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Abstract

This paper presents a nonlinear model of an inversion-based generalized cross-spring pivot (IG-CSP) using the
beam constraint model (BCM), which can be employed for the geometric error analysis and the characteristic analysis
of an inversion-based symmetric cross-spring pivot (IS-CSP). The load-dependent effects are classified in two ways,
including the structure load-dependent effects and beam load-dependent effects, where the loading positions,
geometric parameters of elastic flexures, and axial forces are the main contributing factors. The closed-form load-
rotation relationships of an IS-CSP and a non-inversion-based symmetric cross-spring pivot (NIS-CSP) are derived
with consideration of the three contributing factors for analyzing the load-dependent effects. The load-dependent
effects of 1S-CSP and NIS-CSP are compared when the loading position is fixed. The rotational stiffness of the IS-
CSP or NIS-CSP can be designed to increase, decrease, or remain constant with axial forces, by regulating the balance
between the loading positions and the geometric parameters. The closed-form solution of the center shift of an IS-CSP
is derived. The effects of axial forces on the IS-CSP center shift are analyzed and compared with those of a NIS-CSP.
Finally, based on the nonlinear analysis results of 1IS-CSP and NIS-CSP, two new compound symmetric cross-spring
pivots are presented and analyzed via analytical and FEA models.

Keywords: Compliant cross-spring pivot; load-dependent effects; loading positions; center shift; nonlinear analysis

1. Introduction

A compliant generalized cross-spring pivot (G-CSP) consists of two flexure sheets, including the symmetric
cross-spring pivot (S-CSP) [1-8] and the asymmetric cross-spring pivot (A-CSP). It can provide rotational motions
with its rotational center at the intersection of the two flexure sheets. We classify the G-CSP as shown in Fig. 1.

The S-CSP has been widely studied as shown in [9-12], including the non-inversion-based (traditional) symmetric
cross-spring pivot (NIS-CSP) and the inversion-based cross-spring pivot (1IS-CSP). The beam constraint model (BCM)
[13-18], pseudo-rigid-body model (PRBM) [6, 19-22], numerical approaches [23], and finite element analysis (FEA)
are commonly used for modeling nonlinearities of such compliant mechanisms. The BCM is accurate enough when
the deflection of an elastic flexure is in an intermediate range. A number of closed-form models of compliant
mechanisms based on the BCM have been derived for quickly analyzing parameters and for providing design insights,
such as the work by Hao et al. [24] and Zhao et al. [13]. In this paper, our analysis is based on the BCM and FEA
verification. We derive the nonlinear analytical model of an inversion-based generalized cross-spring pivot (IG-CSP).
This model can be used for the geometrical error analysis of the IS-CSP due to machining imperfections, and the
nonlinear analytical model of an IS-CSP can be derived quickly. This is the first motivation of our paper.

Axial loads can lead to strong nonlinearities of the compliant mechanisms, motivating Zhao et al., along with
other researchers, to have further analyzed the load-dependent effects of the NIS-CSP. Also the effects of the
geometric parameters and bearing-direction loads on the rotational stiffness have been detailed in [25-29]. However,
the loading position of bearing-direction loads is another important factor contributing to the load-dependent effects,
and there are no reported papers investigating the loading-position effects on the rotational stiffness of the S-CSP,
which is the second motivation of our paper.
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S-CSP | NIS non-in_version-based syr_nmetric |
L1G __inversion-based generalized 8
NIS-CSP . . {
Rigid body mmm Fixed stage mmm Elastic sheet

Fig. 1. The categories of the generalized cross-spring pivot.

In this paper, load-dependent effects [30] are divided into two categories, namely: 1) structure load-dependent;
and 2) beam load-dependent effects. Here, the loading positions, geometric parameters of the sheets, and axial forces

are three main contributing factors to such load-dependent effects, indicatively explained in Fig. 2.

«0 «0
*\6 \ ‘ L,, L, Belongs to the structure load-dependent
: effects, depending on the loading positions;
L, Length of the rigid rod or compliant flexure;
P Compressive axial force;
@ Constant torsional spring, K;
T— Compliant torsional spring, K’=K+AK,

belongs to the beam load-dependent effects,
depending on the geometric parameters of
the compliant flexures;

= Rigid rod.

Lysin(0)

(c) e (d)
Fig. 2. Load-dependent effects: (a) a compressive load (P) acting on the rigid rod, (b) a compressive load (P) acting
on an inversed compliant mechanism, (c) the inversed compliant mechanism rotating at a small angle with P on the
top of the motion stage, (d) demonstrating the equivalent stiffness Kess of Fig. 2(c), (€) P acting at the bottom of the

motion stage, and (f) demonstrating the equivalent stiffness Kes of Fig.2(e).

The structure load-dependent effects can be explained as follows. In Fig. 2(a), a rigid rod connects with a constant
torsional spring (stiffness denoted by K) on the ground, and a compressive axial force (denoted by P) acts on the free
end of the rod. If the rod tilts, the effective rotational stiffness of the mechanism (denoted by Kesr) can be expressed as
Kett = K—PL, under a small angle assumption. K decreases with the increase of P and L, (the rod length). The beam
load-dependent effects can be explained as follows. Let AK denote the rotational stiffness error correction term due to
the beam load-dependent effects, whose absolute value depends on the geometric parameters of the flexure. When a
tensile axial force acts on the free end of an elastic beam, the resulting rotational stiffness of the beam (i.e. K’=K+AK)
increases with the increase of the tensile axial force, i.e., AK>0; When a compressive axial force acts on the free end,
K’ decrease with the increase of the compressive axial force, i.e. AK<O [31].

Ketr Of the inversed compliant mechanism is a collective result of the structure and beam load-dependent effects.
La (or L) and K’ contribute to the structure and beam load-dependent effects, respectively. In Figs. 2(b) through (d),

when P acts at the top of the motion stage of an inversed compliant mechanism, the effective rotational stiffness can
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be expressed as Kett = K’—PL, =(K+AK)—PL, under a small angle assumption. When AK > PL,, Kes increases with the
axial loads; when AK =PL,, Keft keeps constant with the axial loads; when AK < PL,, Kefr decreases with the axial load.
When a compressive force acts on the top of the inversed compliant mechanism, K can increase, decrease, or be
constant. Similarly, in Figs. 2(e) and (f), if P acts at the bottom of the motion stage, Kerr = K’+PLy = (K+AK) +PL,
under a small angle assumption, which means Kes can only increase with a compressive axial force. The equilibrium
between structure and beam load-dependent effects of the inversed compliant mechanism is important for the stiffness
control, which is the third motivation of our work.

Kesr decreasing to quasi-zero [32] (i.e., first-order buckling in the rotation direction) should be avoided in a
compliant mechanism. When a compressive axial/bearing-direction force acts on the NIS-CSP, the rotational stiffness
can increase, decrease, or be constant, which relates to its geometric parameters and the axial forces [25], but the
possibility of increasing rotational stiffness is relatively low. However, when a compressive axial force acts on the 1S-
CSP, the possibility of increasing rotational stiffness rises, thus leading to a higher possibility of avoiding buckling,
which is the fourth motivation of our paper. Therefore, by combining the NIS-CSP and IS-CSP in a parallel
arrangement, we propose a novel compound S-CSP whose rotational stiffness being insensitive to the axial load (i.e.
no first-order buckling), which is robust to second-order buckling in the bearing direction.

Zhao et al. [13] derived the closed-form center shift model of a NIS-CSP and designed several novel compound
NIS-CSPs to reduce the center shift. They analyzed the effects of geometric parameters on the center shift and obtained
the parameters combination that can produce the smallest possible shift. The effects of the axial forces on the center
shift of the NIS-CSP with these special parameters are detailed in [13]. Bi et al. [27] also analyzed axial load effects
of a cartwheel flexure pivot. It is worth analyzing the effects of the axial forces on the S-CSP center shift with general
parameters and comparatively evaluating center shifts of NIS-CSP and IS-CSP. This is the inspiration of another novel
compound S-CSP with the NIS-CSP and 1S-CSP arranged in series, whose center shift is minimized significantly.

We briefly summarize these motivations as follows.

(1) The nonlinear analytical or closed-form models of an IG-CSP based on BCM have not been reported. The
nonlinear models are greatly needed for analyzing the geometrical errors and quickly deriving the analytical models
of an IS-CSP. For instance, such relations may be used to optimize devices such as the knee rehabilitation oriented
joint presented in [33].

(2) There is a lack of investigations concerning the rotational stiffness of S-CSPs with respect to different loading
positions.

(3) Problems concerning the equilibrium between structure and beam load-dependent effects, which controls the
stiffness of an inversed compliant mechanism, shall be further analyzed.

(4) The analysis of loading-dependent effects and center shift of the IS-CSP and the NIS-CSP inspires us to
propose two new compound S-CSPs with improved performances.

This paper is organized as below. Section 2 derives the nonlinear analytical model of the IG-CSP based on BCM,
which can reduce to the closed-form model of the S-CSP. In Section 3, the load-rotation relationship of an IS-CSP is
derived, and the effects of the loading positions, geometric parametric, and the axial forces on the rotational stiffness

are analyzed. The equilibrium between structure and beam load-dependent effects of the IS-CSP are analyzed for
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rotational stiffness regulation. The load-dependent effects of an IS-CSP and a NIS-CSP are compared. The closed-
form center shift of an I1S-CSP is derived, and the effects of the axial forces on the center shift of the IS-CSP are
analyzed, which are also compared with those of a NIS-CSP. Section 4 presents two new compound S-CSPs, and each
design consists of an IS-CSP and a NIS-CSP: design | is a parallel mechanism whereas design Il is a serial mechanism.
The conclusions are drawn in Section 5.

2. The Nonlinear Analysis of an 1G-CSP with Two Sheets

In this section, the normalization-based analytical model of an IG-CSP is derived, followed by a closed-form
load-rotation relationship of the IG-CSP under a small angle assumption. The IG-CSP can be modeled as two flexure
sheets connected in a parallel arrangement. In line with [13], the analytical center-shift model of the 1G-CSP is derived.

The right-handed coordinate system and right-handed rule are used throughout this paper.

2.1 Normalization-Based Analytical Model

The normalized analytical model of an IG-CSP is derived as below. The two sheets in the 1G-CSP are numbered
as sheet 1 and sheet 2, respectively. The local coordinate systems of the two sheets are denoted as 01-X1y1z1 and 0-
XaY22, with their origins locating at their free ends. L;, Ti, and U; denote the length, thickness, and width of sheet i (i =
1 or 2) along the x;, yi and z;-axes, respectively. Ui=U, and T,=T are required throughout this paper. External actual
loads: F.i, Fyi, and My act at the origin, 0;. Fxi and Fy; denote pure forces along the x; and y; axes, respectively; M

denotes the pure moment about the z;-axis. Sheet 1 with a local coordinate system 01-x1y12; is shown in Fig. 3.

Y1
N i ] Oz t
N, i N7, P+ M
\\\\ / N Q 0,¢—> ’Xl
| T} N L, » F
@ - L SO

Fig. 3. The definitions of sheet 1: (a) the sheet geometry, and (b) the local coordinate system and loads acting at the
free end.

Throughout this paper, we use capital symbols to denote dimensional parameters and use lower-case symbols to
denote nomalized (dimensionless) ones if not specified otherwise. All translational displacements and length
parameters are divided by L1 (we assume that L, is longer than L in the IG-CSP). Forces and moments are divided by
El.i/Li%and Elz/Ls, respectively [34], where 1,1 denotes the cross-section moment of inertia about the z;-axis and can
be expressed as U;T:%/12, and E is Young’s Modulus of the material. Therefore, for sheet i (i=1 or 2), we use fx and
fyito denote normalized forces, m; to denote normalized moments, dx; and dy; to denote normalized tip displacements;
& to denote a rotational angle. The analytical models of the two sheets are shown in Egs. (1) and (2) based on the
BCM in [31].
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. . 2 -3/5 1/20[d. /r
dxl — f)(| l +[in / rl GZi:I yi i
ro12(L 1/20 -1/15|| 6,

(€
1/700 —1/1400]|d, /r,
+ri2fxi [d |/r| ezi:l g rl
Y —1/1400 11/6300 o,

z1

r’f. 12 -6)[d,/r] |, 6/5 -1/10][d,/r,
= PR B i ’ @)
rm, -6 4 0, -1/10 2/15 0,

Zl

where, i=1 or 2, and ri=1; ro=L,/L..

The 1G-CSP is described in Fig. 4(a). Os-XsYsZs denotes the mobile coordinate system of the IG-CSP, which
locates at the motion stage with the Y-axis passing through the rotation center in the non-deformed configuration.
The origin Os also denotes the loading position. The directions of the three axes of the Os-XsYsZs coordinate system
remain constant over the motion of the 1IG-CSP (see Figs .4(a) and (b)). The axes of each local mobile coordinate
system (0i-Xiyizi) are defined as similar as the as Os-XYsZs coordinate system.

The independent normalized parameters to define the 1G-CSP include rz, a1, a2, A1, and h. The first four ones are
independent geometric parameters, and the last one h relates to the loading position with a positive or negative sign.
The sign of h can be decided as shown in Fig. 4(b). When the loading position is above the free ends of the two sheets,
h is positive; otherwise, h is negative. The absolute value of h is equal to H/L;, where H denotes the dimensional
vertical distance between the free end of the sheet and the loading position. A, can be derived from the equation
A1€08( 1) = Aaracos(az). We use fys, fys, and mys to denote the normalized loads of the 1G-CSP acting at the origin, Os,
and use dys, dys, and &5 to denote the normalized displacements and rotational angle of the IG-CSP’s motion stage (at
point Os) shown in Fig. 4(c).

Ys
Y
® Z, 25,7 f ‘\mzs s
¥ d Ops
Of 1o % 0| g
! O dye S
h=>0
dye
- S
(b) © %

Fig. 4. The description of the IG-CSP: (a) normalized geometric parameters and loads, (b) the sign of h being positive

when the loading position is above the free ends of the two sheets, and (c) the normalized displacements.
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The compatibility conditions can be described as Eqs. (3) and (4) (derivation details can be seen in [24]).
T T
[dxl’dyllazl] = Rzl(Rzasl_Sl)+|:dxs'dyslgzs:| (3)

[d,.0,.0, ] =R,(R,S,-S,)+[d,. 4,0, ] (@)
where, S; and S; denote the coordinates of points Si, S, (Fig. 4) with regard to the global coordinate system, and are
represented as follows. Si=[Aisin(a1), —h, 0]", Sp=[Aar2sin(az), —h, 0]". Ry (j=1, 2, 3, or 4) is a rotational matrix

cospB; —sing; 0
about the Zs-axis, which is designated asR,, =| sin 8, cos 8, O |. fi=n/2—an, f=nl2+a, =0z, and fi=0s.
0 0 1

The load-equilibrium conditions of the motion stage in the deformed configuration can be expressed Eq. (5) (See
details in [24]).

T T T
|: fxs! fys' mzs = DLRL |: fxl' fyl' mzl:| + D:;ZRIZ [ f><2' fyzv mzz] (5)
10 -S/(2)
where, Dy; (i= 1 or 2) denotes a translational matrix, D, =(0 1 S/ (L) |.S" (i=1 or 2) denotes the coordinates
00 1

of point S; relative to the global coordinate system after only the rotation of the motion stage, and S;i"=R;Si. R is a

cos(d,) —sin(d,) O
rotational matrix about the Zs-axis, R,, =| sin(6,,) cos(d,) 0.
0 0 1

Given the independent parameters and three loading inputs (fys, fys, and mys), the outputs of the motion stage (dxs,
dys and &) are solved by using Egs. (1) through (5). These solutions refer to analytical models in this paper.

To derive the closed-form rotations (Eq. (7)) of the IG-CSP, we use Eq. (6) to simplify the results of dy; and dy
[13, 27], and use small-angle approximations to derive the closed-form rotational angle of the IG-CSP (Eq. (7)). The
small-angle approximations are based on sin(6zs)~6,s and cos(6.s)=1 while other higher orders associated with 8,5 are
neglected.

dyl = j1025 and dyz = rz%azs (6)

_cos® a1, (A f + Am,)

cOAf AT FAM A

where A; through As are the expressions of the independent geometric parameters and the loading position, as
elaborated in Eq. (8).

U]

A = —cosa,sina,h —cosasina,h + A cosa sina,cosa, +A,Cos’asina, (8a)

A, =cosa, Sing, +Cos ¢ Sina, (8b)
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6 . .
A = : (—cosa,cos’asina,sina,r,’ A,° +cos’a,cos’a,r,’ A,> —cos® a,1,° 1, — cos® a, cos” a,hr,’ 4,

+C0S a, COS° a, sina, sin a,1,° 4% —cos’ a, sina, sin a,r,°h A, —cos® a,1,° 4, +cos® a, cosa, hr,* 4, 60
c
+ 1, cos’ o, cos a1, +Cos a, Cos e, sin a, sin o hr,” 4, —cos® e, cos® e, 1,° 4,%)

2
T (cos® a,r1,° +1.2¢0s° a,1,° 2> — 1, cos® a, cos ;)

— 3 H 3 3 H 3 2 2 : 3
A, = cos’ a, sina,r,°h — cos ¢, €os° a, Sin e, I,° 4, — C0S” @, COS* e, SiN e, 1,° A,

6 . . . .
e (cos® a, sina,r,* A, + A, Cos , Sin e, COs a, I,> — €0S* e, sin e, ,° A,° —cos” v, sin e, 1, A,%) (8d)

2 . . .
I (r,* cos? @, sin @, +¢cos® , sin a, 1, + cos @, cos® a, sin a,1,°h)

6 . . . .
A = g(cos2 a, sina, sina,r,* A, —cos® a, cos a1, >4, +¢0s” a, cos® ay1,” A, —COS ax, COS ar, Sin e, Sin e, 1,°A,)  (8e)

A, =4(r,? cos’ a, sina, cos a; + 1, cos® a, sin o, +¢0s® a, sin ey 1,° +€0s @, €0S” a, sin e, 1,%)
+12(sin ¢, cos’ o, cos a, A,> — CoS , COS* a, Sin a, 1,° A, + €0s°® ar, sin e, 1, A,° + Cos ¢, €0S° e, Sin e, 1,° A, (8fF)

—J, cos’ a, sina, Cos a, T, +Cos° e, sina, A,> — A, Cos a, sin e, Cos” a, ¥, — cos® at, sin e, 1,° 4,)

An FEA model of an IG-CSP is built in COMSOL 5.0. We assume the sheets are elastic and the motion stage is
rigid. The maximum meshing size of the sheets is 0.814 (mm). The material of each elastic sheet is Aluminum:
Young’s modulus E=69x10° (Pa); Poisson’s ratio v=0.33 and density is 2700 (kg/mq). Let us consider an example to
evaluate the accuracy of the analytical and closed-form models of the IG-CSP. We fix Ly, Lo, U, T, A1, au, and o at
50 (mm), 30 (mm), 5 (mm), 0.5 (mm), 0.5, n/4, and /6. A series of rotations range from 0 to 0.3 (rad) with a 0.02
(rad) step are prescribed on the rotational center of the IG-CSP. The results for the analytical, FEA, and the closed-
form models are illustrated in Fig. 5. In Fig. 5(c), when —0.3 (rad) < 6,5 < 0.3 (rad), the maximum error between
analytical and FEA models is less than 5%; when —0.1 (rad) < 6, < 0.1 (rad), the maximum errors between the

analytical and FEA models, closed-form and FEA models are less than 1.5% and 5%, respectively.
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0.12 - _ 0.12
— Analytical model — Analytical model
0.08 | 1 FEA model 0.08 - . FEA model
= o Closed-form model
E 0.04 =004 L O Closed-form model
e 0.
Z
= ° < M
o p 0 [
= 3
o
-0.04 z-0.04 F
ﬁ 1 1 1 1 1
-0.08 -0.08
03 -02 -01 0 0.1 0.2 0.3 -0.1 -0.05 0 0.05 0.1
(a) 0, (rad) (b) 0, (rad)

—— Analytical model

—=— Closed-form model

Error

Fig. 5. Comparisons of rotations for the analytical, closed-form and FEA models: (a) —0.3 (rad) < 6,5< 0.3 (rad), (b)
—0.1 (rad) < 6,:< 0.1 (rad), and (c) the errors between analytical and FEA models, and the errors between the closed-

form and FEA models.

2.2 The Center Shift Model

dxc and dyc denote the normalized center shift along the Xs-axis and Ys-axis, respectively. In Fig. 4(c), the
displacement along the Xs-axis of point S; results from two contributions: the center shift dy. and the resulting
displacement along the X;-axis due to a rigid pivot at the intersection point. The displacement along the Y-axis of

point S can be derived similarly. So the normalized center shift based on point S; can be derived as Eqg. (9).
d,=d,sing +d, cose, — 4 sin(a, +6,)+ 4 siney (9a)
d, =-d, cose, +d, sina, — 4 cosa, + 4 cos(a, +6,) (9b)
Similarly, the center shift based on point S, can also be derived as Eq. (10).

d,, =-d,sina, +d, cosa, - 41, sina, + 4,1, sin(a, -0, (10a)

d, =-d,cosa, —d, sina, + 4,1, cos(a, —6,) - 4,1, Cosa, (10b)
From Section 2.1, we have the outputs of the motion stage with given loading conditions and substituting these
results into Egs. (3) and (4) to obtain dy and dyi (i=1 or 2). Then dy and dy. are solved from Eq. (9) or (10). We use

the same example in Section 2.1 to verify the accuracy of the center shift, and use Dy and Dy, to denote the dimensional
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center shift, where Dy.=dx.L1 and Dyc=dy.L1. The comparison of center shift between the analytical and FEA models
is shown in Fig. 6. The maximum errors of Dy and Dy are 1.7% and 5.2%, respectively.

x10 x104
3 r 0 -
— Analytical model
25 4 FEA model
1+
E
220
3t — Analytical model
4 FEA model
L & L L J _4 Il Il Il Il Il J
-0.3 -0.2 -0.1 0 0.1 0.2 0.3 -0.3 -0.2 -0.1 0 0.1 0.2 0.3
@ 0,5 (rad) ®) 0,5 (rad)

Fig. 6. The comparison of the center shift between the analytical and FEA models: (a) Dyc, and (b) Dye.

3 The Nonlinear Analysis of the I1S-CSP

In this section, the closed-form load-rotation relationships of an 1S-CSP and a NIS-CSP are derived, respectively.
Then we analyze the effects of the geometric parameters, loading positions, and axial forces on the rotational stiffness
of the IS-CSP. The load-dependent effects of an IS-CSP and a NIS-CSP are compared.

3.1 Load-rotation relationship
The closed-form load-rotation relationship of the 1S-CSP is expressed as Eq. (11) by substituting r.=1, ci=a=q,

A1=A=4, into Eq. (7). A, « and h are the independent parameters of the IS-CSP.

0 15cosa(cosa f, A —f h+m,)
®  (-184*+181-154cos” e +15hcosa —2) f,, +120cos a(34% —31 +1)

(1)

In addition, the description of the NIS-CSP is shown in Fig. 7. The analytical model of a NIS-CSP is derived as
below. Similar to the derivation in Section 2.1, we use Sy; to replace S;, Rz to replace R;i (i=1 or 2). Sy denotes the
free ends of the sheets in a NIS-CSP. Sy denotes the coordinates of point Sy with respect to the global coordinate
system after only the rotation of the motion stage. Sni=[—Asin(«), —h, 0]7, and Sn,=[Asin(«), —h, 0]". Rani denotes the

cosg, —sing, 0
rotational matrix about the Z.-axis, R, =| Sind; €086, 0. §,=n/2—« and §,=—n/2+a. The closed-form load-

0 0 1

rotation relationship of the NIS-CSP is expressed as Eq. (12).

0 — 15cosa(-cosa f A — f h+m,)
® (184 -184+154c0s’ @ +15hcosar +2) f,, +120c0s a(34° —31 +1)

(12)
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Fig. 7. The description of a NIS-CSP.

3.2 Load-Dependent Effects

k.m denotes the normalized rotational stiffness due to the normalized moment m,s of an IS-CSP, which is expressed
as Eq. (13) by rearranging Eq. (11). The rotational stiffness due to the bending force fys can be discussed in a similar
way.

Ky = Anfs +8(32° ~32+1) (13)

where An= Amgeoth =—2(912-91+1)/(15c0sa)—Acosa+h. Amgeo denotes the value of An due to the geometric
parameters. h denotes the value of A, due to the loading positions.

An is an expression of the independent geometric parameters (beam load-dependent effects) and loading positions
(structure load-dependent effects). If Am = 0, Anfys = 0, fys has less effect on k.n when a compressive axial force (fys
<0) acts on the IS-CSP. Meanwhile if An>0, Anfys <0, kzm decreases with fys, and vice versa. To analyze the effect of
fys on Kzm, it is necessary to analyze the signs of A, when 4, a, and h take different values.

Am only relates to the geometric parameters, i.e. Am=Amgeo, When h is equal to 0. Angeo OF an IS-CSP and a NIS-
CSP are shown in Fig. 8, when 4 and o range from 0 to 1 and 0 to n/2, respectively. When the geometric parameters
of the IS-CSP are in the B region, Amgeo>0, the IS-CSP can be regarded as a non-inversed compliant sheet as kym
decreases with a compressive fys. When the geometric parameters of the 1S-CSP are in the C region, Amgeo<0, the IS-
CSP can be regarded as an inversed compliant sheet. We can draw similar conclusions for a NIS-CSP operating in the

D and E regions. In this way, if the geometric parameters are specifically given, Amgeo can be determined from Fig. 8.

/2 T2 =
B region (4,pge,> 0) D region (4 ,4e, < 0)

n/3 /3
S 3

/6 C region (4,5, < 0) /6 E region (4,4, > 0)

0 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

(@) A (b) A

Fig. 8. The effects of 1 and & on Amgeo Of (8) an IS-CSP, and (b) a NIS-CSP.
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On the other hand, the sign of Ay, depends on the dominant position of Amgeo and h as An=Amgeo+h. When 4 and «
are specifically given in the C region, Amgeo is determined and less than 0, and k. increases with a compressive fys for
the beam load-dependent effects (Amgeofys>0). Under this condition, we analyze the structure load-dependent effects in
C region. y; (j=1, 2,..., or 7) denotes loading positions along the Y-axis as shown in Tab. 1 and Fig. 9(a). When the
loading positions move from y; to ye, h > 0, and k,m decreases with a compressive f,s for the structure load-dependent
effects (hfys<0). If h > —Amgeo, i.€., Am=Amgeoth>0, the structure load-dependent effects dominate kym. If h < —Amgeo,
i.e., An=Amgeoth <0, the beam load-dependent effects dominate kym. If h = —Amgeo, i.€., Am= 0, the equilibrium between
structure and beam load-dependent effects is balanced, so when A and « are specified, the load-dependent effects can
be reduced significantly by regulating the loading positions. When the loading positions move from ys to y7, h <0,
and A is always less than 0. k,m increases with a compressive fys for both the beam and structure load-dependent
effects. The equilibrium of beam and structure load-dependent effects in other regions can be analyzed similarly.

Moreover, if the loading position fixes at ys, the region where An<0 for an IS-CSP is increased. When the
compressive axial forces (fys<0) act on the IS-CSP, the region where Anfys>0 is increased, which means that the
possibility of increasing k.m rises. When the 1S-CSP and NIS-CSP share the same 4, ¢, and h, the absolute values of

Anm are equal and the signs of Ay, are opposite.

The effects of y; (j=1, 2,..., or 7) on A, of an IS-CSP are shown in Fig. 9(b) and Fig. 10. /1=1/21\/§/6 are two
roots of 912-94+1=0 (Eq. (13)). In Fig. 9(b), when the loading positions range from y; to y-, the curves representing
An=0 are enclosed gradually following the arrows’ direction. The possibility of the geometric parameters is on the
curve representing An=0 can be increased. When the axial forces act on the rotational center (ys) and A is 1/2 —+/5 /6

or 1/2+/5 /6, Anis equal to 0 without depending on the value of . In Fig. 10, when the loading positions range from
y1 to y7, the region where An<0 is increased. If h at y; is large enough, An, is always greater than 0, which means that
k.m decreases with a compressive fys. Similarly, if the absolute value of h at y7 is large enough, An is always smaller
than 0, which means k.m increases with fys. When h is specified, the load-dependent effects can be reduced significantly

by taking any geometric parameters on the curve representing Am=0.

Table 1. The examples of loading locations y; (j=1,2...or, 7). (A1=20(mm)/L, A,=10(mm)/L).
Vi 1 2 3 4 5 6 7

h Vo+A1  cosa  0.5(y2+ys) Acosa  0.5(ys+ys) 0| —(yetAy)
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0

S — Y3
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. % ]
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S — Y6
— Y
Y4 w6 [ . N
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Yoo 0 s

0 /02 04 06 08 |1

S

H ﬂ, i
(a) Y7 @ X ®) A=1/2-V5/6 A=1/2+/5/6
S

Fig. 9. The effects of the loading positions on Ay of an IS-CSP: (a) the loading positions, and (b) the curves
representing An=0.

7[/ 2 Py /2 T /2
n/3 /3 /3
3 3 3
/6 /6 /6
0 O

(@ (b) (©

2

n/2 nl2

n/3 n/3 /3

3 3

3

n/6 /6 /6

0 0
(d) (® (f)
n/2
/3
]
e I The colour of A< 0
o 8 The colour of A,> 0

(9) -0—- A=0
Fig. 10. The effects of the loading positions on A, of an IS-CSP: (a) y1, (b) Y2, (€) ys, (d) ya, (€) Y5, (f) s, and (g) y7.
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To verify k. varying with the sign of A, when fys<0, we take four cases of 1IS-CSPs to compare K. between the
analytical and the FEA models, where K.n denotes the rotational stiffness due to the moment M. Table 2 lists the
independent parameters of An (4, o, h), the signs of Am, and the predictions of the load-dependent effects. The
geometric parameters (4, «) of Cases 1 and 2 are the same while the loading positions (h) of Cases 1 and 2 are y, (the
rotational center) and vy, respectively. In Cases 3 and 4, the load-dependent effects of Case 2 can be reduced by
regulating the loading position or the geometric parameters, respectively. When L is constant at 30(mm), ;s ranges
from —0.1 (rad) to 0.1 (rad), K,m for the four cases are shown in Fig. 11. The load-dependent effects of the predictions,

analytical model, and FEA model are consistent. The maximum error of K, between the analytical and FEA models

is 1.2%.

Table 2. Parameters of 1S-CSPs (|, 1, or ¢ denote that k.n decreases, increases, or remains constant with fys,

respectively).

0.1

0.1

Cases A a h An Kzm
1 0.5 /6 ACoSa >0 l
2 0.5 /6 0 <0 )
3 05 7'[/6 _Amgeo O C
4 0.5 54.735m/180 0 0 c
0.26 r FEA model: 026
. Fe= O(N)
-‘E 025 s F=—05(N) %\ 025 Fx X x x x x x x x x X X
I= % Fy=—1(N) E e L o b 22 b 2ttt ]
2 0.24 A A A A A 'y A A A A A p 0.24 -
< XK= = bl = a6 =i - ¢ =% - Analytical model:
e | oo~ S il
X 023 | Fm 0N § I
. FyS: -0.5(N)
0.22 : : : T REN) 0.22 1 x : J
-0.1 -0.05 0 0.05 0.1 -0.1 -0.05 0 0.05
@) 0, (rad) (b) 0, (rad)
026 r 0.26 r
0.25 o)
. < 025
-C% E X x x X
= Ko ox o ow o ow o ox  x  x X x X x X X x x x x x x X
€ 024 e = 0.24 —— .t X xS
Z N—r
= 5
< 028 v 023
022 L L | | 022 1 1 1 J
-0.1 -0.05 0 0.05 0.1 -0.1 -0.05 0 0.05
© 0,. (rad) (d Oy (rad)
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3.3 The closed-form model of the center shift

We derive the closed-form center shift of an IS-CSP using the method that Zhao et al. [13] have introduced. dxc
is derived as Eq. (14) for any values of 1. When 1 is smaller than 0.5, the closed-form dy. can be directly derived from
Eq. (6) as shown in Eq. (15), because the accuracy of Eq. (6) is highly acceptable. When / is greater than 0.5, an
accurate dyc with a more complex form is shown in Eq. (16) (derivation details can be seen in [13]), as the accuracy
of Eq. (6) is compromised slightly. Besides, we do not discuss the center shift for the bending force fys, and assume fys
is equal to 0 in this section.

_ —(122-1)(927 -92+1)6,°

2
[12(-22+1)cosab, ]{1 (927 -9 +11)0,° + ' }
; : 6300 12

XC )
. 150cos & ) . 2sin? a w
{ 122-D) 1,0, } [ (94° -94+11)0,° + }
4 10 6300 12
2sin’a
1 ) 5 t?
1 | sa00 @4 ~94+100." + 15
o= ———— (=922 +92-1)0,* + .
—15cos« 2C08° (15)
4
—6'2—5‘(2592/14 —30244° +13384% — 2414 + 2)
3000cos o
1 ) 5
= —————(-922+92-1)0,
¥ _15cosa
1 t? || 11-124( 1 1 1( 1 0.’
f 9/12—9,1+1192+}{ ( _ j92+( L O ﬂ
" {6300( ) 12 20 \cos’a sin*a)® 2\cos’a sina (16)
2c0s? o
4 4 3 2 2 _
0, {(2592,1 30242° +13384% —2414+2)  cot’ a(1-24) 0797 +11)}
cosa 3000 1050
where, t=T/L.

We use an example to evaluate the center shift between the closed-form and FEA models of an IS-CSP. L, U, T,
aand A are constant at 30 (mm), 5 (mm), 0.5 (mm), n/6, and 0.5 respectively. A series of prescribed rotations, ranging
from —0.1 (rad) to 0.1 (rad) and Fys=0 (N), act on the rotational center of the 1IS-CSP. In Fig. 12, the maximum errors
of Dy and Dy between closed-form and FEA models are 1.77% and 1.85%, respectively.

x10-6 %105
3 0
——Closed-form model
1.5 A FEA model

E

K
(@] 15 —— Closed-form model

A FEA model
_3 L L L J _45 | | Il |
-0.1 -0.05 0 0.05 0.1 -0.1 -0.05 0 0.05 0.1

(@ 0, (rad) (b) 0, (rad)

Fig. 12. The center shift of the closed-form and FEA models: (a) Dxc, and (b) Dyc
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351 Comparing the coefficients of 942-94+1 and fys in Egs. (14) through (16), 91-9.1+1 is a dominant item for both
352 dyc and dyc. We use the same geometric parameters of Fig. 12 except 1. When 91—91+1=0, Dy and Dy, decrease
353  significantly, and the axial force has less effect on Dy but a more significant effect on Dy, as illustrated in Figs. 13(a)
354  and (b). Zhao et al. reached the same conclusions in their research [13].
355 When 942-94+1#0, the axial force does not influence both Dy and D significantly, and it is worth minimizing
356 D, because Dy is approximately ten times larger than Dy.. For example, when 2 is 0.4 or 0.7, the results of the center
357  shift are shown in Figs. 13(c) through (f). We compare the center shifts between an 1S-CSP and a NIS-CSP. The
358  geometric parameters of Fig. 12 are used for both an IS-CSP and a NIS-CSP. A series of prescribed rotations, ranging
359 from —0.1 (rad) to 0.1 (rad) and an axial force of —1 (N), act on their rotational centers. Their center shifts are compared
360  asshown in Fig. 14. Note that Figs. 14(a) and (b) share the same legend. When an IS-CSP and a NIS-CSP are under
361  asame rotational angle, the absolute values of their center shifts are close, and directions are opposite.
x107° %106
\\,_. e @ T S —
-05 + A-\\\'"‘Qtjtj - 02 T e |
g -1 F o~ N | E 0
15 f RN Soa b _
Fy= 0 (N) Sy T T T T e S—
2 b Fs= 2.1(N) 0.4 Fs= 0(N) -
== Fu=-21(N) T P gi (H) N
25 | | | | ] -0.6 \FVS_7 . \( ) I I ]
0 0.02 004 006 008 01 0 002 004 006 008 0.1
362 @ 0, (rad) (®) 0,5 (rad)
%106 ><£l0’5
[ Fe= 0(N)
16 Fys= 2.1(N) o —
—- Fe=-21(N) 7 s S
- | /,/. — =R _‘k‘. .
008 - i e D
P 2 Fr= 0(N) Ny
04 r B Fie= 2.1(N) ™
e — - Fe=—2.1(N) %
O T~ I I I ) _3 I I I I )
0 002 004 006 008 0.1 0 002 004 006 008 0.1
363 (C) ezs (rad) (d) st (rad)
x107¢ x1073
Fys= 0 (N)
------ Fre= 2.1(N) o
06+ FeTAd () S 05t it .
E S E T
g Kl S X
o e a .| M
0.2 r / 15 Frz 0(N) Sy .
- P B Fys= 2.1(N) Xy
s e — = F=-21(N)
-0.2 L= — T I | 25 I I I I I
0 0.02 0.04 0.06 0.08 0.1 0 0.02 0.04  0.06 0.08 0.1
364 (e) 025 (rad) ® st (rad)
365 Fig. 13. The effects of Fys on Dy and Dy of the closed-form models: (a) Dyc when A is 1/2+/5 /6, (b) Dyc when 4 is
366 1/2+/5 /6, (c) Dxc When A is 0.4, (d) Dyc when 1 is 0.4, (e) Dxc when 4is 0.7, and (f) Dyc when 4 is 0.7.
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-6 %105
x10 4 -
m FEA model of the IS-
~1r csp 2t
S A FEA model of the e
=0 F NIS-CSP ~ 0 -
Dx — Closed-form model of Q>‘
the IS-CSP
17 —— Closed-form model of 2
the NIS-CSP
-2 L L L ) -4 I I I ]
01 005 0 005 01 01 005 0 005 01
(@) 0, (rad) (b) 0, (rad)

Fig. 14. The center-shift comparison between an IS-CSP and a NIS-CSP: (a) Dy, and (b) Dyc.

4 Design of The Compound S-CSP

In this section, we present two novel compound S-CSPs, including a parallel design and a serial design, and each
design consists of an IS-CSP and a NIS-CSP, whose geometric parameters are the same correspondingly. They are
regarded as two basic units, and each design can be modeled as the two basic units connected in a parallel (or serial)
arrangement. The analytical models of an IS-CSP and a NIS-CSP are used in Sections 2.1 and 3.1, respectively. Og-
XaYaZs and Os-Xs2Ys2Zso denote the local coordinate systems of the 1S-CSP and NIS-CSP, respectively. Op-
Xoi1YoiZor and Opy-XpnYonZon denote the global coordinate systems of design | and 11, respectively. Their origins
locate at the rotation center, so the displacements with regard to the global coordinate system are the center shift of
each design.

We evaluate the characteristics by the analytical and FEA models, and fix L, U, T, «and A for each design, which

are 30 (mm), 5 (mm), 0.5 (mm), =/6, and 0.5, respectively.

4.1 A Parallel Design: Design |
Inspired by [35, 36] and Sections 3.2, the description of design | is shown in Fig. 15(a). The rotational stiffness

of design I can be insensitive to axial forces when an applied moment is constant. The additional benefit of this design

lies in the minimized center shift. The analytical model of design | is derived as follows. The compatibility conditions

and load-equilibrium equations are illustrated in Eqgs. (17) and (18). dxpi, dyoi, and &;p, are solved with given fxp), fyol,

and m;py.

dp =d

1 =0 1dyp =dy, =d

yDI ys Hle = gzsl = 0252 7)

XS. ys2 !

fxDI = fxsl + fxsz ; fyDI = fysl + fysz ; szI = mzsl + mzsz (18)

where, fxo1, fyor, Mzoi, fxst, fyst, Masy, frs2, fyso, @nd mes2 denote the normalized loads of the design I, IS-CSP, and NIS-
CSP, respectively, as shown in Figs. 15(b) and (c). dxpi, dyoi, @21, xs1, Ayst, Ozs1, Uxs2, dyso and -2 denote the normalized

displacements and rotation angles correspondingly.

JMR-21-1275. Hao 17

1202 1990100 GO UO Jasn 3100 969100 Aisieaun AQ Jpd-G/ZL-LZ-1WlIG9Z1929/7LGZS0b LIS L L L 0L/10p/jpd-0]o1LiE/SOl0qoISWSIUBY8L/BI0"aUSE U0N08||0|eNBIpawSE// ANy WOy papeojumod



393

394
395

396
397
398
399
400
401
402
403
404
405
406
407
408
409
410
411
412
413
414
415

Journal o Mechanisms and Robotics

Fig. 15. Descriptions of the design I: (a) a 3D model, (b) the global coordinate system (‘CS’ denotes a compressive

sheet, ‘TS’ denotes a tensile sheet), and (c) the local coordinate systems.

Similar to the discussion in Section 3.2, the load-dependent effects of design | depend on An of design | (denoted
by Ampi in this section). Ampi approximates the result of adding each CSP’s A when the two CSPs are arranged in
parallel to form design I, i.e., Ampi ® ‘Amgeoth Of IS-CSP” + ‘Amgeoth of NIS-CSP’. Because the center shifts of two
individual CSPs move in the opposite direction, and the actual normalized rotational stiffness of design | (denoted by
kzmor) is larger than the simple stiffness addition of two individual CSPs (i.e., load-stiffening effect). ‘Amgeot+h of IS-
CSP’ refers to Eq. (13), and ‘Amgeocth Of NIS-CSP’ can be derived from EQ. (12). Amgeo Of IS-CSP is always
counteracted by that of the NIS-CSP when they have the same geometric parameters. Therefore, the load-dependent
effects of design | due to geometric parameters almost disappear. However, h of the two CSPs are not always
counteracted with each other. The load-dependent effects of design | due to loading positions are analyzed as follows.

The rotations of design | obtained from the analytical and FEA models under different loading positions and axial
forces are shown in Fig. 16. L.y denotes a directional distance between the rotational center and the loading position,
where Ly > 0 and Ly < 0 mean that the loading positions are above and below the rotational center, respectively. Ly
ranges from 30 (mm) to —30 (mm) with a =10 (mm) step. Fyoi ranges from —4 (N) to 4 (N) with a 0.5 (N) step acting
on the loading positions, and M;p, is kept unchanged at 0.04 (N-m). The maximum error between analytical and FEA
models is 2.5%.

When |L¢y| <20 (mm), the maximum error of ,p, between |Fypi| = 4 (N) and Fypi=0 is 5.0%. However, when |L¢y|
= 30 (mm), the maximum error of 6,p between |Fypi|=4 (N) and Fypi=0 is 7.7%. With the same M,p,, axial forces

influence 6,p, slightly within a specified |Lcy| but they affect 6,0 significantly if |Lcy| is large enough.
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005 FEA model:
A L,=0mm
X Lg,=10mm

0.045 [ L= 20 mm
A L= 30 mm

% Analytical model:

— Lg,=0mm

—L,=10mm
Le,=20 mm
Ly=30mm

o1 (rad)
».
»
»:
<
X

‘ | 3
‘ b 4
‘ | 3
>
>
>

< 0.04 -

0.035 I I I I I I I |

(@ Fyoi (N)

0.05 FEA model:
AL~ 0mm
X Lg=—10mm

0.045 | L~—20mm

n x -
P a byt 4 /-iA/A__L,——A L,~—30mm

Analytical model:
— L,= 0mm
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0, (rad)

0.04
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4 3 -2 -1 0 1 2 3 4
(b) Fypr (N)

Fig. 16. The effects of loading positions and axial forces on 8,p; with M;p; = 0.04 (N-m): (2) above the rotational center

(Ley >0), and (b) below the rotational center (Lcy <0).

We use Anpi to explain how 6;p, varies with Fyp in Fig. 16. When |L¢y|=0 or 20 (mm), Ampi, and the predictions
of kzmpi and o), corresponding to different Fyp,, are illustrated in Tab. 3. When the loading position is the rotational
center (i.e., Ley=0), Am of IS-CSP is counteracted by that of NIS-CSP, leading to Ampi=0. Therefore, kzmpi and 6;p;
remain constant with different Fyp.. When L¢,=20 (mm), Ampi>0, SO kzmpi decreases and .o increases under a

compressive Fypi. When L¢,=—20 (mm), kzmpi and 6,p1 can be similarly analyzed.

Table 3. Load-dependent results of design | when |L¢,|=20 (mm) or 0 (mm). ({, 1, or ¢ denote that k,mpi decreases,

increases, or remains constant with fypi, respectively. ‘+* denotes ‘fyp) >0’, and ‘— denotes ‘fyp; <0’.).

Lcy CSP Amgeo h Of eaCh CSP Am Of eaCh CSP Ale fyDl kszl sz
0 IS -0.24 Ac0s(a)=0.43 0.19 0 - c c
NIS 0.24 —Ac0s(a)=—0.43 -0.19 + c c
IS -0.24 Jcos(a)+Ley/L=1.10 0.86 - l 0
20 1.33>0
NIS 0.24 —Ac0S(a)+L¢y/L=0.23 0.47 + 1 !
IS -0.24 Acos(a)+Le,/L=—0.23 -0.47 -
-20 (@ytLey ~1.33<0 ! \
NIS 0.24 —Acos(a)+L¢y/L=-1.10 -0.86 + ! 1
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4.2 A Serial Design: Design 11
Inspired by Section 3.3, design Il has a small center shift as shown in Fig. 17(a), and the compatibility conditions
and the load-equilibrium equations of the analytical model are illustrated in Egs. (19) and (20), respectively. dxpn,

dyon, and &;p11 are solved with given fyou, fyon, and mzp.

Oyon =y +0,; COSO,, — dySl sinG,,
dyoy =0y, +0,SiNO,, +d,, COSO,, (19)
Oon = O + 0,
foon = Fra €0SO,, — iy siné,,
fon = faSind,, + f cosd,,
fxsz = fxsl cos 9252 — fysl sin 0252 (20)

xsl 752

fo = fiaSINO, + fiy COSO
Mooy = My =My,
where, fxou, fyon, and m;p; denote the normalized loads of the design Il as shown in Figs. 17(b) and (c). dxou, dyon, and

6,01 denote the normalized displacements and rotation angles correspondingly.

Fig. 17. Descriptions of design Il: (a) a 3D model, (b) the global coordinate system, and (c) the local coordinate

systems.
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When Fyon =0, Fypu =—0.5(N), Mo ranges from 0.001 to 0.015 (N-m), the results between analytical and FEA
models are shown in Figs. 18(a) through (c). We use Dyon, Dyon to denote the displacements of design Il and
Dxou=dxpiL, Dypn=dypnL. The maximum errors of Dypu, Dyon, and .o are 5.7%, 4.7%, and 1.67%, respectively, as
shown in Fig. 18(d). The center shift along the Xpy-axis and Ypy-axis of the design Il are reduced by 10 and 100
times, respectively, compared with those of an S-CSP (Fig. 14).

x10°7 x107
S — Analytical model 0r
7 L & FEA model A
2 L
Es| E
5 570
= 3 g
o o -6 + —Analytical model
1r s+ FEA model
-1 1 | | _8 1 1 |
0 0.005 0.01 0.015 0 0.005 0.01 0.015
(@) Mo (N-m) (b) Mgon (N-m)
0.16 -
— Analytical model 6% =— D,pi
= 012 4 FEA model DyDII
© _ 4% r Ouon
S 008 | S
N L
< 004 | & T /
. -
0 ! ! j 0% | . J
0 0.005 0.01 0.015 0 0.005 0.01 0.015
© Moy (N-m) (d) Moy (N-m)

Fig. 18. The results of analytical and FEA models of the design Il with Fyp;i=—0.5 (N): (a) Dxon, (b) Dyou, () 6zou,

and (d) errors of the results between the analytical and FEA models.

Figure 19 illustrates the performance differences between designs | and I1. When only the rotational angle is fixed
at 0.04 (rad) acting on the motion stage, the center shifts of the FEA models of design | and Il are as follows:
Dypi=3.58x1071%(m), Dypi=—1.24x1071%(m), Dxpi=2.28x107¥(m), and Dypy=4.56x1071%(m). The magnitudes of the
center shift of design I are much smaller than those of design II. However, when the moment is fixed, design II’
rotational range is much larger than that of the design I. Design Il is an ideal candidate for the application requiring
the rotational ranges with a minimized center shift. On the other hand, the rotational stiffness of design I with any 4
can be insensitive to axial loads, when M;p, is fixed. If the axial forces act on the rotational center (Lcy=0), the loading
positions and axial forces do not influence 8,p,. If the axial forces do not act on the rotational center, axial forces can

influence 6,p slightly within specified loading positions.
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Fig. 19. Center-shift and rotational-range comparisons between designs | and I1.

5 Conclusions

The closed-form model of an IG-CSP based on BCM is derived, along with the closed-form load-rotation
relationship of the 1S-CSP. We take the axial force (fys), geometric parameters, and the loading positions into
consideration of the load-rotation relationship of the S-CSP for analyzing the load-dependent effects.

The load-dependent effects include the beam load-dependent effects and the structure load-dependent effects. The
rotational stiffness can increase, decrease, or remain constant with the axial forces (fys) depending on the equilibrium
of the beam load-dependent effects and the structure load-dependent effects. The coefficient of fs of the S-CSP load-
rotation relationship is Am, which is an expression of geometric parameters (4, ) and the loading positions (h). The
load-dependent effects can be designed by regulating the positive or negative sign of Anfys. In other words, the
equilibrium between the structure and beam load-dependent effects can be controlled by regulating 4, « and h. If an
IS-CSP and a NIS-CSP are subjected to the same geometric parameters, axial loads, and loading positions, the absolute
values of A are equal and the signs of A are opposite.

The closed-form center shift of the 1IS-CSP is derived and verified by analytical and FEA models. 94>94+1 is a
dominant term of the closed-form center shift solution. When 94?-91+1 is not equal to 0, the axial forces have less
effect on the center shift. When an I1S-CSP and a NIS-CSP have the same geometric parameter (required 94>—9.1+1+#0)
and are subjected to the same loading conditions, their absolute values of the center shift are close and their directions
are opposite correspondingly.

Based on the above nonlinear analysis, two compound S-CSPs are proposed. When the applied moment is
constant, the loading positions and axial forces can slightly influence the rotational stiffness of design I. Compared
with an S-CSP, design |1 enlarges the rotations and minimizes the center shift along the Xpy-axis and Ypy-axis by 10
and 100 times, respectively. In the future, the load-dependent effects and the effects of the axial forces on the center
shift of the 1G-CSP will be discussed.
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A\ through A4e

The expressions of the independent geometric parameters and the loading position.

An expression for analyzing the loading depending effects of an IS-CSP. It consists independent

Am geometric parameters (beam load-dependent effects) and loading positions (structure load-
dependent effects).
Ampr A of design 1.
Amgeo The value of A, due to the geometric parameters.
D, The translational matrix for the analytical analysis of IG-CSP (i=1 or 2).
dxe, dyc Normalized center shift of the IG-CSP (or S-CSP)
Dy, Dyc Center shift of the IG-CSP (or S-CSP)
dyi, dy; Normalized displacements of the sheet i’s free end along x; and y; axes, respectively (i=1or 2).
e dy Normalized displacements of the IG-CSP’s motion stage (at point Os) along the X and Y axes,
respectively.
deo d Normalized displacements of the IS-CSP’s rotational center (i=1) or NIS-CSP’s rotational
center (i=2).
dypr, dypi

dXDHa d, DIL
y

Normalized displacements of design I and II at point Op, respectively.

Dyp1, Dypr . . . .
Displacements of design I and II at point Op, respectively.
Dyon, Dypn
E Young’s modulus.
Normalized forces of sheet i acting at the sheet’s free end along x; and y; axes, respectively
Jis Jyi .
(i=lor 2).
Fyi, Fyi Actual forces of sheet i acting at the sheet’s free end along x; and y;axes, respectively (i=1or 2).
ik Normalized forces of the IG-CSP acting at the motion-stage center (at point Os) along the X
i and Y axes, respectively.
Jsis fysi Normalized forces of the IS-CSP (i=1) or NIS-CSP (i=2) acting at the rotational center.
Jxoi, fypr . . . . . .
Normalized forces of design I and II acting at their rotational centers, respectively.
Jxo, fyp,
For, Fypr . . . . .
Actual forces of design I and II acting at their rotational centers, respectively.
Fyon, Fypr,
h A parameter depends on the loading position.
K, K’ The constant torsional spring and compliant torsional spring, respectively.
Kt The effective stiffness of an inversed compliant mechanism.
Ko The normalized rotational stiffness due to the normalized moment s of an IS-CSP.
Kim The rotational stiffness due to the moment M, of an IS-CSP.
kezmpr The actual normalized rotational stiffness due to the normalized moment m.pr of the design 1.
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Kompi The actual rotational stiffness due to the moment M p; of the design 1.
AK The rotational stiffness error correction term due to the beam load-dependent effect.
L The sheet length of IS-CSP or NIS-CSP.
La, Lp The lengths relate to loading positions of an inversed compliant mechanism.
Ly A directional distance between the rotational center and the loading position.
L, The length of the rigid rod or compliant flexure.
L; The length of sheet 7 along the x;-axis (i =1 or 2).
My A normalized moment of sheet i acting at the sheet’s free end (i=1 or 2).
M An actual moment of sheet 7 acting at the sheet’s free end (=1 or 2).
My The normalized moment of the IG-CSP acting at the motion-stage center (point O).
7 A actual moment of the IG-CSP acting at the motion-stage center (point Os).
Mysi The normalized moment of the IS-CSP (i=1) or NIS-CSP (i=2) acting at the rotational center.
Mpi1, Mzpil Normalized moments of design | and Il acting at their rotational centers, respectively.
Mzpi, Mo Actual moments of design | and Il acting at their rotational centers, respectively.
The local coordinate system of the sheet i with the origin locating at the free end of the sheet i
oz (i=Lor2).
Os-XsYZs The mobile coordinate system of the IG-CSP with the origin locating at the motion-stage center.
OuXaY o The local mobile coordinate system of the IS-CSP (i=1) or NIS-CSP (i=2) with the origin
locating at their rotational centers, in design | or design II.
Obi-XoiYpiZpr  The global mobile coordinate system of design I.
Ooi- . . .
The global mobile coordinate system of design II.
XonYouZpu
P An axial force.
R A rotational matrix about the Zs-axis in compatibility conditions of an 1G-CSP (j=1, 2, 3 or 4).
Rani A rotational matrix about the Zs-axis in compatibility conditions of a NIS-CSP (j=1, 2, 3 or 4).
Rys A rotational matrix about the Zs-axis in load-equilibrium conditions of an 1G-CSP.
ry,ra ri=1, r;=L./Ls.
Si The free end of the sheet i of an IG-CSP (i =1 or 2).
Shi The free end of the sheet i of a NIS-CSP (i =1 or 2).
Si The coordinate of point S; with regard to the global coordinate system of an IG-CSP (i=1 or 2).
. The coordinates of point Sy; relative to with regard to the global coordinate system of a NIS-
CSP (=1 or 2).
. The coordinates of point S; relative to the global coordinate system after only the rotation of the

motion stage (=1 or 2).

The sheet thickness of an IS-CSP or a NIS-CSP.

The sheet i’s thickness of an IG-CSP along the y;-axes (i =1 or 2).
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U The sheet width of an IS-CSP or a NIS-CSP.

U; The sheet i’s width of an IG-CSP along the z;-axes (i =1 or 2).
Vi Examples of loading locations on the IS-CSP (j=1,2...or, 7).

a; The tilt angle of sheet i of an IG-CSP (i=1 or 2).

a The tilt angles of sheets of an IS-CSP or NIS-CSP.

0, The normalized rotation of sheet i (i=1 or 2).

Oys The normalized rotation of the IG-CSP’s motion stage.
Oysi The normalized rotation of the IS-CSP (i=1) or NIS-CSP (i=2).

0,1, 6,011, Normalized rotations of design I and II, respectively.

i

The sheet-length parameter of sheet i of an IG-CSP (i=1 or 2).

The sheet-length parameter of an IS-CSP or NIS-CSP.
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List of Tables

Table 1 The examples of loading locations y; (j=1,2...or, 7). (A1=20(mm)/L, A,=10(mm)/L).

Parameters of IS-CSPs (|, 1, or ¢ denote that k,m decreases, increases, or remains constant

Table 2 ] ]

with fys, respectively).

Load-dependent results of design I when |Lcy|=20 (mm) or 0 (mm). ({, 1, or c denote that
Table 3 k.mp1 decreases, increases, or remains constant with fypi, respectively. ‘+’ denotes ‘fyp1 >0’,

and ‘—’ denotes ‘fyp; <0’.).
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