:n) ;
296

297 % ca l c u l a t e the R_0 and R_1 s e r i e s and the S _ i j matr ices , as wel l as t h e i r
298 % de r i v a t i v e s
299 R_0 = Z_0 − (M_02 ∗ Apow ’ ∗ H_11 − H_21) ∗ Apow ∗ Z_2 ;
300 R_1 = Z_1 − (M_12 ∗ Apow ’ ∗ H_11 + H_21) ∗ Apow ∗ Z_2 ;
301 S_00 = R_0 ∗ R_0 ’ / T ;
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302 S_01 = R_0 ∗ R_1 ’ / T ;
303 S_10 = S_01 ’ ;
304 S_11 = R_1 ∗ R_1 ’ / T ;
305

306 % check determinant of S_00 and d i sp l ay warning i f necessary
307 i f ( det (S_00) < de t _ t o l )
308 disp ( ’ Warning : S_00 determinant ’ ) ;
309 end
310

311 % so lve the e igenvalue problems , making sure to s o r t the e igenva lues in
312 % descending order ; s i n ce the f i r s t e igenva lue problem invo l ve s d i s ca rd ing
313 % eigenva lues tha t are 0 , and there could be rounding error , we make use
314 % of an e i g _ t o l v a r i a b l e again ( e igenva lues smal l e r than the to l e rance are
315 % discarded as i f they were equal to 0)
316 e i g _ t o l = 0.000001;
317 S_11sym = (S_11 + S_11 ’ ) / 2; % ensure tha t S_11 i s e xa c t l y symmetric
318 [W, P] = eig (S_11sym) ;
319 [ Pdiag , perm1] = so r t ( diag (P) , ’ descend ’ ) ;
320 W = W( : , perm1) ;
321 p_2 = sum( Pdiag > e i g _ t o l ) ;
322 % i f necessary , d i sp l ay warnings about s e ve r a l i s s u e s tha t could a r i s e in

the
323 % f i r s t e igenvalue problem
324 i f (sum( Pdiag < 0) > 0)
325 disp ( ’ Warning : Unexpected negat ive e igenva lue ( s ) of S_11 ’ ) ;
326 end
327 i f (sum( Pdiag > 0) − p_2 > 0)
328 disp ( ’ Warning : Discarded smal l p o s i t i v e e igenva lue ( s ) of S_11 ’ ) ;
329 end
330 i f (sum(−d i f f ( Pdiag ) < e i g _ t o l ) > 0)
331 disp ( ’ Warning : Po s s i b l e repeat e igenva lue of S_11 ’ ) ;
332 end
333 i f ( p_2 == 0)
334 disp ( ’ Warning : No s a t i s f a c t o r y e igenva lues of S_11 ’ ) ;
335 end
336 C = W( : , 1: p_2) ∗ diag (1 . / s q r t ( Pdiag (1 : p_2) ) ) ;
337 SC = S_01 ∗ C; % fo r the next l ine , note tha t SC ’ = C ’ ∗ S_10
338 S_00i = inv (S_00) ;
339 M2 = SC ’ ∗ S_00i ∗ SC ;
340 M2sym = (M2 + M2’ ) / 2; % ensure tha t M2 i s exa c t l y symmetric
341 [V2 , Lambda] = eig (M2sym) ;
342 [ Lambdadiag , perm2] = so r t ( diag (Lambda) , ’ descend ’ ) ;
343 V2 = V2 ( : , perm2) ;
344 % i f necessary , d i sp l ay warnings about two i s s u e s tha t could a r i s e in the
345 % second eigenvalue problem
346 i f ( Lambdadiag (1) − Lambdadiag (2) < e i g _ t o l )
347 disp ( ’ Warning : Po s s i b l e repeat e igenva lue in second eigenva lue problem ’ )

;
348 end
349 i f (sum(Lambdadiag > e i g _ t o l ) == 0)
350 disp ( ’ Warning : No s a t i s f a c t o r y e igenva lues in second eigenva lue problem ;

proceeding with h ighes t e igenva lue ’ ) ;
351 end
352
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353 % cons t ruc t our e s t imate s f o r alpha , beta , bar_C , and Sigma ; we assume
tha t

354 % r = p−1 when es t imat ing beta and alpha ( i . e . tha t they are vec to r s ) ;
a l so

355 % check the p o s i t i v i t y of two other determinants and d i sp l ay warnings i f
356 % necessary
357 betahat = C ∗ V2 ( : , r ) ;
358 Mlike = R_0 − S_01 ∗ betahat ∗ betahat ’ ∗ R_1 ;
359 S l i k e = Mlike ∗ Mlike ’ / T ;
360 i f ( det ( S l i k e ) < de t _ t o l )
361 disp ( ’ Warning : S l i k e determinant ’ ) ;
362 end
363 alphahat = S_01 ∗ betahat ;
364 a lbepr = alphahat ∗ betahat ’ ;
365 Sigmahat = S_00 − albepr ∗ S_10 ;
366 bar_Chat = (M_02 − albepr ∗ M_12) ∗ Apow ’ ∗ H_11 − ( eye (p) + albepr ) ∗

H_21 ;
367

368 % f ind the d e r i v a t i v e s of the es t imate of bar_C
369 bar_Cdot_11 = (M_02dot_11 − albepr ∗ M_12dot_11) ∗ Apow ’ ∗ H_11 + (M_02 −

albepr ∗ M_12) ∗ (Apdot_11 ’ ∗ H_11 + Apow ’ ∗ H_11dot_11 ) − ( eye (p) +
albepr ) ∗ H_21dot_11 ;

370 bar_Cdot_21 = (M_02dot_21 − albepr ∗ M_12dot_21) ∗ Apow ’ ∗ H_11 + (M_02 −
albepr ∗ M_12) ∗ (Apdot_21 ’ ∗ H_11 + Apow ’ ∗ H_11dot_21 ) − ( eye (p) +
albepr ) ∗ H_21dot_21 ;

371 bar_Cdot_31 = (M_02dot_31 − albepr ∗ M_12dot_31) ∗ Apow ’ ∗ H_11 + (M_02 −
albepr ∗ M_12) ∗ (Apdot_31 ’ ∗ H_11 + Apow ’ ∗ H_11dot_31 ) − ( eye (p) +
albepr ) ∗ H_21dot_31 ;

372 bar_Cdot_12 = (M_02dot_12 − albepr ∗ M_12dot_12) ∗ Apow ’ ∗ H_11 + (M_02 −
albepr ∗ M_12) ∗ (Apdot_12 ’ ∗ H_11 + Apow ’ ∗ H_11dot_12 ) − ( eye (p) +
albepr ) ∗ H_21dot_12 ;

373 bar_Cdot_22 = (M_02dot_22 − albepr ∗ M_12dot_22) ∗ Apow ’ ∗ H_11 + (M_02 −
albepr ∗ M_12) ∗ (Apdot_22 ’ ∗ H_11 + Apow ’ ∗ H_11dot_22 ) − ( eye (p) +
albepr ) ∗ H_21dot_22 ;

374 bar_Cdot_32 = (M_02dot_32 − albepr ∗ M_12dot_32) ∗ Apow ’ ∗ H_11 + (M_02 −
albepr ∗ M_12) ∗ (Apdot_32 ’ ∗ H_11 + Apow ’ ∗ H_11dot_32 ) − ( eye (p) +
albepr ) ∗ H_21dot_32 ;

375 bar_Cdot_13 = (M_02dot_13 − albepr ∗ M_12dot_13) ∗ Apow ’ ∗ H_11 + (M_02 −
albepr ∗ M_12) ∗ (Apdot_13 ’ ∗ H_11 + Apow ’ ∗ H_11dot_13 ) − ( eye (p) +
albepr ) ∗ H_21dot_13 ;

376 bar_Cdot_23 = (M_02dot_23 − albepr ∗ M_12dot_23) ∗ Apow ’ ∗ H_11 + (M_02 −
albepr ∗ M_12) ∗ (Apdot_23 ’ ∗ H_11 + Apow ’ ∗ H_11dot_23 ) − ( eye (p) +
albepr ) ∗ H_21dot_23 ;

377 bar_Cdot_33 = (M_02dot_33 − albepr ∗ M_12dot_33) ∗ Apow ’ ∗ H_11 + (M_02 −
albepr ∗ M_12) ∗ (Apdot_33 ’ ∗ H_11 + Apow ’ ∗ H_11dot_33 ) − ( eye (p) +
albepr ) ∗ H_21dot_33 ;

378 bar_Cdot_14 = (M_02dot_14 − albepr ∗ M_12dot_14) ∗ Apow ’ ∗ H_11 + (M_02 −
albepr ∗ M_12) ∗ (Apdot_14 ’ ∗ H_11 + Apow ’ ∗ H_11dot_14 ) − ( eye (p) +
albepr ) ∗ H_21dot_14 ;

379 bar_Cdot_24 = (M_02dot_24 − albepr ∗ M_12dot_24) ∗ Apow ’ ∗ H_11 + (M_02 −
albepr ∗ M_12) ∗ (Apdot_24 ’ ∗ H_11 + Apow ’ ∗ H_11dot_24 ) − ( eye (p) +
albepr ) ∗ H_21dot_24 ;
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380 bar_Cdot_34 = (M_02dot_34 − albepr ∗ M_12dot_34) ∗ Apow ’ ∗ H_11 + (M_02 −
albepr ∗ M_12) ∗ (Apdot_34 ’ ∗ H_11 + Apow ’ ∗ H_11dot_34 ) − ( eye (p) +
albepr ) ∗ H_21dot_34 ;

381

382 % ca l c u l a t e the (modif ied negat ive log ) l i k e l i h ood using the o r i g i n a l
formula

383 M = Z_0 − albepr ∗ Z_1 − bar_Chat ∗ Apow ∗ Z_2 ;
384 Sigmadet = det ( Sigmahat ) ;
385 Sigmainv = inv ( Sigmahat ) ;
386 MSiM = M .∗ ( Sigmainv ∗ M) ;
387 L = log ( Sigmadet ) + sum(MSiM( : ) ) / T ;
388

389 % ca l c u l a t e the d e r i v a t i v e s of the l i k e l i h ood using the o r i g i n a l formula
390 Mdot_11 = − bar_Cdot_11 ∗ Apow ∗ Z_2 − bar_Chat ∗ (Apdot_11 ∗ Z_2 + Apow ∗

Z_2dot_11 ) ;
391 Mdot_21 = − bar_Cdot_21 ∗ Apow ∗ Z_2 − bar_Chat ∗ (Apdot_21 ∗ Z_2 + Apow ∗

Z_2dot_21 ) ;
392 Mdot_31 = − bar_Cdot_31 ∗ Apow ∗ Z_2 − bar_Chat ∗ (Apdot_31 ∗ Z_2 + Apow ∗

Z_2dot_31 ) ;
393 Mdot_12 = − bar_Cdot_12 ∗ Apow ∗ Z_2 − bar_Chat ∗ (Apdot_12 ∗ Z_2 + Apow ∗

Z_2dot_12 ) ;
394 Mdot_22 = − bar_Cdot_22 ∗ Apow ∗ Z_2 − bar_Chat ∗ (Apdot_22 ∗ Z_2 + Apow ∗

Z_2dot_22 ) ;
395 Mdot_32 = − bar_Cdot_32 ∗ Apow ∗ Z_2 − bar_Chat ∗ (Apdot_32 ∗ Z_2 + Apow ∗

Z_2dot_32 ) ;
396 Mdot_13 = − bar_Cdot_13 ∗ Apow ∗ Z_2 − bar_Chat ∗ (Apdot_13 ∗ Z_2 + Apow ∗

Z_2dot_13 ) ;
397 Mdot_23 = − bar_Cdot_23 ∗ Apow ∗ Z_2 − bar_Chat ∗ (Apdot_23 ∗ Z_2 + Apow ∗

Z_2dot_23 ) ;
398 Mdot_33 = − bar_Cdot_33 ∗ Apow ∗ Z_2 − bar_Chat ∗ (Apdot_33 ∗ Z_2 + Apow ∗

Z_2dot_33 ) ;
399 Mdot_14 = − bar_Cdot_14 ∗ Apow ∗ Z_2 − bar_Chat ∗ (Apdot_14 ∗ Z_2 + Apow ∗

Z_2dot_14 ) ;
400 Mdot_24 = − bar_Cdot_24 ∗ Apow ∗ Z_2 − bar_Chat ∗ (Apdot_24 ∗ Z_2 + Apow ∗

Z_2dot_24 ) ;
401 Mdot_34 = − bar_Cdot_34 ∗ Apow ∗ Z_2 − bar_Chat ∗ (Apdot_34 ∗ Z_2 + Apow ∗

Z_2dot_34 ) ;
402

403 MSiMdot_11 = (2 ∗ Mdot_11) . ∗ ( Sigmainv ∗ M) ;
404 MSiMdot_21 = (2 ∗ Mdot_21) . ∗ ( Sigmainv ∗ M) ;
405 MSiMdot_31 = (2 ∗ Mdot_31) . ∗ ( Sigmainv ∗ M) ;
406 MSiMdot_12 = (2 ∗ Mdot_12) . ∗ ( Sigmainv ∗ M) ;
407 MSiMdot_22 = (2 ∗ Mdot_22) . ∗ ( Sigmainv ∗ M) ;
408 MSiMdot_32 = (2 ∗ Mdot_32) . ∗ ( Sigmainv ∗ M) ;
409 MSiMdot_13 = (2 ∗ Mdot_13) . ∗ ( Sigmainv ∗ M) ;
410 MSiMdot_23 = (2 ∗ Mdot_23) . ∗ ( Sigmainv ∗ M) ;
411 MSiMdot_33 = (2 ∗ Mdot_33) . ∗ ( Sigmainv ∗ M) ;
412 MSiMdot_14 = (2 ∗ Mdot_14) . ∗ ( Sigmainv ∗ M) ;
413 MSiMdot_24 = (2 ∗ Mdot_24) . ∗ ( Sigmainv ∗ M) ;
414 MSiMdot_34 = (2 ∗ Mdot_34) . ∗ ( Sigmainv ∗ M) ;
415

416 Ldot_11 = sum(MSiMdot_11 ( : ) ) / T ;
417 Ldot_21 = sum(MSiMdot_21 ( : ) ) / T ;
418 Ldot_31 = sum(MSiMdot_31 ( : ) ) / T ;
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419 Ldot_12 = sum(MSiMdot_12 ( : ) ) / T ;
420 Ldot_22 = sum(MSiMdot_22 ( : ) ) / T ;
421 Ldot_32 = sum(MSiMdot_32 ( : ) ) / T ;
422 Ldot_13 = sum(MSiMdot_13 ( : ) ) / T ;
423 Ldot_23 = sum(MSiMdot_23 ( : ) ) / T ;
424 Ldot_33 = sum(MSiMdot_33 ( : ) ) / T ;
425 Ldot_14 = sum(MSiMdot_14 ( : ) ) / T ;
426 Ldot_24 = sum(MSiMdot_24 ( : ) ) / T ;
427 Ldot_34 = sum(MSiMdot_34 ( : ) ) / T ;
428

429 Ldot = [ Ldot_11 , Ldot_12 , Ldot_13 , Ldot_14 ; Ldot_21 , Ldot_22 , Ldot_23 ,
Ldot_24 ; Ldot_31 , Ldot_32 , Ldot_33 , Ldot_34 ] ;

430 end

getStateInfo
1 % DESCRIPTION : A func t ion tha t c a l c u l a t e s the concentrated ( ad jus ted

negat ive
2 % log ) l i k e l i h ood of a 3−va r i ab l e data s e r i e s f o r a 4 dimensional ,
3 % co in t eg r a t i on rank p−1 s t a t e space e r ro r co r r e c t i on model based on a given
4 % se t of concentrated coord inate va lues [ does not c a l c u l a t e grad ien t ]
5 %
6 % Input = thmtx (3x4 matr ix of the ta coord ina te s )
7 % data ( matr ix of data ; obse rva t i ons in columns , l a s t a t r i g h t

)
8 %
9 % Output = mdlInfo (Matlab s t r u c t u r e conta in ing the fo l lowing f i e l d s )
10 % Abar (MLE fo r Abar matr ix in model )
11 % Bbar (MLE fo r Bbar matr ix in model )
12 % Cbar (MLE fo r Cbar matr ix in model )
13 % abp (MLE fo r alpha∗beta ’ matr ix in model )
14 % Sigma (MLE fo r innova t ions covar iance matr ix in model )
15 % L ( concentrated ad jus ted negat ive log l i k e l i h ood )
16 % logL ik ( log l i k e l i h ood )
17 % BIC ( Bayesian informat ion c r i t e r i o n )
18 % TP ( Tota l parameter )
19

20 func t ion mdlInfo = ge tS t a t e I n f o ( thmtx , y )
21 de t _ t o l = 0.01; % to l e rance fo r determinant checks
22 n = 4;
23 p = s i z e (y , 1) ;
24 r = 1;
25 T = s i z e (y , 2) ;
26 dy = d i f f (y ’ ) ’ ;
27 y = y ( : , 1:T−1) ; % drop the l a s t y value , to match the sho r t e r dy s e r i e s
28

29 % begin by cons t ru c t i ng es t imate s of V , R , bar_A , and bar_B , and t h e i r
30 % pa r t i a l d e r i v a t i v e s from the cur ren t the ta e s t imate s
31 Vhat = getV ( thmtx ) ;
32 f o r k = 1:n
33 Gamma( : , : , k ) = blkd iag ( eye (n−k) , Vhat ( : , : , k ) , eye (k−1)) ;
34 end
35 Rhat = Gamma( : , : , 4) ∗ Gamma( : , : , 3) ∗ Gamma( : , : , 2) ∗ Gamma( : , : , 1) ;
36
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37 bar_Ahat = Rhat (p+1:n+p , p+1:n+p)
38 bar_Bhat = Rhat (p+1:n+p , 1:p)
39

40 % se t up Z_0 and Z_1 , and then cons t ruc t Z_2 and i t s d e r i v a t i v e from Z_0 ,
41 % Z_1 , and the cur ren t e s t imate s f o r bar_A and bar_B and t h e i r d e r i v a t i v e s
42 % ( t h i s uses the method of extended e r ro r p r ed i c t i on f i l t e r s desc r ibed in

the
43 % Riba r i t s−Hanzon a r t i c l e )
44 Z_0 = dy ;
45 Z_1 = y ;
46 Z_2 = zeros (n , T−1) ;
47

48 Z_2 ( : , 1) = bar_Bhat ∗ Z_1 ( : , 1) ;
49 f o r t = 2:T−1
50 Z_2 ( : , t ) = bar_Ahat ∗ Z_2 ( : , t −1) + bar_Bhat ∗ Z_0 ( : , t −1) ;
51 end
52

53 % ca l c u l a t e the M_ij mat r i ces and t h e i r d e r i v a t i v e s
54 M_02 = Z_0 ∗ Z_2 ’ / T ;
55 M_11 = Z_1 ∗ Z_1 ’ / T ;
56 M_12 = Z_1 ∗ Z_2 ’ / T ;
57 M_21 = M_12 ’ ;
58 M_22 = Z_2 ∗ Z_2 ’ / T ;
59

60 % check determinant of M_ij b lock matr ix and d i sp l ay warning i f necessary
61 M_det = det ( v e r t c a t ( horzcat (M_22 , M_21) , horzcat (M_12 , M_11) ) ) ;
62 i f (M_det < de t _ t o l )
63 disp ( ’ Warning : M_ij b lock determinant ’ ) ;
64 end
65 % ca l c u l a t e the H_i j mat r i ces ; we do t h i s by i n v e r t i n g the RMblock matr ix

and
66 % then pa r t i t i o n i n g the r e s u l t ( see equat ion A.7 in the R iba r i t s−Hanzon
67 % a r t i c l e ) , which seems to g ive more accura te r e s u l t s than using the

longer
68 % product and inve r se forms used in the o r i g i n a l s c r i p t (and in equat ion
69 % A.8 of the a r t i c l e )
70 % al so c a l c u l a t e the d e r i v a t i v e s of the H_i j mat r i ces ( s e ve r a l

in te rmedia te
71 % de r i v a t i v e s are requ i red fo r t h i s )
72 IA inv = inv ( eye (n) − bar_Ahat ) ;
73 Rt = IAinv ∗ bar_Bhat ;
74 Apow = bar_Ahat ∗ IAinv ;
75 Mt = Apow ∗ M_22 ∗ Apow ’ ;
76 RMblock = ve r t c a t ( horzcat (Mt , Rt ) , horzcat (Rt ’ , zeros (p) ) ) ;
77 i f ( RMblock < 1e−17)
78 disp ( ’ Warning : RMblock block determinant ’ ) ;
79 end
80 RMblockinv = inv (RMblock ) ;
81 H_11 = RMblockinv (1 :n , 1:n) ;
82 H_12 = RMblockinv (1 :n , n+1:n+p) ;
83 H_21 = RMblockinv (n+1:n+p , 1:n) ;
84

85 % ca l c u l a t e the R_0 and R_1 s e r i e s and the S _ i j matr ices , as wel l as t h e i r
86 % de r i v a t i v e s
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87 R_0 = Z_0 − (M_02 ∗ Apow ’ ∗ H_11 − H_21) ∗ Apow ∗ Z_2 ;
88 R_1 = Z_1 − (M_12 ∗ Apow ’ ∗ H_11 + H_21) ∗ Apow ∗ Z_2 ;
89 S_00 = R_0 ∗ R_0 ’ / T ;
90 S_01 = R_0 ∗ R_1 ’ / T ;
91 S_10 = S_01 ’ ;
92 S_11 = R_1 ∗ R_1 ’ / T ;
93

94 % so lve the e igenvalue problems , making sure to s o r t the e igenva lues in
95 % descending order ; s i n ce the f i r s t e igenva lue problem invo l ve s d i s ca rd ing
96 % eigenva lues tha t are 0 , and there could be rounding error , we make use
97 % of an e i g _ t o l v a r i a b l e again ( e igenva lues smal l e r than the to l e rance are
98 % discarded as i f they were equal to 0)
99 e i g _ t o l = 0.000001;
100 S_11sym = (S_11 + S_11 ’ ) / 2; % ensure tha t S_11 i s e xa c t l y symmetric
101 [W, P] = eig (S_11sym) ;
102 [ Pdiag , perm1] = so r t ( diag (P) , ’ descend ’ ) ;
103 W = W( : , perm1) ;
104 p_2 = sum( Pdiag > e i g _ t o l ) ;
105 C = W( : , 1: p_2) ∗ diag (1 . / s q r t ( Pdiag (1 : p_2) ) ) ;
106 SC = S_01 ∗ C; % fo r the next l ine , note tha t SC ’ = C ’ ∗ S_10
107 S_00i = inv (S_00) ;
108 M2 = SC ’ ∗ S_00i ∗ SC ;
109 M2sym = (M2 + M2’ ) / 2; % ensure tha t M2 i s exa c t l y symmetric
110 [V2 , Lambda] = eig (M2sym) ;
111 [ Lambdadiag , perm2] = so r t ( diag (Lambda) , ’ descend ’ ) ;
112 V2 = V2 ( : , perm2) ;
113 V2 f i r s t = V2 ( : , r ) ;
114

115 % cons t ruc t our e s t imate s f o r alpha , beta , bar_C , and Sigma ; we assume
tha t

116 % r = 1 when es t imat ing beta and alpha ( i . e . tha t they are vec to r s )
117 betahat = C ∗ V2 f i r s t ;
118 alphahat = S_01 ∗ betahat ;
119 a lbepr = alphahat ∗ betahat ’ ;
120 Sigmahat = S_00 − albepr ∗ S_10 ;
121 bar_Chat = (M_02 − albepr ∗ M_12) ∗ Apow ’ ∗ H_11 − ( eye (p) + albepr ) ∗

H_21 ;
122

123 % ca l c u l a t e the (modif ied negat ive log ) l i k e l i h ood using the o r i g i n a l
formula

124 M = Z_0 − albepr ∗ Z_1 − bar_Chat ∗ Apow ∗ Z_2 ;
125 Sigmadet = det ( Sigmahat ) ;
126 Sigmainv = inv ( Sigmahat ) ;
127 MSiM = M .∗ ( Sigmainv ∗ M) ;
128 L = log ( Sigmadet ) + sum(MSiM( : ) ) / T ;
129

130 % ca l c u l a t e the ac tua l log l i k e l i h ood and the BIC
131 l ogL ik = −(T−1)/2 ∗ (L + p ∗ log (2∗ p i ) ) ;
132 c = p − r ; % number of ’common trends ’
133 mainParams = 2∗n∗p − c^2;
134 covarParams = p ∗ (p + 1) / 2;
135 to ta lParams = mainParams + covarParams ;
136 [ a ic , b i c ] = a i c b i c ( logL ik , totalParams , (T−1)∗p) ;
137
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138 mdlInfo = s t r u c t ( ’ Abar ’ , bar_Ahat , ’ Bbar ’ , bar_Bhat , ’ Cbar ’ , bar_Chat , ’
abp ’ , a lbepr , ’ Betaprim ’ , betahat , ’ Sigma ’ , Sigmahat , ’ L ’ , L , ’ l ogL ik ’ ,
logL ik , ’ BIC ’ , b i c , ’ TotalParameter ’ , to ta lParams ) ;

139 end

getV
1 % DESCRIPTION : Funct ion to cons t ruc t the matr i ces V_k (k = 1 to 4) from a
2 % 3x4 matr ix conta in ing the ta coord inate va lues
3 %
4 % Input = thmtx (3x4 matr ix of the ta coord ina te s )
5 %
6 % Output = V (4x4x4 mult id imens ional ar ray tha t holds V_1 through V_4 ,
7 % with V_k corresponding to V ( : , : , k ) )
8

9 func t ion V = getV ( thmtx )
10 n = 4;
11 f o r k = 1:n
12 th1k = thmtx (1 , k ) ; % abb rev i a t i on s to reduce the number of parentheses
13 th2k = thmtx (2 , k ) ;
14 th3k = thmtx (3 , k ) ;
15 V( : , : , k ) = [ s in ( th1k )∗ s in ( th2k )∗ s in ( th3k ) , 1−(1−cos ( th1k ) ) ∗( s i n ( th2k )

^2∗s in ( th3k )^2) , −(1−cos ( th1k ) ) ∗( s i n ( th2k )^2∗s in ( th3k )∗ cos ( th3k ) ) ,
−(1−cos ( th1k ) ) ∗( s i n ( th2k )∗ s in ( th3k )∗ cos ( th2k ) ) ; s i n ( th1k )∗ s in ( th2k )∗
cos ( th3k ) , −(1−cos ( th1k ) ) ∗( s i n ( th2k )^2∗s in ( th3k )∗ cos ( th3k ) ) , 1−(1−
cos ( th1k ) ) ∗( s i n ( th2k )^2∗cos ( th3k )^2) , −(1−cos ( th1k ) ) ∗( s i n ( th2k )∗ cos (
th2k )∗ cos ( th3k ) ) ; s i n ( th1k )∗ cos ( th2k ) , −(1−cos ( th1k ) ) ∗( s i n ( th2k )∗ s in
( th3k )∗ cos ( th2k ) ) , −(1−cos ( th1k ) ) ∗( s i n ( th2k )∗ cos ( th2k )∗ cos ( th3k ) ) ,
1−(1−cos ( th1k ) ) ∗( cos ( th2k )^2); cos ( th1k ) , −s in ( th1k )∗ s in ( th2k )∗ s in (
th3k ) , −s in ( th1k )∗ s in ( th2k )∗ cos ( th3k ) , −s in ( th1k )∗ cos ( th2k ) ] ;

16 end
17 end

getVderiv
1 % DESCRIPTION : Funct ion to cons t ruc t the p a r t i a l d e r i v a t i v e s of the matr i ces
2 % V_k (k = 1 to 4) fo r a 3x4 matr ix conta in ing the ta coord inate va lues ; note
3 % tha t s ince V_k only depends on the kth column of the ta coord inate values ,
4 % each V_k only has three p a r t i a l d e r i v a t i v e s
5 %
6 % Input = thmtx (3x4 matr ix of the ta coord ina te s )
7 %
8 % Output = Vdot (4x4x4x4 mult id imens ional ar ray tha t holds the p a r t i a l
9 % der i v a t i v e s , with Vdot ( : , : , i , k ) corresponding to the
10 % de r i v a t i v e of V_k with re spec t to the ta_ i , k )
11

12 func t ion Vdot = getVder iv ( thmtx )
13 n = 4;
14 f o r k = 1:n
15 th1k = thmtx (1 , k ) ; % abb rev i a t i on s to reduce the number of parentheses
16 th2k = thmtx (2 , k ) ;
17 th3k = thmtx (3 , k ) ;
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18 Vdot ( : , : , 1 , k ) = [ cos ( th1k )∗ s in ( th2k )∗ s in ( th3k ) , −s in ( th1k )∗ s in ( th2k )
^2∗s in ( th3k )^2, −s in ( th1k )∗ s in ( th2k )^2∗s in ( th3k )∗ cos ( th3k ) , −s in (
th1k )∗ s in ( th2k )∗ s in ( th3k )∗ cos ( th2k ) ; cos ( th1k )∗ s in ( th2k )∗ cos ( th3k ) ,
−s in ( th1k )∗ s in ( th2k )^2∗s in ( th3k )∗ cos ( th3k ) , −s in ( th1k )∗ s in ( th2k )^2∗
cos ( th3k )^2, −s in ( th1k )∗ s in ( th2k )∗ cos ( th2k )∗ cos ( th3k ) ; cos ( th1k )∗ cos
( th2k ) , −s in ( th1k )∗ s in ( th2k )∗ s in ( th3k )∗ cos ( th2k ) , −s in ( th1k )∗ s in (
th2k )∗ cos ( th2k )∗ cos ( th3k ) , −s in ( th1k )∗ cos ( th2k )^2; −s in ( th1k ) , −cos (
th1k )∗ s in ( th2k )∗ s in ( th3k ) , −cos ( th1k )∗ s in ( th2k )∗ cos ( th3k ) , −cos ( th1k
)∗ cos ( th2k ) ] ;

19 Vdot ( : , : , 2 , k ) = [ s in ( th1k )∗ cos ( th2k )∗ s in ( th3k ) , −(1−cos ( th1k ) ) ∗( s i n
(2∗ th2k )∗ s in ( th3k )^2) , −(1−cos ( th1k ) ) ∗( s i n (2∗ th2k )∗ s in ( th3k )∗ cos (
th3k ) ) , −(1−cos ( th1k ) ) ∗( cos (2∗ th2k )∗ s in ( th3k ) ) ; s i n ( th1k )∗ cos ( th2k )∗
cos ( th3k ) , −(1−cos ( th1k ) ) ∗( s i n (2∗ th2k )∗ s in ( th3k )∗ cos ( th3k ) ) , −(1−cos
( th1k ) ) ∗( s i n (2∗ th2k )∗ cos ( th3k )^2) , −(1−cos ( th1k ) ) ∗( cos (2∗ th2k )∗ cos (
th3k ) ) ; −s in ( th1k )∗ s in ( th2k ) , −(1−cos ( th1k ) ) ∗( cos (2∗ th2k )∗ s in ( th3k ) )
, −(1−cos ( th1k ) ) ∗( cos (2∗ th2k )∗ cos ( th3k ) ) , (1−cos ( th1k ) ) ∗( s i n (2∗ th2k )
) ; 0 , −s in ( th1k )∗ cos ( th2k )∗ s in ( th3k ) , −s in ( th1k )∗ cos ( th2k )∗ cos ( th3k )
, s i n ( th1k )∗ s in ( th2k ) ] ;

20 Vdot ( : , : , 3 , k ) = [ s in ( th1k )∗ s in ( th2k )∗ cos ( th3k ) , −(1−cos ( th1k ) ) ∗( s i n (
th2k )^2∗s in (2∗ th3k ) ) , −(1−cos ( th1k ) ) ∗( s i n ( th2k )^2∗cos (2∗ th3k ) ) , −(1−
cos ( th1k ) ) ∗( s i n ( th2k )∗ cos ( th3k )∗ cos ( th2k ) ) ; −s in ( th1k )∗ s in ( th2k )∗ s in
( th3k ) , −(1−cos ( th1k ) ) ∗( s i n ( th2k )^2∗cos (2∗ th3k ) ) , (1−cos ( th1k ) ) ∗( s i n
( th2k )^2∗s in (2∗ th3k ) ) , (1−cos ( th1k ) ) ∗( s i n ( th2k )∗ cos ( th2k )∗ s in ( th3k ) )
; 0 , −(1−cos ( th1k ) ) ∗( s i n ( th2k )∗ cos ( th3k )∗ cos ( th2k ) ) , (1−cos ( th1k ) ) ∗(
s i n ( th2k )∗ cos ( th2k )∗ s in ( th3k ) ) , 0; 0 , −s in ( th1k )∗ s in ( th2k )∗ cos ( th3k )
, s i n ( th1k )∗ s in ( th2k )∗ s in ( th3k ) , 0] ;

21 end
22 end

oneDescent
1 % DESCRIPTION : Funct ion tha t conducts one s t e epe s t descent search ( from a

given
2 % se t of s t a r t i n g the ta coord inate va lues ) in L , the modif ied negat ive log
3 % l i k e l i h ood fo r a 4 dimesional , c o i n t eg r a t i on rank 1 s t a t e space e r ro r
4 % cor r e c t i on model app l ied to a data s e t
5 %
6 % Input = t h _ s t a r t (3x4 matr ix of s t a r t i n g the ta coord ina te s )
7 % data ( matr ix of data ; obse rva t i ons in columns , l a s t a t r i g h t

)
8 % step_ l im (maximum number of s t ep s to al low in the descent )
9 %
10 % Output = desc in fo (Matlab s t r u c t u r e conta in ing the fo l lowing f i e l d s )
11 % the t aS t a r t ( the s t a r t i n g the ta coord ina te s f o r the descent )
12 % thetaEnd ( the ending the ta coord ina te s f o r the descent )
13 % LSta r t ( the s t a r t i n g modif ied negat ive log l i k e l i h ood )
14 % LEnd ( the ending modif ied negat ive log l i k e l i h ood
15 % nSteps ( the number of s t ep s taken in the descent )
16 % to t a l D i s t ( the t o t a l length of a l l the descent s t ep s taken )
17 % displcmnt ( the Eucl idean d i s t ance from the t aS t a r t to thetaEnd )
18 % endReason (a s t r i n g i nd i c a t i n g why the descent stopped ;

po s s i b l e
19 % values are ’ c r i t i c a l point ’ , ’ the ta boundary ’ , ’ no
20 % l i k e l i h ood decrease ’ , ’maximum number of s teps ’ , and
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21 % ’ complex L at s t a r t ’ )
22

23 func t ion desc in fo = oneDescent_or ig ( t h_ s t a r t , data , s tep_ l im )
24 n = 4;
25 p = s i z e ( data , 1) ; % dimension of the data s e r i e s
26 max_steps = step_ l im ; % the l a r g e s t number of s t ep s to take in the

descent
27

28 % THESE VALUES CAN BE ADJUSTED
29 grad_ to l = 0 .1 ; % the to l e rance fo r the norm of the grad ien t
30 tau = 0.01; % main s tep s i ze , r e l a t i v e to the grad ien t
31 t au_ to l = 0.00001; % sma l l e s t s tep s i z e to cons ider ( r e l a t i v e to

grad ien t )
32

33 % I n i t i a l i z e three l o g i c a l va lues that , i f true , w i l l al low the cur ren t
loop

34 % to terminate : e i t h e r a c r i t i c a l po int i s found ( i . e . the s i z e of the
35 % grad ien t i s smal l ) , the s tep s i z e using tau has f a l l e n below the
36 % to le rance l eve l , or the number of s t ep s has reached the l im i t
37 f ound_c r i t _p t = f a l s e ;
38 reached_tau_to l = f a l s e ;
39 reached_max_steps = f a l s e ;
40

41 % I n i t i a l i z e other va lues
42 n_steps = 0; % The number of s t ep s taken in the descent
43 t o t a l _ d i s t = 0; % The cumulat ive d i s t ance of a l l the s t ep s
44

45 % I n i t i a l i z e the cur ren t the ta va lues and get the l i k e l i h ood and grad ien t
46 [ L i k _ s t a r t , g rad_L_s ta r t ] = getL ( t h_ s t a r t , data ) ;
47 th_cur r = t h _ s t a r t ;
48 L ik_cur r = L i k _ s t a r t ;
49 grad_L_curr = grad_L_s ta r t ;
50

51 % I f the s t a r t i n g l i k e l i h ood i s a complex number , s e t va lues to e x i t
52 % immediately ( t h i s can happen i f Sigmahat has a negat ive determinant due
53 % to rounding e r ro r )
54 i f ~i s r e a l ( L i k _ s t a r t )
55 bad_s ta r t = true ;
56 end_reason = ’ complex L at s t a r t ’ ;
57 L ik_cur r = In f ; % to avoid problems with l i k e l i h ood comparisons
58 e l s e
59 bad_s ta r t = f a l s e ;
60 end
61

62 % do grad ien t descent u n t i l one of the cond i t i ons above i s met
63 while ~any ([ found_cr i t _p t , reached_tau_to l , reached_max_steps , bad_s ta r t ])
64 % F i r s t check i f we ’ re at a c r i t i c a l point , i f so s top
65

66 i f (norm( grad_L_curr ( : ) ) < grad_ to l )
67 f ound_c r i t _p t = true ;
68 end_reason = ’ c r i t i c a l po int ’ ;
69 NORM=norm( grad_L_curr ( : ) )
70 % I f not a c r i t i c a l point , s t a r t with our de f au l t s tep s i z e ( tau )
71 e l s e
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72 tau_curr = tau ;
73 t h_p rov i s = th_cur r − tau_curr ∗ grad_L_curr ;
74 % Check i f the cur ren t s tep s i z e w i l l move pas t the boundary , and i f

so
75 % reduce the s tep s i z e by ha l f ( un les s the s tep s i z e has gone below
76 % tau_ to l )
77 while pastbdy ( th_p rov i s ) && ( tau_curr > tau_ to l )
78 tau_curr = tau_curr / 2;
79 t h_p rov i s = th_cur r − tau_curr ∗ grad_L_curr ;
80 end
81 % I f the s tep s i z e has gone below tau_to l , s top
82 i f ( tau_curr <= tau_ to l )
83 reached_tau_to l = true ;
84 end_reason = ’ the ta boundary ’ ;
85 % Otherwise begin checking the l i k e l i h ood of the p rov i s i ona l the ta
86 % value
87 e l s e
88 i n f o _p rov i s = ge tS t a t e I n f o ( th_prov i s , data ) ;
89 L i k_p rov i s = in f o_p rov i s . L ;
90 % Check i f the p r ov i s i ona l l i k e l i h ood i s >= the cur ren t l i k e l i h ood

or
91 % complex ( being complex means tha t Sigmahat had a negat ive

determinant
92 % due to rounding e r ro r ) ; i f so reduce the s tep s i z e by ha l f ( un les s
93 % the s tep s i z e has gone below tau_ to l )
94 while ( L i k_p rov i s >= Lik_cur r || ~i s r e a l ( L i k_p rov i s ) ) && ( tau_curr >

tau_ to l )
95 tau_curr = tau_curr / 2;
96 t h_p rov i s = th_cur r − tau_curr ∗ grad_L_curr ;
97 % Repeat the boundary check , reducing the s tep s i z e i f necessary
98 % and changing the value of reached_tau_to l i f appropr ia te
99 while pastbdy ( th_p rov i s ) && ( tau_curr > tau_ to l )
100 tau_curr = tau_curr / 2;
101 t h_p rov i s = th_cur r − tau_curr ∗ grad_L_curr ;
102 end
103 i f ( tau_curr <= tau_ to l )
104 reached_tau_to l = true ;
105 end_reason = ’ the ta boundary ’ ;
106 end
107 i n f o _p rov i s = ge tS t a t e I n f o ( th_prov i s , data ) ;
108 L i k_p rov i s = in f o_p rov i s . L ;
109 end
110 % I f the s tep s i z e has gone below tau_to l , s top
111 i f ( tau_curr <= tau_ to l )
112 reached_tau_to l = true ;
113 end_reason = ’ no l i k e l i h ood decrease ’ ;
114 % Otherwise , we ’ ve found an improvement on the cur ren t l i k e l i h ood
115 e l s e
116 % Update the cur ren t va lues of theta , l i k e l i hood , and grad ien t
117 [ L ik_prov i s , grad_L_prov is ] = getL ( th_prov i s , data ) ;
118 th_cur r = th_prov i s ;
119 L ik_cur r = L ik_p rov i s ;
120 grad_L_curr = grad_L_prov is ;
121 % Update other va lues
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122 n_steps = n_steps + 1;
123 t o t a l _ d i s t = t o t a l _ d i s t + tau_curr ∗ norm( grad_L_curr ( : ) ) ;
124 i f ( n_s teps >= max_steps )
125 reached_max_steps = true ;
126 end_reason = ’maximum number of s t ep s ’ ;
127 end
128 end
129 end
130 end
131 end
132

133 % Gradient descent i s now complete ( from the given s t a r t i n g point )
134

135 % Cal cu la t e the displacement
136 disp lc_mtx = th_cur r − t h _ s t a r t ;
137 displacement = norm( disp lc_mtx ( : ) ) ;
138

139 % Create the re turn s t r u c t u r e
140 desc in fo = s t r u c t ( ’ t h e t aS t a r t ’ , t h _ s t a r t , ’ thetaEnd ’ , th_curr , ’ LS t a r t ’ ,

L i k _ s t a r t , ’ LEnd ’ , L ik_curr , ’ nSteps ’ , n_steps , ’ t o t a l D i s t ’ ,
t o t a l _ d i s t , ’ d i sp lcmnt ’ , displacement , ’ endReason ’ , end_reason ) ;

141 end

pastbdy
1 % th i s func t ion checks whether a matr ix of the ta va lues i s ou t s ide of the

domain
2 % under cons ide ra t i on ( the domain being r e s t r i c t e d to a l l the ta va lues
3 % s t r i c t l y between −pi /2 and pi /2)
4 func t ion i s p a s t = pastbdy ( thmtx )
5 i s p a s t = any ( any ( thmtx >= pi /2 | thmtx <= −pi /2) ) ;
6 end

R2rmse
1 func t ion [ r2 , rmse ] = R2rmse(y , f , va ra rg in )
2 % Compute c o e f f i c i e n t of determinat ion of data f i t model and RMSE
3 %
4 % [ r2 rmse ] = rsquare (y , f )
5 % [ r2 rmse ] = rsquare (y , f , c )
6 %
7 % RSQUARE computes the c o e f f i c i e n t of determinat ion (R−square ) value from
8 % ac tua l data Y and model data F . The code uses a genera l ve r s ion of
9 % R−square , based on comparing the v a r i a b i l i t y of the es t imat ion e r r o r s
10 % with the v a r i a b i l i t y of the o r i g i n a l va lues . RSQUARE a l so outputs the
11 % root mean squared e r ro r (RMSE) fo r the user ’ s convenience .
12 %
13 % Note : RSQUARE ignores comparisons invo l v ing NaN va lues .
14 %
15 % INPUTS
16 % Y : Actua l data
17 % F : Model f i t
18 %
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19 % OPTION
20 % C : Constant term in model
21 % R−square may be a ques t ionab le measure of f i t when no
22 % constant term i s inc luded in the model .
23 % [DEFAULT] TRUE : Use t r a d i t i o n a l R−square computation
24 % FALSE : Uses a l t e r n a t e R−square computation fo r model
25 % without cons tant term [R2 = 1 − NORM(Y−F) /NORM(Y) ]
26 %
27 % OUTPUT
28 % R2 : Co e f f i c i e n t of determinat ion
29 % RMSE : Root mean squared e r ro r
30 %
31 % EXAMPLE
32 % x = 0:0 .1 :10 ;
33 % y = 2.∗ x + 1 + randn ( s i z e (x ) ) ;
34 % p = po l y f i t (x , y , 1 ) ;
35 % f = po lyva l (p , x ) ;
36 % [ r2 rmse ] = rsquare (y , f ) ;
37 % f i gu r e ; p l o t (x , y , ’ b− ’) ;
38 % hold on ; p lo t (x , f , ’ r − ’) ;
39 % t i t l e ( s t r c a t ( [ ’ R2 = ’ num2str ( r2 ) ’ ; RMSE = ’ num2str ( rmse ) ]) )
40 %
41 % Jered R Wells
42 % 11/17/11
43 % jered [ dot ] we l l s [ a t ] duke [ dot ] edu
44 %
45 % v1 .2 (02/14/2012)
46 %
47 % Thanks to John D ’ E r r i c o fo r u se fu l comments and i n s i g h t which has helped
48 % to improve t h i s code . His code POLYFITN was consu l ted in the i n c l u s i on of
49 % the C−opt ion (REF . F i l e ID : #34765) .
50

51 i f isempty ( vara rg in ) ; c = true ;
52 e l s e i f length ( vararg in )>1; e r ro r ’ Too many input arguments ’ ;
53 e l s e i f ~i s l o g i c a l ( va ra rg in {1}) ; e r ro r ’C must be l o g i c a l (TRUE||FALSE) ’
54 e l s e c = vararg in {1};
55 end
56

57 % Compare input s
58 i f ~a l l ( s i z e ( y )==s i z e ( f ) ) ; e r ro r ’ Y and F must be the same s i z e ’ ; end
59

60 % Check fo r NaN
61 tmp = ~or ( isnan (y ) , i snan ( f ) ) ;
62 y = y(tmp) ;
63 f = f (tmp) ;
64

65 i f c ; r2 = max(0 ,1 − sum(( y ( : )−f ( : ) ) .^2)/sum(( y ( : )−mean(y ( : ) ) ) .^2)) ;
66 e l s e r2 = 1 − sum(( y ( : )−f ( : ) ) .^2)/sum(( y ( : ) ) .^2) ;
67 i f r2<0
68 % http ://web . maths . unsw . edu . au/~ade l l e /Garvan/Assays /GoodnessOfFit . html
69 warning ( ’ Consider adding a cons tant term to your model ’ ) %#ok<WNTAG>
70 r2 = 0;
71 end
72 end
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73

74 rmse = sq r t (mean(( y ( : ) − f ( : ) ) .^2)) ;

run_compare
1 % /////////////////////////////////
2 % Mia ’ s code : Comparing models
3 % v .17 .09 .17
4 % /////////////////////////////////
5 % This code :
6 % (0) Es t imates de SSEC and VEC models
7 % ( I ) Compares the models with in format ion c r i t e r i o n
8 % ( I I ) Compares the models with an approximation to Bayes f a c t o r s
9 % ( I I I ) Compares the models with goodness−of−f i t measures
10 % ///////////////////////////////////////////////////////////////////////
11 c l e a r ; c l c % <<<<<< ca r e f u l here , i t w i l l e rase prev ious work
12 %% (0) Model e s t imat ion
13 % (1) Run s ta te−space error−co r r e c t i on model
14 run gener_state_main
15 % sta te−space s t a t s :
16 LogL_ssm = mdl . l ogL ik ; % Log−l i k e l i h ood
17 n_ssm = s i z e ( data , 2) − 1; % sample−s i z e
18 k_ssm = mdl . TotalParameter ; % number of parameters
19 % Informat ion c r i t e r i o n fo r SS model :
20 BIC_ssm = k_ssm∗ log (n_ssm) − 2∗(LogL_ssm) ;
21 AIC_ssm = 2∗k_ssm − 2∗(LogL_ssm) ;
22 HQC_ssm = 2∗k_ssm∗ log ( log (n_ssm) ) − 2∗(LogL_ssm) ;
23 IC_ssm = [BIC_ssm AIC_ssm HQC_ssm] ;
24 % (2) Run VEC model ( f o r gener data )
25 run vec_main
26 % VEC s t a t s :
27 [ LogL_vec , n_vec , k_vec ] = vecm_stats ( gener_data , gener_mles ,

gener_co int_rank ) ;
28 % Informat ion c r i t e r i o n fo r VEC model :
29 BIC_vec = k_vec∗ log ( n_vec ) − 2∗( LogL_vec ) ;
30 AIC_vec = 2∗k_vec − 2∗( LogL_vec ) ;
31 HQC_vec = 2∗k_vec∗ log ( log ( n_vec ) ) − 2∗( LogL_vec ) ;
32 IC_vec = [ BIC_vec AIC_vec HQC_vec ] ;
33 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
34 %% ( I ) Model comparison based on informat ion c r i t e r i o n
35 % The " bes t " model i s the one which minimizes the AIC/BIC/HQC
36 b = bar ( c a t e g o r i c a l ({ ’ BIC ’ , ’ AIC ’ , ’HQC ’ }) , [ IC_ssm ’ IC_vec ’ ] ) ;
37 ylim ([1.66 e+04 1.72e+04])
38 b(1) . FaceColor = [0 .5 . 8 ] ;
39 b(2) . FaceColor = [0 .8 . 5 ] ;
40 legend ( ’ State−space EC model ’ , ’VEC model ’ , ’ Locat ion ’ , ’ b e s t ou t s i de ’ )
41 % IC Table
42 disp ( ’−−− IC fo r SSEC model −−− ’ )
43 disp ([ ’ AIC = ’ , mat2str (AIC_ssm) ])
44 disp ([ ’ BIC = ’ , mat2str ( BIC_ssm) ])
45 disp ([ ’ HQC = ’ , mat2str (HQC_ssm) ])
46 disp ( ’−−− IC fo r VEC model −−− ’ )
47 disp ([ ’ AIC = ’ , mat2str ( AIC_vec ) ])
48 disp ([ ’ BIC = ’ , mat2str ( BIC_vec ) ])
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49 disp ([ ’ HQC = ’ , mat2str (HQC_vec) ])
50 disp ( ’ AIC : Akaike IC , BIC : Bayesian IC , HQC: Hannan−Quinn IC ’ )
51 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
52 %% ( I I ) Model comparis ion based on an approximation to Bayes f a c t o r s
53 BIC_M0 = BIC_ssm ; % Base model
54 BIC_M1 = BIC_vec ; %
55 Delta_BIC = (BIC_M1 − BIC_M0) ;
56 BF = exp ( Delta_BIC /2) ;
57 PM = (1 + exp((−1/2)∗Delta_BIC ) )^(−1);
58 disp ([ ’ Bayes f a c t o r f o r M0: ’ , mat2str ( round (BF ,2 ) ) ])
59 disp ([ ’ P r o b ab i l i t y in favor of M0: ’ , mat2str ( round (PM,2) ) ])
60 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
61 %% ( I I I ) Model comparison based on measures of goodness of f i t
62 y = data ;
63 % VEC f i t :
64 y f i t _ v e c = VEC_f i t ( gener_data , gener_mles , gener_coint_rank , y ) ;
65 % Graph :
66 f i g u r e
67 subp lo t (3 ,1 ,1)
68 p lo t ( y (1 , : ) , ’ b : ’ ) ; hold on ; p l o t ( y f i t _ v e c (1 , : ) , ’ r : ’ ) ; hold o f f ;

legend ( ’ Observed ’ , ’ F i t t e d ’ , ’ Locat ion ’ , ’ b e s t ou t s i de ’ ) ; t i t l e ( ’VEC
f i t : y_ {1 , t } ’ )

69 subp lo t (3 ,1 ,2)
70 p lo t ( y (2 , : ) , ’ b : ’ ) ; hold on ; p l o t ( y f i t _ v e c (2 , : ) , ’ r : ’ ) ; hold o f f ;

legend ( ’ Observed ’ , ’ F i t t e d ’ , ’ Locat ion ’ , ’ b e s t ou t s i de ’ ) ; t i t l e ( ’VEC
f i t : y_ {2 , t } ’ )

71 subp lo t (3 ,1 ,3)
72 p lo t ( y (3 , : ) , ’ b : ’ ) ; hold on ; p l o t ( y f i t _ v e c (3 , : ) , ’ r : ’ ) ; hold o f f ;

legend ( ’ Observed ’ , ’ F i t t e d ’ , ’ Locat ion ’ , ’ b e s t ou t s i de ’ ) ; t i t l e ( ’VEC
f i t : y_ {3 , t } ’ )

73 [ r2_vec1 , rmse_vec1 ] = R2rmse( y (1 ,1 : end−7) , y f i t _ v e c (1 , : ) , t rue (0) ) ;
74 [ r2_vec2 , rmse_vec2 ] = R2rmse( y (2 ,1 : end−7) , y f i t _ v e c (2 , : ) , t rue (0) ) ;
75 [ r2_vec3 , rmse_vec3 ] = R2rmse( y (3 ,1 : end−7) , y f i t _ v e c (3 , : ) , t rue (0) ) ;
76 % SSEC f i t
77 run SSEC_f i t
78 % Graph :
79 f i g u r e
80 subp lo t (3 ,1 ,1)
81 p lo t ( y (1 , : ) , ’ b : ’ ) ; hold on ; p l o t ( y f i t _ s s e c (1 , : ) , ’ r : ’ ) ; hold o f f ;

legend ( ’ Observed ’ , ’ F i t t e d ’ , ’ Locat ion ’ , ’ b e s t ou t s i de ’ ) ; t i t l e ( ’
SSEC f i t : y_ {1 , t } ’ )

82 subp lo t (3 ,1 ,2)
83 p lo t ( y (2 , : ) , ’ b : ’ ) ; hold on ; p l o t ( y f i t _ s s e c (2 , : ) , ’ r : ’ ) ; hold o f f ;

legend ( ’ Observed ’ , ’ F i t t e d ’ , ’ Locat ion ’ , ’ b e s t ou t s i de ’ ) ; t i t l e ( ’
SSEC f i t : y_ {2 , t } ’ )

84 subp lo t (3 ,1 ,3)
85 p lo t ( y (3 , : ) , ’ b : ’ ) ; hold on ; p l o t ( y f i t _ s s e c (3 , : ) , ’ r : ’ ) ; hold o f f ;

legend ( ’ Observed ’ , ’ F i t t e d ’ , ’ Locat ion ’ , ’ b e s t ou t s i de ’ ) ; t i t l e ( ’
SSEC f i t : y_ {3 , t } ’ )

86 [ r2_ssec1 , rmse_ssec1 ] = R2rmse( y (1 ,1 : end−2) , y f i t _ s s e c (1 , : ) , t rue (0) ) ;
87 [ r2_ssec2 , rmse_ssec2 ] = R2rmse( y (2 ,1 : end−2) , y f i t _ s s e c (2 , : ) , t rue (0) ) ;
88 [ r2_ssec3 , rmse_ssec3 ] = R2rmse( y (3 ,1 : end−2) , y f i t _ s s e c (3 , : ) , t rue (0) ) ;
89 % Table with r e s u l t s
90 disp ( ’ Ordinary R2 f i t : ’ )
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91 disp ( ’ SSEC VEC ’ )
92 disp ([ ’ y_ {1 , t } ’ , mat2str ( round ( r2_ssec1 ,4 ) ) , ’ ’ , mat2str ( round (

r2_vec1 ,4 ) ) ])
93 disp ([ ’ y_ {2 , t } ’ , mat2str ( round ( r2_ssec2 ,4 ) ) , ’ ’ , mat2str ( round (

r2_vec2 ,4 ) ) ])
94 disp ([ ’ y_ {3 , t } ’ , mat2str ( round ( r2_ssec3 ,4 ) ) , ’ ’ , mat2str ( round (

r2_vec3 ,4 ) ) ])
95 disp ( ’RMSE: ’ )
96 disp ( ’ SSEC VEC ’ )
97 disp ([ ’ y_ {1 , t } ’ , mat2str ( round ( rmse_ssec1 ,3 ) ) , ’ ’ , mat2str ( round (

rmse_vec1 ,3 ) ) ])
98 disp ([ ’ y_ {2 , t } ’ , mat2str ( round ( rmse_ssec2 ,3 ) ) , ’ ’ , mat2str ( round (

rmse_vec2 ,3 ) ) ])
99 disp ([ ’ y_ {3 , t } ’ , mat2str ( round ( rmse_ssec3 ,3 ) ) , ’ ’ , mat2str ( round (

rmse_vec3 ,3 ) ) ])
100 % ////////////////////////////////////////////////////////////////////////

unDiff
1 func t ion y = unDi f f (dy , y0 )
2 y (1) = y0 + dy (1) ;
3 f o r t = 2:( length (dy )−1)
4 x = y( t−1) ;
5 y ( t ) = x + dy( t ) ;
6 end

varLagSelect
1 % DESCRIPTION : A func t ion tha t p r i n t s lag order s e l e c t i o n informat ion to a

f i l e
2 %
3 % Input = data ( matr ix of data )
4 % f i l e o u t (what to name the output f i l e )
5 %
6 % Output = lagOrder ( the BIC−minimizing VAR lag order )
7

8 func t ion lagOrder = varLagSe lec t ( data , f i l e o u t )
9 nobs = s i z e ( data , 1) ;
10 nvars = s i z e ( data , 2) ;
11 ndata = nobs ∗ nvars ;
12

13 maxLag = 12; % Only cons ider l ag s of up to 12; t h i s can be ad jus ted
14 warning ( ’ e r ro r ’ , ’MATLAB: near l yS ingu la rMat r i x ’ ) ; % change warning to

handle
15

16 % F i r s t f i t VAR models only i f the es t imat ion doesn ’ t r e s u l t in a warning
of

17 % a near ly s i ngu l a r matr ix (which could i nd i c a t e an un r e l i a b l e r e s u l t )
18 varLagBics = zeros (1 , maxLag) ;
19 f o r j = 1:maxLag
20 varmodel = varm( nvars , j ) ;
21 varmodel . Constant = zeros ( nvars , 1) ; % no i n t e r c e p t term in model
22 t r y
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23 estmodel = es t imate ( varmodel , data ) ;
24 r e s u l t s = summarize ( estmodel ) ;
25 varLagBics ( j ) = r e s u l t s . BIC ;
26 catch ME
27 i f strcmp (ME. i d e n t i f i e r , ’MATLAB: near l yS ingu la rMat r i x ’ )
28 varLagBics ( j ) = NaN;
29 e l s e
30 rethrow (ME) ;
31 end
32 end
33 end
34

35 f i l e I D = fopen ( f i l e ou t , ’w ’ ) ;
36 % I f a l l the prev ious attempts r e su l t ed in a near ly s i ngu l a r matr ix

warning ,
37 % go ahead and f i t a l l o f them anyway , but i s s ue a warning in the output

f i l e
38 i f a l l ( i snan ( varLagBics ) )
39 f p r i n t f ( f i l e ID , ’WARNING: A l l f i t t e d models had c a l c u l a t i o n s with near ly

s i ngu l a r matr i ces . \ n ’ ) ;
40 f p r i n t f ( f i l e ID , ’ Re su l t s may be un r e l i a b l e . \ n\n\n\n ’ ) ;
41 warning ( ’ o f f ’ , ’MATLAB: near l yS ingu la rMat r i x ’ ) ;
42 f o r j = 1:maxLag
43 varmodel = varm( nvars , j ) ;
44 varmodel . Constant = zeros ( nvars , 1) ; % no i n t e r c e p t term in model
45 estmodel = es t imate ( varmodel , data ) ;
46 r e s u l t s = summarize ( estmodel ) ;
47 varLagBics ( j ) = r e s u l t s . BIC ;
48 end
49 end
50

51 minVarBic = min( varLagBics ) ;
52 lagOrder = f ind ( varLagBics == minVarBic , 1) ; % pick f i r s t minimum BIC
53

54 % Pr in t in format ion to f i l e
55 f p r i n t f ( f i l e ID , ’LAG ORDER SELECTION RESULTS\n ’ ) ;
56 f p r i n t f ( f i l e ID , ’

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−\n ’ ) ;
57 f p r i n t f ( f i l e ID , ’ Lag order Model BIC\n ’ ) ;
58 f o r j = 1:maxLag
59 f p r i n t f ( f i l e ID , ’%1$9u %2$19 .2 f \n ’ , j , varLagBics ( j ) ) ;
60 end
61 f p r i n t f ( f i l e ID , ’ \n\nA VAR model lag order of %u i s recommended . This i s

equ iva l en t to a VEC model\n ’ , lagOrder ) ;
62 f p r i n t f ( f i l e ID , ’ l ag order of %u . ’ , lagOrder−1) ;
63 f c l o s e ( f i l e I D ) ;
64 end

VEC_fit
1 func t ion y f i t _ v e c = VEC_f i t ( gener_data , gener_mles , gener_coint_rank , y )
2 dy1_t = d i f f ( y (1 , : ) ) ;
3 dy2_t = d i f f ( y (2 , : ) ) ;
4 dy3_t = d i f f ( y (3 , : ) ) ;
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5 dy = [ dy1_t ; dy2_t ; dy3_t ] ;
6 VECf i t = vecm_param( gener_data , gener_mles , gener_co int_rank ) ;
7 % F i t t e d parameters :
8 C = VECf i t . paramVals .A ∗ VECf i t . paramVals . B ’ ;
9 B1 = VECf i t . paramVals . B1 ;
10 B2 = VECf i t . paramVals . B2 ;
11 B3 = VECf i t . paramVals . B3 ;
12 B4 = VECf i t . paramVals . B4 ;
13 B5 = VECf i t . paramVals . B5 ;
14 % F i t t e d model :
15 dy f i t _ v e c = C∗y ( : , 2 : end−5) + . . .
16 B1∗dy ( : , 2 : end−4) + . . .
17 B2∗dy ( : , 3 : end−3) + . . .
18 B3∗dy ( : , 4 : end−2) + . . .
19 B4∗dy ( : , 5 : end−1) + . . .
20 B5∗dy ( : , 6 : end) ;
21 %
22 y f i t _ v e c (1 , : ) = unDi f f ( d y f i t _ v e c (1 , : ) , y (1 ,1) ) ;
23 y f i t _ v e c (2 , : ) = unDi f f ( d y f i t _ v e c (2 , : ) , y (2 ,1) ) ;
24 y f i t _ v e c (3 , : ) = unDi f f ( d y f i t _ v e c (3 , : ) , y (3 ,1) ) ;

vec_main
1 % Import data
2

3 gener_data = csvread ( ’ gener_data_2000 . csv ’ ) ;
4

5 % Produce output f o r generated data
6 gener_var_ lag = varLagSe lec t ( gener_data , ’ gener_ lag_output . t x t ’ ) ;
7 gener_vec_lag = gener_var_ lag − 1;
8 gener_mles = cointRank ( gener_data , gener_vec_lag , ’ gener_co int_output . t x t ’ ) ;
9 gener_co int_rank = 1; % based on informat ion in gener_co int_output . t x t f i l e
10 vecmSummary( gener_data , gener_mles , gener_coint_rank , ’ gener_vecm_output . t x t

’ ) ;

vecm_param
1 func t ion VECmod = vecm_param( data , mles , c i rank )
2 nobs = s i z e ( data , 1) ;
3 nvars = s i z e ( data , 2) ;
4 mdlInfo = mles . ( c i rank+1) ; % s e l e c t the model with the r i g h t co in t .

rank
5 VECmod = mdlInfo ;
6 nlags = length (mdlInfo . paramNames) − 2; % t h i s assumes the H2 model

type
7

8 % Organize the parameter e s t imate s in order to p r i n t
9 C = mdlInfo . paramVals .A ∗ mdlInfo . paramVals . B ’ ; % alphabetaprime term
10 prNames = mdlInfo . paramNames ;
11 prVa l s = s t r u c t 2 c e l l ( mdlInfo . paramVals ) ;
12 paramNames = [ ’C ’ ; prNames (3 : n lags+2) ; ’Q ’ ] ; % assumes H2 again
13 paramVals = [{C} ; prVa l s (3 : n lags+2) ; {mdlInfo . EstCov } ] ;
14 end
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vecm_stats
1 func t ion [ logLik , n_vecm , tota lParams ] = vecm_stats ( data , mles , c i rank )
2 nobs = s i z e ( data , 1) ;
3 nvars = s i z e ( data , 2) ;
4 mdlInfo = mles . ( c i rank+1) ; % s e l e c t the model with the r i g h t co in t .

rank
5 nlags = length (mdlInfo . paramNames) − 2; % t h i s assumes the H2 model

type
6 effecSampSize = nobs − nlags − 1;
7

8 % Get the log l i k e l i h ood and BIC
9 l ogL ik = mdlInfo . rLL ;
10 cointParams = 2 ∗ nvars ∗ c i rank − c i rank^2;
11 lagParams = nlags ∗ nvars^2;
12 covarParams = nvars ∗ ( nvars + 1) / 2;
13 to ta lParams = cointParams + lagParams + covarParams ;
14 n_vecm = effecSampSize ∗ nvars ;
15 [ a ic , b i c ] = a i c b i c ( logL ik , totalParams , effecSampSize ∗ nvars ) ;
16

17 % Organize the parameter e s t imate s in order to p r i n t
18 C = mdlInfo . paramVals .A ∗ mdlInfo . paramVals . B ’ ; % alphabetaprime term
19 prNames = mdlInfo . paramNames ;
20 prVa l s = s t r u c t 2 c e l l ( mdlInfo . paramVals ) ;
21 paramNames = [ ’C ’ ; prNames (3 : n lags+2) ; ’Q ’ ] ; % assumes H2 again
22 paramVals = [{C} ; prVa l s (3 : n lags+2) ; {mdlInfo . EstCov } ] ;
23 end

vecmSummary
1 % DESCRIPTION : A func t ion tha t p r i n t s a summary of the f i t t e d vec to r e r ro r
2 % cor r e c t i on model , inc lud ing est imated parameters , to a f i l e
3 %
4 % Input = data ( matr ix of data )
5 % mles ( c e l l a r ray of s t r u c t s with f i t t e d VEC model in format ion )
6 % ci rank ( the co in t eg r a t i on rank to use fo r the model )
7 % f i l e o u t (what to name the output f i l e )
8 %
9 % Output = none
10

11 func t ion vecSummary( data , mles , c i rank , f i l e o u t )
12 nobs = s i z e ( data , 1) ;
13 nvars = s i z e ( data , 2) ;
14 mdlInfo = mles . ( c i rank+1) ; % s e l e c t the model with the r i g h t co in t . rank
15 nlags = length (mdlInfo . paramNames) − 2; % t h i s assumes the H2 model type
16 effecSampSize = nobs − nlags − 1;
17

18 % Get the log l i k e l i h ood and BIC
19 l ogL ik = mdlInfo . rLL ;
20 cointParams = 2 ∗ nvars ∗ c i rank − c i rank^2;
21 lagParams = nlags ∗ nvars^2;
22 covarParams = nvars ∗ ( nvars + 1) / 2;
23 to ta lParams = cointParams + lagParams + covarParams ;
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24 [ a ic , b i c ] = a i c b i c ( logL ik , totalParams , effecSampSize ∗ nvars ) ;
25

26 % Organize the parameter e s t imate s in order to p r i n t
27 C = mdlInfo . paramVals .A ∗ mdlInfo . paramVals . B ’ ; % alphabetaprime term
28 betaprime = mdlInfo . paramVals . B ’ ; %betaprime co in t eg r a t i on vec to r
29 prNames = mdlInfo . paramNames ;
30 prVa l s = s t r u c t 2 c e l l ( mdlInfo . paramVals ) ;
31 paramNames = [ ’C ’ ; prNames (3 : n lags+2) ; ’Q ’ ] ; % assumes H2 again
32 paramVals = [{C} ; prVa l s (3 : n lags+2) ; {mdlInfo . EstCov } ] ;
33

34 % Pr in t model summary to f i l e
35 f i l e I D = fopen ( f i l e ou t , ’w ’ ) ;
36 f p r i n t f ( f i l e ID , ’VECTOR ERROR CORRECTION MODEL SUMMARY\n ’ ) ;
37 f p r i n t f ( f i l e ID , ’

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−\n ’ ) ;
38 f p r i n t f ( f i l e ID , ’ Model eq : dy_t = C∗y_t−1 ’ ) ;
39 f o r i = 1: n lags
40 f p r i n t f ( f i l e ID , ’ + B%u∗dy_t−%u ’ , i , i ) ;
41 end
42 f p r i n t f ( f i l e ID , ’ + e_t \n ’ ) ;
43 f p r i n t f ( f i l e ID , ’ E[ e_t ∗ e_t ’ ’ ] = Q ( innova t ions covar iance ) \n ’ ) ;
44 f p r i n t f ( f i l e ID , ’ E f f e c t i v e sample s i z e : %u\n ’ , ef fecSampSize ) ;
45 f p r i n t f ( f i l e ID , ’ Lag order : %u\n ’ , n lags ) ;
46 f p r i n t f ( f i l e ID , ’ Co in tegra t ion rank : %u\n ’ , c i rank ) ;
47 f p r i n t f ( f i l e ID , ’ Log l i k e l i h ood : %5.2 f \n ’ , l ogL ik ) ;
48 f p r i n t f ( f i l e ID , ’ BIC : %4.2 f \n ’ , b i c ) ;
49 f p r i n t f ( f i l e ID , ’ Tota l Parameter : %4.2 f \n ’ , to ta lParams ) ;
50 f p r i n t f ( f i l e ID , ’ Betaprime : %4.2 f \n ’ , betaprime ) ;
51 f p r i n t f ( f i l e ID , ’ \n\n ∗Parameter e s t imate s ∗\n\n ’ ) ;
52 f o r i = 1: length (paramNames)
53 f p r i n t f ( f i l e ID , [ formatMtxOut (paramNames{ i } , paramVals { i }) ’ \n\n ’ ]) ;
54 end
55 f c l o s e ( f i l e I D ) ;
56 end
57

58

59 % DESCRIPTION : A func t ion tha t re formats how a matr ix i s d i sp layed / pr in ted
60 %
61 % Input = name ( the name or symbol to use fo r the matr ix when p r i n t i ng )
62 % value ( the matr ix i t s e l f )
63 %
64 % Output = mtxStr ing ( s t r i n g conta in ing the re format ted matr ix f o r p r i n t i ng )
65

66 func t ion mtxStr ing = formatMtxOut (name , value )
67 s ta r tFormat = get (0 , ’ Format ’ ) ; % f ind out Matlab ’ s cur ren t d i sp l ay

s e t t i n g
68 nrows = s i z e ( value , 1) ;
69 padLength = length (name) + 5;
70

71 format shortG ; % change Matlab ’ s d i sp l ay s e t t i n g
72 T = eva l c ( ’ value ’ ) ; % get d i sp layed matr ix as a cha rac t e r vec to r
73 newl ineIxs = f ind (T == repmat ( char (10) , 1 , length (T) ) ) ;
74 mtxRows = {};
75 % Convert the rows of the matrix , as disp layed , to a c e l l a r ray
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76 f o r i = 1: nrows
77 mtxRows = [mtxRows , T( newl ineIxs ( i+2)+1:newl ineIxs ( i+3)) ] ;
78 end
79 % Pad the d i sp layed rows , inc lud ing the matr ix name with the f i r s t row
80 mtxRows{1} = [ ’ ’ , name , ’ = ’ , mtxRows{1}] ;
81 mtxStr ing = mtxRows{1};
82 f o r i = 2: nrows
83 mtxRows{ i } = [ repmat ( ’ ’ , 1 , padLength ) , mtxRows{ i } ] ;
84 mtxStr ing = [mtxStr ing mtxRows{ i } ] ;
85 end
86

87 format ( s ta r tFormat ) ; % return d i sp l ay s e t t i n g to s t a r t i n g value
88 end
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