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Abstract

The thesis presents a comprehensive study of electromagnetic tracking
(EMT), focusing on developing methods and techniques to reduce and
compensate for distortions in the magnetic field through improved mod-
elling and real-time correction methods. To this end, the research-oriented
ANSER EMT system is employed. Anser is the Latin name of the greylag
goose, which uses the geomagnetic field for navigation. In this work, a
general method for modelling magnetic fields is developed to significantly
improve the ANSER EMT magnetic model by correcting systematic errors
and including magnetic shielding. Moreover, real-time compensation
techniques for dynamic distortion are proposed using external reference
sensors. Further improvements are demonstrated for dynamic tracking
by optimising the EMT model and algorithm. Finally, the effectiveness
of the ANSER EMT system for developing novel EMT applications is
demonstrated by introducing alternative tracking techniques based on the
magnetic scalar potential formulation, particularly suited for tracking the
elongated sensor coils used in medical applications, and on the magnetic
vector potential formulation, for tracking large-area PCB coils. Overall, this
work provides the theoretical and experimental basis for a new approach
to distortion rejection in EMT systems with significant potential for future

clinical benefit in the years to come.
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Chapter 1
Introduction

This chapter provides an overview of the research work presented in this
thesis. Relevant background information is initially presented, followed
by the motivation for the work and the objectives of the thesis. Finally, the
thesis structure and key contributions are outlined.

1.1 Electromagnetic tracking in medicine

Electromagnetic tracking (EMT) enables instrument positioning and nav-
igation during image-guided interventions [1, 2]. The technology uses
magnetic fields to determine the position and orientation of a target, al-
lowing for object tracking without a line of sight or harmful X-rays [3].

Traditional imaging techniques such as cameras, X-ray fluoroscopy,
and ultrasound can only provide local guidance, posing some limitations
to image-guided interventions. Moreover, fluoroscopy creates a significant
health risk to patients and medical staff [4, 5]. Conversely, EMT provides
global positioning in relation to the patient anatomy and does not pose
additional health risks. It can be used in multi-modal imaging applications
to improve clinical outcomes [6].

For these reasons, EMT is currently used for intra-operative tool track-
ing in minimally-invasive and endoscopic interventions, such as cardio-
vascular navigation [7], endoscopy [8], and robotic surgery [9]. Figure 1.1

shows a typical clinical use of EMT in robotic bronchoscopy.



2 Introduction

Figure 1.1: The MONARCH™ robotic endoscopy platform (Auris Health
Inc., Redwood City, CA) [10], as an example of EMT-guided medical
intervention.

While EMT has shown great promise in enabling minimally invasive
procedures, current technology still faces significant challenges that pre-
vent it from becoming widely adopted in more general clinical use. The
main shortcomings include the need for wired sensors, model errors due
to tissue deformation and organ internal motion, and accuracy degrada-
tion due to magnetic field distortion. This thesis specifically examines the

shortcomings due to magnetic field distortion.

1.2 The ANSER EMT platform

The ANSER EMT project originated at University College Cork, Ireland,
with the primary objective of establishing an open platform to conduct
research investigations, focusing on the challenges associated with EMT
technology [11]. The system is named after the greylag goose, Anser anser,
which relies on the Earth’s magnetic field for navigation during migrations.
The ANSER EMT system provided a foundation for the research presented
in this thesis and served as the basis of the experimental setup.

In particular, the work introduced hardware and software innovations
to the system. Additionally, novel calibration, characterisation, magnetic
field modelling, and distortion compensation techniques were tested and
evaluated using the ANSER EMT platform. These methods could equally
be applied to other EMT systems where developer tools are enabled.
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1.3 Thesis assumptions

As said, the thesis builds upon the existing ANSER EMT system. Therefore,
it is important to clarify that the hardware components presented in
Section 3.1.1 are only introduced to provide the background information
necessary to understand the following work. All other sections presented
in Chapter 3 are novel contributions.

The experiments conducted in this study use five-degrees-of-freedom
(5 DOF) EMT sensors. These sensors measure the magnetic field vector
along their axis and are not sensitive to axial rotations. However, all find-
ings and methodologies developed also apply to six-degrees-of-freedom
(6 DOF) sensors, which essentially combine two 5 DOF sensing elements
to enable the measurement of two field components and detect rotations
around the sensor axis.

The scope of the work is limited to compensating for external magnetic
distortion, i.e. occurring outside the region of interest, because they repre-
sent the primary concern in EMT applications. This includes both static
distortion, which remains unchanged during the EMT procedure, and
dynamic distortion, which manifests with unpredictable impact. Possible
sources of distortion inside the patient, such as surgical instruments and
other medical devices, are not considered.

While the developed application and tested improvements have practi-
cal relevance for the ANSER EMT system, the primary objective of the the-
sis is to propose novel methods and advance the theory of EMT. Therefore,
the emphasis is on academic contributions and not focused on commercial

product development or solutions to specific medical procedures.

1.4 Thesis objectives

This thesis aims to address some of the challenges encountered in EMT
technology by proposing improvements to the existing ANSER EMT sys-
tem and testing novel solutions. To achieve this goal, the following specific
objectives were pursued:
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Literature review. Conduct a comprehensive review of the literature on
EMT technology, with a particular focus on EMT systems, methods, and
techniques used to reduce and compensate for distortion in the mag-
netic field. Present and evaluate the ANSER EMT system and its current

limitations.

Distortion detection and compensation. Develop a general method for data-
driven magnetic modelling. Test for the distortion introduced by medical
equipment and propose new techniques for detecting and correcting it.
These methods aim to improve the reliability and accuracy of the tracking
results by accounting for the impact of magnetic field distortion on the

sensor measurements.

Tracking algorithm speed and performance. Improve the speed of the track-
ing algorithm used in the ANSER EMT system while minimising the jitter
noise. Investigations include optimising the ANSER EMT model and algo-
rithm to achieve faster update rates and incorporating Kalman filtering to

reduce noise and latency.

Model for elongated sensors. Propose a new model for EMT sensors that
accounts for the impact of their elongated shape and does not approximate
them as single points. The model is based on a magnetic scalar potential
formulation to automatically calculate the integral of the magnetic field

vector along the measurement axis.

Redundant body-mounted sensors. Investigate the use of redundant body-
mounted sensors in EMT systems. This work studies the design of PCB
planar coils and explores the tracking of such coils. To this end, a novel,
more accurate magnetic model is introduced to account for the coil spatial

extension.
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1.5 Thesis structure

The thesis is structured into eight main chapters, including this introduc-
tory chapter.

Chapter 2 outlines the results of a literature survey on electromagnetic
tracking (EMT) systems, methods, applications, and magnetic distortion
compensation techniques. The review helps clarify the state of the art of
the research topics that are the focus of this thesis.

Chapter 3 introduces the ANSER EMT system. The working principle,
the main hardware components, and the software implementations are
presented. The theoretical accuracy and noise sensitivity of the system
are analysed. The chapter also covers the design and implementation
of a 2D actuator for field mapping and accuracy testing. A detailed
experimental test is performed to assess the precision, trueness, and speed
of the ANSER EMT system under ideal laboratory conditions.

Chapter 4 is focused on testing for distortions introduced by medical
equipment and developing novel techniques to increase EMT robustness.
A new method for modelling magnetic fields is presented and used to
improve the ANSER EMT magnetic model by correcting for systematic
errors. The technique is also used to model the static distortions intro-
duced by planar magnetic shields. The effectiveness of shielding is then
demonstrated in reducing the effect of surrounding metallic materials.
Novel real-time distortion detection techniques are presented, and meth-
ods are discussed for real-time correction using external reference sensors,
identification of the distortion source using a witness sensor, and dynamic
distortion compensation by interpolation of static field maps.

Chapter 5 presents improved signal processing and tracking algo-
rithms for ANSER EMT to achieve faster update-rates using multiple sen-
sors. Kalman filtering is applied to reduce measurement noise, improve
precision, and minimise latency. A dynamic tracking test is performed to
analyse the performance of the new methods and compare them with the
previous implementation.

Chapter 6 describes tracking of long sensors and introduces a novel,
more accurate model that takes into account the sensor length. Moreover,
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the new model results in faster performance, reduced memory usage,
and can potentially be used to track the endpoints of flexible coil sensors.
Tracking tests are included to demonstrate the effectiveness of the new
model.

Chapter 7 explores tracking of planar sensors printed on PCB, in-
troducing a novel, more accurate model that accounts for the sensor
cross-sectional extension. A new procedure is presented for calculating
the mutual coupling between filament-based sensors and filament-based
transmitter coils, such as those of the ANSER EMT field generator. Planar
coils are designed with an optimised signal-to-noise ratio, and higher EMT
accuracy is obtained with the proposed model. Such coils can be used as
reference sensors to implement the methods described in Chapter 4.

Chapter 8 summarises the main findings and results of the thesis, and
their implications are discussed. The chapter also provides recommenda-

tions for future work.
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Chapter 2

Review on electromagnetic

tracking systems and methods

This chapter outlines the results of a literature review on electromagnetic
tracking (EMT). The review provides an overview of the current state of
research on the topics that are the focus of this thesis.

After introducing general concepts on object tracking, the operation
principles of EMT are presented in Section 2.2, where alternative tracking
solutions are reviewed with focus on magnetic modelling and topology
configurations.

Section 2.3 explains the requirement of EMT systems for medical ap-
plications and lists several procedures where EMT is already in use for
computer-assisted interventions. Finally, magnetic distortion compensa-

tion techniques are reviewed in Section 2.4.

2.1 Object tracking

The position and orientation of an object are totally defined by six coordi-
nates in a reference system for a total of six degrees of freedom (6 DOF),
as shown in Figure 2.1. Three DOFs account for the position, e.g. x, y, and
z in a Cartesian coordinate system, and three for the orientation, p, 6, and
@ in a spherical coordinate system. Therefore, at least six independent

equations are required to track an object in a constraint-free environment.
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Magnetic
sources

X Y

Figure 2.1: The magnetic sources generate a magnetic reference frame
where unique magnetic field vectors characterise each position. The signal
measured by the magnetic sensors is used to determine the relative pose,
[x,,2,0,0, |, between the sources and the sensors.

For an example solution, the two cameras of an optical tracking system
can recognise the position of a marker within the field of vision in two di-
mensions and calculate the distance by triangulation, the third dimension.
The presence of more than three markers, rigidly connected, allows for
retrieval of the three-dimensional orientation. Note that a total of twelve
constraints, two per marker per camera, was used to resolve the complete
pose of the object (6 DOF). Redundancy in information makes the system
more resilient to errors and noise.

Magnetic positioning includes all the techniques that use magnetic
fields to find the position and orientation of an object. The geomagnetic
tield, magnets, electric currents, or any combination can be used as a
magnetic field source. Magnetic tracking refers to the continuous magnetic
positioning of an object in motion.

Electromagnetic tracking (EMT) is the magnetic tracking technique
that involves magnetic fields generated by electric currents circulating in
coils. The term electromagnetic can be misleading because EMT methods
are not based on electric fields or electromagnetic waves, and effectively
only static or quasistatic magnetic field physics applies. EMT is by far the
most popular magnetic tracking method used in medical applications for
reasons that will be discussed in this chapter.
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In EMT, one uniaxial magnetic field measurement at a point in space
provides one constraint to the position of that point. The presence of
more magnetic fields, more sensors, or both, as long as they are arranged
so that the measurements are independent, introduces additional spatial
constraints and allows the collection of more information about the local
magnetic field.

The basic principle of operation behind EMT is illustrated in Figure 2.1
and can be expressed as follows. The magnetic field is used as a reference
frame for the free space, where each position is characterised by unique
field vectors. The field effectively acts as a system of coordinates defined
by the magnetic field map, which is the transformation from a rectangular
coordinate system to the respective field values. The process of inferring
the position of a point starting from the measured values of the field corre-
sponds to an inversion of the transformation between the two coordinate
systems.

For example, Figure 2.1 shows three orthogonal dipole-sources that de-
finea X, Y, and Z Cartesian reference system. Each dipole is characterised
by a magnetic moment, m = unM, where up, is the unit vector that
defines the dipole orientation, and M [A - m?] is the moment magnitude.

Three orthogonal sensors are located at r = u,R, where u, is the unit
vector in the direction from the dipole to the evaluation point, and R is
the distance in metres. At the point in space r, the magnetic flux density
generated by a magnetic dipole source is [1]:

_ oM 3us(um - uy) — um

B(r) = " =3 2.1)

where 1 is the vacuum magnetic permeability.

The three dipole-sources, with magnetic moment magnitudes M;, My,
and M3, generate three independent magnetic flux density vectors that
can be organised in the columns of a matrix, B3, each calculated as per
Equation 2.1. At a point located on the X axis, u = [100]" and B;
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simplifies to:

w0
B; — Z—O 0o -4 o 2.2)
T M
0o o0 -—M

Similarly, the three measured vectors obtained by a three-axis sensor
form the rows of matrix S3. If the sensor is located on the X axis and
is oriented along the main axes, the measurements correspond to the X,
Y, and Z components of the three generated field vectors and, therefore,
S3 = Bs.

In general, the sensor can be located in any direction from the origin,
u,, that is identified by two angles, « and B. A rotation of S3 and B;
matrices, R,g, allows to express the equations in the same convenient
reference system used in Equation 2.2:

R,S3 = B3Rys — S3 = R B3R, (2.3)
B B B B

Finally, the sensor can assume any roll, pitch, and yaw angles, with a
rotation defined by the matrix R,9,, and the sensor measurement matrix
is modelled by the following vector equation:

S3 = RopgpR 5 B3Ryp (2.4)

Therefore, the nine measurements in S3 can be used to estimate the
total of six degrees of freedom of the sensor relative to the source, three
for the orientation in Rpgq,, and three for the position, the two direction
angles in R,p and the distance R in Bs.

2.2 Fundamentals of EMT

The total freedom left to the realisation of a working EMT solution explains
why there exist several EMT techniques which have been proposed. They
mostly differ in the following aspects:
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¢ System topology: how the field sources and magnetic sensors are
arranged in space to generate independent constraints that depend
on their reciprocal pose.

* Magnetic model: how the coupling between the source(s) and the
sensor(s) is modelled to obtain the mathematical equations.

* Search algorithm: how the information captured by the magnetic

sensor(s) is used to find the source-sensor reciprocal pose.

* Field generation: what technique is used to generate the magnetic

flux density in the tracking region and what is its time dependence.

* Magnetic sensing: which sensor technology is used to measure the
magnetic field.

¢ Signal multiplexing: how the magnetic fields from different sources

are distinguished.

¢ Signal acquisition: how the signal is acquired, filtered, amplified,

digitalised, and transmitted to the central computation unit.

¢ Final application: how the tracked pose is visualised or used by the

system.

In principle, the solutions above are ideally independent as long as
unique magnetic field components distinguish every pose in space. Then
the magnetic flux density could assume any waveform, amplitude, geo-
metrical shape, and spatial variation, and any sensor technology could be
used to receive the signal, while the search method could be solved using
any algorithm.

In reality, calculation methods depend on the sources and sensors’
configuration as well as on the magnetic model used to describe their in-
teraction, which in turn needs to be a good approximation of real physics.
Some methods of signal multiplexing, like frequency domain multiplex-
ing (FDM), are only available with AC magnetic fields. The acquisition
chain must be optimised for the signal to be processed and for the sensor
technology, which needs to be compatible with the field waveform and
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amplitude range. The final tracking application and the environment
where the system operates are essential factors in the choice of the field
waveform, and the source and sensor dimensions and power consumption
need to meet the limits imposed by the specific application.

Technical reviews on EMT systems typically focus on specific solutions
for the system architectures, governing equations, and tracking methods
[2—4], or they describe the EMT general principles on a high-level [5-7].

The following sections present a comprehensive review of varied EMT
techniques found in the literature. In Sections 2.2.1 and 2.2.2, the methods
are categorised based on the system topology and governing equations,
whereas in Sections 2.2.3 and 2.2.4, magnetic sensing technologies com-

monly used in EMT applications are presented.

2.2.1 Magnetic models

The equations governing an EMT system describe the physical principle
upon which the tracking method is based.

A first important consideration is that the mutual magnetic coupling
between a source and a sensor is symmetric, i.e. in the mathematical
model, the field generation and measurement stages do not need to corre-
spond to reality. For example, the interaction between a single-axis sensor
and a transmitting antenna could also be modelled as the magnetic field
generated by a dipole source and received by a pick-up coil. We will
refer as marker to the object tracked, regardless if it is a field source or a
sensing element. With this in mind, in the following discussion, consider-
ations made for magnetic sensors and transmitting coils are also valid for
magnetic sources and receiving coils.

Typically, the sensor is sufficiently small that the gradient of the mag-
netic field can be considered locally uniform. In this case, the sensor
measurement corresponds to the field af the sensor position and the mag-
netic coupling is completely modelled by the vector field component in
the direction of the sensing axis.

An exact understanding of the real magnetic field is essential for ac-

curate tracking. If the transmitting antenna is small relative to the sensor
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Figure 2.2: Magnetic models for spatially extended transmitting, Tx, and
receiving, Rx, antennas. The mutual inductance is calculated using ap-
proximations such as (a) circular loops [18], (b) distributed loops [19], (c)
spiral coils [20], and (d) straight-line conductors [21].

or far enough from it, it can be treated as a point dipole source. Other-
wise, the field must be described using quadrupole or higher multipole
expansion.

To minimise the complexity of the model, field generator coils are
usually designed with shapes for which simple analytical formulations
for the near magnetic field exist, such as elliptic integrals for circular or
rectangular loops [8-10], low-order polynomials [11], or simple analytical
expressions for magnetic dipoles [12, 13], current filaments [14], and
current sheets [15].

In the case of spatially extended transmitting and receiving antennas,
the magnetic field at one point is not enough to accurately model the
magnetic coupling between the coils. The mutual inductance can be
calculated using approximations like circular loops [16-18], distributed
circular loops [19], spiral coils [20], or straight-line conductors [21-23].
Some of these models are illustrated in Figure 2.2 for reference.
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The limits imposed by an analytical model can be overcome by vol-
ume characterisation, where the magnetic field values are measured at
predefined locations [24-27]. This solution also effectively compensates
for the presence of static magnetic distortions, such as passive shields
or nearby electronics. Data-driven field models can be obtained from
multi-variable function interpolation of look-up tables (LUT) [28-31], us-
ing neural networks trained on the data sampled [32-34], or fitting an
underlying analytical physics-based model to the data [35, 36].

The field’s spatial variation also plays an important role in increasing
the resolution and precision of the tracking and ensuring fast and global
convergence if the gradient is monotonic [27]. The system topology deter-
mines the reliability of the tracking method against noise and interference,
and the arrangement of redundant coils can help in this regard [37, 38].

The shape of the magnetic field can be modified based on the sensor
position to guarantee optimal tracking everywhere within the region of
interest or to increase the tracking volume. Solutions include mechanical
servoing [39—41], or methods where the emitter coils are rotated to point
towards the sensor and deliver the maximum signal [42, 43]. However,
these techniques might be of limited value if multiple sensors need to be
tracked.

2.2.2 Tracking methods

The tracking methods available for a particular sources-sensors arrange-
ment are mainly determined by the possibility of measuring the complete
field vector or just one or two components of the field. The main so-
lutions available for every configuration are reviewed in the following
paragraphs.

2.2.2.1 Triaxial tracking

As seen in the example of Section 2.1, three-axis generation and mea-
surement provide a total of nine non-independent equations, sufficient
to determine the pose of a sensor relative to the source [44—46]. After

initialisation, which involves solving for multiple trigonometric products
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and sums, the equations can be linearised if small changes in the position
and orientation are considered.

For the single source and single sensor case, each with three orthog-
onal axes, equation-based algorithms are available that might be used
to increase the speed of the initialisation [47]. Multiple sources can be
included in a second moment using a non-linear optimisation method to
improve accuracy. The three-axis generation and sensing problem is fur-
ther explored in [48], where a closed-form formulation was presented for
linearly independent, but not necessarily orthogonal, magnetic dipoles.

To the best of our knowledge, solutions based on closed-form equa-
tions have only been proposed using the simple magnetic dipole model.
Although other analytical field models might also accept closed-form
solutions for the positioning algorithm, it is not certain that they would
guarantee a lower computational cost relative to iterative algorithms with
proper initial conditions.

Non-model-based EMT methods can make use of the mechanical rota-
tion of the transmitting coil, accounting for two degrees of freedom [42,
43]. The same effect can be reproduced using three orthogonal coils to
electrically rotate a virtual coil in any desired direction. The method does
not use a magnetic model, the only assumption being that the maximum
field magnitude is generated on the coil axis. The search algorithm stops
when the two source-coils point towards the three-axis sensor and the
maximum magnetic flux density vector is detected. The location and orien-
tation can therefore be determined by triangulation. Similarly, a reference
sensor at a known position can be included to reduce the effect of metallic
distortions by measuring the time difference between the instants when
the maximum field magnitude is detected by the known reference and by
the tracking sensor in the presence of a rotating magnetic field [49].

Using the same configuration, a faster, direct, non-iterative algorithm
was proposed, which does not involve mechanical or electrical rotation
of the sources [50]. A further improved method with excellent anti-noise
ability is based on the phase difference between the square of the excitation
current of the magnetic sources and the square of the signal measured,

allowing to directly triangulate the sensor location [51].
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The same method applies to the reversed configuration, where a three-
axis source is tracked using a uniaxial sensor rotated using two stepper-
motors to control the horizontal and vertical rotation or using triaxial
sensing to simulate a virtual electrical rotation [52, 53].

Spinning of a transmitting coil, of a permanent magnet [54, 55], or
equivalently two orthogonal coils with quadrature currents, can be used
to generate an elliptically rotating magnetic field vector at any point in
space. In this case, the fast non-iterative tracking algorithm is based on
the aspect ratio, size, phase, and orientation of the ellipse, which can
be determined in a single period of excitation [56]. Based on the same
topology, a simplified algorithm was proposed where only the amplitude
and phase of the 3-axis sensing signals are required [57].

For closer range tracking, the dipole model can be improved if the
coils are made of current sheets with constant current density [15]. Planar
antennas with adequate shape can reproduce field generation in indepen-
dent directions [58-60], and planar coupled coils can generate monotonic
tield gradients to quickly find the position [27, 61]. Similarly, three planar
receiving coils can be designed to occupy the same volume without losing
their linear independence [62].

If the field sources and sensors are not designed in shapes that can be
modelled by simple analytical expressions, magnetic models may require
considering a high number of contributions and have high computational
cost, so discretised numerical field models [63] or data-driven neural
network models [34] are preferred.

2.2.2.2 Biaxial tracking

An early application of EMT was used to determine the distance and
angle between two vehicles [64]. Two perpendicular emitter coils are
driven with quadrature currents to generate a rotating magnetic field, and
two identical coils act as a receiver. The transmitter and receiver coils
are assumed to be on the same plane, so only two degrees of freedom
are involved. The phase difference between the two received signals
provides information on the angular displacement, while the measured

field magnitude indicates the distance.
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Figure 2.3: Alternative topologies for uniaxial tracking. (a) Rectangular
cube transmitter [37]. (b) Triaxial sources or sensors [68]. (c) Tetrahedron
configuration [69]. (d) Coplanar array of emitter coils [70].

Three-axis generation and biaxial sensing provide enough information
to resolve the 6 DOF of the sensor [65-67]. Once again, additional sources
can be included for redundancy and noise mitigation.

In general, all the methods presented in the next paragraph for uniaxial
tracking can also be applied to the two axes of a biaxial sensor separately,

where the two orientations allow for determining the roll angle, p.

2.2.2.3 Uniaxial tracking

Uniaxial sources or sensors are commonly used in EMT applications where
the dimensions of the target marker must be limited. Typical topologies
for uniaxial tracking are shown in Figure 2.3.
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A small permanent magnet is a magnetic dipole that can be tracked by
multiple external sensors. Alternatively, miniature transmitter coils can
be used, powered from wires [68, 71], using resonance [41, 72-74], or with
wireless power transfer [75, 76]. An unusual technique is based on the
harmonics generated by a marker of high-permeability material operated
on the saturation knee in the presence of an external AC field [77].

Using the configuration with internal magnetic field generation and
external sensing, limitations on the dimension of the sensor are less strict
and allow to have three sensing axes. Sensors can be arranged on a planar
array [72, 78] or on a cube surrounding the tracking volume [52, 79],
and the positioning algorithm is typically an iterative method, such as
Levenberg-Marquardt, trust region, genetic algorithms, or particle swarm
optimisation [80]. The layout should be optimised to maximise the SNR
in the region of interest and reduce the number of sensing units. Nine
sensors were found to be optimal [81, 82].

A fast Newton method was proposed for two triaxial sensors [68,
83], and an efficient linear algorithm exists when there are at least five
three-axis sensors [84-86]. These fast methods can be used in conjunction
with non-iterative methods to guarantee faster convergence to the global
minimum.

Methods based on artificial neural networks (ANN) are particularly
beneficial to low-power processors because, while training the network
is computationally demanding, running a trained model is fast if the
number of layers and nodes is limited. A closed-form approximation to
the tracking problem was obtained using an ANN model to regress the
transmitter pose directly from the measurements of three triaxial sensors
[87]. ANNSs can also be used to find the transmitter pose using four [88] or
more [89] sensing units.

To extend the magnetic tracking range, a particle swarm optimisation
method based on the magnetic dipole model was applied in the near-
source zone. An ANN was adopted in the far field region, and an adaptive
sigmoid function was used to fuse the two algorithms in the transition
zone [90].
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By measuring the magnetic field gradient tensor, a closed-form for-
mula was proposed to localise a magnetic dipole [91]. Gradiometer-based
methods can also be used to compensate for magnetic distortions, assum-
ing that the error part of the magnetic field has smaller spatial derivatives
than the dipole part, which is true if the interfering sources are much
larger or are located further away [92].

From the mathematical point of view, the same methods presented
above could be applied to the case of external triaxial sources and a
uniaxial sensor marker, thanks to the reciprocity of the mutual magnetic
coupling. However, it is more problematic to scale the number of sources
rather than sensors because of the higher power requirements and the
need to multiplex the signal. In contrast, multiple sensors can acquire
measurements in parallel.

A rectangular cube transmitter configuration generates orthogonal
tields with constant gradients for a simple analytical tracking algorithm
[93]. However, in most cases, enclosing the tracking volume within the
field generator is impossible.

Transmitting coils arranged on the edges of a tetrahedron are a good
design solution for a compact field generator [69]. Alternatively, planar
field generators can be realised comprising a large coplanar array of
transmitting coils [70, 94], or eight coils arranged in an optimised layout
[10, 14, 37, 95].

All these examples rely on iterative tracking methods because closed-
form solutions are unavailable in the absence of triaxial generation or

sensing.

2.2.3 Field generation

The hardware used to generate and measure the magnetic field must
guarantee a stable, reproducible, and noise-free signal at every point
within the region of interest.
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2.2.3.1 Uniaxial sources

The main advantages of using a permanent magnet as the source of a DC
magnetic field include a simplified system architecture, inherent safety due
to the absence of electrical power, and the fact that no wires are required to
connect the marker. However, the signal decays as the third power of the
distance, as seen in Equation 2.1, limiting the maximum tracking range,
which is typically between 10 to 20 centimetres [90]. Moreover, it becomes
challenging to distinguish the pose of multiple markers and remove the
contribution due to Earth’s magnetic field.

A miniature transmitting coil can overcome all these disadvantages
[68] but requires wires and electrical power delivery to the marker location,
which may be unsafe in many EMT medical applications.

LC oscillators are a suitable option due to their passive nature and
ability to be activated by an external magnetic field [41, 72-74]. The
drawback is that they usually operate with a resonance frequency in
the range of hundreds of kHz. Such frequencies can easily induce eddy
currents in nearby conductive materials, and it becomes impossible to
distinguish the oscillation due to the current in the marker from the field
generated by undesired currents.

One possible workaround is using a lower frequency AC field to shift
a magnetic core in and out of the saturation region [77]. Alternatively,
electronic circuits can be included in the marker to analogically shift the
response frequency in order to recognise it from interfering fields [75], or
to convert the signal and transmit it over Bluetooth [27], binary frequency-

shift keying [76], or other RF communication techniques [96].

2.2.3.2 DC and AC generation

Some magnetic navigation systems use external DC magnetic fields to
steer tools wirelessly [97]. Localisation of the target is possible, for ex-
ample, by using gradiometer-based methods [98] or an external array of
sensors [99]. Similarly, the magnetic fields generated during magnetic
resonance imaging (MRI) can be measured for tracking [100-102]. In these
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examples, the advantage is a single system that provides both tracking
and actuation or tracking and imaging.

One way to reduce the number of field generation elements is by
measuring and leveraging the local geomagnetic field [103]. An efficient
way to generate AC magnetic fields is by inducing a spin on spherical
permanent magnets within enclosures [54, 55]. The main disadvantage is
the presence of moving elements that can deteriorate faster.

When multiple field sources are present, it is essential to recognise
the contribution given by each of them [3]. For DC magnetic fields, the
only possibility is to activate the generating coils sequentially [104]. This
technique could be slow, especially for topologies comprising many trans-
mitting coils, for example, when uniaxial sensors are used. However,
waiting for the complete excitation cycle to run the tracking algorithm is
not required, as the pose can be updated after every new field measure-
ment [105].

AC field-based EMT systems operate from 1kHz [106] to 400 kHz
[107]. AC magnetic fields are commonly employed because they allow for
higher SNR, faster frequency-based demodulation techniques, resilience
to low-frequency noise, or in general minimal interference ability from
frequencies different from the transmitting channels. All these benefits
enable higher dynamic response and larger tracking volumes, typically
up to 60 centimetres [7].

2.2.3.3 Multiplexing techniques

Several signal multiplexing techniques are available for AC fields, in-
cluding frequency division multiplexing (FDM), amplitude or frequency
modulation [108], and spread spectrum or phase multiplexing [109]. Time
division multiplexing (TDM) is also a possibility, but not convenient in this
case [110], because with FDM, it is possible to achieve higher update rates,
reduced latency, and lower noise. Moreover, FDM enables multiple sensor
tracking, compatibility between different EMT systems working next to
each other on a continuous basis [31], as well as modular configurations
where multiple field generators can be used in conjunction [111, 112].
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Although it is easier to generate and demodulate sinusoidal wave-
forms, in many environments, the use of AC fields is significantly limited
by surrounding conductive materials and eddy currents distortion. Alter-
native excitations can be used in this case, such as DC pulsed [113, 114],
quadratic [115], or linear ramps [116]. For these methods, FDM is not
possible.

Ideally, a system could employ two excitation patterns, an eddy-
current-free method with TDM, which is slower and more affected by
random noise, and an AC signal with FDM, which is faster and more
precise but suffers from systematic errors due to distortions. The two solu-
tions can then be fused using a Kalman filter approach [117]. Combining

lower and higher frequencies is also possible [118, 119].

2.2.4 Sensor technology

A variety of magnetic sensors are available for EMT systems [120, 121].
Typically, in the presence of time-varying magnetic fields, search coils
are used to measure the time derivative of the magnetic flux density
component in the direction of the coil axis [122]. This method offers an
inexpensive and passive solution for high-sensitivity sensing, especially
when the field frequency is high or the waveform has a steep slope.

For low-frequency AC fields, fluxgate sensors are better-suited [123],
whereas superconducting quantum interference devices (SQUIDs) [83]
and Hall-Effect sensors [124] are commonly used to measure static mag-
netic fields [125, 126].

For DC fields, another promising technology is based on magneto-
resistive sensing elements, or xXMR effect sensors [127], e.g. anisotropic
magneto-resistance (AMR), giant magneto-resistance (GMR), tunnelling
effect (TMR) [90]. The use of novel magnetoelectric sensors for EMT was
recently proposed [128-130].

The main advantage of DC sensors is that they usually provide triaxial
measurements in digital form. However, this comes at the cost of needing

a power supply, larger dimensions compared to miniature inductive coils,
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and the same disadvantages discussed for EMT systems with DC magnetic
fields.

2.3 EMT for computer-assisted interventions

EMT systems can be used in various industrial, military, and biomedical
applications [131].

Examples include body motion tracking [132, 133], tracking of hand
controllers or head-mounted devices for augmented and virtual reality
[34], automated guided vehicles [134], indoor positioning [135-137]. In
military applications, the use of EMT was demonstrated in flying object
tracking, helmet-mounted sight (HMS), and head trackers for armoured
vehicles [108].

Typically, the applications mentioned above require a lightweight
system, battery-powered, with low computational requirements, and
capable of tracking fast movements. For these reasons, these systems are
usually based on EMT methods involving triaxial sensing and closed-form
analytical solutions.

Conversely, intra-body navigation systems for medical applications
usually require much smaller marker sizes. However, they are less con-
cerned with the system cost, power consumption, and dimension and
weight of external components [138, 139]. In this case, the typical architec-
ture consists of an external field generator and a small magnetic sensor
used as a marker attached to the tracked instrument.

Magnetic sensors used in endoscopic applications are generally in-
ductive pick-up coils, which are passive and therefore reduce the risk to
the patient in the event of a malfunctioning medical device, compared to
active devices [140]. Such coils can be manufactured to miniature sizes
of less than 0.3 mm in diameter, and they provide high sensitivities in
the presence of time-varying magnetic fields [141, 142]. However, recent
improvements in miniaturisation and sensitivity of Hall sensors might
enable new applications for tracking surgical tools with integrated magne-
tometers [143, 144].
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As opposed to optical navigation systems, EMT enables tracking and
navigation during image-guided interventions with no line-of-sight limita-
tion [145, 146]. The goal is to provide the surgeon with real-time informa-
tion about the position and orientation of surgical instruments, allowing
them to perform more precise and accurate procedures [147].

Applications of EMT in medicine include: clinical diagnosis or therapy
with flexible bronchoscopy [148, 149], orthopaedic procedures [150, 151],
percutaneous hepatic interventions [152, 153], percutaneous vascular ac-
cess and catheterisation [154, 155], EP navigation and mapping [156], ENT
needle navigation [157], and neuronavigation in pediatric neurosurgery
[158].

The technology also finds application for guidance in flexible robotic
surgical devices [159, 160], e.g. for catheter tracking for atrial fibrillation
treatment and ablation [161-163]. A multitude of magnetic sensors can
be used for the real-time shape estimation of curvilinear flexible surgical
robots in minimally invasive surgery [164-166].

Multi-modal imaging applications combine EMT with traditional in-
terventional radiology imaging [167, 168], ultrasound [169], or other local
imaging modalities, and the output can be visualised in the form of virtual
or augmented reality [170].

All EMT biomedical applications mentioned above operate in a wired
manner, meaning that they require a physical connection to transmit
sensor readout data. Wireless products require larger markers due to the
need to include a battery and electronic circuitry.

For this reason, the only solutions can be found for wireless robotic
capsule endoscopy [4, 171, 172] or for tumour tracking [173], where the
operational space is larger, and capsule sizes of several millimetres are
acceptable. Medical capsule robots are used for diagnostics, drug delivery
and surgical treatment [174], where external magnets can be present for
manipulation and actuation [6].

Wireless methods are made possible by introducing permanent mag-
nets [84] or three-axis sensors and battery-powered electronics [76, 175-
177] inside the capsule. Battery-less methods include resonant antennas
with a divide-by-3 circuit to separate the transmitting and receiving fre-
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quencies [75] or a wireless power transfer link and digital transmission
[27, 76].

There is ongoing research and development in the field of EMT to
improve the capabilities of wireless systems and to reduce the size and
weight of the sensors. Solutions may involve the development of new
wireless communication technologies or using more energy-efficient sen-

sors and energy-harvesting techniques.

2.3.1 Commercial systems

Several magnetic tracking systems are commercially available for medical
applications in the market. They can either be sold alone or in the form of
integrated surgical navigation systems.

NDI (Northern Digital Inc., Waterloo, Canada) [178] offers two med-
ically approved EMT systems, Aurora and 3D Guidance, which are the
most popular commercial solutions. Other original equipment manu-
facturers (OEM) of EMT systems available in the market are Radwave
(Radwave Technologies Inc., MN, USA) [179] and DeepTrack (Quadrant
Scientific, Cork, Ireland) [180].

Systems that integrate the OEM Aurora system include, among others:

e SCOPEPILOT (PENTAX Medical, Hamburg, Germany), which pro-

vides intuitive navigation in colonoscopy [181];

* MediGuide Technology (Abbott Laboratories, Chicago, IL, USA)
[182] and Rhythmia™ (Boston Scientific Corporation, Marlborough,
MA, USA) [183], to facilitate cardiovascular procedures in the elec-
trophysiology (EP) mapping and navigation;

¢ the SPiN System™ (Veran Medical Technologies, St. Louis, MO,
USA), used in image-guided bronchoscopy [184];

e the MONARCH™ Platform (Ethicon Inc., Johnson & Johnson, Rari-
tan, NJ, USA), which enables robotic endoscopy [185];

¢ the EMT platforms proposed by Brainlab (Munich, Germany), for
neurosurgery and ENT navigation [186];
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(a) (b) (o) (d)

Figure 2.4: Examples of clinical applications for magnetic tracking technol-
ogy: (a) Pentax ScopePilot, colonoscopy; (b) Boston Scientific Rhythmia,
EP navigation; (c) Veran SPiN, thoracic navigation; (d) Auris Monarch,
robotic bronchoscopy.

¢ the Fiagon ENT Navigation System (Fiagon GmbH, Hennigsdorf,
Germany) [187].

Some of these systems are shown in Figure 2.4.
In addition, commercial EMT systems based on proprietary technology
other than NDI are:

¢ ScopeGuide (Olympus Corporation, Shinjuku, Tokyo, Japan), for
colonoscopy and enteroscopy [188];

e the CARTO®3 System (Biosense Webster, Irvine, CA, USA), for
catheter-based applications in current clinical environments [189];

¢ superDimension™ (Medtronic, Minneapolis, MN, USA), for airway
navigation [190];

¢ the Sirio navigation system (Masmec Biomed, Bari, Italy), for inter-
ventional radiology [191];

¢ EndoScout Tracking System (Robin Medical Inc., Baltimore, MD,
USA), for MRI applications [192];

¢ the tracking solutions proposed by Polhemus (VT, USA) [193].
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Depending on the application, such systems offer EMT sensors in a
variety of sizes, with diameters as small as 0.3 mm up to 10mm, and
configurations which are stand-alone or integrated inside surgical instru-
ments. They typically have a tracking range of 50 cm to 60 cm where a

resolution of about one millimetre and about one degree is guaranteed [7].

2.3.2 Limitations

Although available EMT systems might work well for the application for
which they are designed, they lack the flexibility required for research
investigations.

The black-box nature of these systems limits the users to a few possible
settings and configurations and leaves little or no space for modifications
in the software or hardware required for technology improvement.

Another relevant factor is the prohibitive price of such products, even
in the most basic configurations, which typically is on the order of 10k
euros for a complete functioning system. Smaller institutes or research
groups with fewer resources and laboratories in poorer regions of the
world may not have the budget to afford these expenses and start doing
fundamental research to improve the current EMT solutions.

These considerations led to the development of the ANSER EMT
project that is presented in the next Chapter 3. The platform design
files and software algorithms are made available for free under Creative
Commons license, and it is estimated that the hardware components nec-
essary to assemble a fully operating system can be sourced in Europe for
less than 300 euros.

2.4 Magnetic field distortion

EMT systems for computer-assisted interventions are applied in the highly
variable environment of the operative room. They are surrounded by
other instrumentation that generates magnetic fields interfering with the
accuracy of position measurements or by equipment containing metallic
materials that may modify the ideal magnetic field [194, 195].
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The wires connecting the sensor might also be a source of undesired
signals where small gaps in the twisted pair pick up stray fields produced
by nearby electronic devices, including the internal electronic components
of the EMT system, power lines, or the field generator [196]. Foils of
aluminium or copper might be used for signal shielding. However, such
shields increase the wire diameter and are more effective at higher frequen-
cies, whereas this kind of interference particularly affects smaller sensors
and lower frequencies because of the lower sensitivity. One solution is to
use a polarity inverter to periodically reverse the coil terminals and cancel
the signal coming from the wires [197].

Assuming that the magnetic coupling between the transmitters and
the sensors is modelled correctly and that the measurements are reliable
and clean, tracking errors can occur if the real magnetic field is modified
in a way that is not accounted for in the model.

Different materials might have opposite distortion effects [198]. Ferro-
magnetic materials provide an alternative low-reluctance path and there-
fore alter the shape of the reference magnetic fields, both for DC and
AC-based EMT systems. The error is reduced with increasing frequency
because the magnetic permeability of the distorting material decreases. In
general, the signal is amplified, causing the sensor to appear nearer to the
excitation source. AC magnetic fields induce eddy currents in nearby con-
ductive materials, which generate secondary fields at the same frequency
as the excitation field. Eddy currents are proportional to frequency and
tend to oppose the field variation, making the sensor appear further from
the field generator.

Figure 2.5 shows the equivalent circuit for the mutual coupling be-
tween a transmitting coil, a conductive distorter, and an inductive sensor
coil. It can be noticed that the distortion effect is minimal if the metal is
either far from the field generator, in which case the mutual inductance
Mpr is low and the eddy currents are reduced, or far from the receiving
coil, when Mgp and then the interfering field are low. Similar considera-
tions apply to ferromagnetic materials, where the magnetisation strength
is proportional to the received magnetic field.
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Figure 2.5: Equivalent RL circuit model for (a) one transmitting coil, (b)
one conductive distorter, and (c) the inductive sensor coil.

The following sections review the main solutions for distortion com-
pensation employed by EMT systems, with a focus on tracking with

uniaxial sensors for biomedical applications.

2.4.1 Eddy currents reduction

Eddy currents generation could be entirely avoided by using DC [113] or
quasi-DC magnetic fields [199]. However, to date, only inductive pick-
up coils can be manufactured to the miniaturised dimensions required
by many medical applications. Such sensors measure the magnetic flux
variation and, therefore, can achieve high sensitivities even with low-
magnitude magnetic fields if the field time variation is fast. In this way,
higher SNR and a larger tracking range are guaranteed. The use of AC
signals allows for a narrow bandwidth, further reducing the susceptibility
to interference and low-frequency noise.

With reference to Figure 2.5, using the complex notation with i = /—1,
if the current It is a sine-wave at angular frequency w, the voltage induced

on the sensor coil by the magnetic flux generated by the transmitter coil is:

Ul = iwMsrly (2.5)
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In the presence of a conductive material, the contribution given by the

eddy-current field is:

2MSDMDT(RD — iwLD)

i _ _
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where the current Ip was calculated as:
] I 1 It _.
I iwMprlr _ wMprly 2.7)

"~ Rp+iwlp  |Zp)

with |Zp| = \/R% + w?L2 and ¢ = arctan @Lp/Rp.

The total normalised voltage measured by the sensor is given by:
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which has a component in phase with the original undistorted signal,

iwIT
From Equation 2.8, it can be noticed that:

U; = Re (h> ,and a component in quadrature, U; = Jm ( l-ng) .

wL w
Mgr = Uy — uqR—DD =U, — qu—D (2.9)

where wp = Rp/Lp = 1/1p is the characteristic frequency of the conductive
distorter.

In other words, it is possible to calculate the contribution given by
the distortion by adequately scaling the quadrature component of the
measurement, Uy, and then recover the undistorted signal by removing
the distortion from the direct component, U,;.

The unknown wp can be included in the tracking algorithm as an
additional degree of freedom or can be calculated using redundant mea-
surements at fixed, known points, assuming that it does not change for
different transmitter coils and different sensors [200]. However, Rp and
Lp depend on the path followed by the magnetic flux density lines and,
therefore, they are likely to change for sources and sensors at different

relative positions [201].
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To overcome this problem, every coil might generate two AC fields
at different frequencies, wj and wy, if the two frequencies are similar so
that Rp and Lp can be considered to not change [202]. In this way, two
equations like Equation 2.9 are obtained which can be solved for wp:

Ugpwy — Upws

wp =
Ug — Ugp

(2.10)

One way to generate multiple frequencies on the same coil is to fre-
quency modulate the current. For example, if IT = cos(wt + a sin(wpt)),
the signal contains satellite harmonics at w + nw,, with amplitude (05¢)*/n!.
Using the symmetry of the first two satellite components, w + w;, and
w — wp, an alternative closed-form formula was proposed to compensate
for the distortion [108].

Multiple frequencies per coil can also be generated through harmoni-
cally rich waveforms, such as square or triangular waves. With more than
two frequencies, it is possible to resolve multiple distortion sources. For
instance, in the presence of j distorters, the total normalised voltage on

the sensor may be written as:

z]--l-iw
P]'—l-ia)

Us = kY

j

2.11)

and the eddy currents reduction is obtained by collecting sufficient data
to estimate the parameters k, z;, and p; [203].

All methods presented above become unstable when wp < w, which
is the case if the distorting material is mainly inductive, Rp < Lp, or for
higher signal frequencies, w. In both cases, the distortion mainly acts on
the direct component of the field and becomes difficult to recognise and
correct if the magnitude of the out-of-phase signal is small.

Alternative non-sinusoidal excitation methods take advantage of the
fact that the signal induced by the magnetic flux density coming from the
field generator is proportional to the first derivative of the current in the
transmitter coil, whereas the eddy currents distortion follows the second

derivative.
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With reference to Figure 2.5, the total sensed voltage, Us, is given by
Equation 2.12 in the Laplace domain:

Ugs = sMgtlT + 5 (2.12)

If I is a ramp function, I7(s) = s72, the first term of Equation 2.12

becomes a constant step, and the second term exponentially decays to

zero. In the time domain:

MspMpr -+ (2.13)
Lp

Us(t) = Mgt +

where Tp = Lp/Rp is the time constant of the current path in the distorter.

The time constant depends on the material’s conductivity, permeability,

shape, and position relative to the field generator. For an aluminium disk,

a brass disk and a neurological reflex hammer, Tp was measured to be in
general below 5ms [116].

The necessity to wait for the transient to fade out increases the system
latency and reduces the pose refresh rate. Moreover, without changing
the maximum magnetic field generated, a longer acquisition time implies
a smaller time derivative and a reduction in sensitivity. A workaround is
to sample points in a number sufficient to fit an exponential curve to the
transient signal and estimate the steady state value [31].

Quadratic excitation was also proposed [115, 204, 205]. In this case,
the signal induced directly by the transmitter is a ramp with a constant
slope, whereas the distortion adds a DC offset. The system’s transient
behaviour was characterised by the response to a rectangular waveform
and removed from the signal. Linear regression can be used to calculate
the signal slope, which only depends on the undistorted magnetic field.

As for DC field-based methods, non-AC excitation techniques need
to use time division multiplexing (TDM) and suffer from slower update
capabilities and susceptibility to low-frequency noise. On the other hand,
they are compatible with inductive sensors and guarantee higher SNR if
the field variation is high.



2.4 Magnetic field distortion 35

EMT systems can combine two frequency components, where a very
low frequency, immune to distortion, is used to correct the measurement at
the higher frequency [206, 207]. However, this approach also has some lim-
itations because the lower sensitivity of the low-frequency measurement
can result in higher errors and less accuracy.

Possible improvements might be accomplished by combining AC and
non-AC methods, such as using adaptive switching between sinusoidal
and ramp excitation or characterising the distortion properties during the
transient of the step response and then correcting the sinusoidal waveform
as per Equation 2.9.

2.4.2 Volume characterisation

Measurement and calibration of static distortion is a fundamental task
aimed to compensate for systematic tracking errors due to imperfect mod-
elling or caused by magnetic distortions in a given clinical environment
[25, 208, 209].

Volume characterisation can be obtained on two levels: correcting the
tracked position and orientation or adjusting the field model to match the
field measurements.

In the first case, the EMT error is evaluated within the region of in-
terest, and an error map is created from the distorted EMT pose to the
compensated one. In general, the error is also orientation dependent and,
therefore, an accurate mapping must include sensor orientation infor-
mation [30]. In the second case, a characterisation of the real magnetic
field is generated based on simulations or experimental measurements at
reference positions within the workspace.

Calibration approaches based on the correction of the tracking sensor
pose are suitable for low to mild distortion scenarios. However, they
cannot be used for highly distorted environments when the mismatch
between the model and the real magnetic field is such that the tracking
algorithm may converge to local minima or not converge. In these cases,
creating a field map rather than an error map is advantageous for the
following reasons: the magnetic field is only a function of the location,
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not of the sensor orientation, faster convergence of the tracking algorithm
is generally attained, and both EMT position and orientation errors are
automatically corrected.

Several techniques have been proposed to build the distortion map,
which can be classified into an analytical model fit to the collected data,
global interpolation of scattered points, and local interpolation methods
of regular grids [32, 210]. Calibration techniques include polynomial
regression, radial basis function (RBF) interpolation [208], and neural
network-based methods [33, 211]. In general, the error correction method
must be designed for the specific EMT system and environment configu-
ration [196].

Once the error map is generated, the effect of the magnetic distortion
on the position and orientation errors can be visualised through markers
of different shapes and styles [25, 30], grid representations [208, 212], or
illuminated streamlines [213], among other methods. The error may be
displayed to the user [214].

Similarly, methods of building a data-driven magnetic model include
fitting of an underlying analytical model [215], interpolation of the field
values stored in a look-up table [216], artificial and convolutional [34, 217],
and random forests [218], among others.

In both error or field mapping cases, reference positions can be phys-
ically defined by a calibration phantom, a robotic system, or obtained
using an accurate, undistorted tracking system, such as an optical tracking
system [213, 219]. Typical solutions include the use of Lego blocks (The
Lego Company, Billund, Denmark) [220, 221], phantoms of polycarbonate
[222-224], or other mechanical structures [225].

The characterisation can be performed as a one-time factory calibra-
tion, the first time after installing the system in a new environment, any
time the tracking accuracy is degraded, or every time before starting a
medical procedure. The process can be complex and time-consuming,
and using external systems for optical reference or robotised movements
is not always feasible inside the environment of the operative room. So-
lutions have been proposed to make data acquisition simpler and more

portable. Some solutions include: using free-hand mapping constrained
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on fixed planes [220], building fixtures containing multiple sensors [143,
226], designing Lego-like modular blocks containing magnetometers [227],
or using a combination of static and hand-held calibration tools [216].
Characterisation techniques cannot compensate for dynamic distor-
tions originating from distorters that change position relative to the field
generator, such as surgical tools or movable imaging machines. One way
to revert back to the static distortion problem is to incorporate the EMT
system within the medical equipment that may cause distortions, e.g.
C-arm fluoroscopy machines [63, 228, 229], surgery and imaging tables
[230, 231], or ultrasound probes [232-234]. However, this solution may be
challenging to implement on existing equipment and should be included

at the design and manufacturing stage instead.

2.4.3 Passive shielding

The error mapping techniques presented in Section 2.4.2 become ineffec-
tive if the environment changes and for severe magnetic distortion, in
which case different physical spatial points may be determined to be the
same position in the EMT domain [235].

For this reason, many surgical navigation systems employ magnetic
shielding to prevent the field lines from encountering metallic materials
[236]. A standard configuration is a flat field generator placed below the
patient, with shielding to avoid distortion from the surgical bed [237].

Magnetic shields might be made of high-permeability materials, ef-
fective for DC and AC systems, or conductive material for AC systems
[238]. In the first case, the field magnitude increases in the region above
the field generator. In the second case, eddy currents in the conductive
shield oppose the field variation, therefore reducing the signal. However,
conductive aluminium plates are generally cheaper and provide a better
shielding effect against higher-frequency interference.

A solution is then the use of two layers, including a non-conductive
high-permeability material, such as ferrite or mu-metal, placed on top of
a conductive plate [235]. Current loops placed around the periphery of
the field generator might also be employed to nullify edge fields [239].
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The magnetic shield is a significant source of static distortion that
acts in a stable and repeatable manner. Thus, it is possible to accurately
characterise the magnetic field vectors in the tracking volume. Methods
include the use of finite element analysis to solve the magneto-quasistatic
problem and compute the magnetic flux density at mesh nodes, or the use
of data-driven approaches such as the mapping techniques presented in
Section 2.4.2 [240].

When the EMT device is used in a multi-modal imaging navigation
system, the presence of the shield might affect the quality of fluoroscopy
images [241, 242]. Solutions have been proposed, including using radio-
translucent materials [243-247], or spatial configurations of the transmit-

ting coils to leave an open window in the centre where the X-rays are not
absorbed [231, 248].

244 Online compensation

Online distortion compensation techniques operate in real time during
the navigation procedure. These methods can be applied to correct errors
caused by dynamic magnetic distortions or to update the registration
between the pre-operative image and the EMT reference.

Such methods are typically based on redundant measurements, which
can be obtained using multiple field generators [249] or multiple sensors
fixed around the region of interest [250]. Fiducial markers can be placed
on the patient skin to record the motion and the deformation of the surface
of the EMT domain, using anatomical body models to predict how internal
organs move and deform [251, 252].

Witness sensors measuring the magnetic field vector at known spatial
points close to the volume of interest give information on the amount of
distortion if the measurements deviate from the expected values [253]. Dif-
ferent surgery tools might exhibit a specific distortion fingerprint, which
can be pre-characterised and recognised during the procedure using an
array of sensors [254, 255]. In addition, the contribution due to exter-
nal distortions can be estimated by measuring the first and second-order
derivatives of the magnetic field vector [92]. More advanced methods
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might use such reference sensors to enable real-time field mapping and
use the updated model to predict and remove distortions [35, 36].

SLAM (Simultaneous Localisation and Mapping) is a technique used in
robotics and computer vision to create a map of an unknown environment
and, at the same time, locate the position of a device within that envi-
ronment [256, 257]. By constantly updating the map of the environment
and the device location within it, SLAM can help correct any errors in the
measurements.

For example, the ambient magnetic distortion was modelled and used
as a landmark for tracking, using sensor fusion with IMUs or cameras,
for controller tracking [258] or indoor localisation [136, 259]. In clinical
applications that include endoscopic or surgical cameras, the camera
images can be used to optimise the EMT solution for more robust surgical
navigation [260].

Additional information upon which a SLAM method is based might
also come from the known reciprocal position of multiple magnetic mark-
ers rigidly fixed on the target instrument [261, 262]. Using this approach,
an extended Kalman filter simultaneous localisation and mapping (EKF-
SLAM) method was proposed for real-time EMT error mapping and
compensation [263].

The method was tested in the presence of static field distorting samples
that were not previously characterised and allowed the generation of an
error map based on a multivariate Gaussian model, which was simultane-
ously used to correct the EMT position [264]. The distance between the
sensors must be larger than the spatial variation of the distortion field.
In this way, some sensors provide undistorted measurements and can be
used for localisation, whereas the sensors entering a region affected by
distortion are used to record and model the error.

The method was subsequently applied for tracking ultrasound probes
with application in high-dose-rate prostate brachytherapy [265] and trans-
bronchial needle aspiration [266]. A similar SLAM technique was for-
mulated using particle filtering for compensation of breathing artefacts
[267].
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2.5 Conclusions

This chapter provided the background to the research topics that are the
focus of this thesis. Alternative EMT methods and applications were
introduced, and traditional distortion compensation techniques were pre-
sented.

In this context, the EMT system used in this thesis work is based on
the uniaxial tracking of inductive sensor coils with a planar topology of
magnetic sources, which are modelled by straight-line conductors. Further
details of this system will be given in the next Chapter 3.
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Chapter 3

ANSER EMT system and accuracy

assessment methods

This chapter presents the instruments and methods employed in this
thesis. Section 3.1 describes the hardware and software components of the
ANSER EMT system. Particular emphasis is placed on the methods that
lay the groundwork for the following chapters, like signal demodulation
in Section 3.2.2 and magnetic modelling and calibration in Section 3.2.3.

Section 3.3 introduces novel tools to host EMT sensors, including
the optical system utilised for accurate pose reference, and Section 3.4
describes the 2D robotic actuator designed to help move the sensors
consistently and repeatedly.

Section 3.5 presents a theoretical analysis of tracking errors, followed

by an examination of the experimental performance in Section 3.6.

3.1 ANSER EMT

The ANSER EMT project aims to provide an open, low-cost research plat-
form for EMT with particular application to image-guided interventions

[2].

Parts of this chapter are based on M. Cavaliere et al., “Magnetic tracking using
a modular C++ environment for image-guided interventions,” Computer Methods in
Biomechanics and Biomedical Engineering: Imaging & Visualization, vol. 10, no. 4, pp. 383-
389, 2021 [1].
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The software [3] and hardware [4] are freely released under Creative
Commons license, and guides and tutorials are available to support new
users and facilitate the first installation [5].

ANSER EMT is application-independent and can potentially integrate
with existing hardware and software in any operating environment. The
system is compatible with commercially available EMT sensors as well
as with any kind of customised magnetic sensor and supports the open
network interface for image-guided therapy (OpenlGTLink) [6] for easy
communication with other navigation platforms, e.g. MITK [7], CustusX
[8], and 3D Slicer [9].

The platform has enabled hardware innovation with bespoke sensor
design [10, 11], custom tracking volumes [12], and provided a basis for
characterising and compensating for magnetic distortions [13, 14].

The following sections give an overview of the system, whereas more
detailed information can be found on the online project repository [15].

3.1.1 Functional subsystems

The working principle of the ANSER EMT system is detailed in Figure 3.1.
The position and orientation information is based on the magnetic cou-
pling between the emitter coils in the field generator and the sensor. The
magnetic model is the function that maps the position and orientation
of the target sensor to the magnetic field measured at that location. By
contrasting the field measurement to the model, the map is reversed, and
the sensor pose in the working space is determined.

Overall, the tracking process can be summarised in three steps: field
generation, signal acquisition, and signal processing. The first two steps
are accomplished by the field generator, the magnetic sensor, and the
control unit, which are the main hardware components of the ANSER EMT
system and will be presented in the following paragraphs. The signal
processing step, including the tracking algorithm, is part of the software
that runs on a computer connected to the system and will be discussed in
Section 3.2.
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Figure 3.1: A schematic representation of the overall data flow in the
ANSER EMT system. The target sensor, typically attached to the instru-
ment tip, measures the magnetic field generated by a set of transmitter
coils inside the field generator. The signal is acquired in the control unit
and transmitted to a personal computer, where it is processed to determine
sensor position and orientation using a known magnetic field model. The
instrument can be visualised inside a pre-recorded anatomical image to
assist the medical procedure.

3.1.1.1 Field generator

The field generator is a planar two-layer printed circuit board (PCB) com-
prising a set of eight transmitter coils arranged in a known configuration,
following an optimised constellation [16, 17]. In this thesis, the terms
transmitter and emitter coil will be used interchangeably. Several ver-
sions of the field generator are available, and the two boards used in the
experiments presented in this thesis are shown in Figure 3.2.

The smaller board has a dimension of 30 x 30 cm? and PCB depth of
1.6 mm. It hosts planar coils of 25 turns and square shape with an external
edge of 70 mm. The coils have a DC resistance of 4.7 () measured on the
coil, which varies from 5.2 () to 5.6 () if measured at the board connector,
depending on the position of the coil in the board and the length of
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(a) Field generator, 30 cm board

Anser EMT A

30 cm

(b) Field generator, 42 cm board

Anser EMT 4 ‘

42 cm

\J

Figure 3.2: Two of the field generators available for the ANSER EMT
system, with board dimensions of (a) 30 cm and (b) 42 cm, respectively.
The eight emitter coils embedded in the field generators are visible and
are numbered from 1 to 8.
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the PCB traces connecting it. The values did not change substantially
if the measurement was taken at 10 kHz. The coils’ self-inductance was
measured to be approximately 75 uH at 10kHz, and 74 uH at 1kHz. The
same values were obtained if the measurement was taken at the board
connector because the paired traces have a limited contribution to the
inductance.

The larger board has a dimension of 42 x 42 cm? and PCB depth of
2mm. The square coils of 25 turns have an external edge of 98 mm. The
DC resistance was measured as 6.3 () on the coil and ranging from 7.0 () to
7.8 () at the connector. The self-inductance resulted in 125.5 uH at 10 kHz,
and 124.5 uH at 1 kHz.

Each emitter coil is driven with a sinusoidal current, with the frequency
selected in software between 1 kHz and 50 kHz, and a current amplitude
that can be configured up to 300 mA. It is worth noting that within the
operating range of the system, which is typically 5 to 40 cm from the field
generator, electromagnetic radiation can be neglected, and the magnetic
field can be treated as quasi-static. For comparison, a 100 kHz wave has a
wavelength of approximately 3 km in vacuum.

Such low-frequency magnetic fields are safe [18], where the only unde-
sired effect might be tissue heating at sufficiently high field amplitude and
exposure time. The human body has minimal absorption of AC magnetic
tields below 100 kHz [19-21], which becomes relevant only in cases of
prolonged exposure to high-magnitude fields.

For this reason, the International Commission on Non-Ionizing Ra-
diation Protection (ICNIRP) and the IEEE International Committee on
Electromagnetic Safety provide safety levels to limit human exposure to
magnetic fields [22, 23]. In restricted environments, which is the case for
EMT applications in the operative room, and in the frequency range 1-
50kHz, the maximum recommended magnetic flux density is 0.615 mT for
head and torso, and above 75mT for limbs exposure. For multi-frequency
exposure, the limit is calculated as the sum of the ratios between the am-
plitude of each harmonic and the reference level calculated for the same
frequency.
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For the ANSER EMT system, considering a minimum distance of 5cm
from the field generator, the highest value of the magnetic flux density
is found on the axis of each emitter coil, and it results in approximately
0.025mT peak flux density when the maximum drive current of 300 mA
is used. The eight coils are in different positions, but even applying a
conservative calculation and considering eight times the value of the
maximum field, the resulting 0.200 mT magnitude falls well below the
limit levels allowed.

The PCB base material in flame retardant epoxy resin (FR4) is partially
transparent to X-rays, which makes the board compatible with intraopera-
tive fluoroscopy imaging. On the contrary, the copper coils can cause X-ray
attenuation and imaging artefacts. The use of low-density aluminium coils
is a viable solution to significantly reduce the impact on X-ray imaging
systems [24].

This issue is less relevant for computed tomography (CT) scans be-
cause, in this case, the 3D volume reconstruction allows localising the
field generator, and its presence has minimal impact on the 3D image of
objects located elsewhere. Figure 3.3 shows the full CT scan of an animal
model placed above the two ANSER EMT field generators introduced
above. In these images, the emitter coils and the planar boards are visible,
but they do not introduce significant artefacts in the 3D reconstruction of

the animal’s internal organs.

3.1.1.2 Magnetic sensor

In the ANSER EMT system, the magnetic sensor is the marker whose
position and orientation are tracked. The most efficient way to measure
AC magnetic fields is by using induction pick-up coils [25]. Such sensors
are relatively inexpensive, inherently safe since they are passive by nature,
and can be fabricated to less than 0.3 mm in diameter [26], as shown
in Figure 3.4a. For these reasons, they can be made biocompatible and
disposable at a reasonable cost, and they are the preferred solution for
biomedical applications.

Induction coil sensors work on the principle of magnetic induction,

described by Faraday’s law, which states that the electromotive force,
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(a) Field generator, 30 cm board
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(b) Field generator, 42 cm board

Figure 3.3: Full CT scan of an animal model placed above the two
ANSER EMT field generators introduced in Section 3.1.1.1.
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v(t), on a static loop is equal to the negative of the time derivative of the
magnetic flux, ®, crossing that loop:
od(t)
t)=——5— [V 1
o =~ v @)
The magnetic flux ® is calculated as the surface integral of the magnetic

flux density, B, over the loop’s area, A;:

q)l(t) = B- ndAl [Wb] (32)
Ap
where n is the unit vector normal to the area element d A;.
An inductive coil comprises N consecutive loops forming the winding
turns. Each loop experiences a magnetic flux calculated according to
Equation 3.2, and because they are connected in series, the total voltage

appearing at the coil terminals is given by:
p) N
o(t) = —5 ,;1 N B-ndA;, [V] (3.3)

Simplifications of Equation 3.3 are possible when the coil is small relative
to the spatial variation of the magnetic flux density and will be discussed
in Section 3.2.3.

From Equation 3.3, it is evident that the smaller the sensor cross-
sectional area, the smaller the magnetic flux enclosed by it and thus the
signal. The addition of a ferromagnetic core can significantly increase
the received sensor voltage [11]. However, all ferromagnetic materials
are inherently non-linear. Hence, the sensor output will exhibit some
non-linear behaviour, which can depend on many factors, such as fre-
quency, temperature, and field strength [27]. Typically, the temperature
can be considered constant inside the human body, but ANSER EMT field
frequencies and magnitudes may be taken into account for the choice of
the sensor core material [28].

The magnetic flux through the coil area depends on the ferrite core’s
relative permeability and the ratio between the core length and diame-
ter [29, 30]. A higher demagnetising factor affects shorter cores, where
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Figure 3.4: (a) Four EMT sensors available in the market [26]. Image
adapted from [33]. (b) ANSER EMT control unit.

magnetic flux lines find a closed path inside the core itself due to the low
reluctance, adding a negative contribution to the flux linked to the coil
[31, 32]. This reason and the necessity to include a high number of turns
forces the EMT sensor design towards elongated shapes at the centimetre

scale to guarantee satisfactory sensitivity.

3.1.1.3 Control unit

The ANSER EMT control unit comprises the hardware necessary for field
generation, signal acquisition, and communication with the computer, as
shown in Figure 3.4b.

For every emitter coil, the field generation chain includes a direct
digital synthesiser (DDS) that outputs a reference signal with an amplitude
of 0.6V, 2x amplification, passive passband filtering between 820 Hz
and 30kHz, a fast, AC-coupled, closed-loop current control, and a final
boosting stage to power the coil up to a maximum electric current of
300mA in amplitude. A small-footprint microcontroller development
system (Teensy 4.1, PJRC, OR, USA) is also present to configure the DDS
with sinusoidal waveform generation at the frequency required.

For every sensor, the acquisition chain includes an instrumentation

amplifier (INA) and high-pass filtering to remove frequencies above the
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Nyquist-Shannon band limit before analogue-to-digital conversion (ADC).
Signal digitalisation is carried out by a data acquisition (DAQ) unit (NI-
USB-6212, National Instruments, TX, USA), which supports USB commu-
nication with a computer using the NI-DAQmx companion drivers.

The DAQ unit features sixteen analogue inputs, fifteen of which are
used to sample and track up to fifteen 5 DOF sensors concurrently. A
6 DOF EMT sensor is typically obtained by fixing two 5 DOF sensors at a
relative angle [34], so the fifteen inputs could also be used to connect up
to seven 6 DOF and one 5 DOF sensors.

The last input is used to sample the current of each emitter coil. The cur-
rents are sampled after being summed together using a current-summing
amplifier. This step is required to obtain a time reference and efficiently
demodulate the composite signal, as will be explained in Section 3.2.2.

3.2 Modular software framework

The ANSER EMT software framework has previously been implemented
in MATLAB [2], Python [35, 36], and C+ [1].

MATLAB requires a license to use and has limited support for operating
systems other than Microsoft® Windows®. On the other hand, Python
is free and well-supported by open-source libraries. However, either
implementation is based on an interpreted language and may require
an increased amount of computation time and memory compared to
lower-level programming languages like C++ . Despite these limitations,
both environments are well-suited for prototyping, debugging, and data
manipulation and visualisation, which is why MATLAB was primarily
used for the novel work presented in this thesis.

The framework has recently been extended to create a modular open-
source C+ environment [1]. This represents an important step in the effort
to develop open-source platforms for navigated image-guided interven-
tions [37]. C++ code is translated into machine code by a compiler before it
is executed and can be optimised for the specific hardware it is running

on, making the C++ framework more efficient and faster.
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Regardless of the programming environment, the software system of

ANSER EMT can be described as having four main components:

¢ Signal acquisition: the first step in solving for the sensor position
and orientation is to acquire the measurement from the magnetic
sensor. The coil experiences an induced voltage from the set of eight
sinusoidal magnetic sources of the field generator.

¢ Signal extraction or demodulation: the sampled signal is digitally

filtered to extract the magnetic flux due to each transmitter coil.

¢ Magnetic modelling: a physical model of the mutual inductance

between the magnetic sources and tracking coil is calculated.

* Solver or tracking algorithm: the difference between the field mea-
surements from the tracking coil and physical model is the base of an

objective function which is minimised to estimate the sensor pose.

These steps are illustrated in the schematic representation of Figure 3.1,
showing the information flow in the ANSER EMT system.

As previously mentioned, the framework currently requires a com-
puter to operate. However, the C++ implementation is the first step towards
integrating it into a microcontroller.

The following sections provide a more detailed explanation of the four

main modules of the software framework.

3.2.1 Data acquisition

After analogue amplification and filtering, the differential voltage from
the magnetic sensor is sampled. Analogue-to-digital conversion and
USB transmission are carried out by the NI-USB-6212 unit presented in
Section 3.1.1.3.

The NI-DAQmx is a cross-platform driver compatible with different
programming languages and provides an application programming inter-
face (API) for configuring the DAQ hardware and reading/writing data
from/to DAQ analogue and digital output channels. In particular, the
Data Acquisition Toolbox [38] is required in MATLAB to enable NI-DAQmx
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support, while the nidagmx package [39] and PyDAQmx [40] provide user-
friendly interfaces between the NI-DAQmx driver and Python. External
compiler support files for C/C++ are automatically included in the installa-
tion directory when installing the NI-DAQmx APIs and driver [41].

Typically, the DAQ is configured to run continuously in the back-
ground to parallelise the sampling and solving stages. The sampling rate,
F;, and the number of samples, N;, can be selected, and when a signal
window of N; samples is available, it is stored in a buffer variable. The
foreground program is then free to read the last signal window whenever
required and proceed with the demodulation and solving stages presented
in the following sections.

The DAQ can also be configured as an external clock source for the
waveform generators that provide reference to the current in the emitter
coils. In this way, the same clock is used for generation and sampling,
guaranteeing coherence between the signal and the sampling frequen-
cies, which is essential to reduce spectral leakage, as will be discussed in
Section 3.2.2.3.

3.2.2 Signal extraction

In its typical configuration, the ANSER EMT system uses frequency di-
vision multiplexing (FDM) to transmit the eight independent magnetic
fields at the same time. Each emitter coil is driven with a sinusoidal cur-
rent at a specific frequency, F..,, where 1 < ec < 8 identifies the emitter
coil. The signal picked up by the magnetic sensor is the superposition of
the eight frequency components, as shown in Figure 3.5.

The measurement of the signal magnitude and phase can be obtained
by several analogue or digital means [42], such as filtering, phase-lock
amplification, digital lock-in detection [43], function fitting [42], discrete
Fourier transform (DFT) or discrete Hartley transform (DHT) [44], and
sliding DFT [45]. A sliding window method will be discussed in Sec-

tion 5.2.1 to increase the refresh rate of the measured signal.
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Figure 3.5: The sampled signal window is the superposition of the eight
magnetic field frequency components.

3.2.2.1 Discrete Fourier transform

In ANSER EMT, the demodulation is performed after digitalisation, and a
DFT approach is used [46]. A signal window sampled at a constant rate
is a train of equally spaced samples, s[n], and it is characterised by the
sampling frequency, F;, and the number of samples, N;.

The acquisition time, or the duration of the sampling window, Ty, is
the reciprocal of the bin width, F,, which is the minimum frequency that

can be resolved or the difference between consecutive DFT bins.

Ty=—Ns F=-> (3.4)

Using the usual complex notation with i = v/—1, a weighted average
is performed to calculate the DFT bins of interest [47] and recover, or
demodulate, the magnetic flux due to emitter coil ec:

I ia 1 iR 1A 128

D, = D “:ﬁs ;;)s[n]-e ¢ Ns A n;)s[n]-e Ns (3.5)
where m,. = FocTyy = FocNs/F, = Fec/F, is the frequency index and indicates
how many cycles of the signal at frequency F,. are contained in the acqui-
sition time Ty,. Considering all DFT bins contained in the signal, m ranges



86 ANSER EMT system and accuracy assessment methods

from 0 to N; — 1, like the sample index n. The overline is used to indicate
that @, is a complex number or phasor.

For the frequency component at m = 0, or DC component, it is clear
that Equation 3.5 simply becomes the average of s[n] calculated across
the N; samples. The same is true for a signal expressed as A, e’2Tfm" /N,
for which the sum of Equation 3.5 returns the amplitude A,,, whereas
any other frequency component at F, # Fy, is cancelled out after the sum,

because ZApeiZ”(Fp*Fm)nTw/Ns =0.

3.2.2.2 Noise level

The acquisition time affects the standard deviation of the demodulated
signal, ®,. Intuitively, a longer sum in Equation 3.5 allows taking an
average across more samples and getting a cleaner estimate. This is a
direct consequence of Parseval’s identity and the fact that the total energy
of a signal does not change from the time to the frequency domain [48],
and therefore the standard deviation of Gaussian noise in the time domain
equals the RMS of the white noise in the frequency domain. The noise
power distributes evenly over the frequency bins, so a wider bin width
contains more noise [49].

Figure 3.6 shows the demodulated signal for a vertical sensor placed
at [0, 0, 150] mm. The magnetic field values, in 4/m, are around the unity,
and Gaussian noise with a standard deviation of 10 m4/m was added to
the simulated signal.

It is evident that the noise level in the spectrum depends on the number
of samples, N, if the constant sampling frequency is not changed. In
particular, when N; is doubled, the noise power per bin is halved, and the
amplitude is /2 times smaller, lowering the RMS level by 3 dB.

The standard deviation of the signal extracted can be estimated from
the RMS level of the DFT bins around the frequency of interest. This tech-
nique is helpful to estimate the precision of the measurement in real time,
which can be transferred to the EMT jitter as explained in Section 3.5.2,
to dynamically optimise the acquisition time, the amplifier gain, or the

magnetic field power in order to maintain the required precision.
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Figure 3.6: Noise level for different numbers of samples at 40 kHz. The
shortest window (400 samples) has a bin resolution of 100 Hz, while the
longest window (8000 samples) has a bin resolution of 5 Hz.

3.2.2.3 Spectral leakage

It is important to notice that the sampling frequency and the total number
of samples must be selected so that the eight frequencies of interest fall
into a frequency bin of the DFT. In other words, each field frequency, F,.,
must be a multiple of the bin resolution F, to guarantee that an integer
number of periods, 11, is contained within the acquisition time.

Failure to coherently sample the waveform leads to leakage in the DFT
spectrum, with the power of the signal of interest being spread onto the
nearby frequency bins, causing a scalloping loss [50, 51].

Incoherent sampling might also be caused by different speeds of the
clocks used for magnetic field generation and sensing. Different crystal
oscillators do not count time at the same exact rate because the crystal’s
frequency is influenced by temperature, mechanical stress, and ageing in

a way that depends on the oscillator quality.
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For this reason, the same clock source is used in ANSER EMT to gen-
erate the reference for the currents in the emitter coils and to sample the
input signal. However, there are applications where coherent sampling
cannot be attained, for example, if the signal is digitalised remotely and
transmitted wirelessly. In these cases, window functions can be used to
spectrally distribute the leakage in a way that reduces the scalloping loss
[52, 53].

Another cause of spectral leakage is the time variation of the frequency
component measured. In real tracking applications, the sensor is not static,
but the position and orientation may change during the time that a signal
window is sampled. Figure 3.7 shows how the signal is affected if the
sensor moves during the acquisition time.

It can be observed that the leakage due to motion does not depend on
the sampling window dimension or period if the speed of the sensor is
not changed. The leakage between the frequencies of interest can be used
to estimate the sensor’s linear and angular velocity.

The demodulated flux values always fall between the values at the
start and end points. However, they do not correspond precisely to the
values obtained at the middle of the sensor trajectory, as would be the
case if the flux gradients were constant. In general, the assumption of a
constant gradient is correct for shorter window periods and, therefore,

minor position and angular displacements.

3.2.2.4 Phase offset

Phase information is essential to resolve the sensor orientation because a
phase difference of 180 degrees corresponds to a sensor flip in orientation.
The phase of a DFT bin depends on the instant in time when the window
was sampled relative to the period of the sinusoid. Accurate knowledge
of the phase is also essential to recognise eddy currents distortion, as will
be presented in Section 4.4.

According to Faraday’s law, reported in Equation 3.1, the voltage
induced on the sensor has a phase which is 90 degrees delayed relative
to the AC magnetic flux that generates it. Additional phase offset is
introduced by the acquisition chain presented in Section 3.2.1. However,
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Figure 3.7: Effect of sensor linear motion in the X direction starting from
p = [0, 0, 150, 0, 0], for different numbers of samples at 40kHz. The
sensor was moved at the unrealistic speed of 25 cm/s, for visualisation
purposes, corresponding to a displacement of 2.5 mm in the shortest win-
dow case (400 samples) and 50 mm for the longest window (8000 samples).

acquisition chain delays can be characterised once for every frequency of
interest and may be considered constant thereafter.

In the magnetic quasistatic approximation, when radiating effects can
be neglected, as is the case inside the tracking volume for the frequencies
used, the AC magnetic field and the current that generates it are syn-
chronised. For this reason, the eight electric currents in the emitter coils
are summed together, as mentioned in Section 3.1.1.3, and the composite
signal is sampled and demodulated in an identical manner to the sensor
signal. After that, the magnetic field phase is subtracted from the signal
phase to get the absolute reference. It should be noticed that if consecu-
tive demodulated values, ®,., are averaged to reduce the noise level, the
phase must be referred to the current before averaging because the sum of

non-aligned complex numbers would lead to an incorrect result.
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Figure 3.8: Average computation time of the DFT sum for the eight fre-
quencies of interest and the fft MATLAB function for an increasing number
of samples.

3.2.2.5 Software implementation

Equation 3.5 can be implemented in the form of a DFT matrix to extract
only the eight values at the frequencies of interest. This approach involves
anumber of 8 x N; multiplications and additions. Alternatively, optimised
fast Fourier transform (FFT) algorithms can be used to compute the full
DFT spectrum with complexity O(N; log Ns) [54].

FFT routines can be implemented in C or C+ using the FFTW library
[55, 56], which is also the basis for the fft function in MATLAB [57]. In
Python, scipy.fft [58] and pyFFTW [59] are available.

An experiment was performed to compare the computation time of
the direct DTF matrix multiplication and the fft function in MATLAB on a
Windows 10 laptop with i5-11th Gen. Intel Core Processor. The results are
shown in Figure 3.8 for different sizes of the sampled window.
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Similar speeds were obtained for the DFT matrix multiplication versus
the fft function. However, the FFT has the advantage of returning all
frequency bins, enabling estimation of the noise level or sensor speed
using the techniques described in the previous subsections.

Although the FFT demodulation algorithm is already highly efficient,
further solutions exist to reduce the computational power. These can
be helpful for embedded system applications [60]. The Goertzel's filter
returns the frequency bins of interest using half of the number of opera-
tions if compared to the DFT sum [61]. Similarly, the sparse fast Fourier
transform (SFFT) is an optimised FFT implementation when only a limited
number of frequencies are present in the signal, as is the case for FDM [62].
Finally, the zoom FFT method returns the frequencies in the bandwidth of
interest with the same resolution that would be achieved using a full-size
FFT on the original signal but, using this method, a smaller-size FFT is

computed on a shorter signal [63].

3.2.3 Analytical magnetic model

As seen in Section 3.1.1.1, the two field generators investigated in this
work are two-layer PCBs comprising eight equal planar emitter coils. In
either case, the emitter coils can be modelled as one-dimensional current
filaments if the trace width and thickness are neglected.

At the evaluation point identified by the position vector r, the magnetic
field Hec(r) generated by each emitter coil can be calculated using the
Biot-Savart’s law [64]:

Hec(r) = i% T t1>2<_31' dlec {a} (3.6)
where I, is the electric current in the coil, T, is the current path along
the coil winding, t is the tangential unit vector and R = |r| is the distance
between the evaluation and the integration points, as shown in Figure 3.9.
The subscript ec is hereafter neglected for brevity.

Because Equation 3.6 is linear, I' can be split into the contributions

given by straight wires, which can be solved in closed form as expressed
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Emitter coil

Figure 3.9: Analytical model for the magnetic flux crossing an inductive
sensor located at r with orientation n. For every emitter coil, the field
is split into the sum of the contributions due to the individual filaments
forming the coil, each calculated as per Equation 3.7.

by Equation 3.7 [65]:

I dy x diz > <d12'd2 d12'd1> {A}
H;(r) = — — — 3.7
i) = 47 (ndzxduuz R

where d1 and d; are the vectors from the evaluation point, r, to the end-

points of the i straight filament, and d1» = d; — d, as defined in Fig-
ure 3.9.

Each emitter coil in the field generator has 25 square turns, for a total
of 100 straight PCB tracks that compose that coil. For every emitter coil,
the total magnetic field is given by the superposition of 100 straight wires:

H(r) = ) Hi(r) (3.8)

where the contributions Hj(r), calculated as per Equation 3.7, can be

summed together in a linear and homogeneous medium like free space.
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The field measurement is sensitive to the negative time-derivative
of the magnetic flux density enclosed by the sensor coil, as stated by
Equation 3.3. The magnetic flux density, B, is proportional to the magnetic
field, H, through the permeability of the material, y:

B=uH [T (3.9)

Biological tissues have magnetic permeability that is effectively equivalent
to the permeability of vacuum, p [66]. Moreover, experiments have
shown that other effects, such as electric parasitic capacitances and eddy
currents induced in the human tissues, are not significant below 1 MHz
[67, 68]. Therefore, it can be assumed that the magnetic field generated
by the ANSER EMT system is not altered in the patient body. This is a
significant aspect because it enables the evaluation and characterisation of
the system in free space, ensuring that its performance remains consistent
in the final application.

As seen in Section 3.1.1.2, the total magnetic flux enclosed by the sensor

coil is given by:

N
O = Z AIB.ndAZ [Wb] (3.10)

For miniature coils, such as those typically used in EMT for biomedical ap-
plications, some reasonable assumptions can be made, e.g. the increment
in sensitivity due to the ferromagnetic core is the same for every coil-turn,
and a constant apparent magnetic permeability, y1,, can be used to account
for the core effect; every coil-turn is planar and parallel, with the central
axis oriented along the unit vector n; every coil-turn has the same area,
equal to the cross-sectional area of the coil, A; B has a constant gradient
throughout the coil’s length and across the coil’s cross-sectional area.

Under these assumptions, Equation 3.10 can be simplified to:
®(r,n) = y;NAB(r)-n [WDb] (3.11)

which gives the magnetic flux crossing the sensor winding of a tracking
sensor at position r and oriented along n, and has to be calculated for

every emitter coil in the field generator.
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The inductive sensor measurement is proportional to the negative time
derivative of Equation 3.11. ANSER EMT magnetic fields have a sinusoidal
waveform. Therefore, their time derivative is another sinusoidal signal
at the same frequency, where the amplitude is scaled by the constant
factor 27tF,.. Moreover, the acquisition chain described in Section 3.1.1.3
introduces other constant scaling factors to the signal coming from the
sensor. By taking the derivative of Equation 3.11, and grouping together
all the constant terms in the factor C, the measured voltage in response to
a sinusoidal field is obtained as follows:

v(t) = CuoH(r) - n =CP(r,n) [V] (3.12)

where H(r) is calculated from Equation 3.8.

The analytical magnetic flux model described in this section, ®(r,n),
returns the values predicted for the flux enclosed by a coil at position r
with orientation defined by the unit vector n. We define p € R°*! as the

pose vector of the uni-axial sensor coil, as per Equation 3.13:

r=[xyz]
n = [sin(6) cos(¢), sin(8) sin(¢), cos(6)] (3.13)
p=Ilryzfg]

where x, y, and z are the Cartesian coordinates of the sensor position, and
 and ¢ are the pitch and yaw angles defined in spherical coordinates, as
shown in Figure 3.9.

We define the flux vector ® € R¥*!, & = f(p), as the array of the eight

values from the magnetic flux model of the eight emitter coils.

3.2.3.1 Jacobian calculation

The Jacobian matrix is the 8 x 5 matrix containing the partial derivatives
of the eight dependent variables of ® with respect to the five independent
variables of p.

The Jacobian is a function of p and indicates how a variation in p is

reflected into a variation in ® at a specific sensor position and orientation.
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The analytical formulation for the Jacobian was obtained by differen-
tiation of the model presented in Section 3.2.3. The result was verified
using the Symbolic Math Toolbox [69] in MATLAB.

Alternatively, the partial derivatives in the Jacobian matrix can be
approximated as a finite difference of the magnetic flux model. In this
case, it was found that the result is typically correct up to the ninth digit
after the decimal point.

In the remainder of the thesis, the numerical approximation is typically
used because it can be calculated faster. Furthermore, it can be extended
to magnetic flux models that do not have an analytical expression, such as
data-driven tabulated or neural network models.

3.2.3.2 Model calibration

As seen before, the magnetic coupling between the inductive sensor and
the field generator can be effectively modelled up to a constant scaling
factor, C. Factors that determine C include the sensor’s sensitivity, the
gain introduced by the acquisition chain, and the field frequency. Typical
values are indicated as 0.05 to 0.5 VT ~'Hz~! for the sensitivity, 1 to 1000
for the amplifier gain, and 1 to 50 kHz for the frequency.

Calibration is an important step aimed at precisely determining the
scaling coefficient from the raw voltage signal measurement to the corre-
sponding value in terms of magnetic flux density or magnetic field, which
in the human body differ by the constant factor py.

We define the flux vector ® € R8*1, that contains the eight values
of the magnetic flux measurement from the eight emitter coils, and the
calibration vector C € R3*!, that contains the eight scaling coefficients.

The calibration process aims to find C that minimises the two-norm
of the difference between the fluxes measured and modelled within the

region of interest (ROI):

argmin||CO ® — @ ||, (3.14)
C

where © indicates the element-wise multiplication.
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Equation 3.14 may employ normalisation or weighting functions to pri-
oritise tracking points deemed more critical or to adjust for the decline in
field magnitude with distance, which would otherwise give more weight
to points closer to the field generator [17].

Minimising Equation 3.14 over every possible pose p in the ROI is
unfeasible. For this reason, the calibration points must be sampled with
suitable distribution and density. Reference can be provided by slides or
mechanical supports [70], optical tracking [71], calibration fixtures [72], or
robotic systems [73].

If the reference poses are known, meaning that ®(p) can be calculated
for every calibration point, Equation 3.14 can be formulated as a linear
least-squares problem, and the solution for C can be found in closed-form
as follows. Considering N, calibration points, a fast formula can be found

by setting the derivative to 0 and solving for C:

d N, _ Ne "
- Y (CoPp—@,)°=2) ®,0(COP,—P,) =0  (3.15)
n=1 n=1
N,
D, OD
c— Z?le ®n © On (3.16)
Y @Pn © @p

where the fraction must also be considered an element-wise operation.

As mentioned in Section 3.2.2.4, correcting for constant phase offsets
introduced during the acquisition process might also be necessary. In this
case, Equation 3.14 can be extended by considering C and @ as arrays
of complex numbers, which encode both the magnitude and the phase
of the calibration coefficients and the demodulated signal, respectively.
After that, the product C ® @ automatically applies magnitude scaling
and phase offset correction.

By appropriately redefining the cost-function of Equation 3.14, ex-
tended calibration methods might solve for additional degrees of freedom.
For example, the calibration points could be collected free-hand without
a ground-truth reference, and the five DOFs per point become 5 x N
additional unknown parameters to be estimated. Variations include con-
straining some degrees of freedom, e.g. by using a fixed horizontal plate
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Figure 3.10: A schematic representation of the iterative algorithm used to
estimate the EMT pose.

as a support or placing the sensor at fixed grid points with known relative
distances. These calibration procedures require non-linear optimisation
techniques similar to those used for the tracking algorithm, which will be
presented in Section 3.2.4.

Unless otherwise specified, in the remainder of the thesis, we will

assume that ® has been previously calibrated, so that ® = C © ®.

3.2.4 Tracking algorithm

The core function of the tracking algorithm aims to resolve the sensor
pose, p, based on the set of field measurements, ®. The problem is typi-
cally formulated as a non-linear optimisation in which the two-norm of

vector ® — ® is minimised:

p = argmin|® — ®(p)| (3.17)
P

where p is the estimated pose. Figure 3.10 shows the flowchart that
summarises the main steps of the iterative EMT algorithm.

In the standard form presented in Equation 3.17, the cost-function
automatically weights the terms relative to the eight emitter coils so that
higher signals, which are less affected by random noise because of the

higher SNR, contribute more to the difference. In this way, the solver
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is biased toward the coils nearer to the sensor position or generating a
magnetic field vector aligned to the sensor direction.

Variations to Equation 3.17 are possible by introducing normalisation
or weighting functions or using other vector norms or other cost-functions
depending on the difference ® — ®. In these cases, the best-fit pose p
might change.

Equation 3.17 is minimised using iterative methods, as shown in Fig-
ure 3.10 [74, 75]. The Levenberg—-Marquardt (LM) and the Trust-region
(TR) algorithms were proven optimal for EMT with a planar field gener-
ator [16]. When the algorithm is started for the first time or if the EMT
sensor is moved outside the volume range, the estimated pose is initialised
to the centre of the region of interest. Afterwards, as the sensor moves fol-
lowing a continuous trajectory, the pose to which the solver has converged
is used as an initial estimate for the subsequent pose.

Non-linear least-squares solvers support LM and TR methods in MAT-
LAB. In particular, the Isgnonlin function is used in this work [76]. In the
Python implementation, solving operations are performed using NumPy
[77] and SciPy [78] libraries. Linear algebra functionality in C+ is en-
abled by the Eigen 3 library [79]. The convergence time for the three

implementations will be compared in Section 3.6.2.

3.3 Sensors for characterisation and tracking

Two commercially available inductive sensor coils were used in part of the
work presented in this thesis: a three-axis receiver (3DV11AQOI-A-50600],
Grupo Premo, Malaga, Spain) [80], and a clinical-size micro-coil (610158,
Northern Digital Inc., Waterloo, Canada) [26].

The three-axis coil was chosen as a cost-effective solution to collect
low-noise data quickly during the volume calibration. However, this
sensor has a dimension of 11 x 11 mm?2, which is incompatible with the
requirements for endoscopic applications.

For this reason, the miniature coil with dimensions of 0.45 mm in diam-
eter and 8.2 mm in length was used when evaluating the electromagnetic

tracking positional and angular accuracy.
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Figure 3.11: (a) Tool C includes (b) three triaxial sensor coils. (c) Tool T is
equipped with (d) two uniaxial clinical-size sensors.

In the case of both sensors, a 3D-printed dynamic reference frame
(DRF) [81] was appropriately customised to host the sensors together with
passive markers for optical tracking.

One tool included three of the three-axis coils from Grupo Premo,
spaced by 3 cm, for a total of nine pick-up coils which were connected to
nine separate acquisition channels of the control unit for concurrent mea-
surements. This tool was mainly intended for fast volume characterisation
using a multitude of sensors.

A second tool was equipped with two miniature single-axis coils from
NDI mounted with orthogonal orientations. This tool was used for testing
and EMT accuracy evaluation. In this work, we will refer to the two tools
as tool C and tool T, respectively, as shown in Figure 3.11.

The presence of reflective spheres on the tools enables optical tracking
of the DRF position. Other markers were attached to the field generator to
give relative reference positioning.

The Polaris Vega system (Northern Digital Inc., Waterloo, Canada)
provided ground-truth pose reference of the sensors and the field gener-
ator. The system has a volumetric accuracy of 0.15 mm RMS, provided
by the manufacturer [82]. Optical reference was used to assign magnetic

measurements to the correct point in space when performing volume char-
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Figure 3.12: Linear transformations between the reference frames of
ANSER EMT {EMT}, the optical system {OPT}, the optical marker {DRF},
and the sensor pose within the dynamic reference frame {S}.

acterisation and to provide undistorted pose reference when assessing

EMT accuracy.

3.3.1 Registration between tracking systems

ANSER EMT and Polaris Vega have different reference systems, {EMT} and

{OPT}, respectively, as shown in Figure 3.12. The linear transformation

between the two coordinate frames, Tglﬁ’ITT, defines the 6 DOF pose of

{OPT} in the {EMT]} reference system. The process of determining T5MT is
called registration.
The reflective spheres mounted on the optical marker define a dynamic

reference frame {DRF} which is optically tracked relative to {OPT}, T9X L.

The position and orientation of the magnetic sensor coil in the DRF, TPRF

is defined by the rigid-body geometry and must be known with accuracy.

Such linear transformations involve one rigid translation and one
rigid rotation, which can be identified by three positional displacements
and three rotation angles, respectively. The roto-translation is typically

expressed as a 4 x 4 matrix in homogeneous coordinates [83] because
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this allows for fast coordinate transformation by performing one matrix
multiplication.

EMT of the magnetic sensor provides the sensor pose in the {EMT}
reference system, TEMT. If TEMT and TPRF are known, it is possible to
compare the tracking results of the two systems, TEMT and THET, as given

by Equation 3.18:
TEMT ., TEMT  TOPT TDRF (3.18)

PT " *DRF " +S

Although the tool’s mechanical design is known, 3D-printing inaccu-
racies and the unknown coil geometry might cause errors in the definition
of TPRF. An external optically-tracked stylus can be used to touch fiducial
points on the field generator and find T5MT.

Similarly, the stylus could be used to localise the magnetic sensor.
However, this relies on pivoting accuracy and the ability to touch the coil’s
centre correctly. For larger coils, reaching the centre of the ferromagnetic
core is unfeasible, and for miniature coils in the sub-millimetre scale,
identification by visual inspection might be unpractical.

The difficulty in determining the exact coil central point and the real
magnetic axis requires more accurate calibration routines. In the following
sections, novel methods will be described for calibrating tool C. Similar

methods were applied to tool T.

3.3.2 Concurrent magnetic and mechanical calibration

When the ANSER EMT is already calibrated, as seen in Section 3.2.3.2, a
number of sensor poses can be collected in the EMT domain, TgMT, with
the associated optical marker poses collected simultaneously in the optical
domain, T§FT. The transformations for registration and for the rigid-body,
TEMT and TPRF, might then be solved as a hand-eye calibration problem
[84]:

TEMT 75 — TEMT . TORT 319)

If the EMT system requires calibration, an external positioning refer-
ence is needed for fast and accurate optimisation of the scaling coefficients,
as discussed in Section 3.2.3.2.
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In this section, the two problems are solved concurrently by introduc-
ing a novel calibration technique to find the optimal scaling coefficients
and the mechanical transformations described above. The method is an
extension of hand-eye calibration routines commonly used for registration
between tracking systems [84].

The unknowns are the eight magnetic model calibration coefficients, C,
the six degrees of freedom (DOF) of the optical system relative to the EMT

reference frame, T5MT, and the 5 DOF pose of every sensor in relation to

the dynamic reference frame (DRF), T_C? RE,

The three coils inside each triaxial sensor of tool C are considered inde-
pendent, each accounting for 5 DOFs for a total of 15 DOFs. Alternatively,
if manufacturing tolerances are neglected, they can be assumed coincident
and arranged along orthogonal axes, in which case they are localised with
a total of 6 DOFs.

The tool is moved free-hand within the region of interest (ROI), and
magnetic and optical measurements are acquired. At every sampled point,
the matrix T9% % and one vector of eight field measurements per sensor
are recorded.

Given an estimate for the calibration coefficients, the flux measurement
vector is found as @ = C ® ®. Given an estimate for the registration TEMT
and the rigid-body TPRF, the flux model vector, ®, is calculated at the
pose defined by T5MT - TRL . TORE,

The calibration routine involves an iterative algorithm where the cost
|® — @ is minimised for every sensor and every point sampled. The
non-linear least-squares problem was solved using the Isqnonlin function

in MATLAB.

3.3.3 Magnetic calibration without optical reference

Estimating the scaling coefficients is typically less accurate if an exact
reference is unavailable. The nine coils in tool C were calibrated individu-
ally without a ground-truth reference. The calibration routine involved
sampling a cloud of points in the ROI and solving for the eight coefficients
and the 5 DOFs per test point.
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Tracking results are visualised in Figure 3.13a and demonstrate small
displacements between coils belonging to the same triaxial sensor, which
are supposed to be coincident. A new calibration algorithm was designed
to include mechanical constraints between the sensors and therefore im-
prove the tracking results, as shown in Figure 3.13b.

The position and orientation of each coil relative to the dynamic ref-
erence frame, TPRF, is defined by the tool’s geometry and is assumed
to have been previously characterised using the methods described in
Section 3.3.2.

Each sensor axis, i, is tracked individually by the electromagnetic track-
ing system, with the resulting pose that is identified by the position vector
tEMT — [ty ty t;]T and the orientation unit vector nfMT = [nyx ny nz]T,
both defined in the global coordinate system {EMT}. The position and ori-
entation of the nine sensors can be expressed in homogeneous coordinates

and combined in a single 4 x 18 matrix, TEMT:

... pEMT (EMT | ...
TEMT = i i (3.20)

0 1

The rigid-body definition gives the position and orientation of every

sensor axis in the local coordinate system of the optical marker, {DRF}. A

DRF
TS

4 x 18 matrix can be constructed in the same way as Equation 3.20.

TDRF and TEMT

The linear transformation between , i.e. the change of

coordinates from the local to the global reference systems, is the 4 x 4
matrix TEXT that defines the position and orientation of the DRF with
respect to the origin of the field generator, as described in Section 3.3.2.
In the proposed calibration routine, the array of sensors is moved
free-hand within the ROL For every point sampled, matrix TfMT is given

by EMT methods, and matrix TBII\{IFT, the position of the sensor arrayj, is

TéEMT TEMT | TDRF

estimated by minimising the difference between and Trgp - Ts

after normalisation of the nine position vectors t.
Normalisation is required because orientation vectors have a two-

norm equal to 1, while position vectors are in the range of hundreds of
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Figure 3.13: (a) Tracking results after individual calibration of the nine pick-up coils of tool C. (b) Improvement was
obtained using the calibration routine described in this section, accounting for mechanical constraints.
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millimetres. This would bias the cost function in favour of the position
vectors. The mean value of the two-norm of the nine vectors was used as
the normalisation constant.

The equation was solved using the slash, /, operator of MATLAB, also
called the mrdivide function [85], which returns the least-squares solution
to the system of equations T5MT . TPRF
tion 3.21:

= TEMT by minimising Equa-
29 EMT _ ,DRF||? EMT _ _DRF|?
N H +Hni — H

i=1

(3.21)

In general, the 4 x 4 matrix obtained in this manner is not a valid
rigid transformation matrix. The first 3 x 3 block can be made a valid
rotation matrix by taking its singular value decomposition and setting the
eigenvalues to 1[86], the 4 row is set to [000 1], and the translation vector
in the 4" column is re-scaled by the normalisation constant calculated
before.

In this way, the expected position of the tool, TE%FT , i1s obtained, and
new position and orientation vectors are derived for every sensor accord-
ing to TEXT. The mismatch between the independent sensor poses given
by the EMT system and the new mechanically-constrained poses is quan-
tified as the Euclidean distance in millimetres and the angle difference in
degrees for the position and orientation vectors, respectively. The total
cost is calculated as the sum of the squared errors of the nine coils at all
the sampled points.

For each of the nine coils, eight calibration coefficients are found to
give the EMT positions and orientations that minimise the total cost in
the least-squares sense. At each iteration of the algorithm, the pose of the
sensors is calculated from the magnetic flux measurement as an update
to the previous solution using the faster tracking algorithm that will be
presented in Section 5.1.1.

The calibration algorithm is summarised in Listing 3.1, and the tracking
results obtained with the newly calculated calibration coefficients are

visualised in Figure 3.13.
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Listing 3.1: Calibration algorithm that includes mechanical constraints
between sensors.

% Pand0 is calculated according to the current
calibration coefficients

% Pand0 := (6 x 9 x numPoints) array of the position and
orientation of the nine coils at every sampled point
for p = 1l:numPoints
% 3x9 position vector for the nine coils at point p
t = Pand0(1:3,:,p);
% 3%x9 orientation vector for the nine coils at p
n = Pand0(4:6,:,p);
% normalisation factor
t_norm = mean{(vecnorm(Pand0(1:3,:,p)));
% 4x18 matrix TOA with normalised position vectors
TOA_norm = [[n;zeros(1,9)] [t/t_norm;ones(1,9)]1];
% 4x18 matrix TPA with normalised position vectors
TPA_norm = TPA;
TPA_norm(1:3,10:end) = TPA_norm(1:3,10:end)/t_norm;
% 4x4 matrix TOP with normalised position vectors
TOP_norm = TOA_norm / TPA_norm;
% 3x3 rotation block to orthogonal matrix
[U, ~,V] = svd( TOP_norm(1:3,1:3) );
% position vector re-scaled to original
TOP(:,:,p) = [U*V' TOP_norm(1:3,4)*t_norm; 0 0 O 1]1;
end
% Constrained position of the coils
TOA_rb = TOP*TPA;
% PandO_rb := (6 x 9 x numPoints) Pand0 array
constrained to the Rigid Body definition
Pand0O_rb(1:3,:,:) TOA_rb(1:3,10:end, :);
PandO_rb(4:6,:,:) TOA_rb(1:3,1:9,:);
%% error between Pand0 (independent sensor axes) and
PandO_rb (mechanically constrained)

% position error in mm, approx. range: -150 to +150
err_p = squeeze (rms(Pand0_rb(1:3,:,:)-Pand0(1:3,:,:)));
% angle error in degrees, range: -90 to +90

err_a = squeeze (acos(dot (Pand0_rb(4:6,:,:) , PandO
(4:6,:,:))))*180/pi;

% cost to be minimised

cost = [err_p err_al;

% Find new calibration coefficients to minimise the cost
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Figure 3.14: (a) XY Plotter Robot Kit available in the market [87].

(b) A wooden frame is used to keep the robot far from the ROI and avoid
magnetic distortion. The sensor is mounted on a plastic rod.

(c) Accurate pose reference is provided by an external optical system [82].

3.4 Robotic two-axial actuator

When conducting tracking tests or characterising the volume, data col-
lection within the region of interest (ROI) can be time-consuming. To
automate this process, a 2D linear actuator was designed to move sensors
repeatedly and consistently along pre-planned paths or to predefined test
points. The complete experimental setup is illustrated in Figure 3.14.

A cost-effective XY Plotter Robot Kit readily available in the market
was utilised for this purpose [87]. The robot was mounted on a wooden
frame to keep the aluminium structure and stepper motors at a distance of
over one meter from the ROl in order to avoid magnetic field distortion.

The stepper motor drivers were upgraded to the TMC2208 driver
(TRINAMIC Motion Control, Hamburg, Germany) [88] to ensure smoother
motion. An Arduino® Uno microcontroller was used for communication
between MATLAB and the stepper motor drivers using the AccelStepper
library [89].
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Despite the ability of the actuator to be programmed for repeatable
positions, the inherent inaccuracies of the motorised system and the plas-
tic rod holding the sensor do not allow for the sub-millimetre accuracy
necessary to test or characterise the EMT system. Therefore, when an
accurate sensor position and orientation are required, the Polaris Vega
optical system presented in Section 3.3 is used.

3.4.1 Mechanical oscillations

When the robot moves to a new test point, the sensor position requires
some time to stabilise. Part of the mechanical oscillations is due to the
pendulum effect created by the plastic rod holding the sensor.

The 2D actuator was characterised to assess its stability and any un-
desired motion that may occur after stopping. The sensor was moved to
nine test points on a 3 x 3 grid located approximately 15cm above the
tield generator. Positions were recorded using optical methods for nine
seconds after reaching the target point.

Figure 3.15 shows the position error calculated in relation to the value
at convergence. The final static position was estimated as the average
between the measurements taken in the last four seconds of acquisition.
Similar plots were obtained for the other test points.

The convergence can be observed within the initial three seconds, with
the error dropping to below 40 um after just one second. This error is well
below the 150 um RMS error of the optical system.

Following a one-second interval to allow for the damping of oscilla-
tions, 40 field measurements were collected at every test point, and the
corresponding 40 EMT positions were determined. The solutions obtained
through EMT are presented in Figure 3.16, where they are compared to
the expected cloud distribution obtained by utilising a completely static
Sensor.

In this way, it is possible to visually determine the proportion of error
that can be attributed to random noise in the measurements and the pro-
portion that is due to minor mechanical oscillations. For instance, at test
point 9 of Figure 3.16, it is evident that the solution cloud is deformed in
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Figure 3.15: Position error due to mechanical oscillations. The error is
calculated in relation to the value at convergence.

the direction of motion when compared to the static solution, thus indicat-
ing that a measurable portion of the error distribution can be attributed to
the physical displacement of the sensor.

In all cases, the difference is on the order of tens of micrometres, and
a significant portion of it is eliminated through the averaging of mea-
surements, as will be discussed in Section 3.4.2. Therefore, a one-second
interval for oscillation damping was chosen as a trade-off between the
oscillation amplitude decay and the time required for sampling. In all
experiments presented in this work, the damping interval is utilised prior

to collecting magnetic measurements.

3.4.2 Acquisition time

The same field measurements used in the experiment of Figure 3.16 were
considered to determine the number of consecutive measurements that
must be averaged in order to obtain a stable value. The 40 signals were

collected over a two-second interval, and an increasing number of mea-
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Figure 3.16: EMT solutions showing the effect of mechanical oscillations. At nine test points, 40 EMT poses were
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sensor are shown for comparison to highlight possible error components due to mechanical oscillations in the X
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error distributions at each test point.
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surements were incorporated into the average. For each value obtained in
this manner, the percentage error was calculated in relation to the global
average of the 40 measurements. Figure 3.17 shows the results for four
emitter coils (EC) at the nine test points used for evaluation.

Through visual inspection, it was determined that 20 values are suf-
ficient to get low-noise field measurements. This is also supported by
the fact that the standard deviation of the corresponding EMT solutions
obtained for individual measurements is already on the order of tens of
micrometres, as previously illustrated in Figure 3.16.

In conclusion, it was found that the 2D actuator can be used to move
magnetic sensors to positions that are highly stable after one second, and
that an additional second is sufficient to collect field measurements with a

minimal level of randomness.

3.5 Performance analysis of ANSER EMT

In this section, the sources of EMT error affecting the ANSER EMT system
are discussed, and the theoretical accuracy is evaluated.

This section shows how magnetic flux measurement errors are related
to the corresponding EMT errors. Uncertainty propagation from the
measurement domain to the EMT pose domain is analysed.

The theoretical tracking resolution of ANSER EMT field generators is
presented. The study demonstrates a novel method to perform resolution

analyses to evaluate or design EMT systems and topologies.

3.5.1 Sources of error

Errors affecting the accuracy of the ANSER EMT system can be classified
into systematic and random errors.

Systematic errors occur consistently and in a predictable manner and
cannot be reduced by the average of consecutive measurements or by
filtering the EMT poses. These errors can be caused by factors such as the
stability and reproducibility in the field generation and measurement, the

system calibration accuracy, the mathematical model approximation used
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for the magnetic field, and the accuracy of any reference system used to
define the real pose of the sensor when calculating the error.

Random errors are mainly caused by the noise in the sensor measure-
ments. They can be reduced by using sensors with higher sensitivity
and SNR, increasing the field frequencies to enhance the voltage induced
on the pick-up coil, shielding the sensor’s wires to minimise undesired
signals, and averaging or using filtering techniques, with consequently
increased latency.

Other sources of error may include errors caused by field distortion
from nearby metallic materials, interference from external sources, and
changes in the surrounding equipment, as discussed in Section 2.4. These
cannot be pre-determined in a laboratory setting and must be evaluated
when installing the system in a new environment.

In general, a tracking error is present every time the field measure-
ments and/or the magnetic model differ from the real magnetic field. For
example, unintentional errors could be introduced if the transmitter coils
are moved due to the board bending or deformation, or if the shielded

wires of a sensor are placed too close to the field generator.

3.5.2 Noise and measurement sensitivity

This section analyses the sensitivity of the EMT solution to a random error
in the field measurement to show how the jitter noise of the signal affects
the tracking position and orientation. The noise could be intrinsic to the
sensor or from an external source, as discussed in Section 3.5.1. In either
case, it will change the estimated pose.

Vector ®, defined in Section 3.2.3.2, is the vector of the corrupted
magnetic flux values, and p is the correspondent sensor pose estimation.
A Taylor expansion of the magnetic flux model can be performed around

the reference sensor pose, p:
O~ +Jp-(P-p) (3.22)

where J, € R%* is the Jacobian matrix of the flux model calculated in p.
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The pose error, Ap = (p — p), can be estimated from the field differ-
ence, A® = (5 — @), by inverting Equation 3.22:

Ap =] - A®, (3.23)

where ]; is the Moore-Penrose inverse of the matrix Jp.

Equation 3.23 shows that the smaller ];r, is, the smaller the tracking
error for a given error in the field measurements. Additional emitter coils
would increase the dimension of matrix J,, further reducing the inverse
];;. This explains how redundant transmitter coils help reduce the EMT
error and why, in general, EMT systems provide more constraints, eight
in the ANSER EMT system, than degrees of freedom, five for the pose of a
uniaxial sensor.

For every emitter coil, the random noise affecting the measurement at
that frequency can be modelled by a Gaussian distribution with variance
o2 on the diagonal of the 8 x 8 covariance matrix, Z¢. When the noise is
assumed uncorrelated, the out-of-diagonal elements of >4 are all zero. If
the frequency components are correlated, then X is a full matrix. Error
correlation could be caused by spectrum leakage in the demodulation step
or cross-talk in the analogue signal path.

Because the magnetic flux and the tracking pose are connected in a
local linear dependence, as per Equation 3.23, the error propagates to the

pose covariance matrix, Xy, as given by Equation 3.24:
Yo =1h-Zo -5 3.24
P — Jp (0] Jp ( . )

which is valid as long as the errors are small enough for the linearisation
approximation to hold.

In general, Xp results in a full matrix. This implies intercorrelation
between the sensor spatial and angular coordinates. Furthermore, Xp
depends both on the sensor’s position and the orientation because J, is
calculated in p, the complete sensor pose.

The first 3 x 3 block of X is the covariance matrix that encodes the
trivariate Gaussian distribution describing the position uncertainty, .

The associated confidence region assumes the shape of an ellipsoid in the
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Figure 3.18: The position and orientation random errors are typically
distributed as ellipses whose shape and dimension depend both on the
sensor pose and noise level.

3D space, with some directions that are more prone to errors than others,
as illustrated by the drawing of Figure 3.18.
The three semi-axes of the ellipsoid are obtained from the singular

value decomposition (SVD) of the matrix 2y:
U,S, V] =svd(Zx) (3.25)

The columns of U are the direction vectors of the three semi-axes, and the
diagonal entries of S, namely the singular values sy, sp, and s3, indicate
the variance associated with that direction. In this case, V = U7 because
2k is symmetric.

The square root of the largest singular value, o1 = /51, is the standard
deviation of the Euclidean error along the longest semi-axis of the ellipsoid,
which is affected by the highest error. The square root of the sum of the
three singular values is the global standard deviation considering all
directions, equal to the addition in quadrature of the standard deviation
associated with the x, y, and z coordinates:

VSs1+8y+s3= ,/U§+U§+UZZ (3.26)
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Similar considerations are valid for the orientation error, for which
the last 2 x 2 block of the matrix X, encodes the two directions and the
associated standard deviations of the error in the orientation angles.

As an example, Figure 3.19 shows the position and orientation obtained
for one hundred EMT solutions for a sensor at [100, 50, 150] mm and three
different orientations, in the presence of white noise with SNR = —60dB.

3.5.3 System resolution

As demonstrated in Section 3.5.2 above, error in the magnetic flux mea-
surements propagates to EMT errors in a way that depends on the pose of
the sensor, following Equation 3.24.

The system robustness against systematic or random errors is attested if
significant measurement errors translate into minor EMT errors. From an-
other point of view, this also means that a slight change in the sensor pose
causes a considerable variation in the magnetic measurements, which is
easier to detect. In this way, higher spatial and angular tracking resolution
are achieved.

Both of these effects are obtained if the magnetic model gradient is high,
that is where the Jacobian matrix, J,, assumes large values, as demon-
strated by Equation 3.23. Differences in the flux vector, A®, might be
caused by jitter noise or by approximations of the magnetic model, which
could also be due to poor calibration of the scaling coefficients seen in
Section 3.2.3.2.

A systematic analysis was performed to characterise the region of
interest (ROI) of the ANSER EMT system and determine what poses can be
tracked more accurately. The 30 cm and the 42 cm planar field generators
shown in Figure 3.2 were included in the analysis.

For the smaller board, the ROI was defined as a 30 x 30 x 30 cm?> cubic
volume at a distance of 5cm. The plane at Z = 15cm was considered
for this study. The average absolute value between the three magnetic
field components on the plane was calculated as 788 "4/m, considering a

unitary current in the emitter coils.



117

3.5 Performance analysis of ANSER EMT

*3sTou 1931 9} }09JFE SUOTJLJUSLIO JUIIJJTP MOY JYSIY3TY 03 d[eds awres iy} ursn paredwod are sased a1y} 9 [, "d[ue
me£ 93 uo sduspuadap ou Sey UOTJejUSLIO-Z 9} dsnedaq PasI[ensIA jJou a1e ¢ 10J suonnjos ayj (q ‘,0 = g) Uf -anjq pue
‘U991 “pa1 Ut 21N 3 Y3 Ul PAJIHUSPI 91k ‘SUOTIIITP JOLID UTeW 9} Sunedrpur ‘soxe-ruas prosdifa ayJ, ‘prosdife ue jo
adeys ayy sey uordai Ayiqeqordmba ayj a1roym ‘vonnqrysIp uerssner) 9jLLILAGNW € MOJ[OF SIOIId UOT}LJUSLIO (q) pue
uonrsod (e) 9YL, "gpP 09- }e 3SIOU UM WOPUERI J}IM PIINSEIW SoN[eA dUIeW WOoIj paure}qo sasod 10suag :61°¢ aI3I]

(pea) ¢ (pe1) g (pe1) g
8G'T  GLGT  LGT  G9GT G6L°0  6L0 G8L°0 8L0 100 S000 0 €000~ T0°0-
¢9G'T . e G9G°T G991
o oo o8 ...
S o ° oo“’a-c S A
& LT o . eV e 9T P Y S V1 B
e 2 R \\w/ . & 2
L8 ! Ve e LG LG
8G'T L 0 0 [ 8G'T I I I 84T
uonejualO (q)
(ww) @66 967 () X (wrw) ¢66 96y (W) A (ww) ¢66 96r (WA
867 867 867

20¢ 209 z0%
) 6P N G001 86VT N G001 8671 N
0T E £ 01 E
£ 0¢T £ E
z0ceT z0sT < . z0sT

uonso  (e)

(,06 = ) peyuLLIO-X (.87 = g) poueLIO-7 X (0 = ) poyuLLIO-7Z,



118 ANSER EMT system and accuracy assessment methods

For the larger board, 40 x 40 x 40 cm® ROI starting at 10 cm was con-
sidered. The plane at Z = 20 cm was used, where the average field vector
resulted in 687 mA/m.

Gaussian noise with standard deviation ¢ = 174/m was considered
for every emitter coil. This level corresponds to SNR values of -57.9 dB and
-56.7 dB for the smaller and the larger boards, respectively, if the reference
signal is calculated as the average signal between the eight emitter coils.

It must be noted that the average noise level observed in the typical con-
figuration of the ANSER EMT system is -70 dB approximately. However,
the selection of 1m4/m is justifiable as it leads to more easily interpretable
results and because magnetic model errors are usually on the order of
milliamperes per metre.

Because, in this experiment, the eight signal frequency components
are assumed uncorrelated and the same standard deviation ¢ is utilised,
it results that ¢ = 02Ig, where Ig is the 8 x 8 identity matrix, and Equa-
tion 3.24 can be simplified to:

Sp =Jh 0% T = 021, Tp) ! (3.27)

The standard deviation (STD) of the position error was calculated as
the largest eigenvalue of X, which corresponds to the EMT position jitter
along the direction with the largest variability.

The results are visualised in Figure 3.20 for three different sensor
orientations, with pitch angles § = 0°, 8 = 45°, and 6 = 90°, indicating
vertical, diagonal, and horizontal orientations, respectively.

It can be observed that points in the centre of the ROI demonstrate,
in general, better position-tracking resolution. There are two reasons for
this: in the central region, (1) the average magnetic field is stronger, thus
ensuring a larger SNR, and (2) the spatial gradient of the magnetic field
is higher. Both of these factors contribute to a greater magnitude of the
Jacobian matrix J,, which has been demonstrated to play a crucial role in
the propagation of errors.

This study shows that the volume range where accurate EMT can be

maintained for any sensor orientation is theoretically limited to approx-
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imately 30 x 30 x 30cm? for the smaller field generator and 40 x 40 x
40 cm?3 for the larger board. Extending the tracking range in the horizontal
plane can be attained by placing multiple field generators side by side,
whereas increasing the distance range would require generating stronger
tields. The second case is limited by the safety exposure levels imposed by
the regulatory authority [22, 23]. However, foreseen clinical applications
involve placing the planar board closely below the patient, so that the ROI
is typically between 5 to 25 cm from the field generator.

Resolution analyses like the one described in this section may be con-
ducted during the design phase when new EMT systems, topologies, or
methods are being developed [90, 91].

3.6 Experimental performance

This section describes how the performance of the ANSER EMT system
was measured under typical conditions. The three available software
frameworks and solver implementations are compared.

Tool T introduced in Section 3.3 was placed at 81 different locations
above the planar field generator in a 24 x 24 cm horizontal grid, and the
magnetic measurements were recorded. The two sensors were aligned
along axes Y and Z of the EMT reference, horizontally and vertically
oriented relative to the field generator, respectively. The 2D linear actuator
presented in Section 3.4 was used to move the sensors, using optical
tracking for pose reference. The experiment was repeated for two heights,
at Z = 10cm and 20 cm, as shown in Figure 3.21.

The symmetry of the field generator allows for tracking a sensor ori-
ented along the X-axis with the same accuracy as if the sensor were ori-
ented along the Y-axis. Conversely, for sensors oriented along the Z-axis,
EMT accuracy may differ. A sensor rotation by 90 degrees from the Y to Z
orientation results in continuity variations in magnetic field measurements
and tracking errors.

It should be noted that there is no guarantee that the error obtained
with the YZ orientation falls within the range of errors obtained with

sensors oriented along the Y and Z axes. However, it was observed
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Figure 3.21: The magnetic field generated by the eight transmitter coils was
measured at two grids of 81 points for two different sensor orientations,
i.e. 8 = 90° (Y-oriented) and 6 = 0° (Z-oriented).

that this is generally the case and that, even when not true, the accuracy
deviation is minimal. As a result, tracking tests using Y and Z-oriented
sensors are sufficient to determine overall system accuracy. Furthermore,
given the measured Y and Z magnetic field components, any other sensor
orientation can be simulated by projecting the field vector onto the sensor
axis.

The sampling and demodulation stages were implemented using MAT-
LAB to isolate the performance comparison of the three solver implemen-
tations in MATLAB, Python, and C++ . For a given sampling frequency and
acquisition time, there is no difference in the sampling stage for different
languages since they all use the same background NI-DAQmx Windows
driver, as presented in Section 3.2.1. The demodulation time, measured in
Figure 3.8, is on the order of microseconds and has little or no impact on
the overall speed and accuracy performance of the system as the majority

of computation is made in the final solving stage.

3.6.1 Accuracy evaluation

The ISO 5725 standard [92] defines trueness as the degree of closeness
between the arithmetic mean of multiple test results and the actual refer-
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ence value, and precision as the degree of agreement among different test
results. According to this definition, the accuracy refers to the combination
of trueness and precision.

In order to assess the accuracy of collected data, multiple measure-
ments must be considered to estimate trueness and precision separately.
Averaging the measurements reduces random noise and enhances preci-
sion, thereby allowing for the determination of trueness in relation to a
ground truth reference provided, for example, by the optical system. The
precision can be evaluated by calculating the standard deviation.

At each test point, 50 field measurements were collected, and the
tracking algorithm was used to estimate the reference sensor position and
orientation, p. The average solution was considered as the EMT pose, p.

By defining Ap = p — p, the first three elements of Ap correspond to
the Cartesian position errors, Ax, Ay, and Az, and the last two elements of
Ap are the two spherical angle errors, Af and A¢.

The position error was calculated as the Euclidean distance between

the tracked and the reference sensor positions:

e= \/ AxZ + Ay? + Az  [mm] (3.28)

The angular error was obtained from Af and A¢ as given by Equa-

tion 3.29 in the small angle error approximation:

o= 1?3 \/ A2 + sin’ (9 + %9) Ag? (3.29)

Alternatively, the orientation unit vectors, n and n, can be calculated from

Equation 3.13, and the exact angular error is given by:

~180°

cos~! (ﬁT . n) ) (3.30)

Considering P test points, the position error vector e is defined with
entries e;, which is the position error at the test point i, calculated as per
Equation 3.28. The orientation error vector is defined similarly, where

the entries are calculated as per Equation 3.29. Average position and
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orientation errors were expressed as the root mean square error (RMSE)

and the mean error (ME), calculated between the number of observations:

(3.31)

where P = 81 in the four experimental datasets presented in this section.

Another statistical measure of global trueness is the 95! percentile
(PRC95). With a total number of 81 test points, the PRC95 was determined
by the first 77 test points, sorted by the minor Euclidean error. In other
words, four test points resulted in positional errors larger than the PRC95
reported.

At each test point, the standard deviation of the 50 solutions was
calculated for the three Cartesian coordinates separately, oy, 0y, and 0.
The local position precision, 0;, was measured as the sum in quadrature of
the standard deviations in the three directions. The root-mean-square was
taken to determine a global value for the average precision between the
81 test points:

Ql

P P
1 . o —
Y 0=\ Tt Ot = oyt (332
1 i—1

=

1
p
where 72, 72, and 7> are the values of global precision calculated for the x,
y, and z coordinates, separately.

3.6.2 Computation time and memory requirements

Solver time is a critical parameter for EMT systems because it directly
reflects on the update rate and latency of the system, which are essential
for smooth, real-time navigation. Timing values for each solver imple-
mentation were determined by looping the solving section of the code 50
times and recording the average time to solve a given grid of points. This
gave a better estimate of mean solving times and update rates.

Memory usage was determined using the memory function in MATLAB,
which returns the total amount of RAM used by MATLAB [93]. Unlike
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Figure 3.22: Cumulative distribution function of the Euclidean position
error calculated at test points as per Equation 3.28.

Python and C++, the whole instance of MATLAB is required for opera-
tion, so this is the minimum amount of memory necessary. The psutil
library was imported when determining memory usage in Python [94].
This library can retrieve information on running processes and system
utilisation. Visual Studio natively provides memory usage when a process
is running.

The values were obtained for a laptop PC mounting an Intel i5-6200u
CPU, 8 GB RAM, and Windows 10 OS, using MATLAB 2017b, Python 3 in
VS Code, and the Visual C+ compiler in Visual Studio 2019.

3.6.3 Results

For the four static tracking experiments, the EMT position error results
are plotted in Figures 3.22 and 3.23. Figure 3.22 shows the cumulative
distribution function (CDF) of the Euclidean error at each test point, while
Figure 3.23 displays how this error is correlated to the distance from the
tield generator centre. The global accuracy and precision calculated from
Equations 3.31 and 3.32 are reported in Table 3.1, both for position and
orientation errors.
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Figure 3.23: Scatter plot of the Euclidean position error as a function of
the distance of the test point from the field generator centre.

Table 3.1: ANSER EMT accuracy and precision assessment, computed as
per Equations 3.31 and 3.32.

RMSE ME PRC95 o

mm / deg mm /deg mm /deg mm
z=10 cm, horizontal 1.23 /1.22 0.93/0.87 237 /268 0.10
z=10 c¢m, vertical 093/0.75 0.84/064 154/124 0.07
z=20 ¢cm, horizontal 1.05/054 090/042 204/122 0.17
z=20 cm, vertical 1.20/081 1.09/072 201/129 022
Aurora! 1.20 / 0.50 N/A 1.80 /0.70 N/A
3D Guidance? 1.19 /945 1.02/9.35 233/11.1 0.61

lwith Tabletop field generator, as reported in the datasheet [95].
2with Flat field generator, calculated in [96, 97].
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Table 3.2: Solver performance for each programming environment. The
entire grid of points was solved 50 times, and the average result is shown.

MATLAB Python C++ Aurora 3DG.

Solving time (ms) 25.9 32.75 184 N/A N/A
Memory usage (MB) 1473 97 1.2 N/A N/A
Update rate (Hz) 38 31 54 40 80

A thorough comparison of the main optical and magnetic tracking
systems available on the market can be found in [98]. The NDI Aurora
with Tabletop field generator and the Ascension (now NDI) 3D Guidance
system (Ascension Technology Corp., Milton, VT, USA) with Flat field
generator are the systems most similar to the ANSER EMT system studied
in this work because they all operate with a planar magnetic field genera-
tor. For convenience, the position errors of NDI Aurora and Ascension 3D
Guidance are reported in Table 3.1.

The speed of each solver and their corresponding memory require-
ments are summarised in Table 3.2, where the update rates of NDI Aurora

and 3D Guidance are also included.

3.6.4 Discussion

The results of Table 3.1 demonstrate that the ANSER EMT system can
achieve millimetre and degree accuracy with high repeatability in a track-
ing volume of 24 x 24 x 20 cm. It has been observed that position and
orientation errors expressed in millimetres and in degrees, respectively,
are in the same range.

In general, Y-oriented (horizontal) and Z-oriented (vertical) sensor
orientations show similar average accuracy, but in the first case, the PRC95
is larger. In agreement with this observation, Figure 3.22 shows different
error distributions in the two cases. Such an outcome can be explained by
the system resolution shown in Figure 3.20, where the sensor Y-orientation
has lower tracking error at the centre of the region of interest (ROI), but
the error diverges faster as the sensor is moved towards the boundaries.
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As expected, points in the centre of the ROI can be solved with higher
accuracy, as shown in Figure 3.23. On the other hand, the distance of 10
or 20 cm from the field generator does not have a significant impact on
trueness and mainly affects the precision, as seen in Table 3.1. The reason
for this is that reduced signal magnitude implies a lower signal-to-noise
ratio (SNR) and, therefore, higher jitter noise.

Table 3.2 shows that the average solving time is almost 180% faster
using C+ compared to the Python implementation. Comparison with
the MATLAB solver is also included, although the significant memory
overhead associated with this approach makes MATLAB impractical in
many real-life applications. The expected efficiency in memory allocation
from C++ versus Python is significant, with an approximate 81% decrease
in memory requirements.

It should be noted that the solver speed depends on the options chosen
for the iterative algorithm, such as the maximum number of iterations, the
maximum number of function evaluations, the termination tolerance on
the function value, and the termination tolerance on the step value. These
values can be optimised as a trade-off between convergence speed and
accuracy.

Moreover, the algorithm is typically faster during dynamic tracking
because the initial point can be initialised from the previously solved pose.
For this reason, the solving time can be reduced to as low as 5ms per
sensor in the MATLAB environment. Therefore, the system bottleneck is
the signal acquisition time, which must be long enough to guarantee a
minimum precision level, as seen in Section 3.2.2. The precision results
shown in Table 3.1 were obtained with an acquisition time of 20 ms, which
allows for a maximum update rate of 1/0.02 = 50 Hz and minimum latency
of20/2 = 10 ms.

With these considerations, if multiple sensors are tracked, every sensor
adds approximately 5 to 10 ms in latency due to the tracking algorithm
solving time in the MATLAB implementation. Therefore, the update rate is
limited by the acquisition step when less than five sensors are used, and it
becomes limited by the overall solving time after that.
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The system performance in terms of accuracy and speed reported in
Tables 3.1 and 3.2 meets the clinical requirements for a variety of surgical
procedures, e.g. pedicle screw insertion, tumour therapy, needles place-
ment for percutaneous interventions, and thoracic-abdominal procedures
[97, 99].

The results demonstrate the significant speed and efficiency benefits
of a low-level C+ implementation, compared to previously reported ap-
proaches, and the importance in the further development of open architec-
tures for EMT, enabling low-level solver implementations in applications
where high speed and precision are required, e.g. in the next generation
of robotic surgery devices.

3.7 Conclusions

The chapter provided insights into the functioning of the ANSER EMT
system, the methods employed, and the current limitations. This presen-
tation establishes a foundation for the research and solutions explored in
the following chapters.

In particular, some limitations of the current system are summarised
as follows.

¢ The analytical magnetic model presented in Section 3.2.3 is based
on theoretical considerations and leads to EMT errors up to more
than 2 mm even under ideal conditions, as shown in Section 3.6. One
solution will be proposed in Section 4.2, where a data-driven model
is introduced to correct systematic errors.

* The model approximates the sensor as a single point, which may
be inaccurate if the sensor is spatially extended. Chapters 6 and 7
will introduce alternative formulations for the theoretical magnetic
model that are better suited to sensors with elongated or planar

shapes, respectively.

* The system is sensitive to metallic distortion, and the EMT solution is

provided without estimation of the tracking accuracy. In Section 4.3,
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magnetic shielding solutions will be analysed and tested, while Sec-
tion 4.4 will introduce techniques for real-time detection of accuracy

reduction due to metallic distortion.

The EMT algorithm described in Section 3.2.4 allows for concurrently

tracking a limited number of sensors, as demonstrated in Table 3.2.

A faster algorithm will be presented in Chapter 5, which includes

Kalman filtering for increased update rate and reduced noise.
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Chapter 4

Magnetic distortion detection and

compensation techniques

This chapter explores the limitations of conventional methods for char-
acterising magnetic fields in EMT and presents a novel field modelling
approach based on a virtual distribution of magnetic dipole sources. The
technique enables the correction of systematic errors and real-time distor-
tion compensation. Furthermore, novel EMT distortion detection methods
are proposed.

The modelling technique is introduced in Section 4.1 and its effective-
ness in correcting systematic errors in the ANSER EMT field model under
standard conditions is demonstrated in Section 4.2. Magnetic shielding is
analysed in Section 4.3 for the reduction of magnetic distortions passively.
The new technique is employed to model the shielded field generator, and
distortion reduction in a clinical environment using shielding is obtained.
Systematic error correction and passive shielding are offline solutions,
which need implementation before the operation of the system.

Parts of this chapter are based on M. Cavaliere and P. Cantillon-Murphy, “Intraoper-
ative compensation of magnetic field distortions for fluoroscopic and electromagnetic
hybrid navigation,” International Journal of Computer Assisted Radiology and Surgery, vol. 17,
pp- 1717-1721, 2022 [1], M. Cavaliere ef al., “Magnetic Model Calibration and Distortion
Compensation for Electromagnetic Tracking in a Clinical Environment,” IEEE Transactions
on Magnetics, vol. 59, no. 7, pp. 1-12, 2023 [2], and M. Cavaliere and P. Cantillon-Murphy,
“Enhancing electromagnetic tracking accuracy in medical applications using pre-trained
witness sensor distortion models,” International Journal of Computer Assisted Radiology and
Surgery, 2023 [3].
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However, for dynamic distortions, passive methods are not effective.
To address this problem, Section 4.4 proposes novel distortion detection
techniques to quantify metallic distortion in real time. Therefore, a semi-
online approach is enabled where the user can manually intervene if the
tracking is detected to be inaccurate. The detection techniques are tested
by evaluating the distortion caused by a CT scanner machine.

Finally, in Section 4.5, two online methods are presented to compensate
for the distortion introduced by a fluoroscopy imaging system in a clinical
environment. In the first case, an array of triaxial sensors is used to
measure the magnetic field at known positions, and a magnetic model
is created in real time using the technique proposed at the beginning of
the chapter. The second approach involves characterising the distortion
variation at a witness point for different positions of a distorter. In this way,
the distortion is used to estimate the distorter’s position in real time, and
an updated magnetic model is interpolated from previously characterised
field maps.

4.1 Model based on virtual dipole sources

As will be seen in Section 4.4.4, the presence of conductive or ferromag-
netic materials modifies the magnetic field shape causing deviation from
the ideal model. Moreover, even under standard conditions, systematic
tracking errors can be due to the inability of theoretical models to describe
the real magnetic field, as demonstrated in Section 3.6. Either case can
be considered a magnetic distortion in the sense that the magnetic model
used for tracking is different from the actual field measured by the sensor.

As discussed in Section 2.4.2, volume characterisation can effectively
be used to reduce static distortion and systematic errors. However, this
task is time-consuming, unsuitable in dynamic distortion scenarios, and
challenging to integrate into the clinical workflow. Furthermore, charac-
terisation is impossible during a procedure because the region of interest
(ROI) is often located inside the patient’s body, making access to it impos-
sible.
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A magnetic field model consistent with physical principles may be
used to overcome some of the limitations of characterisation. Physical
constraints reduce the number of degrees of freedom and the amount of
data required to build the model. For example, in a system where magnetic
dipoles represent the emitter coils, the free calibration parameters might
be the position, orientation, and magnetic moment of the dipoles, like
in a reverse tracking problem [4, 5]. However, this approach cannot
always capture local variations of the tracking error due to the limits of
the simplified model, especially in the proximity to the field generator, or
due to the presence of static distorters.

In this section, a novel technique is proposed to create a general mag-
netic model that can adapt to different distortion scenarios. The model is
based on the field generated by a virtual distribution of magnetic dipoles.
In this way, it is not required for the characterisation data points to lie on
precise grids, homogeneously distributed within the ROI or to use orthog-
onal three-axis sensors because the model calibration is achieved by using
the real field measurements to fit the free parameters of the structured
magnetic model. Moreover, the limited number of fitting parameters can
help reduce random measurement errors.

The quasi-static magnetic field in a region free of current sources can be
expressed as a gradient of a harmonic scalar potential [6, 7]. The potential
within the volume is uniquely defined by the boundary conditions on the
surface enclosing the domain. These conditions could also be represented
by a magnetic dipole density on the same surface [8-10].

The dipole density is equivalent to a distribution of surface currents [11,
12]. However, when a finite number of field measurements are sampled
from the magnetic field in the volume of interest, it is impossible to find
a continuous dipole density. The surface must be discretised in a finite
number of magnetic dipoles.

If the position of the sources of the magnetic field and the distorters is
known, it is convenient to place the magnetic dipoles at these locations. In
this way, the electric current distribution that generates the target magnetic
flux density can be modelled more accurately. The approximation works
better if the currents are far from the ROL.
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Using this approach, the magnetic field can be expressed as the sum of
the fields generated by a set of magnetic dipoles. The approximation can
be seen as a series expansion, where the field of the dipoles constitutes
basis functions that are linearly summed to fit the field samples.

The magnetic flux density, B [T], generated by a magnetic dipole is
expressed as follows:

_ po [3(m-ur)ur —m
41t R3

B(r) (4.1)

wherem = X - up [A - mz] is the magnetic moment, and uy and u, are
unit vectors. The position vector r = R - u, [m] identifies the evaluation
point relative to the dipole position. Magnitudes X [A - m?] and R [m] are
scalars.

If the dipole magnitude X is isolated, Equation 4.1 can be rewritten as
follows:

B(r) = jf—ft 3 (8 - “12)3‘“ “Umi oy~ fr) X (4.2)

Considering the magnetic sensor as a uniaxial inductive coil oriented
along the unit vector n, the measured field component is parallel to the
sensor direction:

Vs(r,n) = Cs n’ . B(r) 4.3)

where C; includes all the physical constants associated with the sensor
gain, the magnetic field frequency, and the signal acquisition channel, as
explained in Section 3.2.3.2.

Model training involves the collection of P sensor measurements at
different locations, r, and with different sensor orientations, n’. The
proposed method approximates the unknown magnetic field in the ROI as
the field due to a set of N virtual magnetic dipoles placed at positions r'.
According to this model, the i*" sensor measurement is approximated as
a sum of N contributions each calculated as per equations Equations 4.2
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and 4.3: N
Vsi (ri,ni> =n'T. ;f (ri — rj> X/

J (4.4)

where 1/ = r' — 1/ is the relative position.

Equation 4.4 can be rewritten in matrix form by defining M as the
P by N coupling matrix, whose entries M;; are given by f (n’,r/); X =
[--- X/ --.]T, with 1 < j < N, as the vector including the magnitudes of
the dipoles; and Vg = |- - - Vi... |7, with 1 < i < P, as the vector of field

measurements. In this way, Equation 4.4 becomes:
Ve =M-X (4.5)

which is solved for the dipole magnitudes that best fit the field mea-
surements in a least-squares sense. When P > N, Equation 4.5 is an
overdetermined linear system, which can be solved using typical methods
for linear least-squares problems.

If there is no assumption on the orientations of the dipoles, the method
can be extended by considering the three dipole components as indepen-
dent dipoles. If the dipoles’ positions are not fixed, they become part of
the optimisation process as independent variables in matrix M. In this
case, the problem is non-linear and can be solved using iterative methods.
It is worth mentioning that the global problem where the magnetic flux
density is calibrated in the ROI can be decomposed into smaller local
problems where X is optimised for different sub-regions.

In this work, the position and orientation of the virtual dipole sources
were defined in advance, and Equation 4.5 was solved using the backslash
operator in MATLAB, \, or mldivide function [13]:

X = M\ V, (4.6)

which returns the individual magnitudes of the virtual dipole sources.
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4.2 Compensated model for ANSER EMT

The method presented in Section 4.1 was tested in a laboratory setting to
demonstrate its capability to fit real field measurements and to predict new
values. In this experiment, a new analytical model was created for each
emitter coil of the ANSER EMT 30 x 30 cm? field generator. The model is
based on a virtual distribution of magnetic dipoles whose magnitude was

trained on real field measurements.

421 Methods

Tools C and T of Figure 4.1a were used for characterisation and tracking,
respectively, to demonstrate that the magnetic model is generally indepen-
dent of the sensor used as a tracking marker in the final application.

The magnetic sensors were moved in two directions by the robotic
actuator presented in Section 3.4, as shown in Figure 4.1b. Tolerances of
the motorised system did not add to the measurement uncertainty because
the Polaris Vega optical system (Northern Digital Inc., Waterloo, Canada)
introduced in Section 3.3 was used for pose reference.

The optical accuracy is rated as 0.15 mm RMS [14], which is sufficiently
smaller than the EMT errors in the order of millimetres demonstrated in
Section 7.4.3. In any case, as the same setup is used in this experiment
for the EMT training and testing phases, any possible systematic or reg-
istration errors of the optical system are automatically incorporated and
compensated by the data-driven magnetic model.

Tool C was utilised to collect triaxial measurements on a 31 x 31 x 3
grid of points in a volume of 30 x 30 x 6 cm3 located approximately 15 cm
above the planar field generator, leading to a total of P = 3 x 31 x 31 x 3 =
8649 measurements used for model training. The position of the virtual
dipole sources was initialised in proximity to the actual position of the
field generator, and the same virtual dipole distribution was used for all
emitter coils.

The optimal number of dipoles must be large enough to adequately
model the real magnetic field but sufficiently small to avoid over-fitting

and allow accurate interpolation and extrapolation at different positions.
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(a) Sensors for training and testing
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Figure 4.1: (a) Sensors used for characterisation (tool C) and tracking
(tool T). (b) Experimental setup to characterise a volume within the ROL
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(a) H, component (b) H, component
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Figure 4.2: Data-driven magnetic field model, fit results. (a) Y component
and (b) Z component of the magnetic field modelled for emitter coil 4,
which is defined in Figure 4.1. The values are captured on a horizontal
plane located 150 mm above the field generator.

In theory, each emitter coil could be modelled by a different dipole
distribution, with higher density in the proximity to the coil position.
However, using the same array of virtual dipoles for the eight coils of the
tield generator allows solving Equation 4.6 in a single step. In this case, V
results as an N x 8 matrix where every column is the vector of the dipole
moments that optimally model the correspondent emitter coil.

The number of dipoles was determined by optimising the fitting per-
formance at a selection of validation points randomly selected from the
training set and not used for training. Visual inspection of the magnetic
model obtained, such as the plot shown in Figure 4.2, was also used
to determine if the real magnetic field could be adequately modelled
while avoiding over-fitting. After determining the optimal number of
N = 12 x 12 = 144 dipoles, the fit was calculated as per Equation 4.6.

To visually demonstrate the magnetic model generated using the pro-
posed technique, Figure 4.2 shows the Y and Z components of the magnetic
field from emitter coil 4, defined in Figure 4.1. The values are taken from
the horizontal plane at 150 mm above the field generator.

The EMT trueness of the new data-driven model was evaluated on a
plane approximately at the centre of the training grid used to build the
model, as shown in Figure 4.1. A 2D grid of 26 x 26 points was collected
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Figure 4.3: Trajectories of the three freehand tests performed in the central
region, {C}, above {A}, and below {B} the training points used to build the
data-driven magnetic model.

on a plane of 25 x 25 cm?, using tool T with the two clinical-size sensors
horizontally and vertically oriented relative to the field generator along
the Y and Z axes defined in Figure 4.1, respectively.

Three dynamic EMT tests were performed by freely moving one sen-
sor within the region of interest (ROI). One test was centred around the
volume characterised, region {C}. The two other tests were localised in
the regions above, {A}, and below, {B}, respectively, relative to the grid of
training points. The three random trajectories are shown in Figure 4.3.

4.2.2 Static tracking results

The results obtained with the new compensated model were compared
to those obtained using the theoretical model based on approximating
the emitter coils as sets of straight filaments and using the Biot-Savart
solution, introduced in Section 3.2.3.

The static tracking test showed an accuracy improvement using the
new data-driven model based on virtual dipole sources with respect to the
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Figure 4.4: Cumulative distribution of EMT position errors obtained in a
distortion-free environment with the existing theoretical model and the
new data-driven model for the static tracking measurements indicated in
Figure 4.1. Two commercial miniature sensors, Y and Z-oriented (horizon-
tal and vertical), were placed on a 25 x 25 cm? grid approximately 15cm

above the field generator.

previous analytical model. Position and orientation tracking errors were
calculated relative to the optical reference using the Euclidean distance
and the absolute angular difference, as discussed in Section 3.6.1.

Figure 4.4 shows the empirical cumulative distribution function (CDF)
of the position error at the static test points of Figure 4.1 for the two models
under test and the two sensors horizontally and vertically oriented, along
Y and Z axes, respectively.

Statistical error metrics are summarised in Table 4.1, where the root-
mean-square error (RMSE), mean error (ME), the median or 50 percentile
(PRC50), and the 95 percentile (PRC95) are reported.

It can be observed that the orientation error is highly correlated to the
position error. This result can be explained by the nature of the tracking
algorithm presented in Section 3.2.4, where a cost function is minimised
to simultaneously find the five degrees of freedom of the uniaxial sensor.

Using the novel magnetic field model, the position RMSE decreased
from 0.93mm to 0.28 mm (—69%) for the Y-oriented sensor and from
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Table 4.1: Tracking test results using the new analytical data-driven model,
compared to the current ANSER EMT model based on Biot-Savart’s law.
The position error of this test is also visualised in Figure 4.4.

Model Biot-Savart Data-driven

Horizontal =~ Vertical — Horizontal  Vertical
Error  mm /deg mm /deg mm /deg mm /deg

RMSE 093 /061 1.03/0.80 0.28/0.23 0.23/0.21
ME 0.76 /045 093 /0.71 0.20/0.20 0.20/0.17
PRC50 0.55/0.31 091/0.67 0.13/0.17 0.18/0.15
PRC95 204 /143 1.69/132 0.62/045 0.39 /042

1.03 mm to 0.23 mm (—78%) for the Z-oriented sensor. The orientation

RMSE decreased by —62% and —73% in the two cases, respectively.

4.2.3 Freehand trajectory results

Figure 4.5 shows the position error CDF obtained using the two models
during the three freehand tests represented by Figure 4.3. As expected,
the novel data-driven model outperformed the theoretical model when
the sensor was moved in the volume centred around the characterisation
grid, region {C}.

Above the training grid, region {A}, the data-driven model gave smaller
errors for some points and larger for others, compared to the theoretical
model. This outcome can be explained by the trajectory path followed by
the sensor during this test, which sometimes entered the characterised
region, as shown in Figure 4.3.

In the freehand test below the training grid, region {B}, the theoretical
model demonstrated a higher accuracy. In this case, the data-driven model
caused EMT errors as large as 8 mm, while the maximum error obtained

with the theoretical model was below 3.5 mm.

4.2.4 Discussion

The new data-driven model for ANSER EMT field generator demonstrated

a higher tracking accuracy within the region characterised. In regions
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Figure 4.5: Cumulative distribution of EMT position errors obtained in a
distortion-free environment with the theoretical model and the compen-
sated data-driven model for freehand trajectory tracking as represented in
Figure 4.3. One sensor was moved freehand within three regions, respec-
tively centred {C}, above {A}, and below {B} the training grid.

outside the compensated volume, tracking was still possible using the new
model but with lower accuracy. Therefore, before updating the existing
ANSER EMT model, the calibrated model must be expanded to cover
a larger volume. Nevertheless, this result is a significant improvement
compared to traditional characterisation methods, which require tracking
within the region where the calibration data was collected [15].

The method presented in this section can be easily extended to larger
volumes and different field generators. The requirements are sampling
enough training points and optimising the virtual dipole distribution that
best fits the real data. Suppose a single dipole distribution is not effective
in accurately modelling the real magnetic field. In this case, different
distributions might be used which are specific to each emitter coil, or the

region of interest (ROI) might be decomposed into sub-regions.
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This section demonstrated the effectiveness of the proposed modelling
method within a portion of the ROI. The complete ROI characterisation
is time-consuming and specific to the field generator, the surrounding
environment, and the field frequencies. Therefore, it should be performed
once the system is configured and installed in the final application envi-
ronment.

4.3 Magnetic shielding

Planar magnetic shielding can typically be used to reduce the effect of
metallic objects under the field generator [16-18]. As demonstrated in
Figure 4.6, low-frequency AC magnetic fields, such as those used in the
ANSER EMT system, can be shielded by conductive or high-permeability
materials or a combination of both.

In the first case, the magnetic flux crossing the conductive shield in-
duces eddy currents that oppose the flux variation, effectively nullifying
the magnetic field component entering the shield. In the second case, the
material with high permeability provides a low-reluctance path, redirect-
ing the magnetic field lines within the shield and preventing them from
crossing through it.

The magnetic flux density visualised in Figure 4.6 was simulated using
the open-source software Finite Element Method Magnetics (FEMM) [19].
A 3D axisymmetric finite element analysis (FEA) was chosen to address
the problem. The planar transmitter coil was modelled comprising 25
turns of 10 AWG Copper wire, with an inner diameter of 5 cm, an outer
diameter of 7 cm, and 2 mm in thickness. Such geometry resembles the
coils of the ANSER EMT field generator, apart from the square footprint,
which cannot be represented in the axisymmetric domain. The AC electric
current was set to 1 A in amplitude and 25 kHz in frequency.

The unshielded case (a) is compared with different shielding materi-
als placed under the emitter coil. In particular, plates of 5mm in thick-
ness were considered made of: (b) pure aluminium, conductive and not
magnetic; (c) pure iron, conductive and ferromagnetic; (d) mu-metal,

not conductive and ferromagnetic; (e) mu-metal for the upper layer and
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(a) Unshielded

Coil properties
Wire: 10 AWG Cu; 26 turns
Current: 1 Amp; 25 kHz

Evaluation points:
R=0cm; Z=+4 cm

(b) Aluminium (c) Iron

(d) Mu-metal (e) Mu-metal + Aluminium

Figure 4.6: FEA simulation results showing the magnetic flux magnitude
for different shielding materials placed under an emitter coil. Shielding
effectiveness is reported in Table 4.2.
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Table 4.2: Effectiveness of the shielding solutions shown in Figure 4.6. The
magnetic flux density magnitude is reported, calculated 4 cm above and
below the coil plane. The ratio between the two values is also expressed
in decibels.

B (uT) [above] B (uT) [below] Attenuation (dB)

Unshielded 123.983 123.983 0
Aluminium 55.131 0.6835 -38
Iron 80.132 2.1036 -32
Mu-metal 176.27 21.17 -18
Mu-metal + Al 171.9 5.048 -31

aluminium for the lower layer, where each layer measured 2.5mm in
thickness.

The shielding effectiveness was evaluated by comparing the magnetic
flux density magnitude at two points on the coil axis, placed 4 cm above
and below the coil plane, respectively. The values are reported in Ta-
ble 4.2 for the different shielding configurations simulated, where the ratio
between the values above and below is expressed in decibels.

Table 4.2 shows that the best shielding results are obtained utilising the
aluminium shield, with an attenuation of —38 dB. However, this comes
at the cost of a lower magnetic signal above the transmitter coil, which
decreases from 124 uT to 55 uT, leading to increased power consumption
and ohmic heating if the same signal magnitude is maintained relative to
the unshielded case. Similar considerations are valid for the conductive
iron plate, where eddy currents that oppose the magnetic field variation
are generated in the shield.

This problem is solved by the mu-metal material, which is not con-
ductive. In this case, the ferromagnetic behaviour increases the magnetic
flux density to 176 uT in the region of interest. Nevertheless, the shielding
capacity is less effective, resulting in —18 dB attenuation.

The best results are obtained with a compromise between signal damp-
ing and shielding effectiveness, using the combination of two materials.
The first layer of high-permeability material helps to increase the field

magnitude above the emitter coil and partially attenuates the field be-
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Table 4.3: Parameters of the two square shielding plates used in the exper-
iment of Section 4.3.1.

Conductivity ~ Relative Edge Thickness

Material (MS/m) permeability  (mm) (mm)
Aluminium 35 1 250 1
Mu-metal 1.8 > 100k 250 1

low it. The lower conductive layer further reduces any remaining field
components to improve the shielding performance.

4.3.1 Shielded magnetic field generator model

The presence of a magnetic shield produces a distortion of the magnetic
tield, which must be accurately modelled prior to sensor tracking. In
this experiment, the effects of aluminium and mu-metal planar shields
placed 5 mm below the field generator are studied. The parameters of
the two shielding plates are detailed in Table 4.3. Furthermore, the fitting
and interpolation performance of the modelling method proposed in
Section 4.1 is evaluated considering the distortion caused by the metallic
shielding materials.

As will be seen in this section, the eddy currents appearing in the
shields introduce a quadrature component to the AC magnetic field. The
sum of out-of-phase vectors results in magnetic fields that rotate in ellipses
at every point within the ROI The three-axis coils of tool C showed non-
linear behaviour in this case, which has to be ascribed to the effect of
the rotating field vectors in the larger ferromagnetic cores, causing cross-
talk between the orthogonal coils. For this reason, tool T was used in
this experiment, and the two uniaxial sensors in orthogonal directions
provided the information to model the 3D magnetic field vector.

A grid of points was sampled at the approximate height of 15cm
above the field generator, as shown in Figure 4.7. The measured data
was split into a set of training points used to calculate the virtual dipole
sources distribution as described in Section 4.1 and a set of test points for

independent evaluation. The distribution of the virtual dipole sources
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Figure 4.7: Modelling of the highly distorted magnetic field in the presence
of metallic shields under the field generator. The model was represented
by an array of 12 x 12 virtual magnetic dipole sources, the magnitude of
which was optimised to match the training points magnetic measurements.
Interpolation results were evaluated on the test points.
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Figure 4.8: Effect of shielding on the magnetic field of the emitter coil
number 4, which is defined in Figure 3.2, at X = 0mm and Z = 150 mm.
(@) Y component and (b) Z component of the field. The quadrature field
component, which appeared in the presence of the mu-metal shield, is
plotted in yellow.

was placed at the approximate shield location to model the eddy currents
and magnetisation effects within the shielding material. The experimental
points and dipole sources are shown in Figure 4.7 relative to the emitter
coils.

Figure 4.8 shows the magnetic field of emitter coil number 4 of the
field generator, defined in Figure 4.1, in the three cases of no shielding,
aluminium, and mu-metal shielding plates. The Y and Z components are
plotted for a set of points located at Y from —15cm to +15c¢m, X = Ocm,
and Z = 15 cm. The analytical model presented in Section 4.1 was used
to fit the data points by training the virtual dipole distribution on the
measured values, resulting in an accurate and smooth fit.

The effect of the aluminium and mu-metal shields is apparent in de-
creasing and increasing the field magnitude, respectively. The eddy cur-
rents induced in the shields generated a quadrature AC field component,
around one-tenth the magnitude of the main in-phase component. Fig-
ure 4.8 shows the quadrature component for the mu-metal shield case only
because it is large enough to be appreciated. The quadrature component

must be taken into consideration to avoid tracking errors. One solution
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is to synchronise to a specific signal phase, which must be consistent but
does not necessarily have to be in phase.

The following metrics were used to evaluate the fitting performance on
the training points and the interpolation effectiveness on the test points for
the magnetic fields modelled. Considering a total of P observations from
the two sensors and eight emitter coils, the field error at each observation
point is the difference between the vector of eight measured magnetic flux
values, ®, and the model prediction, ®.

The mean absolute error (MAE) and the root-mean-square error (RMSE)
were calculated by aggregating all eight times P error values. The nor-
malised MAE (NMAE) and the normalised RMSE (NRMSE) were obtained
by normalising for the difference between the maximum and the mini-

mum field values measured, as given by Equation 4.7:

1 % ~
NMAE = — ‘@i—QDi
8P o

/ (max ® — min 5) 4.7)

NRMSE = Sip % (cii _ <I>i>2/ (max ® — min &>> (4.8)
i=1 ! !

Table 4.4 reports the fitting results of the training and test sets for
the two materials. The field error on the test points is also expressed in
terms of positional and angular accuracy separately for the Y and Z sensor
orientations, following the procedure described in Section 3.5.2. The EMT
position error metrics introduced in Section 4.2.2 are reported in Table 4.4.

The model proves effective in accurately modelling the highly distorted
magnetic field in the presence of large metallic shielding materials placed
5mm under the field generator. The EMT position trueness at the test
points is demonstrated to be less than 0.2 mm RMS both for horizontal

and vertical sensor orientations, as seen in Table 4.4.

4.3.2 Shielding performance in a clinical environment

The effectiveness of the aluminium and mu-metal plates in shielding

the region of interest (ROI) was tested in a clinical environment. In this
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Table 4.4: Fitting results of the training data and interpolation performance
at the test points, as defined in Figure 4.7. For the test set, the magnetic
tield error is also translated to the correspondent tracking position error.

Field error Training  Test \ EMT error (Test) Horiz. Vert.
Aluminium

MAE (mA /m) 0.1377  0.2082 | RMSE (mm) 0.16 0.13

NMAE (%) 0.0085 0.0131 | ME (mm) 011 0.11

RMSE (mA/m) 0.1885 0.2854 | PRC50 (mm) 0.07  0.09

NRMSE (%) 0.0116  0.0179 | PRC95 (mm) 032 0.27
Mu-metal

MAE (mA /m) 0.7827  1.4106 | RMSE (mm) 0.17 0.16

NMAE (%) 0.0088 0.0160 | ME (mm) 0.12 0.14

RMSE (mA/m) 1.0817 1.8508 | PRC50 (mm) 0.09 0.12

NRMSE (%) 0.0122  0.0210 | PRC95 (mm) 036  0.29

experiment, using the robotic actuator was not feasible, so tools C and T
presented in Figures 3.11 and 4.1a were mounted on Duplo blocks (The
Lego Company, Billund, Denmark) and moved on a planar Duplo plate
placed on the field generator. The blocks served to keep the sensors stable
at test points while collecting the magnetic measurements and for moving
the tools repeatedly and consistently. Even if positions on the Duplo
grid have a defined spacing, the Polaris Vega optical system was used for
ground-truth pose reference because it provided higher accuracy.

A mobile X-ray machine (OEC Fluorostar 7900, General Electric Com-
pany, Boston, MA, USA), also called C-arm in this section, was used to
demonstrate the distortion effect on the unshielded ANSER EMT system.
The C-arm is composed of metallic materials, both conductive and ferro-
magnetic, and can cause EMT errors that depend on the position of the
machine.

The X-ray collimator of the C-arm was placed below the field generator
and moved at different distances from it, as shown in Figure 4.9. For every
distortion configuration, EMT tests were performed on a planar grid of
64 test points approximately 15 cm above the field generator. Tool T was
used for the tracking test. The two NDI miniature sensors were aligned

along the Y and Z axes of the field generator, horizontally and vertically,
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Figure 4.9: The C-arm effect was evaluated at different distances from
the field generator, (a) from 25 cm, which caused the smallest distortion,
(b) to the minimum distance of 2 cm, which caused the largest distortion.
(c) Aluminium and mu-metal magnetic shields placed below the field
generator were tested as a possible solution against static and dynamic
distorters below the field generator.

respectively. A test was also included when the C-arm was removed for
comparison to the undistorted scenario.

The uncompensated theoretical field model presented in Section 3.2.3
was used to find the EMT sensor pose from the magnetic measurements.
Initially, no shielding or compensation technique was applied. Then, the
same experiment was repeated with the addition of a shielding plate
below the field generator.

For each shielding material, a data-driven model was trained using
the technique proposed in Section 4.3.1, while the C-arm was removed
and did not introduce magnetic distortion. The tracking test was carried
out using the new magnetic field model, with the X-ray collimator placed
at the minimum distance from the ROI, 2 cm below the field generator, as
shown in Figure 4.9c. This C-arm position configuration caused the most
significant EMT error in the experiment without shielding.

The results of all the tracking tests with the C-arm at different dis-
tances are reported in Figure 4.10, which shows the empirical cumulative
distribution function (CDF) of the position error for the Y and Z sensor
orientations. As expected, the distorter effect increases when the C-arm is

placed closer to the field generator.
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Figure 4.10: Unshielded and uncompensated EMT errors for varying distance between the C-arm and the field
generator, from a far position where it did not cause magnetic distortion to 2cm (maximum distortion). The error
distribution in the last case, when the fluoroscopy C-arm was placed at 2 cm, is visualised in Figure 4.11 using meshes
of the tracked and reference position. It must be compared to the error distribution obtained with magnetic shielding,
shown in Figure 4.12. The corresponding error metrics are reported in Table 4.5.
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Figure 4.11: Effect of the C-arm on the position tracking error when it was
placed directly below (2 cm) the planar field generator, without magnetic
shielding or distortion compensation, when the magnetic sensor was (a) Y
oriented (horizontal) or (b) Z-oriented (vertical). The red grid is formed
by joining the test points, and the black grid represents the EMT sensor
position. The colour map, in mm, also accounts for the error in the Z
direction, which is not appreciable from the 2D grids.

Distortion visualisation was obtained using lattices of the tracked
position [20, 21]. Figure 4.11 shows the error map for the distortion
introduced by the fluoroscopy C-arm placed 2 cm below the field generator.
The ground truth and the tracked position of the test points are combined
to form two meshes representing the undistorted (red) and distorted
(black) volumes, respectively. The grids show the error evident in the
X and Y directions. The colour map is based on the total position error,
including the Z coordinate, calculated as the Euclidean distance.

Figure 4.12 shows the empirical CDF of the position error when the
magnetic shields were used to block the C-arm distortion. The error
metrics are reported in Table 4.5, together with the tracking error obtained
in the correspondent unshielded case.

Both shielding materials demonstrated effectiveness. Positional RMSE
of 0.31 / 0.23 mm (aluminium / mu-metal) was obtained for the Y-oriented
sensor, and positional RMSE of 0.46 / 0.51 mm (aluminium / mu-metal)
for the Z-oriented sensor. These values must be compared with the RMSE
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Figure 4.12: Tracking errors when the fluoroscopy system was at minimum
distance, 2 cm below the field generator, using (a) an aluminium plate
and (b) a mu-metal plate to shield the distortion. The field model used to
find the sensor position was trained on data collected in an undistorted

environment where the fluoroscopy C-arm was removed.

Table 4.5: Tracking test results with the C-arm at 2 cm to show the effect of
the shields. The cumulative distribution of the error can be found in Fig-
ure 4.10 (at 2 cm) for the unshielded case and in Figure 4.12 with shielding.
The position error of the unshielded case is visualised in Figure 4.11.

Shield Unshielded Aluminium Mu-metal
Y Z Y Z Y Z
RMSE (mm) 5.72 474 031 046 0.23 0.51
ME (mm) 528 437 023 040 0.19 043
PRC50 (mm) 4.56 4.02 0.16 036 0.16 0.33
PRC95 (mm) 939 782 063 0.89 0.38 097
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of 5.72 mm and 4.74 mm obtained with Y and Z-oriented sensors in the

unshielded case.

4.3.3 Discussion

Both shielding materials under test demonstrated effectiveness against
large field distorters placed under the shielded field generator. As ex-
pected, the magnetic field in the region above the field generator was
increased when using the mu-metal shield and reduced with the alu-
minium shield.

This effect is due to different shielding working principles. Mu-metal
provides a path for magnetic field lines rather than blocking them. The
material becomes magnetised along the field direction, adding to the
effect of the field generator. Aluminium provides a conductive path for
eddy currents induced by AC-varying magnetic fields. These currents
generate fields that oppose the original field, effectively reducing the
overall magnetic field strength.

The field magnitude is typically regulated to match the safety levels
allowed for human exposure to electromagnetic fields [22]. In that case, the
mu-metal could be preferred to decrease the system power consumption.

However, other factors must be considered when choosing the optimal
shielding material, depending on the final application. For example, the
mu-metal relative permeability is sensitive to temperature and mechanical
stress and can be affected by magnetic saturation or demagnetisation,
causing a change in the field shape that must be recalibrated. This concern
may not be relevant in applications where the system is calibrated often
or if real-time compensation techniques, such as those proposed in Sec-
tion 4.5, are applied. Aluminium has the advantages of being lightweight,
electrically and mechanically more stable over time, cost-effective, and
more translucent to X-rays [23].

In addition to the aluminium and mu-metal shields, other shielding
solutions are available, including non-conductive high-permeability ma-
terials, the combination of materials on multiple layers, and different
configurations for the dimensions of the shielding plate and its distance
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from the field generator. However, the simple single-layer plates analysed
in this study already showed efficacy for the intended environment.

It should be noticed that if the shield is moved relative to the field
generator or if the material is changed, the characterisation of the ROI
must be repeated to create the correct magnetic model. Therefore, similarly
to what was observed in Section 4.2.4, characterisation of larger volumes

should only be carried out once the shielding solution has been defined.

4.4 Distortion detection techniques

The previous sections introduced methods for offline distortion compen-
sation by calibrating for systematic errors or mitigating the effects of
magnetic distortion through shielding. However, EMT errors can still
occur when metal objects are moved near the region of interest.

This section proposes methods for real-time detection of EMT dis-
tortion in ANSER EMT, which is an essential first step in implementing
semi-online solutions. By raising a warning when the distortion level ex-
ceeds a pre-set threshold, users can manually take action to remove the
source of distortion until accurate tracking is restored.

Three techniques are presented based on the mechanical constraints
between multiple sensors rigidly connected, the residual value obtained
after convergence of the tracking algorithm, and the phase shift measured
in the received magnetic flux. Finally, the methods are tested in a clinical

environment.

4.4.1 Multiple sensors rigidly connected

When multiple sensors are in a fixed position relative to each other, the
known distance and orientation between the sensors can be compared
with the measured pose, and the deviation is an indicator of the EMT
distortion level [24, 25]. For example, reference sensors may be installed at
known static positions, or a customised tool containing an array of sensors

may be moved in the region of interest to detect distortions.
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In the case of tool C, the pose of the tool can be estimated by finding
the best fit, in a least-squares sense, to the set of nine coils independently
tracked, similar to the procedure outlined in Section 3.3.3. Alternatively,
if optical tracking is available, the pose of the sensor array might be
determined by optical methods.

The poses of the nine coils are derived according to the estimated pose
of the dynamic reference frame, and a distortion score is calculated based
on the error between the original EMT pose and the estimated pose that is
subject to mechanical constraints, as was shown in Equation 3.21. In addi-
tion, the error affecting the nine coils can be kept distinct to provide insight
into which positions and orientations are most influenced by distortion.

4.4.2 Residual of the tracking algorithm

The EMT algorithm presented in Section 3.2.4 estimates the sensor pose,
p € R>*1, by minimising the difference between the vector of magnetic
flux measurements, ® € R®*!, and the values modelled at p, ® = f(p).

A unique vector of eight flux values can be determined for each po-
sition and orientation. However, the opposite is not true, as a general
set of eight flux values cannot be linked to a specific sensor position and
orientation.

The proximity of conductive or ferromagnetic materials causes the
eight values of ® to deviate from the expected values, leading to a mis-
match between ®(p) and ®. The result is an increase in the residual of
the cost function, as given by Equation 4.10:

> (®ec — @ec(p)?) P] (4.9)

ec=1

which can be monitored to recognise inaccurate tracking.
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4.4.3 Signal phase shift

As seen in Section 2.4.1, conductive materials cause a magnetic distortion
that introduces a shift in the phase of the measured signal. This effect was
also observed in Section 4.3.1 when using magnetic shielding.

The signal phase should ideally be shifted by 7/2 with respect to the
phase of the magnetic field. However, in practice, a constant phase offset
arises from the signal acquisition process, as explained in Section 3.2.2.4.
After calibration of the offset, the phase difference is expected to remain
consistently at 7/2. Any deviation from this can indicate the presence of
out-of-phase currents that generate secondary magnetic fields, causing
distortion.

The conductive distortion factor was calculated as the phase devia-
tion from 7/2 averaged between the eight signal frequencies, as given by
Equation 4.10:

Yoe—1 |Pec| - (|atee] = 71/2)
Z?c:l |EIS€C|

where .. is the measured phase of the magnetic flux due to the emitter

[rad] (4.10)

coil number ec.

The magnitude of the measured flux was used as a weighting factor in
Equation 4.10 to reduce the impact of large phase errors that occur with
low signals, for example, when the sensor orientation is perpendicular to
one of the field vectors. In this case, the signal-to-noise ratio (SNR) is low
and substantial errors might be present in the phase measurement even
without any distortions.

4.4.4 Distortion detection in a clinical environment

Typical medical environments contain sources of metallic distortion such
as surgical instruments, C-arms, and the operating table [26]. In this
section, the distortion detection techniques presented above are tested
in a computed tomography (CT) room. In particular, the operation of
the ANSER EMT system was simulated in conjunction with a CT scanner
machine (SOMATOM Force, Siemens Healthineers, Erlangen, Germany),
and the effect of the bed and the main CT gantry was tested.
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Sensor @16cm —ﬁ

Figure 4.13: Tool C was mounted on Duplo blocks at a fixed position on
the field generator, which was positioned on the scanner table, position
{ST}. The assembly was then lifted to obtain undistorted measurements,
position {U}. Finally, the field generator was placed back on the bed and
slid into the CT scanner, position {CT}. Throughout the entire process, the
EMT algorithm and distortion detection techniques were continuously in
operation.

Tool C was mounted on Duplo blocks at a fixed position on the field
generator, as shown in Figure 4.13. The field generator was first positioned
on the scanner table, position {ST}, then lifted by hand to remove the
distortion introduced by the table and obtain undistorted measurements,
position {U}, before being placed back on the bed, which was finally slid
into the "doughnut hole" of the CT scanner, position {CT}. Throughout
the entire process, the EMT algorithm and distortion detection techniques
were continuously in operation.

Figure 4.14 shows the EMT poses obtained for the nine sensor coils in
tool C in the three different distortion scenarios. Ideally, the three coils in
each triaxial sensor should be coincident and perpendicular, as demon-
strated in Figure 4.14a. Significant distortion is visible in Figure 4.14b,
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mainly impacting the coils with vertical axis, while a smaller degree of
distortion is apparent in Figure 4.14c.

For every sampled point, the EMT position and orientation errors
were calculated relative to the EMT pose obtained without distortion.
Figure 4.15 presents the results obtained for the three triaxial sensors of
tool C, which were placed at heights of 10, 13, and 16 cm above the field
generator, respectively. Each plot shows the three coils contained in the
triaxial sensors, with orientations along the X, Y, and Z axes of the field
generator.

It can be observed from Figure 4.15 that the Z-oriented coil is affected
the most by the source of distortion placed below the field generator,
whereas the X and Y-axis coils reach a maximum error of 5 mm and always
remain below an orientation error of 1°. In general, the variation in
distortion scores is correlated with the variation in EMT errors. Therefore,
the proposed techniques can detect when the tracking accuracy might be
low due to distortion.

The residual value that indicates distortion is not absolute, as shown
in Figure 4.15a. For instance, the residual obtained for the non-distorted
Z-oriented coil is higher than that for the X-axis when distorted. The
reasons for this are attributed to the different magnitudes of the vertical
and horizontal components of the magnetic field, as well as the potential
inaccuracies in the field model, which might be more pronounced for
specific sensor poses.

One solution is to characterise in advance the residual value without
distortions within the region of interest (ROI). Another possibility is calcu-
lating the distortion score based on the residual variation or normalising
it by the average field magnitude.

Conversely, the phase shift appears to be more closely associated with
the EMT error, as shown in Figure 4.15b. However, the phase only indi-
cates distortion resulting from conductive materials and is not sensitive to
ferromagnetic distortions. Therefore, a global distortion score or quality
factor may be calculated as a combination of the residual value and the
phase shift.
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(a) No distortion {U}

Perspective view Top view

A
gy S
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(b) Scanner table distortion {ST}

Perspective view Top view

(c) CT scanner distortion {CT}

Perspective view Top view

NN

Figure 4.14: Snapshots of the EMT poses at three stages of the experiment:
(a) when the field generator was lifted to obtain undistorted measure-
ments, position {U}; (b) with the field generator sitting on the scanning
table, position {ST}; and (c) at the centre of the CT scanner gantry, posi-
tion {CT}.



172 Magnetic distortion detection and compensation techniques
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Figure 4.15: Distortion detection compared to the corresponding EMT er-
rors, for three triaxial sensors, at 10, 13, and 16 cm from the field generator
(FG), with axes oriented along X, Y, and Z. (a) EMT algorithm residual,
as given by Equation 4.9. (b) Signal phase shift, calculated according to
Equation 4.10. (c) Position error in millimetres, relative to the position
measured without distortion {U}. (d) Orientation error in degrees, in
relation to the same EMT point used for the position error.
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The primary source of distortion appears to be from the bed structure
beneath the table rather than the sliding table. The bed structure, which
is the white metallic object located at the bottom right of Figure 4.13, is
mainly made of aluminium and steel. On the other hand, the sliding
bar made of carbon fibre did not seem to cause any significant distortion,
despite being in direct contact with the field generator.

This is visible in Figures 4.15c and 4.15d, where the EMT position
and orientation errors for all sensors fall below 1 mm and 1°, respectively,
between {ST} and {CT}. This stage is during the sliding of the bed into the
CT gantry, when the field generator was approximately 50 cm away from
both the bed structure and the CT gantry.

These observations indicate that the ANSER EMT system, even with-
out shielding, is compatible with carbon fibre, which is typically non-

conductive and weakly magnetic.

4.5 Real-time distortion compensation

Real-time compensation techniques for dynamic distortions have been
proposed in the literature, which make use of sensor arrays [27-29], si-
multaneous localisation and tracking [30], artificial neural networks [31,
32], and fusion of inertial and magnetic sensors [33-35]. However, these
methods typically require a large amount of training data, involve sensor
assemblies that are difficult to miniaturise, or have limited extrapolation
capabilities.

In contrast, the physical interpretation of the calibration model reduces
the number of reference sensors required and enhances the extrapolation
capabilities, both of which are essential factors for a real-time compensa-
tion technique where the real field inside the region of interest (ROI) is
derived from field measurements collected at known positions around it.

Clinical applications that would particularly benefit from online distor-
tion compensation are those procedures where intraoperative fluoroscopy
is utilised. Fluoroscopic X-ray imaging is considered the gold standard to
localise the tool position in cardiology, radiology, and minimally invasive

surgery, due to its high accuracy and reliability [36]. However, the tech-
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nology involves radiation exposure to the patient and the surgical team
[37, 38].

EMT can be combined with X-ray interventional imaging to reduce the
radiation dose if a hybrid navigation framework is considered, where EMT
is used for continuous navigation and X-ray is delegated to on-demand
use during delicate manoeuvres or for confirmation [39].

Unfortunately, the X-ray machine, typically in the shape of a C-arm, is
a source of metallic distortion for the EMT system, the nature of which
depends on the C-arm position and cannot be predetermined. The C-arm
can introduce large distortions to the magnetic field used for tracking if
not moved back after use, adding complexity to the procedure.

This work presents two novel techniques for intraoperative calibration
and real-time compensation of dynamic field distortions. The workflows
are summarised in Table 4.6. The methods were tested by simulating
realistic distortion scenarios in the presence of commercially available

fluoroscopy systems.

4.5.1 Intraoperative magnetic modelling

The modelling method presented in Section 4.1 was employed for the
proof-of-concept of an online distortion compensation technique, i.e. dur-
ing a procedure where EMT is used. The reduced number of calibration
parameters and reference sensors enables the potential for real-time mag-
netic modelling based on redundant measurements of external arrays of
Sensors.

The updated field model takes into consideration the presence of mag-
netic distortion and can be used to increase EMT accuracy. Similar ideas
have been expressed in previous publications [40-42], but a practical
working solution for field modelling has never been demonstrated.

A hybrid navigation scenario was investigated by combining the
ANSER EMT system and a fluoroscopy imaging system (OEC Fluorostar
7900, General Electric Company, Boston, MA, USA). The field generator
was placed directly above the X-ray collimator of the C-arm, as shown
in Figure 4.16a. Although not a realistic arrangement, this configuration
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was chosen because it introduced the maximum field distortion and EMT
error, allowing for testing the proposed method in a challenging distortion
environment.

Tool C was used to sample an 8 x 8 grid of triaxial magnetic measure-
ments at Z = 18 cm above the field generator. This plane represented an
array of reference sensors and was used to create an updated field model
of the magnetic distortion using the procedure described in Section 4.1.
The EMT accuracy was tested on two lower planes of 6 X 6 points at 3cm
and 6 cm from the top plane, as shown in Figure 4.16b. Duplo blocks were
used to hold the sensors steadily during acquisition, and optical tracking
provided position and orientation reference.

The effect of the C-arm distortion is visible in Figure 4.17 for the test
points at Z = 12 cm above the field generator or equivalently at 6 cm from
the plane of reference sensors. The black grids represent the positions
obtained from the EMT system, and the red grids are the same points
obtained with optical methods. Figure 4.17 also shows the EMT solution
when the proposed distortion compensation technique was applied.

EMT accuracy results are reported for Y and Z-oriented sensor coils,
which are parallel and perpendicular to the field generator, respectively.
Errors were calculated between the EMT and the optical poses, using
the Euclidean distance in millimetres for the position and the angular
displacement in degrees for the orientation.

Figure 4.18 shows the cumulative distribution of the tracking errors
obtained for the uncompensated case and after applying the distortion
compensation technique described in this section. The plots show the
results for both evaluation planes at 3cm and 6 cm from the top plane, as
shown in Figure 4.16. Position and orientation error metrics are reported
in Table 4.7.

For the test points at a closer distance from the reference sensors, the
RMS error decreased from 12.0 mm to 0.53 mm for the horizontal sensor,
and from 25.7mm to 0.87 mm for the vertical sensor. For the evalua-
tion plane at 6 cm from the reference sensors, the RMS error decreased
from 9.84 mm to 0.90 mm for the horizontally-oriented sensor, and from

16.9 mm to 1.66 mm for the sensor aligned along the vertical axis.
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Figure 4.16: Online distortion compensation technique. (a) The field
generator was placed on top of the X-ray collimator, which introduced
large metallic distortion. (b) Magnetic field measurements were collected
on a plane that represented an array of reference sensors. This data
was used to generate an updated field model, allowing for distortion
compensation. EMT accuracy was evaluated on two lower planes, at 3cm

and 6 cm from the top plane, respectively.
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(a) Horizontal sensor (uncompensated) (b) Horizontal sensor (compensated)
6 8 10 12 14 0.5 1 1.5
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(c) Vertical sensor (uncompensated) (d) Vertical sensor (compensated)
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Figure 4.17: EMT accuracy with the field generator placed on top of the
fluoroscopy system, evaluated on the plane at 6 cm from the reference
plane shown in Figure 4.16. The results are shown for (a,b) horizontally
and (c,d) vertically oriented sensors, (a,c) before and (b,d) after applying
the compensation technique proposed in this section. The red grids are
formed by joining the undistorted optical positions, while the black grids
represent the EMT points. The colour maps show the error in millimetres.
The distortion in the Z-direction is not appreciable from these 2D plots.
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Figure 4.18: EMT errors with the field generator placed on top of the X-ray
collimator. (a) Errors caused by metallic distortion before compensation.
(b) Errors obtained using the calibrated magnetic field model. The results
are reported for the two evaluation planes shown in Figure 4.16.

Table 4.7: Tracking test results with the field generator placed on top of
the X-ray collimator before and after applying distortion compensation.
For the four cases, the error distributions are visualised in Figure 4.18.

Distortion
compensation

Distortion With
compensation distortion

With
distortion

Sensor plane at 3cm Sensor plane at 6 cm

Horizontal sensor (Y-oriented)

Error  mm /deg mm/deg mm/deg mm/deg
RMSE 12.0/269 053/026 9.84/235 090 /048
PRC50 9.81/1.04 046/024 732/134 0.82/040
MAXE 199/ 6.61 0.88 / 0.39 17.7 / 5.41 1.58 / 1.09
Vertical sensor (Z-oriented)
Error  mm /deg mm/deg mm/deg mm/deg
RMSE 257 /166 087/074 169/11.2 1.66 /142
PRC50 20.1/127 077/070 129/9.01 1.44/1.36
MAXE 53.1/39.2 153 /117 413/ 26.1 298 /2.34
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These experimental results demonstrate that the magnetic modelling
technique proposed in Section 4.1 is effective in extrapolating data beyond
reference measurements. Traditional characterisation techniques require
data to be collected on closely-spaced grid points, as close as 2.5mm, and
interpolate for points in between [43]. In the experiment presented in this
section, reference sensors were spaced 24 mm apart and placed outside the
region of interest (ROI). Despite this, it was possible to correct a significant
portion of the error, even at a distance of 6 cm between the reference sensor
plane and the test points subject to distortion.

The calibration algorithm took an average of 20 ms to calculate the
mutual inductance matrix between every virtual dipole and every ref-
erence measurement on a laptop with i5-11th Gen. Intel Core Processor.
In contrast, finding the optimal dipole magnitudes took an average of
1.5ms. These values are compatible with real-time calibration because
the data-driven magnetic field model is valid until the sources of field
distortion are moved. Moreover, the matrix can be calculated in advance
if the positions of the reference sensors do not change.

The envisioned application involves placing redundant sensors at fixed
positions in proximity to the ROI. Such sensors can be localised using
an undistorted tracking system, such as an optical camera. Alternatively,
intraoperative recalibration of their position can also be obtained from
X-ray snapshots. The reference measurements may be used to calculate
the magnetic model in real time, compensating for the dynamic field
distortion that affects the tracking accuracy of target sensors.

The proposed method requires a high number of redundant sensors,
with possible occlusion of the operative space. Solutions might come from
an application-specific optimisation of their positions, as well as miniatur-
isation and wireless sensing. Chapter 7 will investigate the use of planar
sensor coils that can be printed on flexible PCB and potentially integrated
into external body-mounted patches for future clinical applications.
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4.5.2 Interpolation between pre-trained models

While magnetic distortion is a limitation for EMT, it can also be considered
as an effect to leverage. By pre-training a model on different distortion
configurations, the aim is to predict the position and orientation of the
instrument causing distortion.

In this section, the method is demonstrated for one degree of freedom
(1 DOF) applications where a static sensor is used to witness the deviation
of the magnetic field due to distortion introduced by medical equipment.

Distortion detection by monitoring the field variation at known po-
sitions has been proposed in the literature [41, 44]. However, using that
information to localise the instrument has never been investigated with
experimental methods.

As said, offline volume characterisation is a solution for static distor-
tion scenarios [15]. In dynamic environments, however, it is not feasible
to pre-characterise all possible distortion configurations. The proposed
solution is to collect a finite number of static compensation maps and
interpolate between them in real time.

An external optical tracking system might typically identify the posi-
tion of the distorting object to determine the correct interpolation plane
[45]. In contrast, in this work, the effect of distortion on a static witness
sensor was used to estimate the appropriate compensation map without
the need for additional tracking systems.

Two experiments were performed to demonstrate possible applications
of the proposed technique. In the first case, the distortion introduced by
a commercially available (US) probe (Butterfly iQ+, Butterfly Network,
Burlington, MA, US) was characterised and subsequently used to track
the probe position on a line. In the second application, the measurement
was used to estimate the distance of a cone beam computed tomography
(CBCT) scanner (Artis zeego, Siemens Healthineers, Erlangen, Germany)
and apply the correct compensation model.

In the first experiment, tool C was placed at approximately 15cm
above the planar field generator, and the US probe was moved on a line
in steps of 1cm, as shown in Figure 4.19a, where it is noted that there

is no sensor connected to the probe itself. One of the sensor coils in
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(a) Experimental setup (b) Distortion effect
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Figure 4.19: (a) The US probe was moved on a line approximately 15 cm
above the field generator, and a witness sensor at a fixed position recorded
the magnetic field variation. (b) The magnetic distortion affects the EMT
position error and the direct and quadrature components of the field
measurement.

tool C was used to record the distortion effect on its EMT position and the
associated magnetic measurements. The distortion variation is visualised
in Figure 4.19b.

The AC magnetic field was configured at a frequency between 2 kHz
and 3kHz for this experiment. Therefore, the distortion was mainly
caused by eddy currents induced in the conductive distorter [46], as
demonstrated by the appearance of an out-of-phase quadrature compo-
nent, Vq, in the received signal, which is evident in Figure 4.19b.

A polynomial function was found to accurately model the 1D relation
between the distorted signal and the probe distance:

Vi = poo + por1Vy + po2V; + proD + p11VyD (4.11)

where V; is the in-phase direct component of the signal, and D is the
distance from the US probe. The proposed technique involves extracting

the signal components V; and V, from a new field measurement, then

Measurement error (%)
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Figure 4.20: (a) Fitting effectiveness of the distortion model outlined in
Equation 4.11. (b) Distortion-based tracking with one degree of freedom.

using Equation 4.11 to determine D and, in this way, track the probe on
the line without a sensor connected to it.

The effectiveness of the distortion model outlined in Equation 4.11
is demonstrated in Figure 4.20. To prevent overfitting, the polynomial
coefficients of Equation 4.11 were fitted using every second point with
a spacing of 2 cm, whereas the test and tracking were carried out on the
points in between, as seen in Figure 4.20a. The results of the 1 DOF
tracking of the US probe are presented in Figure 4.20b.

The root-mean-square error (RMSE) calculated over the seven test
points is 1.25 mm. The maximum error (MAXE) of 3.16 mm was obtained
with the instrument placed at the highest distance of 16 cm when the dis-
tortion effect and, consequently, the information captured by the witness
sensor were at a minimum.

In the second experiment, the CBCT scanner was used in combina-
tion with the ANSER EMT system to simulate a hybrid EMT and X-ray
navigation framework [32]. The proximity of the interventional C-arm
caused significant metallic distortion that led to the degradation of the
EMT accuracy.

18
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(a) Experimental setup (b) Measurement grids
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Figure 4.21: (a) The X-ray detector was moved to different vertical dis-
tances from the field generator (Z = 22, 24, 26, and 30cm), and the
magnetic field vector was captured on the training grid. Then, the X-ray
detector was placed at Z = 28 cm, and the distance was estimated from
the witness sensor measurement. A new calibrated field model was calcu-
lated based on the values pre-characterised and used to evaluate the EMT
error on the tracking grid. (b) Position of the training grid, the tracking
grid, and the witness sensor relative to the field generator coils.

The distorted magnetic field was pre-characterised within the tracking
volume by moving magnetic sensors on a grid of 5 x 5 x 3 training points,
where the magnetic field vector was captured. The characterisation pro-
cedure was repeated for different distances of the X-ray detector above
the field generator at Z = 22, 24, 26, and 30 cm. Duplo blocks were used
to provide accurate and consistent support, and the defined grid spacing
was used for sensor position and orientation reference. The experimental
setup is shown in Figure 4.21.

The X-ray detector was then moved to a height of Z = 28 cm, generat-
ing a new distortion scenario not previously characterised. The technique
presented in this work was used to estimate the unseen distorter’s position
from the witness sensor measurement. A compensated magnetic field
model was obtained using a second-degree polynomial fit of the tabulated
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characterisation maps, with cubic spline interpolation between the grid
points.

Based on the witness sensor measurement, the distance of the X-ray
detector was predicted as 28.1 cm using Equation 4.11. Considering that
the reference distance of 28 cm was known within 0.5 cm tolerance, this
likely accounts for the 1 mm error.

The EMT accuracy of the system was evaluated on a grid of 4 x 4
test points, comparing both the distorted and the compensated magnetic
models to solve for the sensor pose. It should be noted that, in this case,
the sensors were tracked using traditional EMT methods. In contrast, the
witness sensor was used to estimate the X-ray detector location and enable
real-time distortion compensation.

The static tracking test was carried out in the presence of the distorter
at 28 cm, both before and after applying the distortion compensation
method described above. The accuracy is evaluated for horizontal and
vertical orientations of the magnetic marker along the Y-axis and the Z-
axis, respectively. The results obtained in a distortion-clean environment
were also included for comparison.

Position errors were calculated as the Euclidean distance between the
EMT solution and the reference defined by the Duplo grid. The orientation
errors were calculated as the absolute angular difference. Position and
orientation error statistics are summarised in Table 4.8, and the cumulative
position EMT error is visualised in Figure 4.22.

It is observed that the X-ray detector above the tracking volume in-
troduced significant EMT errors, mainly affecting the sensor aligned ver-
tically along the Z-axis of the planar field generator. In this case, the
distortion caused an RMSE increment from 2.9 mm to 11.5 mm, which was
reduced to 1.7 mm after compensation. The orientation error followed a
similar pattern, increasing from 1.5° to 9.5° and reduced below 1° after
correction.

The current study is limited to one witness sensor and 1 DOF tracking,
but the method might be extended to multiple dimensions if additional
witness sensors are included. Even so, the technique requires specific
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Figure 4.22: Position error with the X-ray detector placed Z = 28 cm above
the field generator, for Y and Z-orientations. Errors are shown before and
after applying the compensated magnetic field model to track the sensor.

pre-characterisation and training for every instrument to be tracked, and
simultaneous tracking of multiple targets might not be feasible.

4.6 Conclusions

This chapter presented techniques for correcting systematic errors and
static distortion, reducing metallic distortion by magnetic shielding, real-
time detection of EMT accuracy impairment, and online compensation of
dynamic distortion.

Traditional methods for field volume characterisation rely on arranging
a large number of data points on regular grids and collecting triaxial
field measurements, which can be time-consuming and impractical in
most applications. These challenges were addressed by introducing a

characterisation technique based on an underlying analytical magnetic
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Table 4.8: Tracking test results in a distortion-free environment, with the
distortion caused by the X-ray detector, before and after distortion com-
pensation. For the last two columns, the error distributions are visualised
in Figure 4.22.

Without With Distortion
distortion distortion compensation
Horizontal sensor (Y-oriented)
Error mm/deg mm/deg mm/deg
RMSE 215/094 293 /1.38 1.36 / 0.48
PRC50 1.78 /0.87 242 /1.24 1.27 / 0.35
MAXE 3.80/1.42 584 /228 2.58 / 1.04
Vertical sensor (Z-oriented)
Error mm/deg mm /deg mm/deg
RMSE 2.89 /148 115/9.35 1.66 / 0.92
PRC50 2.60/1.22 11.6/10.2 1.38 / 0.78
MAXE 546 /296 162 /125 3.54 /1.88

model. The new approach allows the training data to be arranged in
scattered clouds and to use uniaxial measurements.

The modelling technique was employed for different use cases. A
new magnetic model was created for the ANSER EMT field generator and
was compared to the existing model by showing the tracking accuracy
obtained in the two cases. The technique demonstrated effectiveness in
modelling the highly distorted fields of the field generator with magnetic
shielding.

The distortion introduced by a fluoroscopy system was analysed for
different distances to the field generator in a clinical environment. It was
proven that aluminium and mu-metal plates could effectively shield the
ROI in the presence of external distorters. It was also shown that the
field model inside the ROI could be corrected using data collected outside
the ROI, presenting the intriguing potential for a real-time distortion
compensation technique based on redundant measurements of external
arrays of sensors.

EMT errors below 1 mm and 1° were demonstrated after compensa-
tion in all the experiments. Although the accuracy requirements vary
depending on the specific procedure, tracking errors at millimetre and
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degree levels are sufficient for most endoscopic and surgical navigation
tasks [47-49].
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Chapter 5

Tracking algorithm with increased

update rate

In this chapter, a novel tracking algorithm for ANSER EMT is proposed,
and the implementation is tested in MATLAB.

The method enables multiple sensor tracking at update rates above
100 Hz. Such high rates limit the time available for signal acquisition and
cause increased jitter noise in the measurements if not properly filtered.

Low-pass filtering techniques, such as a sliding window DFT and a
simple or exponential moving average, are presented in Section 5.2. The
drawback is the latency added to the system. For this reason, Sections 5.2.3
and 5.3 introduce more advanced filters with the estimation of the linear
motion to predict the object trajectory and reduce the latency.

In Section 5.4, the novel algorithms are analysed through a dynamic
tracking test. The Kalman filter resulted as the preferred choice because
it demonstrated optimal smoothing effect and reduced delay, with low
calculation requirements and high speed.
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5.1 Improvements to the algorithm and to the

magnetic model

In this section, we propose a novel accelerated algorithm to update the
pose estimate of a sensor from a previously known pose and recommen-

dations for increasing the speed of the magnetic model.

5.1.1 Algorithm for a faster pose update

The target objects to be tracked are mostly instruments used in endoscopic
operations, and their movements are relatively slow. Therefore, a reason-
able assumption is to consider the target speed not larger than 50 mm per
second. Considering a typical update rate of 25 Hz, as seen in Section 3.2,
the maximum displacement of the sensor between subsequent acquisi-
tions is around 50/25 = 2 mm. Similar considerations apply to the change
in orientation. Moreover, thanks to the methods described in this section,
higher update rates are possible, and the difference between consecutive
poses can be further reduced.

The method is based on a local linearisation of the flux model, which
allows transformation of the non-linear least-squares problem presented
in Section 3.2.4 into a linear algorithm, which requires less time and
calculation power.

As seen in Section 3.2.3, the signal component induced by each of the
eight ANSER EMT emitter coils is a function of the sensor pose, p. A
change in the pose from p¥ to pX** causes a change in the flux model that

can be approximated by a Taylor expansion:
D (PHT) & Dec(p*) + Jic - (PkJrl - Pk) (5.1)

where 1 < ec < 8 identifies the emitter coil and the row vector JX. com-
prises the partial derivatives with respect to the variables in p, as given by

Equation 5.2:

(5.2)

o= 00(p") 0% (p*) IP(p*) 02(p") a‘<I>(Pk)}

ox ay 0z 20 0
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Equation 5.1 can be expressed for every ec in a compact equation by
defining ®% = [ - - ®,.(p¥) - - - ]T as the vector of eight flux models and
by introducing the 8 x 5 Jacobian matrix, J, which includes eight rows in
the form of Equation 5.2:

o<1~ oK 1. <pk+1 _ pk> (5.3)

Even if the superscript k is neglected, matrix J is evaluated in pk.

By defining ®@**1 as the column vector comprising the eight demodu-
lated signal values at time k + 1, the tracking algorithm aims to find ®**1
that minimises the two-norm ||@*+1 — @k+1|,,

An idea is to substitute ®**1 with ®**1 in Equation 5.3 and to resolve
for pk+1:

pktl = pk 4yt (&)k—i—l _ q,k> (5.4)

where J* = (]T]) ! JT is the Moore—Penrose inverse of the matrix J, which

is not calculated explicitly because the least-squares solution for p**1

can
be obtained from optimised algorithms used in the backslash operator of
MATLAB [1].

In fact, it can be demonstrated that Equation 5.4 corresponds to one
step of the Gauss-Newton algorithm [2]. Vector p is the set of parameters

that minimises the sum of squares:

8~ 2

p = argmin Z [q)];:rl - @5:’1]

P ec=1
i Fok+1 k k )
= argmin Z [q)e:r — Dy —Jec Ap)]
p ec=1
where the linearisation step of Equation 5.1 was used in the second part
of Equation 5.5, with Ap = p**1 — pk,

The minimum is obtained when the gradient is null. Taking the deriva-
tive with respect to the unknown increments Ap, and setting the derivative

equal to 0 to minimise the difference between the actual pose and the esti-
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mator, gives:

d

8 . 2
mez [CI)Ie(c—i_1 - q)le{c _Jle(c ) Ap)] =

c=1

ec=1

= ok
Y542 [Cble{jl — Ok —TJk - AP] T

52 8 ot gk ap] 2 .
2[(0) ()] (30t a)
= 2J7 (41— @k —JAp) =0
From Equation 5.6, the solution for Ap results:
Ap = (JTJ)_llT (EIS““ - <I>k) (5.7)

which is equivalent to Equation 5.4, with Ap = p**! —pX and J' =
o).

The novel algorithm presented in this section requires the current pose
to be known. Therefore, if a new sensor is added to the system or if
a sensor moves out of range, the global search algorithm described in
Section 3.2.4 must be used for pose initialisation.

Moreover, for the proposed method to converge to the correct solution,
it is important that the sensor pose does not change significantly between
subsequent magnetic measurements.

Particular care should be taken for the sensor orientation because
even when the spatial variation of the three magnetic field components is
linear, the orientation unit vector has a trigonometric dependence on the
spherical angles. In the limit of orthogonal angles, uncorrelated magnetic
flux components are picked up by the coil.

It was observed that the algorithm typically converges when the dif-
ference between consecutive is below 2 cm and 7r/4 rad, for positions at

more than 15 cm from the field generator.
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A robust implementation of the algorithm was obtained by monitoring
the residual ||® — ®||,. If the residual does not fall under a threshold value
in 5 iterations, the initial pose guess is re-initialised, and the complete

Trust-region algorithm presented in Section 3.2.4 is employed.

5.1.2 Increased-speed magnetic model

The analytical magnetic model presented in Section 3.2.3 requires approxi-
mately 40 us to calculate the eight signal values on a Windows 10 laptop
with i5-11th Gen. Intel Core Processor.

The speed can be approximately doubled if the model is pre-evaluated
at grid points within the region of interest (ROI) and interpolated using, for
example, the griddedInterpolant command [3]. Analysis of the grid density
requirements and interpolation error will be presented in Section 6.4.2.

It should be noticed that, when using an Interpolant object in MATLAB,
most of the computation time is spent loading the look-up table (LUT)
into memory. For example, a table of 30 x 30 x 30 points required around
50ms to evaluate one position on the first call, and the evaluation time
dropped to 20 us for subsequent calls. Therefore, it is essential to use the
interpolating function at least once when the system is initialised.

The Isqnonlin EMT algorithm introduced in Section 3.2.4 was evaluated
on 1000 random positions and orientations, using the analytical and the
tabulated models. Although a small improvement was demonstrated
using the faster model, a convergence time of approximately 5ms was
obtained in either case, showing that the evaluation time of the objective
function is not the only factor affecting the speed of the optimisation
algorithm.

The interpolating function can be evaluated at multiple query points
at the same time. In this way, the calculation of the eight magnetic fluxes
at 1000 random poses was reduced from 20 to 1 us per pose.

This solution is useful when multiple locations must be evaluated at
the same time, for example for faster simulations and system optimisation
studies, for the calibration of multiple-sensors tools, such as the method

seen in Section 3.2.3.2, as well as for a more efficient way to numerically
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estimate the Jacobian matrix, which requires ten model evaluations to
calculate five finite differences, as seen in Section 3.2.3.1.

Another useful application was found when multiple sensors are
tracked in real time, using the linearised algorithm introduced in Sec-
tion 5.1.1, where Equation 5.4 can be solved with the MultiSolver function
[4]. Using this approach, the average solution time per sensor resulted in
0.4 ms for one sensor, 0.18 ms per sensor for ten sensors, and 0.17 ms per

sensor for one hundred sensors tracked simultaneously.

5.2 Random noise reduction

As seen in Section 3.2.4, the system update rate is typically limited by
the speed of the solver block, which employs Trust-region or Levenberg-
Marquart algorithms to ensure robustness and global convergence at the
cost of more iterations and function evaluations.

When using faster methods, such as those presented in Section 5.1.1, it
is possible to increase the update rate, and the limiting factor becomes the
signal window acquisition time. However, as explained in Section 3.2.2,
the random noise distributes equally among the frequency bins. Therefore,
if the window period Ty, is halved, the noise power is doubled for every
frequency component, including for the eight frequencies of interest. This
results in a noise amplitude /2 times larger, or equivalently a signal-to-
noise ratio (SNR) reduced by 3 dB.

In this section, some basic noise-filtering techniques are introduced,
and in the next Section 5.3, the more advanced Kalman filter algorithm is

presented.

5.2.1 Sliding window DFT

In Section 3.2.2, it was shown how the signal is extracted from the raw
acquired data, using the discrete Fourier transform (DTF) calculated on
subsequent windows.

Using a sliding window approach, consecutive windows of length

N; are used that overlap on a number of samples Ny — Ny, as shown in
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Figure 5.1: A sliding window of size N; is updated every N, samples, for
an increased update-rate. The latency does not change, as the average
delay remains of Ns/2 samples.

Figure 5.1. In this way, the demodulated signal can be updated at a rate of
Fs/N,, where F; is the sampling frequency, without the necessity to increase
the base bin frequency F, = F/N,, which is proportional to the bin noise
power.

The signal at time k + 1 can be calculated from the signal at time k as:

Ns—1+Ny

— (k+1 1 % _i2mn
(I)ec( ) = Z S[Yl] e TN Mec

Ns =

n=Ny
Ny—1 Ns—1+N,
—(k 1 ¢ _j2nn 1 % w _:2nn
:qDec()_ﬁ S[T’l]-elNSm“—f—ﬁ 2 s[n]-elem“
5 n=0 5 n=N;

(5.8)
where i = v/—1 is the imaginary unit, and m,. = Fe/F, is the frequency
index, as explained in Section 3.2.2.

In Equation 5.8, the oldest sub-window of data is removed, and the
newest Ny, samples are added to the sum. This provides a fast way to
compute the DFT recursively at the cost of memory because a number of
Ns/N,, sub-windows must be stored. In the limit of the difference between
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two consecutive DFTs being of one sample, N, = 1, Equation 5.8 becomes:

1 1

—(k+1) 1 1
N, s[0] + N s|

&, D — g, 0 _ Ny] (5.9)

. _ ;210 _;i27tNs
given that e” ' Ns e = 7! N e —

If an integer number of periods of the AC signals of interest is contained

in the time Nu/F,, then the new N, samples are also a valid size for a DFT,
and Equation 5.8 becomes equivalent to a moving average over the last
Ng» = Ns/N, sub-windows of size Ny,.

For example, N, = 2 is the case of consecutive windows overlapping

for half of the size of the previous window. The demodulated signal is:

- 1 Ny—1 21 Ns—1 _i27mn
@gc — ﬁs Z S[TZ] .e ZTSmec + Z S[]’l] e ZTSmeC

n=0 n=Npy
Nyp—1 _ Ny—1 .
_1 (L i s[n] R T t s[n+ Ny| 'e_l%\%@j

(5.10)
which is the mean of two DFTs of size N,.

With the moving-average interpretation of the sliding window method,
it can be noticed that it is not, in fact, required for subsequent windows
to be consecutive. A gap between windows is allowed as long as there
is a common phase reference for every window, such as the phase of the
electric current in the coils, as explained in Section 3.2.2.

Averaging the N, signals and then running the search algorithm once
is equivalent to running the algorithm N, times and calculating the aver-
age of the resulting poses if the displacement between subsequent poses
is such that the magnetic model can be considered to vary approximately
linearly. The first solution is preferred because it allows for running the
optimisation algorithm on a cleaner signal and therefore getting faster
convergence. Note that in either case, the algorithm is called the same
number of times, once every Nu/F, seconds.

The moving average has a low-pass filtering effect; the random noise

is reduced, but the latency of the system is increased because older data
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is used in the mean. The trade-off is between the SNR and the latency,
whereas the upper limit for the update rate is given by the communication
link from the device to the laptop and by the EMT algorithm speed.

5.2.2 Exponential moving average

The exponential moving average (EMA), or exponentially weighted mov-
ing average (EWMA), is an alternative way to low-pass filter the signal,
using weighting factors which decrease exponentially [5].

If ®*+1 is the vector of measured magnetic values at time k + 1, the
filtered output, S¥*1, is given by the recursive formula in Equation 5.11.

Sktl — (1 — 1)SK - A@k+! (5.11)

where 0 < A < 1is the smoothing parameter.
It can be observed that the weights decrease exponentially like A (1 —
A)! for observations that are t steps in the past:

Skt — (1 -S4 A (1 — 1)@k 4 Akt!

K (5.12)
— ZA(l . A)t&ik-‘rl—t
t=0

assuming that the algorithm is initialised with S? = 0.
The average latency introduced by the EMA filter can be calculated
from the response to a unit step function:
k 1—(1—A)F

sk=AY (1-A)'=A

=AM —a =1—(1-A) (5.13)
t=0

whose time constant, 7, is the value of kK when the exponential law of

Equation 5.13 reaches 1 — 1/e ~ 63.2% of the original signal:

- (1-A)T=1- 2 = !
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For example, a lag of five steps, corresponding to the latency obtained
from the moving average of ten subsequent windows, is obtained with
A=1—¢"5~0.18. As a rule of thumb, we allow T ~ 1/x.

5.2.3 EMA with speed estimation

Compensation for the latency can be obtained by estimating the time
variation of the signal. This solution also applies to any other low-pass
filtering technique, including the moving average approach introduced in
Section 5.2.1. When the filter is applied to the EMT pose, the signal time
variation corresponds to the positional and angular velocity of the sensor.

The speed, VE+1 was estimated as the finite difference between con-
secutive steps, ®+1 — ®%, where an exponential moving average was

used to reduce the noise:
VKL — (1 - ) VE A (@K — @) (5.15)
A prediction for the next signal was obtained with the following:
gktilk _ gk | yk+1 (5.16)
which was subsequently averaged with the real signal:

Sk-‘rl — (1 . /\)Sk+1|k —f-)\&)k+1
N (5.17)
= (1-A)SK 4 Akt 4 (1 - A)VkH!

Comparison with Equation 5.11 shows that the only difference is the
addition of the term (1 — A)VX*1, accounting for the signal variation.

The two Equations 5.15 and 5.17 can be regarded as a method of double,
or second-order, exponential smoothing, where the slope component Vk+1
is introduced to take into account the linear trend in the data.

The main advantage of the EMA approach is the small number of
calculations required, thanks to the recursive formulation, and the fact
that only two arrays need to be kept in memory, the smoothed sum Sk

and the velocity estimate VX.
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5.3 Kalman Filtering

The Kalman filter (KF) is an algorithm commonly used in object tracking
because of its high performance and low computational requirements [6].

The algorithm was first introduced in 1960 [7] and allows finding the
best estimate for the state of a stochastic process in a recursive way [8].
The only assumptions are that the state vector follows a multi-variate
Gaussian distribution and that both the system dynamics and observation
equations are linear. More advanced filters, such as the extended Kalman
filter (EKF) and the unscented Kalman filter (UKF), can be used for non-
linear estimation [9-11].

In general, when a stochastic variable undergoes a linear transfor-
mation, the resulting probability distribution is still Gaussian, and the
maximum likelihood estimate for the variable is the one that minimises
the mean-squares error.

Kalman filtering is typically applied in the area of autonomous or
assisted navigation to perform sensor fusion between an inertial measure-
ment unit (IMU) and a global positioning system (GPS) [12]. The IMU
estimates the object pose by integrating the linear and angular acceler-
ations measured. This method provides high dynamics and low noise,
but it is subject to drift due to the integration operation. The GPS offers
a reference value that does not drift but is less precise. With a KF, the
state vector estimate given by the IMU can be corrected using the GPS
information to remove the drift.

Regarding biomedical applications, the UKF was applied for robust
optical and magnetic fusion in surgical navigation [13], and EKF sensor
fusion was used to correct errors due to magnetic distortion using inertial
measurements [14], for endoscopic surgery [15] and for intraoperative
tracking of target organs motion [16].

The KF also finds application in cases where EMT is the only source of
information for position tracking, using underlying models to increase the
tracking confidence. For example, in prostate brachytherapy, needle shape
estimation can be improved by using two sensors, one larger and more

accurate mounted at the base and a second miniaturised lower-sensitivity
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sensor on the tip, combined together by an EKF using a tip deflection
model [17, 18].

Kinematic models can be employed to estimate the object trajectory
and suppress measurement noise by using Bayesian statistics. In this
setting, KFs are typically used in EMT systems to guarantee smoother
motion tracking [19-21]. Non-linear KFs can also be used as part of
the search algorithm for tracking magnetic field sources [22], such as a
vessel containing ferromagnetic material modelled at a distance as an
equivalent magnetic dipole moment [23], or a portable magnetic position
and orientation tracker containing three-axial sources and sensors [24].

A motion law is described in the next Section 5.3.1 to estimate and
predict the sensor pose. The model prediction is used together with the
raw EMT solution to obtain smoother, real-time tracking. The KF provides
significant noise reduction with minimal latency.

5.3.1 Kalman filter

The sensor state was defined as the sensor pose and its linear and angular
velocity:
s = [xyz()(pvxvyvzwgwq,]T (5.18)

Given the sensor velocity and acceleration at a particular instant in
time, k, we can predict where the sensor will move after a time step, Ts.

For example, the law of motion in the x direction is:

1
P =k ok L2

= (5.19)
okt = ok ok T,

Therefore, the dynamics of the motion is encoded in matrices D and G:

Is IsT
p_ | Is Isls
05 Is

Ts2
I555-

; G= [ LT ] (5.20)

where Is and 05 are the 5 x 5 identity and empty matrices, respectively.

The law of motion is expressed in matrix form for all the elements of the
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state vector as:
sl =D.sk4+ G- a¥ (5.21)

where a = [ax ay a; ag aq,} T is the acceleration vector for the five degrees
of freedom.

Because information on the linear and angular acceleration is not
available, we consider a to be a random variable normally distributed
with mean 0 and standard deviation o,. By setting higher values for oy,
the estimated velocity is allowed to change faster, and therefore the inertia
of the tracked position and the low-pass filtering effect is decreased. When
an IMU is available, it could provide the mean and standard deviation of
the acceleration vector.

The state vector is known up to a level of confidence described by
the 10 x 10 covariance matrix P, which comprises the variance of state
variables on the diagonal, and their correlation on the out-of-diagonal
entries.

The first step of the Kalman filter algorithm is the prediction of the next
state vector based on the current state. The best estimate is given by:

skt1fk — p . gklk (5.22)

where the acceleration term is not present because, having zero mean, the
best estimate for it is null. The notation k + 1|k indicates the a priori state
estimate at time k + 1, given the information available at time k.

The covariance matrix propagates through a linear transformation
as per Equation 3.24, and therefore the covariance matrix of the state

prediction vector is:
pktik — p.pkk.pT  Q (5.23)

where matrix Q = GG'¢? accounts for the uncertainty associated with
the acceleration of the sensor.

When a new pose solution, p, is available from the EMT algorithm, the
state prediction has to be updated with the new information.
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The update step is given by:

ght1k+1 _ gtk 4 yo. <p —L- Sk+1|k> (5.24)
pltik+l _ pk+llk _ ... pktilk (5.25)
where skt1k+1 i the a posteriori estimate for the state vector s, given

the new information available at time point k + 1, and PX*1/k+1 s the

associated covariance matrix. Matrices L and K are defined as follows.
Matrix L is the linear transformation from the vector space of s to the

vector space of p. In this case, only the first five elements of s are retained,

leading to:
L= [ Is 05 ] (5.26)

The Kalman gain, K, is calculated as per Equation 5.27:
-1
K = pk+ilk T (L pltilk LT 4 zp) (5.27)

where X, is the 5 x 5 covariance matrix associated with the new solution’s
uncertainty.

Matrix L, is, in general, a full matrix because the degrees of freedom
are correlated in a way that depends on the position and orientation of
the sensor, and it can be derived from the uncertainty of the field mea-
surements, L, as shown in Section 3.5.2. The measurement uncertainty
can be considered to be constant, pre-characterised within the region of
interest, or estimated in real time from the signal noise level as described
in Section 3.2.2.

For a lighter version of the algorithm, it is possible to consider the
degrees of freedom as uncorrelated and initialise X as the diagonal matrix
of the variance of the typical random error or, more rigorously, the jitter
error can be pre-characterised for different positions and orientations in
the tracking volume.

Equation 5.27 shows that the only function of matrix L is to select
entries in P. In practice, when implementing Equation 5.27, L is omitted,
and matrix indexing is used to address the correct entries. Moreover, as

the calculation of inverse matrices is very inefficient, it may be replaced by
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the slash operator, /, in MATLAB or the function numpy.linalg.solve from
Numpy library in Python [25, 26], as shown on line 29 of Listing 5.1 for a
MATLAB implementation.

To understand how the Kalman filter can reduce the jitter error by
blending the motion law to the raw noisy solutions, assume that ||Zp || >
|P||. In other words, this is the assumption that the new position from
the EMT algorithm comes with large uncertainty and cannot be trusted,
whereas we can be confident about the motion model.

In this limit, the Kalman gain of Equation 5.27 approaches zero and the

second term in the sum of Equation 5.24 is negligible, giving sk*1/k+1 =

skt1lk Therefore, the update step is an identity, and the new best estimate
is based solely on the prediction step.

On the other hand, we can analyse the case when the measurements
are exact, Xp = 0s. For simplicity, we just focus on variable x, governed
by Equation 5.19. At the time point k, we know the system state exactly
from the new measurements: x<F = px, with Pk = 0,.

After the prediction step, we obtain:

k+1]k k o klk
x py + oy T,
[ k+1k ] = ! k|;f ’ ] (5.28)
Uy Uy
roT
pktik —p.g, DT+ Q=0Q = [ ,}43 22](73 (5.29)
FEE
T4 4 -1
=+ T 1
K= [ é‘” ] 0'3- (250'34—01) = [ 5 ] (530)
2 Ts
and the update step becomes:
B N L (p1;+1 _ xk+1|k> _ PI;CH (5.31)
2 k+1 _ k
U§+1|k+1 _ v];"'l‘k + = <p1§c+1 _ xk—|—1|k> _ pr Px v’;‘k (5.32)
TS TS

where Equation 5.28 was used in the second equivalence of Equation 5.32.
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Listing 5.1: Kalman filtering algorithm to make motion tracking smoother
and reduce the jitter error.

% Linear motion model

Ts = 0.01;

D = [eye(5) Tsxeye(b); zeros(5) eye(b)];

P = zeros(10);

% Motion standard deviation, or random acceleration

sigma_a = 100; % x, y, and z (accelerometer)

sigma_w 100; 7% theta, and phi (gyroscope)

G = [diag([repelem(.5%Ts"~2,3)*sigma_a,...
repelem(.5%Ts"~2,2) *sigma_w]) ;
diag([repelem(Ts,3)*sigma_a,...
repelem(Ts ,2)*sigma_w])];

Q = G*G';

% Measurement standard deviation
sigma_meas = 0.01;

Sigma_Phi = sigma_meas~2*eye(5);

% The state vector is available from previous steps

while tracking
% Prediction step
prediction = D*state_vector;
P = D*PxD' + Q;
% Pose vector from the new field measurements
pose =
% Calculate the Jacobian, J
J =
% Propagate the uncertainty from fluxes to pose
Sigma_p = Sigma_Phi/(J'*J);
% Calculate the Kalman gain
K = P(:,1:5)/(P(1:5,1:5)+Sigma_p);
% Update step
error = pose-prediction(1:5);
error (4:5) = wrapToPi(error(4:5));
state_vector = prediction+K*error;
P = P-KxP(1:5,:);
% Output the filtered 5DoF
pose = state_vector (1:5);
end
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By replacing P¥*1/¥ and K in Equation 5.25, as given by Equations 5.29
and 5.30, respectively, we obtain Pk+1 — 0,, meaning that the new state is
estimated without uncertainty, solely based on the measurements.

As shown in Equation 5.32, thanks to the Kalman filter algorithm
proposed in this work, it is possible to estimate the sensor velocity and
therefore compensate for the latency introduced by the low-pass filters
presented in Section 5.2.

Finally, it is worth mentioning that prediction and update steps of the
Kalman filter do not necessarily need to run together. Given an estimate
for the current pose and velocity, it is possible to estimate the next poses at
a rate higher than the rate at which the new measurements are taken. For
example, if a longer acquisition time is used to reduce the jitter noise and
new measured values are available at a rate of 10 Hz, Equation 5.23 can be
used ten times to send the estimated pose at a rate of 100 Hz to the user
interface. When updated EMT values are ready, Equation 5.25 is used to
correct the prediction.

5.3.2 Extended Kalman filter

The extended Kalman filter (EKF) generalises the Kalman filter algorithm
to the cases where the transformation from the state vector to the mea-
surements is not linear [27, 28]. For the EMT application, the EKF can be
employed to update the best estimate for the sensor pose directly from
the field measurements, bypassing the use of the non-linear least-squares
solver Section 3.2.4.

As seen in Section 3.2.3, the magnetic flux vector is a function of the
sensor pose: ® = f(p). The EKF steps are the same as presented for the
Kalman filter, where the linear transformation matrix L is replaced by the

Jacobian matrix of f, calculated in p as shown in Section 3.2.3.1.
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In particular, the Kalman gain and the update step are given by:

—1
K — p+ilic T <J Pk T zp> (5.33)
Gkl _ gtk | g (Ef,kﬂ _ f(pk+1lk)) (5.34)
pltilktl _ pktilk _ gy, pk+ilk (5.35)

It can be noticed that when ||Z, || < ||P||, the Kalman gain becomes:

-1
K ~ Pk+1|k . JT <J . Pk+1|k . JT>

— Pk+1|k X JT . ]'T+ X Pk-‘rl‘k_l . ]"f’ (536)
=J%  with |, < |||

and the limit for Equation 5.34 is then: sk*1/k+1 ~ Jt. <<T>k+1 - <I>k+1|k> ,
which is the same of Equation 5.4, or one step of the Gauss-Newton
algorithm.

To conclude, the EKF can be employed to update the tracked sensor
pose directly from the field measurements and, at the same time, include
a law of linear motion. It is assumed that the previous sensor position and
orientation are known with a level of accuracy that allows one to consider

the flux model to be quasi-linear between subsequent sensor poses.

5.4 Dynamic test

A dynamic EMT test was performed to measure the speed, stability, and
accuracy of the methods introduced in this chapter.

Two sensors, Y and Z-oriented, were moved at a constant speed of
2¢m/s along two pre-defined planar trajectories at a high of 15 cm, covering
an area of 18 cm? and 28 cm?, respectively. The 2D actuator introduced in
Section 3.4 was used for this scope.

The paths are shown in Figure 5.2 and were designed to move at
constant velocity both on shorter and longer straight lines, to include
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Figure 5.2: Dynamic tracking test. Two sensors, horizontally (Y) and
vertically (Z) oriented, were tracked using a high update rate of 100 Hz.
The experiment was repeated for two path lengths.

sudden changes in the motion direction with angles at 90 degrees, as well
as to pass through points at the centre and at the edge of the tracking
volume.

In both cases, a fast update rate of 100 Hz was used, resulting in a total
number of 3843 poses tracked for the shorter trajectory, and 5911 for the
longer one.

The parameters of the EMAs and the KFs were selected to give similar

performance, as a trade-off between noise suppression and fast dynamics.

5.4.1 Results

The EMT pose given by the fast algorithm introduced in Section 5.1.1
was compared to the results obtained with the Trust-region algorithm
of the Isqnonlin function, introduced in Section 3.2.4. At every sampled
point, the error was calculated between the EMT solutions of the Trust-
region algorithm compared to the novel algorithm. The position error
was expressed as the Euclidean distance, and the orientation error as the

angular displacement between the two solutions.
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Table 5.1: Speed of different tracking algorithms and filtering techniques.

Solver Trust- Fast Double Kalman
region algorithm EMA filter

Y zZ | Y Z | Y zZ | Y Z
Path of 18 cm, average values for 3843 points

Speed (ms) 3.1 49 | 022 022 | 022 027 | 025 0.26
Path of 28 cm, average values for 5911 points

Speed (ms) 3.6 51 | 022 022 | 022 024 | 026 0.6

For the path of 18 cm, the average error values calculated for the 3843
points are 0.33 um and 1.30x10* degrees for the sensor oriented along Y,
and 1.79 pm and 2.09x10-% degrees for the sensor oriented along Z.

For the path of 28 cm, the average error values calculated for the 5911
points are 0.68 um and 4.30x10* degrees for the sensor oriented along Y,
and 1.96 pm and 2.08x10% degrees for the sensor oriented along Z.

Such small differences in the tracking results demonstrate that the
two algorithms converged to approximately the same solution but with
substantially different speeds, as reported in the first two columns of
Table 5.1.

The larger errors obtained with the Z-oriented sensor can be explained
by the larger magnetic fields and spatial variation in the Z direction, due
to the planar configuration of the field generator. For this reason, the same
positional displacement causes a larger difference in the magnetic fluxes
measured if the sensor is Z-oriented rather than Y-oriented, and therefore
the algorithms require more iterations to converge to the optimal point.
This also explains why the Trust-region algorithm is, on average, slower
when the sensor is vertically oriented, as seen in Table 5.1.

The low-pass digital filters presented in Sections 5.2 and 5.3 were
applied in conjunction with the fast algorithm and the total speed was
measured. As expected, the filters did not introduce a relevant delay, and
they are therefore compatible with real-time tracking at a high update rate
and low latency. The average running times are reported in Table 5.1 for
the double EMA and the Kalman filter.
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The profile of the tracked y coordinate of the Y-oriented sensor is visu-
alised in Figure 5.3a for the smaller and larger trajectories to demonstrate
the filtering results in terms of jitter reduction and latency increment.
The other position and angular coordinates of the pose vector, and the
results for the Z-oriented sensor, demonstrated similar outcomes and are,
therefore, omitted.

Two portions of the tracked trajectories were selected to highlight
some characteristics of the filters. The moving average over the last ten
windows and the EKF are not visualised because they gave results almost
coincident with the EMA with A = 0.2 and the KF, respectively. As stated,
the raw solutions obtained from the Trust-region and the one-step Gauss-
Newton methods are indistinguishable, with differences in the order of
micrometres and micro-degrees.

Figure 5.3b shows the sensor moving at a constant speed and suddenly
stopping. In the first part, the delay of 50 ms caused by the exponential
smoothing is visible, whereas the double EMA and the KF do not manifest
evident latency.

When the sensor stops, the double EMA and the KF show some inertia,
making the pose estimate shift towards the previous velocity direction.
Both solutions take approximately 20 points, i.e. 200 ms, to re-establish
correct tracking.

In the last part of the trajectory, mechanical oscillations are attenuated
after filtering. In this case, the sensor velocity changes periodically, and
all the filters considered follow the motion with some delay.

In Figure 5.3c, the y coordinate is constant, and the jitter of the raw
solution is evident. The unfiltered points span a range of 0.5 mm, and
the noise is reduced by a factor of five after filtering.

In this example, the simple and the double EMA show almost the same
outcomes because the velocity is null. The KF demonstrates a slightly

better smoothing effect but overall similar performance.
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Figure 5.3: (a) Profile of the tracked y coordinate of the Y-oriented sensor.
Two sections were selected to better visualise the performance of the filters
(b) at constant velocity and with a sudden change in the motion direction,
and (c) when the y coordinate is constant and the jitter noise is more
evident.
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5.5 Conclusions

The tracking algorithm previously employed by the ANSER EMT system
allowed convergence to the optimal pose in approximately 5ms per sen-
sor and did not include filtering techniques, causing excessive jitter for
acquisition times below 50 ms.

This imposed limits to the maximum update rate and latency effec-
tively reachable, with typical values of 20Hz for the update rate, and
25ms, plus 5ms per sensor, for the latency, to guarantee smooth tracking.

Using the novel algorithm and magnetic model interpolation presented
in Section 5.1.1, multiple sensors can be tracked with less than 0.5ms
latency. Moreover, low-pass filters were introduced in Sections 5.2 and 5.3,
which reduced the random noise and compensation for the latency by
estimation of the velocity. In this way, a refresh rate of 100 Hz with reduced
jitter and a global latency of 10 ms were achieved in the dynamic tracking
experiment presented in Section 5.4, when the sensor moved at a constant
speed.

A second advantage of the filters proposed in this chapter is the auto-
matic rejection of sporadic incorrect solutions due to short-term (on the
scale of filtering) inaccurate measurements, magnetic distortions, or local-
minima convergence, because the effect is averaged with the previous and
the following solutions.

The simplest filters considered were a moving average on the last
ten acquisitions or, similarly, an exponential smoothing with A = 0.2.
Although they showed effective noise suppression, they caused a latency
increase of about 50 ms.

A second-order exponential moving average and a Kalman filter were
used to compensate for the latency introduced. They both produced the
effects expected, with the Kalman filter being slightly superior in noise
reduction, as seen in Figure 5.3c.

All filters are subject to delay when there is a change in the linear or
angular velocity, due to the inability to measure the acceleration with the

current hardware setup.



218

References

On a final note, it is recommended to keep the signal acquisition

window as small as allowed by the hardware setup and use a sliding DFT

or moving average technique, such as those presented in this chapter. In

this way, with no change in computational cost, it is possible to achieve

higher update rates and get better insight into the signal measured. This

may be used, for example, to recognise and reject interference that takes

the form of short impulses or to calculate the sample standard deviation.

References

(1]

(6]

MathWorks, Solve systems of linear equations Ax = B. [Online]. Available:
https:/ /uk.mathworks.com /help / matlab / ref / mrdivide. html
(visited on 09/14/2022).

J. Nocedal and S. J. Wright, Numerical Optimization. Springer, 1999.

MathWorks, Gridded data interpolation. [Online]. Available: https:/ /uk.
mathworks . com / help / matlab / ref / griddedinterpolant. html
(visited on 09/13/2022).

Bruno Luong, Multiple same-size linear solver, 2022. [Online]. Available:
https:/ /uk.mathworks.com/matlabcentral /fileexchange /24260-
multiple-same-size-linear-solver (visited on 11/14/2022).

R.]J. Hyndman and G. Athanasopoulos, “Exponential smoothing,” in Fore-
casting: Principles and Practice, 2nd edition, Lexington, Ky.: Otexts, online,
open-access textbook, 2018, ISBN: 978-0-9875071-1-2. [Online]. Available:
https:/ / otexts.com/fpp2/expsmooth.html.

B. D. O. Anderson and J. B. Moore, Optimal Filtering (Dover Books on
Engineering), Dover ed., unabridged republ. Mineola, NY: Dover Publ,
2005, 1SBN: 978-0-486-43938-9.

R. E. Kalman, “A new approach to linear filtering and prediction prob-
lems,” 1960, 1SSN: 0021-9223.

G. Welch and G. Bishop, “An Introduction to the Kalman Filter,” p. 16,
2006.

S.]. Julier and J. K. Uhlmann, “New extension of the Kalman filter to non-
linear systems,” in Signal Processing, Sensor Fusion, and Target Recognition
VI, vol. 3068, SPIE, 1997, pp. 182-193. po1: 10.1117/12.280797.


https://uk.mathworks.com/help/matlab/ref/mrdivide.html
https://uk.mathworks.com/help/matlab/ref/griddedinterpolant.html
https://uk.mathworks.com/help/matlab/ref/griddedinterpolant.html
https://uk.mathworks.com/matlabcentral/fileexchange/24260-multiple-same-size-linear-solver
https://uk.mathworks.com/matlabcentral/fileexchange/24260-multiple-same-size-linear-solver
https://otexts.com/fpp2/expsmooth.html
https://doi.org/10.1117/12.280797

References 219

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

E. Wan and R. Van Der Merwe, “The unscented Kalman filter for nonlinear
estimation,” in Proceedings of the IEEE 2000 Adaptive Systems for Signal
Processing, Communications, and Control Symposium (Cat. No.OOEX373),
Lake Louise, Alta., Canada: IEEE, 2000, pp. 153-158, 1SBN: 978-0-7803-
5800-3. po1: 10.1109/ ASSPCC.2000.882463.

M. S. Grewal and A. P. Andrews, Kalman Filtering: Theory and Practice
Using MATLAB, Fourth edition. Hoboken, New Jersey: John Wiley & Sons
Inc, 2015, 1SBN: 978-1-118-85121-0.

S.J. Russell, P. Norvig, and E. Davis, Artificial Intelligence: A Modern Ap-
proach (Prentice Hall Series in Artificial Intelligence), 3rd ed. Upper Saddle
River: Prentice Hall, 2010, ISBN: 978-0-13-604259-4.

A. Vaccarella, E. De Momi, A. Enquobahrie, and G. Ferrigno, “Unscented
Kalman Filter Based Sensor Fusion for Robust Optical and Electromag-
netic Tracking in Surgical Navigation,” IEEE Transactions on Instrumenta-
tion and Measurement, vol. 62, no. 7, pp. 2067-2081, 2013, 1SSN: 0018-9456.
Dor: 10.1109/TIM.2013.2248304.

A. Sabatini, “Quaternion-based extended Kalman filter for determining
orientation by inertial and magnetic sensing,” IEEE Transactions on Biomed-
ical Engineering, vol. 53, no. 7, pp. 1346-1356, 2006, ISSN: 1558-2531. DOI:
10.1109/TBME.2006.875664.

H. Ren, D. Rank, M. Merdes, J. Stallkamp, and P. Kazanzides, “Multisensor
Data Fusion in an Integrated Tracking System for Endoscopic Surgery,”
IEEE Transactions on Information Technology in Biomedicine, vol. 16, no. 1,
pp- 106-111, 2012, 1SSN: 1089-7771, 1558-0032. por: 10.1109/TITB.2011.
2164088.

Y. Zhang, K. Wang, ]. Jiang, and Q. Tan, “Research on Intraoperative Organ
Motion Tracking Method Based on Fusion of Inertial and Electromagnetic
Navigation,” IEEE Access, vol. 9, pp. 49 069—49 081, 2021, ISSN: 2169-3536.
por: 10.1109/ ACCESS.2021.3068741.

H. Sadjadi, K. Hashtrudi-Zaad, and G. Fichtinger, “Fusion of Electro-
magnetic Trackers to Improve Needle Deflection Estimation: Simula-

tion Study,” IEEE Transactions on Biomedical Engineering, vol. 60, no. 10,
pp- 2706-2715, 2013, 1SSN: 1558-2531. pOI: 10.1109/TBME.2013.2262658.


https://doi.org/10.1109/ASSPCC.2000.882463
https://doi.org/10.1109/TIM.2013.2248304
https://doi.org/10.1109/TBME.2006.875664
https://doi.org/10.1109/TITB.2011.2164088
https://doi.org/10.1109/TITB.2011.2164088
https://doi.org/10.1109/ACCESS.2021.3068741
https://doi.org/10.1109/TBME.2013.2262658

220

References

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

H. Sadjadi, K. Hashtrudi-Zaad, and G. Fichtinger, “Needle deflection
estimation: Prostate brachytherapy phantom experiments,” International

Journal of Computer Assisted Radiology and Surgery, vol. 9, no. 6, pp. 921-929,
2014, 1SSN: 1861-6429. pOI: 10.1007 /511548-014-0985-0.

M. Li, C. Hansen, and G. Rose, “A simulator for advanced analysis of a 5-
DOF EM tracking systems in use for image-guided surgery,” International
Journal of Computer Assisted Radiology and Surgery, vol. 12, no. 12, pp. 2217-
2229,2017, 1SSN: 1861-6429. Do1: 10.1007 /s11548-017-1662-x.

G. De Angelis, A. De Angelis, A. Moschitta, and P. Carbone, “Comparison
of Measurement Models for 3D Magnetic Localization and Tracking,”
Sensors, vol. 17, no. 11, p. 2527, 2017. por: 10.3390/s17112527.

R. Jin and B. Jung, “Magnetic Tracking System for Heart Surgery,” IEEE
Transactions on Biomedical Circuits and Systems, vol. 16, no. 2, pp. 275-286,
2022, 1SSN: 1940-9990. por: 10.1109/TBCAS.2022.3163172.

H. C. Gilbert, A. Saglembeni, M. Rakijas, and K. K. Kohnen, “Linear
perturbation method for Kalman filter tracking of magnetic field sources,”
US6292758B1, 2001. [Online]. Available: https:/ /patents.google.com/

patent/US6292758B1 /en (visited on 02/26/2020).

M. Birsan, Non-Linear Kalman Filters for Tracking a Magnetic Dipole. Defence
Research & Development Canada, Defence R & D Canada-Atlantic, 2003.

D. Roetenberg, P. Slycke, A. Ventevogel, and P. H. Veltink, “A portable
magnetic position and orientation tracker,” Sensors and Actuators A: Physi-
cal, vol. 135, no. 2, pp. 426432, 2007, 1SSN: 0924-4247. por: 10.1016/j.sna.
2006.08.020.

MathWorks, Solve systems of linear equations xA = B. [Online]. Available:
https:/ /uk.mathworks.com /help /matlab / ref / mrdivide. html
(visited on 09/14/2022).

NumPy, Numpy.linalg.solve — NumPy v1.23 Manual. [Online]. Available:
https:/ /numpy.org /doc/stable / reference / generated / numpy.
linalg.solve.html (visited on 09/29/2022).

M. I. Ribeiro, “Kalman and Extended Kalman Filters: Concept, Derivation
and Properties,” p. 44, 2004.


https://doi.org/10.1007/s11548-014-0985-0
https://doi.org/10.1007/s11548-017-1662-x
https://doi.org/10.3390/s17112527
https://doi.org/10.1109/TBCAS.2022.3163172
https://patents.google.com/patent/US6292758B1/en
https://patents.google.com/patent/US6292758B1/en
https://doi.org/10.1016/j.sna.2006.08.020
https://doi.org/10.1016/j.sna.2006.08.020
https://uk.mathworks.com/help/matlab/ref/mrdivide.html
https://numpy.org/doc/stable/reference/generated/numpy.linalg.solve.html
https://numpy.org/doc/stable/reference/generated/numpy.linalg.solve.html

References 221

[28] S. Thrun, W. Burgard, and D. Fox, Probabilistic Robotics (Intelligent
Robotics and Autonomous Agents). Cambridge, Mass: MIT Press, 2005,
ISBN: 978-0-262-20162-9.






Chapter 6

Magnetic models for elongated

SENnsors

This chapter introduces an alternative formulation for the magnetic field
model of elongated sensors used in EMT. The model shows improvements
in terms of speed and storage requirements and can inherently take into
account the length of elongated inductive sensor coils used in endoscopy
applications.

The method is based on a magnetic scalar potential formulation. It is
the counterpart of the method presented in Chapter 7, where the finite
dimension of large-area planar sensor coils is resolved using a magnetic
vector potential expression to reduce tracking errors.

The chapter is structured as follows. Section 6.1 introduces the problem,
and Sections 6.2 and 6.3, following some theoretical background, present
the derivation of an analytical model for the magnetic scalar potential of
filament-based spiral coils, such as those used in the ANSER EMT system.
The experiments performed in this work are introduced in Section 6.4. In
particular, storage requirements and interpolation performance are com-
pared for the existing field model and the novel formulation. Then, the
speed and accuracy of the two models are evaluated through simulated

and experimental tracking tests. Finally, a tracking method is proposed

This chapter is based on M. Cavaliere and P. Cantillon-Murphy, “Electromagnetic
Tracking of Elongated Sensors for Endoscopic Navigation,” Magnetism, vol. 2, no. 3,
pp- 271-287,2022 [1].
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to localise flexible sensor coils of several centimetres in length. The ex-
perimental results are outlined in Section 6.5, and the main findings are

commented in Section 6.6.

6.1 Introduction

As seen in Section 2.3, in the most common EMT architecture for computer-
assisted interventions, an external field generator comprising multiple
emitter coils generates a signal, and a small magnetic sensor attached to
the tracked instrument is used as a target. Knowledge of the magnetic field
in the volume of interest allows for finding the position and orientation of
every sensor based on the received signal [2, 3].

Magnetic sensors used in endoscopy applications are generally induc-
tive pick-up coils, which are passive and therefore reduce the risk to the
patient in the event of a malfunctioning medical device, compared to
active devices. Such coils can be manufactured to miniature sizes of less
than 0.3 mm in diameter [4], and they provide high sensitivities in the
presence of AC excitation magnetic fields [5, 6].

However, to guarantee human safety [7], EMT systems used in clinical
settings have limited magnetic field amplitudes. In order to meet the
sensitivity requirements, the sensor coils must be designed with an elon-
gated shape and are typically several millimetres in length. This geometry
can potentially introduce positioning errors if the coil’s length cannot be

ignored compared to the spatial variation of the magnetic field.

6.2 Magnetic models

Inductive magnetic sensors have an output proportional to the time deriva-
tive of the magnetic flux enclosed by the sensor coil, as was shown in
Section 3.1.1.2.

We consider a sensor coil of length L, comprising N turns, and with
constant turn density, n = N /L, and cross-sectional area, A.. We identify
the coil end-points as P4 and Pg. The coil is considered long relative to the

spatial variation of the magnetic flux density, B, if this cannot be assumed
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constant or linearly varying across the sensor length. In this case, the
induced voltage must be calculated by the line integral of B along the coil:
Pg N Pp
@:&/ B-nn(l)dl= A~ [ B-ndl=AN(B)-n  (6.1)
P4 L Jp,
where (B) is the average magnetic flux density along the coil, and the unit
vector n identifies the orientation and is constant for a rigid sensor.

The magnetic field equations in the magnetoquasistatic approximation
are [8]:

V-B=0 (6.2)
VxH=] (6.3)

with B = yH, where y is the magnetic permeability of the medium, H is
the magnetic field intensity and J is the current density.

Equation 6.3 is also known as Ampere’s law and, in current-free vol-
umes where J = 0, the magnetic field is curl-free: V x H = 0. Therefore,
in regions of the space with no electric current, the magnetic field vector
can be expressed as the gradient of a magnetic scalar potential, ¢:

H=-Vy (6.4)

Because, for the frequencies used in EMT, biological tissues have ef-
fectively the magnetic permeability of free space, j, the integral of Equa-
tion 6.1 can be expanded using Equation 6.4:

Pg

Pp Pp oy [
B-ndh:-yo/" vy ondl=—puo [ DLdl=—puy [ dy
Py Py py Ol Ya (6.5)

= po(Pa — ¥B)

When elongated sensors are tracked, Equation 6.1 is usually resolved
by evaluating B at the sensor midpoint. If this introduces unacceptable
position errors, (B) may be approximated using an n-point quadrature
rule [9, 10] at the cost of speed. Therefore, it may be computationally more

convenient to calculate the magnetic flux from Equation 6.6 obtained after
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substituting Equation 6.5 in Equation 6.1:

@ = 2N, — yp) (66)

Equation 6.1 and Equation 6.6 will be the basis for the two analytical

magnetic flux models used in this chapter.

6.2.1 Magnetic field of the ANSER EMT field generator

An analytical model for the planar ANSER EMT field generator was ob-
tained in Section 3.2.3. The model is based on Biot-Savart’s law to calculate
the magnetic field vector at the desired location of the space, and a dot
product multiplication is performed between the field vector and the
sensor orientation unit vector to find the magnetic flux enclosed by the
coil:

®(r,n) = ygAcNH(r) -n[V] (6.7)

where the magnetic field H(r) is calculated as per Equation 3.8.

According to this model, the magnetic sensor is approximated as a
single point located at r, as shown in Figure 6.1a, and the variation of the
magnetic flux density along the coil is not considered. In the remainder
of this chapter, Equation 6.7 is referred to as the single-point model of the
mutual coupling between the sensor and the field generator.

6.2.2 Scalar potential formulation

In this section, a scalar potential formulation is obtained for the magnetic
tield of the ANSER EMT system.

As can be verified, the magnetic field calculated from Biot-Savart’s law
satisfies Ampere’s law, given in Equation 6.3, only if the divergence of the
current density, V -], is zero everywhere in the space, as is the case for
steady currents in closed loops [11].

A finite segment of wire has a source of current at one end of the wire
and a sink of current at the other. Therefore the current is not divergence-
free, and H;(r) of Equation 3.7 does not satisfy Ampere’s law. In particular,
the magnetic field due to each individual straight conductor composing
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the emitter coils is not curl-free, even at points where there is no current,
and it cannot be formulated using a scalar potential.

For this reason, it is not possible to express the scalar potential of H(r)
as a sum of contributions due to individual wire segments, as is done in
Equation 3.8, instead the closed current path of the emitter coil must be
considered in full.

A scalar potential for the field generated by the current I flowing in
the closed loop I is then given by Equation 6.8:

I

g(r) = - -0 (6.8)

where () is the solid angle subtended at point r by the area enclosed by the
loop I' [12]. Once more, it is clear that the loop I' must be closed because it
is defined as the boundary of a surface.

The solid angle bounded by a rectangular spiral, such as the current
path formed by the emitter coils considered in this work, can be calculated
as detailed in Section 6.3. Alternatively, it is possible to approximate the
spiral as a set of concentric squares, as shown in Figure 6.1b, and calculate
the total solid angle enclosed by each emitter coil as the sum of the solid
angles enclosed by rectangular plates [13].

The magnetic field model of Section 6.2.1 and the correspondent scalar
potential formulation introduced in this section are visualised in Figure 6.2
for the emitter coil number 4, highlighted in Figure 6.3a. It can be seen
that the contour lines of ¢ are always perpendicular to the field lines, as
expected, considering that the H field was defined as — V.

Finally, for a tracking sensor at position r and oriented along n, the
magnetic flux crossing the sensor winding is obtained by substituting

Equation 6.8 in Equation 6.6:

om =12 (g (e ab) y(cral)) o9

which has to be calculated for every emitter coil in the field generator.
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Emitter coil

Figure 6.1: Calculation of the magnetic flux crossing an elongated induc-
tive sensor (a) from the sum of the contributions due to the individual
tilaments forming the emitter coil, where the sensor is approximated as a
single point. (b) The full sensor length is considered by calculating the flux
as the finite difference of the magnetic scalar potential, which depends on
the solid angles, (24 and (), subtended by the emitter coil current path at
the sensor end-points.

This model accounts for the total length of the magnetic sensor. In
the remainder of this chapter, Equation 6.9 is referred to as the full-length
model of the mutual coupling between the sensor and the field generator.

6.3 Solid angle subtended by a planar spiral
The solid angle subtended by the surface X at a point r is given by:
r-n
Q= ﬂ —5 4% (6.10)
b3
where n is the unit vector normal to ¥ and R = [r|.
If r = [x,y,z], it can be verified that:

o [x,y,2] B
R3 (x2+y2_|_22)3/2 o

0; (forr #10,0,0]) (6.11)
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Figure 6.2: Magnetic field and associated scalar potential of the 4/ emitter
coil of the field generator, evaluated on an XZ plane at Y = 0.

As r/R3 is divergence-free, it is possible to express it as the curl of a
new vector, G, and Equation 6.10 can be rephrased using Stokes” theorem:

Q:f_[(VxG)-ndz:ygc-tdr 6.12)
z

where I' is the boundary of the area X and t is the unit vector tangent to dT".
It has to be noticed that since I' is the boundary of %, it must be a closed
integral path.

One possible solution for G is:

G= (- Yz 0, a (6.13)
(2 +22) /22 + 2+ 22 (24 22) /2 + 2 + 22

This solution is particularly convenient because the square planar emitter
coils considered in this work are composed of horizontal straight filaments
on an XY plane and, therefore, t is alternately equal to [1,0,0] or [0, 1,0].
Because G = |Gy, 0, Gs], Equation 6.12 vanishes for the conductors in
the Y direction and the contribution of every conductor in the X direction
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is given by Equation 6.14:

P
Qi = ’ — yz dx

Py (x2_|_22) /x2 +y2_|_22

(6.14)

[x2,y2=y1,20=21]

= —tan"! o
z\/m

where the only variable quantity is x, while y and z are fixed for each

[xl ryllzl]

X-oriented straight filament, and P; and P; are the ith wire end-points.

It is worth noting that if the planar emitter coil is printed on multiple
layers of a PCB or, in general, if the spiral path is not planar, vertical
current filaments may be considered at some points in order to close the
path I'. Alternatively, I' may be split into multiple closed paths belonging
to different layers.

Following the steps presented above, the contribution given by a con-

ductor in the Z direction is calculated as follows:

[x2=x1,12=V1,22]

(6.15)

Q; = tan~! Yz
X /x2+y2+22

Finally, () is given by the sum of all the contributions (); calculated as

[xl/yllzl}

per Equations 6.14 and 6.15. The same result could have been obtained by
defining G = [0, G,, G3] and integrating along the Y direction.

6.4 Materials and methods

The full-length model introduced in this chapter and based on the mag-
netic scalar potential formulation was evaluated in terms of speed and
accuracy and compared with the single-point model currently used by
the ANSER EMT system. In the two cases, interpolation performance is
tested for different grid densities, and a criterion to select the optimal
grid spacing is presented. All models were tested through simulated and
real EMT experiments. Finally, methods for the tracking of a long flexible
sensor are simulated.
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6.4.1 Performance metrics

In this study, the following metrics were used to compare the different
magnetic field predictions of the models analysed and the corresponding
error in the position tracking of the electromagnetic sensor.

We define ® € R®*" and ® € R®*" as the vectors comprising the
magnetic flux values according to the reference model and a model under
test, respectively, for the eight emitter coils and P observation points.

The average field error was defined as the normalised mean abso-
lute error (NMAE), where the range of the observations was used as the

normalisation parameter:

NMAE( D, d) =

(max ® — min d>) . (6.16)
1 1

It can be noticed that since the eight emitter coils are equal, the corre-
sponding magnetic models only differ by a roto-translation, and averaging
between all the test positions is effectively equivalent to considering eight
times P random points for a singular emitter coil.

The difference between the two magnetic field models was quantified
in terms of EMT error. The pose error Ap = (p — p) was estimated from
the field difference A® = (® — ®) as explained in Section 3.5.2, where
p = [x,v,2,0, ¢| is the reference pose vector and p is the pose associated
to ®. In other words, p is the solution to which the tracking algorithm
would converge when measuring ® and using the EMT model ®.

The error metrics presented in Section 3.6.1 were used. Specifically, the
root mean square error (RMSE), the mean error (ME), the median or 50th
percentile (PRC50), and the 95th percentile (PRC95).

6.4.2 Model interpolation

The magnetic model can be pre-evaluated at grid points within the region
of interest (ROI) to speed up the tracking algorithm of the EMT system.
The values at any point of the volume are given by interpolation between
the tabulated values stored in a look-up table (LUT).
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The interpolation error was evaluated for the magnetic scalar potential
and the magnetic field vector. In the first case, only one scalar value is
stored, while in the second case, the three field components are saved sep-
arately. However, the magnetic field is obtained from the scalar potential
after the gradient operation, which decreases the order of the interpola-
tion polynomial by one degree. Therefore, even if the storage intake is
one-third as large, it may be required to decrease the spacing between grid
points to obtain the same level of accuracy, which increases the number of
stored values following a cubic power law.

The interpolation performance was evaluated for different grid densi-
ties within a 30 x 30 x 30 cm3 cubic volume placed 10 cm above the field
generator. Regular interpolation grids were considered, and the same
grid spacing was used in all three dimensions. The LUTs were generated
by evaluating and storing the scalar potential or the three field compo-
nents, respectively, at the grid points for the eight emitter coils of the field
generator.

The interpolation error was estimated by randomly sampling 10 000
positions inside the ROI. The interpolated values were predicted using a
tri-cubic spline interpolation with not-a-knot end conditions [14]. At every
point, a random orientation was used to calculate the magnetic fluxes for
the two models as per Equation 6.7 and Equation 6.9, respectively.

For each tabulated model, the interpolation error was calculated rel-
ative to the correspondent analytical model reference, as described in
Section 6.4.1. The size of each LUT was obtained using the whos function
in MATLAB [15].

6.4.3 Simulated tracking test

For the full-length and the single-point magnetic flux formulations com-
pared in this chapter, two LUTs were selected to give approximately the
same interpolation error and require similar storage space, as will be
justified in Section 6.5.1.
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For convenience, in the remainder of the chapter, the table storing the
magnetic scalar potential is referred to as LUT FL, and the table of the
three magnetic field components is called LUT SP.

The four models, two analytical and two LUTs, were compared, and
the differences were quantified using synthetic data. In this way, it was
possible to decouple the sources of error: (1) the physical approximation
of the sensor as a single point, which was compared to the new formula-
tion that takes into account the full sensor length, and (2) the numerical
approximation due to the cubic spline interpolation.

The same cubic volume of 30 x 30 x 30 cm® used in Section 6.4.2 was
considered. Within this region, 100 000 random positions and orientations
were selected for an elongated sensor of 10 mm, chosen as a reference
length for inductive coils used in endoscopic tracking [16].

The magnetic fluxes NMAE and the tracking position errors were
calculated as described in Section 6.4.1. The error introduced by the single-
point approximation was calculated relative to the full-length model. In
contrast, the error of each LUT was compared to the respective analytical
model.

The speed of the four models was computed as an average on the
100000 flux evaluations, using the tic function in MATLAB [17], running
on a Windows 10 laptop with i5-11th Gen. Intel Core Processor.

6.4.4 Experimental tracking test

An experimental EMT test was performed where the four models intro-
duced in Section 6.4.3 were used to resolve the position and orientation
of a miniature clinical sensor (610158, Northern Digital Inc., Waterloo,
Canada [16]). The elongated inductive coil is 0.45 mm in diameter and
8.2 mm in length, as shown in Figure 6.3c.

Tool T introduced in Section 3.3 was used for the experiment, with the
two sensor coils oriented along the Y and Z axes of the field generator,
as defined in Figure 6.3a. The sensors are glued on the 3D-printed sup-
port, which is also used to host the passive spheres of the Polaris Vega
optical system (Northern Digital Inc., Waterloo, Canada) for position and
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Figure 6.3: (a) The motorised actuator introduced in Section 3.4 was
used to move the EMT sensors on an XY plane. Optical tracking provided
accurate pose reference. One of the eight emitter coils of the field generator
is highlighted in orange. (b) Two sensors were embedded in the dynamic
reference frame to collect data in different directions. (c) A miniature
sensor coil was used in the experiments [16].

orientation reference. The frame with the magnetic sensors and the optical
markers is shown in Figure 6.3b.

The automated motorised system presented in Section 3.4 was used
to move the two magnetic sensors. A grid of 26 x 26 points was sampled
within a 25 x 25cm? XY plane, placed approximately 15cm above the
tield generator, as shown in Figure 6.3a.

For every field measurement, the sensors were kept steadily at the test
position, and 40 values were collected. The noise level was estimated both
from the standard deviation of the 40 measured signal values and from
a frequency domain analysis, as explained in Section 3.2.2, resulting in
a signal-to-noise ratio (SNR) of 68 dB in the first case and of 67 dB using
the second approach. In this experiment, the random error due to the
jitter noise was removed by averaging the 40 measured values to isolate
the systematic error of the EMT system caused by inaccurate magnetic
modelling or introduced by the acquisition hardware [18].

The experimental magnetic measurements were used to find the sensor
pose by minimising the difference in a least-squares sense between the
eight flux measurements and the values predicted by the model at the
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estimated position and orientation. EMT errors were calculated using

optical tracking as a ground truth.

6.4.5 Long flexible inductive sensors

A possible application of the new formulation presented in this chapter
is tracking a long inductive coil, which can be wound around a flexible
surgical instrument, such as a guidewire or a catheter. The benefits of
such a sensor would be the higher sensitivity due to the longer length and
larger cross-sectional area, and the improved linearity due to the absence
of a ferrite core [5].

Localising a long inductive sensor in real time is challenging because
the model of the sensed field must be calculated from the line-integral
of the magnetic flux density along the coil axis, as per Equation 6.1. The
integral may be evaluated numerically, leading to inaccurate results and
slowing computation. It is worth mentioning that the integral of Equa-
tion 6.1 can be calculated without knowing the shape of the coil axis
because the magnetic field is curl-free in the region considered. Therefore,
any integration path connecting the two end-points is equivalent. The
straight line defined by the two end-points might be used for simplicity.

Alternatively, the scalar potential formulation expressed in Equa-
tion 6.6 directly gives the exact analytical integral, which is then compared
to the measured magnetic flux to find the position of the coil end-points.
The sensor shape remains unknown because it cannot be deduced from
the electromagnetic measurement, which depends only on the end-points
position. However, in endoscopic procedures where the sensor moves
through narrow passages, the instrument’s shape can be inferred by con-
sidering anatomic constraints or sequentially tracked end-point positions.

In this preliminary experiment, a flexible sensor shape was arbitrarily

defined as:
X 25 cos (37/2 t)
y | = | 25sin(37/2t) | mm; with0<t<1 (6.17)
z 100 + 50 ¢
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Figure 6.4: A simulated EMT test was performed on a 128 mm-long flexible
sensor wrapped in a loop of radius 25 mm, ranging from 100 to 150 mm
above the field generator. The inset shows an enlarged image of the
inductive coil, which is wound around the sensor axis, coloured in blue.

The sensor axis consisted of a loop of radius 25 mm, ranging from 100

to 150 mm above the field generator, as drawn in Figure 6.4. The total

length of the sensor can be calculated as follows:

1 2 2
L= / \/(—25377( sin 9) + (25377[ cos 0> + 502 dt
0

2
= \/(25377[) + 502 ~ 128 mm

The eight simulated flux measurements were calculated using the

(6.18)

full-length magnetic model presented in this chapter. The values were
confirmed by integrating the single-point model along the sensor axis. The
MATLAB integral function [19], which makes use of adaptive quadrature
methods, was used to this end.
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The robustness of the proposed tracking algorithm was evaluated by
adding Gaussian noise to the simulated flux measurements and study-
ing how the noise affected the position solutions. The noise level was
selected to be 63 dB below the magnitude of the simulated signal, in ac-
cordance with the approximate signal-to-noise ratio measured during the
real experiment of Section 6.4.4.

6.5 Results

This section presents the results of the experimental method described
in Section 6.4. The study of the interpolation performance allowed us to
choose a table of the magnetic scalar potential and a table of the three
field components that are approximately equivalent in terms of position
accuracy and table size. Then, the results of the simulated and real EMT
tests are reported. Finally, the stability of the proposed tracking algorithm

for long, flexible coils is shown using position error confidence regions.

6.5.1 Model interpolation

The interpolation and position errors of the two tabulated models in-
troduced in Section 6.4.2 are plotted in Figure 6.5 for the varying grid
sizes.

The interpolation error was expected to be proportional to the distance
between the data points to the power n + 1, where 1 is the degree of the
interpolation polynomial [20]. The power-law dependence is confirmed
in Figure 6.5a, where the best-fit exponents resulted ink = 3.5and k = 4.4
for the two interpolated models, respectively.

In fact, a quadratic spline interpolates the magnetic fluxes obtained
from the magnetic scalar potential because they are calculated from the
gradient operation, which involves first derivatives and makes the or-
der of the polynomial one degree lower. Conversely, the cubic spline
is maintained for the magnetic fluxes obtained from the magnetic field

component-wise interpolation.
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Figure 6.5: (a) Interpolation error and (b) correspondent position tracking
error as a function of the table size for the two tabulated models compared.
Blue crosses: the three magnetic field components are stored indepen-
dently, and the fluxes are obtained from Equation 6.1. Red triangles: the
magnetic scalar potential is saved at grid points, and the fluxes are calcu-
lated from Equation 6.6. The interpolation error follows a power law with
exponents of k = 3.5 and k = 4.4, respectively.
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The average position error is shown in Figure 6.5b for the two tab-
ulated models as a function of the table size. The two curves intersect
approximately at 20 um, where the storage requirement is around 2 MB,
which corresponds to a grid spacing of 1cm (31 x 31 x 31 grid-points)
for the scalar potential table and a grid spacing of 1.5cm (21 x 21 x 21
grid-points) for the field components table. The two associated LUTs were
selected for the models LUT FL (full-length) and LUT SP (single-point) used
in the simulated and experimental tracking tests presented in Section 6.4

of this chapter.

6.5.2 Simulated tracking test

The results of the simulated tracking test described in Section 6.4.3 are
reported in Table 6.1, comparing the full-length and single-point models,
and the associated interpolated models LUT FL and LUT SP.

As explained in Section 6.5.1, the two LUTs were chosen to be approxi-
mately equivalent in terms of position RMSE and table size, and the results
demonstrate similar performance, with a 95 percentile (PRC95) of the
position error of approximately 0.03 mm in either case.

The effect of the single-point approximation is evaluated relative to the
full-length model. The position error PRC95 of the 100 000 test locations
is below 0.2 mm, demonstrating a minimal difference between the two
models.

The two analytical models were computationally more expensive than
the corresponding tabulated models. In either case, the average evaluation
time was approximately halved when using a LUT. The analytical full-
length model, based on the calculation of the magnetic scalar potential,
was 1.7 times faster than the single-point model, based on the calculation

of the three components of the magnetic field vector.
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Table 6.1: Model comparison, based on a simulation of a 10 mm-long
sensor placed at 100000 random positions and orientations within the
tracking region. The normalised mean absolute error (NMAE) of the
magnetic field, H, is averaged across the eight equal emitter coils, and
the associated position error, P, is reported. The error introduced by the
single-point approximation is calculated relative to the full-length model.
Each LUT is evaluated against the correspondent analytical model.

Model Full length Single LUT FL LUT SP
point

Time (us) 443 74.8 22.8 33.7

H, NMAE (%o) N/A 0.0169 0.0015 0.0019

P, RMSE (mm) N/A 0.098 0.018 0.018

P, PRC95 (mm) N/A 0.161 0.025 0.031

Size (MB) N/A N/A 1.8193 1.6965

6.5.3 Experimental tracking test

As demonstrated by the results of Section 6.5.2 above, for sensors of
10mm in length and the spatial variation of the magnetic field in the
region considered, the full-length and the single-point models are almost
equivalent in terms of accuracy, although the full-length model is faster on
average.

The position error is compared for the two analytical models and the
two sensor orientations in Figure 6.6, showing the cumulative distribution
function (CDF) of the position error. The two tabulated models are not
shown because they produce almost precisely the same results as the
associated analytical model, as indicated in the error statistics reported in
Table 6.2.

Although a slight difference can be observed in Figure 6.6 when using
the two alternative magnetic model formulations, this is entirely irrelevant
compared to the CDF error curve. In clinical applications of EMT, other
sources of error are dominant, such as thermal noise, metallic distortion,

patient movements, and systematic errors in the system.
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Figure 6.6: Cumulative distribution function of the position error obtained
using the full-length and the single-point magnetic models. The associated
error metrics are reported in Table 6.2.

Table 6.2: Position and orientation errors, comparing the full-length and
the single-point analytical and tabulated magnetic models.

Full
length

Single

point

LUT FL

LUT SP

Y-oriented sensor
RMSE (mm / deg)
ME (mm / deg)
PRC50 (mm / deg)
PRC95 (mm / deg)

Z-oriented sensor
RMSE (mm / deg)
ME (mm / deg)
PRC50 (mm / deg)
PRC95 (mm / deg)

1.08 / 0.70
0.88 / 0.49
0.65/0.30
220/ 1.64

1.15/ 0.87
1.05/0.78
1.05 / 0.80
1.86 / 1.44

1.10 / 0.70
0.90 / 0.49
0.66 / 0.30
2.36 / 1.69

1.14 / 0.87
1.03 / 0.77
1.04 / 0.80
1.82 /1.45

1.08 / 0.70
0.88 / 0.49
0.65/0.30
220/ 1.64

1.15/0.87
1.05/0.78
1.05 / 0.80
1.86 / 1.45

1.10 / 0.70
0.90 / 0.49
0.67 / 0.30
2.35/ 1.69

1.14 / 0.87
1.03 / 0.77
1.03 / 0.80
1.82 /1.45
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6.5.4 Long flexible inductive sensors

The noise resilience of the proposed tracking method of a long coil is
evaluated by propagating the errors from the simulated flux to the sensor
end-points.

The Gaussian noise was assumed to be uncorrelated for the eight field
frequencies, resulting in a diagonal 8 x 8 covariance matrix, £¢. The
positions of the end-points include six degrees of freedom (6 DOF), which
constitute the vector s € R®*!:

s = [XAYAZAXBYBZB] (6.19)

where (x4,y4,2z4) and (xp,yp,zp) are the Cartesian coordinates of the
two end-points, defined in Figure 6.4.

The position covariance matrix, Xy, was obtained by the propagation
of uncertainty theory, as given by Equation 6.20:

T
=] Zo-Jt (6.20)

where J is the Moore—Penrose inverse of the Jacobian matrix for the flux
values calculated in s.

One hundred solution vectors s were sampled from the multivariate
Gaussian distribution with covariance matrix s, and they are visualised
separately in Figure 6.7, for the end-points P4 and Pgp.

Two independent trivariate Gaussian distributions can quantify the
total variation in the EMT positions of the two end-points. They are
visualised through the associated ellipsoidal confidence regions to make
the worst position error directions immediately clear. Values of 0.049 mm
and 0.12mm were obtained for the position standard deviation in the
direction of the longest semi-axes of the ellipsoids for the solutions at

points P4 and Pg, respectively.
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Figure 6.7: Simulated position error where the signal was perturbed with
white Gaussian noise at —63dB. The tracked positions are visualised
in (a) and (b) for end-points P4 and Pp of the 128 mm flexible sensor
depicted in Figure 6.4. The position noise of P4 is highly correlated to
Pp and is modelled by a 6 x 6 covariance matrix. The two corresponding
uncorrelated trivariate Gaussian distributions are visualised through the
99.7% confidence regions (CR), which are ellipsoids with the main axes
indicated by the RGB triplets.
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6.6 Discussion

In this section, the principal results and findings obtained in this chapter
are commented on, and their implications and future research directions
are highlighted.

6.6.1 Model interpolation

A method was presented to evaluate the model interpolation error in
terms of EMT accuracy. It was applied to the ANSER EMT field generator
to compare the existing model based on the magnetic field vector with the
new scalar potential formulation presented in this chapter.

The analysis demonstrated that the two models are equivalent in terms
of storage requirements when the position error due to the interpolation
approximation is approximately 20 um. If higher accuracy is required, the
table of the three field components takes less storage space when the same
interpolation performance is maintained. However, considering typical
EMT accuracy between 0.1 mm and 1 mm, the table of the magnetic scalar
potential has a smaller size.

The choice of the model formulation and interpolation grid size must
be evaluated specifically for the field generator to be modelled, the max-
imum interpolation error desired, the storage and memory availability,
and the time requirements. The methodology presented in this chapter
can be followed to find the optimal solution for the specific application.

Further optimisations could reduce the look-up table size while main-
taining the same interpolation performance. For example, using different
grid-points for each emitter coil, possibly with cylindrical coordinates
around the coil axis and adaptive spacing in the Z direction, or consider-
ing different sub-regions where the grid spacing is selected based on the
spatial variation in the local magnetic field. Such optimisations would ben-
efit the implementation of the tracking algorithm in embedded systems
with limited memory. However, they are not critical when the software
runs on a computer machine, for which the tables analysed in this chapter
can be fully loaded into RAM.
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6.6.2 Simulated and experimental tracking tests

The simulated and the experimental tracking tests demonstrated similar
results for the magnetic field model formulations compared.

The tabulated models proved to be approximately two times faster
than the corresponding analytical model, although both the analytical and
the tabulated models met the speed requirements for real-time tracking.

The experiments demonstrated that for an inductive sensor of 10 mm
in length, the single-point approximation is in practice equivalent to the
full-length model within the tracking volume considered. This result shows
that the spatial variation of the magnetic field of the ANSER EMT field
generator is approximately linear within the space covered by the sensor
length for the test points considered in the experiments.

The single-point approximation introduces errors that increase with the
sensor length, the non-linear spatial variation of the magnetic flux density,
and the proximity to the field generator. In such cases, the novel full-length
model introduced in this chapter should be preferred.

6.6.3 Long flexible inductive sensors

A method for tracking a 128 mm-long inductive sensor was presented.
The method can find the position of the sensor end-points while the sensor
shape remains unknown. The shape may usually be inferred from the
passage constraints or precedent end-point positions. More advanced
shape reconstruction techniques include using mathematical models [21,
22], fluoroscopic images, or shape sensing based on fiber Bragg gratings
[23]. Future work could include sensor manufacturing, tracking validation,
and the development of a shape detection algorithm.

A robustness test was carried out, where a realistic noise level was
added to simulated magnetic measurements, and the effect on the track-
ing results was shown. The test was used to predict the expected jitter
noise of the EMT positions of the flexible sensor due to random errors
in the magnetic flux measurements and shows the noise resilience of the

proposed tracking method and algorithm.
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6.7 Conclusions

In this chapter, a magnetic scalar potential formulation was studied for
application in EMT systems. The formulation resolves the non-zero length
ambiguity of elongated tracking sensors and demonstrates a higher speed
and lower storage requirements.

Based on the magnetic scalar potential formulation, a novel theoretical
model was introduced for the ANSER EMT field generator, and experi-
ments were carried out to compare the new and the existing models.

The new model remains accurate even when the assumption of a
single-point sensor is invalid, e.g. if long sensors are tracked near the
tield generator or if high-gradient fields are used to improve the tracking
resolution.

The method might enable the use of longer EMT sensor coils, which
can achieve higher sensitivities, possibly without the requirement for a
magnetic core, with advantages in terms of linearity, larger dynamic range,

lower production costs, and increased flexibility.
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Chapter 7

Magnetic models for planar

SENnsors

This chapter focuses on the modelling and tracking of planar inductive
sensors on the centimetre scale.

Large planar coils integrated into patches and applied on the body of
the patient can improve the robustness of EMT for image-guided interven-
tions. A set of sensors placed around the operative region can be used to
track and compensate for respiratory and cardiac movements [2] or enable
real-time compensation of field distortion by dynamically evaluating the
field at multiple locations, as discussed in Section 4.5.

Another possible application involves tracking the planar transmitter
coils of one or more field generators [3, 4]. ANSER EMT field generator,
presented in Section 3.1, comprises a set of eight coils, each composed
of straight filaments and embedded in a printed circuit board. Identical
coils can also be used as pick-up coils to measure magnetic fields, and
the five degrees of freedom of the transmitter coils can be derived using
traditional EMT methods. In this way, the reciprocal position between two
boards can be determined by tracking the position of the coils of one board
relative to the other. Therefore, two boards can be placed next to each
other to enlarge the tracking region, or flexible boards can be designed
where the position of the emitter coils is automatically determined [4].

This chapter is based on M. Cavaliere et al., “Planar Body-Mounted Sensors for
Electromagnetic Tracking,” Sensors, vol. 21, no. 8, p. 2822, 2021 [1].



250 Magnetic models for planar sensors

Moreover, in a rigid field generator where the emitter coils are at fixed
positions, the change in the reciprocal mutual inductance can be used as a
distortion detection method [5].

This chapter presents new general formulas to calculate the mutual in-
ductance between a filamentary-based large-area sensor and the transmit-
ter coils of the ANSER EMT field generator. The model is then compared
to the single-point approximation in terms of speed and accuracy.

This work demonstrates the first EMT method based on the mutual
coupling between straight filaments and is suited to large-area sensor
coils.

7.1 Introduction

As introduced in Section 2.2, EMT systems allow inferring the position
and orientation information based on the coupling between magnetic field
sources and sensors.

Inductive sensors measure the variation of the magnetic flux across the
sensor area. While small-diameter sensors can be approximated with a
single point without accuracy loss [6], large-diameter sensors require the
evaluation of the field at more points within the sensor area [7] in order
to numerically integrate the magnetic flux measured by the sensor. The
more accuracy is required, the more points may be considered, resulting
in a slower tracking algorithm.

In Section 7.2, a novel method is proposed which makes the flux cal-
culation faster by using magnetic vector potential integration along the
perimeter of the sensor coil.

7.2 Mutual inductance between large-area pla-

nar coils

The mutual inductance, Mrygy, between two coils is defined by the mag-

netic flux generated by one coil (which can be considered the transmitter
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coil Tx) that is linked to the loop of the second coil (or receiver coil Rx)
per unit current Ir,.

Calculating the magnetic flux across a closed loop I'ry can be per-
formed in two ways, as per Equations 7.1 and 7.2. In the first case, the
magnetic field vector, Bry, is integrated over the surface X, enclosed by
I'rx. In the second case, the line integral of the magnetic vector potential
Aty along I'gry is performed.

1
MTxRx - ?/E BTx(r) * NRx dZRx (7'1)
X Rx
1
= — / Arx(r) - tredl Ry (7.2)
Tx rRx

where ngy and try are the unit vectors perpendicular to X, and tangen-
tial to I'r,, respectively, and r is the position vector where Bty or Aty are
evaluated. The two approaches are illustrated in Figure 7.1. For particular
shapes of Tx and Rx, the integrals admit analytical solutions, while in
general, numerical integration can be performed by approximation as the
sum of finite-size elements.

In a linear and homogeneous medium like air, the magnetic field Brx(r)
generated by the current It, along the path I'r,, is given by the Biot-Savart
law, as reported in Equation 7.3:

I tre X1
Bry(r) = ”ZNTX /r Tx > X il (7.3)
Tx

where 1 is the magnetic permeability of air.

If the coil Tx is composed of straight wires, such as the transmitter
coils of the ANSER EMT field generator, the integral of Equation 7.3 can
be decomposed to a sum of integrals over straight lines. Calculating
the magnetic flux from Equation 7.1 reduces to the integral across the
receiving surface Xr, of the magnetic field generated by each transmitting
filament.

Magnetic sensors used in EMT systems are often around one millime-
tre in diameter [8], which allows approximating Xz, as a single point,

considering the field to be constant throughout the sensor volume due to
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(b) M;; //\\

Figure 7.1: The mutual inductance between coil Tx and coil Rx can be
calculated in two ways: (a) from Equation 7.1 and numerically approxi-
mated by evaluation of the magnetic field generated by Tx across the area
of Rx; (b) from Equation 7.2 as the sum of the partial mutual inductances
between the straight filaments of the two coils.

its small dimensions relative to the field spatial variation. From the mean
value theorem, the positional error introduced by this simplified magnetic
model is smaller than the sensor radius.

For large-area inductive sensors, such as those studied in this work,
Equation 7.3 may be evaluated at multiple points within the cross-sectional
area of the sensor coil in order to perform numerical integration, as de-
picted in Figure 7.1a. The number of evaluation points needed to achieve a
given accuracy scales quadratically with the diameter of the receiving coil.
In this case, it becomes numerically more convenient to use Equation 7.2,
where the integral is performed along the loop of the sensor coil, and the
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number of segments that approximate the perimeter increases linearly
with the diameter, as depicted in Figure 7.1b.

Biot-Savart’s law can be expressed in terms of magnetic vector potential
[9, 10]:

HolTy / tTx
A == —dT 7.4
TX(r) 47_[ FTX ‘r‘ Tx ( )

Considering Equation 7.4, Equation 7.2 becomes:

t
AdeRx::Q/n 'Egn/) _IidrTx 'tRxdrRx
FRx 47-[ FTx |I'|

-t
_ I / / Yo Ry e T
47-( rTx rRx |r|

which is referred as the Neumann integral [11, 12]. Equation 7.5 shows

(7.5)

that the coupling between two loops is a geometric quantity dependent
on the loops’ shape and reciprocal position. Interchanging the order of
integration demonstrates that the mutual inductance is also equal to the
flux generated by Rx and linked to Tx, so that MryTx = MrTxRx-

If both Tx and Rx are composed of straight filaments, the double
integral of Equation 7.5 becomes the summation of the contributions

given by all filaments pairs:

Mrxre = ). Y M (7.6)

ieTx jeRx

where M;; is defined as the partial mutual inductance between filament i
of coil Tx and filament j of coil Rx, as shown in Figure 7.1b, and will be
analytically evaluated in Section 7.2.1.

Equation 7.6 can also be used to compute the self-inductance of any
circuit made of straight filaments, in which case filaments i and j are part

of the same circuit.

7.2.1 Partial mutual inductance between straight wires

The Neumann integral of Equation 7.5 performed between two straight
filaments provides the partial mutual inductance between the filaments
and can be solved analytically [13-15]. The analytical solution presented
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in this chapter represents an improvement in accuracy and speed over
previous works which used numerical integration [16, 17].

According to Figure 7.2, the following notation is defined. Points A
and B are the 3-dimensional vectors of the start and end points of the
transmitting filament AB, respectively. It will be clear from Section 7.2.2
that A and B could be 3 X N matrices of N transmitting vectors, such as
the filaments composing a coil or a set of coils, allowing for fast vectorial
implementation. Analogously, the receiving filament is defined by points
a and b. The distances between the end-points of segments AB and ab are
Rq, Ry, R3, Ry, as indicated in Figure 7.2a.

Two direction vectors are found:

D=B-A;, d=b—a (7.7)

The lengths of the two filaments are | = ||B|| and m = || ;l)||

For any two straight lines in space, two planes exist which are parallel
and contain these lines. The distance between the planes, s, corresponds to
the minimum distance between the straight lines. The position of minimal
distance is identified by point P. When projecting the filaments on the
same parallel plane, the angle between the projections is 6. The quantities
« and B are the lengths of the prolongations to the intersection point of
minimal distance P, as indicated in Figure 7.2b.

Equation 7.8 gives the mutual inductance between two filamentary

wires at any angle and not on the same plane [14][15]:

) .
M;j = e cos(6) [(5+m)tanh (R1 +R4) +

l
_ h!
B tan <R2+R3> +

+(oc+l)tanh_1( m )+

Ry + Ry

—atanh ™! m — QS
R4+ Rj3 2sin(0)
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in which () is the positive solid angle, defined in Figure 7.2c and given by:

Q- tan-1 s?cos 6 + (tx+l)'(,8+m) sin? 6 n
SRy sin@

—tan

1 [ s?cos®+ (a+1)Bsin®6
: +
SR, sin 6

(7.9)

2 0 : 29
4 tan-! s“cost + afsin >+

SR3sin 6

—tan~

1 [ s> cos8 + a(B+m)sin?6
SRy sin 6

Equation 7.8 can be generalised by defining « and  with a positive sign
if the prolongation towards point P is directed as the filament, negative
otherwise [18].

7.2.2 Novel implementation of the formula

This section presents a new implementation of the formula in Equation 7.8
starting from the Cartesian coordinates of the end-points of the filaments.
The procedure is well suited to vectorial input for the simultaneous calcu-
lation of the partial mutual inductances between one filament and many
others.

As depicted in Figure 7.2, a change of coordinates is performed, to a
reference system where the quantities required by Equations 7.8 and 7.9
can be easily computed. The new X-axis is defined to be aligned along the
receiving filament. The unit direction vector is identified by d, following
normalisation:

ux = /1) = d/m (7.10)

Axis Z is chosen perpendicular to both filaments, i.e. perpendicular to
the uniquely identified parallel planes containing the filaments, and axis

Y is consequently found to complete the triplet:

uyz = Dx /HBXEH; uy = uz X uyx (711)
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It should be noted that uz and uy change for each transmitting filament
and become 3 x N matrices, Uz and Uy respectively, if N transmitting
filaments AB are considered at the same time. Vectorisation is still possible
for Equation 7.11 if the three vector components are computed by separate
equations:

Uy, = ux, Uzy —ux, Uz,
Uy, = ux, Uz, —ux, Uz, (7.12)
Uy, = ux, Uz, —ux, Uz,

The change of coordinates of the quantities of Figure 7.2 is performed

by the dot product with the new directions. For example, point A =
[Ax Ay A;] becomes:

Ax = Uxy Ax + uxy Ay + ux; Az
Ay = uy, Ax + uyy Ay +uy, A, (7.13)
Az =uzy Axtuzy Ay +ugz; A;

In the new reference system XYZ, the distance between the straight

lines is given by the Z-components:
s = |AZ — az| (7.14)
and the sine and cosine of the angle 6 are:

D D
sinf = TY; cosfh = TX (7.15)
Considering X and Y components only, the straight lines lay on the
same plane and point P is their intersection:
D
Py = =X (ay — Ay) + Ax

Dy (7.16)

Py:ay
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Finally, « and S, defined with sign as in [18], are:

% [(Ax — Px) Dx + (Ay — Py) Dy]
(7.17)

B =ax — Px

Applying Equation 7.8 is impossible when two filaments are parallel.
In practice, Equation 7.16 fails to find the point of intersection P, which is
at an infinite distance. In this case, the simplified formula for the mutual

partial inductance between parallel wires must be used [19].

7.3 Sensor manufacturing

Planar coils were manufactured on PCB to experimentally validate the
formula proposed in Section 7.2. This section details the sensor coil design

optimisation and the resulting sensor parameters.

7.3.1 Planar sensor coil design

The procedure presented in this section applies to planar coils of any
shape and will be used in Section 7.3.2 to compare hexagonal, circular, and
rectangular sensors. However, the formulas are reported for spirals with
a hexagonal footprint because this shape was selected for manufacturing,
as will be justified in Section 7.3.3.

Two parameters are of primary importance for a coil used as an induc-
tive sensor: the sensitivity, or sensor gain, and the signal-to-noise ratio
(SNR) [20]. Another relevant parameter is the resonance frequency, related
to the parasitic capacitance between the winding turns [21].

The sensitivity is proportional to the total area enclosed by each turn
of the coil. The main sources of noise are the thermal noise and the noise
introduced by the signal amplifier. In particular, the thermal noise is a
function of the coil resistance, which is linear with the winding length.

The coil’s total length and area are calculated as follows for a hexagonal
planar coil. Similar formulas apply to other planar shapes. The winding is

approximated by concentric hexagons, as shown in Figure 7.3.
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Figure 7.3: The spiral of a hexagonal planar coil is approximated as a
set of concentric hexagons to calculate the coil’s cross-sectional area and
total length. (a) The edge length, I,,, of the n'" inner turn depends on the
external edge, ledge/ and the trace width, w, and spacing, s.

(b) Formulas for the equilateral hexagon perimeter L, and area A,,.

If Io4q. is the edge length of the external turn and w and s are the trace
width and spacing, respectively, the edge length of the n'" inner turn is
computed as:

by = lugge — %(w +s)(n—1) (7.18)

where n starts from n = 1 for the external turn.

The total winding length L. and area A, are:

Nturns 2
L. = Nlayers ) 2 6 [ledge - T(W + S)(Yl o 1)}
n=1 3
(7.19)

1
- Nlayers » 6Nturns {ledge - _(Nturns - 1)(w + S)}

V3
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and

Nturns \/§ M 2 2
A= Nlayers ) Z T ledge - ﬁ(w + S)(i’l - 1)}

n=1

(Nturns - 1)ledge(w + S)—l— (7.20)

V3 [ 2
= Nlayers 6—— Nturns _lgdge - %

4
2 2
+§(Nturns - 1)(2Nf1/11’7’15 - 1)(w + S)

where Ny,1s 1s the total number of turns, and Niayers is the number of PCB
layers, assuming that the same coil design is used for all layers.

In Equations 7.19 and 7.20, the series sums are derived from the fol-
lowing identities:

(7.21)

N N

N(N +1 N(N+1)(2N +1
ya- NN+D, &2 NN+DEN+D)
n=1 2 n=1 6

A copper coil is considered, with a resistivity of pc,, = 1.74x10¢ (Om
and a trace thickness t = 34.79 pm, corresponding to 1 oz per square foot,
as this is a standard PCB manufacturing specification. The coil ohmic
resistance is: [

Cc
Re = peu—s (7.22)
where L. is the total winding length with constant trace width, w.

The thermal noise RMS density is given by Equation 7.23:

Uns = V/AKaTR: | 7.23)
where Kg = 1.38x10-2 J/K is the Boltzmann constant and T = 300K is the
ambient temperature.

The inductive sensor signal requires amplification before sampling.
A low-noise instrumentation amplifier INA163 (Texas Instruments, Dal-
las, Texas) is used in the ANSER EMT system [6]. The INA163 intro-
duces an input stage noise of U,;;, = 11V/vHz and an output stage noise
of Uyour = 60nV/yHz. In addition, an input noise current density of



7.3 Sensor manufacturing 261

0.8 PA/VHz is reported, which was multiplied by the coil impedance, given
by Equation 7.22, to determine the voltage noise density associated, U,;.
The amplifier was configured with a gain of Gy = 500.

The total noise magnitude depends on the signal bandwidth, Af. The
system uses frequency division multiplexing (FDM) to demodulate the
eight magnetic field measurements from the eight transmitter coils. The
measured voltage was sampled at F; = 100 kHz, and 1000 samples were
used for the frequency analysis [6]. For each of the eight frequencies,
the target signal frequency is contained in a bin width of Af = /1000 =
100 Hz, which is the bandwidth of the noise added to the signal of interest.

Noise contributions sum quadratically, and the total noise is then

computed as:

e~ [y U

(7.24)
+(Gamp : um’n)z + (Gamp ) uni)z + u:%out]

%
V]
The voltage induced on the sensor equals the time derivative of the
magnetic flux enclosed by the sensor coil. Assuming the magnetic field
to be constant across the sensor area, A., the magnitude of the signal

measured is given by Equation 7.25, after amplification:
uS - Gamp . 27TfACB1’Z [V] (7.25)

where f is the signal frequency, and B, is the magnetic flux density normal
component.

In the system configuration used in the following experiments, the
eight sinusoidal fields have frequencies around f = 20kHz, and the
average magnitude of the normal component of the magnetic flux density
exceeds B, = 0.1 uT. As the field frequencies can be configured in a range
between 2 and 50 kHz [6], and the signal magnitude depends on the sensor
position and orientation, the values considered for f and B, are simply a

reference used for the coil geometry optimisation and design process.
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Finally, the SNR is calculated from Equations 7.24 and 7.25:
Us
SNR = 20log;,, 0 [dB] (7.26)
n

Equation 7.26 shows that the coil area, A., only appears in the numer-
ator, and the winding length, L., is only present in the denominator. As
the ratio Ac/L. increases with the coil dimension, it follows that larger coils
always provide larger SNR and signal Us. The spatial constraints of the
final application limit the coil dimension.

7.3.2 Coil design optimisation

In the optimisation process, the sensor coils” external dimension, D¢, was
fixed to 3 cm, and the SNR was optimised for the number of turns, Ny;ns,
trace width, w, and spacing, s. The parameters w and s were constrained
to a minimum value of ¢t = 0.127 mm, corresponding to 5mil, as this
is a common PCB limit for standard production. The maximum Nys
was limited by what is physically manufacturable on a planar spiral of
Doyt = 3 cm, for a given w and s.

The MATLAB function fmincon was used to solve the constrained
optimisation problem [22]. The highest gain and SNR are obtained for
these constraints when trace width and spacing are minimised within
manufacturable constraints, w = s = 0.127 mm, and the number of turns
is maximised.

It should be noted that this is not always the case. For larger coil dimen-
sions, the inner turns could contribute more to noise than signal. Therefore,
selecting a wider trace width and not filling all the space available would
be more convenient. In this way, the coil resistance and thermal noise are
reduced. In particular, when the signal is so large that the amplifier noise
can be neglected, the thermal noise would dominate in the coil design for
SNR optimisation.

Three planar coil shapes were compared: hexagonal, circular, and
square. The three coils were designed to give the same footprint area as
the hexagonal coil, which had a 3 cm diagonal. The SNR calculated from

Equation 7.26 is plotted in Figure 7.4 with increasing turn count.
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Figure 7.4: SNR predicted from Equation 7.26 with variation in turn
count. Circular, hexagonal, and square planar coil shapes are compared.
The three planar coils have the same footprint area of a hexagon with a
diagonal of 3cm (A. = 5.85cm?).

The circular shape provides slightly higher SNR for two reasons: 1)
when more turns are added, the cross-sectional area increases more for
a circular winding than for a hexagonal or square winding, yielding a
higher signal magnitude, and 2) a circular coil has the maximum enclosed
area for a given winding length, minimising the resistance and the thermal
noise.

The parasitic capacitance of planar coils is mainly due to the electrical
coupling between overlapping traces of different layers [23, 24]. Parasitic
capacitances were minimised by designing the footprints of subsequent
layers with shifted traces, as illustrated in Figure 7.5. In this way, the
self-resonance frequency of the coil is maximised.
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Figure 7.5: The footprints of subsequent layers are shifted so that the
traces do not overlap. In this way, the parasitic capacitance of the winding
is minimised, and the self-resonance frequency is maximised.

7.3.3 Coil measured parameters

The hexagonal planar coil of Figure 7.6a was manufactured on PCB to
experimentally validate Equation 7.8, which applies to coils composed
of straight filaments. A hexagonal shape provides higher SNR than a
square coil, as demonstrated in Figure 7.4, and can be entirely modelled
by six filaments per turn. The coil parameters are w = s = 0.127 mm,
Nturns = 30, Doyt = 3 cm, Nlayers =4

Two other coils were used for comparison, the first having a smaller
number of turns, Ny,,s = 15, and the second with a smaller diagonal
dimension, Dy,; = 2 cm. They are shown in Figures 7.6b and 7.6c, respec-
tively. The three coils (4, b, and c) were otherwise identical.

The coil resistance was calculated from Equation 7.22. For the three
coils of Figure 7.6, the predicted ohmic resistance is:

R, =30470Q; R, =18360Q; R.=1630Q (7.27)

The self-inductance can be estimated by Equation 7.6 if the transmitting

and receiving filaments are part of the same coil:

L, =3042pH; L, =1333pH; L.=1112uH (7.28)




7.3 Sensor manufacturing 265

Figure 7.6: Three hexagonal sensors were manufactured on a four-layer
PCB. (a) The reference coil has a diagonal, Dy, of 3cm and 30 turns
per layer. (b) Another version with 15 turns, and (c) a smaller coil with
Doyt = 2 cm, were realised to validate the formulas used in the coil design
procedure.

For the three coils of Figure 7.6, the values of the coil resistance and

self-inductance measured at 1 kHz are:

R, =370Q0; Ry =2280; R.=18.6();
L,=2894puH; L[,=1212pH; L,=982puH

(7.29)

which should be compared with Equations 7.27 and 7.28.
The inductive sensor sensitivity to a sinusoidal magnetic field is theo-

retically given by [7]:

\Y

where the coil area is calculated as per Equation 7.20.

The sensitivities of the three sensors under analysis were measured
and compared to the values calculated as per Equation 7.30, and the results
are summarised in Table 7.1. For reference, commercial sensors’ typical
sensitivity is on the order of 0.1 VT~ ! Hz ! [25].
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Table 7.1: Coil resistance and self inductance predicted and measured
at 1kHz, for the three coils of Figure 7.6. Sensitivity predicted by Equa-
tion 7.30 and experimentally measured. The sensitivity variation between
the three coil designs is also reported.

Coila Coilb Coilc

Outer diameter [cm] 3 3 2
Turn count 30 15 30
Resistance (Equation 7.27) [Q)] 3047 1836  16.3
Resistance meas. [Q)] 37 228 186
Inductance (Equation 7.8) [uH] 3042 1333 111.2
Inductance meas. [puH] 2894 1212 982
Sensitivity (Equation 7.30) [%} 0239 0.166 0.077
Sensitivity meas. [%] 0223 0157 0.071
Sensitivity increment [%] — 69.4% 32.4%
Sensitivity increment meas. [%] — 70.3% 31.8%

Coil a of Table 7.1, shown in Figure 7.6a, was selected as the preferred
sensor model for the other experiments presented in the following sections

of this chapter.

7.4 System simulation

The mutual inductance model provides the mutual inductance between
transmitter and receiver coils based on their relative position and orienta-
tion. The EMT algorithm aims to solve the inverse problem of finding the
sensor pose given the set of mutual inductances measured between the
eight transmitter coils of the field generator and the sensor coil.

As described in Section 3.2.4, the problem can be solved by minimising,
in a least-squares sense, the difference between the mutual inductance

values measured and calculated according to the model.

7.4.1 Simplified magnetic models

The ANSER EMT transmitter board, introduced in Section 3.1, comprises
eight square planar coils of 25 turns, for a total of 8 x 4 x 25 = 800
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tilaments. The receiving sensor is a hexagonal planar coil of 30 turns,
composed of 6 x 30 = 180 filaments, as shown in Figure 7.6a. The full
magnetic model accounts for the mutual magnetic coupling between
all the pairs of transmitting and receiving filaments, which is given by
Equation 7.8. Vectorisation is critical for speed because a total of 800 x
180 = 144 000 filament couples are considered.

The EMT algorithm was implemented on MATLAB, running on an HP
EliteBook 840 G3 (HP Inc., Palo Alto, CA, USA) with a Core i7-6500U 2.5
GHz processor and 8 Gb of RAM. An average solution time on the order
of seconds was obtained using this setup. Therefore, the full model is
unsuitable for real-time tracking applications, which require update rates
at least on the order of tens of Hertzs [26].

Two simplified, faster models are proposed and analysed. The first
model considers only one turn for the receiving coil, or six filaments. A
further simplification does not take into account the receiving coil area
and evaluates the magnetic field at a single point at the centre. In both
cases, the transmitter coils are not simplified, and all 800 filaments are

considered.

7.4.2 Dependence on distance

The simplified 6-filaments and single-point models were tested for the
mutual inductance calculation between two coils, with variation in the
distance. The full model was used as a ground-truth reference.

Two hexagonal planar coils of 3 cm diagonal were considered. The
mutual inductance was calculated at increasing distances for different re-
ciprocal orientations, as shown in Figure 7.7a. The yellow dot indicates the
position of the evaluation point for the single-point model, and the green
hexagon highlights the single turn considered in the 6-filaments model.

The mutual inductances calculated using the full, 6-filaments, and single-
point models are plotted in Figure 7.7b on a normalised distance relative to
the hexagonal coil diagonal, D,;. Figure 7.7c shows the relative percent-

age error of the two simplified models against the exact model reference.
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As expected, the relative error decreases with the distance between the
coils as model approximations become less relevant. The error depends
on the coil orientation, but some general observations are valid for all
three orientation cases considered.

For the single-point model, the relative error becomes smaller than 1%
at a distance of approximately five times the coil diagonal, corresponding
to 15 cm for the 3 cm coil 2 under analysis.

For the 6-filaments model, the relative error maintains almost constantly
five times smaller than the single-point error, becoming less than 1% when

the distance is less than two times D,;.

7.4.3 Static tracking simulation

Virtual tracking simulations can be used to validate magnetic models for
EMT [27]. The sensor is virtually positioned at many locations within the
tracking region, where an accurate field simulation gives the magnetic
tield. The magnetic model being tested is used to infer the sensor pose,
starting from the simulated magnetic measurement.

The signal measurement, ®, was simulated using the full model de-
scribed in Section 7.4.1, while @ is the signal predicted by the magnetic
model being tested.

Two virtual static tracking accuracy tests were performed to compare
the 6-filaments and the single-point models. In the first test, the position
errors due to model approximations were studied. The magnetic sensor
was virtually placed at 512 random positions between 1 and 11 cm from
the transmitter board.

In the second test, random white noise was added to the simulated
signal to analyse the robustness of the two models. The sensor was placed
at 512 random locations in a cube of 30 x 30 x 30cm. The simulated
noise magnitude was considered fixed and independent of the signal,
representing an external noise source. Therefore, the SNR is not constant
and depends on the signal magnitude. Test points further from the field
generator have a smaller signal and, thus, present a smaller SNR.



269

7.4 System simulation

"POI9PISUOD SUOTLJUSLIO 31} Y} [[e 10§ ‘A[9A10adsal ‘sppout Jutod-aj8uis pue sjuauivy-9 aygy 105 n'd g pue n'dg
uey} Io8Ie] 90URISIpP B Je 9T MO[a( S[[e] I0LId dAned1 9], (9) suonewrxoidde jurod-ajSuis pue ‘sjuauivif-9 “epowt [jny
AU} YIIM POJeRINI[Ed SeM dURNPUI [erynui Y[, (q) #0(7 ‘TeuoSerp [100 [euodexay] oy} 0} SAT)E[oI PISI[EULIOU ST dDUR)SI(]

"SUOT)RINIIFUOD UOT)LJUSLIO I} 0] SIDULISTP SUISLIIDUT Je ‘XY “[T0D ISAISDI B pue ‘X [ “[10d IopTwsuen) y (e) 17/ a3

(") eouelsIq (") eoueysiq (") ooueysIq
g i € 4 ! g i € 14 T 0 g i € 14 ! 0
i { TN
........ - 7| 4 m N
..... = ol Kt R S 100T m
¥: Tk iy ‘N, =
X 00T | TN 00T N, S
\ ./ N \l/
/. - 1 AOH /O%
qutod o[3urs \ qutod o[3urs yutod o[gurs
SJUSWIR[Y = = = = = SJUOUIR[Y Q = = =« = SJUOUWIR[Y = = =« = AUV
L — 01 : 0T
g i € 4 ! g i € [4 T 0 g7V € =
0 [———m—— — 0 &
— —+
N —
N g .
: \ 0 5
qutod of3urs qutod o[3urs qutod o[3urs o
SJUOUIR[Y § = = =« = / [ | syuoureqy g =« =« = //\ 0T SJULUIR[Y 9 S
[epout [y \ [Ppout [y \/ [epout [ w
\ 70 v c1 M.Jv
ﬁH
L 0g =
90 - oo~ @
g i € 4 1 0 g i € [4 ! 0 g i € 4 T 0

R~ &

L

rYq

STI0O [o[TRIR] S100 TRUOSOTII() S10D [eIX®RO)) (e)



270 Magnetic models for planar sensors

6 filaments
single point

(@)
T

Position error (mm)
w =~ ot
T T T

\V]
—

1 e 4

~'«"’:'f'). . ': ".-" Py "-. .
o SR bt Lo
1 2 3 4 5 6 7 8 9 10 11
Distance from the planar transmitter board (cm)

Figure 7.8: Static accuracy test simulation with no added noise. The
position errors are due to model approximations. The two simplified
models presented in Section 7.4.1 are compared.

The test was repeated using two different Gaussian noise magnitudes
to evaluate the influence of noise on the tracking error. The average
SNR values over all the test points are 65 dB and 50 dB for the two cases,
respectively.

The position error was calculated as the Euclidean distance between
the test position x = [xyz]T used to simulate the magnetic measurement,
and the position solved by the tracking algorithm, x.

Figure 7.8 shows the scatter plot of the position error. It can be noticed
that the single-point approximation is not accurate in the proximity of the
field generator. Nevertheless, this model demonstrates sub-millimetre
errors for the large-area coils under analysis at distances exceeding 6 cm.
For more accurate tracking near the field generator, the 6-filaments model
may be used at the cost of a higher computation time.

The computation time was calculated as the average time for solving
each of the 512 test points. The average solution time, the root-mean-
square error (RMSE), and the mean error (ME) are detailed in Table 7.2 for

the two models described.
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Table 7.2: Speed and accuracy of the 6-filaments and the single-point models
used in a simulated electromagnetic tracking experiment. A scatter plot of
the error is shown in Figure 7.8. The computation time is calculated as the
average solution time for 512 random test points.

Model Time (s) Distance (cm) RMSE (mm) ME (mm)
. 1-6 0.2615 0.1903
6-filaments —0.052 6-11 00754  0.0733
. . 1-6 1.4083 1.1024
single-point  0.007 6-11 0.4485 0.4357

Figure 7.9 shows the results when Gaussian noise was added to the
simulated signal, ®. Compared to the noiseless simulation of Figure 7.8,
the average tracking error increases as the noisy measured signal deviates
from the magnetic model.

The scatter plot of Figure 7.9a shows that the EMT points far from the
transmitter board, where the signal and SNR are lower, have higher posi-
tion errors for both models under test. In this case, the error is mainly due
to the externally added noise. In contrast, different noise levels have less
influence at positions near the field generator, where the inaccuracies due
to the simplified 6-filaments and the single-point models become dominant.

The cumulative distribution function of the error is plotted in Fig-
ure 7.9b. Using an average SNR of 65 dB, almost all the points obtained
with the 6-filaments model and approximately 90 % of the points for the
single-point model exhibit sub-millimetre errors. If the average SNR is
reduced to 50dB, the percentage of points with sub-millimetre errors

decreases to approximately 70 % and 60 %, respectively.

7.5 Experimental tests

This section presents the experimental tests performed to assess the accu-
racy of the magnetic model proposed in this chapter.
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Figure 7.9: (a) Static accuracy test simulation for two noise levels com-
pared. Position errors depend on model approximations and noise mag-
nitude. (b) Cumulative distribution function of the position error for the
two magnetic models considered and average noise levels of —50 and
—65dB.
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Figure 7.10: (a,b) The mutual inductance was measured on a grid of 7 x 7
points at 10 cm and 20 cm from the planar field generator, for two sensor
orientations: pitch angles 6 = 0° and 6 = 30°. Atevery test point, the eight
mutual inductances between the sensor coil and the eight transmitter coils
are considered, leading to a total of 49 x 4 x 8 = 1568 mutual inductances
experimentally evaluated.

7.5.1 Mutual inductance measurement

A set of mutual inductances was measured between coil a and the eight
transmitter coils of the field generator.

The receiving coil was positioned on a grid of 7 x 7 test points on a
horizontal plane. The experiment was repeated for two distances from the
planar transmitter board, 10 cm and 20 cm, and for two sensor orientations,
vertically oriented and with an angle of 30° from the vertical axis, as shown
in Figure 7.10a.

Duplo blocks (The Lego Company, Billund, Denmark) were used to
precisely locate the sensor in known positions (Figure 7.10b). The dimen-
sion of Duplo bricks can be measured to be around 31.8 mm to allow
some tolerance for imperfections in the plastic and to facilitate the fit with
neighbouring bricks. An effective grid spacing of 32 mm was considered.

At every test position, 100 measurements were collected, and the
average was considered to reduce random error. For each sensor position

and orientation, the eight mutual inductances between the sensor and
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Table 7.3: Each test includes 392 mutual inductance values, with average
Mayg- RMSE and MAXE are calculated between the measured values and
the predictions of the theoretical model proposed in Section 7.2.

Test Mgye (nH) RMSE (nH) MAXE (nH)
Z =10 cm, theta = 0° 85.808 1.354 6.585
Z. =10 cm, theta = 30° 78.061 0.979 4.343
Z =20 cm, theta = 0° 30.428 0.174 0.549
Z =20 cm, theta = 30° 26.990 0.144 0.490

the transmitter coils of the field generator were measured, leading to a
total of 1568 mutual inductance values experimentally collected for the 98
different positions and two sensor orientations.

The mutual inductances at test points were simulated with the analyti-
cal model proposed in Section 7.2, in which PCB traces of the transmitting
and the receiving planar coils were approximated as zero-radius straight
filaments. Previous work demonstrated that this assumption is valid
almost everywhere apart from the proximity to the conductor, approxi-
mately less than five times the trace width, which is 0.635 mm in this case
[28, 29].

The model considers all the filaments composing the hexagonal sen-
sor coil and the square emitter coil to compute the mutual inductance
between the two coils as the sum of the contributions given by every pair
of filaments.

Figure 7.11 shows the mutual inductance between the sensor coil a and
the transmitter coil 4, as defined in Figure 7.10a, for the grid of points at
Z = 10cm and the two sensor orientations. The values experimentally
measured are compared to those predicted by the theoretical formula.

The results of the four tests are summarised in Table 7.3. Each of
the four cases includes 49 x 8 = 392 inductance values. The average
measured mutual inductance, Mayg, the root-mean-square error (RMSE)
and the maximum error (MAXE) between the measurement and the model

are reported.
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Figure 7.11: Mutual inductance between coil a of Figure 7.6a, and transmit-
ter coil 4 of the field generator, as defined in Figure 7.10a. Experimental
values are compared to those predicted by the analytical model of Sec-
tion 7.2. (a) Test points at 10 cm from the planar field generator, for a pitch
angle 8 = 0°. (b) Test points at 10 cm from the planar field generator, for a
pitch angle 6 = 30°.
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Table 7.4: Speed and accuracy of the 6-filaments and the single-point models
used in a real EMT experiment. A scatter plot of the error is shown in
Figure 7.12. The computation time is calculated as the average solution
time for the 49 test points.

Test Model Time (s) RMSE (mm) ME (mm)
o 6-filaments 0.1420 0.54 0.49
Z=10em,6=0" " G olepoint  0.0091 1.54 1.31
. 6-filaments  0.1483 0.63 0.52
Z=10em,6=30" G olepoint  0.0094 1.92 1.57
o 6-filaments 0.1541 0.58 0.52
Z=20em0=0" " G olepoint  0.0098 2.47 2.23
o 6-filaments 0.1488 0.57 0.48
Z=20em,0=30" G olepoint  0.0097 2.29 2.07

7.5.2 Static tracking accuracy

The four test cases described in Section 7.5.1 and visualised in Figure 7.10
were repeated, where in this case, the real field measurements, ®, were
used to estimate the position of the sensor. The 6-filaments and the single-
point magnetic models previously presented are compared in terms of
tracking accuracy and speed.

EMT results are presented separately in Figure 7.12 for the two sensor
orientation cases, = 0° and 6 = 30°. The first row of Figure 7.12 shows
the two grids of 49 points at Z = 10cm and Z = 20 cm above the field
generator, together with the positions estimated by the single-point model.

The second row of Figure 7.12 shows the scatter plot of the total posi-
tion error as a function of the distance from the centre of the field generator.
The 6-filaments model demonstrates higher accuracy than the single-point
model, with errors below 1 mm for almost all the test points. In compari-
son, the EMT errors obtained with the single-point model are as large as
5mm. On average, positions further from the centre of the field generator
show more significant errors due to signal attenuation and decreased SNR.

The average solution time, root-mean-square error (RMSE) and mean
error (ME) are detailed in Table 7.4 for the four test cases and the two

magnetic models described.
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7.6 Discussion

The mutual inductance between coils composed of straight filaments was
calculated using a novel formulation for the partial mutual inductance
between arbitrarily oriented straight filaments.

Coil design demonstrated that planar coils on the centimetre scale are
optimised when the minimum trace width and spacing are chosen, and
the number of turns is maximised. The circular shape is optimal for SNR
optimisation, as seen in Figure 7.4, but a hexagonal coil shape was selected
because it can be entirely modelled by straight filaments. In Table 7.1, the
measured coil resistance, inductance, and sensitivity are compared with
the values predicted in the design stage.

A hexagonal planar coil with a diameter of 3cm was PCB manufac-
tured. A set of mutual inductances was measured between the sensor coil
and the eight transmitter coils of the field generator. Experimental values
validated the model proposed in Section 7.2. A selection of the results is
plotted in Figure 7.11, and the average error is reported in Table 7.3.

The tracking algorithm was implemented in MATLAB with an average
solution time on the order of seconds when all the pairs of transmitting
and receiving filaments were considered. Two simplified models were
introduced for real-time EMT. The sensor coil was approximated by six
filaments or by a single point, respectively.

The virtual tracking error is plotted in Figure 7.8. The single-point
model provides sub-millimetre positioning errors at distances larger than
6 cm from the transmitter board. In contrast, the 6-filaments model reaches
the same level of accuracy even for more close positions.

Four EMT static tests were performed, varying the sensor orientation
and distance from the field generator. As reported in Table 7.4, using
the 6-filaments model, the position error is three to four times smaller
than using the single-point model. However, the average solution time is
approximately 0.15s, compared to 0.01 s for the single-point model. This

time is still suitable for real-time tracking but at lower update rates.
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7.7 Conclusions

This chapter analysed the tracking performance of planar coils on the
centimetre scale. An accurate magnetic model was proposed and experi-
mentally validated.

The model computes the inductive coupling between all the straight
filaments comprising the transmitter and the receiver coils. While this
model was too slow for effective real-time EMT, it proved helpful in per-
forming sensor design and calibration and running tracking simulations.
The introduction of model simplifications increased the calculation speed,
and the real-time tracking of large-area planar sensors was demonstrated
with sub-millimetre positioning errors.

It is worth noting that the model introduced in this chapter is used to
directly compute the mutual inductance between spatially extended coils.
The sensor orientation cannot be decoupled from the model by expressing
the result as the dot product between the transmitted field vector and the
orientation axis of the receiving coil. Therefore, speeding up the model by
pre-characterising the field values as was done in Sections 5.1.2 and 6.4.2
is impossible in this case.
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Chapter 8
Summary and future work

The thesis presented a comprehensive study on electromagnetic track-
ing (EMT), focusing on developing methods and techniques to reduce
and compensate for distortions in the magnetic field through improved
modelling and real-time correction methods.

This chapter summarises and discusses the main findings of the study,

concluding with suggestions for future research directions.

8.1 Thesis summary

The thesis began with a literature review of EMT systems, methods, and
techniques used to reduce and compensate for distortions in the magnetic
field, in Chapter 2. The survey gave a background context to the specific
open-source EMT platform used in the following work, ANSER EMT.

Chapter 3 presented and evaluated the ANSER EMT system, with a
focus on testing the existing limits of the system [1]. The design and
implementation of a 2D actuator for field sampling were presented, and
methods for EMT sensor calibration and registration to an optical system
reference were proposed. Novel methods for error evaluation and noise
analysis were also introduced.

These introductory studies set the stage for the novel work presented
in Chapter 4 aimed to enhance EMT accuracy, either without introducing
further magnetic distortion or in the presence of metallic materials. To
this end, a method for modelling magnetic fields was developed and used
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to improve the ANSER EMT magnetic model by correcting for systematic
errors and including magnetic shielding [2].

The focus shifted towards testing for distortions introduced by medi-
cal equipment. Novel techniques for distortion detection were employed
in this experiment. Real-time compensation for dynamic distortion was
proposed using external reference sensors. Two approaches were tested,
the first involved an updated magnetic field model using a virtual distri-
bution of magnetic dipole sources [3], while the second aimed to localise
the source of distortion and interpolate between static field maps [4].

The narrative continued by presenting further improvements to the
ANSER EMT system in Chapter 5, this time targeting dynamic tracking.
The EMT model and algorithm were optimised to achieve faster update
rates and reduce noise and latency. As a result of this study, Kalman
filtering was incorporated into the tracking algorithm.

In Chapter 6, the effectiveness of the ANSER EMT system for de-
veloping novel EMT applications was demonstrated by introducing an
alternative tracking technique based on the magnetic scalar potential for-
mulation [5]. The novel model showed increased speed and lower storage
requirements relative to the implementation through the traditional mag-
netic field vector approach. The new technique is particularly suited for
tracking the elongated sensor coils used in medical applications.

As discussed in Chapter 4, external reference sensors can help detect
and minimise the effect of magnetic distortions. A cost-effective solution to
manufacture such sensors with high precision and repeatability is printing
planar coils on flexible PCB. In this way, the sensors might be embedded
in adhesive patches on the patient for future clinical applications.

In the final part of the thesis, Chapter 7 explored EMT using large-area
planar sensors. These coils demonstrated high sensitivity even without a
magnetic core [6]. A novel accurate model accounting for the coil exten-
sion was proposed based on the magnetic vector potential formulation [7].
Experimental tests demonstrated the effectiveness of the new model for
designing planar coils and performing EMT simulations to evaluate the
accuracy of simplified models.

In summary, the thesis discussed the following research topics.
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10.

11.

12.

. Extensive literature review of EMT methods, topologies, medical ap-

plications, commercial systems, and distortion compensation (Chap-
ter 2).

. Detailed presentation of the ANSER EMT system and experimental

performance evaluation (Chapter 3).

. Novel methods to convert the measurement error directly into the

corresponding EMT error, study random noise propagation, and

analyse the tracking resolution of an EMT system (Section 3.5).

Customised tools to host EMT sensors, with methods for calibration

and registration to the optical system reference (Section 3.3).

. Design and programming of a robotic actuator to automatise vol-

ume characterisation tasks and perform accuracy evaluation tests
(Section 3.4).

. Novel magnetic modelling technique based on virtual magnetic

dipole sources (Section 4.1).

. Evaluation of different shielding materials and methods to model

the shielded field generator (Section 4.3).

. Novel metallic distortion detection techniques to raise a warning

when the EMT accuracy is reduced (Section 4.4).

Characterisation of distortion in different clinical environments (Sec-
tions 4.3.2 and 4.4.4).

Novel technique to compensate for distortions in real time using the

interpolation of pre-trained magnetic maps (Section 4.5.2).

Novel tracking algorithm with increased speed and minimal compu-

tation requirements (Section 5.1.1).

Speed improvements for the magnetic model of ANSER EMT (Sec-
tion 5.1.2).
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13. Enhanced update-rate using filtering techniques to lower the jitter

noise and increase the precision (Section 5.3).

14. Novel magnetic model for elongated sensors, with improvements in

accuracy, speed, and storage requirements (Chapter 6).

15. Novel approach to calculate the solid angle subtended by the surface
enclosed by a 3D boundary (Section 6.3).

16. More accurate magnetic model for planar sensors composed of
straight filaments (Chapter 7).

17. Planar coil design on PCB with optimised SNR (Section 7.3).

8.2 Thesis contributions

A significant portion of the research contributed to introducing novel fea-
tures to the ANSER EMT system developed in University College Cork and
available for free to any research group aiming to investigate new meth-
ods for EMT. The other part of the work involved using the ANSER EMT
platform to develop novel techniques that can be applied to any EMT
system where modifications are enabled. The principal contributions of
this thesis are listed as follows.

Performance of the open-source ANSER EMT system. Materials and methods
for EMT error measurement and evaluation were developed, the update-
rate was increased using Kalman filtering, and the speed and memory

requirements were improved using a modular C+ environment [1, 6].

Data-driven magnetic modelling technique. The technique of magnetic mod-
elling using virtual magnetic dipole sources can be employed as a novel
method for EMT calibration to correct systematic errors and model static
tield distortions, such as those introduced by magnetic shielding materials

or medical equipment [2].
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Methods for distortion detection and compensation. Novel techniques were
proposed for EMT system calibration, metallic distortion detection, and
magnetic distortion compensation. These methods have the potential for

online error correction during clinical procedures [3, 4].

Accurate magnetic model for elongated sensor coils. A new approach to
model the mutual inductance between transmitting coils and elongated
sensor coils was introduced. The model included a novel method to

calculate the solid angle subtended by a spiral path [5].

Accurate magnetic model for planar sensor coils. Formulas for the partial
mutual inductance between straight wires were applied to calculate an
accurate EMT model for planar sensor coils. Additionally, methods for
planar coil design for sensing applications were presented [7].

8.3 Perspectives for future work

This thesis suggests numerous possibilities for further research in EMT.
This section proposes recommendations for future investigations that
build upon the topics explored in this work.

8.3.1 Radiation exposure reduction in a clinical study

As discussed in Chapter 4, compensation of magnetic distortion in EMT
is divided into two distinct problems. Static distortion can be charac-
terised in advance and corrected by updating the magnetic model used for
tracking. Dynamic distortion, on the other hand, poses a more significant
challenge because EMT errors change in magnitude and direction in a
way that depends on the distorted environment.

In Section 4.5, the dynamic distortion introduced by a C-arm machine
was considered, and two possible solutions were proposed. The first
methodology was enabled by the novel magnetic modelling technique
introduced in Section 4.1 and involves fitting a compensated model to the
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measurements of reference sensors at known positions. The second ap-
proach considers multiple static distortion scenarios, using interpolation
of pre-recorded data to recognise unseen configurations and adopt the
correct characterisation map.

The proposed techniques potentially apply to any procedures that
combine EMT with intraoperative fluoroscopy. However, their imple-
mentation requires increasing the complexity of both the hardware and
software components of the EMT system because additional sensors must
be introduced and their measurements acquired and analysed in real time.
Therefore, the necessity of employing these techniques should be consid-
ered together with the concrete benefits that can be obtained. Tracking
accuracy requirements depend on the specific application case. As seen in
Chapter 4, even the most critical distortion is typically below 5cm. If such
EMT errors are deemed acceptable, compensation would not be essential.

This study primarily emphasised the technical and engineering as-
pects, aiming to advance the theory and introduce novel concepts. Future
research directions may explore real clinical applications by analysing
the benefits in existing minimally-invasive operations and identifying the
new procedures that distortion-free EMT might enable. Once a specific
application is selected, the work should investigate ways to optimise the
methodologies and integrate them into the clinical workflow. Finally,
a pre-clinical study should be conducted to assess the effective level of
radiation reduction achieved using the more accurate, undistorted EMT
methods proposed.

8.3.2 Self-shielded field generator

Section 4.3 analysed the use of conductive and high-permeability metal
plates to shield the planar field generator from distortions under it.

As explained in Section 4.3, the working principle of the aluminium
conductive shield is based on the surface eddy currents that oppose the
field variation. The same current distribution can be reproduced by a
planar coil specifically designed to generate a field that nullifies the normal
component of the magnetic flux density crossing the shielding plane.
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In this way, the transmitting and shielding coils could be combined to
create a field generator that is self-shielded and does not rely on external
shielding materials. This configuration offers several benefits, such as the
option to activate or deactivate the shield as required, high stability and
reproducibility, higher compatibility with X-ray imaging systems, and the
possibility to model the magnetic field without relying on finite-element
simulations or data measurements.

As a proof of concept, Figure 8.1a shows the surface current density
that shields one of the emitter coils of the ANSER EMT field generator.
The current distribution that nullifies the magnetic field at 1 cm below the
emitter coil was obtained using the stream function method implemented
by the bfieldtools Python library [8, 9].

The magnitude map of the combined magnetic fields is shown Fig-
ure 8.1b. The field magnitude is higher in the region above the emitter coil
compared to the region below it, thus demonstrating the shielding effect.

It should be noted that the proposed coil configuration is not power
efficient because it involves generating magnetic fields that cancel out
each other. As a result, most of the magnetic energy is deposited within
the volume between the emitter and the shielding coils and is not used
for the EMT signal. Nevertheless, the active shield may be turned on
only when required, such as if a distortion is detected as described in
Section 4.4 or to periodically re-calibrate the non-shielded EMT solution.

8.3.3 Fusion with complementary imaging systems

As extensively discussed in this thesis, magnetic distortion is one of the
main challenges to EMT technology. Chapter 2 reported multiple solutions
proposed in the literature to mitigate this problem. Chapter 4 introduced
novel techniques for distortion detection and compensation.

These studies and experimental analyses indicate that the state-of-
the-art may have reached the limit of what is realistically achievable in
terms of accuracy and robustness using only EMT methods. Additional

advancements may be possible through the strategic integration of EMT
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Figure 8.1: (a) Current distribution for an active shield located at 1cm
below the transmitting coil. (b) Magnetic field magnitude map of the
self-shielded coil configuration.
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technology with complementary systems to improve minimally invasive
procedures.

The initial stage would be integrating EMT field generators into vari-
ous medical equipment, including surgical beds, C-arm gantries, probes,
and other tools used in the medical field. As demonstrated in Section 4.3.1,
systematic distortion can be factory calibrated through pre-characterisation.
Therefore, most issues caused by metallic objects moving within the oper-
ative space would be automatically solved by fixing the field generator to
these components.

Further work may investigate the use of fluoroscopy for intraoperative
recalibration of the EMT system. To this end, image recognition might be
used to localise the marker position in an X-ray snapshot to create an EMT
error map or update the magnetic model. Additionally, the same technique
might be applied to find the position of redundant sensors placed around
the region of interest and compensate for metallic distortion using the
method described in Section 4.5.1. The PCB planar sensors studied in
Chapter 7 could be used in this instance.

Finally, in the future artificial intelligence (AI) might be employed in
EMT analogously to how it is used in self-driving cars. The Al algorithm
may be trained on multiple real or simulated medical procedures, learn-
ing to recognise the context and identifying common patterns between
operations. In this scenario, the EMT system could provide an approxi-
mate position, with more accurate information obtained through the use
of endoscopic cameras, low-dose X-ray, ultrasound, or a combination of
these methods.

8.3.4 Reversed magnetic model

This thesis explored several magnetic models for EMT. Some models
were based on theoretical considerations, as explained in Section 3.2.3
and Chapters 6 and 7, and others were derived from real measurements,
such as those introduced in Chapter 4.

In all these cases, solving for the EMT pose is the inverse problem
where the measured signal is used to calculate the sensor pose most likely
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to give the same magnetic measurements. The tracking algorithm pre-
sented in Section 3.2.4 estimates the solution using iterative methods. The
faster EMT algorithm introduced in Section 5.1.1 is based on a local lin-
earisation of the magnetic model but requires knowledge of the previous
sensor pose and assumes that the target moves sufficiently slowly.

Advanced machine learning techniques should be investigated to in-
vert the field map and obtain a reversed magnetic model that can directly
output the sensor pose given a set of field measurements as an input. It is
not necessary for this process to be interpretable, where the EMT model
and algorithm might be combined in a single artificial neural network
(ANN) that estimates the correct EMT pose as a black box.

Calculating the ANN output involves basic operations like additions
and multiplications. However, these models are typically defined by many
parameters and require significant storage capacity. One possible solution
is implementing the ANN in hardware using a field-programmable gate
array (FPGA) to increase speed and reduce memory requirements. In
this case, a simple low-power microcontroller might be enough to handle

signal acquisition and interfacing with the FPGA.
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