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Abstract 33 

This paper presents a nonlinear model of an inversion-based generalized cross-spring pivot (IG-CSP) using the 34 

beam constraint model (BCM), which can be employed for the geometric error analysis and the characteristic analysis 35 

of an inversion-based symmetric cross-spring pivot (IS-CSP). The load-dependent effects are classified in two ways, 36 

including the structure load-dependent effects and beam load-dependent effects, where the loading positions, 37 

geometric parameters of elastic flexures, and axial forces are the main contributing factors. The closed-form load-38 

rotation relationships of an IS-CSP and a non-inversion-based symmetric cross-spring pivot (NIS-CSP) are derived 39 

with consideration of the three contributing factors for analyzing the load-dependent effects. The load-dependent 40 

effects of IS-CSP and NIS-CSP are compared when the loading position is fixed. The rotational stiffness of the IS-41 

CSP or NIS-CSP can be designed to increase, decrease, or remain constant with axial forces, by regulating the balance 42 

between the loading positions and the geometric parameters. The closed-form solution of the center shift of an IS-CSP 43 

is derived. The effects of axial forces on the IS-CSP center shift are analyzed and compared with those of a NIS-CSP. 44 

Finally, based on the nonlinear analysis results of IS-CSP and NIS-CSP, two new compound symmetric cross-spring 45 

pivots are presented and analyzed via analytical and FEA models. 46 

Keywords: Compliant cross-spring pivot; load-dependent effects; loading positions; center shift; nonlinear analysis 47 

 48 

1.   Introduction 49 

A compliant generalized cross-spring pivot (G-CSP) consists of two flexure sheets, including the symmetric 50 

cross-spring pivot (S-CSP) [1–8] and the asymmetric cross-spring pivot (A-CSP). It can provide rotational motions 51 

with its rotational center at the intersection of the two flexure sheets. We classify the G-CSP as shown in Fig. 1. 52 

The S-CSP has been widely studied as shown in [9–12], including the non-inversion-based (traditional) symmetric 53 

cross-spring pivot (NIS-CSP) and the inversion-based cross-spring pivot (IS-CSP). The beam constraint model (BCM) 54 

[13–18], pseudo-rigid-body model (PRBM) [6, 19–22], numerical approaches [23], and finite element analysis (FEA) 55 

are commonly used for modeling nonlinearities of such compliant mechanisms. The BCM is accurate enough when 56 

the deflection of an elastic flexure is in an intermediate range. A number of closed-form models of compliant 57 

mechanisms based on the BCM have been derived for quickly analyzing parameters and for providing design insights, 58 

such as the work by Hao et al. [24] and Zhao et al. [13]. In this paper, our analysis is based on the BCM and FEA 59 

verification. We derive the nonlinear analytical model of an inversion-based generalized cross-spring pivot (IG-CSP). 60 

This model can be used for the geometrical error analysis of the IS-CSP due to machining imperfections, and the 61 

nonlinear analytical model of an IS-CSP can be derived quickly. This is the first motivation of our paper. 62 

Axial loads can lead to strong nonlinearities of the compliant mechanisms, motivating Zhao et al., along with 63 

other researchers, to have further analyzed the load-dependent effects of the NIS-CSP. Also the effects of the 64 

geometric parameters and bearing-direction loads on the rotational stiffness have been detailed in [25–29]. However, 65 

the loading position of bearing-direction loads is another important factor contributing to the load-dependent effects, 66 

and there are no reported papers investigating the loading-position effects on the rotational stiffness of the S-CSP, 67 

which is the second motivation of our paper.  68 
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 69 

Fig. 1. The categories of the generalized cross-spring pivot. 70 

 71 

In this paper, load-dependent effects [30] are divided into two categories, namely: 1) structure load-dependent; 72 

and 2) beam load-dependent effects. Here, the loading positions, geometric parameters of the sheets, and axial forces 73 

are three main contributing factors to such load-dependent effects, indicatively explained in Fig. 2.  74 

 75 

Fig. 2. Load-dependent effects: (a) a compressive load (P) acting on the rigid rod, (b) a compressive load (P) acting 76 

on an inversed compliant mechanism, (c) the inversed compliant mechanism rotating at a small angle with P on the 77 

top of the motion stage, (d) demonstrating the equivalent stiffness Keff of Fig. 2(c), (e) P acting at the bottom of the 78 

motion stage, and (f) demonstrating the equivalent stiffness Keff of Fig.2(e). 79 

 80 

The structure load-dependent effects can be explained as follows. In Fig. 2(a), a rigid rod connects with a constant 81 

torsional spring (stiffness denoted by K) on the ground, and a compressive axial force (denoted by P) acts on the free 82 

end of the rod. If the rod tilts, the effective rotational stiffness of the mechanism (denoted by Keff) can be expressed as 83 

Keff = K ̶ PLr under a small angle assumption. Keff decreases with the increase of P and Lr (the rod length). The beam 84 

load-dependent effects can be explained as follows. Let ∆K denote the rotational stiffness error correction term due to 85 

the beam load-dependent effects, whose absolute value depends on the geometric parameters of the flexure. When a 86 

tensile axial force acts on the free end of an elastic beam, the resulting rotational stiffness of the beam (i.e. K’=K+∆K) 87 

increases with the increase of the tensile axial force, i.e., ∆K>0; When a compressive axial force acts on the free end, 88 

K’ decrease with the increase of the compressive axial force, i.e. ∆K<0 [31].  89 

Keff of the inversed compliant mechanism is a collective result of the structure and beam load-dependent effects. 90 

La (or Lb) and K’ contribute to the structure and beam load-dependent effects, respectively. In Figs. 2(b) through (d), 91 

when P acts at the top of the motion stage of an inversed compliant mechanism, the effective rotational stiffness can 92 
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be expressed as Keff = K’  ̶PLa =(K+∆K)  ̶PLa under a small angle assumption. When ∆K > PLa, Keff increases with the 93 

axial loads; when ∆K =PLa, Keff keeps constant with the axial loads; when ∆K < PLa, Keff decreases with the axial load. 94 

When a compressive force acts on the top of the inversed compliant mechanism, Keff can increase, decrease, or be 95 

constant. Similarly, in Figs. 2(e) and (f), if P acts at the bottom of the motion stage, Keff = K’+PLb = (K+∆K) +PLb 96 

under a small angle assumption, which means Keff can only increase with a compressive axial force. The equilibrium 97 

between structure and beam load-dependent effects of the inversed compliant mechanism is important for the stiffness 98 

control, which is the third motivation of our work. 99 

Keff decreasing to quasi-zero [32] (i.e., first-order buckling in the rotation direction) should be avoided in a 100 

compliant mechanism. When a compressive axial/bearing-direction force acts on the NIS-CSP, the rotational stiffness 101 

can increase, decrease, or be constant, which relates to its geometric parameters and the axial forces [25], but the 102 

possibility of increasing rotational stiffness is relatively low. However, when a compressive axial force acts on the IS-103 

CSP, the possibility of increasing rotational stiffness rises, thus leading to a higher possibility of avoiding buckling, 104 

which is the fourth motivation of our paper. Therefore, by combining the NIS-CSP and IS-CSP in a parallel 105 

arrangement, we propose a novel compound S-CSP whose rotational stiffness being insensitive to the axial load (i.e. 106 

no first-order buckling), which is robust to second-order buckling in the bearing direction. 107 

Zhao et al. [13] derived the closed-form center shift model of a NIS-CSP and designed several novel compound 108 

NIS-CSPs to reduce the center shift. They analyzed the effects of geometric parameters on the center shift and obtained 109 

the parameters combination that can produce the smallest possible shift. The effects of the axial forces on the center 110 

shift of the NIS-CSP with these special parameters are detailed in [13]. Bi et al. [27] also analyzed axial load effects 111 

of a cartwheel flexure pivot. It is worth analyzing the effects of the axial forces on the S-CSP center shift with general 112 

parameters and comparatively evaluating center shifts of NIS-CSP and IS-CSP. This is the inspiration of another novel 113 

compound S-CSP with the NIS-CSP and IS-CSP arranged in series, whose center shift is minimized significantly. 114 

We briefly summarize these motivations as follows.  115 

(1) The nonlinear analytical or closed-form models of an IG-CSP based on BCM have not been reported. The 116 

nonlinear models are greatly needed for analyzing the geometrical errors and quickly deriving the analytical models 117 

of an IS-CSP. For instance, such relations may be used to optimize devices such as the knee rehabilitation oriented 118 

joint presented in [33]. 119 

(2) There is a lack of investigations concerning the rotational stiffness of S-CSPs with respect to different loading 120 

positions. 121 

(3) Problems concerning the equilibrium between structure and beam load-dependent effects, which controls the 122 

stiffness of an inversed compliant mechanism, shall be further analyzed. 123 

(4) The analysis of loading-dependent effects and center shift of the IS-CSP and the NIS-CSP inspires us to 124 

propose two new compound S-CSPs with improved performances.  125 

This paper is organized as below. Section 2 derives the nonlinear analytical model of the IG-CSP based on BCM, 126 

which can reduce to the closed-form model of the S-CSP. In Section 3, the load-rotation relationship of an IS-CSP is 127 

derived, and the effects of the loading positions, geometric parametric, and the axial forces on the rotational stiffness 128 

are analyzed. The equilibrium between structure and beam load-dependent effects of the IS-CSP are analyzed for 129 
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rotational stiffness regulation. The load-dependent effects of an IS-CSP and a NIS-CSP are compared. The closed-130 

form center shift of an IS-CSP is derived, and the effects of the axial forces on the center shift of the IS-CSP are 131 

analyzed, which are also compared with those of a NIS-CSP. Section 4 presents two new compound S-CSPs, and each 132 

design consists of an IS-CSP and a NIS-CSP: design I is a parallel mechanism whereas design II is a serial mechanism. 133 

The conclusions are drawn in Section 5.  134 

 135 

2.  The Nonlinear Analysis of an IG-CSP with Two Sheets 136 

In this section, the normalization-based analytical model of an IG-CSP is derived, followed by a closed-form 137 

load-rotation relationship of the IG-CSP under a small angle assumption. The IG-CSP can be modeled as two flexure 138 

sheets connected in a parallel arrangement. In line with [13], the analytical center-shift model of the IG-CSP is derived. 139 

The right-handed coordinate system and right-handed rule are used throughout this paper. 140 

 141 

2.1 Normalization-Based Analytical Model 142 

The normalized analytical model of an IG-CSP is derived as below. The two sheets in the IG-CSP are numbered 143 

as sheet 1 and sheet 2, respectively. The local coordinate systems of the two sheets are denoted as o1-x1y1z1 and o2-144 

x2y2z2 with their origins locating at their free ends. Li, Ti, and Ui denote the length, thickness, and width of sheet i (i = 145 

1 or 2) along the xi, yi, and zi-axes, respectively. U1=U2 and T1=T2 are required throughout this paper. External actual 146 

loads: Fxi, Fyi, and Mzi act at the origin, oi. Fxi and Fyi denote pure forces along the xi and yi axes, respectively; Mzi 147 

denotes the pure moment about the zi-axis. Sheet 1 with a local coordinate system o1-x1y1z1 is shown in Fig. 3.  148 

 149 

Fig. 3. The definitions of sheet 1: (a) the sheet geometry, and (b) the local coordinate system and loads acting at the 150 

free end. 151 

 152 

Throughout this paper, we use capital symbols to denote dimensional parameters and use lower-case symbols to 153 

denote nomalized (dimensionless) ones if not specified otherwise. All translational displacements and length 154 

parameters are divided by L1 (we assume that L1 is longer than L2 in the IG-CSP). Forces and moments are divided by 155 

EIz1/L1
2 and EIz1/L1, respectively [34], where Iz1 denotes the cross-section moment of inertia about the z1-axis and can 156 

be expressed as U1T1
3/12, and E is Young’s Modulus of the material. Therefore, for sheet i (i=1 or 2), we use fxi and 157 

fyi to denote normalized forces, mzi to denote normalized moments, dxi and dyi to denote normalized tip displacements; 158 

zi to denote a rotational angle. The analytical models of the two sheets are shown in Eqs. (1) and (2) based on the 159 

BCM in [31].  160 
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where, i=1 or 2, and r1=1; r2=L2/L1. 163 

 164 

The IG-CSP is described in Fig. 4(a). Os-XsYsZs denotes the mobile coordinate system of the IG-CSP, which 165 

locates at the motion stage with the Ys-axis passing through the rotation center in the non-deformed configuration. 166 

The origin Os also denotes the loading position. The directions of the three axes of the Os-XsYsZs coordinate system 167 

remain constant over the motion of the IG-CSP (see Figs .4(a) and (b)). The axes of each local mobile coordinate 168 

system (oi-xiyizi) are defined as similar as the as Os-XsYsZs coordinate system. 169 

The independent normalized parameters to define the IG-CSP include r2, α1, α2, 1, and h. The first four ones are 170 

independent geometric parameters, and the last one h relates to the loading position with a positive or negative sign. 171 

The sign of h can be decided as shown in Fig. 4(b). When the loading position is above the free ends of the two sheets, 172 

h is positive; otherwise, h is negative. The absolute value of h is equal to H/L1, where H denotes the dimensional 173 

vertical distance between the free end of the sheet and the loading position. 2 can be derived from the equation 174 

1cos(1) = 2r2cos(2). We use fxs, fys, and mzs to denote the normalized loads of the IG-CSP acting at the origin, Os, 175 

and use dxs, dys, and θzs to denote the normalized displacements and rotational angle of the IG-CSP’s motion stage  at 176 

point Os) shown in Fig. 4(c).  177 

 178 

Fig. 4. The description of the IG-CSP: (a) normalized geometric parameters and loads, (b) the sign of h being positive 179 

when the loading position is above the free ends of the two sheets, and (c) the normalized displacements. 180 
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The compatibility conditions can be described as Eqs. (3) and (4) (derivation details can be seen in [24]).  181 

 
T T

x1 y1 z1 z1 z3 1 1 xs ys zs, , ( ) , ,R R S Sd d d d = − +        (3) 182 

 
T T

x2 y2 z2 z2 z4 2 2 xs ys zs, , ( ) , ,R R S Sd d d d = − +        (4) 183 

where, S1 and S2 denote the coordinates of points S1, S2 (Fig. 4) with regard to the global coordinate system, and are 184 

represented as follows. S1=[1sin(1 , −h, 0]T, S2=[−2r2sin(2), −h, 0]T. Rzj (j=1, 2, 3, or 4) is a rotational matrix 185 

about the Zs-axis, which is designated as z1

cos sin 0

sin cos 0

0 0 1

R

j j

j j

 

 
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 

=
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  

. 1=/2−1, 2=/2+2, 3=θz1, and 4=θz2. 186 

The load-equilibrium conditions of the motion stage in the deformed configuration can be expressed Eq. (5) (See 187 

details in [24]).  188 

 
T T TT T T T
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where, Dpi (i= 1 or 2) denotes a translational matrix, 

*
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p
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. Si
* (i=1 or 2) denotes the coordinates 190 

of point Si relative to the global coordinate system after only the rotation of the motion stage, and Si
*=RzsSi. Rzs is a 191 

rotational matrix about the Zs-axis,

zs zs

zs zs zs

cos( ) sin( ) 0

sin( ) cos( ) 0

0 0 1

R

 

 

− 
 

=
 
  

. 192 

Given the independent parameters and three loading inputs (fxs, fys, and mzs), the outputs of the motion stage (dxs, 193 

dys and θzs) are solved by using Eqs. (1) through (5). These solutions refer to analytical models in this paper. 194 

To derive the closed-form rotations (Eq. (7)) of the IG-CSP, we use Eq. (6) to simplify the results of dy1 and dy2 195 

[13, 27], and use small-angle approximations to derive the closed-form rotational angle of the IG-CSP (Eq. (7)). The 196 

small-angle approximations are based on sin(θzs ≈θzs and cos(θzs ≈  while other higher orders associated with θzs are 197 

neglected. 198 

 
y1 1 zsd = and 

y2 2 2 zsd r  =  (6) 199 

 

2 3

2 2 1 xs 2 zs

zs

3 xs 4 ys 5 zs 6

cos ( )r A f A m

A f A f A m A




+
=

+ + +
 (7) 200 

where A1 through A6 are the expressions of the independent geometric parameters and the loading position, as 201 

elaborated in Eq. (8). 202 

 2

2 1 1 2 1 1 1 2 1 1 21 cos sin cos sin + λ cosα sin cos +λ os= c sinA h h       − −
 (8a) 203 

 2 2 1 1 2= cos sin cos sinA    +  (8b) 204 Acc
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 (8c) 205 
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12 12 22 12
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5
A r r r r              = − + −  (8e) 207 
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 (8f) 208 

 209 

An FEA model of an IG-CSP is built in COMSOL 5.0. We assume the sheets are elastic and the motion stage is 210 

rigid. The maximum meshing size of the sheets is 0.814 (mm). The material of each elastic sheet is Aluminum: 211 

Young’s modulus E=69109  Pa ; Poisson’s ratio v=0.33 and density is 2700 (kg/m3). Let us consider an example to 212 

evaluate the accuracy of the analytical and closed-form models of the IG-CSP. We fix L1, L2, U, T, 1, 1, and 2 at 213 

50 (mm), 30 (mm), 5 (mm), 0.5 (mm), 0.5, /4, and /6. A series of rotations range from 0 to 0.3 (rad) with a 0.02 214 

(rad) step are prescribed on the rotational center of the IG-CSP. The results for the analytical, FEA, and the closed-215 

form models are illustrated in Fig. 5. In Fig. 5(c), when −0.3  rad  ≤ θzs ≤ 0.3 (rad), the maximum error between 216 

anal tical and FEA models is less than 5%; when −0.   rad  ≤ θzs ≤ 0.1 (rad), the maximum errors between the 217 

analytical and FEA models, closed-form and FEA models are less than 1.5% and 5%, respectively. 218 
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 219 

 220 

Fig. 5. Comparisons of rotations for the analytical, closed-form and FEA models:  a  −0.3 (rad) ≤ θzs ≤ 0.3 (rad), (b) 221 

−0.1 (rad) ≤ θzs ≤ 0.1 (rad), and (c) the errors between analytical and FEA models, and the errors between the closed-222 

form and FEA models. 223 

 224 

2.2 The Center Shift Model 225 

dxc and dyc denote the normalized center shift along the Xs-axis and Ys-axis, respectively. In Fig. 4(c), the 226 

displacement along the Xs-axis of point S1 results from two contributions: the center shift dxc and the resulting 227 

displacement along the Xs-axis due to a rigid pivot at the intersection point. The displacement along the Ys-axis of 228 

point S1 can be derived similarly. So the normalized center shift based on point S1 can be derived as Eq. (9). 229 

 xc x1 1 y1 1 1 1 zs 1 1sin cos sin( ) sind d d      = + − + +  (9a) 230 

 yc x1 1 y1 1 1 1 1 1 zscos sin cos cos( )d d d      = − + − + +  (9b) 231 

Similarly, the center shift based on point S2 can also be derived as Eq. (10). 232 

 xc x2 2 y2 2 2 2 2 2 2 2 zssin cos sin sin( )d d d r r      = − + − + −  (10a) 233 

 yc x2 2 y2 2 2 2 2 zs 2 2 2cos sin cos( ) cosd d d r r      = − − + − −  (10b) 234 

From Section 2.1, we have the outputs of the motion stage with given loading conditions and substituting these 235 

results into Eqs. (3) and (4) to obtain dxi and dyi (i=1 or 2). Then dxc and dyc are solved from Eq. (9) or (10). We use 236 

the same example in Section 2.1 to verify the accuracy of the center shift, and use Dxc and Dyc to denote the dimensional 237 
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center shift, where Dxc=dxcL1 and Dyc=dycL1.  The comparison of center shift between the analytical and FEA models 238 

is shown in Fig. 6. The maximum errors of Dxc and Dyc are 1.7% and 5.2%, respectively. 239 

   240 

Fig. 6. The comparison of the center shift between the analytical and FEA models: (a) Dxc, and (b) Dyc. 241 

 242 

3    The Nonlinear Analysis of the IS-CSP 243 

In this section, the closed-form load-rotation relationships of an IS-CSP and a NIS-CSP are derived, respectively. 244 

Then we analyze the effects of the geometric parameters, loading positions, and axial forces on the rotational stiffness 245 

of the IS-CSP. The load-dependent effects of an IS-CSP and a NIS-CSP are compared.  246 

 247 

3.1 Load-rotation relationship 248 

The closed-form load-rotation relationship of the IS-CSP is expressed as Eq. (11) by substituting r2=1, 1=2=, 249 

1=2=, into Eq. (7). ,  and h are the independent parameters of the IS-CSP.  250 

 
xs xs zs

zs 2 2 2

ys

15cos (cos )

( 18 18 15 cos 15 cos 2) 120cos (3 3 1)

f f h m

h f

  


       

− +
=

− + − + − + − +
 (11) 251 

In addition, the description of the NIS-CSP is shown in Fig. 7. The analytical model of a NIS-CSP is derived as 252 

below. Similar to the derivation in Section 2.1, we use Sni to replace Si, Rzni to replace Rzi (i=1 or 2). Sni denotes the 253 

free ends of the sheets in a NIS-CSP. Sni denotes the coordinates of point Sni with respect to the global coordinate 254 

system after only the rotation of the motion stage. Sn1=[−sin(), −h, 0]T, and Sn2=[sin(), −h, 0]T. Rzni denotes the 255 

rotational matrix about the Zs-axis, zn

cos sin 0

sin cos 0

0 0 1

R

i i

i i i

 

 

− 
 

=
 
  

. δ1=−π/2−α and δ2=−π/2+α. The closed-form load-256 

rotation relationship of the NIS-CSP is expressed as Eq. (12).  257 

 
xs xs zs

zs 2 2 2

ys

15cos ( cos )

(18 18 15 cos 15 cos 2) 120cos (3 3 1)

f f h m

h f

  


       

− − +
=

− + + + + − +
 (12) 258 
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 259 

Fig. 7. The description of a NIS-CSP. 260 

 261 

3.2 Load-Dependent Effects 262 

kzm denotes the normalized rotational stiffness due to the normalized moment mzs of an IS-CSP, which is expressed 263 

as Eq. (13) by rearranging Eq. (11). The rotational stiffness due to the bending force fxs can be discussed in a similar 264 

way. 265 

 
2

zm m ys 8(3 3 1)k A f  = + − +  (13) 266 

where Am= Amgeo+h =−2(92−9+1)/(15cos)−cos+h. Amgeo denotes the value of Am due to the geometric 267 

parameters. h denotes the value of Am due to the loading positions.  268 

Am is an expression of the independent geometric parameters (beam load-dependent effects) and loading positions 269 

(structure load-dependent effects). If Am = 0, Amfys = 0, fys has less effect on kzm when a compressive axial force (fys 270 

<0) acts on the IS-CSP. Meanwhile if Am>0, Amfys < 0, kzm decreases with fys, and vice versa. To analyze the effect of 271 

fys on kzm, it is necessary to analyze the signs of Am when , α, and h take different values.  272 

Am only relates to the geometric parameters, i.e. Am=Amgeo, when h is equal to 0. Amgeo of an IS-CSP and a NIS-273 

CSP are shown in Fig. 8, when  and α range from 0 to 1 and 0 to /2, respectively. When the geometric parameters 274 

of the IS-CSP are in the B region, Amgeo>0, the IS-CSP can be regarded as a non-inversed compliant sheet as kzm 275 

decreases with a compressive fys. When the geometric parameters of the IS-CSP are in the C region, Amgeo<0, the IS-276 

CSP can be regarded as an inversed compliant sheet. We can draw similar conclusions for a NIS-CSP operating in the 277 

D and E regions. In this way, if the geometric parameters are specifically given, Amgeo can be determined from Fig. 8.  278 

 279 

Fig. 8. The effects of  and  on Amgeo of (a) an IS-CSP, and (b) a NIS-CSP. 280 
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On the other hand, the sign of Am depends on the dominant position of Amgeo and h as Am=Amgeo+h. When  and α 281 

are specifically given in the C region, Amgeo is determined and less than 0, and kzm increases with a compressive fys for 282 

the beam load-dependent effects (Amgeofys>0). Under this condition, we analyze the structure load-dependent effects in 283 

C region. yj (j= , 2,…, or 7) denotes loading positions along the Ys-axis as shown in Tab. 1 and Fig. 9(a). When the 284 

loading positions move from y1 to y6, h > 0, and kzm decreases with a compressive fys for the structure load-dependent 285 

effects (hfys<0). If h > −Amgeo, i.e., Am=Amgeo+h>0, the structure load-dependent effects dominate kzm. If h < −Amgeo, 286 

i.e., Am=Amgeo+h <0, the beam load-dependent effects dominate kzm. If h = −Amgeo, i.e., Am= 0, the equilibrium between 287 

structure and beam load-dependent effects is balanced, so when  and α are specified, the load-dependent effects can 288 

be reduced significantly by regulating the loading positions. When the loading positions move from y6 to y7, h < 0, 289 

and Am is always less than 0. kzm increases with a compressive fys for both the beam and structure load-dependent 290 

effects. The equilibrium of beam and structure load-dependent effects in other regions can be analyzed similarly.  291 

Moreover, if the loading position fixes at y6, the region where Am<0 for an IS-CSP is increased. When the 292 

compressive axial forces (fys<0) act on the IS-CSP, the region where Amfys>0 is increased, which means that the 293 

possibility of increasing kzm rises. When the IS-CSP and NIS-CSP share the same , , and h, the absolute values of 294 

Am are equal and the signs of Am are opposite. 295 

The effects of yj (j= , 2,…, or 7) on Am of an IS-CSP are shown in Fig. 9(b) and Fig. 10. =1/2± 5 /6 are two 296 

roots of 92 ̶ 9+1=0 (Eq. (13)). In Fig. 9(b), when the loading positions range from y1 to y7, the curves representing 297 

Am=0 are enclosed graduall  following the arrows’ direction. The possibilit  of the geometric parameters is on the 298 

curve representing Am=0 can be increased. When the axial forces act on the rotational center (y4) and  is 1/2 − 5 /6 299 

or 1/2+ 5 /6, Am is equal to 0 without depending on the value of . In Fig. 10, when the loading positions range from 300 

y1 to y7, the region where Am<0 is increased. If h at y1 is large enough, Am is always greater than 0, which means that 301 

kzm decreases with a compressive fys. Similarly, if the absolute value of h at y7 is large enough, Am is always smaller 302 

than 0, which means kzm increases with fys. When h is specified, the load-dependent effects can be reduced significantly 303 

by taking any geometric parameters on the curve representing Am=0. 304 

 305 

Table 1. The examples of loading locations yj (j= ,2…or, 7 . (∆1=20(mm)/L, ∆2=10(mm)/L). 306 

 307 

 308 

 309 

 310 

 311 

yj 1 2 3 4 5 6 7 

h y2+∆1 cos 0.5(y2+y4) cos 0.5(y4+y6) 0   −(y6+∆2) 
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 312 

Fig. 9. The effects of the loading positions on Am of an IS-CSP: (a) the loading positions, and (b) the curves 313 

representing Am=0. 314 

   315 

 316 

       317 

Fig. 10. The effects of the loading positions on Am of an IS-CSP: (a) y1, (b) y2, (c) y3, (d) y4, (e) y5, (f) y6, and (g) y7. 318 
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To verify kzm varying with the sign of Am when fys<0, we take four cases of IS-CSPs to compare Kzm between the 319 

analytical and the FEA models, where Kzm denotes the rotational stiffness due to the moment Mzs. Table 2 lists the 320 

independent parameters of Am (, , h), the signs of Am, and the predictions of the load-dependent effects. The 321 

geometric parameters (, ) of Cases 1 and 2 are the same while the loading positions (h) of Cases 1 and 2 are y4 (the 322 

rotational center) and y6, respectively. In Cases 3 and 4, the load-dependent effects of Case 2 can be reduced by 323 

regulating the loading position or the geometric parameters, respectively. When L is constant at 30(mm), θzs ranges 324 

from −0.1 (rad) to 0.1 (rad), Kzm for the four cases are shown in Fig. 11. The load-dependent effects of the predictions, 325 

analytical model, and FEA model are consistent. The maximum error of Kzm between the analytical and FEA models 326 

is 1.2%. 327 

Table 2. Parameters of IS-CSPs (↓, ↑, or c denote that kzm decreases, increases, or remains constant with fys, 328 

respectively). 329 

Cases    h Am kzm 

1 0.5 π/  cos >0 ↓ 

2 0.5 π/  0 <0 ↑ 

3 0.5 π/  −Amgeo 0 c 

4 0.5 5 .735π/ 80 0 0 c 

 330 

  331 

                    332 

Fig. 11. Kzm of: (a) Case 1, (b) Case 2, (c) Case 3, and (d) Case 4. 333 
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3.3 The closed-form model of the center shift 334 

We derive the closed-form center shift of an IS-CSP using the method that Zhao et al. [13] have introduced. dxc 335 

is derived as Eq. (14) for any values of λ. When λ is smaller than 0.5, the closed-form dyc can be directly derived from 336 

Eq. (6) as shown in Eq. (15), because the accuracy of Eq. (6) is highly acceptable. When λ is greater than 0.5, an 337 

accurate dyc with a more complex form is shown in Eq. (16) (derivation details can be seen in [13]), as the accuracy 338 

of Eq. (6) is compromised slightly. Besides, we do not discuss the center shift for the bending force fxs, and assume fxs 339 

is equal to 0 in this section. 340 
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where, t=T/L. 344 

We use an example to evaluate the center shift between the closed-form and FEA models of an IS-CSP. L, U, T, 345 

 and  are constant at 30 (mm), 5 (mm), 0.5 (mm), /6, and 0.5 respectively. A series of prescribed rotations, ranging 346 

from −0.1 (rad) to 0.1 (rad) and Fys=0 (N), act on the rotational center of the IS-CSP. In Fig. 12, the maximum errors 347 

of Dxc and Dyc between closed-form and FEA models are 1.77% and 1.85%, respectively. 348 

 349 

Fig. 12. The center shift of the closed-form and FEA models: (a) Dxc, and (b) Dyc 350 
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Comparing the coefficients of 92−9+1 and fys in Eqs. (14) through (16), 92−9+1 is a dominant item for both 351 

dxc and dyc. We use the same geometric parameters of Fig. 12 except λ. When 92−9+1=0, Dxc and Dyc decrease 352 

significantly, and the axial force has less effect on Dxc but a more significant effect on Dyc as illustrated in Figs. 13(a) 353 

and (b). Zhao et al. reached the same conclusions in their research [13].  354 

When 92  ̶9+ ≠0, the axial force does not influence both Dxc and Dyc significantly, and it is worth minimizing 355 

Dyc because Dyc is approximately ten times larger than Dxc. For example, when λ is 0.4 or 0.7, the results of the center 356 

shift are shown in Figs. 13(c) through (f). We compare the center shifts between an IS-CSP and a NIS-CSP. The 357 

geometric parameters of Fig. 12 are used for both an IS-CSP and a NIS-CSP. A series of prescribed rotations, ranging 358 

from −0.   rad  to 0.   rad  and an axial force of −1 (N), act on their rotational centers. Their center shifts are compared 359 

as shown in Fig. 14. Note that Figs. 14(a) and (b) share the same legend. When an IS-CSP and a NIS-CSP are under 360 

a same rotational angle, the absolute values of their center shifts are close, and directions are opposite.  361 

362 

 363 

   364 

Fig. 13. The effects of Fys on Dxc and Dyc of the closed-form models: (a) Dxc when  is 1/2+ 5 /6, (b) Dyc when  is 365 

1/2+ 5 /6, (c) Dxc when  is 0.4, (d) Dyc when  is 0.4, (e) Dxc when  is 0.7, and (f) Dyc when  is 0.7. 366 
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  367 

Fig. 14. The center-shift comparison between an IS-CSP and a NIS-CSP: (a) Dxc, and (b) Dyc. 368 

 369 

4    Design of The Compound S-CSP 370 

In this section, we present two novel compound S-CSPs, including a parallel design and a serial design, and each 371 

design consists of an IS-CSP and a NIS-CSP, whose geometric parameters are the same correspondingly. They are 372 

regarded as two basic units, and each design can be modeled as the two basic units connected in a parallel (or serial) 373 

arrangement. The analytical models of an IS-CSP and a NIS-CSP are used in Sections 2.1 and 3.1, respectively. Os1-374 

Xs1Ys1Zs1 and Os2-Xs2Ys2Zs2 denote the local coordinate systems of the IS-CSP and NIS-CSP, respectively. ODI-375 

XDIYDIZDI and ODII-XDIIYDIIZDII denote the global coordinate systems of design I and II, respectively. Their origins 376 

locate at the rotation center, so the displacements with regard to the global coordinate system are the center shift of 377 

each design.  378 

We evaluate the characteristics by the analytical and FEA models, and fix L, U, T,  and  for each design, which 379 

are 30 (mm), 5 (mm), 0.5 (mm), /6, and 0.5, respectively. 380 

 381 

4.1 A Parallel Design: Design I      382 

Inspired by [35, 36] and Sections 3.2, the description of design I is shown in Fig. 15(a). The rotational stiffness 383 

of design I can be insensitive to axial forces when an applied moment is constant. The additional benefit of this design 384 

lies in the minimized center shift. The analytical model of design I is derived as follows. The compatibility conditions 385 

and load-equilibrium equations are illustrated in Eqs. (17) and (18). dxDI, dyDI, and θzDI are solved with given fxDI, fyDI, 386 

and mzDI. 387 

 xDI xs1 xs2d d d= = ;
yDI ys1 ys2d d d= = ; zDI zs1 zs2  = =  (17) 388 

 xDI xs1 xs2f f f= + ;
yDI ys1 ys2f f f= + ; zDI zs1 zs2m m m= +  (18) 389 

where, fxDI, fyDI, mzDI, fxs1, fys1, mzs1, fxs2, fys2, and mzs2 denote the normalized loads of the design I, IS-CSP, and NIS-390 

CSP, respectively, as shown in Figs. 15(b) and (c). dxDI, dyDI, θzDI, dxs1, dys1, θzs1, dxs2, dys2 and θzs2 denote the normalized 391 

displacements and rotation angles correspondingly. 392 
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 393 

 394 

Fig. 15. Descriptions of the design I: (a) a 3D model, (b) the global coordinate system  ‘CS’ denotes a compressive 395 

sheet, ‘TS’ denotes a tensile sheet , and (c) the local coordinate systems. 396 

 397 

Similar to the discussion in Section 3.2, the load-dependent effects of design I depend on Am of design I (denoted 398 

by AmDI in this section). AmDI approximates the result of adding each CSP’s Am when the two CSPs are arranged in 399 

parallel to form design I, i.e., AmDI ≈ ‘Amgeo+h of IS-CSP’ + ‘Amgeo+h of NIS-CSP’.  ecause the center shifts of two 400 

individual CSPs move in the opposite direction, and the actual normalized rotational stiffness of design I (denoted by 401 

kzmDI) is larger than the simple stiffness addition of two individual CSPs (i.e., load-stiffening effect). ‘Amgeo+h of IS-402 

CSP’ refers to Eq.   3 , and ‘Amgeo+h of NIS-CSP’ can be derived from Eq. (12). Amgeo of IS-CSP is always 403 

counteracted by that of the NIS-CSP when they have the same geometric parameters. Therefore, the load-dependent 404 

effects of design I due to geometric parameters almost disappear. However, h of the two CSPs are not always 405 

counteracted with each other. The load-dependent effects of design I due to loading positions are analyzed as follows.  406 

The rotations of design I obtained from the analytical and FEA models under different loading positions and axial 407 

forces are shown in Fig. 16. Lcy denotes a directional distance between the rotational center and the loading position, 408 

where Lcy > 0 and Lcy < 0 mean that the loading positions are above and below the rotational center, respectively. Lcy 409 

ranges from 30 (mm) to −30 (mm) with a −10 (mm) step. FyDI ranges from −4 (N) to 4 (N) with a 0.5 (N) step acting 410 

on the loading positions, and MzDI is kept unchanged at 0.04 (Nm). The maximum error between analytical and FEA 411 

models is 2.5%. 412 

When |Lcy| ≤ 20 (mm), the maximum error of θzDI between |FyDI| = 4 (N) and FyDI=0 is 5.0%. However, when |Lcy| 413 

= 30 (mm), the maximum error of θzDI between |FyDI|=4 (N) and FyDI=0 is 7.7%. With the same MzDI, axial forces 414 

influence θzDI slightly within a specified |Lcy| but they affect θzDI significantly if |Lcy| is large enough.  415 
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 416 

 417 

Fig. 16. The effects of loading positions and axial forces on θzDI with MzDI = 0.04 (Nm): (a) above the rotational center 418 

(Lcy >0), and (b) below the rotational center (Lcy <0). 419 

 420 

We use AmDI to explain how θzDI varies with FyDI in Fig. 16. When |Lcy|=0 or 20 (mm), AmDI, and the predictions 421 

of kzmDI and θzDI, corresponding to different FyDI, are illustrated in Tab. 3. When the loading position is the rotational 422 

center (i.e., Lcy=0), Am of IS-CSP is counteracted by that of NIS-CSP, leading to AmDI≈0. Therefore, kzmDI and θzDI 423 

remain constant with different FyDI. When Lcy=20 (mm), AmDI>0, so kzmDI decreases and θzDI increases under a 424 

compressive FyDI. When Lcy=−20 (mm), kzmDI and θzDI can be similarly analyzed.  425 

 426 

Table 3. Load-dependent results of design I when |Lcy|=20 (mm) or 0 (mm). (↓, ↑, or c denote that kzmDI decreases, 427 

increases, or remains constant with fyDI, respectivel . ‘+’ denotes ‘fyDI >0’, and ‘−’ denotes ‘fyDI <0’. . 428 

Lcy  CSP Amgeo h of each CSP Am of each CSP AmDI fyDI kzmDI θzDI 

0 
IS −0.24 λcos(α)=0.43  0.19 

0 
− c c 

NIS  0.24 −λcos(α)=−0.43 −0.19 + c c 

 20 
IS −0.24 λcos(α)+Lcy/L=1.10  0.86 

 1.33>0 
− ↓ ↑ 

NIS  0.24 −λcos(α)+Lcy/L=0.23  0.47 + ↑ ↓ 

−20 
IS −0.24 λcos(α)+Lcy/L=−0.23 −0.47 

−1.33<0 
− ↑ ↓ 

NIS  0.24 −λcos(α)+Lcy/L=−1.10 −0.86 + ↓ ↑ 
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4.2 A Serial Design: Design II    429 

Inspired by Section 3.3, design II has a small center shift as shown in Fig. 17(a), and the compatibility conditions 430 

and the load-equilibrium equations of the analytical model are illustrated in Eqs. (19) and (20), respectively. dxDII, 431 

dyDII, and θzDII are solved with given fxDII, fyDII, and mzDII. 432 

 
xDII xs2 xs1 zs2 ys1 zs2cos sind d d d = + −   433 

 
yDII ys2 xs1 zs2 ys1 zs2sin cosd d d d = + +  (19) 434 

 zDII zs1 zs2  = +  435 

 
xDII xs1 zs2 ys1 zs2cos sinf f f = −  436 

 
yDII xs1 zs2 ys1 zs2sin cosf f f = +  437 

 
xs2 xs1 zs2 ys1 zs2cos sinf f f = −  (20) 438 

 
ys2 xs1 zs2 ys1 zs2sin cosf f f = +  439 

 zDII zs1 zs2m m m= =  440 

where, fxDII, fyDII, and mzDII denote the normalized loads of the design II as shown in Figs. 17(b) and (c). dxDII, dyDII, and 441 

θzDII denote the normalized displacements and rotation angles correspondingly. 442 

 443 

 444 

 445 
Fig. 17. Descriptions of design II: (a) a 3D model, (b) the global coordinate system, and (c) the local coordinate 446 

systems. 447 
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When FxDII =0, FyDII =−0.5   , MzDII ranges from 0.001 to 0.015 (Nm), the results between analytical and FEA 449 

models are shown in Figs. 18(a) through (c). We use DxDII, DyDII to denote the displacements of design II and 450 

DxDII=dxDIIL, DyDII=dyDIIL. The maximum errors of DxDII, DyDII, and θzDII are 5.7%, 4.7%, and 1.67%, respectively, as 451 

shown in Fig. 18(d). The center shift along the XDII-axis and YDII-axis of the design II are reduced by 10 and 100 452 

times, respectively, compared with those of an S-CSP (Fig. 14). 453 

454 

 455 

Fig. 18. The results of analytical and FEA models of the design II with FyDII=−0.5 (N): (a) DxDII, (b) DyDII, (c) θzDII, 456 

and (d) errors of the results between the analytical and FEA models. 457 

 458 

Figure 19 illustrates the performance differences between designs I and II. When only the rotational angle is fixed 459 

at 0.04 (rad) acting on the motion stage, the center shifts of the FEA models of design I and II are as follows: 460 

DxDI=3.58×10−19(m), DyDI=−1.24×10−19(m), DxDII=2.28×10−8(m), and DyDII=4.56×10−10(m). The magnitudes of the 461 

center shift of design   are much smaller than those of design   . However, when the moment is fixed, design   ’ 462 

rotational range is much larger than that of the design I. Design II is an ideal candidate for the application requiring 463 

the rotational ranges with a minimized center shift. On the other hand, the rotational stiffness of design I with any λ 464 

can be insensitive to axial loads, when MzDI is fixed. If the axial forces act on the rotational center (Lcy=0), the loading 465 

positions and axial forces do not influence θzDI. If the axial forces do not act on the rotational center, axial forces can 466 

influence θzDI slightly within specified loading positions.  467 
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 468 

Fig. 19. Center-shift and rotational-range comparisons between designs I and II. 469 

 470 

5     Conclusions 471 

The closed-form model of an IG-CSP based on BCM is derived, along with the closed-form load-rotation 472 

relationship of the IS-CSP. We take the axial force (fys), geometric parameters, and the loading positions into 473 

consideration of the load-rotation relationship of the S-CSP for analyzing the load-dependent effects.  474 

The load-dependent effects include the beam load-dependent effects and the structure load-dependent effects. The 475 

rotational stiffness can increase, decrease, or remain constant with the axial forces (fys) depending on the equilibrium 476 

of the beam load-dependent effects and the structure load-dependent effects. The coefficient of fys of the S-CSP load-477 

rotation relationship is Am, which is an expression of geometric parameters (, ) and the loading positions (h). The 478 

load-dependent effects can be designed by regulating the positive or negative sign of Amfys. In other words, the 479 

equilibrium between the structure and beam load-dependent effects can be controlled by regulating ,  and h. If an 480 

IS-CSP and a NIS-CSP are subjected to the same geometric parameters, axial loads, and loading positions, the absolute 481 

values of Am are equal and the signs of Am are opposite. 482 

 The closed-form center shift of the IS-CSP is derived and verified by analytical and FEA models. 92 ̶ 9+1 is a 483 

dominant term of the closed-form center shift solution. When 92  ̶9+1 is not equal to 0, the axial forces have less 484 

effect on the center shift. When an IS-CSP and a NIS-CSP have the same geometric parameter (required 92 ̶ 9+ ≠0) 485 

and are subjected to the same loading conditions, their absolute values of the center shift are close and their directions 486 

are opposite correspondingly. 487 

Based on the above nonlinear analysis, two compound S-CSPs are proposed. When the applied moment is 488 

constant, the loading positions and axial forces can slightly influence the rotational stiffness of design I. Compared 489 

with an S-CSP, design II enlarges the rotations and minimizes the center shift along the XDII-axis and YDII-axis by 10 490 

and 100 times, respectively. In the future, the load-dependent effects and the effects of the axial forces on the center 491 

shift of the IG-CSP will be discussed.  492 
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Nomenclature 594 

A1 through A6 The expressions of the independent geometric parameters and the loading position. 

Am 

An expression for analyzing the loading depending effects of an IS-CSP. It consists independent 

geometric parameters (beam load-dependent effects) and loading positions (structure load-

dependent effects). 

AmDI Am of design I. 

Amgeo The value of Am due to the geometric parameters. 

Dpi The translational matrix for the analytical analysis of IG-CSP (i=1 or 2). 

dxc, dyc Normalized center shift of the IG-CSP (or S-CSP) 

Dxc, Dyc Center shift of the IG-CSP (or S-CSP) 

dxi, dyi Normalized displacements of the sheet i’s free end along xi and yi axes, respectively (i=1or 2). 

dxs, dys 
Normalized displacements of the IG-CSP’s motion stage  at point Os) along the Xs and Ys axes, 

respectively.  

dxsi, dysi 
Normalized displacements of the IS-CSP’s rotational center (i=1) or NIS-CSP’s rotational 

center (i=2). 

dxDI, dyDI 

dxDII, dyDII 
Normalized displacements of design I and II at point OD, respectively. 

DxDI, DyDI 

DxDII, DyDII 
Displacements of design I and II at point OD, respectively. 

E Young’s modulus. 

fxi, fyi  
Normalized forces of sheet i acting at the sheet’s free end along xi and yi axes, respectively 

(i=1or 2). 

Fxi, Fyi Actual forces of sheet i acting at the sheet’s free end along xi and yi axes, respectively (i=1or 2). 

fxs, fys 
Normalized forces of the IG-CSP acting at the motion-stage center (at point Os) along the Xs  

and Ys axes, respectively. 

fxsi, fysi Normalized forces of the IS-CSP (i=1) or NIS-CSP (i=2) acting at the rotational center. 

fxDI, fyDI 

 fxDII, fyDII, 
Normalized forces of design I and II acting at their rotational centers, respectively. 

FxDI, FyDI 

 FxDII, FyDII, 
Actual forces of design I and II acting at their rotational centers, respectively. 

h A parameter depends on the loading position. 

K, K’ The constant torsional spring and compliant torsional spring, respectively.  

Keff The effective stiffness of an inversed compliant mechanism. 

kzm The normalized rotational stiffness due to the normalized moment mzs of an IS-CSP. 

Kzm The rotational stiffness due to the moment Mzs of an IS-CSP. 

kzmDI The actual normalized rotational stiffness due to the normalized moment mzsDI of the design I. 

Acc
ep

te
d 

Man
us

cr
ip

t N
ot

 C
op

ye
di

te
d

Journal of Mechanisms and Robotics. Received May 30, 2021;
Accepted manuscript posted September 15, 2021. doi:10.1115/1.4052514
Copyright © 2021 by ASME

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/m

echanism
srobotics/article-pdf/doi/10.1115/1.4052514/6761265/jm

r-21-1275.pdf by U
niversity C

ollege C
ork user on 05 O

ctober 2021



Journal of Mechanisms and Robotics 

JMR-21-1275. Hao      28 

 

KzmDI The actual rotational stiffness due to the moment MzsDI of the design I. 

∆K The rotational stiffness error correction term due to the beam load-dependent effect. 

L The sheet length of IS-CSP or NIS-CSP. 

La, Lb The lengths relate to loading positions of an inversed compliant mechanism. 

Lcy A directional distance between the rotational center and the loading position. 

Lr The length of the rigid rod or compliant flexure. 

Li The length of sheet i along the xi-axis (i =1 or 2). 

mzi A normalized moment of sheet i acting at the sheet’s free end (i=1 or 2). 

Mzi An actual moment of sheet i acting at the sheet’s free end (i=1 or 2). 

mzs The normalized moment of the IG-CSP acting at the motion-stage center (point Os). 

Mzs A actual moment of the IG-CSP acting at the motion-stage center (point Os). 

mzsi The normalized moment of the IS-CSP (i=1) or NIS-CSP (i=2) acting at the rotational center. 

mzDI, mzDII Normalized moments of design I and II acting at their rotational centers, respectively. 

MzDI, MzDII Actual moments of design I and II acting at their rotational centers, respectively. 

oi-xiyizi 
The local coordinate system of the sheet i with the origin locating at the free end of the sheet i 

(i =1 or 2). 

Os-XsYsZs The mobile coordinate system of the IG-CSP with the origin locating at the motion-stage center. 

Osi-XsiYsiZsi  
The local mobile coordinate system of the IS-CSP (i=1) or NIS-CSP (i=2) with the origin 

locating at their rotational centers, in design I or design II. 

ODI-XDIYDIZDI The global mobile coordinate system of design I. 

ODII-

XDIIYDIIZDII 
The global mobile coordinate system of design II. 

P An axial force. 

Rzj A rotational matrix about the Zs-axis in compatibility conditions of an IG-CSP (j=1, 2, 3 or 4). 

Rzni A rotational matrix about the Zs-axis in compatibility conditions of a NIS-CSP (j=1, 2, 3 or 4). 

Rzs A rotational matrix about the Zs-axis in load-equilibrium conditions of an IG-CSP. 

r1, r2 r1=1, r2=L2/L1. 

Si The free end of the sheet i of an IG-CSP (i =1 or 2). 

Sni The free end of the sheet i of a NIS-CSP (i =1 or 2). 

Si The coordinate of point Si with regard to the global coordinate system of an IG-CSP (i=1 or 2). 

Sni 
The coordinates of point Sni relative to with regard to the global coordinate system of a NIS-

CSP (i=1 or 2). 

Si
* 

The coordinates of point Si relative to the global coordinate system after only the rotation of the 

motion stage (i=1 or 2). 

T The sheet thickness of an IS-CSP or a NIS-CSP. 

Ti The sheet i’s thickness of an IG-CSP along the yi-axes (i =1 or 2). 
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U The sheet width of an IS-CSP or a NIS-CSP. 

Ui The sheet i’s width of an IG-CSP along the zi-axes (i =1 or 2). 

yj Examples of loading locations on the IS-CSP (j=1,2…or, 7). 

αi  The tilt angle of sheet i of an IG-CSP (i=1 or 2). 

 The tilt angles of sheets of an IS-CSP or NIS-CSP. 

zi The normalized rotation of sheet i (i=1 or 2). 

θzs The normalized rotation of the IG-CSP’s motion stage. 

θzsi The normalized rotation of the IS-CSP (i=1) or NIS-CSP (i=2). 

θzDI, θzDII, Normalized rotations of design I and II, respectively. 

i The sheet-length parameter of sheet i of an IG-CSP (i=1 or 2). 

 The sheet-length parameter of an IS-CSP or NIS-CSP. 
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List of Tables 596 

Table 1 The examples of loading locations yj (j= ,2…or, 7 .  ∆1=20(mm)/L, ∆2=10(mm)/L). 

Table 2 
Parameters of IS-CSPs (↓, ↑, or c denote that kzm decreases, increases, or remains constant 

with fys, respectively). 

Table 3 

Load-dependent results of design I when |Lcy|=20 (mm) or 0 (mm). (↓, ↑, or c denote that 

kzmDI decreases, increases, or remains constant with fyDI, respectively. ‘+’ denotes ‘fyDI >0’, 

and ‘−’ denotes ‘fyDI <0’.). 
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List of Figures 599 

Fig. 1 The categories of the generalized cross-spring pivot. 

Fig. 2 

Load-dependent effects: (a) a compressive load (P) acting on the rigid rod, (b) a compressive load 

(P) acting on an inversed compliant mechanism, (c) the inversed compliant mechanism rotating 

at a small angle with P on the top of the motion stage, (d) demonstrating the equivalent stiffness 

Keff of Fig. 2(c), (e) P acting at the bottom of the motion stage, and (f) demonstrating the 

equivalent stiffness Keff of Fig.2(e). 

Fig. 3 
The definitions of sheet 1: (a) the sheet geometry, and (b) the local coordinate system and loads 

acting at the free end. 

Fig. 4 

The description of the IG-CSP: (a) normalized geometric parameters and loads, (b) the sign of h 

being positive when the loading position is above the free ends of the two sheets, and (c) the 

normalized displacements. 

Fig. 5 

Comparisons of rotations for the analytical, closed-form and FEA models:  a  −0.3  rad  ≤ θzs ≤  

0.3  rad ,  b  −0.   rad  ≤ θzs ≤  0.   rad , and (c) the errors between analytical and FEA models, 

and the errors between the closed-form and FEA models. 

Fig. 6 The comparison of the center shift between the analytical and FEA models: (a) Dxc, and (b) Dyc. 

Fig. 7 The description of a NIS-CSP. 

Fig. 8 The effects of  and  on Amgeo of (a) an IS-CSP, and (b) a NIS-CSP. 

Fig. 9 
The effects of the loading positions on Am of an IS-CSP: (a) the loading positions, and (b) the 

curves representing Am=0.  

Fig. 10 
The effects of the loading positions on Am of an IS-CSP: (a) y1, (b) y2, (c) y3, (d) y4, (e) y5, (f) y6, 

and (g) y7.  

Fig. 11 Kzm of: (a) Case 1, (b) Case 2, (c) Case 3, and (d) Case 4. 

Fig. 12 The center shift of the closed-form and FEA models: (a) Dxc, and (b) Dyc. 

Fig. 13 

The effects of Fys on Dxc and Dyc of the closed-form models: (a) Dxc when  is 1/2+ 5 /6, (b) Dyc 

when  is 1/2+ 5 /6, (c) Dxc when  is 0.4, (d) Dyc when  is 0.4, (e) Dxc when  is 0.7, and (f) 

Dyc when  is 0.7. 

Fig. 14 The center-shift comparison between an IS-CSP and a NIS-CSP: (a) Dxc, and (b) Dyc. 

Fig. 15 
 escriptions of the design  :  a  a 3  model,  b  the global coordinate s stem  ‘CS’ denotes a 

compressive sheet, ‘TS’ denotes a tensile sheet , and  c  the local coordinate systems. 

Fig. 16 
The effects of loading positions and axial forces on θzDI with MzDI = 0.04 (Nm): (a) above the 

rotational center (Lcy >0), and (b) below the rotational center (Lcy <0). 

Fig. 17 
Descriptions of design II: (a) a 3D model, (b) the global coordinate system, and (c) the local 

coordinate systems. 

Fig. 18 
The results of analytical and FEA models of the design II with FyDII=−0.5    :  a  DxDII, (b) DyDII, 

(c) θzDII, and (d) errors of the results between the analytical and FEA models. 
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Fig. 19 Center-shift and rotational-range comparisons between designs I and II. 
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