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Abstract— This manuscript reports for the first time on a
new finite-difference time-domain (FDTD) modeling technique for
non-reciprocal bandpass filters (BPFs). The proposed approach
is based on modified Telegrapher’s equations that are adjusted
to facilitate the FDTD modeling of discrete time-invariant and
time-variant L, C components, and LC resonators that can be
used for the design of RF components. In this paper, this
method has been exploited for the design of non-reciprocal
BPFs using time-variant resonators. The efficacy of the approach
is demonstrated through the modeling of two non-reciprocal
filtering examples that are compared with harmonic balance
simulations in Keysight ADS. These include a three-pole BPF
and a three-pole/two-transmission zero (TZ) non-reciprocal BPF.

Keywords — finite-difference time-domain, FDTD, isolator,
filter, non-reciprocity.

I. INTRODUCTION

Non-reciprocal ~ bandpass  filters (NR-BPFs) are
increasingly being explored due to their potential to: i) reduce
the size of the RF front-end by incorporating the co-designed
isolator function and to: ii) improve the signal-to-noise ratio by
canceling unwanted reflections [1]. While diverse techniques
have been developed for incorporating non-reciprocity in BPFs
[2], [3], [4], the utilization of time-modulated resonators [5],
[6], [7] is among the most promising ones due not requiring
external magnetic biasing as is the case in ferrite-based
isolators. These time-modulated resonators are formed by
a combination of inductors and nonlinear time-dependent
capacitors and are typically modeled using harmonic balance
(HB) simulations, which are slow, difficult to converge, and
hard to optimize due to the large number of variables that
contribute to the performance of the NR-BPF [5], [7]. Thus,
alternative NR-BPF design techniques are being explored.
These include using the spectral admittance matrix (SAM)
in [5] and a modified coupling matrix (CM) approach in
[6] where the SAM in [5] is incorporated into the CM to
generate a spectral CM. However, both of the methods in [5],
[6] necessitate rigorous analysis and are constrained by the
number of harmonics considered for solving the CMs.

In yet another approach, non-reciprocity in space-time
modulated propagation media has been analyzed using the
finite-difference time-domain (FDTD) method for acoustic,
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Fig. 1. Generic CRD of an NR-BPFE. It comprises of M time/modulated
in/line resonators and up to K time-modulated TZ generation cells. When
unmodulated, it exhibits a transfer function shaped by M+K poles and 2K TZs.
Non-reciprocity is introduced by modulating the resonators with progressively
phase-shifted low-frequency AC signals.

microwave, and optical systems [8], [9], [10]. The FDTD
method was used to model the time-varying permittivity of
homogeneous dielectric media in [11], [12], [13]. In [14], [15],
modified Telegrapher’s equations were proposed to model the
time-varying transmission lines (TVTLs) of a traveling-wave
amplifier. An FDTD method based on the Telegrapher’s
equations was also presented in [13] to model TVTLs in [13]
and in [16] and in [17] time-varying capacitors were added
on TLs to demonstrate frequency mixing. However, none of
these FDTD methods has been demonstrated for time-variant
capacitors and resonators; thus, they aren’t yet applicable to
the design of NR-BPFs.

Considering the aforementioned limitations, this paper
proposes an FDTD modeling method for discrete time-varying
capacitors, series-, and parallel-LC that can be exploited
for the design and analysis of NR-BPFs. It is based on
modified Telegrapher equations that use as a basis modified
unit cells shaped by incorporating time-variant capacitors on
transmission lines (TL). To demonstrate the potential of the
proposed method, two different NR-BPF examples, namely a
three-pole and a three-pole/two transmission zero (TZ), have
been implemented and are compared with HB simulations in
ADS, demonstrating an excellent agreement. As opposed to
alternative NR-BPF design techniques, the proposed FDTD
formulation evaluates the circuit in the time domain while
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Fig. 2. Modified unit cell to model: (a) a parallel-LC resonator with
time/variable resonant frequency, and (b) a series-LC resonator with
time/variable resonant frequency.

considering all higher-order harmonics, distinguishing it from
analytical methods [5], [6] and the HB simulations. Thus, it
can be scaled to high order and advanced filtering transfer
functions without the need to restrict the harmonics, which
makes it more accurate and can be readily co-integrated with
optimization algorithms. Furthermore, it allows to investigate
the performance of NR-BPFs under alternative excitation
schemes, which can’t be easily implemented in commercially
available circuit simulators.

II. NON-RECIPROCAL BANDPASS FILTERS

A generic block diagram of an NR-BPF is illustrated
in Fig. 1. It comprises of M time/modulated in/line
resonators and up to K time-modulated transmission-zero
(TZ) generation cells cascaded through impedance inverters.
When unmodulated, the filter exhibits a transfer function
shaped by M + K poles and 2K TZs [7]. Non/reciprocity is
introduced by modulating the resonators with progressively
phase-shifted low-frequency AC signals (fac<<frpr) that
create a time-variable capacitance [5], [6], [7]. To facilitate
the analysis of these filters using FDTD, a Telegraph
equation-based approach can be considered for the modeling
of its key elements, namely the time-variable capacitors,
the time/varying parallel or series/type resonators, and the
time/invariant inverters, which are described in the next
section.

A. Modeling of a time-varying capacitor

Considering that the capacitance C of a capacitor is
time-variant, i.e., C(t), then the charge stored at time ¢ will
be ¢(t) = C(t)v(t) and the current through the capacitor can
be defined as:

. dg(t) ) dC(t)v(t)
i(t) = 6 i(t) = T (1
Thus, the finite differences on (1) using the central difference
scheme can be defined as in (2) assuming that the capacitor is
located at z:
nros _ Crupt — CRup
Yhtos = At ) 2
where z = kAz and t = nAt, Az and At are the discretization
in space and time, respectively.

B. Modeling of a parallel-LC in shunt with a TL

Having defined the time-varying capacitor, the
time/varying parallel-LC resonator (L,, Cp) can be modeled
on the assumption that is meant to be cascaded with an

impedance inverter which is a 90° TL, [18], by using a
modified unit-cell of a TL and an LC tank as shown in
Fig. 2(a). In this case, the conventional unit-cell of the
low-pass equivalent of a TL has been modified to include
an inductor L, and a time-varying capacitor C}, that can
be modeled using (2) and (3)-(4) in [16]. Its corresponding
Telegrapher’s equations can be modified to:

v(z+ Az, t) —v(z,t) + LAZ% =0, (3a)

i(z,t) —i(z + Az, t) — 7801’(t)v§f+Az’t) - C’Aziav(zgfz’t)

— in(Z + AZ,t) =0, (3b)
where i p is the current through L, and is calculated by:
t
ipp(z+Azt) = L%) [v(z+Az, t)0t+ipp(z+Az,tg). (3¢)
to

Hence, the FDTD update equations are as follows:

-n+0.5 _ -n—0.5 At n n
Uet0.5 = Ykto5 (LAz) (Vks1 — V)5 (4a)
n+l _ . n At -n+0.5 n+0.5 n
Yk T Uk T (CA2+CP> (kY05 — 7k 05 TiLpk)s (4D)
n+1 _ :n At n
trpk = tLpk t (Lj) U - (40)

C. Modeling of a series-LC Resonator in shunt with a TL

In a similar manner, a series-LC resonator (L, C,) can
be modeled using the modified unit cell in Fig. 2(b). Its
corresponding modified Telegrapher’s equations are listed in

(5):

v(z+ Az, t) —v(z,t) + LAZ% =0, (52)
i(2,t) —i(z 4 Az, t) = CAz2EEBED 1 o2 1) = 0, (5b)
L, (%aLtS +ves(z,t) —v(z+ Az, t) =0, (5¢)

¢
ves(z,t) = %@ff irs(z,t)0t + vos(z, to). (5d)
to

Thus, the FDTD update equations are as follows:

-n+0.5 __ n—0.5 At n n
intos = iryos — (£az) (Wi —vp), (6a)
ntl _ .m At \ (405 405 | n+tl
v =k~ (das) (Thvos — Ttos TiLsk) (6b)
-n+1 _ - At
i, = isk+ (f) (Vg — Véis,k)s (6¢)

n+l _ . n At -n+1
Vosk = Vosk T (ﬁ) ULS ke (6d)

s

III. THE FDTD MODEL & S-PARAMETERS EVALUATION

To demonstrate the usefulness of the modified unit
cells and their corresponding 1D-FDTD update equations
in the design of NR-BPFs, two filter design examples are
considered and are numerically analyzed in MATLAB. These
include a three-pole NR-BPF, ie., M = 3 and K = 0 in
Fig. 1 and a three-pole/two-TZ NR-BPF, i.e., M = 2 and
K =1 in Fig. 1. The simulation space is terminated with
a 50 Q impedance (Z;) at both Port 1 and 2, and an
excitation source is introduced at either of these ports for
the calculation of the S-parameters. As the time-varying
resonators cause frequency translation and introduce power at
the intermodulation frequencies (IF), the wideband calculation
of the S-parameters in FDTD using a Sinc/Gaussian pulse fails,
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Fig. 3. CRD and equivalent circuit of a three-pole BPFI comprising of three
in-series cascaded parallel LC-resonators and three impedance inverters.

and hence S-parameters for each frequency must be evaluated
individually. Therefore, the excitation is a sinusoidal source
of frequency f;,, and the FDTD model is simulated for each
fin for which the S-parameter is to be extracted. The voltages
(V;) and currents (I;) at each port (¢ = 1, 2) are recorded for
each f;, to calculate the auxiliary parameters a; and b; that
are defined as:

_ Vit Zoli b — Vi — Zol; ™

Zo T 2VZ
bi g, :
Then, Sij s, = —hofin gives the S-parameters at
a]:f&n a;=0

fin, wWhere a; r, and b; y, ~are the values of the auxiliary
parameters at f;,.

A. Example 1: Three-pole NR-BPF

The coupling routing diagram (CRD) and circuit equivalent
of the three-pole NR-BPF are shown in Fig. 3. It comprises
three in-line resonators (M = 3 in Fig. 1) that include
time/varying capacitors whose capacitance is modulated by
progressively phase shifted AC signals [5]. The unit cell
in Fig. 2(a) is used to model the time-varying parallel-LC
resonators, and the values for v} and ¢} at the resonators are
updated using (4). The admittance inverters (J) are modeled
using 90° TL (Z = J~'Q) and are implemented using (3)-(4)
in [16]. The BPF is designed for a centre frequency f.., of
700 MHz and fractional bandwidth (FBW) of 3% using the
design method in [5], leading to the following circuit-element
values: Z()l = Z34 = 56.81 Q, Z12 = Z23 = 73.46 Q, Lp1 =
Lys = Lps = 0.517 nH, and where Cy = 100 pF. To introduce
non-reciprocity, the parallel capacitors of each resonator are
modeled as follows:

Cor = Co(1 + Ceos(2m frnt + (K — 1)91)), k=1,2,3. (8)
The modulation index (¢) modulation frequency (f,,) and the
phase offset (¢1) are selected as 0.045, 17 MHz and 65°
respectively to achieve maximum isolation at f.c,,.

The obtained S-parameters from the 1D-FDTD model are
provided in Fig. 4 and are compared against HB simulations
in Keysight ADS in terms of magnitude and phase. They
appear to be in excellent agreement, successfully validating
the proposed modified 1D-FDTD method. It should be noted
that for the ADS simulations up to 8" order harmonics are
considered based on the convergence criteria in [5].

B. Example 2: Three-pole/two-TZ NR-BPF

A second example case of a three-pole/two-TZ (M = 2,
K =1 in Fig. 1) BPF whose CRD and practical validation were
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Fig. 4. S-parameter response of the three-pole NR-BPF calculated using the

proposed 1D-FDTD method and HB simulations in ADS for the NR-BPF in
Fig. 3. (a) Magnitude. (b) Phase.
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Fig. 5. CRD and equivalent circuit of the three-pole/two-TZ NR-BPF

comprising two in-line resonators and one TZ-generation cell.

introduced in [7] and are also shown in Fig. 5. In this case, the
parallel-LC resonators are modeled by the unit cell in Fig. 2(a)
and the series-LC resonators by the unit cell in Fig. 2(b). for
the following parameters: Zy, = 120.74 Q, Zj, = 108.67 Q,
Zys = 54.65 Q, Z3, = 4534 Q, L}, = L3 = 1629 nH, L;5,
= 46 nH, L;QQ = 24.45 nH, where C{; = 17.28 pF & = & =
0.108, & = 0.05, f,, = 16 MHz, ¢2 = 60° and

pk = Cy(1 + &rcos(2m frut + (K — 1)¢2)), k=1,2,3. (9)
that have been selected for a passband centered at 300 MHz,
with FBW of 13% and two TZs located at 262.4 and
342.8 MHz.

The obtained S-parameters from the 1D-FDTD model
are provided in Fig. 6 and are furthermore compared with
HB simulations in Keysight ADS. They also appear to be
in excellent agreement, successfully validating the proposed
modified 1D-FDTD method. As an additional advantage to
be highlighted, the suggested FDTD model enables testing
of the BPFs with real-time input signals, whether periodic or
aperiodic, in the time domain. In contrast, the use of HB is
restricted to quasi-periodic signals that can be represented as a
superposition of a limited number (M) of discrete tones. As M
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Fig. 6. S-parameter response of the three-pole/two-TZ NR-BPF calculated

using the proposed 1D-FDTD method and HB simulations in ADS for the
NR-BPF in Fig. 5. (a) Magnitude. (b) Phase.

increases, the required internal memory becomes impractical
due to the growth of the internal matrix size [19]. In contrast,
the proposed FDTD model overcomes these limitations and
can effectively manage arbitrary signals for both source and
modulation without such constraints.

IV. CONCLUSION

In summary, this paper introduced for the first time
a robust FDTD model for NR-BPFs by incorporating
lumped time-varying capacitors and resonators on a TL. To
demonstrate the validity of the proposed method, two filter
design cases were considered at 300 MHz and 700 MHz
that showed excellent agreement with harmonic balance
simulations in a commercially available simulator. This work
makes a significant contribution through the introduction of
a specialized method for calculating S-parameters, designed
specifically for circuits with time-varying components. This
method is particularly valuable for (NR-BPFs), which pose
challenges in design when using commercially available tools.
Specifically, the FDTD formulation evaluates the circuit in
the time domain, distinguishing it from other methods and
affirming its accuracy.
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