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Abstract

Distributional symmetries and invariance principles in noncommutative probabil-
ity theory provide sufficient conditions for the existence of central limit laws. In
contrast to classical probability theory, there exist many different central limit
laws for exchangeable sequences of noncommutative random variables and still
little is known about their concrete form. This thesis goes one step further and
investigates central limit laws for non-exchangeable spreadable sequences in the
context of *-algebraic probability spaces. This provides first results on a new type
of combinatorics underlying multivariate central limit theorems (CLTs).

The starting point of the thesis has been a quite simple family of spreadable
sequences, which is parametrized by a unimodular complex parameter w. Each
sequence of this family is spreadable, but not exchangeable for w # +1. More-
over, the sequences from this family provide CLTs, which interpolate between the
normal distribution (w = 1) and the symmetric Bernoulli distribution (w = —1),
but differ from ¢-Gaussian distributions (—1 < ¢ < 1). An algebraic structure,
which underlies the considered family, is identified and used to define so-called
‘w-sequences of partial isometries’. These w-sequences encode all information, as
it is relevant for computations of *-algebraic CLTs. Explicit combinatorial for-
mulas are established for CLTs associated to such w-sequences, which involve the
counting of oriented crossings of directed ordered pair partitions. The limiting
distributions of certain multivariate CLTs associated to w-sequences show some
features as they are defining for ‘z-circular systems’ [MNO1]. This similarity, as
well as the well-known relation between g-circular systems and ¢-semicircular sys-
tems (for —1 < ¢ < 1), guides the introduction of ‘z-semicircular systems’ in
this thesis. Finally, it is shown that the class of z-semicircular systems is stable
under certain multivariate central limits. In other words, the moment formulas of
z-semicircular systems are reproduced in large N-limit formulas of central limit

type.
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Chapter 1

Introduction

Nowadays, the central limit theorem is considered to be the unofficial
sovereign of probability theory. — Henk Tijms (2004)

The Central Limit Theorem (CLT) is considered to be among the most im-
portant results in classical probability. It tells that an appropriately scaled sum
of N identically distributed, independent random variables converges to a Gaus-
sian (or normal) distributed random variable in the large N-limit. As classical
physics needs to be replaced by quantum physics in many modern applications,
the methods and results from classical theory need to be revised such that they
apply to quantum phenomenon, where possible. This creates the subject of quan-
tum probability or, in terms of a systematic algebraization of probability theory,
the subject of noncommutative probability. Present thesis contributes to this pro-
gramme of algebraization by investigating certain central limit laws in an algebraic
framework of noncommutative probability.

Central limit theorems in quantum probability theory were established by
mathematicians starting the early 1970s. To our knowledge, early versions of
quantum CLT's were provided for certain bosonic and fermionic systems by Hud-
son et al. in [CH71, H73, CGH77|, resulting in normal distributions as central
limit laws. More algebraic versions of CLT's were established starting the end of
the 1970s by von Waldenfels et al. in [GW78, W78, W86, W87]. Furthermore,
algebraic versions of the CLT were also studied by Schiirmann and von Waldenfels
in [SW88, W90, S91].

Since then other algebraic versions of the CLT have been established and limit
distributions beyond that of the normal distribution have been obtained. Quite
general algebraic approaches to CLTs were given by Speicher in [Sp90, Sp92, Sp93]
and further studies were done by Speicher and von Waldenfels in [SW94], as well
as Bozejko and Speicher in [BS96]. Using mainly combinatorial arguments, these
publications provide quite general conditions for the existence of large N-limits
as they are considered for algebraic CLTs.

More concrete results and central limit laws were obtained in the context of ¢-
Gaussian random variables X, for —1 < ¢ < 1. The distribution of these random
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2 CHAPTER 1. INTRODUCTION

variables is given by the probability measure p, on R such that one has for the
n-th moment

E(X") = /]R £ 11, (dt).

Here the measure p, has support | \/ffq, \/ffq] for —1 < ¢ < 1 and support R for

q = 1. Furthermore, 1, is continuous for —1 < ¢ < 1 with density function

) = VTR S s (V)

k=1

Q

where Uy denotes the k-th Chebyshev polynomial of the second kind [Sz09] and
fi(t) :=limg,; f,(¢) is the normal distribution. As special cases, one obtains the
symmetric Bernoulli distribution p_; = %(5_1 +401), Wigner semicircle distribution

o with density fo(t) = —“éf on the interval [-2, 2], and the Gaussian distribution

w1 with density fi(t) = \/%7 exp(—%) on R. Alternatively, as shown in [LM95] for
example, the n-th moment of a ¢-Gaussian random variable can be computed as

E(X)) = > ¢, (1.1)
)

TEP2(n

where Py(n) is the set of pair partitions of the set {1,2,...,n} and cr(m) denotes
the number of crossings of the pair partition 7 (see Section 2.1 for further in-
formation on set partitions etc.). We note that, for even n = 2k € N, the map
[—1,1] 3 ¢ = E(X2¥) is a polynomial of degree &(k — 1) with integer coefficients.
Explicit computations of the first few even moments yield

=

X2)
X;)
X6

)

)

1
2+q,

5+ 6¢+ 3¢° + ¢,

14 + 28q + 28¢* + 20> + 10¢* + 4¢° + ¢°.

&=

=

q

XS

q

&=

(
(
(
(

A mathematical rigorous realization of systems of ¢-Gaussian random variables is
obtained by Bozejko and Speicher in [BS91, BS92] via their construction of gen-
eralized Brownian motions on ¢-Fock spaces. The classical and noncommutative
aspects of g-Gaussian processes are further studied in [BKS97]. Moreover, it was
shown by Speicher in [Sp92] that the distribution of g-Brownian motions (and
thus any ¢-Gaussian random variable) can be obtained by algebraic central limit
techniques via stochastic mixtures of commuting and anti-commuting noncommu-
tative random variables. Thus the distribution of ¢g-Gaussian random variables
provides a family of central limit laws, which continuously interpolates between
the normal distribution (¢ = 1), Wigner semicircle law (¢ = 0), and symmetric
Bernoulli distribution (¢ = —1).



Building on the results for ¢-Gaussian random variables in [BS92, BKS97],
Mingo and Nica in [MNO1] show that certain averages of random unitaries in
noncommutative tori converge to what they call g-circular systems, for some real
parameter ¢ with —1 < ¢ < 1. These g-circular systems can be seen to be
closely related to so-called ‘g-semicircular systems’ or, in other words, systems
of ¢-Gaussian random variables. The main results of Mingo and Nica in [MNO1]
are around their introduction of z-circular systems for z € C and |z| < 1. These
systems are defined through moment formulas, which essentially count oriented
crossings of certain pair partitions. Moreover, these systems reduce to g-circular
systems whenever z = Z. It is shown by Mingo and Nica that these z-circular
systems can be also obtained as certain averages of random unitaries in noncom-
mutative tori. In contrast to the situation for g-circular systems, it is still an open
problem to find a suitable deformed Fock space realization of z-circular systems
in terms of annihilation and creation operators (compare also [MNO1, Remark
1.12]).

As noticed in [K610], distributional symmetries and invariance principles in
noncommutative probability theory provide sufficient conditions for the existence
of noncommutative central limit laws. Already for exchangeable sequences of
noncommutative random variables a huge variety of concrete central limit laws
seems to exist and little is known about these laws. Essentially, depending on the
underlying algebraic structure, there is the need to identify central limit laws in a
case-by-case study. For example, recently Késtler and Nica have shown in [KN20]
that the central limit law associated to certain characters of the infinite symmetric
group is closely related to the distribution of certain GUE random matrices.

Actually, there is a hierarchy of distributional symmetries and invariance prin-
ciples in noncommutative probability. In particular, it is shown in [GK09, K610]
that exchangeability implies braidability, and that braidability implies spreadabil-
ity. This motivates to study in more detail CLTs for exchangeable, braidable or
spreadable sequences.

In this thesis we investigate CLTs for non-exchangeable spreadable sequences
in the context of *-algebraic probability spaces, to provide the first results on
the combinatorics of CLTs for certain non-exchangeable spreadable sequences.
We emphasize that so far no central limit law is concretely identified in the wider
context of non-exchangeable spreadable sequences, aside of those in the framework
of Boolean or (anti-)monotone independence (see [Mull, Wy08], for example).

The starting point of the investigations in this thesis has been the construction
of a so-called braidable sequence x = (z,)%2; in the infinite algebraic tensor
product of complex 2 x 2 matrices A = @), M(C) such that

1
T = [(1] 0] ® 19, Ty = Uy T, U (n € N). (1.2)
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Here the unitary matrices u,, € A are given by the amplifications

Uy =15 ® - ®1,Q U@ 1IN
N e’
(n — 1)-fold

of the unitary matrix

S MQ(C) & Mg(@) (w c T), (13)

o OO =
O = O O
o O = O
E oo o

where T := {z € C | |z] = 1}. It is elementary to verify that the unitaries w,
satisfy the braid relations

WU U = WU for |t —j| =1,

U = uju, for |t — 5| > 1.

We remark here that a unitary matrix U € My(C) ® My(C) implements the
commuting square

U(Ma(C) @ 1,)U* € My(C) @ My(C)
U U
C ]_2 X ]_2 C MQ(C) X ]_2

if and only if U is of the form (1.3) for some w € T, up to biunitary equivalence
(see [KSV96, Proposition 12]). Thus the constructed sequence x is also of special
interest as it represents a simple example of a braidable sequence in the context
of Jones subfactor theory [GHJ89, JS97].

Throughout we consider the infinite tensor product algebra A = ) -, My (C)
to be equipped with the tensor product state tr: A — C given by tr = ®ytrs,
where try denotes the normalized trace on My(C). The pair (A4, tr) is an example of
a *-algebraic probability space such that the sequence x C A can be interpreted
as a sequence of quantum coin tosses. The starting point of this thesis is the

following abstract CLT for the braidable sequence x, which is proved in Theorem
4.3.6:

Theorem 1.0.1. Let the sequence x = (x,)22, C A be given as constructed above
in (1.2) for some fired w € T, and let Sy = \/Lﬁ(xl +ax9+...+xn). Then there
exists a unique probability measure i, on R such that, for any n € N,

N—oo

M,(w) := lim tr(Sy) = /Rt”/fw(dt).

One meets for w = 1 an algebraic reformulation of the classical central limit
theorem for an infinite sequence of independent identically distributed coin tosses.



Consequently, 1 is the probability measure of a centred Gaussian random variable
with variance 1 and moments

M, (1) = 0 for n odd,
(=11 for n even.

It is also known for w = —1 that one obtains the symmetric Bernoulli distribution
f_1 = %(51 + d_1) as central limit law such that

My (1) = {O for n odd,

1 for n even.

So far the probability measures p,, seem to be unknown in the published litera-
ture for w € T\{—1,1}. We aim at establishing combinatorial formulas for the
moments M,(w), similar to those in (1.1) for ¢-Gaussian random variables. In
other words, we aim at computing the large N-limit for all moments of order n as
explicitly as possible. It will follow from algebraic CLTs for spreadable sequences
(see Theorem 3.4.9) that all odd moments vanish, i.e. one has

My(w)=0

for any w € T and odd n € N. Furthermore, brute force computation in matrices
allows us to determine explicitly the first few moments of even order in terms of
q = Rw as follows:

My(w) = Jim (S3) =1,
My(w) = Jim o(S4) =2+,
6

Mg(w) = lim o(SY) =5+ 6q + 3¢° + ¢,

1

My(w) = lim ©(S%) = §(44 + 88¢ + 81¢* + 52¢° + 30¢* + 16¢° + 44°).
—00

One can recognize that Msy(w), My(w) and Mg(w) are the moments of a centred

¢-Gaussian random variable X, with variance 1. But M;g(w) differs from the 8-th

moment of X, for w € T\{1, -1} (and ¢ = Rw), as

E(X}) = 14 + 28¢ + 28¢” + 20¢° + 10¢* + 4¢° + ¢°.

To be more precise, Mg(w) is now a polynomial in the variable ¢ = fw of degree 6

with some non-integer-valued coefficients, in contrast to the moment formula (1.1)

of ¢-Gaussian random variables. This difference becomes apparent for w = +i

and thus ¢ = 0, as the 2k-th moment of a centred 0-Gaussian random variable
1

with variance 1 is given by the Catalan number C} = m(%f):

Cy =1= My(£i), Cs =5 = Mg(+1),
Cy =2 = My(£1), Cy =14 < 44/3 = Mg(+1).
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These observations rule out that the moment sequence (Mn(w))zozl is that of a
¢-Gaussian random variable for w € T\{1, —1} with ¢ = Rw.

Key to the computation of higher even moments is the following quantum
decomposition of the braidable sequence x. Let

1
a; = [8 0] ® 19, Ay = Uy Uy, (n € N).

Now each term x, of the sequence x can be written as z, = a, + a; with the
sequence a = (a,,)>2; C A enjoying the following algebraic properties:

*

j
a;a; =0, a;a; +aja; =1 for 1 <1i < o0.

- o
a;a; = Wa;a;, a;a wasa; for 1 <i<j < oo,

We will see that sequences with such algebraic properties provide sufficient struc-
ture for establishing algebraic CLTs. We abstractly introduce them as w-sequences
of partial isometries in Definition 4.2.1.

Our investigations reveal that certain mixed moments of w-sequences can be
expressed in terms of oriented crossings of directed ordered pair partitions. Here
our notion of an oriented crossing is inspired by the one which is used by Mingo
and Nica in [MNO1]. As detailed in Subsection 2.1.4, a directed ordered pair
partition of the set [2k] := {1,2,...,2k} (with & € N) can be uniquely addressed
by a triple (m,&,0), where 7 is a pair partition of the set [2k], and e is a map
which assigns a direction to each pair of 7, and o € Sy is a permutation encoding
the order of the pairs of w. This provides all data as required for the notion of
ortented crossings, such that one can talk about the number of positive oriented
crossings cr (m, g, 0) and the number of negative oriented crossings cr_(m, €, o) of
a directed ordered pair partition.

Our first main result is Theorem 4.2.9, which establishes properties of w-
sequences as they are relevant for the computation of the moments M, (w). The
informal notion of a ‘balanced pair distribution’ stipulates certain conditions on
the pair (7, €) as stated in Theorem 4.2.9(iv).

Theorem 1.0.2. An w-sequence of partial isometries a = (a,)22,; C A has the
balanced pair distribution

(1) e(2k)y L
90(“1(1) "'ai(Qk)) ~ ok

cry (m,e,0) wcr,(ﬂ,s,a)

for i: [2k] — N with 7 = ker(i) and o € Sx. Here the direction map €: [2k] —
{*,1} and the permutation o € Sy are as specified in Theorem 4.2.9(iv).

Having established certain properties of w-sequences in Theorem 4.2.9, we
prove in Theorem 4.3.1 an explicit combinatorial formula for the CLT associated
to an w-sequence of partial isometries for a (tracial) *-algebraic probability space.
In particular, this result applies to the concrete w-sequence x in the algebraic
probability space (A, ¢) as introduced above. We informally state this result for
the convenience of the reader.



Theorem 1.0.3. Let a = (a,)32, C A be an w-sequence of partial isometries and
let the sequence x = (x,)22, C A be the sequence defined by x, = a, + a’,. Let

=1
k € N. Then one has Mgk_1< =0 and
MQk( )_ hm SO S k' 2k Z Z Z wcr+(7r,s,a)wcr,(7r,s,a)‘

o€SE m€P2(2k) e: [2k]—{*,1}
5 is mw-balanced

This result for the moment formula shares some features with the defining
moment formulas for z-circular systems by Mingo and Nica (see Definition 5.3.1),
as both formulas involve oriented crossings. This similarity, as well as the relation
between g-circular systems and g-semicircular systems (see Chapter 5), guides
us to introduce the notion of a z-semicircular system. The following definition
is taken from Chapter 5 and its moment formula features a certain multivariate
version of Theorem 1.0.3, as we have proven it in Theorem 4.3.8.

Definition 1.0.4. Let (A, ) be a *-algebraic probability space and fix z € C with
|z| < 1. The family Y = (5,);_y € A with (s > 1) is said to form a z-semicircular
system in (A, ) if

-5, =58 forallre[s]={1,2,...,s};

r

- for every oddn > 1, r: [n] — [s],
V(e - Sem)) = 0;

- for every evenn > 1 with n = 2k, r: [n] — [s],

V(Se(1) *  Se(2w)) k:' o Z Z Z 2o+ (me0)zor—(m.e,0)

o€Sy m€P2(2k) e: [2k]—{*,1}
w<ker(r) € is m-balanced
We show that the class of z-semicircular systems is stable under certain mul-
tivariate central limits. In other words, the moment formulas of z-semicircular
systems are reproduced in large N-limit formulas of central limit type.

Theorem 1.0.5. Suppose the sequence Y = (5,)°2, C A forms a z-semicircular
system in (A, ). Let s € N and

ST,N = L /S\r + /S\s—l—r +...+ /S\(N—l)s—&-r

VN
forre{1,2,...,s}. Then one has for allr: 2k — 1] - N and k € N,
lim ¢( §r(2k71),N) =0,

N—oo

and, for all r: [2k] - N and k € N,

A}l_r)nooq/)( .. Sr( ,N k[ 2k Z Z Z Zcr+(7r,€,a)zcr,(7r,e,a)‘

o€SE mE€P2(2k) e: [2k]—{*,1}
w<ker(r) € is w-balanced
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We are left to outline the structure of this thesis. In Chapter 2, we introduce
the necessary background of set partitions and ordered set partitions. Also, we
introduce the notion of oriented crossings as they are relevant for the combina-
torics of CLTs in the context of braided sequences. Moreover, we introduce the
most common distributional symmetries such as exchangeability, spreadability,
and braidability, to the extent as we will make use of them in the context of
CLTs. In particular, we give a *-algebraic proof that braidability implies spread-
ability (see Theorem 2.3.22).

We start in Chapter 3 with reviewing the classical central limit theorem, in-
cluding a multivariate version of it. Also, we present singleton vanishing prop-
erties (SVPs), as they are known in the literature to play a role for multivariate
versions of *-algebraic CLTs. Additionally, we refine the notion of exchangeabil-
ity /spreadability of sequences of random variables to that of C-jointly and C-
separately exchangeable/spreadable families of random variables, for some ‘color
set” C'. We provide multivariate CLT's, which correspond to these refined notions of
distributional symmetries or invariance principles. So far C-separately exchange-
able /spreadable families of random variables have not been addressed explicitly
in the published results on *-algebraic CLTs. Related results will be used later
for CLT's associated to w-sequences of partial isometries (which we introduce in
Chapter 4). Also, we discuss how one can construct C-jointly and C-separately
exchangeable /spreadable sequences from a single exchangeable or spreadable se-
quence. Furthermore, we present factorization properties of mixed moments in
the context of distributional invariance principles. We will make use of these fac-
torization properties for SVPs when establishing concrete moment formulas for
CLTs associated to w-sequences of partial isometries.

Chapter 4 is the main objective of this thesis. We construct a braidable se-
quence x = (x,)2, in the infinite algebraic tensor product of complex 2 x 2 ma-
trices A = @~ M(C). Also, we extract algebraic properties of the constructed
braidable sequence. In turn we use these algebraic properties to abstractly in-
troduce w-sequences of partial isometries. We investigate some properties of w-
sequences, as we will need them when establishing CLT's associated to w-sequences
of partial isometries for a (tracial) *-algebraic probability space. In particular, we
prove explicit combinatorial formulas for moments as they appear in the large
N-limit of algebraic CLTs, including their multivariate versions, for w-sequences.
These combinatorial formulas reveal that the moment formulas count oriented
crossings of directed ordered pair partitions in the large N-limit and differ from
those of g-Gaussian random variables starting the 8-th moment.

Chapter 5 starts with reviewing multivariate versions of CLTs for g-circular
and g-semicircular systems. We show that such systems are exchangeable and thus
yield CLTs. In particular, we show that certain multivariate CLTs associated to
g-circular systems and ¢-semicircular systems have moment formulas which repro-
duce those of g-circular systems and ¢-semicircular systems, respectively. Inspired
by the notion of a ‘z-circular system’, defined and studied by Mingo and Nica in



[MNO1], we introduce the notion of a ‘z-semicircular system’. These generalize the
corresponding notions of ¢-circular and g-semicircular systems from the parameter
q € [—1,1] to the parameter z € C with |z| < 1. We show that such systems are
spreadable and satisfy SVPs. Thus z-circular systems and z-semicircular systems
yield CLTs such that their moment formulas generalize those moment formulas
obtained from CLTSs associated to w-sequences of partial isometries. In partic-
ular, we show that certain multivariate CLTs for z-(semi)circular systems yield
z-(semi)circular systems in the large N-limit.






Chapter 2

Preliminaries

We present definitions and notations for set partitions and ordered set partitions
as they are relevant within the context of algebraic central limit theorems. In par-
ticular, this includes the notions of (oriented) crossings of (directed ordered) pair
partitions. Also, we introduce some basics of *-algebraic probability spaces. Fi-
nally, we briefly discuss distributional symmetries such as exchangeability, spread-
ability, and braidability.

2.1 Partitions and Ordered Partitions

We introduce basic definitions and notations of set partitions and ordered set par-
titions, as we will make use of them in the context of central limit theorems for
exchangeable and spreadable sequences. Furthermore, we introduce the cross-
ing of a partition and an oriented crossing for ordered pair partitions, adapting
the approach of [MNO1, Subsection 1.4] as appropriate within our combinatorial
treatment of *-algebraic CLTs.

2.1.1 Basics on Set Partitions

We start with providing the basics of set partitions as we will make use of them
for CLTs which emerge from the distributional symmetry of exchangeability.

Definition 2.1.1. Let A be a finite set.

(1) A set partition of A is a set of mutually disjoint subsets 7 = {V4, ..., V;} such
that U, Vi = A, V;NV; =0, for 1 <i,j <k, where k is called the size of the
partition and V; is called a block of .

(2) The set of all partitions of A is denoted by P(A).

(3) A partition m = {Vi,...,Vi} of the set A is called a pair partition if |V;| = 2,
for i = 1,..., k. Here |V;| denotes the cardinality of the set V;. In other words,
each block V; contains exactly two elements.

11



12 CHAPTER 2. PRELIMINARIES

(4) The set of all pair partitions of A is denoted by Pa(A).
(5) A block V; of the partition m € P(A) is called a singleton if |V;| = 1.

Notation 2.1.2. We write [n] for the set {1,2,...,n} for n € N. For A = [n] we
will also write P(n) instead of P([n]).

Example 2.1.3. Consider the set A = {1,2,3,4,5,6}. Then the partition 7 =
{{1,4,5},{2,3},{6}} of Ais of size 3 and has the blocks V; = {1,4,5}, V, = {2, 3},
and V3 = {6}. This partition represented by the figure below.

0 E 60D E

This partition 7 contains a singleton since its block V3 has only one element.

Example 2.1.4. The partition 7 = {{1,4},{2,5},{3,6}} of the set [6] is a pair
partition with 3 blocks. We visualize this pair partition also by the following

diagram.
|
(foooo

Lemma 2.1.5. Let k € N. The set of all pair partitions Pa(2k) has

|Pa(2k)| = (2k—1)-(2k—=3)-...- 1 =(2k— ]! (2.1)
elements.

Proof. Consider the first element of the set [2k]. There are (2k — 1) choices for
the second element to obtain the first block. We keep repeating this procedure
until all elements are paired. Thus there are a total of (2k — 1)!! choices. O

We introduce next restrictions of partitions as we will meet them again in
Theorem 3.3.13, a CLT for certain exchangeable families of random variables.

Definition 2.1.6. Let W C [n| be non-empty. The W-restriction of m =
{V1,Va,..., Vi} € P(n) is given by the partition

W‘W = {Wi17Wi2> .. '7Wi£} € P(W),

where W; :==V,NW withi e I:={i € [k] | ViNW #£ 0} and 1 <iy3 <ip <--- <
10 < k.

Note that m,, # 0 is ensured for any W-restriction of a partition 7. Let us
also remind that, by definition, a block of a partition is a non-empty set. Thus,
for a set W # () and a partition 7 as given above, the set {Vi N W,..., V, N W}
is a partition of W if and only if V; N W # () for all ¢ € [k]. In other words, any
empty set V; N W needs to be removed from {V; N W,...,V, N W}, until all its
elements are non-empty sets.
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Example 2.1.7. Let m = {V}, V5, V3, Va} = {{1,3,4},{2,5,8,9},{6,10},{7}} €
P(10) and W = {2,4,5,7,8,9} C [10]. Then one has

VinW = {4}, VonW ={2,589}, WVnNW =0, VinW = {7}
Thus the W-restriction of 7 is given by |, = {VinW,VonW,VynW} € P(W).

Definition 2.1.8. Let A and B be non-empty sets. The kernel set partition of
the function f: A — B, denoted by ker(f), is the partition of A into the level sets
of f. That means two elements a;,as € A belong to the same block of ker(f) if
and only if f(a;) = f(as).

Usually, we are interested in the level sets of a function i: [n] — N. In this
case, [n] is partitioned into finitely many level sets which are also called blocks of
the kernel set partition ker(i).

Lemma 2.1.9. The following are equivalent for two functions i,j: [n] — N:
(a) i(r) =1i(s) <= j(r) = j(s) for allr,s € [n];
(b) er(i) = ker(j);
(c) i=o0o0j for some o € Sy.

Here Sy, denotes the group of all bijections o: N — N which permute only finitely
many elements of N.

Definition 2.1.10. We say that the two functions i,j: [n] — N are equivalent, in
symbols: i ~ j, if one (and thus all) of the conditions of Lemma 2.1.9 are satisfied.

Proof of Lemma 2.1.9. ‘(a) <= (b)’ is evident.

‘(b) = (c)”: We infer from ker(i) = ker(j) that i(k) = i(¢) if and only if j(k) =
j(0). Thus the map Ranj 3 j(k) — i(k) € Rani is bijective and extends to a
bijective map o: N — N such that o(m) = m for m > max{RaniU Ranj}.

‘(¢) = (b)": We infer from the bijectivity of the map o € S, that ker(j) =
ker(o o j) = ker(i). O

2.1.2 Basics on Ordered Set Partitions

We continue with providing the basics of ordered set partitions as we will need
them for CLT's which emerge from the distributional invariance principle of spread-
ability. We closely follow notations and conventions as introduced in [HL19].

Definition 2.1.11. Let A be a finite set and suppose {Vi, ..., Vi} is a set parti-
tion of A.

(1) An ordered set partition m of A is a sequence (Vi,...,V,). In other words,
it is a set partition of A where each block is decorated with label to track the
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order. The size of the ordered partition || is the size of the underlying partition
{V,..., Vit

(2) The set of ordered set partitions of A is denoted by OP(A). If A = [n], then
we also write OP(A) as OP(n).

(3) The ordered partition 7 = (V4,..., Vi) € OP(A) is called an ordered pair
partition if |[V;| =2 for all 1 <i < k.

(4) The set of all ordered set pair partitions is denoted by OPy(A).

(5) The map OP(A) > m — 7T € P(A) is defined as 7 = (Vi,..., Vi) —
,.... i} =7

Note that, in general, the set A may not be equipped with an order and
an order is only given for the blocks of a partition of this set A. Thus, if

= (Vi,..., Vi) € OP(A), then its blocks are labelled by the ordered set [k|.
Whenever there is no risk of confusion, we will say that an ordered partition
m € OP(A) has the ‘Property A’ if the corresponding partition 7 € P(A) has the
‘Property A’. For example, V € 7 denotes the block V € 7, or a block V; of the
ordered set partition 7 is called a singleton if V; is a singleton of 7.

Example 2.1.12. We further discuss Example 2.1.3 in the context of ordered
set partitions. Consider the set partition {{1,4,5},{2,3},{6}} of the set A =
{1,2,3,4,5,6} and denote its three blocks by V; = {1,4,5}, Vo = {2,3}, and
V3 = {6}. Then there are 3! ordered set partitions 7, € OP(6) of the explicit
form

o = (Vo), Vo), Vo) (o € S3).

Here S3 denotes the permutation group on the set [3]. The ordered partition 7, are
represented by the figure below, where 0~! denotes the inverse of the permutation

[ J.J.g

Note that the map OP(6) 3 7, — T, € P(6), loosely phrasing, drops the ‘deco-
ration’ of the partition, such that above ﬁgure becomes the following diagram:

FELLE:

Example 2.1.13. Consider the pair partition {{1,4},{2,5},{3,6}} € P»(6) and
denote its three blocks by Vi = {1,4}, Vo = {2,5}, and V3 = {3,6}. For o €
Ss, the six ordered pair partitions (Vi (1), Vi(2), Vi(3)) are visualized again by the
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following diagram:

B [
Lemma 2.1.14. Let k € N. The set of all ordered pair partitions OPs(2k) has
|OP,(2k)| = k! |Po(2k)| = k! - (2k — 1)!!

elements.

Proof. We already know |Py(2k)| = (2k — 1)!! from Lemma 2.1.5, and there are
k! possibilities to order the blocks of each pair partition in P(2k). ]

We introduce next restrictions of ordered partitions as we will meet them again
in Theorems 3.4.9 and 3.4.13, a CLT for certain spreadable families of random
variables.

Definition 2.1.15. Let W C [n| be non-empty. The W-restriction of = =
(Vi, Vo, ..., Vi) € OP(n) is given by the ordered partition

Ty = (Wi, Wiy, ..., W,,) € P(W),

where W; :=V,NW withi e [:={i € [k] | ViNW # 0} and 1 <i3 <ip < -+ <
1 < k.

Note again that, as already discussed after Definition 2.1.6, 7|, # () is ensured
for any W-restriction of an ordered partition .

We repeat Example 2.1.7 in the context of ordered partitions for the conve-
nience of the reader.

Example 2.1.16. Let 7 = (V3, V5, V5, Vi) = ({1,3,4},{2,5,8,9},{6,10},{7}) €
OP(10) and W ={2,4,5,7,8,9} C [10]. Then one has

VinWw={4}, WHnW ={2,589}, VznW=0, V,nW={7}.
Thus the W-restriction of the ordered partition 7 is given by m,, = (ViNnW, V5N
W,Vyn W) e OP(W).

Notation 2.1.17. Let (B, <) be an (totally) ordered set and suppose By, By are
subsets of B. We will write By < By if by < by for all by € By and by € Bs.

Definition 2.1.18. Let A be a set and (B, <) be an (totally) ordered set. The
ordered kernel set partition of the function i: A — B, denoted by kerp(i), is the
ordered partition 7 = (Vi,..., Vi) € OP(A) such that {Vi,...,Vi} = ker(i) for
some 1 <k <n withn = |A] and i(V;) <i(V;) forall 1 <i < j<k.
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Remark 2.1.19. We will be mainly interested in the sets A = [n] and B = N in
Definition 2.1.18. This is also the setting for which Hasebe and Lehner introduce
ordered kernel set partitions in [HL19, Definition 3.3]. The ordered kernel set
partition kerp(i) of the function i: [n] — N can be constructed as follows. Pick
the smallest element in the image of i, say i(r1), and then define the first block
Vi = {r € [n]li(r) = i(r1)}. Then choosing the second smallest element, say
i(r2), define Vo = {r € [n]|i(r) = i(r2)}. Repeating this procedure until all
elements in [n] are associated to a block, we obtain the ordered set partition
kerp(i) := (Vi,..., Vi), where k is the size of the ordered partition.

Example 2.1.20. Let A = [10] and B = N (equipped with its natural order).
Consider the function i: [10] — N with kernel set partition

ker(i) = {{1,3,4}, {2,5,8,9}, {6,10}, {T}}.

Note that the specific order of listing these blocks does not matter for ker(i). If
i(2) <i(7) <i(1) <i(6), then i has the ordered set kernel partition

kero(i) = ({2,5,8,9}, {7}, {1,3,4}, {6, 10}).

Ifi(1) <i(6) <i(7) <i(2), then i has the ordered set kernel partition

kero(i) = ({1,3,4}, {6,10},{7},{2,5,8,9}).

There are 4! possibilities of how the four values i(1), i(2), i(3), and i(4) can be
ordered. Defining the blocks

‘/1 = {17374}7 ‘/2 = {27 57879}7 ‘/3 = {67 10}7 ‘/4 = {7}’

there is a bijective correspondence between ordered kernel set partitions kerp(i)
with kernel set partition ker(i) = {V;, V5, V5, V4} and permutations o € Sy such
that kero(i) = (Voay, Vo(2)s Vo(3), Vore)). Note that we did not make use of that
the set A = [10] is actually an ordered set. Also, we did not make use of the fact
that the set [4] (labelling the blocks V; to V}) is an ordered set.

Let (A,<) and (B, <) be ordered sets. A function f: A — B is said to be
order preserving if a < @' implies f(a) < f(a’) for all a,a’ € A.

Lemma 2.1.21. The following are equivalent for two functions i,j: [n] — N:
(a) i(r) <i(s) <= j(r) <j(s) for all r,;s € [n];
(b) kero(i) = kerp(j);

(¢c) Toi=00]j for some 0,7 € Sy with order preserving restrictions o|gan; and
7-|Rami-
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Actually, one can choose in Lemma 2.1.21 (c) either 7 or o to be the trivial
permutation.

Definition 2.1.22. We say that the two functions i,j: [n] — N are order equiv-
alent, in symbols: i ~p j, if one (and thus all) of the conditions of Lemma 2.1.21
are satisfied.

Proof of Lemma 2.1.21. ‘(a) = (b)’: Since (a) implies i(r) = i(s) < j(r) =
j(s) for all ;s € [n], it follows that ker(i) = ker(j) = {Vi,Va,...Vi} for some
Vi, Va, ..., Vi which we may choose such that i(V;) < i(V;) for 1 <i < j < k. Do-
ing so we conclude from the order relations in (a) that one also has j(V;) < j(V;)
for 1 <i < j <k. But this shows kerp(i) = kerp(j).

‘(b) = (a)”: Suppose kerp(i) = kerp(j) = (V1, Va, ..., Vi). It is immediate from
the definition of an ordered kernel set partition that i(r) < i(s) implies r € V; and
s €V, with 1 <i < j <k. But the latter implies j(r) < j(s). Exchanging the
roles of i and j, the same argument ensures that j(r) < j(s) implies i(r) < i(s).
‘(a) = (c)’: Consider the two order equivalent n-tuples (i(1),...,i(n)) and
(j(1),...,j(n)), and let (k(1),...,k(n)) be another order equivalent tuple such
that min{k(¢) | 1 < ¢ <n} > max{i(¢),j(¢) | 1 < ¢ <n}. Clearly, there exist two
permutations o, 7 € So, with 701 =k and o o j = k such that 7|gani and o|gan;j
are order preserving.

‘(¢) = (a): Clearly 7 oi(r) < 7oi(s) if and only if o 0 j(r) < oo j(s). Since
the restrictions of 7 and ¢ to the ranges of i and j, respectively, are order pre-
serving we also know that 7 o i(r) < 7 oi(s) if and only if i(r) < i(s), as well
as 00 j(r) < ooj(s) if and only if j(r) < j(s). As the considered relations are
transitive, we arrive at the equivalence claimed in (a). ]

Example 2.1.23. Let the functions i,j: [5] — N be given by the two tuples
(1,3,4,1,3) and (1,2,5,1,2), respectively. We find two permutations 0,7 € Sy
such that their restrictions ¢ |ganj and 7|gani are order preserving maps such that
7oi=00]j. To see this consider the tuple (1,10, 100, 1,10) which corresponds
to a function k: [n] — N. Clearly, there exist permutations 0,7 € Sy, such that
0|Ranj a0d T|Rani are order preserving such that Toi=k and 0 oj=k.
Alternatively, one could have taken for k: [5] — N the function which is
determined by the tuple (1,2,3,1,2), as both other tuples can be obtained from
this one by ‘spreading’. Now the argument is that there exist permutations o, 7 €
Seo such that i = 7ok and j = 0 ok with order preserving restrictions o|gank and

7—|Rank'

So far we have considered ordered set partitions P(A) where A was assumed
to be a set.

Definition 2.1.24. Let (A, <) be an ordered finite set. The partition 7 =
{Vi,...,Vi} € P(A) or the ordered partition 7 = (Vi,...,Vi) € OP(A) are
said to be in standard order if minV; <min Vs < -+ < minV},.



18 CHAPTER 2. PRELIMINARIES

We will frequently make use of the fact that the ordered set partitions of an
ordered finite set (A, <) are in a bijective correspondence with pairs consisting of
a set partition and a permutation.

Notation 2.1.25. Let (A4, <) be a finite ordered set and suppose 1 < k < |A|.
We write

P(A k) :={m € P(A) | 7 is standard ordered with || =k }
and
OP(A k) = {r € OP(A) | |r| =k}

for set partitions and ordered set partitions of length k, respectively. If A =
[n], then P([n], k) and OP([n], k) will be also written as P(n, k) and OP(n, k),
respectively.

Note that P(A,k) = {m € P(A) | |A| = k}, as the standard ordering only
effects the labeling of the blocks of the partition . Insisting on writing down the
partition 7 in standard order is of advantage for the formulation of the follow-
ing bijective correspondence between ordered partitions, pairs of partitions, and
permutations.

Lemma 2.1.26. Let A be a finite ordered set. The map
P(Av k) X Sk 2 ({‘/17 SR ’Vk}a 0) = (VU(1)7 R VU(k)) < OP(A7 k)
15 bijective.
Proof. We show that the map, as stated in the lemma, is both injective and
surjective. Suppose {Vi,...,Vi},{Vi,...,Vi} € P(A k) and the permutations
g, o S Sk satisfy (Vg(l), ey Vg(k)) = (Vg(l), ceey Vg(k)). Thus
Vi, Vi ={Voqy, -, Vow
= {Vg(l), ey Vg(k)} = {Vl, e Vk}

We conclude from this that V; = \Z for all 1 < ¢ < k, since both partitions
{Vi,...,Vik} and {Vi,...,V}} are in standard order. We conclude from this on

the level of ordered partitions that

Voys -2 Vo)) = Vo) - Vo) = Vaay, - - Vawy)s

and thus ¢ = ¢. This insures the injectivity of the map. We are left to prove the
surjectivity of the map. So let 1 € OP(A, k) of the form 7 = (W, ..., W) which
may not be in standard order. Since A is an ordered set, the blocks W; to W}, can
be reordered by a permutation o € Sy such that (Wg(l), cee Wo(k)) is in standard
order. Now put V; := W, for 1 <4 < k. Then we have

Vi, s Viho™) = (Vomrays ey Vomr) = (Wa, oo, W),
since Vi-13) = Wy(o-13) = W;. Thus the map is also surjective. ]
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Corollary 2.1.27. Let A be a finite ordered set with even cardinality |A| = 2k.
The map

Po(A) x Sk > ({Vi, ..., Vih, o) = (Voy, - -+ Vowy) € OP2(A)
15 bijective.
Proof. Clearly Py(A) C P(A, k) and OPy(A) C OP(A, k). Clearly, the bijection
P(AKk) x Sk > ({Vi,.... Vb, 0) = (Voqy, -, Vo) € OP(A, k)
restricts to a bijection from Py(A) x Si onto OPy(A). O

Remark 2.1.28. It can be seen that, for an ordered finite set A, the map
OP(A) > m — T € P(A) restricts to a bijection from the subset of standard
ordered partitions in OP(A) to the set of partitions P(A).

2.1.3 Crossings

We introduce next the notation of crossing partitions. This requires the set A to
be a equipped with an order relation <, to obtain an ordered set (A, <). When
considering for A the sets N or [n], we assume throughout that they are equipped
with the canonical order relation. For brevity, we will address the ordered sets
(N, <) and ([n], <) just as N or [n], respectively.

Definition 2.1.29. (1) A partition 7 = {Vi,...,Vi} of the finite (ordered) set
[n] is said to be a crossing partition if there exist elements p; < ¢; < py < ¢o in
[n] such that py,ps € V, and ¢, g2 € V; for some distinct p, ¢ € [k].

(2) A partition m = {Vi,..., Vi } of the (ordered) set [n] is said to be non-crossing
if it is not a crossing partition. The set of non-crossing partitions of the (ordered)
set [n] is denoted by N'P(n).

(3) Suppose ™ = {Vi,...,Vi} € Po(2k) is a pair partition which has listed its
blocks Vi, Vs, ..., Vi in increasing order of their minimal elements. We denote by
cr(m) the total number of crossings of the pair partition 7 which is given by the
explicit formula

cr(m) = card{(s,5) | 1 <i < j <k, V; and V; are crossing }.

Example 2.1.30. Consider the partition 7 = {{1,5,6},{2,3},{4,7}} of the
ordered set [7]. Then 7 is a crossing partitions since 1 < 4 <5 < 7 and 1,5 €
{1,5,6} and 4,7 € {4,7}. This is visualized in the following diagram.

(faodoc
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Lo omm

Figure 2.1: Pair partition 7 € P(6) with cr(r) = 3.

Example 2.1.31. The pair partition 7 = {{1,4},{2,5}{3,6}} € P2(6) has
cr(m) = 3 crossings, as it can be read off from Figure 2.1, as already shown
in Example 2.1.4: We use this example to illustrate an alternative method to
visualize pair partitions of an ordered finite set. So consider m € P(6) as given
above. We arrange the elements of the ordered set [6] counterclockwise on the
circumference of circle and connect the two elements of each pair by an arc which
drawn inside of the circle. This results for the pair partition 7 in three crossings
as shown in Figure 2.2.

4

Figure 2.2: Pair partition 7 € P(6) with cr(r) = 3.

If the underlying set A is an ordered set, then the notion of a crossing partition
transfers to ordered partitions. We will make use of this only when the ordered
set A is given by [n].

Definition 2.1.32. An ordered set partition 7 € OP(n) is non-crossing if the
partition T has this property. The set of non-crossing ordered partitions is denoted

by NOP(n).

2.1.4 Oriented Crossings

The concept of an oriented crossing is well-studied for braids and is also under-
lying the definition of so-called z-circular systems by Mingo and Nica in [MNO1].
Independently, we have identified that oriented crossings are of relevance for the
combinatorics which emerges from certain CLTs of braidable sequences. We in-
troduce next the idea of an oriented crossing for ordered pair partitions, adapting
the approach of Mingo and Nica in [MNO1, Subsection 1.4] as appropriate within
our combinatorial treatment of *-algebraic CLTs.
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Let C, D, E, F' be distinct points in the plane such that the line segment CD
crosses the line segment E'F. To formulate the idea of an oriented crossing one
needs additional data about

() the direction of each of the two line segments,

(B) the order of the two line segments,

such that one can determine an orientation of the crossing according to the right-
hand rule. Thus one has to consider the two directed line segments C'D and E'F'.
Furthermore, these two directed line segments need to be decorated by labels to
specify the order of @ and ﬁ in their vector product. Thus, if the vector
W := CD x EF is oriented upwards of the plane spanned by the two vectors @
and ﬁ , then @ and ﬁ are said to have a positive crossing. If W is oriented
downwards of this plane, then we say that C'D and E'F' are said to have a negative
crossing. These conventions can be remembered by the so called right-hand rule,
see Figure 2.3. To be more precise, in the left diagram of Figure 2.3, the thumb
represents the line segment with the smaller label ‘1’ and points into the direction
of the point ‘D’. Furthermore, the index finger represents the line segment with
the larger label ‘2" and points into the direction of ‘F’. Consequently, the middle
finger points ‘upwards’, and thus the crossing needs to be decorated with a plus
sign.

C1 F (32 F
X X
2 1

E D E D

Figure 2.3: Positive crossing (left) and negative crossing (right).

Equally well the order of the two line segments may be encoded topologically
by drawing the first line segment above the second one, as it is done for geometric
braids and shown in Figure 2.4.

@ F C F
X« \
a N
E D E D

Figure 2.4: Positive crossing (left) and negative crossing (right).

Alternatively, we may display the direction of the line segments by drawing an
asterix at the point from which the directed line segment emerges. This convention
allows us to draw an oriented crossing as shown in Figure 2.5.
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C* F C* F

\/ \/
/7 N\
E* D E* D

Figure 2.5: Positive crossing (left) and negative crossing (right).

Quite in parallel to displaying pair partitions for ordered finite sets, as shown
in Figure 2.1 and Figure 2.2, ordered pair partitions can be displayed as depicted
for the standard ordered pair partition m = ({1,4},{2,5},{3,6}) € OPy(6) in
Figure 2.6. The elements of the ordered set [6] are again displayed in linear order
(Figure 2.6 (i)) or counterclockwise on the circumference of a circle (Figure 2.6
(i) & (iii)). Additionally, one needs now to keep track of the order of the blocks
of the partition, which is done graphically by labelling each of the three blocks
(see Figure 2.6 (i) & (ii)) or, alternatively, by topologically specifying the order
of the blocks (as shown in Figure 2.6 (iii)). To be more precise, the counter-
clockwise oriented circumference of the circle is embedded into three-dimensional
space. Now an arc connecting two points on the circumference is thought of to
be a strand connecting these two points. The counterclockwise orientation of the
circumference allows us to specify what is considered topologically to be ‘on top’
or ‘below’. So, the 1-labelled strand runs on top of all strands, the 2-labelled
strand runs below the 1-labelled strand and, more generally, the (k + 1)-labelled
strand runs below the k-labelled strand (as shown for £ = 1,2 in Figure 2.6 (iii)).

Next we need to take care about having ‘directed pairs’ or, addressing this
more geometrically, directed line segments or arcs. Essentially, repeating Figure
2.6, this is illustrated in Figure 2.7 by drawing arced arrows instead of arcs.

Algebraically it will be more convenient to encode the direction of line segments
or arcs by decorating the ‘source’ (from which the arc emerges) by the asterix “*’
and the ‘target’(where the arc arrives) by the symbol ‘1’ (which is suppressed in
writing to maintain a light notation).

® 2 6 2 6
@

©)
1 2 B [ G 35 ; ;

4 4

Figure 2.6: Standard ordered pair partition = = ({1,4},{2,5},{3,6}) € OP,(6)
pictured in three different ways: (i) left, (ii) middle, and (iii) right.
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Figure 2.7: Three ways to picture a directed standard ordered pair partition

({1,4},{2,5},{3,6}) € OP,(6).

Definition 2.1.33. (i) The map &: [n] — {*,1} is called a direction map (associ-
ated to the set of pair partitions Py(n)) if the pre-images of € satisfy card e 1 ({}) =
carde ' ({1}). Such a map € is also said to be balanced.

(ii) Let m € P2(n) be given. The direction map e: [n| — {*,1} is said to be
w-balanced if e(V') = {*, 1} for every V € .

(iii) Suppose the direction map €: [n] — {x, 1} is given for n = 2k with k € N.
Then

Py(n, €) := {7T € Pa(n)

e(minV) # e(max V) forall V e w
and minV; <minV, < --- <minV},

is called the e-restricted set of (standard ordered) pair partitions. Furthermore,
OPa(n,€) := {m € OPy(n)|e(min V) # e(max V) for all V € 7}
is called the e-restricted set of ordered pair partitions.

An e-restricted set of ordered pair partitions is illustrated in Figure 2.8. Actu-
ally Figure 2.8 is an example of standard ordered pair partition. Figure 2.9 shows
the more general case of a possibly not-standard ordered pair partition, where
a geometric representation through underpass or overpass strands is specified by
the permutation o.

We recall from Corollary 2.1.27 that there exists a bijective correspondence
between ordered pair partitions of OP,(2k) and pairs of (standard ordered) pair
partitions of P»(2k) and permutations in Sy. We address next that this corre-
spondence is also valid for e-restricted sets of ordered pair partitions.

Corollary 2.1.34. Let the direction map e: [n] — {*,1} be given for n = 2k with
k € N. The map

'Pg(n, 8) X S D ({Vl, ceey Vk}, O’) — (Vg(l), N Va(k)) S OPQ(A,EZ)

15 bijective.
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1* 1*

@ © 2*6* 2* 6+
MRBEDE o) :

4 4

Figure 2.8: Three alternative ways to picture the directed standard ordered pair
partition ({1,4},{2,5},{3,6}) € OPs(6,¢) with &(1) = (2) = €(6) = * and
e(3) =€e(4) =€e(5) =1.

Proof. We have already established in Corollary 2.1.27 that the bijective map
P[], K) % S5 3 ((Vir- ., Vi o) = (Vo -+ V) € OP([n], k)

restricts to a bijection from Py(A) x Sy, to OPy(A). This bijection maps the block
V; to the block V. Clearly, the additional property e(minV’) # e(maxV) is
preserved under this bijection. Consequently, this bijection restricts further to a
bijection from Ps(n,e) x Sy onto OPs(n, €). O

Building on the geometric idea of an oriented crossing, the orientation of
crossings is determined by the data of an e-directed ordered pair partition in
m € OPy(2k, €) or, equivalently, of the triple

(7. e,0) € Pa(2k) x {f: [2k] = {x,1}} x Sj.

For such a triple (m, &,0), the orientation of each crossing of the pair partition
7 is uniquely determined by the geometric representation of the triple, using the
right-hand rule and as illustrated in Example 2.1.37 below.

1*

Figure 2.9: e-Restricted ordered pair partition (V, 1y, Vo(2), Vo(s)) € OP2(6,€) with
e(l) = e(2) = e(6) = x and €(3) = €(4) = &(5) = 1, blocks V; = {1,4}, V, =
{2,5}, V3 = {3,6} and permutation o € Sz (left), and (V5,V3,V)) € OPy(6,¢)
with (1) =2, 0(2) = 3 and o(3) =1 (right).
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Definition 2.1.35. Let an e-directed ordered pair partition 7 € OP,(2k, €) be
given by the triple

(T,e,0) € Pa(2k) x {f: [2k] = {*,1}} x Sk

Then the number of crossings of m which have positive orientation and negative
orientation is denoted by cry(7,€,0) and cr_(7, €, o), respectively.

The number of crossings with positive or negative orientation sums up of course
to the number of all crossings of 7:

cry (T, e,0) 4+ cr_ (7, e,0) = cr(T).

Explicit formulas are available for the number of oriented crossings. Let sgn
denote the signum function such that = = |z|sgn(x) for all z € R.

Lemma 2.1.36 ([MNO1, 1.4.2]). Let the e-directed ordered pair partition m =
Vo), - - Vo)) € OP(2k, €) be given by the triple (T, e,0) whereT™ = {Vi,..., Vi }

1s in standard order. Then one has:

1<i<j <k, ViandV; cross,
e(minV;) - e(minV;) = sgn(o(j) — o(i)) (

cry (7, e,0) = card {(Z,j)

(7,¢e,0) = card { (i, ) 1<i<j<k, ViandVj cross,
AT @) = ) eminty) - e(minV;) = sen (o) - o(0)) |

Here the product ‘e€(minV;) - e(minV;)’ is evaluated according to the following
convention: % -17 and ‘1 - x’ equal —1, the two other products - x’ and ‘1-1’
equal 1.

Example 2.1.37. For n = 8, consider the standard ordered pair partition

7= {{1,5}, 12,6}, {3,7}, {4,8}} € Py(8).

Let the direction map € : [8] — {1,*} be given by e(1) =€(2) =€e(3) =€(4) =1
and e(5) = €(6) = €(7) = €(8) = *, and the permutation o € S; be given by
o(l) =2, 0(2) =3, 0(3) = 4, and 0(4) = 1. Then the e-restricted standard
ordered pair partition ({1,5},{2,6},{3,7},{4,8}) € OPy(8,¢) has 6 positive
crossings and 0 negative crossings:

cry (m, e,00) = 6, cr_(m, e,00) = 0.

Here oy € Sy denotes the neutral element of the group. The e-restricted ordered
partition ({2,6},{3,7},{4,8},{1,5}) € OP2(8,¢) has 3 positive crossings and 3
negative crossings:

cry(m e, 0) =3, cr_(m e,0) = 3.
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2.2 Basics of *-Algebraic Probability Theory

In this section we collect basic definitions that are related to noncommutative
probability spaces, which can be found in various books such as [NS06, Sp19].

Definition 2.2.1. A *-algebraic probability space (A, ) consists of a unital *-
algebra A over C and a C-linear functional ¢: A — C such that p(14) = 1 and
e(x*x) > 0 for all z € A. Here 14 denotes the identity of A. A *-algebraic
probability space (A, ¢) is said to be tracial if ¢ is a trace, i.e. one has p(ab) =
(ba) for all a,b € A. A *-algebraic probability space (A, ¢) is said to be classical
if A is commutative, i.e. one has ab = ba for all a,b € A.

Given the *-algebraic probability space (A, ¢), an element a € A is also called
a random variable. The random variable a € A is said to be centered if ¢(a) = 0.
Furthermore, a random variable a € A is said to be self-adjoint if a = a* and,
more generally, to be normal if a*a = aa*.

Frequently, we will make use of the fact that ¢(a*) = ¢(a) for all a € A. In
particular, one has ¢(a) € R for any self-adjoint random variable a € A. More-
over, one has the following Cauchy-Schwarz inequality for a *-algebraic probability
space (A, ¢):

lo(zy)| < Vel z) Velyy)  fora,y € A

Note that the map A x A > (z,y) — ¢(z*y) € C is sesquilinear and thus defines
a semi-inner product on the vector space A.

Definition 2.2.2. Let (A, p) be an algebraic probability space and let a € A.
Then ¢(a™) is called the n-th moment of the random variable a. More generally,
for n,d € N and i(1),...,i(n) € [d], we call p(a;q)---ain)) a joint moment (of
order n) of the family of random variables ay, as,...,aqs € A.

Occasionally, joint moments of random variables are also addressed as mized
moments. For example, p(a™b") is a mixed moment of the two distinct random
variables a,b € A, for any m,n € N.
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Definition 2.2.3. Let (A, ¢) be a *-algebraic probability space. Two random
variables a,b € A are said to be identically distributed if

p(aF0ae@ . =) = (B . pel)

for all e: [n] — {1,%} and n € N. More generally, for some index set I, two
families of random variables (a;);,c; and (b;);c; in A are said to be identically
distributed if, for any n € N,

f((11) T af((:)) = (b;:((l) T bf(n))

90(“ 1) i(n)

for all i: [n] — I and e: [n] — {1, *}.

If a,b € A are normal, then a and b are identically distributed if
S0((&*)ka£) — @((b*)kbg)

for all k£, ¢ > 0. Note that a classical *-algebraic probability space contains only
normal random variables. If a,b are self-adjoint, then a and b are identically
distributed if

p(a") = (V")
for all n € N.

Definition 2.2.4. Let (A, ¢) be a classical *-algebraic probability space. The
family of random variables {a;};c; C A, for some index set I, is said to be
(classically) independent if, for any n € N,

a5l ()) = el (2o e 0)) e ))
for any distinct i1,...,4, € [ and any kq,...,k,,01,... 4, € N.

Definition 2.2.5. Let (Ay, ¢n), with N € N, and (A, ¢) be *-algebraic proba-
bility spaces. Consider the random variables ay € Ay for each N € N and a € A.
The sequence (ay)nen is said to converge in distribution towards a, in symbols:

distr
any — a,
if we have " "
. el) . _e(n)y _ e(l) . &(n)
Aim o (ay - ay") = p(a® - at™)

for all n € N and e: [n] — {1, x}.

Definition 2.2.6. Let (Ay, ¢n), with N € N, and (A, ¢) be *-algebraic proba-
bility spaces, and let C' be a set. Consider for each ¢ € C' the random variables
acy € Ay and a. € A. The tuple (a.n)cec is said to converge in distribution
towards the tuple (a.).cc, in symbols:

distr,

(aC,N)CEC (a’c>c€C7
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if all joint moments converge towards the corresponding joint moments i.e.

(1) e(n) (1) e(n)
1

]}gl})o YN (af(mv T at(n),N) = SO(Gi( ) "at(n))

foralln € N, t: [n] = C, and e: [n] — {1, x}.
Definition 2.2.7. Let (A, ) be a *-algebraic probability space.

(i) An endomorphism « of (A, ) is a unital *-homomorphism of A such that
@ oa = . In particular, « is said to be an automorphism of (A, p) if «
is a (unital) *-automorphism of 4. The set of endomorphisms of (A4, ¢) is
denoted by End(A, ¢), and the set of automorphisms of (A, ¢) is denoted
by Aut(A, ¢).

(ii) A“ denotes the fixed point algebra of a € End(A, ¢), i.e. A* = {a € A |
ala) = a}.

2.3 Distributional Symmetries

We start with introducing the most common distributional symmetries and in-
variance principles. Our approach adapts that of [GK09, K610] to the framework
of *-algebraic probability spaces.

We will introduce presentations of the symmetric groups .S, and S, via rela-
tions for generators in Definition 2.3.4. Here we just remind that the symmetric
group S, is the group of all bijections on the set [n] for n € N. Furthermore, the
infinite symmetric group S is the inductive limit of the groups .S,, for n — oo.

Definition 2.3.1. Let (A, p) be a *-algebraic probability space. The sequence of
random variables x = (z,,)%°; C A is said to be

(i) exchangeable if, for all n € N and €: [n] — {1, *},

(1) (n)y _ (1) (n)
Py iy = L)) Taliiny)

for all i: [n] — N and 0 € S;
(ii) spreadable if, for all n € N and e: [n] — {1, %},

e(1) en)y _ . e(l) e(n)
Py - Tiy) = P i)

whenever i,j: [n] — N are order equivalent;
(iii) stationary if, for all k,n € N and e: [n] — {1, %},

(1), .e(2) (n)y _ 1) (2) (n)
W(xieu) 7515(2) '”‘Tis(n)) = ‘P(xie(1)+kxi€(2)+k " "ris(n)-‘rk)

for all i: [n] = N;
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(iv) identically distributed if, for all k,n € N and e: [n] — {1, x},

e(1),.e(2) (1), .e(2)

90(-751 Ty o 'wi(n))

("))‘

o € e e
= (), a7y,

Lemma 2.3.2. One has the following hierarchy of distributional symmetries:
(1) = (i) = (1it) = (iv).
Proof. (i) = (ii) follows from the fact that i ~¢ j if and only if there exists some

permutation o € Sy such that j = o oi and o), i)} Is order preserving. All
other implications are clear. O]

Remark 2.3.3. (i) The role of the infinite symmetric group Sy in the above
definition of exchangeability could be taken by the larger group Sy, the group of
all bijections on N. As exchangeability is about the invariance of joint distribution,
replacing So, by Sy would be without effect since any joint distribution involves
only finitely many random variables. More precisely, let i(1),...,i(n) € N for some
n € N and consider some bijection & € Sy. Then there exist a permutation o € S,
such that o(i(k)) = o(i(k)) for k = 1,2,...,n. As an immediate consequence, a
sequence X = (z,)2%, C A is exchangeable if and only if, for all n € N,

e(a5) +750) = Pty (i)
for all e: [n] — {1,*}, i: [n] = N, and all bijections f: N — N.
(ii) The strictly increasing (or order preserving) maps on N form a monoid which
contains the so-called partial shift monoid

S = <<0n)zo:1 | Qké’g = 6€+19k; 1<k</i< OO>+

as a submonoid. More concretely, this partial shift monoid S can be seen to be
isomorphic to the monoid generated by the partial shifts, denoted for notational
simplicity by the same symbols, (6,,)5,: N — N, where

Qn(i):{z 1fn>z,.

1+1 ifn <o

Roughly phrasing, the partial shifts monoid S relates to the monoid of strictly
increasing maps on N as the infinite symmetric group S, relates to the group of
all bijections on N.

(iii) Instead of considering order equivalent sequences for the definition of spread-
ability, one could alternatively demand that the joint distributions are invariant
when replacing the index tuple (i(l), e 1(n)) of the considered random vari-
ables by the index tuple (6(i(1)),...,6(i(n))) for any strictly increasing (or or-
der preserving) map ¢: N — N. Consequently, a sequence of random variables
x = (z,)52, C A is spreadable if and only if, for all n € N,

1) (n)y _ 1) (n)
90@?(1) o 'xie(n)) = 90<xg(i(1)) " 'xZ(i(n)))
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for all e: [n] — {1,%}, i: [n] — N, and all order preserving maps 6: N — N. This
equivalence is also addressed in Proposition 2.3.12.

We continue with further studying the notions of exchangeability and spread-
ability, in particular to provide alternative characterizations for them. These al-
ternative characterizations provide us with a constructive procedure for creating
exchangeable and spreadable sequences (see also [GK09, EGK17]). Furthermore,
this alternative characterization of exchangeability paves the way to a definition
of braidability, which was found as a new distributional symmetry intermediate
to exchangeability and spreadability by Gohm and Kostler (see [GK09, GK12]).

2.3.1 Exchangeability

We provide a constructive procedure for an exchangeable sequence, given a certain
representation of the infinite symmetric group S, in the context of *-algebraic
probability spaces. For this purpose, we will make use of the fact that symmetric
groups can be presented in terms of generators and relations. Our presentation
follows [GK09, EGK17] and adapts therein arguments to the setting of *-algebraic
probability spaces.

Definition 2.3.4. The symmetric group 5,, with 1 < n < oo, is presented by

the Coxeter generators oy, 09, ...,0,_1 satisfying the relations
0,040; = 050,05 if |Z — ]‘ = 1, (22)
0;0; = 005 if |Z—j|>1,
ol =e. (2.4)

Here e =: 0y denotes the neutral element of S,,.

We will refer to (2.2) also as braid relations and to (2.3) as commutation
relations. The symmetric group S,, can be seen to be isomorphic to the group
of all bijections on the set [n], such that the Coxeter generator o; corresponds to
the bijection on [n], which transposes i and i 4+ 1. Throughout we will identify S,
with the group of all bijections on [n] such that

kE+1 if k=1,
oi(k)=<Rk—-1 ifk=1i+1,
k otherwise.

Proposition 2.3.5. Let (A, ¢) be a *~algebraic probability space which is equipped
with a representation p: See — Aut(A, ). Suppose further that the sequence
(xn)e2, C A salisfies

z1 = p(og) 21 (k= 2), (2.5)

Tpi1 = p(OpOn_1---01)x1 (n>1). 2.6
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Then (x,)5% is exchangeable.

Proof. Suppose the sequence (x,,)>° ; is given as stated in the proposition. Assume

for now that, for any e: [n] — {1,*} and £: [n] - N,
1 n 1 n .
90(372(1)) e xz((n))) = 90(1'55(;(1)) " '9‘355(12(71))) (i € N). (2.7)

Then this immediately implies the exchangeability of the sequence (z,,)52 ,, since
any permutation o € S,, can be written as a monomial in the Coxeter generators
0, i.e. one obtains

e(1) (n))

(1) (n)
ga(xe(l) “Lo(n) 90<x§(e(1))"'xfr(£(n))) (0 € Sx).

Thus we are left to verify the invariance property claimed in (2.7). Indeed, we
obtain from the invariance of the state ¢ under the *-homomorphism p(o;) that

1 n n
<P(xz(1) e 1’;((”))) =¥o P(Ui)(x (( )) ((n)))
= ¢ (p(o)(@5r) -~ plo3) (@Gin).
Consequently, it suffices to verify
p(0i)(@n) = To,(n)

for all i,n € N. We consider separately the four casesn =1, n =i+ 1, n > 1+ 1,
and n < 1.

Case n =i: We verify from the given properties of the sequence and the action
of Coxeter generators on natural numbers that

p(0i)xn = p(on)Tn
= p(0n)p(On-10n—2...01)T1
= p(opnon_1...01)x1
= Tn+1
= Toy(n)

Case n =i+ 1< i=n—1: By making use of (2.4), we compute that
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Casen >i+1<i<n—1: Using repeatedly the commutation relations (2.3),
once the braid relation (2.2) and finally the invariance property (2.5), we obtain

0)p(op_1---01)T1

0i0Op—1""'0i420i4+10;0;—1 ** '01)351

On—1-"0i420i0;410;0;—-1 " * '01)I1
©10i4203410i0i4104—1 " * ‘01)%
Op—1" 054204103051+ 010;41)T1
On—1-" 'Ul)p(o'i-&-l)xl

On—1"" '01)1‘1

/‘\/\/-\E\/-\/-\/-\
3
|
—_

3

I
8 8 ™D 2™ ™ D DD

R
g

Case n < i: Here we use the commutation relations (2.3) and, as ¢ > 1 in this
case, the invariance property (2.5) to compute

p(oi)zn = p(oi)p(on-1--01)21
= p(op_1---01)p(0i)7
=,
= Tgy(n)-
Altogether, we have verified that p(o;)x, = Tgy(n) for all ¢,m € N. O

Remark 2.3.6. Actually, the converse of Proposition 2.3.5 is also true if the
*-algebraic probability space (A, ) is equipped with a state ¢, which restricts
to a faithful state on the unital *-algebra generated by the sequence (z,)32,.
As we will not make further use of this converse, we omit its proof which can be
transferred in a straightforward manner from the arguments provided in the proof
of [GK09, Theorem 1.9].

2.3.2 Spreadability

We present some basics on spreadability as a distributional invariance principle in
the context of *-algebraic probability spaces and refer the reader to [K610, GK09,
EGK17] for further information on it. Similar to exchangeability, we present a
procedure on how to construct a spreadable sequence.

Definition 2.3.7. Let S be the monoid of strictly increasing maps on N which is
generated by the partial shifts (6,,)5°, where

n=1»

£ ‘
en(@_{ﬁ if n>¢;

C+1 itn </

We will refer to S also as the partial shifts monoid.
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The following relations are easily verified.

Proposition 2.3.8. One has
010, = 0,,110% (2.8)
forany 1 <k <n < oo.

Remark 2.3.9. Note that our labelling of the partial shifts 6,, differs from that
in [GK09, GK12, EGK17], as we use N instead of Ny for labelling. Nevertheless,
our labelling of partial shifts maintains all relations, in particular the convention
that “@, starts shifting at the point n” or, equivalently, “the strictly increasing
map 6,, omits the point n”.

Frequently, we will make use of that spreadability can be equivalently formu-
lated in terms of invariance properties with respect to actions of the monoid S on
the index set of a sequence. Related considerations are elementary, but require
some technical preparation for the sake of clarity of the arguments. (This corrects
an erroneous statement in [K610, Remark 1.9].)

Lemma 2.3.10. The following are equivalent for two functions i,j: [n] — N:
(a) there exists 0,0 € S and h: [n] — N such thati=6oh and j =6 oh;
(b) i and j are order equivalent, in symbols: i ~o j.

Proof. ‘(a) = (b): The monoid § is generated by partial shifts 6;, which are
order preserving. Thus any 0, 0 € S are order preserving. Consequently i =6 oh
and j = 6 o h implies i ~» h and j ~ h, respectively. Now i ~¢ j follows from
the transitivity of equivalence relations.

‘(b) = (a): Suppose i and j are order equivalent. Then the range of i and j
have the same cardinality m € N with 1 < m < n. Furthermore, there exists a

unique h: [n] — N with range {1,...,m} such that h ~p i and h ~¢ j. Since
h(k) < i(k) for all k = 1,...,n, there exist some § € S such that i = 6 o h.
Similarly, we conclude that there exists some 6 € S such that j =60 o h. n

Let us illustrate ‘(b) = (a)” of Lemma 2.3.10.

Example 2.3.11. Consider the two order equivalent 7-tuples
(i(1),...,i(7)) = (3,5,3,6,5,6,3),
((1),....3(7) = (1,4,1,7,4,7,1),

which have Ran(i) = {3,5,6} and Ran(j) = {1,4,7}. Now consider the tuple
(h(1),...,h(7)) =(1,2,1,3,2,3,1)

which has the range {1, 2,3} and which is order equivalent to each of i and j. An
elementary computation shows that one has i = (6,07) o h and j = (6203) o h.
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Proposition 2.3.12. Let (A, ¢) be a *~algebraic probability space. The sequence
X = (2,,)52, C A is spreadable if and only if one of the following equivalent (and
thus both) conditions are satisfied for all fized n € N:

(a) The sequence x satisfies

1 n
90(9516((1)) T l’is((n))) =

foralle: [n] = {1,«},i: [n] > N, and 0 € S.
(b) The sequence x satisfies

&) (n) (1) (n)
Py - Tiy) = (@) - T

foralle: [n] — {1,%} and i,j: [n]| = N with i ~0 j.

Proof. We note that the validity of property ‘(b)’ for all n € N defines spreadabil-
ity, see Definition 2.3.1 (ii).

‘(a) = (b)": Suppose i ~» j. By Lemma 2.3.10, there exists h: [n] — N and
6,0 € S such that i=6oh and j = 6 o h. Now (a) implies

) (n)y _ (1) ) y_ (1) (n)
P57 i) = P(Ton()  Totm)) = P(Thi) " Tngm)
e(1) en) \_ o e() _e(n)

90(‘765(11(1)) xg(h(n))> = ey Tigny)

‘(b) = (a): Since any 0 € S is order preserving, one has i ~o 0(i). This ensures
the validity of the claimed implication. O

Next we turn our attention to a result, which allows us to construct a spread-
able sequence from knowing the representation of the partial shifts monoid S.

Proposition 2.3.13. Let (A, ¢) be a *-algebraic probability space which is equipped
with a representation o: S — End(A, ). Suppose further that the sequence
(xn)e2, C A satisfies

r1 = 0(0k)r1 (k>2), (2.9)
Tpi1 = 0(07)r1 (n>1). (2.10)

Then (x,)52, is spreadable.

Note that (2.10) implies the stationarity of a spreadable sequence, since ¢ o
o(bh) = ¢.

Proof. Suppose the sequence (x,)2°; is given as stated in the proposition. Let

n € N. Assume for now that, for any e: [n] — {1,*} and £: [n] — N,

W) ey _ o e() (n) -
Py Toimy) = P(To ey Toyemy)  (FEN). (2.11)
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Then this immediately implies the spreadability of the sequence (x,)>, since
any # € § can be written as a monomial in the generators 6;, i.e. one obtains

(1) (n)
= ‘P(xg(eu)) %(z(@)) (0 €3),

which is equivalent to spreadability by Proposition 2.3.12. Thus we are left to
verify the invariance property claimed in (2.11). Indeed, we obtain from the
invariance of the state ¢ under the *-homomorphism o(6;) that

)
£(
) 0B (a50).

1 n
Plagy) - o) = w0 0(0:) (a5

Consequently, it suffices to verify

0(0:)(xn) = Zo,(n)

for all i,n € N. We consider separately the two cases ¢ > n and ¢ < n.

Case i > n: We verify from the given properties of the sequence and the action
of the partial shifts 6, on natural numbers that

0(0:)xn = p(0,07 )21
:p(en 192 n+1>

= p(07 ™)1,

= Tn —Cﬂgi(n).

Here we have used first a multiple times the relations (2.8) and then that i > n <
i —n+ 1> 1 which entails o(6;_,,.,)x1 = 21 by the localization property (2.9).

Case i < n: Using again repeatedly the relations (2.8), we compute that

0(0:)zn = p(0,67 )2
= p(0,6;7'07 ")y
— (00,
= p(6)z1
= Tn+1 = Lo;(n)-
Altogether, we have shown that o(6;)x, = xg,») for all i,n € N. O

2.3.3 Braidability

We discuss the distributional symmetry of braidability in the framework of *-
algebraic probability spaces (see also [EGK17]) and show that braidability implies
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spreadability. Our presented notion of braidability in Definition 2.3.14 generalizes
exchangeability (in the sense of Definition 2.3.1), whenever the latter realized as
done in Proposition 2.3.5 (see also Remark 2.3.6).

Let n > 2. The braid group B, is presented by the so-called Artin generators

01,09, ...,0,_1 satisfying the following relations:
5:5,0: = 5,5:0; if [i — ] = 1, (2.12)

The inductive limit of the braid groups B, for n — oo is denoted by B, and
called the infinite braid group.

Definition 2.3.14. Let (A, ¢) be a *-algebraic probability space. The sequence
of random variables (z,,),>1 C A is said to be braidable if there exists a represen-
tation p: Bo, — Aut(A, ¢) such that:

x1 = p(og)T1 if k> 2, (2.14)

Proposition 2.3.15. The exchangeable sequence (x,)5°, from Proposition 2.3.5
is braidable.

Proof. Suppose p: Sy — Aut(A, ¢) is a representation of the infinite group S...
Let €: Boo — S, denote the epimorphism, which maps Artin generators o, to
Coxeter generators o, for all n € N. Then g := poe: By, — Aut(A, ) defines a
representation of such that an exchangeable sequence is seen to be braidable. [

Theorem 2.3.16. Let (A, @) be a *-algebraic probability space. Then a braidable
sequence (T,)22, C A is spreadable.

We prepare the proof of this theorem with an elementary result on order
equivalent functions.

Lemma 2.3.17. Suppose i,j: [n] — N are order equivalent. Then there exists a

nite sequence of functions (hy)’_,: [n] — N such that hy = i, hy, = j and , for
a=0
all0 < a<b,

(Z) ha ~0O ha+1;'
(11) Ran(h,)\{rae, 7 + 1} = Ran(h,i1)\{7a, 70 + 1} for some r, € N.

We omit the elementary proof of this lemma and instead illustrate it by an
example. Note that Lemma 2.3.17 permits the trivial case i = j, but we can of
course assume i # j without loss of generality in the following.
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Example 2.3.18. Consider the two order equivalent functions 7, j: [7] — N given
by the two 7-tuples

(i(1),...,i(7)) = (4,2,7,4,6,7,4),
(3(1),--,3(7) = (3,1,9,3,8,9,3).
One has Ran(i) = {2,4,6,7} and Ran(j) = {1,3,8,9}. We construct first order
equivalent functions to match the maximal element in the range of i and with that
of j. Next we construct order equivalent functions to match the second largest
element in the range of i and with that of j, and so on until we have matched
the two smallest elements. Altogether, it is elementary to find order equivalent
functions hy, ..., hg such that hg =1, hg = j and
Ranhy = {2,4,6,7} = Rani,
Ranh; = {2,4,6,8},
Ranh, = {2,4,6,9},
Ranhs = {2,4,7,9},
Ranhy = {2,4,8,9},
Ranh; ={2,3,8,9},
Ranhg = {1,3,8,9} = Ranj.
Consequently, two consecutive functions h, have all but one point in common in
their range.

Proof of Theorem 2.3.16. Due to Lemma 2.3.17, it suffices to provide a proof for
the situation where the order equivalent functions i and j have a range which
differs only in a single point. To be more precise, consider i: [n] — N and suppose
that r € Ran(i) and r + 1 ¢ Ran(i). Let j: [n] — N be such that j(k) = i(k)
whenever i(k) # r and j(k) = r + 1 whenever i(k) = r. In other words,

oy ) i(k) for k € {1,n} and i(k) # r,
i) = {i(kz) 1 forke {1,n} and i(k) = r.

Clearly i and j are order equivalent. We show next that, for a braidable sequence
(xn)zozlv
P(@ia) - - i) = P(Tj0) -~ Titn))

where i and j are as above.

(i) - Tim) = 9 0 p(@,) (@) - Tiw)) = 9 (p(F) (1)) - - p(T) (Ti(m))) -
We are left to prove that
T if r £k,
Tki1 if r=%k.

p(or)(xx) = {

Thus we will look separately at three cases r =k, r < k, and r > k.
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Case r = k: Using the definition of the sequence (x,,)22 ; from (2.15), we obtain

p(0:)(zr) = p(on) (k)
= p(&k>p(&k71 e '51)1’1
= P(gkgk—l o '51)$1

= Tk41-

Case r < k:  We claim that r = k—1 < r+1 = k cannot occur. Indeed, by our
assumptions on i, we know that » € Ran(i) and r+1 ¢ Ran(i) > k. Consequently,
r < k implies r < k — 1. Thus we compute, by using repeatedly the commutation
relations (2.13), once the braid relation (2.12), and finally Definition 2.3.14,

Okg—1""" O-T+2<0-7’O-T‘+10-7‘)0—7‘—1 e 0'1)371
Ok—1"" '0'7"+2(O-r+10.r0'r+1)0-7"71 ce 01)551
Ok—1"""0p420741040p_1 """ U1Ur+1)931

Ok—1""* Op420p 4104071 -+ 01)T1

Case r > k:  We use the commutation relations (2.13) and Definition 2.3.14 to
obtain

p(a,)(wx) = p(0,)p(Ok—1- -+ 01)11
= P(grgk—l : 51)%
= p(Op—1 -+ 010,)21
= p(C—1---01)T1
= Xp.

]

So far we have verified that braidability implies spreadability on the level of
a distributional symmetry, where the latter may not invoke the existence of a
representation of the partial shifts monoid S in End(A, ¢). Next we strengthen
Theorem 2.3.16 by constructing a representation of & from the representation of
the braid group B, in Aut(A, p).

Suppose the *-algebraic probability space (A, ) is equipped with the rep-
resentation p: B, — Aut(A, ). Recall that A”(°%) denotes the fixed point *-
subalgebra of p(dy) in A. Putting

A=A (neN),

k>n
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we obtain a tower of fixed point *-subalgebras such that
AiCAc...cl|JA =ACA
n=1

Definition 2.3.19. Let (A, ¢) be a *-algebraic probability space which is equipped
with a representation p: By, — Aut(A, ¢). The representation p is said to have
the generating property if

A= G () A = A

n=1k>n
In general a representation p of B, may fail to enjoy the generating property
(see [GKO09, Proposition 3.3]).

Proposition 2.3.20. A representation p: By — Aut(A, ) restricts to a repre-
sentation P Boo — Aut(As, poo) which has the generating property. Here oo,
denotes the restriction of ¢ to A.

Proof. To ensure p(Bw)(Ax) C As, it suffices to show that p(d,,)(Ax) C A
for any m € N. Note that x € A, if and only if x € Ay for some N € N. We
will show that there exists some n € N such that

DG PFn)z = pF)e (k=) (2.16)
This implies p(o,,)x € A, C Ax. So we are left to verify (2.16). We claim that
p(ar)(p(Gm)x) = p(Gp)z for all k > n := N +m + 1. (Note that m, N > 1.)
Indeed, this is the case, since o, and 7,, commute and thus

P(04Tm)x = p(0m0k)T = p(Om).

Here we have used for the last equality that x is localized in Ay and thus Ay C
APC@) gince k > N. O

We will make use of the following well-known relations between Artin genera-
tors.

Lemma 2.3.21. Let g;, for i € N, denote an Artin generator of By,. Then one
has

On42(Ok410k42 - ON) = (Ok410k42 - ON)Ont1 fork<n <N -2

Proof. Let’s first consider the case k = n. Using the relations for Artin generators,
one has

Okt2(Okt10k420k43 = ON) = (Ok420k410k42)0kt3 - ON
= (Ok+10k420k41)0k13---0n  (by (2.12))

= (Okt10k120k43 - ON)Oke1  (by (2.13))
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The calculation for the more general case k < n proceeds along similar lines, after
initially using

Goio(Fhir - FN) = Fnpa(Fhr1 -+ GuGns10nia - Fn)

= (5k+1 o '5n)5n+2(5n+15n+2 e ‘5N) (by (2~13))-

]

Theorem 2.3.22. Suppose p: Bs, — Aut(A, ) has the generating property.
Then the limits

a(x) = lm p(Ei3--Fw) (),

as(x) = lim p(6:55 - Gw) (),
an(z) = N@mp(5n5n+1 ~-on)(z),

exist for any x € A. Furthermore, the maps S 3 0, — 0(6,) := «,, € End(A, p)
multiplicatively extend to a representation o: S — End(A, ¢).

Proof. We show first the existence of the claimed limits for some z € A. The
generating property of p ensures A = A, and thus there exists some M € N such
that x € Apr. Thus p(0,,)(x) = x for all m > M. Consequently,

Nh_r)noop<5n5n+1 coon) (@) = p(0nGni1 - om) () (2.17)

for each n. Given z € A, and n € N, denote by a,,(z) the corresponding limit
element in (2.17).

We show next that the map A > z — a,(x) € A defines an endomorphism
of the *-algebraic probability space (A, ¢). Clearly, a,,(14) = 14. Furthermore,
for x,y € A, there exists some M such that z,y € A);. Thus we can compute

an(my) - Nhir)loop(a:nain-l-l e gN)(xy)

= p<&n5n+1 T 5M)(ij)
= p<&n5n+1 T 5M)(x) p(gn&wrl T &M)(m

= lim p(0p0pt1---0on)(x) lim p(6,0m41- - 0N)(Y)
N—00 N—o0

= an () (y),
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since p(o) € Aut(A, ¢) for any ¢ € B,. A similar calculation ensures

(00()" = (Jim_p(Gu5ns+-5w)(a)

= A p(0nGnir---on)(27)

= ay(x7).

Thus «,, is a unital *-homomorphism of A, for which we conclude p o, = ¢
from

@ o ay(r) = ‘P(O‘n(x))
p(x)
for any x € A. Altogether, this ensures a,, € End(A, ¢). We are left to verify that

these endomorphisms «,, satisfy the relations of the generators 6, of the partial
shift monoid S:

Ry = Qi1 (1<k<l< ).

We know already that, given x € A, there exist some n,m € N with n < m
such that

Q10 = Nli_f)noo 1\}13100 p(Oey1--oN)p(Ok - Our) ()

= p(Ges1 -+ Fn)p(Gr - Tom)
= p((5e+1 OOk Om)
o )

= p((5k o O) (T Tt

- Mlgloo Nhi{loop((o-k ToM

= apoy(x).

(2.18)

Here we repeatedly applied Lemma 2.3.21 to obtain (2.18). This establishes that
the multiplicative extension of the maps & 3 6,, — «, =: 0(6,) defines a repre-
sentation ¢: S — End(A, ¢). O






Chapter 3

*-Algebraic Central Limit
Theorems

We start this chapter with reviewing the classical central limit theorem, includ-
ing a multivariate version of it. Also, we present singleton vanishing properties
(SVPs), as they are known in the literature to play a role for multivariate ver-
sions of *-algebraic CLTs. Additionally, we refine the notion of exchangeabil-
ity /spreadability of sequences of random variables to that of C-jointly and C-
separately exchangeable/spreadable families of random variables, for some ‘color
set” C'. We provide multivariate CLT's, which correspond to these refined notions of
distributional symmetries or invariance principles. So far C-separately exchange-
able/spreadable families of random variables have not been addressed explicitly
in the published results on *-algebraic CLTs. Related results will be used later
for CLT's associated to w-sequences of partial isometries (which we introduce in
Chapter 4). Also, we discuss how one can construct C-jointly and C-separately
exchangeable /spreadable sequences from a single exchangeable or spreadable se-
quence. Furthermore, we present factorization properties of mixed moments in
the context of distributional invariance principles. We will make use of these fac-
torization properties for SVPs when establishing concrete moment formulas for
CLTs associated to w-sequences of partial isometries.

3.1 Classical Central Limit Theorems

In this section we review the combinatorial approaches to the classical CLT and
its multivariate version. Our presentation follows [NS06, Sp19]. Recall the notion
of a classical *-algebraic probability space from Definition 2.2.3 and the notion of
independence from Definition 2.2.4.

Theorem 3.1.1. Let (A, @) be a classical *-algebraic probability space and let
x = (2,)02, C A be a sequence such that

(i) x; = xf fori € N;

43
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(11) x is independent and identically distributed.

Then one has for

1
SN = \/—N<JZ1 +...+xNy— NgO(Iﬁ)
that, for alln € N,
0 if n odd,
lim @(Sy) = 2
N—o0 #(S) (n— 1)!!<g0(x%) — gp(xl)2> *if n even.

Note that p(2?) = (z5x1) > 0 as x; is self-adjoint, and that p(2?) — p(z;)?

is the variance of the random variable x;.

Proof. Since all z,, are identically distributed,
(21 aw = No(@) = (21 = @)+ + oy —p(an)). (3.1)

The sequence (xn —gp(mn))zo:l is independent, identically distributed, and centred.
Thus it suffices to calculate the central limit for a centred sequence (z,,) In
other other words, we need to compute

[eS)
n=1-*

N
" 1
(S =—= > elwa) - Ti) (3.2)
for N — oco. We will subdivide the proof of this theorem into several steps.

Step 1. The n-tuple of indices (i(1), ..., i(n)) uniquely corresponds to a function
i: [n] — N, which induces the kernel set partition 7 := ker(i) = {V4,...,Vi} €
P(n) (see Definition 2.1.8). Here V; denotes the blocks of 7 for some 1 < k <n
and k is the size of the partition. We say that the two tuples i,j: [n] — N are
equivalent, in symbols: i ~ j, if

i(r)=1i(s) © j(r) =j(s) forall 1 <r s <mn.
We conclude from this that
i~rj << ker(i) = ker(j).

Since all the random variables are independent and identically distributed, we
conclude that
90(551(1) o 'Ii(n)) = ‘P(xj(l) o 'xj(n)) (3.3)
whenever i ~ j. Thus
Pr 1= (Ti1) "+ Ti(n)) (3.4)

is well-defined for the kernel set partition m = ker(i).
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Step 2. The cardinality of the set
{i: [n] = [N] | ker(i) = 7}

for some partition 7 € P(n) is given by

AM = N (N=1)--- (N —|n|+1) = <|]7\:|)|7r|!.

=l

Note that |r| = k if 7 = {V4,...,V,} for some 1 < k < n. Therefore, we can
rewrite (3.2) as the finite sum

a1 o~ 1 N
o(Sy) = N Z A|7r\ gO’T*N% Z)<‘7r|)|7r‘!907r. (3.5)

TEP(n) TeEP(n

As this finite sum is independent of the choice of N, the convergence of each
summand can be discussed separately. This is done in Step 3, where one first
shows that ¢, vanishes whenever 7 contains a singleton. Thus the finite sum
over all partitions reduces further to a sum over partitions = with |7| < n/2.
Furthermore, one shows that A‘(ﬁ) /N™? vanishes for N — co whenever |7| < n/2.
Thus we will arrive in Step 3 at the conclusion that the only contribution to the
limit comes from pair partitions with |r| = n/2, where one has fl‘(f:f)/]\f’"”/2 -1
for N — oo.

Step 3. We need now to examine the contribution of different partitions. We
will see that some of these partitions will vanish. First we assume that © =
{V1,...,Vi} contains a singleton block. Thus there exists a block V' € 7 such
that |[V| = 1, let us say V. = {{}, for ¢ € ker(i). Since all z; are classically
independent (see Definition 2.2.4) and centred, we conclude that

Pr = <P(36i(1) C Tie-1)Ti(0) Ti(e+1) * 'l'i(n))
= @(xi(é))SO(xi(l) © o Tie—-1)Ti(e+1) " 'ZUi(n)) =0.

Hence, if the partition m = ker(i) contains a singleton (i.e. a block V with |V | = 1),
this implies ¢, = 0. Therefore, no partitions with a singleton contributes to the
sum. Thus only those partitions 7 can contribute to the central limit for which
each block of 7 has at least two elements. This implies k& < n/2 for the number
of blocks of the partition m. We consider separately the two cases k < n/2 and
k=mn/2.

Let us first consider the case & < 5. Since the monomial AlgN) =N(N—-1)---(N—
k + 1) contains strictly less than n/2 factors, one concludes

lim = =0.

AN NN (N k1)
N—oo N3 N2
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In particular, as k < n/2 for any odd number n, no moment ¢, with an odd order
n can survive in the limit N — oo.

We are left to consider the case k = %, which can only occur for even n and
7 € Py(n), i.e. when 7 is a pair partition. Taking again the limit N — oo we find
that

=
2

|3

NNkt
NE N-N---N

since numerator and denominator have the same number of factors.

Altogether, we can write (3.5) as

lim ¢(Sy) = Z O (3.6)

N—o0
TEP2(n)

where we use the convention that summation over an empty set gives zero.

Step 4. Suppose ™ € Py(n) with 7 = {V4,...,Vi} and n = 2k. Note that there
exists some i: [2k] — [k] such that © = ker(i). It follows from commutativity and
classical independence that
k
Or = @(Ti1) -+ Tigan)) = Hs@(mixi)-

=1

Since all x; are identically distributed, we conclude further that

n/2
or = plar21)" = (90(3511’1)> :
Thus (3.6) counts the number of all pair partitions of the set [n]:
1Po({1,...,2k})| = (2k — 1) - (2k = 3)--- 1= (2k — 1)!l

Altogether, one arrives at

lim o(S) = 3 pletan)? = (n— lip(ad)’?

N—oo
TEP2(n)

when the sequence x is assumed to be centred. The non-centred case is deduced
from above equation by replacing x; (from the centred setting) by z1 — ¢(x;) (in
the non-centred setting). This completes the proof of Theorem 3.1.1. O]

In the following, we review a multivariate version of the classical CLT and show
that the limit distribution is described by the joint distribution of a Gaussian
family as N — oo (see [NS06, Remark 8.18]). To ease the notation, we limit
our considerations to the case of centred random variables, as it is elementary to
reduce the general case to such a setting.
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Notation 3.1.2. We recall that (n—1)!! = 0 for an odd non-negative integer and
(—=1)!! =1 by convention. Furthermore, we make use of the convention 0° = 1.

Theorem 3.1.3. Let (A, ¢) be a classical *-algebraic probability space and suppose
the d-tuple of sequences {(xn)721}iciq C A is such that

(i) Tpn = (210)" for alln € N and t € [d];
(i1) {z¢n | n € Nt € [d]} is a set of mutually independent random variables;

(111) (Ten)nen i a sequence of centred, identically distributed random variables

(for each t € [d]).

Then one has for

that
A}i_lgogo(st(l),]v - Sem)N) = H (ne — 1)”90@21)76

where t: [n] — [d] and n. = [t ({c})|.

Proof. We need to calculate, for some fixed n € N and t(1),...,t(n) € [d], the
limit for N — oo of

1

¢(St(1),zv e St(n),N) =N Z ©(Te1),i(1) - Te(n),i(n))-
i(1),...,i(n)=1

Since all random variables commute, we may assume without loss of generality

that 1 < t(1) < t(2) < --- < t(n) < d. Let ker(t) = {Wy,...,W.} € P(n) for

some 1 < ¢ < d such that w; < w; for all w; € W; and w; € W; with ¢ < j. Then
> elmmaw  Temam) = > > e(Teni) e Temyie)) -
i: [n]—[N] i: Wi—[N] i: We—[N]

For 1 <m < ¢, let n, := |W,| and let i,,: W,, — [N] be the restriction of the
index function i: [n] — [N] . Furthermore, let ¢,, := t(w) for w € W,,. Since all

random variables are independent, and writing below x;,, as m,(f )), we can further
factorize and regroup the right-hand side of above equation such that

> (@i e Ten)im)

i: [n]—=[N]

_ (t(1)) (t(n1)) (t(n—nc+1)) (t(n))

e Z “ e Z SO(Iil(l) o e xil(nl) > o e S0<xic(n—nc+1) .o xic(n) )
i1 Wi—[N] ic: We—[N] ~~ d ~~ 4

n1 factors n. factors

_ (1) (t1) (te) (t)
= > <P<95i1h)“'fijm)> > 90<f”ic<nnc+1>"‘$ic<n>)

i1 W1—>[N] —_— ic: WC_>[N] N
ny factors n. factors
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Now each of these ¢ factors can be treated similar as it was done in Step 1
of the proof of the classical CLT, Theorem 3.1.1. For this purpose, let W =
{wy,ws, ..., wr} be a finite subset of N such that 1 < w; < we < -+ < wy, for
some k € N. Then

O ORI ()
P Z ‘P<%’<w1) Tj(wr) )
J: W=IN] k factors

is well-defined for any j: W — [N] with 7 = ker(j) € P(W). The cardinality of

the set
{i: W — [N] | ker(j) = m}

for some partition = € P(W) is

AN = (N>|7r]!:N-(N—l)---(N—|7r\+1).

|7 |7|
Thus we can write

Z P(Le(1),51) * ** Te(m)i(n))

i: [n]—([N]
= 2 A X AR
meP(Wi) T €P(We)
Altogether, since n = ny; +ny + ... 4+ n., we arrive at
(S -+ Seimy )
= Nl Y @) Temyim)

0|3

i: [n]—[N]
(v 3 ama) (v w e
T EP(Wh) T E€P(We)

As explicitly shown in the proof of the univariate CLT, Theorem 3.1.1, only pair
partitions survive as summands in the limit N — oo in each of the ¢ factors such

that
lim @ (Seyn - Stm)n)

Z gp Z cp(tc

m EP2(W1) TeE€P2(We)
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Since {Wy, Wy, ..., W.} is a partition of the set [n], we know that n; = |[W;| > 0
for all i = 1,2,...,c. Permitting the case that a ‘color’ in [d] may not appear,
and making use of the convention (0 — 1)!! = 1, we can rewrite above equation as
the d-fold product

A}l_{%o @(St(l),N e St(n),N)
= (= D2l ) - ((na = k(a2 F),
where now ny = [t 1({1})],...,nqg = [t ({d})|. O

It is well-known that a sequence of centred independent identically distributed
random variables is exchangeable (see Definition 2.3.1) and satisfies a SFP (see
Definition 3.2.1). This motivates us to take distributional invariance principles
and certain factorization properties as an alternative starting point for the for-
mulation of (univariate and) multivariate CLTs in the framework of *-algebraic
probability spaces. Actually, we replace these factorization properties by so-called
singleton vanishing properties, as investigated in the consecutive sections.

3.2 Singleton Vanishing Properties

The singleton factorization property (SFP) of a sequence of random variables is
well-known to play an important role when proving algebraic CLTs. We first
discuss some of its generalizations, as they are appropriate for multivariate CLTs.
Afterwards, as a kind of further generalization, we present singleton vanishing
properties (SVPs) for set-indexed families of random variables, as we will need
them again for multivariate CLTs in *-algebraic probability theory.

Definition 3.2.1. Let (A, ) be a *-algebraic probability space.
(i) The sequence (z,)5°, C Ais said to have the singleton factorization property
(SEFP) if, for any n € N,

e(1) e(n)y __ e(f) e(1) e({—1) e(£+1) e(n)
90(%(1) "'xi(n)) = 90(%(13)) ‘@(miu) T Tye-1) Tiget) “.wi(n))

for any €: [n] — {1,*} and i: [n] - N with {¢} € ker(i).

(ii) The family of sequences X = {(x.n)5>, | ¢ € C} C A, for some index set
C, is said to have the C-joint singleton factorization property (SFP) if, for
any n € N,

e(1) e(n)
‘P(Itu),iu) o 'xt(n),i(n))
_ () 1) (€-1) (€+1) (n)
= SD(x:(e)J(e)) : W(xi(l),i(l) e xi(é—1),i(€—1)xi(é+l),i(€+l) " '$:(n),i(n))

for any €: [n] — {1,%}, any i: [n] = N, and t: [n] — C with {¢} € ker(i).
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(iii) The family of sequences X = {(z.,)2; | ¢ € C'} C A, for some index set
C, is said to have the C-separate singleton factorization property (SFP) if,

for any n € N,
Wf&aY”f%<ﬂ
t(1),i t(n),i(n
_ (© (1) (€-1) (€+1) (n)
= 90<93:(e),i(e)) : 90<9C:(1),i(1) T xi(ff1),i(Z71)I1€:(£+1),i(€+1) " .zi(n),i(n)>

for any e: [n] — {1,*}, any i: [n] = N, and t: [n] — C with {¢} € ker(i|w)
for some W € ker(t).

Note that (i) is the special case of (ii) and (iii) for C' = {c}. We illustrate the
singleton factorization property from (iii) by an example.

Example 3.2.2. Let C' = {1,2} and consider the pair of sequences {(%c)nen |
c € C} C A. For simplicity, we assume ., = z;, for all n € N and ¢ € C.

Moreover, we will write z., as ng) for clarity of the notation. Consider the

moment

2 1 1 1 2
ol a0

One can easily read off from this moment the explicit form of the index functions
i: [5] = N and t: [5] — C such that

ker(i) = {{1,3,5},{2,4}} € P([5))}

ker(t) = {{1,5},{2,3,4}} = {W1, Ws} € P([5))
ker(ilw,) = {{1,5}} € P({1,5})
ker(ilw;) = {12,4}, {3}} € P({2,3,4})

Since ker(i|w,) contains a singleton the validity of the C-separate SFP implies
that the considered moment factorizes as

2 1 1 1 2 1 2 1 1 2
a0 1?) = (ool

Definition 3.2.3. Let (A, ¢) be a *-algebraic probability space and let C' be a
fixed non-empty set. The family of sequences X = {(z.,)2, | c € C} C Ais
said to have the

(i) C-joint singleton vanishing property (SVP) if, for any n € N, for every
e: [n] = {1,%},i: [n] > N, and t: [n] — C,

&(n)

0 _
¢@%mn”“wmw)—o

whenever there exists a singleton {¢} € ker(i) for some ¢ € [n];
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(ii) C-separate singleton vanishing property (SVP) if, for any n € N, for every
e: [n] = {1,%},i: [n] > N, and t: [n] — C,

e() ) )
¢(5‘%(1)&(1) . "”t(nxi(n)) =0

whenever there exists a singleton {¢} € ker(i|y) for some ¢ € W and some
block W' € ker(t).

If C = {c}, the C-joint (or C-separate) SVP of the sequence X is just called SVP.

Lemma 3.2.4. Consider for the family of sequences X as given in Definition

(a) X has the C-joint SVP;
(b) X has the C-separate SVP.

Then one has ‘(b) = (a)’, but the converse implication may fail to be true.
Proof. ‘(b) = (a)’: Consider the moment
e(1) e(n)
90<33t(1>,i<1> . "Ctm),i(n))
for some €: [n] — {1,%}, i: [n] = N, t: [n] = C, and put 7 := ker(i). Suppose

E W S SSu -S [) 9 C clu

c() ew) Y\ _
<P<ffft<1),i(1) a '“/’t(nm(n)) =0.

As this is true whenever 7 contains a singleton, it follows that X enjoys the C-
joint SVP. The failure of ‘(a) = (b)’ is inferred from Example 3.2.5 or Example
3.2.6. -

Let us illustrate the failure of the implication ‘(a) = (b)’.

Example 3.2.5. Let (B,v) be a *-algebraic probability space and consider the
*-algebraic infinite tensor product probability space (A, ¢) = @),,cn(B,¥). Let
C' ={1,2} and b, € B with b, = b (for simplicity) be fixed and satisfy ¥ (b.) =0
for ce C'. Let z., € A denote the canonical embedding of b. € B into the n-th
factor of the infinite tensor product of B with itself. Then the pair of sequences
{(xcn)i2; | ¢ € C} has the C-joint SVP, but may fail to have the C-separate SVP.
For example, one has

80(1'1,156'2,1) = ¢<blb2)a

which gives the partition 7 = {{1,2}} and ker(t) = {{1},{2}} =: {W;, W3}, and
the reduced partitions m,, = {{1}} and m,, = {{2}}.
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Now the C-separate SVP of X implies ¢(z1129,1) = 0, whereas this usually
can’t be concluded from the C-joint SVP. To see the latter, just take b = b; = bs.
Then one has ¢(z1,1721) = ¥(b*) which may be non-zero. For a concrete example
of this failure, consider B := C(R) to be equipped with the state v that is given

by ¥(f) == %(f(O) + f(1)). Choosing b = f — 1(f), one has
p(r11221) =0 = »0°) =9(f?) —0(f)?=0 <<= f(0)=f(1).

So the corresponding concrete pair of sequences X has the C-separate SVP, but
fails to have the C-joint SVP if f(0) # f(1).

Example 3.2.6. Let (B,v) = (M, (C), ) with ¢(b) = Tr(Db) for some density
matrix D € M,(C) in the construction of the infinite tensor product probability
space (A, ) from Example 3.2.5. Now choose b. € M,,(C) with Tr(Db.) = 0 for
¢ € C. Now the pair of sequences X (as introduced Example 3.2.5) satisfies again
the C-separate SVP. Furthermore, one observes:

X satisfies the C-joint SVP <= Tr(Dbiby) = Tr(Dby) Tr(Dbs).

So far we have illustrated these two multivariate versions of the SVP by exam-
ples, which are going essentially along factorization properties of random variables
as one knows them from classical stochastic independence or, more generally ten-
sor independence, or free independence (see for example [NS06, Lecture 5]).

3.3 CLTs for Exchangeable Sequences

Our approach in this section follows [BS96, KN20] in the framework of *-algebraic
probability spaces, and generalizes exchangeability to C-jointly exchangeable and
C-separately exchangeable sequences for some ‘color set’ C'. We introduced al-
ready in Definition 2.3.1 that a sequence (z,)5°, is exchangeable if its joint mo-
ments are invariant under any permutations of the random variables.

Definition 3.3.1. Let (A, ¢) be a *-algebraic probability space and let C' be a
fixed non-empty set. The family of sequences X = {(z.,)2, | c € C} C Ais
said to be

(i) C-jointly exchangeable if, for any n € N, for every e: [n] — {1,*},1,j: [n] =
N, and ‘color’ function t: [n] — C,

N

e(1) e(n) _ (e e(n)
‘P<5’7t<1),i(1> . ‘%(n),i(n)) =¥ (fct(l),j(l “‘xtm),j(n))

whenever i ~ j;
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(ii) C-separately exchangeable if, for any n € N, for every e: [n] — {1, %},
i,j: [n] = N, and ‘color’ function t: [n] — C,

(1) e(n) _ e(1) e(n)
‘P(xtu),i(l) . 'xt(n),i(n)> - ‘P<xt(1),j<1> . 'xt(n),j(n)>
whenever i|y ~ j|lw for every block W € ker(t).

If C ={c}, a C-jointly (or C-separately) exchangeable sequence X is just said to
be exchangeable.

We will frequently refer to the set C' as the ‘color’ set, and to its elements as
‘colors’.

Lemma 3.3.2. Let the family X be given as in Definition 3.3.1 and consider the
following two properties:

(a) X is C-jointly exchangeable;
(b) X is C-separately exchangeable.
Then one has ‘(b) = (a)’, but the converse implication may fail to be true.

Proof. ‘(b) = (a)”: Consider the index functions i,j: [n] — N and t: [n] — C,
and let W € Ker(t). We note that i|y ~ jlw if and only if there exists a
permutation Ty € S, such that il = 7w o (jlw). On the other hand, i ~ j
if and only if there exists a permutation 7 € S, such that i = 7 0 j. Since
ilw = (roj)lw =70 (lw), taking my := 7 for all W € ker(t), we conclude that
C-separate exchangeability implies C-joint exchangeability.

The failure of the converse implication ‘(a) = (b)’ is manifested in Example
3.3.4. [

Let us illustrate these two notions of exchangeability.

Example 3.3.3. Let C' = {1,2} and consider the two sequences (z,)5, and
(2,0)02, where we will write 2 for Tp, for simplicity of notation.
1. C-joint exchangeability ensures only

1) (2 1) (2
V) = el 2)?)

(e
for all £ € N. But C-separate exchangeability implies

1 2 1 2
p(zMa?) = p(aPal?)

for any k,¢ € N.
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2. C-joint exchangeability implies

n,.2,.1), .2\ _ o @ 1 (2
Sp(xk Loy Ty Ly, ) = 90(xa(k;l)xa(el)%(/@)xa(@))

for any kq, ko, /1,45 € N and any o € S,. But C-separate exchangeability
allows us to conclude

1),.2,.1), 2\ _ Q@ 1 (2
80<$k1 Loy Ty Ly, ) = 90<$a(k1)$7(51) o(ka)Tr (52))

for any kq, ko, (1,05 € N and any 0,7 € S,..

We illustrate next that C-joint exchangeability may not imply C-separate
exchangeability.

Example 3.3.4. Let (B,v) be a *-algebraic probability space and consider the

*-algebraic infinite tensor product probability space (A, ¢) = @), cn(B,¥). Let

C = {1,2} and b. € B be fixed for ¢ € C. Let z., € A denote the canonical

embedding of b, € B into the n-th factor of the infinite tensor product of B with

itself. In the following, we consider the pair of sequences X = {(z.,)>2, | c € C'}
and write again ., as 2.

1. X is C-jointly exchangeable, but may fail to be C-separately exchangeable.
For example, one has

p(2"2?) = Y(biby) = p(zVa?)

for all £ € N. But

pae?) = olae?)
is valid for any k,¢ € N if and only if 1(b1by) = ¥(b1)1(by). Actually, one
can show that X is C-separately exchangeable if and only if

Y(0303) = Y (b5)0 ()

for all 7,7 € N. This clearly fails to be the case for b = b; = by € B unless
the state ¢ on B is multiplicative, i.e. ¥(b") = ¢ (b)" for all n € N. (A

canonical example for a unital *-algebra B equipped with a multiplicative

state ¢ is B := C(R) and ¢ (f) := f(0).)

2. Even the additional assumption of the C-separate SVP for & is insufficient
to strengthen the C'-joint exchangeability of X to C-separate exchangeabil-
ity. As before,

p(zMaVe PPy = (bibiboby) = p(aVzMaP )

for all £ € N. But

1 2) (2 1 2) (2
platal o) = (el a?)



3.3. CLTS FOR EXCHANGEABLE SEQUENCES 25

is valid for any k,¢ € N if and only if ©(b1b1baby) = 1(b1b1)1p(bebs). Note
that this argument does not involve the consideration of any singletons. As
before, it is easy to find examples such that 1)(b1b1babs) # 1(b1b1)(babs).
This shows that the C-separate SVP is insufficient to strengthen C-joint
exchangeability to C-separate exchangeability.

We provide next a concrete example for C-separate exchangeability.

Example 3.3.5. Let the *-algebraic probability space (A, ¢) = @),,cn(B, ) and
the pair of sequences {(z.,)>2, | ¢ € C} be given as in the previous Example
3.3.4. Additionally, assume that (B,1) = (By,11) ® (B2, 1s) for two *-algebraic
probability spaces (B;, ;) and choose b := 51 ® 1p, and by := 1p, ®52 for some
b; € B; (1 = 1,2). Then a straightforward computation shows that the pair of
sequences {(z.,)r, | ¢ € C'} is C-separately exchangeable.

Remark 3.3.6. (1) If the ‘color’ set is given by C' = N, the family of sequences
X = {(Tmn)pZ; | m € N} is an array of random variables X' = (20 )55 -
Symmetries and invariance principles for arrays of random variables and, more
generally, set-indexed processes are well-studied in classical probability theory,
see for example [Ka92, Ka05]. Beyond sequences of random variables, there are
various notions of exchangeability available for set-indexed families of random
variables. In particular, there are established notions for ‘(joint) exchangeability’
and ‘separate exchangeability’ for random arrays which should not be confused
with our notions of ‘C-joint exchangeability’ and ‘C-separate exchangeability’.
The ‘color’ set C' as index set and the lower index set N of random variables
play different roles in the context of CLTSs, in contrast to the index set N? in the
framework of random arrays.

(2) Families of sequences of random variables have already been considered for
general CLTs in the published literature. These early results did usually stipulate
more general conditions than ‘C-joint exchangeability’, see for example [SW94].
So far, multivariate versions of (noncommutative) CLTs under the stronger as-
sumption of ‘C-separate exchangeability’ seem to be not explicitly treated in the
published literature.

The next result will be used in Theorem 3.3.10, a multivariate version of the
CLT for C-jointly exchangeable families of random variables. Recall from Lemma
3.2.4 that the C-separate SVP implies the C-joint SVP, but the converse may fail.

Lemma 3.3.7. Suppose X is a C-separately exchangeable family of sequences as
stated in Definition 3.3.1. Then the following are equivalent:

(a) X satisfies the C-joint SVP;
(b) X satisfies the C-separate SVP.

In general, this equivalence is not valid for a C'-jointly exchangeable family X .
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Proof. Consider the function i: [n] — N with 7 = ker(i). Suppose 7 contains
the singleton {k}. As t(k) € W for some W € ker(t), we conclude that the
restricted partition 7| contains also the singleton {k}. Conversely, suppose M

contains the singleton {E} for some W € ker(t). Now we use the C-separate
exchangeability of X to conclude that there exists for any o € S, a function
j: [n] = N with ker(j) = ker(i) such that j|w = i|w for all W € ker(t)\{W} and
j‘W =go i’W' In particular, we can choose the permutation o € S, such that
ker(j) contains the singleton {k}.

Altogether, these arguments show that, for some W € ker(t), the function
i: [n] — N has a restricted kernel set partition ker(i|y ), which contains a singleton
if and only if there exists a function j: [n] — N with Prer(j),t = Pker(i),t, Which has
a singleton in its kernel set partition ker(j).

‘(a) = (b)”: Suppose that ker(i|y) contains a singleton for some W € ker(t).

By the previous arguments, we find a function j: [n] — N which contains a single-
ton and satisfies Pier(j)t = Prer(i),t- Lhus the validity of the C-joint SVP implies
Prer(i)t = Prer(j)t = 0-
The converse ‘(b) = (a)’ is ensured by Lemma 3.2.4 and, essentially, we re-
peat next the arguments of its proof. Suppose ker(i) contains a singleton. Then
ker(ily) contains a singleton for some W € ker(t). Thus we conclude @yer(i)s = 0
from the validity of the C-joint SVP.

We are left to exemplify the failure of this equivalence in the setting of a C-
jointly exchangeable family X. For this purpose, consider the C'-jointly exchange-
able family X as constructed in Example 3.3.4, when using b = b; = by € B such
that 1 (b) = 0 and 1(b*) # 0. Then X satisfies the C-joint SVP, but fails to satisfy
the C-separate SVP. O]

Example 3.3.8. Suppose X is C-separately exchangeable, and write again z.j,

as 719, consider the moment

et = (a5 a5l
which has 7 := ker(i) = {{1,4,5,6},{2,3}} and ker(t) = {{1,4,5},{2,3,6}} =:
{Wy, W3}. We conclude from the C-separate exchangeability that

1 2 2 1 1 2 1 2 2 1 1 2
2D 202 2D) = (a2 Pl ?),

where we have replaced the last factor ;nf) by $§2). So we have found a function j
such that Yrer(i)t = Prer(j),t a0d jlw, = ilw,, but jlw, = o oi|w, for some o € Sy.
Note that the partition ker(j) = {{1,4,5},{6},{2,3}} contains a singleton, but
ker(i) = {{1,4,5,6},{2,3}} contains no singleton.

Altogether, this example indicates how we can turn a singleton of the W-
restricted partition 7, = ker(il) into a singleton of the partition ker(j) while
maintaining the equality @yer) s = Prer(j).¢-
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We recall from Lemma 2.1.9 that two functions i,j: [n] — N satisfy i ~ j if
and only if ker(i) = ker(j). This ensures that the function introduced next is
well-defined in the context of C-joint exchangeability.

Definition 3.3.9. Let (A, ) be a *-algebraic probability space and let X =
{(xen)2, | c € C} C A be a C-jointly exchangeable family. Then the map

Poset | | P(n) x {t: [n] = C} x {e: [n] = {x,1}} > C,

given by
. (1) . En)
Prte = PlTe1)i1) " To(n)i(n)

for any €: [n] — {1,%}, t: [n] = C, and i: [n] — N with ker(i) = , is called the
Junction on partitions associated to X. If the family X" satisfies x., = =7, for all
c € C and n € N, then the function on partitions associated to X simplifies to
the map

oo’ |_|77(n) x{t:[n] > C}—C

that is given by
Prt = @(xt(n,ia) s ‘llft(n),i(n)>-
Note that, canonically identifying the function t: [n] — C and the n-tuple

(t(1),...,t(n)) € C", the function on partitions associated to X can be also
addressed as

Pont | |P(n) x C" x {e: [n] = {x,1}} = C.

We are ready to formulate a multivariate CLT for C-jointly exchangeable families
of random variables.

Theorem 3.3.10. Let (A, p) be a *-algebraic probability space and suppose the
family X = {(2.,)5, | c € C} C A satisfies the following conditions:

(i) X is C-jointly exchangeable;
(11) X satisfies the C-joint SVP.

Then one has for
L1 + -+ Le N

VN
that, for alln € N, e: [n] — {1,%}, and t: [n] = C,

Sc,N =

llm SO<S ((1))]\/ ’ f((:)N Z P t,e-

TI'G'PQ(n)
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Moreover, if X is C-separately exchangeable or enjoys the C-separate SVP then
foralln € N, g: [n] — {1,%}, and t: [n] = C,

hm 90(5@((1)) e €(n Z Prte-

TEP2(n)

w<ker(t)
Remark. In principle, we could define Py (n,t) := {m € P2(n) | @ < ker(t)}. This
definition could be further specified to include a direction map: Py(n,t, &) := {7 €
Pa(n,t) | e(minV) # e(max V) for all V € 7}.

Another version of this theorem will be provided below as Theorem 3.3.13,
specifically to the context of C-separate exchangeability and C-separate SVP,
where (..., the function of partitions for X, is replaced by Dol 00, & certain
function of Cartesian products of restricted partitions of X (see Definition 3.3.12).

Proof. We need to calculate, for some fixed t: [n] -+ N and e: [n] — {*,1},

e(1) en) y_ L e(1) e(n)
‘P(St(l),N ' "St(n),N) ~ Nn/2 Z SO(xt(l),i(l) . 'xt(n),i(n))
i: ()= [N]

Fom D Al Prve

7r€77 (n)

for N — oo. Here we have used that A|(7Jr\|[) is the cardinality of the set {i: [n] —
[N] | ker(i) = 7} for a partition = € P(n), or more explicitly:

N
ANV =N (N=1)- (N =|a[+1) = <|7T|)|7r\!.
Now the C-joint SVP implies ¢t = 0 for any 7 € P(n) which contains a
singleton. Moreover, one has

Lo _
A ez At =0
for any m € P(n) with |7| < n/2, based on the combinatorial arguments already
deployed in the proof of Theorem 3.1.1. Thus one arrives at

(1)
hm @(Stu)N ’ t(n)N = Z Prte-

TEP2(n)

We are left to show that the C-separate exchangeability or the C-separate SVP
of X allows us to restrict the summation further to pair partitions m € Py(n)
satisfying m < ker(t). We know from Lemma 3.3.7 that C-separate exchangeabil-
ity implies the equivalence of the C-joint SVP and the C-separate SVP. Thus it
suffices to show that the strengthening of C'-joint SVP to C-separate SVP implies
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the vanishing of these further pair partitions. For this purpose, consider some
i: [n] = [N] with 7 = ker(i) € Py(n) and let W € ker(t). Then ker(i|w) € P(W)
has blocks of size 2 at most. Now the C-separate SVP implies that only sum-
mands of those partitions m = ker(i) contribute where ker(i|y,) € P(W) is a pair
partition. As this argument is valid for any block W € ker(t), it follows that only
those summands contribute for which 7 = ker(i) € Py(n) satisfies 7 < ker(t). O

We had introduced for a C-jointly exchangeable family X a function on par-
titions associated to X in Definition 3.3.9. Next we provide a definition of such a
function as appropriate for a C-separately exchangeable family X'. Recall for this
purpose the notion of a restricted partition from Definition 2.1.6.

Notation 3.3.11. Let the ‘color’ function t: [n] — C' be fixed. We denote by

H P(W) = {f: ker(t) — I_l P(W)}
)

W eker(t) W eker(t

the Cartesian product of the partitions of the blocks of ker(t) with coordinate
projections ker(t) > W — f(W) € P(W). Similarly, let ]y cyers) P2(W) denote
the Cartesian product of the pair partitions of the blocks of ker(t).

For a given partition m € P(n), we denote by

m.e [[ PW)

W eker(t)

the function which has, for each W' € ker(t), the IW-restriction 7}, as a coordinate.
Furthermore, we will write

m.e [ P.W)

if ), € Po(W) for all W € ker(t).

Similar to the situation of C-joint exchangeability, we infer from Lemma 2.1.9
again that two functions i,j: [n] — N satisfy iy ~ j|lw for all W € ker(t) if and
only if ker(ily) = ker(jlw) for all W € ker(t). This ensures that the function
introduced next is well-defined in the context of C-separate exchangeability.

Definition 3.3.12. Let (A, ) be a *-algebraic probability space and let X =
{(xen)2, | c € C} C A be a C-separately exchangeable family. Then the map

o0

powe: L TI POV)) 5 {t: (0] = C} x {e: 0] = {x,1}} > C,

n=1 Weker(t)

given by

o (1) ()
P te = @(x:a),i(l) o 'xi(n),i(n)>
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for any e: [n| — {,1}, t: [n] = C, i: [n] — N with ker(i) = 7 and ker(i|y) =
T, € P(W) for any W € kert, is called the function on reduced partitions
associated to X. If the family X satisfies z., = 7, for all c € C and n € N, then
the function on partitions associated to X’ simplifies to the map

oo |_|< I1 7> ) x {t:[n] > C} > C
n=1 Weker(t
that is given by
Pt - = §0<$t(1),i(1) e 'xt(n),i(n)>-

Theorem 3.3.13. Let (A, ) be a *-algebraic probability space and suppose the
the family of sequences X = {(xen)5, | c € C} C A satisfies:

(i) X is C-separately exchangeable;
(i) X satisfies the C'-separate SVP.

Then one has for
Le1 + -+ Le N

VN
that, for alln € N, €: [n] = {x,1}, and t: [n] — C,

SC,N =

. 1 n
]\}l_f}noo@(ste((n),zv T S:((n)),N> - Z Prte = Z Pt
TEP2 (n) o EHWerr(t) P2 (W)
w<ker(t)

Proof. As Theorem 3.3.10 applies for a family X which is C-separately exchange-
able and satisfies the C-separate SVP, we are left to verify that

Z Prte = Z Pr|te-

TEP2(n) Tle GHWEker(t) Pa2(W)
w<ker(t)

But this is immediate from the following two observations. First of all, one has
for a C-separately exchangeable family X" that

N e () =
Prte = P\ Ty1)i1) Lin)i(n) ) = Prite

for any m € P(n), e: [n] — {*,1}, and t: [n] — C. Secondly, the map

{FePm)|f<ke(t)})smm, e [[ P.(W) (3.7)

W eker(t)

is bijective. Note that this map is well-defined as the condition 7 < ker(t) implies
that each pair block V € 7 satisfies V € 7|, for some W € ker(t), and thus
Ty € Po(W) for all W € ker(t).
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We verify next that the map defined by (3.7) is injective. Suppose 7,7 €
{m € Pa(n)|r < ker(t)} satisfy m, = 7,. We conclude from m,, = 7, for all
‘coordinates’” W € ker(t) that V' € 7 if and only if V' € 7. Thus one has m =7
which ensures the injectivity of the map.

Finally, we need to verify the surjectivity of the map defined by (3.7). The
function f € [liycrer(r P2(W) has the coordinates f(W) € P2(W) such that

FOV) N f(W) = 0 for W # W and Uy FV) = P(n). Thus 7 :=
Uw eker(ey f(W) defines a partition in P(n) with 7 < ker(t) which is mapped
to f. This ensures the surjectivity of the map. O]

We address next how multivariate settings for exchangeable sequences can be
constructed from a single exchangeable sequence. We illustrate such a proce-
dure in the following, in particular to show that this procedure yields separate
exchangeability.

Lemma 3.3.14. Let C' be a countable set and let J: C x N — N be an injective
function. Given the exchangeable sequence x = (x,)5%; C A and putting

Len 2= TJ(en)s
the family of sequences X = {(x.n)0, | ¢ € C} C A is C-separately exchangeable.
Proof. We need to show that, for any t: [n] — C, e: [n] — {*,1},
(1) e(n) _ e &)
90(“’t<1>,i<1> o 'xtm),i(n)) = 90(“”1:(1)«1) xt(ﬂ)d(ﬂ))
whenever iy ~ jlw for every block W € ker(t). Note that i|w ~ j|w if and only

if there exists some permutation 7y such that jlw = 7w o (ilw). So we need to
show for

e(1 e(1 e(n

¥ (‘”t((lii(l) . 'wt<n>,i<n>> = 90(%(<t)(1>,i<1>> ; 'wJ((thm(n)))

that a factor @ (i) With w € W and t(w) = ¢ can be replaced by a factor
T j(e,rwoi(w)) Without altering the value of the joint moment. But this amounts
to showing that i(w) can be replaced by 7y o i(w) without changing the joint
moment. This corresponds to replacing J(t(w),i(w)) by J(t(w), 7w oi(w)). Since
the function J is injective, we always find a permutation oy such that J(c, 7y o
i(w)) = ow o J(c,i(w)) for all w € W. Now we conclude from the exchangeability
of the underlying sequence x that

() c(n) ) e
Sp(xJ(t(l)J(l)) " 'xJ(t(n),i(n))) = (‘O(xj(t(l),j(l)) xJ(t(n),j(n)))

where we have j|[n]\W = i[p\w and j|W = 7y oily. A finite iteration on the blocks
of ker(t) yields

(1) e(n) (e e(n)
90(%<t<1>,i(1>> " ‘f‘fﬂt(n),i(n))) = <P(%<t(1>,j(1>> " ‘“”UJ(t(n),j(n)))

whenever j|lyw = mw o (ily) for some 7y € Su. O
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Since C-separate exchangeability implies C-joint exchangeability, the following
result is actually a corollary to the previous result. Nevertheless, we state it here
and give an explicit proof without appealing to C-separate exchangeability.

Lemma 3.3.15. Let C' be a countable set and let J: C x N — N be an injective
function. Given the exchangeable sequence x = (,,)5°, C A and putting

an =T Jj(en)s
the family of sequences X = {(xcn)poyq | c € C} C A is C-jointly exchangeable.

Proof. We need to show that
e(1) &(n) _ ey . &)
90(%<1>,i(1) . 'wt(m,i(n)) = @(xta),j(l) xt(nu(n))
whenever i ~ j, or that, equivalently by Lemma 2.1.9,

e(1) () _ e(1) ()
@(%(1)@(1) 'It(n),i(n)) = @(%(1);@(1) xt(n),roi(n))

for all 7 € Sw. Using the definition of the z.,’s, the latter translates to verify

e(1) e(n) o e(1) e
(p(xJ(t(l),i(l)) o ‘xJ(t(n),i(n))> = ‘P(%(tu),mu)) xJ(t(n),Toi(n)))

for all 7 € S,. But this amounts to showing for the index functions J(t,i): [n] —
N and J(t,70i): [n] = N (for any fixed 7 € S,,) that the two kernel set partitions

ker(J(t,i)) € P(n) and ker(J(t,7o1i)) € P(n)

are the same. For this purpose, consider a block V' € ker(J(t,i)). Then i(V) C N
and 7 o i(V) C N have the same cardinality. Thus A := {(t(v),i(v)) | v € V} C
[d] x N and A, := {(t(v),70i(v)) | v € V} C [d] x N have the same cardinality.
Consequently, by the injectivity of J, the two sets J(A) C N and J(A;) C N have
the same cardinality. Now our assumption on V' (being a level set of the function
J(t,1): [n] — N) ensures that the set J(A) is a singleton set. But the previous
argument forces then that also J(A,) is a singleton set. Consequently, V' is also
a level set of the function J(t,701i): [n] — N. In other words, we have concluded
that V' C V, € ker(J(t,7 oi). The converse inclusion V, C V € ker(J(t,1)
follows by the same arguments, reversing now the roles of i and 7 o i, such that
771 o (7 0i) =1i. Altogether, this ensures ker(J(t,1)) = ker(J(t, 7 o1)). O

Example 3.3.16. We have provided above a procedure which turns a single
exchangeable sequence into a C-separate exchangeable tuple of sequences. This
was done with the help of an injective function J: C' x N — N. Choosing for the
‘color’ set C' = [d], a particular choice for this function is

J(t,n)=(n—-1)d+t (3.8)
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which yields for the ansatz of the multivariate CLT:

Sin = L(xl + Tgp1 + ...+ «T(N—l)d-i-l)u
b \/N

Son = L(@ + Zapa + ..+ T(nv_1)dr2),
b \/N

Sin = L(xd+x2d—|—...+xzvd)-
b \/N

Remark 3.3.17. Given the single exchangeable sequence x = (z,)52, C A,
another possible choice for the ansatz of a multivariate CLT is

1

gt,N = ﬁ@ﬂ(tqwﬂ + ...+ x(tfl)NJrN)-

Here we will have to replace the role of the single injective function J: [d] X
N — N in Lemma 3.3.14 (and Lemma 3.3.15) by the family of injective functions
{Jp}ar: [d] X [M] — [dM], where we have

Ju(t,n)=(t—1)M+n  (t€ld,ne[M]).

Adapting the notions of C-joint exchangeability and C-separate exchangeability
to families of finite sequences, one can show as before that, for each fixed M € N,
the d-tuple of finite sequences (Z1,)M ... (Ta,)M,, given by

Tim = T Jy (t,n)»

is [d]-separately exchangeable, i.e. one has

~e(l)  ~e(n) (=) ~e(n)
90( £(1),i(1) $t<n>,i<n>>—@<xt<1m(1) wt(n)d(n))

for any €: [n| — {*,1}, any i,j: [n] — [M] whenever i|y ~ j|lw for every block
W € ker(t). Similarly, one obtains [d]-joint exchangeability for this d-tuple of
finite sequences.

The multivariate CLT for this choice of [d]-separately exchangeable sequences
is again as before. To be more precise, one obtains for any n € N

(1) gem
FIRTCA I TR it
TEP2(n)
w<ker(t)

where
. ~e(1) . ~e(n)
Prte = P\ Te1)i1) " Le(n),i(n)

is well-defined for any e: [n] — {*,1}, any i: [n] — [n] with 7 = ker(i).
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Note that there exists a permutation o € S such that o(i) = ¢ for n >
dM and Jy(t,i) = o(J(t,q)) for all t € [d] and all i € [n], where the function
J:d] x N = Nis as in (3.8), and thus x¢; = ;). Due to the exchangeability
of the underlying sequence x, this implies

~(1) )\ _ () e
g‘)("""tu),i(n . '$t<n>,i<n>> 90( Te(1),i(1) Iun),i(n))
for all i: [n] — [n], t: [n] — [d], and e: [n] — {*,1}. We illustrate this for d = 3
and n = 6 by the following example, where we write xy(f) for z., and 555) for =,

for notational convenience. Let
~(1) ~(2) ~(3) 1) (2) 3) _

T, =T, X =7, T = T13, Ty =T, Xy = T2, Ty = Is,
fi:gl) = T2, xgm_xga $g3): T4, :Cgl) = Ty, SC§2) = Ts, a:ég) = Tg,
fél) = T3, 56':(),2)—379, l‘ég)— 15, 5C;(),1) = I, 35;(),2) = Ig, 17:(),3) = o,
554(11) = T4, 33'22)23710, 5i3)— L16; 5134(11) =10, 5134(12) =11, 374(13) =12,
i‘él) = Ts, $fr,2)—3711, xég): L7, 315,1) =13, 3{9 14, l’ég) 15,
Eél) = g, xé — xé?’)— Z1s, a:él) =1, xéQ) =17, xég) =13

One easily verifies

gp(x( )xgl)xg):cgl)xé ) é )) = (9T 19T 1217715)

— plasmigiise) = o (o2 22sVaf?).

Here we have used exchangeability for the second equality.

3.4 CLTs for Spreadable Sequences

We arrive at the principle objective of this chapter, which is reviewing and deeply
investigating the limit distribution of CLT for spreadable sequences as N — oo by
adjusting alternative definitions. Similar to distributional invariance principles for
arrays of random variables, there are different notions available for spreadability
when considering families of sequences of random variables. Here we will focus
on two notions of spreadability, called ‘C-joint spreadability’ and ‘C-separate
spreadability’, and provide the corresponding multivariate CLTs. Our approach
in this section is in the framework of *-algebraic probability spaces.

Definition 3.4.1. Let (A, ¢) be a *-algebraic probability space and let C' be a
fixed set. The family of sequences X = {(z.,)32, | c € C'} C A is said to be

(i) C-jointly spreadable if, for any n € N and every e: [n] — {,1} and t: [n] —
C,

ey e () em)
‘P(“"t<1)7i<1) Lt(n),i(n >> 90( £(1),§(1) “”t(nm(n))

whenever i ~¢ j;
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(ii) C-separately spreadable if, for any n € N and every e: [n] — {*,1} and
t: [n] = C,

e(1) e(n) (e e(n)
‘P<“}t<1)7i<1) o "'Et(nxi(n)) = 90<9”t<1>7j(1> . '“”t<n>,j<n>>
whenever |y ~o jlw for every block W € ker(t).

If C = {c}, a C-jointly ( or C-separately) spreadable sequence X' is just said to
be spreadable.

As already done in the context of exchangeability, we will also refer to the
set C' as the ‘color’ set, and to its elements as ‘colors’. C-separate spreadability
means that one has spreadability separately for each ‘color’. We will see next that
C-joint spreadability is weaker than C-separate spreadability as it may not allow
us to spread lower indices separately for each color.

Lemma 3.4.2. Let the family X be given as in Definition 3.4.1 and consider the
following two properties:

(a) X is C-jointly spreadable;
(b) X is C-separately spreadable.
Then one has ‘(b) = (a)’, but the converse implication may fail to be true.

Proof. ‘(b) = (a)”: Consider the two index functions i, j: [n] — N and the ‘color’
function t: [n] — C, and let W € Ker(t). By Lemma 2.1.21, C-joint spreadabil-
ity ensures 7 oi = ¢ o j for some permutations o, 7 € S, with order preserving
restrictions o|ganj and 7|gani. We consider next the restrictions i|y and jly for
W € ker(t). Putting oy := o and 7y := 7 for all W € ker(t), we conclude that
Tw o ilw = ow o (jlw). Furthermore, 7 |rani|,, and ow|ranjj, are order preserv-
ing. Thus C-joint spreadability can be modelled as a special case of C-separate
spreadability.

‘(a) 7= (b)”: C-joint/separate exchangeability implies C-joint/separate spread-
ability, respectively. Now an inspection of Example 3.3.4 shows that all arguments
transfer immediately from the setting of exchangeability to that of spreadability.
Thus Example 3.3.4 establishes the failure of the converse implication. O]

We illustrate next these two notions of spreadability.

Example 3.4.3. Let C' = {1,2} and consider the two sequences (z,)5; and
(x2,)00 ;. Writing x.,, as asgf) for notational simplicity, C-separate spreadability

implies
1) (2) (1) (2 1) _(2) (1) (2
Y (wéfacéfx,ijxéﬁ) = (:B,(g,l)xg,l)x,(c;xéé))
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whenever (ki, k2) ~o (K}, k) and (¢1,02) ~o (¢}, 0). C-joint spreadability only
allows us to conclude that

12 (1)@ 1) (2) (1) (2
90<37ng)37§1)551(€2)55§2)) = @(x/ig)xgg)x/(cg)xég))
whenever (ky, 01, ko, l2) ~o (ki, 0}, k5, 05). Note that (ky, ke, 1, 0s) ~o (k, kb, 01, 05)
implies (k1, ka) ~o (K1, ky) and (€1, 0s) ~o (¢1,05). But the converse may fail as
one has, for example, (1,3) ~o (1,2) and (1,3) ~o (1,4), but (1,1,3,3) %o
(1,1,2,4).

We indicate next how a C-jointly spreadable family of random variables can
be obtained from certain sequences of embeddings of a unital *-algebra into a
larger unital *-algebra.

Example 3.4.4. Let (A, ¢) and (C, x) be *-algebraic probability spaces and let
A= M)nen: C— A

be injective *-homomorphisms such that @ o A\, = x for all n € N. Suppose one
has that, for any n € N and ¢y, ¢9,...,¢, € C,

e (Xiay(en) - Ay (en)) = oMy () - Ay (en))

for all i,j: [n] = N with i ~» j. Upon putting z., := A,(c), one obtains the
C-jointly spreadable family X = {(z.,), | c € C}.

We provide next a simple example of how to obtain a C-separately spreadable
family from spreadable sequences.

Example 3.4.5. Let C = [d] for some d € N. For each ¢ € C, suppose (A, p())
is a *-algebraic probability space which contains the spreadable sequence (yﬁf))g’il.
Let 29 denote the canonical embedding of yﬁf) into the c-th factor of the tensor
product @) .. A Then X = {:pﬁf) | n € N,c¢ € C} defines a C-separately
spreadable family for the *-algebraic probability space (A, ¢) := ®C€C(A(C), ).
Note that the C-separate spreadability is immediately inferred from the spread-
ability of each underlying sequence and the factorization

e @Y @+ @ya) = V()P (1) - D (ya)
for all y, € A9 and ¢ =1,2,...,d.

The next result is parallel to Lemma 3.3.7 from the framework of exchange-
ability, and it will be used in Theorem 3.4.9.

Lemma 3.4.6. Suppose X is a C-separately spreadable family of sequences as
stated in Definition 3.4.1(ii). Then the following are equivalent:
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(a) X satisfies the C-joint SVP;
(b) X satisfies the C-separate SVP.
In general, this equivalence is not valid for a C'-jointly spreadable family X .

Proof. Consider the function i: [n] — N with 7 = kerp(i). Suppose 7 contains
the singleton {k}. As t(k) € W for some W € ker(t), we conclude that the
restricted partition s also contains the singleton {k}. Conversely, suppose T

contains the singleton {E} for some W € ker(t). Now we use the C-separate
spreadability of X' to conclude that there exists for any ow, Tw € So a function
j: [n] = N with kerp(j) = kerp(i) such that j|ly = i|w for all W € ker(t)\{W}
and 1w o ilw = ow o (jlw) and Tw|ranily, and ow|ranj, are order preserving. In
particular, we can choose the permutation o € S, such that ker(j) contains the
singleton {k}.

Altogether, these arguments show that, for some W € ker(t), the function
i: [n] — N has a restricted ordered kernel set partition kerp (i|y ), which contains a
singleton if and only if there exists a function j: [n] = N with Qre )6 = Pkero (i)t
which has a singleton in its ordered kernel set partition ker(j).

‘(a) = (b)’: Suppose that kerp (i) contains a singleton for some W € ker(t).
By the previous arguments, we find a function j: [n] — N which contains a sin-
gleton and satisfies Qe ()t = Pkero(i)s- LThus the validity of the C-joint SVP
implies Prere (i)t = Phero ()t = 0-

‘(b) = (a)”: Suppose kerp(i) contains a singleton. Then kerp(ily) contains a
singleton for some W € ker(t). Thus we conclude @y, ),¢ = 0 from the validity
of the C-joint SVP.

We are left to show the failure of this equivalence in the setting of a C'-jointly
spreadable family X'. But this is immediate from Lemma 3.3.7, where it is shown
that this equivalence already fails for a C-jointly exchangeable family X. O

We introduce next in the spreadable setting the counterpart of the function
on partitions associated to a C-jointly exchangeable family X . We recall from
Lemma 2.1.21 that the following are equivalent for two functions i,j: [n] — N:

iroj <= kerp(i) = kerp(j).
This ensures that the function introduced next is well-defined.

Definition 3.4.7. Let (A, ¢) be a *-algebraic probability space and let X =
{(xen)2, | c € C} C A be a C-jointly spreadable family. Then the map

PSuei | |OP(n) x {t: [n] = C} x {e: [n] = {x,1}} = C,

n=1

given by
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for any e: [n] — {*,1}, t: [n] — C, and i: [n] — N with kerp(i) = 7, is called
the function on ordered partitions associated to X. If the sequence X satisfies
Ten = 2y, for all ¢ € C and n € N, then the function on partitions associated to
X simplifies to

@2.: DOP(n) x{t:[n] > C} —=C

that is given by
@%x = 2 (Tuniw - Temyim )
Note that, canonically identifying the function t: [n] — C and the n-tuple

(t(1),...,t(n)) € C™, the function on partitions associated to X can be also
addressed as

90?,.3 EI OP(n) x C" x {e: [n] = {x,1}} = C.

Notation 3.4.8. We use 0! = 1 and, for convenience of notation, 0 # (n/2)! =
----- 2y/m for odd n € N. Furthermore, we use the convention that summation

over the empty set is zero, for example Zzeq) =0.

Theorem 3.4.9. Let (A, @) be a *~algebraic probability space and suppose the
family of sequences X = {(xﬁf));’f’:l | c € C'} C A satisfies the following conditions:
(i) X is C-jointly spreadable;
(i) X satisfies the C-joint SVP.

Then one has for
L1 + -+ Le N

VN
that, for alln € N, e: [n] — {x,1}, and t: [n] — C,

SC,N =

1 n
A}lgloo 4P(S (( )) T Sf((n)), Z 907r te
Te€OPa(n

If X 1s C-separately spreadable or satisfies the C'-separate SVP, then one has that,
foralln € N, g: [n] = {*,1}, and t: [n] = C,

]\ll_l)l:l)o SD(S (( )) ctt S:((:)) E (pﬂ' ,ter
! weOPa(n)
7<ker(t)

Here ™ € P(n) denotes the partition canonically assigned to T € OP(n).
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Remark. In principle, we could define OPy(n,t) := {m € OPs(n) | ™ < ker(t)}.
This definition can be further specified to include a direction map: OPs(n, t,€) :=
{m € OPz(n,t) | e(minV') # e(max V) for all V € 7}.

Proof. We need to compute, for some fixed n € N and t(1),...,t(n), the large
N-limit of

() m y_ 1 (1) (n)
%D(Sfu),N'“Sf(n),N)—Nn/z Z Sp(x:(l),i(l).“wi(n),i(n))

i [n]—[N]
1 e(1) e(n)
= N2 Z Z P(Tea0) " Temyitn))
T€OP(n) i [n]—[N]
kerp (i)=m
_ 1 (N), o
=5 2 Ba¢ie
TeOP(n)
where
™) _ N-(N-1---(N—]fal+1) (N
|7 1-2---|7] 7|

is the cardinality of the set {i: [n] — [N] | kerp(i) = 7}.

Here we have used for the second equality that the summation over all functions
i: [n] — [IN] can be reorganized as summation over the order equivalence classes
of these index functions:

2. =2 2
i: [n]—[N] T€OP(n) i:[n]—[N]
kerp (i)=m

Note for the next arguments that one has

N N
BN = AN /x|,

||

where A‘(f:'[) =N-(N—-1)---(N —|n| + 1) denotes the cardinality of the set
{i: [n] = N | ker(i) = 7}, as it has been used in the proof of the classical CLT,
Theorem 3.1.1.

Whenever the ordered partition 7 has a singleton, then the SVP implies that
¢2¢.e = 0. Therefore, we are left to consider those ordered partitions 7 for which
each block contains at least two elements. This implies £ < n/2. Similar to

the arguments from Step 2 in the proof of Theorem 3.1.1, we deduce in the case
|7| < n/2 that

BV 4@

|| ||

Nn/2 — Nn/2 7!
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vanishes in the limit N — co. Hence, we are only left with the case k = n/2. In
other words, only ordered pair partitions contribute to the limit:

N(N—=1)---(N—k+1) 1
lim BN /N2 = lim ( ) D 1
—00

’ N N—l N—k—i—l 1 1
= lim -— . c— = —.
Nos N N N k! k!

Altogether, we have shown that only ordered pair partitions 7 € OPy(n) can
contribute as summands in the large N-limit such that

lim (S5, W ---Sf((:))’ n/2 Z S%te

N—o00 t(1),N
TeOPa(n

As we argued in Theorem 3.3.10, we are left to show that the C-separate spread-
ability or the C'-separate SVP of X" allows us to restrict the summation further to
ordered pair partitions m € OP,(n) satisfying 7 < ker(t). We know from Lemma
3.4.6 that C-separate spreadability implies the equivalence of the C-joint SVP and
the C-separate SVP. Thus it suffices to showing that strengthening of the C-joint
SVP to the C-separate SVP implies the vanishing of further ordered pair parti-
tions. For this purpose, consider some i: [n] — [N] with 7 = kerp(i) € OPy(n)
and let W € ker(t). Then kerp(ilw) € OP(W) has blocks of size 2 at most. Now
the C-separate SVP implies that only summands of those partitions m = kerp (i)
contribute where kerp(ily) € OP(W) is an ordered pair partition. As this ar-
gument is valid for any block W € ker(t), it follows that only those summands
contribute for which m = kerp(i) € OPs(n) satisfies T < ker(t). O

Remark 3.4.10. C-joint spreadability of a family of random variables is a slightly
stronger distributional invariance principle as the one which is stipulated by Spe-
icher and von Waldenfels for their main result in [SW94], a general algebraic CLT.
C-separate spreadability is a stronger distributional invariance principle than C-
joint spreadability, and it has so far not been formulated explicitly in the context
of *-algebraic CLTs.

Next we provide some notation and a definition, as needed for the formulation
of Theorem 3.4.13 below.

Notation 3.4.11. Let the ‘color’ function t: [n] — C be fixed. We denote by
[I oPw)={f: kest)> || 079 )}
W eker(t) W eker(t

the Cartesian product of the ordered partitions of the blocks of ker(t) with coordi-
nate projections ker(t) > W f(W) € OP(W). Similarly, let [Ty ¢ ) OP2(W)
denote the Cartesian product of the ordered pair partitions of the blocks of ker(t).
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For a given ordered partition 7 € OP(n), we denote by

T, € H OP(W

W eker(t)

the function which has, for each W € ker(t), the W-restriction 7, as a coordinate.
Furthermore, we will write

m.e J[ or.(w)

if 7, € OPo(W) for all W € ker(t).

Clearly the equivalence
i~roj] <= kerp(i) = kerp(j)

for two functions i, j: [n] — N (see Lemma 2.1.21) transfers to restrictions of their
domain. More precisely, this equivalence ensures that

ilw~ojlw <<= kero(ilw) = kero(jlw)

for the restrictions of the functions i and j to any (non-empty) subset W C [n].
This ensures that the function introduced next is well-defined.

Definition 3.4.12. Let (A, ) be a *-algebraic probability space and let X =
{(xen)sy | c € C} C A be a C-separately spreadable family. Then the map

22t L [T O0P07) < ft: b= € fe: b = {1y €

n=1 Weker(t
given by
= o (2T )
P = P(Tya) " Temim)
for any e: [n] — {*,1}, t: [n] — C, and i: [n] - N with kerp(i) = 7 and
kero(ilw) = m,, € OP(W) for any W € ker(t), is called the function on reduced

ordered partitions associated to X. If the family X" satisfies z., = =z, for all
c € C and n € N, then the function on partitions associated to X simplifies to

90?_,-|_|( H OP(W)) x {t: [n] =+ C} > C

that is given by
307(?|7t = 90(%(1)@(1) T 'xt(n),i(n)>'
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We are ready to generalize Theorem 3.3.13 from the setting of exchangeability
to that of spreadability.

Theorem 3.4.13. Let (A, ) be a *-algebraic probability space and suppose the
family of sequences X = {(x.,)5, | c € C} C A satisfies:

(i) X is C-separately spreadable;
(i) X satisfies the C-separate SVP.

Then one has for
Le,1 + -+ Le,N

Sen = —
7N N
that, for alln € N, €: [n] — {x,1}, and t: [n] — C,
W gy _ 1 0
1&52090(5( 1),N St(n),N) - H (, |/2)! Z Pr te
Weker Trl.EHWEke!‘(t) OPy (W)

Proof. The assumptions of C-separate spreadability and C-separate SVP ensure
that Theorem 3.4.9 is applicable such that

. 1 n
J\}l—{noo w(sf((l)),N T Ste((n)), Z 907r ter
: TEOP2(n)
7<ker(t)

The proof is completed if we can establish

1 (@
Z Qpnts = H (’W’/Q) Z (107r|,t,s

: TEOP:(n W eker(t 1o €l T ckor(s) OP2(W)
7r<ker( )

or, equivalently,

(n/2)! o
Z the a [T crery (IW1/2)! Z P
Tf€<0k7>2(() €ker(t) 7o €l Tw exers) OP2(W)

We infer from Definition 3.4.7 and Definition 3.4.12 that

o _ 1) (n) _ 0
Prte = ‘P(xia),i(l) o 'x:(n),i(n)> = Prte

for any m € OPy(n) with ™ < ker(t), since one has for any m € OPy(n):

7T < ker(t) = e € H OPy(W).

W eker(t)
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Thus we are left to show that, for any fixed f € [y ey OP2(W),

()
= (WY

But this claim is immediate upon its reformulation as a standard combinatorial
problem. Let n = 2p and |W;| = 2py,..., |Wy| = 2p4 for d = | ker(t)| such that
p=p1+p2+ ...+ ps. For each ¢ € [d], suppose there are p, ordered pairs of the
color ¢, given by f(W,.) € OPy(W,). Then the number of possibilities to distribute
these p ordered pairs to obtain an ordered pair partition m € OPy(2p) such that
Ty, = f(We) for all ¢ € [d] is given by

#{m e OPQ(n)ﬁ < ker(t), m,

p!
P1!P2!“'pd!'
L]

We illustrate the combinatorial argument used in the proof of Theorem 3.4.13.

Example 3.4.14. Consider the ‘color’ function t: [12] — [3] with
ker(t) = {{1,3,6,10},{2,5},{4,7,8,9,11,12}} = {W;, Ws, W3}
and suppose that f € [ [y cpery OP2(W) with

fWh) = ({1,6},{3,10}), f(W2)=({3,5}), f(W5)=({4,9},{7,8} {11,12}).
Let 2p; := |W;| = for i = 1,2,3 and 2p = 12. More explicitly, one has

P1=2, p2 =1, ps =3, p=6.
Upon the (unique) order preserving identification of OPy(W;) and OPy(2p;) for

cach W; € ker(t), we may instead consider the function f € [y ey OP2(2pi)
with

fv(Wl) = <{1’3}7 {274}>> fv(WQ) = <{1’ 2})7 J?(WS) = ({1>4}7 {2’3}7 {57 6}>

We are interested in finding all ordered pair partitions 7 = (V;, Vo, V3, Vi, Vs, Vg) €
OP5(12) such that 7 = {Vi, Vo, V5, V4, Vi, Vs} < ker(t). Note that the condition
T < ker(t) specifies the ‘color’ of each pair of the partition T € Py(12). More
explicitly, there are
p! 6!

plpalps! 201130
possibilities to distribute 3 ‘colors’ on p = 6 pairs such that p; = 2 pairs have the
first ‘color’, po = 1 pair has the second ‘color’; and p3 = 3 pairs have the third
‘color’. Having specified this distribution of ‘colors’ on pairs, the ordered pair
partition 7 is completely specified by its W-restricted ordered partitions

60

Tlw, = f(W1), Tlw, = f(Wa), T, = f(W3).
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We discuss next how multivariate settings for spreadable sequences can be
constructed from a single spreadable sequence. Given the ordered set (C, <) and
the natural numbers (N, <) (equipped with the natural order relation), we equip
the Cartesian product C' x N with the following two order relations:

(e,m) <; (d,n) <= (m<n)or(c<difm=n),

(c,m) <s (d,n) <= (c<d)or (m<nifc=d).

We will see that the order relation <; is of relevance for the construction of a
C-joint spreadable family X', and the the order relation <, will be of relevance
for the construction of a C-separate spreadable family X.

Lemma 3.4.15. Let C' be a countable set and let J: C x N — N be an injective
function such that, for all c,c € C and n,n € N,

(e,n) <; (¢,n) = J(e,n) < J(c,n).
Given a spreadable sequence x = (1,)5°, C A and putling
Ten = TJ(em)s

the family of sequences X = {(xcn)iy | ¢ € C} C A is C-jointly spreadable.
Moreover, if the sequence x C A has the SVP, then X has the C-separate SVP,
and thus also the C-joint SVP.

Proof. We need to show that, for any e: [n] — {x, 1},

e(1) e(n) _ (e e(n)
¥ (xta),i(l) o l’t(nxi(n)) - ¥ (xta),j(l) o It(n)g‘(n))

whenever i ~p j. By Lemma 2.1.21, this is equivalent to establishing

e(1) L. En) _ e(1) o)
@(wt(l),Toiu) ﬂ(n),mi(n)) = @(xt(l),aoi(l) xt(n),aoi(n))
or, using the definition of the z.,’s,

<$s(1) 'Hxs(n) ): <$s(1) mxs(n) >
P\ J(1),r0i(1)) J(t(n),roi(n)) P\ J(1),00i(1)) J(t(n),o0i(n))

for 0,7 € S, with order preserving restrictions o) and 7|p,). For this purpose,
it suffices to consider lower index pairs (k,¢) € [n]* with k # ¢ and to show that
(k,0) ~o (o(k),0(l)) for ¢ € Su with order preserving restriction o], if and
only if (J(c, k), J(d,0)) ~o (J(c,0(k)),J(d,a(£))) for all ¢,d € C and 0 € S
with order preserving restriction o|p,.

Suppose 1 < k < ¢ < n. Then one has (¢, k) <; (d,¢) for any ¢,d € C if and
only if J(c, k) < J(d,¢) for any ¢,d € C. Since the restriction o € Sy to [n] is
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assumed to be order preserving and due to the order preserving assumptions on
J, we conclude further that

k<t <— ok)<oll) <= J(ok)<J(d,o(l)) (c,deC).

Exchanging the roles of k and ¢ establishes to equivalence of the converse inequali-
ties. Altogether, we arrive at the conclusion that the spreadability of the sequence
x implies the C-joint spreadability of X.

Finally, the C-joint SVP of X follows immediately from the SVP of the se-
quence X, since the function J is injective. Suppose now the (ordered) partition
7 € (O)P(n) has a W-restricted (ordered) partition m, , which contains a sin-
gleton {¢}. Then this singleton is contained in a block V € 7. If V = {{} then
the injectivity of J implies again that C-separate SVP is valid in this case. So we
are left to consider the case that V = {¢} UV for some non-empty set V. Our
assumption on ¢ implies VN W = 0, as otherwise {¢} would not be a singleton for
the W-restricted (ordered) partition m,,. Now the injectivity of J implies again
that the SVP of the sequence x ensures the C-separate SVP of the family X'. [

Example 3.4.16. Consider C' = [d] to be equipped with its natural order and let
[d] x N be equipped with the order <;. Then an injective function J: [d] x N — N
is defined by

J(e,n) = (n—1)d+c.
One easily verifies that (¢c,m) <, (¢, m) implies J(c,m) < J(¢,m). Thus, given

the spreadable sequence x, one obtains that ., = z,) defines a C-jointly
spreadable family X', as formulated in Lemma 3.4.15.

Example 3.4.17 (‘Color’-Interleaving Pattern). This example is met again when
we will study multivariate CLTs for w-sequences in Chapter 4. We have produced

in Example 3.4.16 a jointly spreadable tuple of sequences from a single spreadable
sequence with the help of the injective function J: [d] x N — N| given by

J(e,n)=(n—1)d+ec. (3.9)

This ‘color’-interleaving choice of J yields for the ansatz of the multivariate CLT:

Sin = L(xl + g1+ ...+ $(N71)d+1)7
, VN

Sy N = L(;@ + ZTgio+...+ x(Nfl)dJr?)’
’ VN

Sin = L($d+x2d+"‘+de)'
, VN
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If the spreadable sequence x has also the SVP, then one arrives by Theorem 3.4.9
at the following multivariate CLT:

1 n
Al (S, <( )) A Sf<(n>), T DL Pree
’ 7r€(9732 (n)
7<ker(t)

where
o _ (1) (n)
Prte = (p(x?i(l)—l)d-&-t(l) T x?i(n)—l)d—&-t(n))

for t: [n]| = C, e: [n] — {*,1}, and i: [n] — N with kerp(i) = 7.

Furthermore, we rewrite gofjte for even n such that an ordered pair partition
7 € OP,(n) is addressed through a pair (7, ) € Pa(n) X S, /2. By Lemma 2.1.26,
there is a bijective correspondence between ordered pair partitions m € OPy(n)
and pairs (7, 0) € Pa(n)x Sz such that (Vo), ..., Vo)) =17 ={V1,...,Va},

where (V7,... ,Vg) is the unique standard ordered partition assigned to m. Thus
hm gp(St((l))N : Sf((:) n/2 I Z Z Prte0;
c€Sn weP2(n)
w<ker(t)

where, for even n € N,

— (1) (n)
Prteo = Qp(xzoi(l) T xioi(n))

for i: [n] — [n/2] with ker(i) = 7 € Py(n), and o € S,/2, and €: [n] — {*,1}.

Remark 3.4.18. There exist C-jointly spreadable families X which are con-
structed as in Lemma 3.4.15 from a single spreadable sequence and which fail
to be C-separately spreadable. We will meet such a phenomenon when studying
certain sequences of quantum coin tosses in Chapter 4.

We turn next our attention to the framework of separate spreadability.

Lemma 3.4.19. Let C be a ordered countable set and let J: C x N — N be an
injective function such that, for all c,¢c € C and n,n € N,

(e,n) <s (¢,n) = J(c,n) < J(c,n).
Given a spreadable sequence x = (1,)5°, C A and putling
Ten 2= TJ(en)s

the family of sequences X = {(x.n)02, | ¢ € C} C A is C-separately spreadable.
Moreover, if the sequence x C A has the SVP, then X has the C-separate SVP.
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Proof. We need to establish that, for any n € N, t: [n] — C, and e: [n]| — {,1},

S e oD e

PATIR) " T emim) ) T PATIe0) " T km)dm) )

whenever il ~o jlw for every block W € ker(t). Let ¢,d € C with ¢ # d. Then
one has the equivalences

c<d <= Vk(leN:(¢k)<s(dl) <= VkLeN:J(ck)<J(d?)
and
c>d <= VkleN:(¢k)>;(d(l) <= Vkl(eN:J(c,k)>J(d71).

Thus the order relation of the indices of a factor z., and x4, is not effected for
¢ # d for any choices of k,¢ € N. So it is only possible to violate order relations
between the indices of pairs of factors which are of the same color, i.e. for factor
of the form z.; and z4,. But here one has, for all k,¢ € N,

k<l <= Veel:(¢k)<s(c,l) <= VeeC:J(k)<J(cl)
and
k>0 <= Vcel:(c¢,k)>;(c,l) <= VeeC:J(k)> J(cl).

Thus the spreadability of the underlying sequence x ensures the C-separate spread-
ability of X. Finally, the C-separate SVP of X follows from the SVP of the
sequence x by the same arguments as made in the proof of Lemma 3.4.15. O

The following example relates to a multivariate version of a CLT for C-
separately spreadable family of random variables, as we will meet it in Theorem
4.3.10.

Example 3.4.20 (‘Color’-Blockwise Pattern). We recall that we have already
seen in Example 3.4.16 that, for C' = [d], the ‘interleaving pattern’ of finitely
many colors allows us to obtain a C-jointly spreadable family X from a single
spreadable sequence. We describe next an approach which is, loosely phrasing,
about a ‘block pattern’ of finitely many colors. More precisely, this ‘block pattern’
allows us to obtain a ‘locally’ C-separately spreadable family A from a single
spreadable sequence. Here the attribute ‘locally’ refers to that spreadability will
only be ‘locally’ available, in a sense which will become more clear in the following.

We replace the role of the single injective function J: [d] X N — N in Lemma
3.4.19 (and Lemma 3.4.15) by the family of injective functions {Jp }as: [d] ¥ [M] —
[dM], defined by

Jy(t,n):={t—-—1)M+n (t € [d],n € [M]).
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Consider the finite family of finite sequences Xy = {(%cn)f‘f:l }c € [d]}, given by

Ten = TJy(en)s

where we have suppressed the index M in the definition of each Z.,. One can
show that the finite family Xy is ‘locally’ C-separately spreadable, i.e. one has

~e(1) ~e(n) _ () e
@(xtm,i(l) " 'wt(m,i(n)) =¥ (xta),j(l) xt(nm(n))

for any e: [n] — {*,1}, and for any i,j: [n] — [M] whenever iy ~o j|lw for
every block W € ker(t). Similarly, the finite family X, can be seen to be ‘locally’
C-jointly spreadable, i.e. one has

~e(1) ~e(n) (=) ~e(n)
90(””t<1>,i<1> . '"”Ct(n),i(n)) = 90<$t<1>,j(1> . '5”t<n>,j<n>>

for any e: [n| — {*, 1}, and for any i,j: [n] — [M] with i ~0 j.

One can also verify that the finite family X, satisfies the C-separate SVP and
(thus also) the C-jointly SVP if the underlying sequence x enjoys the SVP.

Let C' = [d]. An inspection of Theorem 3.4.13 and its proof shows that this
CLT is still valid if one replaces the C-separate spreadability and the C-separate
SVP of the family X’ by their local versions for the finite families { Xy} pren. Thus,
for any N < M, the ansatz

S, —L(f +...+T )—L(m +...+a )
c,N — \/N c1 cee coN) — \/N (c—1)N+1 L (c—1)N+N

yields again that, for any n € N and any t: [n] — C,

: Fe) ey _ 1 o
]\}l_r}%o (P(St(l),N T St(n),N) - H (’W|/2)' Z 907r|,t,e
W eker(t) 7o €l Tw exer(t) OP2(W)

with, for even n € N,

o _ (0 ~e(n)
Prite = ¥ <5"5(1>7i<1> o xi(ﬂ)ﬁ(ﬂ))

for any e: [n] — {*,1}, for any i: [n] — [n/2] with 7, = kerp(i|w) for all
W € ker(t) € P(C).

Remark 3.4.21. In contrast to the situation for exchangeable sequences, one
needs now to consider ordered ‘color’ sets (C,<). We show next that a naive
transfer of the construction for exchangeable sequences is doomed to fail.

Let C' be a countable set and let J: C' x N — N be an injective function
such that J(c, ) is order preserving for each ¢ € C. Given a spreadable sequence
x C A and putting

Len 2= TJ(en)s
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the family of sequences X = {(z.,)5>, | ¢ € C} C A may be neither C-separately
spreadable nor C-jointly spreadable. We illustrate this by the following example.

Suppose the function J: C' x N — N satisfies that J(c, e) is order preserving
for each ¢ € {1,2} such that

J(1,1)=1, J(1,2)=5, J(1,3)=6,
J(2,1) =2, J(2,2)=3, J(2,3)=4.

Furthermore, let x C A be a spreadable sequence such that gp(xlmg) #+ cp(x5x4).
Then ., = Zjn) defines a pair of sequences X = {(zcn)pe, | c € C} C A
which fails to be C-jointly spreadable:

90(1?1,1$2,2) = SO(xJ(1,1)$J(2,2)) = @(ffﬂs)
# 90($5$4) = 80($J(1,2)95J(2,3)) = 80(371,2@,3).

This calculation also shows that X fails to be C-separately spreadable.

3.5 Factorization properties in the context of
distributional invariance principles

The singleton vanishing property (SVP), as introduced in Definition 3.2.3, has
been a crucial assumption for the *-algebraic CLTs formulated in Section 3.3 and
Section 3.4. We provide next some results which allow us to verify the validity of
the SVP in concrete models within the framework of tracial *-algebraic probabil-
ity spaces. Furthermore, any concrete identification of multivariate central limit
laws depends on the availability of factorization properties for distributional in-
variance principles. These factorization properties take over the role of stochastic
independence for the classical CLT in the noncommutative context. We provide
results on such factorization properties, again for tracial *-algebraic probability
spaces, at the end of this section. Here the emphasis is on providing criteria for the
validity of such factorization properties, which can be verified in concrete models.

Proposition 3.5.1. Let (A, ) be a tracial *-algebraic probability space. The
following are equivalent for a spreadable sequence x = (x,)22, C A:

(a) x satisfies the SVP;

(b) ¢(zizs) = 0.

Proof. Clearly, (a) implies (b) since ¢(zjz2) has underlying the ordered partition
7w = ({1}, {2}) which contains two singletons. So we are left to prove the converse.
Let y,z € *-alg{zy | k € Nk # (} for some ¢ € N. We want to show that (b)
implies ¢(yx,z) = 0 and ¢(yx;z) = 0. Clearly, the second equation is immediate
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from the first, equation, as p(yz;z) = p(z*xey*) is valid for all y, z € *-alg{xy, |
k € Nk # ¢}. Thus it suffices to establish the first equation. Recall from
Definition 2.3.7 that the partial shift 6, acts on N as

Bps1(n) n ifn>~0+1,
n)=
o ntl  ifn<i+l

Let ayy 1 denote the unital *-algebra homomorphism on *-alg{z,, | n € N}, which
is given by the C-linear multiplicative extension of the maps z, + x4, (n) (With

n € N). We conclude from spreadability that

p(yrez) = e(opy (W) weapi, (2)) = o(efhy (y)xy 000 (2))

for any 1 < p < N < oo. Thus, writing yy = o)}, (y) and zy := ap%(z) for

brevity, one has
p(yzez) = ( Z 9U£+p ZN)

for all N € N. Using first the traciality of ¢, thls can be also written as

P(yrez) = <ZNyN Z $€+p )

By the Cauchy-Schwarz inequality for *-algebraic probability spaces and station-
arity, we obtain the estimate
)

| N
(ZNyN NZM )
p=1

2

N
* * 1
< W(’yNZNF)(p(‘N Z Le+p
p=1

Now the second factor can be further reduced with the help of spreadability such
that we obtain, for all N > 1,

w(‘ﬁle’ ) :FZW(%%)WLW Z gO(xpxq)—'_ﬁ Z go(xpxq)
p=1 p=1 1<p<g<N N>p>g>1
-~ N2 > elrizm) + N2 > wlriz) + N2 > elase)
p=1 1<p<q<N N>p>q>1
N N(N —1
— mgp(ﬁxl) + —( e )§R<p(x’{x2) > 0.
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Altogether, we conclude in the large N-limit that

plyeez)| < oy ) Rep(wie)
Thus ¢(xjz,) = 0 implies ¢(yz,z) and consequently the SVP. O

Corollary 3.5.2. Let (A, v) be a tracial *-algebraic probability space. The follow-
ing are equivalent for a C-jointly spreadable family X = {(2.,)5>, | c€ C} C A:

(a) X satisfies the C-joint SVP;
(b) oz}, 1.5) =0 forallce C.

Proof. ‘(a) = (b)’ is concluded as done in the proof of Proposition 3.5.1. The
converse implication follows from the same arguments used in the proof of Propo-

sition 3.5.1, now choosing z., € A for some ¢ € C and y,z € *alg{z.; | ¢ €
C,k € N,k # ¢} for some ¢ € N| to find the estimate

pree2) < o(lyenl?) Ro(@s12.0)
Thus ¢(z},7,,) = 0 for any ¢ € C ensures the C-joint SVP. O

Corollary 3.5.3. Let (A, ) be a tracial *-algebraic probability space. The fol-
lowing are equivalent for a C-separately spreadable family X = {(z.,)52, | ¢ €

C}cC A:
(a) X satisfies the C-separate SVP;
(b) w(x;,7,.5) =0 forallce C.

Proof. By Lemma 3.4.6, one has the equivalence of the C-joint SVP and C-
separate SVP for a C-separately spreadable family X. Since C-separately spread-
ability implies C-joint spreadability, Corollary 3.5.2 applies. O

Let C(X,Y’) denote the unital *-algebra generated by the polynomials in the
non-commuting variables X and Y.

Proposition 3.5.4. Let (A, ) be a tracial *-algebraic probability space. The
following are equivalent for a spreadable sequence x = (,)5°, C A and some
polynomial P(X,Y) € C(X,Y):

(a) x has the vanishing property
o (yP(w,77)2) =0

fory,z € *-alg{x, | k € N,k £/} and { € N;
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(b) x has the vanishing property
gp(P(xl,x’{)*P(:cg,xg)) =0.

Proof. ‘(a) => (b)’: Choose ¢ =1,y =14 and z = P(xq, z}).
‘(b) = (a): Let y,z € *-alg{zy | k € N,k # (} and put 7, := P(x,,x,). We
repeat the arguments in the proof of Proposition 3.5.1 to arrive at the estimate

o) < oy ) R (@)

Thus ¢(Z77,) = 0 implies the factorization property as stated in (a). O

Corollary 3.5.5. Let (A, ¢) be a tracial *-algebraic probability space. The follow-
ing are equivalent for a spreadable sequence x = (2,)5°; C A and some polynomial
P(X,Y) e C(X,Y):

(a) x has the factorization property
e (yP(x 27)z) = p(Plag, 77)) ¢ (y2)
fory,z € *-alg{xy | k € N,k £/} and ¢ € N;

(b) x has the factorization property
o (Pla1,a7) Plaz,23)) = o (Plan,21)" ) o Plaa,23)).

Proof. Let P(x,,x}) = (P(zg, x}) — ¢(P(xy,2}))14) € Clz,, x7). Now the fac-
torization property in (a) can be reformulated as the vanishing property

o (yP(z,,2})2) =0,

and the factorization property in (b) as the vanishing property
gp(ﬁ(azl,x’{)*ﬁ(@, x§)> =0.

Consequently, Proposition 3.5.4 applies. This ensures the claimed equivalence of
condition (a) and condition (b). O

Corollary 3.5.6. Let (A, ) be a tracial *-algebraic probability space. The follow-
ing are equivalent for a C-jointly spreadable family X = {(x.,), | c€e C} C A
and some polynomial P(X,,Y,) € C(X.,Y. | ce€ C):

(a) X has the factorization property
gp(yP(x,ve,:EiZ)z) = @(P($,7g,xf7€))gp(yz)
fory,z € *alg{z.x | c€ C;k e Nk #(} and { € N;
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(b) X has the factorization property
(P ) Prassin)) = ¢ (Ploass )" ) o Plaas 222)).

Proof. All arguments in the proof of Proposition 3.5.4 and Corollary 3.5.5 directly
transfer from the spreadable sequence x to the C-jointly spreadable family X', after
some minor modifications of notation. O]

Corollary 3.5.7. Let (A, ) be a tracial *-algebraic probability space. The fol-
lowing are equivalent for a C-separately spreadable family X = {(z.,)52, | ¢ €
C} C A and some polynomial P(X.,Y.) € C(X.,Y.) for some c € C:

(a) X has the factorization property

gp(yp(l‘c,bxz,f)z) - W(P(xc,e7$:,£))90(yz)
fory,z € *alg{wy, |t € O,k €N, (t, k) # (c,{)} and L €N, c € C;

(b) X has the factorization property
@(P(xc,hx:,l)*P('rc,Quxz,2)) = 90<P<xc,17x:,1>*)4p<P(xc,27x:,2)>'

Proof. The condition formulated in (b) is a special case of the more general con-
dition (a). The converse is proven using the arguments in the proof of Proposition
3.5.4, after rewriting the factorization condition of (b) as the vanishing condition,
as done in the proof of Corollary 3.5.5. m

Remark 3.5.8. Corollary 3.5.6 and Corollary 3.5.7 are about factorization prop-
erties. Corresponding results on vanishing properties are of course also available.
We omit to writing them down explicitly because above factorization properties
are more useful within the concrete identification of joint distributions for a con-
crete spreadable family of random variables.

3.6 Large N-Limit Models

The next abstract result shows that the joint distributions, as they emerge in
the large N-limit of multivariate algebraic CLTs, can be modelled on *-algebraic
probability spaces by the joint distribution of operators. This folklore result in
*-algebraic probability theory can be also found in [Sp93], for example.

Theorem 3.6.1. Suppose (A, p) is a *~algebraic probability space and the non-
empty set C is (at most) countable. Let X = {x., | n € Njc € C} C A be a
C-jointly spreadable family satisfying the C'-joint SVP and put
1
SeN 1= —(l’c,l +xeo+ ..+ xQN).

VN



84 CHAPTER 3. *ALGEBRAIC CENTRAL LIMIT THEOREMS

Furthermore, let M = Cly.,y¥ | ¢ € C) denote the unital free *-algebra over C
generated by the indeterminates {y.,y: | ¢ € C}. A state 1 on M is defined by
Y(1am) :=1 and the C-linear extension of

BEDED L Em) = i 90(55“) =@ . gem )

c)e2) " Ien)) - N o0 (1),Nc(2),N * c(n),N
for any c: [n] = C, any e: [n] — {1,*}, and n € N.

Proof. The C-linearity and unitality of the map M 3 y — ¢ (y) € C are evident
from the definition of 1. Since positivity is preserved under pointwise limits, the
unital C-linear functional »: M — C is also positive. O

We discuss further this theorem in the special case where the set C' is the
singleton set {c} such that we can write x.,, just as x, and 51 y as Sy in Theorem
3.6.1. Furthermore, suppose z,, = x;, for all n. Then a tracial state v is defined
on the commutative unital *-algebra C[y| (generated by the indeterminate y with
y* :=y) by ¥(1) = 1 and the C-linear extension of

") = Jim o(Sy)  (neEN).

—00

We are interested in conditions under which the moment sequence (a,), C R,
with

can be obtained as the the moment sequence of a probability measure p on R.
We recall the following version of the Hamburger Moment Problem (see [RST75,
Theorem X.4] for example).

Theorem 3.6.2. A sequence (a,)5>, C R with ag = 1 is the moment sequence of
the probability measure p on R, 1.e.

a, = /t",u(dt) (n=0,1,2,...),
R

if and only if, for all ¢ € N and By, ... 5 € C,

l
Z Bnﬁmarﬂrm Z 0.

m,n=0

In the following we provide an affirmative answer to this question in the con-
text of algebraic CLTs, by ensuring that the spectral measure is defined for each
operator Sy.

Suppose that (Ay,pn), for N € N, are *-algebraic probability spaces and
fn: Av = An41 be injective *-homomorphisms such that fy(1ay) = 14, and
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ont10 fn = pn for all N € N. Then (A, fn)nen is a directed system of unital
*_algebras with direct limit
A= lim Ay
—N

and ¢ = lim @y defines a state on A such that (Ay, @) is again a *-algebraic
—N

probability space. Suppose now that each Ay is a unital C*-algebra.
We will make use of the following general result when establishing the univari-
ate CLT for w-sequences in Subsection 4.3.1.

Theorem 3.6.3. Let (Ay, on) be unital *-algebras with the *-algebraic probability
space (A, ) as inductive limit, and with Ax being a unital C*-algebra for each
N, as described above. Suppose that the spreadable sequence x = (x,)7>, C A
satisfies the SVP, and x}, = x,, for all n € N. Furthermore, suppose

Sy = T+ ...+zy) € Ay

L
VN
for all N € N. Then there exists a probability measure p on R such that
lim (S7) = / fud)  (neN).

R

N—oo

Proof. Let N € N be fixed. As the spectral theorem applies to self-adjoint oper-
ators in a C*-algebra, there exists a probability measure (also known as spectral
measure) py on R such that

G m = (ST = /t”uN(dt) (n=0,1,2,..).
R

Consequently, by the Hamburger Moment Problem, for all / € N and §y, ... 5, €
C,

l
Z BnﬁmaN,n+m 2 0.

m,n=0

We know from the univariate algebraic CLT that limy_,o an, = a, for all n.
Thus

l ¢
E Bnﬁman—km = lim E BnﬁmaN,n—&-m > 0.
N—oo
m,n=0 m,n=0

Consequently, by Theorem 3.6.2, (a,)nen is the moment sequence of some proba-
bility measure p on R. O






Chapter 4

Central Limit Theorems for a
Class of Quantum Coin Tossings

This chapter is the main objective of this thesis. We construct a braidable se-
quence x = (x,)7, in the infinite algebraic tensor product of complex 2 x 2 ma-
trices A = @), M(C). Also, we extract algebraic properties of the constructed
braidable sequence. In turn we use these algebraic properties to abstractly in-
troduce w-sequences of partial isometries. We investigate some properties of w-
sequences, as we will need them when establishing CLT's associated to w-sequences
of partial isometries for a (tracial) *-algebraic probability space. In particular, we
prove explicit combinatorial formulas for moments as they appear in the large
N-limit of algebraic CLTs, including their multivariate versions, for w-sequences.
These combinatorial formulas reveal that the moment formulas count oriented
crossings of directed ordered pair partitions in the large N-limit and differ from
those of ¢g-Gaussian random variables starting the 8-th moment.

4.1 A Concrete Model

The *-algebraic probability space of the model. Let B, =BB®---®B
denote the n-fold algebraic tensor product of a unital *-algebra B with itself.
Furthermore, for n € N, let the injective *-homomorphism f,: B, — B,1 be
given by

fo(z) =2 ® 1p.

Then (B, fn)nen forms a direct system of unital *-algebras with the direct limit
By := lim B,
—n
which is again a unital *-algebra. We identify B,, with its canonical embedding
into B, whenever it is convenient. Therefore, B,, = UneN B,, with

B,=BoB®---®BeI1g" C By

~
n—fold

87
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We define next a state 1, on the unital *-algebra B, as follows. Let v be a state
on B. Then

Un =9 RYQ--- QY

defines a tensor product state on B,, with

Vn(T1 @ -+ @ ) = (1) - (T2) - .. - ().

Since ¥, = ¥,41 0 f,, the limit
Voo = lim 1,
n—oo

exists and defines a state on B,,. Indeed, let z € B, then there exist some m € N
such that x € B,,. Thus

lim wn(m) = ¢m(37)

n—oo

exists for all x € B,,. Clearly, the map By, 3 z — ¥o(x) € C is C-linear and
Yoo (14) = 1. The positivity of 1) is also immediate from

Voolax) = Tim (") = 0.

n

Thus the pair (B, ¥ ) is a *-algebraic probability space which we will also ad-
dress as ®n(B, 1) in the sequel.

A representation of the infinite braid group B,,. Next we want to intro-
duce a p-preserving representation of the infinite braid group B in Aut(By),
the *-automorphisms of B,,. Let T" € Aut(B ® B) such that (y @ ) o T =1 @9
and

(To1p)(1pT)(T®1l) =1z T)(T®15) (1@ T).

Furthermore, for n € N, let T,, denote the amplification of T' to a *-automorphism
of By, such that

T,=13""@To1g".
Thus

T, =TT, it fi— jl =1, (4.1)
LT =TT - > 1

It is easy to verify that p(oy) := T} extends multiplicatively to a representation
p of the braid group B, in the ¢, -preserving *-automorphism of B,,, which we
will also address as

p: Boo = Aut(By, Vo).
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In the following, we consider the special case B = My(C) and we take 1 to be the
normalized trace try on My(C). Thus we have

B, = Mz((c) ® M2(C) & M2(C)7
n-fold
¢n=tr2®tr2®---®tr%.

~
n-fold

Let w € C with |w| = 1. Then
U=FE1 ®FE;+ Ei2® Ey + Ey @ Fig +whlayy ® Eyy € My @ My

is a unitary matrix in My(C) ® My (C), which we will identify with the complex
4 x 4 matrix

oo o
o~ oo
oo RO
g oo o

Lemma 4.1.1. The unitary U satisfies the braid relations
U1l U)(U® 1) = (1 U)(U @ 15)(1s @ U).
Proof. This is verified by an elementary computation. O]
Now put

u=U®1:01L,®---
U2:12®U®12®12®

Un:12®"‘®12® U®12®...
————

(n — 1)-fold

such that uq,us,... € Bs. Recall from Subsection 2.3.3 that o; denotes the i-th
Artin generator of the braid group B.

Corollary 4.1.2. The multiplicative extension of the map By O 0; — u; € By
defines a unitary representation of the infinite braid group Bs.

Proof. Clearly, u;u; = uju; for |[i — j| > 1. The braid relations w;u;u; = w;w;u;
for |t — j| = 1 are immediate from the braid relations in Lemma 4.1.1. O

Let Ad,(x) := vzv* for any z,v € Be.
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Corollary 4.1.3. The multiplicative extension of the map

defines a s-preserving representation p of the infinite braid group Bs in the *-
automorphisms of Be. Furthermore, this representation p: Bo, — Aut(Bso, ¥so)
has the generating property.

Proof. Let x € By,. Clearly,

p(0:0;)(7) = wujruju; = uju;ruju; = p(o;0;)(v)

for [t — j| > 1, and

p(o;0;0;)(x) = Ul UG DU WU = UjUUFTUSU; Uy = p(o;0:0;)(x)

for |i — j| = 1. We are left to verify the generating property. It is elementary to
check that

M,(C)*" ® 18" = B, C B = {a € Buy | p(Ges1)() = 2}

for any k£ > n and thus
B, C (] B+,

k>n
Now
Bo=|JB.c|J[)BL) C By
neN neN k>n
ensures the generating property. O]

Construction of braidable sequences.

Proposition 4.1.4. Suppose the *-algebraic probability space

(Boo: o) = Q) (Ma(C), try)

N

is equipped with the representation p: By — Aut(Buo, Vo) as given in Corollary
4.1.3 by
p(Cr)x = upzuy (ke N,z € By).

Let y € My(C). Then
T =Y ® 1?N, To 1= U T1UT, Tpt1 1= UpTply,

defines a braidable sequence x = (x,)2; C Boo.
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Proof. Clearly (B, %) is equipped with a representation p of the infinite braid
group as required in Definition 2.3.14 such that x,,1 = p(G,, - - - 71)x; for alln > 0.
Thus we are left to verify the localization property p(ox)z; = z; for all k& > 2.
But this property is immediate from

PG = wprruy = (155 @u@ 15 (y @ 15) (1, @ u® 157)" = y @ 15"
for k > 2. O]

Proposition 4.1.5. The braidable sequence x from Proposition 4.1.4 is spread-
able. Moreover, x satisfies the SVP if oo (x1) = 0.

Proof. A braidable sequence is spreadable by Theorem 2.3.16. Thus we are left
to show that x has the SVP whenever 1) (z1) = 0. Note that the centredness of
the first random variable z; implies 1 (z,) = 0 for all n € N, as a spreadable
sequence is stationary. Due to Proposition 3.5.4, it suffices to check that the
vanishing condition

Yoo (x]x2) =0

is valid. But this equation can be verified by a direct computation. O

Let the braidable sequence x from Proposition 4.1.4 be implemented by the
operator y € My(C) such that

T =y 13N

We discuss next various choices of y € My(C). Consider the three Pauli spin
matrices, and the identity matrix,

fo 1 o —i 1o L_[to
=11 ol %7 |i ol° %7 |o —-1|’ 27 1o 1|

which form a basis of My(C). We omit the proof of the following elementary
result.

Lemma 4.1.6. The following are equivalent for the sequence X from Proposition

414
(a) x satisfies the SVP;

(b) tr?(y) = 0;
(¢) y = ay0o, + ayo, + a,0, for some a,,a,,a, € C.

Thus we can restrict our attention to the C-linear span of the Pauli spin
matrices when choosing y € My (C) for the study of corresponding CLTs. We will
not investigate further the choice y = o, as the following lemma implies that the
corresponding CLT is the classical one, as all random variables are self-adjoint
and commute.
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Lemma 4.1.7. Let 71 = 0, ® 15" and let w € C with |w| = 1. The braid-
able sequence x (as constructed in Proposition 4.1.4) is exchangeable and satisfies

v = x;x; for i # j.

Proof. This follows from the fact that U(A® B)U* = B® A for any two diagonal
matrices A, B € M(C). O

In the following, we will focus our investigations onto the choice y = o,
as it will provide us with a rich source of spreadable sequences which are not
exchangeable. We could have considered equally well the Paul-spin matrix o, for
this purpose, or more generally, a linear combination of both. For the sake of
clarity of our results, we refrain from this slight generalization, see also Remark
4.1.10.

Lemma 4.1.8. Let 7, == 0, ® 15" and w € C with |w| = 1. Then the braidable
sequence X (as constructed in Proposition 4.1.4) is spreadable but not exchangeable
if and only if w # £1.

Proof. Consider the following two mixed moments:
1 3 _
Yoo (X103 T223) = §(2w + 6)

and

1
’l/)oo(.’lfll’gxgxlxgltz) = §(253 + 6&1)

Since w?+4 3w = W+ 3w if and only if w = £1, it follows that x is not exchangeable
for w # £1. Conversely, w = +1 implies that

o Pl Rl R
e S e )
oo~ O
g oo o

satisfies U%? = 1, ® 15. Consequently, the unitaries u,, implement a representation
of the infinite symmetric group S., such that the sequence x is exchangeable. [

A quantum decomposition. We are interested in studying the joint distri-
bution of the braidable sequence x for the choice 2, = 0, ® 15, as required for
computing the moments as they appear within *-algebraic CLTs. For example,
we will need to understand how a joint moment of the form

VYoo (T1222371 T223)

can be computed systematically. As the random variables z,, do not commute for
|w| # 1, brute force computations are only suitable for obtaining explicit formulas
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for moments of lower order in the considered *-algebraic CLTs. Key to the study
of the distribution of the braidable sequence x with

x1:0w®12®12®"'7
*
L2 = Ul Uy,

T3 = UyTolls, (4.3)

*

Tyt = U, Ty,

is the elementary ‘quantum decomposition’

o, =a-+a"  witha:= [8 (1)1

This ‘quantum decomposition’ can be done of course for each x, such that one
has
Tp =a, +a,

where the operators a,, are as specified in the next proposition.

Proposition 4.1.9. Let w € C with |w| = 1 be fized and consider the sequence
a=(a,)>, C By defined inductively by

a =a® 1YY and  any = u,a,ul.
Then one has, for any 1 <i < j < 00,
a;a; = wa;a;, a;a; =0

* *
j JCLZ‘, a;a, + a; a; = 1.

a;a
Moreover, the sequence a has the following properties:
(i) a is spreadable;
(i1) a has the SVP

{{} €ker(i) = Y (ais((ll)) e ais((r?))) =0
for anyi: [n] - N and e: [n] — {*,1}, and n € N;
(111) a has the factorization properties
* * 1
Yoo (:paeagz) = Yoo (xaeagz) = §¢oo(xz)

for any z, z € *-alg {a; | i € N\{(}} and { € N.
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Proof. The relations a;a; = 0 and a;a’ + aja; = 1 are clear from a’> = 0 and
aa* + a*a = 15. Furthermore, the two relations

109 = Wasay, a1ay = Wayay

are checked by an elementary computation in the 4 x 4 matrices. All remaining
relations are inferred from these relations for a; and ay by spreadability as follows.
Clearly, the sequence (a,)S%, is spreadable by construction and it is immediate
from Theorem 2.3.22 and Corollary 4.1.3 that the unitaries u,, implement partial
shifts «,, € End(Bw, ¥s) such that

(a) QA if n > m,
ap () =
e Ay ifn < m.

Thus acting on the equation ayas = wasa, with the partial shift oy gives

aj(arag) = ay(wagay) <= ag(ar)a(ag) = way(a)ag(ar)

< Q203 = Wasas.
Repeatedly doing so, we arrive at
i Haag) = o H(wagay) = ;0511 = wai 10,
Next we continue with hitting the last equation by «;1, to obtain
ai+1(aiai+1) = Oéi+1(wai+1az‘) <~  Qi0i42 = Wai420;4.
Again repeatedly doing so, we arrive at
afil(iﬂ)(aiaiﬂ) = ozg;l(iﬂ)(waiﬂai) =  aa; = wa,a;.

The same procedure yields a;aj = waja;. We are left to verify the claimed three
properties. (i) is clear by construction. (ii) The SVP is immediate from Proposi-
tion 3.5.1 and the elementary computation

woo<a>{a2> = tro ® tro ((a* & 12)U(a X 12)U*> = O’

with
1000
00 1 0
U=1010 0
000 w

(iii) A direct computation in the 4 x 4 matrices shows that

N | —
N | —

Voo (araaya3) = Poo(a1a])Vs0(aga3) =
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and

1 1

2 2

Using stationarity of the sequence a, another simple calculation in the 2 x 2
matrices shows 1w (a,a)) = Yus(aja,) = 3 for all £ € N. Now we infer the
claimed factorization properties from an application of Corollary 3.5.5 for the
noncommutative polynomial P(X,Y) = XY in the indeterminants X and Y. [

oo (a1018505) = Yoo (a1a) Yoo (a50,) =

Remark 4.1.10. Suppose we would have taken the Pauli spin matrix o, instead
of o, for the construction of the braidable sequence x in Lemma 4.1.8. This
would have resulted in the quantum decomposition o, = —ia + ia* instead of
0, = a+ a*. Defining b = —ia results in operators b, := —ia,, which satisfy the
same set of relations as the a,’s do for 1 <i < j < 0o (see Proposition 4.1.9):

More generally, considering self-adjoint linear combinations of a and a* such that
Yy = ka + Ra* (k € CY),

and, more general as before, now defining b,, := ka,, for all n > 1, one obtains the
relations:

Note also that all b,’s are centered, i.e. ¥ (b,) = 0, and have the variance

_ kP

VYoo (bnby) = Woo(bpb7) = =~

As a review of our main results shows, this generalization from k£ = 1 to some
k € C causes mainly a rescaling of mixed moments in the CLTs, according to the
covariance of the underlying operator b.

4.2 Combinatorics of the Model

We introduce w-sequences of partial isometries, to provide an abstract algebraic
model for the concrete matrix model studied in Section 4.1. The main result of this
section is Theorem 4.2.9, which is about the distributional invariance properties,
vanishing and factorization properties, as well as some combinatorial properties
of such sequences.

Definition 4.2.1. Let (A, ¢) be a tracial *-algebraic probability space and w € C
with |w| = 1. A sequence a = (a,)>, C A satisfying the relations

a;a; = wa;a;, a;a; = waza; for 1 <i < j<oo, (4.4)
a;a; =0, a;a; +aja; =1 for 1 <17 < o0.

is called an w-sequence of partial isometries.
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We have already provided a concrete realization for an interesting class of such
sequences.

Remark 4.2.2. An element a € A is called a partial isometry if p := a*a and
q = aa® are (orthogonal) projections. This is ensured by the relations (4.5) in
Definition 4.2.1, as

p? =a*aa*a = a*(1 — a*a)a = a*a = p,

¢* = aa*aa* = a(l — aa*)a* = aa* = q.
(The ‘orthogonality’ p* = p and ¢* = ¢ is automatic.)
Remark 4.2.3. The defining relations of an w-sequence can be also written as
a;a; — w; jaja; =0, a;a; — Wi jaza; = 0; (1<4,j < o0),
where w; ; = w for i < j and w; ; = —1 for i = j and w; ; = w;; for i > j.

Proposition 4.2.4. Let (A @) = @y (Ma(C),trs). The sequence a C A, as
introduced in Proposition 4.1.9 for some w € C with |w| =1, is an w-sequence of
partial isometries.

Proof. All defining properties of an w-sequence of partial isometries are verified
in Proposition 4.1.9. O

We have already shown that such concrete w-sequences of partial isometries
(as considered in Proposition 4.1.9) are spreadable and have the SVP, as well
as certain factorization properties. Here we will show that this distributional
invariance property, as well as the related SVP and factorization property are
enjoyed by any w-sequences of partial isometries. Next we illustrate some of these
properties by elementary examples before studying them in full generality. We
will constrain ourselves in these examples to apply mainly algebraic and geometric
arguments, which can be later deployed in full generality during the proof of our
main result, Theorem 4.2.9.

Example 4.2.5. We compute the moment ¢(asajajasa,). The relations (4.5)
imply a, = ay(azal + asas) = asalay. Since alasa; = a;ajas for i # 2 and ¢ is
a trace, the factor (aias) can be moved cyclically around until it appears on the
left side of ay such that

go(aga‘fa;%al) = cp(a3afa§a2(a§a2)a1) = go(aga’{ag(agag)%al) = 0.

Here the last equality is immediate from asay = 0. Thus we have verified the SVP
for this particular moment.
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1 1*
® ®

o* 4O n 4 ok 4@ 4
3* 3

Figure 4.1: e-restricted ordered partition (Vg(l), Vg(g)) = ({2,4},{1,3}) €
OPs(4,e) with blocks Vi = {1,3} and V5 = {2,4}, direction data e(1) =e(4) = 1
and €(2) = €(3) = *, and permutation o = (1,2) (left), and e-restricted ordered
partition (‘75(1),‘75(2)) = ({1,4}, {2,3}) S OPQ(4,§> with blocks ‘71 = {1,4} and
Vo = {2,3}, direction data &(1) = &(2) = * and &(3) = &(4) = 1, and permutation
o = e (right).

Example 4.2.6. Consider the moment ¢(asajaia,asa,). We use the relations
(4.4) and the trace property of ¢ to move the factor a¥ cyclically around until it
appears on the left side of the factor as. This will of course cause that factors
of w or w are picked up while applying the relevant relations. But as we observe
from the particular structure of this moment, whenever we use relations for aja;
to obtain w*la;a} for i # 2, we will also have to apply them to aja}, to obtain
wTlaras. Since wrlw™ = 1, we arrive at

*
)

k3 * kx ko k 1 Xk
plagajaz(aya;)ay) = p(azaiazazaya,) = §¢(a3ala3a1)~
Here the last equality is immediate from asaj + aga’ = 1. Thus we have verified
the following factorization property for this particular moment:
plagajaz(ayaz)ay) = 90(%@;)90(@3@;@;%)-
Example 4.2.7. Consider the moment ¢(ayajasa;). We find by algebraic ma-
nipulations that
p(asaiasar) = we(ajasasay) (moving as to the left of a} with (4.4))
= wp(ajayasay) (moving ay to the right with relations,

using traciality and again relations)

w * * *
= Ecp(al(aQaQ + ajas)as)
1
= %gp(a*{al) = v (by relations (4.5) and traciality).

On the other hand, the geometric realization of directed ordered pair partitions
provides us with the notion of oriented crossings (see Subsection 2.1.4) such that

k% 1 Cr. s g
p(asaiazay) = v +(meo),
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3* @) 5*

4*

Figure 4.2: Graphical computation of yp(agaysaiaiaia,). The middle diagram is
obtained from the left by moving the target of the 3-labelled directed arc from 1
to 2, and the target of the 2-labelled directed arc from 2 to 1. As this removes a
crossing with negative orientation, the middle diagram is multiplied by the factor
w. The right diagram is obtained from the middle diagram by moving the source
of the 2-labelled directed arc from 1 to 4 and the target of the 1-labelled directed
arc from 4* to 1*. As this removes a crossing with positive orientation, the right
diagram is multiplied with the factor w. Finally, removing a non-crossing arc from
the diagram produces a factor % Removing all three non-crossing arcs we arrive
at the empty circle multiplied by the factor %ww.

Here cry (7, €,0) denotes the number of crossings with positive orientation, given
the standard ordered pair partition 7 = {{1,3},{2,4}} € P(4,¢e), the direction
map e: [4] = {,1} with €(2) = &(3) = % and e(1) = €(4) = 1, and permutation
o= (1,2) € S;. We have illustrated the directed ordered pair partitions under-
lying the equation p(asalaia;) = we(ajasaia;) in Figure 4.1. Note that one has
also
w(azaika;(h) = ¢(ai(1)a?(2)a?(3)ai(4))

for any index map i: [4] — N with i(1) = i(3) > i(2) = i(4), as the same algebraic
manipulations and geometric realization can be carried out.

Example 4.2.8. We compute the moment ¢(asa,aiaiasa,) using the algebraic
method. First we move the factor as to the right of aj with the help of the
relations (4.4). Next we apply a factorization result similar to Example 4.2.6, to

obtain )
plazayazajaza,) = we(azazazaiaza,) = 5@(@2@1‘@3%)-

Now we can use the result from Example 4.2.7 to fully compute this moment as

k ko k _ —_—
p(azaqaiaiaya,) = W

The right-hand side simplifies of course further to 2%, due to the unimodularity of

w. But we resist this final algebraic simplification as it obscures the counting of
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oriented crossings in the evaluation of such moments. Using the geometric method
of counting oriented crossings, above formula reads as
* Kk _ 1 cry(m,e,0)—cr_(m,e,0)

p(agaqaiaiaya,) = Y W ,
where the balanced standard ordered pair partition m = {Vi, Vs, V3} € Py(6,¢€) is
given by V; = {1,3}, Vo = {2,5} and V3 = {4,6}. The balanced direction map
e: [6] — {*,1} is given by e(1) = €(2) = e(6) = 1 and &(3) = €(4) = &(5) = *,
and finally the permutation o € S5 is given by (1) = 3, ¢(2) = 2 and ¢(3) = 1.
One verifies cry (m,e,0) = 1 and cr_(m,e,0) = 1 with the help of the right-hand
rule for oriented crossings. We have also provided a graphical computation of
the value of ¢(asayaiaiasa,) in Figure 4.2. Note that the steps of this graphical
computation corresponds to algebraic manipulations, which are slightly different
than those done above.

Theorem 4.2.9. Let (A, ) be a tracial *-algebraic probability space and w € C
with |w| = 1. An w-sequence of partial isometries a = (a,)2>, C A has the
following properties:

(i) a is spreadable;
(ii) a has the SVP

. e(1 g(n
{{} € ker(i) = @(ai((l)) o ai((n))) =0

for anyn € N, i: [n] = N, and e: [n] — {*,1};

(111) a has the factorization property

1
o(yaa;z) = p(yaza,z) = 59(v2)

for any y,z € *-alg {a; | i € N\{¢}} and ( € N;
(iv) a has the balanced pair distribution

1
— wcr+(7r,s,a) wcr,(ms,a)

(1) E(n))
9k

‘P(aia) AT

for any n € N, i: [n] — N with ker(i) € Pa(n,€), and €: [n] — {x,1}.
Here the pair partition m = {V1,Va,...,Vi} € Pa(n,e), the permutation
o € S, and k € N are uniquely determined by ker(i) = 7 and kerp(i) =
(Vo'(l)7 RV Va(k)) € OPy(n,e) with n = 2k.

Proof. As known for partial isometries, we conclude from the relations (4.5) that,
for all p > 1,
(@) = (a0 (1 — aa;) = (a,07)"
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and, similarly,
(afai)p“ = (aja,)"(1 — a;a7) = (aja;)".

Thus one has that, for all i,p € N,
(a,07)" = a;a;, (aja;)! = aja,
(a;a7) a; = a;, (aja;)’a; = a;.

i
Furthermore, the relations (4.4) imply the commutation relations

(a;a7)a; = a;(a;a;), (a:a’i)aj = a;(aja;) (i #J). (4.8)

We start with proving the SVP as claimed in (ii). Let y, z € *-alg{a; | i € N\{k}}
for some k£ € N. We compute

p(yarz) = p(yaazapz) = e(yagzaza,) = wlagapya,z) = p(yazaza,z) = 0,

where each equality is valid due to (4.7), the commutation relations from (4.8),
traciality, again the commutation relations from (4.8), and finally (4.5). A similar
computation establishes p(ya;z) = 0. Thus we have shown the SVP.

We show next the factorization property stated in (iii). The equation

1
p(yaiz) = p(yajaz) = 5p(y2)

is valid if we can show the first equality, as the second equality is immediate from
aya; + aya, = 1. Thus, using traciality, it suffices to verify

plraay) = plagray) = p(ragay)

for elements = € *-alg {a; | i € N\{¢}}. Furthermore, using the relations (4.4),
(4.5) and the equations (4.6) and (4.7), it is sufficient to consider elements x which
are of the normal form

(NF)

with z; € {a;,a},a,af,ala;} for i € Nand 1 < 43 < i3 < --- < 14, for some
n € N and iy # ¢ for all £ = 1,2,...,n. Using the SVP from (ii), one has
p(raa;) = 0 = p(z) if x contains a factor of the form z;, = a, or z; = a; for
some k € [n]. Thus we are left to consider elements = where all factors are of the
balanced form x; = a;a} or x; = aja,. Using the commutation relations (4.8), we

j 3%
calculate

xr = inl.CI?iQ s Iy

n

p(raay) = plagra,) = p(xagay)
for elements x which are of this balanced form. This ensures the validity of the
factorization property stated in (iii).
We show next (i), the spreadability of the sequence. Let n € Nand e: [n] — {*, 1}
be given. Suppose i,j: [n] — N satisfy i ~p j. We need to show

o (aie((ll)) o aie((:))) _ ( a;:((ll)) e a;?((;))).
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We infer from the order equivalence of the two functions i and j that, for any
k.l € [n].

ek) e(t) _ . e(t) elk) k) e(0) _ . e(®) elk)
Ui(ry Bigey = Wiy By 7 Yey Yoy T D00 Yk
and (k) e(6) © (k) (k) e(f) (0 e(k)
e(k) e — () ek e(k) e — e(t) ek
By Ty = Dl G T %G %o T Y0 G

) :
We can apply these relations to bring af((ll)) . '-af((:)) and a;:((ll)) . '-a;:((:)) simulta-
neously into a normal form (NF) (as we have already used it for the proof of

(iii)). Thus we may assume without loss of generality that both aie((ll)) e aie((,:”)) and

a;.s((ll)) . 'aj((:)) are in normal form with i ~p j. More explicitly,

ai(l) .. 'ai(n) =Ty Tiy " " Ty, for 1 < il < i2 < e & ik?
and
1 . . '
ajs((l)) e ajs((:)) = Tj, T, T, for 1 < ji1 < jo < -+ < i,

where (i1,179,...,0k) ~o (J1,72,--.,jk) and, for all 1 <r <k,

Ti, = @i, >  Tj. = a,
T, = CL; — Ty, = a;ra
T, = i, Q5 = T, = a;a;,
v, =aja, == @, =dja;.

Now we infer from the SVP (see (ii)) or repeatedly applying the factorization
property (iii) that either

Sp(xhwiz o x%) =0= ¢($j1$j2 o 'Ijk)

or
1

? = Sp(wjlsz o x]k)

Consequently, the sequence a is spreadable.

(iv) We are left to prove the concrete formula for balanced pair distributions
in terms of oriented crossings. As the sequence a is spreadable (see (i)) and
ker(i) C Pa(n,e), we may assume i: [n] — [k] with n = 2k without loss of
generality. We will show the validity of the formula

Qp(ajirxiz e xlk) =

1
1 2k cry (me,o r_(me,o \Y
()5( 18((1)) T 1€((2k’))) 2k (me) gyer-(me.) ( k)

by finite induction on k. Note that (M) is valid if and only if (M) is valid for a
particular (and thus every) cyclic permutation

o e(0) e(2k) e(1) e(t—1)

e(1) e(2k)
i(1) ) = 90(%(@) RRCTCTARTTED "'ai(Z—l))

90(“1(1) " Gi(ok) (1 <0< 2k).
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Clearly, (My) is true for k£ = 1 since

1
1 2
@(af((n)af((z))) =5

for i: [2] — [1] with ker(i) € P2(2,€) and e: [2] — {*,1} balanced. Assume now
that (My_1) is true for k > 2. By traciality, it suffices to consider moments of the
form

. (3 2% o .
go(akakaf((S)) - af((zk))) with i(1) =i(2) =k (A)
or
2 2k—1) x . . .
go(akaisé)) e aisék_l))ak) with i(1) = i(2k) = k. (B)
or
(2) (r=1) _x_e(r+1) ry  with i(1) =i(r) =k
<P(akai€(2) "'ais(r_n aka?(r—&—l) "'aie(zk)) and 3 < r < 2k, (€)

Case (A). The factorization property (iii) applies such that

e @ky _ 1 (3) (2k)
@(akakaf(:s) "'ais(%)) _90(%5(3) "‘aie(%))-

2

Clearly, the number of crossings with positive or negative orientation is unchanged
upon removing the factor a,aj under the trace. Consequently, (My_;) implies
(My) in this case.

Case (B). This case is reduced to Case (A) by traciality and interchanging the
roles of aj and aj. Thus we have also concluded in this case that (Mg_;) implies

(My).

Case (C). One has
Ali(s) = Wagis) and  a,a5,) = wa,ag;)

since k > i(s) for all 3 < s < r. Using these algebraic relations we obtain

e(2) e(r—1) x e(r+1) e(2k)
90(%@1(2) C Gy Qe T Qo) )
oy e(2) e(r—1) x _e(r+1) e(2k)
=wtw gp(ai(z) Oy QG q) T Gy )

1

({1}).
2,.,r—1} % 272 [{2,..., r—1}
Let (7,e,0) € Pa(2k,e) x {f: [2k] = {*,1}} x Si be the triple uniquely as-
sociated to m = kerp(i) € OP2(2k, ) (see Corollary 2.1.34 and Definition 2.1.35).

with r, := card €, ril}({*}) and r_ := card sii
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Now let the index map i: [2k] — [k] and the direction map &: [2k] — {*, 1} be
given by

(i(¢+1),e(t+1) for1<e<r-2,
ooy {00N
(i(0), e(0)) for r < 0 < 2k,

such that

&) g2k (2) e(r—1) 4 e(r+1) e(2k)
90(07(1) "'aq(gk)) = ‘P(ai(z) T Gy gy A Qg Gy 1) "'ai(zk))~

As before, let (T,€,0) € Py(2k,€) x {f: [2k] — {*,1}} x S) be triple uniquely
associated to ™ = kerp(i) € OPy(2k, ). We claim that

cry (T, e,0) — ey (T, €,0) =71, — 1

where

ro :=card{V € ker(i) | V C [r]} — 1 = card{V € ker(i) |V C [r]} — 1

is the number of pairs of 7 in the set [2,7 — 1]. (This number equals of course
the number of pairs of 7 in the set [1,7 — 2].) Clearly, a pair {a,b} (with a < b)
and the pair {1,7} are crossing if and only if 1 < a < r < b. Turning the ordered
partition 7 into 7 (through algebraic relations) causes that this pair {a — 1,b}
and {r — 1,7} are non-crossing. Thus a crossing with positive orientation or
negative orientation is removed in the geometric picture while a factor w or @
is created by the corresponding algebraic relations, respectively. Now suppose
that the pair {a, b} is sitting ‘inside’ of the pair {1,7}, i.e. 1 <a < b < r. Thus
{a,b} and {1, 7} are non-crossing. Moving the factor a;, algebraically from the 1-st
position to the (r — 1)-th position in the considered monomial, one arrives again
at that the pair {a — 1,b — 1} and {r — 1,7} are non-crossing. So the number of
crossings with positive and negative orientation is unchanged by such a pair {a, b}
when algebraically turning 7 into 7. But these algebraic operations produce an
additional factor w and a factor w which are counted by r, and r_, respectively.
Thus the number r. is larger or equal to cr(m, e,0) — cry (7, €,0), the number
of removed crossings with positive/negative orientation, and the difference of this
two numbers equals 7y, the number of pairs between 1 and r. Altogether, we
obtain

WG = oG- — wcr+(7r,s,a)—cr+(7r,€,a)wcr,(w,s,o)—cr,(W,s,a)
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and, using again the factorization property (iii),

(2) (r—1) =« _e(r+1) (2k)
So(akais(g) o a’is(r—l) akaie(r—H) e ais(%) )
— W+ (w,s,o)fcr+(%,s~,5)wcr_ (ﬂ,s,a)fcr_(%,EN,E)SO(aiE((;)) L. aiE((:_—ll))a/kaza?((:i-ll)) L. als((;:)))
1 ry(m,e,0)—cry(7,€,0)—cr—(me,0)—cr_(7,&,0 (2) (r—1) e(r+1) (2k)
— 5(J‘)C +( o ) C +( €, )wC ( €, ) C ( €, )SD(GT(Q) ... ais(r—l) aie(r—i-]_) .. ais(Qk) )
1 SN SN - _
_ —, cry(me,o)—cry(7,E,0)—~cr_(me,0)—cr_(7,€,0) €(1) . €(2k-2)
=W ’ w gO(am) %2k—2) )-

Here the index map i: [2k—2] — [k—1] and the direction map &: [2k—2] — {*,1}
are defined as

> oy JA(0+1),e(l4+1)) for1<<r-2,
G(f),g(ﬁ)) o {(i(€ —2),e(—2)) forr << 2k,

such that

g(1) g(2k-2)\ (2) e(r—1) e(r+1) e(2k)
90(%(1) "'a?(gk,g)) = @(ai(z) © Gy 1) A(rg) "'ai(zk))-

Moreover, (7,€,5) € Pao(2k —2,&) x {f: [2k —2] — {*,1}} x Sx_1 denotes again

the triple uniquely associated to T = kerp(i) € OPy(2k — 2,€). Clearly,

cry(7m,€,0) = cry(m, €,0).

Altogether, we shown for the case (C) that (My_;) implies (Mg).

Now a finite induction argument on k establishes the formula

e(1) e(n)y _
Sp(ai(l) o 'ai(n)) Vg

cry(me,o) ot (m,e,0)

and thus completes the proof of (iv). O

We provide next a result which is underlying CLTs for w-sequences of partial
isometries. We recall from Definition 2.1.33 that, given some m € Py(n), the
direction map e: [n] — {*,1} is said to be w-balanced if e(V') = {x, 1} for every
Vemr.

Corollary 4.2.10. Let (A, ) be a tracial *-algebraic probability space and w € C
with |w| = 1. Furthermore let a C A be an w-sequence of partial isometries and
let x C A be the sequence defined by x,, := a, + a’,. Then we have:

(i) x is spreadable;
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(1) x has the SVP
N ker(i S AL CO) S
{0} € ker(i) = gp(a:l(l) a ))
for anyn € N, i: [n] = N, and e: [n] = {*,1};

(11i) x has the factorization property

p(yrerez) = p(a7)p(yz) = ¢(yz)
for any y,z € *-alg {z; | i € N\{{}} and { € N;

(iv) x has the pair distribution

1
So(xi(l) ... xl(n)) — 2_k Z wcr+(7r,€,cr) wcr,(ﬁ,e,o)

e: [n]—{*1}
€ is m-balanced

forn € N and i: [n] — N with ker(i) € Pa(n). Here the standard ordered
pair partition m = {Vy, Vo, ..., Vi} € Pa(n), the permutation o € Sy and k €
N are uniquely determined by ker(i) = 7 and kero(i) = (Vo@y, -, Vowy) €
OPy(n) with n = 2k.

Proof. (i) Suppose i,j: [n] — N are order equivalent. By Theorem 4.2.9 (i), one
has

(1) e(n)y _ (1) e(n)
90(%(1) TGy ) = 90(%(1) "'aj(n))
for any €: [n| — {*,1}. But this implies
(1) e(n)y _ e(1) g(n)
Z plasey  aiy) = P(a50) i ),
e(1),...,.e(n)e{x,1} e(1),....e(n)e{x,1}

which is just the expansion on both sides of the equation

Sp(xi(l) - 'xi(n)) - 90($j(1) . '$j(n))'

Thus x is spreadable.
(ii) Let y, z € *-alg{x; | i € N\{¢}} C *-alg{a; | i € N\{¢}} for some ¢ € N. Thus

o(yxez) = (yaez) + p(ya;z) =0

by the SVP of the sequence a from Theorem 4.2.9(ii). Consequently x has the
SVP.

(iii) Let y, z be as stated in (ii). We compute, using the factorization property of
a from Theorem 4.2.9(iii),

o(yzerez) = o(yla, + af)’2) = o(yaa;2) + o(yasa2) = o(yz)
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and ¢(zpr,) = 1.
(iv) Let i: [n] — N be given with 7 := ker(i) € P2(n). We compute

— 1) (n)y _ (1) (n)
SO(xi(l) o "ri(n)) = Z 90(“?(1) "‘ais(n)) = Z 90(@?(1) "'“f(n)>v
e: [n]—{*1} e: [n]—{*1}
€ is m-balanced
since af((ll)) e af((")) = 0 if £ is not w-balanced, by the defining relations (4.4) and
(4.5) of an w-sequence of partial isometries. We infer from the w-balancedness of
e that ker(i) € Pa(n,e). Thus Theorem 4.2.9(iv) applies to each summand of the

last equation such that

cry (me,0) —cr_(me,o)

1
90(%(1) "'ai(n)> — oY w ;

where the pair partition 7 = {V, Vs, ..., Vi} € Pa(n, ), the permutation o € Sk
and k € N are uniquely given by ker(i) = 7 and kero(i) = (Voa), ..., Vow)) €
OPs(n,e) with n = 2k. O

Remark 4.2.11. We have provided in Theorem 4.2.9(iv) an explicit formula for
balanced pair distributions of an w-sequence a of partial isometries. Furthermore,
an explicit formula is available for the general distribution of a. For example, this
explicit formula allows us also to determine moments of the form ¢(xjxiz127) or
o(z125 971 2527) Which are not supported by pair partitions. Here we are omitting

this result, as knowing the balanced pair distribution suffices for establishing
CLTs.

4.3 CLTs for w-Sequences of Partial Isometries

We have introduced w-sequences in Subsection 4.2 and shown that such sequences
enjoy all properties as they are required for establishing CLTs. Here we focus
first on proving a univariate CLT for w-sequences, before we turn our attention
to certain multivariate versions of this CLT. In contrast to multivariate CLT's
for exchangeable sequences, we will see that the mixed moments of a multivariate
CLT for non-exchangeable sequences depend on the details of how one passes from
a given single w-sequence to a tuple of jointly or separately spreadable sequences.
Interesting on its own, this difference occurs starting a mixed moment of order 8
(see Example 4.3.13).

4.3.1 Univariate Version of the CLT

We have already established in Theorem 4.2.9 that an w-sequence of partial isome-
tries a is spreadable and satisfies a SVP. These properties are inherited by the
sequence X = a+a*, considered in Corollary 4.2.10, and thus ensure the existence
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of a *-algebraic CLT for the sequence x. Consequently, the CLT, Theorem 3.4.9,
applies to the sequence x when the considered ‘color’ set C' is a singleton. Thus
all ‘color’-related labels can be dropped in the formulas of Theorem 3.4.9 such

that we obtain for
T+t ay

S:
N \/N

the n-moment formula

hm gp(S Z gpﬂ, (4.9)

! TEOP2(

where € : OPy(n) — C, the moment function on ordered pair partitions associ-
ated to x, is given by
O _
Pr = 90(‘1.1(1) T :CI(TL))

for any i: [n] — N with kerp (i) = 7 (see also Definition 3.4.7). In the following, as
OP(n) =0 for odd n € N, we focus on the case n = 2k. We recall from Lemma
2.1.26 that there is a bijective correspondence between ordered pair partitions
7 € OPy(2k) and pairs (7,0) € Pa(2k) x Sy such that (Voy, ..., Vo)) = 7 —
7 = {Vi,...,Vi}, where (Vi,...,V}) is the unique standard ordered partition
assigned to m. Consequently, we can rewrite (4.9) as

]\}lil;o¢ S ' Z Z Y7o (410)

" 0€S, TEP, (2k)

where
Yo = Qo(xa(i(l)) o 'IU(i(%)))
for any o € Sy and i: [2k] — [k] with ker(i) =7 = {V4,...,Vi} € P2(2k). Here
{Vi, ..., Vi} is in standard order, i.e. one has min V; <minVj for 1 <i < j <k.
We are ready to formulate a concrete version of the CLT associated to an
w-sequence of partial isometries. Recall that T = {z € C | |z| = 1}.

Theorem 4.3.1. Let (A, ¢) be a tracial *-algebraic probability space and w € T.
Furthermore, let a = (a,)22, C A be an w-sequence of partial isometries and let
the sequence x = (x,)22, C A be the sequence defined by x,, = a, + a’. Then
one has for

SN: ($1+...+JZN)

1
VN
that, for all k € N,

lim go(S2k H=0

N—oo

o€SE me€P2(2k) e: [2k]—{x,1}
€ is w-balanced

and
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As w € T C C is unimodular, one has W = w™! and thus

wcr+(7r,e,a)wcr_(7r,e,a) _ wcr+(7r,e7a)—cr_(7r,e,0).
Proof. The sequence x is spreadable and satisfies the SVP by Corollary 4.2.10.
Thus the CLT, as formulated in Theorem 3.4.9, applies for the ‘color’ set C' = {c}.
We will drop the reference to this ‘color’ set in the notation of Theorem 3.4.9.
Clearly, all odd moments of order 2k — 1 vanish in the large N-limit. We are left
to further specify in terms of oriented crossings the following formula for even
moments: .
. 2%\ _ o
Jmoe(S) =5 D eF (4.11)

T ReOPy(2k)

where ¢z = @(i1) - - - Tiny) With T = kerp(i) € OP,(2k). We recall from Lemma
2.1.26 that there is a bijective correspondence between ordered pair partitions
7 € OPy(2k) and pairs (7,0) € Pa(2k) x Sy such that (Voay, ..., Vow) = 7 —
=7 ={V,...,Vi}, where (Vi,..., V4) is the unique standard ordered partition
assigned to 7. Thus the sum over ordered pair partitions can also be written as

hm o( Szk i Z Z '$a(i(2k)))>

" 0€SK TEP2(2K)

where the pair partition m = ker(i) is in standard order (see Definition 2.1.24).
Thus we can apply Corollary 4.2.10(iv) such that

1 cro(me,0) —cr_(me,o
@(%(1(1)) e 'Ia(i(zk))) = ok Z W&+ (me.0) mer—(me,o)

e: [2k]—{*,1}
€ is m-balanced

Consequently, we arrive at the formula

]\}LH;OSO SQk k' Qk Z Z Z wcr+(7r,€,a) wcrf(ﬂ,s,a).

o€SL m€P2(2k) e: [2k]—{*,1}
€ is m-balanced

]

Remark 4.3.2. (i) If w =@ (and thus w = £1) in Theorem 4.3.1 then one has

cry (me,o) wcr,(w,s,a) cry(me,0)+er—(me,o) — wcr(w)

w = w

such that the formula of the large N-limit for even moments simplifies to

lim p(SF) = > wcr<n>:{(2k‘—1)” ifw=1,

e TE€P2(2k) ZTI’EPQ(Q]C) (_1)Cr(7r) if w=—1.
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These are the formulas for the 2k-th moment of a centred Gaussian random vari-
able with variance 1 in the case w = 1, and that of a centred Bernoulli random
variable with variance 1 in the case w = —1.

(ii) The CLT associated to an w-sequence of partial isometries in the cases w = £1
coincides with the CLT of a g-semicircular system (see Section 5.2) in the cases
q = £1, respectively.

(iii) Let z € C and put

MSCS . k' 2k Z Z Z Zcr+(7r,e,a)§cr_ (71',5‘,0).

oESE TEP2(2k) e: [2k]—{*,1}

€ is m-balanced
This formula generalizes the formula for the even moments of the CLT for w €
T c C. We will see in Section 5.4 that M5 5(z) are the even moments of a
z-semicircular operator. In the special case z = r for some r € R, one has

pert(meo)per—(meo) — pery(meo)ter—(meo) — per(m) gnd thus the moment formula
simplifies to
MSCS( ) _ Z TCI‘(TI’).
TEP2(2k)

This is the even moment formula of a g-Gaussian random variable, also called a
g-semicircular operator, as we will meet it again in Section 5.2.

In the following, we denote by M, (w) the n-th moment of the central limit
law associated to the w-sequence of partial isometries as given in Theorem 4.3.1.
More explicitly, for £k =0,1,2,..., we have Ms,,; = 0 and

Moy (w) = hm o( S k;' o Z Z Z WO (mE) Ser—(mea)

o€SE meP2(2k) e: [2k]—{*,1}
€ is m-balanced

Corollary 4.3.3. For each k = 0,1,2,..., there exists a polynomial Py, € Qlq]
such that
ng(%w) = MQk((JJ)

for all w € T. Here Rw denotes the real part of w.
Proof. Since the operator Sy (as stated in Theorem 4.3.1) is self-adjoint, we know
that
P(S3F) = ¢((S¥)") = ¢(S¥)
for all k&, N € N. We conclude from this in the large N-limit that My, (w) € R for

any w € T. We know from the moment formula in Theorem 4.3.1 that My, (w) is
a polynomial in w and @ of the form
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where L := %(k — 1)k is the maximal number of crossings of a pair partition in
P2(2k) and ¢, € Q for all £ = 0,+£1,...,£L;. Thus we know that

L L
Z cow™t = Mok (w) = Mok (w) = Z cow’

{=—L {=—L

for all w € T. But this implies ¢, = c¢_, for all £ =0,1,..., L by the fundamental
theorem of algebra. Consequently, we can write

L
Moy (w) = co + Z ce(we + wf).
/=1

Now consider the symmetric polynomial Q € Qlw, ] with Q(w,w) = > _j_, ar(w+
@") of degree n. We claim that there exists a symmetric polynomial Q € Q[w,w]
of the form Q(w, @) = S_)—, dr(w’ + @) with degree n — 1 such that

Qw, ) = Q(w,w) + an(w +w)". (4.12)

Indeed, both T? 3 (w,w) = w" + " € C and T? 3 (w,w) — (w+w)* € C
are symmetric polynomials. Thus their difference is a symmetric polynomial.
More explicitly, by the binomial expansion and reducing products of the form
ww = 1 = Ww, one has

for some coefficients dy,dy,...,dp—1 € Q. This establishes the existence of a
symmetric polynomial @) of order n—1 satisfying (4.12) (as claimed above). Now a
finite induction argument on the order n establishes that there exists a polynomial
P € Qq] of order n such that P(3(w+w)) = Q(w,w). Of course, these arguments
apply to the symmetric polynomial T? 3 (w, @) — Max(w) € C. Thus there exists
a polynomial Py, € Q[g] of order 2k such that Py (1 (w +©)) = Q(w, D). O

Next we explicitly compute the even moments Moy (w) for k = 1,2, 3,4. Through-
out these computations, we put
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Originally, these moments were computed by brute force, manually or with com-
puter support, as the n-th moment can be realized as the normalized trace of
a self-adjoint 2" x 2™ matrix. Here we present calculations of these moments,
which are based on factorization rules and algebraic relations. Actually, these
more structured computations revealed that the CLTs associated to w-sequences
of partial isometries are counting oriented crossings.

Computation of the 2-th moment:
MQ(CU) =1.

This is immediate from the moment formula (4.9), using the relations (4.5):

Ms(w) 1, D> 9 =p(m) = plaja) + plajar) = 1.
WEOPQ )

Computation of the 4-th moment:

1
44+ w+w)=2+q.

Mi(w) = 5

Similar as done for the 2-nd moment, we compute for the moment formula (4.9)

that
1
W=g 2. ¢
TeOP2(4)
1
=5 2 (P(Ee)To() To@)To@) + P(To() To2)To@To))
oES2

+0(To() o) To(1)To(2))
1
=3 (4 + p(x129m129) + go(xgxlzrjgxl)).
Here we used for the terms corresponding to non-crossing pair partitions the
factorization rule from Corollary 4.2.10(iii), to obtain

O(To()To()Ta(@)Ta(2) = P(To()To(1)) P(To@)To2) = 1
and
P(To(1)To@)To(2)To(1) = P(To(1)To() P(To@)To(z) = 1,
as (x;x;) = @(x121) for any i > 1 by spreadability. We are left with the com-

putation of two terms corresponding to the crossing pair partitions. Using the
quantum decomposition x; = a; + a}, the relations (4.4) and (4.5), we find

o(r1297122) = p(ajazaias) + p(ajasaias) + p(ajazaias) + p(ajasaial)

1 o 1 _
:A—L(w+w+w+w):§(w+w):q.
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Here we have used again that terms corresponding to non-crossing pair partitions
are evaluated to 1. A similar calculation (or traciality of the state ¢) yields

o(rox129m1) = —(W + W) = q.

Altogether, we obtain
1
My (w) = 5(4 +29)=2+4q.

It is instructive to alternatively compute the 4-th moment based on the formula
with counting oriented crossings from Theorem 4.3.1:

2' 22 Z Z Z wcr-&-(ﬂ,s,a)wcr_(fr,s,a).

0€Sy mEP(4) i [A]+{x,1}
€ is mw-balanced

There are 2 non-crossing pair partitions and 1 crossing pair partition in Po(4).
Each one of these two non-crossing pair partition contributes with

11
0=0 _ — = 929
2!222 Z ww 212222_1
o€S2 e: [4]—{x,1}
€ is m-balanced

We are left to determine the contribution of the single crossing pair partition
7 ={{1,3},{2,4}} € 732(4) coming from

2[ 92 Z Z WCM(7T,s,cr)(/u—cr,(ms’g)7

c€S2 e: [4]—{x,1}
€ is m-balanced

using the following arguments. Clearly, each of the 2!22 = 8 summands is a scalar
multiple of either w or w. Denote by og the neutral element of S;. We note that
cry(m e,00) =0 if and only if cry (7, e,01) = 1. Thus it holds

E :wcr+7rscr (wsa)_w_’_w’

oES2

as m has a single crossing. This symmetry argument yields

2| 22 Z Z wcr+(7r,e,a)wcr7(7r,e7a) _ 21‘ 21 Z (w +w)

€Sy e: [A]—={x1} e: [4]—={x1}
€ is m-balanced € is m-balanced
1 _
= 5(00 +w) =q.

Note that the orientation of a crossing is best determined by using a graphical
representation of the directed ordered pair partition (see Figure 4.1 for 0 = o
and (1) =e(4) =1, e(2) = &(3) = *).
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Computation of the 6-th moment: Counting oriented crossings according to
the moment formula from Theorem 4.3.1, one finds

Mg(w) = 312 + 162(w" + @) + 36(w® + @?) + 6(w” + %))

g5

=% (52 + 27(w' + @) + 6(w? + &%) + 1(w® + &%)

=5+ 6q+3¢° + ¢°.

The coefficients inside of the parenthesis of this polynomial have the following
combinatorial interpretation. There are total of 3! - 5! =6 - 15 = 90 ordered pair
partitions. Each block of a pair partition is equipped with a direction which gives
23 = 8 additional choices. Consequently, there are a total of 720 summands which
are grouped as follows:

312 summands with cry (7, e,0) —cr_
162 summands with cry (7, e,0) —cr_

162 summands with cry(m,e,0) —cr_

36 summands with cry(m,e,0) —cr_
6 summands with cry (7, e,0) — cr_

( ) (m,€,0)
( ) (m.e,0)=
( ) (m €,0)
36 summands with cry (7, e,0) —cr_(m, e J) =2,
( ) (m €, 0)
( ) (me,0)=
( ) (m,e,0)

6 summands with cry (7, e,0) —cr_

The moment formula Mg(w) can be expressed in terms of ¢ = Rw along the
following computations which also underlie the inductive proof of Corollary 4.3.3.

P+0 = (w+w)? 22;() Wt = (w+ ) - 3@+ wh).

Thus we obtain

312 + 162(w' + @") + 36(w? + w?) + 6(w® + w°)
=312 + 144(w' + @) + 36(w* + @?) + 6(w +w)?
= 240 + 144(w' + @") + 36(w + ©)* + 6(w + w)*.

Here we have used w? +©? = (w +w)? — 2 for the last equality. Consequently, we
obtain

My(w) = 240 + 144(w' + @) + 36(w + @)° + 6(w + w)3>

el

= == (240 4 288¢ + 1444 + 48¢ )

=54 6¢+3¢* + ¢*.
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An alternative, more algebraic way to compute the 6-th moment starts with that
there is a bijective correspondence between ordered pair partitions in OP,(6) and
pairs in Py(6) x S3. Thus we can expand the 6-th moment Mg(w) as

1
5 O ( P To(1)To(1)To(2)To(2)To(3) L)) + P(To()To() Lo () To(3)To(3)To(2))

0ES3 N~ N~
non-crossing non-crossing

+9(T(1)T0(2)T0(2)To(1)To(3)T0(3)) + P(To(1)To(2)To(2)To(3)To(3)To(1))

N J/

v~ ~~
non-crossing non-crossing

+9(T0(1)T0(2) o(3)To(3)To(2)To (1)) + P(To(1)To(1)To(2)To(3)To(2)To(3))

-

Vv Vv
non-crossing 1 crossing

+9(To(1)T0(2)To(1)To(2)To(3)0(3)) + P(To(1)To(2)To(1)T0(3)To(3)To(2))

N J/

Vv Vv
1 crossing 1 crossing

+ iﬂ(%(l)%(z)%(2)%(3)%(1)%(3)) + 90(%(1)lEa(z)%(3)%(3)%(1)%(2)2

1 crossing 1 crossing

+ iP(xcr(l)x0(2)$0(3)x0(2)x0(3)x0(1) )j + 30(5’70(1)x0(2)$0(1)x0(3)x0(2)xff(?)))/

1 crossing 2 crossings

+ O(To(1)To(2)To(3) To(1) Ta(3)Ta(2)) + 90(%(1)lEa(z)%(3)%(2)%(1)%(3)2

(.

Vv Vv
2 crossings 2 crossings

+(Zo(1)To(2)To(3)To(1)To(2) To(3)) ) :

N

-
3 crossings

Each of these 15 terms can be evaluated with the help of the relations (4.4) and
(4.5). Before taking into account the summation over permutations from Ss, each
of the 5 terms corresponding to a non-crossing partition gives 1. And each of the
6 terms corresponding to partition with one crossing contributes with %(w + ),

for example
1

SO(%(1)330(1)xa(z)%(s)ﬂfa(z)%(z)) = §(°~’ +w) =q.

There are 3 terms corresponding to pair partitions with two crossings and each of
them contributes with §(w 4 @)?, for example

(,0(170(1)JIJ(Q)ZEU(l)[L’U(g)l’g(g)l’g(g)) - _(w _’_w)Q =q.
Finally, there is the single term

O(To(1)To(2)To(3)To(1)La(2)Lo(3))

corresponding to a pair partition with 3 crossings which needs to be computed
separately for each permutation o € S3. Using the cyclicity of the trace, it suffices
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to consider the two permutations o = e and o = g10207. One computes for these
two permutations that

1
o(T19m3T12923) = §(2w3 + 6W)

and

1
O(T3x0m123T221) = g(QGg + 6w).

Furthermore, the sum of these two terms can be rewritten in terms of the real
part of w as

2
O(T1X9x371T2%3) + (32971 T32271) = g(w?’ + 3w + @ + 3w) = 2¢°.

Altogether, we arrive at

1 3 ,
Mo(w) = 5 > <5+6q—|—3q2>+§2q3:5+6q+3q2+q3.

’ og€ES3

Computation of the 8-th moment: Counting oriented crossings yields along
the formula in Theorem 4.3.1 that

1
Mg(w) = 104 (12416 + 8768(w' + @) + 3672(w? + &) + 1152(w® + &°)

+ 288(w* + @) + 64(w® +@°) + 8(w’ + wﬁ))
1
= 5(44 + 88¢ + 81¢* + 52¢° + 30¢* + 16¢° + 44°).

Similar to the 6-th moment, we observe that there are a total of 4! - 7!l . 2% =
40 320 summands which can again be grouped according to the value of the dif-
ference cry(m, e,0) — cr_(m, e,0). For example, there are 288 summands with
cry(me,0)—cr_(me, o) =4 and 288 summands with cry(7,e,0) —cr_(m,e,0) =
—4. One has again that the 8-th moment only depends on ¢, the real part of w,
as it is shown in above formula.

Similar to the 6-th moment, this 8-th moment can be calculated by averaging
over all permutations ¢ € S; and now summing over 105 pair partitions. As
related calculations are quite lengthy but straightforward, we omit presenting
them here.

Notably, the 8-th moment is the first moment which differs from the 8-th
moment of a ¢-Gaussian random variable, see also Remark 4.3.5 below.

Remark 4.3.4. Recall from Corollary 4.3.3 that P,(¢q) is the n-th moment in
the CLT associated to an w-sequence of partial isometries with ¢ = Rw, and
that M5“S(q) denotes the n-th moment of a g-Gaussian random variable (or a
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g-semicircular operator). Directly comparing the computed moments, one verifies
for —1 < ¢ < 1 that

P2k(q) :MQSkCS<q) (k:0717273>7

but
Ps(q) # ME%(q).

It is an interesting question to ask why the equality of even moments breaks down
starting the 8-th moment, and not earlier. We speculate that this phenomenon is
connected to the fact that, for £ = 3, any permutation in S3 can be written as a
power of the cycle (1,2,3) or the ‘reversed’ cycle (3,2,1). This is no longer true
for k = 4, as there exist permutations in S; which can not be written as power of
the cycle (1,2,3,4) or the ‘reversed’ cycle (4,3,2,1).

Remark 4.3.5. We obtain the following moments from the CLT associated to
an w-sequence of partial isometries in the special case ¢ = Rw = 0:

My(£i) =1, My(£i) =2, Mg(£i)=5, Mg(+i)=144/3.

It is known that the 2k-moment of a centred ¢-Gaussian random variable with
variance 1 is described in the special case ¢ = 0 by the Catalan numbers C} =

1 (2k\.
Cl - 1, 02 - 2, Cg = 5, C4 - 14
We observe that May+iy) = C for k = 1,2,3 but Mg(£i) = 14.6 # 14 = C,.

We close this subsection by providing explicit formulas for the moments of
order 10, 12, 14 and 16. We are grateful to Andreas Amann who carried out these
calculations with PYTHON and made his results available to us [Am19].

Computation of the 10-th moment: There are a total of 9!l - 5! = 945 -
120 = 113400 ordered pair partitions and 2° direction maps. Thus a brute force
computation of the 10-th moment amounts to sum 9!! - 5! - 25 = 3628 800 terms.

The polynomials M;y(w) and Pjy(g) are displayed in the following with reduced
fractions of the coefficients, somewhat hiding the combinatorial interpretation of
all coefficients. For example, it can be seen that the integer coefficients of the
polynomial 5! - 2° - Mig(w) = 3840 - Mjo(w) actually count the number of directed
ordered pair partitions with a fixed difference of the number of positively and
negatively oriented crossings.

_Llo—w i9—9 ES—S @7—7
-—%ﬁw +w)+1%@;+w)+3M@;+w)+%&u+w)

955 o o 1207, . .. 575, , _,. 8965
+ —(w +w)+192(w + @) + —(w +w)+192

128 32
19985 11675 14375
— (W4 %)+ @ﬂ+wﬂ+—&r

192

Mio(w)

(w® +@7)
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or, with ¢ = Rw,

8 40 130 286
Pio(q) = gqm + gqg +30¢° + ?gﬁ +60¢° + ?(f) + 140¢* + 1804

575 146
+ Tq2 + 140(]1 + T

The highest order coefficient of the polynomials Mjo(w) and Pyo(q) are obtained by
the following combinatorial arguments. There is a single pair partition in P(10)
with 1.1 . (2 — 1) = 10 crossings, the maximal possible number of crossings.
Due to the cyclicity of the trace, there are 10 directed ordered pair partitions in
OP,(10) with 10 positive crossings, and another 10 directed ordered pair partitions
with 10 negative crossings. Thus the coefficient of the term (w!® +@') in M, (w)
is 5 - 55 - 10 = 5. Since ¢ = Rw, one has to further re-scale by the factor 2'% to

384
obtain the leading coefficient of Pyo(g), such that 10 - &5 - 210 = 2.

5125 3
Computation of the 12-th moment: There are a total of 11!!- 6! = 10395 -
720 = 7484400 ordered pair partitions and 2° direction maps. Thus a brute force
computation of the 12-th moment amounts to sum 11!1-6!-2% = 479001 600 terms.

1 1 13 91
M _ 15, —15\ , + 14, —14y , 19 a3 a3y, JL 99 g9
12(w) 3840(w +w )—|—320(w +w )—|—640(w +w )+960(w +w7)
91 11 1 371, 1 _10 3313, 4 4 3067, ¢ g
+256(w +w )+320(w +w”)+ 960 (W +w”) + 390 (W® + @)
3207 . . 3085, . . 188483 . .
—|—128(w +w") + o1 (W 4+@°) + 1280 (W +w°)
104779 640813 381271
go0 (@ TT) T geg (@ P + — (W )
2246211 966707

1 1
80 @ TE) T g
or, with ¢ = Rw,
128 15 @14+672 13

15 4 5 4 5 4 15 2 5 ¢ 5 ¢ 15
4214 . 15812 , 6604 , 7752 , 7849

3136 1, , 1176, 1344 1, 6064 g

Pra(q) = q

628¢° 3 4+ 125842
+q+5q+15q+5q+5q+5q+ q
+34061+892
5 4T 5

We note that the highest order coefficient of Pj2(g) is again obtained as

1 1 128
. .12.915 =
6! 26 15
Here 12 is the number of cyclic permutations and 15 = % . % . (% — 1) is the

maximal number of crossings which a pair partition in Py(12) can have.
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Computation of the 14-th moment: There are a total of 13!! - 7! = 135135 -
5040 = 681080400 ordered pair partitions and 27 direction maps. Thus a brute
force computation of the 14-th moment amounts to sum 13!!-7!-27 = 87 178 291 200

terms.

M14(w

)=

7
(w21+w21>+ (w20_'_w20>+ (w19+w19)

16080 23040 3072

n %(wlg +wlg) i %(w” +wl7) I £<w16 —1—516)

n %(ww —1—515) %(wm +wl4> %(wm 513>
%@Ju 512) %(w“ EH) %(wlo +wlo)
72(15237(”9 @)+ 3??22(2)3 (W +5) + 1112553161047 (W +ah)
58318940093 () 6923380045091 (& + %) + 20;2513 (W +3"
Sl @) g ) S )
127380007
5760

or, with ¢ = Rw,

P14(Q)

2018 oy | 14336 o | 14336 g 14336 i | THT2 o 55552

15 ¢ 15 7 15 ¢ 9 15 15
19264 . 34208 ., 173096 ., 78176 ,, 90538 .,
54T Ty Uty Ty

309974 |, 385462 , 492226 . 65904 . 670936

5 T T Uty T et e

717199 . 231637 , 189896 , 40201 , 30800 , 31984

+ q° + q + q + q-+ q +

45 15 15 ) 9 45

Computation of the 16-th moment: There are a total of 15!!-8! = 2027025 -
40320 = 81729648000 ordered pair partitions and 2° direction maps. Thus a
brute force computation of the 16-th moment amounts to sum 15!! - 8! .28 =
20922 789 888 000 terms.

M16(W)

~ 645120

+

+

(W + @) +
17

m<w27+w27)+

393 393
25 —25 24 —24

a0 T 530! @) + 13240

323 1067 49289 B

3840 (@™ +&%) + 4032 (W™ +@%) + 64512 (@ +@%)

L 422467 ol ot 1 12882 e

8064 80640 10080

AT96041, o e 60145, . . 790403, . .,

o280 W TE)F g W HET) 4 T (W 4 W)

26 —26
soca0 @ TE)

<w23 + 523)
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6271, o . 15044311, ., .. 53653127 ., .,
T )+ 5010 S TETT )

214318043, o 0. 14993087 , . 1612001207, ,

80640 ¥ )+ —osg0 W )+ gy W HE)
75633779 92759152349 172938161

032 W TP so6a0 W+ @) 2ee0 W TE)
64416303137 177554335

645120 W'+ + 1152 @+ 3%
2173169297 o) £ TR0 4 23161160759

10080 8064 80640

or, with ¢ = Rw,

131072 1048576 393216 2097152 376832
P — 28 27 26 25 24
16(0) = 37574 315 1 35 ¢ 105 ¢ 21 1
131072 ,, 65536 ,, 2146304 ,, 8171008 ,, 2392064 ,
35 ¢ 5 7T T3 Tt s U g ¢
13612544 1 | 14424064 ;2041760 1y | 2303744 g
315 ! 315 ! 63 ¢ 15 !

2035424 |, 27143552 |, 33394288 ,, 38228608 |,

T AT AT T
| 1226012, 5437136 , 55306868 10875376 ;

o ¢ T3y T T3y Tt s ¢
60087476 , 55595608 . 45453083 ,

35, ¢ T 35 1T 315 ¢
30939616 , 3225680 , 623552 ; 191600
T T e T T e
We note that Pig(q) is the first polynomial where a new feature emerges: the
coefficient of the power ¢?? is negative.
We finally compare the even moments of g-Gaussian random variables and the
even moments Mo, (w) = Pox(q) in the special case ¢ = Rw = 0. Recall that the

2k-th moment of a centred 0-Gaussian random variable with variance 1 is given

by the Catalan number Cj, = ﬁ(i’“)

2k | Cy Py (0) Por(0)/Cr | (Par(0)/C) /%%
2 1 1 1 1
41 2 2 1 1
6| 5 5 1 1
8 | 14 44/3 1.047619...| 1.005831...
10| 42 146/3 | 1.158730...| 1.014841...
12| 132 892/5 | 1.351515...| 1.025419...
14 | 429 | 31984/45 | 1.656772...| 1.036720...
16 | 1430 | 191600/63 | 2.126762... | 1.048292...

At the time of writing we could not resolve if the ratio (Pyy(0)/C)"/?* is bounded
for k — oo.
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We close this section with a strengthened version of the univariate CLT for
w-sequences.

Theorem 4.3.6. Suppose (A, p) is a tracial *-algebraic probability space, a =
(an)sey C A is an w-sequence for some fivred w € T, and let

Sy = (ay +a}+...+ay +ay).

1
VN
Then there exists a unique probability measure i, on R such that, for any n € N,

M(w) = lim o(S%) = / o)

N—oo

Proof. The w-sequence a C A has the same distribution as the concrete w-
sequence b C B, as considered in Remark 4.1.10 for k = 1. Thus, letting

Sy = \/Lﬁ(b1+b’{+...+b]v+b}"v),
we have _

p(SN) = ¥e(Sy)  (N,n eN).

By the construction of the concrete sequence b C B, one has Sy € By, where
By is an amplification of the matrix algebra M, (C)®~. Since the latter, and thus
its amplification, is a finite dimensional unital C*-algebra, Theorem 3.6.3 applies.
This ensures the existence of a probability measure p,, on R such that

lim (S§) = lim #(S}) = / 1 (dt)
—00 N—oo R

for all n € N. It is known for the Hamburger Moment Problem that the probability
measure [, is unique if there exist positive constants C', D such that

|M,,(w)| < CD"n!

for all n € N (see [RS75, Example 4 on p205]). This inequality is clearly satisfied
for odd n. Let n = 2k for kK € N. Then the explicit moment formula from Theorem
4.3.1 has the estimate

M) = kl ok Z Z Z WO+ (me0)g5or—(m.e,0)

o€SK T€P2(2k) e: [2k]—{*,1}
€ is m-balanced

I DI DI T N

o€SK m€P2(2k) e: [2k]—{*,1}
€ is m-balanced

S )P ID Y

o€S, meP2(2k) e: [2k]—{*,1}
€ is m-balanced

= (2k — D! = My (1).
Altogether, this estimate ensures that |M, (w)| < CD"n! with C' = D = 1. O
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4.3.2 Multivariate Versions of the CLT

We will generalize the CLT from Theorem 4.3.1 to multivariate settings. Recall
the two versions of the singleton vanishing property (SVP) from Definition 3.2.3.

Proposition 4.3.7. Let (A, ) be a tracial *-algebraic probability space and a =
(an)22, C A an w-sequence of partial isometries. Furthermore, suppose that the
injective function J: [d] x N — N is given by

J(e,n) = (n—1)d+ec.
Then the family {(ac,)>, | ¢ € [d]}, defined by

Qe = A Jj(c,n)y

is [d]-jointly spreadable and has the [d]-separate SVP (and thus also the [d]-joint
SVP). Furthermore, {(a.,):>, | ¢ € [d]} has the factorization property

(yP(ay,, a;,)z) = p(Plag,, a;,))e(yz)

fory,z € *alg{ay. | ce[d],k e Nk #(} and { € N, and P(X.,,Y,) € C(X,,Y. |
celd]).

Proof. The [d]-joint spreadability and [d]-separate (and thus [d]-joint) SVP is
immediate from Lemma 3.4.15 and Example 3.4.16. We are left to show the
claimed factorization property which is equivalent to the following factorization
property by Corollary 3.5.6:

@(P(al’.,aT7.)*P(a27,,a§’.)> = W(P(al,.aai.)*)@(P(%,ua;,.))

for P(X.,Y,) € C(X,,Y. | c € [d]). Using the relations of an w-sequence of partial
isometries, in particular (4.6) and (4.7), a term of the polynomial P(a,,,aj,) is
of the general form

My M; - - - M,
where each factor M; equals a' or a;af or afa; for some ¢; € {*,1,0} and ¢ =
1,2,...,d. Similarly, a term of the polynomial P(a,,,a3,) is of the general form
N{Ny--- Ny

€ * * .
where each factor N; equals a;’; or a; 4ai,4 or aj, 4a,, ., corresponding to the
form of P(a,,,a},). We are left to prove the factorization

(M Mg -+ Mg)* NNy -+ Ng) = p((MyMy - - - Mg)*) p(N1Na - - - Ng).

But this factorization is established by a repeated application of the SVP and
factorization property as stated in Theorem 4.2.9 (ii) and (iii). O
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We state next the multivariate version of a CLT as it is valid for jointly spread-
able families obtained from a single w-sequence of partial isometries.

Theorem 4.3.8. Let (A, ) be a tracial *-algebraic probability space which is
equipped with the w-sequence of partial isometries a = (a,)5>, C A. Furthermore,
for fizred d € N and z,, := a, + a,, put

Sin = L(ﬂﬁ + T+ F -T(Nfl)d+1)7
VN

So.n = L($2 + Zgpo+ ...+ $(N71)d+2)7
VN

xd+x2d+'--+de)-

1
San = —
W UN (
Then one has that, for all k € N,

i (S S ) =0

for allt: 2k — 1] — [d] and

. o cr4(m,e,0)—cr_(m,e,o)
]\}1_{20 ©(Sey,n -+ St2k),N) k:'2k Z Z Z Wt w

o€SE TEP2(2k) e: [2k]—{*,1}
w<ker(t) e is m-balanced

for all t: [2k] — [d].

We will see in Section 5.4 that the distribution of this multivariate CLT re-
sembles that of an w-semicircular system, as introduced in Definition 5.4.1.

Proof. We have from Theorem 3.4.9 that

dim o(Se)n - Shiawy, v = Y. e

: wEO’PQ(Qk
w<ker(t)

where gpﬁt = ©(Tg(1),i(1) * - Te(2r),ic2r)) for it [2k] — [k] with kerp(i) = 7 and
Teo = T(4-1)d+c:

Using the bijection from Lemma 2.1.26, we address an ordered pair partition
7w € OPy(2k) through the pair (7,0) € P2(2k) x Si. This allows us to rewrite
%?,t such that

I LD VD D

: TEOP,(2k) " 0€S), TEP2(2K)
T<ker(t) T<ker(t)
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where
Orto = P(Te(1),06(1) * * * Te(2k),0((2k)))

with 7 = ker(i) in standard order for i: [2k] — [k]. We infer from spreadability
that

90($t(1),g(i(1)) o 'xt(2k),o(i(2k))> = 80($(a(i(1))_1)d+t(1) e ’x(a(i(Zk))—l)d—i-t(%))
= P(T(a(i(1))-1)d * * " T(o(i(2k))—1)d)
= @(Zo(i(1)) " ** Ta(i(2k)))-

This last expression is determined by Corollary 4.2.10 (iv), and as we have already
shown in the proof of Theorem 4.3.1, to be of the form

1 cry (m,e,0) —cr—(m,e,0
O(Toi(1) "+ Toli(2k))) = 5 Z WO+ (TE0) mer—(Teo)
e: [2k]—{*,1}
€ is m-balanced

Altogether, we arrive at

Z ()077 t — ]{?' 2k Z Z Z Wt (7,e,0) oot (f,s,cr).

! weOPQ(% €S, TEP2(2k) €: [2k]—{*,1}
7<ker(t) w<ker(t) € is m-balanced

As the right-hand side of this equations involves the summation over all pair
partitions instead of ordered pair partitions, we can finally replace T € Py(2k) by
7 € Py(2k) in the final formula. O

We turn now our attention to a multivariate setting with separate spreadability
of sequences. Note that we are using local versions of separate spreadability and
separate SVPs in the next result, as the ‘block coloring’ of a single spreadable
sequence can be done only for finite parts of the sequence, in contrast to the
situation of ‘interleaving colorings’.

Proposition 4.3.9. Let (A, ) be a tracial *-algebraic probability space and a =
(an)?2, C A an w-sequence of partial isometries. Furthermore, suppose that the
injective function {Jytar: [d] X [M] — [dM] is given by

Ju(t,n):=@t—-—1)M+n (t € [d],n € [M]).
Then the family {(ac,)M | c € [d]}, defined by
Qe = QJp(cn)s

is locally [d]-separately spreadable, i.e., for any n € N, for every e: [n] — {x, 1},
i,j: [n] = [M], and t: [n] — [d],

e(1) e(n) _ e(1) e(n)
Q"(atu),iu)"'at(n),i(n)) Q"( A(1).5(1) "at(n),j(n))
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whenever ilw ~o jlw for every block W € ker(t). Moreover, one has the local
[d]-separate SVP, i.e., for anyn € N, for every e: [n] — {*,1}, i: [n] = [M] and
t: [n] — [d],

(1) g(n) _
‘P(at(n,ia) e at(n),i(n)) =0,

whenever there exists a singleton {{} € ker(i|w) for some £ € W and some block
W € ker(t). Furthermore, {(ac.,)M | | c € [d]} has the factorization property

e(yPlay,,a;.)z) = @(Plag.,a;.))e(yz) (4.13)

fory,z € *alg{zx, | t € [d],k € [M],(k,t) # ({,¢)}, £ € [M], and P(X.,Y.) €
C{X,, Yo | c € [d]).

Proof. The |[d]-separate spreadability and [d]-separate SVP is immediate from
Lemma 3.4.19 and Example 3.4.20, after adapting therein results from the infinite
set N to the finite set M. Thus we are left to prove the factorization property
(4.13), which is again immediate upon adapting Corollary 3.5.7 from n-tuples
i: [n] = N to n-tuples i: [n] — [M]. Indeed, as we have already established the
(local) [d]-separate spreadability of {(a.,) ., | ¢ € [d]}, it suffices to check for
P(X.,Y.) € C(X.,Y.) with ¢ € [d] that

@(P(wc,l,x’;l)*P(%z,xZ,g)) = s@(P(wc,l,962,1)*><P<P(%,2,$Z,2)>-

But this is immediate from the definition of the finite sequences {(a.,), | c €
[d]}, the spreadability, and factorization property of the underlying w-sequence of
partial isometries a (see Theorem 4.2.9(iii) for example). O

Theorem 4.3.10. Let (A, @) be a tracial *-algebraic probability space which is
equipped with the w-sequence of partial isometries a = (a,)5*, C A. Furthermore,
for fizred d € N and z,, := a, + a,, put

§1,N3:\/LN<$1+~-+$N),

~ 1
SQ,N::\/_N(IN_A'_l‘i_..."_I‘QN),

S —L(x + ...+ Toan)
d,N '_\/N (d=1)N+1 T - - 2dN ) -

Then
dim oSy Secan-n.v) = 0
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for all k € N and t: 2k — 1] — [d]. Furthermore, for all k € N,

A}i_l)nm 80(§t(1),N T §t(2k),N)
1 1 1 1

= ka_ll e k_d‘% ce QTd Z Z Z wcr+(7r,e,a)wcr,(7r,s,a)'

o€ESy TEP2(2k) e: [2k]—{*,1}
with o(W) =W ngker(t) e|w is |w -balanced
for all W € ker(t) for all W € ker(t)

for all t: [2k] — [d]. Here one has k = ki + ko + ... + kq, where k. = [t71{c}|/2
for c € [d].

Proof. We restrict our considerations to moments of even order n = 2k with
k € N, as moments of odd order are easily seen to vanish. There are essentially
two ways to prove the large N-limit moment formula stated in the theorem. One
way is to immediately use

Ten = T(c—1)M+n (C € [d]a nc [M])’

with the goal to directly verify the claimed formula for an w-sequence of partial
isometries. Here we take an alternative way and use the CLT already provided
earlier for [d]-separately spreadable sequences. We know from Theorem 3.4.13
that, for all £ € N and t: [2k] — [d],

: 5 ~ 1
]\}1_1)20 ©(Sey,n -+ Seam),N) = H W Z 907(?|,t7
W eker(t) "o €l eker(ey OP2(W)

where
@g,t = O(Tg(1)i(1) - Te(2k),i(2k) )
for any i: [2k] — [M] with 7, = kerp(i|w) for all W € ker(t) and
Ten = T(c—1)M+n; (C € [d]an € [M])
Since e € [iyepery OP2(W), we can assume that every block W' € ker(t) has

an even cardinality such that

card{oc € Sg | (W) =W for all W € ker(t)} = H (|W/2)L.
W eker(t)
Putting W, := t7!({c}) and k. := |W,|/2 for c =1,2,...,d, one has

d

IT (wi/2r=]J k.

W eker(t) c=1

Furthermore, the ordered pair partition 7, € HWeker(t) OPy(W) can be uniquely
addressed by the pair
(f, 0') € P2<2]€) X Sk
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which satisfies 7 < ker(t) and o(W) = W for all W € ker(t). Thus we have
arrived at

~ 11
lim o(Sypw - Seepy) =5 D Y ree  (414)

N— k! k4!
> 1 d o€S), TEP(2k)

with o(W) =W 7<ker(t)
for all W € ker(t)

where
Orto 1= O(Te(1),06(1) * " Te2k),0(i(2K)))
for i: [2k] — [k] with T = ker(i). We apply next Corollary 4.2.10(iv) such that

P(Te(1),06(1) ** " To(28),0(i(2)))
<P( DM+o(i(1) "% (t(2k)71)M+a(i(2k)))

2

e: [2k]—{*,1}
€ is -balanced

Prto =

Since T € Py(2k) satisfies T < ker(t), the two sets
{e: [2k] — {x,1} | e|w is m|w-balanced for all W € ker(t)}

and
{e: [2k] — {*,1} | € is m-balanced}

are the same. Moreover, we note that 2 = 2% .22 ... 9k¢  Altogether, this shows
that (4.14) can be rewritten as claimed by the theorem. O

There are many possible choices of how one can construct multivariate spread-
able sequences from a single spreadable sequence. These choices may yield dif-
ferent multivariate CLTs, as we have seen in Theorem 4.3.8 and Theorem 4.3.10.
This difference of mixed moments occurs starting the 8-th order, but it is absent
for the 2-nd, 4-th and 6-th order. We illustrate this in the following examples.

Example 4.3.11 (4-th mixed moments). Let d = 2 and consider Sy y and Sy n
as introduced in Theorem 4.3.8 for jointly spreadable sequences. Using the result
of Theorem 4.3.8 for k =2 and t(1) = t(2) =1 and t(3) =t(4) = 2, one has

hm (,O(Sl N51 NSQ NSQN 2' 52 Z Z Z wowo =1.

0€S2 meP2(4) e: [4]—={x,1}
m<ker(t) € is m-balanced

Taking instead t(1) = t(3) = 1 and t(2) = t(4) = 2, one obtains

. 11 _
]\}1_{{1)0 30(517]\]527]\]517]\]527]\[) = 5? Z (UJ + Ct.)) = %w,

) e: [4] {1}
€ is m-balanced
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due to the following arguments. One has only one pair partition 7 satisfying
7 < ker(t). Moreover, one has either a single positive crossing or a single negative
crossing for each triple (7, €, ). Since the permutation o # e changes the order,
the summation over the symmetric group S; yields the factor w + @w.

Alternatively, consider S; x and Sy as introduced in Theorem 4.3.10. Then
one has

1111 Z Z 0—0
hm (p(Sl NSl NSQ NSQN 1' 1' 21 21 E ww =1
oESs TEP2(4) e: [4]={x1}
with o(W) =W r<ker(t) €|y is 7| -balanced
for all W € ker(t) for all W € ker(t)
and

lim (p(Sl NSQ N51 NSQ N) %w

N—o0

Example 4.3.12 (6-th mixed moments). Explicit computations for d = 2 show
that all mixed moments of 6-th order are the same for the joint spreadable se-
quences and the locally separately spreadable sequences considered in Theorem
4.3.8 and Theorem 4.3.10. For example, one has

Nli_I}loo ©(S1 NS1NS1NSI NS 2 NSoN) = Rw + 2

and
A}l_fgo ©(S1.nS1NS1NS1NS2NSo N) = Rw + 2.

Example 4.3.13 (8-th mixed moments). In contrast to the situation for mixed

moments of 6-th order, differences occur for some mixed moments of 8-th order.
For example, one obtains

. 1 _ _
]\}I_I}loo90(51,N51,N52,N52,N51,N51,NS2,N52,N) = @(WG + WG) + P(wa w)

in the jointly spreadable setting, but
T I T L 6, o5
A}gﬂoo90(51,N51,NSQ,NSQ,N51,N51,N52,N52,N) = 3—2(W6 +@°) + P(w, @)

in the locally separately spreadable setting. Here P and P are polynomials in the
commuting variables of w and w of degree 5 at most.






Chapter 5

Circular and Semicircular
Systems

This chapter starts with reviewing multivariate versions of CLT's for ¢-circular and
g-semicircular systems. We show that such systems are exchangeable and thus
yield CLTs. In particular, we show that certain multivariate CLTs associated
to g-circular systems and g-semicircular systems have moment formulas which
reproduce those of g-circular systems and ¢-semicircular systems, respectively.

Inspired by the notion of a ‘z-circular system’, defined and studied by Mingo
and Nica in [MNO1], we introduce the notion of a ‘z-semicircular system’. These
generalize the corresponding notions of g-circular and g-semicircular systems from
the parameter ¢ € [—1,1] to the parameter z € C with |z| < 1. We show that
such systems are spreadable and satisfy SVPs, as we have met them earlier in the
context of w-sequences. Thus z-circular systems and z-semicircular systems yield
CLTs such that their moment formulas generalize those moment formulas obtained
from CLT's associated to w-sequences of partial isometries. In particular, we show
that certain multivariate CLT's for z-(semi)circular systems yield z-(semi)circular
systems in the large N-limit.

5.1 ¢-Circular Systems

In this section we review the notion of so-called g-circular systems. Such systems
are defined in [MNO1] for the open interval ¢ € (—1,1) in the framework of
C*-algebraic probability spaces. Our approach adapts that of [MNO1] to the
framework of *-algebraic probability spaces for ¢ € [—1,1].

Definition 5.1.1. ([MNO1]) Let (\A, ) be a *-algebraic probability space and let
q € [—1,1]. The family {¢,}?_; € A (s > 1) is said to form a g-circular system in
(A, ) if, for every n > 1, r: [n] — [s], and e: [n] — {x, 1},

1 n cr(m
W) ) = > g (5.1)

TEP2(r,€)

129
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Here Ps(r, e) denotes the set of all pair partitions

7= {{ar, b}, ..., {an, bi}}

of {1,...,n} which have the property a; < b;, r(a;) = r(b;), and e(a;) # e(b;) for
all i € [k].

Notation 5.1.2. Given r: [n] — [s] and €: [n] — {x, 1}, the set Py(r,e) will
occasionally be written as Po(r(1),...,r(n);e(l),...,e(n)).

Remark 5.1.3. (i) If n odd, then Py(r,e) C Po(n) = (. Thus

1 n
WSy ) =0,

(ii) More generally, suppose r: [n] — [s] is such that its kernel set partition
7 = ker(r) € P(n) contains a block V' € m with odd cardinality [V|. Then
one obtains Py(r;e) = 0 and thus

(1 e(n
1/)(01.((1)) to CrEn;> - O (52)

(iii) If n even and |e~1({1})| # |e "' ({*})], then Py(r,e) = ) and thus

W) ) = 0.

(iv) If n even and |e 1 ({1})| = |e 71 ({*})]|, then Py(r, €) may still be the empty
set. One has Py(r,€) # 0 if and only if n is even and r(a) = r(b) implies
e(a) # e(b) for any a < b. For example, if r(1) = r(2) = ... = r(n) and
n = 2k, then we arrive at

|Pa(r,e)| = k.

To further specify this example, consider n = 4 and assume r(1) = r(2) =
r(3) =r(4) =1, as well as (1) = &(2) = *, €(3) = €(4) = 1. Then one has

Po(1,1,1,1;%,%,1,1) = {{{1,3},{2,4}}, {{1,4},{2,3}} }.

These two pair partitions are visualized in the following diagrams, respec-

tively.
[ —F+— [ —— 1
* * * *
G G G G G G 1 G

Then, by Definition 5.1.1, one has

W(cicieier) = Z ™ =g+ 1.

m€P2(1,1,1,15%,%,1,1)
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Note also that, if the tuple (r(1),r(2),..

.,r(n)) defines a pair partition of
the set [n], then one has that either Py(r,€)

)
0 or

’P2(ra €)| - ]-a

depending on the choice of the direction map e: [n] — {*,1}. Let us say,
for example, n =4, r(1) = r(3), r(2) = r(4), and e(1) = e(4) = *, €(2) =
€(3) = 1. Then the right-hand side of the moment formula (5.1) is

Z qcr(w) =q.

wEP2(r1,r2,r3,m43%,1,1,%)

Remark 5.1.4. We further discuss some properties of this set of pair partitions

Pa(r, ).

(i)

(i)

Consider the case s = {1} and suppose that the direction map e: [n] —
{, 1} satisfies |e 1 ({*})| = |e7*({1})| for n = 2k even. Then the set Ps(r, &)
contains k! pair partitions.

We consider next the case s > 1. Given the ‘color’ map r: [n] — [s] and
the direction map e€: [n] — {*,1} for some n € N, we formulate conditions
which ensure that Py(r,€) is not the empty set. Clearly, the cardinality of
each pre-image 2k,, := [r~'({m})| needs to be an even number, for some
kyn € Nand m = 1,...,s. Thus, putting k := k; + ks + ... + ks, one has
n = 2k. Furthermore, one needs

{i € n][r(i) =m,e() =} = [{i € [n] | (i) = m, (i) = 1}

for all m = 1,2,...,s. Then the set Ps(r, e) contains k;!--- k! pair parti-
tions.

Note also that, having chosen the color map r: [n] — [s] such that all its
level sets contain an even number of elements, there are

(2:11) ' (2:22) (2:)

choices of €: [n] — {*, 1} such that the set Ps(r,€) is non-empty.

We show next that g-circular systems provide an interesting class of (finite)
exchangeable sequences. As we have introduced exchangeability and various other
properties only for infinite sequences, we will concentrate in the following on
dealing with g-circular systems containing infinitely many elements, corresponding
to the case s = co. Note that most of our results easily transfer to the finite case
1 <s<o0.
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Proposition 5.1.5. Let (A,v) be a *-algebraic probability space and suppose
Y =A{c}2, C A is aq-circular system in (A,v). Then Y is exchangeable and
satisfies the SVP.

Proof. Let r,r: [n] — N for n € N such that T = o or for some permutation
0 € So. We need to show that

(1) (n)y _ 1) (n)
¢(Ci(1) T Ci(n)) = w(&ia) T &i(n))-

For this purpose, it is sufficient to show that Py(r,e) = Pa(T, €). Indeed, it follows
from the assumptions on the two maps r and T that

T € Py(r,e) & 1w € Po(T, €).

Since we are summing over the same set of pair partitions, we deduce from the
mixed moment formula (5.1) that

1 n cr(m cr(mw 1 n
= T e S =l

TEP2(r,€) TEP2(T,€)

We are left to show that ) satisfies the SVP. Suppose the partition 7 := ker(r) €

P(n) has the singleton {¢} for 1 < ¢ < n. This implies Py(r,e) = () and thus
e(1 4 e(n

Yl e chly) i) = 0 by (5.2). O

Theorem 5.1.6. Suppose the family Y = {c,}>2, C A forms a q-circular system

in (A,v). Let

Sin = L €1+ Cop1+ .o T C(N=1)s+1),
VN
1
Son = —N(Cz +Csp2 ..+ C(Nfl)s+2)a
Ss,N = L Cs + Cos + ...+ CnNs)-
N

Then one has, for all k € N, r: [2k] = N, and e: [2k] — {*,1},

. 1 2k cr(m
lim Qﬂ(sf((n),z\/”'Slr::((zk)),N) = Z g,

N—o00
TEP;(r,€)

Proof. We conclude from Proposition 5.1.5 that ) is exchangeable and satisfies the
SVP. Therefore, the CLT applies as formulated in Theorem 3.3.10 (or Theorem
3.3.13). Clearly, all odd moments of order 2k — 1 vanish in the large N-limit.
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We are left to verify that the even moment formulas of a g¢-circular system are
reproduced in the large N-limit of the considered multivariate CLT.

nggow( r(2k)N Z Ve
TEP2(2k)
w<ker(r)

where ¥y 1= 1/1(0:((3 e cign)) for r: [2k] — N with 7 = ker(r). One obtains

1 2%k
D Ynre= D V(i)

TEP2(2k) wEP2(r,€)

w<ker(r)
S o,

TEP2(r,€)

Here we have used for the first equality that a summand %, . may be non-zero
for a pair partition m € Py(2k) with m < ker(r) only if e(i) # e(j) for all blocks
{i,j} € m. Thus we can restrict the summation from the set of pair partitions
{m € Py(2k) | m < ker(r)} to its subset Py(r, €). O

A limit model (as it is the subject of Theorem 3.6.1) for this multivariate CLT
can be identified again in terms of g-circular systems.

Corollary 5.1.7. Let the g-circular system Y in (A, ) and Sy n, ..., Ssn be given
as in Theorem 5.1.6. Then there exists a *-algebraic probability space (A, ) and
a q-circular system Y = {¢,.}5_, in (A, ) such that

. T ~e(1 ~e(n
Jim (S 0 Senv) = D (TG0 7))
foralln e N, r: [n] — [s], and e: [n] — {*, 1}.

Proof. This is immediate from the mixed moment formula of the CLT in Theorem
5.1.6, as its right-hand side is the defining moment formula for the g-circular
system {c,}:_; in (A, ). O

5.2 ¢-Semicircular Systems

In this section we discuss g-semicircular systems which are also known in the
published literature under the name of (systems of ) q-Gaussian random variables
(see also [BS92]). Here we introduce g¢-semicircular systems in the framework
of *-algebraic probability spaces through their moments in a combinatorial way.
Afterwards we discuss how one can obtain a g-semicircular system from a g-circular
system. Furthermore, we show that a g-semicircular system is exchangeable and
satisfies the SVP. We close this section with a CLT for a g-semicircular system,
Theorem 5.2.7, and Corollary 5.2.8, where the latter shows that multivariate CLTs
of g-semicircular systems yield in the large N-limit again g-semicircular systems.
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Definition 5.2.1. Let (A,v) be a *-algebraic probability space and let ¢ €
[—1,1]. The family {?T}TZ1 A (s > 1) is said to form a g-semicircular sys-
tem in (A, ) if

-5, =sforr=1,2,...s;

Y

- for every n > 1 and r: [n] — [s],

VG Sw) = Y d

TEP2(n)
w<ker(r)

Example 5.2.2. The even moments of a single g-semicircular operator s (for
example obtained for s = 1 and writing $; just as ) are given by

A2k Z q

TEP2(2k)
Thus the first few even moments are given by
V(3 =1
P(E) =1+¢
(%) =5+6¢+3¢° +¢°
Y(5%) = 14 + 28¢ + 28¢* + 204> + 10¢* + 4¢° + ¢°

In the following, we prove that one can obtain a g-semicircular system from a
g-circular system. We will make use of the following lemma.

Lemma 5.2.3. The two sels
{(w €) € Pa(2k) x {f: [2k] — {*,1}}(7r c Pg(r,s)}
and
{(w, e) € Py(2k) x {f: [2k] — {*, 1}}} 7 < ker(r), e is w-balanced }
are the same.

Proof. This is immediate from Definition 2.1.33 where both Py(r,€) and the 7-

balancedness of a direction map € are introduced. O

Proposition 5.2.4. Let (A,v) be a *-algebraic probability space. Given the q-
1

—(em + ) for m € [s]. Then

V2

circular system {c,}i_; C A (s > 1), let 5, :=

{51,...,8s} is a g-semicircular system.
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Proof. Let n € N and r: [n] — [s] be fixed. We compute that

. ~ 1 (1) (n)
V(5e) - Sem)) = /2 Z ¢(Ci(1) T Ci(n))

e: [n]—>{*,1}

1
= 57 > > g (by Definition 5.1.1)

e: [n]—={*,1} mr€Pa(r,e)

2n/2 > >,

w€P2(n) e [n]—{*1}
w<ker(r) € is m-balanced

Z qcr(ﬂ'

TEP2(n)
w<ker(r)

Here we have used Lemma 5.2.3 for the third equality. O
Conjecture 5.2.5. Let (A, ) be a *-algebraic probability space. Given the q-
semicircular system {5,}25, C A (s > 1), let ¢, := %(é\gml +15y,,) form € [s].
Then {ci,...,cs} is a q-circular system.

We expect that this conjecture can be verified using a concrete realization of g-
circular systems and g-semicircular systems in terms of creation and annihilation
operators on the ¢-Fock space, similar to the approach of Mingo and Nica in
[MNO1].

We prove next that g-semicircular systems provide interesting classes of ex-
changeable sequences in the case s = oo, similar to our results for g-circular
systems (see Proposition 5.1.5).

Proposition 5.2.6. Let (A, 1) be *-algebraic probability space and suppose that
the family Y = {5,122, C A is a g-semicircular system in (A,v). Then Y is
exchangeable and satisfies the SVP.

Proof. All arguments used in Proposition 5.1.5 transfer from g¢-circular systems
to g-semicircular systems. [

Theorem 5.2.7. Suppose the family Y= (5.)2, € A forms a q-semicircular
system in (A, ). Let

gl,N = L 514 Ssp1 -+ S(N_1)s41))
v N

~ 1 ~

So.nN = —N<82 + Ssp2+ ...+ S(N71)5+2),

SN = —=(5s + 525 + ... + 5ns).
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Then one has for alln € N and r: [n] - N,

hm 1/’( r(1),N - r(n)N Z q

TEP2(n)
w<ker(r)

Proof. We know from Proposition 5.2.6 that Y is exchangeable and satisfies the
SVP. Thus the CLT, as formulated in Theorem 3.3.10 (or Theorem 3.3.13) applies.
Clearly, all odd moments of order 2k — 1 vanish in the large N-limit. We are left
to verify the formulas for even moments of g-semicircular systems in the large
N-limit. We know from Theorem 3.3.10 that

hm (8, r(1),N ° r(2k Z (LR

TEP2(2k)
w<ker(r)

where 1 = V¥(5r1),i(1) * - Sr(2k)i2k)) for i: [2k] — N with ker(i) = 7 and
:S’\m’g §(g 1)s+m for m € [S]
It is elementary to see that

(i(j) = D)s +r(j) = ((j) = Ds +r(j) = i(j) =i(")
for i: [2k] — N and r: [2k] — [s] with ker(i) € Py(2k) and ker(i) < ker(r). Thus
we can infer from exchangeability that

U = Y (Se1)i(1) ** Se(2h),iczr) = wﬁ'm Dsr(1) - - - S(i(2k)—1)s-+r(2k))
= Y(Siq) - - - Sicaw))-
As we count the g-crossings of the pair partitions, we have that

w(é’\i(l) .. -3\1(21@)) = qcr(ﬁ)

Altogether, we arrive at

> b= Y

TEP(2k) TEP(2k)
w<ker(r) w<ker(r)

O

Corollary 5.2.8. Let the q-semicircular system Y in (A, ) and §17N, o ,§S7N
be given as in Theorem 5.2.7. Then there exists a i—aigebmz’c probability space
(A, ) and a q-semicircular system Y = {s,.}:_; in (A, 1) such that

]\}gr(l)o @D(gr(l),N S gr(n),N) = J(gr(l) T g1"(”))

foralln € N and r: [n] — [s].

Proof. This is immediate from the mixed moment formula of the CLT in Theorem
5.2.7, as its right-hand side is defining moment formula for the g-semicircular

system {5,}5_; in (A, ). O
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5.3 2z-Circular Systems

In this section we study the notion of z-circular systems which generalizes the
notion of g-circular systems. Our approach again adapts that of [MNO1] to the
framework of *-algebraic probability spaces. We show that a z-circular system
is spreadable and satisfies the SVP. Therefore, the central limit distribution of
Theorem 5.1.6 for g-circular systems can be generalized to z-circular systems.

Definition 5.3.1. Let (A, 1) be a *-algebraic probability space and fix z € C
with |z| < 1. The family (¢.);_; € A (s > 1) is said to form a z-circular system

in (A,v) if

- for every odd n > 1, r: [n] — [s], and e: [n] — {x, 1},

- for every even n > 1 with n = 2k, r: [n| — [s], and e: [n] — {x, 1},

1 Lo (m o—cr T,e,0
YD = ST ST amenzenen ()

" 0ESK, mePa(r,€)

Here Sy, is the group of all permutations on the set [k], and Ps(r,€) is as
introduced in Definition 5.1.1.

Remark 5.3.2. This conditional set of pair partitions Ps(r,e) is denoted by
P(r(l),...,r(n);e(l),...,e(n)) in [MNO1]. See also Remark 5.1.4 for a discussion

of some properties of Ps(r, €).

Next we show that a z-circular system provides a spreadable sequence in the
case s = 00.

Proposition 5.3.3. Let (A, ) be a *-algebraic probability space and suppose the
family Y = (¢,)82, € A is a z-circular system in (A,1)). Then Y is spreadable
and satisfies the SVP.
Proof. Let n € N and r,T: [n] — N such that r ~o T. We need to show that
1 n 1 n
(S cEm) = () ) (5.4)

Due to the moment formula (5.3), it suffices to show that Ps(r, ) = Pa(T,€). It
follows from the assumptions on the two maps r and T that

T E PQ(I',E) ST E PQ(?,E).
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Since we are summing over the same set of ordered pair partitions, we conclude

from the mixed moment formula (5.3) that

¢( réB . Z ‘ Z Z cr+ T,€,0) Zor- (m,e,€)

’ aeSk TEP2(r,€)

Z Z chr m,€,0)zcr—(m,e,0)
‘

" oES), TEP2(T,€)

1 n
= () - m)-

The SVP of Y is immediate from the moment formula (5.3), as Py(r, €)

ker(r) contains a singleton.

0 if
O

Theorem 5.3.4. Suppose the family Y = (¢, )02, C A forms a z-circular system

in (A,1). Let
SiN = L(Q +Csp1+ ...+ C(N71)5+1),
VN
1
SN = \/_N(C2 +cCspo+ ...+ C(N—1)5+2),
SsN = L(cs + o5+ ... +CN3>-
VN

Then one has for all k € N, r: [2k] - N, and e: [2k] — {*,1},

e(2k) o Sor(m ,0)
lim (S - Stan v |Z Y e

N—o0 !
ocES 7r€7)2 I‘E)
and, for allk € N, r: 2k — 1] - N, and e: 2k — 1] — {*, 1},

k—1
hm 7,0( 6(1 . S:((;k—l)),N) = 0.

Proof. Clearly, all odd moments of order 2k — 1 vanish in the large N-limit.

Moreover, one can conclude from Theorem 3.4.9 that

(2k
]\}l_fpoow( : Sr(22k) =0 D Uiee
' TE€OP2(2k)
7r<ker(r)
1 2k : .
where ¢, = ¢(C:E1)),i(1) > 'C:E%)),i(%)) for i: [2k] — [k] with kerp(i) = m and

Cme = Ct—1)s+m-
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Using the bijection from Lemma 2.1.26, we address an ordered pair partition
m € OP,y(2k) through the pair (7,0) € P2(2k) x Sk. This allows us to rewrite

,? re such that we arrive at
| Z wﬁrf?_ |Z Z wwrsm (55)
TEOP,(2k) 0S5k FEPa(2k)
7r<ker(r) 7<ker(r)
where

_ (g 2R

Vrreo = V(c r(1> o(i(1) " Tr(2k)0(i(2))
o e(2k)

= ¢( 1)—1)s+r(1) " Ca(i(2

_ (2k)
= W%(i(l)) S ik

with 7T = ker(i) in standard order for i: [2k] — [k]. Here we have used for the last
equality that

((0(1(1)) —Ds+r(1),.... (0(i(2k) — 1)s+ r(2k)>
~o (1)) = 1)s...., (a(i(2k) ~ 1)s)
~o (o)., o(i(28)).

Altogether, we can write (5.5) as

1 e(1) e(2k)
T %s—k'Z Z DSy Coticr)

£ 1)s-+e(2k))

| rEOP,(2K) o€S, i: [2k]—
7<ker(r) ker(i )6772(2k)
ker(i)<ker(r)

We note that ker(o o i) = ker(i). By the definition of a z-circular system,

e(1) . 5CT ﬂ'eT)—cr (m,e,m)
w(co(i(l)) o( (2k k! Z Z ' ’

| TESL TEP:(i)e)

Thus we arrive at

e(1) e(2k)
0D Vine= !Z DI HOSERoATHAN)
TEOP(2k) oESk it [2k]—[K]

7r<ker(r) ker(i)eP2(2k)
ker(i)<ker(r)

k' Z Z Z Z cr+ e T)—cr (m,e,T)

o€y i: [2k]—[k] : TES) TEP2(i,€)
ker(i)eP2(2k)
ker(i)<ker(r)

' Z Z Z Cr+ T,E,T) Zor— (TI',EZ,T).

T TESK i: [2k]—[k] weP2(ie)
ker(i)€P2(2k)
ker(i)<ker(r)
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We are left to show that, in the last formula,

> > T (5.6)

i: [2k]—[k] mePa(ie) wEP2(r,e)
ker(i)eP2(2k)
ker(i)<ker(r)

Since card{i: [2k] — [k] | ker(i) € P2(2k)} = card{P»(2k)}, we can rewrite the
outer summation over the functions i such that

D P VD i

—[k] wePa(ie) TeP2(2k) mePa(i,e)
ker( )E’Pg (2k) m<ker(r)
ker(i)<ker(r)

Note that both summations are the same due to that the summation over the
set of pair partitions {7 € P2(2k) | T < ker(r)} can be restricted to the subset
Ps(i, €), since a summand v, , . may be non-zero for a pair partition 7 € Py(2k)
with 7 < ker(r) only if e(i) # e(j) for all blocks {i,5} € m. This ensures the
claimed equality in (5.6). Altogether we have verified that

e(2k) e+ (me,T)zcr— (me,T
hml/’(r(l)fv' (2k). —HZ > aemanze-tnen,

TESE TEP2(r,€)
]

Corollary 5.3.5. Let the z-circular system Y in (A,¢) and Sin,...,Ssn b
given as in Theorem 5.3.4. Then there exists a *-algebraic probability space (A, 1))

)iz

and a z-circular system Y = (Er)izl in (A, 1) such that
e(n T ~e(1 ~e(n
hIIl 1/}( r(l) N Sr((n)),N) = Q/J(cr((l)) T Crgni) (57)
foralln e N, r: [n] — [s], and €: [n] — {*,1}.

Proof. This is immediate from the mixed moment formula of the CLT in Theorem
5.3.4, the existence of the large N-limit system )’ by Theorem 3.6.1, and the
defining moment formula for a z-circular system with s elements. O

5.4 z-Semicircular Systems

We introduce z-semicircular systems which relate to z-circular systems ([MNO1])
as g-semicircular systems relate to g-circular systems. In particular, z-semicircular
systems provide a generalization of g-semicircular systems from g € [—1,1] to z €
C with |z] < 1. Moreover, we discuss how one can obtain a z-semicircular system
form a z-circular system. Also, we show that a z-semicircular system is spreadable
and satisfies the SVP. We close this section with CLTs for z-semicircular systems,
Theorem 5.4.6 and Corollary 5.4.7. Here the latter shows that a certain multi-
variate CLT of a z-semicircular system provides again a z-semicircular system in
the large N-limit.
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Definition 5.4.1. Let (A, 7@ be a *-algebraic probability space and fix z € C
with |z| < 1. The family Y = (5,)7_; € A with (s > 1) is said to form a
z-semicircular system in (A, ) if

-5, =5 forallr=1,2,...,s;

T

- for every odd n > 1, r: [n] — [s],

- for every even n > 1 with n = 2k, r: [n] — [s],

Y(Eet) Srca) k, LY S Y smmenzemen) (53)

€S, TEP2(2k) e: [2k]—{*,1}
w<ker(r) e is m-balanced

Here S, denotes the group of all permutations on [£].

Example 5.4.2. The even moments of a single z-semicircular operator s (ob-
tained from a z-semicircular system for s = 1, and writing s; just as ) are given

by
w A2k k' Qk Z Z Z zcr+(7r,s,a)gcr,(7r,s,o)'

o€SK TEP2(2k) €: [2k]—{*,1}
€ is m-balanced

Using the polar form of complex numbers, one can write z = rw with 0 < r <1
and w € T such that

¢ AQk k' 2k Z Z Z rcr+(7r,e,a)+cr_(W,E,U)wcr+(7r,e,a)—cr_ (7‘(,&‘,0’).

oES, TEP(2K) e: [2k]—{%,1}
€ is m-balanced
So the even moments of a z-semicircular operator are not only counting the
difference of oriented crossings (as it is the case for w-semicircular systems),
they also count the number of crossings, which is the sum of oriented crossings
cry(m e, o) +cr_(m,e,0).
Putting ¢ = Rw and using Rz = rq in the polar form, the first few even
moments are given by

P(3) =1,
Y(E) =rg+2,
(3% =5+ 6rqg + 3r°¢* +r’¢’.

These moments of an rw-semicircular operator coincide with those of an rg-
Gaussian random variable. This coincidence of moments fails for even moments
of 8-th order and higher.
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In the following, we show that one can obtain z-semicircular systems from z-
circular systems. We recall that Py(r, €) denotes the set of all pair partitions m €
P(2k) such that 7 < ker(r) and e(min V') # e(max V) for all V' € 7. Furthermore,
we recall from Lemma 5.2.3 that the two sets

{(W,s) € Py(2k) x {f1 [2k] = {*, 1}}’71’ c 732(1‘,5)}
and
{(71’,6) € Pa(2k) x {f: [2k] = {x, 1}}) 7 < ker(r), € is m-balanced }
are the same.

Proposition 5.4.3. Let (A, ) be a *-algebraic probability space. Given the z-
circular systems Y = (¢,;)i_; € A with s > 1, let s, = \/Li(cm +c,) for m € [s].
Then s1,...,S, is a z-semicircular system.

Proof. Clearly each operator s, is self-adjoint. Let k& € N, r: [2k] — [s], and
0 € S. We compute that

- . 1 (1) (2k)
1/}(81«(1)"'8r<2k>)=2—k Z V() Coan)

e: [2k]—={x,1}

— %i Z Z Z CI‘+ T,€,0) Zor— (m,e,0)

e: [2k]—{*,1} g€ESy, TEP2(r,€)

k" 2k; Z Z Z o (W,E,U)Ecr_ (7'(‘,6,0‘).

o€SK TEP2(2k) €: [2k]—{x,1}
7<ker(r) € is m-balanced

We have used Definition 5.3.1 for the second equality and Lemma 5.2.3 for the
last equality. O]

Conjecture 5.4.4. Let (A, ) be a *-algebraic probability space. Given the z-
semicircular system (5,)%, C A with (s > 1), let ¢, = \/Li(ggm,l + 15o,) for
m € [s]. Then (c1,...,cs) is a z-circular system.

We investigate next the limit distribution of multivariate CLTs emerging from
a z-semicircular system. To do so, we need first to verify that a z-semicircular
system is spreadable and satisfies the SVP.

Proposition 5.4.5. Let (A, 1)) be a *-algebraic probability space and suppose the
family Y = (5,)52, C A is a z-semicircular system in (A,1). Then Y is spreadable
and satisfies the SVP.

Proof. All arguments in the proof of Proposition 5.3.3 transfer from z-circular
systems to z-semicircular systems. O
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Theorem 5.4.6. Suppose the family Y= (5.)2, € A forms a z-semicircular
system in (A, ). Let

§1,N = L(31 + 541+ S 1)s+1)
vIN
5 S ~
SoN = \/_N(SQ + Ssp2 + ...+ S(N—l)s+2)a
§57N = L(:9\5 —|—§25 + ... +§Ns)-
vIN

Then one has for all k € N and r: [Qk] — N,
. Q cr4(me,o)zcr—(me,o)
Jim (S Saar, ) k, S YD DD DENESCSE

0€Sy mEP2(2k) e: [2k]—{*,1}
w<ker(r) € is w-balanced

and, for allk € N and r: [2k — 1] = N,

A}lgloo%b( - Sek-1),n5) = 0.
Proof. One concludes from Theorem 3.4.9 that
lim 9(Sqn S gD, Ui
ﬂEOPQ(Qk)
w<ker(r)

where ¢S, = ¥(Se)i(1) - - Se(en)icery) for it [2k] — [k] with kerp(i) = 7 and
:S\mj = 3(8—1)s+m for m € [S]

or, more explicitly,

e = V(S -1)s4r(1) * ** S(i(2k)—1)s-+r(2k))-

By using the bijection from Lemma 2.1.26, we address an ordered pair parti-
tion m € OPy(2k) through the pair (7,0) € P2(2k) x Sg. Thus, similar to the
arguments in the proof of Theorem 4.3.8,

Z w - |Z Z ¢?,r,oa (59)

' weom(% " 0€S), TEP2(2K)
7<ker(r) w<ker(r)

where
Vo = V(Se(1),06(1) " Sr(2k),0(i(2k))

= V(S(o(i(1)=1)s+r(1) * * * S(o(i(2k))—1)s+r(2K))
=V (So(i(1)) " " So(i(2r)) )
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with T = ker(i) in standard order for i: [2k] — [k]. Here we have used for the last
equality that

((0(1(1)) —Ds+r(1),..., (o(i(2k) — 1)s + r(2k=)>
~o ((0(1(1)) —1)s,..., (oli(2k)) - 1)5)
~o (a(i(l)), o ,a(i(2k))>.

Altogether, we can write (5.9) as

=D W= ,Z > UGty Foten)

. WEOPQ(?]C " o€SK i: [2k]—[k]
7<ker(r) ker(i)eP2(2k)
ker(i)<ker(r)

We note that ker(o oi) = ker(i). By the definition of a z-semicircular system,

V(Sotir) *+* Sotic2r)) k|2kzz > D, ammenEmren,

TESE m€P2(2k) e: [2k]—{*,1}
w<ker(i) € is -balanced

Thus we arrive at

— > e = ,Z Y UGeay - Satien)

'7r€(97>2(2k 'oesk i: [2k]—[k]
w<ker(r) ker(i)eP2(2k)
ker(i)<ker(r)
1
- cr4 (me,)=cr— (m,e,7)
PY Y |gEr X X e
o€Sk i: [2k]—[K] TESK mE€P2(2k) e: [2k]—{x,1}
ker(i)eP2(2k) m<ker(i) e is m-balanced
ker(i)<ker(r)

]f' Qk Z Z Z Z zcr+(7r,€,7')zcr_(7r,g77—).

TESK i: [2k]—[k] weP2(2k) e: [2k]—{*,1}
ker(i)eP2(2k) w<ker(i) € is m-balanced
ker(i)<ker(r)

Here we have used that all summands are independent from the permutation
o € Sy and thus the corresponding average can be carried out. Otherwise, we had
only rearranged the order of some factors and the order of summation. We are
left to show that, in the last formula,

Z Z - ... Z (5.10)

i: [2k]—[k] weP2(2k) TEP2(2k)
ker(i)eP2(2k) m<ker(i) m<ker(r)
ker(i)<ker(r)
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Since card{i: [2k] — [k] | ker(i) € P2(2k)} = card{P»(2k)}, we can rewrite the
outer summation over the functions i such that

P D D DD Dl

: [2k]—[k] meP2(2k) TEP2(2k) meP2(2k)
ker(l)EPg(?k) 7r<ker(1) m<ker(r) w<w
ker(i)<ker(r)

Note that the condition m < 7 forces m = 7 since both 7 and 7 are pair partitions.
This ensures the claimed equality in (5.10). Altogether, we have verified that

Jim (S v+ Saa, ) me > >, amemza-(mean),

TESE TEP2(2k) €: [2k]—{x,1}
w<ker(r) € is m-balanced

]

Corollary 5.4.7. Let the z-semicircular system Y in (A, %) and the operators
SLN, . SS N be gzven as in Theorem 5.4.6. Then there exist a *-algebraic prob-
ability space (A, 1/1) and a z-semicircular system Y = (5,)5_, in (A, ¥) such that

hm w( s gr(n),N) = ,J;(gr(l) e gr(n)) (5.11)

N—o0
for alln € N and r: [n] — [s].

Proof. This is immediate from the mixed moment formula of the CLT in The-
orem 5.4.6, as the right-hand side of (5.11) defines the moment formula for a
z-semicircular system (5,)5_; in (A, ). O






Chapter 6

Future Work

It is well-known that ¢-Gaussian random variables (—1 < ¢ < 1) interpolate
between the normal distribution (¢ = 1) and the symmetric Bernoulli distribu-
tion (¢ = —1). A breakthrough result of Bozejko and Speicher was that these
g¢-Gaussian random variables can be realized as operators on so-called ¢-Fock
spaces [BS91, BS92, BKS97]. We note that ¢g-Gaussian random variables are
also addressed as g-semicircular systems in a multivariate setting, see [MNO1] for
example.

Our investigations reveal that CLTs associated to w-sequences of partial isome-
tries give rise to w-semicircular systems (for w € T). These w-semicircular systems
provide another interpolation between 1-semicircular systems and —1-semicircular
systems, where the latter can be realized on a ¢-Fock space for ¢ =1 and ¢ = —1,
respectively. Furthermore, inspired by the notion of z-circular systems in [MNO1],
the notion of w-semicircular systems can be further generalized to that of z-
semicircular systems such that the latter also comprise g-semicircular systems.

The well-developed theory for ¢-Gaussian random variables (or g-semicircular
systems) may serve as a blueprint for future investigations on w-(semi)circular
systems. An affirmative answer to the following question would probably be
pivotal for a future theory of w-semicircular systems:

Can w-semicircular systems be realized as the sum of creation and
annihilation operators on an “w-Fock space”?

In particular, the construction of such an “w-Fock space” would shed also new
light on how to realize z-(semi)circular systems.
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