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A STOCHASTIC STINESPRING THEOREM

DEBASHISH GOSWAMI, J MARTIN LINDSAY, AND STEPHEN J WILLS

Abstract. Completely positive Markovian cocycles on a von Neumann alge-

bra, adapted to a Fock filtration, are realised as conjugations of ∗-homomorphic
Markovian cocycles. The conjugating processes are affiliated to the algebra,

and are governed by quantum stochastic differential equations whose coeffi-

cients evolve according to the ∗-homomorphic process. Some perturbation
theory for quantum stochastic flows is developed in order to achieve the above

Stinespring decomposition.

To appear in Mathematische Annalen

0. Introduction

The classical Stinespring Theorem ([Sti]) states that every bounded completely
positive linear map T from a unital C∗-algebra A into the algebra of bounded
operators on a Hilbert space H may be decomposed as

Ta = V ∗π(a)V (0.1)

for a unital representation (π,K) of A and a bounded operator V from H to K. A
decomposition of the same form holds for linear maps T : A → L(D;H), in which
D is a subspace of H which is not necessarily closed. In this case V ∈ L(D;K) and
is unbounded if T is. Complete positivity for such a map means that for any finite
collection {(ai, ξi)} from A×D,∑

i,j

⟨ξi, T (a∗i aj)ξj⟩ ≥ 0. (0.2)

In this paper we consider completely positive Markovian cocycles on a von Neu-
mann algebra which are adapted to a Fock filtration ([LW2]). We show that every
such cocycle k which is sufficiently regular satisfies

k̃t(a) =W ∗
t jt(a)Wt

(in which k̃ is a certain extension of k) where j is a ∗-homomorphic Markovian
cocycle, and W is a process affiliated to the algebra and satisfying a quantum
stochastic differential equation of the form

dWt = jt(l
α
β )Wt dΛ

β
α(t), W0 = 1 (0.3)

([Par],[LW1]). To achieve this continuous time stochastic Stinespring decomposition
it may be necessary to enlarge the dimension of the quantum noise driving the given
process k.

Interest in completely positive stochastic flows and their structure comes from
several sources. They arise naturally in the quantum theory of filtering ([Be1]); they
will be required for any quantum theory of measure-valued diffusions ([GLSW]); but
also their study allows quantum dynamical semigroups ([EvL]), quantum diffusions
on an operator algebra ([Hud],[Eva]), and contraction processes on a Hilbert space
([Fag],[Moh]), to be viewed from a common vantage point ([LiP],[LW1]). In a sister
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2 DEBASHISH GOSWAMI, J MARTIN LINDSAY, AND STEPHEN J WILLS

paper ([GLSW]) completely positive Markovian contraction cocycles are dilated
to ∗-homomorphic Markovian cocycles driven by a higher dimensional quantum
noise, extending the dilation of quantum dynamical semigroups achieved in [GoS].
Perturbations of the form (0.3), in which W is unitary and j is unital, were studied
originally in [EvH] and subsequently in [DaS].

The plan of the paper is as follows. Notations are developed in the first section.
In the second section some elementary properties of algebra matrices, and maps of
algebra matrices induced by C∗-maps, are established, and some quantum stochas-
tic theory is recalled. The equation (0.3) is studied, for contractivity, isometry and
coisometry of its solution, in the third section, and this is then applied to obtain
completely positive perturbations of the ∗-homomorphic Markovian cocycle j, by
conjugation. In the final section the advertised Stinespring decomposition is ob-
tained, by combining the perturbation theory with characterisations of completely
positive regular Markovian cocycles by the form of their generator. We also give a
realisation in which j is replaced by ampliation:

kt(a) = X∗
t (a⊗ 1)Xt.

Here the conjugating process need no longer be affiliated to the algebra. In both
cases it may be necessary to enlarge the noise dimension space.

1. Preliminaries

In this section we establish notations, and various identifications to be used
throughout the paper. We fix once and for all a Hilbert space h, called the initial
space.

General notations. We use the symbol ⊙ to denote algebraic tensor products,
and reserve the symbol ⊗ for tensor products of Hilbert spaces, bounded Hilbert
space operators, von Neumann algebras and normal completely bounded linear
maps between von Neumann algebras. For Hilbert spaces K,K1,K2, and a von
Neumann algebra M acting on K, M⊗B(K1;K2) denotes the Hilbert W ∗-module

{T ∈ B(K ⊗K1;K ⊗K2) : T (a
′ ⊗ 1K1) = (a′ ⊗ 1K2)T ∀a′ ∈ M′};

it is abbreviated to M⊗K2 when K1 = C.

Particular notations. Let k be a separable Hilbert space with orthonormal basis

η = (ei)i≥1, extended to a basis (eα)α≥0 of k̂ := C ⊕ k by putting e0 = 1. Let

D = dim k̂. The isometric embeddings

Eα : h → h⊗ k̂, Eαu = u⊗ eα

give rise to the identification

⊕γ≥0h = h⊕ (h⊗ k) = h⊗ k̂

via the mapping (uγ)γ≥0 7→ Eγu
γ (summation over γ), with inverse ξ 7→ (Eγξ)γ≥0,

where Eγ := (Eγ)
∗. The following dense subspace is useful:

h00 := {(uγ) ∈ h⊗ k̂ : uα ̸= 0 for only finitely many α};
we write dim(uγ) for max{α ≥ 0 : uα ̸= 0}.

For any complex vector space V , MD(V ) denotes the collection of (D × D)
matrices v = [vαβ ] with entries in V , the indices ranging over the set {γ : 0 ≤ γ < D}.
MD(V ) is endowed with linear structure by pointwise defined operations, and when
V has an involution †, this gives rise to an involution v 7→ v† on MD(V ) defined by
(v†)αβ = (vβα)

†. Throughout the paper Einstein’s summation convention for repeated

indices will apply, with greek indices running over the set {γ : 0 ≤ γ < D} and
roman indices running over the set {i : 1 ≤ i < D} indexing the basis η (where k,
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and so D, will be evident from the context). For any v ∈ MD(V ) its cutoff matrices
{v[N ]}N<D are defined by

v[N ]α

β =

{
vαβ , if α, β ≤ N

0, otherwise
.

Sometimes v[N ] is viewed as an element of MN+1(V ). Define c(D) to be CD−1 if
D <∞, and c00(N) otherwise, where c00(N) is the collection of complex sequences
(zi)i≥1 whose terms are eventually zero. For v ∈ MD(V ) and w, z ∈ c(D), we use
the notation

vw,z := wαv
α
β z

β

where wα = wα, and w0 = z0 = 1.

Fock space. For a Hilbert space K containing a vector f , Γ(K), ε(f) and Ω(K)

denote respectively the symmetric Fock space over K:
⊕

n≥0 ⊗
(n)
sym.K, the expo-

nential vector of f : ((n!)−1/2 ⊗(n) f) ∈ Γ(K), and the vacuum vector for K:
ε(0) = (1, 0, 0, . . .). The exponential property Γ(K1 ⊕ K2) = Γ(K1) ⊗ Γ(K2) is
best viewed via exponential vectors: ε(f1, f2) ↔ ε(f1)⊗ ε(f2). When K = L2(J ; k)
for some measurable subset J of R+ and Hilbert space k, we write FJ,k, ΩJ,k, BJ,k

and 1J,k for Γ(K), Ω(K), B(Γ(K)) and the identity operator on Γ(K) respectively,
abbreviating further, to Fk, Ωk, Bk and 1k, when J = R+.

If J is a disjoint union of measurable sets J0 and J1, and k is an orthogonal sum
of Hilbert spaces k0 and k1 then the following identifications result:

Fk = Fk0 ⊗Fk1 ; Fk0 = Fk0 ⊗ Ωk1 ; Bk = Bk0 ⊗ Bk1 ; Bk0 = Bk0 ⊗ 1k1 ;

FJ,k = FJ0,k ⊗FJ1,k; FJ0,k = FJ0,k ⊗ ΩJ1,k;

BJ,k = BJ0,k ⊗ BJ1,k; BJ0,k = BJ0,k ⊗ 1J1,k.

Now let η = (ei) be an orthonormal basis of k. Since

M [η] := Lin{φ⊗ ei : φ ∈ (L2 ∩ L∞
loc)(R+), i ≥ 1}

is dense in L2(R+)⊗ k = L2(R+; k),

E [η] := Lin{ε(f) : f ∈ M [η]}

is a dense subspace of Fk. For f ∈ M [η] let

f0(t) = 1; f i(t) = ⟨ei, f(t)⟩, i ≥ 1,

let dim f = max{γ ≥ 0 : fγ ̸= 0}, and write fα for fα.

2. Algebra matrix mappings and quantum processes

In this section we prove some elementary properties of algebra matrices and
algebra matrix maps induced by C∗-algebra maps. We also recall some facts from
quantum stochastic calculus, for which our basic references are [Par] and [LW1].

Fix a separable Hilbert space k with orthonormal basis η, and let D = dim k̂.

Algebra matrices. Let A be a C∗-algebra acting on h. Elements of MD(B(h))
and MD(A) are called operator matrices and algebra matrices respectively. These
spaces are well understood when D < ∞, however for the purposes of this paper
it is vital that we are able to cope with the case D = ∞. The basic properties
of operator matrices (when D = ∞) are developed in [LW1], starting from the
regularity conditions introduced in [MoS]. Here we continue this study since we need
to consider the behaviour of algebra matrices under multiplication/composition,
and under transformations induced by completely positive maps.
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An operator matrix F determines (possibly unbounded) operators Fα : ⊕γ≥0h →
h, F̃ : ⊕γ≥0h → ⊕γ≥0h and Fβ : h → ⊕γ≥0h as follows:

Fα(uγ) = Fα
β u

β , DomFα = h00

F̃ (uγ) = (Fα
β u

β)α≥0, Dom F̃ = {(uγ) ∈ h00 :
∑

α≥0∥Fα
β u

β∥2 <∞}
Fβu = (Fα

β u)α≥0, DomFβ = {u ∈ h :
∑

α≥0∥Fα
β u∥2 <∞},

An operator matrix F is regular if each Fβ is everywhere defined and bounded, or,

equivalently, F̃ has domain h00; and is bounded if F̃ is bounded and has domain

h00. When F is bounded we identify it with the bounded operator on h⊗ k̂ obtained

by continuous linear extension of F̃ . The salient properties are as follows:

(F †)γ = (F γ)∗, Fβ = F̃Eβ , Fα
β ⊃ EαF̃Eβ ,

in particular each Fβ is a closed operator. When F is regular the above inclusion
is an equality, and

(Fα
β )

∗Fα
γ = (Fβ)

∗Fγ ,

the convergence in the left hand side being in the strong operator sense.
When F is bounded,

Fβ(Fβ)
∗ = FF ∗, (Fα)∗Fα = F ∗F

and
F [N ] → F,

again in the strong operator sense. If F is only regular, then the strong convergence
of the cutoffs F [N ] to F still holds on h00. We shall use the notation

MD(A)R = {l ∈ MD(A) : l is regular}
MD(A)b = {l ∈ MD(A) : l is bounded}

Note that if l ∈ MD(A)R then

lβa
′v = (a′lαβv)α≥0 = (a′ ⊗ 1)lβv ∀a′ ∈ A′, v ∈ h, (2.1)

so lβ ∈ A′′ ⊗ k̂; also

A⊗σ B(k̂) ⊂ MD(A)b ⊂ A′′ ⊗ B(k̂),
where ⊗σ denotes the spatial tensor product; the second inclusion being an equality
if and only if A is a von Neumann algebra; the first inclusion being an equality when
either A or k is finite dimensional.

An operator matrix F is nonnegative, written F ≥ 0, if the corresponding densely
defined quadratic form

h00 → C, (uγ) 7→ ⟨uα, Fα
β u

β⟩

is nonnegative, that is if and only if each of the cutoff matrices F [N ] is nonnegative
as an element of MN+1(B(h)). This corresponds with the usual definition when F
is bounded.

Lemma 2.1. The map

MD(B(h))R ×MD(B(h))R → MD(B(h))

(F,G) 7→ F †G := [(Fα)
∗Gβ ]

enjoys the following properties:

(a) F †(G + λH) = F †G + λF †H; G†F = (F †G)†; and F †F ≥ 0 with equality
if and only if F = 0.

(b) If F and G are bounded, then F †G = F ∗G.
(c) If F is bounded then F †G is regular.
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(d) For a C∗-algebra A acting on h, the map restricts to a map

MD(A)R ×MD(A)R → MD(A′′).

Proof. When F is bounded, (F †G)β = F ∗Gβ , so F
†G is regular. If l,m ∈ MD(A)R

then lα,mβ ∈ A′′ ⊗ k̂ by (2.1), so (lα)
∗mβ ∈ A′′. The rest of the lemma follows

easily. □

Algebra matrix maps. Let A be a C∗-algebra acting on h and let C be another
C∗-algebra acting on a Hilbert space h′. For a linear map T : A → C we write
T (D) for the induced map MD(A) → MD(C) defined by (T (D)l)αβ = T (lαβ ). This

notation is consistent with the usual notation T (n) for the induced map between
the C∗-algebras Mn(A) and Mn(C), for n ∈ N.

The following identities are useful: let (vγ) ∈ h00, and for each N define cutoffs
v[N ] = (v0, v1, . . . , vN ) ∈ ⊕N

α=0h, then

⟨vα, lαβvβ⟩ = ⟨v[N ], l[N ]v[N ]⟩ for all N ≥ dim(vγ); (2.2)

for T ∈ B(A; C) and l ∈ MD(A),

(T (D)l)[N ] = T (N+1)l[N ]; (2.3)

and for l ∈ MD(A)R,

∥l(vγ)∥ = lim
N→∞

∥l[N ]v[N ]∥. (2.4)

Lemma 2.2. Let T : A → C be a completely bounded linear map, and let l ∈
MD(A).

(a) If l is regular then T (D)l is regular, and

∥(T (D)l)β∥ ≤ ∥T∥cb∥lβ∥ ∀β.

(b) If l is bounded then T (D)l is bounded, and

∥T (D)l∥ ≤ ∥T∥cb∥l∥.
(c) If l is nonnegative and T is completely positive, then T (D)l ≥ 0.
(d) If l is regular and T is completely positive, then

(T (D)l)†T (D)l ≤ ∥T∥T (D)(l†l),

provided l†l ∈ MD(A).

Proof. Let l ∈ MD(A) and put m = T (D)l.
(a) By the Wittstock-Paulsen Theorem ([Pau], Theorem 7.4) there is a repre-

sentation (π,K) of A with bounded operators V,W ∈ B(h′;K) such that

Ta = V ∗π(a)W, ∥V ∥ = 1, ∥W∥ = ∥T∥cb.
If l is regular then, for each N, β and v,∑

α≤N

∥mα
βv∥2 ≤

∑
α≤N

∥π(lαβ )Wv∥2

= ⟨Wv, π
(∑

α≤N l
α∗
β lαβ

)
Wv⟩

≤ ∥Wv∥2∥
∑

α≤N (lαβ )
∗lαβ∥

≤ ∥T∥2cb∥v∥2∥lβ∥2,
and the result follows.

(b) If l is bounded then, for (vγ) ∈ h′00, (2.2) and (2.3) give

|⟨vα,mα
βv

β⟩| ≤ ∥v[N ]∥2∥T (N+1)∥∥l[N ]∥
≤ ∥(vγ)∥2∥T∥cb∥l∥,
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thus the form associated with m is bounded with norm at most ∥T∥cb∥l∥, and so
the result follows.

(c) This follows immediately from (2.2) and (2.3).
(d) Let (vγ) ∈ h′00 and N ≥ dim(vγ). Then (l†l)[N ] ≥ l†[N ]l[N ], and so applying

the operator Schwarz inequality to T (N+1) gives

∥T∥⟨vα, (T (D)(l†l))αβv
β⟩ = ∥T∥⟨v[N ], T (N+1)((l†l)[N ])v[N ]⟩

≥ ∥T (N+1)∥⟨v[N ], T (N+1)(l†[N ]l[N ])v[N ]⟩

≥ ∥(T (N+1)l[N ])v[N ]∥2

= ∥(T (D)l)[N ]v[N ]∥2,

since ∥T∥cb = ∥T∥ for completely positive operators. Letting N → ∞ gives the
result by (2.4). □

Mapping matrices. Again let A be a C∗-algebra acting on h. Elements of
MD(B(A)) are called mapping matrices. A mapping matrix may be viewed as
a linear map θ : A → MD(A) by

θ(a)αβ = θαβ (a).

The following mapping matrices are useful:

∆α
β =

{
id, α = β ̸= 0

0, otherwise
, ιαβ =

{
id, α = β

0, otherwise
.

The first of these is used to define transforms on MD(B(h)), MD(B(A)) and MD(A)
as follows:

F̂ = F +∆(1), θ̂ = θ +∆, l̂ = l +∆(1).

A number of regularity conditions on mapping matrices are discussed in [LW1].
The most important for us here are (complete) boundedness and M-S regularity. A
mapping matrix θ is bounded if θ(A) ⊂ MD(A)b, and so each θ(a) may be identified

with a bounded operator in A′′⊗B(k̂). The Uniform Boundedness Principle applied
to the sequence of cutoffs (θ[N ]) implies that θ is then bounded as a linear operator:

θ ∈ B(A;A′′ ⊗ B(k̂)). The space of completely bounded mapping matrices are thus
defined in the obvious manner.

A mapping matrix θ is M-S regular if for each a the algebra matrix θ(a) is
regular, and if there exists a Hilbert space K, and a sequence {Bβ} ⊂ B(h; h ⊗ K)
such that

θ(a)∗βθ(a)β ≤ B∗(a∗a⊗ 1K)B ∀a ∈ A.
This is a sufficient condition to ensure the existence of a solution to the quantum
stochastic differential equation (2.10) below. A weaker sufficient condition on θ
for the existence of a solution is strong regularity ([LW1]). However, if A is a von
Neumann algebra and θ is completely bounded and normal then it is necessarily
M-S regular ([LW1], Proposition 1.3).

Quantum stochastic processes. A E [η]-process on the initial space h, with noise
dimension space k and fixed basis η, is a time-indexed family of operators (Xt)t≥0

on h⊗Fk such that

(i) DomXt = h⊙ E [η]
(ii) t 7→ Xtuε(f) is weakly measurable
(iii) Xtuε(f[0,t[) ∈ h⊗F[0,t[,k and Xtuε(f) = [Xtuε(f[0,t[)]⊗ ε(f[t,∞[)

where fI := f1I and 1I denotes the indicator function of the set I.
An E [η]-process X is measurable/continuous if it satisfies

(ii)′ t 7→ Xtuε(f) is strongly measurable/continuous,
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and strongly regular if for all f and T > 0

sup{∥Xtuε(f)∥ : ∥u∥ = 1, t ∈ [0, T ]} <∞.

Processes X and Y are identified when for each ξ ∈ h⊗Fk and ζ ∈ h⊙ E [η],

⟨ξ,Xtζ⟩ = ⟨ξ, Ytζ⟩ for a.a. t.

The collection of (equivalence classes of) such processes is denoted P(h, E [η]). Quan-

tum stochastic integrals, written
∫ t

0
Xs dΛ

α
β(s), are defined for any process X such

that t 7→ Xtξ is locally square integrable for all ξ ∈ h ⊙ E [η], where Λ = [Λα
β ] is

the matrix of fundamental integrator processes defined with respect to the basis η
of k ([HuP],[Par]). A process matrix Z = [Zα

β ] ∈ MD(P(h, E [η])) is stochastically
integrable if ∫ t

0

∑
α≥0

∥Zα
β (s)uε(f)∥2 ds <∞

for all t, β, u and f . It is for such matrices that the process
∫ t

0
Zα
β (s) dΛ

β
α(s) is

defined as a strong limit (on h ⊙ E [η]) of partial sums over α, β, and satisfies the
fundamental estimate

∥
∫ t

0

Zα
β (s) dΛ

β
α(s)uε(f)∥2 ≤ 2eνf (t)

dim f∑
β=0

∫ t

0

∑
α≥0

∥Zα
β (s)uε(f)∥2 dνf (s) (2.5)

where νf (t) =
∫ t

0
(1 + ∥f(s)∥2) ds (see [Par],[LW1]). It follows that the process

(
∫ t

0
Zα
β (s) dΛ

β
α(s))t≥0 is continuous. Moreover it satisfies the identity

⟨uε(f),
∫ t

0

Zα
β (s) dΛ

β
α(s)vε(g)⟩ =

∫ t

0

fα(s)g
β(s)⟨uε(f), Zα

β (s)vε(g)⟩ ds, (2.6)

which serves to determine its action on h ⊙ E [η]. If Y = [Y α
β ] ∈ MD(P(h, E [η])) is

another stochastically integrable process matrix then we have

⟨It(Y )uε(f), It(Z)vε(g)⟩ =
∫ t

0

fα(s)g
β(s)

{
⟨Is(Y )uε(f), Zα

β (s)vε(g)⟩

+ ⟨Y β
α (s)uε(f), Is(Z)vε(g)⟩+ ⟨Y i

α(s)uε(f), Z
i
β(s)vε(g)⟩

}
ds,

(2.7)

where It(Y ) =
∫ t

0
Y α
β (s) dΛβ

α(s), and similarly for Z. This is a rigorous for-
mulation of the quantum Itô formula. Thus we see that the formal expression
dXt = Zα

β (t) dΛ
β
α(t) can have different levels of meaning for X,Zα

β ∈ P(h, E [η]). X
has a weak stochastic integral representation in terms of the processes Zα

β if

t 7→ fα(t)g
β(t)⟨uε(f), Zα

β (t)vε(g)⟩ is locally integrable

and

⟨uε(f), (Xt −X0)vε(g)⟩ =
∫ t

0

fα(s)g
β(s)⟨uε(f), Zα

β (s)vε(g)⟩ ds (2.8)

for all u, v, f, g and t. If also the process matrix [Zα
β ] is stochastically integrable,

then we say that X has a strong stochastic integral representation in terms of Z,
since the following equation holds:

Xt −X0 =

∫ t

0

Zα
β (s) dΛ

β
α(s).

It is in this sense that we distinguish between weak and strong solutions of quantum
stochastic differential equations in what follows, noting that the identity (2.7) is
only available to us when we have strong representations.
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For a C∗-algebra A acting on the initial space h, P(A, E [η]) denotes the space of
linear maps k : A → P(h, E [η]) satisfying the affiliation condition

kt(a)a
′uε(f) = (a′ ⊗ 1k)kt(a)uε(f) (2.9)

for all a′ ∈ A′. Such a process is called bounded, completely bounded, contractive,
completely positive or, when A is a von Neumann algebra, normal, if each kt has
that property. Recall the meaning of complete positivity for unbounded maps (0.2).
It is weakly regular if for all choices of f, g ∈ M [η] and T > 0

sup{|⟨uε(f), kt(a)vε(g)⟩| : ∥u∥ = ∥a∥ = ∥v∥ = 1, t ∈ [0, T ]} <∞,

and measurable if each k·(a) ∈ P(h, E [η]) is measurable. We will identify bounded
densely defined operators with their continuous extension, and consequently write
Pb(h, k), Pb(A, k) and Pcb(A, k) for the space of bounded processes on h, bounded
processes on A and completely bounded processes on A respectively.

For a von Neumann algebra M acting on h, if k ∈ Pcb(M, k) is normal then it
is a Markovian cocycle if it satisfies

ks+t = k̂s ◦ σs ◦ kt
([Bra]) where σs = id⊗σ̌s and k̂s = ks ⊗ id[s,∞[, σ̌s : Bk → B[s,∞[,k being the right
shift on Fock space operators and id[s,∞[ being the identity operator on B[s,∞[,k, the
algebra of Fock space operators “beyond s”. By means of a Feller-type condition
Bradshaw’s definition of Markovian cocycle can be extended to the much broader
context of C∗-algebras where they may even be unbounded ([LW2]). The following
result is proved there.

Theorem 2.3 ([LW2]). Let k ∈ Pb(A, k) be a completely positive contraction pro-
cess on a unital C∗-algebra A acting on h. Then the following are equivalent :

(i) k is a regular Markovian cocycle
(ii) k strongly satisfies a quantum stochastic differential equation of the form

dkt = kt ◦ θαβ dΛβ
α(t), k0(a) = a⊗ 1 (2.10)

for some θ ∈ MD(B(A)).

In this case the mapping matrix θ is completely bounded and has the form

θ̂(a) = ψ(a) + J∗aE0 + E0aJ

where ψ ∈ B(A;A′′ ⊗ B(k̂)) is completely positive, J ∈ A′′ ⊗ B(k̂;C) and ψ(1) +
J∗E0 + E0J ≤ ∆(1).

Regularity for a Markovian cocycle means that the associated Markov semigroup
(E 0 ◦ kt)t≥0 is norm continuous.

3. Perturbations of processes

For this section let A be a unital C∗-algebra acting on the initial Hilbert space
h, let H = h ⊗ Fk where k is a separable noise dimension space with orthonormal

basis η, and let D = dim k̂. We are interested in the following class of QSDE’s:

dWt = jt(l
α
β )Wt dΛ

β
α(t), W0 = 1 (3.1)

in which l ∈ MD(A) and j ∈ P(A, E [η]). Such equations were first considered
in [EvH], for finite dimensional k, and extended to countably infinite dimensional
k in [DaS]. In those works, j was assumed to be a unital ∗-homomorphic flow
governed by a quantum stochastic differential equation of the form (2.10) and l
was assumed to be an algebra matrix satisfying the conditions which are sufficient
([HuP],[MoS]) and necessary ([LW1]) for unitarity of the solution of the equation
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obtained from (3.1) when j is taken to be the identity map. In particular, by [LW1],
Proposition 7.5, such l is necessarily bounded, even for infinite dimensional k.

A class of QSDE’s. We first discuss quantum stochastic differential equations of
the form

dXt = Fα
β (t)Xt dΛ

β
α(t), X0 = 1 (3.2)

in which the coefficients Fα
β are time-dependent and adapted, but bounded. In order

to do this we extend the regularity condition introduced by Mohari and Sinha from
operator matrices to process matrices: F ∈ MD(Pb(h, k)) is a regular process matrix
if it satisfies:

(i) each Fα
β is a measurable process;

(ii) F (t) ∈ MD(B(H))R for all t;
(iii) Fβ : t→ F (t)β has locally uniform bounds, for all β.

Thus F is a regular process matrix if and only if (i) holds and for each β ≥ 0 and
T ≥ 0 there is a constant cβ,T such that

sup
t∈[0,T ]

∑
α≥0

∥Fα
β (t)ξ∥2 ≤ cβ,T ∥ξ∥2 (3.3)

for all ξ ∈ H. The collection of such process matrices is denoted MD(Pb(h, k))R.

Proposition 3.1. Let F ∈ MD(Pb(h, k))R. Then the quantum stochastic differen-
tial equation (3.2) has a unique strong solution X ∈ P(h, E [η]), which furthermore
is strongly regular.

Proof. Let cβ,T be regularity constants for F , according to (3.3), and consider the
Picard iteration scheme:

X{0} = 1; X
{n+1}
t = 1 +

∫ t

0

Fα
β (s)X

{n}
s dΛβ

α(s), n ≥ 0.

Suppose that the process X{k} ∈ P(h, E [η]) has been shown to exist, then Fα
β X

{k}

inherits measurability from X{k} and (3.3) implies that [Fα
β X

{k}] is stochastically

integrable. The fundamental estimate (2.5) together with (3.3) therefore gives

∥[X{k+1}
t −X{k}

t ]uε(f)∥2

≤ 2 exp(νf (t))

dim f∑
β=0

∫ t

0

∑
α≥0

∥Fα
β (s)[X

{k}
s −X{k−1}

s ]uε(f)∥2 dνf (s)

≤ C(f, t)

∫ t

0

∥[X{k}
s −X{k−1}

s ]uε(f)∥2 dνf (s)

for t ≤ T , where C(f, t) = 2 exp νf (t)
∑dim f

β=0 cβ,T . By induction we see that the
iterative scheme is well-defined, and that the iterates satisfy

∥[X{n+1}
t −X

{n}
t ]uε(f)∥2 ≤ ((n+ 1)!)−1D(f, t)n+1∥uε(f)∥2

where D(f, t) = νf (t)C(f, t). It follows that the sequence of processes (X{n}) is
strongly convergent on h⊙ E [η], that the convergence is uniform on bounded time
intervals, and that the process obtained in the limit is both a strong solution of (3.2)
and strongly regular. If X ′ ∈ P(h, E [η]) is another strong solution, then for u ∈ h
and f ∈ M [η],

∥[Xt −X ′
t]uε(f)∥2 ≤ C(f, t)

∫ t

0

∥[Xs −X ′
s]uε(f)∥2 dνf (s),

by the same reasoning as above. Iterating this relation, and using the continuity of
strong solutions, therefore gives equality of X and X ′. □
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The method of proof is standard for quantum stochastic lore ([HuP],[Par],[DaS]).
It is included here merely to highlight natural conditions for its validity in the con-
text of time-dependent coefficient process matrices whose components are bounded
operator-valued. In any case a direct proof of Proposition 3.2 below would be no
simpler.

Perturbations of processes. We begin with existence and uniqueness for the
class of equations of interest here.

Proposition 3.2. Let l ∈ MD(A)R and let j ∈ Pcb(A, k) be measurable, and have
locally uniform complete bounds. Then the quantum stochastic differential equa-
tion (3.1) has a unique strongly regular strong solution W ∈ P(h, E [η]). Moreover
W is affiliated to A′′⊗Bk in the sense that (a′⊗ 1)Wt =Wt(a

′⊗ 1) for all a′ ∈ A′.

Proof. As in the proof of Lemma 2.2(a), we have∑
α≥0

∥jt(lαβ )ξ∥2 ≤ ∥jt∥2cb∥lβ∥2∥ξ∥2 ((3.3)′)

for all ξ in H, thus the process matrix [j·(l
α
β )] is regular. The existence, uniqueness

and strong regularity of W therefore follow from Proposition 3.1. For a′ ∈ A′ put
Yt = (a′ ⊗ 1)Wt −Wt(a

′ ⊗ 1) and let T > 0. Then since j is assumed to satisfy the
affiliation condition (2.9) we have

∥Ytuε(f)∥2 = ∥
∫ t

0

js(l
α
β )Ys dΛ

β
α(s)uε(f)∥2

≤ E

∫ t

0

∥Ysuε(f)∥2 dνf (s).

for all t ≤ T , by (2.5) and (3.3)′, where E is a constant depending on f, j, l and T .
Iterating this identity, and using the continuity of the process Y , shows that Y = 0
as required. □

We now determine necessary and sufficient conditions on l for the process W
obtained above to be a contraction, isometry or coisometry process. Relevant to
these discussions are the following operator matrices constructed from l:

q(l) = l + l† + l†∆(1)l and r(l) = l + l† + l∆(1)l†.

By Lemma 2.1 q(l) is defined for all l ∈ MD(A)R, and r(l) is defined for all l ∈
MD(A) such that l† ∈ MD(A)R; they are both elements of MD(A′′). If l ∈ MD(A)R
and q(l) ≤ 0 (as a form on h00) then l is necessarily bounded ([LW1], Theorem 5.2
and Proposition 7.3). Thus in this case it follows that r(l) is well-defined, and also
that r(l) ≤ 0 ([LW1], Theorem 7.5).

Proposition 3.3. Let l ∈ MD(A)R, let j ∈ Pb(A, k) be a measurable CP contrac-
tion process, and let W ∈ P(h, E [η]) be the strong solution of (3.1).

(i) If q(l) ≤ 0 then W is a contraction process.
(ii) If j is pointwise weakly continuous at 0, with j0(a) = a⊗ 1, and if W is a

contraction process, then q(l) ≤ 0.

Proof. Let ξ =
∑

p upε(fp) ∈ h ⊙ E [η]. Since W is a strong solution of (3.1) the

quantum Itô formula (2.7) along with the Dominated Convergence Theorem may
be applied, giving

∥Wtξ∥2 − ∥ξ∥2 = lim
N→∞

∫ t

0

⟨xα(s), [js(lαβ + lβ∗α ) +
∑
i≤N

js(l
i
α)

∗js(l
i
β)]x

β(s)⟩ ds (3.4)
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where xα(s) =
∑

p f
α
p (s)Wsupε(fp) ∈ H. Let Li ∈ MD(A)R be the operator matrix

whose only nonzero entries lie in the first row, which is [li0 l
i
1 . . .], the ith row of l.

Then, for (ξγ) ∈ H00 ⊂ H⊗ k̂ and N ∈ N,∑
i≤N

⟨ξα, js(liα)∗js(liβ)ξβ⟩ =
∑
i≤N

⟨(ξγ), j(D)
s (Li)

†j(D)
s (Li)(ξ

γ)⟩

≤
∑
i≤N

⟨(ξγ), j(D)
s (L†

iLi)(ξ
γ)⟩

= ⟨(ξγ), j(D)
s (l†∆[N ](1)l)(ξγ)⟩,

(3.5)

by Lemma 2.2(d), since L†
iLi ∈ MD(A) (no summation). Feeding this inequality

back into (3.4) gives

∥Wtξ∥2 − ∥ξ∥2 ≤ lim sup
N→∞

∫ t

0

⟨x(s), j(D)
s (l + l† + l†∆[N ](1)l)x(s)⟩ ds.

So now if q(l) ≤ 0 then the algebra matrix inequality l + l† + l†∆[N ](1)l ≤ 0 holds
for all N . Thus, by Lemma 2.2(c), W is a contraction process.

Suppose conversely thatW is a contraction process and that j is pointwise weakly
continuous at 0 with j0(a) = a⊗ 1. Then

0 ≥ ∥Wtξ∥2 − ∥ξ∥2 ≥
∫ t

0

⟨xα(s), [js(lαβ + lβ∗α ) +
∑
i≤N

js(l
i
α)

∗js(l
i
β)]x

β(s)⟩ ds

for each N . The operator Schwarz inequality implies that t 7→ jt(a) is strongly
continuous at 0, so if we choose the fp to be continuous then the integrand above
is continuous at 0. Thus we can differentiate and then vary the up and fp to get

the form inequality l + l† + l†∆[N ](1)l ≤ 0. The result now follows by letting
N → ∞. □

The pointwise weak continuity condition is satisfied by weak solutions of quan-
tum stochastic differential equations of the form (2.10). Our next result specialises
the above to the case where W is an isometry or coisometry process. Note that
by the proposition above and the comment preceding it we know that the algebra
matrix l must be bounded if W is to be an isometry or coisometry process.

Proposition 3.4. Let l, j and W be as in Proposition 3.3, with l bounded.

(a) Suppose that q(l) ∈ MD(A).
(i) If j is pointwise weakly continuous at 0 with j0(a) = a ⊗ 1, and if W

is an isometry process, then q(l) = 0.
(ii) If j is ∗-homomorphic,

jt(l
i
α)

∗jt(l
i
β) = jt(l

i∗
α l

i
β) ∀α, β, (3.6)

and q(l) = 0, then W is an isometry process.
(b) Suppose that r(l) ∈ MD(A), and that j is pointwise weakly continuous at 0

with j0(a) = a⊗ 1. If W is a coisometry process then r(l) = 0.

Proof. (a) Using Lemma 2.2, the equation (3.4) becomes

∥Wtξ∥2 − ∥ξ∥2 =

∫ t

0

⟨x(s),
[
j(D)
s (l + l∗) + j(D)

s (l)∗∆(1)j(D)
s (l)

]
x(s)⟩ ds, ((3.4)′)

with ξ ∈ h⊙ E [η] and x defined as in the proof of Proposition 3.3.

(i) By Lemma 2.2(b) it follows that t 7→ j
(D)
t (l) is weakly continuous at 0, and

then part (d) of the same result implies that it is in fact strongly continuous at 0.
Thus if W is an isometry process then we can differentiate (3.4)′ at 0 to show that
q(l) = 0.
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(ii) By (3.6) we have j
(D)
s (l)∗∆(1)j

(D)
s (l) = j

(D)
s (l∗∆(1)l), and so if q(l) = 0 then

the integrand in (3.4)′ is zero, hence W is an isometry process.
(b) Since W is coisometric and continuous,

∥(W ∗
t −W ∗

s )ξ∥2 = 2∥ξ∥2 − 2Re⟨ξ,WtW
∗
s ξ⟩ → 0

as t→ s. That is, the adjoint process W ∗ is continuous, and it follows that

W ∗
t = 1 +

∫ t

0

W ∗
s js(l

β∗
α ) dΛβ

α(s).

Applying (2.7) then gives

∥W ∗
t ξ∥2 − ∥ξ∥2 =

∫ t

0

⟨y(s),
[
j(D)
s (l)ι(WsW

∗
s ) + ι(WsW

∗
s )j

(D)
s (l∗)

+ j(D)
s (l)∆(WsW

∗
s )j

(D)
s (l∗)

]
y(s)⟩ ds

with ξ as before and yα(s) =
∑

p f
α
p (s)upε(fp). The arguments of (a(i)) show that

the integrand is continuous at 0 when the fp are continuous, and so once more we
can differentiate to get the required result. □

Remark. The condition q(l) ∈ MD(A), equivalent to (liα)
∗liβ ∈ A for all α and β, is

automatically satisfied if k is finite dimensional or A is a von Neumann algebra.

The identity in (3.6) is another instance of a condition that is automatically
true when k is finite dimensional, but which must be inserted by hand when k is
infinite dimensional. We will need to carry out similar manipulations below, and
for this reason the following definition introduced in [LW1] is relevant. A process
k ∈ P(A, E [η]) is sequentially strongly continuous if it satisfies

an → 0 strongly in A ⇒ kt(an)ξ → 0 ∀t, ξ.

Processes enjoying this property include:
(i) Weakly regular processes satisfying an equation of the form dkt = kt◦θαβdΛβ

α(t)

in which the mapping matrix θ is M-S regular ([LW1], Proposition 3.4).
(ii) Normal completely bounded processes on a von Neumann algebra. To see

this, let (an) be a sequence strongly converging to 0. If kt is normal and completely
bounded then it has a Wittstock-Paulsen decomposition of the form kt(a) = V ∗(a⊗
1L)W , for a Hilbert space L and bounded operators V and W ([Haa]). By the
Uniform Boundedness Principle the weakly convergent sequence (a∗nan) is bounded.
It follows that also a∗nan ⊗ 1L → 0 weakly, thus

∥kt(an)ξ∥2 ≤ ∥V ∥2⟨Wξ, (a∗nan ⊗ 1L)Wξ⟩ → 0.

Lemma 3.5. Let l ∈ MD(A)R, let j ∈ Pb(A, k) be a ∗-homomorphic regular Mar-
kovian cocycle with generator θ, and let W ∈ P(h, E [η]) be the strong solution
of (3.1) for this l and j. Under the assumptions

θαi (a)l
i
β ∈ A, jt(θ

α
i (a)l

i
β) = jt(θ

α
i (a))jt(l

i
β) ∀α, β, a, (3.7)

the process ȷ̄ ∈ P(A, E [η]) defined by ȷ̄t(a) = jt(a)Wt strongly satisfies the QSDE

dȷ̄t = ȷ̄t ◦ χα
β dΛ

β
α(t), ȷ̄0(a) = a⊗ 1 (3.8)

where χ ∈ MD(B(A)) is given by

χ(a) = θ(a) + ι(a)l + θ(a)∆(1)l (3.9)

Proof. Since θ is bounded each χ(a) is a regular algebra matrix by Lemma 2.1(c),
and so it follows from Lemma 2.2(a) and strong regularity of W that each process
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matrix [ȷ̄·(χ
α
β(a))] is stochastically integrable. It therefore suffices to show that ȷ̄

weakly satisfies (3.8). By (2.7) we have

⟨jt(a∗)uε(f),Wtvε(g)⟩ = ⟨uε(f), avε(g)⟩+
∫ t

0

fα(s)g
β(s)hαβ(s) ds

where

hαβ(s) = ⟨js(a∗)uε(f), js(lαβ )Wsvε(g)⟩+ ⟨js(θβα(a∗))uε(f),Wsvε(g)⟩
+ ⟨js(θiα(a∗))uε(f), js(liβ)Wsvε(g)⟩.

Rearranging this expression using the reality of θ (which is a consequence of the
reality of j), the ∗-homomorphic property of j, and sequential continuity assump-
tions (3.7), we obtain

hαβ(s) = ⟨uε(f), ȷ̄s(χα
β(a))vε(g)⟩,

showing that ȷ̄ satisfies (3.8) weakly. □

Using the above lemma we can now give some sufficient conditions for W to be
a coisometry process.

Proposition 3.6. Let l ∈ MD(A)b, let j ∈ Pb(A, k) be a ∗-homomorphic regular
Markovian cocycle, and let W ∈ P(h, E [η]) be the strong solution of (3.1) for this l
and j. If r(l) = 0, if j is unital, and if either

(i) k is finite dimensional, or
(ii) A is a von Neumann algebra and j is sequentially strongly continuous,

then W is a coisometry process.

Proof. First note that W is a contraction process, by Proposition 3.3. Also θ, the
generator of j, is completely bounded, and l is bounded by hypothesis. So putting
ȷ̄t(a) = jt(a)Wt as in Lemma 3.5, ȷ̄ is a strong solution to dȷ̄t = ȷ̄t◦χα

β dΛ
β
α(t) where

χ, defined by (3.9), is a completely bounded mapping matrix. Thus the adjoint

matrix χ† is completely bounded, and so by (2.6) the adjoint process ȷ̄†t(a) :=

ȷ̄t(a
∗)∗ strongly satisfies the equation dȷ̄†t = ȷ̄†t ◦ χ†α

β dΛ
β
α(t) ([LW3]). In particular

t 7→ ȷ̄†t(a) is strongly continuous, so taking a = 1 implies that t 7→ W ∗
t is strongly

continuous, hence the contraction process (Ft :=WtW
∗
t − 1)t≥0 is (continuous and

so) measurable.
Put λ = χ†, then (2.7), Lemma 2.2 and either of the conditions (i) or (ii),

combine to show that

Ftjt(a) =

∫ t

0

[
js(l

α
β )Fsjs(a) + Fsjs(λ

α
β(a)) + js(l

α
i )Fsjs(λ

i
β(a))

]
dΛβ

α(s). (3.10)

Since ∑
α≥0

∥js(lαi )Fsjs(λ
i
β(a))uε(f)∥2 = ∥j(D)

s (l)∆(Fs)j
(D)
s (λ(a))βuε(f)∥2

≤ ∥l∥2
∑
α≥0

∥Fsjs(λ
α
β(a))uε(f)∥2,
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we can apply the fundamental estimate (2.5) to (3.10) and iterate to get

∥Ftjt(a)uε(f)∥2 ≤ Gn
0

∫ t

0

dνf (t1) · · ·
∫ tn−1

0

dνf (tn)
{
∥Ftnjtn(a)uε(f)∥2

+

(
n

1

)∑
α≥0
β≤d

∥Ftnjtn(λ
α
β(a))uε(f)∥2 +

(
n

2

) ∑
αi≥0
βi≤d

∥Ftnjtn(λ
α2

β2
◦ λα1

β1
(a))uε(f)∥2

+ · · ·+
∑
αi≥0
βi≤d

∥Ftnjtn(λ
αn

βn
◦ · · · ◦ λα1

β1
(a))uε(f)∥2

}
.

for some constant G0 depending on f, l and T , and where d = dim f . It is a
straightforward matter to find constants G1 and G2, depending only on f, l, θ and
T , such that

sup
s∈[0,T ]

∑
αi≥0
βi≤d

∥Fsjs(λ
αn

βn
◦ · · · ◦ λα1

β1
(a))uε(f)∥2 ≤ G1G

n
2∥a∥2∥u∥2, (3.11)

when k is finite dimensional. It is also possible to do this when k is infinite dimen-
sional. If j is normal then θ is normal, hence λ is completely bounded and normal
and thus M-S regular, in which case the original estimates in [DaS] can be employed
to obtain (3.11). In general the techniques of [LW3] are necessary. This inequality
then implies that Ftjt(a) = 0, from which the result follows by taking a = 1. □

Now let j be a ∗-homomorphic regular Markovian cocycle with generator θ, let
l ∈ MD(A)R, and let W be the solution of (3.1) for this j and l. If DomW ∗

t ⊃
Ran(jt(a)Wt) for all a and t then we can define kt(a) = W ∗

t jt(a)Wt to generate a
CP process on A. The next result tells us that in fact this k is a regular Markovian
cocycle, and shows how its generator is related to θ and l. The next section is
devoted to proving the converse of this result.

Theorem 3.7. Let l ∈ MD(A)R, let j ∈ Pb(A, k) be a ∗-homomorphic regular
Markovian cocycle with generator θ, and let W ∈ P(h, E [η]) be the strong solution
of (3.1) for this l and j. Assuming that either k is finite dimensional, or that A is
a von Neumann algebra and j is sequentially strongly continuous,

ψ(a) = θ(a) + ι(a)l + l†ι(a) + l†∆(a)l

+ l†∆(1)θ(a) + θ(a)∆(1)l + l†∆(1)θ(a)∆(1)l.
(3.12)

defines a mapping matrix ψ ∈ MD(B(A)), and the following are equivalent :

(i) The equation

dkt = kt ◦ ψα
β dΛ

β
α(t), k0(a) = a⊗ 1 (3.13)

has a weakly regular weak solution k ∈ P(A, E [η]);
(ii) Ran(jt(a)Wt) ⊂ DomW ∗

t ∀a, t.
If these conditions hold then kt(·) =W ∗

t jt(·)Wt.

Proof. Since l is regular, θ is bounded, and eitherA is a von Neumann algebra or k is
finite dimensional, (3.12) defines a mapping matrix ψ by Lemma 2.1. By Lemma 3.5
we may apply (2.7) to ⟨Wtuε(f), jt(a)Wtvε(g)⟩. Since j is ∗-homomorphic and be-
cause we have made sufficient continuity assumptions on (k,A, j), we can rearrange
the resulting expression to give the following:

⟨uε(f), avε(g)⟩+
∫ t

0

fα(s)g
β(s)⟨Wsuε(f), js(ψ

α
β (a))Wsvε(g)⟩. (3.14)

Thus if (ii) holds then kt(a) =W ∗
t jt(a)Wt clearly defines a weak solution of (3.13) in

P(A, E [η]). Moreover, since W is strongly regular, k is weakly regular. Conversely,
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suppose that (i) holds. Fix f, g ∈ M [η]. By the weak regularity of k and the strong
regularity of W ,

⟨u,Γt(a)v⟩ = ⟨uε(f), kt(a)vε(g)⟩ − ⟨Wtuε(f), jt(a)Wtvε(g)⟩

defines bounded operators Γt : A → B(h) with locally uniform bounds. By (3.14)

⟨u,Γt(a)v⟩ =
∫ t

0

fα(s)g
β(s)⟨u,Γs(ψ

α
β (a))v⟩ ds;

iterating this shows that Γ is identically zero. It follows that (ii) holds. □

Remark. If W is a bounded operator process, then (ii) trivially holds, so that
W ∗

t jt(·)Wt satisfies (3.13) weakly. On the other hand, if l is bounded then ψ
is completely bounded and so a strongly regular mapping matrix ([LW3]), hence
there is a strongly regular strong solution to (3.13) by [LW1], Theorem 3.3, and so
(ii) holds. The above result extends Theorem 7.4 of [LW1], where j is the identity
process.

4. Continuous time stochastic Stinespring Theorem

In this section we present the main result of the paper, showing that all suf-
ficiently well-behaved completely positive Markovian cocycles can be obtained by
conjugating a ∗-homomorphic Markovian cocycle by a process on the initial Hilbert
space which is affiliated to the algebra, and is governed by a quantum stochas-
tic differential equation. To do this we use the characterisation of CP Markovian
cocycle generators obtained in [LiP] and [LW1], as refined in [GLSW].

For this section M is a unital von Neumann algebra acting on the initial space
h, and k0 is a separable noise dimension space with orthonormal basis η0. We shall
use the notations

δR,π : M → B(h;K), a 7→ π(a)R−Ra

LR,π,H : M → B(h), a 7→ R∗π(a)R− 1
2{R

∗R, a}+ i[a,H],

for a representation (π,K) of M, operators R ∈ B(h;K) and H = H∗ ∈ B(h), where
{·, ·} and [·, ·] denote anticommutator and commutator respectively.

Thus δR,π is a π-derivation:

δR,π(ab) = δR,π(a)b+ π(a)δR,π(b).

The characterisation of CP flow generators that we need here is the following

Theorem 4.1. Let k ∈ P(M, E [η0]) be a weakly regular process weakly satisfying
the equation dkt = kt ◦ ϕαβ dΛβ

α(t), k0(a) = a ⊗ 1, where ϕ ∈ MD(B(M)) and each
ϕαβ is ultraweakly continuous.Then the following are equivalent :

(i) k is completely positive
(ii) There is a quintuple Q = (k1, π, h, d, {wj}) consisting of a Hilbert space k1,

a normal ∗-homomorphism π : M → M ⊗ B(k1) and operators h = h∗ ∈
M, d ∈ M⊗ k1 and wj ∈ M⊗ k1(j ≥ 1) such that

ϕ00(a) = Ld,π,h(a) +
1
2{t, a}

ϕi0(a) = ϕ0i (a
∗)∗ = w∗

i δd,π(a) + cia

ϕij(a) = w∗
i π(a)wj − δija

π(1)d = d and π(1)wj = wj

where t = ϕ00(1) and c
i = ϕi0(1).

If h is separable then Q may be chosen so that k1 is separable too.
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Remark. If ϕ is bounded then it may be written in block matrix form

ϕ̂(a) =

[
Ld,π,h(a) +

1
2{t, a} δ†d,π(a)w + ac∗

w∗δd,π(a) + ca w∗π(a)w

]
where w ∈ M⊗B(k0; k1) has columns w1, w2, . . . with respect to the basis η0, and
similarly c ∈ M ⊗ k0. We shall sometimes use this notation even when ϕ is not
bounded, using Lemma 2.1 to justify manipulating these expressions as if they were
indeed (bounded) block matrices.

The processes appearing in the Stinespring decomposition below have noise di-
mension space k = k0⊕k1, where the supplementary Hilbert space k1 is that arising
in the previous theorem.

Lemma 4.2. Let k = k0 ⊕ k1 for a separable Hilbert space k1, and let η be an
orthonomal basis for k including η0. If k ∈ P(M, E [η0]) is a weakly regular weak

solution of the equation dkt = kt ◦ ϕαβ dΛβ
α(t), and P

(1)
t is the orthogonal projection

Fk1 → F[t,∞[,k1 , then k̃t(a) = kt(a) ⊙ P
(1)
t defines a weakly regular process k̃ ∈

P(M, E [η]) weakly satisfying the equation dk̃t = k̃t ◦ ϕ̃µν dΛν
µ(t) where

ϕ̃ =

[
ϕ 0
0 −ι

]
. (4.1)

Proof. Let f = (f0, f1), g = (g0, g1) ∈ M [η]. Then, for a.a. t,

d

dt
⟨uε(f), k̃t(a)vε(g)⟩

=
d

dt

{
⟨uε(f0), kt(a)vε(g0)⟩ exp

∫ ∞

t

⟨f1(s), g1(s)⟩ ds
}

=
{
fα0 (t)g

β
0 (t)⟨uε(f0), kt(ϕαβ(a))vε(g0)⟩ − ⟨uε(f0), kt(a)vε(g0)⟩⟨f1(t), g1(t)⟩

}
× exp

∫ ∞

t

⟨f1(s), g1(s)⟩ ds

= fα0 (t)g
β
0 (t)⟨uε(f), k̃t(ϕαβ(a))vε(g)⟩ − f i1(t)g

j
1(t)⟨uε(f), k̃t(ιij(a))vε(g)⟩

= fµ(t)gν(t)⟨uε(f), k̃t(ϕ̃µν (a))vε(g)⟩,
and so the result follows by integration. □

Theorem 4.3. Let ϕ ∈ MD(B(M)). Suppose that k ∈ P(M, E [η0]) is a completely
positive weakly regular process weakly satisfying the equation dkt = kt ◦ ϕαβdΛβ

α(t),
each ϕαβ is ultraweakly continuous, and the initial space h is separable. Then there

is a separable Hilbert space k1, a normal ∗-homomorphic process j ∈ P(M, E [η])
and a process W ∈ P(h, E [η]) such that

kt(a)⊙ P
(1)
t =W ∗

t jt(a)Wt

where P
(1)
t is the orthogonal projection Fk1 → F[t,∞[,k1 and η is an orthonormal

basis for k = k0 ⊕ k1 containing η0. Moreover (k1, j,W ) may be chosen so that W
is affiliated to the von Neumann algebra M⊗Bk:

Wta
′uε(f) = (a′ ⊗ 1)Wtuε(f) ∀a′ ∈ M′.

Proof. Let (k1, π, h, d, {wj}) be a quintuple as delivered by Theorem 4.1, with k1
separable, and define a normal bounded mapping matrix θ ∈ B(M;M ⊗ B(k̂))
where k = k0 ⊕ k1 through

θ̂ =

Ld,π,h 0 δ†d,π
0 0 0
δd,π 0 π

 .
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By [LW1] Theorem 6.5, θ strongly generates a normal ∗-homomorphic flow j
which is thus sequentially strongly continuous. Now define an algebra matrix l
through

l̂ =

 1
2 t c∗ 0
0 0 b
0 w 0

 :=

 1
2 t [c1∗ c2∗ . . .] 0
0 0 [b1 b2 . . .]
0 [w1 w2 . . .] 0


where t = ϕ00(1), c

i = ϕi0(1) and (bk) is any sequence in M ⊗ k0 indexed by the

orthonormal basis η1 of k1. Since each column of l̂ defines a bounded operator

h → h⊗k̂, l is regular and Proposition 3.2 guarantees the existence of a unique strong
solution of the equation dWt = jt(l

µ
ν )Wt dΛ

ν
µ(t). Note that, putting ∆0 = ι − ∆

and φ = ϕ̃, where ϕ̃ is the generator (4.1), we have

φ̂(a) =

[
ϕ̂(a) 0
0 0

]
= ∆0(a)l̂ + l̂ †∆0(a) +

(
∆0(1) + l̂ †∆(1)

)
θ̂(a)

(
∆(1)l̂ +∆0(1)

)
.

That is, φ̂(a) = ψ̂(a), where ψ is the mapping matrix constructed from θ and
l through (3.12). Therefore, by Lemma 4.2 and Theorem 3.7, Ran (jt(a)Wt) ⊂
DomW ∗

t for all a and t, and k̃t(a) =W ∗
t jt(a)Wt where k̃t(a) = kt(a)⊙ P

(1)
t . □

Note that, when it is bounded, the operator l in the above proof satisfies

l + l† + l†∆(1)l =

t c∗ 0
c w∗w − 1 0
0 0 b∗b− 1

 .
If the original process k is a contraction process then, by [LW1],[LiP], ϕ is bounded
and ϕ(1) ≤ 0, in other words [

t c∗

c w∗w − 1

]
≤ 0.

Therefore if we choose b to be a contraction inM⊗B(k1; k0), then l†+l+l†∆(1)l ≤ 0
and so W is a contraction process by Proposition 3.3. If the original process k is
unital, then ϕ(1) = 0 so t = 0, c = 0 and w is isometric. Thus if there is an
isometry b ∈ M⊗ B(k1; k0) then we can ensure that W is an isometric process by
Proposition 3.4. This is certainly the case if dim k0 ≥ dim k1. We have therefore
established the following

Theorem 4.4. Let k ∈ Pb(M, k0) be a normal completely positive regular Mar-
kovian contraction cocycle. If the initial space h is separable then there is a sep-
arable Hilbert space k1, a normal ∗-homomorphic regular Markovian cocycle j ∈
Pb(M, k0 ⊕ k1) and a contraction process W ∈ Pb(h, k0 ⊕ k1) satisfying

kt(a)⊗ P
(1)
t =W ∗

t jt(a)Wt; Wt ∈ M⊗Bk0⊕k1 .

If k is unital thenW may be chosen to be isometric whenever M⊗B(k1; k0) contains
an isometry.

To realise kt in the Stinespring form (0.1), let E(0) : h⊗Fk0 → h⊗Fk0⊕k1 be the

isometric embedding ξ 7→ ξ ⊗ Ωk1 , then {W (0)
t := WtE

(0)}t≥0 ⊂ L(h ⊙ E [η0]; h ⊗
Fk0⊕k1) is a family of linear maps such that

kt(a) =W
(0)∗
t jt(a)W

(0)
t .

Alternatively we may modify the construction in Theorem 4.3 as follows. Let
(k1, π, h, d, {wj}) be a quintuple associated to k through Theorem 4.1, and ensure
that dim k0 ≥ dim k1 by replacing kt(a) by kt(a)⊙ 1 if necessary, and putting zeros



18 DEBASHISH GOSWAMI, J MARTIN LINDSAY, AND STEPHEN J WILLS

in the new places of the expanded mapping matrix. Choose an isometry V : k1 → k0
and define a quintuple (k0,

0π, h, 0d, {0wj}) by
0π(a) = (1⊗ V )π(a)(1⊗ V ∗), 0d = (1⊗ V )d, 0wj = (1⊗ V )wj .

Then 0π : M → M⊗B(k0) is a ∗-homomorphism and 0d, 0wj ∈ M⊗k0. Now define

a bounded mapping matrix 0θ ∈ B(M;M⊗ k̂0) and a regular algebra matrix 0l by

0̂θ =

[
L0d,0π,h δ†0d,0π
δ0d,0π

0π

]
, 0̂l =

[
1
2 t c∗

0 0w

]
,

let 0j ∈ Pcb(M, k0) be the normal ∗-homomorphic flow generated by 0θ, and let 0W ∈
P(h, E [η0]) be the strong solution of d0Wt =

0jt(
0lαβ )

0Wt dΛ
β
α(t). It is straightforward

to check that ϕ = ψ, where ψ is the mapping matrix constructed from 0θ and 0l
through the identity (3.12). Thus, by Theorem 3.7,

kt(a) =
0W ∗

t
0jt(a)

0Wt

(or kt(a)⊙ 1 = 0W ∗
t

0jt(a)
0Wt if dim k1 > dim k0).

Our final result exploits the fact that we are working with ultraweakly continuous
maps on a von Neumann algebra to obtain a form of our stochastic Stinespring
decomposition in which j is trivial. Similar results have been obtained by Belavkin
in the case when M = B(h) ([Be2]).

Theorem 4.5. Let ϕ ∈ MD(B(M)). Suppose that k ∈ P(M, E [η0]) is a completely
positive weakly regular process weakly satisfying the equation dkt = kt ◦ ϕαβ dΛβ

α(t),
each ϕαβ ultraweakly continuous, and the initial space h is separable. Then there is

a separable Hilbert space k containing k0 (equal to k0 if k0 is infinite dimensional)
and a process W ∈ P(h, E [η]) such that

kt(a)⊙ 1k⊖k0 =W ∗
t (a⊗ 1k)Wt,

where η is a basis for k containing η0.

Proof. Let (k1, π, h, d, {wj}) be a quintuple associated to k through Theorem 4.1.
Since π is a normal representation taking values in B(h⊗k1), with h⊗k1 separable,
there is a further separable Hilbert space k2 and a partial isometry S : h⊗k1 → h⊗k2
satisfying π(a) = S∗(a⊗ 1)S and SS∗ ∈ M′⊗B(k2) (see [Dix], p.61). By enlarging
k0 if necessary we may assume that dim k0 ≥ dim k2, and thus can choose an
isometry U : k2 → k0. The map 1S = (1⊗ U)S : h⊗ k1 → h⊗ k0 is then a partial
isometry such that π(a) = 1S∗(a ⊗ 1)1S. So define 1π : M → M ⊗ B(k0) and
1d, 1wj ∈ M⊗ k0 by

1π(a) = a⊗ 1, 1d = 1Sd, 1wj =
1Swj ,

and since π(1)d = d and π(1)wj = wj , it follows that

ϕ̂(a) =

[
L1d,1π,h(a) +

1
2{t, a} δ†1d,1π(a)

1w + ac∗

1w∗δ1d,1π(a) + ca 1w∗1π(a)1w

]
Let L ∈ MD(B(h)) be the regular operator matrix defined by

L̂ =

[
1
2 (t−

1d∗1d) + ih c∗ − 1d∗1w
1d 1w

]
,

and let 1W be the strongly regular strong solution to d1Wt = Lα
β

1Wt dΛ
β
α(t) ([LW1],

Theorem 7.1, or Proposition 3.2 of this paper with A = B(h) and jt(a) = a ⊗ 1).
Define 1ϕ ∈ MD(B(N )), where N = B(h), by

1ϕ(b) = ι(b)L+ L†ι(b) + L†∆(b)L, b ∈ B(h).
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Now note that although we do not know if Lα
β ∈ M for all α, β, we do have

1ϕαβ(a) = ϕαβ(a), ∀a ∈ M, α, β ≥ 0.

by construction. Hence, by (2.7),

⟨1Wtuε(f), (a⊗ 1k)
1Wtvε(g)⟩ − ⟨uε(f), kt(a)vε(g)⟩

=

∫ t

0

fα(s)g
β(s)

{
⟨1Wsuε(f), ϕ

α
β(a)

1Wsvε(g)⟩ − ⟨uε(f), ks(ϕαβ(a))vε(g)⟩
}
ds.

An iteration argument as in the proof of Theorem 3.7 shows that Dom 1W ∗
t ⊃

Ran((a⊗ 1k)
1Wt) for all a ∈ M, and the result follows. □

Remarks. (i) In contrast to the earlier theorems we are not able to show that
Lα
β ∈ M, and so the process 1W may not be affiliated to the algebra M⊗B.
(ii) It follows from standard facts about positivity preserving maps between C∗-

algebras that k is a contraction process if and only if W is a contraction process.
Similarly k is unital if and only if W is an isometry process.

Corollary 4.6 ([GoS]). If j ∈ Pb(M, k0) is a normal ∗-homomorphic regular Mar-
kovian cocycle, and the initial Hilbert space is separable, then there is a separable
Hilbert space k containing k0 (equal to k0 if k0 is infinite dimensional) and a partial
isometry valued process W ∈ Pb(h, k) such that

jt(a)⊗ 1k⊖k0 =W ∗
t (a⊗ 1k)Wt.

Proof. To see that in this case W is partial isometry valued note that

W ∗
t Wt = jt(1)⊗ 1 = (jt(1)⊗ 1)2 = (W ∗

t Wt)
2. □
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Comm Math Phys 93 (1984), 301–323.

[LiP] J M Lindsay and K R Parthasarathy, On the generators of quantum stochastic flows, J
Funct Anal 158 (1998), 521–549.

[LW1] J M Lindsay and S J Wills, Existence, positivity and contractivity for quantum stochastic

flows with infinite dimensional noise, Probab Theory Related Fields 116 (2000), 505–543.
[LW2] J M Lindsay and S J Wills, Markovian cocycles on operator algebras, adapted to a Fock

filtration, J Funct Anal, to appear.

[LW3] J M Lindsay and S J Wills, Existence of Feller cocycles on a C∗-algebra, Preprint (1999).
[Moh] A Mohari, “Quantum Stochastic Calculus with Infinite Degrees of Freedom,” PhD thesis,

Indian Statistical Institute, Delhi (1992).

[MoS] A Mohari and K B Sinha, Quantum stochastic flows with infinite degrees of freedom and
countable state Markov processes, Sankhyā Ser A 52 (1990), 43–57.
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