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Abstract

Abstract

The objective of the work in this dissertation to introduce techniques to com-

pute the near-optimal policy parameters for the perishable inventory problem

and sustainable cold food supply chains with environmental concerns under

stochastic demand, as well as tackling and dealing with the demand uncertainty

and fluctuations arising from the nature of demand patterns. The solutions we

present in this dissertation for the perishability problem hybridises the well-

known Wagner-Whitin algorithm, the Silver-Meal heuristic on a network graph

setting. Our solution for sustainable cold supply chains employs and combines

the inventory routing problem and several formulations found in the literature

to calculate environmental effects.

We consider a perishable inventory system under a finite planning horizon, pe-

riodic review, non-stationary stochastic demand, zero lead time, first in first out

issuing policy, and a fixed shelf life. The inventory system has a fixed setup cost

and linear ordering, holding, and outdating costs per item. We consider the

penalty cost and the service level cases separately and develop two different

versions for each case. In addition, we propose a mixed-integer programming

model for cold food supply chains to solve a multi-period inventory routing

problem under non-stationary stochastic demand, route-dependent costs, and

environmental concerns. The study aims to find the replenishment and vehicle

routing plans to minimise the total expected cost while producing a minimum

amount of CO2 emissions.

The first contribution presented herein is a mixed-integer linear programming

model that computes near-optimal (R, S) policy parameters for the sustain-

able cold food supply chain problem with environmental concerns, while main-

taining flexibility in ordering decisions under a pre-determined replenishment

schedule. Our numerical experiments show that the (R, S) policy reduces in-

ventory costs significantly, since it solves the excess inventory issue caused by

higher excess ending inventory levels arising from the pre-determined and in-

flexible order quantities in the (R,Q) policy. However, the CO2 emission levels

and routing costs remain similar in both models. The reduced inventory costs

make the (R, S) policy significantly reduce the total cost. In addition, our nu-

merical experiments show that the difference between the cumulative ending

inventory levels for the (R,Q) and (R, S) policies increasingly grows as the time

horizon gets longer, and it results in increasingly larger differences in the total

cost values for both policies.
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Abstract

The second contribution is a heuristic for the penalty cost case of the perishable

inventory problem. The problem can be solved to optimality by the stochastic

dynamic programming technique; however, due to the increasing dimensional-

ity of the inventory state which is defined by the inventory levels of each item

age, it becomes impractical for longer shelf lives. Our heuristic represents the

inventory model as a network graph, and then calculates the shortest path in

the graph in a recursive way, based on the hybridisation of the Wagner-Whitin

algorithm and the Silver-Meal heuristic. It firstly determines the replenishment

periods and cycles using the deterministic-equivalent shortest path approach.

Using the replenishment plan determined in the first step, it calculates the or-

der quantities based on the demand observations as a second step. We hereby

employ Bookbinder and Tan’s static-dynamic uncertainty strategy to respond to

demand fluctuations. Our extensive numerical studies show that the compu-

tation time is significantly reduced and the heuristic finds near-optimal policy

parameters.

The final contribution is the modification of our proposed heuristic for the

service-level case. To our knowledge, there is no procedure in the literature that

calculates the optimal solution. Our extensive computational experiments that

use the near-optimal stochastic dynamic programming solution as a benchmark

show that the heuristic has a similar performance in terms of near-optimality

and significantly reduced computation times.
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Chapter 1

Introduction

In this chapter, we briefly discuss the focus and contributions of this disser-

tation. We present the motivation behind our work in Section 1.1. Then we

present our goal and thesis statement in Section 1.2. We summarise the con-

tributions of our work and the list of the publications based on this work in

Section 1.3. The structure of this dissertation is given in Section 1.4.

1.1 Motivation

One of the major challenges for leading practitioners in supply chain manage-

ment, such as Wal-Mart, is to deal with the significant amount of perishable

products in their portfolio, which consists of food items (dairy, bakery, fruit,

vegetable, etc.), pharmaceuticals (drugs, cosmetics, etc.), chemicals (cleaning

products etc.), and cut flowers, [KSWD11]. Perishability brings operational

challenges and safety concerns due to the deterioration in product quality over

time. For instance, spoiled food items might affect fresh items placed next to

them and speed up their spoilage process, or result in serious health issues

such as poisoning due to spoilage. Similarly, expired medical drugs might have

serious affects on health. Apart from outdating risks itself, the impact of outdat-

ing in society is another concern to take into account, [KSWD11]. According

to a survey conducted in 2003, 22% of overall unsalable costs of $2.57 bil-

lion from distributors to retailers (supermarkets, pharmacies, etc.), which was

over $500 million, were due to expired products, [Ame04]. Similarly, Webb

[Web06] states that spoilage results in $300 million annual loss in the $1.7 bil-

lion US apple industry. Moreover, blood is subject to perishability and one of

the most critical resources in healthcare supply chains. According to Whitaker

1



1. INTRODUCTION 1.1 Motivation

[WS05], 5.8% of blood processed for transfusion were outdated in 2004 in the

USA. In addition to consumer goods and healthcare resources, several industrial

products, such as plywood which loses strength within one week of production,

are subject to perishability, [Che06]. In contrast to non-perishable products,

perishable products will become outdated and no longer be available to satisfy

customer demand unless they meet customers within a finite time period. The

limited time window to meet customer demand and the risks and the economic

impacts of outdating make perishable inventory management a critical subject

in supply chain management. Additionally, the product age is another concern

in the area of perishable inventory management and plays a crucial role in mak-

ing inventory decisions. Moreover, the increase in product lifetime enhances the

complexity of the problem in terms of computational requirements. Our moti-

vation in this study is led by the need for a practical solution that is minimally

affected by the complexity of the perishability problem and makes near-optimal

decisions.

Another concern in supply chain management, which can be directly or indi-

rectly related to perishability, is the transportation of goods from suppliers to

retailers. Transporting goods from suppliers and requires careful planning for

efficient use and distribution of vehicles. In addition, since vehicles are de-

pendent on fuel consumption during transportation activities, fuel costs and

environmental impacts caused by fuel consumption, such as CO2 emissions, are

other significant factors to develop sustainable models. In case when refriger-

ation activities are included, such as in cold food supply chains, fuel consump-

tion and emissions must also be considered for inventory decisions. According

to the UN Environmental Agency [SG17], freight storage and transportation

activities will generate 36% of all permissible emissions by 2050. Moreover,

transporting and storing temperature-sensitive products requires additional en-

ergy consumption to keep them at an ideal temperature, resulting in higher

CO2 emissions, [BSA+20]. A well-designed cold food supply chain model is re-

quired to manage these costs and CO2 emissions. The need for a practical cold

food supply chain model that explores the impact of non-stationary stochas-

tic demand on operational decisions of storage and transportation in cold food

supply chains leads to our motivation hereby.

The challenges related to perishability, transportation, and sustainability, which

is discussed above, highlight the critical importance of inventory control in sup-

ply chain management. Effective inventory control systems must consider the

limited shelf life of goods in the perishability problem and the environmental
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1. INTRODUCTION 1.1 Motivation

and financial impacts of transportation in cold food supply chains. Therefore,

keeping track of inventory and customer demand becomes a vital point in sup-

ply chain systems. Inventory control systems aim to monitor the amount of

items ready to meet customer demand and used to make ordering decisions to

satisfy customer demand. Optimal inventory decisions lead to significant cost

savings and adequate customer satisfaction.

Inventory control is one of the fundamental and well-studied areas in opera-

tions research. The inventory control literature began with the work of Harris

[Har13]. Since then, a significant body of literature has emerged in the inven-

tory control area. The inventory control literature includes various methods and

techniques that aim to manage and control production/inventory systems with

different structures, constraints, and environments, and subject to determin-

istic (static or dynamic) or stochastic (stationary or non-stationary) customer

demand. The timing and the amount of orders are two of the most well-known

issues in the inventory theory. Among these issues, the problem of determin-

ing the appropriate order quantity, also known as the lot-sizing problem, has

received considerable attention in the area of inventory control.

The lot-sizing problem aims to calculate the amount of the replenishment or-

ders. The EOQ model [Edg88] is one of the oldest classical models considering

the inventory systems in which demand is constant. The dynamic lot-sizing

problem focuses on inventory systems where demand may change over time.

There are many efficient methods in the literature such as the Wagner-Whitin

algorithm, [WW58], the Silver-Meal heuristic, [Sil73], the various modifica-

tions of these techniques, etc., which were developed to deal with the dynamic

lot-sizing problem. In most real life inventory systems, customer demand is

random. Several strategies have been proposed in the literature, such as the

static, dynamic, and static-dynamic uncertainty strategies of [BT88] to tackle

uncertainties due to the random nature of demand. The static uncertainty al-

lows no flexibility in ordering decisions while the dynamic uncertainty strategy

allows flexibility and the static-dynamic uncertainty strategy offers a balanced

approach.

An interesting subject in the inventory theory is the one that studies the pro-

duction/inventory systems with perishable goods which are called perishable

production/inventory systems. In contrast to most inventory models in the lit-

erature assuming that products or items have an infinite shelf life and they stay

in the inventory indefinitely unless they are not subject to customer demands,
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perishable inventory models consist of the items or products which become

outdated after a fixed or variable shelf life or due to the environmental factors.

Dairy products, meat products, fruits and vegetables, blood products, medical

drugs, etc. are well-known perishable products and items in both real life prob-

lems and the literature, [KSWD11]. In perishable inventory systems, replen-

ishment policies must take several parameters into account (e.g., the amount

of estimated waste, the item lifetime and the number of perishable items of a

specific age) in order to minimise the total cost, waste, etc. In addition, var-

ious policies based on the item age or remaining shelf life are issued in order

to determine which items should be used first to meet the customer demand.

FIFO (first in, first-out), LIFO (last in, first-out), FEFO (first expired, first-out),

LSFO (least shelf life, first out), and LEFO (last expired, first out) are several

examples of these issuing policies, [Nah11], [MCS+20], [ÖRSVdH15].

The perishable inventory problem has challenges that cannot be solved by the

techniques developed for non-perishable inventory systems, in particular the

multi-dimensionality of the inventory state consisting of the amount of items of

each age and the calculating expected waste. In perishable inventory systems,

the inventory levels of items of each age has a critical role for making ordering

decisions. Considering the multi-dimensionality of the inventory state, we have

to handle a very large number of possible inventory compositions that consist

of the inventory levels of each age, which is extremely hard to deal with. For

instance, if the lifetime is 3 periods and the maximum inventory level for each

age is 100, we have 1003 = possible inventory compositions. If we increase

the lifetime to 4, the number of possible inventory compositions will be 1004.

Moreover, since items do not stay in the inventory indefinitely, we need to take

the expected waste into account when making ordering decisions. However,

the expected number of outdated items (waste) has no explicit formulation

and is computationally challenging, [Nah75], and can only be solved several

approximation algorithms and heuristics (e.g. the EWA policy of Broekmeulen

and Donselaar [BVD09] in the literature.

The perishability problem can be solved to optimality by using the stochastic

dynamic programming (SDP) approach for the penalty cost case. For the service

level case, the SDP does not necessarily generate optimal solutions. Since we

have to take all the possible combinations of the amount of items of different

ages, computation times increase exponentially as the item lifetime grows and

the SDP approach quickly becomes computationally infeasible in terms of both

the computation times and the amount of memory needed.
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As a contribution to this area, we develop a mixed integer linear programming

(MILP) model for the inventory routing problem (IRP) for cold food supply

chains (CFSCs), which also considers environmental factors (CO2 emissions).

In traditional food logistics, reducing costs and increasing responsiveness were

the primary objectives of a supply chain network. However, sustainability stud-

ies are becoming increasingly important to protect the environment and also

to improve food supply chains’ social and economic aspects, see Bottani et

al. [BCNT19]. Amorim et al. [AAL14] focus on environmental measures of

CO2 emissions within supply chain models, and Shashi et al. [SCS+18] state

that one of the primary sources of CO2 emissions in a food supply chain is

the transportation and inventory activities. Moreover, transporting and storing

temperature-sensitive products requires additional energy consumption to keep

them at an ideal temperature, resulting in higher CO2 emissions, [BSA+20]. A

well-designed CFSC model is required to manage these costs and CO2 emis-

sions. The need for a practical CFSC model that explores the impact of non-

stationary stochastic demand on operational decisions of storage and trans-

portation in CFSCs leads to our motivation here. Our proposed IRP model aims

to assist decision-makers in reducing various costs associated with CFSCs—such

as holding, transportation, unit ordering, fixed replenishment, and refrigera-

tion—while also focusing on CO2 emission reduction.

The well-known IRP allows combining both inventory management and routing

problems. The NP-hard inventory routing problem handles inventory manage-

ment and vehicle routing simultaneously, [JRK13]. However, a practical model

could be achieved using the IRP. Limited studies have been conducted on inven-

tory routing problems with non-stationary stochastic demand consideration. In

most existing studies, the demand is stationary. However, this is not compatible

with most real life cases, and it also creating a gap in the IRP and CFSC which

creates an opportunity to investigate IRP in a non-stationary stochastic environ-

ment. Soysal et al. [SBRHVDV15] presented a model to handle inventory and

routing decisions using the (R,Q) policy. This policy pre-determines replenish-

ment timing and order quantities before the start of the planning horizon, and

it does not allow enough flexibility in making replenishment decisions. One of

our aims in our IRP and CFSC study is to fill this gap and make a significant

contribution to the field.

The IRP model we developed in this dissertation employs the formulation for

(R, S) policy, presented in [TK04]. Using the (R, S) policy, replenishment pe-

riods are pre-determined and cannot be modified, while order quantities are
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determined after observing the demand realisations, in a similar manner to the

static-dynamic strategy of [BT88]. The presented model under the (R, S) policy

provides a more effective way to deal with non-stationary demand uncertainty.

1.2 Thesis Statement

In most real life inventory problems, demand uncertainty must taken into ac-

count when making ordering decisions, in order to ensure customer demand is

satisfied. Since the static policies do not respond demand uncertainty well, they

tend to find suboptimal solutions with higher total inventory costs. Therefore,

employing ordering policies that tackle demand uncertainty is crucial. How-

ever, fully dynamic policies might have some drawbacks, such as computational

complexity or higher development and operating cost.

The (R, S) policy is a balanced approach to maintain flexibility while reducing

operational costs and computational challenges in the area of perishable inven-

tory management and cold food supply chains with non-stationary stochastic

demand. Moreover, hybridising several well-known techniques in the litera-

ture helps dealing with the challenges caused by the state space dimension-

ality in perishable inventory systems, and allow developing computationally

fast methods which are minimally affected by the dimensionality. Applying the

well-known IRP is an efficient way to combine inventory and transportation de-

cisions.

Based on the claims given above, we assert that employing the (R, S) order-

ing policy is an effective way to handle demand uncertainties in non-stationary

stochastic demand cases, while developing a timely and computationally effi-

cient heuristic for perishable inventory systems and developing an IRP model

for cold food supply chains which takes environmental concerns and refrigera-

tion costs into account.

The work in this dissertation present heuristics and models in the next chapters

that are:

• Innovative in the problem configuration. The non-stationary stochastic de-

mand case is under-studied in the literature for both perishable inventory

management and cold food supply chains. We aim to fill this gap in the

literature by studying this case and developing efficient models and meth-

ods.
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• Computable in reasonable time. Our proposed heuristic for perishable in-

ventory systems is minimally affected by the dimensionality caused by the

item lifetime and it outperforms the optimal SDP solution which has ex-

ponentially growing solution times as the dimensionality increases. More-

over, our IRP model can be solved in terms of minutes which is a reason-

able computation time.

• Novel in terms of hybridisation of different techniques. Our proposed heuris-

tic for perishable inventory systems employs different algorithms, heuris-

tics and methods such as Wagner-Whitin, Silver-Meal and [RTHP11]’s

state space network graph representation. Based on the hybridisation of

these techniques, it proposes a novel approach. Moreover, the IRP model

for CFSCs incorporate and hybridise environmental concerns, fuel con-

sumption and refrigeration formulas, transportation and inventory costs,

and the static-dynamic (R, S) ordering policy, in order to present a novel

mathematical model.

• Near-optimal. The heuristics and mathematical models presented in this

dissertation result in near-optimal solutions with little optimality gap.

1.3 Contributions

Our contributions to the literature with the work in this dissertation are listed

and summarised as follows:

• Developing a computationally and time-efficient heuristic with little op-

timality gap, in order to calculate the replenishment schedule and order

quantities in perishable inventory systems with non-stationary stochastic

demand.

• Incorporating the well-known heuristics and algorithms in the lot-sizing

literature, such as the Wagner-Whitin and Silver-Meal, into perishable in-

ventory management by developing a heuristic inspired by them.

• Dealing with the curse of dimensionality arising as the item lifetime in-

creases, by employing the network representation approach which allows

to develop a fast heuristic.

• Employing the heuristic for both the penalty cost and service level cases.

• Formulating a MILP IRP model for the problem with environmental con-
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cerns, such as CO2 emissions occurring due to fuel consumption.

• Incorporating the costs and CO2 emissions happening due to the refriger-

ation activities into the CFSC problem studied by [SBRHVDV15].

• Employing the (R, S) ordering policy which is responsive to non- station-

ary demand uncertainties, in order to avoid the inflexibility of the pre-

determined ordering decisions of the static uncertainty while avoiding

possible costs and computational requirements arising due to the dynamic

uncertainty.

• Solving the excess cumulative ending inventory level issue resulted in

[SBRHVDV15]’s (R,Q) model and caused by the pre-determined order

quantities.

• Developing a framework to prove the optimality of the (s, S) policies in

inventory systems with service level constraints.

We have published the work we conducted in this dissertation in international

journals. The list of the published, submitted, and ongoing papers are listed

below:

• Suheyl Gulecyuz and Barry O’Sullivan and S. Armagan Tarim: A Heuris-
tic Method for Perishable Inventory Management Under Non-Stationary De-
mand, in Omega.

• Suheyl Gulecyuz and Barry O’Sullivan and S. Armagan Tarim: A Heuris-
tic Method for Perishable Inventory Management Under Non-Stationary De-
mand and Service Level Constraints, in progress.

• Soodeh Jahdi and Suheyl Gulecyuz and Seamus O’Reilly and Barry O’Sul-

livan and S. Armagan Tarim: An IRP Model to Improve the Sustainability
of Cold Food Supply Chains under Stochastic Demand, in the Journal of

Cleaner Production.

• Suheyl Gulecyuz and Barry O’Sullivan and S. Armagan Tarim: Optimality
of (s, S) Policies in Inventory Control under Service Level Constraints, in

progress.

1.4 Thesis Structure

The remainder of this dissertation is organised as follows:
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• In Chapter 2, we provide a comprehensive analysis and discussion on in-

ventory control, perishability, cold food supply chains, and solution tech-

niques, providing a foundation for the research questions addressed in

this study and reviewing the relevant literature.

• In Chapter 3, we present the IRP model works under the (R, S) policy

for CFSCs, considering transportation, inventory, and refrigeration costs

and highlighting its contributions to sustainability through reduced CO2

emissions and improved routing and inventory management. We then

compare the performance of model to the existing (R,Q) model in the lit-

erature, [SBRHVDV15], pointing out that allowing flexibility in the order-

ing decisions helps to reduce excess inventory caused by pre-determined

order quantities.

• In Chapter 4, we introduce the proposed heuristic to determine the policy

parameters in perishable inventory systems under stochastic demand and

penalty cost, which pre-determines replenishment timings and calculates

order quantities based on observed demand information. We then provide

extensive numerical studies to compare its performance to the optimal

SDP solution.

• In Chapter 5, we extend the scope of the heuristic to include minimal α-

service level constraints. We conduct extensive numerical experiments to

compare the performance of our proposed heuristic with the near-optimal

SDP formulation since there is no optimal SDP formulation to our knowl-

edge in the literature.

• Chapter 6, summarises and concludes the findings or the research we

conduct in this dissertation, then suggests future research ideas and di-

rections.
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Chapter 2

Literature Review and Background

In this chapter, our goal is to describe all the work relevant to our study. In

Section 2.1, discuss and analyse the fundamental concepts of the inventory con-

trol problem, lot-sizing, perishability in inventory control, and cold food supply

chains (SFCS), in an extensive way. In Section 2.2, we discuss the solution

techniques and frameworks relevant to our work in this dissertation in detail,

which are dynamic programming (DP), mixed integer programming (MIP), and

the inventory routing problem (IRP).

2.1 Inventory Control

We provide a comprehensive definition and analysis for the inventory control

concepts in Section 2.1.1. In Section 2.1.2, we discuss the lot-sizing problem,

the key heuristics and algorithms in the literature, the strategies developed to

handle uncertainty, and the ordering policies. We then examine perishabil-

ity in inventory control in Section 2.1.3, analysing the key terms, perishable

goods and inventory models, classifications, and issuing policies, as well as the

perishability literature. Finally, we discuss cold food supply chain terms and

literature in Section 2.1.4.

2.1.1 Inventory Control Concepts

Effective inventory management is crucial for optimising supply chain opera-

tions. Although recent studies provide advanced methods for inventory control

in complex and uncertain environments, their foundations trace back to classi-

cal models that established the theoretical foundations of inventory theory, such

10
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as Arrow et al. [AHM51], [WW58], [SAKS60], and Clark and Scarf [CS60].

They introduced key concepts such as the (s, S) policies, dynamic lot-sizing, and

multi-echelon systems. Nahmias [Nah75], Fries [Fri75], and Nahmias [Nah82]

established the theoretical basis and introduced key concepts for perishable in-

ventory management.

This section introduces the main principles and practices of inventory control.

We discuss key concepts such as fundamental terms and definitions, measures

of effectiveness, and inventory configuration in to establish a framework for

our study. We also discuss demand patterns, various inventory cost factors,

replenishment lead time, and inventory review. Moreover, we analyse stockouts

and the different approaches to stockouts, examine the concepts related to stock

levels, and discuss methods to deal with stockouts.

Fundamental Terms and Definitions

In this section, we provide the fundamental terms of inventory control based

on the definitions in [Ros21].

Supply chain: A system of organisations, people, activities, information, re-

sources, technology, etc., involved in moving a product or service from supplier

to customer.

Supply chain management: Management of the supply chain flow.

Inventory: A current asset on the balance sheet for all the goods, materials,

etc., which can be sold and turned into cash.

Inventory review: The process to determine inventory quantity on hand.

Inventory system: The process to keep track of the flows of storage, supplies,

sales, etc.

Warehouse: A stock keeping unit for items in which they are stored and kept

until being sold to customer.

Inventory state: The state that is denoted by the current inventory quantity

and their status (e.g. expiration).

Items: The good, asset, material units subject to be stored in a warehouse and

sold to meet customer demand.

The definitions above are commonly used in the general inventory management

literature. The concepts introduced above might have different implications on
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cold food supply chains and perishable inventory systems. In cold food supply

chains, additional factors such as refrigeration, transportation activities, and

environmental considerations influence how inventory is managed. For perish-

able inventory systems, the finite lifetime of items requires careful timing in

ordering, usage, and distribution to minimise waste or shortage. More detailed

aspects specific to perishability and CFSCs are provided in Section 2.1.3 and

Section 2.1.4, respectively.

Measures of Effectiveness

According to [SPT16], analysts in the production/inventory area have mostly

focused on a single measure of effectiveness, the expected cost. Some other

measures such as limited space, desired customer service, and nervousness have

mostly been defined and modelled as constraints. In actual fact, the impact of

decisions is not restricted to a single measure of effectiveness. Some of the

following objectives, listed by [SPT16], are very challenging to quantify:

1. Minimising internal political conflicts within the organization.

2. Preserving flexibility to adapt to uncertain future scenarios.

3. Enhancing the probability of the firm’s survival or keeping managerial

positions safe.

4. Maintaining an acceptable level of human effort in decision-making and

operational planning.

Despite expected cost being the most commonly used metric in the literature,

several alternative objectives have been considered. [ABTM08] considered ob-

jectives such as minimising current investment costs, reducing total cost vari-

ability, and lowering financial risk or the probability of exceeding a set budget.

In this dissertation, we focus on minimising the expected total cost as the mea-

sure of effectiveness, in line with the most of the literature.

In this dissertation, the metrics we evaluate are to minimise the expected cost

and to preserve flexibility to handle uncertain future demand realisation sce-

narios.

Inventory Configuration

Inventory configuration plays an important role in the efficiency, cost effective-

ness, and service levels of a supply chain model. There are two main configura-
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tions to manage stock across different stages of a supply chain: Single-echelon

and multi-echelon. A single-echelon system focuses on inventory management

and optimising stock levels individually and independently. For instance, the

single-echelon system can be used to model a retail store in a retail environ-

ment. Orders arrive at the retailer store and distributed to customers from the

store. The relationship between specific suppliers and retailers are not mod-

eled in single-echelon systems. However, some single-echelon inventory mod-

els might consider multiple warehouses for various reasons such as capacity

restrictions or different products. In contrast, multi-echelon systems integrate

inventory control across multiple stages and different nodes, in order to ensure

coordination and efficiency throughout the supply chain network and deter-

mine the correct inventory levels in different supply chain nodes. An inventory

system consisting of a distribution centre and the retailers it supplies as an

example of a two-echelon problem, [SR91, SRK95]. In this problem, distri-

bution centres and retailers represent one echelon of the two-echelon supply

chain model. The relationships between each echelon are also taken into ac-

count when modeling the problem. Orders arrive at distribution centres and

distributed to retailers, then customer demand is met from retailers.

In this dissertation, we consider a single-item and single-echelon inventory set-

ting. In the perishability study, we consider a single location model, and in the

cold supply chain management study we work on a model consisting of a sup-

plier and multiple warehouses in different locations.

Demand Pattern

According to [SPT16], various types of demand patterns in inventory systems

might be considered over a finite or infinite time interval which is called the

planning horizon. Different control policies and procedures are appropriate

for different types items. The nature of the item is also an important factor

to influence the demand pattern. In terms of randomness, customer demand

can be classified as deterministic or stochastic. The quantity of deterministic

demand is known while stochastic demand takes a random value from a proba-

bility distribution. Customer demand can also be categorised by the fluctuations

across time (seasonality trends, etc.), such as stationary and non-stationary. In

case of stationary demand, the demand pattern do not show variability over

time. In non-stationary demand, the demand pattern and distributions sub-

ject to vary as the time passes. Moreover, demand distributions and patterns
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Figure 2.1: Various examples of demand mean patterns.

can be either known or unknown to the decision maker. Figure 2.1 illustrate

various stochastic demand mean patterns over a finite planning horizon of 12

periods (e.g., 12 months of a year): stationary, increasing, decreasing, cyclic,

seasonal, and random. For instance, the cyclic demand pattern might represent

the non-stationary customer demand for summer clothing trending in the sum-

mer months and resulting in higher demand means.

In this dissertation we consider a known, non-stationary, and stochastic de-

mand pattern over a finite planning horizon. In the following, we explain non-

stationary stochastic known demand in more detail.

Non-Stationary Stochastic Known Demand: This is the demand setting in

our study over a finite number of discrete time periods. Based on [Ros21],

demand in one period is random and follows a probability distribution in non-

stationary demand. Across periods, demand distributions may change. Cyclic

and seasonal demand patterns or changes in demand distribution based on the

customer trends are several examples of non-stationary demand patterns in

practice and real life.

Stochastic demand helps address the uncertainties commonly encountered in

real-world applications. It is modeled using stochastic variables that repre-

sent demand for each time period. This approach generalises the deterministic

case, as stochastic solutions can also handle deterministic problems. However,

dealing with non-deterministic demand significantly increases the complexity
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of finding an optimal policy. The situation in which the inventory is inade-

quate to satisfy customer demand is called stockout. Under stochastic demand,

stockouts may happen when the demand is higher than expected, while low

demand can lead to excess inventory. Ensuring a minimum customer service

level becomes particularly challenging in such scenarios, often referred to as

non-stationary stochastic or time-varying probabilistic demand. Here, the pol-

icy’s cost is determined by its expected cost over the planning horizon.

In stochastic demand scenarios, the probability distribution of demand may be

either known or unknown. When the distribution is known, it enables more

accurate modeling and optimization, allowing planners to create effective poli-

cies. When the distribution is unknown, the problem becomes more challenging

and often requires adaptive or data-driven methods to estimate and respond to

demand patterns over time. Managing demand with unknown distributions typ-

ically involves techniques like machine learning, Bayesian updating, or heuris-

tics to keep the system efficient and reliable despite the uncertainty.

Inventory Cost Factors

Inventory costs are a key part of managing a supply chain and can be grouped

into several main categories, as described by [SPT16] and [Ros21]:

Inventory review cost: The cost of physically checking inventory to determine

stock levels and condition.

Fixed setup cost: A fixed cost incurred each time an order is placed, regardless

of the order quantity.

Purchase or ordering cost per unit: A variable cost charged for each unit

purchased or ordered during replenishment.

Inventory holding cost per unit: The cost of carrying one unit of inventory

from one period to the next. This includes expenses such as storage, insurance,

and depreciation.

Fixed penalty cost: A one-time cost charged whenever inventory levels fall

below zero. This cost is independent of how many units are short and reflects

the impact of stockouts, whether the demand is lost or backordered.

Penalty cost per unit: A cost applied to each unit of demand that is either

backordered or lost. It is charged only once per unit and does not depend on

how long it takes to fulfill a backorder.
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Penalty cost per unit per period: A recurring cost charged for each unit of

backordered demand, applied for every period the shortage continues.

System control costs: These are the costs related to running the chosen deci-

sion system. They include expenses for gathering and storing data, maintaining

the system, and performing calculations.

Unit outdating cost: These are the costs specific to perishable inventory sys-

tems. This cost is incurred due to expenses such as waste disposal, recycling

activities, environmental concerns due to waste, etc.

Understanding these costs helps to develop effective and efficient inventory

policies and reducing overall supply chain expenses. Each cost points out a spe-

cific aspect of inventory management, helping businesses balance service levels,

storage capacity, and ordering efficiency. In our perishable inventory study, we

consider fixed setup cost and variable ordering, holding, penalty (no penalty

cost in the α-service level case), and outdating cost per item. Additionally, we

consider refrigeration, fuel, transportation costs in the cold supply chain IRP

model.

Replenishment Lead Time

According to [Sil81] replenishment lead time is the amount of time elapses

from the moment at which it is decided to place an order until it is physically

on the shelf ready to satisfy customers’ demands. It involves all the time spent

by the activities from the transshipment decision by the supplier until the item

is ready on the shelf to meet customer demand. In this dissertation, we assume

that the replenishment lead time is zero.

Inventory Review

Inventory is reviewed in certain times, and based on these reviews inventory

decisions are made. A review interval is the period of time between two con-

secutive inventory reviews. In the literature, two types of inventory reviews

have been studied, which are explained based on [SPT16] and [Ros21] as fol-

lows:

Periodic review: In periodic review inventory systems, inventory reviews take

place in fixed time intervals (e.g., day, month, year). The type of items, demand

distributions and fluctuations, etc, might be crucial to determine the length of
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review periods. In most cases, periodic review has lower costs than continuous

review.

Continuous review: On the contrary to periodic review, inventory is reviewed

continuously and at any time in continuous review inventory systems. The

inventory status is continuously updated and always known. In practical life,

continuous review has higher costs compared to periodic review. This is one

of the main disadvantages of continuous review. One of the advantages of

continuous review is that it generally requires less safety stocks.

Based on their importance and priority in inventory decisions and from the

upper end of the spectrum to the lower end, items are classified as A-type, B-

type, or C-type items, respectively, [SPT16]. Continuous review is more suitable

for A-type most critical items which require constant monitoring and attention.

Periodic review is more suitable for B-type and C-type items which have less

effect in inventory decisions.

In this dissertation, we assume the inventory reviews take place for discrete

time periods and a planning horizon with a finite number of periods.

Stock Levels

Based on [SPT16], we hereby introduce the definitions of several terms related

to stock levels:

On-hand inventory: It is the physical amount of inventory which is on the shelf

and ready to meet customer demand. On-hand inventory cannot be negative

since it is the physical quantity of available inventory.

Net inventory (net stock): It is the balance of the on-hand inventory and

backorders. It can be negative if there are backordered items.

Net inventory = On-hand inventory− Backorders

Inventory position: It consists of the net inventory plus the ordered items

that are on the way (on order) minus the committed demand realisation. If

there is zero lead time, the amount of items on order is zero since instant order

placement is assumed.

Inventory position = On-hand inventory + On order− Backorders
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Safety stock: Safety stock is the average level of the net stock just before a

replenishment arrives.

Stockouts

Inventory levels may often drop to a level that the system can no longer meet

customer demand. For this situation, two main approaches has been adopted

in the literature, which are lost sales and backlogging, [SPT16, Ros21]. Most

studies prefer only one of the models, however there are some studies such as

[GCB02, VPRT21, VPRT23] which consider a combination of both backlogging

and lost sales.

Backlogging: Also called backordering, the amount of customer demand that

could not met in the current period is carried on the following periods and met

later. Most studies in the inventory control literature assume full backlogging,

that is backlogging all the unmet demand. In order to deal with backlogging

situations, penalty costs or service level constraints are commonly assigned and

applied, [SPT16, Ros21]. Full backlogging is commonly studied in classical

inventory control, [SPT16, Zip00, SAKS60], and lot-sizing literature, [RTHP08,

DSKTR16, Tar96].

Lost Sales: In the lost sales approach, all the unmet demand is lost and will not

be met in the future. Lost sales models have been studied in the literature in

different settings, [BV12b, Zip08, HJMR09]. Bijvank and Vis [BV12a] provide

a complete literature review on such systems.

In this dissertation, we assume full backlogging in all parts of the work.

Dealing with Stockouts

There are several approaches in the literature to deal with and minimise the

risk of stockouts. Most studies in the inventory literature assign a penalty cost,

followed by applying a service constraint to ensure that the probability of stock-

outs must be above a certain threshold depending on the service level type.

These are the two main methods to avoid stockouts.

Penalty Cost: A cost is assigned to the inventory system per stockout. It is

dependent on the amount and/or the duration of stockouts, e.g., penalty cost

per item or per time unit.

Service Level: There are three main types of service level constraints.
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1. α-service level (Type 1): This is the event-oriented service level. It is

imposed to guarantee that the probability of non-stockout is α, such that

P {It ≥ 0} ≥ α

where It denotes the ending inventory level in Period t, e.g. 90% α-service

level means that the probability of non-stockout in each period is greater

than or equal to 0.9.

2. β-service level (Type 2): This is the quantity-oriented service level. The

probability that the number of backordered items over the total number

must be less than 1− β, such as

β = 1− expected number of backorders per period
expected demand per period

.

For instance, 90% β-service level means that if the expected demand per

period is 100, the number of backordered items should be no more than

10.

3. γ-service level (Type 3): This is the time- and quantity-related service

level criterion. This is rarely applied compared to α and β service levels.

γ = 1− expected backorder level per period
expected demand per period

.

Moreover, service level constraints can be implemented as the mean or min-

imum service levels in periodic review inventory systems. In the minimum

service level approach, in all the periods the inventory system must meet the

minimum service level criteria. In the mean service level approach, the aver-

age service level per period throughout the planning horizon must meet the

required service level threshold. The average service level througout the plan-

ning horizon can be approximated as

p

p− h
,

where h and p are the inventory holding and penalty costs per item, see [Vis20].

In this dissertation, we consider the penalty cost approach and the α type of

service level separately. However, the work in this dissertation can be extended

to the other service level types as a future work.
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2.1.2 Lot-Sizing Problem

In this section we provide an overview of key algorithms, uncertainty strategies,

and ordering policies associated with lot-sizing and specialised with stochas-

tic lot-sizing. We first provide a lot-sizing literature survey. We introduce the

key methods in the lot-sizing problem, that are the Wagner-Whitin algorithm

and the Silver-Meal heuristic, also gave an inspiration to develop our proposed

heuristic. Then we analyse the uncertainty strategies introduced by [BT88] .

Finally, we examine the ordering policies relevant to the work in this disserta-

tion.

The study of the dynamic lot-sizing problem began with the work of [WW58],

who introduced the Wagner-Whitin algorithm. This algorithm uses a dynamic

programming approach to calculate the optimal cost for ordering and holding

inventory over time. Since then, dynamic lot-sizing has been a well-studied

topic. Most of the early work focuses on the deterministic demand case. For in-

stance, the Silver-Meal heuristic, developed by [Sil73], determines the produc-

tion or order quantities to minimise the average cost per period. [DBGVW84,

PVW92, KSVW94, DK97] provide comprehensive early lot-sizing literature re-

views.

As we mentioned earlier in this dissertation, we study non-stationary stochastic

demand cases. Therefore, we mainly focus on the stochastic lot-sizing prob-

lem. The newsvendor problem in Edgeworth [Edg88] is the simplest example

of the single-item stochastic lot-sizing problem, e.g., calculating the optimal

order/production quantity of a single item over a single period planning hori-

zon. However, studies considering stochastic demand became widely studied

much later. For instance, Silver [Sil78] and Askin [Ask81] proposed heuristic

procedures for stochastic lot-sizing problems. Moreover, [Ask81] formulated

a method for calculating the critical fractile in multi-period newsvendor prob-

lems, in order to provide a way to balance ordering decisions under uncertainty.

In the literature, various strategies have been proposed to deal with the uncer-

tainty. The static-dynamic strategy works in two steps: first, the ordering peri-

ods are determined before the start of the planning horizon (static uncertainty

stage), and then the order quantities are calculated dynamically as demand is

realised over time (dynamic uncertainty stage). Bookbinder and Tan [BT88]

introduced the static, dynamic, and static-dynamic uncertainty strategies for

single-item, single-location, finite-horizon stochastic lot-sizing problems. They

consider fixed setup costs, unit ordering costs, holding costs, and service level
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constraints. However, the unit ordering cost is not explicitly considered in these

strategies.

Tarim and Kingsman [TK04] re-formulated the static-dynamic strategy intro-

duced by [BT88] as a mixed integer linear programming (MILP) model and

using the (R, S) ordering policy. This re-formulation allows to determine both

optimal ordering periods and order quantities. Their model also incorporates

unit ordering costs and simplifies these costs into a function of the order-up-to

level for the last period oft the planning horizon. This advancement made the

strategy more practical and comprehensive.

Similarly, [Var09] examined non-stationary stochastic inventory systems and

modeled them as shortest-path network problems. They extended the Wagner-

Whitin algorithm to handle stochastic demand, adapting it to identify the short-

est path while incorporating uncertainty into the ordering decisions. Both ap-

proaches highlight how advancements in modeling and algorithm design have

improved the practical applicability and computational efficiency of lot-sizing

solutions.

Some studies extended [TK04]’s approach to deal with additional complexities,

such as varying service levels, non-zero lead times, and capacity constraints

(e.g., [RTHP10, RTHP11, RTB12, TKTE11]). For instance, [RTHP11] developed

a deterministic-equivalent DP method for the (R, S) policy under non-stationary

stochastic demand. They reformulated the problem as a shortest-path model

to reduce the computational complexity by minimising the state space. Their

approach included an algorithm to filter out unnecessary paths and adjust the

graph to handle infeasible cases such as negative order quantities.

Single-Period Newsvendor Problem: The origins of the newsvendor problem

traces back to Edgeworth [Edg88]. This is the simplest stochastic inventory

problem in the literature. In the newsvendor problem, the aim is to find the

optimal order quantity in a single-period inventory model with a stochastic de-

mand following a known cumulative distribution function F . Order must be

placed before demand is realised and at the beginning of the period, and there

are unit purchasing cost c, selling price r, and salvage value s. Based on these

parameters, the overage cost o and the underage cost u are defined as c− s and

r − c, respectively. Then the optimal order quantity is

Q∗ = F−1
(

u

o+ u

)
.
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.

Multi-Period Newsvendor Problem: The multi-period newsvendor problem

is a generalisation of the single-period classical newsvendor problem for a T -

period inventory model, T > 1. The aim is to find the optimal order quantity

that minimises the total cost over T periods. Using the definitions and the for-

mulations in the single-period newsvendor problem, the optimal order quantity

is calculated by
T∑

t=1
F1,...,t = Tu

o+ u
,

where F1,...,t is the CDF of the total demand d1 + d2 + ...+ dT over T periods.

The multi-period newsvendor problem forms a basis to develop a procedure to

find the optimal order quantities in the penalty cost version of our proposed

heuristic for perishable inventory systems, discussed in detail in Chapter 4. In

this chapter, we provide analytical expressions for the multi-period newsvendor

problem for the perishable inventory case.

Key Lot-Sizing Algorithms and Heuristics

We hereby describe two of the most well-known algorithms and heuristics in the

lot-sizing literature: The Wagner-Whitin algorithm and the Silver-Meal heuris-

tic.

Wagner-Whitin Algorithm: The Wagner-Whitin algorithm, also known as the

dynamic lot-size model and introduced by [WW58], is a DP-based approach de-

signed for deterministic lot-sizing problems. Its adaptability to stochastic set-

tings makes it an important foundational method. The algorithm works by it-

eratively calculating the optimal solutions for increasingly larger planning hori-

zons. The Wagner-Whitin algorithm determines the optimal production sched-

ule that minimises total cost which consist of fixed setup and holding costs,

while meeting customer demand over a finite planning horizon. Despite its

computational efficiency for smaller problems, it might become less practical

for larger, stochastic instances due to the exponentially growing complexity.

The dynamic lot-sizing problem addressed by [WW58] assumes the following:

• Finite planning horizon: The algorithm operates over a fixed and finite

number of periods as discrete time intervals.

• Known demand: The customer demand in each period is assumed to be

deterministic and known.
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• No backorders: All demand must be met and no stockouts are allowed.

• Cost structure: There is a fixed setup cost per order or production, and a

linear inventory holding cost per item.

The functional equation that follows the same notation as in [WW58] that rep-

resents the minimal cost policy is given in the following:

ft(I) = min
xt≥0,It+xt≥dt

[it−1It + 1(xt)st + ft+1(I + xt − dt)]

where st is the fixed setup cost, it is the unit holding cost, xt is the order quan-

tity, the beginning inventory

It = I0 +
t−1∑
j=1

xj −
t−1∑
j=1

dj ≥ 0,

and

1(xt) =

1, if xt > 0

0, if xt = 0.

Let us assume a 2-period planning horizon. At the end of Period 1, there is

only one decision: placing an order at the beginning of Period 1 that covers

1-period demand. At the end of Period 2, there are two possible decisions:

placing an order at the beginning of Period 1 that covers Periods 1 and 2, or

placing separate orders that cover one period at the beginning of each period.

At the end of each period, the previous decision schedule is updated recursively,

in order to minimise the total cost.

Algorithm 1 describes the pseudocode of the Wagner-Whitin algorithm. It eval-

uates all the possible scenarios and calculates the optimal schedule up to Period

t, then updates the optimal schedule at the end of each recursion, in order to

find the optimal schedule and order/production quantities that minimise the

total cost for the entire planning horizon.

Silver-Meal Heuristic: The Silver-Meal heuristic, introduced by [Sil73], offers

a simple, straightforward, and computationally efficient approach to the lot-

sizing problem by focusing on minimising the average cost per period, instead

of finding an optimal solution. While it was initially developed for deterministic

cases, it can be extended to stochastic cases. The heuristic proposed by [Sil73]

assumes the same conditions as the Wagner-Whitin algorithm:
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Algorithm 1 The Wagner-Whitin Pseudocode
1: C[0, ..., T ]← 0
2: P [1, ..., T ]← 0
3: for t = 1 to T do
4: C[t]←∞
5: for j = 1 to t do
6: setup← at

7: holding ← 0
8: for k = j to t do
9: holding ← holding + h[k]∑k

i=j di

10: TC = C[j − 1] + setup+ holding
11: if TC < C[t] then
12: C[t] = TC
13: P [t] = j

In an T period planning horizon, the average cost is calculated as follows. Let

AC(t) = a+ hQ2 + 2hQ3 + ...+ (t− 1)Qt

t

be the average cost per period function that spans t ≤ T periods, a and h are

the fixed setup and unit holding costs, respectively. Moreover, Qt is the required

order/production quantity to satisfy the demand in Period t.

• t = 1 :
AC(1) = a

• t = 2 :
AC(2) = a+ hQ2

2

• t = 3 :
AC(3) = a+ hQ2 + 2hQ3

3

• t = i :
AC(i) = a+ hQ2 + 2hQ3 + ...+ (i− 1)Qi

i

• t = T :
AC(T ) = a+ hQ2 + 2hQ3 + ...+ (T − 1)QT

T

Based on the t value with the minimum AC(.), the heuristic determines the

number of periods that are covered by the next order/production batch.

Let us assume a 5-period planning horizon and AC(2) > AC(3) > AC(1).
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Then we place an order that covers Periods 1 and 2, Q1 + Q2. Next, we start

the heuristic from Period 3 and select an order quantity that cover Period 3, 3

and 4, or between 3-5. Assume the average cost between Periods 3 and 5 is

minimum. So, we order Q3 +Q4 +Q5 items.

Algorithm 2 describes the pseudocode of the Silver-Meal heuristic. It evaluates

all the possible replenishment cycles, calculates the average cost per Period t,

and determines the next cycle based on the minimum average cost per period.

This procedure is repeated until the end of the planning horizon.

Algorithm 2 The Silver-Meal Pseudocode

1: Input: Demand dt for t = 1, 2, . . . , T , setup cost a, unit holding cost h
2: Output: Lot sizes for each period
3: t← 1
4: while t ≤ T do
5: k ← 1
6: TotalCost← 0
7: AvgCost← 0
8: CurrentLot← dt

9: while AvgCost ≤
S + h ·∑k

j=1(j − 1) · dt+j−1

k
and t+ k − 1 ≤ T do

10: CurrentLot← CurrentLot+ dt+k

11: TotalCost← S + h ·∑k
j=1(j − 1) · dt+j−1

12: AvgCost← TotalCost

k
13: k ← k + 1
14: t← t+ k − 1

Stochastic Lot-Sizing Problem

We hereby provide the formulation of the lot-sizing problem below: It can be

either formulated by assuming there is a penalty cost or there is a service level

requirement. We consider a minimal α-service level requirement in the formu-

lation below:

minTC =
T∑

t=1

(
1(Qt) + hmax(0, It)

)
(2.1)

subject to

1(Qt) =

a+ cQt, if Qt > 0

0, otherwise
t = 1, 2, ..., T. (2.2)

It = I0 +
t∑

i=1
(Qt − dt), t = 1, 2, ..., T. (2.3)
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Qt, It, dt ≥ 0, t = 1, 2, ..., T. (2.4)

≥ 0, t = 1, 2, ..., T. (2.5)

≥ 0, t = 1, 2, ..., T. (2.6)

whereQt is the order quantity and It is the ending inventory level, , respectively,

h is the unit holding cost, a is the fixed setup cost, and c is the unit ordering cost.

dt is the demand realisation in Period t with known density function ft(dt) and

the density functions may vary across periods as a result of the non-stationary

demand pattern. Equation 2.1 is the objective function. In Equation 2.2, the or-

dering cost function is given. Equation 2.3 gives the inventory balance equation

which denotes the ending inventory levels for each Period t with respect to the

order quantities and customer demand. 2.4, 2.5, and 2.6 are the non-negativity

constraints of the order quantity, ending inventory, and customer demand for

each Period t, respectively.

In the stochastic lot-sizing problem, the objective function becomes

minE {TC} =
∫

dT

...
∫

d1

T∑
t=1

(
1(Qt) + hIt

)
f1(d1)...fT (dT )dd1...ddt (2.7)

For the penalty cost case of the deterministic and the stochastic models, we

add a penalty cost component pmax(0,−It) to the objective functions 2.1 and

2.7, respectively, and relax 2.3. For the α-service level case of the stochastic

lot-sizing problem, we add the α-service level constraint given below:

P {It ≥ 0} ≥ α, t = 1, 2, ..., T. (2.8)

The deterministic-equivalent version of the stochastic lot-sizing model is given

in the following:

minE(TC) =
∫

dT

...
∫

d1

T∑
t=1

(
aδ(t) + cQt + hE(It)

)
f1(d1)...fT (dT )dd1...ddt (2.9)

subject to

δ(t) =

1a+ cQt, if Qt > 0

0, otherwise
t = 1, 2, ..., T. (2.10)

E(It) = I0 +
t∑

i=1
Qt −

t∑
i=1

E(dt), t = 1, 2, ..., T. (2.11)
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Qt ≥ F−1
D(t)(α)− I0, t = 1, 2, ..., T. (2.12)

t∑
i=1

Qt,E(It) ≥ 0, t = 1, 2, ..., T. (2.13)

where F−1
dt

is the inverse cumulative distribution function of demand in Period

dt and F−1
D(t) = F−1

d1+d2+...+dt
(.) is the inverse cumulative probability distribution

function of d1 + d2 + ... + dt. Note that Equation 2.12 is binding for t = T at

optimality. Therefore, the unit holding cost component of the objective function

2.9 is constant and c has no effect on calculating the optimal parameters.

Bookbinder and Tan’s Uncertainty Strategies

In inventory control, dealing with uncertainty is a challenging issue. In or-

der to manage uncertainty situations, Bookbinder and Tan [BT88] introduced

a framework for dealing with uncertainty in lot-sizing in three strategies: The

static, static-dynamic, and dynamic uncertainty. These strategies guide decision

making for the timing and flexibility of information updates (e.g., order place-

ment) during the planning process and horizon.

Static Uncertainty: The static uncertainty strategy involves determining both

the order quantities and the timing of orders at the beginning of the planning

horizon. This approach assumes that initial forecasts is sufficient to represent

future demand uncertainties. It lacks flexibility and may produce results far

from optimality in case of high deviations from the expectations. The static

uncertainty strategy is often used when the variance is low and computational

simplicity is prioritised, such as in cases when considerable preparation time is

needed to place an order. In 2025, determining that 100 items will be produced

in January, April, and August 2026 is an example for the static uncertainty.

Dynamic Uncertainty: The dynamic uncertainty strategy allows to make chan-

ges and modifications on both the timing and the quantity of orders based on

updated information. For instance, the dynamic uncertainty strategy has ad-

vantages in pharmaceutical supply chains since vaccine and drug demand is

highly uncertain and might spike suddenly. However, the enhanced flexibility

has several drawbacks in terms of cost and computational requirements. The

approaches based on the dynamic uncertainty strategy tend to be computa-

tionally intensive and require advanced modeling and coding techniques. This

strategy fits the most for highly uncertain environments where demand pat-
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terns subject to have large variations and the forecast accuracy improves over

time. The dynamic uncertainty strategy works as in the following example: Let

us assume in January 2026, the annual ordering schedule is determined to be

January, April, and August and the quantity will be based on the observations

such that they meet a certain order-up-to level. In March 2026, the demand and

inventory observations show that the schedule must be updated and an order

placement should be made in March 2026.

Static-Dynamic Uncertainty: In contrast to the static uncertainty strategy, the

static-dynamic uncertainty strategy determines the timing of order placements

before the beginning of the planning horizon, but allows order quantities to be

flexible and determined based on new observations and information. It bal-

ances the stability of the static uncertainty with the flexibility of the dynamic

uncertainty. It is the most effective strategy for cases in which timing constraints

are critical, but flexibility is necessary when dealing with demand variability.

This approach may reduce costs significantly compared to purely static methods

while maintaining manageable computational complexity. Moreover, it lacks

costs that arise due to new setups and decisions in the dynamic uncertainty

strategy. For instance, the static-dynamic uncertainty strategy is advantageous

for coordinating the order quantities of related items in material requirement

planning. For instance, it might be necessary to fill a container in order to re-

duce the unit shipping cost when ordering from overseas. In 2025, determining

that items will be produced in January, April, and August 2026, but the produc-

tion quantities are determined during the production months and based on the

observations such that they meet a certain order-up-to level, is an example for

the static-dynamic uncertainty.

In this dissertation, we focus on the static-dynamic strategy of [BT88], in order

to preserve the computational simplicity and speed while aiming to develop a

cost-efficient approach suitable for most real-life cases by making a trade-off

from the full flexibility of the dynamic uncertainty.

Ordering Policies for Stochastic Inventory Control

In this section, we discuss the ordering policies for stochastic inventory control

relevant to our study, based on [Ros21] and [MRA19].

Base-Stock Policy: We consider the setting in the multi-period newsvendor

problem, and relax the single-order assumption. The aim is to control inventory

of a single item type over a T -period planning horizon that comprises In the
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Figure 2.2: The expected inventory level under the base-stock policy

base-stock policy, if the inventory level It drops below a certain threshold S

at the beginning of Period t, the decision maker places an order Q = S − I.

When an order placement is made, the inventory level is raised to S. S is

called the order-up-to level. The optimal policy determines the S∗ value which

minimises the total expected cost. The cost structure consists of a unit holding

and penalty cost h and p, respectively. The base-stock policy adopts the dynamic

uncertainty strategy since the timing and the amount of orders are decided at

the beginning of each period, depending on the observed inventory level and

the realised demand. In case of non-stationary demand, the order-up-to levels

for each Period t, St, may vary depending of the demand distribution in Period

t. Figure 2.2 illustrates an example for the base-stock policy.

(s, S) Policy: Similar to the base-stock policy, the inventory system is reviewed

at the beginning of each period. If the inventory level drops below a certain

threshold s, which is called the re-order point, the decision maker places an

order that satisfies the order-up-to level S, that is S − I. The cost structure

consists of a unit holding and penalty cost h and p, respectively, and a fixed

setup cost K. The optimal parameters s∗ and S∗ minimise the total expected

cost. In case of non-stationary demand, re-order points and order-up-to levels

subject to change depending on the demand distribution in each Period t. In

these cases, the (s, S) policy is referred to as the (st, St) policy which aims to

find the optimal st and St values for each period. Scarf [SAKS60] proved the

optimality of the (s, S) policy. However, computing the optimal s and S param-
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Figure 2.3: The expected inventory level under the (s, S) policy

eters is computationally challenging. In order to overcome these challenges,

several studies such as Xiang et al. [XRMBT18] developed a mixed integer lin-

ear programming approach to compute the near-optimal s and S parameters.

Another disadvantage of this policy is the variability in order quantity. Figure

2.3 which is taken from Visentin [Vis20] illustrates an example for the (s, S)
policy .

For the minimum service level case, there is no study to our knowledge that

proves the optimality of the (s, S) policy.

(R,Q) Policy: The (R,Q) policy aims to find the optimal replenishment Periods

R and the order quantities Q before the start of the planning horizon. It works

under the static uncertainty strategy of [BT88] and allows no flexibility on the

decisions based on the demand observed over time. Therefore, the observed

demand has no effect on decision making. In case of non-stationary demand,

the R and Q parameters can vary over time. The variation of the (R,Q) policy

for this case is referred to as the (Rt, Qt) policy. For most real life situations, the

lack of flexibility makes the (R,Q) policy less cost-efficient. However, for the

environments with a low degree of flexibility, e.g. when considerable prepa-

ration time is needed to place an order, this strategy might be beneficial and

advantageous. It provides a stable production environment and allows better

price negotiations with suppliers. Figure 2.4, taken from [Vis20], illustrates an

example for the (R,Q) policy.
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Figure 2.4: The expected inventory level under the (R,Q) policy

(R, S) Policy: The (R, S) policy works under the static-dynamic uncertainty

strategy and allows some degree of flexibility on the decisions such that re-

plenishment periods are pre-determined and cannot change, however ordering

decisions are made based on the demand observations over time. This pol-

icy uses the order-up-to-level model. Therefore, in each replenishment Period

R, the order quantity is determined to meet the order-up-to level S, such that

Q = S − I. In case of non-stationary demand, the (R, S) policy is referred to

as the (Rt, St) policy. The (R, S) policy deals with uncertainty in a better way

compared to the static (R,Q) policy, since it enables flexible ordering decisions.

Figure 2.5 illustrates an example for the (R, S) policy [Vis20].

Bookbinder and Tan [BT88] proposed the first algorithm to compute (R, S)
parameters. Tarim and Kingsman [TK04] developed a mixed integer program-

ming formulation for this problem.

In our study, we employ the (R, S) policy to an IRP model for cold food supply

chains with environmental concerns and compare the results with the (R,Q)
model developed by Soysal et al. [SBRHVDV15].

(R, s, S) Policy: The (R, s, S) policy is the combination of the (R, S) and (s, S)
policies. In the (R, s, S) models, inventory reviews and replenishment decisions

are made in pre-determined replenishment periods. At the beginning of a re-

plenishment period, if the inventory level is below the re-order point s, an order

placement is made to fulfill the order-up-to level S. In case of non-stationary
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Figure 2.5: The expected inventory level under the (R, S) policy

demand, the (R, s, S) policy is referred to as the (Rt, st, St) policy.

The (s, S) and (R, S) policies are the special cases for the (R, s, S) policy. If the

inventory is reviewed at the beginning of each period, it reduces to the (s, S)
policy, particularly in cases when inventory review costs are zero. When s =
S − 1, the policy reduces to the (R, S) policy, and there is an order in all review

periods, see Visentin et al. [VPRT21]. This is particularly valid in cases under

the assumption that the inventory levels very rarely exceed S. Computationally,

determining the parameters of this policy requires greater effort than the other

inventory control policies, see [Vis20].

2.1.3 Perishability in Inventory Control

In contrast to the classic inventory models which assume items stay in the in-

ventory until being subject to customer demand, perishable inventory control

deals with the items that could expire. Replenishment policies for perishable in-

ventory systems differ from that of non-perishable inventory models such that

they must take the amount of estimated waste, the product lifetime and the

number of perishable items of a specific age into account in order to minimise

the total cost, waste, etc. Moreover, various issuing policies need to be taken

into account to determine which items should be used first, with respect to the

age or remaining lifetime.

In the following, we discuss the fundamental perishability terms in an extensive
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Figure 2.6: The expected inventory level under the (R, s, S) policy

way: We first discuss perishable goods and the classification of perishable goods

and issuing policies. Then, we provide a literature review on perishability in

inventory control.

Perishable Goods

Perishable goods are items or products subject to perishability. In the liter-

ature, the terms deteriorating goods, items, or products are also commonly

used. Dairy products, meat products, fruits and vegetables, blood products,

medical drugs, etc., are well-known real-life perishable products and items that

are widely studied in the literature, see Karaeşmen et al. [KSWD11]. In the

following, we introduce several properties related to perishable goods:

Lifetime: The amount of total time that an item is held in the inventory until it

becomes expired. Lifetime can be fixed or variable, deterministic or stochastic.

In the literature, lifetime is also commonly referred to as shelf life.

Age: The amount of time passed since an item entered the inventory. It is also

defined by the remaining lifetime in some studies in the literature. Lifetime is

the maximum possible age of an item.

Outdating: If an item stays in the inventory until the end of its lifetime, it

becomes unavailable for usage. This process is called outdating, expiration, or

perishing.
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Waste: Waste is the outdated item which needs to be discarded. In the liter-

ature, waste is also referred to as outdated, expired, deteriorated, or perished

item.

In the literature, there are several different classifications for perishable goods:

Shelf life uncertainty: Nahmias [Nah82] classifies perishable goods into two

different categories; based on having fixed or uncertain shelf lives.

Outdating type: According to Goyal and Giri [GG01], inventory goods can

be divided into three categories based on obsolescence, deterioration, or no

obsolescence/deterioration.

Decay type: Perishable goods are categorised based on having a fixed shelf life

or continuous decay [Raa91].

Issuing Policies

Issuing policies are applied to determine which items should be used first to

satisfy customer demand, based on their age. We hereby introduce and discuss

the most commonly used issuing policies:

FIFO: The FIFO (first-in, first-out) issuing policy considers the oldest items first

when meeting customer demand. Newer items are used if and only if there is

no older item.

Let us assume the lifetime of all items is fixed and M in a perishable inventory

model, the age of a new item is 0, and an item becomes outdated when its age

reaches M . The items with Age m < M cannot be used until the inventory level

for all Ages b, m− 1 ≤ b ≤M , are zero.

LIFO: In contrast to the FIFO issuing policy, LIFO (last-in, first-out) gives pri-

ority to the newest items while meeting customer demand. The items of Age

m > M are not allowed to be used before the inventory level for all Ages b,

0 ≤ b ≤ m− 1, are zero.

Other issuing policies: Other than FIFO and LIFO, notable less commonly

used issuing policies can be listed as FEFO (first-expired, first-out), LSFO (least-

shelf-life, first-out), and LEFO (last-expired, first-out), [Nah11], [ÖRSVdH15],

[MCS+20].

Most papers in the single-item perishable inventory literature study the FIFO

or LIFO issuing policies, and the other issuing policies have received little at-
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tention. Mendes et al. [MCS+20] compare FIFO, FEFO, and LSFO policies and

discusses their advantages to each other. Sazvar er al. [SMAehGB16] study a

multi-product perishable inventory model with the FEFO issuing policy. More-

over, Önal et al. [ÖRSVdH15] study the economic lot sizing problem with per-

ishable items for the FIFO, LIFO, FEFO, and LEFO issuing policies. Another

paper in the perishability literature that study the FEFO policy is La Scalia et al.

[LSMMT19].

Expected Waste Calculation

In perishable inventory systems, there is no explicit formula of the expected

waste and the calculation of the exact expected waste is extremely difficult,

[Nah75], and to our knowledge no other attempts to formulate it in the litera-

ture. This is one of the major challenges in the perishable inventory problem.

In order to deal with this challenge, several waste estimation procedures and

heuristics were developed in previous studies. Broekmeulen and Donselaar’s

[BVD09] EWA policy is one of the well-known heuristics which aim to estimate

the expected outdating. We will discuss the EWA policy in Section 4.4.2 in more

detail.

Inventory State in Fixed Lifetime Perishable Inventory Systems

In perishable inventory systems with a fixed lifetime of M > 1 periods, inven-

tory state is denoted by an M -dimensional state vector

x = {xM−1, xM−2, ..., xm, ..., x1}

in which xm represents the amount of items with a remaining lifetime of m

periods for all m = 1, ...,M − 1, [Nah82], and t represents the current pe-

riod. Alternatively, the state vector may consist of the elements representing

the amount of items of each age, similar to that of [PWHHvdV14], e.g., Im,t

represents the amount of items of Age m in Period t. Since the items in the

last period of their lifetime do not affect future decisions and they will be waste

soon if they are not used, they are not included in the state vector. Therefore,

the inventory state vector consists of M − 1 elements for the inventory levels.
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Literature Review on Perishability

Stationary Demand: Inventory systems with perishable goods have been stud-

ied in the literature since early 1960s, pioneered by [Vei60], [Bul64], and

[VZ64]. According to [AK58], if the lifetime is exactly one period the prob-

lem reduces to a sequence of newsvendor problems. Veinott [Vei60] considers

perishable inventory models with a single product, one-period shelf life, and

deterministic demand, then shows that an optimal policy orders an amount

equal to demand for the FIFO issuing policy and the when the lifetime is non-

increasing. Bulinskaya [Bul64] considers an inventory model in which the items

perish immediately with a probability of p and after 1 period with a probability

of 1 − p. Van Zyl [VZ64] derives the DP functional equations describing the

optimal policy for a perishable inventory system with a product lifetime of 2

periods. Nahmias and Pierskalla [NP73] assume full backlogging of unsatis-

fied demand, then generalise Van Zyl’s findings, derive the single-period and

multi-period cost functions, and formulate the optimal policy for the lifetime

M = 2 case. Nahmias [Nah75] and Fries [Fri75] independently and simulta-

neously extend [NP73]’s work into the M -period lifetime problem, derive the

single-period and multi-period cost functions, and analyse the structure of the

optimal policy for the fixed lifetime of M ≥ 2 periods. While [Fri75] assumes

lost sales and per unit per period shortage cost, [Nah75] considers per unit per

period shortage costs and full backlogging of unmet demand. [Nah78] extends

the previous studies by including a fixed setup cost into perishability for the

first time in the literature. Nahmias [Nah78] shows that the (s, S) policy is

the optimal policy for the one-period problem when the lifetime is 2 periods.

However, the optimal policy structure becomes too complicated for the general

M -period lifetime and one-period problem and the fact that the costs except

the fixed setup cost is not convex, [NP76], makes the application of the K-

convexity in Scarf [SAKS60] quite difficult. Even though they do not prove the

structure of optimal policy in this paper they provide an (s, S) approximation

for the multi-period problem and shows it is possible that the optimal policy

for the multi-period problem may have the same structure as the (s, S) policy.

To our knowledge, there is no paper in the literature that proves the optimal

policy for the multi-period problem studied in [Nah78]. Recently, Zhang et al.

[ZSC16] propose several approximation algorithms to the perishable inventory

problem with setup costs.

Review Papers: A comprehensive review, summary, and classification about
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the earliest literature can be found in [Nah82]. [GG01, BRT12] classify the

perishable inventory literature in since 1990 and 2001, respectively. [Nah11,

KSWD11] conduct extensive literature reviews about perishable inventory sys-

tems. [Raa91, PV14, JCS16, CKR18] are notable studies that review the per-

ishability literature. All these reviews consider papers with stationary stochastic

or deterministic demand, finite or infinite horizon, periodic or continuous re-

view, single-echelon or multi-echelon, single-product or multi-product, fixed or

stochastic lifetime, setup cost or no setup cost, fixed or stochastic lead time or

no lead time, shortage or lost sales, and pricing in perishable inventory systems.

According to Raafat [Raa91], perishable inventory models can be classified in

terms of the following aspects:

• Single item or multiple items.

• Deterministic or stochastic demand.

• Stationary or non-stationary demand.

• Single period or multiple periods.

• Purchase or production models.

• Quantity discount or without quantity discount.

• Shortage or no shortage.

• Constant or changing deterioration rate.

Goyal and Giri [GG01] classify perishable inventory models based on the prop-

erties of the lifetime, given in the following:

• Fixed lifetime.

• Random lifetime.

• Proportional decay in terms of utility or physical quantity.

Moreover, Bakker et al. [BRT12] give two different classification schemes based

on deterioration and demand:

• Deterioration type:

1. Fixed lifetime

2. Age dependent deterioration rate

3. Time or inventory (but not age) dependent deterioration rate.
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• Demand type:

1. Uniform demand, e.g. demand is a constant, fixed number of items.

2. Stock-dependent demand.

3. Time-varying demand.

4. Price-dependent demand.

Perishable Inventory Systems with Non-Stationary Demand: Perishable in-

ventory systems with non-stationary demand have received little attention and

all the papers studying non-stationary stochastic demand were published in re-

cent years. Haijema et al. [HvdWvD07] study a single-item, single-location,

discrete-time, periodic review blood platelet inventory with linear production,

holding, and shortage costs, and consider a weekly cyclic demand pattern, e.g.,

demand distributions over 7 days of a week but stationary across weeks. They

propose a combined Markov decision process (MDP) and simulation approach.

Haijema et al. [HvDvdWS09] extend this study into the non-stationary stochas-

tic demand. Broekmeulen and Donselaar [BVD09] develop a heuristic for the

perishable inventory problem with weekly cyclic demand, fixed review inver-

vals, batch orders, and a fixed positive lead time. They also develop a waste

estimation procedure called EWA. Haijema et al. [Hai13] deals with an ex-

tension of the problem in [HvdWvD07], includes a fixed setup cost, considers

both the FIFO and LIFO issuing policies, and proposes a weekday-dependent

(st, St, qt, Qt) ordering policy. Minner and Transchel [MT10] consider non-

stationary stochastic demand, weekly demand pattern, FIFO and LIFO issuing

policies, deterministic lead time, multiple service levels varying within a period,

and no fixed setup cost.

Hendrix et al. [HHRPW12] study a finite horizon, single-item, single-location,

discrete-time, periodic review perishable inventory system with non-stationary

stochastic demand, a fixed setup cost and variable ordering, holding, outdating

costs, a fixed lifetime, zero lead time, and a service level requirement. They

formulate the problem as an SP model and propose an SDP approach. They

show that the SDP model does not necessarily generate the optimal parameters

for the service level version of the problem. Rossi [Ros13] works on the same

problem, applies the CP model in Rossi et al. [RTHP10], and compare the per-

formance of model with a brute-force approach. Both formulations are under

the static-dynamic uncertainty of [BT88]. Pauls-Worm et al. [PWHHvdV14] ex-

tend [TK04]’s work and incorporate their MILP formulation in the perishability
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problem with an α-service level constraint. Since the model finds a solution

based on the deterministic-equivalent inventory compositions which consist of

the amount of items of each age, it has several issues with fulfilling the ser-

vice level requirement in most instances due to the incompatibility with the

deterministic-equivalent and the actual inventory composition values. In order

to fix this issue, Hendrix et al. [HPWR+15] propose an MINLP approach based

on the smoothed Monte Carlo method. Pauls-Worm et al. [PWHAH16] develop

an MILP formulation for a different version of this problem. They consider

long lead times, lost sales, and a fill-rate constraint. Gutierrez-Alcoba et al.

[GAHG+15] formulate an MINLP approximation to the lost sales and β-service

level version of the problem. Gutierrez-Alcoba et al. [GARMBH17] extend the

work and the discussion in [Ros13]. They include penalty cost instead of the

service level constraint and introduce two new heuristics that extend Silver’s

heuristic, which are the analytical approximation and the Monte Carlo simula-

tion optimisation approaches.

Table 2.1 compares and summarises the perishable inventory literature with

non-stationary demand.

Other Approaches in Perishability: In recent literature, machine learning ap-

proaches have gained attention in perishable inventory management under un-

certainty. While traditional optimisation methods rely on explicit modelling

and tractable formulations, machine learning techniques such as deep rein-

forcement learning allow learning effective inventory policies without requiring

full problem specification. Prestwich [Pre24] which employs machine learning

techniques to solve complex optimisation problems. De Moor et al. [DMGB22]

address the instability of deep reinforcement learning in perishable inventory

problems and improve performance through reward shaping. Selukar et al.

[SJK22] study multi-item perishable inventory systems and use deep reinforce-

ment learning to minimise waste and cost in a sustainable supply chain set-

ting. Nomura et al. [NLN23] propose a method based on deep reinforcement

learning in order to optimise ordering policies with fixed product lifetimes and

uncertain demand. Yavuz and Kaya [YK24] apply deep reinforcement learning

to joint pricing and inventory control of perishable products under stochastic

demand. Onyeaka et al. [OAM+25] develop an AI-based approach to minimise

food waste and spoilage. These studies show that learning-based approaches

are increasingly used as scalable alternatives to traditional optimisation in per-

ishable inventory management.
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The Literature Gap and Our Contribution to Perishable Inventory Manage-

ment

Our study aims to address the gap in the perishable inventory problem with

non-stationary demand and proposes a novel solution method inspired by and

employing the well-known approaches in the literature, such as the shortest

path, the Wagner-Whitin algorithm, and the Silver-Meal heuristic. We consider

both the penalty cost and the α-service level cases in this dissertation. Our

study differs from that of Gutierrez-Alcoba et al. [GARMBH17] in the follow-

ing ways: they do not employ the static-dynamic strategy, do not generate a

pre-determined replenishment plan, and propose two heuristics based on us-

ing the observed inventory state at the beginning of a replenishment period

and determining the next replenishment cycle with the lowest average cost. In

our approach, we develop a pre-determined replenishment plan based on the

static-dynamic uncertainty of Bookbinder and Tan [BT88], formulate the prob-

lem as a network model and find the near-optimal path which represents the

near-optimal replenishment plan.

2.1.4 Cold Food Supply Chains

Cold food supply chains (CFSCs) are special supply chain systems designed to

transport food products which are subject to losing their quality due to tem-

perature. Fruits, vegetables, dairy, meat, and seafood are several examples of

these kind of food products. In order to preserve their quality as food and for

safety, they should be kept within specific temperature ranges, depending on the

food type, during production, storage, transportation, and distribution stages.

Several main concerns in the area of CFSCs can be listed as energy consump-

tion, sustainability, waste, environmental factors, and technology issues. Due to

transportation and refrigeration activities, CFSCs require plenty of energy con-

sumption. In order to make energy consumption more efficient and sustainable,

renewable energy sources and energy-efficient refrigeration technologies could

be applied. Moreover, disruptions in CFSCs and refrigeration systems might re-

sult in food spoilage. Dealing with spoiled food and minimising waste due to

spoilage should be taken into account in order to manage a CFSC successfully.

In addition, energy sources used in CFSCs, such as fuel used in transportation

and refrigeration, often tend to have significant impact on the environment,

e.g., greenhouse gas emissions. Reducing CO2 emissions and carbon footprints

can be achieved by using more sustainable and environmental-friendly energy
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resources, building efficient transportation networks and systems, and efficient

and advanced refrigeration techniques, [BSA+20]. Another concern is the vari-

ation of food types which require their own refrigeration settings and must be

kept together with other food types. Table 2.2 summarises the literature review

on CFSCs that we conducted.

Sustainable Cold Food Supply Chain Models

Since preserving the temperature of cold products within the recommended

limits comes at the cost of higher energy consumption and further emission,

most existing literature on CFSCs pays particular attention to sustainability.

James and James [JJ10] studied the impact of CFSCs on global climate change

and discovered that cold storage facilities account for approximately 50% of

carbon emissions in these chains. According to Waltho et al. [WEG19], trans-

portation and storage activities account for more than one-third of the total

emission generated by a CFSC. This prompts an increasing research interest in

the sustainability aspects of CFSCs. Numerous researchers introduced mathe-

matical models for CFSC to incorporate environmental considerations into the

traditional supply chain management models. These models broaden the focus

from merely the business aspects of supply chains to include sustainability is-

sues (Al Theeb et al. [ATSAHA20], Allaoui et al. [AGCB18]).

A review of the relevant literature identifies the parameters to be measured

and lays the groundwork for our work. A variety of metrics have been used to

evaluate carbon emissions, including the energy used by vehicles, distance trav-

elled, and load transferred. Validi et al. [VBB14] developed a multi-objective

green distribution model for a two-layer food supply chain system. Hsiao et

al. [HCC17] focused on the cold chain distribution planning problem for per-

ishable foods. Bottani et al. [BCNT19] investigated the issue of economic and

environmental sustainability evaluation in CFSCs, focusing on reverse logistics.

Babagolzadeh et al. [BSA+20] developed a two-stage stochastic programming

model to investigate the CO2 emissions under uncertain demand. These studies

evaluated carbon emissions only in terms of the quantity of energy that was

used by vehicles. Mallidis et al. [MDV12] developed a multi-objective supply

chain design to minimise cost and CO2 and particulate matters emissions. Pan et

al. [PBF13] proposed a supply network pooling to reduce CO2 emissions. Soysal

et al. [SBRVDV14] presented a model for logistical network problems of perish-

able products under emissions consideration, specifically for beef logistics. Dan-

Computing the Policy Parameters for
Perishable Inventory Management and Cold
Supply Chains Under Stochastic Demand

42 Suheyl Gulecyuz



2. LITERATURE REVIEW AND BACKGROUND 2.1 Inventory Control

loup et al. [DMA+15] developed a model to reduce transportation greenhouse

gas emissions with collaborative distribution. Moheb-Alizadeh and Handfield

[MAH18] developed a multi-objective mixed-integer non-linear programming

(MINLP) model for efficient and sustainable supplier selection and order allo-

cation under stochastic demand. Musavi and Bozorgi-Amiri [MBA17] studied

a multi-objective sustainable hub location-scheduling problem for perishable

CFSC. Hariga et al. [HAaS17] studied the multi-stage cold supply chain prob-

lem under carbon tax regulation. Zhen et al. [ZHW19] proposed a bi-objective

optimisation model is proposed for a closed-loop supply chain network under

demand uncertainty and focused on trade-off between operating costs and CO2

emissions. Li et al. [LSZ19] applied the ant colony optimisation algorithm into

the multi-depot green vehicle routing problem with multiple objectives. These

studies calculated an empty vehicle’s emission in terms of the unit of distance

travelled. Elhedhli and Merrick [EM12] proposed a Langrangian-based heuris-

tic for green supply chain network design to reduce carbon emissions. Galal

and El-Kilany [GEK16] studied sustainable two-echelon agri-food supply chains

with uncertain demand and lead time, and developed a discrete-event simula-

tion model. Ghahremani et al. [GNPN20] studied and proposed a robust op-

timisation model for multi-objective, multi-product, multi-period, closed-loop

green supply chains under uncertain demand and discount. Saif and Elhedhli

[SE16] modeled the cold supply chain design problem as a concave mixed in-

teger program and proposed a simulation based approach. [MDV12], [EM12],

[GEK16], [GNPN20], and [SE16] calculated CO2 emissions according to the

quantity of load transfer. As a result, distance and load units are considered

essential factors in the computation of CO2 emission. Bozorgi et al. [BPN14]

and Bozorgi [Boz16] analysed transportation emissions based on the number of

fully loaded refrigerated trucks that travelled during each period, the average

load, and the distance travelled for transferring various cold products. Similarly,

[MAH18] considered time, distance, and load quantity to be the critical com-

ponents of CO2 emission. This implies that distance and load unit are essential

factors in CO2 emission computations. Stellingwerf et al. [SLC+18] adopted a

broader perspective. They determined the fuel consumption in a CFSC based

on the load weight, road slope, distance travelled, and vehicle speed. The car-

bon emission generated by the chill transport is also addressed in their study

by considering the amount of fuel used to refrigerate the load. They discovered

that including chill transport emission in their calculations resulted in consider-

able route adjustments. [GEK16] also addressed the emission of chill transport
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in their studies, and Fichtinger et al. [FRGB15] studied the emission of chill

inventory management. Chen et al. [CH15] and [SLC+18] were unique in con-

sidering the CO2 emissions resulting from opening vehicle doors and unloading

products. However, recent studies such as Zhang and Chen [ZC14] suggest that

offloading in high-temperature environments significantly impacts CO2 emis-

sion. Recently, in order to enhance resilience and sustainability of food supply

chains, Singh et al. [SRDM23] employ the digital twin technology. Aazami et

al. [ASM21] considers a multi-level supply chain for perishable products and

develop a heuristic. Turan and Ozturkoglu [TO22] develop a conceptual frame-

work for CFSCs. Shi et al. [SLL+22] propose an intelligent green scheduling

system, proposes a multi-objective optimisation model, and an optimisation al-

gorithm for a cold supply chain with deterministic demand, by taking CO2 emis-

sion concerns into account. Moreover, Chen et al. [CWF22] study a CFSC model

with deterministic demand and proposes an optimal replenishment schedule by

considering CO2 emissions.

Cold Food Supply Chain Models and Demand Uncertainty

Uncertainty is an inherent aspect of decision-making in real-world scenarios.

Most supply chain and inventory management research assumes that the de-

mand parameter is known, or the probability distribution is known and static if

the parameter is unknown. [BSA+20] recently proposed a two-stage stochastic

programming model for minimising the economic and environmental impacts

of a temperature-sensitive food supply chain with stationary stochastic input

data. Similarly, [MZA20] developed a multi-objective mixed-integer linear pro-

gramming model and applied several decision trees to analyse stationary un-

certainty. Soysal et al. [SBRHVDV15] presented an optimisation model for

minimising total cost while meeting CO2 emission and service level require-

ments and uncertain stationary demand. They employed the fuel consump-

tion parameters for transportation and refrigeration derived in Barth et al.

[BYS05], Franceschetti et al. [FHVW+13], Demir et al. [DBL12], Stellingw-

erf et al. [SLC+18], Bektas and Laporte [BL11], and Tassou et al. [TDLG09].

[SBRHVDV15] might be the most relevant research regarding the extent and

objectives; thus, uncertain demand is considered stationary, and emissions gen-

erated by cold facilities are neglected. Recently, [KSÇS23] combined refriger-

ation activities with the IRP model and took CO2 emissions generated by re-

frigeration into account. Both [SBRHVDV15] and [KSÇS23] calculated the CO2

emissions using the amount of fuel consumption.
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Demand often has a varying probability distribution in practice, see Graves and

Willems [GW08]. Stationary demand has a static distribution, though this is not

the case with non-stationary demand. Zhang and Chen [ZC14] explain that if

the probability distribution is not steady, demand is non-stationary stochastic.

However, research on non-stationary demand in CFSCs is limited, with most

studies focusing on stationary demand. Considering a stationary demand rather

than a non-stationary parameter significantly increases the costs of a supply

chain Tunc et al. [TKTE11]. Therefore, conducting research on CFSCs with

non-stationary stochastic demand is critical.

The Literature Gap and Our Contribution to Cold Food Supply Chains

The main contributions of our study could be summarised as follows: Firstly, we

propose a mixed-integer programming (MIP) IRP model that enables significant

cost savings for CFSCs, allows flexibility in ordering decisions and solves the

excess buffer stock and higher holding cost issue caused by the pre-determined

order quantities found by the (R,Q) policy. Moreover, we incorporate CO2 emis-

sions caused by various refrigeration activities to the non-perishable version of

the inventory routing problem in Soysal et al. [SBRHVDV15] by employing

the findings of Köseli et al. [KSÇS23] related to refrigeration. In this disser-

tation we simultaneously cover environmental concerns regarding CO2 emis-

sions, refrigeration and transportation activities, and inventory control under

non-stationary stochastic demand and a service level constraint. Our aim is to

fill this gap in the literature.

2.2 Solution Techniques

Various solution techniques and approaches have been developed in order to

enable the formulation and solution of complex problems to maximise opera-

tional efficiency, minimise costs, and enhance overall system performance. This

section examines four main solution approaches and frameworks: Dynamic

Programming (DP) in Section 2.2.1, Mixed Integer Programming (MIP) in Sec-

tion 2.2.2, and the Inventory Routing Problem (IRP) in Section 2.2.3. Each

subsection explores the theoretical background and the specific relevance to

perishable inventory management and cold supply chains with non-stationary

stochastic demand.
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2.2.1 Dynamic Programming

Dynamic programming (DP) is a mathematical optimisation technique used to

solve problems which can be divided into smaller sub-problems. Introduced by

[Bel54, Bel66], DP is particularly effective for multi-stage decision processes.

The working principle of DP is recursively solving these sub-problems which are

part of the larger problem, then combining the solutions of the sub-problems to

address the larger problem. An optimal solution can be constructed by combin-

ing the optimal solutions of its sub-problems. Dynamic programming is often

applied to problems with sequential decision making, in which decisions at one

stage affect subsequent stages.

The Principle of Optimality is the basic principle of dynamic programming, and

it is a prerequisite that must be held in order to apply DP. It is stated by Bellman

as follows:

An optimal policy has the property that whatever the initial state and initial

decision are, the remaining decisions must constitute an optimal policy with

regard to the state resulting from the first decision."

We will explain the key concepts of DP and the relevant aspects with our study.

We then discuss a specific version of dynamic programming which takes uncer-

tainty and stochasticity into consideration.

Key Concepts

Similar to that of [XRT19], we define the key elements of DP algorithms as

follows:

Stage: In DP, decision making takes place at the moments called decision

epochs which can be discrete periods or moments in continuous time. Since

the problem we consider in this dissertation deals with discrete time periods,

we consider each period to be one stage of the DP algorithm.

State: A state represents the system’s current status at each stage and before

any decision is made. It is an indicator a sub-problem of the larger main prob-

lem contains the information for future decision making. It can consist of one

or more state variables, hence there can be multi-dimensional states based on

the number of state variables. In our study, we deal with I × M × T states

since we consider perishable items with M -period fixed lifetime. Moreover, DP

states can have continuous or discrete values. We perform our numerical exper-
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iments on the inventory systems with discrete or discretised demand. However,

the results can be applied to continuous demand cases. An optimal cost of the

set of recursive sub-problems is associated with its initial state. It is repeated

recursively until the whole problem is covered, then the optimal cost of the

problem is obtained. In the perishable inventory system that we study in this

dissertation, each combination of the amount of inventory levels of each age at

the beginning of each period is considered to be one DP state.

Action: Actions are the decisions that are made, given a system state at a de-

cision epoch and selected from a set of all allowable actions. Actions can be

deterministic or stochastic, as well as it can involve one or more decision vari-

ables.

Decision variable: A decision variable represents the choices available to the

decision maker. It can take values based on the actions selected. Transition

function: A transition function describes the evolution of the system from one

state to another, based on the actions taken and the observations. Policy: The

action selection procedure based on the state of each stage.

Perishable inventory control involves the actions of the order timings and quan-

tities at a given stage, taking the number of items of each age and the number

of outdated items into account.

Immediate cost: Immediate cost is immediately incurred to the decision maker

as a result of taking a specific action. It is the function of the state-action

pair. In perishable inventory control with non-stationary stochastic demand, the

immediate cost is comprised of the single-period expected ordering, holding,

penalty (if a penalty is applied for shortages), and outdating costs.

Objective function: This is the function to be maximised or minimised. Also

referred to as functional equation, [Bel54]. It considers the transition function

to the next state given an action and the current state, and evaluates all the pos-

sible actions and chooses the optimal action that minimises or maximises the

objective function. Objective function can be expressed by forward or backward

induction, depending on starting the recursion from the beginning or the end

of the problem. For instance, the objective function of a discrete-time minimi-

sation problem can be written as a Bellman equation with backward induction

which follows the structure given below:

Vt(xt) = min
ut
{Ct(xt, ut) + Vt+1(xt+1)}
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where xt and ut represent the state and the taken action at the beginning of

stAge t, respectively, Ct(.) represents the immediate cost function in stAge t,

Vt(.) represents the objective function in stAge t, and xt+1 is the state in stAge

t+1. It is calculated by the state transition function Φt(xt)xt+1 which transforms

the current state xt into the next state xt+1.

Stochastic Dynamic Programming

Stochastic dynamic programming (SDP) is a type of dynamic programming de-

signed for situations where uncertainty is involved. Unlike regular DP, which

assumes everything is known and predictable, SDP works with problems where

some elements, such as demand or costs, are random and follow a probabil-

ity distribution. This makes SDP useful for solving real-world problems, such

as inventory management or financial planning, where outcomes are not al-

ways certain. In SDP, randomness affects the decisions and their outcomes.

For example, in an inventory system, the demand for products might vary un-

predictably. SDP takes this into account by calculating the expected value of

the total cost or reward, based on the probabilities of these random events.

The goal of SDP is to find the best decision-making rule, called a policy, that

minimises (or maximises) the expected total cost (or reward) over time. This

process uses a recursive equation that includes the probability of different out-

comes. For a given stage, the relationship can be written as:

E{Vt(xt)} = min
ut

E{Ct(xt, ut) + Vt+1(xt+1)}

where E represents the expectation.

This section is inspired by [Put14, Pow07].

SDP in Stochastic Demand

In the context of stochastic inventory management, SDP is a powerful technique

for managing inventory over multiple time periods under uncertain demand. It

models inventory decisions as a sequential decision-making process in which

several elements such as demand are the stochastic elements. For instance, it

can be used to determine replenishment policies that minimise total cost while

meeting customer demand. SDP is particularly useful in complex inventory

systems such as multi-echelon supply chain models and perishable inventory

systems. In case of perishable inventory systems, the perishability of items adds
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additional complexity to the problem, as stock must be consumed or sold before

it expires, necessitating dynamic adjustments to inventory levels, [HHRPW12].

Challenges and Limitations

Despite the fact that DP is a powerful optimisation tool, its application is of-

ten hindered by the curse of dimensionality, where the computational complex-

ity increases exponentially with the number of state and decision variables,

[Pow07]. For instance, as the item lifetime increases the dimensionality in-

creases in perishable inventory systems, [HHRPW12]. Therefore, dynamic pro-

gramming easily becomes computationally infeasible and intractable for larger

lifetimes. Dealing with the curse of dimensionality is one of our primary ratio-

nales to develop the heuristics in this study.

2.2.2 Mixed Integer Programming

We first analyse mixed integer programming (MIP). Then we provide the MIP

approach proposed by [TK04] for the static-dynamic uncertainty strategy of

[BT88], which forms a basis to our study.

Fundamentals of MIP

Based on [Win04], we analyse MIP. An integer programming problem (IP) is

an optimisation problem in which at least one of its variables must be non-

negative integers, which leads not to satisfy the divisibility assumption, such

that the decision variables are allowed to take fractional values. According to

[Win04], IPs are more challenging to solve compared to linear programming

problems (LP) in which all the decision values are allowed to have fractional

values. IPs can be classified according to the requirements that all or some of

its decision variables must be integers. If all the decision variables in an IP

are required to take integer values, it is called pure integer program, as in the

example given below and taken from [Win04]:

max z = 3x1 + 2x2

subject to

x1 + x2 ≤ 6

x1, x2 integer.
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If at least one of the decision variables can take integer values and the others

are allowed to take fractional values, it is called mixed integer program, as given

below:

max z = 3x1 + 2x2

subject to

x1 + x2 ≤ 6

x1 integer.

Mixed integer linear programming (MILP) problems combines linear program-

ming with the constraints which enforce at least one of the decision variables to

be non-negative integers, making it particularly useful to model discrete deci-

sion variables in supply chain management, such as indicating the order place-

ments, replenishment periods, used vehicles, together with continuous decision

variables such as the optimal order quantity.

MILP problems consist of a linear objective function and a set of constraints.

Decision variables in MILP can be classified as continuous (real numbers) or

discrete (non-negative integers). Discrete variables can be defined and used as

follows:

Binary variables: They are used as the indicative variables, such as indicating

whether an action should be/have been taken or not, e.g., opening a new ware-

house, if a particular vehicle is used or not. Integer variables: They are used

to represent the optimal discrete quantities, e.g., the number of vehicles used,

the number of customers visited by a single vehicle.

Tarim and Kingsman’s MILP Formulation

We introduce and discuss the MILP formulation by [TK04] in order to find the

optimal replenishment schedule and the order-up-to levels for the service level

case that minimise the total finite horizon cost. This model operates according

to the (R, S) ordering policy and re-formulates [BT88]’s static dynamic uncer-

tainty strategy.

In the deterministic-equivalent version of the model given in Section 2.1.2,

the order quantity variables Qt are deterministic decision variables, their val-

ues are determined before the start of the planning horizon, and cannot be

modified later. By examining the analogy between the deterministic-equivalent

model and the static uncertainty model and considering the dynamic uncer-
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tainty model which allows to modify the replenishment timings and quantities

later, [BT88] develop a static-dynamic uncertainty formulation which consists

of 2 steps: Determining the replenishment periods using various techniques

such as DP or IP, and determining the order sizes with respect to the pre-

determined schedule and the observations over the planning horizon.

According to [TK04], the Bookbinder and Tan static-dynamic method solves

problems in two independent stages without considering how they interact

each other and does not take the unit ordering cost into account and the unit

ordering cost component is a constant, since the constraint is binding at opti-

mality. The problem needs to be formulated to find the optimal solution under

the static-dynamic uncertainty strategy. This approach determines the timing

and size of orders in order to minimise expected costs while meeting demand

forecasts and meeting the service level requirements. Their model allows the

simultaneous determination of the timing and quantity of the replenishment

orders as a single step. The initial decisions depend on the expected demand

information that can be available over time and how to react to this informa-

tion. Therefore, the replenishment schedule is determined before the planning

horizon starts. The actual order quantities are determined only at the beginning

of the pre-determined replenishment periods and depending on the realised de-

mand.

Based on the motivation discussed above, they develop an MILP formulation in

terms of a new decision variables Rt which represent the order-up-to level in

each Period t. Their formulation is given in the following:

minE(TC) =
T∑

t=1

(
aδt + hE(It) + cE(St)− cE(It−1)

)
(2.14)

subject to

E(It) = E(St)− E(dt), t = 1, 2, ..., T.

E(St) ≥ E(It−1), t = 1, 2, ..., T.

E(St)− E(It−1) ≤Mδt, t = 1, 2, ..., T.

E(It) =
t∑

j=1

(
F−1

dt−j+1+dt−j+2+...+dt
(α)−

t∑
k=t−j+1

E(dk)
)
Ptj, t = 1, 2, ..., T.

t∑
j=1

Ptj = 1, t = 1, 2, ..., T.
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Ptj ≥ δt−j+1 −
t∑

k=t−j+2
δk, t = 1, 2, ..., T, j = 1, ..., t.

E(It) ≥ 0,E(It) ≥ 0, δt, Ptj ∈ 0, 1 t = 1, 2, ..., T, j = 1, ..., t.

The binary integer decision variable Ptj is 1 if the most recent order prior to

Period t was in Period t−j+1, and 0 otherwise. The binary variable δt indicates

if Period t is a replenishment period or not. M is a very large number. It is

the ending inventory level for Period t. Moreover, the unit ordering cost is

denoted by c. Since the unit ordering cost component of 2.14 can be expressed

as a function of E(ST ), see [TK04], Tarim and Kingsman’s MILP formulation

does not ignore the unit ordering cost and incorporates it into determining the

optimal parameters.

In this dissertation, we formulate the inventory management component of the

model for CFSCs, discussed in Chapter 3, based on the MILP formulation of

[TK04].

2.2.3 Inventory Routing Problem

The well-known Inventory Routing Problem (IRP) offers a framework to com-

bine both inventory management and vehicle routing decisions simultaneously,

see Jemai et al. [JRK13]. Despite the fact that IRP is NP-hard, it is possible to

develop a practical model. The IRP focuses on repeated distribution of a sin-

gle product from a single distributor to a set of a finite number of customers

over a finite planning horizon of T periods or an infinite planning horizon,

and using a fleet consisting of a finite number of vehicles, see Campbell et al.

[CCKS98]. The aim of IRP models is to determine when and how much to serve

customers and finding the optimal route. The IRP is typically formulated as an

MILP model and the objective function is defined to minimise costs related to

transportation, inventory management, or both transportation and inventory

management costs.

The IRP tackles both the inventory management and vehicle routing problems

together. The inventory management component of the IRP focuses on inven-

tory decisions which we discussed in the previous sections, such as replenish-

ment timing and quantity and ensuring adequate stock levels to meet customer

demand.
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Vehicle Routing Problem

The vehicle routing problem (VRP) is an NP-hard IP problem that aims to deter-

mine the optimal set of routes for a vehicle fleet in order to deliver to customers

from a given set, [DR59]. Consider the weighted graph G = (V,E) in which

V = {0, ..., n} represents nodes and E{(i, j) : i, j ∈ V } represents edges, which

are interpreted as the depot, customers, and routes in the VRP. The assumptions

in the VRP can be listed as follows:

• Each customer is served exactly once by exactly one vehicle.

• Each route starts and ends at the depot (the node 0).

• The capacity of the vehicles cannot be exceeded.

There are several variations of the VRP, such as the capacited vehicle rout-

ing (CVRP), vehicle routing with time windows (VRPTW), vehicle routing with

backhauls (VRPB), and vehicle routing with pickup and delivery (VRPPD).

Literature Review on Stochastic and Sustainable IRP

In the earlier IRP literature, IRP models with deterministic demand and with-

out sustainability concerns have been extensively studied, see Moin and Salhi

[MS07] and Andersson et al. [AHC+10]. However, real-world applications of-

ten require accounting for demand uncertainty, leading to the development of

stochastic IRP models.

The IRP with stochastic demand has been studied since the early works of Fed-

ergruen and Zipkin [FZ84]. They developed dynamic models for periodic re-

view systems under uncertainty. Kleywegt et al. [KNS02] formulated the prob-

lem as a Markov decision process. Adelman [Ade04] introduced an approach

to stochastic inventory/routing to approximates the future costs of current ac-

tions using optimal dual prices of a linear program. Mirzapour Al-e-hashem

et al. [MAEHMA11] proposed a multi-objective robust optimization model for

a multi-product multi-site aggregate production planning problem under de-

mand uncertainty. Solyalı and Süral [SS12] proposed a new transportation and

shortest path based integer programming reformulation for the one-warehouse

multi-retailer problem. Coelho and Laporte [CL13] proposed a branch-and-

cut algorithm for the exact solution of several classes of IRPs. Devika et al.

[DJN14] designed a mixed integer programming model based on triple bottom

line approach for the multi-objective closed-loop supply chain network problem.
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Bertazzi et al. [BBL15] provided a mathematical formulation of the IRP with

transportation procurement and proved the sub-optimality of a policy based

just on the average demand. Roldán et al. [RBC16] proposed robust customer

selection methods for a dynamic and stochastic IRP. Hiassat et al. [HDR17] in-

troduced a genetic algorithm approach for the inventory-routing problem with

perishable products. Govindan et al. [GS17] provided a review of reverse lo-

gistics and closed-loop supply chains. [DHS+19] discussed the basic principles

of the VRP.

Sustainability in IRP has also gained attention due to environmental and so-

cial concerns. Jabali et al. [JVDK12] presented a model that considers travel

time, fuel, and CO2 emissions costs in a time-dependent vehicle routing con-

text. Demir et al. [DBL14] developed several multi-objective heuristics for

the bi-objective pollution routing problem (PRP) which is a variation of VRP.

Rahimi et al. [RBR16] proposed a green IRP model considering customer satis-

faction and greenhouse gas emissions. Tirkolaee et al. [TAW21] applied a fuzzy

chance-constrained programming technique to address the uncertainty and im-

plemented a weighted goal programming method for the multi-trip location-

routing problem for medical waste management during the COVID-19 pan-

demic.

Limited studies have been proposed for the IRP with non-stationary stochastic

demand setting. In most existent studies, the probability distribution function

for uncertain demand is static. However, this does not reflect most real life

cases. Soysal et al. [SBRHVDV15] presented a model to handle inventory and

routing decisions based on the static uncertainty and using the (R,Q) policy.

This policy pre-determines replenishment timing and order quantities before

the start of the planning horizon, and it does not allow enough flexibility in

making replenishment decisions. Moreover, most sustainable IRP models only

consider emissions and open-loop settings. Broader sustainability aspects, such

as regulatory compliance, reverse logistics, or long-term resource efficiency

are still understudied. In addition, there are only a few models that combine

stochastic demand and sustainability objectives in CFSCs. Our publication Jahdi

et al. [JGO+24], also discussed in Chapter 3 of this dissertation in detail, aims

to address these gaps and make a significant contribution to the field.
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Chapter 3

Determining the Policy Parameters
to Improve the Sustainability of
Cold Supply Chains Under
Stochastic Demand

In this chapter, we present a novel inventory routing problem (IRP) approach

that we studied in our publication [JGO+24], in order to find the policy pa-

rameters that minimise the total cost and CO2 emissions. We develop a model

considering the static-dynamic (R, S) policy proposed by [TK04] and by taking

the total CO2 emission concerns into account. In Section 3.1 we introduce the

problem and our motivation briefly. We then describe the problem in detail as

well as the emission formulations, and propose our IRP model that follows the

(R, S) policy in Section 3.2. We present the extensive numerical analysis in

Section 3.3. Finally, we conclude our study, provide managerial insights, and

discuss further possible directions in Section 3.4.

3.1 Introduction

The global food system faces environmental sustainability challenges, and in

addressing these challenges, the food supply chain (FSC) is an area that has re-

ceived increasing attention. In traditional food logistics, reducing costs and in-

creasing responsiveness were the primary objectives of a supply chain network.

However, sustainability studies are becoming increasingly crucial to protect the
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environment and also to improve food supply chains’ social and economic as-

pects (see [BCNT19, AAL14]).

Improved routing of food logistics can reduce time, costs, and related emis-

sions. The well-known NP-hard IRP offers a framework to address both inven-

tory management and routing challenges by handling inventory management

and vehicle routing simultaneously ([JRK13]). However, it is possible to de-

velop a practical IRP model.

Soysal et al. [SBRHVDV15] have developed a multi-period IRP model to com-

pute all inventory and routing decisions under the (R,Q) policy. The (R,Q)
policy has been one of the most well-known policies used for handling inven-

tory systems. According to this policy, Q units are ordered as the inventory level

is at the reorder point R. Then the exact timing and quantities of future orders

are known to the suppliers in advance. Therefore, it is not possible to change

the pre-determined parameters with respect to the realised demand. Since the

pre-determined parameters are not responsive to demand uncertainty under the

(R,Q) policy, it is essential to keep more safety stocks which results in higher

inventory holding costs for the system.

In order to deal with these types of uncertainties dynamically, we employ the

(R, S) policy which allows us to develop recourse actions to be able to deal

with such uncertainties as they arise. The (R, S) policy works in the same

manner as [BT88]’s static-dynamic strategy. According to the (R, S) policy, the

replenishment timings are fixed at the beginning of the horizon. Order-up-to-

levels are also decided at the beginning of the planning horizon. However, the

order quantities are determined later as demand become known. Thus, the

distribution centre knows the timing of future orders and prepares to fulfill

them, although the order quantities are unknown.

Note that some other methods, e.g., the dynamic uncertainty strategy of [BT88]

and the rolling horizon approach, can provide optimal results, but not neces-

sarily recommended in practice, since not knowing when an order takes place

might be expensive, decisions need to be reviewed each period as the realised

demand value becomes known, and the outcome of each decision may need a

set-up in the next period. This approach could require a decision set-up almost

every period ([BT88]). We aim to develop a model which is computationally

efficient and easy to implement in practice, and provides near-optimal results

while allowing flexibility in ordering decisions. Therefore, we apply the static-

dynamic strategy and the (R, S) policy.
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Figure 3.1: Schematic representation of the supply chain network.

3.2 Problem Description

We define our problem, introduce the formulations we use to calculate the CO2

emissions occurring due to the transportation and refrigeration emissions, then

formulate our proposed model, and finally explain the deterministic-equivalent

approach we use to deal with the stochastic nature of the problem.

3.2.1 Our Problem

We study a single-item cold food supply chain (CFSC) problem with a single

distribution centre and V ≥ 1 retailers, as visualised in Figure 3.1. Demand

realisations for each retailer i in each Period t, dit, are independent random

variables with known probability density functions fit(dit) and cumulative dis-

tribution functions Fit(dit).

We define the problem on a complete graph G = {V ,A}, where V = {0, ..., V }
is the set of nodes in which Node 0 represents the distribution centre and the

remaining nodes represent the retailers, and A = {(i, j) : i, j,∈ V, i ̸= j} is

the set of arcs representing the path between Nodes i and j. We denote V ′ =
{1, ..., V } by the set of retailers. Items are shipped from the distribution centre

to each retailer over a finite planning horizon of T periods, and using at most

K ≥ 1 available identical vehicles with a known finite capacity C per vehicle.

We define the set of vehicles by K = {1, ..., K} and the set of periods by t ∈ T ′ =
{1, ..., T}. We assume the distribution centre and each retailer have unlimited

capacity. The load carried by vehicle k from retailer i to retailer j, Fijkt, cannot

exceed the vehicle capacity at any time. The binary variable δit indicates if

a replenishment order for retailer i is scheduled at the beginning of Period
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t or not. Sit denotes the order-up-to level for retailer i in Period t, and the

ending inventory level for retailer i in Period t is denoted by Iit. Orders for the

same retailer can be shipped by multiple vehicles. The part of the order for

retailer i which is carried by vehicle k is denoted by Qikt. The binary decision

variable Xijkt indicates if vehicle k traverses the arc (i, j) in Period t or not.

In each Period t, vehicle k can only travel a single route starting and ending

at the distribution centre, visits retailer i, and carries order for retailer i, e.g.,

Qikt > 0, if and only if a replenishment order is scheduled for that retailer, e.g.,

δit = 1. Thus, it is not required to visit all the retailers in each period, and it

is not required to operate all the K vehicles in a single period. The inventory

level for all retailers at the beginning of the planning horizon, Ii0, is set to be

zero. Replenishment lead times are not addressed in this study. However, lead

times could be incorporated without loss of any generality. There is an α-service

level requirement, therefore the customer demand in each period and for each

retailer must be satisfied with a probability of at least α. Unsatisfied demand is

backordered in the next period. Items have an indefinite shelf life and no waste

occurs due to perishability.

In our problem, the costs are classified as the inventory, transportation, and re-

frigeration costs. For any retailer i, ordering costs consist of a fixed setup cost

per order ai and a variable ordering cost ci which is linear in the order quan-

tity
∑K

k=1 Qikt are incurred at the beginning of each replenishment period. In

addition, a linear unit holding cost hi is incurred at the end of Period t. Trans-

portation costs consist of fuel consumption costs and driver wages per second

r. Furthermore, there are refrigeration costs as the result of the amount of fuel

used for cooling the vehicles while transportation and due to the heat entering

while opening the vehicle doors to load or unload the items. We determine the

replenishment periods, order-up-to levels, and shipment routes that minimise

the total inventory, transportation, and refrigeration costs while producing min-

imal CO2 emissions.

3.2.2 CO2 Emissions

In this section, we explain the procedure that we apply to calculate the total fuel

consumption and emissions due to transportation and refrigeration activities.
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Transportation Emissions

We provide the formulation to estimate the amount of fuel used during trans-

portation activities. We employ the same approach as in [SBRHVDV15] and

[KSÇS23]. Total fuel consumption is estimated as follows:

ft = λ

(
y(a/f) + γβaf 2 + γs(µ+ F )a

)
, (3.1)

where a is the distance (m), f is the constant speed (m/s), F is the load

(kg), λ = ξ/(κψ), y = keNeVe, γ = 1/(1000ϵω), β = 0.5CdAeρ, s = g sinϕ +
gCr cosϕ are the technical parameters ([BYS05]), ke is the engine friction fac-

tor (kJ/rev/l), Ne is the engine speed (rev/s), Ve is the engine displacement

(l), µ is the curb weight (kg), g is the constant of gravitation (9.81 m/s2), ϕ is

the road angle, Cd is the coefficient of aerodynamic drag, Cr is the coefficient

of rolling resistance, Ae is the frontal surface area (m2), ρ is the air density

(kg/m3), ϵ is the vehicle drive train efficiency, ω is the diesel engine efficiency

parameter, ξ is the fuel to air mass ratio, κ is the heating value of a typical diesel

fuel (kJ/g), and ψ is the conversion factor from (g/s) to (l/s). After we estimate

the fuel consumption, we use a conversion factor u in terms of (kg/l) in order

to calculate the amount of the CO2 emission produced.

Refrigeration Emissions

We present the formulations to calculate the CO2 emission produced during

refrigeration activities. We apply the formulation described in [KSÇS23]. The

energy used to maintain and control the temperature is dependent on the heat

entering through vehicle surfaces and the heat entered inside the vehicle when

the doors are opened for loading or unloading. Equation (3.2) calculates the

total amount of heat (kWh) entering inside a vehicle in Period t through vehicle

surfaces:

Hw =
∑

(i,j)∈A aijXijktUSk∆T
3.6 ∗ 106f

. (3.2)

We divide the power by 3.6 ∗ 106 to convert Joules (J) to kilowatt-hours (kWh).

aij is the distance between retailers i and j (m), U is the heat transfer coefficient

(W/m2/°K), Sk is the surface area of vehicle k (m2), and ∆T is the temperature

difference (°K) between the inside and the outside of the vehicle. Equation

(3.3) calculates the total amount of heat enters inside the vehicle through the
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opened doors during loading or unloading activities:

Hs =
∑

(i,j)∈A
HiXijkt, (3.3)

where Hi is the heat (kWh) entering inside the vehicle through the opened

doors at the location of retailer i. Then the amount of fuel consumed for refrig-

eration, denoted by fr, is calculated as follows:

fr = Hw +Hs

µeµpPf

,

where µe denotes the efficiency for converting the chemical energy from the fuel

to electricity to supply power to the refrigeration system, µp is the coefficient of

performance, and Pf is the energy content of the fuel (kWh/l). Finally, by using

the conversion factor u, we calculate the total CO2 emission produced while

refrigerating the vehicles.

3.2.3 Soysal et al.’s (R,Q) Model

Before introducing our proposed (R, S) model, we hereby provide the (R,Q)
model developed by [SBRHVDV15] in order to find the optimal ordering pa-

rameters R andQwhich correspond to the timing and the quantity of replenish-

ment orders. They consider four different variations for the problem: Perishable

items with explicit fuel consumptions, perishable items without explicit fuel

consumptions, non-perishable items with explicit fuel consumptions, and non-

perishable items without explicit fuel consumptions. They calculate the fuel

consumptions in 2 different ways. In the explicit fuel consuption version, they

apply several formulations from previous studies which we have introduced in

Equation 3.1. In the other version, they calculate the fuel consumption in a

much simpler way and based on only traveled distance. Since our study does

not include perishability, we consider the third variation of their problem, the

non-perishable version with explicit fuel consumption. Moreover, they did not

include refrigeration, and we add the refrigeration component to their model as

well for our numerical study and comparisons. Unlike [SBRHVDV15]’s study,

we also assume there are fixed setup and variable linear ordering costs and

modify their model with respect to the ordering cost parameters.

In the following, we give the modified version of the (R,Q) model they propose

for the non-perishable inventory model with explicit fuel consumption calcu-

Computing the Policy Parameters for
Perishable Inventory Management and Cold
Supply Chains Under Stochastic Demand

61 Suheyl Gulecyuz



3. DETERMINING THE POLICY PARAMETERS

TO IMPROVE THE SUSTAINABILITY OF

COLD SUPPLY CHAINS UNDER STOCHASTIC

DEMAND 3.2 Problem Description

lations. We have added the refrigeration component and totally removed the

waste component in order to make the model fit our study.

min TC =
∑
i∈V ′

∑
t∈T

hiI
+
it (3.4a)

+
∑

(i,j)∈A

∑
k∈K

∑
t∈T

λ

(
y(aij/f)Xijkt + γβaijf

2Xijkt + γs(µXijkt + Fijkt)aij

)
l

(3.4b)

+
∑

(i,j)∈A

∑
k∈K

∑
t∈T

(aij/f)Xijktr (3.4c)

+
∑

(i,j)∈A

∑
k∈K

∑
t∈T

frXijkt (3.4d)

subject to

Ii0 = 0, i ∈ V ′. (3.5)

Iit =
∑

s∈1,...,t,k∈K′
Qiks −

∑
s∈1,...,t

dis, i ∈ V ′, t ∈ T . (3.6)

∑
s∈1,...,t,k∈K′

Qiks ≥ F−1
di,t−s+1+di,t−s+2+...+di,t

(α), i ∈ V ′, t ∈ T . (3.7)

∑
i∈V,i ̸=j

Xijkt =
∑

i∈V,i ̸=j

Xjikt, j ∈ V ′, k ∈ K, t ∈ T . (3.8)

∑
j∈V,i ̸=j

Xijkt ≤ 1, i ∈ V , k ∈ K, t ∈ T . (3.9)

∑
j∈V,i ̸=j

Fijkt =
∑

j∈V,i ̸=j

Fjikt −Qikt, i ∈ V ′, k ∈ K, t ∈ T . (3.10)

Fijkt ≤ CXijkt, (i, j) ∈ A, k ∈ K, t ∈ T . (3.11)∑
j∈V ′

Fj0kt ≤ 0, k ∈ K, t ∈ T . (3.12)

∑
(i,j)∈A

∑
k∈K

∑
t∈T

λ

(
y(aij/f)Xijkt + γβaf 2Xijkt + γs(µXijkt +Fijkt)aij

)
≥ 0. (3.13)

∑
(i,j)∈A

∑
k∈K

∑
t∈T

frXijkt ≥ 0. (3.14)

Note that (x)+ = max(x, 0) and (x)− = min(x, 0).

The objective function given in Equations (3.4a)-(3.4d) is composed of four
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parts: Equations (3.4a), (3.4b), (3.4c), and (3.4d) minimises the total inven-

tory, transportation, routing, and refrigeration costs throughout the planning

horizon, respectively. Constraints (3.5)-(3.6) are related to inventory decisions.

Constraint (3.5) initialises the inventory levels at the beginning of the planning

horizon to zero. Constraint (3.6) is the inventory balance equation. Constraint

(3.7) is the service level constraint. Note that F−1
di,t−s+1+di,t−s+2+...+di,t

is the in-

verse cumulative distribution function of the total demand for retailer i as of

Period t since the last replenishment in Period t−s+1. Constraints (3.8)-(3.12)

are related to routing and flow control. In particular, constraint (3.8) ensures

the flow conservation between nodes. According to constraint (3.9), each ve-

hicle can be assigned to at most one route in each period. Constraint (3.10)

states that the total load decreases after each retailer is visited. According to

constraint (3.11), the load on each vehicle cannot exceed the vehicle capacity,

and constraint (3.12) is zero when returning to the distribution centre. Con-

straint (3.10) also performs as a subtour elimination constraint since the load is

monotonically decreasing after each visit, see [BN09], [TNJ14], [SBRHVDV15].

Finally, constraints (3.13) and (3.14) enforce the total fuel consumption to be

positive.

3.2.4 Proposed (R, S) Model

We hereby introduce the chance-constrained model that formulates our prob-

lem:

min TC =
∑
i∈V ′

∑
t∈T

(
hiI

+
it + aiδit + ciδit(Sit − Iit−1)+

)
(3.15a)

+
∑

(i,j)∈A

∑
k∈K

∑
t∈T

λ

(
y(aij/f)Xijkt + γβaijf

2Xijkt + γs(µXijkt + Fijkt)aij

)
l

(3.15b)

+
∑

(i,j)∈A

∑
k∈K

∑
t∈T

(aij/f)Xijktr (3.15c)

+
∑

(i,j)∈A

∑
k∈K

∑
t∈T

frXijkt (3.15d)

subject to

Ii0 = 0, i ∈ V ′. (3.16)

Iit = Sit − dit, i ∈ V ′, t ∈ T . (3.17)∑
k∈K′

Qikt = Sit − Iit−1, i ∈ V ′, t ∈ T . (3.18)
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Sit ≥ Iit−1, i ∈ V ′, t ∈ T . (3.19)

Sit − Iit−1 ≤Mδit, i ∈ V ′, t ∈ T . (3.20)

Iit ≥
t∑

s=1

F−1
di,t−s+1+di,t−s+2+...+di,t

(α)−
t∑

m=t−s+1
dim

Pits, i ∈ V ′, t ∈ T . (3.21)

t∑
s=1

Pits = 1, i ∈ V ′, t ∈ T . (3.22)

Pits ≥ δi,t−s+1 −
t∑

m=t−s+2
δim, i ∈ V ′, t ∈ T , s = 1, ..., t. (3.23)

∑
i∈V,i ̸=j

Xijkt =
∑

i∈V,i ̸=j

Xjikt, j ∈ V ′, k ∈ K, t ∈ T . (3.24)

∑
j∈V,i ̸=j

Xijkt ≤ 1, i ∈ V , k ∈ K, t ∈ T . (3.25)

∑
j∈V,i ̸=j

Fijkt =
∑

j∈V,i ̸=j

Fjikt −Qikt, i ∈ V ′, k ∈ K, t ∈ T . (3.26)

Fijkt ≤ CXijkt −Qikt, (i, j) ∈ A, k ∈ K, t ∈ T . (3.27)∑
j∈V ′

Fj0kt ≤ 0, k ∈ K, t ∈ T . (3.28)

∑
(i,j)∈A

∑
k∈K

∑
t∈T

λ

(
y(aij/f)Xijkt + γβaf 2Xijkt + γs(µXijkt +Fijkt)aij

)
≥ 0. (3.29)

∑
(i,j)∈A

∑
k∈K

∑
t∈T

frXijkt ≥ 0. (3.30)

The objective function given in Equations (3.15a)-(3.15d) is composed of four

parts: Equations (3.15a), (3.15b), (3.15c), and (3.15d) minimises the total

inventory, transportation, routing, and refrigeration costs throughout the plan-

ning horizon, respectively. Constraints (3.16)-(3.23) are related to inventory

decisions. Constraint (3.16) initialises the inventory levels at the beginning of

the planning horizon to zero. Constraint (3.17) is the inventory balance equa-

tion and reflects that the expected inventory level for each customer at the end

of each period is equivalent to the expected inventory level at the beginning

of the period subtracting the expected demands in that period. The expected

inventory level at the beginning of periods could be interpreted as order-up-

to-levels or the level that the inventory could be raised to at the beginning of

periods. If there is no replenishment in that period, Sit is considered as the

opening stock level. Constraint (3.18) states that in each Period t, the sum of

all the amount of order for each retailer i carried by the operating vehicles must
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be equal to the order-up-to level for that retailer. Constraints (3.19) and (3.20)

ensures if there is no replenishment in Period t for retailer i, the order-up-to

level is equal to the opening inventory level. Constraint (3.21) is the service

level constraint. Note that F−1
di,t−s+1+di,t−s+2+...+di,t

is the inverse cumulative dis-

tribution function of the total demand for retailer i as of Period t since the

last replenishment in Period t − s + 1. Constraints (3.22) and (3.23) track the

last replenishment. Constraints (3.24)-(3.28) are related to routing and flow

control. In particular, constraint (3.24) ensures the flow conservation between

nodes. According to constraint (3.25), each vehicle can be assigned to at most

one route in each period. Constraint (3.26) states that the total load decreases

after each retailer is visited. According to constraint (3.27), the load on each

vehicle cannot exceed the vehicle capacity, and constraint (3.28) ensures the

total load on each vehicle cannot be non-negative when returning to the dis-

tribution centre. Constraint (3.26) also performs as a subtour elimination con-

straint since the load is monotonically decreasing after each visit, see [BN09],

[TNJ14], [SBRHVDV15]. Finally, constraints (3.29) and (3.30) enforce the to-

tal fuel consumption to be non-negative. Recall that fr in Eq. (3.30) represents

the fuel usage for refrigeration and the notation is the same as in [KSÇS23].

Different from the (R,Q) formulation presented in Section 3.2.3, we apply

[TK04]’s formulation in this model. We define inventory balance constraints

(3.17)-(3.20) in terms of the order-up-to level Sit. In addition, we employ

[TK04]’s service level and replenishment tracking constraints, (3.21) and (3.22)-

(3.23), respectively.

3.2.5 Deterministic-Equivalent Approximation

We find the replenishment schedule before any demand realisation occurs.

Therefore, we consider a deterministic-equivalent approximation to the model.

We replace the stochastic variables Sit, Iit, Qikt, and dt with their expectations

E(Sit), E(Iit), E(Qikt), and E(dt), respectively. Then, the objective function in
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terms of the expectations is rewritten as follows:

minE(TC) =
∑
i∈V ′

∑
t∈T

(
hiE(I+

it ) + Aiδit + ciδit

(
E(Sit)− E(Iit−1)

)+
)

(3.31a)

+
∑

(i,j)∈A

∑
k∈K

∑
t∈T

λ

(
y(aij/f)Xijkt + γβaf 2Xijkt + γs(µXijkt + Fijkt)aij

)
l

(3.31b)

+
∑

(i,j)∈A

∑
k∈K

∑
t∈T

(aij/f)Xijktr (3.31c)

+
∑

(i,j)∈A

∑
k∈K

∑
t∈T

frXijkt (3.31d)

Each part of the deterministic-equivalent objective function defined in Equa-

tions 3.31a-3.31d correspond to the deterministic-equivalent version of Equa-

tions (3.15a), (3.15b), (3.15c), and (3.15d), respectively. We finally rewrite

constraints (3.16)-(3.21) and (3.26)-(3.27) by replacing the stochastic vari-

ables with their expectations, respectively:

E(Ii0) = 0, i ∈ V ′.

E(Iit) = E(Sit)− E(dit), i ∈ V ′, t ∈ T .∑
k∈K′

E(Qikt) = E(Sit)− E(Iit−1), i ∈ V ′, t ∈ T .

E(Sit) ≥ E(Iit−1), i ∈ V ′, t ∈ T .

E(Sit)− E(Iit−1) ≤Mδit, i ∈ V ′, t ∈ T .

E(Iit) ≥
t∑

s=1

G−1
di,t−s+1+di,t−s+2+...+di,t

(α)−
t∑

m=t−s+1
E(dim)

Pits, i ∈ V ′, t ∈ T .

∑
j∈V,i ̸=j

Fijkt =
∑

j∈V,i ̸=j

Fjikt − E(Qikt), i ∈ V ′, k ∈ K, t ∈ T .

Fijkt ≤ CXijkt − E(Qikt), (i, j) ∈ A, k ∈ K, t ∈ T .

3.3 Numerical Experiments

In this section we discuss the numerical experiments that we conducted to test

and evaluate our model. The models we compare in these experiments are

given below:

• RQ: The modified version of the (R,Q) model proposed by [SBRHVDV15]
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for the non-perishability case, and with the extensions of the refrigeration

costs and emissions and

• RS: Our proposed (R, S) model in this study.

We implemented both models using IBM ILOG CPLEX 22.1.0 software. We

then performed simulation runs of 10,000 replications using MATLAB to find

the order quantities and to measure the service levels that we achieved. We

conducted our numerical experiments on a Macbook Pro with an Apple M1

Max 10 core CPU and a 64 GB RAM.

3.3.1 Experimental Design

We selected a similar experimental configuration to [SBRHVDV15]. We con-

sider different combinations of demand patterns, fixed setup and unit ordering

costs, service levels, coefficient of variations, fuel prices, and vehicle speeds

in our testbed. In total, there are 146 instances. The fixed setup cost A ∈
{10, 25, 100} and the unit ordering cost c ∈ {0.05, 0.1}. The service levels

α ∈ {0.95, 0.975}. There are K = 2 identical vehicles with a capacity of

C = 4000 kg which operate between V = 4 retailers and a distribution cen-

tre in a finite planning horizon of T = 8 periods. The fuel price is l = 1.7 Euros

per liter and all the vehicles has an average speed of f = 80 km/h. We also

test the base case for l = 1.2 and f = 40. We then test our model on a larger

instance in which V = 11, K = 2, and C = 15000. All these parameter values

are summarised in Table 3.1. Moreover, we run the numerical experiments for

4 normally distributed different demand sets with the coefficients of variations

taking values from the set cv ∈ {0.05, 0.1, 0.2}. There are random, seasonal,

cyclic, and stationary demand distribution patterns for each retailer, which are

referred to as the demand set 1, 2, 3, and 4, respectively. In order to construct

our demand set 1, we take the base case demand set of of [SBRHVDV15] for

the first 4 periods and the demand set 1 of [SBRHVDV15] for the last 4 periods

of our planning horizon. Since our aim is to observe the differences between

the performances of RQ and RS in a long enough planning horizon and a large

enough retailer set rather than in a larger retailer set, and in order to speed

up the computation, we take V = 4. The computational requirements increas-

ingly grows as V gets larger. Therefore, we consider a subset of their retailer

set and only take the first four retailers for our base case study and sensitivity

analysis. We then sort the same demand means to obtain our demand sets 2, 3,

and 4. Table 3.2 summarises the demand distribution means for each demand
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Table 3.1: Input parameters for the experiments.

Input parameters Values

Fixed setup cost (a) {10, 25, 100}
Unit ordering cost (c) {0.05, 0.1}
Unit holding cost (h) 0.06
Service level (α) {0.95, 0.975}
Coef. of variation {0.05, 0.1, 0.2}
Vehicle speed (f) 80 km/h
Number of vehicles (K) 2
Vehicle capacity (C) 4 tonnes
Planning horizon (T ) 8

pattern, retailer, and period. Finally, we perform another numerical experiment

by running our model for different planning horizon lengths to analyse the re-

lationship between the planning horizon length and the cumulative safety stock

differences between RS and RQ. In this study we consider the same vehicle and

emission parameter settings as of [SBRHVDV15] and the same refrigeration pa-

rameter settings as of [KSÇS23]. Table 3.3 illustrates the values for the vehicle

and emission parameters, and Table 3.4 illustrates the refrigeration parameter

values, respectively. Table 3.5 shows the distances between the distribution

centre and each retailer. We use the same distance set as in [SBRHVDV15] in

our study. Note that we consider the retailers 5-11 only in the extended case.

3.3.2 Base Case Results

We present the results of the base case scenario and compare the performance

of RS with RQ, in terms of total cost, CO2 emissions, vehicle routes, service

levels, and cumulative safety stock levels. As the base case of our study, we

consider the scenario in which the demand pattern is random, the fixed setup

cost is a = 25, the unit ordering cost is c = 0.1, the service level is α = 0.95, and

the coefficient of variation is cv = 0.1.

Table 3.6 summarises the base case optimisation results. The routing plan pro-

posed by RS has a 32.27 hours of total driving time while that of RQ, 34.58

hours. Due to the constant vehicle speed, the routing policy of RS results in

a lesser amount of total travel distance. Therefore, RS results in a lower total

fuel cost due to the transportation activities, 808.20, in comparison to 861.37

found by RQ. Similarly, the total wage paid to the drivers is less in RS than in

RQ, 348.48 and 373.42, respectively. The lesser amount of the total traveling
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Table 3.3: Vehicle and emission parameters.

Notation Description Value

u Emission conversion factor (kg/l) 2.63
ξ Fuel-to-air mass ratio 1
κ Heating value of a typical diesel fuel (kJ/g) 44
ψ Conversion factor (g/l) 737
ke Engine friction factor (kJ/rev/l) 0.2
Ne Engine speed (rev/s) 33
Ve Engine displacement (l) 5
ρ Air density (kg/m3) 1.2041
Ae Frontal surface area (m2) 3.912
µ Curb-weight (kg) 6350
g Gravitational constant (m/s2) 9.81
Φ Road angle 0
Cd Coefficient of aero dynamic drag 0.7
Cr Coefficient of rolling resistance 0.01
ϵ Vehicle drive train efficiency 0.4
ω Efficiency parameter for diesel engines 0.9
l Fuel price per liter (C) 1.7
r Driver wage (C/s) 0.003

Table 3.4: Refrigeration parameters.

Notation Description Value

Sk Surface area for the vehicle k (m2) 165
∆T Temperature difference (°K) 18
U Heat transfer coefficient (W/m2/°K) 0.7
µe The chemical to refrigeration energy conversion efficiency 0.3
µp Coefficient of performance 0.67
Pf Energy content of the fuel (kWh/l) 8.8
Hi Heat entering during service time at stop i (kWh) 4

distance reduces the total fuel consumption to refrigerate the vehicles, and the

refrigeration cost incurred by RS is 165.38 which is less than that of 172.73 in-

curred by RQ. The total routing cost consists of the transportation, refrigeration

and wage costs, so RS leads to a lower amount of total routing cost compared

to RQ which are 1322.06 and 1407.52. Moreover, since CO2 emissions occur as

a result of fuel consumption, it is directly related to the total fuel cost. There-

fore, our RS model generates a lesser amount of CO2 emission of 1506.19 kg in

comparison to 1599.81 kg of RQ. The deterministic-equivalent solution results

in a total inventory cost of 4923.38 and 5341.30 according to RS and RQ, re-

spectively. Thus, the total deterministic-equivalent cost is 6245.44 for RS and
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6748.82 for RQ.

Table 3.7 presents a summary of the simulation results. According to Table

3.7, the average inventory cost over 10,000 replications is 4939.32 for RS and

5339.88 for RQ, which are very close to the deterministic-equivalent inven-

tory cost values. Notice that even though all the routing decisions are pre-

determined and are not affected by random demand realisations, there is a

slight difference of 0.11 in total routing costs between the optimisation and

simulation results. This is due to the amount of vehicle load depends on order

sizes and the fuel consumption is affected by the amount of vehicle load. In

Table 3.10, the achieved service levels for each retailer and in each period are

given, and both RS and RQ are sufficient to meet the 95% service level require-

ment.

The resulting ordering policy found by RS is given in Table 3.8. In the Replen-

ishment Periods section, 1 indicates there is a replenishment order and 0 states

that there is no ordering. For instance, for Retailer 1 the replenishment periods

are 1, 3, 6, and 8. At the beginning of each replenishment Period t for each

retailer i, the actual inventory starting inventory level Iit−1 is observed and an

amount of order that is sufficient to meet the order-up-to level Sit is placed. If

t is not a replenishment period, even if Iit−1 is less than Sit no order is placed.

Similarly, if there is sufficient inventory to meet Sit at the beginning of replen-

ishment Period t no order placement occurs. Unlike RQ and as a result of the

static-dynamic strategy, there is a flexibility in ordering decisions such that or-

der quantities depend on the actual inventory level and are determined after

the demand realisations. Table 3.9 visualises the order quantities and the end-

ing inventory levels for the base case and with respect to both RS and RQ.

In Table 3.11, the assigned routes for each vehicle and the number of assigned

vehicles in each period with respect to RS and RQ are given. Except in periods

1, 3, and 7, both RS and RQ propose the same routes even though the assigned

vehicles might differ. While RS suggests employing only Vehicle 2 in period 7,

RQ suggests employing both vehicles. In both RS and RQ, the same number of

vehicles are employed for all the other periods.

Table 3.12 shows that RQ yields a greater number of cumulative order quanti-

ties and ending inventory levels compared to RS due to its static nature. Thus

the unit ordering and inventory holding costs are higher in RQ. Moreover, since

the amount of vehicle load affects the fuel consumption it is possible that the

larger amount of order size might increase the fuel consumption and the total
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CO2 emission. On the contrary, the flexibility in order size decisions in RS al-

lows lower number of cumulative order quantities and ending inventory levels,

hence lower inventory costs. We will provide a detailed analysis on the relation-

ship between the planning horizon length and the cumulative ending inventory

levels and order quantities in Section 3.3.5.

3.3.3 Performance of the (R, S) Model

We present the results of the extensive sensitivity analysis to compare the per-

formance of RS with RQ under various parameter settings and scenarios. Ta-

ble 3.13 summarises the average percentage increases of RQ above RS, e.g.,

100(RQ/RS−1), in terms of costs, cumulative order sizes and ending inventory

levels, and CO2 emissions. We observe from Table 3.13 that in all the instances,

RS has a significant advantage over RQ in terms of total cost. The average total

cost of RQ is 9.35% worse than that of RS with a 95% confidence interval of

[8.43, 10.26]. Although the average total routing costs for both models are

similar, the average inventory cost is 12.55% higher for RQ than that of RS,

as a result of higher inventory holding and variable ordering costs caused by

the accumulated ending inventory and larger order sizes. This observation ex-

plains why RS performs better than RQ in terms of total cost. On average, the

cumulative ending inventory levels in RQ are 52.76% greater than in RS and

the cumulative order quantities are found to be 4.82% greater in RQ compared

to in RS. In other words, the inventory holding costs and the total variable or-

dering costs are 52.76% and 4.82% greater in RQ than in RS. The amount of

CO2 emission is in line with fuel consumption, therefore both models generate

similar levels of emission and have similar environmental impact. Even though

RQ generates 0.54% more CO2 than RS, the 95% confidence interval is [-0.19,

1.27], and therefore we cannot conclude that RS has less environmental im-

pact, or vice versa.

The performance of RS over RQ is similar for all the 4 demand sets in terms of

routing costs. However, RS performs better than RQ in terms of total cost and

inventory costs with similar levels of percentage differences for all the demand

patterns.

In case of the cyclic demand pattern, RS tends to have less environmental im-

pact. For all the other demand patterns, the environmental impact is similar.

The effect of α on the general performance of RS over RQ is similar between

each α values, and also similar to the overall performance results. RS performs

Computing the Policy Parameters for
Perishable Inventory Management and Cold
Supply Chains Under Stochastic Demand

73 Suheyl Gulecyuz



3. DETERMINING THE POLICY PARAMETERS

TO IMPROVE THE SUSTAINABILITY OF

COLD SUPPLY CHAINS UNDER STOCHASTIC

DEMAND 3.3 Numerical Experiments

Ta
bl

e
3.

6:
Su

m
m

ar
y

of
th

e
ba

se
ca

se
op

ti
m

is
at

io
n

re
su

lt
s.

M
od

el
Em

is
si

on
(k

g)
D

ri
vi

n
g

Ti
m

e
Tr

an
sp

or
ta

ti
on

Fu
el

C
os

t
R

ef
ri

ge
ra

ti
on

C
os

t
To

ta
l

W
ag

e
To

ta
lR

ou
ti

n
g

C
os

t
In

ve
n

to
ry

C
os

t
To

ta
l

C
os

t

(R
,S

)
15

06
.1

9
32

.2
7

80
8.

20
16

5.
38

34
8.

48
13

22
.0

6
49

23
.3

8
62

45
.4

4
(R
,Q

)
15

99
.8

1
34

.5
8

86
1.

37
17

2.
73

37
3.

42
14

07
.5

2
53

41
.3

0
67

48
.8

2

Computing the Policy Parameters for
Perishable Inventory Management and Cold
Supply Chains Under Stochastic Demand

74 Suheyl Gulecyuz



3. DETERMINING THE POLICY PARAMETERS

TO IMPROVE THE SUSTAINABILITY OF

COLD SUPPLY CHAINS UNDER STOCHASTIC

DEMAND 3.3 Numerical Experiments

Table 3.7: Summary of the base case simulation results, 10,000 reps.

Model
Total Routing

Cost
Avg Inventory

Cost
Avg Total

Cost
95% CI for Avg

Total Cost

(R, S) 1321.95 4939.32 6261.27 [6260.61, 6261.94]
(R, Q) 1407.52 5339.88 6747.40 [6743.45, 6751.35]

Table 3.8: The replenishment plan and the order-up-to levels for the base case.

Period
Retailer 1 2 3 4 5 6 7 8

Replenishment Periods
1 1 0 1 0 0 1 0 1
2 1 1 1 1 0 1 1 1
3 1 1 1 0 1 0 1 1
4 1 1 1 1 1 1 1 0

Order-Up-To Levels
1 1462 562 2309 1309 709 3049 1649 349
2 1630 1397 1980 2237 1037 1281 1747 2096
3 1082 582 2078 828 2136 836 1165 2213
4 1281 2911 582 466 1863 2562 1565 765

better than RQ in terms of total cost and inventory cost for all the coefficient of

variation values. As the coefficient of variation increases, RS has a tendency to

generate less CO2 emission and to incur less routing cost compared to RQ. For

cv = 0.2, RS leads to produce less emission than RQ, and incurs less number of

total routing cost. Moreover, as the coefficient of variation increases, the per-

centage cumulative ending inventory and order size increases of RQ above RS

gets larger, so RS proposes a much better solution in terms of order quantities

and ending inventory levels, and inventory costs.

The average percentage difference in total cost increases from 4.18% and to

15.54%, yielding a much better total cost improvement since the confidence

intervals for each coefficient of variation do not overlap each other. In contrast

to the coefficient of variation, as the fixed setup cost a increases the percentage

differences of RQ over RS tend to decrease. Despite the total cost incurred by

RS still being lower than by RQ, reducing a results in much better cost improve-

ment and lower number of accumulated ending inventory levels and ordered

items. While RS generates less CO2 emission for a = 10, both models tend to

generate similar levels of emission for the larger fixed setup cost values. As the

unit ordering cost c increases, the percentage total cost increase of RQ above

RS tend to decrease, but we cannot conclude that it decreases since the con-

fidence intervals overlap. For both the unit ordering cost parameters c = 0.05
and c = 0.1, the total cost and the order quantities are lower in RS than in RQ.

As c increases, the changes in the percentage increases wo not be significant.
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Table 3.10: Achieved service levels (%), α = 0.95, 10,000 reps.

α-Service Levels
Period

Policy Retailer 1 2 3 4 5 6 7 8

1 1.0000 0.9493 1.0000 1.0000 0.9489 1.0000 0.9655 0.9740
2 0.9512 0.9469 0.9486 1.0000 0.9496 0.9495 0.9526 0.9513
3 1.0000 0.9662 1.0000 0.9507 1.0000 0.9501 0.9491 0.9521(R, S)

4 0.9532 0.9494 0.9597 0.9527 0.9492 0.9531 1.0000 0.9529

1 1.0000 0.9493 1.0000 1.0000 0.9460 0.9479 0.9973 0.9468
2 1.0000 0.9469 0.9476 1.0000 0.9462 0.9514 0.9480 0.9478
3 1.0000 0.9462 1.0000 0.9486 1.0000 0.9510 0.9494 0.9497(R, Q)

4 0.9532 1.0000 0.9482 0.9470 0.9469 0.9479 0.9994 0.9505

Table 3.11: Assigned routes for each vehicle and the number of assigned
vehicles.

Routes
Period

Policy Vehicle 1 2 3 4 5 6 7 8

V1 0-1-0 - 0-1-0 - 0-4-3-0 0-4-2-0 - -(R, S) V2 0-4-3-2-0 0-4-2-0 0-4-3-2-0 0-4-2-0 - 0-1-0 0-4-3-2-0 0-3-2-0

V1 0-1-4-0 - 0-1-0 - 0-4-3-0 0-4-2-0 0-4-3-2-0 0-3-2-0(R, Q) V2 0-2-3-0 0-4-2-0 0-3-2-0 0-4-2-0 - 0-1-0 0-1-0 -

(R, S) 2 1 2 1 1 2 1 1No of Vehicles
vs Policy (R, Q) 2 1 2 1 1 2 2 1

Table 3.12: Comparison of the cumulative order quantities and ending
inventory levels

Period
Policy 1 2 3 4 5 6 7 8

Cumulative Order Quantity
(R, S) 5455 9352 15449 17790 21495 27678 31376 35273
(R, Q) 6038 10038 16040 18507 22169 27116 32779 36663

Cumulative Ending Inventory
(R, S) 1555 2407 4906 6946 8491 10919 12445 13268
(R, Q) 2138 3676 6766 9523 11742 13608 16537 18750

Finally, decreasing the fuel price to l = 1.2 and the vehicle speed to f = 40
leads to poorer RS performance over RQ in terms of the average routing costs

and the emissions, compared to the base case.

Note that due to higher holding costs incurring in RQ, RS outperforms all in-

stances by total cost. However, since RQ is based on the static uncertainty

strategy of [BT88], it might be more suitable for such cases in which a consid-

erable preparation is required before the time horizon begins, see [BT88]. In

addition, since RS outperforms RQ in terms of reducing the excess ending in-

ventory and the inventory costs, there is no threshold or certain critical values

that would change the superiority of RS over RQ.
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Table 3.14: Demand parameters for the extended case.

Retailers Periods
1 2 3 4

1 900 400 100 600
2 1400 1200 1700 1200
3 500 500 1250 600
4 1100 2500 500 400
5 1050 900 1500 1100
6 1200 500 400 1400
7 800 700 500 500
8 1900 400 300 1300
9 800 400 700 1300

10 1100 1600 400 300
11 2600 3200 2500 3200

3.3.4 Modified Larger Case Study

We present the results of the modified larger case study. In order to test the

performance of our model for larger network setting, we increase the number

of retailers to V = 11. For this case, we use the demand pattern given in Table

3.14 and we extend the distance matrix provided in Table 3.5 so as to include

Retailers 5-11. The total load on all vehicles might increase as V or T grows,

therefore we need to increase either K or C. For convenience, we employ

K = 2 vehicles with a capacity of C = 15000 and set the time horizon as T = 4
periods. The demand pattern and the retailers provided in Table 3.14 are the

same as the base case demand set of [SBRHVDV15].

Increasing V while keeping the total capacity the same greatly increase the size

(number of constraints, decision variables, etc) of the model. Increasing K

without changing C has no effect on the routes, costs, etc, and many vehicles

would stay intact. Moreover, in the larger case we obtained similar results to

the base case.

Tables 3.15 and 3.16 give the deterministic-equivalent optimisation results and

the routing decisions for the larger case, respectively. In general, the perfor-

mance of RS over RQ is similar to the base case. As seen from Table 3.16,

both models propose the same routes and employs the same number of vehi-

cles, although the assigned vehicles for a particular route might be different.

Hence, both models offer the same total driving time, refrigeration cost, and

total wage. There is a minor difference between the transportation fuel costs

caused by the amount of vehicle load since RQ has larger order quantities com-

pared to RS, as provided in Table 3.17. In addition, the number of cumulative

ending inventory levels is about 8.81% greater in RQ than in RS, and it is less

than the base case in which the percentage difference is 41.31%.
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Table 3.15: Summary of the extended case optimisation results.

Model Emission
(kg)

Driving
Time (h)

Transport
Fuel Cost

Refr
Cost

Total
Wage

Total Routing
Cost

Total Inv
Cost

Total
Cost

(R, S) 1363.10 26.99 748.24 132.84 291.49 1172.57 5286.72 6459.29
(R, Q) 1370.80 26.99 753.02 132.84 291.49 1177.35 5558.83 6736.18

Table 3.16: Assigned routes for each vehicle and the number of assigned
vehicles for the extended case.

Routes
Periods

Policy Vehicle 1 2 3 4

(R, S) V1 0-1-8-9-10-0 0-11-4-2-0 0-1-11-7-5-2-3-0 -
V2 0-11-7-6-5-2-3-4-0 - - 0-11-8-9-6-5-0

(R, Q) V1 0-11-7-6-5-2-3-4-0 - - -
V2 0-1-8-9-10-0 0-11-4-2-0 0-1-11-7-5-2-3-0 0-11-8-9-6-5-0

No of Vehicles
vs Policy

(R, S) 2 1 1 1
(R, Q) 2 1 1 1

Table 3.17: Comparison of the cumulative order quantities and ending
inventory levels for the extended case.

Period
Policy 1 2 3 4

Cumulative Order Quantity
(R, S) 23152 30902 42385 50658
(R,Q) 23433 31836 43828 52591

Cumulative Ending Inventory
(R, S) 23152 65712 71697 74055
(R,Q) 23433 68860 76288 80579

3.3.5 Planning Horizon Length vs Cumulative Ending Inven-

tory and Order Size

We analyse the relationship between the length of the planning horizon and the

difference in the cumulative ending inventory levels of RS and RQ. In order to

analyse that relationship, we extend the planning horizon to T = 40 periods.

We consider the demand set 1 and modify it such that after every 8 periods the

8-period demand mean sequence is recurring. As seen from Figure 1, the in-

crease rate of cumulative ending inventory levels for RQ is greater than that of

RS. Therefore, as t increases the difference between the cumulative inventory

levels for both models increases. Hence, the percentage differences increase.

For instance, when t = 8, the cumulative ending inventory levels for RS and RQ

are found to be 15684 and 20408, respectively, with a percentage difference

of 30.12%. These values become 40014, 69381, and 73.39% for t = 20. At
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Figure 3.2: Comparison of the cumulative ending inventory levels and
percentage differences found via the (R,Q) and (R, S) models.

the end of the planning horizon when t = 40, we obtain the cumulative ending

inventory levels of 172595 for RQ and 76543 for RS, and a percentage differ-

ence of 125.49%. This phenomenon is the main factor that makes the model of

[SBRHVDV15] find high inventory holding and total inventory costs compared

to our (R, S) model. Therefore, we can conclude that the static-dynamic struc-

ture of RS helps avoiding placing unnecessary orders and holding unnecessary

items in the inventory. On the contrary, even though RQ calculates larger or-

der quantities than RS in most periods, the percentage differences in the order

quantities between RQ and RS do not differ significantly, as seen in Figure 1.

The percentage difference is 4.31% when t = 8, while it is 2.91% for t = 20 and

2.36% for t = 40.

In this study, a planning horizon with T = 40 periods has been taken to rep-

resent a long enough planning horizon in which the differences between the
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ending inventory levels in RQ and RS are significantly large. Although a 40-

period planning horizon being taken as more of a theoretical exercise, it also

applies in medium-term tactical planning or long-term strategic planning, etc.,

see [OLFD16], depending on the cold supply chain structure.

3.4 Concluding Remarks and Managerial Insights

We have studied a cold supply chain model with refrigerated vehicles, multi-

ple retailer, and a single distribution centre. We formulated the problem as

an IRP model with the refrigeration cost component and which employs the

(R, S) policy proposed by [TK04]. Then we compared the performance of our

model with the refrigeration component added and no perishability version of

[SBRHVDV15]’s IRP model which employs the (R,Q) policy. Our numerical ex-

periments show that by applying the (R, S) policy instead of the (R,Q) policy,

although we did not make a significant improvement to reduce CO2 emissions

and total routing costs, we reduced inventory costs significantly. Since the ma-

jority of the incurred costs consists of inventory costs, we made a significant

improvement on the total cost. This work is premised on a recognition that

impact on sustainability needs to be considered when seeking to reduce other

costs in CFSCs. Hence the inclusion of sustainability in the optimisation model

developed in this study. The results are encouraging, as the model reduces in-

ventory costs together with a positive impact on harmful emissions.

Our model also solves the excess cumulative ending inventory level issue re-

sulted in [SBRHVDV15]’s model and caused by pre-determined order quan-

tities. Since our (R, S) formulation calculates order-up-to levels rather than

order quantities it handles demand uncertainties well, allows flexible order size

decisions that consider the actual inventory level and the realised demand, and

prevents excess ending inventory and excess inventory holding costs.

This study contributes to the body of knowledge via the (R, S) policy and by

developing a mixed-integer programming model responsive to non-stationary

demand uncertainties inventory, transport, and regrigeration costs, and CO2

emissions in terms of cost. The extensive computational results indicate that the

proposed model can significantly reduce the total inventory costs compared to

the more conventional RQ model while dealing with stochastic demand. How-

ever, RS performs similarly to RQ in terms of CO2 emissions. Given the growing

global concern for environmental sustainability, this finding could be seen as a
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missed opportunity. Another possible way to reduce the carbon footprint could

be developing a multi-objective model in order to allow trade-offs between the

total cost and the total CO2 emissions. Adding carbon capacity constraints, e.g.,

limiting CO2 emissions per vehicle, etc., could be considered some other im-

provements in this model.

Since RS provides highly accurate solutions, allows flexibility on ordering de-

cisions, and avoids replenishment timing decision set-ups and reviews which

might be required for every period in the dynamic strategy, it could be easily

applied to most real-world food logistics networks and utilised by executives

and decision-makers concerned with the CFSC logistics.

Several possible future directions related to this study might be modifying this

formulation for the multi-supplier and multi-retailer problem setting, adding

a positive lead time, or considering a fleet consisting of non-identical vehicles

with various properties in terms of fuel consumption, refrigeration activities,

capacity, etc. The model could also be extended to consider additional envi-

ronmental and social sustainability measures, such as perishability, food quality

and safety, waste, shelf life, food expiration date, etc., as well as monitoring

the perishability of products by adding new variables to the current model and

keeping track of the age of products.
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Chapter 4

Determining the Policy Parameters
for Perishable Inventory
Management Under Penalty Cost

In this chapter, we present the study we conducted in our publication Gulecyuz

et al. [GOT25]. We propose a computationally efficient heuristic to determine

the replenishment plan and the order quantities for the penalty cost version of

the perishable inventory problem with the setting given in Section 4.2. Then

we explain the network representation of the problem in Section 4.3 then we

describe our proposed procedure to determine the optimal order-up-to levels in

Section 4.4. Section 4.5 describes our proposed heuristic and our motivation

to develop this heuristic in detail. In Section 4.6 we provide the numerical

experiment results and compare our proposed heuristic with the optimal SDP

solution. Finally, we conclude our study in Section 4.7.

4.1 Introduction

The perishability problem has several challenges that we cannot deal with by

using the techniques developed for non-perishable inventory systems, in partic-

ular the multi-dimensionality of the inventory state consisting of the amount of

items of each age. Considering the multi-dimensionality of the inventory state,

we have to deal with a very large and unmanageable state space which is ex-

tremely hard to deal with and to employ the traditional approaches developed

for non-perishable inventory systems.

84



4. DETERMINING THE POLICY PARAMETERS

FOR PERISHABLE INVENTORY

MANAGEMENT UNDER PENALTY COST 4.2 Problem Description and Our Model

We study a perishable inventory system with a finite planning horizon, non-

stationary and stochastic demand with known parameters, penalty costs, a FIFO

issuing policy, and a fixed shelf life. Penalty cost is an important component in

perishable inventory systems since it represents the cost incurred when demand

cannot be met. It can be interpreted as the consequence of shortages, such as

lost sales or decreased customer satisfaction. This becomes particularly useful

in settings with stochastic demand, where the risk of stockouts is present. By

incorporating penalty cost, we aim to develop policies that balance service level

requirements with inventory and wastage costs.

This problem can be solved to optimality by using the SDP approach. However,

due to dimensionality, computation times and the inventory state space grow

exponentially as the lifetime grows, and the SDP approach quickly becomes

computationally infeasible in terms of computation times and the amount of

memory needed. We employ a static-dynamic uncertainty strategy of [BT88]

and propose a computationally efficient heuristic based on the Wagner-Whitin

algorithm and Silver’s heuristic in order to find near-optimal policy parameters

that minimise the total cost throughout the planning horizon. In the first step,

we determine the replenishment schedule before the beginning of the planning

horizon. In the second step, we calculate the order quantities based on the

observed demand and the pre-determined replenishment schedule.

4.2 Problem Description and Our Model

In this section, we define the problem in Section 4.2.1. Then we provide a

mathematical model in Section 4.2.2 and an SDP formulation in Section 4.2.3.

4.2.1 Problem Definition

We hereby describe the problem setting based on the inventory setting and the

cost structure, and explain it in more detail.

Inventory Settings

We consider the single-item and single-location perishable inventory system

with non-stationary stochastic demand over a finite planning horizon of T pe-

riods. Demand is non-stationary and stochastic, hence demand distributions

subject to change over time and demand realisations in each Period t, dt, are
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independent random variables with known probability density functions ft(dt)
and cumulative distribution functions Ft(dt). Customers are not allowed to re-

turn demand due to safety regulations, so we assume we have non-negative

demand. The lead time is zero and replenishment orders Qt are placed im-

mediately at the beginning of each replenishment period. Demand realisations

occur immediately after the order is placed in replenishment periods or at the

beginning of each non-replenishment period. All items have a fixed lifetime of

M periods and the age of a newly-ordered item is b = 0 periods. When the age

of an item is b ≥ M , it becomes outdated. Unmet demand is backlogged and

met when available. It,b denotes the inventory level for the items of Age b at the

end of Period t. The inventory system operates with respect to the FIFO issuing

policy, therefore older items are used first to meet the customer demand.

Costs

Ordering costs consist of a fixed setup cost per order a and a variable linear

unit ordering cost c which are incurred at the beginning of each replenishment

period. Inventory costs consist of a linear unit holding cost h and a penalty

cost p. Inventory costs are incurred at the end of Period t. Finally, a linear unit

outdating cost w is incurred if there is waste at the end of each Period t. We

assume that outdated items (e.g. food past expiration date in supermarkets)

incur no additional costs except the loss of revenue due to unsold and disposed

outdated items. Hence, we assume w = 0.

4.2.2 Mathematical Model

Since demand is uncertain, we formulate our problem as a stochastic model

in which dt is the stochastic element of our model. Recall that Qt is the order

quantity in Period t, It,b is the ending inventory level of Age b at the end of

Period t, and a, c, h, p, and w are fixed setup, unit ordering, holding, penalty,

and outdating costs, respectively. Our stochastic model is given below:

minE(TC) =
∫

dT

...
∫

d1

T∑
t=1

1(Qt) + h(It,0)+ + h
M−2∑
b=1

It,b − p(It,0)− (4.1)

+ wIt,M−1

f1(d1)...fT (dT )dd1...ddt
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subject to

1(Qt) =

a+ cQt, if Qt > 0

0, otherwise
t = 1, 2, ..., T. (4.2)

It =
M−1∑
b=0

It,b =
M−2∑
b=0

It−1,b +Qt − dt, t = 1, 2, ..., T. (4.3)

It,0 = Qt −

dt −
M−2∑
b=0

It−1,b

+

, t = 1, 2, ..., T. (4.4)

It,b =
It−1,b−1 − (dt −

M−2∑
j=b

It−1,j)+

+

, t = 1, 2, ..., T ; b = 1, ...,M − 1. (4.5)

I0,b = 0, b = 0, ...,M − 1. (4.6)

It,b ≥ 0, t = 1, 2, ..., T ; b = 1, ...,M − 1. (4.7)

Qt ≥ 0, dt ≥ 0, t = 1, 2, ..., T. (4.8)

Note that (x)+ = max(x, 0) and (x)− = min(x, 0).

The model given above is the modified version of the mathematical model de-

scribed in [PWHHvdV14] such that a penalty cost component is added to the

objective function and the service level constraint is removed. The objective

function given in (4.1) minimises the expected total cost throughout the plan-

ning horizon. In the constraint (4.2), the total ordering cost function in Period t

is formulated, and the inventory levels of all ages at the end of Period t are cal-

culated by using (4.3). The equations (4.4) and (4.5) are the FIFO constraints.

The initial inventory levels for all ages are zero and the ending inventory levels

are non-negative, as described in (4.6) and (4.7), respectively. According to

(4.7), the ending inventory level for the items of Age 1 can be negative if the

stock on hand is too small to meet demand. The last constraint in (4.8) states

that the order quantity and the demand cannot be negative.

4.2.3 Stochastic Dynamic Programming (SDP) Formulation

The problem can be solved to optimality by using stochastic dynamic program-

ming (SDP) formulation under the dynamic policy. We modify the SDP formu-

lation developed by [HHRPW12] for the penalty cost case. We can formulate

the problem as SDP as follows:

1. Inventory State: The M − 1-dimensional inventory state vector at the
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beginning of Period t is denoted by It−1, such that

It−1 = (It−1,0, It−1,1, ..., It−1,M−2), t = i, ..., j (4.9)

represents the inventory composition at the beginning of Period t. It con-

sists of the amount of the inventory level of each age at the beginning of

Period t. Since It−1,M−1 is equal to the number of items of Age M − 1 that

expire at the end of Period t− 1, it is excluded in It−1.

2. State Transition Function: Φt(It−1, Qt, dt) = It is the inventory state tran-

sition function to calculate the state at the beginning of Period t + 1. It

takes the observed inventory state, the order quantity, and the realised

demand as inputs, then calculates the next inventory state by using Eqs

(4.3)-(4.5).

3. Waste Function: The amount of waste at the end of Period t, It,M−1, is

affected by dt when the initial amount of items of Age M − 1 is sufficient

to cover all the demand, such that It−1,M−2 ≥ dt. Therefore, it can be

written as a function of the initial inventory state; o(It−1, dt) = It,M−1.

4. Immediate Cost Function: We formulate the single-period immediate

cost function for Period t, Ct(.), as follows:

ECt(It−1, Qt) = q(Qt) + E
{
h(It,0)+ + h

M−2∑
b=1

It,b − p(It,0)− + wo(It−1, dt)
}
.

(4.10)

5. Objective Function: We can write the SDP objective function via the Bell-

man equation using the value function for Period t, Vt(.), as follows:

Vt(I) = min
Qt

(
ECt(I, Q) + E(Vt+1(Φ(I, Qt, dt)))

)
. (4.11)

Example:

Since M determines the number of elements in It−1 and therefore the dimen-

sionality of the state space, the number of possible inventory states increases

exponentially as M increases. Let us assume that the number of different pos-

sible inventory levels of each Age b ∈ {0, ...,M − 1} is 100 and the planning

horizon is T = 10 periods. For M = 2, we have 100× 10 = 1000 possible inven-

tory states throughout the planning horizon. For M = 3, the total number of

possible inventory states becomes 1002 × 10 = 100000. For M = 4 and M = 5,
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there are 107 and 109 possible inventory states for the whole the planning hori-

zon, respectively.

As seen from the example, the SDP approach immediately generates a very

large, multi-dimensional, and unmanageable state space graph. Therefore the

SDP solution quickly becomes computationally intractable even for relatively

small M values.

Pseudocode:

Algorithm 3 describes the pseudocode of the SDP formulation. It searches

though all the possible starting inventory compositions and the order quanti-

ties in order to find the optimal parameters that minimise the total cost.

Algorithm 3 SDP – Penalty Cost

1: for b1 = min_inv1 to max_inv1 do
2: for b2 = 0 to max_inv2 do

3:
...

4: for bM−1 = 0 to max_invM−1 do
5: CT +1(b1, b2, . . . , bM−1)← 0
6:

...
7: for t = T down to 1 do
8: for b1 = min_inv1 to max_inv1 do
9: for b2 = 0 to max_inv2 do

10:
...

11: for bM−1 = 0 to max_invM−1 do
12: It−1 ← (b1, b2, . . . , bM−1)
13: x← b1 + b2 + · · ·+ bM−1
14: Ct(It−1)← E{wo(It−1, dt)}
15: for q = 0 to max_order do
16: expected_cost← E

{
h(It,0)+ + h

∑M−2
b=1 It,b − p(It,0)−

}
17: +E {Ct+1(Φ(It−1, q, dt))}
18: if expected_cost ≤ Ct(It−1) then
19: Ct(It−1)← expected_cost
20: St ← x+ q
21: qt ← q

4.3 Network Representation

Since the state space graph generated by the SDP solution quickly becomes un-

manageable and computationally intractable, we employ the relaxation strategy
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proposed by [Tar96] and modify it for the perishability problem. This relaxation

strategy reduces the model to a shortest path problem by relaxing the constraint

which enforces the order quantities to be non-negative. Hence, the model can

be represented as a network on a state space graph with a certain number of

arcs and nodes depending on the horizon length T . [RTHP11] propose a filter-

ing and augmenting algorithm that combines the deterministic-equivalent DP

and the state space relaxation procedure proposed by [Tar96]. They formulate

a shortest path approach to find an optimal solution and to increase the com-

putational efficiency.

We employ and modify the approach of [RTHP11] for our problem. Each Node

i ∈ {0, ...T − 1} represents the inventory state at the beginning of Period i

and the Node T represents the ending inventory state of the T -period planning

horizon. Arcs represent the replenishment cycles and they are associated with

cycle costs.

Replenishment Cycle: R(i, j) is the replenishment cycle starting at the be-

ginning of Period i and ending at the end of Period j, i = 1, 2, ..., T and j =
i, i+ 1, ..., (T, i+M − 1)−.

Expected Cycle Cost: c(i, j) is the expected total cost for the replenishment

cycle R(i, j) with the order quantity Qi, such that

c(i, j) = 1(Qi) +
j∑

t=i

(
h

M−1∑
b=1

E(It,b)+ − pE(It,0)− + wE(It,M−1)
)

(4.12)

Figure 4.1 illustrates a network representation of an inventory system with

T = 4 periods. If there is no perishability, all the arcs between the nodes 0-

4 are associated with the possible replenishment cycles. However, in perishable

inventory systems the arcs longer than M are excluded. Let us consider M = 3
and for simplicity assume all inventory compositions with the same sum are

represented by a single node. Since there are no possible replenishment cycles

longer than M periods due to perishability, the dashed arc (0, 4) which repre-

sents the 4-period replenishment cycle R(1, 4) is excluded from the graph.

For non-perishable inventory systems, Node t represents the opening inventory

level for Period t + 1 and the closing inventory level for Period t. On the con-

trary, the inventory state is defined by the composition of the amount of items of

each Age b = 0, ...,M−1 in a perishable inventory model. Unlike non-perishable

inventory systems, the same amount of the total opening inventory level may
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Calculation

0 1 2 3 4
R(1, 1)

R(1, 2)

R(1, 3)

R(2, 2)

R(2, 3)

R(2, 4)

R(3, 3)

R(3, 4)

R(4, 4)

R(1, 4)

Figure 4.1: The network representation of all possible replenishment cycles of
a perishable inventory model with T = 4 and M = 3. Notice that each Node
i = 1, ..., T − 1 represent the end of Period i and the beginning of Period i+ 1,
Node 0 and Node T represent the beginning and the ending of the planning
horizon, respectively, and each arc (i, j) : i = 0, ..., T − 1, j = 1, ..., T, i < j,

represents R(i+ 1, j).

correspond to many different inventory compositions. In addition, the starting

inventory level at the beginning of Period t and the ending inventory level at

the end of Period t− 1 are different from each other if It−1,M−1 > 0. Therefore,

representing the perishable inventory models as a network graph is a challeng-

ing issue.

4.4 Replenishment Cycle Order-Up-To Level Calcu-

lation

We describe the procedure to calculate the order-up-to levels and the order

quantities for the replenishment cycle R(i, j).

4.4.1 Re-Formulation of the Total Cost Function

The ending inventory level in Period t in R(i, j), i ≤ t ≤ j, is given below:

It = Si,j −
t∑

k=i

dk −
t−1∑
k=i

Ik,M−1. (4.13)

where Si,j is the order-up-to level for R(i, j). The number of non-expiring items

in Period t, e.g. b < M − 1, in R(i, j) is given as follows:

Bi,t = Si,j −
t∑

k=i

dk −
t−1∑
k=i

Ik,M−1. (4.14)
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The outdated items in Period t included in the ending inventory. [TK06] re-

formulates the total cost function for the non-perishable version of our model

in terms of replenishment periods and cycles. We modify [TK06]’s formulation

by including the waste component and apply Eq. (4.13) to calculate the holding

and penalty costs incurred at the end of Period t, It,M−1. Notice that It,M−1 is

excluded since it is the amount of waste at the end of Period t. Thus, we write

Eq. (4.1) as

E(TC) =
m∑

i=1

a1(QTi
) +

Ti+1−1∑
t=Ti

(
h
∫ Si,j

−∞
BTi,tfTi,t(dTi,t)ddTi,t

− p
∫ ∞

Si,j

BTi,tfTi,t(dTi,t)ddTi,t + wE(It,M−1)
)

+ cIT + c
T −1∑
t=1

E(It,M−1) + c
∫

d1,T

d1,Tf1,T (d1,t)dd1,t, (4.15)

where di,t = ∑t
k=i dk, Ti is the start of the i-th replenishment period, 1 ≤ Ti ≤ T ,

m is the number of order placements, and

1(Qt) =

1, if Qt > 0

0, otherwise
t = 1, 2, ..., T.

Hence, the reformulation of Eq. (4.12) is given by

c(i, j) = a+
j∑

t=i

h ∫ Si,j

−∞
Bi,tfi,t(i, t)ddi,t

− p
∫ ∞

Sij

Bi,tfi,t(i, t)ddi,t + w
t∑

k=i

E(Ik,M−1)
, (4.16)

where E(Ij,M−1) =
∫ S−I0 H(S−I0) if j = i+M−1, in other words if the length of

R(i, j) is equal to M periods. I0 = ∑M−1
b=1 Ib,i−1 is the opening inventory level for

R(i, j),
∫ y H(y) is the expected outdating given the order quantity Qi = S − I0

at the beginning of Period i, and H(Qi) is the probability of outdating at the

end of Period t+M − 1.

4.4.2 Calculating the Expected Outdating

Calculating the exact expected outdating given the replenishment order Qt in

Period t is extremely challenging. To our knowledge, there is no known proce-
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Lemma 2. 4.4 Replenishment Cycle
Order-Up-To Level Calculation

dure in the literature that simplifies the calculation of the exact expected out-

dating, except several estimation methods such as [BVD09]’s EWA policy and

[GARMBH17]’s approach for Poisson demand. For the details of the expected

outdating and the proofs, see [Nah75].

Note that the number of expected outdated items between Periods i and i+M−
2, E(It,M−1, t) = i ≤ t < i + M − 1, are independent from Qi and Si,j, depend

on the previous replenishment orders, and remain constant for any different

values of Qi and Si,j. Therefore, we take them as the constants within the

replenishment cycle R(i, j), under the deterministic-equivalent setting.

For the expected outdated items from the previous replenishment orders within

the current replenishment cycle, we apply the EWA procedure of [BVD09].

Their approach estimates the expected outdating at the end of each period

by assuming that the expected demand values occur in each period, and in

a deterministic-equivalent framework.

4.4.3 Multi-Period Newsvendor Setting and Calculating the

Optimal Parameters

We apply the multi-period newsvendor setting described in [Ros21] to calculate

the optimal order-up-to level S∗
ij and the optimal order quantity Q∗

i for R(i, j).
Let us consider the stochastic component of c(i, j) and denote it by Ci,j(Si,j)
such that

Ci,j(Si,j) =
j∑

t=i

h ∫ Sij

−∞
Bi,tfi,t(i, t)ddi,t − p

∫ ∞

Sij

Bi,tfi,t(i, t)ddi,t

. (4.17)

We then determine S∗
i,j for R(i, j) that minimises (4.17) in the multi-period

newsvendor setting. The overage cost occurring per unit of unused inventory is

equal to the holding cost h and the underage cost occurring per unmet demand

is equal to the penalty cost p. Let us consider a random variable ω and a scalar

x.

Definition 1. E(ω−x)+ is the first order loss function, see Rossi et al. [RTPH14].

Definition 2. E(x − ω)+ is the complementary first order loss function, see

[RTPH14].

Lemma 1. E(ω − x)+ = E(x− ω)+ − (x− E(ω)).

For the proof, see [RTPH14].
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The single-period inventory cost function

h
∫ S

−∞
(S − dt − It,M−1)ft(t)dt− p

∫ ∞

S
(S − dt − It,M−1)ft(t)dt

is convex.

Proof. Note that the observed waste at the beginning of Period t, It,M−1 are

not dependent on dt and S. Thus, x = S − It,M−1 is constant. E(ω − x)+ and

E(x−ω)+ are convex, see [RTPH14]. From Definitions 1 and 2, we can see that

h
∫ S

−∞(S − dt − It,M−1)ft(t)dt is the complementery first order loss function and

p
∫∞

S (dt − S + It,M−1)ft(t)dt is the first order loss function. Hence, the single-

period cost function is convex since it is the sum of two convex functions, the

holding cost h > 0, and the penalty cost p > 0.

Lemma 3. E(x− ω)+ =
∫ x

−∞ F (t)dt, where F (.) is the cdf of ω.

For the proof, see [RTPH14].

Using Lemma 1 and Lemma 3, we rewrite Eq. (4.17) as follows:

Ci,j(Si,j) =
j∑

t=i

(h + p
) ∫ Sij−

∑t

k=i
Ik,M−1

−∞
Fi,t(di,t)ddi,t − pBi,t

). (4.18)

Lemma 4. Ci,j(Si,j) is convex.

Proof. From Lemma 2, the sum of the convex functions is convex. Since Eq.

(4.18) is the sum of the convex single-period inventory functions, it is convex.

We take the derivative of Ci,j(Si,j) with respect to Si,j in order to find the opti-

mal order-up-to level:

dCi,j(Si,j)
dSij

=
j∑

k=i

(h+ p
)
Fi,t

(
Si,j −

t∑
k=i

Ik,M−1

)
− p


Then we obtain

j∑
t=i

Fi,t

(
S∗

i,j −
t∑

k=i

Ik,M−1

)
= Np

h+ p
(4.19)

where the length of the replenishment cycle is denoted by N = j − i+ 1.

The optimal order-up-to level for Eq. (4.19) has no explicit formulation. There-

fore, several techniques such as the Nelder-Mead algorithm need to be applied.
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Moreover, we must consider the expected total number of outdated items from

the previous replenishment cycle orders,
∑min(j,i+M−2)

k=i Ik,M−1, and calculate it

by employing the EWA procedure of [BVD09] as described in Section 4.4.2, and

incorporate it into our modified newsvendor formulation.

4.5 Heuristic Approach for the Penalty Cost Case

In this section, we introduce and explain our proposed heuristic, the decision

rule, and the motivation to develop this heuristic in detail.

Recall that the state space consists of many possible inventory compositions,

and the cycle cost c(i, j) is dependent on the inventory composition denoted

by the vector It−1 = (It−1,0, It−1,1, ..., It−1,M−2), t = i, ..., j and the previous path

information from period 1 to Period i − 1. Therefore, the problem becomes

harder to be represented as a single-weight shortest path problem, the number

of possible total cost and inventory composition values increases exponentially

as T increases, and the model becomes computationally intractable. In order

to deal with these issues, we propose a computationally efficient heuristic that

determines a near-optimal path and a total cost up to Period j = 1, ..., T recur-

sively.

Instead of dealing with the corresponding nodes and arcs in the state space

graph for each possible inventory composition and replenishment cycles in or-

der to find the shortest path, we can employ the dynamic programming ap-

proach and find the best path in a recursive way. To do so, it is possible to apply

and modify the well-known Wagner-Whitin algorithm [WW58] which finds the

optimal solution for the dynamic lot sizing problem via dynamic programming.

However, we still have several issues: Firstly, the Wagner-Whitin solution takes

only the cost into account and the actual value of the starting inventory com-

position in Period t, It−1, does not have any effect when determining the path.

Moreover, the path found via the Wagner-Whitin algorithm does not guarantee

that it is the near-optimal path, which we refer to as the "best" path, we can

find, since the best path found may differ for each It−1 having the same total

items
∑M−2

b=0 It,b. Therefore, we need to set up a decision rule which considers

both the inventory composition and cost values and combines them with the

dynamic programming approach. In our decision rule we are inspired by the

Silver-Meal heuristic [Sil73], since we aim to keep the average cost per period

at minimum when determining the next replenishment cycle if the inventory on
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hand is not sufficient for the following periods given It, or under the assump-

tion that we use the remaining items.

Our heuristic aims to determine the replenishment Periods Rt and the order

quantities Qt in a similar manner to the static-dynamic uncertainty strategy

of [BT88]. Since the optimal order quantity in Period t greatly depends on

the inventory composition It−1 at the beginning of Period t, it does not nec-

essarily fit the order quantity for the deterministic-equivalent path. Using the

deterministic-equivalent approach, we firstly run our algorithm and find the

replenishment Periods Rt, t = 1, ..., T . Then we perform a simulation run by

taking the vector that indicates the replenishment Periods

Yt = (Y1, ..., Yt, ..., YT ), Yt ∈ 0, 1

as an input. Yt is defined by

Yt =

1, if t = Rt

0, otherwise
t = 1, 2, ..., T.

We calculate Qt by performing a simulation run and using the observed inven-

tory state composition at the beginning of each Period t. Our heuristic calculates

the replenishment plan and the total cost at the end of Period T , TC(T ), and

works in a recursive manner.

4.5.1 Overview

The first step involves determining the replenishment periods by evaluating all

possible replenishment cycles that end in each Period t in a similar manner

to the Wagner-Whitin [WW58] algorithm. This process takes both the inven-

tory compositions at the end of each period and the replenishment cycle costs

given these compositions. Using a modified Silver-Meal heuristic [Sil73], the

method selects the replenishment cycle that minimises the average total cost

over time, considering both future inventory availability and demand cover-

age. By iterating through all feasible replenishment cycles and selecting the

most cost-effective path, the heuristic calculates a near-optimal replenishment

schedule for the planning horizon.

Once the replenishment periods are determined, the corresponding order quan-

tities are calculated in the second step, based on the observed inventory compo-
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sitions. Since they can differ from the deterministic-equivalent model, we use a

simulation approach to determine order quantities dynamically. By employing

a multi-period newsvendor framework and estimating waste for each replenish-

ment cycle, the heuristic determines the optimal order quantity that minimises

cycle costs in the second step.

4.5.2 Step 1: Determining the Replenishment Periods

At the end of each Period t = 1, ..., T , we firstly calculate the corresponding cy-

cle costs c(i, t) for each replenishment cycle R(i, t), i = max(1, t−M + 1), ..., t,
starting in periods from t −M + 1 to t and ending at the end of Period t. If

the ending inventory composition is sufficient for meeting the next periods’ de-

mand without any new replenishment order placement, we then calculate the

total cost of the remaining inventory as long as it suffices the future demand.

Otherwise, we check all the next possible replenishments given the composition

It, then select the replenishment order with the least average cost by using the

modified Silver-Meal heuristic of [GARMBH17]. Our goal is to ensure that we

keep the average total cost at minimum after Period t by involving the inven-

tory composition states as the determining factors. We denote the remaining

inventory cost or the possible future replenishment cost given It at the end of

Period t by

c′(t+ 1, Ti,t) = 1(Qi) +
Ti,t∑

k=t+1

(
h

M−1∑
b=1

E(Ik,b)+ − pE(Ik,0)− + wE(Ik,M−1)
)
,

and we denote the last period in which the expected demand is sufficed by

the remaining inventory at the end of R(i, t) by Ti,t. In case there is not enough

demand, Ti,t represents the last period that is covered by the next replenishment

cycle (e.g. R(t+ 1, Ti,t)) selected via the modified Silver-Meal heuristic.

Next, we choose the path that minimises the total cost up to the end of Period

t, inspired by the Wagner-Whitin algorithm. We call this path the "best path".

Let us define the set of the replenishment cycles on the best path up to the end

of Period t by Rt. We define the best path in terms of replenishment cycles.

Suppose that M = 2 and T = 3. We initially set R1 = {R(1, 1)} and Y1 = (1),
since it is the only possible path before period 1, as seen in Figure 4.2. Similarly,

Figure 4.3 illustrates R2 would be either R2 = {R(1, 1), R(2, 2)} highlighted in

red orR2 = {R(1, 2)} highlighted in blue, and the corresponding replenishment
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0 1

R(1, 1)

Figure 4.2: The only possible path to the end of period 1.

0 1 2

R(1, 1)

R(1, 2)

R(2, 2)

Figure 4.3: The possible paths to the end of period 2.

0 1 2 3
R(3, 3)

R(1, 2)

R(1, 1)

R(1, 1)

R(2, 3)

R(2, 2)
R(3, 3)

R(1, 3)

Figure 4.4: The possible paths to the end of period 3.

vector is Y2 = (1, 1) or Y2 = (1, 0), respectively. According to Figure 4.4,

when t = 3, R3 = {R1, R(2, 3)} highlighted in blue, or {R2, R(3, 3)} which

can be either {R(1, 1), R(2, 2), R(3, 3)} highlighted in red or {R(1, 2), R(3, 3)}
highlighted in green. Then the corresponding vector would be Y3 = (Y1, 1, 0) =
(1, 1, 0) or Y3 = (Y2, 1). Note that since M = 2 we do not include R(1, 3) which

is illustrated as a dashed line in 4.4.

Since we mentioned earlier that our aim is to employ the dynamic program-

ming approach while using both cycle cost c(t + 1, Ti,t) and inventory state It

as the decision parameters and keeping the average cost at a minimum level,

our decision rule is inspired the Wagner-Whitin algorithm and the Silver-Meal

heuristic which are among the fundamental and most well-known methods in

the literature. We choose the best path prior to the end of Period t recursively,

and by selecting the path that results in an inventory composition which keeps

the average total costs at minimum after Period t. We determine the best path

with respect to the least average cost up to Period Ti,t, using the formula given

below:

AC(Ti,t) = TC(i− 1) + c(i, t) + c′(t+ 1, Ti,t)
Ti,t

, i ∈ max(1, t−M + 1), ..., t,

(4.20)
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where AC(Ti,t) denotes the average total cost at the end of Period Ti,t. We select

the replenishment cycle which starts at the beginning of Period i and ends at

the end of Period t such that

i∗ = arg min
i

AC(Ti,t). (4.21)

Then the total cost up to the end of Period t can be expressed as follows:

TC(t) = TC(i∗ − 1) + c(i∗, t), (4.22)

and

TC(0) = 0.

We repeat this process for Period t+1 and continue until the end of the planning

horizon.

The pseudocode of the algorithm for process of determining the replenishment

periods is given in Algorithm 4. A brief explanation of Algorithm 4 is as follows:

We firstly take the opening inventory levels and the demand expectations as

inputs, and calculate a binary vector indicating the replenishment periods. We

initialise the total cost to be zero and the replenishment cycle set to be an empty

set. Each iteration of the outermost for loop represents the process in each

period. In the inner for loop we compare all the possible previous replenishment

cycles ending at the end of Period j and their resulting inventory compositions,

then we select the next possible replenishment cycle with the lowest average

cost per period in the inner if else statement. In the last if statement, we update

the total cost vector and the replenishment cycle set if we keep the average cost

at minimum.

4.5.3 Step 2: Determining the Order Quantities

In order to determine the order quantities, we employ a dynamic strategy and

perform a simulation run. Recall that the state vector represents the inventory

composition of each age. Hence, the order quantities found in the previous

stage of our heuristic corresponds to the resulting inventory compositions and

states from the deterministic-equivalent model. Due to the mismatch between

the inventory states, applying the static uncertainty strategy may result in much

higher costs. In order to deal with this issue, we need to consider the instanta-

neous inventory compositions and states during simulation while determining
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the order quantities.

Consider the replenishment cycle R(i, j) ∈ RT , i, j,= 1, ..., T determined by the

procedure described in Section 4.5.2. Given the observed starting inventory

composition in Period i, Ii−1, we calculate the order quantity via local search.

In order to determine the order quantity that minimises c(i, j), we employ the

multi-period newsvendor approach explained in detail in Section 4.4, using the

expected total demand
∑j

k=i dk and total waste
∑j−1

k=i Ik,M−1, and the inverse

CDF F−1
i,j for R(i, j). We repeat this process for each pre-determined replenish-

ment cycle until the end of the planning horizon.

Algorithm 4 Heuristic – Penalty Cost

1: Input: Opening inventory I0 = (I1,0, . . . , IM−1,0), expected demand d =
(d1, . . . , dT )

2: Data: Directed state space graph with arcs representing at most M -period
replenishment cycles

3: Result: Binary replenishment cycle vector YT

4: TC ← zeros(T ) ▷ Total cost vector
5: R ← ∅ ▷ Replenishment cycle set
6: TC(0)← 0
7: for j = 1 to T do
8: avgcost←∞
9: for i = max(1, j −M + 1) to j do

10: Calculate S∗
i,j based on multi-period newsvendor formulation

11: c(i, j) = 1(Qi) +∑j
t=i

(
h
∑M−1

b=1 E(It,b)+ − pE(It,0)− + wE(It,M−1)
)

12: Calculate Ti,j

13: if Ti,j > j then
14: c′(j + 1, Ti,j)← total cost of remaining inventory (if sufficient)
15: else if Ti,j = j then
16: T ∗

i,j ← arg min
T ′

i,j>j

c(j + 1, T ′
i,j)/(T ′

i,j − j)

17: Ti,j ← T ∗
i,j

18: c′(t+ 1, Ti,j)← c(i+ 1, Ti,j)
19: temp← (TC(i− 1) + c(i, j) + c′(j + 1, Ti,j)) /Ti,j

20: if temp < avgcost then
21: avgcost← temp
22: TC(j)← TC(i− 1) + c(i, j)
23: R(j)← {R(i− 1), R(i, j)}
24: Yi ← (Yi−1, 1)
25: else
26: Yi ← (Yi−1, 0)
27: return YT
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0 1 2 3 4

34

52

33

39

25, 29

38, 43

35, 35, 38

Figure 4.5: The network representation of the example problem with all
possible cycle costs. The best path is highlighted in red.
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0 4
9 4
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


0 4
12 4
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0 4
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0 0

6 0
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


0 4
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0 2
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

0 0
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10 0
0 2



 0 3
10 3
5 0

 ,
 0 3

10 3
5 0

 ,
 0 0

13 0
5 0



Figure 4.6: The network representation of the example problem with all
possible inventory compositions. The best path is highlighted in red. The first
and the second row represent the starting inventory at the beginning of the
replenishment cycle and the inventory composition after the order is placed,
respectively. The remaining rows show the inventory compositions at the end
of each period in the replenishment cycle. The columns represent the number

of items of each age; the first and the second columns show the number of
items of Age 0 and 1, respectively.

4.5.4 An Example

We shall explain our heuristic via a simple example in detail, and clarify how

it is possible to apply the heuristic in practice. We generate a small inventory

model with M = 2, N = 4, I0,b = 0,∀b = 0, ...,M − 1, the demand in each

Period t has a Poisson distribution with rates λt = (6, 9, 4, 8). We have a fixed

ordering cost a = 20, unit ordering, holding, penalty, and outdating costs c = 1,

h = 1, p = 10 and w = 0, respectively. This procedure follows the deterministic-

equivalent approximation of the EWA procedure, where order quantities are

determined using average demand and the resulting expected waste. Figures

4.5-4.7 illustrate the network representation for the problem. In Figure 4.5,

each arc are labeled with all the corresponding cycle costs. Figure 4.6 shows

the inventory composition values for the same problem. In Figure 4.7, the

previous path information for the same problem is given. At the end of the

planning horizon, we obtain the path highlighted in Figures 4.5-4.7.
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Figure 4.7: The network representation of the example problem with the
previous replenishment cycle information. The best path is highlighted in red.

0 1

34

Figure 4.8: The best path at the end of period 1 with the corresponding cycle
cost values.

Period 1:

We check all the possible options at the end of each Period t. Let us start

from t = 1. Consider the node 1 which corresponds to the end of period 1.

In this node, placing a one-period order covering period 1 is the only option.

Therefore, the best path between the nodes 0 and 1 always consists of the arc

(0, 1) which represents R(1, 1). Hence, the set R1 = {R(1, 1)}. According to the

formulation given in Section 4.4 in detail, the order-up-to level for R(1, 1) is

S1,1 = 10. Since I0 = (0), we order Q1 = 10 items. Then the expected demand

realisation E{d1} = 6 occurs. Finally, we have 4 items on hand and I1 = (7).
Hence, the total cost for R1 is calculated as TC(1) = a + cQ1 + h

∑M−2
b=0 I1,b +

wI1,M−1 = 20 + 10 + 4 + 0 = 34. At the end of period 1, we highlight the arc

(0, 1) as seen in Figure 4.8.

Period 2:

For t = 2, we consider the node 2 which represents the end of period 2. Now

we have two options: Placing a 2-period order covering periods 1 and 2 at the

beginning of period 1, or placing two one-period orders at the beginning of

periods 1 and 2. In other words, we need to choose the arc (0, 2), or the arcs

(0, 1) and (1, 2), respectively.

In the first option, we order up to S1,2 = 19. At the end of the first period, all the

items in the inventory are of Age 0, thus we have I1,0 = 19− 6 = 13 and I1,1 = 0
items on hand. At the end of period 2 all the items on hand are of Age 1 and

sinceM = 2 , I2,1 = 13−9 = 4 items are outdated, therefore no inventory is held

for the following periods. We do not have enough inventory to cover the next
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34
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Figure 4.9: The best path at the end of period 2 with the corresponding cycle
cost values.

period’s demand. Therefore, we choose the replenishment decision with the

least average cost to calculate c′(3, Ti,j) using the modified Silver-Meal heuristic.

The selected decision covers the next two periods and sufficient for the demand

until the end of Period T1,2 = 4. Hence, TC(2) = 20 + 19 + 13 + 0 = 52,

c′(3, Ti,j) = 45, and AC(T12) = (TC(2)+AC(4))/T1,2 = (52+45)/(2+2) = 24.25
forR2 = {R(1, 2)}. Note that if we select R(3, 3), AC(T12) = (52+25)/(2+1) =
25.67. Therefore it is not the following cycle which keeps the average cost at

minimum.

In the second option, we place a new 1-period order after R(1, 1). Recall that

I1 = (4), so we start period 2 with 4 items of Age 1. From the procedure

discussed in Section 4.4, S2,2 = 13 and we orderQ2 = 9 items. Then the demand

E{d2} = 9 is realised. At the end of period 2, I2,0 = 4 and there is no outdating

since I2,1 = 0. In this scenario, the resulting set of replenishment cycles is R2 =
{R(1, 1), R(2, 2)}, the total cost for R2 is calculated as TC(1) + 20 + 9 + 4 = 67.

Since we have sufficient inventory for E{d3} = 3, Ti,j = 3 and c′(3, Ti,j) = 1. We

then have AC(T2,2) = (TC(2) + AC(3))/TC2,2)(67 + 1)/3 = 22.67.

Since AC(T2,2) < AC(T1,2), we choose the 2nd option for the best path at the

end of period 2, then set R2 = {R(1, 2)}. Notice that we did not select the

option 1 despite having less total cost (52) than that of option 2 (67), since we

would not keep the average cost at minimum. Finally, we update the graph,

remove the highlight from the arc (0, 1), and select the arc (1, 3) as in Figure

4.9. Recall that the best path is updated in each period, the selected arcs may

not necessarily remain in the best path permanently, and they can be removed

from the path, depending on the updates on the path in the following periods.

Following periods:

We repeat the same procedure for the following periods recursively. Note

that the previous best paths may change due to the future inventory compo-

sitions and the path decisions (e.g. R3 = {R(1, 2), R(3, 3)} can be possible).

Computing the Policy Parameters for
Perishable Inventory Management and Cold
Supply Chains Under Stochastic Demand

103 Suheyl Gulecyuz



4. DETERMINING THE POLICY PARAMETERS

FOR PERISHABLE INVENTORY

MANAGEMENT UNDER PENALTY COST 4.6 Numerical Experiments

At the end of the planning horizon, we obtain the replenishment cycle set

R4 = {R(1, 1), R(2, 2), R(3, 4)} and the vector Y4 = (1, 1, 1, 0). Using Y4 as

an input, we find the order quantities via performing a simulation run with

5000 replications and calculate the mean of the total cost during the planning

horizon as TC(4) = 116.2.

4.6 Numerical Experiments

In this section, we discuss the numerical experiments that we performed to

evaluate the performance of our heuristic. We implement our heuristic in MAT-

LAB for our inventory problem. We implemented the SDP model in C since we

realised that MATLAB was not as time-efficient as C to calculate the SDP model

even for M = 3. We perform our numerical experiments on a machine with

an Intel Core i7-1165G7 2.80 GHz processor and 16 GB RAM. We first gener-

ate the replenishment period vectors via our heuristic, then we determine the

order quantities with respect to the instantaneous starting levels while perform-

ing simulation runs in order to calculate the total cost.

4.6.1 Experimental Setup

We perform the numerical experiments over an instance set of the combina-

tions of various demand patterns, shelf lives, and cost parameters. There are

three different fixed ordering cost parameters, a ∈ {25, 50, 75}, two different

unit ordering cost parameters, c ∈ {1, 3}, and two different unit penalty cost

parameters, p ∈ {10, 20}. We consider the unit holding and outdating costs

to be h = 1 and w = 0, respectively. The inventory consists of items having

M ∈ {2, 3, 4} periods of shelf lives. The horizon length is set to T = 12 periods

(e.g., the planning horizon may be thought as the entire year and each period

may represent months). All the parameters are summarised in Table 4.1. There

are also 6 different Poisson demand sets with stationary, increasing, decreasing,

seasonal, cyclic, and randomly patterned demand rates which are given Table

4.2 and visualised in Figure 4.10. There are 216 randomly generated instances

in total.

We use the optimal SDP results as a benchmark to our heuristic. Since the

dimensionality of the perishable inventory problem severely limits the perfor-

mance of the SDP model, we study with the demand sets with relatively small

arrival rates.
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Figure 4.10: Demand patterns for each demand set.

Table 4.1: Input parameters for the experiments

Input parameters Values

Fixed setup cost (a) {25, 50, 75}
Unit ordering cost (c) {1, 3}
Unit holding cost (h) 1
Unit penalty cost (p) {10, 20}
Unit outdating cost (w) 0
Shelf life (M) {2, 3, 4}
Planning horizon (T) 12

Table 4.2: Demand sets, demand patterns, and arrival rates

Demand patterns
Arrival rates in period t

1 2 3 4 5 6 7 8 9 10 11 12

Stationary 15 15 15 15 15 15 15 15 15 15 15 15
Increasing 2 5 7 8 9 11 16 18 22 25 28 29
Decreasing 29 28 25 22 18 16 11 9 8 7 5 2
Seasonal 2 7 9 16 22 28 29 25 18 11 8 5
Cyclic 2 9 22 28 16 7 5 11 25 29 18 8
Random 8 18 5 9 22 2 28 16 11 29 25 7
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4.6.2 Results and Discussion

In order to guarantee that the SDP model is sufficient to generate the optimal

order quantities, we construct a grid with a size of 151M−1 × T possible states,

so that the amount of items of each age can take 151 different values, between

-50 and 100. For each of our instances and by using the simulation model with

5,000 replications, we calculate the expected finite horizon total cost.

Costs

Table 4.3 summarises the average percentage difference of the optimality gap

between the heuristic and the SDP with respect to each parameter. The per-

centage difference of the optimality gap is calculated by the following formula:

100× TCH − TCSDP

TCSDP

where TCH and TCSDP denote the total cost for the heuristic and the SDP

solution, respectively. On average, the optimality gap tends to be very small,

only 1.9%. The average total cost for the whole instance set is found to be 837.6

and 852.9 for the SDP and the heuristic, respectively. An average replenishment

cycle covers 2.26 periods.

We notice that the sets with the seasonal and the random demand patterns tend

to have slightly higher optimality gaps which are greater than 2%. One possible

explanation might be the sharp fluctuations between the demand distributions

in some of the subsequent periods benefit from more dynamic control. We also

observe that the optimality gap increases as the amount of shelf life increases.

Notice that the average replenishment cycle is 1.81 periods for M = 2 and it

becomes equal to 2.60 when M = 4. Hence, most replenishment cycles cover 2

periods rather than 1 period in case M = 2. As M increases, the proportion of

the M -period cycles tends to decrease due to the decrease in the ratio between

the average replenishment cycle length. In addition, the total cost tends to

drop as M increases, since longer shelf life allow less number of replenishment

orders.

A similar relationship between the fixed setup cost and the replenishment cy-

cle length can be observed. When the fixed setup cost a is sufficiently low,

placing replenishment orders more frequently does not have a significant effect

on the increase in the total cost. If a gets higher, ordering decisions become

more costly, and therefore we need to keep the replenishment cycles as long as
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possible to avoid additional ordering costs. We can see that in Table 4.3, as a

increases from 25 to 75, the average cycle length increases from 1.74 to 2.62.

On the contrary, the optimality gap percentage and the fixed cost tend to be in-

versely proportional, but for this experiment we cannot say that they are strictly

inversely proportional since their 95% confidence intervals overlap. Moreover,

we notice that the optimality gap tends to increase as M increases, from 1.07%
when M = 2 to 2.66$ when M = 4, while there is no significant difference

in the optimality gap percentages for the different values of p and c. However,

increasing c significantly increases the total cost. Also, there are no significant

changes in the average replenishment cycle lengths due to the changes in p and

c.

Computation Times

As seen from Table 4.3, our proposed heuristic has a significant advantage over

the SDP model in terms of the computation time. The heuristic determines the

replenishment periods in the order of just milliseconds (7.9ms on average per

instance) regardless of the shelf life and determines the order quantities in sec-

onds (7.59s on average per instance) with small increases in terms of seconds

as M increases. On the contrary, even though the SDP model works very fast

(0.19s on average per instance) for M = 2 and reasonably fast (33.90s on av-

erage per instance) for M = 3, it slows down exponentially when M = 4 and

generates the order quantity values in more than 1 hour (4,953.6s on average)

per instance. Using the grid size we mentioned above, in order to compute the

parameters for all the instances, the SDP model requires a computation time

of 14 seconds, 40 minutes, and 4 days for M = 2, M = 3, and M = 4, re-

spectively. If the shelf life increased to M = 5, the computation times would

continue to increase exponentially, and it would take more than 1 week to cal-

culate the order quantities for only 1 instance. That would result in about 1.7

years of required computation time for all the instances having a 5 periods of

shelf life. In contrast to the SDP model, our proposed heuristic can generate

the replenishment period vectors for all the 216 instances in just 1.7 seconds.

Taking the simulation runs that determine the order quantity into account, the

calculation of all the parameters for the whole instance set takes less than 30

minutes. Since we calculate the order quantities during the simulation runs,

the average simulation runtime for our heuristic is longer (7.59s) compared

to that of the SDP model (4.3s). When we conduct a sensitivity analysis on

the algorithm and the simulation runtimes for both the SDP and our proposed

Computing the Policy Parameters for
Perishable Inventory Management and Cold
Supply Chains Under Stochastic Demand

107 Suheyl Gulecyuz



4. DETERMINING THE POLICY PARAMETERS

FOR PERISHABLE INVENTORY

MANAGEMENT UNDER PENALTY COST 4.6 Numerical Experiments

heuristic, we clearly see from Table 4.3 that all of them are subject to increase

as M increases and there are slight differences in the simulation runtimes be-

tween different demand patterns, while changes in all the other parameters do

not cause a significant change in the runtimes. Similar to the increase in the av-

erage algorithm runtimes, the average simulation runtimes increase from 4.6s

to 9.54s for our proposed heuristic, respectively.

Testing the Heuristic on Known Instances in the Literature

We test our heuristic on a modified version of the another instance set in the lit-

erature, taken from [PWHHvdV14]. Since their mean demand parameters are

too large (e.g., 800, 950), it is practically intractable to implement the optimal

SDP model with these parameters and without using some techniques and ap-

proximations (e.g., extrapolation). Therefore, we scale down the demand mean

and the fixed setup cost parameters by 40 to implement the SDP model without

any technique. They consider normally distributed demand in their study, so

we assume the demand follows a normal distribution. For this experiment, we

select a subset of their instance set and consider the parameters given in Tables

4.4 and 4.5. In total, there are 12 instances.

Table 4.6 shows that the average optimality gap is slightly higher at 3.21%.

M = 3 does not tend to have a greater optimality gap on the contrary to the

main experimental setup. This observation shows that the increase in the shelf

life does not always result in deviations from the optimality. It might be ex-

plained by the observation that the average cycle length-to-shelf ratio remains

similar for both M values. Considering both the experimental setups, we can

conclude that the gap tends to increase as the average cycle length-to-shelf ratio

decreases. Moreover, a = 37.5 has the least average optimality gap and the gap

does not tend to increase as a increases or decreases. Finally, the heuristic has

a tendency to perform better when the coefficient of variation is lower.

Testing the Runtimes on Instances with Larger Demand and Lifetime

We test the performance of the heuristic in terms of computation times for

longer shelf lives and larger demand means. We consider the same holding,

penalty, outdating cost parameters as in Table 4.4. We take the fixed setup

cost parameters a = 1500 and the demand means given in Table 4.7 from

[PWHHvdV14], which we scaled down by 40 in Section 4.6.2. The shelf lives

take value from the set M ∈ {2, 4, 6, 8, 10}. The time horizon lengths take val-
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Table 4.4: Input parameters for the experiments

Input parameters Values

Fixed setup cost (a) {12.5, 37.5, 50}
Unit ordering cost (c) 2
Unit holding cost (h) 0.5
Unit penalty cost (p) 5
Unit outdating cost (w) 0
Shelf life (M) {2, 3}
Planning horizon (T) 12
Coefficient of variation (CV) {0.25, 0.333}

Table 4.5: Demand means. Modified from the parameters in [PWHHvdV14]

.
Average in period t

1 2 3 4 5 6 7 8 9 10 11 12

20 23.75 5 22.5 20 3.75 16.25 20 22.5 7.5 3.75 15

Table 4.6: Comparison of the SDP and the heuristic, penalty cost case, with
respect to each parameter, penalty cost case.

Parameter
Avg. Opt.

Gap Percent
Diff

95% CI
Percent

Diff

Avg.
Heuristic
Total Cost

Avg.
SDP

Total Cost

Avg.
Cycle

Length

Total avg 3.21% [2.54, 3.89] 691.34 669.77 1.95

M = 2 3.52% [2.60, 4.44] 719.42 694.38 1.64
M = 3 2.91% [1.90, 3.92] 663.26 645.16 2.40

a = 12.5 3.58% [2.67, 4.50] 559.90 540.51 1.60
a = 37.5 2.75% [1.96, 3.54] 722.68 703.28 2.18
a = 50 3.31% [1.55, 5.07] 791.43 765.50 2.18

CV = 0.25 2.61% [1.68, 3.54] 675.33 658.09 1.95
CV = 0.333 3.82% [3.05, 4.58] 707.34 681.45 1.95

ues from T ∈ {12, 24, 48}. In total there are 30 instances.

As seen from Table 4.8, the heuristic runtimes tend to increase as M grows,

from 0.0013 seconds for M = 2 to 0.0777 seconds for M = 10. As T increases,

the runtimes tend to increase linearly for smaller M values, but they tend to

increase exponentially as M gets larger. The increase in M has a tendency to

result in exponential increases in runtimes, e.g., from 0.0019 seconds when

M = 2 to 0.1635 seconds when M = 10 for T = 48. However, the heuristic

outperforms the optimal SDP solution in terms of order of magnitude of the

growth in computation times (e.g. when M = 5 only 8 milli-seconds for the
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Table 4.7: Demand means taken from [PWHHvdV14]

.
Average in period t

1 2 3 4 5 6 7 8 9 10 11 12

800 950 200 900 800 150 650 800 900 300 150 600

Table 4.8: Comparison of the average heuristic runtimes (seconds) for
different product lifetimes, penalty cost case.

Parameter
Lifetime (M)

2 4 6 8 10

Total avg 0.0013 0.0049 0.0156 0.0382 0.0777

T = 12 0.0005 0.0020 0.0041 0.0073 0.0106
T = 24 0.0015 0.0041 0.0133 0.0302 0.0591
T = 48 0.0019 0.0087 0.0294 0.0771 0.1635

CV = 0.25 0.0014 0.0049 0.0157 0.0395 0.0797
CV = 0.333 0.0012 0.0049 0.0154 0.0369 0.0758

heuristic and more than 1 week for the SDP). Moreover, the heuristic tends to

have similar performance for different instances of the fixed setup cost and the

coefficient of variation as M increase.

4.7 Conclusion

We have studied a perishable inventory system consisting of items which out-

date after a fixed number of periods. Due to the dimensionality of the inventory

composition state, it becomes technically impossible to find the optimal param-

eters for longer shelf lives via the SDP, considering that the SDP model might be

extremely demanding in terms of the computation time and also the memory

requirements. In addition, several complexity issues related to formulating the

problem as a network graph arise, Therefore, we develop time-efficient and fast

heuristic inspired by the well-known Wagner-Whitin algorithm and the Silver-

Meal heuristic, in order to obtain the best path on the network while using

the ending inventory composition state as a parameter to maintain the lowest

average cost in the ordering decision. Our numerical experiments show that

using the order timings and quantities generated by our proposed heuristic, we

obtain the total cost values with a very small optimality gap percentage (1.87%
error on average) just in milliseconds.

By modeling the problem as a deterministic-equivalent network graph, we relax
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the state space and make it more manageable in terms of runtimes and state

space size. Since the network graph approach may not be sufficient to repre-

sent the different multi-dimensional inventory composition states, we employ

additional procedures and make decisions based on the inventory states which

help keeping the average cost since the beginning of the planning horizon at

minimum. Moreover, the effect of the state space dimensionality caused by the

amount of shelf life has a minimal effect on our heuristic.

Our heuristic quickly generates near-optimal results even for the items with

much longer shelf lives. It is very convenient in terms of implementation and

computational complexity. It simultaneously allows flexibility to make ordering

decisions by taking the observed demand into account and avoids replenish-

ment timing decision set-ups and reviews which might be required for every

period in the rolling-horizon frameworks. Therefore, it could be easily applied

to most real-world inventory systems for perishable goods and utilised by exec-

utives and decision-makers.
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Chapter 5

Determining the Policy Parameters
for Perishable Inventory
Management Under Service Level
Constraints

In this chapter, we analyse the minimal α-service level variation of the heuris-

tic we propose in Chapter 4. We study this variation of the perishable inven-

tory problem in our paper currently work in process. We modify our proposed

heuristic to determine the replenishment plan and the order quantities for the

minimal α-service level case version of the perishable inventory problem. After

we provide an introduction in Section 5.1, we describe our problem Section 5.2,

then provide a mathematical model and an SDP formulation. In Section 5.3 we

explain the network representation for this case. In Section 5.4 we describe and

explain the service level version of our heuristic. We provide a numerical study

in Section 5.5 and conclude this chapter in Section 5.6.

5.1 Introduction

The minimal α-service level is a widely used measure in inventory control to

ensure that the probability of no stockout in each period is at least α. Instead

of applying a penalty for shortages, it indirectly controls stockouts by enforcing

a minimum probability threshold to be satisfied. This is particularly useful in

practical settings to guarantee customer satisfaction to a high level of degree,
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in comparison to assigning a penalty for each unmet demand.

This type of service level is especially important in practical applications, such as

retail, healthcare, and food supply chains, where unmet demand may result in

high customer dissatisfaction or operational issues. For instance, grocery stores

often operate under high service level targets to maintain shelf availability, and

hospitals need to ensure a reliable supply of perishable medical products, such

as blood or vaccines. Unlike the penalty cost approach, the α-service level

provides a clearer and more interpretable target, which makes it easier to align

with service-oriented objectives and operational performance metrics used in

practice.

A policy focused only on minimising total cost may not work well in these cases.

It might accept less service in periods with high uncertainty if it leads to lower

total costs. In critical settings such as healthcare or food supply chains, even

short periods of high stockout might result in serious problems. The α-service

level prevents these kind of consequences by ensuring that the probability of

stockout is no less than a specific level.

We study the variation of the perishable inventory problem under a minimal

α-service level constraint. We modify the heuristic proposed in Chapter 4 to de-

termine the replenishment periods and order quantities while ensuring the ser-

vice level requirement is satisfied in each period. Our extensive computational

experiments that use the near-optimal SDP solution as a benchmark show that

the heuristic finds near-optimal solutions in significantly reduced computation

times.

5.2 Problem Description and Our Model

In this chapter, we consider a similar setting to the problem setting described

in Chapter 4, except the way to handle stockouts. Different from Chapter 4 in

which we represented each backlogged item in terms of cost, our aim in this

chapter is to ensure that the customer demand is met no less than a certain

probability in every period. Therefore, we remove the penalty cost from the

problem description and add a minimal α-service level constraint to guarantee

that the non-stockout probability is no less than α.

We study a single-item single-location perishable inventory system with periodic

review and over a finite planning horizon of T periods. Demand distributions
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are stochastic, subject to change over time, and demand realisations in each

Period t, dt, are independent random variables with known probability density

and cumulative distribution functions ft(dt) and Ft(dt), respectively. In each

replenishment period, there is zero lead time. All items have a fixed shelf life

of M ≥ 2 periods and the age of a new item is b = 0. An item is outdated and

must be discarded when its age is b ≥ M . We assume full backlogging. The

inventory level for the items of Age b at the end of Period t is denoted by It,b.

The inventory system works according to the FIFO issuing policy.

There is a fixed setup cost per order a and a variable unit ordering cost c lin-

ear in the order quantity Qt, incurred at the beginning of each replenishment

period. Moreover, a variable unit holding cost h, which is linear in the ending

inventory except outdated items
∑T −2

b=0 It,b, is charged at the end of each Period

t. Finally, a linear outdating cost per outdated items w is charged if there is

waste at the end of Period t. Positive outdating cost might require expected

waste estimation techniques or further exact expected waste calculations which

have no explicit formulation in the literature. For convenience, we assume out-

dated items (e.g. food in supermarkets which are past their expiration date)

incur no costs w = 0 except the loss of revenue due to unsold and disposed

outdated items.

5.2.1 Mathematical Model

We formulate our problem as a stochastic programming model in which the

random variable is dt, demand realisations in each Period t. The model is for-

mulated as follows:

minE {TC} =
∫

dT

...
∫

d1

T∑
t=1

1(Qt)+h(It,0)+ + h
M−2∑
b=1

It,b+ (5.1)

wIt,M−1

f1(d1)...fT (dT )dd1...ddt

subject to

1(Qt) =

a+ cQt, if Qt > 0

0, otherwise
t = 1, 2, ..., T. (5.2)

P
{

M−1∑
b=0

It,b ≥ 0
}
≥ α, t = 1, 2, ..., T. (5.3)
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It =
M−1∑
b=0

It,b =
M−2∑
b=0

It−1,b +Qt − dt, t = 1, 2, ..., T. (5.4)

It,0 = Qt −

dt −
M−2∑
b=0

It−1,b

+

, t = 1, 2, ..., T. (5.5)

It,b =
It−1,b−1 − (dt −

M−2∑
j=b

It−1,j)+

+

, t = 1, 2, ..., T ; b = 1, ...,M − 1. (5.6)

I0,b = 0, b = 0, ...,M − 1. (5.7)

It,b ≥ 0, t = 1, 2, ..., T ; b = 1, ...,M − 1. (5.8)

Qt ≥ 0, dt ≥ 0, t = 1, 2, ..., T. (5.9)

Note that (x)+ = max(x, 0) and (x)− = min(x, 0).

The model has previously been studied by [PWHHvdV14]. Different from the

model given in Chapter 4, the penalty cost component of the objective function

(5.1) is removed and a service level constraint (5.3) is added. The objective

function given in Equation (5.1) minimises the expected total cost throughout

the planning horizon. The constraint (5.2) defines the total ordering cost func-

tion in Period t. The constraint (5.3) formulates the service level requirement

such that the probability that there is no stockout at the end of each Period t

is at least α. The inventory levels of all ages at the end of Period t are cal-

culated according to (5.4). The FIFO constraints are given in constraints (5.5)

and (5.6). Constraint (5.7) and (5.8) state that the planning horizon starts with

zero inventory levels for all ages. Constraint (5.8) implies the ending inventory

levels of Ages b > 0 are non-negative and only the number of newly-ordered

items can be negative at the end of Period t if the stock on hand is too small

to meet demand. According to constraint (5.9), the order quantity and the de-

mand must be non-negative.

From (5.8), we can reformulate the service level constraint given in (5.3) as

P {It,0 ≥ 0} ≥ α, t = 1, 2, ..., T. (5.10)

since fresh items are the only items allowed to be negative. It is due to the FIFO

issuing policy such that if no older item is left we start using newer items.
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5.2.2 Stochastic Dynamic Programming Approach

We employ the SDP approach which was proposed by [HHRPW12]. How-

ever, the SDP approach is not necessarily optimal. According to [PWH15,

PWHHvdV14], it could be explained as the SDP generates ordering policies that

overachieve the service level requirements due to the conditional behaviour of

the service level constraints, such that

P
{(M−1∑

b=0
It,b|It−1

)
≥ 0

}
≥ α, t = 1, 2, ..., T

where It−1 is defined in Equation 4.9. The SDP does not and cannot take the

difference on probability of occurrence of all inventory states into account. Re-

gardless of the probability of the occurrence of each possible It−1, the SDP meets

the required service level in each period. This limitation arises because SDP

computes decisions based on expected future costs conditioned on the current

state, rather than explicitly differentiating long-term probabilities of transition-

ing into each individual state. Therefore, it tends to overachieve the service

levels and that might yield higher total costs. This also explains as α grows, the

SDP tends to approach optimality.

In the service level case, the definitions of the inventory composition, inven-

tory state, state transition function, and waste function are the same as in the

penalty cost case, which are explained in Section 4.2.3 in detail.

1. Immediate Cost Function: The immediate cost function differs in this

case from the penalty cost case. We exclude the penalty cost component

and formulate the single-period immediate cost function as follows:

EC(It−1, Qt) = q(Qt) + E
{
h(It,0)+ + h

M−2∑
b=1

It,b + wo(It−1, dt)
}
. (5.11)

2. Objective Function: Using the immediate cost function in Eq. 5.11, we

write the objective function as given below via the Bellman equation with

the value function V (.):

Vt(I) = min
Q

(
EC(I, Q) + E(Vt+1(Φ(I, Q, dt)))

)
. (5.12)
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Pseudocode:

Algorithm 5 describes the pseudocode of the SDP formulation based on the ser-

vice level constraint. It searches though all the possible starting inventory com-

positions and the order quantities in order to find the optimal parameters that

minimise the total cost. This SDP formulation differs from that of the penalty

cost case. If the initial inventory is sufficient to meet the service level, no order

is placed, as seen from Line 18 of Algorithm 5. Otherwise, an ordering decision

is made and the algorithm searches for the order quantity that minimises the

total cost while meeting the service level requirement.

Algorithm 5 SDP – Service Level

1: Input: inventory bounds min_invb, max_invb (b = 1, . . . ,M − 1); service
level α; demand distribution dt; maximum order max_order

2: Output: order–up-to levels St and order quantities qt for t = 1, . . . , T
3: for b1 = min_inv1 to max_inv1 do
4: for b2 = 0 to max_inv2 do

5:
...

6: for bM−1 = 0 to max_invM−1 do
7: CT +1(b1, b2, . . . , bM−1)← 0
8:

...
9: for t = T downto 1 do

10: for b1 = min_inv1 to max_inv1 do
11: for b2 = 0 to max_inv2 do

12:
...

13: for bM−1 = 0 to max_invM−1 do
14: It−1 ← (b1, b2, . . . , bM−1)
15: x← b1 + b2 + · · ·+ bM−1
16: Ct(It−1)← E{wo(It−1, dt)}
17: if x ≥ F−1(α) then
18: q ← 0 ▷ sufficient inventory to meet service level
19: else
20: for q = 0 to max_order do
21: expected_cost← E

{
h(It,0)+ + h

∑M−2
b=1 It,b

}
22: + E

{
Ct+1

(
Φ(It−1, q, dt)

)}
23: if expected_cost ≤ Ct(It−1) then
24: Ct(It−1)← expected_cost
25: St ← x+ q
26: qt ← q
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5.3 Network Representation

Recall the example in Section 4.2.3. As the shelf life M increases, the dimen-

sionality of It−1 increases and it leads to an exponential growth in the number

of possible inventory states. For instance, assume there are 100 possible values

for the number of items of each age. The number of possible states grows 100

times when we increase the shelf life by 1, e.g., it is 1002 when M = 2 and

becomes 1003 for M = 3. As a result of the immediate growth in the state space

it quickly becomes unmanageable and computationally intractable.

We employ the same network state space representation technique as in Chap-

ter 4, which is the modified version of the work in [RTHP11] for perishable

inventory systems. Let us consider a T -period planning horizon. Each Node

i ∈ {0, ...T − 1} represents the initial inventory state in Period i + 1 and the

Node T represents the ending inventory state of the planning horizon.

Expected Cycle Cost: The expected cycle cost for a given replenishment cycle

R(i, j), i = 1, 2, ..., T and j = i, i + 1, ..., (T, i + M − 1)−, is denoted by c(i, j),
such that

c(i, j) = 1(Qi) +
j∑

t=i

(
h

M−1∑
b=1

E(It,b)+ + wE(It,M−1)
)

(5.13)

Note that we remove the penalty cost component from the formulation of c(i, j).

Figure 5.1 illustrates a network representation of a perishable inventory system

with T = 3 periods and M = 2 periods with all possible replenishment cycles.

Note that the arc (0, 3) is not included in the graph since it represents a 3-period

replenishment cycle R(1, 3). For this case, let us assume each node represents

the total inventory level of all ages and there is no outdating.

Different from non-perishable inventory systems, the total inventory level might

correspond to different inventory compositions which give the same total inven-

tory level. Moreover, the starting inventory level in Period t+ 1 and the ending

inventory level in Period t may not be equal if there are outdating items at the

end of Period t. These issues make the state space network representation for

perishable inventory systems more complicated. We also aim to overcome these

challenges in our heuristic.
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0 1 2 3
R(1, 1)

R(1, 2)

R(2, 2)

R(2, 3)

R(3, 3)

Figure 5.1: The network representation of all possible replenishment cycles of
a perishable inventory model with T = 3 and M = 2. Notice that each Node
i = 1, ..., T − 1 represent the end of Period i and the beginning of Period i+ 1,
Node 0 and Node T represent the beginning and the ending of the planning
horizon, respectively, and each arc (i, j) : i = 0, ..., T − 1, j = 1, ..., T, i > j,

represents R(i+ 1, j).

5.4 Heuristic Approach for the Service Level Case

In this section, we introduce the variation of our heuristic for the minimal α-

service level case and explain it in detail.

Our heuristic aims to determine the replenishment Periods Rt and the order

quantities Qt in a similar manner to the static-dynamic uncertainty strategy

of [BT88]. The procedure for determining the replenishment schedule in the

service level variation is structurally identical to the penalty cost variation, in-

troduced in Chapter 4, and follows the same two-stage heuristic logic. However,

it incorporates the modified order-up-to level definition introduced in Section

5.4.1, which accounts for the service level requirement and the expected out-

dating within each replenishment cycle. Since the Wagner-Whitin algorithm

makes a cost-based decision and may not take the effects of different inventory

compositions with the same total, we need another decision rule based on the

Silver-Meal heuristic. Hence, we decide to keep the average cost per period

throughout the planning horizon at a minimum level while determining the re-

plenishment schedule.

5.4.1 Calculating the Order-up-to Levels

Calculating the order-up-to levels is the key difference in the service level varia-

tion of the heuristic we proposed in Chapter 4 and one of the main contributions

of the service level variation. In this variation of our heuristic, the order-up-to

level for the replenishment cycle R(i, j) must meet the total amount of ex-

pected demand with a probability of at least α. We denote the total demand

for R(i, j) by dij. Then the probability density and the cumulative distribution

functions for dij are denoted by fij(dij) and Fij(dij), respectively. Note that

dij = di + di+1 + ...+ dj and F−1
ij (.) is the inverse cdf of α. Since outdated items
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might cause additional stockouts and result in failure to meet the required ser-

vice level, we have to take it into account.

In contrast to non-perishable inventory models under service level constraints,

ordering up to F−1
ij (α) might not be sufficient. This is due to outdating that

occurs within the replenishment cycle. If there are outdated items at the end

of each period, they lower the available inventory to meet the required service

level, and it results in stockouts. Therefore, we must take the expected out-

dating into account while calculating the optimal order-up-to level S∗
i,j. If the

number of the oldest items at the beginning of Period j is less than customer de-

mand they will be used, otherwise all the remaining items are outdated. There-

fore, the outdated items at the end of Period j, the last period of R(i, j), do not

affect stockouts.

The optimal order-up-to level for R(i, j) is expressed by

S∗
i,j = F−1

ij (α) +
j−1∑
k=i

E(Ik,M−1) (5.14)

However, as we stated earlier in this dissertation and according to [Nah75],

there is no explicit formulation to calculate the expected outdating, and there

is no recent study to formulate it. Therefore, we employ the EWA heuristic

proposed in [BVD09], as in the penalty cost variation of our heuristic. Recall

that their approach estimates the expected outdating at the end of each period

in a deterministic-equivalent framework.

5.4.2 Step 1: Determining the Replenishment Schedule

At the end of each Period t = 1, . . . , T , we consider all the replenishment cycles

R(i, t) that can end in Period j, with lengths of at most M periods (e.g., i =
max(1, t − M + 1), . . . , t). For each possible cycle, we calculate the expected

cycle cost c(i, t) using Eq. (5.13), based on the estimated inventory composition

and expected outdating. The order-up-to level Si,t for each cycle is determined

using Eq. (5.14), ensuring both the service level constraint and the expected

outdating are satisfied.

Next, we estimate if the inventory at the end of Period t is sufficient to meet

future demand for several periods without placing a new order or not. If so, we

compute the holding and outdating costs until we use all the inventory. Oth-

erwise, we select the replenishment cycle that provides the minimum average
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cost per period by applying a modified version of the Silver-Meal heuristic.

The best path up to Period t is updated recursively by selecting the replen-

ishment cycle R(i∗, t) that minimises the average total cost up to a coverage

horizon Ti,t:

AC(Ti,t) = TC(i− 1) + c(i, t) + c′(t+ 1, Ti,t)
Ti,t

, (5.15)

i∗ = arg min
i

AC(Ti,t), (5.16)

TC(t) = TC(i∗ − 1) + c(i∗, t), (5.17)

where

c′(t+ 1, Ti,t) = 1(Qi) +
Ti,t∑

k=t+1

(
h

M−1∑
b=1

E(Ik,b)+ + wE(Ik,M−1)
)
.

We continue until the end of the planning horizon. As a result, we obtain

the complete replenishment cycle set RT and the binary replenishment vector

YT which define the replenishment schedule used in the second step of the

heuristic.

The pseudocode of the algorithm for the process of determining the replenish-

ment periods is given in Algorithm 6. In the service level case, the order-up-to

level is determined by Equation 5.14, given in Line 10. In addition, the penalty

cost component is removed from the cost function, as seen from Line 11.The

differences from the penalty cost case can be listed as the procedure to calculate

order-up-to levels and the replenishment cycle cost formulation (Lines 10 and

11 in Algorithm 4, respectively, Page 100). Recall that in the penalty cost case,

order-up-to levels are determined in the multi-period newsvendor setting, and

there is a penalty cost component in the replenishment cycle cost formulation.

5.4.3 Step 2: Calculating the Order Quantities

After we determine the replenishment schedule, we calculate the actual order

quantities based on the observed inventory state in each replenishment period.

While the schedule is pre-determined under a deterministic-equivalent setting,

demand uncertainty may result in deviations from the expected inventory com-

positions. Therefore, we use a dynamic strategy to compute the order quantities

based on the realised inventory composition It−1 at the beginning of each re-

plenishment period.
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The procedure we employ is given as follows: For each replenishment cycle

R(i, j) ∈ RT and given the observed Ii−1, we determine the order quantity

Qi that is sufficient to meet the order-up-to level S∗
i,j, which meets both the

minimal α-service level and the expected outdating within the cycle that is cal-

culated via the EWA heuristic of [BVD09]. Hence, we ensure that we avoid

stockouts with a probability of at least α throughout each replenishment cycle

while taking both the expected demand and outdating into account.

We repeat this process for each cycle R(i, j) in the replenishment schedule RT

until the end of the planning horizon. The combined result of dynamically

determined order quantities and the pre-determined replenishment schedule

yields a near-optimal solution under the α-service level constraint.

5.4.4 An Example

We provide a simple example for our heuristic. Let us assume M = 2, N = 4,

I0,b = 0,∀b = 0, ...,M − 1, and the demand in each Period t has a Poisson

distribution with rates λt = (6, 9, 4, 8). The fixed ordering cost is a = 20, the

unit ordering, holding, and outdating costs are c = 1, h = 1, and w = 0,

respectively. In this problem, It has only one element and it is the number of

items of Age 0, since M = 2. Note that the parameters are the same as in

the example given in Chapter 4. Similar to the example for the penalty cost

case, the deterministic-equivalent approximation of the EWA heuristic [BVD09]

is applied in the service level case.

The differences between the two examples are given as follows: The penalty

cost is replaced by an α = 0.95 service level requirement. Therefore, the replen-

ishment cycle order-up-to level calculation is performed by the Equation 5.14,

while the example given in Section 4 follows the multi-period newsvendor pro-

cedure discussed in Section 4.4.

Period 1:

For period 1, the best path between the nodes 0 and 1 is the arc (0, 1) which

is the only arch between these nodes and represents R(1, 1). Hence, the set

R1 = {R(1, 1)}. The order-up-to level for R(1, 1) is S11 = 10 which is sufficient

to meet the 95% service level. Since I0 = (0), we order Q1 = 10 items. After the

expected demand realisation E{d1} = 6 occurs, we have four items of Age 0 on

hand at the end of period 1 and I1 = (4). The total cost for R1 is calculated as
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Algorithm 6 Heuristic – Service Level

1: Data: Directed state–space graph with arcs for at most M -period cycles
2: Input: Opening inventory I0 = (I1,0, . . . , IM−1,0), expected demand d =

(d1, . . . , dT )
3: Result: Binary replenishment-cycle vector YT

4: TC ← zeros(T ) ▷ total-cost vector
5: R ← ∅ ▷ set of chosen cycles
6: TC(0)← 0
7: for j = 1 to T do
8: avgcost←∞
9: for i = max

(
1, j −M + 1

)
to j do

10: S∗
i,j ← F−1

ij (α) + ∑j−1
k=i E(Ik,M−1)

11: c(i, j)← 1(Qi) +
j∑

t=i

(
h

M−1∑
b=1

E(It,b)+ + wE(It,M−1)
)

12: Compute Ti,j

13: if Ti,j > j then
14: c′(j + 1, Ti,j)← cost of holding remaining inventory (stock is suf-

ficient)
15: else if Ti,j = j then

16: T ∗
i,j ← arg min

T ′
i,j>j

c(j + 1, T ′
i,j)

T ′
i,j − j

17: Ti,j ← T ∗
i,j

18: c′(j + 1, Ti,j)← c(i+ 1, Ti,j)
19: temp←

(
TC(i− 1) + c(i, j) + c′(j + 1, Ti,j)

)/
Ti,j

20: if temp < avgcost then
21: avgcost← temp
22: TC(j)← TC(i− 1) + c(i, j)
23: R(j)← {R(i− 1), R(i, j)}
24: Yi ← (Yi−1, 1)
25: return YT

0 1

34

Figure 5.2: The best path at the end of period 1 with the corresponding cycle
cost values.

TC(1) = a+ cQ1 + h
∑M−2

b=0 I1,b + wI1,M−1 = 20 + 10 + 4 + 0 = 34. At the end of

period 1, we highlight the arc (0, 1) as seen in Figure 5.2.
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Period 2:

For t = 2, we look for all the arches ending in the node 2. There are two possible

arches: (0, 2) and (1, 2). Then, placing a 2-period order covering periods 1 and 2

at the beginning of period 1, or placing two one-period orders at the beginning

of periods 1 and 2 are our two possible options.

In the first option, the order-up-to level that satisfies the service level require-

ment is S1,2 = 22. At the end of the first period and after the expected demand

d1 = 6 is realised, I1 = (16). We start period 2 with 16 items of Age 1. At the

end of period 2 there are I2,1 = 16 − 9 = 7 items, and all these 7 items are

outdated since M = 2. therefore no inventory is held for the following periods.

Hence, TC(2) = 20 + 22 + 16 + 0 = 58. We do not have enough inventory

to cover the next period’s demand. Therefore, we choose the replenishment

decision with the least average cost to calculate c′(3, Ti,j) using the modified

Silver-Meal heuristic. The selected decision covers the next 2 periods and suf-

ficient for the demand until the end of Period T1,2 = 4. , c′(3, Ti,j) = 52, , and

AC(T1,2) = (TC(2)+AC(4))/T1,2 = (58+52)/(2+2) = 27.25 forR2 = {R(1, 2)}.

In the second option, we place a new 1-period order after R(1, 1) and using I1 =
(4), so we start period 2 with 4 items of Age 1. The inventory position to meet

the service level requirement is S2,2 = 14 and we order Q2 = 10 items. After

E{d2} = 9 is realised, I2,0 = 5 and I2,1 = 0. The resulting set of replenishment

cycles is R2 = {R(1, 1), R(2, 2)} and the total cost for R2 becomes TC(2) =
TC(1) + 20 + 10 + 5 = 69. We have sufficient inventory for E{d3} = 4. Then

Ti,j = 3 and c′(3, Ti,j) = 1. The final average cost is AC(T2,2) = (TC(2) +
AC(3))/T2,2)(69 + 1)/3 = 23.33.

Since AC(T2,2) ≤ AC(T1,2), we choose the second option for the best path at

the end of period 2 and the replenishment cycle set R2 = {R(1, 1), R(2, 2)},
despite the fact that the first option has less total cost. If we chose the first

option, the previous path R(1, 1) would be updated to R(1, 2). Similarly, the

future inventory compositions and the path decisions may alter the previous

path (e.g. R3 = {R(1, 2), R(3, 3)} is possible).
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34
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Figure 5.3: The best path at the end of period 2 with the corresponding cycle
cost values.

Following periods:

We repeat the same procedure for the following periods recursively. At the end

of the planning horizon, the final replenishment cycle set is

R4 = {R(1, 1), R(2, 2), R(3, 4)},

and the vector is Y4 = (1, 1, 1, 0). Using Y4 as an input, we find the order

quantities via performing a simulation run with 5000 replications and find the

total cost is TC(4) = 117.6 on average. The order quantities for a specific

period might differ in each replication since it is dependent on actual demand

observations and a pre-determined order-up-to level.

5.5 Numerical Experiments

In this section, we discuss the numerical experiments that we conducted to

measure the performance of our heuristic under service level constraints. We

implement our heuristic and the SDP model in MATLAB for our inventory prob-

lem. We perform our numerical experiments on a Macbook Pro with an Apple

M1 Max 10 core CPU and a 64 GB RAM. Similar to the penalty cost version

discussed in Section 4.6, we first generate the pre-determined replenishment

schedule, and using this schedule and observed demand values we determine

the order quantities.

5.5.1 Experimental Setup

In the service level version of our numerical experiments, we use the same set

of parameters and demand patterns as in Chapter 4 for M ∈ {2, 3}, given in

Tables 5.1 and 5.2. The fixed ordering cost parameters are a ∈ {25, 50, 75} and

the unit ordering cost values are c ∈ {1, 3}. The unit holding and outdating

costs are h = 1 and w = 0, respectively. The horizon length is set to T =
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Table 5.1: Input parameters for the experiments

Input parameters Values

Fixed setup cost (a) {25, 50, 75}
Unit ordering cost (c) {1, 3}
Unit holding cost (h) 1
Unit outdating cost (w) 0
Service level (α) {0.90, 0.95, 0.99}
Shelf life (M) {2, 3}
Planning horizon (T) 12

Table 5.2: Demand sets, demand patterns, and arrival rates

Demand patterns
Arrival rates in period t

1 2 3 4 5 6 7 8 9 10 11 12

Stationary 15 15 15 15 15 15 15 15 15 15 15 15
Increasing 2 5 7 8 9 11 16 18 22 25 28 29
Decreasing 29 28 25 22 18 16 11 9 8 7 5 2
Seasonal 2 7 9 16 22 28 29 25 18 11 8 5
Cyclic 2 9 22 28 16 7 5 11 25 29 18 8
Random 8 18 5 9 22 2 28 16 11 29 25 7

12 periods. We consider the service levels α ∈ {0.90, 0.95, 0.99}. There are 6

different Poisson demand sets with stationary, increasing, decreasing, seasonal,

cyclic, and random demand patterns. In total, we have 432 instances.

Since there is no optimal solution in the literature to our knowledge, we can-

not evaluate the optimality gap. We use the near-optimal SDP approach of

[HHRPW12], which is the only approach in the literature to our knowledge,

as the benchmark to our heuristic. Unlike the penalty cost case, we implement

the same model as in [HHRPW12] which was originally developed for the ser-

vice level case. We compare and evaluate the performance of our heuristic and

the SDP approach in terms of cost calculations and computational efficiency.

The dimensionality of the perishable inventory problem severely limits the per-

formance of the SDP model. Therefore, we study with the demand sets with

relatively small arrival rates.

5.5.2 Results and Discussion

Costs

Table 5.3 summarises the average percentage difference between the heuristic

and the SDP solution for each parameter. The percentage difference is calcu-
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lated by the following formula:

100× TCH − TCSDP

TCSDP

where TCH and TCSDP denote the total cost for the heuristic and the SDP

solution, respectively. On average, the heuristic has a performance advantage

of 3.17% over the SDP solution. The average total cost for the instance set is

found to be 898.1 and 870.1 for the SDP and the heuristic, respectively.

From Table 5.3, it is seen that the heuristic performs better than the SDP for

all the demand patterns, and the performance tends to be the greater for the

stationary demand pattern, 5.03% better on average. For the seasonal and the

random demand patterns, the heuristic tend to have slightly lower performance,

such that 2.35% and 1.70% lower cost values. One possible explanation might

be the sharp fluctuations between the demand distributions in some of the sub-

sequent periods benefit from more dynamic control, similar to the way that it

might result in higher optimality gaps in the penalty cost case. We also observe

that the performance tends to increase as the amount of shelf life decreases.

Notice that the average replenishment cycle is 1.70 periods for M = 2 and the

average cycle length becomes equal to 2.13 when M = 3. Hence, the per-

centage of 3-period replenishment cycles tends to be less than that of 2-period

cycles in case M = 2. In addition, the total cost tends to drop as M increases,

since longer shelf life allow less number of replenishment orders.

A similar relationship between the fixed setup cost and the replenishment cycle

length can be observed, such that when the fixed setup cost a is sufficiently

low, more frequent replenishment orders do not have a significant effect on the

increase in the total cost. If a gets higher, ordering decisions become more costly

and therefore we need to keep the replenishment cycles as long as possible to

avoid additional ordering costs. We can observe this situation in Table 5.3,

as a increases from 25 to 75, the average cycle length increases from 1.50 to

2.21. The performance of the heuristic tends to be higher than that of the SDP

solution as a increases. Moreover, we notice that the performance gap tends to

decrease as M increases, from -3.70% when M = 2 to -2.64% when M = 3,

therefore the heuristic tends to perform better when the amount of shelf life is

smaller. As c increases, the performance of the heuristic over the SDP tends to

decrease as well.
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Service levels

Tables 5.3 and 5.5 illustrate the average service levels over the whole planning

horizon and the values for the period in which the minimum service levels were

observed, based on 5,000 simulation replications and for α ∈ {0.9, 0.95, 0.99}.
We also include the ser service level estimate It is clearly seen that the SDP

tends to overachieve service levels in comparison to the heuristic. One possi-

ble explanation is that the SDP generates ordering policies overachieving the

service level requirements, due to the conditional behaviour of the service level

constraints. Regardless of the probability of their occurrence, the SDP meets the

service level requirement per period for all possible starting inventory composi-

tions, see Pauls-Worm and Hendrix [PWH15]. This also explains as the service

level requirement grows, the performance gap between the heuristic and the

SDP gets smaller, since the SDP generates the solutions closer to the optimal

levels as α approaches 1. Our numerical experiments support this observation,

since the heuristic performs 4.85% better when α = 0.9 and it drops to 1.11%

when α = 0.99.

Computation Times

We implemented the SDP in MATLAB for M ∈ {2, 3}. Therefore, the SDP com-

putation times are lower than that of the penalty cost case. As seen from Table

5.3, our proposed heuristic has a significant advantage over the SDP model in

terms of the computation time, specifically when M = 3.

On average, the service level variation of the heuristic determines the replen-

ishment periods in 4 milliseconds and the order quantities in 3.82 seconds.

On the contrary, even though the SDP model works very fast (1.27 s on av-

erage per instance) for M = 2 and reasonably fast (376.54 s on average per

instance) for M = 3, it slows down exponentially when M = 4 and generates

the order quantity values in more than 1 day (more than 31 hours on average)

per instance. Since the heuristic simulation includes order quantity calcula-

tion and the SDP simulation uses the parameters found by the SDP model, the

heuristic simulation runtimes tend to be longer. If the shelf life increased to

M = 5, the computation times would continue to increase exponentially, and

it would take more than 1 year to calculate the order quantities for only one

instance. In contrast to the SDP model, our proposed heuristic can generate

the replenishment period vectors for all the 216 instances in just 0.9 seconds.

Taking the simulation runs that determine the order quantity into account, the
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calculation of all the parameters for the whole instance set takes less than 15

minutes. Since we calculate the order quantities during the simulation runs,

the average simulation runtime for our heuristic is longer (3.82 s) compared

to that of the SDP model (2.88 s). When we conduct a sensitivity analysis on

the algorithm and the simulation runtimes for both the SDP and our proposed

heuristic, we clearly see from Table 5.3 that all of them are subject to increase

as M increases and there are slight differences in the simulation runtimes be-

tween different demand patterns, while changes in all the other parameters do

not cause a significant change in the runtimes.

Testing the Heuristic on Known Instances in the Literature

We herein test the service level version of the heuristic approach on a modified

version of the another instance set in the literature, taken from [PWHHvdV14],

and follows a normal distribution with the coefficients of variances given in

Table 5.4. Their mean demand parameters are too large (e.g., 800, 950), it is

practically intractable to implement the SDP model without using some tech-

niques and approximations such as extrapolation. Therefore, we scale down

the demand mean and the fixed setup cost parameters by 40 and implement

the SDP model without any technique. We select a subset of their instance set

and take the parameters given in Tables 5.4 and 4.5. There are 36 instances in

total.

According to Table 5.5, the average gap between the SDP solution and the

heuristic is 1.27%. As M increases, the gap does not tend to drop. In addition,

as a increases the gap tends to decrease, the performance of the heuristic in-

creases, and for a = 50 the heuristic shows as good performance as the SDP.

Since higher setup costs lead to less number of replenishment order, the av-

erage cycle length incrases as a increases. For lower service level values such

as α = 0.9, the heuristic tends to perform better than the SDP solution. As

α increases the SDP has a tendency to outperform the heuristic. Finally, the

heuristic performs worse when the coefficient of variation is larger.

As seen from Table 5.5 that while the heuristic meets the service level require-

ments, the SDP tends to overachieve them. For higher α values, the over-

achievement is limited and the SDP solution approaches the optimal levels.

It is one possible explanation to the quick increase in the gap between the SDP

and the heuristic when we approach α = 1.
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Table 5.4: Input parameters for the experiments

Input parameters Values

Fixed setup cost (a) {12.5, 37.5, 50}
Unit ordering cost (c) 2
Unit holding cost (h) 0.5
Unit outdating cost (w) 0
Shelf life (M) {2, 3}
Service level (α) {0.90, 0.95, 0.99}
Planning horizon (T) 12
Coefficient of variation (CV) {0.25, 0.333}

Testing the Runtimes on Instances with Larger Demand and Lifetime

We test the computation times of the heuristic when shelf lives are longer and

demand means are larger. We use the same parameter set given in Table 5.4

except the fixed setup cost parameter a = 1500 and with the demand means

given in Table 4.7 taken from [PWHHvdV14], which we scaled down by 40 in

Section 4.6.2. The shelf lives take value from the set M ∈ {2, 4, 6, 8, 10}. We

consider the time horizon T ∈ {12, 24, 48}. In total there are 90 instances.

As seen from Table 5.6, the heuristic runtimes tend to increase as M grows,

from 0.0009 seconds for M = 2 to 0.0429 seconds for M = 10. As T increases,

the runtimes tend to increase linearly for smaller M values, but they have a ten-

dency to increase exponentially for larger M . The increase in M tends to result

in exponential increases in runtimes, e.g., from 0.0015 seconds when M = 2 to

0.0895 seconds when M = 10 for T = 48. The heuristic outperforms the opti-

mal SDP solution in terms of order of magnitude of the growth in computation

times. The heuristic tends to have similar performance for different instances of

the fixed setup cost increases. As the coefficient of variation as M increases, the

computation times tend to decline slightly, and this becomes more noticeable

as M grows. In addition, as α grows, the computation times tend decrease and

it becomes more noticeable as M increases.

5.6 Conclusion

We have studied a perishable inventory system operating under minimal α-

service level constraints. Similar to the penalty cost variation of the problem,

the dimensionality of the state space makes the SDP solution and computation-

ally intractable and several complexity issues related to formulating the prob-
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5. DETERMINING THE POLICY PARAMETERS

FOR PERISHABLE INVENTORY

MANAGEMENT UNDER SERVICE LEVEL

CONSTRAINTS 5.6 Conclusion

Table 5.6: Comparison of the average heuristic runtimes (seconds) for
different product lifetimes, service level case.

Parameter
Lifetime (M)

2 4 6 8 10

Total avg 0.0009 0.0041 0.012 0.0238 0.0429

T = 12 0.0004 0.0014 0.0030 0.0048 0.0071
T = 24 0.0008 0.0034 0.0092 0.0189 0.0319
T = 48 0.0015 0.0074 0.0215 0.0478 0.0895

α = 0.90 0.0010 0.0042 0.0121 0.0279 0.0537
α = 0.95 0.0054 0.0041 0.0116 0.0254 0.0444
α = 0.99 0.0008 0.0040 0.0099 0.0182 0.0304

CV = 0.25 0.0009 0.0042 0.0119 0.0260 0.0479
CV = 0.333 0.0009 0.0040 0.0105 0.0217 0.0378

lem as a network graph arise as the shelf life grows. Therefore, we adapted the

time-efficient and fast heuristic we developed for the penalty cost case to the

service level case. The heuristic is inspired by the well-known Wagner-Whitin

algorithm and the Silver-Meal heuristic. It aims to obtain the best path on

the network while using the deterministic-equivalent ending inventory compo-

sition state as a parameter to maintain the lowest average cost in the ordering

decision. Our numerical experiments show that using the order timings and

quantities generated by our proposed heuristic, the heuristic has a similar per-

formance to the SDP solution and often outperforms it. This is due to the

overachievement of the service level constraints in the SDP solution. Moreover,

while it meets the service level constraints in every period, it also avoids over-

achieving them, in contrast to the SDP solution.

Our heuristic works fast and generates near-optimal results even for even for

much longer shelf lives. Moreover, in terms of implementation and computa-

tional complexity, it is very convenient. It allows flexibility to make ordering

decisions based on observed demand and inventory states. It also prevents

replenishment timing decision set-ups and reviews that might be required for

every period, as seen in the dynamic strategy and rolling-horizon frameworks.

Therefore, it could be easily applied to most real-world inventory systems for

perishable goods with service level requirements, and utilised by executives and

decision-makers.
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Chapter 6

Conclusions & Future Work

6.1 Conclusions

In this chapter, we conclude the thesis and summarise our findings for each

chapter. We applied the (R, S) policy to ensure the flexibility and the respon-

siveness of ordering decisions for uncertainties that might arise due to the non-

stationary stochastic nature of demand. Moreover, we presented a novel and

time-efficient approach that is minimally affected by the amount of item life-

time, in order to handle the state space dimensionality, which is determined by

the item lifetime. We also employed the (R, S) policy in the IRP model that

we developed for CFSCs and takes CO2 emissions and refrigeration costs into

account. Demonstrating the optimality of the (s, S) policies for inventory sys-

tems under service level constraints will fill an important gap in the literature

and will enable us to compare our proposed heuristic for perishable inventory

models with the optimal values, after small modifications for perishability.

In Chapter 1, we briefly summarised our focus, goal, and motivation for the

study in this dissertation, and listed our contributions to the inventory control

literature.

In Chapter 2, we provided a detailed analysis for the inventory control, lot-

sizing, perishability, and cold food supply chain concepts, as well as the rele-

vant optimisation techniques and models such as dynamic programming, mixed

integer programming, and the inventory routing problem.

Chapter 3 includes the discussion of our first study, the IRP model we developed

for CFSCs, and under the (R, S) policy. We first described the problem, intro-

135



6. CONCLUSIONS & FUTURE WORK 6.2 Future Directions

duced a deterministic-equivalent approach, then provided the formulas we used

for transportation and refrigeration calculations, and presented the model. In

the extensive numerical analysis we presented, we compared our (R, S) model

with the (R,Q) model of [SBRHVDV15]. Finally, we discussed that the flexibil-

ity in ordering decisions allowed by the (R, S) policy significantly reduces the

cumulative inventory holding costs arising due to the excess inventory caused

by pre-determined order quantities of the (R,Q) policy.

In Chapter 4, we defined the problem and presented the heuristic that we de-

veloped for the penalty case of our perishability problem. We also provided a

detailed explanation about the network graph representation of the state space

and the procedure to calculate the optimal replenishment cycle order-up-to lev-

els, which is based on the multi-period newsvendor problem. We discussed

the steps of the heuristic and the procedure to determine the replenishment

cycle with a static approach and to determine the order quantities with a dy-

namic approach. We then compared our study with the optimal SDP solution

by including an extensive numerical study and showed that our heuristic has

an optimality gap between 0%-5% for all the instances of the instance set. We

also compared the timing and showed that our proposed heuristic is affected

minimally by the increase in item lifetime, while its effect on the SDP solution

is huge and exponentially growing.

Chapter 5 provides the service level version of the heuristic we analysed in

Chapter 4. We first gave the modified problem description. In this case, we re-

placed the penalty cost with a service level constraint and compared the heuris-

tics with the near-optimal SDP approach of [HHRPW12]. Since the SDP ap-

proach is not necessarily optimal, our heuristic slightly outperforms the SDP

heuristic, and on average, they have very similar results.

To sum up, this dissertation work contributed to the inventory literature by

providing novel approaches for perishable inventory systems and CFSCs that

calculate near-optimal solutions at a reasonable time and operate under the

static-dynamic (R, S) ordering policy.

6.2 Future Directions

The methods and our findings in the work we conducted in this dissertation

open several possible future research paths and further research questions. We

hereby briefly discuss these directions and give several insights.
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6. CONCLUSIONS & FUTURE WORK 6.2 Future Directions

6.2.1 Cold Food Supply Chains

Our IRP model for CFSCs can be applied in the problem settings given in the

following in the future:

Multi-supplier: In this study, we consider a single supplier. A possible future

direction could be considering multiple suppliers. It would allow the model to

better reflect the real-world CFSCs. Several challenges such as supplier selec-

tion and coordination might arise in this extension.

Positive lead time: The IRP model can be extended and modified to handle

non-zero deterministic or stochastic lead time cases. In real-world supply chain

models, there is a delay between ordering and placing items, e.g., due to trans-

portation times. Incorporating lead times would allow the model to better re-

flect the real-world systems.

Non-identical vehicles: We assume a fixed number of identical vehicles. How-

ever, as in most real-life cases, we can consider non-identical vehicles with dif-

ferent properties in terms of fuel consumption, refrigeration activities, capacity,

etc. Incorporating fleets with non-identical vehicles could make routing and

fuel consumption calculations more realistic and cost-effective.

Capacitated warehouses: The CFSC IRP model can be extended to settings

with limited warehouse storage capacity. Capacity constraints might need to be

applied into replenishment, routing, and allocation decisions. This extension

would result in challenges such as coordinating vehicle routing with storage

limits and managing trade-offs between transportation cost, emissions, and ca-

pacitated storage.

Additional sustainability measures: In this work, we only take CO2 emissions

into account. Additional environmental and social sustainability measures, food

quality and safety, waste, shelf life, food expiration date, etc., could be added

to the problem definition and studied. It would align the model with global

sustainability goals and more responsible supply chains.

Perishable inventory: In this work, we only focused on non-perishable inven-

tory systems. The study can be extended to perishable inventory models stud-

ied in [SBRHVDV15] and the performance of the (R, S) model in terms of cost,

emission reduction, and excess cumulative inventory levels could be compared

if the perishability case is considered. Incorporating perishability would make

the model more relevant for CFSCs since food spoilage is a key concern in real
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life in most cases. Perishability also allows incorporating shelf life-dependent

replenishment and issuing policies, as well as waste management policies.

6.2.2 Perishable Inventory Management

Our proposed heuristic for perishable inventory systems can be applied in the

problem settings given below:

Positive outdating cost: In this work, we assume there is zero outdating cost

(e.g., no additional unit cost for discarding spoiled food in supermarkets).

In many real-life cases, outdated items might have significant effects such as

speeding up the outdating process of nearby fresh items or resulting in serious

health issues. Those kind of effects could be modeled in terms of a positive out-

dating cost and incorporated into the heuristic. In the positive outdating cost

case, estimating expected waste cost is a challenging problem. The study can

be extended to handle this task. An exact expected waste formulation could

be developed and the heuristic could be modified for the exact formulation.

There might be several additional challenges such as minimising and handling

the amount of waste, balancing waste and inventory cost minimisation in the

positive outdating cost case.

Positive lead time: In this dissertation, we assume zero lead time. The models

and heuristics can be modified to consider non-zero lead times. As mentioned

previously, most real-life order placements do not happen within the same time

unit and might require delays. For further generalisation of the problem, the

lead time can be modelled as a random variable. This extension would add

complexity, such as the development of forecasting methods, lead time demand

calculations, or buffer stock policies in order to manage uncertainty.

Random shelf life: The heuristics can be modified and adapted to the cases

in which the item/product lifetime is a random variable. The study can be

extended to the existing problem settings in the literature with random lifetime.

This extension would better represent biological or processed food products,

since they often have variable shelf lives depending on the production or the

environmental conditions.

Multi-product/item inventory: Extending the model to multi-product, multi-

item, and/or multi-echelon inventory systems is another possible future direc-

tion. This would make the heuristic more suitable for complex and multi-layer

retail or distribution settings. It would also take cross-product interactions and
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constraints into account, such as shared storage space or joint replenishment.

Capacitated warehouses: The perishability models and heuristics could be ex-

tended to capacitated warehouses. This extension might require incorporating

capacity constraints into ordering and allocation decisions. Possible challenges

include balancing capacity usage with minimisation of waste, and handling pri-

ority rules when demand exceeds capacity, Moreover, designing efficient allo-

cation methods for each product/item type is another possible challenge if it is

applied to multi-product/item inventory systems.

Joint replenishment: The perishability study in this dissertation can be com-

bined with the joint replenishment problem. This would allow for the coordi-

nation of orders, transportation, or handling for multiple items. It might also

introduce several challenges in balancing perishability with joint replenishment

policies.

Pricing: The study can be extended to the problem settings in the literature in

which pricing is considered. Incorporating pricing decisions would better link

inventory management with revenue optimisation, It would also apply dynamic

pricing strategies to meet customer demand and minimise waste.
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