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Optically injected quantum dot lasers display many unique nonlinear phenomena and are in
particular, excellent testbeds for different forms of excitability. We analyse the recent discovery of
Type II excitability in such devices. An optothermal instability leads to the phenomenon and while
an underlying Hopf bifurcation is ultimately responsible for the observation, intriguingly there are
two potential routes: One via a subcritical bifurcation and an associated bistable region and the

other via a supercritical bifurcation and an associated canard explosion.

I. INTRODUCTION

The well-known limitations of conventional, digital
computing for certain problems has led to an enormous
interest in artificial neural networks. Neuromorphic pho-
tonics has emerged as one of the leading candidates for
emulating the computational abilities of the brain with
semiconductor lasers in particular leading the way given
their compact size and ultrafast processing speeds and
most importantly for this work, their ability to produce
excitable responses in a variety of configurations [1] . Ex-
citability of course was originally discovered in biological
systems [2] but has been observed in a multitude of dif-
ferent systems including chemical, electrical and optical
systems [3—-11]. Small perturbations of the rest state lead
to short phase space excursions. However, there exists a
perturbation threshold above which the system under-
goes a large phase space excursion corresponding to a
pulse (or a spike as they are often called in neuronal stud-
ies). Following a pulse, there is a refractory time during
which another excitation cannot be triggered [12].

Many photonic devices and device configurations have
been shown to exhibit excitability and related phenom-
ena. The optical feedback configuration provided one
of the earliest examples of the phenomenon and contin-
ues to be a rich source of excitability [6, 9, 10, 13, 14].
Two section lasers employing saturable absorbers pro-
vide many examples with several novel laser types [15—
21]. Several schemes make use of lasers with two in-
herent lasing states including semiconductor ring lasers
[22, 23], VCSELs [24] and dual state quantum dot (QD)
lasers [26, 27]. Other authors have considered systems
where lasers were not central to the excitable dynamic,
such as [28, 29] where photonic crystal cavities were con-
sidered and [30, 31] where resonant tunnel photodiodes
were used in conjunction with a laser. Central to the
work presented here is the optical injection configuration
which has provided many examples of single and multi-
pulse excitability [7, 8, 11, 12, 22, 24, 32-37]. We note
that these lists are non-exhaustive and we do not even
consider approaches to neuromorphic photonics outside
excitability such as reservoir computing [38]. See [1] for a

recent comprehensive review of neuromorphic photonics.

Depending on the system specifics, one typically ob-
tains either Type I excitability or Type II excitability
[39], but not both. Recently however, we have demon-
strated that optically injected QD lasers can display both
Type I and Type II excitability [40]. We investigate the
emergence of the Type Il phenomenon in greater depth
in this work. We first review some of the known results
for excitability with optically injected QD lasers.

II. EXCITABILITY IN OPTICALLY INJECTED
QD LASERS

It has been shown in several previous works that Type
I excitability is generic in optically injected edge emitting
semiconductor lasers for weak injection levels [7, 11, 41].
In particular, it arises with injected QD lasers, and be-
cause of the high relaxation oscillation damping of these
devices it arises in many unique forms. At extremely low
injection levels, QD lasers behave just like idealised Adler
phase oscillators [34]. As the injection level is increased
the details of the excitable dynamics evolves. 27 phase
rotations are obtained for both positive and negative de-
tuning at low injection levels [33] and these phase slips
can be deterministically triggered as shown in [36]. For
higher injection levels QD lasers display bursting with
groups of pulses rather than isolated pulses emitted [34].
Uniquely among semiconductor lasers, QD devices can
emit from multiple energy states and this too can lead
to novel dual excitable regimes such as non-Adler Type I
excitability [26] and tunable bursting regimes [27] featur-
ing slow passage through a Hopf bifurcation. The mutual
coupling configuration is the natural extension of optical
injection system and when mutually coupled with delay,
excitable pulse trains are generated by QD lasers [42]
which could be of interest for networks of artificial neu-
rons.

Type II excitability is less well known in the optically
injected laser system. It typically manifests in fast-slow
systems and the Van der Pol Fitzhugh Nagumo model
is the prototypical model used to describe it. Recently,
such excitability has been reported for optically injected



QD devices: When a QD laser is optically injected with
high injection strength, excitable square pulses are ob-
tained [40]. The duration of each square is constant and
on the order of a microsecond but the rise and fall times
of each square are on the order of a nanosecond. Physi-
cally, a bistability is broken by an optothermal coupling,
leading to a deterministic evolution of the detuning be-
tween the master and slave lasers. This manifests as a
deterministic square wave cycle between the remnants
of the two states. Close to this deterministic cycle, the
system is excitable and noise induced pulsations are ob-
tained as shown in [40]. Such optothermal coupling has
also previously been described in [27, 29, 43-47]. In [47]
the authors also identified a canard explosion using an
injected semiconductor optical amplifier.

In this work we show that the pulses can be triggered
deterministically with a well defined threshold above
which pulses can be triggered with 100% efficiency. We
analyse the phase excursion of the trajectory and find
that it is a bounded cycle. Such cycles are often (but
not always) associated with Hopf bifurcations [48, 49]
and so one might expect to find such a bifurcation. The
conventional route to Type II excitability is via a sub-
critical Hopf bifurcation. The rest state is bistable with
a large amplitude cycle close to the excitable regime and
after passing the bifurcation, the large amplitude cycle
is the only attractor in the system. There is another al-
ternative to this scenario which is to find a supercritical
Hopf bifurcation. The large amplitude excitable trajec-
tories then arise due to a canard explosion. In this case,
the small amplitude oscillations born in the bifurcation
quickly lead to a large amplitude cycle. Intriguingly, we
find both routes numerically. Which one arises depends
on the ratio of the photon and carrier lifetimes.

I1II. EXPERIMENT

A 300 pum long InAs based QD laser similar to the
one used in [40] was optically injected with a tunable
laser source (TLS) in a unidirectional master-slave con-
figuration. The TLS had a linewidth of approximately
100 kHz. A polarization controller was used to maximise
coupling between the master and slave. The pump laser
was operated at 40 mA, 1.25 times threshold. FIG.1
shows the evolution of the intensity with detuning (as
previously shown in [40] but displayed again here for com-
pleteness).We begin with large negative detuning, where
the frequency of the master is far less than that of the
slave. Here a simple limit cycle was obtained. By increas-
ing the detuning the QD laser became phase locked to
the master. Increasing in detuning again, isolated square
pulses induced by noise began to appear, as seen in FIG
2 (a), where the low intensity section corresponds to the
phase locked state. As the detuning is further increased,
square pulses with random interpulse times become more
frequent, FIG. 1 (a). Increasing the detuning again, the
noise induced train gives way to a periodic square wave

train FIG. 1 (b). Continuing to increase the detuning,
the deterministic train gives way to noise induced square
dropouts FIG. 1 (c) and finally the slave becomes phase
locked again, but to the high intensity section.
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FIG. 1: Experimental data where (a) shows noise
induced pulse train, (b) shows periodic square pulse
train and (c) shows noise induced square dropouts.
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FIG. 2: (a) Timetrace of a noise induced excitable pulse
at approximately -6.6 GHz detuning. (b) The phase
associated with the timetrace from (a). The phase
undergoes a change of 2.4 rad at the onset of a square
pulse and over the duration of the pulse the phase
undergoes a slow change of approximately 1.4 rad.

While the intensity behaviour has been reported in
[40], the underlying phase trajectories have heretofore
not been discussed or studied. We investigate the phase
dynamics of the squares in this work, using the phase
resolving technique developed in [50]. This method uses
a 3 x 3 coupler. One input arm receives light from the
slave, another receives 10% from the TLS and the third is
left empty. All three outputs are detected using 12 GHz
detectors connected to a real time oscilloscope. FIG.
2 shows a noise induced excitable square pulse and its
phase. Over the duration of the high intensity section of
the square pulse, the phase undergoes a slow change of
approximately 1.4 rad. This slow change can also be seen
in the the long narrow section of the 2D phase diagram
in FIG. 3. The more concentrated shape around (0, 0.4)
corresponds to the approximately constant, low intensity
section in FIG 2 (a). The phase of lower intensity sec-
tion also remains approximately constant, FIG. 2 (b).
The phase trajectory is clearly bounded. The slow phase
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FIG. 3: Phasor diagram for the slave laser field.
Corresponding to the pulse seen in FIG 2.
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FIG. 4: (a) and (b) show the output from the slave
laser. (c) and (d) show the electric pulses of different
amplitudes that were sent to the phase modulator in

order to perturb the injected light. (a) is a successfully
triggered optical square pulse and was triggered by an
electrical pulse (¢) with an amplitude of 3.82 V. The
smaller perturbation (d) with an amplitude of 1.67 V,
fails to excite a square pulse as can be seen in (b)

evolution through the square corresponds physically to
the slow evolution of the effective detuning arising from
the optothermal coupling [40].

While the presence of stochastic pulses allow us to con-
clude on the excitable nature of the system, for applica-
tions one would typically need to deterministically trig-
ger pulses [35, 36]. To investigate this we use a LiNbOg3
phase modulator to perturb the injected light. The mod-
ulator is connected to a pulse generator that generates
pulses with a full width half maximum of approximately
1 ns and a rise time of 100 ps. By varying the perturba-
tion amplitude the presence or otherwise of a threshold
can be investigated. FIG. 4 shows two perturbations and
the resulting laser responses for the phase locked slave
laser biased at 36.5 mA (1.14 times threshold). In FIG.
4 (c) a large amplitude voltage spike is applied and a
square pulse (FIG. 4 (a)) is excited in the slave laser. In
FIG. 4 (d) a low amplitude voltage pulse is applied and
a square is not excited in the laser. Instead, the intensity
returns to the steady state via a short phase space tra-
jectory (FIG. 4 (b)). The probability of excitation of a
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FIG. 5: Efficiency curve for deterministically triggered
square pulses. There is a threshold at approximately
3 V. If the strength of the perturbation is greater that

this than there is a a high probability that a pulse
would be fired.

pulse for a particular perturbation strength is calculated
by finding the number of successful pulses triggered af-
ter making 391 consecutive perturbations. An efficiency
curve can then be generated as shown in FIG. 5. There
is a clear threshold showing that the square pulses can
be deterministically triggered with a sufficiently strong
voltage pulse, clearly demonstrating the excitable nature
of the square pulses.

To better understand the phenomenon we undertake a
numerical analysis of the system by employing rate equa-
tion models of the system. As shown in [51, 52] the high
relaxation oscillation damping of QD lasers means that
many of the phenomena observed with injected QD de-
vices can be understood via an injected Class A laser
model. Such an approximation was used in [40] and we
use it again as our first model in this work.

IV. CLASS A LASER MODEL

Our first numerical analysis uses the rate equations
for an optically injected Class A laser [51-54], supple-
mented by an extra equation describing the optothermal
coupling. The model is

P—R?
= WR—FK COS(b (1)
. P — R? K .
¢7OKW*(A*Q})*ESIH¢ (2)
w=—y(w—cR?, (3)

where R is the slave field amplitude, K measures the
injection strength, ¢ is the phase of the slave minus that
of the master, A is the nominal angular detuning, « is the
phase amplitude coupling factor and P is the pumping
current above threshold. w is the thermal change in the
detuning, y gives the slow characteristic time scale for the
thermal effects, and c¢ is the coupling between the thermal
dynamics and the intensity. Time is expressed in units



of the photon lifetime 7,;,. While discussing the Class A
model the parameters are fixed as follows: a = 2, K =
0.7104, P = 0.5, ¢ = 0.1, = 5x 1075. (We note that the
results are robust to changes in a and v. For example,
~ can be changed by several orders of magnitude while
retaining the qualitative features analysed here.)

For high injection strengths and in the absence of
thermal effects, a phase-locked bistability is predicted
[51, 52]. When thermal effects are included, a square
wave regime is found [40]. Physically one can reason that
the optothermal coupling breaks this underlying bista-
bility and that the square trajectory results from a de-
terministic detuning sweep along the underlying steady
states. To examine this, we first plot the bifurcation dia-
gram for the bare system in the bistable region, the blue
curve in FIG. 6 (found using the continuation package
AUTO). The stable steady states arise from saddle-node
bifurcations and clearly overlap forming the bistable re-
gion. We then include the optothermal coupling and plot
the intensity of the square wave regime over the bifurca-
tion curve (red). The findings justify our physical in-
tuition. The squares result from the slow deterministic
evolution of the detuning. The intensity of the square
corresponds to the steady state intensity of the bare sys-
tem. The bistability (blue) is destroyed by an optother-
mal coupling and is replaced by a deterministic cycle rep-
resented by the red curve.

A natural question is what bifurcation leads to this
square wave regime. Via a combination of direct simu-
lation and the numerical continuation software package
AUTO we find a new Hopf bifurcation in the system in-
troduced via the thermal coupling which destabilises the
phase locked state and breaks the bistability. FIG.7 is a
bifurcation diagram showing the location of this bifurca-
tion Ag. Directly after the bifurcation there is a small
amplitude cycle as shown in FIG.7 inset (a). However,
after a very short range of detuning, large amplitude cy-
cles appear, FIG.7 inset (b). This occurs via a canard
explosion.

Close to the bifurcation the system is excitable. By
including noise in the simulations one can obtain noise
induced excitable events as demonstrated in [40]. We
complement this analysis here by taking a noise free sys-
tem but investigate excitability by applying discrete per-
turbations which can lead to trajectories around the large
amplitude cycle for a sufficiently large perturbation. One
can obtain such an excitable trajectory at both sides of
the bifurcation point Ay, i.e. when the system is either
in the regime of constant intensity output or in the small
amplitude oscillation regime, shown in FIG.7. The re-
sponse of the system depends on the amplitude of the
perturbation. FIG.8 shows two responses to slightly dif-
ferent phase perturbations, when operating in the con-
stant intensity regime, where A < Apg. One response
simply yields a short phase space trajectory back to the
stable state (black), while the bigger perturbation is just
above the excitable threshold and yields an excitable
pulse (red).
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FIG. 6: Bifurcation diagram using the Class A model.
The blue curve shows the saddle node structure of the
bare system (no optothermal coupling, c=0). The solid
lines represent stable solutions and the dashed lines
represent unstable solutions. There is a clear bistability.
The red curve shows the trajectory of FIG. 7(b)
obtained at at A = —0.9540124775 with a finite
optothermal coupling, ¢ = 0.1 and v =5 x 1076, For
both cases K = 0.7104.
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FIG. 7: (Colour online) Bifurcation diagram showing
the new Hopf bifurcation created by the optothermal
coupling. The Hopf point Ay = —0.95401276 is shown
with a blue dot. Examples of small and large amplitude
cycles at A = —0.95401248 and A = —0.9540124775 are
shown in insets (a) and (b), where their amplitudes are
approximately 0.004 and 0.86 respectively. Zero
corresponds to constant output. Inset (c) zooms in on
the canard explosion and the associated region of small
amplitude oscillations. K = 0.7104 throughout.

We recognise that the model is overly simple and that
it would be preferable - and indeed, crucial - to reproduce
the results using a model explicitly designed for QD lasers
and so we turn to this below.

V. QUANTUM DOT LASER MODEL

In order to best compare with existing work we use the
rate equation model of [51, 55]. This consists of equations
for the electric field amplitude R of the laser, the phase
¢ in the frame of the master and the carrier density in
the wetting layer n. The occupation probability of the
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FIG. 8: (Color online) Two examples of perturbed
trajectories. In the black trace a perturbation of
d¢ = 0.0011 was applied at ¢t = 1000 yielding a short
trajectory back to the steady state behaviour. In the
red trace a perturbation of d¢p = 0.0012 was applied
yielding an excitable trajectory. K = 0.7104,

A = —0.9541. The inset zooms in on the perturbation.

dots has been adiabatically eliminated as in [51]. (The
adiabatic elimination arises from the small parameter ¢
which gives the deviation of the dimensionless differential
gain from 1. See [51] and references therein for further
details.) Again, we supplement the model with an extra
equation describing the optothermal coupling, just as in
the Class A model. The equations are as follows.

.. 2(1+R?) K
R—].—WR"_;COS(QS)

2
é:_g 1—Ma—£sin(¢)+D§(T)

2Ben eR
hzén(J—n—Z(l—kRQ))

__1 _ 2
w= 8(w CR)

Here, the dot means differentiation with respect to
T = et/tpn. J is the pump current per dot and «
is the linewidth enhancement factor. B = TTc_a;, and
n = Tph7_1 where 7 and 7.4, denote the carrier recom-
bination and capture times, respectively. J represents
the pump current per dot. DE(T) is a white noise term,
where £(T') is a Wiener process and D is the magnitude.
To allow direct comparison with FIG 1.14 in [51] we use
the same parameter values and keep them fixed: o = 1.2,
J = 5.14 (1.5 times threshold), B = 70, ¢ = 0.02 and
n = 2 x 1073, The optothermal effect is introduced in a
similar way to how it was included in the Class A model,
~ again provides the slow thermal relaxation time and c
is the optothermal coupling constant. We fix ¢ = 0.03
and v = 5 x 107°. Our control parameters are the injec-
tion rate K and the detuning A defined as the frequency
of the master laser minus that of the slave laser.

The bare system with no optothermal coupling yields a
region of phase-locked bistability [51]. Including the op-
tothermal coupling we find as in section IV that a square
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FIG. 9: (a) Noise induced excitable squares pulses
found for K = 0.04, A = —0.029525, D = 0.01,
v=5x10"%and n =2 x 1073. (b) shows the

associated phasor trajctory.

wave regime can be obtained, see FIG. 9 (a). Again, di-
rect simulation demonstrates that the system is excitable
close to this region with pulses arising from discrete per-
turbations and via noise, D = 0.01. FIG. 9 (a) shows a
noise induced pulse in the excitable region and FIG. 9 (b)
shows the associated phasor trajectory. The agreement
with the experiment is excellent. Admittedly, the overall
phase rotation is smaller than that found experimentally
but we ascribe this to the relatively low value of o used
(deliberately to allow comparison with the existing re-
sults in [51, 55].

As with the Class A model, we again find that the
square wave trajectory follows the bistable steady states
of the underlying bare system as shown in FIG. 10. As
for the bifurcation responsible for the appearance of the
squares, we again find a Hopf bifurcation at their onset.
However, unlike the Class A case, we find a subcritical
Hopf bifurcation. The system is in fact bistable between
the phase-locked solution and a square wave train just
before the Hopf is reached. FIG.11 shows the two stable
states for the same control parameters but for a noise free
system, D = 0. Only the initial conditions differ. Thus,
the excitability arises via the conventional, subcritical
Type IT dynamic for the QD model with these parame-
ters. However, as we show now, we can regain the canard
explosion feature by changing just one parameter.

The Class A model is the limit of the more conventional
Class B model as the ratio of the photon lifetime to the
carrier lifetime tends to infinity (n in our QD model).
However, as shown in [52] many features of the Class
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FIG. 10: Bifurcation diagram using the QD model. The
blue curve shows the saddle node structure of the bare
system (no optothermal coupling, ¢=0). The solid lines
represent stable solutions and the dashed lines represent
unstable solutions. There is a clear bistability. The red
curve shows the trajectory shown in FIG. 12(b) at
A = —0.02931155 for finite optothermal coupling,
c¢=10.03 and v = 5 x 1075. For both cases K = 0.04,
D=0andn=2x1073.
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FIG. 11: After passing the subcritical Hopf bifurcation
point a bistability is creating and the two solutions are
shown above. The solution the system evolves into
depends on the initial conditions. Initial conditions for
the constant trace are R = 0.735, ¢ = 1.560, n = 2.06
and w = 0.016. For the square trace the initial
conditions are R = 1.08, ¢ = 0.667, n = 0.795 and
w = 0.028. The operating parameters are the same for
both K = 0.04, A = —0.02929, n = 2 x 1073,
v=5x10"%and D = 0.

A system arise also in the standard Class B system for
finite ratio. This is also the case here. We find that for
very modest 17 the Hopf bifurcation becomes supercritical
and we recover the canard explosion. FIG.12 shows this
clearly, where n = 0.03.

VI. CONCLUSION

The question now arises as to which version is observed
in the experiment. The traces for the noise induced
pulses are extremely similar both for the subcritical and
supercritical Hopf cases and both match the experiment

o

/

4

e
W
T

=
%

[arb. units]

.61 (b) B

1 2 3 4 5
. -1 4
x 10

Time IIphE ] X

(2)
02000 4000 6000, 8000 10000
Time [tphs |

R [arb. units]
4
%
3

I
P
R
s
g

4

Amplitude [arb. units]

I
T
I

Ay

—0.029312

I
—-0.029313 —0.029311 —0.029310

FIG. 12: Bifurcation diagram for the supercritical Hopf
case showing the amplitude of the cycle versus the
detuning. (Thus, zero corresponds to constant output.)
Small amplitude oscillations are obtained just after the
Hopf point (blue dot) Ay = —0.0293118. A canard
explosion then leads to the creation of a large amplitude
cycle. The insets show two characteristic examples of
the output. K =0.04, D =0, n=0.03, ¢ =0.03 and
7 =5 x 107° throughout. The insets show
A = —0.0293116 and A = —0.02931155 for the small
amplitude and large amplitude cycles with amplitudes
of 0.01 and 0.43 respectively.
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FIG. 13: Noise induced square pulses for the
supercritical Hopf case. K = 0.04, A = —0.0304,
v=5x10"% 1n=0.03, D = 0.01.

well. One feature does stand out: The overshoot at the
beginning of each square in the experimental traces. This
is reproduced by the QD model with the subcritical Hopf
parameters but not with the Class A and not with the
supercritical Hopf QD case. We ascribe this overshoot to
the lower relaxation oscillation damping of the subcritcal
case compared with both other cases. It is thus tempting
to identify the subcritical case as the underlying scenario.
Further, the material parameters for the subcritical case
agree with those in the literature while the supercritical
case requires a much higher photon lifetime/carrier life-
time ratio. Of course, a more thorough bifurcation anal-
ysis is warranted both experimentally and numerically.
It would be very interesting to analyse experimentally a
device identical in all respects apart from the photon life-
time (via reflective coatings for example) to see if the su-
percritical case and the associated canard explosion could



be identified. Perhaps even by pumping the device only
slightly above threshold it would be possible to achieve a
Class A like behaviour [52] and recover a canard explo-
sion. Of course, the region of small oscillations predicted
in the modelling is significantly smaller than the mini-
mum step size of our TLS and so it would be extremely
difficult to detect this region. We also believe that it is
possible that, depending on device details (such as fab-
rication methods), the optothermal coupling may vary
from device to device and that for sufficiently low values

of ¢, a true phase-locked bistability may be possible. In
fact, even slightly lower values of ¢ than those analysed
here can achieve this.

The novelty of obtaining both Type I and Type II ex-
citability is also noteworthy. To the best of our knowl-
edge, this has not been described for any other optical
system in the literature. Thus, the optically injected QD
system remains a treasure trove of excitability and re-
lated phenomenon and given the intensive ongoing re-
search in neuromorphic dynamics, is of great potential
interest to researchers in a range of fields.
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