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ARTICLE INFO ABSTRACT
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Compliant joints are usually fabricated from elastic materials, with elastic sheets, rods, or their combination
being the most common implementations. However, a generalized design and spatial model of compliant joints
that can evolve into either rotational or translational joints has not been fully investigated. Furthermore, a
generalized method for deriving the center shift of rotational joints is also lacking. This paper aims to address the
above concerns by presenting a generalized compliant joint composed of elastic sheets. Building on foundational
concepts from prior research, this study utilizes the sandwich interconnection to increase out-of-plane stiffness. A
normalized nonlinear spatial analytical model for the generalized sandwich design is proposed and fully verified
via nonlinear finite element analysis. The out-of-plane stiffness of the joint is analyzed sufficiently along each
direction, in terms of stiffness changes/improvement against geometric parameters and primary rotational
motion. Symmetric joints are prevalent, but this study uncovers asymmetric features by comparing normalized
stiffness ratios of asymmetric and symmetric sandwich joints across a range of geometric parameters. Prototypes
of both the generalized sandwich design and its counterpart, the two-layer design, have been manufactured and
experimentally tested, thereby providing further verification of the analytical model and the nonlinear stiffness
characteristics. Finally, employing our analytical model, a generalized method for determining the center shift of
complaint rotational joints is established. This method is employed in a global parameter search to optimize
center shift in generalized sandwich rotational joints, ensuring solution stability. Topology optimization is also
used to achieve weight reduction in the proposed design.

1. Introduction

reduces the system's axial dimension compared to robots using linear
feeding mechanisms. Kai et al. [33-36] designed a compliant continuum

Compliant joints [1-3] serve as fundamental components in me-
chanical transmissions [4], mechanisms [5], and machines [6]. They
provide frictionless and backlashless motion through elastic deforma-
tion and have been applied in diverse fields such as robotics [7-17],
precision positioning systems [4,18-21], and energy absorption equip-
ment [22-25]. Robotics composed of specially-designed joints can be
made in slender shapes with high-degree-of-freedom (DoF), making
them ideal for navigating constrained environments. Dong et al. [26-31]
developed a 25-DoF compliant continuum robot with compliant revo-
lute joints, each composed of two short compliant wire-beam structures,
for inspecting and repairing turbine engines. Yuan et al. [32] introduced
a deployable continuum robot with a coiling mechanism for inspection
and maintenance in constrained environments. This robot significantly

* Corresponding author.
E-mail address: G.Hao@ucc.ie (G. Hao).
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robot incorporating compliant wire-beam joints for minimally invasive
surgery. The use of compliant joints enables the positioning systems to
offer precise motions with minimal friction and backlash. Zhao et al.
[37] introduced a crossing spring pivot for precision engineering ap-
plications [38,39], including aerospace mechanisms and optical align-
ment systems. Awtar et al. [40] proposed a compact XY flexure stage by
arranging a series of compliant parallelogram joints, suitable for semi-
conductor mask and wafer alignment, scanning interferometry, and
atomic force microscopy. Compliant joints allow for the creation of
simpler, more compact, and lighter structures for energy absorption
equipment [22]. Hargrove et al. [23] presented a semi-circular
compliant joint for storing strain energy during deformation. Nas-
tevska et al. [41] utilized a series of asymmetric compliant joints to build
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a contact-aided mechanism for directional energy absorption.

Parasitic motions [42-48] of compliant joints are along the
degree-of-constraint (DoC) direction (i.e., bearing direction). They are
undesired and often challenging to eliminate due to the inherent kine-
matic coupling that accompanies the primary motion (DoF) and the
inevitable loading along with the bearing direction. Many researchers
are motivated to reduce parasitic motions in their designs. As for rota-
tional joints, center shift [49] is the primary parasitic motion. Zhao et al.
[37,50-52] optimized the geometric parameters of the crossing spring
pivot to mitigate the center shift. However, the optimized results should
be specified with an accuracy of at least three decimal places, which may
make it challenging to fabricate in high precision. Li et al. designed a
parallel compound cross spring pivot [53] and reduced center shift by
incorporating both the common and the anti-buckling crossing config-
uration. While this design achieves minimal center shift for any crossing
position, its overall motion range is limited. Bai et al. [54] designed a
compliant rotational joint comprising two trapezoidal pivots connected
in series. When three such joints are arranged in parallel to form a new
rotational joint, the resulting over-constraint effect suppresses parasitic
motions of the new rotational joint. However, a drawback in [54] is that
the joint’s axial stiffness drops sharply as the primary motion increases,
and the over-constraint method used in [53,54] also lead to an undesired
increase of stiffness in primary rotation. It is worth noting that existing
geometric methods for center shifts [55] are primarily restricted to
planar deformation and are highly dependent on specific structural
parameters (e.g., the crossing position denoted by A in cross-spring
pivots), which cannot be readily extended to general compliant rota-
tional joints that do not employ crossing spring pivots. Accordingly, this
paper aims aim to propose a generalized formulation that calculates the
spatial center shift directly through the vector difference between the
deformed and undeformed spatial coordinates of the intersection point.
This coordinate-based approach is intrinsically spatial and
geometry-independent, meaning it can be universally applied to various
types of compliant rotational joints consisting of elastic sheet or beams,
not just cross-spring pivots. The spatial center shift in this paper is
derived from a nonlinear spatial analytical model, with the computation
time almost being the same as to the exiting planar closed-form center
shift formulas [55], and can enable the subsequent model-based design
optimization.

While symmetric and parallel (or parallel) arrangements of
compliant joints (as a type of over-constraint method) are widely
adopted to minimize parasitic motions [19,56-59] and cross-spring
pivots serve as common rotational joints [60-64], exploring designs
beyond these conventional forms can unlock unique functionalities.
First, asymmetric compliant joints offer certain performance that cannot
be obtained by symmetric designs. For example, in energy-absorbing
applications, they can be designed to efficiently absorb energy in one
direction (e.g., folding) while maintaining rigidity in the opposite di-
rection (e.g., load-bearing) [41]. Moreover, the principle of asymmetric
design can be extended to systems with material asymmetry or asym-
metric loading conditions, owing to its core capability to tailor spatial
compliance distribution [65,66]. Furthermore, moving the rotational
center away from the joint itself—a concept known as the remote center
of motion (RCM)—provides another critical advantage. RCM compliant
joints are particularly beneficial in applications like minimally invasive
surgery [67] and knee exoskeletons [68], as they achieve a highly
compact physical envelope for the joint while still permitting a large
angular deflection of the connected components. Therefore, both
asymmetric features and RCM should be explored for advancing the
performance of compliant joints.

Various analytical modeling methods have been developed for the
analysis of compliant mechanisms; however, they still exhibit certain
limitations. The Pseudo-Rigid-Body Model [23,69-71] simplifies anal-
ysis by approximating flexures as rigid links with torsional springs, of-
fering computational efficiency. However, its reliance on empirical
correction factors reduces accuracy for highly flexible mechanisms
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and/or complex loading conditions. Euler-Bernoulli Beam Theory [72,
73] provides closed-form solutions for large deflections in slender beams
but neglects shear deformation, leading to inaccuracies in thick or short
beams. Timoshenko Beam Theory [74-76] accounts for shear effects,
improving accuracy for short or thick beams. However, its governing
equations often require numerical solutions, raising computational
costs. In this paper, we develop an analytical model [49] for the pro-
posed design based on the Beam Constraint Model (BCM) [8,77-79] and
Free-Body Diagram (FBD) [18,80], which is a nonlinear spatial kineto-
static model [12]. This analytical model can accurately strike a balance
between mechanical rigor and practical adaptability and allows for a
thorough evaluation of the geometric parameters that influence defor-
mation and stiffness.

High bearing stiffness is crucial for suppressing parasitic motions for
compliant joints. The work in [81,82] proposed the use of sandwich
interconnection to increase out-of-plane (or bearing) stiffness for sym-
metric parallelogram flexure mechanisms (PFMs). The key contribution
in [81,82] is that the proposed sandwich interconnection significantly
enhances out-of-plane stiffness of the PFMs, without compromising
(increasing) the in-plane DoF (or primary motion) stiffness, which is
better than the prevailing over-constraint method as shown in [19,53,
54,78]. Additionally, a general lumped-compliance beam for compliant
mechanisms was introduced in our prior work [83], which was confined
to planar modelling and analysis in a single layer and lacked a
generalized design methodology for RCM rotational joints. However, the
incorporation of the existing sandwich interconnection concept into a
general design framework (by combining a general
lumped-compliance beam) has not been reported and if and how the
resulting out-of-plane stiffness (to be spatially modeled) is improved
remains unknown. Therefore, spatial modeling and analysis are imper-
ative to explicitly demonstrate and quantify the structural advantages of
the sandwich configuration. Building upon the above advances, our
study addresses the aforementioned concerns, including general
sandwich design of rotational joints with RCM, nonlinear spatial
analysis of asymmetric features, and derivation of general center shift
equations.

The primary contributions of this paper are summarized as
follows:

(1) A generalized sandwich design with RCM is proposed and
spatially modeled: The present work generalizes the sandwich
interconnection concept and extends its applicability beyond specific
architectures for both rotational and translational joints. This
broadens the design envelope of compliant joints, and the developed
spatial model is also suitable for analyzing traditional symmetric
joints with manufacturing deviations.

(2) The out-of-plane stiffness of the generalized sandwich de-
signs is comprehensively studied based on the developed spatial
model, leading to a different conclusion from the previous
findings: Although the sandwich design can lead to the highest
stiffness in the out-of-plane directions as compared to the two
counterpart designs, stiffness changes of the sandwich joints are not
always the smallest among their counterparts.

(3) Asymmetric characteristics of generalized sandwich joints
are analyzed: Compared to its symmetric counterpart, the asym-
metric generalized sandwich design exhibits unique characteristics
in stiffness variation. Specifically, its out-of-plane stiffness ratios
demonstrate distinct sensitivities to different asymmetric geometric
parameters. This unique feature allows the stiffness ratios to be
precisely adjusted by tuning these parameters, thereby enabling
targeted directional stiffness optimization.

(4) A generalized derivation of center shift for rotational joints
is proposed: Leveraging the advantages of spatial nonlinear
modeling, the presented derivation allows for the determination of
center shift for rotational centers at any location. A key advantage of



S. Lietal

this approach is its broad applicability to various joint types,
including, but not limited to, cross-spring pivots.

(5) A dual-optimization framework is established. The first
optimization targets the parasitic center shift in generalized rota-
tional joints based on the spatial model. A drawback of sandwich
structures lies in the increase in overall structural mass due to the
sandwich interconnection itself; thus, the second optimization aims
to minimize the structural weight by using topology optimization.

This paper is organized as follows. In Section 2, a spatial nonlinear
analytical model of the generalized sandwich design for the lumped-
compliance sheet (GSLS) is introduced, and its normalized nonlinear
spatial analytical model is derived. Building on this model, Section 3
presents a generalized sandwich design for rotational joints (GSRJ) and
derives the corresponding generalized analytical model. Note that a
generalized sandwich design for translational joints (GSTJ) can be
derived from the GSRJ. Section 4 evaluates the model accuracy,
normalized stiffness ratio comparisons between the GSRJ and its coun-
terparts and comparisons of asymmetric and symmetric joints, followed
by experimental tests and results. Section 5 carries out the derivation
and optimization of the GSRJ center shift. Finally, Section 6 draws the
conclusions of the paper.

2. GSLS model

Throughout this paper, we use the right-handed coordinate system
and right-handed rule; we use capital symbols to denote dimensional
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(dimensionless) ones unless specified otherwise.

In this section, the design and normalized analytical model of the
GSLS are described and derived. A parameterized lumped-compliance
sheet is shown in Fig. 1(a). After integration with the sandwich inter-
connection, the resulting GSLS is shown in Fig. 1(b). It consists of two
parameterized lumped-compliance sheets, a sandwich interconnection,
a fixed stage, and a motion stage. The generalized model can be directly
applied to design multi-sheet mechanisms with high out-of-plane stiff-
ness. The local coordinate system 0;-x;y;z; is defined in Fig. 1(c). o; de-
notes the midpoint between 04 and o;5 and lies on the Og-XgY¢ plane. As
shown in Fig. 1(d), the axes directions of 0js-XjzViaZia (OT Ojp-X;BYiBZiB)
are consistent with those of 0;-x;y;zi. We use Og-XgYgZg to denote the
global coordinate system and use 0;z-X;aYiaZia and ojp-X;py;pZip (i = 1 or 2
throughout the paper) to denote local coordinate systems of the GSLS;
use sheet-ip and sheet-ig to denote each sheet. The global coordinate
system is located at the center of the motion stage, with the origin
denoted as Og. The local coordinate system of each sheet is positioned at
its free end, with the origin denoted as 04 or o;s. The directions of all the
coordinate systems remain constant during the motion of the GSLS.

Eight independent geometric parameters include the sheet length,
sheet tilt angle, sheet width, sheet thickness, height of the rigid block,
height of the motion stage, horizontal distance between 03 and Og, and
sandwich thickness. These parameters are denoted by L;, a;, U, T, By, Hi,
Bo, and Hj, respectively, and all are positive values. The corresponding
normalized values are denoted by l;, a; u, t, by, h1, by, and hy, respec-
tively. Lq denotes the characteristic length for normalization; all trans-
lational displacements and length parameters are divided by Lq. Lq is

parameters, and lower-case symbols to denote normalized equal to the diagonal length of the resulting design. Forces and moments
a b
( ) ( ) XG XG
\l:l YG O mZG{ /;(G
! Z Y " Og
G hl I | G fyG
N b
' Sandwich a\\l»
interconnection <~ Rigid block
bl
Elastic sheet |
O
'S 11
(c) (d) sheet-2,

Dash line: Deformed sheet

Solid line: Non-deformed sheet

sheet-15

X6
1.Initial state: Sheets 1 and 2 are non-deformed. o
2.Transient State: Sheet-1 is deformed and sheet-2 is non-deformed. i
3.Final state: Sheets 1 and 2 are deformed. Yo Zg

Fig. 1. Description of the GSLS model. (a) A parameterized lumped-compliance sheet; (b) The components and geometric parameters of the GSLS; (c) The local and
global coordinate systems of the GSLS; (d) The local coordinate systems for sheet-1,, sheet-1g, sheet-2, and sheet-2g
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are divided by El,/L3and EL/Lg, respectively, where I, denotes the cross-
section moment of inertia and is expressed as UT>/12, and E is Young’s
Modulus of the material.

1 0 0 cosfy 0 sinéy
Ry, = |0 cosfy —sinby |, Ry(gy) = 0 1 0 s Ry =
0 sinfdy cosOy —sinf, 0 cos6,

The analytical model for the GSLS is derived using a single-sheet
model, complemented by compatibility and loading conditions. The
single-sheet model proposed in [84] is the spatial BCM model, which is
suitable for elastic sheets with high aspect ratios, as required in this
paper. This approach is valid within an intermediate deformation range,
where displacements are <10% of the sheet length, and rotations are
below 0.1 rad. Key geometric assumptions require the ratios of sheet
length to width and width to thickness, to exceed 10. The assumptions
underlying the single-sheet model ensure the inclusion of key nonlinear
aspects, such as second-order load-stiffening, the Wagner effect, and
elastokinematic coupling. The analytical model of the GSLS includes
twelve unknowns, consisting of the normalized displacements and ro-
tations of o; with respect to 0;-x;y;z;, denoted by d; and 0;. Given the eight

lrcosas + hy + (tsina; ) /2 + by + tsinas
Lrsinay — by ,06_02 = 2T2m

0

Og_o1 = Rz(ﬁl)

geometric parameters and loading inputs at Og, the normalized dis-
placements and rotations at Og with respect to Og-XgYgZg, denoted by
d;g and Og, can be determined by solving the single-sheet model,
compatibility condition, and loading equilibrium condition of the GSLS.

Step 1: Single sheet model

We use the nonlinear spatial analysis method for a single sheet with a
large aspect ratio, which is presented in Appendix A of [84].

Step 2: Compatibility condition of the GSLS in a deformed state

The compatibility condition of the GSLS includes rotational and
translational compatibility conditions. The rotational compatibility
condition is given by Eqs. (1) and (2).

Rg = R;(};I)Rl Rz(ﬂZ)Rsz’(l (@)

ﬁz)RZ(ﬂl )

where Rg and R; denote the rotational matrices with respect to Og-
XgYGZg and oi-xjyiz;, respectively; Ry denotes the rotational matrix
with respect to the Zg-axis, f1=a1, and fla=a;+aa.

Rin =Rp =R, @
where Rjy and Rjp denote the rotational matrices with respect to oja-
XiaViazZia and op-X;pyipzis, respectively. The rotational sequences of Rg,
R;, Ria, and R;p are described by the Euler angles using a ZXY convention
as in Eq. (3); for instance, R; can be derived as Eq. (4) and 0; = [6y; Oy;
ezi]T~

R =Ry Ra0) Ry (5, 3)

R;

R0 Ra0.) Ry (4, @
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Ry, Ry, and R, denote the rotational matrices about the Xg, Yg, and
Zg-axes, respectively, which are shown as Eq. (5).

cosd, —sind, O
sind, cosd, O 5)
0 0 1

The translational compatibility condition is given by Eqgs. (6) and (9).

ds =R, dn + R, RiR, 4, dr2, (6)

where dr; denotes the normalized displacements of Og with respect to o;-
XiyiZi, as given by Eq. (7).
dr; = RiOg_oi — Og_oi +d;, )

Og oi denotes the normalized coordinates of Og with respect to o;-
x;yiz; in the non-deformed condition of the GSLS; 2Tym denotes a trans-
lational matrix; they are given by Eq. (8).

—bysina, + hjcosay
R,

01><3

d;
1

€))

7b2COSag — hlsinaz ,Zsz =

0

|

In Fig. 1(d), sheet-is and sheet-ig are in parallel, so the rotations and
displacements of each sheet with respect to 0;z-X;aViaZia Or (0jp-X;BYiBZiB)
can be expressed by those with respect to 0;-x;yiz;.

dia = Ri0i5_o; — 0ip_o; +d; and dg = R;0i5_; — Oip_o; + d; 9
where disy and d;g denote the normalized displacements of 0;4 and o;
with respect to 0;a-XiayiaZia and o-XigYipZiB, respectively. 0;a i and o o;
denote the normalized coordinates of 0;4 and o;3 with respect to 0;-xyz;,
and 0 o; =[0, 0, (ho+1)/2]" and o8 o; =[0, 0, —(ha+1)/2]".

Step 3: Loading equilibrium condition of the GSLS in a deformed
condition

The elastic sheet-1, and sheet-1p are arranged in parallel, and they
are connected in series with elastic sheet-25 and sheet-2g The loading
equilibrium condition of the GSLS in a deformed condition is given by
Egs. (10) and (11).

f] T f(;

|:m1 } - DPIRRZ(/}I) LHG} ' 10
f2 T p-1 -1 fq

{mz} = DszRz(yz)Rm RRZ(/fl) {mc} ) an

where fg, mg and f;, m; denote the normalized forces and moment with
respect to Og-XgYGZg and o;-x;yz;, respectively; and fg = [fxq, fyc, f2c] T
£ = [fio fyi fuid > Mg = [Myg, MyG, MyGl”T, m; = [my, my;, my]"; Dp; denote
the 6 x 6 translational matrix, as shown in Eq. (12); Rr1 and Ry
denote the 6 x 6 rotational matrices, as given by Eq. (13); f; can be
found in Eq. (1).
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0 on,oi (37 1) _on,ol (2; 1) f f f
Pl=pr,| ™| 4Dt | 14)
Isxs —O6m_o(3,1) 0 OGm_o(1,1) m; PA | my, Pl mg |

O6m_0,(2,1)  —Ogm_o(1,1) 0 fia, mja, and fig, m;p denote the normalized forces and moment with

03,3 | respect to Oj-XjayiaZa and op-XjyipZp, respectively. Dpa and Dpp
12) denote 6 x 6 translational matrices, as given by Eqgs. (15) and (16).

OGm oi denotes the normalized coordinates of Og with respect to o;- 0 Oiamo;(3,1)  —Oiam.o,(2,1)
x;yiz; in a deformed condition of the GSLS, and is given by Ogm i = L. | —Onmo(3,1) 0 Oinmo (1,1)
RiOG_oi+di- Dyia = , (15)
R o R o OiAm,oi(271) _oiAm,Oi(171) 0
3x3 7(f; 3x3
Rii = ! and Ry, = " , (13) 03,3 Isx3
03,3 Ry 03,3 Ry

Ojam oi denotes the normalized coordinates of o;a with respect
to o0;xyiz; in a deformed condition of the GSLS. It is given by

(a) Xg
(0)

[0.X.. Y. plancmss Z
Oc?tc Gk Motion stage

Center of (b) ©Zgz(i=1,2,3,0r4)

Gle"motion stage g Xe e Remote Center of Motion
| (RCM)

Sandwich interconnection
| == Parameterized lumped-compliance sheet

Oy F 0y F oy # 0y, bFby, by £b, L #F L+ L £
O (@
0

RCM RCM Translational joint

— — — — — — 0O
0 =0, O3=0y, 0F O3 0 =03 = 0y = 0y =

bi#bs, by # by, Ly # L, #1571y biFby, byF by L F h#F L #,

RCM Translational joint

-
by=by, by=bh,, I, =lL=l,=1, bi=by, by=by, I, =1, L =1, by=by, by=by, I, = L=l =1,

Fig. 2. The generalized sandwich designs. (a) Spatial display for the generalized model and the global coordinate system Og-XgYgZg; (b) Front view of the model and
geometric parameters; (c) Local coordinate systems for each sheet (o, lies on the Og-XY¢ plane); (d) Examples of asymmetrical rotational and translational joints; (e)
Examples of symmetrical rotational and translational joints. The relationships between their geometric parameters presented in the examples.
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Oiam oi = Ri0ia oi + di.

0 Opm o,(3,1) —Omm (2,1)
Dy = I3 —Om_o,(3,1) 0 Oigm_o;(1,1)
Ogm_o;(2,1) —Omm_o(1,1) 0
0343 Isxs

(16)

0iBm oi denotes the normalized coordinates of o;z with respect to o;-
x;yizi in a deformed condition of the GSLS. It is given by 0igm oi = RiOB oi
+d;

3. GSRJ model

The generalized sandwich design for both rotational and trans-
lational joints is shown in Fig. 2(a). The individual geometric parameters
of GSRJ are shown in Fig. 2(b). We denote each sheet as sheet-j5 and
sheet-jg (j = 1, 2, 3, or 4 throughout the paper), and the corresponding
local coordinate systems (0j-x;yjz;) are shown in Fig. 2(c). By adjusting
geometric parameters, various configurations of both rotational and
translational joints can be generated, as depicted in Figs. 2(d) and (e).
Among these, a series of rotational joints featuring the RCM is of
particular interest. This section presents the derivation of the normal-
ized analytical model for the GSRJ, which enables nonlinear spatial
analysis of the joint’s behavior. The nonlinear spatial analytical model
for the GSTJ can then be obtained as a simplified case of the GSRJ
model.

The modular unit of the GSRJ is the GSLS, whose normalized
analytical model is presented in Section 2. We use I3, l4, a3, a4, b3, and by
to denote the normalized sheet length, tilt angle, height of the rigid
block, and horizontal distance between o4 and Og for the right leg of the
GSRJ, respectively. The local coordinate systems for the right leg are
established similarly to those described in Section 2. When geometric
parameters and loading inputs are given, the displacements and rota-
tions at Og can be obtained by solving the GSLS model, compatibility
condition, and loading condition of the GSRJ.

Step 1: GSLS model

This model is presented in Section 2.

Step 2: Compatibility condition of the GSRJ in a deformed condition

The rotational compatibility condition of the GSRJ is given by Egs.
(17) and (18).

R = Ry5,) 'RiRy, RoRes) 'Ry, a7

R = Ry5,) 'RsRyp RaRes) 'Ry, 1s)

where f1=a1; fa=a1+a2; f3=—a3; fs=—a3—a4. R; denotes the rotational
matrix at o; with respect to 0;-X;yjzj; Rg denotes the rotational matrix at

712COSaz — b] — (tsinal)/Z — (tsinaz)/2
—lzsinaz

0

02_01 = Ry , 026 =

Og with respect to Og-XgYgZg.

The following equations outline the derivation of the rotational
compatibility condition for the GSRJ. The normalized displacements
with respect to 02-x2y2z2 and Og-XgYgZg can be expressed by those with
respect to 01-X1y121, as shown in Egs. (19) and (20), respectively.

d; = RyRy,)ds, 19)

d; = Ry,)de, (20)
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where d; and dg denote the normalized displacements at oj and Og with
respect to 0j-xjyjzj and Og-XgYcZg, respectively; 01-x1y12; and 03-X3y3z3
are shown in Fig. 2(c); After the deformation of the sheet-14, sheet-1g,
sheet-35, and sheet-3p, the coordinate systems 02-X2y2Z2 and 04-X4y424
are located at oy and o4, respectively.

According to our previous work [49], the mathematical relationship
between the rotational angles of each sheet and those of the resulting
compliant mechanism in terms of rotational sequences has been solved,
so the rotational matrix of the left GSLS (denoted by Ryefireg) with
respect to 01-X1y12; is given by Eq. (21). The relationship between Rg
and Ryefieg can be given by Eq. (22).

RLeftLeg =R RZ(/’z)R2R;(}32) ’ @D

Rg = Ry, RiciegRy ), - (22)

Substituting Eq. (21) into Eq. (22), the rotational compatibility
condition between Rg, R1, and R can be obtained.

The normalized displacements with respect to 04-x4y4z4 and Og-
XYGZg can be expressed by those with respect to 03-x3yszs, as shown in
Egs. (23) and (24), respectively.

d3 = Rng(/;4)d4, (23)

d3 = Rz(ﬂs)dG' (24)

The rotational matrix of the right GSLS (denoted by Rgigntreg) With
respect to 03-Xgyszs is given by Eq. (25). The relationship between Rg
and Ryight1eg can be given by Eq. (26). Substituting Eq. (25) into Eq. (26),
the rotational compatibility condition between Rg, R3 and R4 can be
obtained.

Rrightreg = RSRz(ﬂ4)R4R;(};4) , (25)

-1
RG = Rz(/lg) RRightLeng(ﬁg) )

The left GSLS is parallel with the right GSLS, so the translational
compatibility condition of the GSRJ is given by Egs. (27) and (30).

(26)

dg = diefeg — (Re02.6 — 02.6)5 27)
where dpefi1eg denotes the normalized displacements of the left GSLS in
GSRJ with respect to Og-XgYgZg, as given by Eq. (28); 021 and 03 g
denote the normalized coordinates of oz with respect to 01-x1y1z; and
Og-XgYGZg in a non-deformed condition of the GSRJ, respectively, as
shown in Eq. (29).

7h1 — (tSiIl(lz)/z

dieiiieg = Ry ) (RiRy(s) ) da + Ry (R102 61 — 02 01 + i), (28)
b, (29)
0
Similarly, dg can also be expressed by Eq. (30).
dg = drighires — (Rg04_g — 04_g), (30)

where dgight1eg denotes the normalized displacements of the right GSLS
in GSRJ with respect to Og-XgYGZg, as given by Eq. (31); 04 o3 and 04 ¢
denote the normalized coordinates of o4 with respect to 03-x3ysz3 and
Og-XgYGZg in a non-deformed condition of the GSRJ, respectively, as
given by Eq. (32).
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drighies = Re(sy) " (RaRys) ) da + Rypy) ' (R304.3 — 043 + d3), 31
714COSa4 — b3 — (tSinag)/z — (tsina4)/2
04_03 = Rz(ﬂz) Lusinay 1046 =
0

Step 3: Load-equilibrium condition of the GSRJ in a deformed
condition

We use fg and mg to denote the normalized loading inputs with
respect to Og-XgYgZg applied at Og; use f; and m; to denote the
normalized loads with respect to o;-x;y;z;. The load-equilibrium condi-
tion of the GSRJ is given by Egs. (33), (34), (35) and (44).

[ fg ] —DLR-!. RuR f, DT R-! RuR £, a3
| mg | — Pp27 Rz () VRINRz(f;) m, + DyuRegs,) RraRea(s,) m ]’ (33)
TR ¢,
m, = D} ym01 Rt Recgy) an} (34)
T ‘,
| m; | = D;4mo3RR3RRz(/i4) LHJ, (35)

where Dp2, Dp4, Dpomo1, and Dpamo3 are 6 x 6 translational matrices,
which are given by Eqgs. (36) through (39);
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02m G and o4, g denote the normalized coordinates of points oy and

04 with respect to Og-XgYgZg in a deformed condition of the GSRJ,
respectively; and 02y, G=Rg02 g+dg and 04m G=R;04 g+dg.

7h1 — (tSiI'l(l4)/2
—by4 (32)

i 0 O2m_o1 (3 1) —02m_ol (27 1)
Iz —02m_01(3,1) 0 O2m_o1(1,1)
Dp2m01 =
O2m_o1 (27 1) —02m_o1 (1) 1) 0
L0353 I3.3 i
(38)
I 0 °4m_03(3-, 1) _04]11_03(21 1) )
Is —04m_03(3,1) 0 O4m_o3(1,1)
Dp4m03 =
O4m_o3 (2, 1) 704m,o3(17 1) 0
L03x3 I3x3 i
39

02m o1 denotes the normalized coordinates of point o, with respect to
01-X1y121 in a deformed condition of the GSRJ, and o4 o3 denotes the
normalized coordinates of point o4y with respect to 03-x3ysz3 in a
deformed condition of the GSRJ, as given by Egs. (40) and (41),

r [ 0 o 3,1) -o 2,1)7 7
2n-(3,1) an-c(2,1) respectively; Og 3 denotes the normalized coordinates of Og with respect
D, = L3 ~0am_c(3,1) 0 Oam_6(1,1) (36) to 03-X3y3Z3.
ps — )
L 02m,G(2~, 1) _02m,G(17 1) 0 ] Osm_ o1 = RZ(/}I)R(;027G + Rz([jl)dg + 0@701, (40)
L 03,3 I3.s _
-~ . O4m_03 = Ry(p,)Rc04_g + Ryp,)dc + Og_os, (41)
[ 0 Oum_c(3,1) —04m c(2,1)] 7
o Iis | —Oum c(3,1) 0 04m c(1,1) @) lycosay + hy + tsinaz /2 + by + tsinay
4 = . .
’ L 04m_G(27 1) 704m_G(1, 1) 0 ] on°3 = Rz(ﬂs) 714511'1(12 + b4 . (42)
-03x3 IS><3 - 0
GSLS model GSRJ model
Inputs Inputs

* Initial geometric parameters: see Fig.1(b)

» Loading conditions: [f; mg]Tat Og (see Fig.1(c))

* Initial guess (Twelve unknowns):

Normalized displacements and rotationsof o; with
repect to local coordinate systems o,-x;y;z; (i= 1 or 2):
denoted by&, & E R 12%1 and &=[d; 6;]F

* Initial geometric parameters

» Loading conditions: [f; mg]T at Og

* Initial guess (Twenty-one unknowns):
Normalized displacements and rotations of o; with
repect to local coordinate systems o,-x,y;z; (i= 1, 2, or
3), denoted byd,, 6,ER 2% and 6y=[d; 6; d4] T

Nonlinear spatial analysis (Twelve equations)
» Single sheet model (step 1 in Sec.2)
» Compatibility condition (step 2 in Sec.2)
» Load-equilibrium condition (step 3 in Sec.2)

Nonlinear spatial analysis (Twenty-one equations)
* GSLS model (step 1 in Sec.3)

» Compatibility condition (step 2 in Sec.3)

» Load-equilibrium condition (step 3 in Sec.3)

!

Y

Outputs and Aimed results
e Outputs: &=[d; 6,]" for the GSLS (or 6=[d; 6, d4] ! for the GSRJ)
* Aimed results: Normalized displacements and rotations of the motion-stage center with respect to global coordinate
system Og-XgYgZg, dg and O, can be obtained by substituting & into Egs. (6) and (1) for the GSLS, respectively. (or
substituting 6 Eqs. (27) and (22) for the GSRJ, respectively)

Fig. 3. The modeling procedure for the GSLS model and GSRJ model.
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Table 1
Geometric parameters of the asymmetric GSRJ. (Length unit: mm).
Parameters Values Parameters Values
T Sheet 0.5 B, Height of the rigid block B;= 20,
thickness Bs B3= 20
L; Sheet length L,= 50, B, Horizontal distance Byo= 30,
for sheet-jp L= 30, By between 0, and Og, 04 B4= 30
and sheet-jp Lz= 60, and Og,
L4= 30,
U  Sheet width 10 H,; Height of the motion 10
stage
a;  Tilt angle for a;= 40°, H, Thickness of the 0 to 50
sheet-j, and ax=10° sandwich with a
sheet-jp az= 40°, interconnection (or step of 10
as= 30° space)

Rr1, Rr3, and Rgy(g) are 6 x 6 rotational matrices, as given by Eq.
(43).

Rl R3 Rl

03><3

03><3

R;

03><3

R

03x3

R,

Rpi = , Rps = s Rz(/}j) =

03><3 03><3

(43)

We use fj4 and mj, to denote the loads loading at ojy with respect to
0ja-XjayjaZja. Each leg consists of two parallel parameterized lumped-
compliance sheets, so the load-equilibrium condition of each leg is
given by Eq. (44).

k4
ij ’

f; v [fa], o
[mj:| = Posa |:mjA ] *Prno

where Dpa0; and Dppoj denote the translational matrices, as given by Eq.
(45); 0jam_oj = Rj0ja_oj+dj and 0jm oj = Rj0jB oj+dj; 0ja oj =[0, 0, (ha+u)/
21" and o} ; =[0, 0, —(ha+w)/21".

(44)
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study on the normalized stiffness ratio between the GSRJ and its coun-
terparts is performed. A parametric analysis is carried out to evaluate the
behavior of both asymmetric and symmetric GSRJs. Finally, prototypes
are manufactured, and their experimental results are compared with
those from both the analytical model and FEA to complete the verifi-
cation framework.

4.1. Analytical model verification of the GSRJ

In the FEA model, rigid parts do not require mesh sizing but should
be set as "rigid domains" in COMSOL 5.0. The elastic sheets are made of
aluminum, with a Young’s modulus of 69 x 10° (Pa) and a Poisson's
ratio of 0.3. Details of the FEA process can be found in Appendix B of
[49].

The geometric parameters of GSRJ are shown in Table 1, and its
model is shown in Fig. 4(c). When Myg=My=0.01 (N-m) and M,g=0.03
(N-m), and the thickness of the sandwich interconnection ranges from
0 to 50 (mm) with a step of 10 (mm), the analytical results (denoted by
Ana) and FEA results (denoted by FEA) of the motion stage are shown in
Figs. 4(a) and (b). The average errors between the FEA and analytical
results are all <6.4%. The results indicate that out-of-plane displace-
ment and rotations—D,g, fxg, and fyc—decrease significantly with
increasing thickness of the sandwich interconnection. The in-plane
displacements and rotation—Dyg, Dyg, and 6,c—remain unchanged,
indicating that the sandwich interconnection does not affect in-plane
stiffness. Its maximum deformation before yield stress is shown in
Appendix A.

It has been found that the errors between the analytical model and
FEA for all displacement results are acceptable when the sheet’s trans-
lational displacement is <10% of its length, the rotation is <0.1 rad, and
the aspect ratios of the elastic sheets are slightly violated (i.e., aspect
ratios < 10, as listed in Table 1). When the sheet’s translational
displacement exceeds 10% of its length, the rotation exceeds 0.1 rad,

I 0 Ojam_0j(3,1)  —0jam_0j(2,1)
D Iz | —0jamqi(3:1) 0 Ojam_oj(1,1) Table 2
Aol =
e Ojam_6j(2,1)  —Ojam_oj(1,1) 0 ' Modelling sensitivity to the assumptions.
L 03,3 Isys Assumptions: Assumption: The sensitivity of the results to the
(45) deformation <10%, aspect ratios >10 assumptions
rotation <0.1 rad
r 0 Opm_oj(3,1)  —Omm_oj(2,1) Satisfied Satisfied Results demonstrate excellent
agreement between the analytical
D I3x3 —Ojm_oj(3,1) 0 OjBm_oj(1,1) model and FEA, with all errors
pBoj — below 4%.
OjBm_oj (2’ 1) ~OjBm_oj (17 l) 0 Violated Satisfied In-plane analytical results (OXY
L 035 Isys plane) agree well with the FEA;
(46) however, the out-of-plane
analytical results deviate
A modeling procedure of the GSLS and GSRJ is shown in Fig. 3. significantly with the FEA.
Satisfied Violated Errors for all the results are
. . . . acceptable, with errors within
4. Stiffness analysis and parametric analysis 6.5%.
Violated Violated The modelling accuracy of both
The nonlinear spatial analytical model for the GSRJ is verified the in-plane and out-of-plane
against FEA conducted in COMSOL 5.0. Building on this validation, a results is significantly affected.
(a x10°s x105  (b) x10+4 %1073 (c) Volume: Displacement magnitude (m) °
8 0 4 12 -5
T4 —— ~ Ana FEA o
£ ; 4 = I o 45
s 0 2 820 7 el 95 Do — 4 40
Q% 8§ = © re=zgs g/ 6 — @ 35
5 -4 Q‘Q < i) > D — 130
2 8 a2 B0 e 6T g A |2
% -8 ¢ o 20
S 6 < oo 15
- - 220 3 0 —— o 10
0 10 20 30 40 50 0 10 20 30 40 50 ¥ 5
H, (mm) H, (mm) e 0

Fig. 4. The analytical and FEA results of the GSRJ versus increasing thickness of the sandwich interconnection H,. (a) Analytical and FEA displacements; (b)

Analytical and FEA rotations; (c) FEA simulation when H, =10 (mm).
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— Analytical results of the GSRJ

@® FEA results of the GSRJ

(e)

Volume: Displacement magnitude (m) -

------ Analytical results of the two-layer rotational joint O FEA results of the two-layer rotational joint GSRJ: U=10 mm, and x107°
® ®) sandwich inte ion H,=50 mm 45
a

Fg 4 @ Y ® ® Y ® -g 80 30
S & -0.05m
£3 2 60 20
Z2 Z 40 o 15
Q -0. 10
g1 5 20 ’.‘ " -0.05 5
all! 0 " o7 oy °
0 10 20 30 40 50 010 20 30 40 50 o ,
H. (mm H. (mm Volume: Displacement magnitude (m)
(C) 2 ( ) (d) 2 ( ) X105
_ 6000 0 45
g 4500 3
m 30
23000 005 25
> 20
< 1500 o 15
0 X ~0\~ =70 (mm.05 ffo
0 10 20 30 40 50 0 10 20 30 40 50 200 °

H, (mm)

Two-layer design: U=10 mm, and
sandwich space=50 mm

H, (mm)

Fig. 5. The stiffness comparison between the GSRJ and the two-layer rotational joint versus increasing thickness of the sandwich interconnection H,. (a) Primary
motion (rotational) stiffness Ko,g; (b) Out-of-plane stiffness Kgyg; (c) Out-of-plane stiffness Kgyg; (d) Out-of-plane stiffness Kq,; (€) The GSRJ; (f) The counterpart

model: two-layer rotational joint.

— Analytical results of the GSRJ

® FEA results of the GSRJ
""" Analytical results of the single-layer joint O FEA results of the single-layer joint

(e)

Volume: Displacement magnitude (m)

GSRJ: U=10 mm, H,=50 mm x107®

(a) 20 (b) ) -
-z?s 40
=15 35
: 10 - 00sm f[30

Bt _ % B 25
?; . o 263% =
R e 15
MCD ! - -0.1 10
0 3'0\‘ FT=70 (mm)0.05 5
20 30 40 50 60 70 20 30 40 50 60 70 y—z 0.05 0
© FT (mm) ‘ FT (mm)
¢ ( ) (f) Volume: Displacement magnitude (m)

20 30 40 50 60 70
FT (mm)

20 30

Single-layer: =70 mm %1075
‘ 0 18
. 16
2 e 14
L I 7 -0.05 m [{12
- : 10
‘ 8
| , 6
x 70 %nh‘o S
40 50 60 70 y-L120 oos 8

FT (mm)

Fig. 6. The stiffness comparison between the GSRJ and the single-layer rotational joint versus increasing FT. (a) Primary motion (rotational) stiffness Kg,g; (b) Out-
of-plane stiffness Koxg; (c) Out-of-plane stiffness Kgyg; (d) Out-of-plane stiffness Kq,g; (e) The GSRJ; (f) The counterpart model: single-layer rotational joint.

and the aspect ratios are greater than 10, only the modelling accuracy of
the out-of-plane results is significantly affected. When the sheet’s
translational displacement exceeds 10% of its length, the rotation ex-
ceeds 0.1 rad, and the aspect ratios are <10, the modelling accuracy of
both the in-plane and out-of-plane results is significantly affected. The
sensitivity of the results to all the assumptions is also summarized in
Table 2.

4.2. Stiffness analysis for GSRJ and comparisons with counterpart designs

The stiffness of the GSRJ (Table 1) is evaluated by comparing it
against two types of counterparts, which refer to the work of [81,82].
The stiffness ratio is employed to further investigate the stiffness char-
acteristics across various design configurations.
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Table 3
Geometric parameters of the GSRJ and single-layer rotational joint under the
same out-of-plane footprint. (Unit: mm).

Values for
GSRJ

Parameters Values for the single-layer

rotational joint

FT Out-of-plane footprint, 20 to 70 with a step of 10
FT=2U+H,

H,  Thickness of the sandwich FTr-2U 0

U Sheet width 10 FT

(1) Case 1: Stiffness comparison among the GSRJ, two-layer joint,
and single-layer rotational joint under an identical out-of-plane
footprint

The two-layer rotational joint has no sandwich interconnection and
shares the same geometric parameters as the GSRJ, as illustrated in
Fig. 5(f). This ensures that the stiffness comparison between the GSRJ
and the two designs is conducted under the same out-of-plane footprint.
This footprint, denoted by FT, is equal to 2U+H,. The nonlinear spatial
analytical model of the two-layer rotational joint is detailed in
Appendix B. Kg,g is calculated by applying M,g of 0.1 (N-m) and 0.12
(N-m) to the motion stage, and the results are presented in Fig. 5(a). Kg,g
of both designs remains constant with increasing thickness of the
sandwich interconnection. Then, M,g held constant at 0.03 (N-m), Kgxg
(or Koyg) is obtained by applying Mxg (or Myg) = 0.01 (N-m) and 0.012
(N-m); Kqyg is calculated by applying F,g = 0.1 (N) and 0.12 (N). In Fig. 5
(b), Koxg of both designs increases significantly with the increase of Hs,
while Koy and Kq,c in Figs. 5(c) and (d) show a more gradual increase.
When H; = 50 (mm), Kgxg, Koy, and Kg,g increase by 76%, 31%, and
29%, respectively.

The stiffness of the GSRJ is compared with that of the single-layer
rotational joint under an identical out-of-plane footprint. The single-
layer rotational joint is shown in Fig. 6(f). The geometric parameters
of the GSRJ and the single-layer rotational joint are slightly different, as
detailed in Table 3. All other parameters are identical to those listed in
Table 1.

M, is held constant at 0.1 (N-m), and the DoF and the out-of-plane
stiffness of the two designs are calculated following the same approach
described earlier. These results indicate that both the rotational stiffness
and out-of-plane stiffness of the single-layer rotational joint increase
significantly with increasing FT. As demonstrated in Fig. 6(a), the GSRJ
maintains stable primary motion (rotational) stiffness, while the single-
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layer rotational joint shows a progressive increase in stiffness. In Figs. 6
(b) to (d), the out-of-plane stiffness of the GSRJ increases less than that
of the single-layer rotational joint under the same geometric conditions,
indicating that the sheet width influences stiffness more significantly
than H, does.

On the other hand, we compared their out-of-plane stiffness changes
with the increase of primary moments. H; is equal to 50 (mm), and U of
the single-layer rotational joint is 20 (mm), while the remaining geo-
metric parameters of the GSRJ and its two counterparts are identical to
those listed in Table 1. The out-of-plane stiffness for each joint is
calculated as follows. Primary rotations (6,g) range from —0.06 (rad) to
0.06 (rad) with a step of 0.02 (rad) in the analytical and FEA models. For
each 6,, Koxg is derived from a very small Myg of 0.001 (N-m) [49]. Kgyg
can be obtained using an analogous procedure. Kg,g is calculated by
applying a very small F,g of 0.001 (N). The stiffness change of Kyxg is
defined by Eq. (47).

}Kex(;_o — Koxg |Max

x 100%, 47)

KGXG,O

where Kgyg o denotes Koxg When 0,6 =0; |Koxg 0~Koxc|max denotes the
maximum absolute deviation of Kgxg from Kpyxg o; all other stiffness
changes can be solved using the same procedure.

Fig. 7 illustrates the out-of-plane stiffness and stiffness changes for
the GSRJ and its two counterparts. The average errors between the
analytical results and the corresponding FEA results for the GSRJ, two-
layer GSRJ, and single-layer GSRJ are 6.8%, 8.7% and 20%, respec-
tively. Note that some large errors can be explained by the conclusions in
Table 2. The stiffness changes of the GSRJ are not less than those of the
two counterparts. Moreover, in this design configuration, the out-of-
plane stiffness slightly increases with the increase of the clockwise 6,¢.
Appendix C presents the stiffness changes of two specific designs of the
GSRJ, and all out-of-plane stiffness decreases with the increasing 0,c.
Fig. C5 depicts the out-of-plane stiffness and corresponding stiffness
changes for the GSRJ (a1=a3, as=a4) and its counterparts. The average
errors for the GSRJ (a1=a2, a3=a4), two-layer GSRJ (a1 =az, as=a4), and
single-layer GSRJ (a1=as, az=a4) are 7.9%, 15.9% and 9%, respectively.
Based on both analytical and FEA results as demonstrated in Figs. 7 and
C5, although out-of-plane stiffness changes of the GSRJ are not the
smallest among the evaluated three designs, the average out-of-plane
stiffness of the GSRJ is still significantly (over 50%) higher than the
other two counterpart designs. Fig. C10 illustrates the out-of-plane

Ana FEA Ana  FEA Ana  FEA
GSRJ when H,=50 (mm): —— A Single-layer rotational joint when U=20 (mm): [} Two-layer rotational joint when /,=50 (mm):
(@ (b) (©
120 20 8000
_ ) )\ 14;85 14.00 = 5612 5448
l"é R 68 £ I5 — = % 4 & a2 4 £ 6000 % A A A N a a
A 81 —— : =
z gL = % 2 4000 P E
% © SR <
g X 7 849 s
S . . . 5 2000
I ———— e T ) 2‘202 o 2'160 ° ° 'S 871- ° . ° . [
18.6 20
0 0 0
-0.06 -0.04 -0.02 0 0.02 0.04 0.06 -0.06 -0.04 -0.02 0 0.02 0.04 0.06 -0.06-0.04-0.02 0 0.02 0.04 0.06
0,6 (rad) o Oy (rad) 0, (rad)
Analytical stiffness change: Analytical stiffness change: Analytical stiffness change:
81-68 _ ¢, 2421 —1o5y, DB6 1485-14 _ (o0 2222216 o 949041 o S5612-5M8 yove LB ) op 3733504 oo,
81 24 20. 14 949 5612
FEA stiffness change: FEA stiffness change: FEA stiffness change:
846-74_ o, 26-23 o, 07-195_ 162-152 _ ., 297315, 1051-1015_ ., 6219-5916 __, 1222-1164 _ S0 209223917 _
6 276 5 152 297 10.51 5916 1164 3917

Fig. 7. The stiffness analysis among the GSRJ, the two-layer rotational joint, and
Analytical and FEA results of Koyg, Koyc, Kazc, and their stiffness changes.

10

the single-layer rotational joint with the increase of primary rotations. (a-c)
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T 0 10 20 30 40 50
H, (mm)

GSRJ Single-layer
AnaFEA AnaFEA

kiclko,g'— & A
koxo/kog'— ® -—- o
kOyG/ k@zG e

Fig. 8. Stiffness-ratio comparison between the GSRJ and the single-layer rotational joint. (a) GSRJ model (only H2 ranges from O to 50 mm); (b) The counterpart
model: single-layer rotational joint; (c-e) Normalized stiffness ratios ka.c/kezc, kexc/kozG, keyc/kezc oOf the two joints, respectively.

stiffness and corresponding stiffness changes for the GSTJ and its
counterparts. The average errors for the GSTJ, two-layer GSTJ, and
single-layer GSTJ are 2.3%, 4.1% and 4.6%, respectively. GSTJ achieves
the minimum stiffness changes specifically for Kox and Kg,.

In [81], the slow degradation of the out-of-plane stiffness in sand-
wich PFMs is well-explained by the reduced elastokinematic terms
within the compliance matrix of a single flexure blade. However, this
analytical deduction cannot be directly generalized to explain the stiff-
ness changes observed in the GSRJ. The deformation behavior of the

GSRJ is heavily dictated by intricate spatial deformation compatibility
conditions, rather than a simple superposition of individual blade
compliances. It is therefore challenging to provide a comprehensive
mechanistic explanation for these highly specific stiffness variation
differences at this stage, and the geometric parameters for the GSRJ
should be selected with careful consideration, as its stiffness changes
may not be minimal. We hypothesize that this behavior arises from the
complex spatial nonlinear coupling effects during deformation, which
remains an open topic for our future work.

Ana FEA Ana FEA Ana FEA
kyko,g — A koxlko,g' — @ koyolkos —  ®
(a) o a, ranges from 10°to 60°  (b) a, ranges from 10° to 60
40 T 15 ﬁ 160 20 g
. < <
L i S 159
< 5 <
T 20 o 10 5
<5 508 p
10 - = D,—D””ﬂ \Lj 5 $
& )
e %
0 0 TS/
0 0 =
10 20 30 o40 50 60 10 20 30 40 50 60
a a
©) ! g s ranges from 10°to 60° (d) 2 @4 ranges from 10° to 60°
40 «a A o 15 & | 30 & |
% %
30 & =
é 10 7; 20 %
3% 2 s
e 5 & 10 8
0. . LTy ;EZ
3 %
0 0 0 ~

10 20 30 40 50 60
as°

10 20 30 40 50 60
@y

Fig. 9. The effects of sheet-tilt angles on normalized stiffness ratios. (a) Effects of a; on the normalized stiffness ratios (a3=40°, ax=a4=30°); (b) Effects of a» on the
normalized stiffness ratios (a;=a3=40°, a4,=30°); (c) Effects of a3 on the normalized stiffness ratios (a;=40°, azs=a4=30°); (d) Effects of a4 on the normalized stiffness
ratios (a2=30°, a;=a3=40°).
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(2) Case 2: stiffness ratio comparison under the same out-of-plane
footprint of the sheets

The following analysis is conducted under the condition that the out-
of-plane footprint of the sheets remains constant, i.e., the total sheet
width is kept the same, as illustrated in Figs. 8(a) and (b). Additionally,
the geometric parameters of the GSRJ and the single-layer rotational
joint are identical except for Hy and U. This ensures that both designs
achieve the same in-plane rotational stiffness, enabling a fair compari-
son of their normalized stiffness ratios—that is, the ratio of the
normalized out-of-plane stiffness to the normalized in-plane rotational
stiffness—as shown in Fig. 8(c) to (e). Thus, the normalized stiffness
ratios are expressed in dimensionless form and are used to evaluate the
influence of H on the out-of-plane stiffness. Compared to the single-
layer rotational joint, the GSRJ exhibits a significant increase in the
normalized stiffness ratios with increasing Ho.

The GSRJ (a1=a, ag=a4) and GSTJ are two specific configurations
within the GSRJ framework. The verification of their analytical models
via FEA, along with a stiffness comparison with their respective coun-
terparts, is detailed in Appendix C. These results collectively demon-
strate the accuracy of the proposed nonlinear spatial analytical model.

4.3. Parametric analysis of GSRJ

In this section, the influence of sheet-tilt angles and sheet length on
normalized stiffness ratios is studied in the GSRJ, with comparisons
between analytical models (Ana) and FEA results.

(1) Asymmetric features of the GSRJ

The symmetric parameters of the GSRJ are first specified as follows:
L1:L3:50 (mm), L2:L4:30 (mm), 31233:20 (mm), 32:B4:30 (l‘l‘ll‘l’l),
a;=a3=40°, and ay=a4=30° The impact of the sheet angle on the stiff-
ness ratios of the GSRJ is investigated as below. We varied each sheet
angle individually, keeping the other geometric parameters constant.
The normalized stiffness ratios of the asymmetric and symmetric joints
are compared under a constant global bending moment of Mzg=0.2

@) L, ranges from 30 to
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(N-m) and H>=50 (mm). In practical applications, rotational joints pri-
marily bear the moment in the primary DoF direction. Therefore, the
following stiffness ratios are calculated under a constant M,g. The out-
of-plane stiffness for each discretion can be calculated as we did in Fig. 7.

In Fig. 9, each subplot investigates how the normalized stiffness ra-
tios (kdzG/kezG, koxc/kozG, and keyg/kezc) change as a1, az, as, or ag4
varies. In Figs. 9(a) and (c), kq,c/kezG and keyxg/kezc are highly sensitive
to variations in a1 and a3, whereas koyc/ko,G remains largely unaffected
by such variations. The parameters @; and a3 exert opposite effects on
the ratios kg,g/koz,g and koxg/ke,g- An optimal balance for simulta-
neously achieving high k4,6/kezg and kgxg/kozg ratios is found at a; =
20° and a3~32°In Fig. 9(b), kdz/kezG (0r kexg/kozG, Or koyc/kezG) has the
same trend as that in Fig. 9(d) and their values are different. As as or a4
increases, both kq,c/ke,c and keyc/ke,c increase, with kq,g/ke,c exhib-
iting a markedly greater rise (from 24 to 135 vs. 3 to 15 for keyg/kozc)-
Conversely, koxg/ke, decreases from 15 to 2. A design compromise is a
= 42° and a4~40°, though they can be adjusted according to specific
loading conditions and performance requirements.

On the other hand, we study how the sheet length affects the
normalized stiffness ratios of the GSRJ. Each sheet length is varied
individually (Fig. 10(a)), keeping the other geometric parameters con-
stant. As illustrated in Figs. 10(b) and (d), stiffness ratios exhibit a
consistent trend whether L; or L3 is increased. The slight value differ-
ences may result from the prescribed Myg. ka,c/ke.c and kexg/ke,G are
more sensitive to the changes in L; and Ls, respectively. When L or Lg is
equal to 50 (mm), kgxg/kezG reaches its maximum of 12. However, kg,G/
ko,c and koyc/ke,c remain relatively low at 26 and 3, respectively.
Increasing L or Lg to 80 (mm) results in a moderate decline of koxg/ke.G
to 8, yet yields considerably higher values for kq,6/ko,G (41) and keyc/
kozg (5). Therefore, setting either L; or L3 to 80 (mm) is the optimal
choice for maximizing kq,6/ke,c and keyg/ke,c with a minimal reduction
in kox/kezG-

Similarly, a consistent trend is observed in Figs. 10(c) and (e) when
either Ly or L4 is increased. kq,6/ko,G and keyc/ke,G are more sensitive to
the changes in Ly and Ls. When L3 is 60 (mm), keyg/kezc reaches its
maximum of 40, despite a relatively lower kg,G/ke,c of 180. In com-
parison, increasing Ly to 70 (mm) reduces koyc/ke,c to 33 but
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Fig. 10. The effects of sheet length on normalized stiffness ratios. (a) Geometric parameters to be varied for the four study cases (j = 1,2,3 or 4); (b) Effects of L; on
the normalized stiffness ratios (L3=50 mm, L,=L4=30 mm); (c) Effects of L, on the normalized stiffness ratios (L;=L3=50 mm, L,= 30 mm); (d) Effects of L3 on the
normalized stiffness ratios (L;= 50 mm, L,=L,=30 mm); (e) Effects of L4 on the normalized stiffness ratios (L;=L3;=50 mm, L,= 30 mm).
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80 mm; (d) Combined effects of L; and L on the normalized stiffness ratios where L, and L3 ranges from 30 to 80 mm; (e) Combined effects of L, and L4 on the

normalized stiffness ratios where L, and L4 ranges from 30 to 80 mm; (f) Effects of B; on the normalized stiffness ratios.

significantly increases k4,G/kg,G to 347. Therefore, setting L to 75 (mm)
is determined to be the optimal choice, as it further prioritizes the
maximization of kg,G/ke,c While accepting only a minimal additional
reduction in kgyg/ke,G. For a related but distinct parameter group, an Ly
value of 70 (mm) is identified as optimal.

In summary, for angle parameters, @; and a3 affect both kq,c/kozG
and kgyg/kezG, but have almost no influence on kgyg/ko,G. In contrast, az
and a4 greatly affect all three stiffness ratios. Regarding sheet length
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parameters, Ly and L3 affect kq,6/kozg (with less impact on the others),
while Ly and L4 greatly affect kq,6/ke,c and keyg/ke,c (with less impact
on kgxg/kozG)- Therefore, normalized stiffness ratios can be adjusted by
tuning the asymmetric parameters, and directional stiffness optimiza-
tion can be achieved.

(2) Asymmetric features of the GSRJ (a1=a2, az=a4)
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Sandwich

~ interconnection

Fig. 13. The parts for fabricating the prototypes. (a) Parts for the GSRJ; (b) Prototype examples: two-layer rotational joint and GSRJ; (c) Some parts of the single-

layer GSTJ and GSRJ.

Since the GSRJ (a1=a», a3=a4) is a special case of the GSRJ, we
investigate its asymmetric characteristics to enable a more compre-
hensive analysis. The symmetric parameters of the GSRJ (a1=a2, as=a4)
are Ly=Ly=L3=L4=30 (mm), B;=B3=20 (mm), By=B4=30 (mm),
a1=az=a3=a4=30° As shown in Fig. 11(a), keyc/ke,c exhibits a slight
decrease after an initial rise with the increase of a1, and the other two
ratios show a consistent increase. Therefore, a;= 60° is the best value for
high overall stiffness. In Fig. 11(b) and (c), except for kgyg/ke.c, the
other two stiffness ratios are more sensitive to sheet length. All three
stiffness ratios decrease with increasing L; and L. Consequently,
maximizing the stiffness ratios requires all parameters L; (i = 1,2,3,4) to
be set to a common minimum value.

(3) Asymmetric features of the GSTJ

In this part, the influence of sheet length on normalized stiffness
ratios is studied for the GSTJ. The normalized stiffness ratios of the
asymmetric and symmetric joints are compared under a constant global
horizontal force of Fyg = 0.1 (N) and Hy = 50 (mm). The stiffness
components can be determined as we did above. The symmetric pa-
rameters for the GSTJ are L1=L3= Ly=L4= 40 (mm), By=B3= B,=B4=20
(mm). Fig. 12(a) indicates the geometric parameters to be varied for this
part.

Modifying mirror-symmetric geometric parameters in a GSRJ can
produce a consistent trend on stiffness ratios. This is further illustrated
by the GSTJ, a specific type of GSRJ. As shown in Fig. 12(b) and (c), the
trends of the three normalized stiffness ratios are identical whether L; or
Ly is increased. The above analysis confirms that altering any single
sheet length in a GSTJ yields the same consistent trend. The ratios kq,c/
kayc and keyc/kqyc decrease with the increase of L;, whereas koxg/kayc
increases (i = 1, 2, 3 or 4). A comparison of Fig. 12(b) with (d) and (e)
reveals that the overall trend related to sheet length remains consistent,
when L; changes in conjunction with either L3 or Ly4, despite differences
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in specific values. In Fig. 12(f), all out-of-plane stiffness ratios increase
with B;. However, the rate of increase for koy/kqy is greater in Fig. 12
(b), indicating that increasing the sheet length is more effective at
raising this value than increasing B;.

Variations in any individual sheet length exert a uniform effect on
the three stiffness ratios. When multiple sheet lengths change concur-
rently, their combined influence operates in a cumulative manner.

4.4. Manufacture and experiment

For experimental validation, two prototypes (the GSRJ and the two-
layer rotational joint) are fabricated and tested, with their results
compared against both the analytical and FEA simulation results. The
two prototypes share the same geometric parameters, as shown in
Table 1, but with a sheet thickness of 1 (mm) and Hy = 40 (mm). They
are printed using a Zortrax M200 plus 3D printer. The 3D printing ma-
terial is selected to be Z-ULTRAT, whose Young’s modulus is 1.85 (GPa)
and Poisson’s ratio is 0.35. The fill density is set to be 30%. The parts for
assembling the GSRJ, as shown in Fig. 13(a), are connected with super
glue, with the prototypes shown in Fig. 13(b). The other prototypes can
be fabricated similarly, and examples are shown in Fig. 13(c).

As shown in Fig. 14(a), an S-type tension and compression force
sensor, with a maximum capacity of 2 (kg) and an accuracy of 0.03% (i.
e, 6 x 107 kg), is used to exert a series of forces on point og of the
motion stage. The force sensor is mounted on XYZ positioning stages
with an accuracy of 0.01 (mm). The forces applied at og are then
transformed to point Og with respect to Og-XgYgZg using Eq. (48). The
layer resolution of the 3D printer is 90 to 390 (pm), and 90 (pm) is
selected for the prototypes. The accuracy of L400-C universal force
control instrument is 1%o (N). The experiments are conducted at room
temperature to avoid the influence of temperature on the prototype's
Young’s modulus.
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Fig. 14. Experiments on the 6, and Dy, of the two-layer rotational joint and the GSRJ. (a) Test of the GSRJ; (b) Analytical, FEA, and experimental results of 6, for
the GSRJ; (c) Analytical, FEA, and experimental results of Dyg for the GSRJ; (d) Test of the two-layer design; (e) Experimental K, for the GSRJ and two-layer
rotational joint; (f) Experimental Kpyg for the GSRJ and two-layer rotational joint (Kpxg denotes the stiffness calculated by using Dy and Fyg).

Fig. 15. Experiments on the 6y and D, of the two-layer rotational joint and the GSRJ. (a) Test of the GSRJ; (b) Analytical, FEA, and experimental results of 0y for
the GSRJ; (c) Analytical, FEA, and experimental results of D,g for the GSRJ; (d) Test of the two-layer design; (e) Experimental Ky for the GSRJ and the two-layer
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rotational joint; (f) Experimental Kp,g for the GSRJ and two-layer rotational joint (Kp,r denotes the stiffness calculated by using D, and F,g).
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where [fg, mg]T denotes the loads loading at o with respect to Og-XgYgZE;
D, denotes a 6 x 6 translational matrix, as given by Eq. (49). DEE de-
notes the transpose of DyE.

(48)

0 o 6(3,1) —0rg(2,1)
L | —0ec(3,1 0 or6(1,1)
Dy = § ) B (49)
0]5_(;(27 1) —OE_G(l7 1) 0
03,3 | L

where o g is the corresponding coordinate with respect to Og-XgYgZg.
(1) Input 1: Fxg at og

In Figs. 14(a) and (d), the aim of this loading condition is to test 0,¢
and Dyg, where 0, and Dyg denote the rotations of the motion stage and
the displacements at og with respect to Og-XgYgZg, respectively. A
controlled force (Fxg) is applied, ranging from —-0.98 N to -5.88 N in
increments of —0.98 N (equivalent to -0.1 kg to 0.6 kg in -0.1 kg steps),
applied at og. o g denotes the coordinates of point og with respect to Og-
X6YgZg and og g = [0, 0.015, 01 (m).

We use fxg to denote the normalized value of Fyg, and [fg, mg]T can
be calculated by substituting fyg into Eq. (48). Then the analytical 8,
can be obtained by substituting [fg, mg]” into the analytical model. The
experimental 0, can be calculated as outlined in Fig. 14(d). The
analytical Dyg is equal to og*(1,1), where og*=Rg-0g . The experi-
mental Dyg is measured directly using the XY stage's micrometer. The
FEA and experimental results validate the analytical results, as shown in
Figs. 14(b) and (c). The maximum error is smaller than 7.5%. The results
in Figs. 14(e) and (f) show that the in-plane stiffness of the GSRJ closely
matches that of the two-layer rotational joint. This demonstrates that the
sandwich interconnection does not enhance the in-plane stiffness.
Furthermore, both the rotational stiffness Ky,g and in-plane stiffness
Kpxg for the two prototypes exhibit a similar load-dependent nonline-
arity, decreasing at comparable rates under an increasing lateral force
Fyg.

(2) Input 2: F, at og

The aim of this loading condition is to test 4 and D, for the GSRJ
and the two-layer rotational joint, as shown in Figs. 15(a) and (d).
Similar to the case in Input 1, a controlled force (Fzg) is applied, ranging
from 0.98 N to 2.45 N in increments of 0.98 N (equivalent to 0.1 kg to
0.25 kg in 0.025 kg steps). o ¢ is equal to [0, 0.075, 01" (m) in this case.
The analytical and experimental 6xg and D,g can be obtained similarly to
how we did in Input 1. The FEA and experimental results validate the
analytical results, as shown in Figs. 15(b) and (c). In Figs. 15(e) and (f),
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Koxg and Kgzg of the GSRJ can be increased by 78% and 81% compared
to those of the two-layer rotational joint, respectively. This demonstrates
that the sandwich interconnection enhances the out-of-plane stiffness.
The out-of-plane stiffness Kgxg and Kg,g of the GSRJ remain nearly
constant under increasing axial loading F,z. In contrast, the corre-
sponding stiffness metrics for the two-layer rotational joint exhibit a
significant decrease. This result demonstrates how structural configu-
ration critically modulates nonlinear mechanical behavior, with the
GSRJ maintaining superior stiffness stability across the loading range
compared to its two-layer counterpart.

Measurement errors in the experimental setup primarily originate
from four sources: 3D printing fabrication tolerances, assembly inac-
curacies, non-ideal contact conditions, and misalignment between the
force sensor and the prototype. First, 3D printing fabrication errors such
as dimensional deviations and surface roughness are inherent to the 3D
printing process, which slightly alter the actual stiffness of the proto-
type. The dimensions of the prototype's elastic sheets exhibit a small
deviation of 0.01 (mm). Assembly errors may arise because the sand-
wich interconnections and motion stages are bonded to the prototype
using super glue. Contact errors occur because the ball-head nut (shown
in Fig. 14(d)) experiences frictional or non-ideal point contact with the
counterbore. Finally, alignment errors are introduced because the actual
loading positions are manually calibrated via the XYZ stages, which may
deviate slightly from the positions specified in the analytical model. To
minimize the impact of these factors and ensure reliable results, each
test was repeated five times under identical conditions, with the load
being incrementally and slowly applied during each cycle. The data
points presented in Figs. 14 and 15 represent the mean values of these
repeated measurements.

The standard deviations of the means, are presented in Fig. 16.
Notably, the standard deviation incrementally increases with the
applied loads in general, indicating that the accumulation of errors due
to misalignment at loading position under large deformations. More
importantly, the GSRJ demonstrates significantly higher repeatability
and robustness compared to the counterpart two-layer design. The
maximum standard deviation for the GSRJ is approximately 0.0356
(mm) and 0.0329 (mm) in X and Z directions, respectively. Conversely,
the maximum standard deviation of the two-layer design is roughly
twice higher in the X direction (0.0766 mm) and is about six times
higher in the Z direction (0.18 mm).

5. Center shift of GSRJ and optimization

The main parasitic motion of the rotational joint is the center shift,
which reduces the precision and accuracy of the joint. In this section, the
center shift of the GSRJ with respect to Og-XgYgZg is derived and
optimized, and the case of the GSRJ (a1=a, as=a4) can be treated as a
special example.

Mean values from 5 repeated tests: GSRJ X Two-layer design X| The standard deviation is magnified 10-fold for clarity in the figure.
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Fig. 16. The standard deviation of the GSRJ and the two-layer design.
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Fig. 17. The spatial center shift of the GSRJ. (a) Method on how to determine the RCM; (b) Analytical and FEA results of the spatial center shift.

5.1. Derivation of the center shift

As illustrated in Fig. 17(a), we use ¢; (j = 1, 2, 3 or 4) to denote the
sheet center for sheets-jy, and use ¢; to denote the normalized co-
ordinates. Their equations are given by Eq. (50). Line 1 is formed by
points c¢; and ¢y, and Line 2 is formed by points c3 and c4. RCM of the
GSRJ is the projection of the intersection point of Line 1 and Line 2 onto
the Og-XgY¢ plane (This plane is shown in Fig. 2(a)).

:

|
|

1 |

The normalized mathematical equations for Line 1 and Line 2 with
respect to Og-XgYgZg are given by Eqgs. (51) and (52), respectively.

—(licosay + lcosay + tsinay ) /2 — hy — by — tsina,
b2 + (11 sinal)/z — lgSinaz
0
—h; — (lcosay + tsina,) /2
b2 — (lgsinaz)/z
0

—(lscosas + tsinas)/2 — lycosay — tsinag — hy — bs

c3 (— Issinas)/2+1sinas — by

A1X1 + D1y1 + W] = 07 (51)

Asxs + D2y2 + W, =0, (52)

where A; D;, and W; denote the coefficients of the normalized mathe-
matical equations.

A = C](Z,]) - C2(2,1),D1 = CQ(l,l) - Cl(l,l),
W1 = (:1(].7 1)C2(2,1) — C2(1,1)'C1(2,1)

A, = C3(271) — C4(271),D2 = (34(].7 1) - C3(171),
Wy = C3(1, 1)'(:4(2, 1) - C4(1, 1)'(:3(2, 1)

The normalized coordinates of the intersection point (i.e., the rota-
tional center) of the Line 1 and Line 2 with respect to Og-XgYgZ¢ are
given by Eq. (53),

Xe = (D1W2 —D2W1)/Q, Ye (AzW] —Asz)/Q7 anch :07 (53)
where [xc, Ve, 2] denotes the normalized coordinates of the rotational
center of the GSRJ with respect to Og-XgYgZg; Q = A1D2—A2Dq; note

that if Q = 0, the design no longer functions as a rotational joint, and this
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condition is excluded from further analysis.

As illustrated in Fig. 17(b), the components of the distance between
the green point and the black point along the Xg, Yg, and Zg axes are
defined as the spatial center shift. We use dc= [dyc, dyc, dye]T to denote
the normalized center shift of the GSRJ with respect to Og-XgYgZg, as
given by Eq. (54).

Xe Xe
dC = RG Ye | — | Ve +dG: (54)
Zc 2

where the definition of dg is detailed in Eq. (20) and dg is given by Eq.
27).

Under the loading condition of Case 1 in Section 4.1, the normalized
equations of Line 1 and Line 2 with respect to Og-XgYgZg are obtained as
Eq. (55). The coordinates of the rotational center with respect to Og-

—(lycosay + tsinay) /2 — by
—bs+(lssinas) /2

(50)
0

XcYoZg are [Xe, Yo, ZT = [0.08485, 1.1435 x 10~%, 017 (m), where
Xc=xcLg; Ye=YcLg; and Z.=0. Fig. 17(c) compares the analytical and FEA
results of the GSRJ center shift, showing an average discrepancy of
<6.8%. The results show that the out-of-plane center shift, i.e., d,., de-
creases with the increase of H,. The equations for Line 1 and Line 2 are
provided in Egs. (55) and (56), respectively.

Line 1: 0.01346x¢ + 0.0541y; — 0.0011487 = 0, (55)

Line 2: —0.01178x¢ + 0.0563y; + 9.934 x 104 = 0. (56)

In this paper, the center shift is calculated through the vector dif-
ference between the deformed and undeformed spatial coordinates of
the designated intersection point (rotational center) under a spatial
loading (including translational and rotational loadings). As demon-
strated by Verotti et al. [85], the pole of displacement criterion offers a
mathematically rigorous and unified interpretation of parasitic motion
for planar joints, perfectly accommodating both rotation and trans-
lation. In our future work, we plan to derive a spatial pole of displace-
ment criterion (i.e., pure rotational center) utilizing the quaternion
method. By mathematically representing spatial motion as a rotation by
a specific angle about an arbitrary axis in 3D space, this
quaternion-based approach is inherently path-independent. It can pro-
vide a stable, singularity-free solution for evaluating spatial center shift,
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Fig. 19. Optimization of GSRJ. (a) Center shifts of GSRJ (a;=as, a3=a4) at each combination of the geometric parameters; (b) Optimal solution for GSRJ (a;=ax,
asz=ay), with the blue numbers corresponding to those presented in Table C1 of Appendix C; (c) Weight-reduced design of the GSRJ (a1=a3, az=a4), with the blue
numbers corresponding to those presented in Table 1; (d) Center shifts of GSRJ at each combination of the geometric parameters; (e) Optimal solution for GSRJ; (f)

Weight-reduced design of the GSRJ.

regardless of how large or extreme the nonlinear bending and twisting
deformations of the compliant mechanism may be.

5.2. Optimization of the center shift

In this section, we use the GSRJ and GSRJ (a;=ap, az=a4) as two
examples to demonstrate the optimization process. Each case employs a
two-stage strategy: first, the analytical model is utilized in MATLAB to
optimize the configuration by minimizing the center shift to satisfy
design constraints; subsequently, mass topology optimization is per-
formed in Autodesk Inventor to minimize the overall mass while pre-
serving both the aesthetic design and the stiffness of the sandwich
interconnections.

The optimization approach is based on a global scan of multiple
parameter combinations with objective function minimization. The
problem of reducing the center shift is formulated as a multi-variable (L;
and ¢; j = 1, 2, 3 or 4)) and multi-objective optimization problem
[86-88], with the objective of minimizing the center shift D¢, where
Dc= [Dyxc, Dye, D,)"= de-Lg. My, My, and M, are all constant at 0.01
(N-m) in this part. The optimization process begins with a global grid
search using nested loops to iterate through all possible combinations of
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the geometric parameters (L; and ;). This exhaustive approach ensures
that the entire predefined design space is explored, thereby guarantee-
ing the identification of the global optimum rather than a local one.

Starting from the GSRJ configuration with the constraint a;=ay and

az=aa, six geometric parameters are optimized, with the rest kept fixed.
Specifically, Hy is set to 50 (mm), and the other parameters are consis-
tent with those listed in Table C1 of Appendix C. The objective function
and constraints are:

Objective function: D¢ min= norm (Dc¢) or = D2+ D§c+ Dz

Constraints: 10 < L; < 50 (mm) and the step is 20 (mm)

10°< a; < 80° and the step is 10°, j = 1,2,3 or 4

A1=02, A3=04

Q # 0, where Q is given by Eq. (53)

In the current implementation, the total number of parameter com-
binations amounts to 3* x 82 = 5184. After each offset computation, the
result is compared with the current minimum offset value. If a smaller
value is obtained, both the minimum center shift and the corresponding
optimal parameters are updated accordingly. Since the analytical model
is independent of the rigid block's length (denoted by B, Figs. 18(a) and
(b)), this parameter does not affect the optimization results. In this
study, B is set to 20 (mm); however, when q; exceeds 30°, a gap appears

)1/2
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* Create the model using the geometric
parameters of the optimal center shift.

International Journal of Mechanical Sciences 322 (2026) 111698

Preserved areas

Define Phase
* Objective: weight reduced by 65%.

stage. (3) Eight elastic sheet are preserved.
* Materials: Aluminum 6082
* Mesh resolution: 2.5

* Constraints: (1) Fix the base. (2) Three forces and
three moments loading at the center of the motion

Generate Phase
Run the analysis and wait for results.

Explore Phase

View, compare, and convert the results into

an editable solid model.

Optimal sandwich
interconnection

Fig. 20. Flowchart of the mass topology optimization based on Autodesk Inventor software (including objective and constraints).

between the sheets and the rigid block, so B; can be conditionally
adjusted, as shown in Fig. 18(b).

As illustrated in Fig. 19(a), the optimal solution of the GSRJ (a1=a>,
az=ay) is highlighted on the curves. The optimized design parameters
for this GSRJ configuration are as follows: Ly= Ly= L3= L4= 10 (mm),
a1=a2=10°, a3=a4=50°, yielding a minimum value of D¢ min=1.2685 x
10~8(m). The corresponding optimal configuration is depicted in Fig. 19
(b), where the coordinates of the rotational center relative to the
reference frame Og-XgYgZg are [0.02638, 0.01358, 0]T (m), and the
center shift is [5.1449 x 107%, —1.0010 x 1075, —4.2826 x 10-°1T (m).
The total computing time for this optimization process is 130.93 s.
Additionally, a weight-reduced GSRJ (a1=a2, as=a4) is designed via
topology optimization, as shown in Fig. 19(c). This weight-reduced
model is generated using Autodesk Inventor and the detailed genera-
tion process is shown in Fig. 20.

In the case of the GSRJ, eight geometric parameters are optimized
with the remaining parameters held constant. Specifically, H, is set to 50
(mm), and the other parameters are consistent with those listed in
Table 1. The objective function and constraints are:

Objective function: D¢ min= norm (D¢)

Constraints: 10 < L; < 50 (mm) and the step is 20 (mm)

20°< aj < 60° and the step is 20°, (j =1, 2, 3 or 4)

Q # 0, D; # 0, Dy # 0, where D; and D5 are in Egs. (51) and (52),
respectively. If Q = 0, Line 1 and Line 2 (see Fig. 17(a)) do not intersect;
if D or D, =0, Line 1 or Line 2 is parallel to the Yg-axis.

In the current implementation, the total number of parameter com-
binations amounts to 3* x 3% = 6561. As illustrated in Fig. 19(d), the
optimal solution is highlighted on the curves to facilitate result verifi-
cation. The optimized design parameters for the GSRJ are as follows:
L1: L2: L3: L4: 10 (I'IlIl‘l), ar= 600, ay = 200, az= 400, agq = 200,
yielding a minimum value of D¢ min=1.20386 x 1075 (m). The corre-
sponding optimal configuration of the GSRJ is depicted in Fig. 19(e),
with the coordinates of the rotational center relative to the reference
frame Og-XgYgZg being [0.3687, —0.008247, 0]" (m), and the center
shift being [-2.3122 x 1077, —=2.6518 x 1076, —6.6667 x 10717 (m).
The total computing time for this optimization process is 80.82 s, and
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the weight-reduced design for the optimal solution is shown in Fig. 19
®.

From the optimal results in both cases, we can observe that all sheet
lengths have been selected to be 10 (mm), which may suggest that a
shorter sheet length corresponds to a smaller center shift. The optimal
center shift in GSRJ (a;=as, az=ay4) is on the order of 10~8(m). This
minimal deviation makes it an ideal choice for precision engineering
applications. Conversely, the optimal center shift in GSRJ is on the order
of 107>(m), which is relatively larger and is highly suitable for appli-
cations such as assistive hinges for knee rehabilitation, where the
increased center shift can help compensate for the misalignment be-
tween the artificial hinge and the human knee joint.

Additional constraints can also be imposed based on practical engi-
neering requirements to obtain the desired design, such as limiting the
rotational center position within a prescribed range and restricting the
maximum allowable deformation. The angle step can be reduced to 10
degrees or less to increase solution resolution, though this refinement
will proportionally extend the total calculation time.

6. Conclusions

A novel generalized compliant joint utilizing eight elastic sheets has
been developed and spatially analyzed. This design facilitates the cre-
ation of multiple joint types and is specifically engineered to achieve the
RCM. Sandwich interconnection is implemented to enhance the out-of-
plane stiffness of the generalized joint [81,82]. A nonlinear spatial
analytical model for the generalized sandwich design is developed using
the Beam Constraint Model and Free-Body Diagram methods. This
analytical model offers a significant advantage in capturing the
nonlinear characteristics of the stiffness. Its accuracy is validated by
nonlinear FEA, with a maximum error below 7% and a minimum error
under 1%. Building on the advantages of the analytical model, the
out-of-plane stiffness between a generalized sandwich design and its
counterparts is studied. This analysis first confirms a well-established
principle: the sandwich interconnection effectively enhances
out-of-plane stiffness, a conclusion consistent with most prior studies
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[81,82]. The replication of this effect further validates the predictive
accuracy of our proposed model. Notably, a critical divergence from
existing research is identified: while prior work asserts that the sand-
wich design results in a smaller stiffness change than the single-layer
counterpart, this study demonstrates that this conclusion is only valid
for symmetric PFM and cannot be extended to the generalized sandwich
design. Instead, the stiffness change is shown to be highly dependent on
the structural configuration of elastic sheets. Furthermore, parametric
studies have been performed by varying key geometric parameters (i.e.,
sheet length and tilt angle) to investigate their effects on the stiffness
ratios between asymmetric and symmetric generalized sandwich de-
signs. The results reveal that the three out-of-plane stiffness ratios
exhibit distinct sensitivities to geometric parameters. The variation
trends and optimal parameters are summarized in the main text. Pro-
totypes of the generalized sandwich design and the two-layer rotational
joint have been fabricated for their in-plane and out-of-plane stiffness.
Experimental results confirm the accuracy of both the proposed
analytical model and the nonlinear FEA.

Finally, a generalized method has been introduced to calculate the
center shift in rotational joints composed of elastic sheets or rods. Using
this method, optimizations have been performed to reduce the center
shift in generalized sandwich rotational joints within given ranges of
geometric parameters. Furthermore, a generalized topology optimiza-
tion framework is proposed and successfully applied to achieve weight
reduction in the sandwich interconnection. It should be noted that while
the generalized sandwich design has improved the bearing stiffness
without affecting the primary motion stiffness, it does introduce several
potential problems. These include the increased footprint in the out-of-
plane direction, the manufacturing difficulty, and the overall weight.
Therefore, in practical applications, careful tradeoffs must be considered
between the enhancement of stiffness and these inherent constraints.

International Journal of Mechanical Sciences 322 (2026) 111698

Overall, the proposed generalized sandwich design expands the
design envelope of compliant joints and is particularly beneficial for
nano-positioning systems and micro-electro-mechanical systems, where
positioning precision is critical. Stiffness ratios can be directionally
adjusted by leveraging our findings on asymmetric features. Addition-
ally, the generalized equations for the center shift for the compliant
rotational joint provide a foundation for selecting geometric parameters
through objective function optimization under practical engineering
constraints.
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Appendix A. The maximum deformation of the asymmetric GSRJ and GSTJ

We select AL 6082 alloy (EU standard), and its yield strength is 276 (MPa). The geometric parameters of the GSRJ, GSRJ (a1=ay, az=a4), and GSTJ
are shown in Tables 1, C1, and C2, and their maximum deformations are shown below.

In Figs. Al(a) and (b), the primary rotation is 0.11 (rad) about the Z-axis, when M,=0.9 (N-m). The maximum primary rotation of the GSRJ about
the Z-axis is 0.03 (rad), limited by the yield strength under the specific sheet arrangement, as shown in Fig. A1(c).
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Fig. Al. The maximum deformation analysis of the GSRJ. (a) Spatial display of the GSRJ; (b) Displacement magnitude; (c) Von Mises stress. The scale factor of the

deformation in the FEA for displaying deformation is set to 10 in this figure.

The maximum primary rotation of the GSRJ (@3 =a2, as=a4) is shown in Fig. A2, limited by the yield strength under the 20 (mm) short sheet of the

model, as shown in Fig. A2(c).
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@ Volume: Displacement magnitude (m) °® Volume: Displacement magnitude (m) @ Surface: von Mises stress (N/m?)
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0

Fig. A2. The maximum deformation analysis of the GSRJ (a1 =az, a3=a4). (a) Spatial display of the GSRJ (a1=a2, az=a4); (b) Displacement magnitude; (c) Von Mises
stress. The scale factor of the deformation in the FEA for displaying deformation is set to 1 in this figure.

The maximum primary translation of the GSTJ along the Y-axis is 1.8 (mm), as shown in Fig. A3.
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Fig. A3. The maximum deformation analysis of the GSTJ. (a) Spatial displacement magnitude; (b) Plane displacement magnitude; (c) Von Mises stress. The scale
factor of the deformation in the FEA for displaying deformation is set to 5 in this figure.

Appendix B. The nonlinear spatial analytical model of the two-layer rotational joint

The two-layer rotational joint consists of four parameterized lumped-compliance sheets arranged in parallel. The compatibility conditions and
loading conditions are derived as follows.

Step 1: GSLS model

This model is presented in Section 2.

Step 2: Compatibility conditions of the two-layer rotational joint in a deformed condition.

The compatibility conditions of the two-layer rotational joint can be derived similarly according to the Step 2 in Section 3. We take the
compatibility condition between Rg, Ria, and Rig2a as an example, where R g24 denotes the rotational matrix with respect to 01a-X1AY1AZ14-

The rotational compatibility condition of the two-layer is given by Egs. (B.1) and (B.2).

Rg = Ry(s) 'RuaRys, RaaRes) 'Ry, (B.1)
Rg = Ry5,) 'RaaRy (s, RaaRs(s,) ' Regsy), (B.2)
where, Rj are the rotational matrix of sheet-js with respect to Oja-XjaYjaZja.; j = 1,2,3 or 4; others are same as those of Eq. (17).

The normalized displacements with respect to 02a-X2ay2aZ24 and Og-XgYgZg can be expressed by those with respect to 014-X1ay14Z14, as shown in
Egs. (B.3) and (B.4), respectively.

dia = RiaRy,)doa, (B.3)

dia = Ry)dg, (B.4)
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where, d; and dys denote the normalized displacements with respect to 014-X1a¥1aZ1a and 024-X2aY24Z24, respectively.
Rig2a can be derived as Eq. (B.5). The relationship between Rg and Rjg2a can be given by Eq. (B.6). Substituting Eq. (B.5) into Eq. (B.6), the
rotational compatibility condition between Rg, Ry, and Rjgoa can be obtained.

Rigon = RiaRyp) RoaR,) ), (B.5)

Rg = Rz(ﬂl)Rl&ZAR;(};l)‘ (B.6)

We use Rjg2p, R3gaa and Rsgqp denote the rotational matrices with respect to 01p-X18Y18Z18, 03A-X3AY3AZ3A, and 03a-X3pY3pZ3p, respectively. The
rotational compatibility condition between Rg and R3g4a (or Ryg2op, or R3g4p) can be obtained similarly.

Step 3: Load-equilibrium condition of the two-layer rotational joint in a deformed condition

The load-equilibrium condition is given by Egs. (B.7) to (B.11).

fa

fq -1 A _ fan
Ln } = DEZARRz(ﬂl)RRlARRZ</f2) { } + DE4ARRZI(153)RR3ARRZ(/74) [ } +
G myy mya (B.7)
T -1 fap T 1 fip ’
DpZBRRZ(ﬂl)RRlBRRZ(/]z) map + Dp4ARRz(ﬁ3)RR3ARRZ(ﬁ4) Myp

I flA ] fZA
mi, ] DJoamo1aRr1aRRz(s) { sz , (B.8)
[ le ] f2B

=DI RaisR , B.9
| myp p2Bmo1B TVR1BN\Rz(f,) |:m2B :| ( )
[ f3a ] fan
| my | = Dg4Am03ARR3ARRZ(/)’4) |:m4A :| ’ (B].O)
[ fap ] fin

=D’ RgssR , B.11
o paBmoss RR3BRRz(s,) {mm} (8.11)

where, we use fjs and mj to denote the loads with respect to oja-Xjayjazja, and use fjp and m;p to denote the loads with respect to 0js-X;py;BZB-
Dp24, Dpaa, Dp2amo1a, and Dpgamoesa are 6 x 6 translational matrices, which can be derived in a similar manner according to Eqgs. (36) through (39).
These translational matrices are derived using the corresponding coordinates after deformation. To obtain these matrices for the two-layer rotational
joint, the Z-axis coordinate in the original corresponding coordinate should be updated from O to hy/2.
D28, DpaB, Dp2Bmo1B, and Dpspmo3p are 6 x 6 translational matrices, which can be derived in a similar manner according to Egs. (36) through (39).
These translational matrices are derived using the corresponding coordinates after deformation. To obtain these matrices for the two-layer rotational
joint, the Z-axis coordinate in the original corresponding coordinate should be updated from 0 to —hy/2.

Appendix C. Stiffness analysis for two special designs of the GSRJ

The two specific configurations studied in this appendix are derived from the GSRJ, as introduced in Section 3. They are the GSRJ (a1=a2, as=a4)
and GSTJ (a;=az=a3=a4=0). The analytical models for the two designs can be directly obtained by substituting the corresponding geometric pa-
rameters into the GSRJ model.

C1: Analytical model verification of the two special designs

(1) Case 1: Analytical model verification of GSRJ (a;=a3, az=a4)

The geometric parameters of the GSRJ (a1=a2, @3=a4) are shown in Table C1, and its FEA model is shown in Fig. C1(c). When Myg=Myg=M,c=0.1
(N-m), and the thickness of the sandwich interconnection ranges from 0 to 50 (mm) with a step of 10 (mm), the analytical and FEA results of the
motion stage are shown in Fig. C1. The average errors between the FEA and analytical results are all smaller than 5.8%, confirming the accuracy of the
proposed analytical model. The results indicate that the out-of-plane displacement and rotations, D,g, fxg, and 6yg, decrease significantly with
increasing thickness of the sandwich interconnection. In-plane displacements and rotation, Dxg, Dyg, and 6,¢, remain unchanged, indicating that the
sandwich interconnection does not affect the in-plane stiffness.

Table C1
Geometric parameters of the asymmetric GSRJ (@1=a2). (Length unit: mm).
Parameters Values Parameters Values
T Sheet thickness 0.5 Bj, Bs Height of the rigid block B;= 20, B3=15
Lj Sheet length for sheet-j and sheet-jg L= 50, Ly= 20, By, B4 Horizontal distance between 05 and Og, 04 and Og, By= 20, B4= 30
L3= 30, Ls4= 40,
U Sheet width 10 H; Height of the motion stage 10
aj Tilt angle for sheet-j, and sheet-jg a= 30°, as= 30° H, Thickness of the sandwich interconnection (or space) 0 to 50 with a step of 10

as= 10°, as= 10°
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Fig. C1. The analytical and FEA results of the GSRJ (a1 =a3, as=a4) versus increasing thickness of the sandwich interconnection. (a) Displacements; (b) Rotations; (c)
FEA simulation for Hy =50 (mm).

(2) Case 2: Analytical model verification of GSTJ

The symmetric sandwich translational joint was comprehensively studied in [81]. In this section, we focus on studying the asymmetric GSTJ, and
its geometric parameters are shown in Table C2.

Table C2
Geometric parameters of the asymmetric GSTJ. (Length unit: mm).
Parameters Values Parameters Values
T Sheet thickness 0.5 By, B3 Height of the rigid block B;= 20, B3= 15
Lj Sheet length for sheet-j, and sheet-jg L= 30, Ly= 40, By, By Horizontal distance between 05 and Og, 04 and Og, Bo= 20, B4= 30
L3= 40, Ls4= 30,
U Sheet width 10 H; Height of the motion stage 10
aj Tilt angle for sheet-j, and sheet-jp (i = 1,2,3 or 4) ai= 0° H, Thickness of the sandwich interconnection (or space) 0 to 50 with a step of 10

When Fyg= F,6=0.5 (N), Fyg= 1(N), and the thickness of the sandwich interconnection ranges from 0 to 50 (mm) with a step of 10 (mm), the
analytical and FEA results of the motion stage are shown in Fig. C2. The average errors between the FEA and analytical results are all smaller than 4%.
The results indicate that out-of-plane rotations 6yg and 6y decrease significantly with increasing thickness of the sandwich interconnection. The out-

of-plane displacement D,¢ is too small and shows a minimal variation. In-plane displacements and rotation Dxg, Dyg and 6, remain unchanged,
indicating that the sandwich interconnection does not affect the in-plane stiffness.
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Fig. C2. The analytical and FEA results of the GSTJ versus increasing thickness of the sandwich interconnection Hs. (a) Analytical and FEA displacements; (b)
Analytical and FEA rotations; (c) FEA simulation for Hy =50 (mm).

C2: Stiffness analysis for the GSRJ (a1 =a2, ®3=a4) and comparisons with counterpart designs
(1) Case 1: Stiffness comparison among the GSRJ, two-layer joint, and single-layer rotational joint under an identical out-of-plane footprint

The primary motion (rotational) stiffness of the GSRJ and the two-layer rotational joint, denoted as Kg;g, is calculated by applying pure moment
M, (specifically, 0.1 N-m and 0.12 N-m) to the motion stage. The corresponding results are presented in Fig. C3(a). Ky, of both designs remains
constant with increasing thickness of the sandwich interconnection. In other words, the sandwich interconnection or sandwich space does not affect
the rotational stiffness. Then, with M,g held constant at 0.2 (N-m) to preload the joint, the out-of-plane stiffness Kgxg is determined by applying a
moment Mg of 0.01 (N-m) and 0.012 (N-m), while out-of-plane stiffness Koy is determined by applying a moment Myg of the same magnitudes; out-
of-plane stiffness Kq,¢ is calculated by applying a force F,g of 0.01 (N) and 0.012 (N). Both Kgxg and Ky, of the GSRJ in Fig. C3(b) and (d) increase
significantly with increasing sandwich thickness compared with those of the two-layer rotational joint, while Kgyg shows a gradual increase in Fig. C3
(c). When H3 = 50 (mm), Kgxg, Koyg and Kg,c increase by 82%, 39%, and 361%, respectively.

Ky, of both joints remains constant, but the out-of-plane stiffness of the GSRJ is significantly improved than that of the two-layer rotational joint.
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Fig. C3. The stiffness comparison between the GSRJ (a1=a2, as=a4) and the two-layer rotational joint versus increasing thickness of the sandwich interconnection
H. (a) Rotational stiffness Ko,g; (b) Out-of-plane stiffness Koxg; (c) Out-of-plane stiffness Koyg; (d) Out-of-plane stiffness Kq.g; (e) The GSRJ; (f) The counterpart

model: a two-layer rotational joint.

To compare their stiffness under the same FT, the geometric parameters of the GSRJ and the single-layer rotational joint are slightly different, as
provided in Table 1 of Section 4.1. All other parameters are identical to those listed in Table C1.

M, is held constant at 0.1 (N-m), and the primary motion (rotational) stiffness and out-of-plane stiffness of the two designs are calculated using the
same approach described earlier. These results indicate that both the rotational stiffness and out-of-plane stiffness of the single-layer rotational joint
increase significantly with increasing FT. As demonstrated in Fig. C4(a), the GSRJ maintains a stable rotational stiffness, while the single-layer
rotational joint shows a progressive increase in both rotational stiffness and out-of-plane stiffness. In Figs. C4(b) to (d), the out-of-plane stiffness
of the GSRJ does not increase as much as that of the single-layer rotational joint under this geometric condition, which means the sheet width has a
significantly greater influence on the stiffness than the thickness of the sandwich interconnection.

— Analytical results of the GSRJ

""" Analytical results of the single-layer rotational joint O FEA results of the single-layer rotational joint

@ FEA results of the GSRJ
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Fig. C4. The stiffness comparison between the GSRJ (a1=a2, az=a4) and the single-layer rotational joint versus increasing FT. (a) Primary motion (rotational)
stiffness Ko,g; (b) Out-of-plane stiffness Koxg; (c) Out-of-plane stiffness Kgyg; (d) Out-of-plane stiffness Kq,; (€) The GSRJ; (f) The counterpart model: single-layer

rotational joint.
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Then we study the stiffness changes of the GSRJ, a single-layer rotational joint, and a two-layer rotational joint under increasing primary rotations
(67G). As shown in Figs. C5, all three designs exhibit similar stiffness trends, albeit with different magnitudes. However, the GSRJ consistently

demonstrates the highest out-of-plane stiffness. The single-layer rotational joint exhibits the smallest stiffness changes in Koxg and Koy, followed by
GSRJ. Stiffness change in Koy of the GSRJ is the smallest.

Ana FEA Ana  FEA Ana  FEA
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Fig. C5. The stiffness change comparison between the GSRJ (a1=a2, a3=a4), the two-layer rotational joint, and the single-layer rotational joint. (a-c) Analytical and
FEA results of Koxg, Koy, KdzG, and their stiffness changes.

(2) Case 2: stiffness ratio comparison under the same out-of-plane footprint of the sheets

The above results are analyzed under the condition of a consistent out-of-plane footprint (i.e., FT is constant and equal to Hy+2U) across all designs.
The following analysis is conducted under the condition that the out-of-plane footprint of the sheets remains constant—that is, the total sheet width is
kept the same, as illustrated in Fig. C6(a) and (b). Additionally, the geometric parameters of the GSRJ and the single-layer joint are identical except for
Hj and U. This ensures that both designs achieve the same in-plane rotational stiffness, allowing for a fair comparison of their normalized stiffness
ratios—namely, the ratio of the normalized out-of-plane stiffness to the normalized in-plane rotational stiffness—as shown in Fig. C6(c) to (e). The
normalized stiffness ratios are expressed in a dimensionless form and are used to evaluate the influence of H, on the out-of-plane stiffness. Compared
to the single-layer rotational joint, the results of the GSRJ show a significant increase in the normalized stiffness ratios with increasing Hj.

(b) (c)

3000

'\A
U=20 mm

0 1020 30 40 30
H, (mm)

GSRJ  Single-layer
Ana FEA Ana FEA

kipilhp — A - A
. kos/hoeg — ® ——- o
‘ Koyl Koz
0 10 20 30 40 50 0 10 20 30 40 50
H, (mm) H, (mm)

Fig. C6. The normalized stiffness ratios comparison between the GSRJ and the single-layer rotational joint. (a) GSRJ (a1=as, as=a4) (only Hy ranges from O to 50
mm); (b) Single-layer rotational joint; (c-e) Normalized stiffness ratio koxg/kozG, keyc/kezG, and kdzc/kezG, respectively.

(3) Case 3: Stiffness of GSRJ versus geometric parameters
A parametric analysis is conducted to investigate the influence of geometric parameters a; and a; on the stiffness of the GSRJ with H; fixed at 50
(mm). a; and a3 range from 10° to 80° with increments of 5° The remaining parameters are consistent with those specified in Table C1. The primary

motion (rotational) stiffness and out-of-plane stiffness results are shown in Fig. C7. Koxg increases with the increase of the two tilt angles while Kgyg
and Ky, decrease.
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Fig. C7. Influence of tilt angles on the out-of-plane stiffness of the GSRJ (a1 =a2, a3z =a4): (a-c) Analytical K4,6, Koxg, and Kgyc.

C3: Stiffness analysis for the GSTJ and comparisons with counterpart designs

(1) Case 1: Stiffness comparison among the GSTJ, two-layer joint, and single-layer rotational joint under an identical out-of-plane footprint

The two-layer translational joint shares the same geometric parameters as the GSTJ (Fig. C9(f)). The primary motion (translational) stiffness of the
GSTJ and the two-layer translational joint is Kqyg, which can be calculated by applying Fyg of 1 (N) and 1.2 (N) to the motion stage. The corresponding
results are presented in Fig. C8(a). Ky of both designs remains constant with increasing Ha. Then, with Fyg= F,g= 0.5 (N) and Fyg= 1(N), Kexg (or
Kgyc) is obtained using Mg (or Myg) of 0.01 (N-m) and 0.012 (N-m); K4, is calculated using F,g of 0.5 (N) and 0.6 (N). In Fig. C8(b) and (c), both Koxg
and Ky, increase significantly with the increase of Hy, while Kgyg in Fig. C8(c) shows a more gradual increase. When Hy =50 (mm), Koxg, Koy and
Kz increase by 83%, 36%, and 81%, respectively. Kqyg of both joints remains constant but the out-of-plane stiffness of GSTJ is significantly improved

over that of the two-layer translational joint.

— Analytical results of the GSTJ @ FEA results of the GSTI (e)
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Fig. C8. The stiffness comparison between the GSTJ and the two-layer translational joint versus increasing thickness of the sandwich interconnection Hs. (a) Primary
motion (translational) stiffness Kayg; (b) Out-of-plane stiffness Kgyg; (c) Out-of-plane stiffness Koyg; (d) Out-of-plane stiffness Kq,c; () GSTJ; (f) Counterpart model:
the two-layer translational joint.

Stiffness comparison between the GSTJ and the single-layer translational joint is as follows. The single-layer translational joint is shown in Fig. C9
(f). The geometric parameters of the GSTJ and the single-layer translational joint are slightly different, as detailed in Table 3. All other parameters are
identical to those listed in Table C2.

The loading conditions are the same as those in Case 2 of this section. As demonstrated in Fig. C9(a), the GSTJ maintains stable translational
stiffness, while the single-layer translational joint shows a progressive increase in both translational stiffness and out-of-plane stiffness. In Fig. C9(b) to
(d), the out-of-plane stiffness of the GSTJ increases gradually compared with that of the single-layer joint.

26



S. Li et al

International Journal of Mechanical Sciences 322 (2026) 111698

—— Analytical results of the GSTJ

----- Analytical results of the single-layer translational joint

@ FEA results of the GSTJ
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Fig. C9. The stiffness comparison between the GSTJ and the single-layer translational joint versus increasing FT. (a) Translational stiffness Kqy; (b) Out-of-plane
stiffness Kgyg; (c) Out-of-plane stiffness Koyg; (d) Out-of-plane stiffness Kq,g; (e) The GSTJ; (f) The counterpart model: single-layer translational joint.

H, is set to 50 (mm), while the remaining geometric parameters are identical to those listed in Table C2. Fig. C10 illustrates the out-of-plane
stiffness Kgxg, Koyg, and Kq,g of the GSTJ, the two-layer translational joint, and the single-layer translational joint. Prescribed primary displace-
ments are applied at the motion stage center. The stiffness changes of Koxg and Kg,c in the GSTJ are the smallest, while the stiffness change of Kgyg in

the single-layer design is the smallest.
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Fig. C10. Stiffness change comparison of the GSTJ, the two-layer translational joint, and the single-layer translational joint. (a-c) Analytical and FEA results of Koxg,

Keoyc, Kaz, and their stiffness changes.

(2) Case 2: stiffness ratio comparison under the same out-of-plane footprint of the sheets

A comparison is made between the normalized stiffness ratios of the GSTJ and the single-layer translational joint, as shown in Figs. C11(a) and (b).
It is observed that the stiffness ratios increase markedly with increasing Ho, as illustrated in Fig. C11(c) to (e).
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Fig. C11. The normalized stiffness ratio comparison between the GSTJ and the single-layer translational joint. (a) GSTJ model (only Hy ranges from 0 to 50 mm); (b)
the single-layer translational joint model; (c) Normalized stiffness ratio kexg/kdyc; (d) Normalized stiffness ratio keyc/kqyg; (€) Normalized stiffness ratio kgz/kayc-

Appendix D. Nomenclature in the text is indicated as follows

Table D1, Table D2.

Table D1
Abbreviations.
BCM Beam Constraint Model.
DoF Degree of Freedom.
DoC Degree of Constraint.
FEA Finite Element Analysis.
GSRJ A generalized sandwich design for the rotational joint.
GSTJ A generalized sandwich design for the translational joint.
GSLS A generalized sandwich design for the lumped-compliance sheet.
RCM Remote center of motion.

Table D2

Symbols. (i =1 or 2 and j = 1, 2, 3, or 4 in this table).

A

B

B; and B3
B

By

G

G

D;

Dc

DC_min

dc

Dy, Dy, D,
Dxc, Dyc, Dye
q

dg

dLefr_Leg
dRightLeg
Dsz Dp4,
DpZmola Dp4m03
DpAoj’ DpBo}'

Coefficients of the normalized mathematical equations for Line 1 and Line 2.
Length of the rigid block.

Height of the rigid block.

Horizontal distance between oy and Og for the left leg of the GSRJ.
Horizontal distance between o4 and Og for the right leg of the GSRJ.

Sheet center for sheet-j, and jg.

Normalized coordinates of c;.

Coefficients of the normalized mathematical equations for Line 1 and Line 2.
Center shift of the GSRJ with respect to Og-XgYgZg.

The minimum center shift of the GSRJ.

Normalized center shift of GSRJ.

Displacements of the motion-stage center.

Center shift with respect to Og-XgYgZg-

Normalized displacements at o; with respect to 0j-X;yjz;

Normalized displacements at Og with respect to Og-XgYgZg-

Normalized displacements of the left GSLS in GSRJ with respect to Og-XgYcZg
Normalized displacements of the right GSLS in GSRJ with respect to Og-XgYgZg
6 x 6 translational matrices built based on 02y g and o4m g, respectively.

6 x 6 translational matrices built based on 02y, o1 and 04m 3, respectively.

6 x 6 translational matrices built based on 0jam oj and 0jpm_oj, respectively.

(continued on next page)
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E Young’s Modulus of the material.

Fy, Fy, F; Forces loading at Og with respect to Og-XgYcZg.

FT Out-of-plane footprint of the GSRJ.

fe Normalized forces loading at Og with respect to Og-XgYcZg-
fj Normalized forces loading at o; with respect to 0j-x;yjzj.

fia Normalized forces loading at 0ja with respect to 0ja-Xjayjazja
H; Height of the motion stage.

H, Sandwich thickness.

I Cross-section moment.

Kax, Kay, Kz
Kox, Key, Koz

Displacement stiffness with respect to the Xg-axis, Yg-axis, and Zg-axis, respectively.

Rotational stiffness with respect to the Xg-axis, Yg-axis, and Zg-axis, respectively.

Normalized displacement stiffness with respect to the Xg-axis, Yg-axis, and Zg-axis, respectively.
Normalized rotational stiffness with respect to the Xg-axis, Yg-axis, and Zg-axis, respectively.

kdx; kdy; kdz

kex; key; kﬂz

Lj Sheet length

Lq Characteristic length for normalization.

My, My, M, Moments loading at Og with respect to Og-XgYgZg-

mg Normalized moments loading at Og with respect to Og-XgYGZg-
m; Normalized moments loading at o; with respect to o;-x;y;z;.

mja Normalized moments loading at oj4 with respect to oja-XjayjazZja
o Midpoint between o;4 and 0.

0j-Xjyjzj Local coordinate system at oj.

Oja, OjB Free end of each sheet.

OjA-XjAYiAZjA
OjB-XjBYjBZjB

Local coordinate system at sheet-ja.
Local coordinate system at sheet-jp.

0iA_oi» OB oi Normalized coordinates of 0;4 and o; with respect to 0;-Xyiz;.

0201 Normalized coordinates of o with respect to 01-x1y12z; in a non-deformed condition.

026 Normalized coordinates of oy with respect to Og-XgYgZg in a non-deformed condition.

02m G Normalized coordinates of oz with respect to Og-XgYgZg in a deformed condition of the GSRJ.
0403 Normalized coordinates of o4 with respect to 03-x3ysz3 in a non-deformed condition.

04 Normalized coordinates of o4 with respect to Og-XgYgZg in a non-deformed condition.

O4m G Normalized coordinates of o4 with respect to Og-XgYgZg in a deformed condition of the GSRJ.
0jA of Normalized coordinates of 0j, with respect to 0j-x;yjz; in a non-deformed condition.

0jB oj Normalized coordinates of ojp with respect to 0;-X;yjz; in a non-deformed condition.

Ojam_oj Normalized coordinates of Ojam_oj With respect to 0j-X;yjz; in a deformed condition of the GSRJ.
OjBm_oj Normalized coordinates of Ojam_oj With respect to 0j-X;yjz; in a deformed condition of the GSRJ.
Og Center of the motion stage.

0g oi Normalized coordinates of O with respect to 0j-x;yjz; in the non-deformed condition
Og-XgYoZg Global coordinate system of the GSRJ with the origin located at Og.

Q Coefficients for calculation the rotational center of GSRJ.

Rg 3 x 3 Rotational matrices with respect to Og-XgYgZg. denotes the

R; 3 x 3 Rotational matrices with respect to 0;-x;yiz;.

Rjs and R 3 x 3 Rotational matrices with respect to 0ja-XiaYiaZia.

Rz 3 x 3 Rotational matrix with respect to the Zg-axis.

RR1, RR3, Rrz(s) 6 x 6 rotational matrices building with R;, R3, and Ry respectively.

RieftLeg 3 x 3 Rotational matrix of the left GSLS in GSRJ with respect to 01-x1y121

RRightLeg 3 x 3 Rotational matrix of the right GSLS in GSRJ with respect to 03-x3y3z3

T Sheet thickness

U Sheet width

w; Coefficients of the normalized mathematical equations.

[Xe, Ye, Z)T Coordinates of the rotational center of the GSRJ with respect to Og-XgYgZg-.

Bi Rotational angle for R,

Oxj, Oyj, O Rotations with respect to 0j-XYj3).

O, Oy, 0, Rotations of the motion stage with respect to Og-XgYgZg-

Data availability

Data will be made available on request.
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