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b̂) are based on the ROI version of (4.11). . . . . . . . . . . . . 107

4.4 Reliability of Bootstrap Estimates of voxel Standard Deviations
for mapping Kinetics in 1-D based on FBP and ML reconstructed
data. Means and maxima of voxel kinetic estimates, averaged
over replicates, are shown as µ̄• and µ̄∨. Mean of voxel stan-
dard deviations, averaged over replicates (σ̄•), its standard error
(S̄E•) and the overall RMSE values, see (4.12), are reported as a
percentage of the maximum (µ̄∨). Estimates (â, b̂, ĉ) correspond
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Abstract

Abstract

Positron emission tomography (PET) scanning is an important diagnostic imaging
technique used in the management of cancer patients and in medical research. It
plays a key role in a variety of tasks related to diagnosis, therapy planning, progno-
sis and treatment monitoring by injecting a radiotracer to characterize the specific
biologic process (e.g., tumor metabolism, proliferation or blood flow). The stan-
dardized uptake value (SUV) obtained at a single time point is widely employed
in clinical practice. However, well beyond this simple static uptake measure, more
detailed metabolic information may be recovered from dynamic PET scanning with
multiple time frames. Assuming a tracer’s interaction with the tissue is linear and
time-invariant, the tissue time course can be expressed as a convolution between
arterial input function (AIF) and the tissue impulse response/residue function.
Kinetic analysis is concerned with the estimation of residue and associated physio-
logical parameters such as flow, flux and volume of distribution. Some traditional
methods including Patlak and compartmental modeling are well-established with a
given form of residue function (constant or mixture of exponentials), but they are
not flexible to represent data in which in-vivo biochemistry is not clear, especially
for the whole-body imaging on the long axial field of view (LAFOV) PET systems.

The main goals of this thesis are to develop novel statistical approaches for im-
proving and evaluating parametric imaging extracted from dynamic PET scans.
The non-parametric residue mapping (NPRM) procedure has been constructed by a
fully automatic process incorporating data-adaptive segmentation, non-parametric
residue analysis of segment data and voxel-level kinetic mapping scheme. Based
on this approach, the benefits of pooling data in multiple injection PET scans are
investigated. Spatial and temporal patterns of residuals recovered by model di-
agnostics exhibit a non-Gaussian structure, which defines a bootstrap data gen-
eration process (DGP) in the image domain. The proposed bootstrap method has
been used to assess the uncertainty (standard errors) in kinetic information and
more complex regional summaries. We also examine its potential to improve the
mean square error (MSE) characteristics of kinetic maps generated from either
compartmental modeling or NPRM approach by averaging results from individ-
ual bootstrap samples. Dynamic breast cancer studies on the early, recent and
latest LAFOV PET scanners are presented to illustrate these techniques. The per-
formance of above models and schemes has been evaluated in a series of one and
two-dimensional numerical simulations. Both direct filtered backprojection (FBP)
and iterative maximum likelihood (ML) reconstructions are considered.
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Abstract

The proposed NPRM approach has some important features like the flexibility for
diverse tissue environments and consideration of delays for different parts, which
make it promising to be applied to the emerging total-body PET imaging. The
developed image-domain bootstrap provides a practical way to quantify the un-
certainties of biomarkers. This mechanism has the potential to further support
clinical decision-making and enhance personalized medicine.

Improved Statistical Quantitation of Dynamic
PET Scans

xviii Fengyun Gu



Chapter 1

Overview of Thesis

1.1 Introduction

In recent years, positron emission tomography (PET) has a wide range of clin-

ical and research applications in oncology, cardiology and neurology (Hoh,

2007). It is a unique imaging modality that enables the measurements of a

diverse range of functional and biological processes (e.g. tumor metabolism,

proliferation, blood flow and receptor binding), depending on the radiotracer

used (Pantel et al., 2022). Since the 1950’s, there have been great advances

with PET including the introduction of time-of-flight technologies, optimized

detectors, new tracers, iterative reconstruction algorithms and novel quantita-

tive methods by a variety of scientists in physics, engineering, chemistry and

statistics, however, some constraints such as the limited axial coverage and

temporal resolution still exist (Katal et al., 2022). The new-generation long

axial field of view (LAFOV) PET scanners (e.g., uEXPLORER (Badawi et al.,

2019), PennPET Explorer (Pantel et al., 2020) and Siemens Quadra (Alberts

et al., 2021)) have been developed to overcome these limitations in the past

few years. Their long axial field of view and ultra-high sensitivity can be ex-

ploited in various different ways to provide better image quality, reduce scan

time, lower the injected dose and develop new drugs (Nadig et al., 2021). Next

to all the exciting opportunities that arise with LAFOV PET systems, there re-

main some challenges like the analysis of large-scale data to be faced.

A number of issues within PET image reconstruction and post-processing (Fig-

ure 1.1) can be considered as statistical problems (Hudson, 1995), for example,

the reconstruction process is basically to solve an inverse problem and the de-

1



1. OVERVIEW OF THESIS 1.2 Main Contributions

Figure 1.1: Overview of PET reconstruction and post-processing.

convolution model is also usually needed for kinetic analysis. PET imaging

was brought to the attention of statistical community by the seminal work of

Vardi, Sheep and Kaufman (Vardi, Shepp and Kaufman, 1985), who applied

the maximum likelihood algorithm in the reconstruction procedure that leads

to the current interest in the iterative method (Leahy and Qi, 2000). Similar

to the PET reconstruction problem, there is a substantial role for innovation

in the statistical methodology used in quantifying the dataset produced by dy-

namic PET scanning (Wang, Rahmim and Gunn, 2020), e.g. Markov chain for

the extraction of input function (Huang and O’Sullivan, 2014), B-spline for the

estimation of residue function (O’Sullivan et al., 2009; Chen, Goldsmith and

Ogden, 2019) and Bootstrap for understanding the statistical property (Haynor

and Woods, 1989; Dahlbom, 2001; Buvat, 2002; Ibaraki et al., 2014; O’Sullivan

et al., 2021). The goal of improved individualized treatment also leads to an

increasing need for prognostic or prediction biomarkers (Mankoff et al., 2019).

These heavily rely on survival analysis (Laws et al., 2003; Dunnwald et al.,

2008).

In this thesis, we provide a statistical perspective on dynamic PET reconstruc-

tion, quantitation and translation of the derived biomarkers to benefit clinical

decisions. Our work mainly aims to generate more accurate parametric imag-

ing and better understand their statistical characteristics. The end result would

be more comprehensive information to clinicians for advancing diagnosis and

therapy management in the era of precision medicine (Slart et al., 2021).

1.2 Main Contributions

The main contributions of this thesis are as follows:

• The feasibility of general quantitative methods including Patlak and com-

partmental modeling for total-body PET imaging is investigated and some

Improved Statistical Quantitation of Dynamic
PET Scans

2 Fengyun Gu



1. OVERVIEW OF THESIS 1.2 Main Contributions

initial adaption schemes such as generalized Patlak analysis are suggested.

• Non-parametric Residue Mapping (NPRM) Technique

– A non-parametric residue mapping procedure is proposed to gener-

ate parametric imaging and its performance is examined using dif-

ferent phantoms in which follow or not follow 2C assumptions.

– The applicability of NPRM technique to dynamic PET scanning on

the early, more recent and new-generation LAFOV PET scanners for

breast cancer patients is assessed.

– The benefits of pooling data from separate scans when mapping ki-

netics using NPRM approach in the multiple-injection PET scans are

evaluated.

– The generalization of NPRM to the preclinical whole-body animal

study and other imaging modalities like digital subtraction angiogra-

phy imaging.

• Image-Domain Bootstrap Technique

– A novel image-domain bootstrap model without the reconstruction

requirement is developed. This provides a practical mechanism to

simulate 4D PET data efficiently.

– The utilization of this procedure for evaluating uncertainties of ki-

netic mapping and regional summaries including maximum and co-

efficient of variation has been demonstrated.

– The enhancement of mean square error characteristic of kinetic map-

ping by averaging results from image-domain bootstrap samples.

– The integration of uncertainty information into clinical decision mak-

ing procedure for individual patients.

• A dynamic bandwidth scheme applied in the reconstruction process is pro-

posed to improve image quality and derived kinetic parameters.

• R programme to implement the above analysis has been developed.

• Several peer-reviewed journals and conference proceedings have been

published and the ones relevant to this thesis are in section 1.3. The

full publication and conference presentation list is in Appendix A.
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1.3 Publications Related to Thesis
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1.4 Thesis Structure

This thesis is structured as follows:

Chapter 2 introduces general medical imaging tools, especially PET and its

recent development in the ultra-high sensitivity and long axial field of view.

Traditional methods of tracer kinetic analysis including compartmental model-

ing and Patlak analysis are reviewed and their limitations for whole-body PET

imaging are also discussed. The chapter ends by identifying some areas where

methodological developments are of interest.

Chapter 3 focuses on non-parametric residue mapping (NPRM) technique and

its improvement relative to the two compartmental (2C) modeling is examined

in different phantoms. The benefits of combined analysis using this approach

for multi-tracer studies are evaluated. A combination of real data analysis,

asymptotic theoretical calculation and numerical simulation, linked to flow-

metabolism mismatch studies with 15O-Water (H2O) and 18F-Fluorodeoxyglucose

(FDG) for breast cancer patients, is presented in this chapter.

Chapter 4 develops an image-domain bootstrap model that gives the ability

to efficiently simulate 4-D dynamic PET data. The utility of this approach to

assess the uncertainty in kinetic information or complex regional summary is

explored. Numerical experiments (using 1-D and 2-D models) are used to

evaluate the accuracy of classic non-parametric projection-domain and novel

image-domain bootstraps. These simulations are guided by experience with
18F-Fluorothymidine (FLT) breast cancer study.

Chapter 5 considers the potential to improve the mean square error (MSE)

of kinetic maps by averaging results from individual bootstrap samples. This

scenario is motivated by the generalization of regression tree models by such an

averaging process. A series of simulation studies are implemented to examine

the performance of proposed scheme in both 2C and NPRM frameworks.

Chapter 6 summarizes the findings of the work and points to the possibility of

these techniques for supporting clinical decision-making and other settings in

which dynamic tracer imaging is used - either in clinical practice or research

(including preclinical animal and whole-body human), also discusses the per-

spectives for future work.
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Chapter 2

Background

2.1 Medical Imaging

Medical imaging has been a significant contributor over the process of modern

medicine by offering anatomical and functional details of the human body for

diverse diagnostic and therapeutic purposes. The true start of medical imaging,

as we consider it today was in 1895 when Röntgen discovered the X-ray, a form

of electromagnetic radiation (Röntgen, 1899). Since then, it has been an im-

portant tool in clinical practice. To create a radiograph, a patient is positioned

between the X-ray source and detector so that the specific areas of the body can

be imaged. Depending on the radiological density, each tissue absorbs different

amounts of X-rays, then produces the “shadows” on the two-dimensional (2D)

image. Dense materials such as bone appear whiter since they readily absorb

X-rays. Conversely, X-rays travel more easily through fat, muscle and lungs,

and thus, these structures are displayed in shades of gray. Due to its low cost

and high efficiency, X-ray imaging has been extensively used in the detection of

bone fractures, certain tumors as well as lung infections. But it still has some

weaknesses such as limited image resolution, exposure to ionizing radiation

and overlooked lesions in the overlapping part among tissues (Ou et al., 2021).

X-ray modalities can also be further extended to higher spatial or temporal di-

mensions. For example, computed tomography (CT) provides a more complete

characterization of the human body through three-dimensional (3D) depictions

and the temporal extension of 2D radiographs such as digital subtraction an-

giography (DSA) reveals functional information for a multiplicity of needs (e.g.

vascular, cardiac and surgery) (Samei and Peck, 2019). In contrast to X-ray
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2. BACKGROUND 2.1 Medical Imaging

imaging, nuclear medicine imaging modalities including planar, single-photon

emission computed tomography (SPECT) and positron emission tomography

(PET) are based on extracting energy (in the form of gamma rays) emitted

from the body. Target-specific radioactive pharmaceuticals are injected into

patients and imaged to reflect information about the physiological processes.

Without the use of any (ionizing) radiation, magnetic resonance (MR) imag-

ing harnesses the radio waves and magnetic properties of the human body to

create detailed images of nearly every structure and organ, see the example in

Figure 2.1 which shows PET, MR and CT images for the same patient. MR has

become an exciting modality as it can achieve superior resolution, and is capa-

ble of yielding physiological information. As discussed above, modern imaging

techniques using different types of energy sources (e.g., X-ray, gamma ray and

radio waves) have various characteristics and applications, meeting specific re-

quirements in different medical disciplines.

Figure 2.1: Reconstructions of data acquired by PET, MRI and CT of the same

patient (Ehrhardt et al., 2014).

Although PET is the focus of this thesis, it is not used in isolation. As PET

images do not provide anatomical information, they are usually combined with

co-registered anatomical data from other modalities, such as CT and MR. DSA

and functional MR images (fMRI) have the similar data structure (e.g. temporal

sequence) as dynamic PET and therefore the developed techniques in this thesis

also have the potential to be adapted for these images. In this section, we give

an introduction to the relevant medical imaging procedures including CT and

MR. More details about PET will be presented in the next section.

2.1.1 Computed Tomography

The CT scanner was invented by Hounsfield (Hounsfield, 1973) and Cormack

(Cormack, 1980). Both of them were jointly awarded the 1979 Nobel Prize.

Improved Statistical Quantitation of Dynamic
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2. BACKGROUND 2.1 Medical Imaging

CT uses X-ray to create valuable three-dimensional views of the organ/tissue

of interest and eliminate the overlapping structures to make the anatomy more

apparent (clear shape, size, density, and texture). Therefore, it is very remark-

able to generate a dramatic increase in diagnostic information and preferred to

conduct in several areas from emergency medicine to disease diagnosis such as

liver, pancreatic and lung cancers (Seeram, 2015).

Figure 2.2: Simplified schematic of the computed tomography (CT) imaging

process (Stiller, 2018).

To better understand the nature of CT, the scanning procedure is illustrated

in Figure 2.2 and described as follows. X-rays are attenuated when they pass

through tissues and anatomical structures in the body and subsequently mea-

sured by the detectors. The gantry of the CT scanner including the X-ray tube

and detectors rotates around the patient during scanning so that attenuation

profiles are acquired from different angles (views) making up the projection.

By sorting projections, raw data (sinograms) can be derived, which is nec-

essary for the reconstruction of transverse image by means of mathematical

algorithms, e.g., filtered back projection (FBP) or maximum likelihood (ML)

(Natterer, 2001). Finally, all images are combined with detailed cross sectional

areas inside the body to present a 3D view with the overlying structures re-

moved (Stiller, 2018).

In general, CT has the advantage of short study time with high quality images.

However, it still has substantial limitations and drawbacks. For example, only

anatomic information can be provided and it may be erroneous or incomplete to

differentiate between pathologic and healthy tissues in some cases (e.g., small

lesions) due to low inherent contrast (Davis et al., 1976). In clinical imag-

ing, sometimes the (iodinated) contrast agents are administrated to address

this issue, but they may cause kidney damage and trigger allergic reactions

(Willemink et al., 2018). The exposure of patients to ionizing radiation is an-

Improved Statistical Quantitation of Dynamic
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other concern (Brenner and Hall, 2007; Fred, 2004). Some studies have found

an increased risk of radiation-induced cancers in younger patients, particularly

with serial examinations (Mehrotra, 2016; Zondervan et al., 2013). Although

radiation doses can be reduced, it may lead to further problems such as image

noise and artifacts. Thus, the appropriate and safe application of CT to ob-

tain enough diagnostic information with the lowest possible dose of radiation

is quite important (Kalra, Sodickson and Mayo-Smith, 2015).

2.1.2 Magnetic Resonance Imaging

Magnetic Resonance Imaging (MRI) (e.g., structural MRI and functional MRI)

is a powerful modality that provides exquisite anatomical details or perfusion

information without the exposure of patients to radiation during the examina-

tion. In this section, we give a brief overview of the history of MRI, and then

discuss its specific physical principles and characteristics.

The observation of phenomenon of nuclear magnetic resonance (NMR) (Bloch,

1946; Purcell, Torrey and Pound, 1946) directly stimulated creation of the first

biological MR images in 1973 (Lauterbur, 1973). By the 1980s, MRI became

clinically prevalent, especially in the structural scanning of the brain. In early

1990, the discovery that changes in blood oxygenation could be measured us-

ing MRI ushered in a new era of functional studies (Ogawa et al., 1990). Since

then, functional MRI (fMRI) has greatly progressed and recent advances in tech-

nologies are reviewed in (Bollmann and Barth, 2021).

2.1.2.1 Structural MRI

MRI relies on signals derived from water molecules, which comprise around

70% of the average human body. During the imaging procedure, the strong

magnetic field created by the MRI scanner causes the hydrogen protons of water

in the body to align in the same direction. Radio waves/frequency (RF) pulse

towards specific spots are then sent from the MRI machine and move (“excite”)

these atoms out of the original position. When the RF pulse is turned off, the

hydrogen protons slowly return (“relax”) to their natural alignment within the

magnetic field and release the energy absorbed from the RF pulses. The col-

lected radio signals (high and low frequency) form a frequency domain space,

called “K” space. Tissue can be characterized by different relaxation times –

T1 and T2. T1 (longitudinal relaxation time) and T2 (transverse relaxation

time) are the time constants that determine the rate at which excited protons

Improved Statistical Quantitation of Dynamic
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return to and reach equilibrium, respectively. T2* is “observed” transverse re-

laxation (T2*<T2<T1). The Fourier transform (FT) algorithm uses the data in

K space to reconstruct magnetic resonance images and finally 3D visualization

can be performed (Haidekker, 2013; Berger, 2002). These basic principles are

depicted graphically in Figure 2.3.

Figure 2.3: The process of magnetic resonance imaging (MRI) signal acquisition

to image display (Seeram, 2015).

Due to the unique physics, MRI has been considered as a superior modality to

other imaging techniques such as plain X-ray and CT and it is particularly useful

for the detection of abnormalities in soft tissues (e.g.,ligaments and cartilage),

organs (e.g., brain, heart and eyes) and blood vessels. More importantly, this

scanning does not involve any kind of radiation, so it is safe for certain patients

such as pregnant women or babies (Oldendorf, 1988). But MRI has the draw-

back of longer acquisition time, leading to high examination costs and reduced

patient comfort (Neumayer et al., 2018).

2.1.2.2 Functional MRI - DSC/DCE

The changes to the magnitude and phase of the MR signal with time can be used

to provide the physiological quantity of interest such as perfusion. Two tech-

niques are generally used to measure perfusion using MRI: dynamic susceptibil-

ity contrast (DSC) and dynamic contrast enhanced (DCE) (Huettel et al., 2004).

Both of them require intravenous bolus administration of gadolinium and will

be briefly described below.

Dynamic Susceptibility Contrast MRI DSC MR perfusion imaging begins

with the injection of a bolus of gadolinium-containing contrast and then rapid

repeated imaging of the organ of interest is performed during the first pass.

Improved Statistical Quantitation of Dynamic
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These lead to a series of T2 or T2*-weighted MR images. After image ac-

quisition, various parameters (e.g., blood volume, blood flow, mean transit

time) can be extracted from the measured signal intensity time course (Jahng

et al., 2014). As DSC imaging depends only on the first pass of the contrast

agent, it is sometimes known as bolus tracking MRI and mostly used for brain

(stroke/tumors) and heart (ischemia).

Dynamic Contrast Enhanced MRI Like DSC-MRI, DCE imaging also requires

the administration of a gadolinium-based contrast agent. The repeated T1-

weighted images over an approximately five to ten minute interval are acquired

by exploiting the T1 shortening effects of gadolinium. The image data can be

analyzed visually or semi-quantitatively. Physiological parameters such as trans-

fer constant (Ktrans) and fractional plasma volume (Vp) can also be obtained.

This approach has mainly been applied in studies of the myocardium, brain and

oncological research (Gordon et al., 2014).

2.2 Positron Emission Tomography

Positron emission tomography, also referred to as PET imaging or a PET scan,

is a type of nuclear medicine technique that produces 3D images of the dis-

tribution of an administered radiopharmaceutical (radiotracer) within the body

(Haidekker, 2013). Unlike other modalities, these images enable the evaluation

of biological phenomena including glucose metabolism, cerebral blood flow and

receptor sites in the brain, instead of showing anatomy and structure (Wacholtz,

2011). In this section, we will focus on the recent development, fundamental

principles and performance characteristics of this fantastic technique.

2.2.1 Development of PET Scanners

The development of PET scanners spans over 70 years (1950 ∼ 2020s) and

many outstanding physicists, chemists, biologists and mathematicians/statisticians

made great contributions to the progression of this technology (Rich, 1997;

Nutt, 2002; Wacholtz, 2011; Jones and Townsend, 2017; Vandenberghe, Moskal

and Karp, 2020). Technical advances in various aspects are reviewed via the

timeline from a historical perspective.
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1950∼1960s: Pioneering Ideas for PET The ideas for PET could date back

to the 1950s. Two initial reports of medical applications for the positron were

published independently in 1951 (Wrenn Jr, Good and Handler, 1951; Sweet,

1951). Later on Brownell and Sweet created a precursor of PET scanner to

record the annihilation for localizing brain tumors (Sweet, 1953). In the early

1960s, Kuhl and Edwards were the earliest pioneers to study the image recon-

struction algorithms for single photon tomography (Kuhl and Edwards, 1963),

but it was Chesler’s filtered backprojection technique ultimately applied to the

PET (Chesler, 1971, 1973; Chesler, Hoop and Brownell, 1973).

1970s: Beginning of Modern PET During this period, instrumentation and

radiochemistry have been developed rapidly. In 1973, Phelps built the first PET

tomography, known as positron emission transaxial tomography (PETT I) and

later reduced the name to PET. However, this attempt is not successful mainly

due to the limited sampling and lack of attenuation correction (Nutt, 2002). To

address these physical issues and ensure image quality, Phelps, Ter-Pogossian

and Hoffman et al. continued to create the PET II and clinically applicable PET

III for animal and human studies at Washington University (Phelps et al., 1975;

Ter-Pogossian et al., 1975; Phelps et al., 1976; Hoffman et al., 1976). The first

published human images of blood blow oxygen and glucose metabolism and

bone scans are generated from PET III, which consisted of 48 NaI (TI) detec-

tors placed in a hexagonal array with eight detectors on a side and data were

reconstructed using FBP algorithm (Phelps et al., 1976; Hoffman et al., 1976).

Following the PET III development, the first commercial scanner - Emission

Computed Axial Tomography (ECAT) was designed and delivered to University

of California, Los Angeles (UCLA) in 1976.

Another development that contributed to the emergence of PET is the detector

that determines sensitivity, image resolution etc. Cho et al. developed a sys-

tem with a single ring of NaI (TI) detectors (Cho, Chan and Eriksson, 1976)

and eventually expanded to multiple rings with more efficient crystal, bismuth

germanium oxide (BGO) (Cho and Farukhi, 1977). The other development in-

cludes biosynthesis of the first fluorodeoxyglucose (FDG) by Wolf and Flowler’s

group (Ido et al., 1978) that laid the groundwork for more in-depth PET stud-

ies. The first PET imaging with FDG was performed and the cerebral glucose

metabolic rate was subsequently measured by Phelps et al. (Phelps et al., 1979;

Reivich et al., 1979).
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1980∼1990s: Advancements in the Research and Clinical Sectors The

progressions of PET in the research and clinical sectors have been associated

with several aspects including further improved detectors, better image recon-

struction algorithms and commercialization.

(i) The block detector concept pioneered by Casey and Nutt (Casey and Nutt,

1986) was composed of four photomultipliers coupled to a 2D array of

crystal elements. This invention led to high resolution and efficient PET

tomographs at a much-reduced cost (Nutt, 2002). Moreover, a new detec-

tor material - Lutetium Oxyorthosilicate (LSO) was discovered (Melcher

and Schweitzer, 1992) and fabricated for PET by Cherry et al. of UCLA

(Cherry et al., 1997). The performance of LSO results in a combination of

speed and light output improvement of 37.5 over BGO (Nutt, 2002). The

derivation of LSO incorporating a small percentage of yttrium - LYSO was

also introduced which benefits the development of time-of-flight (TOF)

PET imaging (Jones and Townsend, 2017).

(ii) The iterative reconstruction approach based on maximum likelihood was

proposed by Dempster et al. (Dempster, Laird and Rubin, 1977) and sub-

sequently applied to PET by Shepp et al. (Shepp and Vardi, 1982; Lange,

Carson et al., 1984; Vardi, Shepp and Kaufman, 1985). Considering the

computational efficiency, an accelerated version - ordered subset expecta-

tion maximization (OSEM) was developed by Hudson and Larkin (Hudson

and Larkin, 1994) and made it a practical alternative to FBP algorithm.

The OSEM technique provides the foundation for today’s most popular

reconstruction methods.

(iii) Two major imaging companies, i.e., General Electric (GE) and Siemens

entered into PET industry in the late 1980s and served to validate this

technology for clinical applications, no longer limited to research. Thus,

the 1990s marked the start of PET as a clinical service (Nutt, 2002). In

1991, the first whole-body PET scan was obtained by a multi-bed proto-

col (Dahlbom et al., 1992) to detect primary and metastatic diseases si-

multaneously. The introduction of whole-body concept expands PET as a

weapon against cancer and further stimulates researchers’ interest in axial

coverage extension (Jones and Townsend, 2017; Vandenberghe, Moskal

and Karp, 2020).
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2000s: PET/CT Scanner The PET/CT scanner, designed by Townsend and

Nutt, was featured in Time as the medical invention of the year in 2000. Com-

puter software was developed and applied to combine anatomic information

from CT with functional imaging from PET into one efficient device. Thus,

PET/CT scanner is able to produce superior fused images that are particularly

helpful for early diagnosis, tumor detection, precise localization and assessment

of patient response to therapy. Furthermore, fast and low noise attenuation

correction from CT also speeds up PET scanning, which makes the examina-

tion more convenient and comfortable for patients (Wacholtz, 2011; Jones and

Townsend, 2017).

2010∼2020s: Long Axial Field of View PET Scanner The conventional

PET/CT systems generally have a short field of view (FOV) of about 15∼30cm

and typically only a special organ (e.g., brain) is imaged. Whole-body scan-

ning can also be implemented by adopting a multiple bed scenario, but it is

very time-consuming. Recently, the new-generation PET scanners (see Figure

2.4) - the uEXPLORER (United Imaging Healthcare & UC Davis) (Badawi et al.,

2019), the PennPET Explorer (University of Pennsylvania) (Karp et al., 2020)

and the Biograph Vision Quadra (Siemens Healthineers) (Prenosil et al., 2022)

have achieved long axial field of view (LAFOV) between 64 and 194cm. Their

characteristics are summarized in Table 2.4.

A. uEXPLORER 
United Imaging Healthcare

B. PennPET Explorer
University of Pennsylvania

C. Biograph Vision Quadra 
Siemens

Figure 2.4: New-generation long axial field of view (LAFOV) PET systems. A.

uEXPLORER (United imaging Healthcare)1; B. Penn PET Explorer (University

of Pennsylvania)2; C. Biography Vision Quadra (Siemens)3.

These state-of-the-art scanners show a tremendous increase in system sensitivity

1URL: https://usa.united-imaging.com/products/molecular-imaging/uexplorer/
2URL: https://www.med.upenn.edu/pennpetexplorer/
3URL: https://www.siemens-healthineers.com/molecular-imaging/pet-ct/

biograph-vision-quadra
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and allow the simultaneous imaging of all of the main organs in the body using

the single-bed position, providing numerous opportunities to improve clinical

workflow and patients’ comfort (e.g., reduction of scanning time and admin-

istration of low-dose tracer) and also explore new applications (e.g., develop-

ment of new tracers and drugs) (Jones and Townsend, 2017; Vandenberghe,

Moskal and Karp, 2020; Pantel, Mankoff and Karp, 2022).

Table 2.1: Overview on existing long axial field of view commercial and re-
search systems (Nadig et al., 2021; Zhang et al., 2020; Viswanath, 2020; Sari
et al., 2022).

uEXPLORER PennPET Explorer Quadra
Year developed 2019 2020 2020
Company/University United Imaging Healthcare University of Pennsylvania Siemens Healthineers
First installed Zhongshan Hospital as above Bern University Hospital
Purpose Commercial Research Commercial
Scintillators LYSO (18.1 mm) LYSO (19 mm) LSO (20 mm)
Axial field of view (cm) 194 64,140 106
Spatial resolution (mm) 2.9 4.0 3.4
Sensitivity (kcps/MBq) 174 55 174
Image matrix 192×192×672 144×144×160 440×440×645
Time frames 90∼ 200 70 62

2.2.2 Radiotracer

PET imaging usually requires the use of radiotracer/radiopharmaceutical, which

is injected into the body, swallowed, or inhaled as a gas. The administrated

tracer enables to target different cancer biomarkers (e.g., enzymes, receptors

and transporters) or biological processes (e.g., energy metabolism and hypoxia)

(Lau et al., 2020). Generally it is a molecule containing the natural substrate

(e.g., glucose) that is labeled with a positron-emitting radioisotope. The com-

monly used radioisotopes include Fluorine-18 (18F), Oxygen-15 (15O), Carbon-

11(11C) and Nitrogen-13 (13N) (Miller et al., 2008) and they can be transformed

into many PET radiotracers, see the list in Table 2.2. Fluorine-18 labeled Flu-

orodeoxyglucose (18F-FDG) provides, without question, the widest range of ap-

plications in oncology, neurology and cardiology (Wacholtz, 2011). The mech-

anism of uptake and metabolism of FDG will be introduced in detail as follows.

Fluorodeoxyglucose (FDG) Glucose (C6H12O6) is an essential source of en-

ergy in all organisms. FDG (C6H11
18FO5) is an analog of glucose where one

hydroxyl group (an oxygen atom bonded to a hydrogen atom - OH) is re-

placed with an atom of 18F (Kobayashi et al., 2012). Both glucose and FDG

are transported into cells by glucose transporter (GLUT) membrane proteins
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Table 2.2: The commonly used radiotracers and their targeted processes in PET.

Radioisotope Half-life (min) Radiotracer Biological Process/Target
18F 109.8 FDG glucose metabolism

FLT cell proliferation
PSMA PSMA protein

15O 2.04 H2O blood flow
11C 20.4 Acetate myocardial oxidative metabolism

Verapamil P-gp Activity
13N 9.97 Ammonia myocardial blood flow

FLT: fluorothymidine; PSMA: prostate-specific membrane antigen; P-gp: P-glycoprotein

and phosphorylated by hexokinase. Dephosphorylation may occur by glucose-

6-phosphatase (G-6-phosphatase) in some cells. Phosphorylated glucose (G-6-

phosphate) is available to be further metabolized by glycolysis, whereas FDG-

6-phosphate cannot and is therefore considered as "metabolic trapping" (Rudd

et al., 2010). The whole process is illustrated in Figure 2.5.

Understanding these biochemical pathways is critical for PET image interpre-

tation. Typically, the active tumor has a higher rate of glycolysis, which is ex-

hibited as the high phosphorylation of FDG, resulting in increased metabolic

trapping and consequently signal enhancement on the PET images (Muzi et al.,

2012). Thus, the FDG-PET scan is very useful for diagnosis, staging and recur-

rence detection of various cancers.

Plasma Tissue

Figure 2.5: Glucose and FDG cellular uptake and metabolism (Trinder et al.,

2020; Rudd et al., 2010). GLUT: glucose transporter.

2.2.3 Scanning Procedure

Figure 2.6 shows an overview of the PET scanning procedure involving the

positron emission, detection of gamma rays, the form of projection view and

ultimately image reconstruction. We begin with PET physics and review recon-

struction algorithms in this section.
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Figure 2.6: Schematic of PET scanning process.4

2.2.3.1 The Physics of PET

During the PET scanning, the patient is positioned on a flat bed and surrounded

by detectors once the radiotracer is administered. After a certain amount of

time, the radioactive tracer arrives at the targeted tissues/organs. Since the ra-

dioisotopes in the tracer are not stable, they may decay through positron emis-

sion. Essentially, radioactive decay is a proton (p) in the nucleus of the atom

converted into a neutron (n), a positron (e+) and an undetectable neutrino (v)

with release of energy. The generated positrons then travel to annihilate with

a nearby electron (e−) and produce two high energy (511 KeV) photons in the

form of gamma rays (γ) moving away from each other in opposite directions

(approximately 180 degrees). A coincidence event is registered if an annihila-
tion occurred somewhere along the line of response (LOR) are detected within

a fixed time window (e.g., 6∼12 ns) (Fahey, 2002; Schmitz et al., 2005; Zaidi,

2006).

Raw data, which consists of the recorded events, are acquired directly into

a sinogram in a 2-D matrix. Each row represents parallel line integrals or a

projection of the activity at a particular angle φ and each column represents the

radial offset (r) from the center of the scanner (Cherry and Dahlbom, 2006).

As indicated in Figure 2.7, their relationship with the original coordinates (x, y)
is given by:

r = xcosφ+ ysinφ (2.1)

4URL: https://en.wikipedia.org/wiki/Positron_emission_tomography#/media/
File:PET-schema.png
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For each coincidence event detection, the corresponding pixel (r, φ) in the sino-

gram is determined, and a count is added to the pixel. Thus, the total counts

in each pixel represent the number of coincidence events detected during the

counting time along an LOR. Each sinogram represents the data for a slice

across all angles and a series of projection views can be generated from sino-

grams from multiple slices. The data can be written in either frame mode or

list mode in the sorting hardware. In the frame mode, the events are integrated

over a time interval that must be defined prior to data acquisition. Conversely,

the list mode data are binned into specific time intervals after the completion of

study, which is advantageous for dynamic scans. While the frame mode is rou-

tinely used, the list mode is being more widely used for the newer PET scanners

now (Saha, 2015).

Annihilation!!

!"

LOR

Figure 2.7: Principles of conventional and time of flight (TOF) PET scanners

(Lecoq and Gundacker, 2021) and the relationship between the (x, y) coordi-

nate system of the object and the (r, φ) coordinate system in which PET data

are commonly stored (Cherry and Dahlbom, 2006).

However, this data acquisition process is not perfect and many factors need

to be corrected. For example, attenuation of annihilation photons occurs due

to absorption and scatter may cause uneven distribution of counts over differ-

ent organs or tissues, therefore, attenuation correction must be applied before

image reconstruction. Another issue is, not only true coincidences, some back-

ground events (e.g., scattered, randoms and multiples) that not arise from the

same annihilation event or lie on the same line can also be detected. These

backgrounds need to be removed or minimized. The recent development of

scintillators (i.e. LYSO) and detector electronics with improved time resolution

and stability has made it possible to apply the time-of-flight (TOF) technique

to the conventional PET, which leads to the increased sensitivity and signal-to-

noise ratio. The concept of TOF-PET scanner is illustrated in Figure 2.7. The
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location of an annihilation pair is determined by the detection of the time-of-

flight difference (∆t = t1 − t2) between the two photons. Therefore, the dis-

tribution of annihilation positions is not uniform (Vandenberghe et al., 2016;

Jiang, Chalich and Deen, 2019).

2.2.3.2 Image Reconstruction

After the acquisition of PET projection data, the distribution of the admin-

istrated radiotracer is reconstructed through mathematical algorithms. The

reconstruction process involves the solution of an inverse problem with the

Radon-type transform. Over the past four decades, many efforts have been de-

voted to the development of PET image reconstruction methods, either analytic

or iterative. The analytic approach typically yields explicit formulas for the re-

construction problem and produces a practical solution to compute, such as the

standard filtered backprojection (FBP) based on least squares. Iterative recon-

struction has no implicit equation and uses the maximum likelihood estimation

to find the more accurate image. This section provides a basic introduction to

both methods.

Filtered Backprojection (FBP) Filtered Backprojection method assumes that

the PET data is noise-free and attempts to reconstruct images from the known

projections by the inverse Radon transform (Chesler, 1973). The basic flowchart

for FBP reconstruction is presented in Figure 2.8.

Sinograms
(spatial domain)

Sinograms
(frequency domain)

Filtered Sinograms 

Inverse Fourier

Radon
transform

Fourier transform

Filter

Input 
Images

Reconstructed
Images

Projection Domain Image DomainTrue Source

(frequency domain)

Filtered Sinograms
(spatial domain)

Back
projection

Figure 2.8: Diagram of the filtered backprojection (FBP) reconstruction.

The imaging process (forward projection) is formulated simply as:

p = Rf (2.2)
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If f is a discrete representation of the continuous 2D or 3D object, then its

Radon transform (R) represents the projection data (p).

As in (2.3), the implementation of FBP involves serval steps: (i) convert pro-

jection data from the spatial domain to the frequency domain by Fourier trans-
form (F); (ii) apply a filter (H) in the frequency domain; (iii) take inverse

Fourier transform (F−1) of filtered frequency projection; (iv) backproject the

filtered projection by inverse Radon transform (R−1) to reconstruct images (f̂)

(O’Sullivan, 1995; Wernick and Aarsvold, 2004; Cherry and Dahlbom, 2006;

Tong, Alessio and Kinahan, 2010; Saha, 2015). For more mathematical de-

scriptions of Random and Fourier transform, see Appendix B.1.

P = Fp, P ′ = HP , p′ = F−1P ′, f̂ = R−1p′ (2.3)

where P is the Fourier transform of p and similarly p is the inverse Fourier

transform of P .

A number of Fourier filters have been designed and used in the frequency do-

main to improve image quality. In practice, the typical projection view tends to

have high amplitudes at low frequencies and low amplitudes at high frequen-

cies. Filter plays a role to attenuate or remove high frequencies and enhance

the signal-to-noise, however, it is also at the expense of degrading image resolu-

tion. Ramp filter is a commonly used “high-pass" filter, but it usually amplifies

the noise associated with high frequencies. To eliminate the high-frequency

noise, some “low-pass" filters such as Hanning, Hamming and Shepp-Logan fil-

ters have been developed (Cherry and Dahlbom, 2006; Saha, 2015). If images

still appear noisy after reconstruction, they may be further smoothed using the

spatial filters (e.g., Gaussian and non local mean) in the image domain (Schmitz

et al., 2005; Dutta, Leahy and Li, 2013; Arabi and Zaidi, 2021).

The main advantage of FBP is its computational efficiency, but the reconstruc-

tion accuracy is limited by several aspects. First, this method does not apply

positive constraints leading to negative artifacts. Second, FBP model (2.2)

cannot describe the real data precisely and many physical factors such as in-

tercrystal scatter, positron range and noncollinearity are ignored (Cherry and

Dahlbom, 2006; Tong, Alessio and Kinahan, 2010).

Iterative Reconstruction The alternative approach to image reconstruction

is the use of iterative techniques, which determine the “best” estimate of im-
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ages based on the measured projections. Rather than assuming a Radon form

(2.2), a more complex model encompassing underlying physics and data noise

is employed and given by (2.4),

p = Mf , M = MsensitivityMblurMattenuationMgeometryMpositron (2.4)

where the matrixM contains a few components of the imaging process such as

sensitivity, detector blurring, attenuation, geometric factor and positron range.

Estimated
Image

Initial
Guess

Projection DomainImage Domain

Correct 
Projection

Estimated 
Projection

Back projection

Measured
Projection

Final 
Image

Image
Update

yes

no

CompareForward projection

Discrepancies 
(projection space)

Figure 2.9: The general structure of iterative image reconstruction.

The basic idea behind iterative reconstruction algorithms is summarized in Fig-

ure 2.9. It begins with an initial guess made of the image distribution (e.g., a

uniform grayscale image), then the estimated projection is calculated by for-

ward projecting the initial image. Based on the discrepancies between esti-

mated and measured projections, a correction is applied to the current pro-

jection. All corrected projections are backprojected to update image, which is

used as the estimated image for the next iteration. This “forward project, com-

pare, backproject, adjust” process would be repeated until the image reaches

a certain criterion (Saha, 2015; Tong, Alessio and Kinahan, 2010). There are

two key parts for all iterative approaches, (i) the definition of the optimization

criterion, which is represented as an objective or cost function; (ii) the numeri-

cal algorithm to determine how to update image (Cherry and Dahlbom, 2006).

Historically, many efforts have concentrated on these two parts developing iter-

ative techniques (Iriarte et al., 2016) and the most widely used approaches are

based on maximum likelihood (ML) methods (Rockmore and Macovski, 1976).

The expectation-maximization (EM) algorithm is commonly used to find the

maximum likelihood estimate (MLE) (Dempster, Laird and Rubin, 1977) under
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a Possion data model. This approach considers the statistical noise and assures

non-negative by implicitly treating the projection data as a Poisson distribu-

tion. Subsequently, the maximum likelihood expectation maximization (ML-

EM) method, adopting ML as the optimization criterion and using the EM al-

gorithm to update image, is introduced to PET reconstruction by Shepp et al.

(Shepp and Vardi, 1982; Lange, Carson et al., 1984; Vardi, Shepp and Kauf-

man, 1985). The ML-EM algorithm has a simple form consistent with the gen-

eral structure of iterative approaches (Figure 2.9). Suppose f̂ (n+1)
j is the image

estimate for voxel j at iteration n, it can be written as:

f̂
(n+1)
j =

f̂
(n)
j∑

i′Mi′j

∑
i

Mij
pi∑

kMikf̂
(n)
k

(2.5)

In this case, the multiplicative update by the ratio of measured over estimated

projections guarantees non-negative values and predictable convergence be-

havior. While ML-EM has many attractive properties, this algorithm still has

some shortcomings. The main limitation is the lengthy computation time. Due

to the slow convergence, one solution may require 30 to 50 iterations where

each iteration involving forward and back projection steps takes approximately

double time as long as FBP reconstruction. Thus, the required time is indeed

considerable and hampers its application in clinical use. Another drawback is

the ML criterion may generate noisy reconstructed images and often some post-

processing smoothing is applied to reduce overall noise levels (Wernick and

Aarsvold, 2004; Zaidi, 2006).

To address the issue of slow convergence, an ordered subset expectation maxi-

mization (OSEM) technique has been proposed by Hudson and Larkin (Hudson

and Larkin, 1994) to accelerate ML-EM and become the most widely used it-

erative reconstruction method as a practical alternative to FBP algorithm. The

OSEM method is a simple modification of the ML-EM algorithm (2.5) and the

update equation is reformulated as (2.6) to increase the magnitude of change

at each iteration.

f̂
(n,b)
j =

f̂
(n,b−1)
j∑
i′∈SbMi′j

∑
i∈Sb

Mij
pi∑

kMikf̂
(n,b−1)
k

(2.6)

This approach partitions the full set of projections into B mutually exclusive

subsets and uses only one subset (Sb) for each update, termed as one subitera-
tion (b). The processing time for one iteration, which passes through all of the
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subset data, is roughly equivalent to that of one iteration of ML-EM. A greater

number of updates in each iteration, leads to significant acceleration, usually

on the order of the number of subsets. OSEM algorithm has similar characteris-

tics as ML-EM, but with substantial speed improvement. It is also important to

note that OSEM does not have a general proof of convergence and image noise

is increased with the number of subsets. So an appropriate partition is required

and 8∼10 subsets are possible with little increase in noise (Leahy and Qi, 2000;

Wernick and Aarsvold, 2004).

Transverse Coronal Sagittal

A

B

C

FDG

FLT

FDG

Figure 2.10: PET images generated on an early scanner (A) with FBP recon-

struction (Mankoff et al., 2002), a recent scanner (B) with OSEM reconstruc-

tion (Kostakoglu et al., 2015) and a latest long axial field of view scanner -

Siemens Quadra (C) with OSEM reconstruction (Sari et al., 2022) for breast

cancer patients. Radiotracers are indicated on each row and columns corre-

spond to transverse, coronal and sagittal views5.

The principal trade-off between FBP and iterative reconstructions is accuracy

versus computation efficiency. Iterative algorithms tend to produce better signal-

to-noise images and greatly reduce streak artifacts that are commonly produced
5A and B: data shared by Prof. David A Mankoff at Univeristy of Pennsylvania and Dr.

Mark Muzi at University of Washington; C: data shared by Prof. Kuangyu Shi and Prof. Axel
Rominger at Bern Univeristy Hospital. Details can be had from Prof. Finbarr O’Sullivan at
University College Cork.
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in FBP reconstruction. Owing to improvements in computer power and devel-

opment of acceleration techniques, iterative reconstructions are in widespread

clinical use now (Wernick and Aarsvold, 2004; Zaidi, 2006). A visual compar-

ison of FBP and OSEM reconstructed images from different PET scanners (i.e,

the early, recent and latest generation) for breast patients is presented in Fig-

ure 2.10. The FBP image shows apparent artifacts and appears overall noisier

than the OSEM images. The long axial field of view PET image exhibits ex-

cellent spatial resolution and remarkably improved image quality for multiple

organs/tissues.

2.2.4 Structure of PET Data

A better understanding of PET data structures and characteristics in the projec-

tion and image domain may benefit the further development of reconstruction

algorithms and post-processing techniques. In this section, we start with the

Poisson nature of emission process and then discuss the image noise character-

istics.

The Poisson Nature of Emission Process As mentioned in section 2.2.3.1,

the raw data in the projection-domain is generated by detecting two photons

being emitted from an annihilation. This procedure is, essentially, a count-

ing process where the location and time of detected annihilation are recorded.

There are a large number of annihilations and they follow the Poisson distribu-

tion, however, only a small proportion of these are actually detected by the PET

scanner. Considering the detected annihilation to be a success and assuming the

emission process is independent, the number of observed events also follows a

Poisson distribution based on the thinning (splitting) theory. In dynamic PET

studies, raw data from distinct time frame is deemed to have the Poisson statis-

tics (Haynor and Woods, 1989; Carson et al., 1993; Hawe, 2016; Mou, 2018).

Although the emission process possesses Poisson nature, the noise in PET pro-

jection may not the case. Many noise sources other than Poisson statistics, e.g.,

attenuation, scatter, and randoms may introduce additional deviations. Some

noise models have been developed to characterize the pseudo-Poisson nature

of raw measurements (Rowe and Dai, 1992; Maitra and O’Sullivan, 1997; Sitek

and Celler, 2015).

Correction for Decay and Duration Different facilities may employ specific

scanning protocols with various starting time points (e.g., from the tracer in-
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jection time or after a time period) and durations (a few seconds or minutes).

Thus, the decay and duration are usually corrected prior to any other calcula-

tion with the sinogram or (dynamic) image (Zaidi, 2006; Hawe et al., 2012;

Hawe, 2016).

The atoms of a radioactive sample decay randomly and the average decay of the

atoms is generally focused (Saha, 2015). The decay rate (dN/dt) is proportional

to the number of radioactive atoms (N), thus the decay equation is expressed

as

− dN

dt
= λN (2.7)

where λ is the decay constant and depends on the particular radioactive nuclide

and decay mechanism involved. Let A = λN , integrating (2.7) gives the activity

at time t (At):

At = A0e
−λt (2.8)

If the activity at time t = 0 (A0) is known, we can calculate the activity at any

time by (2.8).

The half-life (t1/2) of a radionuclide is defined as the time required to reduce the

initial activity to one-half, which is unique for every radionuclide and related to

the decay constant as follows:

λ = ln2
t1/2

(2.9)

Suppose yt is the raw count over a time-bin with duration ∆t, the corresponding

activity value corrected by decay and duration is given by

zt = yt
eλt

∆t

c ≡ ytftc (2.10)

where c is a scale factor taking account of attenuation, calibration etc.

Image Noise Characteristic Knowledge of the statistical properties of recon-

structed images is essential for data analysis schemes. In particular, the accurate

noise measures can be incorporated into the weighting factors for tracer kinetic

modeling in dynamic PET studies (Carson et al., 1993; Yaqub et al., 2006; Thiele

and Buchert, 2008; Huang et al., 2018; Cavalcanti et al., 2019). The noise

characteristic of PET images reconstructed using FBP algorithm has been stud-

ied extensively and Gaussian noise model is often applied (Pajevic et al., 1998).

However, image reconstructed by the widely used iterative EM algorithm re-

veals non-Gaussian character in nature due to the positive constraints. Some
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studies have demonstrated that the noise in iterative reconstructions could be

characterized by the log-normal (Barrett, Wilson and Tsui, 1994; Li, 2011) or

Gamma distribution (Teymurazyan et al., 2013; Mou, Huang and O’Sullivan,

2017).

2.2.5 Performance Evaluation

The performance of PET scanners, image reconstruction algorithms and quanti-

tative methodologies can be evaluated by quality management system or com-

puter simulation.

Quality Assurance Routine quality assurance (QA) is necessary for optimal

clinical performance which starts after installation of the imaging equipment

and continues on a periodic basis (e.g., monthly) throughout its life time (Buse-

mann Sokole et al., 2010). Physical (Hardware) phantoms are indispensable

tools for assessing image quality or characterizing imaging systems in the QA

procedure and have some advantages as the data are acquired with an actual

scanner (Morgan, 2012). They are usually designed as simplified structures

(e.g., a particular organ or tissue) and injected with a specific radiotracer. Three

typical phantoms (uniform, NEMA and CTN) (Ulrich et al., 2018) are presented

in Figure 2.11 and introduced briefly as follows. For more information, you can

access SNMMI’s Phantom Analysis Toolkit (PAT): https://www.snmmi.org/PAT.

Uniform NEMA CTN

Figure 2.11: Physical (Hardware) Phantoms: Uniform (Mou, 2018), NEMA

(Ulrich et al., 2018) and CTN (Viswanath, 2020).

(i) Uniform phantom is a standard cylinder container filled with well-mixed

radioactive fluid.
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(ii) NEMA phantom with six spheres is used to mimic human body and tu-

mors. It was first published in 1994 by National Electrical Manufacturers

Association (NEAM) and the current version is NEMA NU 2-2018 stan-

dard.

(iii) CTN phantom is a simple anthropomorphic chest phantom, which is pub-

lished by the Clinical Trials Network (CTN) of Society of Nuclear Medicine

and Molecular Imaging (SNMMI).

(𝐅𝐖𝐇𝐌)𝟏𝟎

(𝐅𝐖𝐇𝐌)𝟎

𝑓'()

𝑓'()
2

Figure 2.12: Point-spread function (PSF) at 0 and 10cm from the field of view

(Saha, 2015).

The measurement of performance parameters includes sensitivity, scatter frac-

tion, noise-equivalent count rate (NECR), spatial resolution, correction accu-

racy etc. Some important physical parameters (Saha, 2015) are described.

(i) Sensitivity is a measure of the counting efficiency of a PET scanner and

expressed as the number of counts per unit time detected by the device

for each unit of activity present in a source.

(ii) Image noise is the random variation in pixel counts across the image and

given by (1/
√
N)× 100, where N is the count in the pixel.

(iii) Point-spread function (PSF) describes the response of an imaging system

to a point source or object and varies throughout the field of view (FOV),

see Figure 2.12.

(iv) Full width at half maximum (FWHM) is determined from the width at half

of the peak of each PSF.

Improved Statistical Quantitation of Dynamic
PET Scans

27 Fengyun Gu



2. BACKGROUND 2.2 Positron Emission Tomography

(v) Spatial resolution is determined by the FWHM of PSF obtained from the

measurement of activity distribution.

Computer Simulation Computer simulation has been a commonly used nu-

merical technique for scanner design, protocol optimization, image reconstruc-

tion and quantification assessment in the PET field. The simulator is an efficient

tool that can be used to mimic the real physical process and generate data in

a controllable manner. The digital images of the phantom - numerical (soft-

ware/mathematical) phantoms modeling different organs/tissues of the body,

e.g., VSK phantom made up of several ellipses as a simplified imitation of the

brain (Vardi, Shepp and Kaufman, 1985), are usually needed (Zaidi, 2006) as

the known source (ground truth). Figure 2.13 shows three numerical phan-

toms involving the uniform and VSK phantom, also one slice of the real brain

image as the phantom. Some progress has been made towards implementation

of the computer simulation, for example, the publicly available code - GATE

for Monte Carlo simulations (Jan et al., 2004; Buvat and Lazaro, 2006; Sar-

rut et al., 2021) and many “home-made” (“in house”) codes (O’Sullivan, 1995;

Huang et al., 2020; Gu et al., 2021; O’Sullivan et al., 2021) to simulate PET

scanning.

Uniform VSK Brain

Figure 2.13: Numerical (Software) Phantoms: Uniform (Mou, 2018), VSK

(Vardi, Shepp and Kaufman, 1985), Brain Phantom6.

There are several considerable advantages of the numerical technique. One is

the no need for the expensive manufacturing and testing of equipment. Also,

it allows to add studied parameters that are not measurable in practice and

turn off certain effects, which make it so powerful compared with real mea-

surements. But it still has some limitations, the major one is the accuracy of

the results depends on the applied computer model. Therefore, developing a

simulation procedure to include all the possible factors in real situations is par-

ticularly important (Wernick and Aarsvold, 2004).
6Contributed by Qi Wu, Statistics, University College Cork
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2.3 Quantitation of PET Imaging

PET images are normally assessed visually or using simple indices in daily

clinical practice. Although these are sufficient for many diagnostic applica-

tions, the quantitation potential of PET can be further exploited in more av-

enues for clinical diagnosis, response assessment and therapy management

(Tomasi, Turkheimer and Aboagye, 2012). Quantitation is not a single-step

procedure and involves several issues such as input function and tracer kinetic

modeling. Some standard methodologies have been well-developed for semi-

quantitative or quantitative PET scanning, but they differ in terms of appli-

cation assumptions and produced information (Bertoldo, Rizzo and Veronese,

2014) as summarized in Figure 2.14. In this section, we provide an overview

of these approaches and also discuss the potential challenges and promise of

novel methodologies in the emerging whole-body PET imaging (Zhang et al.,

2020; Viswanath et al., 2021; Sari et al., 2022) from a statistical perspective.

Figure 2.14: A schematic summary of major PET quantitation methods

(Veronese et al., 2016).
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2.3.1 Static and Dynamic PET Scans

There are two classic experimental frameworks for PET scanning as shown in

Figure 2.15. The static scan is made by a single-frame acquisition at a given time

after the tracer administration, which is generally used in clinical practice due

to its feasibility such as reasonable costs and high patient throughput (Veronese

et al., 2016). In this setting, PET quantitation is routinely performed by using

standardized uptake value (SUV) - a semi-quantitative index, see below.

Figure 2.15: Static (A) versus dynamic (B) PET imaging (Bertoldo, Rizzo and

Veronese, 2014).

Semi-quantitative index: SUV The application of SUV in PET dates back to

1985 (Kubota et al., 1985) and now it has been the most widely used index

for the analysis not only of 18F-FDG but also of most tracers in oncology. SUV

is simply computed as the radiotracer concentration in a region or voxel of

interest normalized by the injected dose and a normalization factor (NF) based

on the subject’s anthropometric characteristics.

SUV = ratiotracer concentration

injected dose/NF
(2.11)

where the radiotracer concentration (e.g. kBq/ml) indicates the concentration

measured with PET over a short interval (usually from 5 to 15 mins) after a pre-
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defined time has been allowed to elapse following tracer administration (e.g.

45 or 60 mins) (Bertoldo, Rizzo and Veronese, 2014). The injected dose (e.g.

MBq) is the total administered dose and the most common NFs are body weight

(in kg) and body surface area (in m2)(Kim et al., 1994).

The simplicity and versatility of the SUV make it suitable for various types

of cancer including lung (Hickeson et al., 2002), breast (Ulaner et al., 2013)

and ovarian (Rockall et al., 2014). However, this metric can be affected by a

number of factors such as respiratory motion, partial volume effect and recon-

struction method. Also, it is only possible to quantify the tracer uptake, not

reflect any physiological or pharmacological process, which poses quantitative

limitations for the assessment of some cases such as three-vessel disease (Lam-

mertsma, 2019). In view of these considerations, SUV can be regarded as a

semi-quantitative surrogate index of tumor metabolism (Zaidi and Karakatsa-

nis, 2017).

Differently from the static scans, the activity of the tracer is measured at mul-

tiple time frames starting from the time of injection in dynamic PET scans,

resulting in 4D (3D in space and 1D in time) datasets. It is often coupled with

blood sampling and mainly used in the research setting. Such dynamic scans

give the possibility to characterize more detailed kinetics in the tissue. Due to

the limitation of axial field of view (15∼30 cm), generally only a single organ

like the brain is covered in the imaging. Traditionally, whole-body and dynamic

PET images are mutually exclusive. Recent advancements in PET technology

and scanning protocol have made dynamic total/whole-body PET imaging pos-

sible7.

Multi-bed dynamic whole-body PET imaging On the conventional PET scan-

ners, the dynamic whole-body (DWB) imaging can be generated by performing

a multi-bed multi-pass framework proposed by Karakatsanis and Rahmim et. al

(Karakatsanis et al., 2013; Rahmim et al., 2019). The data acquisition scheme

is illustrated in Figure 2.16 and has been implemented on commercial scanners

(Dias et al., 2022; Yao et al., 2021). But DWB images still have some pitfalls in-

cluding patient motion, low temporal resolution and missing early-phase data,

which limit its wide use.

7In this thesis, total-body PET imaging exclusively refers to studies using the uEXPLORER
scanner. whole-body PET imaging includes single or multiple-bed studies covering the most of
main organs and preclinical animal studies.
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Figure 2.16: An example of dynamic whole-body PET data acquisition by a
multi-pass multi-bed protocol using conventional scanners (Karakatsanis et al.,
2013; Rahmim et al., 2019).

Single-bed dynamic whole-body PET imaging The advent of new-generation

PET scanners with LAFOV (> 1m) and enhanced sensitivity, e.g., uEXPLORER

(Badawi et al., 2019), PennPET Explorer (Pantel et al., 2020) and Siemens

Quadra (Alberts et al., 2021), enables simultaneous dynamic imaging of multi-

ple organs using single-bed position. The analysis of such large-scale datasets

also presents many challenges such as the selection of image-derived input func-

tion and organ-specific kinetics, see section 2.3.5.

2.3.2 The Basic Equation of Dynamic PET

Understanding the targeted biochemical pathway is critical for the interpreta-

tion of dynamic PET imaging data. In this section, we begin with a simple

system and then introduce the indicator dilution method (Meier and Zierler,

1954) for measuring the properties (e.g blood flow and volume) of biological

systems.
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2.3.2.1 Basics of Systems

A system can be considered as some part of the physical world that interacts

with its environment, which is any process that produces an output signal (y)

in response to an input signal (x) as shown in Figure 2.17. H = H[·] denotes

the system, so the output can be expressed as:

y(t) = H[x(t)] (2.12)

Input
Signal

Output
Signal

System
ℋ

Figure 2.17: A general system diagram.

Two particularly useful properties are linearity and time-invariance, which we

describe next. Although real systems are rarely exactly linear or time-invariant,

results for the idealized assumptions still provide useful models for understand-

ing more complex systems8.

Linearity8 A system is linear if adding or scaling inputs to the system simply

results in adding or scaling the corresponding outputs. More precisely, a system

H is linear if the following two conditions are satisfied:

1. H[ax(t)] = aH[x(t)] for all constants a and input signals x(t)

2. H[x1(t) + x2(t)] = H[x1(t)] +H[x2(t)] for all input signals x1(t), x2(t).

Time-Invariance8 Time-invariance means that whatever behavior a system

has, if the inputs were delayed by some amount of time, then the behavior of

the system would be unchanged other than just being delayed by that same

amount of time. More precisely, H is time-invariant if

H[x(t− t0)] = y(t− t0) (2.13)

for all times t0 and input signals x(t).

Linear time-invariant (LTI) system We now focus on the class of linear time-

invariant systems (also known as LTI systems) with two properties (i.e, lin-

8URL: https://www.princeton.edu/∼cuff/ele201/kulkarni_text/systems.pdf
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earity and time-invariance). Here we consider the case of discrete-to-discrete

systems (Figure 2.18), see (Barrett and Myers, 2013) for more situations, e.g,

continuous-to-discrete systems. Suppose we apply the discrete-time delta func-

tion/unit impulse (a value of one, while all other samples have a value of zero)

as the input to the system, that is x[n] = δ[n]. The output will be some signal

which we will denote as h[n], so that h[n] = H[δ[n]]. It is also the impulse

response of this system because the input is a delta function (impulse).

Figure 2.18: Definition of delta function and impulse response (Smith et al.,

1997).

Assume the input signal x[n] = ∑∞
i=−∞ x[i]δ[n− i], then we can have

y[n] =
∞∑

i=−∞
x[i]h[n− i] ≡ (x⊗ h)[n] (2.14)

The detailed derivation is in Appendix B.2. Hence, we can say the output (y) of

an LTI system is simply the input (x) convolved (⊗) with the impulse response

(h).

2.3.2.2 Indicator-Dilution Method

Indicator-dilution method is introduced by Stewart (Stewart, 1897) and devel-

oped for the measurement of cardiac output by Hamilton et.al (Hamilton et al.,

1932). It was also Swewart (Stewart, 1921) who first used the technique to

measure the volume of blood in the heart and lungs, and again it was Hamil-

ton et. al who developed and emphasized the use of mean circulation time to

determine the volume of a vascular bed (Hamilton et al., 1932). The interpre-

tation of dynamic PET data can also be approached using this theory built on

the seminal work of Meier and Zierler (Meier and Zierler, 1954). Assuming the

radiotracer’s interaction with tissue is substantially linear and time-invariant,
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the vascular network can be regarded as an LTI system with an arterial input as

shown in Figure 2.19. Hence, the measured tissue time course can be expressed

as a convolution between the arterial input function (AIF) and the so-called tis-

sue residue or impulse response function as in (2.15).

CT (t) =
∫ t

0
R(t− s)Cp(s)ds ≡ R(t)⊗ Cp(t) (2.15)

Input Output

Figure 2.19: System is characterized by measuring the input and output9.

Where CT is the tissue activity per unit volume (KBq/cm3), Cp is the AIF which

is activity per milliliter (mL) of blood. The impulse response R is a necessarily

monotone decreasing function and several kinetic models are generally used

to estimate this function, see section 2.3.4. Many biologically important pa-

rameters such as transport and metabolic flux (Ki) can be extracted from the

estimated impulse response.

When the model is applied to PET time-course data, there is typically an adjust-

ment for the fractional blood volume (VB), this gives rise to a model represen-

tation of the tissue time-course as

CT (t) = VBCp(t) + (1− VB)
∫ t

0
R(t− s)Cp(s)ds (2.16)

The site to recover AIF (radial artery, left ventricle or descending aorta) may be

92021 IEEE NSS&MIC Short Course by Prof. Roger Gunn at Imperial College London.
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remote from the tissue, so a delay term (∆) can be included as well to represent

tracer activity in arterial blood. It has been found particularly necessary to

describe the whole-body kinetics (Wang, Nardo, Jones, Cherry and Badawi,

2021), see detailed discussion in section 2.3.5. Hence, the basic equation of

dynamic PET data finally becomes (2.17).

CT (t) = VBCp(t−∆) + (1− VB)
∫ t

0
R(t− s)Cp(s−∆)ds (2.17)

2.3.2.3 ROI Versus Voxel-level Analysis

In quantitative PET data analysis, computation of the physiological parameters

(e.g. Ki) can be performed either at the region or voxel level (Figure 2.20).

Due to the average of the voxel information in a region of interest (ROI), the

noise can be reduced dramatically. ROI analysis leads to more robust results,

especially in the case of dynamic PET studies, but also introduces some bi-

ases when defining ROIs from summed or anatomic images (Bertoldo, Rizzo

and Veronese, 2014). An alternate approach to regional estimates is perform-

ing analysis at the voxel level and parametric images are generated. They can

reveal the heterogeneity of tumors and have the potential for improved lesion

detection and response assessment (Muzi et al., 2012). In this procedure, many

issues need to be considered carefully such as the selection of appropriate ki-

netic models and noise suppression (Wang, Nardo, Jones, Cherry and Badawi,

2021). Whether working at ROI or voxel level, there are several confounding

effects that may limit the reliability of parameter estimates including patient’s

movement, partial volume (Erlandsson et al., 2012) and spillover activity.
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Figure 2.20: Region of interest (ROI) and voxel-level analysis.
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2.3.3 Arterial Input Function (AIF)

For standard PET quantitation, the knowledge of the tracer arterial plasma con-

centration is required as an arterial input function (AIF). The input function

can be derived either from (i) arterial blood samples, (ii) time course of ROI

drawn on the PET image, or (iii) based on the population. Here we provide

a brief review of these commonly used and model-based approaches together

with their performance characterizations.

Blood Sampling Arterial blood sampling during dynamic acquisition has been

considered as the gold standard for input function measurements (Graham and

Lewellen, 1993). However, this is an invasive procedure and cannot be recom-

mended for routine clinical purposes since it implies discomfort for the patient

(insertion of arterial lines and increased radiation) and additional costs for the

analysis of numerous blood samples (extraction of metabolites and plasma ra-

dioactivity from the whole-blood) (Feng, Chen and Wen, 2020). Hence, some

non-invasive techniques (based on image/population/mathematical model) have

been developed as follows.

Image-derived input function (IDIF) Many efforts have been made to derive

input function information from a region drawn at a blood pool (left ventricle,

aorta or other big blood vessels) on the PET dynamic images as it obviates the

need for blood sampling. Unfortunately, only the whole blood activity concen-

tration can be derived and the time course may be inaccurate and noisy for im-

ages with low spatial and temporal resolution. It is impossible to obtain plasma

concentrations or parent fractions in plasma. Interesting results are obtained

only with PET tracers that do not produce any metabolites, such as 18F-FDG

(Bertoldo, Rizzo and Veronese, 2014).

Population-based input function (PBIF) Assuming individuals have the same

tracer injection protocol and similar physiological characteristics in a cohort, the

population-based input function is generally obtained by averaging and scaling

this set of input functions using arterial catheterization invasively (Takikawa

et al., 1993). Such a method is probably the most interesting approach for use

in clinical practice with many radiotracers, but currently it has been validated

almost exclusively for 18F-FDG (Vriens et al., 2009), whereas few attempts have

been made with other tracers (Zanotti-Fregonara et al., 2012).
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Model-based input function (MBIF) Model-based descriptions of the arte-

rial samples are introduced to obtain continuous and noise-free input func-

tions. The most common models are Feng’s model (Feng, Huang and Wang,

1993) and its variation, i.e. tri-exponential model (Parsey et al., 2000), but

they both cannot describe the complex behavior of the AIF and account for dif-

ferent injection protocols properly (Tonietto et al., 2015). Some approaches are

developed to overcome these limitations. A novel Markov chain model for the

representation of the whole-body tracer circulation (Figure 2.21) is proposed

to estimate the AIF (Huang and O’Sullivan, 2014). This approach has great

potential to be applied to the emerging whole-body PET imaging (Zhang et al.,

2020; Viswanath et al., 2021; Sari et al., 2022). Recently, a population-based

projection model (PBPM) has been developed which combines population pro-

filing (as in a PBIF approach) with individual arterial input data modeling (as

in an IDIF approach). The model incorporates knowledge of injection duration

into the fit, allowing for varying injection protocols (Xiu et al., 2022).

Figure 2.21: Markov chain model for tracer atom dynamics within the body

(Huang and O’Sullivan, 2014). Graph representation (left); Transition matrix

(right).
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2.3.4 Kinetic Modeling

This section will offer an overview of the advantages and limitations of the

different kinetic models available for PET quantification in order to allow the

most appropriate solutions to be chosen for any given needs.

2.3.4.1 Compartmental Modeling

Compartmental modeling forms the basis for tracer kinetics of dynamic PET

data. There are two most important models used to derive physiological in-

formation in absolute measurement units. One tissue compartmental (1C)

model (Figure 2.22A) with two rate constants (K1 in ml/min/cm3 and k2 in

min−1) was developed by Kety (Kety and Schmidt, 1948) for quantitative as-

sessment of blood flow (perfusion). Two tissue reversible compartmental (2Cr)

model with four rate constants (K1 in ml/min/cm3, k2, k3 and k4 in min−1)

as shown in Figure 2.22B is mainly used for quantifying receptor ligand bind-

ing studies (Mintun et al., 1984). While k4 equals to 0 (irreversible), it be-

comes the most famous Sokolov-Huang model (2Ci) (Sokoloff et al., 1977;

Phelps et al., 1979; Huang et al., 1980) generally employed for the quanti-

tation of metabolic rate for glucose. C1 and C2 are tissue compartments and Cp
represents the plasma compartment. More generalized compartmental models

and detailed underlying biochemical mechanisms, see (Gunn, Gunn and Cun-

ningham, 2001). These models are described by a system of first-order time-

dependent differential equations, which can be solved by a numerical procedure

known as non-linear least squares (NLLS) in order to appropriately estimate the

residue function (Figure 2.22C) and associated physiological parameters such

as flow (K), metabolic flux (Ki) and volume of distribution (VD). More details

are presented as follows.

A

B

C

Figure 2.22: One (A) and two (B) compartmental models. Residue function

with key physiological parameters (C) (Hawe, 2016).
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One Tissue Compartmental (1C) Model One tissue compartmental model is

given by a differential equation and solved by the method of integrating factor

(2.18). Detailed derivations are in Appendix B.3.

dC1(t)
dt

= K1Cp(t)− k2C1(t)⇒ C1(t) =
∫ t

0
K1e

−k2(t−s)Cp(s)ds (2.18)

Related to the simple basic equation (2.15), the resiude function can be ob-

tained as

R(t) = K1e
−k2t (2.19)

Hence, the parameter of interest - blood flow (perfusion) = R(0) = K1.

Two Tissue Compartmental (2C) Model Similar to the 1C model, two tissue

compartmental model is represented by a coupled system of differential equa-

tions as (2.20) and can be solved by the Laplace transform, see Appendix B.4

and its inversion (Trench, 2013). Full details of solutions can be found in Ap-

pendix B.5 and the final result is shown in (2.21). Again recall the fundamental

equation (2.15), residue can be expressed as a mixture of exponentials (2.22).

dCp
dt

= k2C1(t)−K1Cp(t)

dC1
dt

= K1Cp(t)− (k2 + k3)C1(t) + k4C2(t)

dC2
dt

= k3C1(t)− k4C2(t)

(2.20)

CT (t) = C1(t) + C2(t) = K1(π1e
−θ1t + π2e

−θ2t)⊗ Cp(t) (2.21)

where

π1 = k4−θ1+k3
θ2−θ1

, π2 = θ2−k4−k3
θ2−θ1

; π1 + π2 = 1

θ1 = k2+k3+k4−
√

(k2+k3+k4)2−4k2k4
2 , θ2 = k2+k3+k4+

√
(k2+k3+k4)2−4k2k4

2 ; θ1θ2 = k2k4

R(t) = K1(π1e
−θ1t + π2e

−θ2t) (2.22)

For the irreversible 2C model (k4 = 0), the key parameter metabolic flux is

focused, which is Ki = lim
t→∞

R(t) = K1k3
k2+k3

. The distribution of volume is usually

calculated for the reversible tracers, that is VD =
∫∞

0 R(t)dt = K1(k4+k3
k2k4

).
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The advantages of compartmental modeling are the reliability and indepen-

dency on the scanning time. But its application is not practical in clinical prac-

tice as it requires complex acquisition protocol (full dynamic scanning - over

one hour and arterial blood sampling). Also when dealing with very noisy

data (e.g voxel-level analysis), this method has several pitfalls including con-

vergence issues, high computational time and sensitivity to initial estimates due

to the nature of NLLS (Bertoldo, Rizzo and Veronese, 2014). For the compart-

mental modeling to be feasible, some assumptions need to be satisfied. Hence,

we must justify each case carefully for the use of compartmental modeling.

Justification Assumptions for the compartmental modeling include homo-

geneity of each compartment, instant mixing within compartments and follow-

ing the law of mass action (Hawe, 2016). The selection of these models (1C,

2Ci, 2Cr) also depends on the PET radiotracer and the aim of study, even the

organ/tissue of interest. For example, 1C is generally adopted for 15O-H2O and

2Cr for 11C-raclopride. The irreversible model is usually employed for the most

commonly applicable PET radiotracer 18F-FDG in the brain or breast studies, but

its uptake into the liver exhibits reversible kinetics (Keramida et al., 2014).

2.3.4.2 Spectral Analysis

The residue function in the compartmental model was demonstrated to be the

mixture of exponentials (one or two) in the previous section. It may not have

sufficient degrees of freedom to capture full variability in PET data. Spectral

Analysis (SA) proposed by Cunningham and Jones in 1993 (Cunningham and

Jones, 1993) assumes the residue to be the sum of M + 1 exponential terms

(2.23).

R(t) =
M∑
j=0

αje
−βjt, αj ≥ 0, βj ≥ 0, β0 = 0 (2.23)

CT is expressed as

CT (t) =
M∑
j=0

αje
−βjt ⊗ Cp(t)

=
M∑
j=0

αjCp(t)⊗ e−βjt

=
M∑
j=0

αjgj(t)
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gj(t) are known since a grid of eigenvalues βj is defined, whereas the ampli-

tudes αj are estimated by NLLS algorithm. The model structure (reversibility

or irreversibility, number of compartments) are derived from αj, also called

spectrum. The information of macroparameters, such as K1, Ki and VD is also

obtained (Tomasi, Turkheimer and Aboagye, 2012).

K1 =
M∑
j=0

αj, Ki = lim
t→∞

R(t) = lim
t→∞

M∑
j=0

[
αje

−βjt
]

= α0, VD =
∫ ∞

0
R (t) dt =

M∑
j=1

αj
βj

The main strength of spectral analysis is its flexibility which can be applied

to reversible or irreversible kinetics, single or multiple compartmental models,

and homogeneous as well as heterogeneous systems. This characteristic makes

this method adaptable to various tracers and physiological systems without any

prior assumptions (Veronese et al., 2016). But it is sensitive to the data noise,

for this reason, several strategies have been proposed such as rank-shaping

spectral analysis (RSSA) (Turkheimer et al., 2003) and spectral analysis with

iterative filter (SAIF) (Veronese et al., 2010).

2.3.4.3 Graphical Analysis: Patlak and Logan Plots

Two main graphical methods - the Patlak (Patlak, Blasberg and Fenstermacher,

1983) and the Logan plot (Logan et al., 1990) are applied to irreversible and

reversible tracers, respectively. They can estimate the specific physiological pa-

rameters (Figure 2.23) by appropriately transforming the equations of compart-

mental modeling.

C!(#)
C"(#)

∫#
$ C! & '&
C!(#)

∫#
$ C" & '&
C"(#)

∫#
$ C" & '&
C!(#)

slope = !! slope = ""

Figure 2.23: Patlak and Logan plots. The figure shows an example of a Patlak

plot (A) and an example of a Logan plot (B). The data show a linear trend after

the equilibration time t∗ and the slope corresponds to the estimated parameter

of interest (Ki for the Patlak plot and VD for the Logan plot) (Bertoldo, Rizzo

and Veronese, 2014).
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Patlak plot As the most popular graphical method, Patlak model has been

widely applied to dynamic PET imaging due to its simplicity and robustness

(Patlak, Blasberg and Fenstermacher, 1983). It is assumed that: (i) the un-

derlying tracer kinetics such as 18F-FDG follow two-tissue irreversible compart-

mental model; (ii) it is valid after the time that steady state conditions between

reversible tissue and plasma compartments are reached. If these assumptions

are all satisfied, Ki can be estimated easily as the slope of Patlak plot after the

equilibrium time (t∗) using linear regression. The Patlak plot (Figure 2.23A) is

given by the expression as below:

CT (t)
Cp(t)

= Ki

∫ t
0 Cp(τ)dτ
Cp(t)

+ constant, t > t∗ (2.24)

Ki can be computed using a non-iterative strategy - ordinary least square (OLS).

The method requires dynamic scanning, but only a few late frames, starting

15–30 min after injection (the typical range of values of t∗). Due to the nature

of linearity, it should be much faster and less sensitive to noise than NLLS and it

is therefore appropriate for applications at the voxel level (Tomasi, Turkheimer

and Aboagye, 2012). On the other hand, it must be noted that the choice of t∗

is very critical and final estimates would be affected (Choi et al., 1991). Only

a reduced set of parameters (Ki) can be obtained and this approach does not

provide any insight regarding the complete profile of tracer kinetics.

Logan plot Logan plot (Figure 2.23B) is developed for the quantitation of

reversible tracers and allows the estimation of VD from the slope of data trans-

formation (Logan et al., 1990) in (2.25).

∫ t
0 CT (τ)dτ
CT (t) = VD

∫ t
0 Cp(τ)dτ
CT (t) + constant, t > t∗ (2.25)

The choice of t∗ is also critical for the Logan plot. Different from the Patlak

analysis, Logan estimates are affected by the noise. As a result, VD tends to

be underestimated when data is noisy. Several procedures have been proposed

to reduce this bias including smoothing data, different estimators or rearrange-

ment of the Logan equation (Bertoldo, Rizzo and Veronese, 2014).
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2.3.5 Current Status and Challenges in Whole-Body PET Imag-

ing

The recent development of new-generation PET scanners, e.g., uEXPLORER

(Badawi et al., 2019), PennPET Explorer (Pantel et al., 2020) and Siemens

Quadra (Alberts et al., 2021) enables to simultaneously image the entire hu-

man body or main organs. Given the ultra-high sensitivity (10 ∼ 40 fold),

extended field of view (1 ∼ 2m) and enhanced temporal resolution (60 ∼ 200

time frames), the potential clinical applications for these innovative technolo-

gies have been fully discussed in several review papers (Nadig et al., 2021; Slart

et al., 2021; Katal et al., 2022). In this section, we focus on the quantitation

of dynamic whole-body PET imaging, particularly the generation of parametric

images.

Table 2.3: Characteristics and Challenges/Opportunities of long axial field of

view PET scanners.

Characteristics Challenges/Opportunities

Multiple organs/tissues • Organ-specific kinetics

• Large blood pool

• Heterogeneity

• Delay

Higher temporal resolution • Capture faster kinetics

Higher spatial resolution • High signal-to-noise

Huge data set • Extensive computation

As summarized in Table 2.3, these unique characteristics create a series of new

challenges and opportunities for improved quantitative accuracy. Details are

presented as follows:

(i) Improved image-derived input function. IDIF can be measured from mul-

tiple blood pools (e.g., heart ventricle, aorta, artery) due to the long axial

field of view and higher temporal resolution (1∼2s per frame) allows bet-

ter temporal sampling of the input function (Viswanath et al., 2021).

(ii) Organ-dependent time delay correction. The arrival time of tracer to dif-

ferent organs is significantly varied, which has been an important factor

for accurate whole-body kinetics (Feng et al., 2019, 2021). The correc-

tion is generally accomplished by the inclusion of delays in the modeling

procedure as (2.17).
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(iii) Organ-specific kinetics. Each organ has its own physiological mecha-

nism and some organs such as the liver, kidney and bladder even exhibit

more complex kinetics. Hence a single kinetic model may not be feasible

for multiple organs and appropriate model selection is necessary (Wang,

Nardo, Jones, Cherry and Badawi, 2021; Wang, Li, Cherry and Wang,

2021; Wu, Gu, Wu, Zhou and Wang, 2022).

(iv) Capture fast kinetics. The high temporal sampling imaging provides an

opportunity for better investigation of fast kinetics such as the blood vol-

ume (Vb) or blood flow (perfusion) , which are potentially impactful can-

cer biomarkers for the prediction of response or survival (Meikle et al.,

2021), see example in section 6.1.4.

(v) High quality dynamic PET images. The enhanced sensitivity enables the

generation of high signal-to-noise (SNR) image, which is greatly benefi-

cial to the quantitation of dynamic imaging at the voxel level, e.g., noise

reduction and accuracy increase of parametric imaging.

(vi) Huge data set. It is challenging to store and process such enormous and

complex datasets, which may be addressed by some automation forms

using artificial intelligence or more comprehensive approaches (e.g. seg-

mentation) (Slart et al., 2021).

Table 2.4: Current status of quantitation of long axial field-of-view PET imaging.

Application Adaption

IDIF X

PBIF X

MBIF

Compartmental Modeling X Delay Effect (Feng et al., 2021)

Model Selection (Wang, Nardo, Jones, Cherry and Badawi, 2021)

Spectral Analysis

Patlak Analysis X Direct Patlak (Sari et al., 2022)

Generalized Patlak (Gu et al., 2022)

Adaptive t* (Wu, Gu, Gu, Xu, Zhou and Shi, 2022)

Other Methods X NPRM (O’Sullivan et al., 2022)

Deep Learning (Huang et al., 2022)

Until now, there is limited research on the work of quantitation of dynamic

whole-body PET images and an overview is provided in Table 2.4. Most of

them refer to the direct application of traditional approaches (Zhang et al.,

2020; Liu et al., 2021; Wu, Feng, Zhao, Xu, Fu, Huang, Meng, Li, Shao and

Wang, 2022; Viswanath et al., 2021; Sari et al., 2022). Several adaptions have
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been proposed to address the possible issues discussed above and some novel

methodological developments that are likely to have a significant impact.
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Fig. 1 Fitting of one tissue (1C), two tissue irreversible (2Ci) and reversible (2Cr) 
compartmental models for multiple organs. x-axis: time (seconds); y-axis: 
activity. Raw dynamic data is shown in grey points. Blue, red and black lines 
represent 1C, 2Ci and 2Cr fitted curves. 

Fig. 2  Delay time estimated from various compartmental models and schemes.

Figure 2.24: Fitting of one tissue (1C), two tissue irreversible (2Ci) and re-

versible (2Cr) compartmental models for multiple organs. x-axis: time in sec-

onds; y-axis: activity. Raw dynamic data is shown in grey points. Blue, red

and black lines represent 1C, 2Ci and 2Cr fitted curves (Wu, Gu, Wu, Zhou and

Wang, 2022).

2.3.5.1 Adaption of Traditional Approaches

Compartmental Modeling The effects of delay of the input function were

studied using 1C modeling and early kinetics (first 5 mins) of a total-body FDG

PET scan by Feng et al (Feng et al., 2019, 2021). Subsequently, Wang et al

further demonstrated that both the time delay estimation (full dynamic acqui-

sition) and model selection (0C, 1C and 2Ci) are necessary for accurate para-

metric imaging (Wang, Nardo, Jones, Cherry and Badawi, 2021). Recently, a

more comprehensive assessment of two delay scheme estimations using only

early time frames or full data and various compartmental models (1C,2Ci and

2Cr) has been implemented for diverse tissues (Wu, Gu, Wu, Zhou and Wang,

2022). As in Figure 2.24 and 2.25, results show that (i) 2Cr has the advantages
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for liver, spleen, lung, bone, tumor and brain and 2Ci fits best for the kidney;

(ii) the feasibility of the compartmental models for the bladder is questionable;

(iii) the delay estimation scheme using 1C with early time frames data is very

efficient.
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Fig. 1 Fitting of one tissue (1C), two tissue irreversible (2Ci) and reversible (2Cr) 
compartmental models for multiple organs. x-axis: time (seconds); y-axis: 
activity. Raw dynamic data is shown in grey points. Blue, red and black lines 
represent 1C, 2Ci and 2Cr fitted curves. 

Fig. 2  Delay time estimated from various compartmental models and schemes.Figure 2.25: Delay time estimated from various compartmental models and

schemes (Wu, Gu, Wu, Zhou and Wang, 2022).

Patlak Analysis As introduced in section 2.3.4.3, Patlak analysis depends on

some assumptions and unsatisfied ones may introduce additional errors in es-

timated flux (Ki), such as the improper t∗. When adopting Patlak method for

dynamic total-body PET imaging, the single t∗ may not be appropriate for di-

verse tissues. Hence an adaptive t∗ scheme is proposed to improve the accuracy

of kinetic parameters like Ki (Wu, Gu, Gu, Xu, Zhou and Shi, 2022). The fea-

sibility of standard and generalized Patlak models (Patlak and Blasberg, 1985;

Karakatsanis et al., 2015) is also assessed for multiple organs, especially for

certain tissues like the liver where 18F-FDG may exhibit mild positive uptake

reversibility and bladder associated with the complex tracer excretion process

(Gu et al., 2022). Results show that standard Patlak is applicable to most of the

organs except the bladder and generalized Patlak can bring some benefits for

liver, kidney and lung, especially bladder (Figure 2.26).

2.3.5.2 The Promise of Novel Methodologies

Many multivariate statistical methods including factor analysis (FA) (Ahn et al.,

2000), singular value decomposition (SVD) (Zanderigo, Parsey and Ogden,

2015), principal component analysis (PCA) (Pedersen et al., 1994; Razifar,

2005), cluster analysis (Wong et al., 2002) and mixture analysis (O’Sullivan,

1993) have been applied to the analysis of dynamic PET images, which en-

able to identify organs and structures with different kinetic patterns in a dy-
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Figure 2.26: standard (sPatlak) and generalized (gPatlak) Patlak plots for dif-
ferent organs. Grey points, blue and orange lines represent data, sPatlak and
gPatlak fits, respectively. R squared is indicated on each plot (Gu et al., 2022).

namic sequence. These approaches would be particularly efficient to handle

the complexities in dynamic whole-body image datasets. To better characterize

the underlying kinetics, some non-parametric methodologies (e.g. B-spline and

piecewise linear constant) have been employed (O’Sullivan et al., 2009; Hawe

et al., 2012; Chen, Goldsmith and Ogden, 2019). They are more flexible to de-

scribe the various kinetics in multiple organs as no parametric restrictions are

placed. Furthermore, deep learning is also an appealing tool for the improve-

ment of quantitative accuracy (Wang, Li, Cherry and Wang, 2021; Huang et al.,

2022).
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Chapter 3

Investigation of the Benefits of
Combining Data in Multiple
Injection PET Scans

Abstract

Multiple injection dynamic positron emission tomography (PET) scanning is used
in the clinical management of certain groups of patients and in medical research.
The analysis of these studies can be approached in two ways: (i) separate analy-
sis of data from individual tracer injections, or (ii), concatenate/pool data from
separate injections and carry out a combined analysis. The simplicity of separate
analysis has some practical appeal but may not be statistically efficient. We use
a linear model framework associated with a kinetic mapping scheme to develop
a simplified theoretical understanding of separate and combined analysis. The
theoretical framework is explored numerically using both 1-D and 2-D simula-
tion models. These studies are motivated by the breast cancer flow-metabolism
mismatch studies involving 15O-Water (H2O) and 18F-Fluorodeoxyglucose (FDG)
and repeat 15O-H2O injections used in brain activation investigations. Numerical
results are found to be substantially in line with the simple theoretical analysis:
mean square error (MSE) characteristics of alternative methods are well described
by factors involving the local voxel-level resolution of the imaging data, the relative
activities of the individual scans and the number of separate injections involved.
While voxel-level resolution has dependence on scan dose, after adjustment for this
effect, the impact of a combined analysis is understood in simple terms associated
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with the linear model used for kinetic mapping. This is true for both data recon-
structed by direct filtered backprojection (FBP) or iterative maximum likelihood
(ML). The proposed analysis has potential to be applied to the emerging long axial
field-of-view PET scanners.

3.1 Introduction

Positron emission tomography (PET) scanning is an important diagnostic imag-

ing technique used in the management of patients with cancer and other dis-

eases, as well as in medical research. In clinical settings, PET is typically used

to create a single 3-D static image of the distribution of the tracer atoms in the

field of view in a time-frame of interest, after the tracer has been administered.

But PET can also be used to obtain a temporal sequence of scans after radio-

tracer injection. Such dynamic PET scans give the possibility to analyze the

transport and retention of tracer in order to recover more detailed metabolic

information (Cunningham and Jones, 1993; O’Sullivan, 1993). Most dynamic

PET studies involve the use of a single radiotracer, such as 15O-Water (H2O) for

blood flow (Herscovitch, Markham and Raichle, 1983), 18F-Fluorodeoxyglucose

(FDG) for glucose metabolism (Phelps et al., 1979) or 11C-verapamil for P-

glycoprotein (P-gp) activity (Deo et al., 2014). Studies in which multiple ra-

diotracers are used in the same subject in the same imaging session have the

potential to provide more comprehensive profiles of tissue function (Eary et al.,

2011; Kadrmas, Rust and Hoffman, 2013), in-vivo. Examples include: repeat
15O-H2O imaging for brain activation studies (Beason-Held et al., 1999), 15O-

H2O and 18F-FDG for breast cancer (Mankoff et al., 2002), 13N-NH3 and 18F-FDG

for myocardial viability (Yamagishi et al., 1999; Dilsizian et al., 2013), 15O-H2O

and 11C-Verapamil for assessment of multi-drug resistance (Eyal et al., 2009).

While data from multiple radiotracer scans could be assembled post-hoc from

separate imaging sessions, acquiring the data in a single imaging session has

several advantages. (i) It can reduce issues of anatomic co-registration. This is

important for comparing the facets of biology related to multiple tracers, espe-

cially for targets that may move between studies, for example, breast (Fowler

et al., 2016) and ovarian (Makvandi et al., 2018) cancers comparing FDG

PET/CT staging studies to therapeutic biomarkers. No doubt longer separa-

tion of injections can lead to more patient motions. (ii) It can reduce potential

variation in the physiologic state of the subject from one session to the next

(Huang et al., 1982). This is especially true for metabolic studies using H2O
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and FDG or Glutamine and FDG (Zhou et al., 2017). (iii) Tracer parameter

estimation for multi-tracers may provide more reliable kinetic analysis due to

common dependence of parameters: tracer delivery on flow or tracer clearance

on plasma volume and hydration, etc.

With the development of new PET scanners such as Penn Explorer (Karp et al.,

2020), uEXPLORER (Badawi et al., 2019) and Siemens Biograph Vision Quadra

(Alberts et al., 2021), the longer field of view, increased temporal and spatial

resolution, with lower dose are possible. These new scanners offer new op-

portunities for multi-tracer studies like the dual-tracer imaging with two 18F-

labeled tracers using PennPET Explorer (Viswanath et al., 2021; Viswanath,

2020) where combined data with conjoint modeling can help make more robust

the comparison of regional differences in the relationship between the biologic

parameters measures (Paquette et al., 2020; Mankoff et al., 2019).

Multi-tracer studies bring a range of significant challenges (Krohn et al., 2007),

data analysis being one. There are many situations in which the analysis of

multi-tracer dynamic studies must consider the full temporal time-course of

data, see for example, (Spence et al., 1998; Rust and Kadrmas, 2005; Zhang,

Morey and Kadrmas, 2016). However, whenever the temporal separation be-

tween different tracer injections is much longer than the radiotracer half-life or

there is a simple mechanism to correct for spillover (Huang et al., 1982; Koeppe

et al., 1998, 2001; Black, McJames and Kadrmas, 2009; El Fakhri et al., 2013),

analysis can be approached in one of two ways: (i) studies can be processed

separately to recover kinetic information corresponding to individual tracers

(Figure 3.1A), or (ii), studies can be concatenated temporally and a combined

analysis (Figure 3.1B) of the resulting data carried out.

This chapter develops a simplified theoretical framework for understanding the

relative performance of separate and combined analysis of multi-tracer PET

studies. The approach is based on a type of linear modeling framework for

mapping kinetics (O’Sullivan, 1993; O’Sullivan et al., 2014) - details in section

3.2. The theoretical analysis suggests that after controlling for voxel-level imag-

ing accuracy (resolution), the relative performance of separate and combine

kinetic mapping can be understood in simplified terms. A series of numerical

experiments, motivated by flow-metabolism mismatch and repeat brain activa-

tion studies, are used to directly assess mean square error (MSE) characteristics

of combined and separate analysis techniques. These studies consider both fil-

tered backprojection (FBP) and maximum likelihood (ML) reconstructed data
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Injection #1 Injection #2 Injection #J

A ……

B

Injection #1, #2, ……, #J

Time Activity Curve (TAC)Dynamic PET Scans

Figure 3.1: Multi-Injection Dynamic PET Studies. A: Separate Analysis; B: Com-
bined Analysis.

as well as a number of important factors including, overall dose, the relative

dose of individual tracers and the number of injections involved. Data from

numerical experiments are subjected to careful statistical analysis. This helps

to clarify the main findings. In flow-metabolism studies, combined analysis

improves MSE performance by between 8% and 30%, depending on the re-

construction method used. In the repeat injection studies, MSE improvements

increase linearly with the number of injections involved. This is in line with the

proposed theory.

The outline of the chapter is as follows: The kinetic mapping approach and the

associated analysis of the impact of data combination are developed in section

3.2. An illustrative practical example from a flow-metabolism mismatch study

in a breast cancer patient is given in section 3.3. Section 3.4 describes a series of

numerical studies based on 1-D and 2-D scanning models. Results are presented

in section 3.5. Section 3.6 presents a detailed statistical analysis of simulation

results. Further investigations and adaptions are discussed in section 3.7.

3.2 Methodology

The focus is on dynamic PET studies in which it can be assumed that the tracer’s

interaction with tissue is substantially linear and time-invariant. This assump-

tion is valid for a large class of tracers used in PET, particularly in a cancer

setting. The interpretation of time-course data from dynamic studies can be
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approached using classical indicator dilution theory (Meier and Zierler, 1954).

This theory expresses the measured time-course as a convolution between the

arterial input function (AIF) and the so-called tissue residue or impulse re-

sponse function. The tissue residue is a necessarily monotone decreasing func-

tion. Widely used compartmental models (Kety and Schmidt, 1948; Phelps

et al., 1979), typically approximate the residue as a positive linear combination

of 1 or 2 mono-exponential functions. The spectral method (Cunningham and

Jones, 1993) generalizes this to allow the positive combination of potentially

many mono-exponentials. In statistical terms, the residue may be viewed as a

life-table for tracer atoms introduced to the tissue at time zero via the arterial

supply - indeed this is a key part of (Meier and Zierler, 1954). As life-tables

can be represented in terms of the underlying distribution (density/histogram)

of travel times associated with the physiologic/metabolic journey of individ-

ual tracer atoms in the tissue, any residue modeling assumption carries with

it a specification for the distribution of such travel times within the volume of

tissue being analyzed (O’Sullivan et al., 2009). Compartmental and spectral

approximation requires that travel-time densities be spiked at time zero and

be monotone decreasing. However, strict monotonicity of travel-time densi-

ties may not always be reasonable (Li, Yipintsoi and Bassingthwaighte, 1997).

One might imagine this may only be practically important in studies with high-

frequency temporal sampling - perhaps only in the context of the emerging

PET scanning technologies (Badawi et al., 2019; Karp et al., 2020). However

(O’Sullivan et al., 2009) used circa-1996 PET scanner data involving relatively

crude temporal sampling to demonstrate significant statistical deficiencies in

the ability of the standard 2-compartmental model to correctly represent the

regional cerebral time-course of PET-FDG data in highly homogeneous brain

regions of normal subjects. The anomaly was identified by considering a more

flexible non-parametric analysis of the residue function, with suitable cross-

validation adjustment for potential overfitting relative to the 2-compartmental

model. In light of this finding, we have been motivated to employ a non-

parametric representation of the tissue residue, particularly when analyzing

PET time-course data corresponding to large and potentially heterogeneous re-

gions of interest. The concept has been incorporated into a non-parametric

residue mapping (NPRM) methodology that we have found useful for paramet-

ric imaging of dynamic data from PET imaging of cancer (O’Sullivan, 1993;

O’Sullivan et al., 2014). Figure 3.2 shows a schematic. Before we consider

the topic of combined analysis of multiple-injection studies, we elaborate on
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important details of the NPRM approach. Theoretical points are illustrated nu-

merically in the context of kinetic mapping PET-FDG data.

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Time

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Time

Time

Dynamic PET Scans
Sub-TACs !Map

⊕

Sub-Residues

Parametric Images

Parameters
Arterial Input Function

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

0 T

0 T 0 T

0 T

Blood sampling or Image-Based

PET Data Segmentation Kinetic Analysis Parametric Image

Cluster Dendrogram

Model Selection

Number of sub-TACs

M
od

el
Er
ro
r

Image Based? Y

Figure 3.2: Non-parametric residue mapping (NPRM) process.

3.2.1 Voxel-level Kinetic Mapping by the NPRM Approach

There is extensive literature on techniques for mapping kinetics from dynamic

PET data - see (Wang, Rahmim and Gunn, 2020) for a recent review includ-

ing many references. A broad family of techniques, including (Cunningham

and Jones, 1993; O’Sullivan, 1993), involves voxel-level representation of the

tissue residue as a (positive) linear combination of suitable basis functions.

Mono-exponential basis residues are used in (Cunningham and Jones, 1993);

more elaborate basis elements, incorporating potentially complex blood-tissue

exchange models are proposed in (O’Sullivan, 1993). NPRM technique is a

variation on the latter approach in which basis elements (known as sub-TACs)

are represented in terms of flexible model-free residues. A full account of the

method with several cancer imaging applications is provided in (O’Sullivan

et al., 2014). In the current implementation of NPRM, sub-TACs are constructed

by a 2-step data-adaptive process. We elaborate on these steps and indicate

how derived kinetic are mapped.

Step 1 applies a standard recursive hierarchical clustering scheme to partition

the image volume into a set of S segments or clusters, with the property that the

time course data for voxels in the same segment are each approximately pro-

portional to the mean time-course for that segment. Typically the number of

segments needed for this is on the order of 100-200. The mean PET-measured

time-course data for segments (z̄s) together with their standard deviations (σ̄s)

are used to produce a reduced data set DS = {(z̄sl, σ̄sl), s = 1, 2, ..., S, l =
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1, 2, ..., NT}. Here NT is the number of time-frame of PET data acquisition.

Next, the mean time-course data for each segment is modeled to create an as-

sociated set of modeled elements M = {µ̂s, s = 1, 2..., S}. In the case of a

single-injection, a generic time-course (z̄) in DS is modeled (µ̂) by one of: (a) a

scaled (venous) injection-site signal (CIV ), (b) a non-parametric residue func-

tion (R), or (c), a scaled non-parametric distribution function (F) representing

the total number of tracer atoms no longer in blood-tissue exchange as a func-

tion of time. The first case is applied for the data in the areas between injection

site and the corresponding pathway to the left ventricle where arterial pattern

is irrelevant. The last case is to accommodate data in which the bladder is in

the field of view. Thus

µ̂l = Â · CIV (tl − ∆̂) ; µ̂l = R̂ ? Cp[tl − ∆̂] ; µ̂l = F̂ ? Cp[tl − ∆̂] (3.1)

for l = 1, 2, ..., NT . Here Â is a scale constant and Cp is the time-course of the

tracer in the arterial blood (AIF). ∆̂ is an optimized delay factor. R̂ and F̂ are

non-parametrically specified as piece-wise linear functions and estimated using

constrained weighted least squares with weights 1/σ̄2
l . It is important to appre-

ciate that, apart from ∆, all unknowns in (3.1) are linear, so the computation of

the optimal fit, for any fixed ∆, is evaluated by quadratic programming (QP).

A grid search is used to determine the optimal delay. Choices other than the

residue case are only selected if they significantly improve on the residue fit.

Modeled elements are supplemented to include time-courses corresponding to

the AIF and a further time-course corresponding to the integral of the AIF - the

AIF exactly models a spike residue; the integral of the AIF corresponds to a con-

stant residue. In deference to (Patlak and Blasberg, 1985), the latter component

is referred to as the Patlak-element. With multiple injections an elaboration of

(3.1) is used - details of this are indicated below.

Step 2 of the basis selection procedure takes the full collection of modeled

time-course patterns and applies a cross-validation guided backwards elimina-

tion procedure to identify a subset of these with the property that positive lin-

ear combinations of these patterns adequately fit the reduced dataset DS. This

leads to a final set of basis elements given by a NT×K matrix X = {µ̂1, ...., µ̂K}.
These basis elements (µ̂) are referred to as sub-TACs and K is their total num-

ber. Given the manner in which the segmentation process is implemented,

voxel-level time-course data (zi) can be expected to be well-approximated by

a positive linear combination of sub-TACs. NPRM fits voxel-level data by the
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linear model and approximates the voxel-level residue using the components

that correspond to a residue process (3.1)

zil ≈
K∑
k=1

α̂ikµ̂lk = Xα̂i → R̂(t, xi) =
∑
k∈Kr

α̂ikR̂k(t) (3.2)

where R̂(t·, xi) is the residue for the i’th voxel. Here Kr is the indices of the

subset of sub-TACs that are specified by a residue in (3.1). QP is used to evaluate

α̂i.

3.2.1.1 Residue Decomposition and Mapping of Kinetics

Suppose a generic residue function R can be measured over a time interval

[0, TE] - the PET scanning time-frame. Let TB for 0 < TB < TE represent a

realistic upper-bound for the large-vessel travel-time of tracer atoms - a TB

value of 15 seconds seems physiologically reasonable, for most PET tracers,

including FDG and H2O. Following (O’Sullivan et al., 2014), the residue can be

written as a sum of vascular, in-distribution and extracted elements

R(t) = RB(t) +RD(t) +RE(t) (3.3)

where RE(t) = R(TE) for t ∈ [0, TE]; RB(t) = R(t) − R(TB) for t ∈ [0, TB] and

RB(t) = 0 for t > TB; RD(t) = R(t)−RB(t)−RE(t). Four useful summaries are

VB =
∫ TB

0
RB(t)dt ; VD =

∫ TE

0
RD(t)dt ; KD = RD(0) ; Ki = RE(0) (3.4)

These assess, large vessel and small vessel distribution volumes (VB, VD), non-

large vessel flow (KD) and retention or apparent flux (Ki) at the end of scan-

ning period. Note, that all of these quantities are linear functions of the residue.

Tracer extraction is measured as Ki/K1 where K1 = KD + Ki represents the

overall flow. By the central volume theorem (Meier and Zierler, 1954), mean

transit time (MTT) of non-extracted tracer is measured by a ratio of volume to

flow. The measure may be adjusted to account for an overall delay (∆) in the

arrival of tracer atoms to the tissue region. This gives MTT = VD/KD + ∆.

In the NPRM procedure voxel-level kinetic parameters are based on the esti-

mated residue in (3.2). This leads to mapped values for (VB, VD, KD, Ki, Ki/K1).
For MTT, we use VD

KD
+ ∆̄ where ∆̄ is the flow-weighted average of the delays

(∆̂k) associated with residue components at the voxel being mapped, i.e. at
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voxel i, ∆̄ =
∑

k∈Kr
α̂ikKDk∆̂k∑

k∈Kr
α̂ikKDk

with KDk the flow for R̂k. Note (VB, VD, KD, Ki)
are linear and (MTT, Ki/K1) are (smooth) non-linear functions of α-coefficients

in (3.2).

3.2.1.2 Why is the NPRM Approach Reasonable?

The NPRM approach has three important features: (i) In diverse tissue environ-

ments the formal theoretical support for compartmental models may be limited

(even from an in-vitro stand-point), especially with more novel PET tracers. In

this context a non-parametric approach has improved flexibility to adapt to the

true (unknown) kinetics. (ii) NPRM can accommodate significant variations in

the arrival of tracer to different parts of the field of view. This is accomplished

by the inclusion of delays in the modeling of sub-TACs. (iii) NPRM gives an abil-

ity to adjust for potential artifacts associated with the bladder or the injection

site within the scanner field of view. This is not important in the data presented

in this chapter but has relevance in abdominal scanning and in cases where

there may be enhanced temporal scanning resolution.

An alternative non-parametric approach, based on a truncated singular value

decomposition (SVD), has been used to map perfusion parameters with MR

and CT data (Østergaard et al., 1996; Konstas et al., 2009). Unlike the method

used here, the SVD approach does not constrain the target residue to be either

positive or monotone decreasing. Also, it does not have a mechanism to address

heterogeneity voxel-level data or indeed to accommodate artefacts associated

with the retention of tracer in the bladder or signals associated with a venous

injection site in the field of view. Further examination would be helpful in get-

ting a detailed clarification of the performance of the truncated SVD approach

relative to the NPRM technique. NPRM mapping would also seem to have po-

tential for application to perfusion imaging with MR and CT. In addition, the

approach may also have a role in quantitative analysis of digital subtraction

angiography imaging (DSA) data (Liang et al., 2019).

A small 1-D PET-FDG numerical simulation study comparing NPRM with classic

voxel-by-voxel compartmental analysis (Kety and Schmidt, 1948; Phelps et al.,

1979) is implemented. Details of the scanning model and source distribution

are as specified in section 3.4. The source distribution is specified as a linear

combination of specified sub-TACs (µk) - like (3.2). In one case (I), source sub-

TACs correspond to non-parametric residues derived from regional analysis of

breast cancer imaging data; in the second case (II) source sub-TACs are replaced
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by the best fitting one-compartment (1C) model (Kety and Schmidt, 1948) to

the real data. The table reports the relative root mean square error (RMSE)

performance of mapping the six summary kinetic parameters described above,

when voxel-level residues are estimated using either the NPRM technique or by

application of a 2-compartment (2C) model (Phelps et al., 1979) that includes

adjustment for the fractional blood volume and tracer delay (O’Sullivan et al.,

2009). The model function (η) is:

η(t|β) = fbCp(t−∆) +
∫ t

0
(A1e

−λ1(t−s) + A2e
−λ2(t−s))Cp(s−∆)ds (3.5)

where Cp is the AIF and fb accounts for the contribution from the vasculature.

The unknown parameters are β = (∆, fb, A1, A2, λ1, λ2) - ∆ is unconstrained but

the other components of β are constrained to be positive.

For computational reasons, associated with the 2C model fitting, RMSE values

are based on NR = 50 replicate simulations at each dose. Relative RMSE values,

êipd in (3.6), are consistent across Nd = 5 dose levels (d) and N voxels (i). Av-

erage values and standard errors are summarized for each of the six parameters

(p) - (VB, VD, KD, Ki,MTT,Ki/K1).

êp = 1
NNd

∑
i,d

êipd ; p = 1, 2..., 6 where êipd = RMSE2C
ipd/RMSENPRMipd (3.6)

Table 3.1 presents the comparisons between the NPRM and 2C methods when

the source sub-TACs are generated by a compartmental form (case II) and also

when the sub-TACs follow a non-parametric form (case I). Results show substan-

tially enhanced performance of NPRM when the source is not compartmental

and a more similar performance when the source is compartmental. Remark-

ably however, perhaps due to spatial mixing associated with data reconstruc-

tion, the 2C method does not perform as well for the VB and VD parameters.

Indeed NPRM is seen to be strongly competitive with the 2C mapping scheme

when the underlying source is specified in terms of a compartment model struc-

ture. At its worst, in the case of Ki/K1, the relative RMSE efficiency of NPRM

mapping is 84%. This result is quite typical.

3.2.1.3 Local Error Characteristics of NPRM Mapping

Although the voxel-level model in (3.2) used by NPRM has a linear form, the

sub-TACs involved, X = {µ̂1, ..., µ̂K}, are derived by a complex data-adaptive
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Table 3.1: Relative Performance (3.6) of NPRM and 2C kinetic mapping in a
PET-FDG setting. Based on a 1-D simulation model with source sub-TACs in
case I matched to real Breast Cancer data Figure 3.8 and to their best-fitting 1C
model fit in case II. Data reconstruction by both direct (FBP) and iterative (ML)
methods.

Parameters (p) VB VD KD Ki MTT Ki/K1
I FBP 1.64± 0.02 1.45± 0.03 1.13± 0.02 1.06± 0.01 1.60± 0.03 1.60± 0.05

ML 1.78± 0.02 1.43± 0.03 1.19± 0.02 1.05± 0.01 1.51± 0.03 1.65± 0.05
II FBP 1.32± 0.01 1.36± 0.02 0.92± 0.02 0.97± 0.01 0.97± 0.01 0.84± 0.02

ML 1.38± 0.02 1.31± 0.02 0.97± 0.03 0.96± 0.01 0.94± 0.01 0.85± 0.02

process. Hence the overall error in voxel-level kinetics is a function of the uncer-

tainties in the estimation of α-coefficients and the uncertainties in the construc-

tion of sub-TACs. Intuitively, because the sub-TACs are constructed by modeling

average time-course data for segments, one might expect that the uncertainties

associated with the sub-TACs have a minor impact on the error on NPRM voxel-

level kinetics. In order to justify this intuition, we report on another simulation.

Here we used a standard 2D PET-FDG simulation in which voxel-level kinetics

were assessed using both known and unknown data-estimated sub-TACs. The

2-D context is used as the segmentation process with 2-D data gives rise to

more realistic subsets of data defining each sub-TAC. The scanning model and

source structure are as described in section 3.4. The statistical relation between

the RMSE (averaged across voxels) using known and unknown sub-TACs are

shown in Table 3.2. This study only considered a single (realistic) dose and was

restricted to a modest number of replications (NR = 50) - standard errors of

simulation estimated quantities of interest do not suggest we need any more.

The results show that kinetic mapping errors are substantially the same regard-

less of whether or not sub-TACs are known. Thus when analyzing voxel-level

NPRM kinetic mapping errors, it seems sufficient to focus on error associated

with determination of voxel-level α-coefficients conditional on known model

sub-TACs. We will adopt this approach in our analysis of the impact of data

combination.

Table 3.2: Impact of data-adaptive sub-TAC selection in NPRM on Kinetic Map-
ping errors. Statistical model: RMSE unknown

p ≈ βp RMSE known
p . Results based

on a 2D PET-FDG simulation with FBP reconstruction. Standard errors for esti-
mates are the order of 0.01.

Parameters (p) VB VD KD Ki MTT Ki/K1
β 0.99 0.97 0.82 1.01 0.92 1.03
R2 0.99 0.97 0.93 0.97 0.90 0.94
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We now focus on what controls NPRM kinetic mapping error. A simplistic lin-

ear model analysis (Seber, 2009) of the NPRM model (3.2) would suggest that

the RMSE of the kinetic summaries should substantially scale with the level

of uncertainty in the reconstructed data. Thus for a given voxel (i) the er-

ror in an estimate of kinetic variable, θ̂ip, denoted RMSENPRMip should have a

strong relation to the corresponding root-mean-square deviation between the

reconstructed time-course data (zil) and the true voxel-level time course (λil)

- RMSEzi =
√

1
NT

∑NT
j=1[zil − λil]2 ≡ σ̂i. We examined this numerically using the

simulation data used to produce Table 3.1. The statistical analysis, which incor-

porated data from a range of dose settings, finds

log(RMSEip/θip) ≈ αp + βp log(σ̂i/θip) (3.7)

well-describes the relation between voxel-level errors in kinetics and the lo-

cal reconstruction accuracy of the input data (σ̂i). Model R2-values and β-

coefficients are given in Table 3.3. Note that (3.7) suggests formal mean square

error convergence of the NPRM procedure - as the reconstruction error dimin-

ishes so too does the error in determination of kinetics. The rate of convergence,

measured by the βp coefficient, is seen to be close to 1 and suggests that stan-

dard parametric inference asymptotics apply to this situation (Van der Vaart,

2000). A similarly strong relation is found between the modeling error associ-

ated with the linear model (3.2), RMSEλ̂i =
√

1
NT

∑NT
j=1[λ̂il − λil]2 ≡ σ̂λi , and the

RMSE of the kinetic summaries, i.e.

log(RMSEip/θip) ≈ α′p + β′p log(σ̂λi /θip) (3.8)

In simulations this is important as it allows us to use modeling error as a surro-

gate metric for the analysis of errors in individual kinetic variables.

3.2.2 Multiple Injections and their Combined or Separated

Analysis by NPRM

With multiple injections the model in (3.1) is elaborated to account for the

effect of individual injections and the separate delay factors that may be asso-

ciated with measurement of the tracer AIFs. This gives

µ̂k =
J∑
j=1

Âj ·C(j)
IV (tk−∆̂j) ; µ̂k =

J∑
j=1

R̂j ?C
(j)
p [tk−∆̂j] ; µ̂k =

J∑
j=1

F̂j ?C
(j)
p [tk−∆̂j]

(3.9)
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Table 3.3: Voxel-level errors in NPRM kinetics as a function of the local recon-
struction (σ̂i) and modeling (σ̂λi ) errors - c.f. (3.7),(3.8). Results based on 1D-
PET-FDG simulation.

Parameters (p) VB VD KD Ki MTT Ki/K1
FBP β 0.82 1.03 0.82 0.95 0.99 0.97

R2 0.96 0.93 0.88 0.99 0.99 0.97
ML β 0.78 1.02 0.88 0.97 0.99 0.98

R2 0.78 0.88 0.87 0.98 0.98 0.96
FBP β′ 0.86 1.03 0.88 0.97 0.99 0.99

R2 0.98 0.92 0.92 0.99 0.98 0.96
ML β′ 0.77 1.01 0.89 0.98 0.99 0.99

R2 0.83 0.88 0.88 0.98 0.98 0.96

Here the index j relates to individual injections. As with (3.1), the residue

and outflow functions can either be modeled using suitable parametric forms

(Kadrmas and Hoffman, 2013; O’Sullivan, 1993; Spence et al., 1998) or with

non-parametric formulations as used by (Lan, Muzi and O’Sullivan, 2019). Note

the non-parametric approach leads to an optimization problem, in which only

the delay factors ∆j enter in a non-linear fashion. This simplifies computation.

Our interest is in the case where it is possible to consider the separate analysis

of kinetics of individual injections. In this setting, because there is negligible

temporal overlap (spillover) between the separate injections, modeling of sub-

TACs in the NPRM voxel model can be accomplished by separate application

of the simple form in (3.1). Regardless of whether there is overlap or not,

voxel-level kinetic parameters, say {θp, p = 1, 2, ...P}, are expressed as simple

functions of the α-coefficients in (3.2). Thus θ̂ip = gp(α̂i) where gp is a (smooth)

function defined using the estimated residue functions and delay factors for

separate injections.

If data are combined, coefficients are obtained based on the full time-course for

the measured data and the sub-TACs. Separate analysis recovers kinetics based

on the shorter sub-TAC time-course corresponding to individual injections. Now

suppose we are interested in a kinetic summary variable corresponding to the

j’th tracer injection - say θ = g(α). The separate analysis estimate, θ̂j = g(α̂j),
is based on fitting (3.2) using only the j-injection time-course; the combined

estimate, θ̂C = g(α̂C), is based on fitting the full time-course data. Thus at the

i’th voxel we would map the kinetic parameter associated with g using one of

θ̂ji = g(α̂ji ) or θ̂Ci = g(α̂Ci ) (3.10)
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Intuitively, we expect that the combined data estimator will be preferred but

it is helpful to have a quantitative appreciation of the factors that might be

important. The results reported in the chapter address this issue via numerical

simulation. Before that, we present a simplified theoretical analysis that may

give some intuition.

3.2.3 An Approximate Theoretical Analysis of Combined ver-

sus Separated Analysis

Table 3.3 suggests that regular parametric statistical inference theory associ-

ated with Gaussian approximation applies to the NPRM model coefficient es-

timates and the derived kinetic variables. In light of this it seems reasonable

to use Gaussian approximation to develop insight into the potential benefits

of combined versus separate analysis for multi-injection studies. By Gaussian

approximation we get the following.

Result 3.2.1. If the conditions for Gaussian approximation hold, the combined
analysis estimator always has lower variance than the separate injection estimator.
For a given kinetic parameter (θ), the ratio of the MSE of the combined analysis
estimate, based on J injections, to the MSE of the separate analysis estimate, using
only study j, is given by the formula

MSE(θ̂C)
MSE(θ̂j)

=
σ−2
j

σ−2
1 + σ−2

2 + ...+ σ−2
J

(3.11)

where σ2
j is the variance of the kinetic parameter based on data from injection j.

The theoretical justification for this result is provided below. In replicate stud-

ies, individual scan variances (σj) are identical so the MSE ratio is 1/J , i.e.

the percent improvement in MSE with the combined analysis is proportional

to (J − 1). While the combined analysis will always produce better estimates,

the amount of improvement will depend on the reliability of the other scans

involved. (3.8) indicates that the reliability of kinetics for individual scans ki-

netics is a function of the associated source model error. We would anticipate

that the study dose and relative sharpness of the AIF, which impact voxel-level

model error, would play a role. Numerical studies will explore this in some

detail.
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Derivation of Formula in (3.11) Gaussian approximation of estimates of α-

coefficients means that as any voxel we can assume

α̂j ∼ N(α,Σj) (3.12)

where Σj is a covariance matrix associated with the weighted least squares

estimation process. Within the Gaussian framework α̂j is a sufficient statistic,

i.e. it captures the full information about α based on the j’th can data. As a

result the optimal (maximum-likelihood) combined estimator of α is a matrix-

weighted average of the individual scan estimators, i.e.

α̂C =
∑
j∗

Σ−1
j∗

−1 ∑
j

Σ−1
j α̂j

 ; α̂C ∼ N(α,ΣC) (3.13)

where ΣC =
[
Σ−1

1 + ...+ Σ−1
J

]−1
. We can write ΣC as Σ1/2

j [I +Bj]−1 Σ1/2
j . where

Bj =
∑
j∗ 6=j

Σ1/2
j Σ−1

j∗ Σ1/2
j (3.14)

Clearly Bj is symmetric and positive definite. Thus if λj is the smallest eigen-

value of Bj, then for any vector v, we have

v′[I +Bj]−1v ≤ [1 + λj]−1v′v (3.15)

Since λj ≥ 0, it follows that for any parameter (θ) defined by a linear combina-

tion θ = ξ′α
E[θ̂j − θ]2

E[θ̂C − θ]2
= V ar(θ̂j)
V ar(θ̂C)

≥ [1 + λj] ≥ 1 (3.16)

i.e. the combined estimator will always have a smaller MSE than the single scan

estimate.

More generally suppose that Gaussian approximation applies directly to the

kinetic parameter, θ = g(α). This might follow by first-order Taylor series ex-

pansion of g(α̂) about α (Van der Vaart, 2000). With this we would have

θ̂j ∼ N(θ, σ2
j ) where σ2

j = v′Σjv (3.17)

and v is the gradient of g evaluated at α. As in (3.12), θ̂j is now (to within the

approximation) sufficient for estimation of θ based on the information acquired

in the j’th scan. The optimal combined scan estimator is a weighted average of
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these estimates

θ̂C = σ−2
1 θ̂1 + σ−2

2 θ̂2 + ...+ σ−2
J θ̂J

σ−2
1 + σ−2

2 + ...+ σ−2
J

(3.18)

Thus θC ∼ N(θ, σ2
C) with σ2

C = 1
σ−2

1 +σ−2
2 +...+σ−2

J

. The result in (3.11) follows from

this.

3.3 Illustration with a Flow-Metabolism Study in a

Breast Cancer Patient

The data come from a study conducted on a breast cancer patient prior to surgi-

cal resection and prior to scheduled neoadjuvant chemotherapy. PET scanning

involved dynamic imaging with 15O-H2O and 18F-FDG in the same session. 15O-

H2O is a tracer used to measure blood flow and perfusion - the gold-standard

technique for in-vivo measurement of such information. 18F-FDG is the most

widely used clinical PET tracer. FDG measures information about tissue glucose

utilization. It is a key marker used in the diagnosis and clinical management

of several cancers. Details of PET dynamic imaging protocols for H2O-FDG

scanning in breast cancer and reports on the prognostic utility of the derived

information are given in the earlier reports - see (Mankoff et al., 2002, 2003;

Dunnwald et al., 2008, 2011). For the data we present here, 1302 MBq of 15O

H2O in a 1-4 mL volume was injected as a bolus and 318 MBq of 18F-FDG in

7-10 mL volume was injected over 2 minutes with a constant infusion pump.

Data were acquired on a GE-Advance scanner using a plane-by-plane FBP re-

construction algorithm with corrections for attenuation, scatter, deadtime and

random events. The 4-D PET data set consists of an imaging volume with

N = 128 × 128 × 35 voxels and T = 82 (57 for H2O and 25 for FDG) time

frames of acquisition. Dynamic 15O-H2O images were collected for 8.75 min

according to the following acquisition sequence (number of time frames and

their durations): 1× 1 min (pre-injection), 15× 2 s, 15× 5 s, 12× 10 s, 8× 15 s

and 6 × 20 s. The FDG injection and dynamic imaging followed H2O. The FDG

acquisitions were conducted over 61 minutes according to the sequence: 1 × 1
min (pre-injection), 4× 20 s, 4× 40 s, 4× 1 min, 4× 3 min and 8× 5 min.

The data were analyzed using the NPRM technique described in section 3.2.

Arterial input functions used were recovered from the left-ventricle (LV) of the

heart using the technique reported in (O’Sullivan et al., 2017). Kinetics were

mapped using both separate and combined analysis of the H2O and FDG data.
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This analysis provides voxel-level mapping of H2O blood flow (KO
1 , mg/mL/min),

FDG metabolic rate or flux (KF
i ,mg/mL/min) and metabolism-flow mismatch

ratio (KF
i /K

O
1 ) for separate or combined analysis approaches. Results are pre-

sented in Figure 3.3. Coronal planes of metabolic parameters demonstrate in-

creased flow and metabolism in the tumor. The flow-metabolism mismatch is

also seen to be highly elevated in the tumor region - an elevated mismatch has

been shown to be associated with poor response to chemo-therapy and early

cancer relapse (Mankoff et al., 2002). In qualitative terms the flow and mis-

match maps recovered by separate analysis appear more noisy, the flux maps are

not much different. To explore these differences more carefully, two regions-

of-interests (ROIs) - normal breast (335 voxels) and tumor (322 voxels) are

extracted, as shown in Figure 3.3. The distribution of metabolic parameters in

these two ROIs is presented in boxplots in Figure 3.3.

We can see the flow distributions in tumor and normal breast are more variable

for the separate analysis, the standard deviations (SD) of flow from combined

and separate analysis in 2 ROIs are 0.04 and 0.07 (tumor), 0.014 and 0.018

(normal breast) respectively. The additional variability is on the order of 75%

and 28.6% in tumor and normal breast. For flux, the standard deviations with

the two approaches are 0.006 and 0.005 (tumor), 0.0004 and 0.0003 (normal

breast). These differences are small. The variability of mismatch from separate

analysis is much bigger than the combined analysis in the tumor region - the

situation is somewhat reversed in the normal region but this could also be due

to an underestimation of the normal tissue flow in the separate analysis. In

light of these results, we are motivated to develop a better understanding of

the relative statistical behavior of combined and separate analysis of this and

similarly structured multiple injection studies.

3.4 Numerical Experiments

We conducted two sets of experiments, one related to the H2O-FDG study in sec-

tion 3.3 and a second one relating to repeat H2O activation studies. A schematic

for the structure of the simulation process is provided in Figure 3.4. Below

we provide details of the setup of the 1-D and 2-D simulation models used,

the specification for the source distributions in the two examples and, finally,

the procedure used to compare the performance of the combined and separate

analysis techniques. FBP and ML reconstructions are both considered in 1D

simulation studies, but for computational efficiency we restrict the H2O-FDG
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setup to only FBP reconstruction in the 2-D case.

Tissue Time Courses
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Figure 3.4: Diagram of Simulation Process

3.4.1 Scanning Models

In the 2-D case a standard PET scanning model involving Poisson sampling of

a discretized (attenuated) parallel-beam Radon transform of the source is used

(Kak, Slaney and Wang, 2002; Natterer, 2001). The imaging domain is the

unit square, discretized to an array of dimension 128 × 128, and the projection

domain is the region [−
√

2,
√

2]× [0, π], discretized to a 183× 181 sinogram ar-

ray of distances and angles. For computational reasons numerical experiments

in 2-D only consider direct FBP reconstruction. In 1-D a less familiar Poisson

deconvolution model is employed. The model is used because the computa-

tional efficiencies enable us to carry out a sufficient number of replicate studies

using both direct and iteratively reconstructed data. Full details of the model

are given in (O’Sullivan and Roy Choudhury, 2001). The observed data over a

given time-frame is a realization from a projected and scaled source. The pro-

jection process is given by the product of a fixed attenuation profile (a > 0) and
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the discrete convolution between the scaled source and a kernel κβ (β > 0).

The kernel acts to smooth the source - its discrete Fourier transform is given by

κβν = |ν|−β for ν = ±1,±2...N/2 .

If y is a realization from the projected and scaled source then the direct recon-

struction of y is simply obtained

z∗ = 1
τ
F−1{|ν|β (̂y/a)ν}

where (̂y/a) is the discrete Fourier transform of the attenuation corrected count

data, F−1 represents the inverse transform and τ is the expected total counts

(dose) used for scaling. Smoothing is achieved by convolving the raw recon-

struction z∗ with a discrete Gaussian kernel. The smoothed reconstruction is an

analogue of an FBP reconstruction used in PET. ML reconstructions are readily

obtained in this setting. Standard iteratively re-weighted least squares (IRLS)

(with positivity constraints) apply. The convolution structure allows such it-

erates to be easily evaluated. Similar to FBP, the raw ML estimator can be

smoothed to obtain an analogue of the expectation–maximization (EM) recon-

struction methods used in PET. The simple convolution model captures the es-

sential estimation complexity of PET. This is because the reconstruction filter

acts like a fractional derivative. By choice of β, it is possible to adapt the model

so that the behavior of the reconstruction MSE as a function of count rate, is

matched to 2-D PET. Experimentation presented in section 3.7 with the breast

FDG data in section 3.3 found that a value of β = 1.35 in the 1-D scanning

model worked well. This is the setting we use in the studies reported here.

3.4.2 Source Patterns

The true (target) source is expressed as a linear model with K components.

λ(x, t) = α1(x)µ1(t) + α2(x)µ2(t) + ...+ αK(x)µK(t) (3.19)

In the 2-D case we only consider the H2O-FDG studies. The configuration is

matched to the real data presented in section 3.3 - see Figure 3.5. Spatial

patterns correspond to a central slice through the tumor region; the temporal

patterns including the AIF come from the full data set.
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Figure 3.5: Source distribution, λxt =
∑
k=1 αk(x)µk(t) for 2D simulations. Row 1:

α map and normalized time courses (µ) for H2O and FDG. Row 2: True parametric
images for flow, flux and mismatch.

The source specification is more abstract in the 1-D case. Figure 3.6 shows

the spatial pattern of the α-coefficients and how they are transformed into the

measurement domain. This aspect is the same for H2O-FDG and the repeat

H2O studies. The shape of the AIFs for H2O and FDG match those in the breast

cancer data. The time-course patterns for the H2O-FDG are also adapted from

the breast cancer analysis; in the repeat H2O studies, a 1-compartmental Kety-

Schmidt (Kety and Schmidt, 1948) model is used to create patterns relating to

regions in a normal brain - parameters are given in Figure 3.6. Figure 3.7 shows

observed time course patterns for H2O and FDG from six ROIs in the breast

data, together with the fit corresponding to the analysis in section 3.3. The

time courses fitted by NPRM are used. The simulation uses a range of seven

dose levels τ . The range is adapted to produce data with a voxel-level noise

pattern matched to real data. For the H2O-FDG studies, the relative dose of the

H2O and FDG injections are also varied. A range of seven dose-ratio settings

from 16 : 1 to 64 : 1 are examined. The middle dose ratio corresponds to the

data in section 3.3. Simulated data, at the middle dose and dose ratio for the

H2O-FDG studies, are in Figure 3.8. The simulation noise level is a reasonable

match to that seen in the real data. The repeat H2O study is calibrated in the

same way, but not presented. In repeat H2O studies we consider situations in

Improved Statistical Quantitation of Dynamic
PET Scans

69 Fengyun Gu



3. INVESTIGATION OF THE BENEFITS OF

COMBINING DATA IN MULTIPLE INJECTION

PET SCANS 3.4 Numerical Experiments

Figure 3.6: 1-D phantom (mixing coefficients - αk ’s) and their projections for H2O-
FDG (a,b) and repeat H2O studies (c,d). x-axis is location (1-128) and y-axis is coeffi-
cient. Different colors represent different ROIs. Values of the Kety model parameters
(K1,K1/k2) used to create simulated time courses are given in the legends for (c) and
(d).

which there are 2, 4, 6 and 8 separate H2O injections. In 1-D studies with FBP

and ML reconstructed data are reported. All studies, both for the H2O-FDG and

repeat H2O, are replicated 500 times for each dose and in the H2O-FDG case for

each dose-ratio setting.

3.4.3 Evaluation of Performance

Our studies use the model MSE characteristics of the estimated source, as a sur-

rogate for understanding the MSE characteristics of estimates of the mapped

kinetics. The motivation for this comes from Table 3.3 which showed a set-

ting where MSE characteristics of mapped kinetics are proportional to the MSE

reliability of the underlying source estimate. As indicated in Figure 3.1 the

overall scan period, T , is made up of a set of J non-overlapping time intervals

corresponding to the scanning periods for the separate tracer injections under
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Figure 3.7: Fitted time courses and real data for six kinds of tissues - spleen,
tumor, myocardium, normal breast, liver and left ventricle (LV). Red and blue
lines are fitted time courses for the H2O and FDG studies, respectively. Black
points are real data. x and y axis are time (minutes) after injection and activities
(MBq/cc).

Figure 3.8: True time courses and simulated image data at middle dose and
dose ratio for same six kinds of tissues. Red and blue lines are true time courses
for H2O and FDG studies in simulation, respectively. Grey points are simulated
data. x and y axis are time (minutes) after injection and activities (MBq/cc).
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consideration, T = T1∪T2 · · ·∪TJ . If α̂C is the combined estimate coefficient, the

corresponding estimated source is λ̂C(x, t) = ∑K
k=1 α̂

C
k (x)µk(t) and the squared

error assessment is

Se(λ̂C , λ) =
∫

Ωx

∑
j

1
Djλ̄2

j

∫
Tj

[λ̂C(x, t)− λ(x, t)]2dtdx (3.20)

where Dj and λ̄j are the durations and maximum intensities for the j′th scan.

Integrals are evaluated by simple discretization. For the separate scan case, the

estimate of the source for the j’th time-interval is based on the corresponding

coefficients (α̂j) - i.e. λ̂S(x, t) = ∑K
k=1 α̂

j
k(x)µk(t) for t ∈ Tj. In this way an

overall assessment for the separate scan analysis is obtained as Se(λ̂S, λ). With

simulated data, we evaluate the error of combined and separated scan estima-

tors for study replicates and by averaging an MSE assessment for the source

error is obtained. This gives

MSEC = E(Se(λ̂C , λ) and MSES = E(Se(λ̂S, λ) (3.21)

Relative percent improvement is assessed by

%Improvement = MSES −MSEC

MSEC
× 100% = (MSES

MSEC
− 1)× 100% (3.22)

3.5 Results

We begin by presenting some sample results for the H2O-FDG and repeat H2O

studies. This is followed by detailed MSE comparisons, including some associ-

ated plots.

3.5.1 Sample Metabolic Parameters Estimates

In the breast cancer study, H2O and FDG are used to measure blood flow and

glucose metabolism, respectively. Metabolic parameter comparisons for a single

replicate at the middle dose and dose-ratio are presented in Figure 3.9. True pa-

rameters are represented by black lines. Estimated parameters from combined

and separate analysis are shown using dashed red and blue lines separately. We

can see metabolic estimates from combined analysis are closer to the true pa-

rameters and show more advantages in H2O study. Metabolism estimated from

these two approaches are both close to the true values in FDG study and differ-
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ence can be negligible. The quantitation of H2O can get more benefits from the

combined analysis and these results are also consistent with findings from the

real dataset in section 3.3. Similarly, we also show one sample metabolic pa-

rameters - flow and blood volume (VB) at the middle dose in a repeat H2O study

(H2O∗) in Figure 3.9. The combined analysis is seen to achieve improvements

in both situations.

Figure 3.9: Sample metabolic estimates (at a middle dose setting) based on the FBP
and ML reconstruction. x-axis gives location (1-128); y-axis is values of metabolic
parameters in 1-D simulations. See Figure 3.6 for location of different structures. Plots
(1) and (2) show flow and flux in H2O-FDG study; (3) and (4) show flow and blood
volume (VB) in the repeat 2 H2O studies.

3.5.2 MSE Performance Comparisons

3.5.2.1 H2O-FDG Studies

The MSE in (3.21) as the function of the dose and dose ratio from combined

and separated approach in 1-D and 2-D simulations are presented in Table 3.4.

Figure 3.10 presents the information graphically. MSEs from combined and

separated analysis decrease with the dose and increase with relative dose ra-

tio. In 1-D simulation studies, the improvements are 20.85% and 11.65% from

FBP and ML reconstruction at the reference dose and middle dose-ratio level -

matched to the real dataset and improvement is smaller based on the ML re-

constructed data. Benefits by combined approach in 2-D simulation with FBP

reconstruction is similar to 1D FBP performance.
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Table 3.4: Combined analysis improvements (3.22) by dose level/ratio for
H2O-FDG study.

Dose Ratio
Dose 0.3 0.5 0.7 1 1.5 2.2 3.2

16 : 1 16.97 17.12 17.37 18.01 18.71 19.25 19.79
20 : 1 17.67 17.60 18.55 19.13 19.38 20.10 19.70
25 : 1 18.13 18.05 18.94 19.09 19.95 20.85 21.17

(a) FBP (1D) 32 : 1 20.10 19.78 19.47 20.85 21.35 21.38 22.34
40 : 1 20.91 20.80 21.16 22.20 22.79 23.44 23.75
51 : 1 23.06 23.11 23.94 24.30 25.23 25.27 26.07
64 : 1 25.08 25.93 26.57 27.22 27.26 27.99 28.86
16 : 1 8.23 8.91 9.19 10.44 10.77 12.34 12.97
20 : 1 8.39 8.74 9.40 10.81 11.29 12.80 13.38
25 : 1 8.55 9.08 9.55 10.45 11.84 13.27 14.81

(b) ML (1D) 32 : 1 8.87 10.18 10.38 11.65 11.64 13.76 14.88
40 : 1 8.98 10.75 10.81 12.11 12.33 13.92 15.65
51 : 1 10.55 11.42 11.60 12.76 13.92 15.50 16.05
64 : 1 10.71 12.35 12.69 13.61 15.06 16.70 17.23
16 : 1 12.98 13.80 13.73 13.30 12.82 14.21 14.17
20 : 1 13.83 13.26 12.75 14.02 13.82 13.28 13.08
25 : 1 14.93 16.23 15.38 15.19 14.89 16.78 14.30

(c) FBP (2D) 32 : 1 16.75 15.74 17.37 16.60 16.31 15.65 15.26
40 : 1 16.21 17.72 16.19 17.85 17.87 17.82 17.10
51 : 1 17.39 19.27 18.33 20.74 19.71 19.29 18.93
64 : 1 23.42 21.59 21.16 19.95 22.55 21.33 21.08
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Figure 3.10: MSE of combined (solid) and separate (dashed) analysis as a func-

tion of dose and dose ratio in H2O-FDG study. Different colors represent differ-

ent dose ratios.

3.5.2.2 Repeat H2O Studies

The quantitative improvements for different numbers of injections at seven dose

levels from two reconstruction algorithms are presented in Table 3.5. We can
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see, the number of injections has a strong effect. See also Figure 3.11. These

results show lower doses and more injections have higher MSEs. Dramatically

smaller improvements are seen with ML. This may be because the bandwidth

of smoothing process used in reconstruction is adapted based on the total up-

date scan so there is a more limited impact on individual time frames; the ML

procedure constrains the reconstruction to be positive and in doing so implicity

smooths the voxel-level time-course data.

Table 3.5: Combined analysis improvements (3.22) in multiple H2O studies at
7 dose levels.

No.Studies
Dose 0.3 0.5 0.7 1 1.5 2.2 3.2

2 45.69 46.76 46.67 46.54 48.39 48.49 49.48
(a) FBP 4 125.91 129.36 133.47 136.76 133.89 140.95 137.81

6 208.94 211.81 214.03 219.74 222.75 226.32 225.94
8 284.02 283.77 297.29 293.94 304.76 306.66 314.65
2 9.51 10.17 11.21 12.14 13.66 15.19 17.15

(b) ML 4 18.31 20.55 23.44 26.02 28.72 31.48 35.92
6 23.67 26.53 29.95 33.94 37.92 42.47 48.95
8 27.86 31.05 35.06 39.93 45.60 51.66 58.28
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Figure 3.11: MSE of combined and separate analysis in multiple H2O studies.

3.6 Statistical Analysis of Simulation Results

The highly structured nature of the MSE patterns in Figure 3.10 and 3.11, in-

vites a more refined interpretation.
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3.6.1 MSE values scaled by Image Data Accuracy

The overall accuracy of the input data is assessed by σ̂2
z = 1

N

∑
i σ̂

2
i - where σ̂i

was introduced in (3.7). While we can scale MSE values by this, a simpler

(and statistically equivalent) procedure is to scale by the voxel-by-voxel error

in the total-uptake reconstruction. We label this σ̂2
z•. For the H2O-FDG study,

the scaled values are in Figure 3.12.
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Figure 3.12: MSE values scaled by image data accuracy for combined (solid)
and separate (dashed) analysis as a function of dose and dose ratio in H2O-FDG
study.

These data are well described by the model

log(MSE/σ̂2
z•) ∼ a0 + a1I + a2DR (3.23)

where I is the method indicator for combined or separate analysis and DR is

the dose ratio. Table 3.6 reports estimates values for these coefficients. Note â1

corresponds to about 21% (e0.19−1) and 12% (e0.11−1) improvements at middle

dose-ratio with the FBP and ML reconstruction in 1-D simulation studies. The

results from 2D simulation have the similar performance.

Table 3.6: Modeling Scaled MSE in the H2O-FDG study - c.f. (3.23).

â0 â1 â3
FBP(1D) −6.29± 0.03 0.19± 0.04 1.40± 0.04
ML(1D) −6.17± 0.03 0.11± 0.04 1.43± 0.04
FBP(2D) −6.10± 0.03 0.15± 0.04 1.26± 0.04

A similar analysis of the scaled MSE data from the repeat H2O study, leads to a
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model with an interaction term:

log(MSE/σ̂2
z•) ∼ β0 + β1I + β2No.Studies+ β3(I ×No.Studies) (3.24)

The scaled MSE values are in Figure 3.13 with the model results in Table 3.7.

The improvements of combined analysis in the repeat H2O studies with two in-

jections are 55% and 15% for the FBP and ML reconstructed data, respectively.

The impact of dose, although significant, is not substantial in comparison to the

overall impact of dose on MSE.
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Figure 3.13: MSE values scaled by image data accuracy for combined (solid)
and separate (dashed) analysis as a function of dose and number of studies in
the repeat H2O setting.

Table 3.7: Modeling Scaled MSE in the repeat H2O study, see (3.24).

β̂0 β̂1 β̂2 β̂3
FBP 1.80± 0.03 0.44± 0.04 −0.45± 0.01 0.32± 0.02
ML 2.23± 0.03 0.14± 0.04 −0.34± 0.02 0.07± 0.02

3.6.2 Analysis of the Uptake MSE as a function of Dose

Analysis of MSE of total uptake from FBP and ML reconstruction as a function

of dose gives a 2-factor statistical model:

log(σ̂2
z•) ∼ γ0 − γτ log(τ) + γMM (3.25)

where τ is dose level, M is dose ratio (DR) for H2O-FDG study and number of

injections for repeat H2O studies, respectively. The estimated coefficients γ̂0, γ̂τ
and γ̂M are shown in Table 3.8. We can see γ̂τ is similar in different studies

and reconstruction methods. The intercept - γ̂0 in FBP is always bigger than
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ML, which means uptake based on ML has smaller errors. Table 3.8 shows that

the main effect of dose is described by τ−.42 - this is consistent with previous

asymptotic analyses of ML and FBP in PET, e.g. (O’Sullivan, 1995). The fact

that the rate of convergence is so similar between the 1-D and 2-D simulation

models is a good indicator that the 1-D PET framework captures the estimation

complexity of 2-D PET.

Table 3.8: MSE characteristics of reconstructed data in H2O-FDG and H2O
studies (H2O*) based on FBP and ML. Analysis is based on equation (3.25).

γ̂0 γ̂τ γ̂M
H2O 2.91± 0.01 0.42± 0.01 −0.20± 0.01

FBP(1D) FDG 4.41± 0.02 0.42± 0.03 −1.41± 0.04
H2O-FDG 4.75± 0.02 0.42± 0.03 −1.10± 0.04

H2O∗ −1.71± 0.05 0.44± 0.04 0.71± 0.03
H2O 2.78± 0.01 0.42± 0.01 −0.16± 0.01

ML(1D) FDG 4.30± 0.02 0.43± 0.03 −1.40± 0.04
H2O-FDG 4.65± 0.02 0.43± 0.03 −1.06± 0.04

H2O∗ −1.85± 0.05 0.43± 0.04 0.72± 0.03
H2O −2.21± 0.01 0.44± 0.01 0.03± 0.02

FBP(2D) FDG −2.15± 0.01 0.37± 0.01 −0.03± 0.01
H2O-FDG −2.33± 0.01 0.42± 0.01 −0.05± 0.02
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Figure 3.14: Estimated relation between MSE improvements and study dose.

Calculation based on (3.25) with different colors corresponding to a range of

possible γτ values.

The rate of convergence analysis allows us to develop a relation between per-

cent improvements obtained by combined data analysis and the equivalent pre-
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cent increase in dose that would be needed to ensure that the separate data

matched the benefits of combined analysis. Figure 3.14 presents this equiva-

lence. In light of Table 3.8, which gives a dose rate coefficient on the order of

0.42 for ML and FBP, a 10% improvement in MSE obtained by combined data

analysis would require a 25% increase in dose if separate data analysis methods

were used.

3.7 Discussion

We have presented a combination of theoretical intuition, real data and numer-

ical simulation to examine the benefits of combined NPRM analysis of multi-

ple injection studies in PET. This work has been fully motivated by practical

imaging protocols. The results demonstrate that there are clear gains in MSE

performance by a combined analysis approach. With H2O-FDG studies the MSE

improvement is around 21% on the same order of the regional variance compar-

isons found in section 3.3. For the repeat H2O studies, improvements increase

in accordance with the factor (J − 1) indicated by the theory in section 3.2. In

general improvements are seen to be a function of intra-injection dose-ratio but

are substantially independent of dose for FBP reconstructed data. In the ML

case, the impact of dose is apparent with combined analysis leading to greater

improvements at higher doses. Even though the theoretical analysis looks at the

asymptotic situation in which variance is the main contributor to the error, the

predictions from that theory provide good guidance on the nature of benefits

that would be associated with combined analysis.

Our work has exclusively focused on parameter mean square error performance

(MSE and RMSE). In kinetic mapping, the average accuracy of estimation of the

target parameters, measured by the RMSE, is a natural metric and is used exten-

sively in quantifying estimation error in many settings. Nevertheless, a number

of other metrics could also be of interest. Data-fit or predictive error, with suit-

able adjustment for model flexibility, might also be considered. In addition,

criteria based on parameters defined by functions of the kinetics variables as-

sociated with individual tracers would also be of interest. MSE improvements

associated with combined analysis of ML-reconstructed data are smaller than

those achieved with FBP-reconstructed data. This phenomenon may well have

to do with the implicit regularization that ML achieves in low-count frames.

Our studies used a common bandwidth for all injections. While this gives some

assurance that the resolution of each scan is the same for FBP; it is not clear,
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given the implicit regularisation achieved by imposition of positivity, if this is

necessarily the case for ML. The effect is probably most significant in the repeat

studies with many injections. In this setting the total uptake bandwidth selec-

tion will lead to very noisy individual scans. The bandwidth selection process

ensures voxel-level FBP time-course data are inherently noisier than in ML so

the analysis of kinetics for FBP data can end up being worse than the same

analysis of ML. The issue is apparent in Table 3.5. An obvious way to address

this issue could be to select bandwidths for individual injections separately.

This may allow the noise characteristics of FBP to be more comparable to ML

(O’Sullivan, 1995; O’Sullivan and Roy Choudhury, 2001). The issue merits fur-

ther investigation - (Gu and O’Sullivan, 2021) reports on some initial work in

this direction.

For computational reasons we made extensive use of a 1-D scanning model in

this work. This allowed comprehensive evaluation of estimators with iteratively

reconstructed ML data over a range of count rates and many replicates. While

FBP is used very little in practice, we included it in simulations. The relation

between 1-D and 2-D FBP results might be used as a vehicle to understand

how combined analysis methods of 1-D ML data might perform in a 2-D or 3-D

setting. The justification of some experiment details, see section 3.7.1, 3.7.2

and 3.7.3. Our simulations here demonstrate that combined analysis will sig-

nificantly improve the accuracy of NPRM kinetic mapping in multiple injection

studies. It will be important to see how these results translate into 3-D and es-

pecially for the next generation total-body PET scanners (Badawi et al., 2019;

Karp et al., 2020). In this context the emerging techniques for efficient boot-

strapping of 3-D multi-frame PET studies (Kucharczak et al., 2018; Gu, Wu,

O’Sullivan, Huang, Muzi and Mankoff, 2019; Huang et al., 2020; O’Sullivan

et al., 2021) may facilitate a more direct practical assessment of the benefits

of combined analysis in a given patient, without the need for highly sophisti-

cated step-by-step representations of the scanner emission measurements and

reconstruction processes.

3.7.1 The Choice of β

As introduced in section 3.4.1, the parameter β controls the degree of difficulty

problem and a larger β makes the inversion of A in Figure 3.4 more unstable

(O’Sullivan, Pawitan and Haynor, 1993). An appropriate value of β needs to be

matched with the difficulty in the realistic situation. 2D simulation is based on
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the real dataset, the value of ϕ̂1 is 0.39. So we test several β in 1D simulation

and results are shown in Table 3.9. The MSE would decrease more quickly with

the increase of dose (τ) when β is smaller. 1D and 2D are similar when β equals

1.35.

Table 3.9: The rate of convergence - ϕ̂1 using different β in 1-D simulation.

log(MSE) ∼ ϕ0 − ϕ1 ∗ τ + ϕ2 ∗DR
β 0.75 1 1.25 1.35 1.5
ϕ̂1 0.53 0.47 0.42 0.41 0.36

3.7.2 The Option of Weight

When applying constrained weighted least square, there are some options of

weights. Optimal weight is the reciprocal of true distribution and fixed for each

replicate. We can also use the weights depending on image data z, which is

dynamic for each replicate. Dynamic weight is used in our simulation above,

which is more general as the true distribution is usually not available. We

also test the fixed weights in 1D simulation using FBP reconstruction and just

repeat 100 times for each dose and dose-ratio level based on the computational

consideration. The results are shown in Table 3.10, we can see there is little

difference between results with fixed and dynamic weights. The improvements

are also presented in Table 3.11, which is also similar to Table 3.4(a).

Table 3.10: MSE characteristics using different weights in 1D H2O-FDG study.

log(MSE) ∼ ϕ0 − ϕ1 ∗ τ + ϕ2 ∗DR
Weights Methods ϕ̂0 ϕ̂1 ϕ̂2

(a) Fixed Combined −1.54± 0.005 0.42± 0.006 0.31± 0.010
Separate −1.36± 0.005 0.41± 0.006 0.35± 0.009

(b) Dynamic Combined −1.53± 0.005 0.42± 0.007 0.31± 0.010
Separate −1.35± 0.005 0.41± 0.006 0.35± 0.010

3.7.3 A Simplified Model

We consider a simplified analysis of this setup theoretically. As the PET measure-

ments using FBP reconstruction follow a Gaussian distribution (Teymurazyan

et al., 2013), we can add Gaussian noise to the true distribution directly. A

reasonable statistical model is:

zx(t) = λx(t) + φwx(t)−1/2ex(t) = αxµ(t) + φwx(t)−1/2ex(t) (3.26)
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Table 3.11: Improvements (%) from constrained weighted least square with
fixed weights at 7 dose levels and 7 dose ratios in 1D H2O-FDG study using FBP
reconstruction.

DR
Dose 0.3 0.5 0.7 1 1.5 2.2 3.2

16 : 1 17.46 16.85 17.87 17.97 19.06 18.83 19.30
20 : 1 17.65 18.03 17.39 18.84 19.59 19.96 20.26
25 : 1 18.26 18.19 18.68 18.90 19.95 21.22 19.66
32 : 1 18.51 20.12 19.18 19.78 21.56 22.39 23.38
40 : 1 21.11 19.99 22.69 21.69 22.68 23.66 23.01
51 : 1 23.01 23.95 21.95 24.23 24.08 25.66 25.08
64 : 1 23.99 26.24 26.76 27.10 28.42 27.98 28.45

where wx(t) = 1/λx(t), e ∼ N(0, 1) and φ is a scale factor.

The standard approach to estimation is weighted least square. Considering the

positive constraints of mixing coefficients, we apply constrained WLS here. The

true mixing coefficients and time courses at the middle dose and dose-ratio in

1-D simulation in section 3.4.2 are used and the Gaussian noise is added by

the random generator rnorm in R. There are no projection and reconstruction

requirements using this simplified model. MSE is calculated and the improve-

ment of combined analysis is around 22%. This result is similar to the middle

dose and dose-ratio in 1-D simulation.
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Chapter 4

A Generalized Linear modeling
approach to bootstrapping
multi-frame PET image data

Abstract

Imaging biomarkers extracted from diagnostic PET imaging scans are increasingly
used in clinical decisions about the treatment of individual cancer patients. In this
setting, measurements of uncertainty in the biomarker information presented for
an individual patient may have an important role. Raw PET data can be viewed
as a sample from an inhomogeneous Poisson process so there is the possibility to
directly apply bootstrapping to raw projection-domain list-mode data. Unfortu-
nately this is computationally impractical, particularly if data reconstruction is
iterative or the acquisition protocol is dynamic. We develop a flexible statistical
linear model analysis to be used with multi-frame PET image data to create valid
bootstrap samples. The technique is illustrated using data from dynamic PET stud-
ies with fluoro-thymidine (FLT) in breast cancer patients. As is often the case with
dynamic PET studies, data have been archived without raw list-mode information.
Using the bootstrapping technique maps of kinetic parameters and associated un-
certainties are obtained. The quantitative performance of this approach for the
evaluation of kinetics and more complex imaging biomarkers - regional maximum
and regional coefficient of variation is assessed. A series of numerical simulations
matched to the dynamic PET imaging study with FLT in a breast cancer patient are
carried out. A large (>650) collection of regions of interest (ROIs) with varying
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size and location are considered. True target values of uncertainty are evaluated
by study replication. Both the non-parametric projection-domain and the proposed
image-domain bootstraps are evaluated. The results find that the accuracy of the
image-domain assessment of uncertainty is very acceptable - within 10% of the
accuracy of the non-parametric bootstrap approach. Analysis of results points to
a close relation between relative uncertainty in voxel-level kinetic parameters and
local reconstruction error. This is consistent with statistical theory.

4.1 Introduction

4.1.1 General Bootstrap

Bootstrap is a general statistical technique that was introduced in 1979 by

Efron (Efron, 1979), with further developments in (Efron, 1981a,b, 1982; Efron

and Tibshirani, 1986, 1994; Chernick, 2011). This is a data-based simulation

method for statistical inference and the use of the term bootstrap derives from

the phrase to pull oneself up by one’s bootstrap. It can be used to evaluate the

sampling distribution of a statistic and obtain bias and variance characteris-

tics of a computed summary statistic, and also to formally access associated

hypotheses that might be of interest. The flowchart of bootstrap procedure is

presented in Figure 4.1. Two schemes are commonly used to generate bootstrap

samples.

Figure 4.1: Schematic of the bootstrap process 1.

1URL: https://online.stat.psu.edu/stat555/node/119/
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Figure 4.2: Schematic summary of the Model-Based Bootstrap Concept in a
Simple Linear Regression Model.

Non-Parametric Bootstrap by Resampling Suppose that x = (x1, x2..., xn)
is an observed random sample and θ is the parameter of interest. The non-

parametric bootstrap procedure is as below (Rizzo, 2019).

1. For each bootstrap replicate, indexed b = 1, ..., B

(a) Generate sample x∗(b) = x∗1, x
∗
2, ...x

∗
n by sampling with replacement

from the observed sample x1, x2..., xn.

(b) Compute the bth replicate θ̂(b) from bth bootstrap sample.

2. The bootstrap estimate of Fθ̂(·) is the empirical distribution of the repli-

cates θ̂(1), θ̂(2), ...θ̂(B).

Parametric (Model-Based) Bootstrap2 Parametric bootstrapping assumes that

the data comes from a known distribution with unknown parameters. We can

estimate the parameters from the data that we have and use the estimated dis-

tributions to simulate the samples.

To have a better understanding of parametric bootstrap in further analysis, we

simplify it in a linear model setting (Gu, Wu, O’Sullivan, Huang, Muzi and

Mankoff, 2019). The process is summarized in Figure 4.2. We assume there

is a linear relationship between the predictor variable x and response variable

y. ε is a sequence of independent identically distributed (iid) random variables

following a normal distribution with zero mean and standard deviation σ.

y = xβ + ε, ε ∼ N(0, σ2) (4.1)

2Fengyun Gu and Qi Wu contributed equally to this section and Figure 4.2.
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The model fitting provides an estimation of β (β̂) and residuals (r) as below:


β̂ = argmin

β

∑n
i=1(yi − xβ)2

r = y − xβ̂

A normal model can be used to fit the residual sum of squares (RSS) and esti-

mate the noise variance σ2.

σ̂2 = RSS(β̂)
n− 1

If the linear model is appropriate, we can simulate data y based on the model

fitting and diagnostics:

y∗ = xβ̂ + ε∗, ε∗ ∼ N(0, σ̂2) (4.2)

The sampling distribution of bootstrap estimates can be obtained from linear

model fitting of y∗ and x. The variation of these estimates can be used to

approximate the standard error/uncertainty of original estimate β̂.

SE(β̂) ≈
√
V ar(β̂∗) (4.3)

4.1.2 Application of Bootstrap in PET

As the role of quantitative PET in clinical decision making evolves, it is likely

that there will be an increasing interest in the availability of practical methods

for evaluating uncertainty associated with the results reported for an individual

patient. There is already a significant literature on variance assessment for PET.

Much of this work has concentrated on the development of analytic approaches

based on the linear approximations to the reconstruction process – see, for

example, (Alpert et al., 1982; Barrett, Wilson and Tsui, 1994; Carson et al.,

1993; Huesman, 1977; Ibaraki et al., 2014; Maitra and O’Sullivan, 1998; Qi

and Leahy, 2000; Tanaka and Murayama, 1982; Wang and Gindi, 1997). The

potential of applying Efron’s statistical bootstrap (Efron and Tibshirani, 1994)

in this setting was described by (Haynor and Woods, 1989). There have been

a number of contributions - see, for example, (Buvat, 2002; Dahlbom, 2001;

Lartizien, Aubin and Buvat, 2010; Ibaraki et al., 2014; Kucharczak et al., 2018)

- that have attempted to implement variations on this approach. The attraction

of the non-parametric bootstrap is that it does not involve detailed analytic

assumptions which may be difficult to justify in a real patient study. So far,
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bootstrapping methods for PET image data have concentrated on re-sampling in

the raw measurement domain. We refer to such list-mode or sinogram sampling

techniques as projection-domain methods.

(Huang et al., 2020) used a combination of physical phantom and numerical

simulations to develop an image-domain bootstrapping strategy for PET data.

The approach is based on a sub-ordinate Gaussian structure, a particular type

of Gaussian copula form (Joe, 2014), with the ability to capture the Poisson-

like nature of voxel-level measurements as well as relevant spatial and tempo-

ral covariances. In the context of standard clinical PET-FDG studies, involving

imaging over a relatively short duration time frame between 45 and 60 minutes

after tracer injection, (Huang et al., 2020) proposed sub-dividing frame data in

order to obtain the near-replicate information needed to estimate unknown pa-

rameters in a proposed image-domain simulation model. This technique was

illustrated using data from a clinical PET-FDG lung cancer study.

Our work here develops a more flexible procedure for image-domain bootstrap-

ping. This new approach is applicable in situations where there may be a com-

plex temporal structure in the measured PET data — a near-constant tempo-

ral structure is intrinsic to the method used in (Huang et al., 2020). In ad-

dition the latter work relied on a parametric Gamma-model form to represent

the marginal distributions of voxel-level data and a parametric spatial auto-

regressive (SAR) form to represent covariance patterns. The method here uses

the empirical distribution of re-scaled data and a non-parametric approach for

analysis of the spatial correlation structure. The purpose of this report is to

describe the modeling techniques involved in a novel image-domain bootstrap-

ping method and to numerically demonstrate its performance relative to the

standard projection-domain bootstrapping technique. Similar to (Huang et al.,

2020) the proposed approach is only applicable to situations where the PET

data have a temporal extent — e.g. dynamic PET studies. In this setting suitable

modeling of the dynamic data enables us to identify an associated set of resid-

uals that can be manipulated to construct a viable model-based image-domain

bootstrapping procedure.

The technical framework for the methodology is set out in section 4.2 with

the illustrative example presented in section 4.3. The example comes from a

dynamic study with 18F-labeled Fluorothymidine (FLT) on a PET scanner us-

ing iterative maximum likelihood (ML) reconstruction for the breast-cancer

patient. A kinetic mapping technique is applied to the bootstrap-simulated
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datasets in order to produce parametric images of metabolism and associated

voxel-by-voxel standard errors. Section 4.4 presents numerical simulation stud-

ies, matched to the real data. These studies explore performance of the novel

model-based bootstrapping technique relative to the projection-domain list-

mode bootstrapping approach. In addition we examine if performance is im-

pacted by the nature of the data reconstruction process used. The results are

very promising, demonstrating that the efficient model-based image-domain

bootstrapping substantially matches performance of the projection-domain ap-

proach, regardless of what data reconstructed scheme is used. The chapter

concludes with some discussion in section 4.5.

4.2 Methodology

The input data for the approach is a 4-D dynamic PET dataset represented by

an N × T array, {zij; i = 1, .., N, j = 1, ..., T}. Here N represents the number

of voxels in the field of view and T is the number of time-frames in the PET

acquisition. zij is the reconstructed PET-measured tracer concentration value

at the 3-D voxel co-ordinate, xi, at a time tj corresponding to the mid-point of

the j’th time-frame of scanning. We begin by providing a formal mathemati-

cal description of the model, highlighting the various unknowns that must be

estimated before it can be used for bootstrapping.

4.2.1 Statistical Modeling of the Image-Domain Data

Let the true mean and variance of the PET measurement zij be denoted µij

and σ2
ij, respectively. The proposed approximation of measurements has the

structure of a general linear model in which the error process, while allowed

to be non-Gaussian and non-stationary, is linked to a sub-ordinate Gaussian

process. The starting point for the specification is a set of data-dependent basis

vectors, denoted X = {µk, k = 1, 2, ..., K}, that have the ability to approximate

local mean values, µij. The method used to identify X is described in section

4.2.3 below. The statistical model for zij is expressed as a sum of systematic

and random terms. The basic version is given by

zij = µij + σijεij ; εij = Q(ηij) with ηij ∼ N(0, 1)

µij = x′jαi ; σij = σiφj ;
T∑
j=1

φ2
j = T (4.4)
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Here xj is the j’th row ofX and αi is a vector of unknown coefficients. Note that

the systematic part of zij, here µij, is approximated by a linear form. The model

is referred to as a generalized linear model because errors are allowed to be non-

Gaussian and the scale factors, σij, are not assumed constant (Seber, 2015). In

(4.4), σij is a product of spatial (σi) and temporal (φj) factors. The constraint

on φ is required for identifiability. A key part of (4.4) is that the error term εij is

related to a sub-ordinate Gaussian variable, ηij, by a (unknown) Q-transform.

In statistical parlance, the inverse of Q defines the normal-quantile plot for the

collection of measurement errors (Team et al., 2013). We assume Q is strictly

monotone and, for identifiability, scaled so that var(εij) = 1. Monotonicity of

Q is a requirement for the distribution of the measurement errors to be well-

defined; it does not restrict the flexibility of the model to adapt to arbitrary

distributional forms for the error. Strict monotonicity implies that the quantile

mapping is invertible. If the model errors have a continuous distribution - a

very plausible approximation for PET and many other types of medical imaging

data - then Q must be strictly monotone. The sub-ordinate Gaussian η-process,

η = {ηij, i = 1, 2, ..., N, j = 1, 2, ..., T}, is assumed to have independent tem-

poral components, matching the formal Poisson structure of PET (Vardi, Shepp

and Kaufman, 1985), and a common stationary spatial auto-correlation, consis-

tent with physical phantom measurements and simulations, see, for example,

(Huang et al., 2020). Note that the concept using of a simple sub-ordinate sta-

tionary process, like η here, to describe dependency in multivariate data is well

established. (Joe, 2014) provides a treatment of many instances in which has

proved useful in applied statistical work.

While the model in (4.4) can capture non-stationarity (in mean and variance)

and rather general correlation patterns, it has limited ability to adapt to the lo-

cal skewness of PET data. Such skewness is particularly important for iteratively

reconstructed PET data. Thus a more elaborate form of the model is needed for

our proposed image-domain bootstrapping procedure. (Scheuermann et al.,

2013; Mou, Huang and O’Sullivan, 2017) used Gamma-distributions to model

the local skewness of iteratively reconstructed PET measurements of scanned

physical phantoms. In a Gamma-distribution, the ratio of the mean to the stan-

dard deviation is the square-root of the shape parameter. This quantity is in-

versely proportional to the skewness of the distribution. As the shape parameter

increases, skewness diminishes and the Gamma-distribution formally converges

to a Gaussian form. Using the fit of the basic model in (4.4) to define µ̃ij, σ̃i
and φ̃j, we let κij = µ̃ij

σ̃iφ̃j
. The refined statistical modeling approach uses κij as
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a surrogate variable for representing deviations from the product form of the

variance and the assumed distributional structure. This leads to the generalized

linear model

zij = µij + σijεij ; εij = Q(ηij|κij) , ηij ∼ N(0, 1)

µij = x′jαi ; σij = σiφj ;
T∑
j=1

φ2
j = T (4.5)

where Q(·|κ) is strictly monotone for each fixed κ-value and is assumed to be

slowly varying as a function of κ. For identifiability, a scaling constraint in-

volving Q is also required. For this with h2(κ) = var(Q(η|κ)), we require∑
ij h

2(κij) = NT . Obviously, model (4.5) reduces to model (4.4), when the

transform Q does not vary with κ. If Q(·|κ) corresponded to a scaled Gamma

distribution then, based on (Mou, Huang and O’Sullivan, 2017), κ would in-

crease with dose or sensitivity. And with increasing κ, Q becomes linear. Indeed

model (4.5) will converge to model (4.4), with Q ≡ 1, as these factors increase.

This is in line with the results reported by (Mou, Huang and O’Sullivan, 2017).

Thus the structure in (4.5) gives the ability to adapt to distributions that vary

from being highly skewed to ones that are substantially Gaussian. In light of

this the model gives the ability to accommodate both the skewed nature of

iteratively reconstructed (ML) PET data and the Gaussian nature of analyti-

cally reconstructed (FBP) PET scans (Scheuermann et al., 2013; Mou, Huang

and O’Sullivan, 2017). Regardless of Q, the variance structure specified in the

model ensures that with particular choices for σ, φ and h, the specification in

(4.5) accommodates the situation where variance is directly proportional to the

mean - similar to what (Huesman, 1977) proposed for PET ROI data. For this,

let h(κ)2 be proportional to |κ|, φj = φ̃j and choose σi proportional to σ̃i. In

this situation the model in (4.5) could also be viewed within the Gaussian cop-

ula framework used by (Lennon and Yuan, 2019) to model time-series of count

data.

Since the temporal components of the sub-ordinate Gaussian are assumed inde-

pendent with a common stationary spatial structure, the covariance of η can be

written in the form of a tensor product, ΣN ⊗ IT , where ΣN is a N ×N matrix

representing the spatial correlation pattern and IT is an T -dimensional iden-

tity matrix. Spatial stationarity implies that the covariance can be diagonalized

using the Fourier transform (Brockwell and Davis, 1991), i.e. ΣN = F tNΛNFN
where FN is the matrix mapping an N -vector to its 3-D sine and cosine Fourier
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coefficients. The action of FN is of course computed using the standard 3D fast

Fourier transform (FFT). The matrix ΛN is diagonal with elements, λ = {λi, i =
1, ..., N}. λ, which will need to be estimated, has elements corresponding to the

discretely sampled 3-D spectral density or power spectrum of η (Brockwell and

Davis, 1991). While η has a stationary spatial structure, the measurement error

in either (4.4) or (4.5) is neither first nor second order stationary in a spatial

sense.

It is important to appreciate that even though the model specification in (4.5)

has substantial flexibility it should only be viewed only as a device for obtaining

reasonable inferences - here the computation of approximate variances of imag-

ing biomarkers. The general context of modeling in science is worth keeping

in mind - approximate models, such as (4.5), may not be correct to arbitrary

precision but in a practical environment they are still often very useful (Box,

1976). Before providing details of how the various unknowns in (4.5) are spec-

ified, we describe bootstrapping procedures for PET based on our model and

also based on a non-parametric model-free approach.

4.2.2 Bootstrapping Techniques

We consider two possibilities for creating bootstrap samples for PET data: a

well-established Projection-Domain approach and a novel Image-Domain ap-

proach developed here. The Image-Domain method uses equations (4.4) and

(4.5); the Projection-Domain is based on the raw count data before it has been

reconstructed. It is helpful to record the steps involved in bootstrap simulation

by these techniques. This is provided below. We also describe a simple recy-

cling scheme that would be important where it is not practical to retain a large

number bootstrap replications.

4.2.2.1 Projection-Domain Bootstrap: Non-parametric

This approach involves random sampling (with replacement) from the number

(Ne) of detected events. If events are binned into count arrays, this is equiva-

lent to drawing a random sample from a multinomial distribution with Ne trials

and probabilities proportional to the observed counts in binned array. Each

simulated count array is processed to produce a bootstrap reconstruction, z∗.

Repeating the process NB times leads to a projection-domain bootstrap sam-

ple, BP = {zb, b = 1, 2, ..., NB}. If raw data are binned count arrays before

reconstruction, there would also be the possibility to sample bootstrap counts
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using an inhomogeneous Poisson process with mean values proportional to the

observed array counts. While this ensures that the simulated data is fully Pois-

son and more variable than the multinomial, because such sampling would not

correspond to list-mode re-sampling, we do not use it here. Note that as the

count-rate increases, there will be little percentage difference between counts

produced by either sampling method.

4.2.2.2 Image-Domain Bootstrap: Model-based Approach

Let X̂, α̂, σ̂, φ̂, κ̂, Q̂ and λ̂ be the estimated values of the various unknowns

in (4.5). Bootstrap simulated data, z∗ij, are generated by first creating an array

ξ∗ = {ξ∗ij, i = 1, ..., N, j = 1, 2.., T} with elements corresponding to a random

sample of size NT from a standard Gaussian distribution with mean zero and

unit variance. With FN representing the normalized 3-D mixed sine and cosine

transform (computed by the standard 3-D FFT) and σ̂ij = σ̂iφ̂j, the simulated

data are

z∗ij = x̂′jα̂i + σ̂ijQ̂(η∗ij|κ̂ij) where η∗·j = F tN(λ̂1/2ξ∗·j) (4.6)

where ξ∗·j and η∗·j are the j’th columns of the N × T -dimensional arrays corre-

sponding to ξ∗ and η∗. Repeating the process NB times gives an image-domain

bootstrap sample, BI = {zb, b = 1, 2, ..., NB} where zb is the b’th realization of

z∗ in equation (4.6).

4.2.2.3 Approximate Image-Domain Bootstrap by Recycling

In practical clinical settings, data retention protocols can mean that raw list-

mode data are not routinely archived especially for dynamic studies. In such

environments it is also unlikely that there would be willingness to retain ex-

tensive bootstrap datasets. Hence a simplified alternative to the full image-

domain bootstrap is of interest. The proposal here is to retain a set of fit-

ted model α-coefficients for a small number of image-domain bootstrap sam-

ples ( N∗B � NB) and to base further bootstrap inferences on that dataset

- B∗I = {αb, b = 1, 2, ..., N∗B}. To justify this, it is important that the coef-

ficients retained are sufficient for the proposed inferences and also that the

size of N∗B is adequate. Under either of the models in (4.4,4.5), any tar-

get parameter, θ, associated with the measurable tracer concentration signal

(µi· ≈ x′αi) is readily expressed in terms of the associated model coefficient -

i.e. θi = f(µi·) = f(x′αi) ≡ g(αi). Recall that a basic property of maximum

likelihood is that if α̂i is an optimal estimator of αi then θ̂i = g(α̂i) is optimal for
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θi, c.f. (Rao, 1973). Thus if the errors in (4.4) are Gaussian and a correspond-

ing weighted least squares procedure is used for estimation of coefficients, the

α-coefficient data can be expected to be sufficient in a statistical sense.

We propose a novel recycling procedure to help enhance the value of the re-

tained limited data B∗I . In the approach samples are generated by sampling

from B∗I a set of say ÑB values at each voxel and then, by application of a spatial

filtering process, create a recycled bootstrap dataset B̃∗I = {z̃b, b = 1, 2, ..., ÑB}
where z̃bij = x′jα̃

b
i . Importantly, the recycled B̃∗I data is only created at the time

that inferences are being considered – so there is no need to retain extensive

bootstrap samples. More details are reported in (O’Sullivan et al., 2021).

4.2.3 Specification of Unknowns in the Image-Domain Model

Here, we give a summary of the specification of parameters in the proposed

model and the full estimation procedure, see (O’Sullivan et al., 2021). As indi-

cated earlier, the model in (4.5) has a number of unknowns all of which need

to be defined before image-domain bootstrapping is possible. We begin by de-

scribing how the basis set, X, is specified and after that consider the other

elements.

The goal in basis selection is to choose a configuration that is physiologically in-

terpretable and has the ability to approximate the measured time-course data at

all voxels in the volume. Detail of the basis selection scheme is described in sec-

tion 3.2.1 and substantially follows (O’Sullivan, 1993; O’Sullivan et al., 2014;

Gu et al., 2021). The process is implemented in two steps. The first step applies

recursive hierarchical clustering to partition the data into a large set of clusters,

{Cl, l = 1, 2, ...L}, with the property that the data in each cluster has a similar

shape pattern: i.e. if i ∈ Cl then for a suitable constant ai, zij ≈ aiµjl where

µ̃jl = 1
|Cl|

∑
i∈Cl zij for j = 1, 2, ..., T is the mean time-course for the l’th cluster.

Step 2 takes the collection of mean time-course patterns associated with each

of these clusters as an initial set of basis elements XL = {µ̃1, ..., µ̃L} and applies

a cross-validation guided backwards elimination procedure to construct a final

subset XK = {µ1, ..., µK} ≡ X̂ with the property that voxel-level data can be

adequately represented by a non-negative linear combination of the columns of

X̂. In the case that well-sampled time-course of PET-measured data is acquired

and we have access to the time-course of the tracer in the arterial blood, the

second step is modified by replacing each of the cluster mean time-courses by

a modeled time-course. A non-parametric residue modeling process in section
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3.2.1 is used for that. Modeling helps to ensure that the final set basis vectors

satisfy physiological constraints linked to the basic principles of blood-tissue

exchange (Meier and Zierler, 1954).

Specification of the Unknowns, apart from X

WithX fixed, an unconstrained weighted least squares procedure, with a simple

fixed temporal weighting scheme, is used for estimation of αi’s in (4.4). The

simple weighting scheme and associated φ-values are

w0
j = e−tjζdtj/µ̄

∗
j , φ0

j ∝ 1/
√
w0
j for j = 1, 2, .., T (4.7)

Here µ̄∗j = max(µ̄j,m) where µ̄j is average of the reconstructed concentration

values over the j’th time-frame and m is taken to be a fraction (0.1) of the

maximum of these µ̄j values. The duration of the scan time-frame is dtj and

e−tjζ , with ζ the decay constant for the radio-tracer isotope, is the standard

tracer decay factor. While the estimates of αi based on these simple weights

may not be optimal, under general conditions weighted least squares estimates

are unbiased and also consistent, as the scale of the error diminishes (Seber,

2015).

Residuals from the least squares fit are used to estimate the other unknowns in

(4.5). The motivation for this comes from

rij ≡ zij − x′jα̂i ≈ zij − x′jαi = σijεij ≡ σiφjεij

so rij ≈ σiφjhijeij with h2
ij = V ar(εij) (4.8)

and eij = εij/hij has mean zero and unit variance. From (4.8), natural condi-

tional estimates of φ and σ are

φ̂2
j = 1

N

N∑
i=1

wij(σ, h)r2
ij and σ̂2

i = 1
T

T∑
j=1

wij(φ, h)r2
ij (4.9)

where wij(σ, h) = σ−2
i h−2

ij and wij(φ, h) = φ−2
j h−2

ij . φ̂2
j values are scaled so that∑

j φ̂
2
j = T . For any specified h, (4.9) can be iterated, starting with σ constant,

to obtain converged values φ̃(h) and σ̃(h). These are maximum likelihood es-

timates when eij is standard Gaussian. With hij = 1, the converged values in

(4.9), denoted φ̃ and σ̃, are used as estimates of φ and σ in model ( 4.4). This

is important for specification of κ. The set of κ̂-values are defined by κ̂ij = ẑij
σ̃iφ̃j

where ẑij = x′jα̂i.
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For estimation of Q, we restrict to piecewise constant approximation as a func-

tion of the κ variable. With κ(0) = −∞ and κ(l) the l
L
× 100%’th percentile of

the κ̂ij values, let Il be the interval (κ(l−1), κ(l)], for l = 1, 2, ..., L. Piecewise

constant approximation means Q(·|κ̂) = Q̂(·|l) for κ̂ ∈ Il. Our experience is

that Q is a smooth function of κ̂ so that a modest value for L (in the 50 to 100

range) seems to be quite adequate. As Q is piecewise constant, its variance is

also piecewise constant - V ar(Q(η|κ̂)) = h(κ̂)2 = h2
l for κ̂ ∈ Il. This implies

hij = hl for κ̂ij ∈ Il. Similar to (4.9), a conditional estimate of hl given σ and φ

is

ĥ2
l = 1
|Il|

∑
κ̂ij∈Il

wij(σ, φ)r2
ij with wij(σ, φ) = σ−2

i φ−2
j (4.10)

normalized so that
∑
l ĥ

2
l = L. Combining (4.9) and (4.10), provides an itera-

tion for joint estimation of σ, φ and h. This defines σ̂ and φ̂. The converged σ̂

values are inflated by multiplication by T
T−K where K is the number of columns

of X. This is to ensure there is adjustment for the bias arising from fitting the

α-coefficients at each voxel. Such adjustments are standard in most parametric

model fitting settings - see (Kutner et al., 2013; Seber, 2015) for its use in linear

regression.

The converged values of σ̂ and φ̂ are used to compute scaled residuals ε̂ij =
rij/σ̂iφ̂j. The empirical distribution of these scaled residuals, El = {ε̂ij ; κ̂ij ∈
Il}, is used to evaluate Q̂(·|l). Here we match order statistics of El to the cor-

responding quantiles of a standard normal distribution - Nl = {η̂ij ; κ̂ij ∈ Il}.
This is simply the standard normal quantile-quantile plot procedure – c.f. (Team

et al., 2013). The inverse map allows arbitrary quantiles of the standard normal

to be mapped to quantiles of El.

For estimation of λ, the full set of normalized residuals, η̂, are mapped to the

imaging domain and using the 3-D FFT their 3-D periodogram is evaluated for

each time-frame. Averaging these periodograms over time-frames, with weights

φ̂−2
j , produces the final estimate of the required power spectrum, λ̂. Using

the Weiner-Khinchine theorem (Brockwell and Davis, 1991), the inverse 3-D

FFT of the power spectrum provides the corresponding of the 3-D spatial auto-

correlation function ρ̂. This completes the specification of all unknowns in the

image-domain bootstrapping model. Before investigating the reliability of the

bootstrapping method, we first present some illustrations of the technique with

real data. Model diagnostics are an essential part of any statistical modeling

process, particularly if model-based bootstrapping is of interest. This aspect is
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highlighted in the illustrative examples.

4.3 Illustrative Example

Cellular DNA is replicated during cell division so that its concentration in rapidly

proliferating tumor tissues can be expected to be higher than in normal tis-

sue. PET FLT imaging has the potential to provide an approximate measure of

DNA concentration and for this reason FLT imaging may be helpful for diag-

nosis and treatment planning with certain cancers. Our data is from a multi-

center American College of Radiology Imaging Network clinical imaging trial

(ACRIN 6688) which conducted dynamic PET-FLT imaging of breast tumor be-

fore and during neo-adjuvant chemotherapy. The goal was to see if PET-FLT

imaging could give an early indication of the tumor response – trial results

are reported in (Kostakoglu et al., 2015). The ACRIN data are part of an

anonymized cancer imaging archive developed and maintained by the National

Cancer Institute (https://www.cancerimagingarchive.net). The data consid-

ered here are from a patient studied at baseline (before chemotherapy). The

study was conducted on a 74-plane scanner using a 3-D acquisition process and

ML reconstruction. The 4-D PET data set consists of an imaging volume with

N = 168 × 168 × 74 voxels (2.97 × 2.97 × 2.01mm3) and T = 45 time-frames

of acquisition over one hour. The time-frame binning sequence was: 16(5 sec),

7(10 sec), 5(30 sec), 5(1 min), 5(3 min) and 7(5 min). Note that more than

half of the temporal sampling is focused on the first 2.5 minutes of the 1-hour

acquisition. This is in part because the kinetics of FLT (a small molecule) are

faster than those of FDG. The left-ventricle of the heart was used to directly re-

cover a blood time-course, which after approximate adjustment for metabolites

provided an arterial input function, Cp, used for kinetic analysis.

Data were processed using NPRM as described in section 3.2.1. NB = 500
image-domain bootstrap replicates were used for evaluation of sampling varia-

tion in computed metabolic images. Metabolic images and associated bootstrap

estimates of their voxel-level standard errors are in Figure 4.3. Metabolic im-

ages shown are for a transverse slice through the tumor region (indicated by

an arrow on the flux image). Volume of distribution(Vd), flow(Kd) and flux

(Ki) show significant enhancement in the tumor region. In a compartmental

modeling framework, all three parameters have been suggested as appropriate

ways to quantify FLT time-course data (Kostakoglu et al., 2015). Standard er-

rors again demonstrate a pseudo-Poisson characteristic — variability is higher
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Figure 4.3: Metabolic Images with image-domain bootstrap assessment of stan-
dard errors for Breast tumor FLT study. The mapped parameters are shown on
row 1 – the location of tumor volume of interest (VOI) on the slice is indicated
with an arrow. Columns correspond to different metabolic parameters (labeled
in yellow) with color bars indicating units - see section 3.2.1.1 for definitions.
Computed standard errors (SE) are on row 2. Row 3 shows histograms of the
bootstrap sampling distributions of the 95’th percentile of the metabolic param-
eter in the normal [black] and tumor [red] VOIs3.

in regions with higher values. The typical percent error, measured by the stan-

dard deviation relative to metabolic parameter value, is on the order of 10-20%

for most of the metabolic variables displayed. It is again notable that the mean

transit time (MTT) and extraction (Ki/K1) appear quite stable as is the asso-

ciated uncertainty measure. Volumes of interest (VOIs) for tumor and contra-

lateral normal breast were also accessed. The tumor region had 1280 voxels

extending over 16 slices (3.2cm in axial extent); the normal VOI is not quite

as large - 1054 voxels - but with a very similar shape. The bootstrap estimated

histograms of the sampling distribution of the 95’th percentile of the metabolic

parameters in the VOIs are shown in Figure 4.3. Differences between tumor

and normal VOIs are quite dramatic for all parameters, except for the vascu-

lar blood volume measure (Vb). These differences are highly significant when

formally assessed via the bootstrap information.

3Contributed by Prof. Finbarr O’Sullivan.
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Figure 4.4: Diagnostics associated with the Image-Domain Bootstrapping Model

(4.5) for the FLT-Breast data. Six plots, labeled (i) to (vi), are shown: (i) raw

sub-TACs (dots) and fitted models (lines) for the selected basis set - columns

of X. (ii) Non-parametric residues corresponding to the fitted model. (iii)

Boxplots by time-frame of standardized residuals from the unconstrained least

squares fit, rij/σ̂iφ̂jĥij. The simple, φ̂0
j in (4.7), and optimized, φ̂j, standard

deviations are shown as green and red dots. (iv) Boxplots of scaled residuals,

ε̂ij = rij/σ̂iφ̂j, for each κ-bin (each containing roughly 10000 data points). ĥl-

values are shown as red points; the red line is for comparison with unity (zero

skewness of bin data). (v) Histogram of the overall distribution of the standard-

ized residuals and its relation to a Gaussian fit (purple curve). Super-imposed

are points showing quantiles of standardized residuals from different κ-bins

(colored from red to dark blue according to bin order) versus corresponding

quantiles of the Gaussian (right y-axis). The quantile pattern for the overall

histogram and the Gaussian fit are shown with dashed black and purple lines.

(vi) Directional auto-correlation patterns of the normalized residuals, η̂, as a

function of distance in millimeters. X-Y are transverse with Y perpendicular to

the scanning bed; Z is the axial direction4.

Residual diagnostics for the analysis are shown in Figure 4.4. Eight vectors

are identified by basis selection procedure. The cluster mean data defining the

4Contributed by Prof. Finbarr O’Sullivan.
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six non-AIF and Patlak basis vectors and their corresponding non-parametric

residue model fits are again shown in Figure 4.4(i) and (ii). Temporal boxplots

of the fully standardized residuals are shown in Figure 4.4(iii). The optimized

and initial temporal scaling factors, φ̂j and φ0
j match each-other quite closely,

apart from first few time-frames. Boxplots of residuals scaled by temporal (φ̂j)

and spatial (σ̂i) factors and binned by values of κ̂ij (= ẑij/σ̃iφ̃j) are in Figure

4.4(iv). Apart from the very first bin, the distributions show variation increas-

ing with increasing values of κ̂ - this is confirmed by ĥ which is substantially

linear as a function of the quantiles of κ̂. The distribution of the standard-

ized residuals, (zij − µ̂ij)/σ̂ij, show a marked skewness. The pattern deviates

substantially from the Gaussian – Figure 4.4(v). Detailed evaluation of the

distributions across κ-bins shows that as κ-increases, there is increasing con-

formity to the Gaussian. As discussed in section 4.2, in a Gamma distribution

κ is proportional to the shape parameter and as that parameter increases the

Gamma distribution formally converges to a Gaussian. Thus the data are in

line with (Mou, Huang and O’Sullivan, 2017) who showed that a Gamma-form

was a good approximation for ML-reconstructed data. The directional spatial

auto-correlation patterns of the scaled residuals are given in Figure 4.4(vi).

4.4 Numerical Studies

The purpose here is to evaluate the performance of the novel image-domain

bootstrapping technique for PET and make comparisons with the more com-

putationally intensive, but fully non-parametric, projection-domain approach.

Assessment of variance estimators is somewhat complicated because we do not

have an analytic formula for the true target variance. Hence a number of repli-

cate simulations (NS) are needed to evaluate the true target variance with rea-

sonable accuracy. Bootstrapping techniques involve simulation and the number

of such simulations (NB) also needs to be considered. Apart from the computa-

tion, in practice the storage requirements associated with retention of bootstrap

samples may also be a factor. We will report studies in which both modest and

large numbers of bootstraps are examined.

In mathematical terms, PET has the structure of a linear inverse problem. The

raw list mode data is a realization of an inhomogeneous Poisson process in

which the rate is linearly related to the target source. Our studies use a sim-

plified representation of PET scanning. This enables us to conduct a more de-

tailed set of studies. We assume that critical performance differences between
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image-domain and projection domain bootstrapping methods for real PET scan-

ners should be apparent in a simplified simulation setting, provided of course

that the mathematical complexity of the simplification is substantially similar

to PET. We report on experiments with 2-D and 1-D PET scanning models. The

2-D studies are focused on analytic (FBP) reconstruction only, but iterative ML

and analytic reconstruction are considered in the 1-D case. Dynamic aspects

of both 1-D and 2-D studies are based on results obtained for the FLT breast

cancer data presented in section 4.3.

4.4.1 2-D Experiments

The overall study structure is outlined in Figure 4.5. The 2-D setup focuses

on central slice containing the tumor. The dynamic source for the selected

slice, Figure 4.5A, corresponds to the models fitted in NPRM mapping of ki-

netics. Temporal sampling and tissue attenuation are also matched to the real

data. The scanning model is same as in section 3.4.1. It involves Poisson sam-

pling of a discretized (attenuated) parallel-beam Radon transform of the source

(Kak, Slaney and Wang, 2002; Natterer, 2001). The imaging domain is the unit

square, discretized to an array of dimension 128 × 128, and the projection do-

main is the region [−
√

2,
√

2]×[0, π], discretized to a 183×181 sinogram array of

distances and angles. Note the π-periodicity of the parallel beam Radon trans-

form restricts the angular extent of the projection domain. As shown in Figure

4.5B, the discretized dynamic source is projected to produce the corresponding

dynamic sinogram array of suitably attenuated rates. The scale of the rate array

is adjusted by a factor corresponding to study dose, τR. This dose is specified

so that the voxel-level noise in the reconstructed data matches the apparent

voxel-level noise level of the real data. Independent Poisson count simulation

from each element of the scaled sinogram array yields the synthetic projection-

domain data (y). Each frame of the sinogram data is reconstructed analytically

using a standard filtered backpojection (FBP) procedure with the raw ramp-

filter result smoothed by convolution with a Gaussian resolution filter. The res-

olution filter bandwidth is required to be common across all time frames and by

grid-search its value is selected in order to minimize the average squared error

difference between the estimated and true activity summed over frames. This

choice of bandwidth is to ensure that the uptake image is objectively adapted

to the study dose (O’Sullivan, 1995). Simulated data are processed using the

NPRM procedure in section 3.2.1, to produce a set of metabolic maps. In ad-

dition data sets for the projection-domain (non-parametric), the image-domain
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Figure 4.5: A: Source distribution, λxt = ∑
k=1 αk(x)µk(t), for the 2-D sim-

ulation experiments. αk(x) patterns and attenuation in (i), time-courses for
each component, µk(t) (normalized), are in (ii). Flux parameters are in (iii).
B: Dynamic image-domain source leads to a corresponding projection domain
array. Simulated counts are reconstructed and computed metabolic images.
Each replicate of the simulation has both non-parametric (projection-domain)
and model-based (image-domain) bootstrapping. C: Voxel estimates of aver-
age standard deviations of flux are shown. The true values are estimated by
direct replication, these values are compared to image and projection domain
bootstraps for a single replicate.

and the approximate image-domain bootstraps are acquired. NB = 25 boot-

strap samples are used for the projection and image-domain bootstraps; a set

of, N∗B = 10, samples were used with the approximate image-domain method,

with ÑB = 200 samples used in recyclying - see Section 4.2.2.3. Note these
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numbers of bootstrap samples would be viewed as quite small relative to what

might be used in standard statistical application (Efron and Tibshirani, 1994),

however, they are likely to be realistic for practical use in most clinical imaging

settings. The bootstrap datasets were used to evaluate a set of voxel-by-voxel

standard deviations in estimated metabolic parameters. These values are com-

pared to the true values estimated by direct replication. This is indicated in part

C of Figure 4.5.

4.4.1.1 Bootstrapping Voxel-Level Summaries

Quantitative comparisons between the estimated and true standard deviations

were assessed on a voxel-by-voxel basis using a simple linear regression analy-

sis and also in terms of an overall root mean square error (RMSE) measure.

Regression analysis considered the relation between the true standard devia-

tion, estimated by replication, with the corresponding values evaluated by the

bootstrap methods. These regression analysis models are expressed as

σip ≈ ap σ
y
ip ; σip ≈ bp σ

z
ip ; σip ≈ cp σ

z∗
ip (4.11)

for i = 1, 2, ..., N . Here σip is the true standard deviation of the p’th metabolic

parameter estimate for the i’th voxel; σyip, σzip and σz
∗
ip , are the values for the

projection-domain, image-domain and recycled image-domain bootstraps. In

all cases, the simple linear regression analysis models are found to very well

describe the relation between the true and bootstrap estimated standard de-

viation. The model R2 exceeds 0.9 for all metabolic parameters and for FLT

simulation – values for flux (Ki) are shown in Figure 4.5C.

The regression parameters, (a, b, c), in (4.11) summarize the average bias in

the bootstrap estimate. If the regression parameter is close to unity it indi-

cates that the bootstrap estimated standard deviations are well aligned with the

true; a value less/greater than unity, indicates over/under-estimation of stan-

dard deviation by the bootstrapping method. Table 4.1 reports the values of

these regression coefficients estimated from the simulation data. There is little

indication of significant bias with any of the bootstrapping methods - the non-

parametric projection domain approach generally tends to under-estimate the

true standard deviation by an average of 9-10% in FLT setting. In contrast the

image-domain procedures tend to over-estimate the standard-deviation, typi-

cally by around 1-3%. RMSE evaluates the mean square deviation between the

estimated and true standard deviation at each voxel, with these values then
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averaged over all voxels. If σ̂ips is the standard deviation in the p’th metabolic

parameter estimate at voxel i for the s’th replicate data for the bootstrap esti-

mate, the RMSE is given by

RMSEσ̂p• =

√√√√ 1
NNS

N∑
i=1

NS∑
s=1

[σ̂ips − σip]2 (4.12)

The RMSE values for projection-domain and image-domain methods are de-

noted RMSEyp•,RMSEzp• and RMSEz∗p•. These values are reported in percentage

terms in Table 4.1. There is little difference between the alternative bootstraps

procedures with the image-domain technique out-performing the projection-

domain method for some parameters (MTT and Ki/K1) but not for other pa-

rameters (Vb, Vd, Kd and Ki). RMSE values for the approximate image-domain

bootstrap are consistently the largest. However it needs to be appreciated that,

in light of the typical standard error of the true standard deviation, the signifi-

cance of any of these differences is small. Standard errors are reported as S̄Ep•
in Table 4.1. Note that the corresponding standard errors for averaged boot-

strap estimates of standard deviations are very similar - these are not reported

in the table. Further 2D studies with higher are lower count rates were also

conducted and gave results very much in line with those reported in Table 4.1.

Table 4.1: Reliability of Bootstrap Estimates of voxel Standard Deviations for
mapped kinetics in 2-D setting. Means and maxima of voxel kinetic estimates,
averaged over replicates, are shown as µ̄• and µ̄∨. Mean of voxel standard de-
viations, averaged over replicates (σ̄•) its standard error (S̄E•) and the overall
RMSE values, see (4.12), are reported as a percentage of the maximum (µ̄∨).
Estimates (â, b̂, ĉ) correspond to (4.11).

Parameters Vb Vd Kd Ki MTT Ki/K1

Mean (µ̄•) 0.22 0.23 0.04 0.01 4.58 0.12
Max (µ̄∨) 1.96 1.54 0.19 0.07 8.36 0.59

σ̄• 2.61 3.81 11.14 1.52 22.73 12.52
S̄E• 0.19 0.26 0.87 0.10 1.38 1.00
â 1.04 1.08 1.12 1.07 1.20 1.18
b̂ 0.90 0.98 1.00 0.98 1.14 1.08
ĉ 0.91 0.99 1.03 0.99 1.16 1.11

RMSEy• 0.69 1.00 4.14 0.35 8.43 5.13
RMSEz• 0.91 1.11 4.35 0.40 8.04 5.09
RMSEz∗• 1.08 1.35 5.08 0.50 9.40 5.88
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6 pixels 20 pixels 50 pixels 100 pixels

Brain

Breast

Figure 4.6: Schematic of 2D ROI generation scheme. A total of 676 ROIs with
different sizes (6, 20, 50 and 100 pixels) are defined for Breast. Grids of rect-
angular ROIs and their size are indicated.

4.4.1.2 Bootstrapping ROI Summaries

For this analysis a nested sequence of grids were used to construct a range of

ROIs with different sizes (6, 20, 50 and 100 pixels) and tissue heterogeneity

characteristics. Figure 4.6 gives a schematic of the ROI generation scheme.

ROI averages Comparison between bootstrap estimates of standard devia-

tions of ROI averages of flux (Ki) is shown in Figure 4.7. There is no indication

that the alignment of the bootstrap estimates with the true standard deviations

varies by ROI size. Detailed assessments of the reliability of the bootstrap es-

timates is provided in Table 4.2. These are based on an ROI version of (4.11)

and (4.12) - i.e. the voxel indicator (i) is replaced by an indicator of the ROI.

Similar to the voxel case, bootstrap estimates perform very well. There is no

evidence that these results are substantially impacted by the size-distribution

or positioning of ROIs. The non-parametric and image-domain method (with

NB = 25 replicates) have very similar RMSE reliabilities. Both bootstraps tend

to under-estimate the true ROI mean standard deviation. However, the amount

of bias is small - on the order of 10-14% across the different kinetic parameters.

Recycling is found to lead to more unreliable values - largely due to a greater

systematic over-estimation of the true ROI standard deviation - on the order of

20% for most parameters. But the overall indication from the 2-D experiments

is that image-domain bootstrapping scheme is very well aligned with the non-

parametric projection domain approach and provides a viable mechanism for

assessments of uncertainties at both the voxel and ROI level.
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Figure 4.7: Estimates of average ROI standard deviations of flux. Colors corre-
spond to different ROI sizes.

Table 4.2: Reliability of Bootstrap Estimates of Standard Deviations for ROI
means of mapped Kinetics in 2-D setting. Note approximately 700 ROIs are
considered , see Fig 4.6. Means and maxima of ROI-averaged kinetic parame-
ters, averaged over replicates, are shown as µ̄• and µ̄∨. Mean ROI standard de-
viation, averaged over replicates (σ̄•), its standard error (S̄E•) and the overall
RMSE values, computed by ROI version of (4.12), are reported as a percentage
of the maximum (µ̄∨). Estimates (â, b̂, ĉ) are based on the ROI version of (4.11).

Parameters Vb Vd Kd Ki MTT Ki/K1

Mean (µ̄•) 0.27 0.26 0.04 0.01 4.24 0.14
Max (µ̄∨) 1.63 1.30 0.17 0.07 8.04 0.52

σ̄• 1.82 2.54 7.00 0.85 11.58 7.24
S̄E• 0.12 0.17 0.50 0.06 0.76 0.52
â 1.27 1.18 1.23 1.10 1.24 1.23
b̂ 1.04 1.08 1.11 1.07 1.20 1.16
ĉ 0.71 0.63 0.58 0.57 0.87 0.55

RMSEy• 0.38 0.54 1.92 0.17 3.36 2.27
RMSEz• 0.54 0.64 2.23 0.19 3.51 2.44
RMSEz∗• 1.22 2.04 6.83 0.85 7.35 8.08

ROI Maxima and CVs Two complex statistic summaries of kinetic parameters

in ROI - maximum and the coefficient of variation (CV) defined as standard

deviation divided by the mean are also calculated and their uncertainties are

assessed by the direct replication, projection and image-domain bootstrapping.

Quantitative comparisons between the estimated and true standard deviations

of the biomarkers of interest were assessed on different ROIs using a simple lin-

ear regression analysis (4.11) and also in terms of an overall root mean square

error (RMSE) measure (4.12) .

The relationship between bootstrap estimates of standard deviations of ROI

maxima and CVs of flux (Ki) are shown in Figure 4.8. The standard errors esti-

mated by the projection and image domain bootstrapping are highly consistent

and regression parameters, (a, b) in (4.11) and RMSE in (4.12) for maxima and

Improved Statistical Quantitation of Dynamic
PET Scans
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4. A GENERALIZED LINEAR MODELING

APPROACH TO BOOTSTRAPPING

MULTI-FRAME PET IMAGE DATA 4.4 Numerical Studies

CVs in ROIs are presented in Table 4.3. For all kinetic parameters, results based

on image-domain bootstrapping are highly in line with the classic approach.
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Figure 4.8: Standard deviations of ROI maxima (Row 1) and coefficients of
variation (CVs) (Row 2) of flux (Ki) in breast study. The true values are es-
timated by direct replication, compared to image and projection domain boot-
strap results. Different colors represent different ROI sizes.

4.4.2 1-D Experiments

These studies have a similar temporal structure to the 2-D simulations but

a more simplified 1-dimensional Poisson deconvolution scanning model from

(O’Sullivan and Roy Choudhury, 2001) is used. The simplified structure is same

as section 3.4.1 and allows a detailed investigation of bootstrapping when the

input data used for kinetic analysis has been reconstructed by methods analo-

gous to the direct FBP and iterative maximum likelihood (ML) procedures used

in PET. The scanning model is defined as follows: we observe a discretized

Poisson process whose intensity is of the form γxt = ax[Rλ]xt for x = 1, 2, .., N
(even) and t = 1, 2, ..., T . Here 0 < ax ≤ 1 is a known attenuation factor and the

matrix R is given by R = IT ⊗Kβ where Kβ : RN → RN and Kβ has the form

of a discrete convolution. Letting F be the discrete Fourier transform, for any

vector x ∈ RN , [FKβx]ν = |ν|−β[Fx]ν ≡ x̂ν for ν = ±1,±2, ..., N/2. With β > 0,

the action of Kβ is to smooth the vector x. If y is a realization of a Poisson with

mean τγ, then an unbiased estimate of the underlying source distribution λ is
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Table 4.3: Estimates of standard deviations for ROI Maxima and CVs of
metabolic parameters in 2-D Breast FLT studies. Note approximately 700 ROIs
are considered in each case. Means and maxima of ROI maximum and CV ki-
netic parameters, averaged over replicates, are shown as µ̄• and µ̄∨. Mean ROI
standard deviation, averaged over replicates (σ̄•), its standard error (S̄E•) and
the overall RMSE values, computed by ROI version of (4.12), are reported as
a percentage of the maximum (µ̄∨). Estimates (â and b̂) are based on the ROI
version of (4.11).

(a) ROI Maximum (b) ROI CV
Parameters Vb Vd Kd Ki MTT Ki/K1 Vb Vd Kd Ki MTT Ki/K1
Mean (µ̄•) 0.08 0.81 0.38 0.01 5.63 0.06 0.54 0.43 0.68 0.37 0.58 0.57
Max (µ̄∨) 0.16 1.41 0.73 0.02 9.66 0.24 1.19 1.30 1.54 1.18 1.39 1.87

σ̄• 16.97 9.34 12.83 5.55 6.64 8.06 14.57 9.71 14.85 7.75 17.42 9.65
S̄E• 1.18 0.65 0.90 0.35 0.51 0.77 1.08 0.70 1.10 0.59 1.46 0.71
â 1.02 1.03 1.01 1.11 1.08 0.99 1.17 1.16 1.18 1.09 1.15 1.07
b̂ 0.99 1.00 0.98 1.11 1.07 0.99 1.09 1.08 1.10 1.06 1.08 1.03

RMSEy• 3.85 1.80 3.08 1.26 2.16 3.61 4.62 2.98 4.58 2.83 7.34 2.94
RMSEz• 4.05 1.99 3.22 1.32 2.27 3.75 4.87 3.29 5.03 2.93 7.73 3.09

obtained by adjusting for the y-data by the attenuation factor and applying a

least squares (LS) inversion procedure. This result is then smoothed to achieve

consistent mean square error performance. As FBP is essentially equivalent to

LS in the 2-D setting (O’Sullivan, 1995), we refer to LS as FBP in our 1-D model.

Letting Sh be a smoothing matrix with bandwidth h > 0 the smoothed estimate

is

z = IT ⊗ Shz(fbp) with z(fbp) = 1
τ
IT ⊗ [K ′βKβ]−1K ′β(y/a) (4.13)

where (y/a)xt = yxt/ax.

If Sh has a discrete Fourier representation, z(fbp) and z are efficiently computed

using the 1-D FFT. Adapting (Vardi, Shepp and Kaufman, 1985), the EM algo-

rithm can be used to evaluate a maximum likelihood (ML) estimate, z(ml), and

a corresponding smoothed value z+ = Shz
(ml). The ML estimator is asymptoti-

cally efficient, as τ → ∞, as indeed is the FBP estimator. In estimation terms,

1-D scanning model shares some of the essential complexity of PET. In PET, Kβ

is replaced by the line-integral Radon transform, K. FBP estimation is known

as filtered backprojection (FBP). Similar to K ′βKβ, the operation K′K is Toeplitz

(Natterer, 2001). In d-dimensions, the eigenvalues of K′K are proportional to

|ξ|−d/2; while the eigenvalues of K ′βKβ are proportional to |ν|−2β. Studies re-

ported in section 3.7.1 show that with a choice of β = 1.35, there is a good

agreement between the bandwidth optimized mean square error (MSE) esti-

mation characteristic as a function of dose for the 1-D Poisson deconvolution
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model, and the corresponding MSE characteristic of 2-D PET reconstruction.
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Figure 4.9: Scaled spatial patterns (αj) for source distribution (λxt =∑6
j=1 αj(x)µj(t)) in 1-D experiments (dotted lines); projection domain patterns

(Kβαj) are also shown (solid lines). Source sub-TACs (µj) are in Figure 4.5
A(ii). Colors of αj ’s here match the colors of corresponding sub-TACs in Figure
4.5 A(ii). The solid black line is the attenuation pattern.

In the 1-D case, simulations were conducted for FLT using source distribution

consisting of a mixture of six temporal components, λxt = ∑6
j=1 αj(x)µj(t). The

number of voxels was set at N = 128. The temporal patterns are matched to

those arising in the 2-D simulations. Spatial patterns are indicated in Figure

4.9, together with the transformed profiles, Kβαj ’s, and the attenuation pat-

tern. Reference dose-values τR were again chosen so that the qualitative vari-

ability of simulated 1-D data matched that seen at the voxel-level in the real

FLT data. Five dose levels, τ = τR/5, τR/2.5, τR, 2.5τR, 5τR were examined with

FLT study. In the 1-D setting a more extensive bootstrapping process was used

(NB, ÑB = 200 with N∗B = 10) and the number of replicates was also increased

(NS = 400). Simulated data were reconstructed using FBP and iterative ML

techniques. Raw frame-by-frame reconstructions were smoothed by convolu-

tion with a Gaussian kernel. Similar to the 2-D case, bandwidth was common

across all frames, and its value was optimized according to the mean square

deviation of the estimated total uptake from the true known source. Due to

the implicit regularization associated with raw ML reconstruction (O’Sullivan,

1995; O’Sullivan and Roy Choudhury, 2001) bandwidths were separately opti-

mized for the FBP and ML reconstructions. Results for the middle dose are pre-

sented in Table 4.4. Very similar results were found at other doses. Regression

analysis again finds strong alignment between the bootstrap generated standard
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deviations and the true values. Generally there is a tendency for the methods

to underestimate the true standard deviation by on the order of 7%. The ap-

proximate image-domain bootstrap is 2-4% higher than the others. There is

little or no difference between the pattern for FBP and ML reconstructed data.

Raw RMSE values, computed by (4.12), are typically 16% smaller for ML recon-

structed than FBP reconstructed data. However this is undoubtedly a reflection

of the fact that the metabolic parameter standard deviations, summarized by σ̄•
in Table 4.4, are on the order of 14% lower for data reconstructed by ML ver-

sus the FBP. In light of this, Table 4.4 reports RMSE values as a percent of the

average true standard deviation. The adjusted RMSE values are very similar for

FBP and ML. In the case of FLT RMSE values are 1.1% higher. In practical terms

these differences are inconsequential. Results demonstrate the ability of the

methodology to adapt to the characteristics of the ML data. Overall, the RMSE

is 4.5% lower for the projection-domain bootstrap than the image-domain ap-

proach; the approximate method is 9.3% higher again. A similar calculation

for the RMSE values reported in the 2-D simulation but expressed as a percent-

age of σ̄•, gives values that are remarkably similar to this: The image-domain

method is 2.8% higher than the projection-domain with the RMSE for the ap-

proximate method a further 6.3% higher again.

Table 4.4: Reliability of Bootstrap Estimates of voxel Standard Deviations for
mapping Kinetics in 1-D based on FBP and ML reconstructed data. Means and
maxima of voxel kinetic estimates, averaged over replicates, are shown as µ̄•
and µ̄∨. Mean of voxel standard deviations, averaged over replicates (σ̄•), its
standard error (S̄E•) and the overall RMSE values, see (4.12), are reported as
a percentage of the maximum (µ̄∨). Estimates (â, b̂, ĉ) correspond to (4.11).

FBP ML
Tracer Parameters Vb Vd Kd Ki MTT Ki/K1 Vb Vd Kd Ki MTT Ki/K1

Mean (µ̄•) 0.18 0.71 0.16 0.02 3.46 0.12 0.18 0.71 0.16 0.02 3.47 0.12
Max (µ̄∨) 1.04 2.17 0.36 0.05 7.50 0.61 1.04 2.17 0.36 0.05 7.57 0.61

σ̄• 2.01 1.93 4.26 1.72 9.69 2.93 1.62 1.83 3.65 1.66 9.23 2.45
S̄E• 0.08 0.08 0.17 0.08 0.46 0.15 0.06 0.08 0.15 0.07 0.44 0.11

FLT â 1.02 0.98 1.01 0.99 1.11 1.08 1.05 1.01 1.06 1.03 1.13 1.14
b̂ 1.20 0.98 1.05 0.98 1.12 1.11 1.22 0.97 1.03 0.99 1.13 1.13
ĉ 1.23 1.01 1.08 1.02 1.18 1.17 1.25 1.01 1.06 1.03 1.20 1.18

RMSEy• 25.4 31.6 27.2 37.8 44.4 56.0 22.2 30.6 24.9 33.7 44.2 50.2
RMSEz• 33.3 34.7 29.3 41.3 46.0 59.0 34.6 35.0 28.8 39.2 47.5 58.0
RMSEz∗• 41.3 45.6 38.7 51.2 57.6 72.7 42.6 44.8 38.4 48.8 59.3 71.4
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4.4.3 Statistical Interpretation of Simulation Data

Table 4.5 reports on a number of further analyses applied to all the simulation

data generated in 2-D and 1-D experiments. These analyses are applied sepa-

rately in 1-D and 2-D so the table gives the ability to see similarities across the

various configurations explored and appreciate overall patterns. The focus is on

two analyses, (i) the direct systematic relation between the projection-domain

and image domain bootstrapping methods, and (ii), the relation between rela-

tive uncertainty in voxel-level kinetic parameters and data reconstruction error.

For the first analysis we conducted regression analyses, similar to (4.11), relat-

ing the voxel-level projection-domain bootstrap standard deviation to the values

from the image-domain approaches, i.e.

σyip ≈ αpσ
z
ip ; σyip ≈ βpσ

z∗

ip for i = 1, 2, ..., N (4.14)

The estimates of the α and β coefficients are in Table 4.5. Across all the sim-

ulation settings we see a very similar pattern. Apart from blood volume (Vb),

whose standard deviation by the image-domain methods are consistently lower

than reported by the projection-domain bootstrap, there is remarkably close

alignment between the methods.

Table 4.5: Analysis of Voxel-level Error Characteristics across all Simulations.
The coefficients are for the models in (4.14) and (4.15). The R2-values only
reported for (4.15). Corresponding values for (4.14), are uniformly high (in
excess of 90%).

Vb Vd Kd Ki MTT Ki/K1
α̂ 0.86 0.91 0.90 0.92 0.95 0.92

FBP β̂ 0.88 0.93 0.92 0.93 0.97 0.94
(2D) γ̂1 0.79 0.63 0.59 0.63 0.90 0.75

R2 0.97 0.94 0.85 0.94 0.97 0.91
α̂ 1.18 1.00 1.03 0.99 1.01 1.03

FBP β̂ 1.21 1.04 1.07 1.03 1.06 1.08
(1D) γ̂1 0.77 0.92 0.86 0.85 1.11 0.56

R2 0.97 0.91 0.94 0.89 0.83 0.37
α̂ 1.16 0.96 0.97 0.96 1.00 0.99

ML β̂ 1.19 1.00 1.00 1.00 1.05 1.04
(1D) γ̂1 0.65 0.92 0.83 0.85 1.11 0.55

R2 0.90 0.92 0.92 0.88 0.81 0.40

The relation between voxel-level parameter standard deviation and reconstruc-

tion error was also explored. In the simulation setting, the square-root of the
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weighted mean square reconstruction error can be used as an assessment of

measurement error: σRi =
√∑T

j=1w
0
j [zij − λij]2/T ≈ σi. Motivated by these the-

oretical considerations in (O’Sullivan et al., 2021), we examined the relation

between the relative error in kinetic parameters and a scaled reconstruction

error, by fitting regression models in the form

log(σip/µip) = γ0p + γ1p log(σRi /µip) + error (4.15)

to each of the simulation datasets.

Table 4.5 shows estimates of γ1p as well as the quality of fit of the model mea-

sured by the R2 statistic. The model fits are remarkably good (most in excess

of 80%) for all parameters. On the other hand the model variance pattern

for extraction (Ki/K1) is not very reasonable for FLT. These analyses give an

understanding of the behavior of voxel-level kinetic parameter variability.

4.5 Discussion

The work has presented a novel image-domain approach to bootstrapping PET

data having a dynamic component. The method is based on a novel general

linear model approximation of the dynamic source distribution in which the

error is described in terms of a sub-ordinate Gaussian process that is assumed

independent across time-frames and stationary in the imaging space. In addi-

tion the distribution of error is allowed to adapt to the local skewness of the

data. Thus there is no requirement for the method to be modified depending

on whether an analytic or iterative data reconstruction process is used. This

removes a number of potentially limiting assumptions used in (Huang et al.,

2020). The bootstrapping scheme in (Huang et al., 2020) also made essential

use of the near-replicate nature of re-binned time-frame data. But this is not

required here. In essence, the generalized linear modeling of the dynamic PET

data used here creates an approximate replicate residual process that provides

information for data simulation. Conceptually this is similar to information

provided by time-frame re-binning in (Huang et al., 2020).

Our methodology is illustrated by application to real examples involving the

use of dynamic PET imaging for the purpose of mapping metabolic parame-

ters of tissues in the field of view. The general linear modeling analysis tech-

nique enables us to create bootstrap replicate data sets for analysis. Applica-

tion of the NPRM kinetic mapping technique to the bootstrap data provides
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voxel-level estimates of metabolic parameters and their associated uncertain-

ties (SEs). Numerical studies motivated by these examples compare the image-

domain bootstrapping approach to the more computationally demanding but

fully non-parametric projection-domain approach (Haynor and Woods, 1989).

Image-domain bootstrapping is found to substantially match the RMSE perfor-

mance characteristics of projection-domain bootstrapping and gives a potential

to practically evaluate the uncertainties of complex biomarkers recovered from

the analysis of information in an individual patient PET study (Gu, Wu and

O’Sullivan, 2021).

The current analysis is implemented in R (Team et al., 2013) - an open-source

statistical programming platform. An R-package is currently under develop-

ment and is expected to be available on the CRAN network (https://cran.r-
project.org) in the near future. In comparison to projection-domain boot-

strapping, in which each bootstrap replicate requires reconstruction of simu-

lated list-mode data; computation of image-domain bootstrap replicates are

negligible. The computation time for a series of 3-D data sets to implement

image-domain bootstrapping model is reported in Table 5.4. Based on our 2-D

numerical studies, the computation of the image-domain bootstrapping model

is less than what would be required for a single ML reconstruction of a list-

mode time-course data set. In light of this, with iteratively reconstructed PET

data - the norm in most PET scanners now - image-domain bootstrapping will

always be faster than the projection-based approach; the difference between

them becoming more extreme as temporal sampling or the number of bootstrap

replicates required increases.

Of course as computing capabilities grow and it becomes standard to retain list-

mode data for dynamic PET studies, non-parametric projection-domain boot-

strapping may become practical as well. Indeed this would be an ideal circum-

stance because the theory underpinning the non-parametric approach is very

well developed (Efron and Tibshirani, 1994). But current PET scanning techno-

logy is very far from that now. In addition, current archives of well-curated can-

cer clinical trial PET imaging data combined with associated patient outcomes,

e.g. National Cancer Institute (https://www.cancerimagingarchive.net), do

not to our knowledge include any list-mode information. Thus the analysis of

image uncertainty using data from such archives can only be based on a suitable

image-domain bootstrapping approach, as we have described here.

For situations where retention of extensive bootstrap samples is prohibitive, we
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have proposed a novel recycling process as an approximate image-domain boot-

strapping approach. While the RMSE performance of this approximation is not

as good as a full bootstrap, the results are still quite reasonable. Importantly

our studies indicate that the performance of the image-domain simulation tech-

niques are not impacted by whether or not the reconstruction methodology is

analytic (FBP) or iterative (ML).

It would be interesting to use the methods here to examine multiple studies

with a similar anatomy on the same scanner, in order to develop a practi-

cal scanner-specific understanding of the study-to-study stability of the image-

domain model estimates. If list-mode data were available, it would also be

possible to use the projection-domain bootstrap to gain some insight into this.

Specifically such a bootstrap could be used to create replicate projection-domain

scanning data that could be used to estimate image-domain model parameters.

The collection of model parameters obtained across bootstrap replicates would

then provide a direct assessment of their sampling characteristics.

There are a number of other medical imaging modalities where subject-specific

assessment of uncertainty in quantitated imaging measurements are not cur-

rently available and the techniques here might be useful. For example, dynamic

imaging with MR (DCE,DSC) or CT are routine in the clinical management of

cancer and stroke and the structure of datasets is substantially similar to dy-

namic PET. This will be a focus for future work.
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Chapter 5

Bootstrap Averaging Enhances the
Mean Square Error of Kinetic Maps
Recovered from PET Data

Abstract

Positron emission tomography (PET) is an imaging technique that is prominently
used in both clinical and research settings. It has a history of methodological
interest in the field of Statistics. Recent developments in the spatial and tempo-
ral resolution capabilities of PET scanners have substantially increased interest in
mapping kinetic parameters from the large-scale datasets produced by dynami-
cally acquired studies. Several schemes have been proposed for this problem. A
recently developed image-domain bootstrapping technique has made assessment of
the sampling distribution for imaged kinetic information feasible. The technique,
which uses a somewhat sophisticated generalized linear model involving a sub-
ordinate Gaussian process, is applicable to any kinetic imaging methodology for
PET. The work here summarizes the image-domain bootstrapping technique and
examines its potential to improve the mean square error (MSE) performance of ki-
netic maps by averaging results from individual bootstrap samples. Dynamic PET
case studies with fluorodeoxyglucose (FDG) and fluorothymidine (FLT) in brain
and breast cancer patients are used to illustrate this proposal. A series of one and
two dimensional simulations matched to both cases are used to quantitatively eval-
uate the approach across a range of practical noise levels. Kinetic mapping using
both compartmental modeling and non-parametric residue analysis is considered.
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Routinely available PET scan data arising from traditional filtered-backprojection
(FBP) and iterative maximum likelihood (ML) reconstructions are examined. Root
MSEs (RMSE) of raw and averaged-bootstrap (AB) kinetics are evaluated. The
RMSE of AB kinetics is typically 10% to 30% lower than the RMSE of raw ki-
netics. The improvements are remarkably consistent across study doses and the
reconstruction technique used in the PET scanner. Perhaps unsurprisingly there is
some variability associated with the ground-truth kinetics and the type of kinetic
mapping procedure used. The RMSE enhancements are quite similar in scale to the
numerical improvements achieved when using ML instead of FBP for PET data re-
construction. These results clearly support the use of bootstrap averaging as a way
to improve kinetic information extracted from dynamic PET studies. This work
may stimulate further development of the image-domain bootstrapping methodol-
ogy for applications to the quantitative analysis of multi-channel imaging datasets.

5.1 Introduction

Positron emission tomography (PET) imaging is an important tool in the diag-

nosis and therapy planning of patients with cancer or other diseases. While the

standardized uptake value (SUV), is the main variable used to quantify the vast

majority of routine clinical PET scans with the fluorodeoxyglucose (FDG) radio-

tracer (Boellaard, 2009), there is an ongoing interest in exploring the potential

of using more extensive dynamic PET scanning with multiple time frames in

order to recover a more complete metabolic profile of target tissue for what-

ever radiotracer is employed. Thus mapping the kinetics of the tracer in local

tissue is an important goal of dynamic PET studies, particularly in a research

setting. This has been recently emphasized in the context of long axial field-of-

view (AFOV) PET systems such as the Siemens Biograph Vision Quadra (Alberts

et al., 2021), the uEXPLORER (Badawi et al., 2019) and the PennPET Explorer

(Pantel et al., 2020) - see (Feng et al., 2021; Gu et al., 2022; Li et al., 2021; Sari

et al., 2022; Viswanath et al., 2021; Wang, Nardo, Jones, Cherry and Badawi,

2021; Wu, Gu, Wu, Zhou and Wang, 2022; O’Sullivan et al., 2022).

As information derived from kinetic mapping is integrated into clinical deci-

sions procedures for individual patients, it may become increasingly beneficial

to have techniques available for practical assessment of the reliability of the ki-

netic information involved in those decisions (Mankoff et al., 2002; Dunnwald

et al., 2011). While traditional linear methods, see (Carson et al., 1993; Hues-

man, 1984; Maitra and O’Sullivan, 1998; Teymurazyan et al., 2013) for exam-
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ple, can be effective for evaluation of uncertainties in some summary quantities

derived from filtered-backprojection (FBP) reconstructed data, the generaliza-

tion of these methods to non-linear summaries and to data reconstructed by it-

erative maximum likelihood (ML) methods (Vardi, Shepp and Kaufman, 1985)

is not straightforward. In such situations, procedures based on the statistical

bootstrap (Efron and Tibshirani, 1994; Haynor and Woods, 1989; Buvat, 2002;

Dahlbom, 2001; Lartizien, Aubin and Buvat, 2010; Ibaraki et al., 2014; Kuchar-

czak et al., 2018) are technically attractive. Previous bootstrapping methods

for PET have been based on non-parametric sampling of projection-domain/

raw list-mode data. But these methods require data reconstruction for each

bootstrap simulation, and have not so far proven to be practically feasible for

routine use especially with dynamic ML-reconstructed data. Building on work

in (Huang et al., 2020; Mou, Huang and O’Sullivan, 2017), a computation-

ally efficient image-domain bootstrapping approach, suitable for dynamic PET

data reconstructed using either FBP or ML techniques, was recently described

(O’Sullivan et al., 2021). This bootstrapping method has been used to assess

uncertainty in kinetic variables for voxel and potentially quite complex regional

summaries of kinetic variables (O’Sullivan et al., 2021; Gu, Wu, O’Sullivan,

Huang, Muzi and Mankoff, 2019; Gu, Wu and O’Sullivan, 2021). The practi-

cality of the approach, even with long AFOV PET scanner whole body data has

also been demonstrated (O’Sullivan et al., 2022).

But, since bootstrapping approximates the full sampling distribution of a pa-

rameter estimation, there may also be potential to improve the mean square

error (MSE) performance by averaging the bootstrap samples (Efron and Tib-

shirani, 1994). Indeed the random forest (Breiman, 2001) generalization of

regression tree models which is a machine learning technique in many appli-

cations, including PET (Wang, Lei, Fu, Curran, Liu, Nye and Yang, 2020; Wu

et al., 2019), is of course a highly successful use of such an averaging process -

see Figure 5.1.

In this chapter we explore if averaging of image-domain bootstrap-generated

kinetic maps might improve mean square error performance. The methodol-

ogy is described in section 5.2. Some illustrative examples from the brain and

breast cancer studies are shown in section 5.3. Section 5.4 describes a series of

numerical studies examining the approach in some detail. Results are presented

in section 5.5. The chapter concludes with discussion.
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Figure 5.1: Random forests improves prediction error by averaging predictions
from multiple trees trained on different bootstrap samples of data.

5.2 Methodology

5.2.1 Overview of Image-Domain Bootstrapping

Before describing the application to kinetic mapping, we first summarize the

main elements of the bootstrapping methodology developed in (O’Sullivan et al.,

2021) - see schematic in Figure 5.2.

The 4-D dynamic PET dataset is represented by anN×T array, {zit; i = 1, ..., N, t =
1, ..., T}. N is the number of voxels and T is the number of time-frames. The

data generation process (DGP) used for image-domain bootstrapping is based

on a general linear model (GLM) representation for the 4-D PET data. This

GLM has systematic and stochastic components. The systematic component

models the mean of the voxel-level time-course as a linear combination of data-

adaptive time-course shape patterns defined by segmentation of the full data

volume; the stochastic component is represented in terms of an underlying or

sub-ordinate stationary Gaussian process or Gaussian copula form (Csörgó and

Mielniczuk, 1996; Joe, 2014). The stochastic model captures spatial and tem-

poral non-uniformities in variance, covariance structure, and also has the ability

to adapt to the dose-dependent distributional character of voxel-level PET data

in a non-parametric manner. Motivated by the work in (Huang et al., 2020),

the inverse coefficient of variation is used to model deviation from Gaussian
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Figure 5.2: Graphical representation of the generalized linear model (GLM)
used to define the data generation process (DGP) for PET image-domain boot-
strapping.

behavior. The GLM is formally specified by the system of equations

zit = µit + σitεit; εit = Q(ηit|κit) with η ∼ N(0,Σ)

µit = x′tαi; κit = µit/σit; σit = σiφt,
T∑
t=1

φ2
t = T

Σ = ΓΛ2Γ′ ,Γ = FN ⊗ IT (5.1)

The underlying Gaussian process is {η}; it is assumed to be stationary. µit and

σit are the true mean and standard deviation of zit; µit is expressed as a linear

combination of a set of flexible basis time courses (xt is the vector corresponding

to the sampled of basis time-courses at time t) and αi is an unknown coefficient.

Individual basis vectors are constrained using a non-parametric residue model-

ing process - see equation (5.3) below. The non-parametric residue mapping

(NPRM) approach used to recover voxel-level kinetics, see section 5.2.2, makes
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critical use of this. σit in equation (5.1) is a product of spatial (σi) and tem-

poral (φt) factors. The quantile function, Q(·|κit), is strictly monotone for each

fixed value of κ - the inverse coefficient of variation. A linear quantile function

implies a Gaussian distribution for zit. The estimation process is based on the

empirical quantile function - in simplified settings this is in line with the classi-

cal non-parametric bootstrap. FN is a Fourier matrix used to map an N-vector

to its 3D sine and cosine Fourier coefficients. This is implemented by the stan-

dard 3D fast Fourier transform (FFT). The Fourier structure ensures that the

underlying Gaussian process is spatially stationary. IT is a T-dimensional iden-

tity matrix and Λ is a diagonal matrix with elements, λ = {λi, i = 1, ..., N}. In

time-series terminology, Λ corresponds to the power-spectrum of the stationary

Gaussian process corresponding to the temporal components of {η}.

The GLM estimation process is elaborated in (O’Sullivan et al., 2021). Basis set

construction uses a cross-validation guided backwards elimination procedure.

This optimizes the number and choice of individual basis elements. Voxel level

analysis is based on an empirical Bayes formulation. This ensures that the regu-

larity of voxel-level coefficients (α’s) are adaptively constrained by the marginal

volumetric distribution of the raw voxel coefficients and the local noise char-

acteristics of the data. The numerical efficiency of the approach substantially

derives from the critical use of both unconstrained and constrained weighted

least squares techniques. Residuals from the weighted least squares fitting of

voxel-coefficients, are used to determine unknown parameters, in the stochastic

component of the model - i.e. σ̂it, Q̂ and Λ̂.

The image-domain bootstrap simulates data by first generating a random sam-

ple {ξ∗it} from a standard Gaussian distribution. This sequence is first trans-

formed to produce a realization of the underlying sub-ordinate Gaussian pro-

cess {η∗it} and subsequently manipulated using the estimated quantile and scal-

ing variables to produce the bootstrapped relization {z∗it}. The equation is

z∗it =
K̂∑
k=1

α̂ikx̂kt + σ̂itQ̂(η∗it|κ̂it) (5.2)

where η∗it = F tN(λ̂1/2ξ∗it) with ξ∗it ∼ N(0, 1). Repeating the processNB times gives

a set of image-domain bootstrap samples, B = {zb, b = 1, 2, ..., NB} where zb is

the b’th realization of z∗ in equation (5.2). For application to kinetic mapping,

each bootstrap simulated dataset is mapped by the same process applied to the

original dataset. This leads to a bootstrap KB = {θb, b = 1, 2, ..., NB}, where θb
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is the bootstrap realization of the kinetic map for the zb.

The proposed image-domain bootstrapping technique is an example of a model-

based bootstrapping scheme but with a very high dimensional model form

which includes the voxel-level α and σ-coefficients as well the bivariate quan-

tile function Q and power spectrum Λ. There is of course an extensive lit-

erature on bootstrapping dependent data (Fabjan, 2022; Politis and Romano,

1994; Lahiri and Lahiri, 2003; Horowitz, 2019; Kreiss and Lahiri, 2012; Pas-

cual, Romo and Ruiz, 2004). Much of the associated asymptotic theory has

focused on techniques for stationary data in which the localised dependence

structure can be quantified by mixing conditions. There is obviously a lack of

stationarity in mean and variance in PET imaging data. Complexity arising from

the Gamma-like nature of PET measurements seems quite challenging, theoreti-

cally. As dose increases, reconstructed PET measurements become substantially

Gaussian (Mou, Huang and O’Sullivan, 2017). This simplifies the GLM model

somewhat so that a theoretical analysis of consistency of the DGP may be more

accessible. We are currently investigating this.

5.2.2 Mapping Kinetics: NPRM and 2C Approaches

It is well appreciated that when a tracer’s interaction with the tissue is linear

and time-invariant, the tissue time course (CT ) measurable by dynamic PET can

be expressed as a convolution between arterial input function (AIF or Cp) and

the tissue impulse response/residue function (R):

CT (t) =
∫ t

0
R(t− s)Cp(s)ds ≡ R⊗ Cp (5.3)

Following Meier and Zierler (Meier and Zierler, 1954), the kinetics of the tissue

such as blood or in-distribution volume (Vb,Vd), flow (Kd), flux (Ki), mean tran-

sit time (MTT ) and extraction (Ext) - Ki/K1 with K1 = Kd + Ki, are model-

independent quantities defined as functions of the tissue residue (O’Sullivan

et al., 2014; Gu et al., 2021; O’Sullivan et al., 2021). While there is exten-

sive reliance on 2-compartment (2C) modeling in PET, most famously in the

analysis of FDG in human brain (Phelps et al., 1979), such modeling may have

difficulty representing data in which the detailed assumptions related to tis-

sue homogeneity vascular supply pattern and/or in-vivo biochemistry may be

in doubt - see (Barrio et al., 2020; O’Sullivan et al., 2009). In such situations

non-parametric estimation of the residue can be useful.
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5.2.2.1 NPRM Mapping

The non-parametric residue mapping (NPRM) technique in (O’Sullivan et al.,

2009, 2014; Gu et al., 2021) uses the linear model form in the GLM as a basis

for analysis of voxel-level residues. By construction GLM basis elements, x̂k, are

represented in terms of non-parametrically estimated residues, R̂k, with

x̂tk = R̂k ⊗ Cp(t− ∆̂k) (5.4)

In NPRM the residue for a voxel xi, denoted R̂(xi, t), is given by a linear combi-

nation of basis residues as

R̂(xi, t) =
K̂∑
k=1

α̂ikR̂k(t) (5.5)

Here α̂ is constrained to be non-negative. Kinetic parameters for the voxel

are evaluated from the residue R̂(xi, ·). Numerical studies with simulated dy-

namic PET 18F-FDG data demonstrate the consistency of the NPRM technique

(Gu et al., 2021). Indeed even in the case where voxel kinetics exactly follow a

2C-model, the mean square error performance of NPRM mapping was found to

match, and often improve upon, the mapping kinetics by voxel-wise estimation

of 2C-model - see below.

5.2.2.2 2C Mapping

This scheme is based on voxel-level fitting a 6-parameter version of the Huang-

Sokoloff model for FDG in brain tissue (Phelps et al., 1979).

CT (t) = fbCp(t−∆) + A1

∫ t

0
e−(t−s)/φ1Cp(s−∆)ds

+ A2

∫ t

0
e−(t−s)/φ2Cp(s−∆)ds (5.6)

The 6 unknown parameters are (∆, fb, A1, φ1, A2, φ2) The associated residue is

RC(t) = fbδ0(t) +A1e
−t/φ1 +A2e

−t/φ2, where δ0 is a spike (Dirac delta-function)

at time 0. Decomposition of this residue allows evaluation of the summary pa-

rameters describing volumes, flows and retention and mean transit time charac-

teristics - c.f. (O’Sullivan et al., 2014; Gu et al., 2021; O’Sullivan et al., 2021).

Unlike NPRM which is linear, 2C mapping requires a non-linear (weighted)

least squares process with 3 intrinsically non-linear parameters (∆, φ1, φ2). This

requires iterative numerical computation with careful attention to ensure that
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the solutions obtained are truly optimal (not just local minima). In applications

of whole-body kinetics, it has been found necessary to allow a substantial range

in the delay parameter in order to get reasonable model fits to time-courses in

structures such as the liver (Feng et al., 2021; Wang, Nardo, Jones, Cherry and

Badawi, 2021; Wu, Gu, Wu, Zhou and Wang, 2022). This impacts the compu-

tational efficiency of 2C mapping approach.

Regardless of whether voxel-level kinetics are mapped by NPRM, 2C or more

complex modeling strategies, averaged-bootstrap (AB) kinetics are simply eval-

uated as the mean of the estimated kinetics for each bootstrap sample. Thus

if θ̂b is the mapping of kinetic parameters for the b’ bootstrap sample, the AB

kinetic map is

θ̂∗ = 1
NB

NB∑
b=1
θ̂b (5.7)

5.3 Illustrative Examples

Two representative studies are presented to illustrate the technique described in

section 5.2. One is the brain PET scanning with 18F-FDG conducted on an early

generation PET scanner in University of Washington for a post-surgery glioma

patient. The dynamic imaging is reconstructed by FBP with N = 128× 128× 35
voxels and T = 31 time frames. More details are reported in (Spence et al.,

1998). Another one is the breast cancer study before chemotherapy with 18F-

FLT administration. It is from a multi-center American College of Radiology

Imaging Network clinical imaging trial (ACRIN 6688) and conducted on a more

recent PET scanner using ML reconstruction with N = 168 × 168 × 74 voxels

and T = 45 time frames of acquisition over one hour. More scanning details are

introduced in (Kostakoglu et al., 2015).

Raw parametric imaging is generated by NPRM procedure and 25 bootstrap

replicates were implemented for the associated averaged-bootstrap (AB) map-

ping. Results of both studies are shown in Figure 5.3. For the brain study (Row

1&2), there is a visual difference for tumor regions on the raw and AB flux (Ki)

images. Tumor can be enhanced by the bootstrap mean. The Ki image recov-

ered from the breast cancer study (Row 3&4) by averaged bootstrap is similar

to the raw one, but it appears less noisy in the tumor. Enhanced tumor region

in the AB in-distribution volume and flow (Vd and Kd) images are apparent.

2C mapping of kinetics was not carried out for these illustrations. In part this
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Figure 5.3: Raw and averaged-bootstrap (AB) parametric imaging: Rows 1&2
show the results from Brain tumor FDG study; 3&4 for the Breast cancer FLT
study. Red arrows indicate tumors. Columns correspond to different metabolic
parameters.

was because the description of representative time-course data from these stud-

ies was poorer with the 2C approach than the NPRM method. A comparison of

the fitting between the non-parametric (NP) approach and 2C model for 40

segmented basis from the brain and breast studies is shown in Figure 5.4. The

distribution of unexplained weighted residual sum of squares (WRSS) for the

40 time courses by NP and 2C are presented in the boxplots (A&C). The NP

approach has lower percentage WRSS over 2C, particular in the breast study. In

statistical terms, overall performance of NP model is found to be significantly

better for a large fraction of the time-courses considered. Over a range of sig-

nificance levels from 0.001 to 0.05, between 20%-30% of time-courses in the

brain FDG data and 35%-40% in the breast FLT data are found to be signifi-

cantly poorer with the 2C fitting approach. These results are quite consistent

with the whole-body imaging results reported in (O’Sullivan et al., 2022). Of

course improved data-fitting may not imply more accurate kinetic maps.

Studies reported in (Gu et al., 2021) use numerical simulations to examine the
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Figure 5.4: The performance of non-parametric approach (NP) and two com-
partmental modeling (2C). A&C - The percentage of unexplained weighted
residual sum of squares (WRSS) using both methods in the brain tumor FDG
and breast cancer FLT studies. B&D - The percent relative performance of 2C
versus NP at different significance levels for these two studies.

accuracy of NPRM and 2C mapping under scenarios in which the underlying

voxel-level truth may or may not follow a 2C compartmental model form. Re-

sults show that when the underlying truth does not follow the compartmental

model form, NPRM is much preferred, which is not surprising. More interest-

ing however, is when the ground truth does follow the compartmental form,

the MSE performance of NPRM remains very much on par with 2C mapping.

But of course, regardless of how NPRM and 2C compare in accuracy, it is clearly

of interest to examine the benefit of the proposed bootstrap averaging process

when either NPRM or 2C mapping schemes are used for kinetic mapping.

5.4 Numerical Simulations

1D and 2D numerical experiments matched to the illustrative examples - brain

tumor study with FDG and breast cancer study with FLT in section 5.3 are

used to examine the relative performance of averaged-bootstrap (AB) and raw

kinetics with the known ground truth. The ground truth source (λ) is created
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Figure 5.5: Ground truth for Brain tumor FDG (Row 1) and Breast cancer FLT
(Row 2) simulation studies. True α patterns in 1D (A&D) and 2D (B&E) sim-
ulations; C&F: scaled true time courses, x-axis is in minutes with indicated
temporal sampling (grey ticks). The real data basis time courses are solid lines;
dashed lines are corresponding one compartmental model fits.

by a linear combination of time course basis (X)

λit =
K∑
k=1

αikxkt, i = 1, 2, ...N, t = 1, 2, ...T (5.8)

- see Figure 5.5. The spatial patterns of the α coefficients correspond to a sim-

plified phantom (Gu et al., 2021) in 1D simulation and are matched to one slice

through the tumor region in the real data analyzed in section 5.3 for 2D simu-

lation study. The true time courses and α coefficients for both brain and breast

studies in 1D and 2D simulations are shown in Figure 5.5. The corresponding

kinetics are θ = {Vb, Vd, Kd, Ki,MTT,Ext}.

The simulation procedure is summarized in Figure 5.6. The dynamic images are

simulated by a physical or empirical model depending on the computational

complexity of data reconstruction. The physical approach generates data in

the projection or sinogram domain; data are reconstruction by FBP and ML

reconstruction algorithms. The details of the simulation and reconstruction

process are standard and are detailed elsewhere - see for example (Gu et al.,

2021; O’Sullivan et al., 2021).
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True 
Source

Physical Model

Empirical Model

Scanner
Representation

Simulated 
Image

True 
Kinetics Image 1…NB

Raw 
Kinetics

AB
Kinetics

Bootstrap

NPRM
or 2C

NPRM
or 2C

Figure 5.6: Flowchart of simulation process.

The physical model approach is used in the context of 1D simulation with both

FBP and ML reconstructions and in 2D with the FBP reconstruction process.

An empirical model based on an image-domain DGP, is used for simulation of

2D-ML data. Here, the scale of the noise is adjusted according to the dose (τ) -

specifically in proportion to τ−
1
4 - in order to achieve correspondence with the

image-domain noise levels of 2D-FPB at a comparable dose. This approach is

based on a combination of theoretical and numerical analysis (Gu et al., 2021;

O’Sullivan, 1995; O’Sullivan et al., 2021).

The image-domain bootstrap as described in section 5.2.1 is applied to each

simulated dynamic dataset. The raw and averaged-bootstrap (AB) NPRM ki-

netics were evaluated. 1D simulations are replicated NS = 80 for both FBP

and ML data. NB = 40 image-domain bootstrap samples are generated for

each replicate. In the 2D simulations, NS = 40 replications and NB = 30
bootstrap samples are generated for each replicate. Five dose levels, τ =
(τR/5, τR/3, τR, 3τR, 5τR) were examined with brain FDG and breast FLT stud-

ies.

A second set of simulations, in which 2C kinetic mapping is used, was also con-

ducted. The ground truth phantom for these studies was based on a compart-

ment model structure. Specifically the basis elements in (5.8) were replaced

by the closest fitting one-compartmental model form (see dashed lines in Fig-

ure 5.5 C&F). Because the α-coefficients are quite localized, voxel-level data in

these simulations effectively follow a two-compartmental model structure. A

similar approach was used in (Gu et al., 2021). NPRM and 2C procedure are

both applied to these data. Computational complexity of our implementation of

the 2C kinetic mapping scheme meant that these simulations were only carried

out in a 1-D setting. NS = 40 replications with NB = 20 bootstrap samples are

generated.

Root mean square errors (RMSE) for each of the six kinetic parameters (p)

Improved Statistical Quantitation of Dynamic
PET Scans

126 Fengyun Gu



5. BOOTSTRAP AVERAGING ENHANCES THE

MEAN SQUARE ERROR OF KINETIC MAPS

RECOVERED FROM PET DATA 5.5 Results

across Nd = 5 dose levels (d) and N voxels (i) are calculated as

RMSEipd =

√√√√ 1
Ns

Ns∑
s=1

(θ̂ipds − θip)
2 ; p = 1, 2..., 6 (5.9)

Here θ̂ are the estimated kinetic parameters - either raw or AB values. Mean

values of relative RMSE performance êipd across voxels and dose levels are sum-

marized for each of the six parameters as

êp = 1
NNd

∑
i,d

êipd ; p = 1, 2..., 6 (5.10)

where êipd = RMSERawipd /RMSEABipd . The estimated percent improvement achieved

by the average-bootstrap is (êp−1)×100%. In addition to summarizing relative

performance, the average improvements by kinetic parameter over simulation

dimension and reconstruction algorithm are also calculated.

5.5 Results

Comparisons of the performance between raw and averaged bootstrap kinetics

in the NPRM-based simulation are shown in Figure 5.7. The RMSEs decrease

with the increased dose. The advantages of averaged kinetics are apparent

(A&B) in all four cases - 1D-FBP, 1D-ML, 2D-FBP and 2D-ML.

Table 5.1: Percent Improvement, based on (5.10), with the averaged-bootstrap
for the NPRM-based simulation results in Figure 5.7. Means and standard errors
(SE) are shown.

Improvement Brain-FDG Breast-FLT
(ê− 1)× 100% Vb Vd Kd Ki MTT Ext Vb Vd Kd Ki MTT Ext
1D Mean 19.7 23.0 59.2 31.1 14.8 42.0 12.9 16.8 25.2 21.1 17.8 28.1
FBP SE 1.2 1.5 1.9 1.5 1.5 1.5 1.0 1.2 2.0 1.2 1.3 1.7
1D Mean 33.5 16.4 69.9 27.3 12.4 40.9 19.1 12.3 25.4 16.3 14.4 22.6
ML SE 1.4 1.3 2.3 1.3 1.5 1.3 1.0 1.1 2.1 1.1 1.0 1.5
2D Mean 6.4 33.4 37.6 13.9 42.3 13.3 1.2 17.0 19.4 10.7 20.1 33.1
FBP SE 0.1 0.2 0.2 0.1 0.3 0.2 0.1 0.1 0.1 0.1 0.2 0.2
2D Mean 11.0 12.2 13.4 10.9 39.1 21.7 1.5 11.1 12.4 12.0 6.2 11.2
ML SE 0.1 0.1 0.1 0.1 0.2 0.1 0.1 0.1 0.1 0.1 0.1 0.1

The distributions of voxel-level improvements - (êipd − 1) ∗ 100% of raw and

averaged kinetic mapping at five dose levels for brain and breast studies are

presented in Figure 5.7 C&D. The benefits of bootstrap-averaged kinetics appear

to be unrelated to dose level, reconstruction algorithm or whether a 1-D or 2-D
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Figure 5.7: 1D and 2D simulation results with FBP and ML reconstructions in
a simulation matched to FDG brain and FLT breast studies. The ground truth
are (non-parametric) basis elements extracted from the real data. Kinetics are
mapped by the NPRM process. Left (A&C) are for Brain; right (B&D) are for
Breast. Top two rows: RMSE of raw (dashed) and averaged-bootstrap (solid)
kinetic parameters as a function of dose - log-log scale. Bottom two rows:
boxplots of relative performance of raw vs averaged-bootstrap kinetics by dose
levels, y-axis is the percent improvement.

simulation is involved. The overall precent improvements in the RMSE values

achieved by bootstrap averaging are summarized in Table 5.1. While there

are some variation across different parameters, the percent improvements are

generally on the order of 10% to 30% for most parameters.

Results for the 2C-based simulation are reported in Figure 5.8, with percent

improvement data in Table 5.2. The general pattern in Figure 5.8 is generally

similar to the NPRM-based simulation. Percent improvements with NP mapping

is a little bit higher than the 2C procedure in the brain-FDG study, but this is

reversed in the breast-FLT case. It is not surprising that the configuration of the

ground truth would impact the nature of improvements achieved1.

The averaged improvements over simulation dimension and reconstructions for

six parameters in both simulation sets - NPRM-based Phantom I and 2C-based

Phantom II are summarized in Table 5.3. The overall improvements across

1Qi Wu implemented the simulation experiments for 2C-based phantom (Figure 5.8 and
Table 5.2).
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different phantoms and parameters are generally from 10% to 30%.
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Figure 5.8: 1D results with FBP and ML reconstructions in Brain FDG and Breast
FLT simulations in which ground truth follows a compartmental form. Both 2C
and NP mapping of kinetics are used. A&B: root mean square error (RMSE) of
raw (dashed) and averaged-bootstrap (solid) kinetic parameters as a function
of dose at log-log scale for the brain FDG and breast FLT studies; C&D: boxplots
of relative performance values raw and averaged-bootstrap kinetics by dose
levels, y-axis is the percent improvement.

Table 5.2: Percent Improvement, based on (5.10), with the averaged-bootstrap
for the 2C-based simulation results in Figure 5.8. Means and standard errors
(SE) are shown.

Improvement Brain-FDG Breast-FLT
(ê− 1)× 100% Vb Vd Kd Ki MTT Ext Vb Vd Kd Ki MTT Ext
2C Mean 17.9 18.2 47.4 4.7 13.5 12.3 29.6 20.6 41.7 6.3 20.4 12.6
FBP SE 0.7 0.6 1.7 0.5 1.1 2.1 1.3 0.9 1.9 1.5 1.5 1.7
2C Mean 20.3 15.5 42.6 5.4 12.8 19.5 43.5 19.0 42.5 4.4 17.6 10.4
ML SE 0.7 0.6 1.9 0.4 1.1 1.5 1.5 0.8 1.9 1.3 1.4 1.5
NP Mean 23.1 39.0 80.6 27.0 34.6 45.9 14.4 7.4 12.5 0.5 7.4 0.0
FBP SE 1.1 1.7 3.1 1.4 1.3 2.7 0.8 1.2 1.2 0.9 1.0 0.9
NP Mean 22.3 32.2 79.0 27.2 35.9 32.0 12.9 10.7 10.7 5.1 9.3 -0.8
ML SE 0.8 1.3 2.4 1.2 1.2 1.7 0.8 1.5 1.5 1.1 0.8 1.0
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Table 5.3: Percent improvements averaged over simulation dimension and re-
constructions, with the averaged-bootstrap with NPRM in Phantom I (general
ground truth) and both NPRM and 2C-mapping in Phantom II (2C ground
truth) simulations. Means and standard errors (SE) are shown.

Improvement Brain-FDG Breast-FLT
(ê− 1)× 100% Vb Vd Kd Ki MTT Ext Vb Vd Kd Ki MTT Ext

Phantom I NP-Mean 8.9 22.9 26.2 12.7 40.3 17.8 1.7 14.1 16.1 11.5 13.5 22.5
(general ground truth) NP-SE 0.1 0.1 0.1 0.1 0.1 0.1 0.0 0.1 0.1 0.1 0.1 0.1

2C-Mean 19.1 16.9 45.0 5.1 13.2 15.8 36.5 19.8 42.1 5.3 19.0 11.5
Phantom II 2C-SE 0.5 0.4 1.3 0.3 0.8 1.3 1.0 0.6 1.4 1.0 1.0 1.1

(2C ground truth) NP-Mean 22.6 35.7 79.8 27.1 35.2 39.1 13.6 9.1 11.6 2.8 8.4 -0.4
NP-SE 0.7 1.1 2.0 0.9 0.9 1.6 0.6 1.0 0.9 0.7 0.6 0.7

5.6 Discussion

In this work, we have explored the potential for enhancing the reliability of

kinetic mapping by the use of bootstrap averaging. This approach is made

possible by the availability of an efficient image-domain bootstrap procedure

(O’Sullivan et al., 2021). Bootstrapping is based on a generalized linear model-

ing framework involving a sub-ordinate Gaussian process. The model captures

the systematic and stochastic aspects of PET data in a data-adaptive and sub-

stantially non-parametric manner.

The computational demands of image-domain bootstrapping are modest. Table

5.4 presents some timing information for when a single 3.2 GHz processor is

used in the computation. These results consider the brain and breast studies on

the short AFOV scanners as described in section 5.3 and also report informa-

tion in (O’Sullivan et al., 2022) for a larger long AFOV PET system - Siemens

Biograph Vision Quadra. There are two major steps in image-domain boot-

strapping: Step 1 defines the GLM - this includes the data segmentation, NPRM

procedure and estimation of parameters for simulated data generation; Step 2 is

the evaluation of each bootstrap replicate and associated NPRM mapped kinet-

ics. These computational requirements have significant potential to be further

reduced by suitable use of parallelization tools.

Table 5.4: Sample single 3.2 GHz processor Computation Times (in minutes)
for Image-Domain Bootstrapping

Study Reference Size (Voxels,Time-frames) Step 1 Step 2
Brain-FDG (O’Sullivan et al., 2021) (128× 128× 35, 31) 5 0.5
Breast-FLT (O’Sullivan et al., 2021) (168× 168× 74, 45) 7 1

Whole body-FDG (O’Sullivan et al., 2022) (440× 440× 645, 62) 140 80.
*Step 1: GLM estimation; Step 2: Replicate simulation.
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While image-domain bootstrapping uses a representation of voxel-level data as

a linear combination of non-parametrically defined residues, the bootstrap sim-

ulated data can be quantified without regard to this. The study here has shown

that bootstrap averaging can improve the RMSE performance of kinetic maps

generated by both NPRM and 2C mapping procedures. While the benefits of

bootstrap averaging are consistent across dose and data reconstruction method

there do appear to be practically significant variations depending on the under-

lying ground truth structure and the specific kinetic parameter of interest.

Overall the results support the use of averaging based on the image-domain

bootstrapping model as a way to improve kinetic information extracted from

PET imaging studies. Given nature of modeling approach used, see equation

(5.1), the work may also stimulate further statistical development of the image-

domain bootstrapping methodology for applications to the quantitative analysis

of data from other multi-channel imaging systems.
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Chapter 6

Discussion, Conclusions and Future
Work

6.1 Discussion

The work in this thesis is based on the analysis of dynamic PET voxel-level data

and mainly focuses on improved statistical quantitation, especially in the gener-

ation of parametric imaging and assessment of the associated uncertainty. The

study of this kind of data has been reported in a wide variety of literature over

the years. Many different points of view have been taken. However, a series

of new challenges arise with the emerging of next-generation long axial field

of view PET scanners. Our work proposes the non-parametric residue mapping

procedure to deal with the possible issues and its performance is examined

using simulation studies. Based on this approach, we further investigate the

benefits of combining data in the multiple injection PET scans. Image-domain

bootstrapping provides an efficient way to simulate the dynamic PET data and

derived standard errors have the potential to support clinical decisions. Also,

bootstrap averaging can further enhance the mean square error of parametric

imaging. These analyses are implemented in R and have been partially pub-

lished in (Gu et al., 2021; Gu, O’Sullivan, Muzi and Mankoff, 2019; O’Sullivan

et al., 2021; Gu, Wu, O’Sullivan, Huang, Muzi and Mankoff, 2019; Gu, Wu and

O’Sullivan, 2021).

Chapter 2 reviewed the kinetic models commonly used in the quantitation of

dynamic PET studies. Most of them is parametric model, which generally re-

lies on the necessary assumptions. For example, the residue is assumed to be
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a mixture of exponentials in the compartmental modeling. The unsatisfied as-

sumptions may introduce additional bias. This would be more challenging for

dynamic imaging with multiple organs on the newly developed LAFOV PET

scanners such as Siemens Biograph Vision Quadra (Alberts et al., 2021), the

uEXPLORER (Badawi et al., 2019) and the PennPET Explorer (Pantel et al.,

2020). Currently, total-body parametric imaging is basically generated by the

direct application of standard Patlak or two compartmental modeling (Zhang

et al., 2020; Sari et al., 2022; Viswanath et al., 2021). The work to justify these

methods for different organs is very limited (Feng et al., 2021; Wang, Nardo,

Jones, Cherry and Badawi, 2021) and spectral analysis has never been applied.

We assess the feasibility of standard, generalized Patlak, one and two compart-

mental models for dynamic imaging of multiple organs at ROI and voxel lev-

els and propose some preliminary schemes to adapt these methods (Gu et al.,

2022; Wu, Gu, Gu, Xu, Zhou and Shi, 2022; Wu, Gu, Wu, Zhou and Wang,

2022). Anyway, to handle such complex datasets, there is a long way to go.

More comprehensive models need to be developed and these may be achieved

by segmentation in combination with some data-driven methods (Slart et al.,

2021; Wang, Rahmim and Gunn, 2020).

Outside of the traditional quantitative methods, the non-parametric technique

described in section 3.2.1 is more flexible without the requirement of model as-

sumptions, which is a refinement of (Hawe et al., 2012; O’Sullivan et al., 2014).

The performance of non-parametric and compartmental modeling scenarios is

assessed carefully in the real data analysis and numerical phantom studies with

different ground truths, as shown in Figure 5.4 and Table 3.1. The improve-

ment of kinetic mapping by the non-parametric approach is substantial. The

established NPRM technique has the potential to further improve the kinetic

quantitation for total-body PET imaging as it has some important features like

the flexibility for diverse tissue environments, consideration of delays for dif-

ferent parts, and the ability to address issues with the bladder or injection site.

Hence, the technique is illustrated using data from a LAFOV PET scanner as pre-

sented in section 6.1.1. The generalization of NPRM to the digital subtraction

angiography imaging is also studied, one example is shown in section 6.1.2.

Although the single radiotracer is generally used, multiple PET tracers can be

administered to the same patient to target more comprehensive pathological

mechanisms. Different tracers can be injected successively or in separate hours

and even days, depending on the half-life of prior tracer. Not like the tracer

with short half life, e.g. 15O-H2O (2 mins), the residual radiation from previous
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injection with long half-life tracer may remain if the separation time between

two scans is not long enough. However, the long waiting or gap day is a bur-

den for some patients. Hence, Utah group has developed some methodologies

to separate the signals of each injection (Zhang, Morey and Kadrmas, 2016;

Kadrmas and Hoffman, 2013; Kadrmas, Rust and Hoffman, 2013) and the high

sensitivity of new-generation LAFOV PET scanner enables a scheme that trac-

ers are injected at successively higher doses to swamp the spillover from prior

injections (Viswanath et al., 2021). In chapter 3, we proposed a combined

analysis based on NPRM technique, which is applicable to the multi-injection

PET studies regardless of whether there is overlap or not between injections.

This procedure is also studied in a more complex whole-body non-human study

with four injections and multiple organs in the field of view, see section 6.1.3.

PET images can be used directly or after kinetic analysis to extract the physio-

logical parameters. As such images are generally noisy, it is essential to under-

stand their statistical properties such as variance/standard error (magnitude)

and texture (correlation) (Razifar et al., 2005). There is already significant

literature on variance assessment for PET images (Carson et al., 1993; Maitra

and O’Sullivan, 1998; Teymurazyan et al., 2013; Mou, Huang and O’Sullivan,

2017). Procedures based on the statistical bootstrap are also reported (Haynor

and Woods, 1989; Buvat, 2002; Dahlbom, 2001; Lartizien, Aubin and Buvat,

2010; Ibaraki et al., 2014; Kucharczak et al., 2018), but they usually require

the sinogram or list-mode data and reconstruction, which is not feasible in the

clinical setting. In 2020, Huang et.al introduced an image-domain bootstrap

framework that relied on a parametric Gamma-model form to represent the

marginal distributions of voxel-level data and a parametric spatial autoregres-

sive form to represent covariance pattern (Huang et al., 2020). Motivated by

this work, we develop a more flexible approach, suitable for dynamic PET data

reconstructed using either FBP or ML techniques and illustrate its use to evalu-

ate the mean and standard error of parametric imaging, as described in chapter

4 and 5. The practicality of this approach for a LAFOV PET study is demon-

strated in section 6.1.1. We also give an example in section 6.1.4 to show how

the treatment is improved for individual patients based on our image-domain

bootstrap technique.

The efficacy and performance of all techniques and schemes proposed in this

thesis have been examined using a series of numerical simulation studies. Var-

ious true sources matched to different studies following compartmental mod-

eling or not are employed. A physical PET scanning model involving Poisson

Improved Statistical Quantitation of Dynamic
PET Scans

134 Fengyun Gu



6. DISCUSSION, CONCLUSIONS AND FUTURE

WORK 6.1 Discussion

sampling of a Radon transform of the source is used (O’Sullivan, 1995) and

experiment details are justified carefully. FBP and ML reconstructions are easy

to implement in 1-D mode. Some other methodologies can also be evaluated in

these simulation settings, for example, the dynamic bandwidth scheme that im-

proves reconstructed images in section 6.1.5. But the computational complexity

would be increased with the higher dimensions (2-D and 3-D) in particular for

the iterative reconstructions. The empirical model based on an image-domain

data generation process (Figure 5.2) provides a very practical way for simula-

tion of 2D and even 3D-ML data. This efficient approach has a potential use in

the assessment of statistical characteristics associated with PET measurements.

6.1.1 Parametric imaging and associated uncertainty via the

image-domain Bootstrap for a LAFOV PET FDG study1

The size and metabolic complexities of dynamic studies on the emerging gen-

eration of clinical scanners with LAFOV present a significant challenge for data

analysis. We describe the mapping of kinetics by techniques developed in this

thesis including NPRM in chapter 3, image-domain bootstrap in chapter 4 and

averaging scheme in chapter 5 for a dynamic FDG study of a post-surgery breast

cancer patient on a LAFOV Biograph Vision Quadra PET/CT scanner at Bern

University Hospital (Sari et al., 2022; O’Sullivan et al., 2022). The observed

set of volumetric scans acquired over 1 hour produced a dataset on the order

of 31GB. Voxel-level bootstrap means and standard errors were evaluated and

presented in Figure 6.1.

The bootstrap-averaged kinetic maps were found to be of high quality and well

aligned with the vascular and metabolic FDG patterns expected for known or-

gan structures (brain, liver, kidneys, etc). Uncertainties in kinetics varied as a

function of magnitude of the kinetic variable - percent errors at higher magni-

tudes were typically on the order of 10 ∼ 25%. These methodologies are shown

to be highly feasible approaches to mapping kinetics and their associated un-

certainties with LAFOV FDG-PET patient data. Bootstrapping provides novel

uncertainty information as well as enhancing mean square error properties by

averaging. The flexible nature of the approach offers particular advantages

when the kinetics of the tracer’s interaction with tissue might not follow the

assumptions of the 2C model developed for FDG in brain tissue.

1Presented at 2022 Society of Nuclear Medicine & Molecular Imaging Annual Meeting.
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Figure 6.1: Averaged-bootstrap (AB) parametric imaging and associated stan-
dard error (SE) maps for selected slices (blue and red lines on top row).
Columns correspond to different metabolic parameters.

6.1.2 Adaption of NPRM for Digital Subtraction Angiography

Imaging2

Quantitative analysis of DSA images brings an opportunity to facilitate the diag-

nosis of vascular diseases and procedure assessment (Tinelli, De Nigris, Minelli,

Vincenzoni and Flex, 2018). Limited literature was reported towards to this

point, for example, parametric color coding (PCC) has been applied in type B

chronic aortic dissection during thoracic endovascular aortic repair (TEVAR),

but it does not reflect the physiologic status directly (Tinelli, Minelli, De Nigris,

Vincenzoni, Filipponi, Bruno, Massetti, Flex and Iezzi, 2018; Strother et al.,

2010). Also, a non-linear optimization algorithm was employed to derive blood

flow from DSA images (Cheon, 2015; Hsu, Alaraj and Linninger, 2016). Cur-

2Presented at 39th Conference on Applied Statistics in Ireland.
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rently, there is little, if any, formal quantitation applied in the interpretation

of DSA data. Here we explore the potential adaptation of NPRM technique as

described in section 3.2.1 for DSA. One example is shown below.

Data from the DSA study for a patient with suspected stroke is considered.

This study was conducted at Einstein Medical Center, Philadelphia. A sequence

of 26 time frames of 2D DSA scans data were generated. We identify three

physiological parameters of particular interest - fast volume (VF ), slow flow

and volume (KS, VS). The parametric images are given in Figure 6.2. The

arterial and venous patterns are well described by fast and slow volume. But

we just focus on the venous pattern: VS and KS, linked to the status of blood

supply in the brain directly. There is no dark or red area, which means no

apparent ischemic or bleeding part in the brain. The suspected patient has no

stroke issue. Our technique demonstrates an ability to map key physiological

parameters for DSA images.

Figure 6.2: Sagittal views of parametric images of fast volume(VF ), slow flow
and volume(KS,VS) from the suspected stroke patient study. Color bars are
augmented to present the values of physiological parameters for all pixels.

6.1.3 Illustration of NPRM for the whole-body pregnant macaque

PET imaging with multiple injections3

P-glycoprotein has a role in the removal of foreign substances out of cells. A

series of studies were carried out to evaluate the ability to use positron emis-

sion tomography scanning with a C-11 labeled verapamil radiotracer, to image

the P-gp status. We present a fresh analysis of data from a series of preclini-

cal dynamic PET studies for pregnant non-human primates involving multiple

injections of O-15 labeled water and C-11 labeled verapamil, before and after

administration of Cyclosporine A (CsA)- an agent which has a dramatic effect

on the P-gp status as shown in Figure 6.3.

3Presented at 2019 European Molecular Imaging Meeting.
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Figure 6.3: CsA inhibition of P-gp acitivity (Top Row) and PET scanning protocol
(Bottom Row).

Figure 6.4: Volume of distribution ratio mapping before and after CsA infusion
for water (VDW21) and verapamil (VDV 21). Columns correspond to different
pregnant non-human primates.

The previous analysis only considered a limited number of regions of interest

(Chung et al., 2010; Eyal et al., 2009). The extent of time-course data (130

time frames) and its metabolic interpretation present challenges, particularly

because the methodology must address the diversity of tissues in the whole

body. Our work reports on a statistical analysis that is capable of producing a

comprehensive voxel-level analysis of the full data set. Combined analysis of

multiple-injection PET scanning based on the NPRM technique is implemented.

Parametric images of the volume of distribution (VD) ratio values before and

after CsA inhibition PET study with water and verapamil in four illustrative

data sets are presented in Figure 6.4. The results show higher verapamil dis-

tribution after CsA administration in placental and brain regions, but little or

no change in corresponding VD water values. Higher verapamil ratios demon-
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Figure 6.5: Schematic of the framework to construct the biomarker mean and
confidence interval for individual patients.

strate suppression of P-gp and the greatest impact is at the blood brain barrier

(BBB). This likely reflects the importance of these barriers in controlling drug

entry into the brain and the fetus, respectively. This study demonstrated that

comprehensive analysis of whole-body PET scanning data with multiple injec-

tions to recover complex information can be carried out with reliance on the

proposed technique in chapter 3.

6.1.4 Integration of Uncertainty Information of Biomarker to

Clinical Decision Making

The growth of solid tumors relies on an increasing supply of oxygen and nutri-

ents that are delivered via vascular networks, so the tumor blood vessels usu-

ally display many structural and functional abnormalities (Fouladzadeh et al.,

2021). Hence, blood volume (Vb) may be an important prognostic indicator

and have an impact on treatment. Here we explore whether Vb derived from

dynamic PET imaging could predict response or survival for breast cancer pa-

tients, evaluate the uncertainty of prognostic biomarkers for individual patients

and show its potential to be employed in personalized medicine. The schematic

of framework is presented in Figure 6.5.

Fifty three locally advanced breast cancer (LABC) patients underwent 18F-FDG

PET imaging at the University of Washington from January 1996 to March 2006

and only dynamic PET scans before neoadjuvant chemotherapy (NAC) are se-

lected. 18F-FDG was infused over 2 min in a 7- to 10- mL volume. Dynamic

imaging was performed over one hour after the start of the 18F-FDG infusion
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and reconstructed into 128 × 128 × 35 voxels and 25 time frames (1-min pre-

injection frame, 4×20 s, 4×40 s, 4×1 min, 4×3 min, 8×5 min) by FBP algorithm.

Many clinical and pathological variables including estrogen receptor (ER; pos-

itive or negative) expression, progesterone receptor (PR; positive or negative),

human epidermal growth factor receptor 2 (HER2; positive or negative), the

number of positive axillary lymph nodes (Node+) were assessed. Pathologic

response to therapy was based on examination of the surgical specimen and

only 11 individuals have the pathologic complete response (pCR). Disease free

survival (DFS) was calculated in years and using the patient’s date of surgery

and one of the following: date of known recurrence, date of death, date last

known to have no evidence of disease, or date of most recent clinical follow-up

(May 29, 2015) (Dunnwald et al., 2008). One woman’s survival information

is partially missing and 17 of 52 patients relapsed. More details are reported

in (Mankoff et al., 2003, 2002; Dunnwald et al., 2008, 2011; Chitalia et al.,

2021).

The NPRM technique (see section 3.2.1) is used to generate the kinetic mapping

from these baseline scans. Vb of each patient is calculated for the primary tu-

mor. The average and associated uncertainty of Vb are estimated by the efficient

image-domain bootstrap approach (see section 4.2 and chapter 5). Its predic-

tion for pCR or survival is determined by the binary logistic or Cox proportional-

hazards regression. The coefficient (Coef), standard error (SE) and p value (P)

of univariate and multivariate regressions for kinetic parameters (Ki and Vb)

derived from pre-therapy PET imaging are presented in Table 6.1. The results

show that Vb is significantly associated with response in both univariate and

multivariate approaches and disease free survival only in the multivariate logis-

tic analysis. Ki is not significant in any logistic or Cox models. The confidence

interval (CI) of predicted pCR probability using Vb for each patient can also be

constructed by bootstrap samples as shown in Figure 6.6. These provide more

information to guide treatment and benefit individual patients.

Table 6.1: Univariate and multivariate logistic and Cox proportional hazard
analyses of potential variables associated with pathological complete response
and disease-free survival in the UW-FDG trial.

Pathologic Complete Response Disease-Free Survival

Univariate Multivariate Univariate Multivariate

Variable Coef SE P Coef SE P Coef SE P Coef SE P
Ki 3.66 45.85 0.94 -23.03 47.46 0.63 -14.09 37.05 0.70 -26.41 42.97 0.54
Vb 6.31 3.15 0.04* 6.99 3.45 0.04* -3.59 2.31 0.12 -5.84 2.90 0.04*
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Figure 6.6: 95% confidence interval (CI) of predicted probability to have patho-
logical complete response for individual patients in the UW-FDG cohort.

6.1.5 An Evaluation of the Benefits of Adaptive Bandwidth

Scheme4

For dynamic PET studies, a fixed resolution filter bandwidth is typically used

in the reconstruction of all time frames (O’Sullivan and O’Súilleabháin, 2013;

O’Sullivan, 1995; Pawitan and O’Sullivan, 1993). This may over/under smooth

some high/low counts time frames. We propose a simple procedure that adap-

tively modifies time-frame bandwidths in order to improve the quantitative ac-

curacy of dynamic PET images and derived kinetic information.

The adaptive procedure assumes that an overall fixed bandwidth for the recon-

struction resolution filter, suitable for the total tracer uptake, has been specified.

Using established asymptotic analysis of reconstruction error as a function of

dose, the fixed bandwidth is manipulated by time-frame based on the observed

counts in the frame. Performance of the adaptive/dynamic and fixed band-

width is evaluated using a series of simulation studies matched to the standard

dynamic sampling scheme for 18F-FLT studies. Using literature data, the field

of view tissue structures corresponding to what one would typically encounter

in PET breast cancer studies with these tracers are specified. A simplified scan-

ning model, see section 3.4.1, matched to the mathematical complexity of PET

is used. To facilitate accurate estimation of performance, simulations are con-

ducted at several doses, with a large number of replicates at each dose. Voxel-

level metabolic parameters are computed using both standard fixed-bandwidth

dynamic data and also the dynamic data derived from the adaptive bandwidth

procedure. The relationship between root mean square error characteristics

4Presented at 2021 Society of Nuclear Medicine & Molecular Imaging Annual Meeting.
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of the image quality and local kinetic parameters for these two schemes are

described. The evaluation procedure is summarized in Figure 6.7.

Figure 6.7: Diagram of Evaluation Procedure.

RMSE comparisons of reconstructed images and metabolic parameters across

different dose levels from fixed and dynamic bandwidth approaches are pre-

sented in Figure 6.8, Table 6.2 and 6.3. These results show that the dynamic

scheme substantially improves reconstructed image quality - percent improve-

ments are on the order of 25% across a range of doses. Improvements in

metabolic parameters are not as substantial but still significant - typically on

the order of 10%. For flux and volume of distribution, RMSE improvements

range from 7% to 15%; for flow, improvements range from 6% to 32%. The su-

periority of the adaptive bandwidth scheme is fully demonstrated in simulation

studies. This scheme has the potential to be applied to smooth the dynamic PET

images and increase the accuracy of derived kinetic information.

Figure 6.8: FLT simulation results at different dose levels. Left: root mean
square error (RMSE) of reconstructed image; Right: RMSEs of seven metabolic
parameters. Vb - volume of blood; Vd - volume of distribution; K1 – overall flow;
Kd – flow of distribution; Ki – flux; MTT – mean transit time; Ext – extraction.
Dashed and solid lines represent fixed and dynamic bandwidth schemes respec-
tively.
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Table 6.2: Reconstruction RMSEs from dynamic and fixed bandwidth schemes
at low, middle and high doses. Part (a) and (b) are divided by the ground truth
and multiplied by 100.

Low Middle High
(a) Dynamic 17.4 11.6 7.3

(b) Fixed 21.1 14.5 9.6
%Improvement 21.2 24.5 32.4

Table 6.3: Metabolic mapping RMSEs from dynamic and fixed bandwidth
schemes at low, middle and high doses. First row is the true parameters, aver-
aged over voxels. Part (a) and (b) are divided by the first row and multiplied
by 100.

Vb Vd K1 Kd Ki MTT Ki/K1
True 0.17 0.76 0.18 0.17 0.02 2.95 0.12
Low 21.3 14.4 14.7 16.4 15.4 53.8 44.3

(a) Dynamic Middle 14.9 10.7 10.7 11.9 11.3 45.4 33.1
High 10.6 7.7 7.9 8.8 8.2 38.3 25.4
Low 24.0 16.2 19.4 21.4 16.5 64.3 47.1

(b) Fixed Middle 16.3 11.5 12.6 14.0 12.1 46.6 35.9
High 11.4 8.9 8.4 9.3 9.4 40.6 28.7
Low 12.4 12.3 31.9 30.6 7.0 19.5 6.2

% Improvement Middle 9.8 8.4 18.2 17.6 7.5 2.7 8.4
High 7.9 14.9 6.1 5.8 14.7 6.0 12.9

6.2 Conclusions

Overall, this thesis presents several statistical methodologies to improve and

evaluate the quantitative accuracy of dynamic PET scanning. The non-parametric

residue mapping procedure is flexible to represent complex kinetics in various

organs and has been demonstrated to be highly feasible for both routinely used

short and emerging long axial field of view PET images. Building on this ap-

proach, a pooling data framework for the multiple-injection PET study is sug-

gested. We also develop an image-domain bootstrap model to simulate 4D PET

data efficiently, which is a very practical mechanism to provide novel uncer-

tainty information as well as enhance mean square error properties by aver-

aging. These techniques have great potential to enhance the quantitation of

dynamic total-body PET imaging and benefit clinical decisions for individual

patients.
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6.3 Future Work

The methodologies developed in this thesis provide a strong foundation to re-

cover more accurate and comprehensive information from dynamic PET scans

and open a few avenues for the following work. Further applications, gen-

eralizations and translations to PET and non-PET studies will be investigated.

Another area of future work is to familiarize other communities, e.g. imaging,

engineering and physics with these exciting techniques that may further benefit

from various perspectives.

6.3.1 Enhancement of Total-Body PET Parametric Imaging

Recent development of new-generation PET scanners with ultra-high sensitiv-

ity and LAFOV stimulates valuable inspiration to map kinetics for multiple or-

gans simultaneously (Wang, Rahmim and Gunn, 2020; Surti, Pantel and Karp,

2020). The large-scale data size and heterogeneity of diverse tissues present

challenges. The non-parametric residue mapping has advantages to address

these issues and the bootstrap averaging process can further reduce the MSE

of generated parametric imaging. We have demonstrated, as shown in Figure

6.1, that these techniques are useful for a LAFOV (1m) PET study on Quadra

(O’Sullivan et al., 2022). It is very promising to explore their application in

total-body dynamic imaging on uEXPLORER. The proposed combined analysis

should also be applicable to multiple-injection studies on such scanners.

The commonly used methods such as Patlak and compartmental models are

still of interest to PET community. Some initial adaptions for total-body PET

studies have been reported in (Gu et al., 2022; Wang, Nardo, Jones, Cherry

and Badawi, 2021; Feng et al., 2021; Wu, Gu, Wu, Zhou and Wang, 2022;

Wu, Gu, Gu, Xu, Zhou and Shi, 2022). The elaboration of these schemes will

be considered as future work. It would also be interesting to explore the fea-

sibility of spectral analysis (Cunningham and Jones, 1993), which was never

implemented for any LAFOV PET imaging. In terms of dynamic imaging there

are many other open problems including the recovery of input function with-

out arterial sampling. Another future interest is the Markov chain model for

representation of the whole body tracer kinetics (Huang and O’Sullivan, 2014).
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6.3.2 Towards Personalized Medicine

Over the past decade, traditional medicine has been shifting to the concept

of personalized medicine for improving individualized treatment by maximiz-

ing the therapeutic effect and minimizing toxicity, which leads to an increasing

need for biomarkers such as radiomics (Katal et al., 2022; Ha, 2019). The gen-

eral use of biomarkers is comparing their levels with a cut-off value. However,

the prediction of outcome for patients with similar disease profiles may be dif-

ferent when the marker levels are close to the cut-off value (Buil-Bruna et al.,

2015; Wang, Hensman, Kutkaite, Toh, Galhoz, Dry, Saez-Rodriguez, Garnett,

Menden, Dondelinger et al., 2020). In such cases, the quantified uncertainty

information would be very important (Tu, Chen and Wu, 2021). Hence, the

potential use of image-bootstrap technique for assessing the uncertainties of

radiomic features will be explored in the future.

6.3.3 Generalization to other Medical Imaging Modalities

There are a number of medical imaging modalities where dynamic scans are

used such as MR (DCE or DSC) (Viallon et al., 2015) and CT (Mayer et al.,

2000; Caruso et al., 2016) in the clinical management of cancer and stroke.

The structure of datasets are similar to dynamic PET and the flow of contrast

agent or other physiological parameters are of interest. It is natural to extend

the proposed techniques including NPRM and image-domain bootstrap to these

applications for quantitative analysis and assessment of uncertainty in quanti-

tated imaging measurements. This will be a focus for future work.

6.3.4 Parallel speedup

All the analyses in this work are conducted on a Mac-mini with the single 3.2

GHz Intel Core i7 processor and 16 GB 2667 MHz DDR4 memory. Many tasks

within PET like image reconstruction and time activity curve (TAC) fitting have

been accelerated on the graphical processing unit (GPU) using compute uni-

fied device architecture (CUDA) (Fontaine, Luo and Carson, 2022; Przybylski

et al., 2017). The data-adaptive segmentation process can be implemented

block by block and image-domain bootstrap sample is also created indepen-

dently. Hence, these computational requirements have significant potential to

be further reduced by the suitable use of such parallelization tools.
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6.3.5 Open-Source Tools

There exist many commercial and open-source softwares for PET image quan-

tification such as PMOD (https://www.pmod.com/web/). The NMMItools web-

site (https://nmmitools.org/) created by Dr. Nicolas A. Karakatsanis is very

helpful to get an overview of these tools. The techniques proposed in this

thesis are implemented in R (Team et al., 2013) - an open-source statistical

programming platform. An R-package will be developed and expected to be

available on the CRAN network (https://cran.r-project.org) in the near

future. The user-friendly interface can also be generated by Shiny (https:
//shiny.rstudio.com), which is easy to build interactive web apps straight

from R.
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Details of Derivations

B.1 Radon and Fourier Transform

B.1.1 Line Integral1

Line integral of a scalar field For a real-valued function f(x, y) and a curve

C in R2, parametrized by x = x(t), y = y(t), a ≤ t ≤ b, the line integral of

f(x, y) along C with respect to arc length s is

∫
C

f(x, y)ds =
∫ b

a
f(x(t), y(t))

√
x′(t)2 + y′(t)2dt (B.1)

the symbol ds is the differential of the arc length function:

s = s(t) =
∫ t

a

√
x′(u)2 + y′(u)2du

which can be recognized as the length of the curve C over the interval [a, t], for

all t in [a, b]. That is, ds = s
′(t)dt =

√
x′(t)2 + y′(t)2dt

Line integral of a vector field For a vector field f(x, y) = P (x, y)i+Q(x, y)j
and a curve C with a smooth parameterization x = x(t), y = y(t), a ≤ t ≤ b, the

line integral of f along C is

1Quoted from URL: https://math.libretexts.org/Bookshelves/Calculus/Book%
3A_Vector_Calculus_(Corral)/04%3A_Line_and_Surface_Integrals/4.01%3A_Line_
Integrals

B1

https://math.libretexts.org/Bookshelves/Calculus/Book%3A_Vector_Calculus_(Corral)/04%3A_Line_and_Surface_Integrals/4.01%3A_Line_Integrals
https://math.libretexts.org/Bookshelves/Calculus/Book%3A_Vector_Calculus_(Corral)/04%3A_Line_and_Surface_Integrals/4.01%3A_Line_Integrals
https://math.libretexts.org/Bookshelves/Calculus/Book%3A_Vector_Calculus_(Corral)/04%3A_Line_and_Surface_Integrals/4.01%3A_Line_Integrals


B. DETAILS OF DERIVATIONS B.1 Radon and Fourier Transform

∫
C

f · dr =
∫
C

P (x, y)dx+
∫
C

Q(x, y)dy

=
∫ b

a
f(x(t), y(t)) · r′(t)dt

(B.2)

where r(t) = x(t)i+ y(t)j is the position vector for points on C.

B.1.2 Radon Transform2

The Radon transform is the integral transform which takes a function f defined

on the plane (x, y) to a function g(φ, s) defined on the (two-dimensonal) space

of lines in the plane. The value at a particular line is equal to the line integral

of the function over that line (Figure B.1).

Figure B.1: Illustration of Radon transform, where x, y are axes; s is the shifting

constant; φ is rotation angle; f(x, y) is the intensity of object in (x, y); and

g(φ, s) is the forward projection value after Radon transform.2

The function g(φ, s) is the line integral of the image intensity f(x, y), along a

line l that is distance s from the origin and at angle φ off the x-axis.

g(φ, s) =
∫
l

f(x, y)dl (B.3)

2Quoted from URL: https://slideplayer.com/slide/15255656/
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B. DETAILS OF DERIVATIONS B.1 Radon and Fourier Transform

All points on this line satisfy the equation:

xsin(φ)− ycos(φ) = s (B.4)

Therefore, the forward projection function g(φ, s) can be rewritten as:

g(φ, s) =
∫ ∫

f(x, y)δ(xsinφ− ycosφ− s)dxdy (B.5)

where the δ(n) is a delta function, if n = 0, δ(n) = 1; else, δ(n) = 0

If a function f represents an unknown density, then the Radon transform repre-

sents the projection data obtained as the output of a tomographic scan. Hence

the inverse of the Radon transform can be used to reconstruct the original den-

sity from the projection data as shown in Figure B.2.

Figure B.2: Radon transform R and its inversion R−1 (Wieczorek, Vogel and

Lasser, 2014).

B.1.3 Fourier Transform3

We use the notation F(·) to denote the Fourier transform (FT) operator and

F−1(·) to denote the inverse transform operator. That is:

 X(ω) = F{x(t)}
x(t) = F−1{X(ω)}

(B.6)

Definitions of the forward and inverse FT in four cases are summarized in Figure

B.3.
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B. DETAILS OF DERIVATIONS B.1 Radon and Fourier Transform

8 CHAPTER 4. FREQUENCY DOMAIN AND FOURIER TRANSFORMS

For x[n] of length N, set ω0 =
2π

N
.

x[n] : n = 0, 1, . . . , N �1
X[k] : k = 0, 1, . . . , N �1

X[k] =
N�1∑
n=0

x[n] e�jkω0n

x[n] =
1

N

N�1∑
k=0

X[k] ejkω0n

Discrete Fourier Transform (DFT)

x(t) : �∞< t <∞
X(ω) : �∞< ω <∞

X(ω) =

∫
∞

t=�∞

x(t) e�jωtdt

=
1

2π

∫
ω=

X(ω) ejωtdω

Fourier Transform (FT)

For x(t) of duration T, set ω0 =
2π

T
.

x(t) : 0 t T

X[k] : k = . . . , 2, 1, 0, 1, 2, . . .

X[k] =
1

T

∫ T
t=0

x(t) e�jkω0tdt

x(t) =
∞∑

k=�∞

X[k] ejkω0t

≤� ≤�

Fourier Series (FS)

x[n] : n = . . . ,�2,�1, 0, 1, 2, . . .
X(ω) : π ω π

X(ω) =
∞∑

n=�∞

x[n] e�jωn

x[n] =
1

2π

∫ π

ω=�π

X(ω) ejωndω

≤� ≤�

Discrete-Time Fourier Transform �
(DTFT)

∞

∞

x(t)

Figure 4.5: Definitions of the forward and inverse Fourier transforms in each of
the four cases.Figure B.3: Definitions of the forward and inverse Fourier transforms in four

cases.3

FT of the delta function:

F{δ(t)} =
∫ ∞
−∞

δ(t)e−jωtdt = 1 (B.7)

3Quoted from URL: https://www.princeton.edu/∼cuff/ele201/kulkarni_text/
frequency.pdf
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B. DETAILS OF DERIVATIONS B.2 Derivation of Equation (2.14)

B.1.4 Radon Transform with Fourier Transform4

The 1D Fourier Transform of g is given by:

G(φ, ω) =
∫
e−jωsg(φ, s)ds (B.8)

Substitute the expression for g(φ, s) into the Radon transform (B.5) to get:

G(φ, ω) =
∫ ∫ ∫

f(x, y)e−jωsδ(xsinφ− ycosφ− s)dxdyds (B.9)

Use the sifting property of the Dirac delta function to simplify, we get:

G(φ, ω) =
∫ ∫

f(x, y)e−jω(xsinφ−ycosφ−s)dxdy (B.10)

The definition of the 2D Fourier transform of f :

F (u, v) =
∫ ∫

f(x, y)e−j(ux+vy)dxdy (B.11)

It shows that Radon transform with Fourier slice transform is F (u, v) evaluated

at u = ω ∗ sin(φ) and v = −ω ∗ cos(φ). Therefore, we can apply some image

operation in Fourier domain instead of spatial domain.

B.2 Derivation of Equation (2.14)

y[n] = H[x[n]]

= H[
∞∑

i=−∞
x[i]δ[n− i]]

=
∞∑

i=−∞
x[i]H[δ[n− i]]

=
∞∑

i=−∞
x[i]h[n− i]

4Quoted from URL: https://slideplayer.com/slide/15255656/
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B. DETAILS OF DERIVATIONS

B.3 Solution of One Compartmental Model
Ordinary Differential Equation (2.18)

B.3 Solution of One Compartmental Model Ordi-

nary Differential Equation (2.18)

dC1(t)
dt

= K1Cp(t)− k2C1(t) ⇒ dC1(t)
dt

+ k2C1(t) = K1Cp(t)

⇒ ek2t
dC1(t)
dt

+ ek2tk2C1(t) = K1e
k2tCp(t)

⇒ d

dt
(ek2tC1(t)) = K1e

k2tCp(t)

⇒ ek2tC1(t) =
∫ t

0
K1e

k2sCp(s)ds

⇒ C1(t) =
∫ t

0
K1e

−k2(t−s)Cp(s)ds

B.4 Laplace’s Transformation5

B.4.1 Introduction to the Laplace Transform

Recall the definition of an improper integral. If g is integrable over the interval

[a, T ] for every T > a, then the improper integral of g over [a,∞] is defined as:

∫ ∞
0

g(t)dt = lim
T→∞

∫ T

a
g(t)dt (B.12)

We say that the improper integral converges if the limit in (B.12) exists; other-

wise, the improper integral diverges or does not exist.

Laplace Transform: Let f be defined for t ≥ 0 and let s be a real number. Then

the Laplace transform of f is the function F defined by

F (s) =
∫ ∞

0
e−stf(t)dt (B.13)

for those values of s for which the improper integral converges.

It is important to keep in mind that the variable of integration in (B.13) is t,

which s is a parameter independent of t. We use t as the independent vari-

able for f because in applications the Laplace transform is usually applied to

functions of time.

The Laplace transform can be viewed as an operator L that transforms the

5Quoted from (Trench, 2013).
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B. DETAILS OF DERIVATIONS B.4 Laplace’s Transformation

function f = f(t) into the function F = F (s). Thus, (B.13) can be expressed

as: F = L(f). The function f and F form a transform pair, which we will

sometimes denote by f(t) ↔ F (s). It can be shown that if F (s) is defined for

s = s0 then it’s defined for all s > s0.

Linearity of Laplace Transform: Suppose L(fi) is defined for s > si, (1 ≤ i ≤
n). Let s0 be the largest of numbers s1, s2, ....sn and let c1, c2, ....cn be constants.

Then

L(c1f1 + c2f2 + ...+ cnfn) = c1L(f1) + c2L(f2) + ...+ cnL(fn), for s > s0

First shifting theorem: If F (s) =
∫∞

0 e−stf(t)dt is the Laplace transform of

f(t) for s > s0, then F (s− a) is the Laplace transform of eatf(t) for s > s0 + a.

Hence, F (s− a) =
∫∞
0 e−st(eatf(t))dt.

B.4.2 The Inverse Laplace Transform

We defined the Laplace transform of f by F (s) = L(f) =
∫∞

0 e−stf(t)dt, we will

say that f is an inverse Laplace Transform of F , and write: f = L−1(F ).

Linearity Property: If F1, F2,...Fn are Laplace transforms and c1, c2, ...cn are

constants, then

L−1(c1f1 + c2f2 + ...+ cnfn) = c1L
−1(f1) + c2L

−1(f2) + ...+ cnL
−1(fn)

Inverse Laplace Transforms of Rational Functions: Using the Laplace trans-

form to solve differential equations often requires finding the inverse transform

of a rational function: F (s) = P (s)/Q(s), where P andQ are polynomials swith

no common factor. Since it can be shown that lim
s→∞

F (s) = 0 if F is a Laplace

transform, we need only consider the case where degree(P )<degree(Q). To

obtain L−1(F ), we find the partial fraction expansion of F , obtain inverse trans-

forms of the individual terms in the expansion from the table of Laplace trans-

forms, and use the linearity property of the inverse transform.

Theorem B.4.1. Suppose

F (s) = P (s)
(s− s1)(s− s2)...(s− sn)
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B. DETAILS OF DERIVATIONS B.4 Laplace’s Transformation

Table B.1: A brief table of Laplace transforms

f(t) F (s)
1 1

s
s > 0

tn (n=integer>0) n!
sn+1 s > 0

tp, p > −1 Γ(p+1)
s(p+1) s > 0

eat 1
s−a s > a

tneat (n=integer>0) n!
(s−a)n+1 s > 0

cosωt s
s2+ω2 s > 0

sinωt ω
s2+ω2 s > 0

eλtcosωt s−λ
(s−λ)2+ω2 s > λ

eλtsinωt ω
(s−λ)2+ω2 s > λ

coshbt s
s2−b2 s > |b|

sinhbt b
s2−b2 s > |b|

tcosωt s2−ω2

(s2+ω2)2 s > 0
tsinωt 2ωs

(s2+ω2)2 s > 0
sinωt− ωtcosωt 2ω3

(s2+ω2)2 s > 0
ωt− sinωt ω3

s2(s2+ω2)2 s > 0
1
t
sinωt arctan(ω

s
) s > 0

eatf(t) F (s− a)
tkf(t) (−1)kF (k)(s)
f(ωt) 1

ω
F ( s

ω
)

u(t− τ) e−τs

s
s > 0

u(t− τ)(t− τ)(τ > 0) e−τsF (s)∫ t
0 f(τ)g(t− τ)dτ F (s) ·G(s)

δ(t− a) e−as s > 0

where s1, s2, ...sn are distinct and P is a polynomial of degree less than n. Then

F (s) = A1

s− s1
+ A2

s− s2
+ ....+ An

s− sn

where Ai can be computed by ignoring the factor s−si and setting s = si elsewhere.

B.4.3 Solution of Initial Value Problems

Theorem B.4.2. Suppose f is continuous on [0,∞] and of exponential order s0,
and f ′ is piecewise continuous on [0,∞]. Then f and f ′ have Laplace transforms
for s > s0, and

L(f ′) = sL(f)− f(0) (B.14)
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B. DETAILS OF DERIVATIONS

B.5 Solution of Two Compartmental Model
Ordinary Differential Equation (2.20)

Proof: Integration by parts yields:

∫ T

0
e−stf

′(t)dt = e−stf(t) |
T

0
+ s

∫ T

0
e−stf(t)dt

= e−sTf(T )− f(0) + s
∫ T

0
e−stf(t)dt

For any T > 0. Sin f is of exponential order s0, lim
T→∞

e−sTf(T ) = 0 and the

last integral converges as T →∞ if s > s0. Therefore

∫ T

0
e−stf

′(t)dt = −f(0) + s
∫ ∞

0
e−stf(t)dt = −f(0) + sL(f)

Theorem B.4.3. Suppose f and f
′ are continuous on [0,∞] and of exponential

order s0, and that f ′′ is piecewise continuous on [0,∞]. Then f , f ′, and f ′′ have
Laplace transforms for s > s0 , L(f ′) = sL(f)− f(0)

L(f ′′) = s2L(f)− f ′(0)− sf(0)
(B.15)

B.5 Solution of Two Compartmental Model Ordi-

nary Differential Equation (2.20)
dC1
dt

= K1Cp(t)− (k2 + k3)C1(t) + k4C2(t)

dC2
dt

= k3C1(t)− k4C2(t)
(B.16)

As described in (B.14), by taking the Laplace transform of (B.16), which be-

comes 
SC1(S) = K1Cp(S)− (k2 + k3)C1(S) + k4C2(S)

SC2(S) = k3C1(S)− k4C2(S)
(B.17)

where initial conditions are assumed to be zero, and C1(S), C2(S), and Cp(S)
are the Laplace transforms of C1(t), C2(t), and Cp(t). From (B.17), C1(S) and

C2(S) can be expressed in terms of Cp(S) as

C1(S) = K1
θ2−θ1

(
k4−θ1
S+θ1

+ θ2−k4
S+θ2

)
Cp(S)

C2(S) = K1k3
θ2−θ1

(
1

S+θ1
− 1

S+θ2

)
Cp(S)

(B.18)
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B. DETAILS OF DERIVATIONS

B.5 Solution of Two Compartmental Model
Ordinary Differential Equation (2.20)

where θ1 = k2+k3+k4−
√

(k2+k3+k4)2−4k2k4
2 and θ2 = k2+k3+k4+

√
(k2+k3+k4)2−4k2k4

2

(θ1θ2 = k2k4, θ1 + θ2 = k2 + k3 + k4)

Derivation details are below:

SC2(S) = k3C1(S)− k4C2(S)⇒ C2(S) = k3C1(S)
S + k4

SC1(S) = K1Cp(S)− (k2 + k3)C1(S) + k4C2(S)

= K1Cp(S)− (k2 + k3)C1(S) + k4
k3C1(S)
S + k4

⇒ (S + k2 + k3 −
k3k4

S + k4
)C1(S) = K1Cp(S)

C1(S) = K1(S + k4)
(S + k2 + k3)(S + k4)− k3k4

Cp(S)

= K1(S + k4)
S2 + (k2 + k3 + k4)S + k2k4

Cp(S)

= K1(S + k4)
S2 + (θ1 + θ2)S + θ1θ2

Cp(S)

= K1(S + k4)
(S + θ1)(S + θ2)Cp(S) ≡ K1

θ2 − θ1

(
k4 − θ1

S + θ1
+ θ2 − k4

S + θ2

)
Cp(S)

C2(S) = k3C1(S)
S + k4

= K1k3

(S + θ1)(S + θ2)Cp(S) ≡ K1k3

θ2 − θ1

( 1
S + θ1

− 1
S + θ2

)
Cp(S)

Inverse Laplace transform (see Table B.1) of (B.18) gives:

C1(t) = K1
θ2−θ1

(
(k4 − θ1)e−θ1t + (θ2 − k4)e−θ2t

)⊗
Cp(t)

C2(t) = K1k3
θ2−θ1

(
e−θ1t − e−θ2t

)⊗
Cp(t)

(B.19)

Hence:

CT (t) = C1(t) + C2(t) = K1(π1e
−θ1t + π2e

−θ2t)⊗ Cp(t) (B.20)

where π1 = k4−θ1+k3
θ2−θ1

, π2 = θ2−k4−k3
θ2−θ1

; π1 + π2 = 1.
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Nomenclature

∆ Delay

11C Carbon-11

13N Nitrogen-13

15O Oxygen-15

18F Fluorine-18

Cp Arterial Input Function

CT Tissue Activity

iid Independent Identically Distributed

K1 Overall Flow

KB Blood Flow

KD In-Distribution Flow

Ki Flux

Ktrans Transfer Constant

R Residue Function

VB or Vb Blood Volume

VD In-Distribution Volume

Vp Fractional Plasma Volume

1C One Compartmental Model/Modeling

1D One Dimension/Dimensional

2C Two Compartmental Model/Modeling

C1



NOMENCLATURE

2Ci Two Irreversible Compartmental Model/Modeling

2Cr Two Reversible Compartmental Model/Modeling

2D Two Dimension/Dimensional

3D Three Dimension/Dimensional

4D Four Dimension/Dimensional

AB Averaged-Bootstrap

ACF Auto-correlation Function

ACRIN American College of Radiology Imaging Network

AIF Arterial Input Function

BBB Blood Brain Barrier

BGO Bismuth Germanium Oxide

CI Confidence Interval

COV or CV Coefficient of Variation

CsA Cyclosporine A

CT Computed Tomography

CTN Clinical Trials Network

CUDA Compute Unified Device Architecture

DCE Dynamic Contrast Enhanced

DFS Disease Free Survival

DGP Data Generation Process

DSA Digital Subtraction Angiography

DSC Dynamic Susceptibility Contrast

DWB Dynamic Whole-Body

ECAT Emission Computed Axial Tomography

EM Expectation Maximization

FA Factor Analysis

FBP Filtered Backprojection
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NOMENCLATURE

FDG Fluorodeoxyglucose

FFT Fast Fourier Transform

FLT Fluorothymidine

fMRI Functional Magnetic Resonance Imaging

FOV Field of View

FT Fourier Transform

FWHM Full Width at Half Maximum

GE General Electric

GLM Generalized Linear Model/Modeling

GLUT Glucose Transporter

GPU Graphical Processing Unit

IDIF Image-Derived Input Function

IRLS Iteratively Re-Weighted Least Square

LABC Locally Advanced Breast Cancer

LAFOV Long Axial Field of View

LOR Line of Response

LSO Lutetium Oxyorthosilicate

LTI Linear Time-Invariant

LYSO Lutetium-Yttrium Oxyorthosilicate

MBIF Model-Based Input Function

ML Maximum Likelihood

MLE Maximum Likelihood Estimate

MR Magnetic Resonance

MRI Magnetic Resonance Imaging

MSE Mean Square Error

MTT Mean Transit Time

NAC Neoadjuvant Chemotherapy
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NOMENCLATURE

NCI National Cancer Institute

NECR Noise-Equivalent Count Rate

NEMA National Electrical Manufactures Association

NLLS Non-Linear Least Square

NPRM Non-Parametric Residue Mapping

OLS Ordinary Least Square

OSEM Ordered Subset Expectation Maximization

P-gp P-glycoprotein

PAT Phantom Analysis Toolkit

PBIF Population-Based Input Function

PBPM Population-Based Projection Model

PCA Principal Component Analysis

PCC Parametric Color Coding

pCR Pathologic Complete Response

PET Positron Emission Tomography

PETT Positron Emission Transaxial Tomography

PSF Point-Spread Function

PSMA Prostate-specific Membrane Antigen

QP Quadratic Programming

RF Radio Frequency

RMSE Root Mean Square Error

ROI Region of Interest

RSS Residual Sum of Squares

RSSA Rank-Shaping Spectral Analysis

SA Spectral Analysis

SAFOV Short Axial Field of View

SAIF Spectral Analysis with Iterative Filter

Improved Statistical Quantitation of Dynamic
PET Scans

C4 Fengyun Gu



NOMENCLATURE

SAR Spatial Autoregressive

SD Standard Deviation

SE Standard Error

SNMMI Society of Nuclear Medicine and Molecular Imaging

SNR Signal-to-noise Ratio

SUV Standardized Uptake Value

SVD Singular Value Decomposition

T1 Longitudinal Relaxation Time

T2 Transverse Relaxation Time

TAC Time Activity Curve

TEVAR Thoracic Endovascular Aortic Repair

TOF Time of Flight

UCC University College Cork

UCLA University of California, Los Angeles

UIH United Imaging Healthcare

VOI Volume of Interest

VSK Vardi-Shepp-Kaufman

WLS Weighted Least Square

WRSS Weighted Residual Sum of Squares
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